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Abstract—Proliferation of autonomous systems have increased
the threat space and the economic risk in several national
infrastructures, e.g., at airports. Therefore, reliable detection
of their intention is paramount to ensure smooth operation of
national services and societal safety. This paper reports a data-
driven trajectory intent prediction algorithm which is based on
a linear model structure of the autonomous system dynamics
obtained from a dynamic mode decomposition algorithm. The
model computation is enhanced by two sources of physics
informed knowledge associated to the energy functional. Two
different prediction algorithms that consider fixed or time-
varying references are designed in terms of the availability of
control input measurements. Rigorous theoretical results are pro-
vided to support the approach using matrix decomposition and
optimization techniques. Simulation and experimental studies are
carried out to verify the effectiveness of the proposal.

Index Terms—Trajectory intent prediction, Dynamic Mode
Decomposition, Physics Informed, Autonomous systems, Linear
approximation.

I. INTRODUCTION

ESEARCH in predicting future behaviour and intent
has increased in recent years due to the high technolog-
ical developments in autonomous systems. Whilst many au-
tonomous systems pose no malicious intention, some of them
carry out malicious capabilities that can compromise several
national facilities [1] and hence, predicting their intention is
mandatory to ensure societal safety. Two different tasks of
intent prediction can be distinguished: high-level intent classi-
fication and trajectory intent prediction [2]. Intent classification
task aims to predict the purpose of the autonomous system
[3], [4], e.g., surveillance, delivery, inspection, pick and place,
planning, etc. On the other hand, trajectory intent prediction
task aims to predict the trajectory that the autonomous sys-
tem will follow in future time steps for early detection and
preventive control purposes [5]. In this paper, we focus on
the trajectory intent prediction of autonomous systems using
cooperative sensors (e.g., RF signals).
Research in trajectory intent prediction has been applied
in the fields of robotics and smart navigation, e.g., in lane
changing prediction of vehicles [6], pedestrian intent [7],
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'In this paper, intent refers to the main task that the autonomous system
aims to achieve either in a high-level purpose or the trajectory way-points.

[8], maritime vessel intent forecasting [9], aircraft trajectory
prediction [10], [11]. Machine learning techniques are the core
methods used in the previous research studies, specifically:
Bayesian approaches [3], [12], support vector regression [13],
and linear regression [14], [15]. These methods require a large
amount of data of similar trajectories to uncover the main
features associated to the high-level intent. This is a strong
restriction due to the complex nature and high variability of
the intention.

Classic trajectory prediction techniques are model-based
approaches [16], [17] that use state estimation techniques
such as Kalman filters and their variants to make state and
trajectory prediction. In most cases, a linear model is used
for simplicity [18] which provides an unrealistic and low
prediction capability in the long term. Actually, these models
are good for short-term predictions since the model is used to
predict one step prediction without regarding the control input.
The development of intent-driven dynamical models [16] are
used to enhance the previous approaches. These methods
predict the future kinematics state and the inferred intended
destination. However, they have high reliance on pre-defined
trajectory plan and cannot be generalized for other similar
systems and trajectories [14]. In terms of intent prediction
of unmanned aerial vehicles (UAVs), genetic algorithms have
been adopted to model dangerous drone intents using a support
vector regressor (SVR) model of the UAV kinematics based
on ADS-B flight data [13]. However, the above models require
a large amount of labelled data.

Data-driven approaches have been designed for intent clas-
sification and prediction based on deep neural networks.
Recent studies focus on human trajectory forecasting using
deep generative models [19] and recurrent neural networks
(RNNs) for trajectory modelling of robots and UAVs [20],
[21] which are conditioned on long-term target goals [22].
These networks require a large amount of data and are usually
unstable for small perturbations [23]. Other approaches use
a human behaviour learning [24] approach to uncover the
hidden utility or reward function associated to the main task of
the autonomous system. The approach states that the reward
function contains the necessary information about the desired
reference or destination that the autonomous system wants to
achieve. However, the approach is based on a linear model
assumption which is a strict condition unless the linear model
preserves the dynamic properties of the real system.

Gaussian processes [25], [26] combine the advantages of
data-driven methods with kernel functions to estimate the
posterior distribution associated to the future trajectory intent
with high confidence prediction. The key idea is the design of
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adequate kernel functions that capture the autonomous system
physics to infer its future trajectory. However, similarly to
Kalman filter methods, these models are sensitive to the prior
distribution and the selection of the kernel functions.

In the last decade, a data-driven approach known as Dy-
namic Mode Decomposition (DMD) [27] has gain popularity
to model high-nonlinear systems as a linear-time invariant
(LTI) system. The key idea of the DMD method is to solve
a tractable optimization problem [28] using data collected
through the system trajectories. In contrast to estimation
algorithms that use simplistic linear models of the system,
the linear model of the DMD saves the information about
rotation, flipping, and scaling factors of the real-nonlinear
system [29]. The algorithm has been modified to enhance its
performance [30], [31] by considering nonlinear observables,
delay coordinates, among others. These methods are usu-
ally applied to unforced systems that possess high nonlinear
dynamical properties such as fluids, video, and biological
systems. However, autonomous systems have not been studied
in depth since most of them require external inputs to exhibit
dynamic properties, e.g, mobile robots, drones, vessels, etc.
DMD with control (DMDc) has been adopted to incorporate
external inputs in the tractable optimization problem with good
results. Here, DMD models and its variants have been focused
on parameter identification tasks and dynamic model analysis.
To best of our knowledge and the findings in the literature
[27], [32], DMD has not been used for prediction purposes.

In view of the above, this paper reports a trajectory pre-
diction algorithms for autonomous systems based on dynamic
mode decomposition techniques. The algorithm is based on
the local linear approximation of the autonomous system
dynamics and enhanced by the control input structure to
obtain reliable trajectory prediction with high accuracy and
noise attenuation. The algorithms are explained theoretically in
detail. Simulations and experiments in several case of studies
are provided to observe the benefits, limitations, and future
research opportunities.

The main features of this work are: 1) an on-line data-
driven trajectory intent prediction algorithm based on DMD
techniques and control input exploitation, 2) give evidence of
the limitations of DMD models and future research directions,
3) the short-term prediction capabilities is enhanced by ex-
ploiting the control input components, and 4) the algorithm
requires less data in comparison to machine and deep learning
algorithms. The contributions of this work with respect to
previous developments in trajectory intent prediction are the
following: a) less computational complexity due to the low-
dimensionality of autonomous systems, b) the obtained linear
model preserved dynamic properties that are usually lost in
linearization procedures, c) the algorithm can be performed on-
line without imposing constraints and dynamic assumptions.

The paper outline is as follows: Section II establishes the
preliminaries of the autonomous system dynamic equation.
Section III defines three different DMD methods: the classical,
with control, and physics informed. Section IV gives the
trajectory prediction algorithm under two different scenarios:
control-free and control-based. Section V and Section VI
reports the simulation and experimental studies using differ-

ent autonomous platforms. The conclusions are presented in
Section VII.

Throughout this paper, N, R, R™ R"*™ C"*™ denote
the spaces of natural numbers, real numbers, real n-vectors,
real n X m-matrices, and complex n X m-matrices, respectively;
I, € R™*"™ denotes an identity matrix of n X n; the norms
x|z = vVxTx and | X||z = /ur{XTX} stand for the
Euclidean and Frobenius norms, respectively; tr{-} defines the
trace function, where x € R is a scalar, x € R" is a vector,
and X € R™ ™ is a matrix with n,m € N.

II. PRELIMINARIES

The general scheme of the proposed trajectory intent pre-
diction problem is depicted in Fig. 1. The diagram shows three
steps related to the approach: 1) online data collection of the
autonomous system trajectories, 2) the application of the DMD
method to obtain a local linear model from the collected data
which will be used for prediction purposes, an 3) the design
of the intention prediction algorithm based on the previous
obtained model whose aim is to predict the trajectory intent
associated to the reference signal. In the following sections,
each step is explained in detail.

Desired
Reference

x = £(x) + g(x)u

Autonomous | |

System [ I
Online Collection Data Trajectory Prediction

DMD —> xj1 = Ax; + Buy
Model for prediction
t DMD Model Identification

Fig. 1. Trajectory Intent Prediction problem

Assume the autonomous system fulfils the following second
order differential equation

4 =M (q)[L(q)u— C(q,q)q — G(q)], (1)

where M(q) € R™*™ is a known symmetric and positive
definite inertia matrix, C(q, q) € R™>*™ defines the Coriolis
and centripetal forces matrix, G(q) € R™ is the gravitational
forces and torques vector, L(q) € R™*? is a transformation
matrix from RP to R™, u € RP stands to the control inputs,
and q € R™ defines the generalized coordinates of the
autonomous system. The nonlinear model (1) can be expressed
in state space notation as

x = f(x) + g(x)u, (2)

B q n
() = [M1<q)[0(q, a)a+ G(q)]] <

0,
mxp cRMP x =

)= [ne i) <57 %= [3] emnmam



Here, we want to construct an approximate local linear
dynamical system from observed data along the system trajec-
tories (2) which captures the performance of the autonomous
system. This model will be further used to predict the future
trajectory intent.

Assume the data from the autonomous system’s trajectories
are collected with a sample time 7" > 0 such that the nonlinear
model (2) can be expressed as the following discrete-time
system

xp+1 = F(xx) + G(xp)uy, 3)
where
F(xy) := Tf(x) + xg,
G(xp) == Tg(x).

To obtain a local linear dynamical model from the au-

tonomous system’s trajectories, a constant input dynamics is

required to avoid state dependent approximation. Hence, the
nonlinear model (3) is rewritten as

Xp41 ~ F(xy) + Buy, €]

where
B = max G(x) € R"*?,

III. DYNAMIC MODE DECOMPOSITION
Traditional dynamic mode decomposition (DMD) [27] tech-
niques model the nonlinear system (2) as an unforced system

of the form
% = h(x), &)

where h(x) € R” is a nonlinear function. The equivalent
discrete-form for a sample time T > 0 is
xp+1 = H(xy), (6)

where H(xj) € R™ defines the autonomous system’s dy-
namics under a hidden state dependent control input. In this
scenario, DMD aims to find a tractable linear approximation
[28] of (6) as

Xpt1 & Axy, @)

where A € R™*"™ is an unknown linear matrix that minimizes
the following cost index

e = ||xp+1 — Axgl|2 ®)

across all points for k = 1,...,¢ — 1. The following matrices
are constructed from the + — 1 samples

X = X1 Xo X,—1 GR”XL_l,
I I | | )
X' = Xy X3 - X, €RTL><L717
o |
which verify the following linear system of equations
X' = AX. (10)

In this case the minimization problem is better represented
by

E=|X — AX] . (11)

The exact matrix A that minimizes the error function E can
be obtained in a least-squares sense as

A = X'XH, (12)

where T denotes the Moore-Penrose pseudoinverse. This so-
lution typically has two main problems: i) the computational
complexity increases as the number of data increases, and ii)
noisy measurements yields to wrong estimations and hence the
prediction accuracy will be compromised [33]. To overcome
these issues, DMD executes a low-rank matrix decomposition
[29] to consider the eigenvectors associated to the highest
eigenvalues as

X —USV*
= = i 0r><L7177‘ v*
- U UT} £ Y 13
{ Orir 5, [V:] 4
~ UZV*,

where U € C™*" stands to the left singular vectors, 3 €
C*(=1) define the singular values, and V &€ C*~1*¢~1 are
the right singular values. Here * denotes the complex conjugate
transpose. The terms U € C™"*", ¥ € C"™*",and V € C*~1x7
define a low-rank approximation of rank r associated to the
r largest singular values. The terms U,., 3,., and V, indicate
the remaining ¢ — 1 —r singular vectors and values. Therefore,
the matrix A can be approximated as
ArxA=XVE U (14)
So, the linear approximation of the autonomous system’s
dynamics is given by

X1 = AXy. (15)

Since the number of states of the autonomous system is
small in comparison to the dimension of the sample data,
then the SVD approximation has a good performance [29].
However, instead of using the n states, DMD can find a
low-dimensional representation that encompass the dynamics
of the autonomous system efficiently. This low-representation
can be expressed as a projection mapping to the basis of
eigenvectors associated to the largest eigenvalues, that is,

(U*U)~'U*x = X, where X is a low-dimensional repre-
sentation of x and recall that the singular vectors U are
orthonormal, i.e., (U*U)"1U*x = U*x = X . Then, the
linear approximation is rewritten as
Xpp1 = U AUX,
= U*X'VEI%, (16)
= ;&ika

where A € R"*" is a low-dimensional representation of the
linear approximation mapping A given by
~ =~ ~ =1
A=UXVYE . 17)
The dynamical properties of this representation can be
obtained by applying the eigendecomposition of matrix A
which verifies the standard definition

AW = WA, (18)



where W € C™" and A € C"™" denote the eigenvectors
and eigenvalues of matrix A, respectively. Here, we want
to reconstruct the eigendecomposition of matrix A from the
eigenvalues A and eigenvectors W of A. For this purpose, A
and A can be rewritten as

A =5U (19)
A =TU*S,

~~—1
where S =X'VX . If (18) is verified with eigenvalues
A # 0, then we seek the eigenvectors ® of A that fulfils
the following eigenvalues equality

Ad =SU*D = PA. (20)

It is easy to verify that the eigenvectors ®, also known as
dynamic modes [30], that fulfils the above equality and the
relations (19) are computed as

»-—SW=XVE W @1)

In addition, the eigenvectors of W of A can be computed as
the projection of the eigenvectors to the low-dimensional space
as W = U*®. Then, the equivalence between the eigenvalues
of A and A can be verified as

AW =U*SU*® = U*A® = U"PA = WA. (22)

Remark 1: DMD modes preserve dynamic information in
lower dimensions as observed in (22). Here, the dynamic
model can be decomposed into dynamic modes ®, where
the eigenvalues A characterize the temporal nature of the
associated dynamic modes ® as shown in (20).

Remark 2: To ensure good estimation results in the linear
approximation mapping A, the collected data X and X' need
to be rich enough or, equivalently, to fulfil a persistent of
excitation condition [34], [35].

A. Dynamic Mode Decomposition with Control

In the previous section, the system (6) is used to model the
autonomous system’s dynamics as an unforced system where
the control input is within the nonlinear function H(xy). In
this scenario, the DMD algorithm is applied to obtain a local
linear approximation of the autonomous system’s dynamics
which is encompassed by the matrix A. However, this ap-
proximation lacks of generalization for different references.
Therefore, an improvement of the DMD method known as
DMD with control (DMDc) [36] was proposed to incorporate
measurements of the control input sequences to enhance the
generalization of the DMD model under different references
and controllers.

Here, the local linear approximation (15) is modified as a

linear control system of the form
Xkt1 = Ax; + Buy. 23)

In this case, we assume that B € R™*P is known such that
the problem is slightly modified to the minimization of

e = [|xp41 — Bug — Axy|2, (24)

across all points for k = 1,...,¢— 1. An additional matrix is
constructed from the control sequences uy as

Y= |u u - u_;
So, the optimization problem is equivalent to find the matrix
A that minimizes the following error function

E =X —BY - AX|~.

e RMxeL (25)

(26)

The exact matrix A is obtained in a least-squares sense as
X'—BY =AX

A~ A = (X -BY)X.

A similar low-dimensional representation can be obtained
by projecting the matrix A onto the principal subspace as

= ﬁ*Aﬁ;(k + G*ka
— U (X' - BY)VE %, + U'Bv,
= AX; + Bvy,

27)

Xkt1
(28)

where

A =U*(X'-BY)VY 29)
B =TU"B,
and the dynamic modes are computed by

&= (X' -BY)VE 'W. (30)

In this formulation the addition of the control input se-
quences Y gives useful information to distinguish between
the open-loop dynamics associated to the matrix A and the
imposed dynamics given by the controller ug.

B. Physics Informed Dynamic Mode Decomposition

The methods discussed in previous sections are completely
data driven which does not consider some useful properties
of the autonomous system. This section provides a different
DMD formulation known as physics informed DMD (PIDMD)
[37], where we associate a physical meaning to the linear
approximation matrix A.

The DMDc method uses prior knowledge of matrix B to
compute the matrix A that minimizes the error function FE.
This prior knowledge defines a basic physics informed model
associated to the input dynamics that gives a constraint to the
possible solutions of matrix A. In this section, we aim to add
an additional constraint to the matrix A to provide a more
robust and stable linear physical representation [38], [39].

Consider the second order dynamic model (1) and assume
u = 0. This model represents an unforced dynamic model
which is obtained from the Euler-Lagrange (EL) formulation
[40]. The key idea of this methodology is the construction of
the energy functions associated to each conservative element
that the system possesses. For the autonomous systems that
we focus on, these energy functions are the kinetic energy
K(q,q) € R and potential energy U(q) € R [41].

Notice that the unforced dynamics of the autonomous
system is in fact a conservative system that verifies the energy
conservation law

£(q,q) = K(q,q) +U(q) =C, (31



where C € R is a constant scalar value. The DMD model
assumes that the energy of the local linear representation is
quadratic in terms of the state as £(x) = ||x]|2 [42]. So, the
problem can be viewed in finding the matrix A that minimizes
the error function e and ensures energy conservation. Thus, the
energy is preserved if

£(Ax) = || Ax|3 = [Ix[I3 = £(x). (32)

This implies that the linear matrix A is orthonormal, i.e.,
ATA = AAT =1, and its main function is to distribute the
energy between the states and keep it constant. Therefore, the
problem (8) is modified to an optimization problem with an
orthonormal constraint as

[xk+1 — Ax|l3,
st. AAT =1,

min
A

(33)

or equivalently
Ir}in X' — AX||%Z =tr {(X’ —AX)T(X — AX)} ,
st. AAT =1,,.
(34)
This problem is also known as the orthogonal Procrustes

problem [43] whose solution is obtained by constructing the
Lagrangian
L=u{(X'—AX) (X' - AX)+As(AAT —1,)},
(35
where Aa > 0 € R"*" is a matrix of Lagrange multipliers.
Differentiating the Lagrangian with respect to the matrix A
and equalling to zero gives
oL
= (XXT+ XX+ AXTX +XXT
oA =~ (XX +XX)+ AKX +XXT)
+(Aa +ANA =0.
Define T=X'X", P = L(XTX+XX"), and Q =
% (AA + A;';). Then,

AP+ QA=T.

1
2

(36)

If we post-multiply (36) by AT and using the orthonormal

constraint AAT =T, gives
TAT —APAT = Q. (37)

Notice that both Q and APAT are symmetric matrices.
The above equality holds if and only if
TAT = AT'.
Applying the constraint AT A = I in the above equality of
symmetry gives
T=AT'A
TT' = AT'TA'. (38)

The above equality relates two symmetric matrices TT "
and TTT which contains only the data collected from the
autonomous system trajectories. We can apply an eigendecom-
position to the above matrices which yields

TT' = UpArU%,
T'T=VyArVi,

where U, Vo € R"™ ™ are the eigenvectors of matrices
TT' and T'T, respectively; both matrices share the same
matrix of eigenvalues Ar. Both Ut and V are orthonormal,
that is, UL Up = Up U = VLV = Vo Vi =1,,. Substi-
tuting the eigendecomposition in (38) gives

UrArUs = AVpApVLAT,

Therefore, the orthonormal matrix A that minimizes the
optimization problem and preserve the energy is

A =UrVi. (39)

The matrix (39) defines the orthogonal linear approximation
of the unforced system. We can obtain a low-dimensional
representation of matrix A by first obtaining the singular
vectors Ux € C™ " of X to project both X and X' to
the principal subspace. Let denote the projected matrices as
X € R™7! and X’ € R™*~!, then we can construct the
matrix T =X'X" € R"*". The SVD method is applied
in T to obtain the new singular matrices U € R™" and
V1 € R"™". Hence, the low-dimensional orthogonal matrix
is

A=UrVieR™". (40)
The linear representation can be recovered as
X1 = UxAUs
= UxUTV:}U;(Xk (41)
~ .Axk,

where A ~ A= UxUypV5; Uk € R™™,

To obtain the dynamical properties of the orthogonal rep-
resentation we need to follow a similar procedure to the
traditional DMD method, that is, the eigenvalues of A verifies

AW = WA.
The dynamic modes ® of A require that
A® = UxUpViyUx® = @A,
so, the dynamic modes ® of A are computed as

& = UxW, (42)

and the eigenvectors W of A are computed as W = ﬁ;}@
such that

AW = UpVL5UR® = UxA® = Ux®A = WA.

For the forced case, the PIDMD methodology cannot be
used since the control input, in most cases, adds dissipative
terms that violates the energy conservation law.

Remark 3: This approach is sensitive to the potential energy
Sunction U(q) because it does not appear in some autonomous
system’s models or contains partial terms of the state x, e.g.,
unmanned autonomous vehicles (UAVs). In addition, U(q)
cannot be written as a quadratic function using a symmetric
matrix, e.g., the gravitational terms, in consequence it hinders
the design of the orthonormal matrix A.



IV. TRAJECTORY PREDICTION

The trajectory prediction module is based on the local linear
approximation model obtained from any of the aforementioned
DMD algorithms. Two different trajectory prediction algo-
rithms are identified in terms of the structure of the linear
model: control-free and control based which are discussed in
the following sections.

A. Control-free prediction algorithm

This is the simple prediction algorithm technique which is
based on the classic DMD linear model. Here, we can easily
compute N time steps in the future by noticing that

X1 = AQ?O

Xo= AX1 = A2X0

Xy = Axy_1 = ANXO.
Therefore, the prediction algorithm is computed as
x; =A'xqg, i=1,...,N. (43)

Algorithm 1 summarizes the pseudo-code of the trajectory
prediction algorithm based on the classic DMD method.

Algorithm 1 Dynamic Mode Decomposition for Trajectory
Prediction
Input: Number of dimensions for projection r, State mea-
surements Xp.
1: Collect ¢+ > n? + 1 samples and construct the matrices
X, X" B
2: Apply the classic DMD (14) or (17) to obtain A or A,
respectively.
3: Predict the trajectory xk; ed

: : e
Output: x37°".

in N steps using (43).

The main drawback of this technique is that matrix A
contains within the hidden destination x? € R™ and hence,
we cannot generalize for different references. To consider new
destinations, we need to collect again data and obtain a local
linear model using the DMD method. However, this is useful
for iterative trajectories, e.g., sinusoidal trajectories.

B. Control-based prediction algorithm

The matrix A obtained from the DMDc method is based
on the measurements of x; and u; which contains all the
non-linearities of the autonomous system model. Assume that
the control input in (4) of the autonomous system has a linear
structure of the form

w, = K(x% = xp), (44)

where K € RP*"™ is an unknown stabilizing gain and x¢ € R"
is the hidden reference. Here, uy is a stabilizing controller that
ensures the reference tracking.

Remark 4: The linear controller assumption is not always
met in different real-world implementations. However, we can

always compute a linear stabilizing controller from the matri-

ces A and B that approximates the closed-loop performance

of the real system and apply the proposed prediction algorithm.
Consider the following one-step prediction equations

u, = -—-Kxi+ I(Xd7

45
= —ka+1 =+ de. ( )

Ug+1

The difference between the above equations yields uy1 —

u, = —K(x;, ., — xx). Define y;, := upy1 — uy and z;, =

Xk4+1 — Xg. Then we can construct two new matrices from the
collected data

Y c Rnxn—l

I
<
I
<
N

(46)

7 c Rnxmfl’

|
N
o
N
[V

to form the next system of equations Y = —KZ. So, we can
obtain K using a batch least squares formulation, that is,

K=-YZ.
d

(47)

Since the reference x“ is within the control input (44), then
for any pair {x, ux} we have that

Kx? = u; + Kxy. (48)

So, following a similar procedure to the control-free predic-
tion algorithm we obtain

x; =Axo + BK(x? — x¢) = (A — BK)x, + BKx"
xy =Ax; + BK(x? — x;) = (A — BK)?x,
+ (A — BK)BKx? + BKx?

xy =Axy_1 + BK(x? —xy_1) = (A - BK)"x,
+|[(A-BK) 4. .+ (A-BK)+ In} BKx".
Therefore, the prediction is given by
xP"! = (A —BK)'xo + | ) _(A-BK)’™! | BKx".
j=1
(49)
Notice that the proposed trajectory prediction algorithm
is valid for a single reference point. However, if there are
multiple points then we need to compute Kx? each time the
point changes. New points can be considered each time that
||BX? 1 BX?H # 0. This condition implies that when the
autonomous system reaches to the desired point, then we need
to measure the states and control input to determine if the
destination changes and predict the number of time steps that
the autonomous system will require to reach the new point.
For this purpose we need to check if |BKx; — BKx/|| < ¢
for a small € > 0. This procedure is applied iteratively until
the experiment concludes. Algorithm 2 shows the pseudo-code
of the proposed control-based trajectory prediction algorithm.
Standard prediction algorithms aim to predict the future
trajectory in accordance with the trajectory history of the au-
tonomous system. The proposed approach, in contrast, uses the



Algorithm 2 Physics Informed Dynamic Mode Decomposi-
tion for Trajectory Prediction
Input: Matrix B, state measurements xy, control input mea-
surements uy, number of dimensions for projection r,
length of the experiment ¢, threshold .
1: Collect © > n? + 1 samples and construct the matrices
X, X', Y,Y, and Z.
Apply either the DMDc (27) or PIDMD (39) to obtain A.
Compute the control gain K using (47).
while k£ < ¢ do
Measure xj, and uy. Compute Kx? using (48).
Seti=0
while |Kx;, — Kx/|| < ¢ do
Predict the trajectory x?™*?
1 1+1
10:  end while
11: end while
Output: x7"°?

%

in ¢ steps using (49)

R e N R

, steps i.

linear model obtained from the DMD method and control input
information to predict the time that the autonomous system
requires to converge to the desired reference. Therefore, the
prediction duration can be arbitrarily large since the reference
is constant and does not change over time.

Algorithm 2 is valid when the reference is constant. For
time-varying references we assume the control gain K is
known, such that we can estimate the desired reference in
each iteration ¢. This defines one of the main disadvantages of
the proposed approach due to its small prediction time window
for time-varying references. Future research will analyse the
use of model predictive control as a potential tool to alleviate
this issue.

Remark 5: For Algorithm 1 and Algorithm 2, the involved
computation is constituted by two main elements: the estima-
tion of matrix A and the prediction algorithm in N steps. If
one does the computation of the complete DMD or DMDc, the
computational complexity has growth n(1. — 1), and for the
predictive model (43) or (49) grows exponentially in n each
step. Thus, the complexity of the overall algorithm in N steps
is O(*TN 4+ (L —1)2) with the term n*>*N dominating for
large N. Here, the computational complexity is consistent with
classical decomposition methods such as SVD and iterative
learning control [44].

B
—¢

Ps

8
—_—

P
—_—T
3 DMD

6 DMD
cevenp, DMD
i)

States

T
3 DMDc
& DMDc
—-—-p, DMDc
—-—-r, DMDc

Time (s)

(a) DMD results

Time (s)

(b) DMDc results

Fi

g. 2. DMD approximation of the F-16 aircraft dynamics

V. SIMULATION STUDIES

Several mechanical systems are tested to verify the proposed
methodology and provide some insights of its limitations.

A. F-16 Aircraft dynamics

Consider a linear discrete-time F-16 aircraft model [45]
defined by the following matrices

[0.9963  0.0006  0.0004 —0.0099
A | 700015 1 0.0098  0.0004
~ |-0.3001 —0.0001 0.9638  0.008 |’
| 0.0851 0 —0.0002  0.9948
[0 0
0 0
B=1_0.0073 00013
| —0.0003  —0.0006

These matrices correspond to a continuous F-16 model
sampled each 7' = 0.01 s. Assume the F-16 aircraft model is
controlled by a discrete-time linear quadratic regulator (LQR)
[46] whose gain is

_ [5.9732
= |-0.1580

—2.9021
—0.0681

—1.4979 —3.1341
—0.0873 —1.7660]|

In this example, we aim to obtain the linear matrices and
observe the qualities of the DMD method for system identifi-
cation and prediction. Here, we only compare the DMD and
DMDc methods since we don’t have a physical relationship
of the F-16 aircraft states x = [, ¢, ps, 7] T where B is the
sideslip, ¢ is the roll angle, p; and r, define the stability axis
roll and yaw angles. Data are collected in the first 2 seconds
of the simulation to construct matrices X, X’, and Y to apply
the DMD and the DMDc methods. The estimated matrices are

K

[0.9963  0.0006  0.0004 —0.0099]
A ~ |—0.0015 1.0000  0.0098  0.0004
DMD = | _(2942 —0.0064 0.9615  0.0015

| 0.0853  —0.0003 —0.0003  0.9943 |

[0.9963  0.0006  0.0004 —0.0099]
A | =0.0015 1 0.0098  0.0004
DMDe = 1 _(3001 —0.0001 0.9638  0.008

| 0.0851 0 —0.0002  0.9948 |

Notice that the obtained matrices Apyvp and Apmbpe
are different. The matrix obtained from the DMD method
is in fact the closed-loop matrix between the real matrix
A and the dynamics given by the controller BK, that is,
Apmvp =~ A — BK. On the other hand, the DMDc estimates
accurately the matrix A. Here both the control-free and
control-based methods are used for the trajectory prediction.
Here, the desired reference is the origin which is a straight-
forward reference that both methods can achieve accurately
using the estimated matrices Apymp and Apwmbe.

Fig. 2 shows the trajectory prediction results using the
DMD and DMDc methods. Since the F-16 model is linear
and noise-free then an exact representation of its dynamics
is obtained and therefore, the estimated trajectories matches
with the real ones. Algorithm 2 is applied to predict the
future time step where the trajectories converge to the desired
reference. In this example, we assume convergence when the
norm ||z — %2 < 0.01. Both the DMD and the DMDc
converge to the desired reference x% in 12.06 seconds. One
interesting conclusion obtained from this experiment is that the
prediction time can be modified by increasing or decreasing



the threshold, e.g., for a threshold of 0.001, the prediction
time is 17.16 seconds. Despite a small threshold gives more
confidence in the accuracy of the prediction, the prediction
time is overestimated which can be dangerous in counter
system applications.
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Fig. 3. Trajectory Prediction of the robot dynamics

It is important to clarify the following points: i) DMD
method incorporates the desired reference in the estimation
of the matrix Apymp which is useful for stabilization tasks
but not suitable for time-varying references, ii) DMD works
well in stable open-loop systems where the matrix Apmp
captures the information associated to the real autonomous
system dynamics; on the other hand, in closed-loop systems
the estimation performance can be degraded by the desired
reference.

B. 3-DOF Planar Robot

Consider a 3-DOF planar robot proposed in [47]. The state
vector is defined by the position and velocities of each joint
respectively, i.e., x = [ql,qg,qg,q'hcjg,(jg]T. This model is
high-nonlinear and it will test the representation capabilities of
DMD methods. The PIDMD cannot be used for this approach
since the controller incorporates dissipative terms which vi-
olates the energy conservation law. In addition, the open-
loop dynamics of this particular robot is unstable and hence,
cannot be used for identification purposes. The controller u
is designed to ensure stable reference tracking of the robot
trajectories. The data trajectories are sampled each 7' = 0.03s
to construct the matrices X, X’. The matrix B is computed as

0 0 0
05 0 0 0
B — 1| _ 0 0 0
(T max M(q)) 0.03 —0.02 0
a —0.02 0.022 —0.007
0 —0.007  0.009

We collect the first 20 seconds of the trajectories to obtain
the linear matrix A. Here, the robot is following a time-
varying reference which implies that the matrix gain K cannot

be computed using (47). So, for this example we assume
knowledge of the control gain K for prediction purposes. The
control gain is K = [diag{100, 50, 30}, diag{50, 30, 20}].

Fig. 3 reports the prediction results of the planar robot
for the next 30 seconds. Two scenarios are tested: 1) mea-
surements without noise and 2) measurements with Gaussian
noise. Notice that the DMD method has poor estimation and
prediction performance in both scenarios because the robot
is following a time-varying reference whose dynamics is not
well represented by the linear matrix approximation. When the
Gaussian noise is incorporated into the trajectories, the DMD
method obtains an underdamped linear system with complex
eigenvalues that cannot capture the real behaviour of the robot.
In other words, the linear approximation of the DMD loses
information due to the negative real part of its eigenvalues.
On the other hand, the DMDc shows accurate inference results
with noise attenuation capabilities by incorporating the control
input information. The error norm ||q|| = ||q — q;|| is used
as performance metric, where q = [q1,¢2,¢3]" and q; is
the estimated joint angle of method ¢ = {DMD, DMDc}.
The results are summarized in Table I where it is clear that
the standard DMD method suffers to represent the robot
trajectories. Conversely, the incorporation of the control part
enhances the prediction capabilities.

TABLE I
ERROR NORM ||q|| OF THE ROBOT JOINTS. BEST RESULTS ARE IN BOLD

Error [ [ llas]]
Norm DMD | DMDc | DMD | DMDc | DMD | DMDc
“g;'i‘s"e“t 0.0307 | 3.9364e~1 | 0.0273 | 0.0017 | 0.0273 | 0.0013
With noise | 0.037 0.0011 0.029 | 0.0038 | 0.0314 | 0.0026

C. Drone’s Attitude Dynamics

Consider the attitude dynamics of a drone [48], [49] given
by the following matrices

1, 0 —1.s9

M(q)=| O Iyl + sy (I, — I)cesece |
—I,sg (I, — L)cgseco Ipsics+ Izcicg
. 1,70M(q)
C(q,¢q) = iqTTq

where q = [¢,0,7] " stand to the roll, pitch, and yaw angles.
The state vector is x = [qb, 0,4, ,0, zp] ’ I;,1,, I, define the
inertia terms, s; and ¢; refer to the sin(j) and cos(j) functions
with j = ¢, 0,. For this model we cannot use the PIDMD
because there is no potential energy that associates the roll,
pitch, and yaw angles.

The matrix B is computed with a sample period of 7" = 0.01
and is given by

0 0 0 0

0 0 0 0

B_ 0 0 0 0
0 0.4633 0 —0.4633

0.4633 0 —0.4633 0

—-0.0013 0.0013 —0.0013 0.0013



Data is collected from the first 15 seconds of the experiment
to construct the matrices X and X’. Here, the collected data do
not contain noise. The drone follows a time-varying reference
and hence we assume knowledge of the control gain which is
given by

0 0.51 —0.498 0 0.52 —1.47

K ~ 0.51 0 0.498 0.52 0 1.47
0 —-0.51 —0.498 0 —0.52 —1.47

—0.51 0 0.498 —0.52 0 1.47

Fig. 4 shows the trajectory prediction results for the next
20 seconds. In this experiment, the DMD cannot capture
adequately the dynamics of the attitude dynamics despite the
absence of noise in the data. This is because two main factors:
i) the collected data does not have enough richness and ii)
the signals are independent to each other causing deviation in
the values of the estimated matrix A. The richness problem
is usually addressed by fulfilling a persistent of excitation
(PE) condition [34]. On the other hand, the DMDc is able
to predict accurately the trajectory of the drone similarly to
the 3-DOF robot case. Here, the incorporation of the control
information helps to couple the dynamics to improve the
prediction capabilities of the DMD model. It is important to
mention that for highly variable references, then this approach
will not be suitable due to the data sampling time. This issue
is topic for future work.
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Fig. 4. Trajectory Prediction of the drone’s attitude dynamics

Table II summarizes the norm of the prediction error. The
DMD exhibits large error due to the lack on complex conju-
gates eigenvalues. The DMDc method shows small prediction
error due to the incorporation of the control input that adds a
constraint in the predictive manifold.

TABLE I
ERROR NORM ||q|| OF THE DRONE ATTITUDE STATES. BEST RESULTS ARE
IN BOLD.
12l 18] e
DMD [ DMDc DMD [ DMDc DMD [ DMDc
0.0043 | 1.7738e~ > | 0.0039 | 1.2095¢— > | 0.0022 | 4.2826e °

D. Conservative System
Consider a one link robot model [50] without friction
defined by
(mi? + J)§ + mglsin(q) = 0,
where J is the inertia of the link, m is the mass, [ is the length
of the link, and ¢ is the joint angle. This model is an ideal

representation of the dynamics of the robot that verifies the
energy conservation law. The energy of the system is

. 1 .
E(q,q) = i(ml2 + J)¢* — mgl cos(q),

which verifies %5 (¢,¢) = 0. In this example we compare
the performance of the classic DMD (the DMDc is the same
as the DMD for this case) with the PIDMD under noise-
free and noisy measurements. Fig. 5 shows the results of the
reconstruction. It can be observed that the PIDMD has good
results in both scenarios with noise attenuation capabilities.
Here, the addition of the energy of the system as a constraint
regularizes the learning manifold of the DMD method. This
helps to capture the dynamic properties of the robot such
that the noise is neglected in the estimation. In contrast, the
classic DMD is sensitive to the noise and exhibits a similar
performance to the 3-DOF robot, that is, an underdamped
linear system is obtained that cannot capture the open-loop
behaviour of the robot.
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One issue observed in the implementation is the definition
of the potential energy. In the previous formulation, the joint
angle is measured with respect to the negative y-axis, such
that U(q) = —mgl cos(q). However, if we measure the joint
angle respect to the x-axis then the potential energy is defined
by U = mglsin(q) and thus, the dynamics is modified to

(mi? + J)§ + mgl cos(q) = 0,

that also verifies %5 (¢,4) = 0. The reconstruction results
under this model are shown in Fig. 6. Notice that both the
DMD and PIDMD cannot obtain good results. When the joint
angle is measured along the z-axis then the robot natural
dynamics becomes unstable since the origin is not a stable
attractor point. Conversely, when the joint angle is measured
along the y-axis then the trajectories of the robot near the
origin are completely stable and useful for both the DMD and
PIDMD methods.
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Fig. 6. Dynamics Reconstruction under different potential energy

Table III summarizes the norm of the prediction error of
the DMD and the PIDMD methods. We can observe that the
definition of the potential energy plays a major role in the
results of the DMD and the PIDMD methods. By using an
adequate definition of the potential energy, then the PIDMD
outperforms the DMD method with a more stable and robust
performance.

In terms of prediction the PIDMD method can be used in
a three steps procedure, that is, first the linear approximation



matrix A is obtained under a zero control input. Then, the
control input is applied to the system to compute the control
gain K, and finally make the prediction in /N steps using
(49). However, many autonomous systems do not present
dynamics under zero control input, e.g., UAVs. Furthermore,
real autonomous systems have many dissipative terms related
to friction, damping, heat, etc., that hinders the application of
the PIDMD.

TABLE III
ERROR NORM ||q|| OF THE ONE LINK ROBOT. BEST RESULTS ARE IN BOLD.

Il U = —mgl cos(q) U = mglsin(q)
a DMD PIDMD | DMD | PIDMD
Without |y 155165 | 1.6875¢=5 | 0.0672 | 00673
noise
With 1 083 0.0017 0.067 | 0.0674
noise

E. Discussions

The results obtained from the previous cases show the
effectiveness of the DMD methods under different scenarios
for trajectory prediction. We observe that the DMDc has better
results than the classic DMD in presence of noise or time-
varying references. This is achieved by separating the control
input from the states measurements. The prediction algorithm
is effective under constant references, however if we deal
with time-varying references we need to know beforehand
the control gain K. PIDMD is a promising architecture that
exploits the physical laws of the autonomous system to obtain
a linear approximation of the nonlinear dynamics. This allows
to capture the dynamic properties of the system and regularize
the learning manifold of the DMD for noise attenuation.
However, the previous results show that is highly sensitive
to: i) dissipative terms, ii) potential energy definition, and
iii) control inputs. Further work will focus on the design of
PIDMD that considers different energy functions that can ef-
fectively incorporate the control input and/or dissipative terms
to obtain a more realistic linear mapping A. The proposed
methods under different sampling times show that the models
are robust. However, it is show that the richness of the data
plays a crucial role in the estimation of the linear model.

VI. EXPERIMENTAL VALIDATION

We further test the proposed approach using a personal UAV
with mass m = 0.5 kg. We use the nonlinear backstepping
method proposed in [51] to control the UAV. The control
algorithm is designed in Matlab with an interface with Beagle-
Bone-Blue (BBB) chip processor. In this experiment the states
are defined by the linear positions and velocities of the UAV,
whilst the control input is given by the Euler angles roll
and pitch, and the total thrust. The VICON camera sys-
tem, composed of 25 well-distributed cameras with different
resolutions, is used to track the position of the drone. The
VICON measurements and transmitting frequency is 120 Hz
with a localization error of 0.01 m. Here the measurement
noise is small such that the linear system estimation is not
compromised. However, we still need to verify that the data

is rich enough and diverse to avoid the issues observed in the
drone’s attitude model.

The collected data belongs from a helix trajectory to ensure
enough richness of the training data. We use the DMDc
method to obtain a linear model of the drone and test it under
unseen trajectories of way points to demonstrate its prediction
capabilities. The following linear matrix B, obtained around
the hover flight condition, is used

0 —0.002 0
0.002 0 0
B— 0 0 0.0004
0 —0.1962 0
0.1962 0 0
0 0 0.0428

The estimated linear matrix A is

1 0 0 0.02 0 -2

0 1 0 0 0.02 274

A_| O 0 1 le™* 0 0.0192
T |lem lemt —2e7* 0.9972  —6e~* 0.0159
le=® lem* —2e7* —0.0021 0.9991 0.0143

0 0 0 0.0033  0.0011 0.9758

In this particular model, we observe that the gain K cannot
be computed using (47) since the estimated gain creates a
linear combination between the linear positions and velocities
of the UAV. This is caused due to the lack of relations between
them in the real UAV dynamics. Hence, in this experiment we
assume knowledge of the matrix K given by

0 0.447 0 0 1.045 0
K = | -0.447 0 0 —1.045 0 0
0 0 0.447 0 0 1.191

Two point-to-point trajectories are tested: a square trajectory
and a trapezoidal trajectory. In these trajectories we change the
desired reference point each 30 seconds. Each experiment lasts
2 minutes. Fig. 7 shows the trajectory prediction results.

Here, we observe that the estimated linear model is able
to infer accurately the trajectory of both testing trajectories.
For the square trajectory, the norm of the prediction error per
axis are: ||X|| = 5.6069¢~°, ||y|| = 7.0035¢~° and ||z| =
3.4655¢ 4, which clearly demonstrates the accuracy of the
linear model predictor. In terms of the prediction time, we use
a threshold of € = 0.01. The convergence time of the UAV into
each way point are: t; = 12.94 s, to = 41.54 s, t3 = 72.52
s, and ¢4 = 101.32 s. For the trapezoidal trajectory, the norm
of the prediction error per axis are: ||X|| = 5.375¢ 75, ||y|| =
7.8973e75, and ||z|| = 4.8180e~%. The convergence time of
the UAV into each way point are ¢; = 13.04 s, to = 40.08 s,
t3 = 73.1 s and t4 = 101.32 s. Here, we can observe that the
prediction times are consistent with the results of Fig. 7.

It is important to mention that the prediction time can be
further improved by improving the sampling time of the data
collection. This impact in the accuracy of the model and the
selection of an adequate threshold.
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Fig. 7. UAV trajectory prediction. First row shows the results of the square trajectory. Second row shows the results of the trapezoidal trajectory.

This paper reports a trajectory intent prediction algorithm
based on dynamic mode decomposition techniques. Three
algorithms are used in the development of the approach: classic
DMD, DMD with control (DMDc), and physics informed
DMD (PIDMD). When the control input is available, then the
gain and reference can be extracted using a simple batch-least
squares rule algorithm which helps to improve the accuracy
of the prediction. Simulation studies inform that classic DMD

VII. CONCLUSIONS

is not enough to predict future trajectories due to the complex

nature of the intended reference. The DMDc shows good

prediction results by using the control input knowledge. Here,

the control input gives the information about the desired

reference that is helpful to provide of stability and robust-

ness in the prediction. Experiment studies using a personal

UAV are conducted under closed-form trajectories. The results
demonstrate the effectiveness of the proposed approach to
infer the final destination of the point to point trajectory

and the approximate convergence time based in a proposed

threshold. Good trajectory prediction results are given when

the reference is constant, otherwise we need knowledge of

the

control input gain to guarantee good future prediction

results. The proposed models are robust to the sampling time
and only require data with enough richness for the adequate
estimation of the linear model. The PIDMD is a promising
technique but possesses many limitations due to its idealistic
formulation and issues with the energy function definition.
However, it gives an interesting insight for further work which
consists in the analysis of non-conservative systems based on
different energy functions. In addition, further work includes

the analysis and design of DMD methods based on nonlinear
observables and time-varying references, as well multi-agent

systems for control input estimation.
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