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SUMMARY

The effect of various parameters on the flutter of elliptic panels is studied by
simple theoretical analyses. For clamped edge panels, compressive membrane
stresses are shown to have destabilising effects. Structural damping is, in general,
destabilising, except for very low values of the ratio of structural and aerodynamic
damping coefficients.

The addition of a concentrated mass may also have a destabilising effect,
depending upon the position of the added mass. The effect of sweepback is stabilising
or destabiliging, depending on whether the panel aspect ratio is less than, or
greater than, unity The effect of variations in the edge conditions is shown for the
case of circular panels where the difference between simply supported and fully
clamped edges corresponds to a difference of 20% in critical panel thickness.
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NOTATION

a_ speed of sound in undisturbed medium

a, T modal coefficients defined in equation 3. 2.

a, b semi~axes of elliptic panel in x and y directions

B,, B, edge restraint paraméters defined in equation 5. 2.

c panel chord

D local flexural stiffness, Eh /12(1 - v?)

E Young's Modulus of elasticity of panel material

F external force per unit length acting in the midplane of the panel, tensile
force positive

FC critical compressive external force per unit length

Fx, Fy values of F in x and y directions

structural damping coefficient

matrix elements defined in equation 3.4.

mn
h thickness of panel
Hn coefficients in assumed modes for elliptic panel {equations 4.1, 4.21)
. ; 8

H value of I for circular panel, —

n a
i V-1
k reduced frequency, cw/2U

3
2qc 8D
K flutter parameter, WD X —
3m w, ¢
L edge -fixity parameter (Section 5)
m panel mass per unit surface area
M magnitude of concentrated mass on panel
M Mach number
p{x ) net perturbation pressure, positive downwards
Mt 4
p pressure in undisturbed supersonic flow
P, pressure on lower panel surface
2

] dynamic pressure, 30U

r,s coefficients defined after equation 4.4



Notation {Continued)

R, 6 pelar co-ordinates in circular panel
t time
5, T coefficients defined after equation 4.7
8¢, T coefficients defined after equation 5.6
U velocity of supersonic flow
v coefficient defined after equation 4.18
¥, ¥V, @ co-ardinates defined in Fig. 1.
X, 7, co-opdinates of posiiion of concentrated mass M
PP B fwt
Z vertical digplacement of panel = Z e
{xy)
Z, flutter mode shape for elliptic panel
{o, v
Z ., nih mode shape for elliptic panel
£
ulx, v}
i@ '"'\)
v
3 ¢ edge restraintcoefficients defined in equation 5.4
x
¥ Py
8 concentrated mass parameter, M/7rabm
1.E non-dimensional co-ordinates of concentrated mass M
x ) jy@
(-
I3 edge resirvaimtparameter
8 freqmnc v ratic, wgfw ; angular co-ordinaie in circular panel relative
¢ flow direction
A angle of sweepback
7 panel-air mass ratio, m/ec
v Poissonts ratio
o density of undisturbed supersonic siream
4
-
é {:Tg? + EF- 1
; X J
W in vacue frequency associated with modal shape Zn
w flutter freguency



1. Introduction

Up to the present time, most plane panel flutter analyses have dealt with
rectangular panels having various edge conditions. In Ref. 1, Johns applied
linear piston theory in an analysis of a clamped edge elliptic panel. This
investigation has been extended in the present study to determine the effects of
the following parameters on the flutter of unbuckled elliptic panels :-

{a) Structural damping
{h) Membrane stresses
{c) Concentrated masses
{d} Sweepback

{e) Edge restraint

This Note is based, in part, on unpublished theses submitted by the two junior
authors in partial fulfillment of the requirements for a Diploma of the College of
Aeronautics. The work was supervised by the senior author, Mr. D. J. Johns,
who prepared this Note.

2. Statement of the Problem

A flat panel of uniform thickness, h, is mounted in a rigid wall, with its
upper surface exposed to a supersonic flow of velocity U, pressure p, and density p
(Fig. 1). The lower surface of the panel is exposed to still air, pressure p., whose
acoustic action is ignored. The panel is assumed to be executing simple harmonic
motion in the direction normal to the plane of the wall, with frequency v and
infinitesimally small amplitude.

Assuming small deflection thin-plate theory, the differential equation of
motion for such a panel is, in general,

o 2 2
5" 8 2 :
pvlz + ®E g 12 5 L2 L pyap, e O (2.1)
at * ax Y oy AR
. 4 » - iwt
where the displacement of the panel £ = Z(x y}e
B

1t will be assumed that there is no static pressure differential across the panel;
i.e. p, - P, = P

: 4 rd 3 e f + - FIVES =4 i i arad

First order piston theory gives, p(x,y 4 U 51

3

t

= pa_ (U %’3—4— iwZ)e ™", {2.2)

In Ref. 2 it was suggested that the aerodynamic damping term should be
multiplied by two to allow for the effects of the quiescent air beneath the panel.

This assumption will not be made here. It should, of course, be realised that
piston theory does not permit the possibility of negative aerodynamic damping.



3. Method of Analysis
We may rewrite equation 2.1 as
1 2o # o U e
DV¢Z -mwiZ -F 2 -F 2 + — (UZ' +iwZ) = 0 {3.1)
X v M
where primes indicate differentiation with respect to x and dots denote differentiaiion

vith respect to y, and

?sﬁ Z{ = me + zzﬁ 7

i

3

The flutter mode shape Z{

) can be approximated by a linear combination of
the form

X,y

N Z {3.2)
L = > 2 L 1de
{x,v) , r rixy)
reEi
where the coefficients a, may represeni complex amplitudes. Substitution of

eguation 3.2 into equation 3.1 ylelds

I .

\ . s ol o P o
aiD{Z’”-EL’+A}~mw22 S U A - A
T T r r i

) X T y r
=i ) “
20 2 R o
P VAR = . .3
+ 5 {U Lt er) ’% 0 (3.3}

Trom equation 3.3, N simultaneous equations are obtained by the Galerkin process.
“The nth equation is obtained by multiplying equation 3.3 by Z and integrating over

he area of the panel., The N eguations may be written in matmx form

el Y
;"F i { ~ 3 { ,
%umni éanj - {_Oj ’ (3.4)

and the flutier conditions are determined from the characterist ¢ eguation

re
§ mn

i
<
n,
&
o
e

It is usual in panel flutter analyses tc assurme that the modes of displacement Zr

are the mode shapes for the unsiressed panel vibrating in vacuo. The computation
of these shapes for elliptic plates is rather tedious and, in the following analyses,
modes are assumed which correspond to a uniformly distributed load and to 2
linearly varying load proportional to x . The accuracy of this assumption will be
discussed later,
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4. Analyses for Elliptic Clamped Edge Panels

4.1. Simple Two-Mode Sclution

The flulter mode shape is approximated by

5 Z, Z
. = =3 e fo Y pon—--N
“(x,y) T % H T m, (4.1)
gf” Xa 2 -1 2
where Z= | et -Lé« -1 § ,
1o : . !
ioa ] i
2 & —«lﬁ
.{i“m b4 3:':";_" + :Z..._ -1 é »
# § & 1 & }
| a 4] 4
T < 5 -
P2, 3, 2.7
H,= { 77 @ 7 E i
! b a’h” |
: [ 5 1 2 7 ,
Hz“ 2 —r 5 o %, and )
[ b ab | .
the ranges of the integrations in applying the Galerkin process are .
| z I 2
-‘bA\;i-»—-;\qya:%ﬂb\!i-T
a a
-a ¢« X ¢ ta .
The resultant flutter determinant {equation 3.5} has the terms
8D . e
G, = = {oUiw - meﬂ{SMﬂi
G,, = a’D+a®{(pUivw ~ Mmw®)/60MH,
(4.2)

G = pUﬁ;mI@Hz

= -pU°[10MH,

Y24

To include hysteretic structural damping it is only necessary to factor the stiffness
terms by {1 + ig), where g is the structural damping coefficient. If g is assumed
constant for the modes considered, D is replaced by D{1 + ig).

The solution of the flutter determinant for zero structural damping yields the
stability boundary {Ref. 1}

L. %.z - 1‘;’?553% [am® 1* /(3 - kﬁ’}j , (4.3)
W“w JR I

and the flutter frequency,

(150D
wz‘fla{}SL ’ (4.4)
N m



where r = 8H, E:EP/‘:% and g = {ZHi + 8H_}/45 are functions of the panel geometry,
and g is the panel-air mass ratio, mipc.
If aerodynamic damping effects are now ignored, which may be justified for

zero structural damping as in the case of rectangular panels (Ref, 1}, equations
4.3 and 4.4 reduce to

- 2 A«i

2q¢” /MD = (80¥379) x |39 +14 % +32 1 (4.5)
o L ST
Replacing M by YMm® - corresponds to using Ackeret-loading and should give better

results for a wider range of supersonic Mach numbers.

Using equation 4.5, Fig. 2 presents the variation of the parameter Zgc” /MD
with panel eccentricity ‘i: - It can be concluded that the most critical value of
h ., . ) Do a o . .
< 18 for the two-dimensional panel {F = 0) and it is interesting to note that the ratio

9

<

of the critical thickness ratios for infinite and unit aspect ratio ig 1.13, which agrees
well with the ratio obtained by Hedgepeth {Ref. 3) for rectangular simply supported
panels. These results show that at high Mach numbers the effect of aspect ratio, in
the range unity to infinity, on the critical thickness ratio is relatively small, both
for rectangular and elliptic panels.

In Ref. 4, Fung has pointed out that the results shown in Fig. 2 become increasingly
inaccurate as the aspect ratio decreases, because the aerocdynamic tip effectignored
in the simple analysis becomes increasingly more important. Hence, the right hand
side of the curve in Fig. 2 must be viewed with caution.

Fig. 3 gives the variation of the critical panel thickness ratio with Mach
number for the two dimensional {a/b = 0} and circular (a/b = 1) clamped edge panels,

at sea level. Fig. 3 has been devived from equation 4.5 with M replaced by Y M?- 1

4.2. Effect of Structural Damping

The effect of structural damping on panel fluiter has received very little treat-
ment in the literature and there has been some doubt as to how such effects should
be included. In Ref. 5 it was decided to incorporate into the analysis viscous
damping, which is proportional to, and in phase with, the velocity of the panel
oscillations. The alternative approach would have been to use hysteretic damping
involving a complex stiffness term, which is proportional to the panel displacement
and in phase with the velocity of the panel motion. It was reasoned that since the
latter approach is only strictly applicable to simple harmonic motion it could lead
to difficulties when complex frequencies are considered. Even 8o, it was shown
that the addition of viscous structural damping could be destabilising. In another
paper, {Ref. 6}, it was shown that the effect of hysteretic structural damping could
be stabilising or destabilising depending upon whether the Mach number of the
flow was less than, or greater than, Y2. Thig dependence on M = V2 is apparently
& consequence of the aerodynamic assumptions which in Ref. 6 included damping
terms based on linearised unsteady aerodynamic theory, Johns and Parks {(Ref. 7),
showed for a two-dimensional panel with simply supported edges that hysteretic
structural damping could combine with aerodynamic damping to be destabilising.
The analysis of Ref. 7 assumed linear piston theory for the aercdynamic forces,




In this section, the approach of Ref.

clamped edge

elliptic panel.

7 will be applied to the problem of the

The inclusion of hysteretic

structural damping modifies the

stiffness terms

(D) by a factor (1 + igl,
two mode analysis, the

where g is the structural dampi

ng coefficient.

flutter determinant vields eve

equations,

ntually the following two

| .
2 ke’ - -[9‘*5 - 6%T + 3k gaap[e‘"s ro 8Ty (-;3)1 ,
R _ [T - 2s6®
PR R ?;9
szg - & J
3 .
o K 2 R 2 2 .-an.-.(i 8D
where K = 8Ma_ /3 W, ¢ WD X P
3mw1 C
S = 9H,/2H,
T = 1+8
R = ;:vam,r’znw1
§ = frequency ratio = w, fw
f%oﬁizﬁ
and w, = fundamental frequency =\j Ear

The param

eter R/g is, effectively,
damping coefficients and fr
corresponding t
critical Mach number,

the ratio of a
om equation 4.7 the value

© this parameter may be determined f
as given by K, may then be found from equation 4, §.

If, initially, g is ass
respectively
6 = ¥Y2]T
%Li K* = T®.45+ 27 R?

These equations yield the results
equations 4.4 and 4. 3 regpectivel
for negligible aerodynamic dampi

erodynamic and structural
of the frequency ratic, 0,
or any elliptic panel. The

umed zero, solution of equations 4.7 and 4.6 gives

previously obtained in Section 4.1 viz,
y- Since R is always small one can conclude that
ng, i.e. R = 0, equation 4.9 gives

For the

{4.86)

{4.7)

(4.8)

{4.9)

ir‘i K* = T%.4s . (4.10)
If, however, R is initially assumed to be zero in equations 4.7 and 4, 6, one obtains,
respectively,

. 6 = YT/3S (4.11)
and 2L k* - if; [Ta . -gs;h ag's. (4.12)



Hence if g is now assumed to be zero, equation 4.12 reduces to give the result,

: & §~S E4 7
e 48 o2 e | {4.13)
4 T° L d

3

which is completely dissimilar to equation 4.10.

o)
"3
o
o
@
[
u

Similar resulis to this were derived in Ref. 71
two dimensional panel and & fuller discussion of the immic
is given there. For the purposes of this section it suffi ly to say that
equation 4.13 represents a lower critical Mach rww"‘:@r than given by equation
4.10, the extent of the effect being indicated by the quantity &:ﬁ The value of

N #
this ratio for various elliptic p‘iaﬂforms is given in Table 1, where the suffizes gR
and Rg indicate the order in which these quantities are allowed to tend to zero.

imply supported,
ticns of such resulis

©

Hguation 4.7 can be rearranged to read

5“2=-§,;~§-g~

R

(T - 280%) (4.14)

P
T

which for very small values of the ratioc g/ R gives

53«{}:,.2.. + £ J.‘%‘: fg_ éﬁ\% )
T R T ‘K Te/’i
4 4g [z /. 48\ s
0% =+ = 1~ =) {4.15)
" TRNT N\ T
—
| 2
= o
o =7 )
Substituting these values into equation 4.6 yields, after some manipulation,
v 4 i / e
27 R 2 21 5 T 43 ‘*}
=1 - - ~y o+ Y an, Z . > 14 a2 |
LK =1 -4serRi1+E J3 S (4.16)
| . - 5

pa
H
o]
5]
18
oy

which should be compared with equati

The sguare bracketed term indicates that the effect of structural damping for small
values of g/R is indeed stabilising but since B is always small and the term in g/R
is also small, the overall effect is probably of no practical importance.

It can thus be shown from equation 4.8 and 4.7 that, except for very small
values of the ratio g/ R, the effect of structural damping is destabilising. For a
two dimensional panel and with 9{ = 088 the corresponding results for g = 0 and
g = 0.05 are 8 = .485 and 8 = .6 respectively and the ratio of critical Mach numbers is
M{g = 0.05) . Tt e
Mg—g——-—é—;-m—) = 0.9. The effect of structural damping is more destabilisingas B « 0

= ?; .
i.e. as altitude increases and the most exireme effect is evidenced by the results of
equations 4.10 and 4.13, \vmci were discussed above



4,3. Effect of Membrane Siresses

The presence of mid-plane stresses in an actual panel is inevitable, since
very little of an aircraft structure is not load-carrying. The inclusion of mid-
plane stresses in two dimensional analyses is common, e.g. Refs. 1, 3 and 7,
but there are few similar three-dimensional analyses. However, Hedgepeth
{Ref. 3) has examined the flutter of a rectangular simply supported panel of
finite size with mid-plane stresses in both directions and he concluded that only
the mid-plane stresses in the direction of the airflow were important. The
iransverse siresses had no effect on the critical Mach number.

In this Section & three dimensional analysis is presented for the clamped edge
elliptic plate assuming a constant load per unit length in both mutually perpendicular
directions i.e. Fx = Fy = F in equations 3.1 and 3.3.

The flutter determinant which results has additional terms in the expressions
for G , and Gzzisee equation 4.2}, viz. in G

i1
+ B %{ 1 . 1]
: 2 2
B'z 3 2 b
and in G, a® F{ 3 17
a2g [ U o e
15 H | 2 2
+ ahoa b

Solution of the flutter determinant for zero structural damping yields the
following expressions when aerodynamic damping is ignored, which may be compared
with equations 4.5 and 4.4,

3 80V3 [ o a® Fa® a®]
Zge® /1 = e 39 + 14 = + § —, + —o— + =) .
2qe” /MD = (%52 x |39+ 145 4 35+ Top (13 sz (4.17)
PPy a—
v = {150sD + Fv (4.18)
N fas]
1 /23 11\ | . - v
where v=g " =) Isa function of the panel geometry.
a b/

As a check on the accuracy of the solution, the buckling condition for the panel T
can be obtained from the expression for G, and compared with more exact solutions. =
Thus, in the absence of inertia and aerodynamic forces, the buckling force FC is
given by,

Fr‘a?' T o2 2l 2%

;}- = 4 34-2«%&3;«41/’1+TE§

b b |/ b

2

b - & K 2 2 -
or S = 4?3+2%+3%}!%51+%§
D | b SR

F a

in Table 2, the variation of the buckling parameter with panel eccentricity,

afb, is shown and compared with the resg);}ts of Refs. 8, 8. This shows that the

energy method used in Ref. 8 is only 0.7 /o in error for a circular panel, compared
with the exact solution of Ref. 9. The present analysis gives a corresponding error of 97/o.



Inspection of equation 4.17 shows that the stabilising effect of the tensile
membrane stresses is greatest for a/b = 0 i.e. tha two-dimensional panel.
Also, as afb » « , i.e. when the siresse wainly transverse to the air flow,
the stabilising effect is insignificant. The iaicﬁ;er result agrees with the coqdvswns
of Ref. 3 that forces in the y direciion have no effect on the stability boundaries
for rectangular simply suppor i:acz panels. For a/b = 0‘& the reducm{m in critical
panel t‘fxs.s;hneas/ah rd ratio for Fa®/D = 10 compared with Fa®/D = 0 is 8.2 /o.

4.4, Effect of a Concentrated Mass

The addition of a concentrated mass to the panel is of interest analytically
because

{a) it may be necessary gprlmsnésalry ‘5‘0 mount a strain gauge or other
transducer to the panel, and the is muetl be known,

{b} the concentrated mass may have a stabi Lsmg effect analogous to the mass
balancing of control surfaces.

The analysis follows that of Section 3, except that equation 3.3 is modified
by the addition of a camcemrawu mass of n;agnimde ¥ at a point on the panel
having co-ordinates {x,, y,J. The flutter determinant obtained in Section 4.1

i.e. equation 4. 2} haw:: the following additional terms in each of the expressions

G, viz,
mn
. Z it
in G” - W ;:?mgéfﬁq .
: - aE - R
in Gaa w@mga® n° JH_
in G_ - w*pmgan/H_,
E] t
in G,, - w'Bmyan/H,

In the above terms, M =gmwuab defines the term £,

X v
4 . % G e 3 .
n = = and & = 5 defines the co-ordinates of M

and ¢ = Enz%—ga mi]é

Solution of the flutier determinant for zero structural damping yields the
following result for the flutter frequency

w? = 300sD/| 2m + 5gmg (1 + 120%) j {4.19)

If aerodynamic damping is also neglected, the critical dynamic pressure parameter
can he expressed by
[ 8H i 2 2 a

/9 6
g _ 6400 e A SRS B L 8F W
\Mm) = 3 @ Lw———- &5 tm uﬁn‘&@,j + 84002 5 Bmen {4.20)




The above x&,?t
ig symmetrical &

x, "‘m" an additional mass <5ys‘eem which
Cthe v 13,:1:}3, i.e. M/2 should be

~ated at e wh‘ch is symmetrical dbout the y
axis also, the a ; - be the same as above but
those in {F‘zw and ’}; vould b o, i.e. for M ncentrated at +q, +E.
o
From the above resulls it can be shown that the addition of a concentrated mass

on the y'wxis is always stabilising and is most effective when added at the centre
of the panel. For example, for g = 1 the result cbialned from equation 4. 20, and

¥
to be compared with equation 4.5, is

Zge® 80OY3
Kgg - w:’« (4.21)

dimensional panel

&

Table 3 presents the v
with a concenirated mass,
can be sgen that a marked

decreages ag y increases un
in stability. However, if
thickness, the value of the

along the x axis. It
s

= 0 and thi
in fact, a reduction
o double the panel

he original thickness,

would be 6,880 for the circular panel and 4 +\m dim eus»ionai panel
Thus it can be inferred it i 2 as & means of
stabilisation is not asg ff thic&nes&

Table 4 presents correspc

I tg for a civcular panel with a concentrated
mass at the centre of the panel i

the effecis of variations in g .

(,J
s O

4.5. Effect of Sweepback

For the elliptic panel shown in ¥Fi veloc ys U, has components
Ucosa and Usink in the x and ¥ direscti respectively, when the panel vy axis
is swept by an angle ». The »f"e%a i also mé oduced by assuming
that the flutter mode shape i ap cf. equation 4.1)
4 3 .
Z, = 8 = + +oa, = sind {4.21)
(xy) L 1 B
J 5 3
- B Z -t B
x® |y i
where Z, = V{ — k= -1
3 . z Lz :
L.a ® o
1 5 2 i
H. =] = o = b e}
= & ] 2 }2 §
_a b a” b |
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The resultant flutter determinant has the terms

i

) -
8D . ( oUiw - Mmw® ) l
G = IR =ty
" | 3 \ " BMH 4
6 - [aip s ar(ovio - mme®)
22 §L \ " 80MH,
= . 2\,
i .z 2/ pUiw - Mm
G, - ;bD,g,Mm?wj—g
L \ 50.&%’1}13 j.k
~ 2 24
G, - U cos™a /10MH,
2 ”
G = - DU oos N j 1 Qi‘fﬁ‘i .
21 *
G,, = U sin® "R/ 10N M,
G, = -pU" sin"A/10MH_
- r =
G 7 sz o-

?cos 2)
/]

, 2
sin A

(4.23)

A general solution of the flutter determinant to give a closed form result is

not possible sc a
the various parameters {in 1b. slug.{t. units),

D

§7.5

1

0.0432

o
it
o2

o
u
w

.75
pat = 2967

pa, = 2.64

particular solution has been obtained for the following values of

These values correspond to an aluminium elliptic parel at sea level having a

panel thickness/chord ratio hfc = 4 x 1073, Table 5

5 presents the resulis of this

analysis, giving values of {lutter frequency, w, and critical Mach number, M., for

different angies of SWseﬁpnack compared with a
for A= G and 9@

two-mode analysis.

could be obtained directly from equations 4.4 and 4. 5:

Those results
there

would be slight differences in the values for M, so obtained because of the neglect

of aerodynamic damping in the equation 4.5,



4.5.2, Two Mode Solution

An alternative approach to the problem istoassume that the flutter mode
shape is approximated by

,21 ,zz 2’,3
2 =& o= + & { » cosh + —— si \ .
x,v) S H "% (xﬁg oS A+ H, S‘“?‘/ {4.24)

The four terms in the flutter determinant can now be written directly from the
expressions in equation 4,23, viz

G‘é 4 = G“?‘s
G = G_ +G
z2 22 33
— {4.25)
Gm = Gii TG,
G:” = 1.3121 + G.‘M .

Using the parameters given above in Section 4.5.1., Table § presents the
resulis of this analysis, compared with those from the three mode solution. The
agreement between the two solutions is good and in both cases the variation of M
with sweepback follows a reasonable trend. ¢

. Analysis for Circular Panels with Variable Edge Restraint

The analyses in the previous section were for elliptic clamped edge panels and
it is desirable that corresponding investigations be made for panels with other forms
of edge restraint. However, simple analyiical expressions for either the vibration
modes, or the pressure modes as used in Section 4, are not available for general
elliptic panels and the present analysis is restricied therefore to circular panels
for vwhich the required pressure modes are known.

Thus the assumed flutter mode shape is

, = a Z +a 2 {5.1)
%ﬁxy} v T4 2 Tz
2 2 2 2 \i
¢ = (5.2)
= x [ 2+ v*1 [, %+ y&1
z, - ;j{ - {Bd - "“‘"’;“"}
i o A a

These modes correspond to uniform and linearly varying pressure loadings
respectively, where the terms B, and B, are given by {Ref. 10} : -

-
14> 1 :‘:;
B, = —1 and Bz = 5 for simply supported edges,
1+ = 1+=
v v
and B = B, = 1 for fully clamped edges.

4 2
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For values of edge restraint intermediate between simply supported and fully
clamped, the appropriate boundary conditions to be satisfied at the edge of the
plate are

Z = a.

{ 8%z, v 9Z v 8%Z \ 87
b o= = 2 S . L e
D\aaz R 8R = g° ag° / ReR

where L is an elastic constant for the support at the edge, i.e.

L. = 0 for simply supported edges
I. = « for fully clamped edges
L > 0 for intermediate, elastic, edge resiraint.

Thus it can be inferred from similar analyses in Refs. 11 and 12 that more general
expressions for B, and B, are

1 1
B, = LXOK and B, = LEIX
4 1+x 2 1 +3«x
where 1/ /v , L2 )
he « = 1 + o
\\ D/

Thus the values of L quoted above would correspond to

¥ = 1/v for simply supported edges
K« = 6 for fully clamped edges
0 < & < 1/v for elastically restrained edges.

W

.

Using the above modes in equation 3.3, and applying the Galerkin process,
vields the following terms in the flutter determinent (neglecting membrane stresses)

G = 8 + {ﬁin - Mmw” \} N R
i 3 7 \ 5MH -
[ pUiw - Mmu? 3\
Gag = D.y + %RMW /, . X 7 {5.3)
2
- WQ{I s i
Gm - _Gze ¥ ioMdga =~ ¥
-

3,
where a = 1+§”€}j? ~ 1} R
5 = 1+2(B -1)+2(B -1)°
4 4 3 4
y = i+2{B -1)
2 ] > (5.4)
x = 1+3(B, - 1)+ 5 (B - 1)
- 5!‘ 1 3 ?;a’ ) -
= lT-E—*‘Bz“*:‘}'%*g{,,&%wl}%*g%B -1} {Bg 1}
and H = ﬁ;;- . J



i s

§

pest

L
i

If hysteretic structural damping is as«:suued, as m S‘ecti@n 4.2, the following two

equations are obtained from the flutter determinant

27 p® 2 a4 4 Eo T z, 20 2.0 R
LUkt - fe' -t ] v gfetletsr o e (D) ] (5.5)
16 ox ! P° g
- - g
i ? 2 -
R [T -25'8 .
= = % P S— i g, (5.6)
g | To%-2 | |
L. it
9 By )
where s’ = = =2
Z oax
™ = 1+57
w&
g = guency ratio = —
5] JA—
: fond s | 40HD «
an ¢ = undamental frequency = - .
and W, fundamental frequency N T B

Equations 5.5 and 5.6 are similay to equations 4.6 and 4.7, and hence a
gimilar analysis can be made here of the effects of structural and aerodynamic
damping on the flutter of clamped and simply supported circular panels. The
principal findings of this section are suminarised in Table 8, together with other
comparable data from earlier seciions and from Refs. 1, 11 and 12.

8. Limitationg in the Previous Analyses

6.1. Use of Static Deflection Modes

In the previous analyses, static deflection mode shapes were used because the

fin vacuo' vibrational mode shapes for general elliptic panels could not be represented
3 & mlj} ses in Ref. 11 for circular panels

have indicated that very little Qiff in the results is obtained when vibrational
mode shapes are used. Whe xmbfcﬁimam modes are uged, the flutter determinant
has to be determined separately for each chosen value of edge fixity coefficient «,
since x does not enter into the deflection functicn directly. Thus it is suggesied
that static deflection mode shapes are more convenient to use and do not introduce
any significant errors

in a convenient analytic form.

The flutter determinant ob camw& in Ref. 11 for the circular panel using
vibrational mode shapes had terms Gy . which, when compared to those in equation 4.2,
i
were found to agree to within T 2 per cent. The calculated flutter parameters are
compared in Table 6 with those determined from static deflection mode analyses,
and those from Ref. 1, assuming zero structural damping.

8.2. Assumption of Only Two Degrees of Freedom

It is of interest to determine how the inclusion of more degrees of freedom in
the panel flutter problem affects the resu 1@ obtained, i.e, whether or not the
solution converges ag the number of terms In the flutter mode increases, and, if
it does converge, how realistic is the 'hvo mode approximation. Analyses of this

type have been made in Ref. 11 for a clamped edge circular sanel using a flutter

mode of the form :



Z = (1 - R2}2£A0+A%Rc055 + AZRECOSZQ ..... + A R“cesnel

The first and second terms represent the static deflection shapes assumed in
equation 4.1 and the other terms represent mode shapes which have nodal lines
perpendicular to the flow direction and situated symmetrically about the centre.

The results obtained indicate that the flutter parameter K was larger for the
three~mode than for the two-mode approximation by about 25 per cent but that the
use of further terms produced only a very small change in K., Further, the four

term approximation gave somewhat lower, milj the five term approximation somewhat

higher, results L}.’lrﬁ”l the preceding approximations, It was also noticed that for
the range of E_ 7 K no longer showed a E iear dependence on Fa - contrary
D D

to the result shown in equation 4.14. Ho v r, in a more recent paper, Lee {(Ref.13)

¥
hag investigated the same convergence };z roblem by using a slightly different
approximation, viz.
2.2 . 2 ~h
Z o= {1 -R} i A, Rcosf + A R cos26 ..... + A R xc:f:»sm?}
id
The only difference is in replacing cos0 1 by cos n#, which is the same for the
vibration mode in vacuo. Calculations using this akpraxzxmatlon were carried out
aud, for comparison, analyses using three vibration modes in vacuo were made.
The same rapid convergence of the approximate modes approach was observed,
as in Refs. 11 and 12, but it was found that K varied linearly with respect to the
midplane load parameter.

To summarise, therels re,, he two mode results presented earlier may be
expected to be conservative for design purposes on the basis of the resuls of
Refs. 11, 12 and 13.

7. Conclusions

Theoretical analyses ha%f Shown the destabilising effects of compressive
membrane stresses and structural damping{in general)on the flutter of clamped
edge elliptic panels. The mﬁm on of a2 concentrated mass to the panel has been
investigated and the possibility of such an addition being destabilising shown.
The effect of sweepback is siabilising or destabilising, depending on whether the

panel aspect ratio S i less than, or greater than, unity; the predicted variation

of critical Mach number with sweepback has been shown to agree well from two

and three mode analyses.

Simple analyses have also shown that the effect of edge restraint on the flutter
of circular panels is equivalent to a difference of 20 per cent in critical panel
thickness between simply supported and fully clamped panels.

S ——

g g

s e



10.

References

Johns, D.J

Houbolt,J. C,

Hedgepeth,J. M.

Fung, Y.C.

Hedgepeth, J.M.

Budiansky, B.

Leonard, R.W.

Nelson, H.C.,
Cunningham, H., J.

Johns, D.J.,
Parks,P.C.

Voinoisky-Krieger, S,

Bryan,G.H

Timoshenko, S.

Goodman, L. B, ,

.

Rattaya,J. V.

T

Rattaya, J.

lee,F.A,

V.

- 15 -

Some panel flutter studies using piston theory.
J. Aero/Space Sci., Vol.25, 1958, pp 679-684.

A study of several aerothermoelastic problems of
aircraft gtructures in high speed flight,
Inst. Flug. und Leicht., Mitt. 5, 1958,

Flutter of rectangular simply supported panels
at high supersonic speeds.
Jd. Aero.Sci., Vol,24, 1957, pp 583-573.

Panel flotter.
AGARD Manual on feroelasticity, Part 5.
{To be published).

Analysis of flutter in compressible flow of a panel
on many supports.
J.Aero.8ci., Vol,21, 1854, pp 475-4886.

Theoretical investigation of flutter of two

dimensicnal flat panels with one surface exposed

to supersonic potential flow,

NACA Tech.Note 3465, July 1855. (or NACA Rep. 1280).

Effect of structural damping on panel flutter.
Aircraft Engineering, Vol.32, 1960, pp 304-308.

The stability of a clamped edge elliptic plate under
uniform compression.
Jd. Appl. Mech., Vol.4, 1937, pp A177-178.

On the stability of a plane plaie under thrusts in its
own plane, with applications to the buckling of the
gides of a ship.

Proc. Lond. Math. Soc., Vol.22, Dec. 1890, p.54.

Theory of plates and shells.
New York, McGraw-Hill, 1840,

Supersonic speed flutter analysis of circular panels
with edges elastically restrained against rotation.
WADD Tech. Report 60-309, August, 1960,

Flutter analysis of circular panels.
J.AerofSpace Sci., Vol.28, 1962, pp 534-539.

Comments on flutter analysis of circular panels.
J.Aero/Space Sci. Vol.29, 1962, pp 1123-1124,



- 16 -

- = 0 1/2 1 2 w
M
R e e - - o
= LR 845 668 77 925 .98
M

TABLE 1

Ratioc of Critical Mach Numbers for Clamped Edge Elliptic Panels.
M. e
. Rg [4s
i.e ey R
2 = 0 1/2 1 2 3 4 5
b
Ref. 8 - 14.78 44 .08 86.08 {178.40 | 282.50
Present 12.00 | 11.80 16.00 | 47.20 |105.60 |183.06 | 296.62
Analysis
Ref. 8 9.87 - 14.88 - - - -
Buckling Coefficient for Clamped Edge Elliptic Panels l*"f‘ma2 D
Mass Position 5 = g 2 R .8 1.0
3
R QQC D0 1oL Ly d ‘ feda]
Flutter Parameter Vi) 1830 1550 776 634 880
{Circular Panel) o
‘,Zq:*z .
Flutter Parameter 3 = 116z 883 4908 304 800
{Two-Dimensional
Panel)
TABLE 3

Effect of Concentrated M

ass




Mass Parameter 28 8 2 4 .6 8 1.0
2 3
Flutter Parameter ;;_} 860 1318 1542 | 1880 1768 { 1830
TABLE 4

Effect of Variations in Concentrated Mass on the Flutter of a Circular Clamped

Edge Panel.

{Mass on Centre of Panel}

Three Mode Solution Two Mode Solution
* w radfsec | 'MC w rad/sec Mc
0 248 3.24 846 3.24
30 864 3.51 915 3.47
45 883 3.76 906 3.78
60 913 4.12 958 4.22
g0 1055 4.88 1058 4.98
TABLE 5

Effect of Sweepback on Flutter Mach Number for a Clamped Elliptic Aluminium

Panel at Sea Level. {(h/c =4 x 107% a=12in. , b=081in.)
Simply Supporied Clamped
Circular Two~-Dimensional Circular Two-~Dimensional
mw®cf/D 1775 {{832n 4693 2020
(1648) {4480)
2qc’/MD 485 ((274)) 860 600
(468) {804)
TABLE 6

Flutter Parameters for Circular and Two-Dimensgional Panels

The figures not in brackets correspond to

analyses using static deflection mode shapes
in this Note.

The figures in brackets

correspond to analyses using vibrational

mode shapes, i.e. {{ )) from Ref. 1 and
{ ) from Ref. 11.




FIG.L CO-~ORDINATE SYSTEM FOR THE ELLIPTIC PANEL.
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