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Abstract

We explore how the Weighted Average Flux (waF) approach can be used to generate first
and second order accurate finite volume schemes in one, two and three space dimensions. The
derived schemes have multidimensional upwinding aspects and good stability properties. We
construct oscillation-free methods that are second order accurate in smooth flow by making use
of one-dimensional limiter functions. Some numerical results are presented.

Key words hyperbolic conservation laws, war-type schemes, finite volume schemes,
multidimensional upwinding



1. Introduction

Upwind methods for Computational Fluid Dynamics (cFp) form a respectable class of nu-
merical techniques available to the cFp practioner today. This is the result of an intensive
research activity spanned over many years. The distinguished works of Godunov [1], van Leer
[2], Roe [3], Osher [4], Harten [5], and many others, have provided a solid theoretical framework
for further advancement.

An important issue is how to generalize the first order Godunov method [1] to second or
higher order accuracy. Van Leer [6, 2] proposed his MuscL approach whereby the piecewise con-
stant cell average states are replaced by reconstructed states that admit spacial variation within
each cell. A class of second-order Godunov-type methods based on this have been constructed.
Examples are the pLM method of Colella 7], the crP method of Ben-Artzi and Falcovitz [8] and
the muscrL Hancock scheme [9].

An alternative approach for constructing second-order Godunov type methods is the Weighted
Average Flux (war) approach [10]. Its origins go back to a Random Flux approach by Toro
[11] which was later proved to be second order accurate in a statistical sense (Toro and Roe
[12]). The war approach has been shown to be successful in applications to a variety of prac-
tical problems [10], [13], [14]. Its key feature is that second order accuracy can be achieved
by solving the conventional piecewise constant Riemann problem; no reconstruction/evolution
steps are necessary, although such processes may also be admitted. The accuracy comes from
utilising this solution averaged over space and time. This averaging takes the form of an integral
of the flux, or chosen variables, over some volume.

In this paper we discuss how the war approach can be used to generate schemes for the
solution on the linear advection equation in more than one space dimension. We generalize
the approach by integrating the exact solution of multidimensional initial value problems in
space and time. The initial data for these problems is the data at a given time level, which we
assume constant within each cell. MuscL type extensions are, of course, also possible, but are
not explored here.

In two space dimensions we show how different integration methods can lead to numerical
schemes with different accuracy and stability properties. In particular, we present two second
order schemes which, as far as we know, are new. They are conservative, finite volume schemes
with good stability properties, and are natural extensions of the one-dimensional Lax-Wendroff
scheme [15). Moreover, due to the nature of their derivation, they have multidimensional up-
winding features. We also derive a finite volume, first order scheme that is a natural extension
to Godunov’s scheme [1] and is the same as Colella’s scheme [16] on the equation studied here.
We then combine this scheme with one of the second order schemes using one-dimensional Total
Variation Diminishing (TvD) limiters to produce an oscillation-free scheme that is second order
accurate in smooth flow. After presenting some numerical results from the two dimensional
schemes, we derive the equivalent schemes in three dimensions and study their accuracy and
stability.

We do not attempt to extend any schemes to nonlinear systems in this paper; such extensions
are currently under development and will be the subject of future communications.

This paper is organised as follows: §2 introduces the waF approach, and various schemes
that it produces in one dimension. In §3 we consider the approach in two dimensions — we
derive finite volume schemes, study their accuracy and stability, construct our oscillation free
scheme and present some numerical results. In §4 we derive some three dimensional schemes.
In §5 conclusions are drawn and future work is discussed.



2. The war approach

Consider the model hyperbolic conservation law

u+ f(u)e =0 f(u) = au (1) -

where u is the conserved variable, f(u) is the physical flux function and a is the speed of
convection. We will consider schemes for (1) that are conservative time marching schemes of
the form: A

wt =l - = [ — 1y (2)
where {u]'} is a set of piecewise constant cell averages, At and Az are defined as the time step
size and computing cell length respectively and f; itk is an intercell numerical flux. We define a

Weighted Average Flux as:

1
f,1= / u*(z,t))dz dt 3
z+; (t2 - tl) (:1:2 - 1:1) t1 f( ( )) ( )
where u*(z,¢) is the solution of relevant initial value problems with data {ul}}* ’+k+1 . The choice
of k depends on the choice of integration range in (3); this is determined by the va.lues of z1, 29
and tl, t2

In this section we are exclusively concerned with the choice

1 = 0 to = AT Iy = —%Aw Iy = %A:E (4)
where AT could be large, that is the corresponding Courant number
aAT
= 5
V== (5)

could be greater than unity. As the choice of AT implies a chosen Courant number, we introduce
the notation AT, (q1,q2) to mean that the associated Courant number v satisfies ¢; < v < ¢y,
with ¢1, ¢2 non-negative real numbers.

2.1 Exact integration schemes.

Here we carry out the exact evaluation of integral (3) with choices (4) and w*(z,t) the
solution of piecewise constant Riemann problems.

First consider the case AT,(0, %) The integration range together with the relevant wave
pattern is shown in Fig. 1. It is easy to see that in this case

f %'—— _(1+’/)f1+ (1"’V)ft+1 (6)

which is the familiar Lax-Wendroff flux for the model equation (1).

Fig. 2 shows the integration range and wave pattern for AT, (2, 1). Exact integration
produces a three point flux

fip = Woifies + Wofi + Wi fin (7)
with

W._1 = 8u(2V - 1)2

Wo = g (—4v? + 120 — 2) (8)

1
Wi=g



This flux in conjunction with (2) gives a second order accurate method. The case AT,(1,3) also
gives the scheme (7),(8).
By performing the integration for arbitrary AT, we can generate an infinite sequence of

schemes. The I*h scheme in this sequence is found by integrating with timestep AT,(¢1,q2)
where

a=1l-3 @=I1+1 (9)

The cases [ = 0 and | = 1 have been given above. Cases I > 2 can be derived similarly, and for
[ > 4 the intercell flux can be written in the general form

1

= kZI Wi fitk (10)
where
Wi =g
Wo =&
We =1 ke{2-1... -1} (11)

Wi =1 [1-dew-1)- 1)

Wo= &2 -1)+1)?

v
2.1.1 Accuracy.

For AT,(0,%) the intercell flux (6) leads to the Lax-Wendroff method which is known to be
second order accurate in space and time. For AT,,(%, %) the corresponding numerical flux leads

to
witt =3 " bruigk (12)
k
with R
by = 3(2v - 1)?
b_y = §(—8v? + 16v — 3)
(13)
bo = §(4v% — 12v + 11)
b =—3 )
For p-th order accuracy one requires (Roe, [17])
Tk kb = (=v)1 0<g<p (14)

Simple manipulations show that (12),(13) is second order accurate. For the schemes [ = 2,1 =3

and the general scheme with intercell flux (10), (11) second order accuracy also follows from
(14).



2.1.2 Stability.

The scheme [ = 0 is the Lax-Wendroff scheme, and it is well known that this is stable
provided v < 1. We have not managed to formally derive stability limits for any cases [ > 1;
however plotting the von Neumann amplification factor for various schemes in the sequence, at
various Courant numbers, suggests that the /th scheme, [ > 1, is stable whenever

1 1
|- —=< <]+ — 15
N RV (15)

2.2 Approximate integration schemes.

Formula (3) with restriction (4) becomes

1 1 (AT rias . e d
= a7as )y e S0 D) do (16)

We now study schemes that can be generated from this general flux if approximate integration
methods are used.

2.2.1 The midpoint rule in space.

Use of the midpoint rule in space gives

1 AT N
far=ag ) SO (17)
which is the usual time-average intercell flux evaluation along the t-axis in the solution of the
Riemann problem. If w*(z,t) is taken to represent the solution of the conventional piecewise
constant Riemann problem (crp) with data u}, u?,, then the first order Godunov method
is reproduced. Equation (17) gives

Ty

au; ifa>0
5 { auiy1 ifa<0 (18)

If w*(z,t) in (17) is taken to represent the solution of a generalised Riemann problem with
piecewise linear data

u(z) = ul + (z — 2,) 5L z € [0,Ax] (19)
with the slope Ai defined as
Ai = a(ui — ’u,,'_l) + (1 - a)(uH.l - u,-) (20)

then the midpoint rule in time applied to (17) gives:

fi+%

a [ug + %(1 - V)Ai] (21)
This result is obtained by finding the exact solution for %At. For a > 0 this is

wi(a*) = uf + %(1 _ V)i (22)



where z* = (1 — 1v)Az. Substitution of Ai into (21) gives
2
fi+% = Wi fior + Wofi + Wi fina (23)

Table 1 shows some well known schemes derived from (23).

Wi W, W3 Scheme
a|-31-v)a|1+i1-v)2a-1) |i1-v)(1-a)
0 0 -;—(1 +v) s(1-v) Lax-Wendroff
1l -ia-v) 1 11-v) Fromm
1 Hv-1) 2(3-v) 0 Warming-Beam
Table 1

All schemes listed in Table 1 are second-order accurate, including the general @ scheme; by using
(14) this leads to a third order accurate scheme for the particular choice a = (1 + v).

The same result (23) can be obtained using the Generalised Riemann Problem (crp) ap-
proach of Ben-Artzi and Falcovitz [8], whereby a flux is defined as:

n+%
fup = JIT) (24)
1
with u?_:-f obtained from a Taylor series expansion
2
s 4 LA @ |
Uy = + 2At6tu (25)

where u(%) is the solution to the conventional Riemann problem with data uF, u{’_l_l, the right
and left extrapolated values obtained from (19). Use of (1) gives u; = —au, which, if substituted
into (25) gives a numerical flux equivalent to (23). Thus the gk method could be interpreted
as a special case of the war approach with midpoint rule integration to evaluate (17).

Also, the well known pLm method [7] falls within this category. Use of the trapezium rule
to evaluate (17) gives:

iy = 3 [fO) + W) (26)

where 40 is as in (25) and u(1) is the solution w*(0, At) at the complete time level. This is found
by evaluating (for @ > 0) ui(z) in (19) at z = (1 — v)Az, namely

MU:u?+(%—V)Ai (27)
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Substitution of (27) into (26) gives the intercell flux (23) that reproduces the second order
schemes listed in Table 1.

As a matter of fact, exact time integration also gives the same scheme (23); u*(0,¢) is linear
in time and so both the midpoint rule and trapezium rule are exact.

2.2.2 Approximations in time.

A midpoint rule in time applied to (16) gives

1 LAz N 1
f, :-—/ w*(z, =A8))de 28
b= ag [, 70 380) (29)
Here assume u* is the exact solution of the piecewise constant Riemann problem. Exact space
integration gives

g = (L4 Wi+ 51 V)i (29)

when 0 < v < 1, which is again the Lax-Wendroff flux for (1). This was observed by Toro [10].
For 1 < v £ 2 exact integration in (28) gives

g = 30~ Dfia + 53 - 1) (30)

which is the flux for the Warming and Beam second order upwind method [18]. This is stable
provided 0 < v < 2.

2.3 Large timestep schemes.

For the time-dependent, one-dimensional equation (1) formulation (2), (4) can also provide
stable, "large timestep” schemes. This is achieved by selecting a large timestep At,(q1, ¢2) with
g2 > 1. Exact integration schemes with large At were derived in §2.1. Approximate integration
schemes were first tried by Casulli and Toro [19]. They derived second order Tvp schemes for the
linear advection equation (1) with arbitrary, large timestep At. The extension of the schemes
to linear systems with constant coefficients is trivial. Toro and Billett [20], [21] have studied the
extension of schemes with fluxes (29) and (30) for timesteps At, (g1, ¢2) with ¢; = 0, g2 = 2. The
technique has been applied to the time-dependent, two dimensional Euler equations. Although
successful, the efficiency gains of this scheme are still modest, as the maximum Courant number
is two. More ambitious extensions are currently being investigated. They involve front-tracking
and local adaptivity ideas.

3. Application in two space dimensions

In this section we show how the waF approach, as discussed in the last section, can be used
to generate two-dimensional finite volume schemes. Qur aim is to illustrate the approach, rather
than provide an exhaustive account of all possibilities. Therefore, after defining an intercell flux
for the general case, we restrict ourselves to the regular, Cartesian grids, assume the data is
constant within each cell and consider only Courant numbers less than unity. Applications to
curvilinear or unstructured grids are, of course, also possible, as well as Grp or MuscL type
schemes, and ’large timestep’ schemes when the Courant numbers are greater than unity, but
we do not consider these here.

We will first consider the constant wave speed case and explore the schemes that can be
generated from combinations of exact integration and the midpoint rule in space and time. We



study their accuracy and stability. We then show how two of the schemes can be combined to
give a monotone scheme that is second order accurate in regions of smooth flow, and generalise
the scheme to the variable wavespeed case. Some numerical results will then be presented.

In two space dimensions the linear advection equation can be written as

where f = au and g = bu are flux components, a and b are speeds of propagation, and (z,y) are
two space coordinates.

For a general grid (structured or unstructured), we can define a general war intercell flux
eap for boundary AB as

1 1 t2
Tte—ty V() Jyy

eAB /e -n dzr dy dt (32)
I
where I is a space integration range in (z,y), V(I) is the area of I, e = (au,bu) is the general

flux function, and n is the unit outward facing vector normal to the intercell boundary. See Fig.
3.

3.1 Multidimensional schemes for Cartesian grids

We consider here the simple case of regular Cartesian grids. Let Az, Ay be the mesh spacing,
At be the timestep and assume that ¢ and b are constant and positive, unless otherwise stated.
Consider the two dimensional conservation formula

ntl _ . n ﬂ At

Y T i T A [fi+%a' - fi—%,j] T Ay [g,-,j+,12_ - gm‘—%]

(33)

where u; is the integral average of u in cell (4,7) at time level » and f; +1j and g, ; +1 are

intercell fluxes in the z and y directions respectively. When applied to Cartesian grids, the
formula (32) gives intercell fluxes in the z-direction as

1 1 .
L1 = m"}‘(}jftl /If(u (2,9,1))de dy dt (34)

where u*(z,y,t) is the solution to the initial value problem defined by (31) with initial data u™
at time level n. The fluxes in the y-direction follow by symmetry. Define the Courant numbers
in the z and y directions as v, = a% and vy = bﬁ—; respectively. We consider here only the
case when the time limits are t; = 0 and t3 = At, where At is the timestep chosen such that

vz < 1and vy < 1. For the flux £, 1; we always take the space integration range as:

1
I= [——%Am,é—Az] % [0, Ay] (35)
where, in local coordinates, z = 0 lie on the boundary, and y = 0, y = Ay lie on the ends on

the boundary. For the flux 8ij+1 the obvious changes are made. See Fig. 4.

. This choice of Courant numbers and integration range restricts the number of states that
influence f; +1,; to four: uf;, ufyy j, u;—q and uly, ;_;. These are laid out in the four quadrants
of a square, and form the initial conditions of a two dimensional Riemann problem.



3.1.1 Exact integration in all directions

Consider first the case of exact integration in time and both space directions. We assume that
vy < % and vy < —;— to restrict the number of waves entering the integration range. The evaluation
of the integral (34) is, infact, not as hard as it might seem: we know the exact solution to the
two dimensijonal Riemann problem for (31) at any time, with any states in the four quadrants.
The equation simply advects the given initial conditions in the direction specified by @ and b.
See Fig. 5. The point A moves to the point A;. The point B moves out of the integration range.
At any given point (z,y) in I, and at any ¢ € [t1,12], we know the value of the flux f = au.
To obtain our intercell flux, we integrate these fluxes through space and time. This gives the
intercell flux fz-+;2_,j as:

1 1
fir; = T56+6ve = 3uy —dvan] fij+ 56— 6vs = 3vy +dvary] fin,j
1 1
15 By + dvery] fij1 + 5 Bry — dvery] fiyrj—1 (36)

where f;; = f(uf;) = aul;. The intercell flux g ;, 1 follows by symmetry. Substituting both
f,,1.and g; . 1 into the conservative formula (33) gives the full scheme as:
51 i,j+5

2
n+1l 2 2 n
i, = 1- v, — I/y + —31/:,,1/3,(1/,7 + Vy) u,-’j

(2

1 n
+Euy [6(ry — 1) + (3 — dvy)] 04y

1
+—21/$ [6(vy — 1) 4+ vy(3 — 4v;)] Uy

1
1 n 1 n
+-i-2— wVy(4Ve — )iy oy + ﬁ”ﬂc’/y(‘l”y = 31541

1
S i 2 [6(1 + l/y) — l/x(3 +4v, + 81/1.)] uzj-—l

12
1
+El/x (6(1+ vz) — vy(3 + 4ve + 8uy) Uiy ;
1 n
+EVsz [6 + 4(ve + vy)] uiq j—1 (37)

This scheme has an eight point stencil with both upwind and downwind components, as shown
in Fig. 6. A truncation error analysis shows this scheme to be second order accurate in space and
time. Note that when v; = 0 or vy, = 0, the scheme reduces to the one dimensional Lax-Wendroff
scheme. Scheme (37) appears to be new.

3.1.2 The midpoint rule in space

We now consider the schemes generated by using exact integration in time and the midpoint
rule in space in (34). We again assume that v, < % and v, < . There are three cases to
consider: (i) the midpoint rule parallel to the boundary, and exact integration perpendicular
to the boundary; (ii) the midpoint rule perpendicular to the boundary, and exact integration
parallel to the boundary; (iii) the midpoint rule in both directions.



(i) The midpoint rule parallel to the boundary

Here we consider exact integration in time, the midpoint rule parallel to the boundary, and
exact integration perpendicular to the boundary. The integral form of the intercell flux (34) in
this case is:

At 1
T —— a—— * —
f,'.|.12-,1 At Az / /n{y LAy} f(u (:L', 2Ay,t)) dz dt (38)

where we integrate over the plane y = EAy. See Fig. 7a. This gives the intercell flux f; +1,7 a8t

1 1
fir; = 3+ w)fij+ 5 - ve)fin (39)
This is the flux for the finite volume WAF scheme put forward by Speares [22]. This is the
one-dimensional war flux and would be the most obvious finite volume extension. However, it

has been proved to be second order accurate only when the flow is aligned to the grid. In §3.1.5
we demonstrate that it is also linearly unstable without this restriction on the flow.

(ii) The midpoint rule perpendicular to the boundary

Here we consider exact integration in time, the midpoint rule perpendicular to the boundary,
and exact integration parallel to the boundary The integral form of the intercell flux (34)
simplifies in this case to:

At
b= Riag ey T 000 dy (40)

where we integrate over the plane z = 0. See Fig. 7b. This gives the intercell flux f, 1; s

1 1
fi+%,j = '2’(2 —v)fij+ EVyfi,j*l (41)
The scheme resulting from this flux is:
":L;H = (I-w-r+ ey Jul; + vy(1 — Vg Ui

(42)

+vz(1 - Vy)“?—l,j + Vsz“zr'L—l,j—l
It can be shown to be first order accurate and is identical to the first order multidimensional
upwind scheme of Colella [16] on the linear equation (31).

(iii) The midpoint rule in both directions

Here we consider exact integration in time, and the midpoint rule in both space directions.
The integral form of the intercell flux (34) simplifies in this case to:

f =L 0 1A 1)) dt 43
RO S (G IR0 (43)
i.e we integrate along the line z = 0, y = LAy. See Fig. 7c. This gives the intercell flux f,, 1
as:

+1, = i (44)
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This is simply a finite volume version of Godunov’s method. It is known to be first order
accurate.

3.1.3 The midpoint rule in time

We now consider the midpoint rule in time combined with exact integration in both space
directions and assume that v; < 1 and v, < 1. The integral form of the intercell flux (34)
simplifies in this case to:

1 . 1
fuys = oay /@y, 5A) do dy (45)

i.e we integrate over the plane t = 2At. See Fig. 8. This gives intercell flux:

1 1
firrs = 7+ w)@Z-w)fij+ 7(1-w)(2 - 1) firr

(46)
1 1
+Z(1 + Vx)V'yfi,j—l + Z(l - V:v)Vyfi+1,j—-1
The flux g; ; +1 follows similary. Substituting both fluxes into the conservative scheme (33) gives
the scheme in full form as:
1

1
wl = [1-02-u) - - o) ul;

1 1
"ZVw(l —vg)(2 - Vy)u?+1,j - 2(2 - Vx)”y(l - Vy)u?,jﬂ

1

1
_ZV:BVy(]- - Vx)“?+1,j—1 - ZVwa(l - ”y)“?—l,jﬂ

1 1 |
+Z [1/,,(1 +v)(2 - vy) - 21/11/3] uiq; + 1 [Uy(l +1y)(2 - vg) — 21/£Vy] (A

. .
+Zz/m1/y(2 + Ve + )iy g (47)

Note that the scheme has the eight point compact stencil shown in Fig. 6. A truncation error
analysis shows the scheme to be second order accurate in space and time. Note that when
vy = 0 or v, = 0, the scheme reduces to the one dimensional Lax-Wendroff scheme, and that
when v; = vy = 1, the scheme reduces to
1

?j = Uiy5-1 (48)
which reproduces the exact solution under the given initial conditions. To our knowledge, the
scheme (47) is new.

U

3.1.4 The midpoint rule in both space and time

We now consider the schemes generated by using the midpoint rule in time and combinations
of exact integration and the midpoint rule in space. We again assume that v, < 1 and v, < 1.
As in §3.1.2, there are three cases to consider: (i) the midpoint rule parallel to the boundary
and exact integration perpendicular to the boundary; (ii) the midpoint rule perpendicular to

11



the boundary and exact integration parallel to the boundary; (iii) the midpoint rule in both
directions. In cases (i) and (ii), the integral is an integral in two dimensions: one space dimension,
where exact integration is used, and one in time, where the midpoint rule is use. Recall from
§2 that in this situation, the resulting scheme is the same as when exact integration in time is
used. The same result holds for (iii). Thus the three cases here will result in the same schemes
as cases (i), (ii), (iii) in §3.1.2

3.1.5 Stability

We have not managed to perform rigorous stability analysis on any of the schemes presented
in this section. However, a good indication of the stability of a scheme can be found by computing
the von Neumann amplification coefficient A for a large number of quadruples (v, vy, 8, ¢), where
@ and ¢ are the phase angles in the z and y directions respectively. We can define st(vg, vy)
to be the ratio of stable pairs (8, ¢) for given (v;,,), i.e the number for which | 4 |< 1, to
the total number tested. The scheme is only stable for the pair (vy,v,) if st(v,,vy) = 1, i.e all
Fourier modes are stable. Fig. 9 shows contour plots of st(v, 1) against (v, vy) when v; <2
and vy < 2 for four of the schemes derived in this section.

Fig 9a is the plot for the scheme (37) derived using exact integration in all directions in
§3.1.1. It suggests that the scheme is stable whenever

\/(1/2 +v))<1 (49)

Recall that the scheme is also second order accurate in space and time, and thus a two-
dimensional extension of the Lax-Wendroff scheme. It is much more stable than the "traditional”
Lax-Wendroff schemes in two dimensions, which are restricted by the condition

2 2 1
Vw2 +02) < = (50)

See Hirsch [23]

Fig 9b is the plot for the scheme with flux (39) derived in §3.1.2.(i) using exact integration
in time and perpendicular to the boundary, and the midpoint rule parallel to the boundary. It
shows the scheme to be unstable unless the flow is aligned to the grid, when the appropriate
Courant number must be less than unity. The lack of stability of this scheme is due to the fact
that it does not take into account the multidimensional nature of the problem.

Fig 9c is the plot for the first order scheme (43) derived using exact integration in time, exact
integration parallel to the boundary, and the midpoint rule perpendicular to the boundary in

§3.1.2. As mentioned before, it is Colella’s scheme [16]. It shows the scheme to be stable
whenever

max {v;, vy} < 1 (51)
Colella proved this condition analytically.

Fig 9d is the plot for the second order accurate scheme (47) derived using the midpoint rule
in time, and exact integration in both space dimensions in §3.1.3. It shows the scheme also has
the stability condition (51).

A plot of the function st(v;,v,) for the scheme with flux (44), i.e the finite volume Godunov
scheme, is not shown. The scheme is stable provided

vet+ry, <1 ‘ (52)

This is a well known result.
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3.2 An oscillation-free finite volume method for two space dimensions

We now construct an oscillation-free, finite volume scheme that is second order accurate in
space and time in regions of smooth flow. We use two of the methods derived in the last section:
the second order scheme (47) and the first order scheme (43). We choose these because (47)
can be broken down into a useful wave model, and linked to (43) to produce an oscillation-
free method in a very simple way. It happens that these schemes are also the most stable
two-dimensional schemes of those presented so far in this paper.

Consider the second order scheme (47). This has intercell flux

1 1
fi+-§-,j = Z(l + v )(2 - wy)fij + Z(l — vz ) (2~ vy)fitrj
(53)
1 1
+7( )y fijoy + (1= ve)vy firri

We wish to write this flux as a weighted sum of flux jumps across waves from one-dimensional,
grid-aligned Riemann problems at nearby intercell boundaries. This will enable us to extend
the scheme to the case when the the wavespeeds @ and b vary in space and time later in this
section, and to non-linear systems in future communications. Since @ > 0,5 > 0 and v, < 1,
vy < 1 there will be just four boundaries involved, labeled as in Fig. 10. The form in which we
need the flux is therefore:

1 13
firgs = 5(fus + firrg) — 5 2o mAf (54)
=1

We wish to solve for the coefficients 7 in (54), but there is only a unique solution for certain
differences in these coefficients, not the coefficient themselves. However, we can choose a sensible
set {n} as follows.

Consider a wave from any grid aligned Riemann problem. It will have a component of velocity
perpendicular to the boundary at which it was generated. This velocity is the wavespeed from
the solution to the Riemann problem at that boundary, and always equals the constant speed a
in the present case. We can make the wave truly two dimensional by also giving it a component
of velocity parallel to the boundary. For this velocity, we simply take the component of velocity
parallel to the boundary from the cell into which the wave is propagating. This will always be
the constant b in the present case. With these two components of velocity, the wave will sweep
over an area in space as time progresses. See Fig. 11. Recall the scheme was originally derived
via the midpoint rule in time. At time ¢ = 1 A¢, part (or all) of this area will intersect the space
integration range I defined earlier. We set the weight 7 for each wavejump in (55) equal to the
area of this intersection divided by the area of the space integration range. Thus (54) becomes:

fie1; = 3(fuj + firrg) = gvery(Firrj-1 = fij=1) = 52+ vy (fij — fijr)
(55)
~§2 — vy (firr; = firrg-1) = §vold = v)(firr,s — fi)

and (54) is now in the required form. The fluxes 8ij+1 can be treated in a similar manner. In

the linear problem we are now studying, the wave model described here is essentially the same
as the wave model of LeVeque [24]. The authors are developing the scheme (47) to non-linear
systems using this wave model.

The scheme (55), being second order accurate, will suffer from oscillations in regions of high
gradients. These are unphysical, and therefore undesirable. In one space dimension, one way to
overcome this problem and maintain second order accuracy in smooth flow is to design schemes
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that satisfy certain Total Variation Diminishing (TvDp) criteria. We do not discuss details of this
here, but refer the reader to the work of Harten [25]. Schemes can be made TvDp by introducing
limiter functions (Sweby [26]) that preserve second order terms in the scheme when it is safe to
do so.

The war method applied to the linear advection equation in one space dimension has intercell
flux 1

fp = 21+ b )fi + 50~ biyp) i (56)

The functions ¢, L= &; +22L(7'i +1,v) are the limiters for the one dimensional war scheme (see
2

Toro, [14]). When ¢ = v (56) gives the intercell flux of the second order Lax-Wendroff scheme,
and when ¢ = 1it gives the intercell flux of the first order Godunov scheme, which does not suffer
from unphysical oscillations. In general, the limiters depend on the (local) Courant number v
and a flow parameter r;, 1 defined as the upwind jump in v divided by the local jump in u, i.e:

Us —Up—1 H
Aty e ifr>0
o¢ Lit2ZTWid1 iy < ()
Uig] —U;
Two limiter functions for the war method are:
1 ifr<0
Hr,v)y=3 1-(1-|v|r f0<r<1 (58)
| v | ifr>1
and
1 ifr<0
o(r,v) = (59)
1—(1—|V|)12_|fr ifr>0

which are respectively related to the minmop and van Leer flux limiters.

Goodman and LeVeque [27] have shown that in two space dimensions any scheme that is
strictly TvD is at most first order accurate. Since we would like to preserve the second order
accuracy of the scheme (55) in regions of smooth flow, we do not attempt to construct a strictly
TvD version of the scheme. However, it is possible to maintain the accuracy in smooth flow and
eliminate virtually all of the oscillations in regions of high gradients by suitable use of the one
dimensional waF limiter functions. We do this by replacing the flux (55) with

fir1;=3(fii + firng) - %¢1(-_1'_)%,jvy(fi+1;j—1 ~ fij—1) — (24 ¢1(-_2|_)%’j)1/y(fi,j — fij-1)

(60)
~82 = #) In(Fiarg = forngmn) = 881 (4= 1) Jinn = fig)

where the limiter ¢§21_ i is the one dimensional limiter for the contribution of boundary ! (I =
21

1,...,4) to the flux at boundary i + . Note that when ¢() = v, (60) reduces to (55) and is
second order accurate, and when ¢ = 1 (60) reduces to (41), which is the flux for the first order
oscillation-free scheme.

It was hoped that using the MINMOD or vaN LEER type limiters (58), (59) directly from the
one dimensional case would ensure (60) remained oscillation-free in all situations. However, we
achieved only partial success. The strategy worked well provided the flow was approximately
aligned to the grid, but shocks moving oblique to the grid lines suffered from overshoots of a few
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percent of shock height, though much smaller than the overshoots in the second order scheme

without limiters. This problem can be greatly improved by replacing the flow parameter (57)
by .
2
TH_%,]' = (1 - Vy)ri-}--;-,j + Vy'ri+%,j——1 (61)
where 7, 1 is the one-dimensional flow parameter 7, +1 along strip j. (Recall that we are

assuming v, > 0 in the present discussion — the obvious changes must be made for v, < 0).
In most situations, this parameter appears to result in solutions without significant overshoots.
There can be, however, small undershoots behind entropy violating shocks, upto about 1%
of shock height. Better results may be obtained by further experimentation with the flow
parameter.

The essential components of the scheme constructed here have been the first order scheme
(43) and the second order scheme (47). These are both stable provided the condition

max {vg, vy} <1 (62)

is satisfied. It is thus reasonable to assume that the scheme presented here also has this stability
condition.

The extension of the scheme to the situation where a and b are variable, i.e functions of
spatial position, time, and the data u is now simple. All we need do is re-define the speeds
assigned to each wave in the wave model. Consider a wave propagating away from a boundary.
For the speed perpendicular to the boundary, we take the wavespeed from the solution to the
one-dimensional Riemann problem at that boundary. For the speed parallel to the boundary, we
take the component of speed parallel to the boundary in the cell into which the wave is moving,.
These wavespeeds are no longer constant — they will vary in space and /or time. We then replace
the Courant numbers in the weights in (55) with the local Courant numbers taken from these
perpendicular and parallel velocities. The resulting intercell flux depends on wavejumps from 7
boundaries, labeled as in Fig. 12. The flux can then be written as:

1
f£+%,j = g(fi,j + fit1,)
1
—gva(f) max{v{",0} (fiyr,j-1 — fij-1)
1
—§(2 + ) max{v{?, 0} (fij - fij—1)

1
—5(2 — U max{v{®, 0} (firr; = fir1,j-1)
(63)

. ,
*§V§4)(4— | ) (firr,j = firg)
1 .
—§(2 + o) min{{®, 0} (fij01 — fis)
1 .
—§(2 — V) min{v(®,0} (fitr,541 = firrj)

1 .
—gl/,(:) min{v{", 0} (firrj41 — fie1)

This scheme is limited as before by replacing each v in (64) by a one-dimensional flux limiter
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¢52 .- The flow parameter (61) must now be replaced by:
2

r?f%’j =(1- |y |)ri+%,j + max{y,, 0} Tird -1~ min{v,, 0} 7‘,-+§-,j-i—1 (64)

3.3 Numerical experiments

We now present some numerical results from the scheme developed in the last section. We
first study the transport of a scalar square. We work on a square domain [0, 1] x [0, 1] divided into
100 x 100 cells. The initial conditions consist of = 1.0 in the square (z,y) € [0.1,0.3] x [0.1,0.3]
and u = 0.0 elsewhere. Four cases are studied. In each case, the wavespeeds are kept constant.
We set a = 1 and chose b such that the flow angle § = tan‘l(-il) to the z-direction is:

() 0 =0° (i5) 6 =15° (iid) 6 =230° (iv) 0 = 45° (65)

Results are taken after 50 timesteps at a maximum Courant number of 0.8. We use the vaN
LEER type limiter (59). Results are presented in Fig. 13a and Fig. 13b. Note that for § = 0°
there is very little spreading of the solution in the y-direction. In this situation, the scheme
reduces to one-dimensional war along each z-strip of cells. In all four cases, the results using
the vaN LEER limiter have produced sharper results that the first order scheme, showing that
the approach to limiting is essentially sound. Note that when the vaAN LEEr type limiter is
used and the flow at 45° to the grid lines (Fig. 13b), an undershoot is clearly visible behind the
square being advected. This is approximately 1% of shock height in magnitude.

The second problem is taken from a survey paper by Tamamidis and Assanis [28]. The
domain is the square [—4,4] x [—4,4]. Wavespeeds are fixed in time but vary in space according
to

(l(.’IJ,y) = v, : ;
max
v T

b(z,y) = Utt = (66)
max

where v; = sech?(r) tanh(r) is the tangential velocity around the center (0,0) and vy gz is the
maximum tangential velocity, set to 0.385 here. The problem has an exact analytical solution
as:

u(z,y,t) = —tanh %cos(wt) - i;-sin(wt)] (67)

where w = —%— is the frequency. The initial condition ug is taken from (67) by setting ¢t = 0
and is a function of y only. Fig. 14a shows the exact solution at times ¢ = 1.0, 2.0, 3.0 and 4.0.
Fig. 14b shows corresponding numerical solutions using the vaN LeER limiter. The scheme was
run at a maximum Courant number of 0.8 on a grid of 100 x 100 cells. There is little to say,
except that tiny oscillations are visible in the numerical results. These are due to the fact that

the flow parameter is not properly detecting the high gradients in the flow.
4. The Three Dimensional Case

We now extend the two dimensional, oscillation-free scheme of the last section to the linear
advection equation in three space dimensions:

ut + aug + buy + cu, = 0 (68)
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We assume here the wavespeeds a, b and ¢ are constant and positive.

A general war intercell flux in three space dimensions can be defined in an analgous way to
the two-dimensional flux (32). We define the flux e4 across boundary A as:

1

tz—t1V(I) . /e n dz dy dz dt (69)

€4s =

where [ is the three dimensional space integration range, V(I) is the volume of I, e = (au, bu, cu)
is the general flux function and n is the outward facing unit vector normal to the boundary.

As in the two dimensional case, we consider the simple case of regular, Cartesian grids. Let
Az, Ay and Az be the grid spacing, and At be the timestep. We use the conservative formula
in the form:

un+1 = n At

i3,k Uy

vl TR

.
(70)
_ﬁ—; [gi,j+-;-,k - gi,j—%,k] - g [himk% - hi,j,k—%]

where f;, 1 +1k Bijtd k and h, . gkth are the intercell fluxes in the z, y and z directions respectively.
From (69), i+1,;,k can be written as

fz‘+%,j,k ey V(I)/ /f(u (z,9,2,1)) dz dy dz dt (71)

where u* is the exact solution to equation (68) with the data u™ at time level n as initial
conditions. The fluxes 8i i1k and hi,j,k +1 follow similarly. As the space integration range for
1L 1 jk» We consider the natural extension of the space integration used in two dimensions, which
can be written as

= [—lm, 1Aa;] % [0, Ay] x [0, A7] (72)

See Fig. 15. The integration ranges for g; + & and hz kb follow by symmetry. Define also

the directional Courant numbers as v, = a &t Aa:’ vy = b and v, = ¢t A . We assume all three to
be less than unity.

The choice of integration range and Courant numbers restricts the number of states influ-
encing f+ gk to a maximum of eight: w;jk, wig1k, ij—1,k Uit1-1,k %ijk—-1, Yit1,jk—1,
Ui j—1,k—1> and U;i+1,j-1,k—1 Lhese are arranged in the eight corners of a cube, and can be con-
sidered as the initial conditions for a three dimensional Riemann problem for (68). The exact

solution to this problem is known: equation (68) simply advects the initial conditions is the
direction specified by a, b and c.

The second order scheme

We consider first the second order scheme. Working from the experience of the two dimen-
sional case, we use the midpoint rule in time and exact integration in all three space directions.
The flux in the z direction becomes

1 * 1
vtk = V(I)/If(u (w,y,z,zAt)) dz dy dz (73)

Where u* is the exact solution of (68) with initial conditions {u?;}, the solution at time level
n. Here we take I as the space integration range (72). Its volume is V(I) = AzAyAz. This
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integration range is illustrated in Fig. 16, divided into the regions occupled by different fluxes
at time 1 zAt. Performing the integral gives the flux as:

£tk = D Citlitmbin Sitlgtmkin (74)
l,m,n

where the non-zero coefficients a are

1
ik = g(l +vg)(2 -1y )(2 - 1)
1
Qitl,5k = g(l —vg)(2 - 1y)(2 - v2)

1
Q;;-1k = -8-(1 + V;,;)Vy(2 — l/z)

1
Qi1 5-1k = 5(1 —vg)ry(2 = v;)
(75)
1
%je-1 = g(1+va)(2-wy)r,
1
Qi41,5,k—1 = g(l — v )(2 - vz
1
Qi j-1k-1 = g(l + v )vyv;
1
G j1 k-1 = g(l — Vg )Vyls

The fluxes 8+l and h, ., . 1 follow by symmetry. Substituting the fluxes into the conservative
formula (71) gives the final scheme as:

n ' 1 n
ui,;:/lc u? ik Z [V£(2 - Vy)(2 = Vz) + (2 - V:E)Vj(z - VZ) + (2 - I/ZL‘)(2 - Vy)yzz)] Ui 5k

1 ) .

+ gl _(1 +ve)(2-1y)(2-v:) - 2”3(2 — V) - 22— Vy)’/z_ U1,k
1 ) .

Foan (@)1 )@ ) - 222 - 1) - 22 - vy
1 ) .

+ v (22— w) (1 ve) = 22 - we)v) — 252 - )| Ul s
1 2] .n

+ SV:ny (2 - Vz)(2 + v+ Vy) - 2Vz_ ui—-l,j—-l,k
1 2] . n

+ SVZVZ (2 - Vy)(2 + Vg + Vz) - 21/?}‘ ui_l,jvk—l
1 | 2] .n

+ 8’/sz _(2 —vg)(2+ vy ) - 21/3:‘ Ui j—1,k—1

1
+ gVa:Vsz(3 + v+ Uy + Vz)u?—l,j-l,k—-l
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1 1 n
- sz(l —vp)(2— )2 - VZ)'“?H,J',k - gl/z(l — v )y(2 - VZ)ui+1,j—-1,k

1 1
- ng(l ~vg)(2— Vy)”zu?+1,j,k—1 - ng(l - Vw)”y”z“?ﬂ,j—l,k—l

1 n 1 n
- 5(2 — vg)vy(1 — 1y )(2 Vz)ui,j+1,k - szVy(l ~ ) (2 - VZ)ui—l,jH,k

1 1
- §(2 — v )vy(1 — Vy)VzquH,k—l - §’/x”y(1 - Vy)”x“?—l,jﬂ,k—l
1 n 1 n
- §(2 —vp)(2 - Vy)VZ(l - Vz)uz’,j,k+1 = §(2 - Vw)Vsz(l - VZ)ui,j—l,k+1

1 1 n
- g”w(z — vyl - VZ)“?—l,j,kH - ngVyVZ(l = Vz)ui-—l,j—l,k+1 (76)

This scheme has a twenty point compact stencil. A truncation error analysis shows it to be
second order accurate in space and time.

From the experience of the equivalent scheme in two space dimensions, we expected the
stability condition for this scheme to be

max {vg, vy, v} <1 (77

However, after computing the von-Neumann amplification coefficient at many thousands of
points, it seems that this is not sufficient by itself. If we fix v,, we can calculate the stability
function st(vy,1) as defined in the last section. Six of these ’slices’ are shown in Fig. 17, for
v, = 0.0,0.25,0.5,0.75,1.0,1.25. When v, = 0.0, the scheme (76) reduces to the two dimensional
scheme (47), and the stability condition is therefore the same as for that scheme in this case.
However, as v, increases, an area around the point v, = 1, », = 1 is lost to the unstable region.
When v, > 1, the stability region vanishes, but this was expected. We have not yet been able
to work out what the exact stability region is; however, if we insist on the condition (77) and
add the condition

Vgt vy +v, <2 (78)
then any points satisfying both appear to be stable. We have calculated the von Neumann factor
for many thousands of points within the region (77), (78) and found none to be unstable. From
Fig. 17, we believe, however, that these conditions are only sufficient, and not necessary, for
stability.

The first order scheme

To construct our final scheme, we need a first order scheme that is oscillation free. We now
present a three dimensional version of the first order scheme (43) for the linear equation (68).
This can be done be using the midpoint rule in time, the midpoint rule in space perpendicular
to the boundary, and exact integration in space in both directions parallel to the boundary. See
Fig. 18. The intercell flux then becomes

1 1
Cbok = By 27y pypuney (4015580 dy dz (79)

This can be written explicitly as:

1 1
futin = 7@ 1)@= va)fise+ (2= va)figk
(80)

1 1
+Z(2 - vy, fijk-1+ ZVszfi,j—l,k-—l
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The other fluxes, g, jpipand by oo L follow by symmetry. Substituting these into the conser-
2 2 vy
vative formula (71) gives the scheme in its full form as:

1 1 1 .
u:’j:}v = [1 - Zyx(2 —)(2—-v,) — 2(2 — v )y(2—v,) - Z(2 —-vg)(2— Vy)llz] u i g
] 1 ] n 1 n
vz (1 —1)(1—v,) - ZvVe | i1k 2(4 = 3ug )y VUi ket

n

[ 1 1 1
vy |(1—vg)(1 - vy) = ZVa:’/z U1k T Zux(‘l - 3”y)Vzu?—1,j,k—1 (81)

i 1 i 1
+v |(1 = v )(1 - vy) — ZV:ny u?,j,k—l + ZVmVy(‘l - 3Vz)u?—1,j—1,k

n
+ZV1‘VyV2ui-—1,j—1,k—-1

This scheme is first order accurate, and has the same stability region as the second order scheme
presented above.

Wave decomposition of the second order scheme

We now show how the second order scheme can be decomposed in central differencing plus
a sum of flux jumps from nearby boundaries. We want to write the flux (74,75) in the form

1
fi1ju = '2‘(fi,j,k + firrik) = D GAS (82)

1=1,12

where Af! is the flux jump across the Ith boundary and (; is the corresponding coefficient.
There are twelve boundaries involved in the present case (constant, positive wavespeeds) which
we label as in Fig. 19. If we write the flux (82) out in full and compare it with (74,75), we find
we have eight conditions (from enforcing equality of coefficients) governing twelve ”variables”
(the coefficients (7). The the set of possible coefficients {(;} is therefore not unique. To choose
a set of coefficients we look back at the two dimensional case. Recall that the weight for each
boundary equalled the area of the intersection of the integration range with the region swept out
by a wave from that boundary at time t = %At divided by the area of the integration range. To
calculate the weights (; for the 3D case, we therefore apply the equivalent principle, except, of
course, using volumes instead of areas — each weight should be the volume of the intersection of
the integration range with the region swept out by the wave from the boundary at time ¢ = %,—At
divided by the volume of the integration range. As an example, Fig. 20 shows the intersection of
the volume swept out by the wave from boundary 1 with the integration range. The coefficients
derived via this approach are:

1

Cl = ﬂl/w(12 — 3I/y - 3Vz + Vsz)
1

Cz = :1—8— y(12+6V3;_3Vz —'2V1'Vy)
1

C3 = Zé-l/y(].2 — 61/;1; - 3Vz + 2V:cVz)

1
(4 = 52%1@(3—1/2)
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1
(s = ﬂvxvz(3—uy)

1
(6 = Zguyvz(3+2ux)

(83)

1
¢ = Euyvz(3—21/x)

1
CS = Sy VzlVyls

24

1
(o = T 2(12 = 6y — 3vy + 20,1y)

1
(o = Euz(m + 6vz — 3uy — 2v51)

1

G1 = Evyvz(3 + 2v;)
1

Cl? = 4—8'1/sz(3 - 21/_1;)

In the general case (variable wavespeeds of any sign) there would be 23 boundaries involved.
We do not discuss this here, since it follows easily from the two dimensional case.

Removing oscillations

The second order scheme can be made virtually oscillation-free by taking the flux (82) and
replacing each v, by a one-dimensional limiter ¢, as we did in the two dimensional case. Similarly
for g; ;. Lk and h, ;. +1 The flow parameter will again have to be replaced by a more multi-

dimensional flow parameter. The natural extension of the flow parameter used in the one
dimensional case would be:

D
T?+%,j,k = (1- vy)(1 - Vz)'ri+%,j,k +(1- Vy)yzri“l'%,jyk—l
(84)

+ry(1 - VZ)T:’+-12-,j—1,k + VyVaTipl i—1,k-1

where 7, Lik is the one-dimensional flow parameter r; +1 defined by (57) along the one dimen-
sional strip (j, k). Other choices are, of course, possible.

Summary and Future Work

The aim of this paper has been to present the waFr approach in the context of other schemes
in the literature and illustrate its potential for generating new schemes, particularly in two and
three dimensions. Our methods are, by definition, conservative and for appropriate integration
schemes they are also second order accurate in space and time. In one dimension, we showed
how well-known schemes such as the Lax Wendroff scheme [15], the Warming-Beam scheme [18]
the muscr Hancock scheme [9], the PLM scheme of Colella [7] and the erP method of Ben-Artzi
and Falcovitz [8] can be described in terms of the war approach. In two space dimensions,
we reproduced the first order scheme of Colella [16] and used the approach to derive two finite
volume schemes that are second order accurate in space and time. As far as we know, these
schemes are new. They have multidimensional upwinding aspects and good stability properties.
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As an indication of their practical use, we showed how one of these schemes could be combined
with the first order scheme on the linear advection equation using one dimensional Tvp limiter
functions to produce an (almost) oscillation-free scheme that is second order accurate in regions
of smooth flow, and presented some numerical results. We then went on to derive the equivalent
scheme in three dimensions.

Current work involves extending the two dimensional oscillation-free scheme of §3 to non-
linear systems. The extension will be based on the on the wave model presented there. This
work is already well underway, and we hope to communicate the results soon. Following directly
from this will be the extension of the scheme to curvi-linear grids, and the development of the
three dimensional scheme.
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Legends to figures

Figure 1
Figure 2
Figure 3

Figure 4a
Figure 4b

Figure 5

Figure 6

Figure 7a

Figure 7b

Figure 7c

Figure 8

Figure 9

Figure 10

Figure 11

Figure 12

Figure 13a
Figure 13b
Figure 14a

Figure 14b

The integration range and wave structure for AT, (0,1).
The integration range and wave structure for AT,(3,1).
The general integration range.

Space integration range for the fluxes f;

T+%1j'

Space integration range for the fluxes 8+l

The integral for the intercell flux f; +14 in two dimensions: exact integration in
all directions. The flow is moving into the page.

The stencil for the second order schemes: full circles denote upwind points, empty
circles denote downwind points.

Two dimensional integration range: Exact integration in time, exact integration
perpendicular to the boundary, and the midpoint rule parallel to the boundary.

Two dimensional integration range: Exact integration in time, exact integration
parallel to the boundary, and the midpoint rule perpendicular to the boundary.

Two dimensional integration range: Exact integration in time, and the midpoint
rule in both space directions.

Integration using midpoint rule in time and exact integration is both space
directions: status of the space integration range at time ¢ = 1A¢.

2
Stability diagrams for the two dimensional schemes.

Labeling of the boundaries for the two dimensional wave model.
Constant wavespeed case.

Boundary 4 is the boundary across which the flux in being calculated.
Weights for the two-dimensional wave model.

Labeling of the boundaries for the two dimensional wave model.
Variable wavespeed case.

Boundary 4 is the boundary across which the flux in being calculated.
Advection of a square in two dimensions using the first order scheme.
Advection of a square in two dimensions using the vaAN LEER limiter.

Exact solution to the warm/cold front problem at times 1.0, 2.0, 3.0 and 4.0 units.

Numerical solution to the warm/cold front problem at times 1.0, 2.0, 3.0 and
4.0 units using the vaN LEER limiter.
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Figure 15

Figure 16

Figure 17

Figure 18

Figure 19

Figure 20

The three dimensional space integration range for f; +L.4.k°

Integration for the 3D scheme: midpoint rule in time, exact integration in all
space directions. The status of the space integration range at time ¢ = FAL.

Stability diagrams for the three dimensional second order scheme.

Integration range for f; +hik for the first order scheme in three dimensions:

Midpoint rule in time, midpoint rule perpendicular to the boundary
and exact integration in both directions parallel to the boundary.

Labeling of the twelve boundaries contributing to the three dimensions second order flux.
Boundary 1 is the boundary across which the flux is being calculated.

The flow is moving into the page, and upwards.

Circles indicate the boundary ’behind’.

Integration for the weights in the 3D wave model — the volume for
boundary 1. The flow is moving into the page, and upwards.
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Figure 1 The integration range and wave structure for AT,(0,1).
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Figure 2 The integration range and wave structure for AT, (3, 1).
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Figure 3 The general integration range.
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Figure 4b Space integration range for the fluxes 8+l
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Figure 5 The integral for the intercell flux f; +1 in two dimensions: exact integration in all
directions. The flow is moving into the page.
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Figure 6 The stencil for the second order schemes: full circles denote upwind points, empty
circles denote downwind points.



Figure 7Ta Two dimensional integration range: Exact integration in time, exact integration
perpendicular to the boundary, and the midpoint rule parallel to the boundary.

Figure 7b Two dimensional integration range: Exact integration in time, exact integration
parallel to the boundary, and the midpoint rule perpendicular to the boundary.



At

Ay
Az

Figure 7c Two dimensional integration range: Exact integration in time, and the midpoint
' rule in both space directions.
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Figure 8 Integration using midpoint rule in time and exact integration is both space
directions: status of the space integration range at time t = %At.
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Figure 9 Stability diagrams for the two dimensional schemes.
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Figure 10 Labeling of the boundaries for the two dimensional wave model.
Constant wavespeed case.
Boundary 4 is the boundary across which the flux in being calculated.
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Figure 11 Weights for the two-dimensional wave model.
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Variable wavespeed case.

Boundary 4 is the boundary across which the flux in being calculated.
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Figure 18a Advection of a square in two dimensions using the first order scheme.
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Figure 13b Advection of a square in two dimensions using the vaAN LEER limiter.
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Figure 14a Exact solution to the warm/cold front problem at times 1.0, 2.0, 3.0 and 4.0

units.
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04

Warm/Cold Front problem
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Numerical solution to the warm/cold front problem at times 1.0, 2.0, 3.0 and 4.0

units using the vAN LEER limiter.
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Figure 15 The three dimensional space integration range for f; Lk
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Figure 16 Integration for the 3D scheme: midpoint rule in time, exact integration in all
space directions. The status of the space integration range at time ¢ = 1 At.
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Figure 17 Stability diagrams for the three dimensional second order scheme.
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Figure 18 Integration range for f;, Lik for the first order scheme in three dimensions:

Midpoint rule in time, midpoint rule perpendicular to the boundary
and exact integration in both directions parallel to the boundary.
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Figure 19 Labeling of the twelve boundaries contributing to the three dimensions second order flux.
Boundary 1 is the boundary across which the flux is being calculated.
The flow is moving into the page, and upwards.
Circles indicate the boundary ’behind’.
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Figure 20 Integration for the weights in the 3D wave model — the volume for boundary 1.
The flow is moving into the page, and upwards.





