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Bipartite consensus of nonlinear agents with actuator fault

Sabyasachi Mondal' and Antonios Tsourdos?

Abstract— This paper introduces a bipartite consensus con-
troller to address the challenge of achieving consensus among
nonlinear agents, particularly when actuator faults are present,
leading to significant obstacles. To tackle this issue, the con-
troller is developed by adapting the Distributed Nonlinear
Dynamic Inversion (DNDI) technique, thereby accommodating
the impact of actuator faults. The randomness of the actuator
the fault is taken into account to reflect real-world conditions.
The the paper also furnishes comprehensive mathematical
insights into the convergence of the fault-tolerant controller,
establishing a robust theoretical foundation. An extensive array
of simulation studies demonstrate that the proposed controller
effectively manages actuator faults, leading to the successful
attainment of bipartite consensus.

I. INTRODUCTION

Drones are being used increasingly for complex tasks like
surveillance, search and rescue, deliveries, and firefighting,
thanks to recent advancements in drone technology. For
these tasks to be successful, it’s essential that the drones
work together and agree on what needs to be done. Drones
communicate with each other, share data, and use consen-
sus protocols to work together on tasks like flocking (as
described in [1]), formation control (as explained in [2]),
and synchronization (as demonstrated in [3]). To achieve
this consensus, a range of consensus protocols that outline
how the agents communicate with each other are employed.
Many studies have looked at different consensus challenges,
taking into account communication nuances like changes in
topology, delays, and interference, as referenced in [4], [5],
(61, [71, [8].

In the standard consensus process, agents collectively
agree upon a singular decision, objective, or shared value.
Nonetheless, there exists a potential for certain agents to not
align with the identical consensus value. This circumstance
was elucidated by [9] through the utilization of a signed
graph featuring both positive and negative edge weights.
In this framework, when a cluster of agents endeavours to
reach a consensus on such a graph, they become segre-
gated into two groups, each possessing consensus values of
equal magnitude but opposite polarity. This phenomenon was
termed bipartite consensus. Researchers began integrating
this concept into various domains, such as social networks
and opinion dynamics [10]. Comparable to regular consen-
sus scenarios, numerous scholars have developed consensus
protocols tailored for bipartite consensus, hinging on the dy-
namics of the agents. These dynamics can be categorized as
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linear [11], [12] or nonlinear [13], [14]. The resultant control
actions generated by these protocols are crafted to guide
the agents towards desired manoeuvres and subsequently
effectuated by actuators.

It’s crucial to highlight that several research endeavours
delve into the impact of actuator faults on consensus. These
faults could manifest within the actuators of a singular
agent, a subset of agents, or even across all agents. Thus, it
becomes imperative to formulate consensus controllers that
can accommodate these faults, ensuring system safety and
dependability. For instance, [15] proposed a fault-tolerant
consensus protocol for linear agents. [16] introduced an
adaptive protocol to address distributed fault-tolerant con-
sensus issues in agents characterized by linear dynamics and
uncertainty. [17] tackled the challenge of consensus track-
ing for second-order nonlinear agents with actuator faults
through an adaptive approach. [18] formulated a consensus
protocol for nonlinear agents equipped to handle actuator
faults. Furthermore, [19] offered an instance of time-varying
actuator faults, proposing an adaptive consensus tracking
control scheme tailored for high-order nonlinear agents.

Existing fault-tolerant consensus protocols have been
crafted utilizing various facets of control theory, with the
specifics being contingent upon agent dynamics. A recent
consensus protocol introduced by [7] employs Nonlinear
Dynamic Inversion (NDI) as its foundation, as referenced
in [20], [21] etc. This protocol has been dubbed Distributed
NDI (DNDI). DNDI has been applied to address consensus
challenges for nonlinear agents in the presence of external
disturbances, as indicated in [8]. One of the core strengths of
DNDI is that it leverages the benefits inherent to NDI. These
include a transparent control expression, straightforward
implementation, global exponential stability, the capacity
to incorporate nonlinear kinematics during plant inversion,
and reduced reliance on individualized gain adjustments or
scheduling. The contribution of this study can be summarized
as follows.

o In this study, our focus has been on proposing a dis-
tributed controller based on NDI (DNDI) to facilitate
bipartite consensus among a set of nonlinear agents,
even in the presence of actuator faults. The application
of DNDI in the realm of fault-tolerant bipartite consen-
sus is a novel approach.

o The mathematical intricacies pertaining to the conver-
gence of the controller furnish a robust theoretical foun-
dation, underscoring its efficacy in managing actuator
malfunctions.

o For the sake of rendering our simulation scenarios
more realistic, actuator faults have been assumed to be

© 2024 1IEEE. This is the Author Accepted Manuscript issued with: Creative Commons Attribution License (CC:BY 4.0).

The final published version (version of record) is available online at DOI:10.1109/CONTROL60310.2024.10531945. Please refer to any applicable publisher terms of use.


h.binning
Text Box
© 2024 IEEE. This is the Author Accepted Manuscript issued with: Creative Commons Attribution License (CC:BY 4.0).  
The final published version (version of record) is available online at DOI:10.1109/CONTROL60310.2024.10531945.  Please refer to any applicable publisher terms of use.

h.binning
Text Box
In: 2024 UKACC 14th International Conference on Control (CONTROL), 10-12 April 2024, Winchester, UK, pp. 301-306
DOI: 10.1109/CONTROL60310.2024.10531945


unpredictable in nature. Moreover, we have presented
two scenarios. In the first scenario, we introduced faults
in the selected actuators and started at different times.
In the second scenario, we considered the worst-case
scenario described by the situation when fault started
in all actuators simultaneously.

II. PRELIMINARIES

A. Bipartite Consensus

Definition 1: A group of agents achieve bipartite consensus
if the following conditions

o lim; o (xl(t) — Z‘d(t)) =0,Vie O

o lim; o (ch (t) + 24(t)) =0,Vj € O
are satisfied, where z4(t) is a desired trajectory, and
OLUOy = {1,2,...,N}; O1N Oy = 0.

B. Graph Theory

The communication structure is represented through a
weighted graph denoted as G = {V, £}. The points or nodes
in this graph are symbolized by V = {vi,vs,...,0n},
representing the agents. The connections or links between
these nodes are characterized by the set £ C V x V), which
represents the communication among the agents. The values
in the weighted adjacency matrix A = [a;;] € RV*N of G
are a;; > 0 if (v;,v;) € &, otherwise a;; = 0. It’s worth
noting that the adjacency matrix A has zero values on its
diagonal, meaning there’s no self-connecting node; formally,
for every v; € V, a;; = 0. The degree matrix can be given by
D e RNXN = diag{dl do ...dN}, where d; = EjGNi Qi
The Laplacian matrix is written as £ = D — A. Typically, the
synchronization of interconnected agents is described with
the Laplacian matrix £ of a nonnegative graph. However,
the Laplacian matrix is characterized distinctly when dealing
with a signed graph. For a signed graph, this matrix is
referred to as the signed Laplacian, denoted by L, and is

defined as: L, = diag (Zjvzl lai,l, .-, E;Vﬂ \a1j|> — A

C. Actuator Fault

Let us consider the control of i*" agent is U; € R™. The
fault model for 7*" agent is discussed in Eq. (1).

sz :’}/Z‘Ui (1)

where, v; = (I —§&;) € R™*™ represents a diagonal matrix.
The desired control input for the i*" agent is given by Uj.
When there’s an actuator fault, the control is represented by
U/. The matrix I € R™*™ stands for the identity matrix,
and the fault severity for the i*" agent is illustrated by the
diagonal matrix & € R™*™. ¢;; € & is (i,)!" component
of severity matrix. it represents the value of severity in ;%"
actuator of 7*" agent.

Remark 1. It can be noted that the fault expression in Eq.
(1) describes the fault free case if £ = 0 is selected.

D. Theorems and Lemmas

Definition 2: (Structural balance)[9], [22] A signed graph
is structurally balanced if it has a bipartition of the nodes
Vi, Va,ie., V1 UVy =V and V; NV, = 0 such that

a;j <0,Yv; € Vp,vj €V, where p,q € 1,2,p # ¢, and ()
is empty set; otherwise a;; > 0.

Lemma 1: [23] A spanning tree is structurally balanced.

Lemma 2: [24] Suppose the signed graph G(A) has a
spanning tree. Denote the signature matrices set as

D ={D =diag (01, 02, ...,on)|o; € {1, =1}} (2)

Then the following statements are equivalent.

1. G(A) is structurally balanced.

2. aijaj; > 0 and the associated undirected graph G(A,,)
is structurally balanced, where G(A,) = %.

3. 3D € D, such that A = [a;;] = DAD is a nonnegative
matrix.

Corollary 1: [25] Suppose the signed graph G(A) is
undirected and connected. The graph is structurally
balanced, if and only if O is a simple eigenvalue of £ and
all other eigenvalues have positive real parts.

III. PROBLEM DESCRIPTION

This study seeks to devise a controller for attaining bipar-
tite consensus in agents with nonlinear dynamics and actuator
faults. The consensus controller introduced in this paper is an
adaptation of the DNDI, elaborated in the subsequent section.
The dynamics for the i*” agent can be found in Egs. (3-4).

Xi = [f(Xi)+g(X)U; (3)
i = X; 4)

The state and control of i*” agent is given by X; € R" and
U; € R™ respectively. The output of i!” agent is given by

Y, =X; e R" ®)

In order to enhance the realism of the simulation scenario,
we have incorporated random faults in the agents’ actuators.

Assumption 1. The system is perfectly known and the
matrix g(X) is invertible for all time.

Assumption 2. The agents exchange data via a
communication topology represented by a signed graph
G(A) that possesses a spanning tree. Additionally, this
topology is structurally balanced.

IV. BIPARTITE CONSENSUS OF NONLINEAR AGENTS
WITH FAULT USING DNDI CONTROLLER

The DNDI controller, as described in [7], is tailored for
addressing the standard consensus issue in nonlinear agents.
Additionally, DNDI has the capacity to manage commu-
nication glitches and external disruptions, as showcased in
[8]. In this research, we’ve adapted the DNDI to tackle the
bipartite consensus challenge for nonlinear agents experienc-
ing random actuator malfunctions. Within this section, the



mathematical intricacies of DNDI, based on [7], are laid out.
The state error for the i*" agent (in scalar form) is given as:

i =Y (laij| Xi —

JEN;

a;; X;) 6)

th ith

where j denotes the 7" agent of ¢*" agent’s neighbourhood
N;. The Eq. (6) is simplified as follows.

(52‘ = |dl|XZ — (liX (7)
where |d2| = Zj |aij| S §R, a; = [aﬂ ao ... aiN] e RN
and X = [X; X, XNAT € RN The error (Eq. (7))

is written for state vector of 4! agent, i.e., X; € R";n > 1

8; = |di| X; — a; X (8)
where |d;| = (|d;| ® L,) € R™", @; = (a; ® L,) € RV,

and X € "V, 1, is n x n identity matrix. Let us construct
a Lyapunov function V; as given below.

1
Vi= 50,0 ©)

Differentiation of Eq. (9) yields
Vi =464 (10)

Based on the Lyapunov stability theory, the time derivative
of the Lyapunov function should be:

V; = 87 A6; (1)

where A; € ™" is a diagonal gain matrix. The expression
of V; in Egs. (10) and (11) are equated to obtain

878, = —8] A5, (12)

Eq. (12) is simplified as follows.
8, +A;8,=0 (13)

Differentiation of Eq. (8) yields
0; = |dif Xi — @i X = |di| [f(X) + g(Xi)Ui] — @ X (14)

Substitution of the expressions ; in Eq. (13) yields
|di| [f(X3) + 9(X)Ui]

The resulting expression of U; for i‘"
simplifying Eq. (15) as follows

Ui = (9(X) ™" |=F(X0) +1di| 7 @X - A9)] - (16)

—a; X+A;(|d;| X; —a;X) = 0 (15)

agent is obtained by

Theorem 1: A group of nonlinear agents (dynamics given
in Egs. (3)-(4) having faulty actuators (given in Eq.( 1)
along with the assumptions 1 and 2, achieve bipartite
consensus using the consensus protocol obtained in Eq.
(16). The Uniformly Ultimate Boundedness (UUB) of the
consensus error ensures the convergence.

Proof: Faulty control expression of i*" agent is given by Eq.
1. The values of the diagonal elements of ¢; are between 0
and 1. The dynamics of i*" agent is given by

X; = f(X3) + g(X)U/ (17)

Let us consider a scalar function

= %XT(LS ®1,)X (18)

Ly, =1Y0Y" 19)

where, T € R*"N*"NV is the left eigenvalue matrix of L, ®
I,, ® = (diag{0,\a(Ls),A3(Ls),...,An(Ls)} ®1,) €
RNVXnN g eigenvalue matrix, YIY = YYT = L,y xnn-

1
7XT(Ls & In)X

H =
2
= %XTT@TTX
= JXTTV8/erTX
1 — — — —
- ;X"1veeve-ive-1v/eer'x
= %XTT®@‘1®TTX
= %XTTG) (r'rye!' (r'r)er'x
= JXT(TOTT) (X617) (Te17) X
1
- 5XT(LS<g>In)\11(LS<g>1n)X
= %AT\I/A (20)
where © = (diag{Xa(Ls), Aa(Ls), Aa(Ls), -+, Aw(Ls)}
®In) e RN N A = (6767 67T € ®°N, and

U =70 17T ¢ RrNxnN
Remark 3. It can be observed from Eqgs. (18) and (20) that

Amin (V) A

W apren< ™y e

1
o= §XT(LS @I,)X = B (22)

2
Remark 4.Since Ao > 0. Hence, © is invertible.

Remark 5. W = YO 1Y7T is positive definite matrix.
Hence, II is positive definite subject to consensus error and
qualify for a Lyapunov function.
Eq. (18) is differentiated to obtain

I = XYL,oI,)X
AT'X

= Z 6T [f
Expression of U; is substituted in Eq. (23) we get
T = ZfVNST {( — %) f(X5) +%|di|71(ﬁiX—Ai5¢)]
Zz 1 z l ( 1)

)+ 79(Xi)Ui] (23)

N
+Z_6iT%‘(L|_1Ai6i +Y 6 yildi| e X (24)

i=1 i=1



Lemma 4.[26] Let 41 (t),12(t) € R™ be continuous
positive vector functions, by Cauchy inequality and
Young’s inequality, there exists the following inequality:

Yi(®)a(t) < ([ 0u@) [l ¥2(2) |l

[ () 11N () I
< 3 + c (25)
where 1 1 )
xteT

Lemma 5.[27] Let R(t) € R be a continuous positive
function with bounded initial R(0). If the inequality holds

R(t) < —BR(t) + n where, 5 > 0,1 > 0, then the
following inequality holds.

R(t) < R(0)e™Pt + % (1—e P (26)
According to Lemma 4, we can write ,
To\d |~ 'a. X 7.1-15.X (LA
i vildi| 7@ X <) 0 || || valdi| A X ||< S+
H ’Yi|Ji|71a1X ||2 (27)
2
5 |? GIXG) )12
STE1(X) <l & | || &r(x,) < | 2” i g M
(28)
Substituting Egs. (27) and (28) in Eq. (24) we get
N — .
. _ X d/,|—1d‘X ||2
II< —5T ilds 1Ai6i 0; 2 M
_Z;[zv|| 8 )P R
if (Xi) |17
e >n] 09)

Let us design the gain A; as follows.

gt @i | & f(X0) |I?
Ai = |di| ™y <I+ 5 Amaz(A) + 2 AT

where «; > 0. Eq. (29) is written as

N N 1

) a; | yilds]~'a, X |2

M < Y =T Anael() | 6 ||2+Z—| '2
i=1 i=1

< —oll+ B (3D

where, 8 = Zf\il M Applying Lemma 5 we get

II< s + <H(0) - 6) e it (32)

(07 (67

We will present the Uniformly Ultimate Boundedness (UUB)
here. Using Egs. (21) and (32) we can write

2 i

Eq. (33) can be written as follows.

| A|*P<TT< aﬁ + (H(o) — ) et (33)

)‘min(\y) 2 5 5 —at
2D japs L+ (mo- L)
28 12 (1M(0) — £ ) et
A< ’ ’ (34)

)\min (\I’)

It can be observed that, if TI(0) = aﬂ then || A ||< u*;

V¢t >0 and p* = ,/#?(A). If TI(0) # aﬁ then for any

given p > p* there exist a time 7 > 0 such that V¢ > 7,
A< p.

2.2 12 (H(O) - g) =i
>\7rl,in(\Ij)

Hence, we can conclude lim; o, || A ||= p*. The factor
incorporates the term -y;, highlighting the impact of the fault.

= (35)

V. SIMULATION STUDY
A. Communication Topology

The adjacency matrix associated to the signed graph is
given in Eq. (36).

0 4 O -5 0 1
4 0 -4 0 0 1
0 -4 O 5 0 0
A= -5 0 5 0 =35 0 (36)
0 0 0 =35 0 2
1 1 0 0 2 0

From the adjacency matrix, we can discern that it represents
an undirected signed graph. Upon verification, one eigen-
value emerges as zero, while the others possess positive real
parts. Consequently, this graph features a spanning tree and
exhibits structural balance (according to Corollary 1).

B. Agent Dynamics Considered for Simulation Study

The agent dynamics considered is same as given by [14].

X;, = Xi,sin(2X;)+ U, (37)
X, = X cos(3Xy,)+ Ui, (38)

where X; = [X;, X;,]" € R2. The states X;, of all the
agents are given by X; = [X1, Xo, ... Xg,]- Similarly, we
denote X5 = [X12 X22 XGZ], U, = [Ull U21 Uﬁl],
and Uy = [Uy, Us, ... Us,]. The errors in X; and Xy is
given by e; in X; and e; in Xy respectively.

C. Faults in Selected Actuator and Start at Different Time

We have presented the effect of faults which start at a dif-
ferent time in the selected actuators. The faults are assumed

to be random, and they are generated using the MATLAB
. . rand 0
function rand() € (0,1), ie., v = 0 randl The

details of the fault are given in Table I. The control signals

TABLE I
ACTUATOR FAULT DETAILS.

Agents | Actuator time of start(sec)
1 1,2 0.07
2 1 0.21
3 1 0.05
4 1,2 0.12
5 1 0.18
6 2 0.15

corresponding to the agents, denoted as U, and U,, are



depicted in Figs. 1 and 2, respectively. As shown in these
figures, the faults in the actuators 1 and 2 commence at the
times specified in the table. For enhanced clarity, the figures
are magnified to distinctly represent the time. The bipartite
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consensus of states X ; and X, are shown in Figs. 3 and 4,
respectively. From these figures, it’s evident that agents 3, 4
reached a consensus value that, while identical in magnitude,
holds an opposite sign compared to agents 1, 2, 5, and 6. The

Agent1
Agent2
6 Agent3
Agentd
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Fig. 3. Consensus of state X 1.

influence of the faults can be seen in the state trajectories but
that the bipartite consensus is precisely attained in a finite
time frame using the DNDI controller.

D. Fault Starts at Same Time in All Actuators

In this case, we have presented the effect of faults which
start at the same time in all the actuators. This can be

regarded as the worst case scenario
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Fig. 6. Control Ua.

we have considered the faults start at ¢ = 0.1s in both the
actuators as shown in Figs. 5 and 6, receptively. The states
X1 and X, are shown in Figs. 7 and 8, respectively. We can
note that there’s a bipartite consensus among the states. Even
though the malfunctioning actuator has an impact on the
states, the introduced controller aids the agents in reaching
consensus despite the actuator’s fault.

VI. CONCLUSION

The study examines the bipartite consensus among nonlin-
ear agents when there is an actuator malfunction. DNDI has
been demonstrated to be effective when faced with actuator
issues. Additionally, the fault is assumed to be random to
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reflect a more authentic situation. This paper’s mathematical
evidence underscores its robustness, and the produced results
reinforce this assertion. A practical simulation is offered to
gauge the efficacy of the proposed controller. Thus, DNDI
emerges as a potent solution for addressing the bipartite
consensus challenges of nonlinear agents.
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