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ARTICLE INFO ABSTRACT

Communicated by Jayaram Sanjay One main challenge of vectored thrust VTOLs is actuator thrust control saturation because it may lead to undesired

behaviour and loss of control if the control channels are not prioritised. Another challenge of vectored thrust

1}3{;}:: fgfsr;apping VTOLs is that the vectored thrust results in non-linear effector mapping preventing the direct use of standard
Active Set linear control allocation approaches. Linear control allocation approaches have lower online computational and
Optimal complexity burden, and have simplier requirements for fault tolerance and reconfigurability than nonlinear
Real-time control allocation approaches. This paper proposes three real-time control allocation approaches for transforming
Linear Time Varying (LTV) a nonlinear control allocation problem to a linear problem so that classical linear control allocation approaches
Constrained can then be used. The approaches which addresses the two main challenges of the particular VTOL configuration
Incremental

are then tested using three selected flight test manoeuvres on a generic over-actuated vectored thrust three
degrees of freedom planar VTOL with no aerodynamics. The first approach transfers the non-linearity from the
effector mapping to the computation of the actuator limits by formulating the real controls in cartesian form
and then converts the physical actuator limits from polar to cartesian form. The second approach transforms the
non-linear effector mapping to a linear mapping via numerical linearisation of the non-linear effector mapping
in real-time. The third approach is similar to second approach except an extra step which transforms the virtual
controls from cartesian to polar before performing an analytical linearisation resulting in a different and more
complicated linear Effector mapping.

The results demonstrate the effectiveness of the proposed control allocation schemes to allocate remaining control
authority to higher priority and critical control channels in order to maintain operational safety and stability
during certain flight conditions while there is limited control authority.

to ensure the required levels of reliability and safety in the emerging
UAM industry. This over-actuation creates the challenge of allocating
the overall control demand to individual redundant effectors during

1. Introduction

Vectored thrust eVTOLSs, one common category of eVTOLs according

to the Vertical Flight Society (VFS) [37,38], are supported in vertical
takeoff and landing flight by the horizontally-mounted propulsion sys-
tems, directing thrust downwards to generate lift. Horizontal flight is
supported primarily by lift generated from the wings, with some or all
of the propulsion systems rotated to the required position to provide
horizontal thrust for forward speed. An example of an over-actuated
vectored thrust VTOL is the Lilium Jet [18].

One main challenge of VTOLs is that they are overactuated (equipped
with more effectors than the degrees of freedom they control), thus in-
troducing redundancy in case of effector failure [20,29,34] in order

* Corresponding author.

both normal and degraded operation known as control allocation (CA).
CA provides an optimised allocation of control effectors for the various
degrees of freedom under fault-free operation, optimization of actuator
utilization (including secondary objectives like drag, wing load reduc-
tion etc.) with respect to varying flight phases and provide scope for
reconfiguration in the event of a fault in the control effector.

A second challenge of this configuration is that the vectored thrust re-
sults in non-linear effector mapping (control effectiveness mapping) pre-
venting the direct use of classical linear control allocation approaches
and consequent computational infeasibility of performing non-linear
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Nomenclature

Abbreviations

Abs absolute

ACM aircraft control manoeuvre

An analytical

AS active Set

CA control allocation

Cart cartesian

CTL control laws

Con constraints

DoF degrees of freedom

Eff effector

eVTOL Electrical Vertical Take-Off and Landing

FTM flight test manoeuvre

Incr Incremental

LTV Linear Time Varying

Num numerical

Pol polar

UAM Urban Air Mobility

UAV Unmanned Air Vehicle

VTOL  Vertical Take-Off and Landing

WLS Weighted Least Squares

Nomenclature

*, rear/aft rotor

*f front/fore rotor

B, Active Set row augumented weighted virtual control ma-
trix

® maximum limit

B, linear control effectiveness matrix

C actuator rate constraints 0,;, and U,

G, LTV control effectiveness matrix

B Moore-Penrose inverse of the linear control effectiveness
matrix

T actual generalised forces and moments

T, virtual or overall aircraft control command

U actuator saturation constraints u;, and wu_,,

A control change or increment from previous to current soft-
ware iteration

6 complementary filter gain used for drift correct in incre-
mental CA Approaches

At sampling period or time increment from previous to cur-
rent software iteration

e maximum rate limit

* minimum rate limit

e NDI high-level CTL inner loop control error vector

f non-linear system plant state transition matrix

F(x) product of (Jacobian g—: of output matrix 4 with respect to
x) and f(x)

g affine non-linear control effectiveness matrix

G(x) product of (Jacobian % of output matrix h with respect to
x) and u

r effector tilt angle

y primary objective weighting factor ensuring W, < W,

Iy actuator tilt angle at time 7 = 0 or previous software itera-
tion

Q
+

=

o
=3

e T s R R

o)

e £ =
~

o
=

Moore-Penrose inverse of the LTV control effectiveness ma-
trix

output matrix

NDI outer loop (feedback) linear controller gain vector
high-level CTL outerloop linear controller

flight path angle

the n X n identity matrix

Active Set perturbation on the real controls

Active Set row augumented weighted real control matrix
high-level CTL vector of reference signals to be tracked
slack variable representing the control error in all control
channels and degrees of freedom

pitch angle

vector of effector demands or real controls

preferred actuator position

drift-compensated actuator position using complimentary
filter

optimal actuator position

unconstrained actuator position using Moore-Penrose in-
verse

vector of real controls in Cartesian form (the x- and z- co-
ordinate rotor thrust components)

minimum limit

NDI high-level CTL outer loop controller output vector
actuator utilization or prioritization weight positive defi-
nite matrix

weight matrix or control channel priority matrix

vector of state variables

NDI high-level CTL vector of outputs to be controlled
overall vehicle (virtual) propulsive thrust in the body x-
direction

overall vehicle (virtual) propulsive thrust in the body z-
direction

gravitational acceleration constant

maximum number of Active Set control allocation optimi-
sation software iterations

moment of inertia about the y-body direction

secondary objective cost function

vehicle mass

net aerodynamic moment acting about the body y-
direction

net vehicle pitching moment acting about the body y-
direction

pitch rate

effector thrust

actuator thrust at time ¢ = 0 or previous software iteration
front and rear/aft rotor thrust in the body x-direction
front and rear/aft rotor thrust in the body z-direction
horizontal velocity in the body x-axis direction

airspeed

vertical velocity in the body z-axis direction

net aerodynamic force acting at the centre of gravity in the
body x axis

horizontal position of the centre of gravity of the vehicle
net aerodynamic force acting at the centre of gravity in the
body z axis

vertical position of the centre of gravity of the vehicle
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Fig. 1. General Linear Control Allocation Scheme.

programming in real time. The vectored thrust effector mapping non-
linearity is due to the fact that the virtual controls (aircraft-level gen-
eralised forces and moments) are combination of the thrust and sine
and cosine functions of the tilt angle even ignoring any non-linearity in
the propulsion (mapping of rpm to thrust) which is outside the scope
of this work. This presents a challenge in allocating the overall con-
trol demand to the individual actuators for VTOL configurations with
vectored thrust effectors even without considering any degree of over-
actuation. Nonlinear control allocation approaches would be required to
resolve the control allocation of an effector configuration such as vec-
tored thrust effector if either the effector mapping or cost function (e.g.
non-quadratic) are not linear, or the constraint sets are not polyhedral.
Explicit solutions can be found for linear effector models in combination
with simple objective functions and constraints, while iterative numeri-
cal procedures are required for the more complicated problems [15]. For
nonlinear and possibly non-convex optimization problems where issues
such as numerical robustness, convergence to non-global minimums,
computational complexity and reliability of the numerical software im-
plementation exist, particular attention will be needed to address such
issues.

There are several linear and nonlinear control allocation approaches
and techniques proposed for motion control of over-actuated mechan-
ical systems [6,10,15]. Some control allocation techniques for over-
actuated UAVs and drones are studied in [3,21,26,30,39,42,44]. Con-
trol allocation approaches for linear and nonlinear effector models are
reviewed in [15], and include unconstrained linear control allocation
approaches, constrained linear control allocation approaches and con-
strained nonlinear control allocation.

Several unconstrained linear control allocation approaches are re-
viewed [6], and include generalized inverses or pseudoinverses, Moore-
Penrose pseudo-inverse and Singular Value Decomposition based (SVD-
based) Generalised inverses whereby no actuator constraints are ap-
plied and the effector mapping is linear. Meanwhile, constrained Lin-
ear control allocation approaches which applies effector constraints
but only for systems with linear effector mapping are reviewed in
[15] include redistributed pseudo-inverse, cascaded generalised inverse
(CGI), daisy chaining, direct control allocation, simplex numerical lin-
ear programming, Active Set (AS) numerical quadratic programming
method, Interior Point numerical quadratic programming method, it-
erative fixed-point numeric quadratic programming method, multi-
parametric quadratic programming, binary search trees, lattice repre-
sentations, decomposition approach for master and slave problems, an
optimization-based control allocation method integrated with a param-
eter estimation scheme, Fault tolerant Optimization-based control allo-
cation, dynamic control allocation approach, Model Predictive Control
(MPC) optimisation-based control approach etc.

Control allocation approaches for nonlinear effector models are re-
viewed in [15] and include nonlinear programming for control alloca-
tion, Sequential Quadratic Programming (SQP), Mixed-integer Linear
Programming (MILP), Lyapunov-design based nonlinear optimisation
control allocation method, direct nonlinear allocation etc. Optimal solu-
tions of Linear Programming (LPs) are found at vertices of the feasible
set thereby favouring the use of a smaller number of effectors, while
methods based on a quadratic cost function and co-norm tend to use
all effectors but to a smaller degree [1]. Consider a control allocation
scheme and linear effector mapping with an architecture shown in Fig. 1.
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The control allocation scheme K, ensures that the forces and mo-
ments vector, 7, that characterizes the physical model given by equation
(1) is equal to the virtual control demands output, 7., produced by the
high-level control law (outer linear controller and inner loop NDI con-
troller) K. The physical vehicle model consists of an effector/actuator
model B, thus normally would include low-level actuator controller
(e.g. servo controllers), and the virtual controls (generalized forces and
moments) G. The focus of this study is on the inverse effector model
K., (i.e. control allocation) using the effector/actuator model B, and
generalized forces and moments G which forms the vehicle with an as-
sumption that K, is already designed.

The control allocation K, can be formulated by the following prob-
lem:

Problem 1. Given an effector mapping

(1) =B,u(), @

determine the effector demand vector u(¢) such that

() =7,.(1) 2
subject to

u<u(@®<u 3
()| <u )

Less common is when there is a non-linear mapping relating u and
7. That is, we have the effector mapping

(1) = g, (u(@)). ()

This often arises when there are vectored thrust mechanisms (which can
be commanded to produce thrust of varying amplitude and direction in
two or three degrees of freedom) in the aircraft, such as tilt-rotors, tilt-
wings and some of the various eVTOL configurations that are currently
attracting research and investor interest [7,17]. Nonlinear control allo-
cation approaches (including nonlinear programming) reviewed in [15]
can be used to solve the nonlinear problem with nonlinear effector map-
ping as in (5) while linear control allocation approaches can be used to
solve the optimisation problem is problem (1)-(3).

The parameterisation of the control input, i.e. the choice of elements
of the u vectors in the model, is sometimes crucial. It is usually desir-
able to choose the effector mapping such that it has a linear form (such
as [43]) as in equation (1) and thus avoiding more complex nonlinear
control allocation methods. It is also desirable to transform a nonlinear
control allocation problem (such as the nonlinear effector mapping for
eVTOL with vectored thrust effectors) into a linear one such that lin-
ear classical control allocation approaches can then be used. A simple
mechanism known as Discrete Time Allocation to transform a non-linear
problem to a linear problem was suggested by [45] and proposed [2,4]
for traditional aircraft control surfaces (not VTOL aircraft) by time dis-
cretization (numerical linearisation) of small enough steps (performing
a first order Taylor expansion of the mapping at that point in the control
space at each time step) of the effector mapping.

The parameterisation of the control input leading to a linear effector
mapping for Vector thrust devices (with nonlinear effector mapping)
can be achieved either by (1) an extended thrust formulation [19,31]
decomposing its thrust components on the body axes and treating them
as elements of the control input u as used in Control Allocation Approach
1 later proposed in this work or (2) parameterising the thrust by its
amplitude and angles as used in Control Allocation Approaches 2 and 3
later proposed in this work. However, the extended thrust formulation
results in a more complicated formulation of actuator saturation and
rate limit constraints in the control allocation formulation e.g. [16]. The
parameterisation of the thrust by its amplitude and angles (formulation
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of controls in polar form) requires linearisation of the nonlinear effector
mapping to give a Linear Time Varying (LTV) effector mapping.

Linear control allocation approaches (e.g. Active set methods, inte-
rior point Quadratic programming etc. [13,25,27,28]) have lower online
computational burden and complexity [32] than nonlinear control allo-
cation approaches employing nonlinear programming. The use of Linear
control allocation approaches also simplifies the requirements for fault
tolerance and reconfigurability.

Another challenge of the VTOL configuration and a crucial constraint
for aerial vehicles with coupled control effectors is thrust control satura-
tion where actuator saturation may lead to undesired behaviour, deteri-
oration of the controller performance and even loss of control in specific
flight conditions due to the limited control authority during normal and
degraded operation (e.g. actuator limitation or failures). Considering a
3DoF VTOL, with an unprioritized control allocation scheme, it may be
that the desired combination of pitching moment together with vertical
and forward force is not achievable due to maximum or minimum thrust
limitations of the thruster and/or due the maximum deflection limits of
the tilting mechanisms. In absence of an adequate (prioritised) control
allocation algorithm, it is arbitrary which one (or combination) of the
three objectives will be affected. However, for the flight stability of these
over-actuated vehicles, it is crucial to apply the full required pitching
moment before anything else [22,23,35]. Thereafter, the vertical force
for altitude (Heave DoF) control comes in the second place, followed by
the forward force for the airspeed (surge DoF) which is the least essen-
tial from a safety point of view. Therefore, a control allocation algorithm
is needed that prioritizes the control objectives of pitching moment over
altitude and vertical speed, and subsequently over forward speed, and
that calculates the required thrust levels per rotor accordingly.

Amongst the several linear and nonlinear control allocation ap-
proaches and techniques proposed for motion control of over-actuated
mechanical systems [6,10,15], some of the control allocation schemes
address prioritisation, such as linear programming and quadratic pro-
gramming while others do not address prioritisation (e.g. ganging, redis-
tributed pseudo-inverse, direct control allocation). Active set linear con-
trol allocation methods [10,13,25,27,28] for Quadratic programming
(QP) addresses control channel prioritisation and are iterative methods,
whereby at each iteration they improve their guess of the optimal ac-
tive set. Interior point method [13,25,28] for quadratic programming
on the other hand though also addresses control channel prioritisation,
replaces the inequality constraints with a barrier function that prevents
the solution for going into the infeasible region.

Although both active set and interior point QP CA methods deter-
mine the optimal solution in a finite number of iterations, the active set
methods tend to perform well in control allocation problems, [13], while
interior point methods have their advantage for larger-scale problems
[28]. Active set methods have the advantage that their initialisation can
use the previous sample (known as warm/hot start), which is often a
good guess for the optimal solution at the current sample. This gener-
ally reduces the number of iterations needed to find the optimal solution.
Interior-point methods on the other hand are generally initialized with
points near the centre of the feasible region and will always need a
minimum number of iterations in order to converge due to the need
to reduce the barrier function penalty in several steps. Warm start pro-
cedures are therefore difficult to implement for interior-point methods
[10]. Quadratic Programming (QP) problems are usually solved using
active set methods or interior point methods [13,27,28].

In other to avoid the online computational burden of nonlinear pro-
gramming, this paper proposes three approaches for transforming a non-
linear control allocation problem as in equation (5) to a linear problem
as in equation (1) so that classical linear control allocation approaches
reviewed above in [15] can then be used. Active Set Linear Quadratic
Programming constrained optimisation algorithm was used as the clas-
sical control allocation approach. This paper considers a weighted least
squares formulation (weighted, bounded least-squares problem) with
a quadratic cost function and a corresponding quadratic optimization

Aerospace Science and Technology 161 (2025) 110145

problem, solves the problem by making a trade off between the actual
input commands U and the virtual commands z, a solution of which
can be found in a straightforward way in [13,14]. The resulting control
allocation approaches are novel real-time prioritised control allocation
approaches which addresses the main challenges (limited control au-
thority in some specific flight operation, non-linear effector mapping
and over-actuation) of the particular VTOL configuration.

The paper then verifies the approaches using the control architecture
and NDI high-level controller (aircraft-level controller) proposed in [7]
but on a 3DoF planar VTOL version of the over-actuated vectored thrust
canard-planform VTOL 6DoF [18] model shown in Fig. 2. A simple 3DoF
planar VTOL model with no aerodynamics is chosen to focus this study
on control allocation and so that the model can be analysed using first
level control knowledge.

The main contributions of this paper are summarized as follows:

- proposes a novel approach for transforming the nonlinear control
allocation problem to a linear one by transferring the non-linearity
from the effector mapping to the computation of the actuator lim-
its but formulates the individual effector demand (real controls)
in cartesian form (decomposing its thrust components on the body
axes) resulting in a Linear Effector mapping. It retains the overall
control demands (virtual control) in cartesian form. The required
computation of the actuator limits which converts the physical ac-
tuator limits from polar to cartesian form is however non-linear and
complex. It proposes a more rigorous and analytical solution to the
problem of conversion of the actuator limits from polar to carte-
sian, over the heuristic solution provided by [8,36]. This control
allocation approach will be known as CA Approach 1 or Extended
Thrust Formulation CA thereafter.

proposes a novel approach for transforming the nonlinear control
allocation problem to a linear one by transforming the effector map-
ping from non-linear to linear via linearisation of the non-linear
effector mapping in real-time resulting in a Linear Time Varying
(LTV) effector mapping (control effectiveness matrix - Jacobian of
7 with respect to u) with the real controls formulated in incremen-
tal polar form. This control allocation approach will be known as
CA Approach 2 thereafter.

proposes another approach for transforming the nonlinear control
allocation problem to linear one which is similar to CA Approach
2 above except an extra step which transforms the virtual controls
from cartesian to polar before differentiation and linearisation re-
sulting in a different and more complicated LTV Effector mapping.
This control allocation approach will be known as CA Approach 3
thereafter.

compares the performance of all three control allocation ap-
proaches (CA Approach 1, CA Approach 2 and CA Approach 3)
for three unusual flight manoeuvres (aircraft control manoeuvres)
which may be different from how an aircraft is normally flown. The
choice of the two selected manoeuvres is to enable analysis of the
CA performance during limited control authority due to actuator
saturation in the absence of any aerodynamic lift and drag being a
planar VTOL. The selected aircraft control manoeuvres are:

- VTO/VL with pitch control and limited control authority.

- Reverse and pitch control with limited control authority

Table 1 shows a summary comparison of the three control allocation
approaches features.

The rest of this paper is structured as follows: the 3DoF equations
of motion and vehicle dynamic model, a summary of the control ar-
chitecture and high-level control laws, and General control allocation
concepts and the proposed classical/linear control allocation technique
are presented in sections 2.1, 2.2 and 2.3 respectively. Control Alloca-
tion Approach 1 is presented in section 3, Control Allocation Approach
2 is presented in section 4 while Control Allocation Approach 3 is pre-
sented in section 5. The nonlinear control simulations results of some
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Table 1
Control Allocation Approaches Comparison.
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CA Approaches 7, form u form Eff. Map Eff. Const. CA Coupled Thrust
Approach 1 Abs Cart Abs Cart  linear Pol to Cart ~ AS - Abs No

Approach 2 Incr Cart  Incr Pol Num., LTV  AbstoIncr  AS-Incr  Yes

Approach 3 Incr Pol Incr Pol Ana., LTV Abs to Incr AS - Incr +Approach 2 Yes

+x forward

@ +z down

+y right Canard Left

| Single :
| Control |

Fig. 2. Plan View of Over-actuated Vectored Thrust Canard-planform 6DoF
VTOL aircraft showing EDF sets distribution.

\

T T
Fig. 3. Vectored Thrust Actuator Limits Illustration.

selected manoeuvres are presented and analysed in section 6. In the fi-
nal section 7, the proposed CA solutions are discussed as well as any
limitations and future work.

2. Vehicle model, NDI controller and classical control allocation
2.1. Vehicle dynamic model

The vehicle model of an over-actuated canard-planform vectored
thrust VTOL vehicle whose 6DoF version is shown in Fig. 2, which also
shows the EDF arrangement whereby the fans are ganged together in
sets of three. Multirotor models are relatively complicated, hence some
insight can be obtained by restricting the vehicle motion to the vertical
plane. The vehicle then has just three degrees-of-freedom, so the mod-
els are simple and can be analysed using first level control knowledge.
Hence a 3DoF planar VTOL model similar to the VTOL aircraft studies
[9,40,41] is chosen.

The vectored thrust actuator (thrust 7 and tilt angle I') limits are
illustrated in Fig. 3 which only shows the actuator position limits for
simplicity. The unshaded regions are the set of admissible controls U
constrained by the effector limits. The physical/polar position and rate
limits of the actuator thrust and tilting mechanism are as follows:

Fig. 4. 3DoF motion showing aircraft state variables and virtual controls.

- Actuator Thrust position limit: T, T

« Actuator Thrust rate limit: T, T

+ Tilting mechanism position limits: T, T

+ Tilting mechanism rate limits: T, I
2.1.1. 3DoF mathematical model

Considering 3DoF longitudinal motion, surge, heave and surge, the
equations of motion are:

=L F. _osing —

i=~—Fy—gsing —quw (6)
=1 Fy+gcos0 +qu %)
q=7-M; ®)
. yy

0=q ©)
Xx=ucosf + wsinf (10)
Z=wcosf —usinb an

The 3DoF schematic is shown in Fig. 4. The longitudinal state vari-
able vector x and virtual control vector T are respectively given by:

x=[u w qg 6 x z]T 12)

t=|Fy F, My] (13)

2.2. Control design

The controller structure/architecture and the high-level controller
(Classical NDI) is that presented in [7] hence will only be outlined here
since it is not the focus of this study.

2.2.1. Control architecture

The control architecture is shown in Fig. 5. The controller com-
prises a high-level controller (control law) and the control allocation.
The higher-level controller consists of an outer-loop position controller
and an inner loop velocity controller. A hard switch is used to switch
between velocity and position control. In velocity control mode the ref-
erences are pitch attitude 6,, airspeed V, and flight path angle A,. These
are controlled directly by the NDI inner-loop feedback. For position con-
trol mode, the references are pitch attitude 6,, lateral position x, and
altitude h,..

2.2.2. NDI control law
Consider a plant model with general state equations given by:

x=f(x) +gx)7,
y=h(x)

14
(15)
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Control law
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nnerloop control : : effector vehicle : Yp
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F(x)
Feedback linearization loop
£(t)
e(t) V(t) - Tc(t) X(t)
r(t) O K O—' Control Mixing G~ (x) Aircraft Dynamics
N y(®)

Proportional feedback loop

Fig. 6. NonLinear Dynamic Inversion (NDI) problem formulation [7].

where x(7) € R" is the vector of state variables, 7, € R" is the (virtual)
control, y(¢) € R™ is the vector of outputs to be controlled and the error
is given by:

e)=r() -y 1e)
where r(r) € R™.
Based on the exposition in [7,33], the NDI controller is
v =Ke a7)
7, =G () [-F(X) + ¥ +V] 1s)
where
oh oh
F(x) := —f(x), G(x) := —g(x) (€)]
0x 0x

and v ensures that v =Ke

The controller structure is shown in Fig. 6 and consists of the linear
output feedback loop equations (17) and the state feedback linearisa-
tion loop (with linear controller K in equation (18)) which assumes all
the states are observable. The feedback linearisation loop ensures that
the system from v(¢) to y(¢) appears like a linear system with poles at
the origin, thus simplifying the outer tracking loop design. The velocity
feedforward term ¥ improves the tracking accuracy of the closed-loop
system. This signal is generated either by the pilot inceptor for manned
operation or the guidance system for automated flight.

Since the controller in Fig. 6 contains a model of the aircraft dy-
namics (equation (19)), the nonlinear functions of the aircraft must be
known in order to implement it. The classical NDI inner loop is airframe-
dependent, uses an onboard (OBM) model of aircraft to invert and cancel
the airframe dynamics such that the system appears as an integrator.
The outer NDI loop is airframe-independent and can also be used for
flying and handling quality control design. Refer to [7] for classical NDI
controller details applied in this work.

2.2.3. Outer-loop linear controller

As stated in [5], to control the uncontrolled states, the controllable
states can be used as the controls resulting in a cascaded loop con-
sisting of the inner controllable state variables (u,w, q) velocity loop
(section 2.2.2 above) and an outer uncontrolled state variables (x, z, 6)
position loop. A simple diagonal proportional (P) linear controller is

used for the outer loop control. The outer-loop linear controller K,
consists of the following:

« Altitude (h = —z) controller - PI Controller
« Pitch attitude () controller - P Controller
» Position (x) controller - PI Controller

2.3. General control allocation

The classical control allocation problem is to map a vector of vir-
tual control demands 7, € R” to a vector of effector positions/actuator
demands u € R? where ¢ < p. In the classical problem [6] there is a
known linear relationship between u and 7, that is 7, = B,u where 7,
is the virtual control input in the system model, usually in the form of
a vector of generalized forces and moments. The problem is then to de-
termine the effector/actuator demand vector u such that 7 = 7, with
the constraint 7 = B,u. The scheme is illustrated in Fig. 1. If £ = p then
the solution is trivially given by u = B;]rc (for example the quadro-
tor control problem) under the assumption that B, is full rank and that
no effector constraints are breached. If # > p then multiple solutions
exist, for example u = BZrC where [-]F represents the Moore-Penrose in-
verse of the matrix. Hence the problem is often extended to account for
some other requirements (e.g. minimum power) as well as to take ac-
count of various constraints. The constraints are for example saturation
constraints on u and slew rate constraints on |a|.

2.3.1. Control allocation formulation

As mentioned in the previous section, minimising the control error
(s =7, — B,(u,x,7)) known as a primary objective or equality con-
straints, imposing additional physical constraints in form of affector/ac-
tuator saturation and rate limits (inequality constraints), and introduc-
tion of secondary objective(s) (e.g. control minimisation) to the control
allocation algorithm ensuring a unique solution results in the following
control allocation formulation:

i w, J(x,u,1))s.t.
uGD{np,lsréRm <” US||+ (Xll ))S (20)
7-B,(ux,f)=s,uelUu=u,+Au,AueC
1
J(x,u,1) = E(u— u) "W, (u-u,) (21)
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J(x,u,t)=||W,ul| (22)

2.3.2. Active set prioritised constrained linear control allocation

Due to the advantages (perform well in control allocation prob-
lems, can be warm-started) of Active set over Interior point QP CA
method [13,28], Active Set QP CA is selected for this work. Some Ac-
tive set QP formulations are Weighted Least Squares (WLS), Sequential
Least Squares (SLS) and Minimal Least Squares (MLS). For this work, a
2-norm quadratic program (QP) formulation known as weighted Least
Squares that can be solved using numerical QP methods, e.g. [13,27,28]
is chosen. Throughout this work, the classical linear control allocation
algorithm is an online/real-time constrained optimisation based on the
Active Set Linear QP algorithm [13,14] with a novel functional archi-
tecture generic for piloted, semi-automatic and automated flight based
on [7].

The MATLAB® toolbox QCAT [12] QP-based control allocation, an
implementation of the methods in [13,28] was customised for use in
this work.

The active set algorithm solves the bounded and equality constrained
least squares problem by solving a sequence of equality constrained
problems. In each step, some of the inequalities are regarded as equality
constraints, and form the working set W, while the remaining inequality
constraints are disregarded. The control allocation method uses a dy-
namic model where the resulting control distribution depends not only
on the current control virtual demand but also on the distribution in the
previous sampling instant due to the actuator rate limit constraints. The
control allocation problem is posed as a constrained quadratic program-
ming problem which provides automatic redistribution of the control
effort when one actuator saturates in position or in rate.

As discussed in section 1, Active set linear control allocation methods
[10,13,25,27,28] for Quadratic programming (QP) addresses control
channel prioritisation using the value of W, in equation (82) to over-
come a major challenge and crucial constraint for the vectored thrust
eVTOL configuration of thrust control saturation due to actuator sat-
uration with a potential to lead to undesired behaviour, deterioration
of the controller performance and even loss of control in specific flight
conditions due to the limited control authority during normal and de-
graded operation (e.g. actuator limitation or failures). Other parameters
for the prioritised constrained linear optimisation Active Set algorithm
are listed in Table 4 with detailed explanation presented in section 6.

3. Control Allocation Approach 1 - extended thrust formulation

One of the main contributions of this work is the design of a novel
control allocation architecture and approach for transforming the non-
linear control allocation problem for vectored thrust VTOL with non-
linear effector mapping to a linear problem by transferring the non-
linearity from the effector mapping to the computation of the actuator
limits as stated in section 1 known as CA Approach 1 or Extended thrust
formulation CA. It retains the overall control demands (virtual control)
in cartesian form but formulates the individual effector demand (real
controls) in cartesian form (decomposing its thrust components on the
body axes) resulting in a Linear Effector mapping allowing the use of
classical linear control allocation techniques with prioritisation. The re-
quired computation of the actuator limits which converts the physical
actuator limits from polar to cartesian form is however non-linear and
complex offering a more rigorous and analytical solution to the problem
of conversion of the actuator limits from polar to cartesian, an improve-
ment over [8,35,36] whereby the solution is heuristics in nature. This
control approach offers a real-time analytical optimal control alloca-
tion (i.e., does not utilize optimization software and linearized effector
model - control effectiveness matrix) which considers both actuator sat-
uration and rate limits using active set Prioritised linear QP Weighted
Least squares (WLS) formulation as the linear control allocation algo-
rithm. The computation of the actuator limits uses the physical (polar)
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Fig. 7. CA Approach 1 - 3DoF VTOL schematic showing effector variables.

actuator limits, the previous cycle value of the real controls in cartesian
form and the previous cycle value of the real controls in polar form.

3.1. CA Approach 1 - formulation of real controls resulting in a Linear
Effector mapping

The 3DoF aircraft model showing the effector model is shown in
Fig. 7.

The effectors are a canard (fore) and main wing (aft) pair of decou-
pled thrust components along the body x and z axes T, ; and Ty, T.¢
and T, respectively as shown in Fig. 7. Formulating the vector of real
controls in cartesian form as:

T
U= [Txf T, Tzf Tza] > (23)

a

and the generalised forces and moments (commanded virtual controls
T) as:

T
o= [Fx Fz M| @4)
The effector mapping is given by:

o o5
1 =1 ||, xe (25)
w Tzf

za

=

Such that the effector model equation is of the form in equation (1)
and is given below:

7. =B,(x,Du, (26)
where
11 0 0
B,(,1)=]10 0 -1 -1
00 7, ¢,
27)

3.2. CA Approach 1 functional architecture

The control allocation architecture is shown in Fig. 8 and consist of
four parts:

« Step 1 - Formulation of real controls in cartesian form resulting in a
linear effector mapping

« Step 2 - Transformation of previous cycle real controls from cartesian
to polar form

« Step 3 - Conversion of the actuator constraints from polar to cartesian

« Step 4 - Application of prioritised linear control allocation technique
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Fig. 8. CA Approach 1 Functional Architecture.

3.3. Computation of unconstrained controls

The unconstrained real control is given by the Moorse-Penrose
pseudo-inverse:

u =Bz, (28)
where:

-1
BY(x, 1) =B, (.1 ) B, (U1 B, (. 1)) 29)

3.4. Transformation of previous cycle real controls from cartesian to polar
form

The previous cycle real controls in polar form are given by:

(30)
(31

Ty =1/ (T’ +Tx?)

I'y =arctan2 (Tzo, Txo)
3.5. Conversion of actuator limits from polar to Cartesian

Given a vectored thrust actuator which can produce thrust 7' (N)
which can be oriented at an angle I' (rad) to the body x-axis within
the body x-z plane subject to position and rate limit shown in Fig. 3 in
Section 2.

Decoupling the actuator thrust (7" (N) oriented at an angle I" (rad))
into body x and z components assuming NEU convention, we have:

T, =T cos(I') (32)
T, =T sin(I) (33)
Linearizing with small perturbations we get the Jacobian matrix:
[ATX] _ [C?SFO —TosinFO] [AT] (34)
AT, sin[\y  TycosI AT
Expanding equations (34) gives:
AT, = AT cosI'y — AI'T;, sin T (35)
AT, = AT sinI'y + AT'T cos Ty (36)

Fig. 9. Combined Position and rate Cartesian Limits Illustration.

Considering all the combinations of minimum and maximum thrust
(T') and tilt angle (I") limits in equations (35), (36) and:

Tx = TxO + ATx (37)

T, =T, +AT, 38)

then the combined position and rate actuator limits in cartesian form
illustrated in Fig. 9 are given by:

L, =min(Trr T Torp Trr) 39
T, =max(Tyrr. Tors T Torr) (40)
T,= min(TZzE,TzD—_, Tﬁ[’ T77) 41)
T. =max(Torr. T T Tip) (42)
where

Typr =Ty + AT cosTy — AL'TysinT, (43)
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T 5=Te+AT cosT - ETO sin[ (44)
TX;F= 0 +ECOSF0—£TOSinFO (45)
TXF; =Ty + AT cosTy — AT Ty sin T (46)
Trp =Ty + AT sinl + AT cos T (47)
T,5=T,+ATsinl +ETOCOSFO (48)
T7r=To+ AT sinT + ATy cos T, (49)
Trr=To+ AT sin Ty+ ETO cosTy (50)

and where the incremental physical/polar actuator limits are given by;

AT =min((T - Ty), (T A1) (51)
AT =max (T - Ty), (T A1) (52)
AT = min((T = Iy), TAr) (53)
AL =max ((C ~ ), (FAD) 54)

where At is the iteration period of the control allocation module, T
and I’ are respectively the thrust and actuator tilt angle at the initial

or previous iteration, T, T, 7, T are respectively the physical thrust

saturation and rate limits, and T, T, T, I are respectively the physical
tilting mechanism actuator angle saturation and rate limits.

3.6. CA Approach 1 - prioritised linear control allocation

To solve the CA problem in equation (20) following the active set de-
scribed in [13], the problem is first formulated in weighted least squares
form given by:

u,, =arg min
usu>u

2
op W, (u— up)H +7||W,Bu - 1')||2 (55)

The cost function is incorporated in Algorithm 1 given below as follows:

Algorithm 1 - CA Approach 1 WLS formulation for Active Set [13].

1. Let u’ and W be the optimal solution and working set respectively from

the previous sampling instant.
2. Rewrite the cost function as:
2
YW, B u YW,
W, W,u,

”Wu(u -u,)

2
+7|[W,Bu- o) = ‘

3. and solve
Wy = arggr;luigﬁ ”Aasu - q”

using Algorithm 2 where:

_(rW,B
A, = < W > (56)
— y UV
1= ( W,u, ) ©7)

4. NOTE: The weighted rows are ordered first in A, (row augumented
weighted virtual control matrix) and q (row augumented weighted real
control matrix) to avoid numerical problems.

The Active Set algorithm (Algorithm 2) is presented below.

4. Control Allocation Approach 2

As stated in section 1, a second contribution of this work is the pro-
posal of another approach (Control Allocation Approach 2) which is a
simple mechanism to transform non-linear problems to linear problems
similar to that suggested by [45] and in the work of [2,4] for traditional
flight control surfaces. This is done by a time discretization (numerical
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Algorithm 2 - CA Approach 1 Active Set Algorithm [13].

1. Let u’ be a feasible starting point. A point is feasible if it satisfies both the
control constraint (Bu = v) and actuator constraints (u <u <1).

2. Let the working set W contain (a subset of) the active inequality constraints
at u’

3. fork=0,1,2...,N—1do

4.  Given u* the value of u at the k" step, find the optimal perturbation
p, considering the constraints in the working set W as equality constraints
and disregarding the remaining inequality constraints. Solve

min [|A(u; +p) ~q
Bp=0 (58)
p;=0,ieW

where A, and q are as defined in equations (56) and (57)
5. if uf + p is feasible then

6. Set u¥*! = u* + p and compute the Lagrange multipliers, (I; > , where

u and A are associated with the control constraint (Bu = v) and actuator
constraints (u < u < 1) respectively
7. if all elements of 4 >0 then
u, = u“*! is the optimal solution to equation (58)
9. else
Remove the constraint associated with the most negative A from the work-
ing set
10. else
Determine the maximal step length a such that a such that u**! = u* + ap
is feasible. Add the primary bounding constraint to the working set.
11. end

®

k+1

linearisation) of small enough steps to ensure the linearization step is ac-
curate. At each time-step, a first order Taylor expansion of the mapping
at that point in the control space (in a similar manner to an Extended
Kalman Filter [11, pp. 374]). Classical control allocation can then be
applied and the constraints satisfied. The resulting point in the effector
space is tracked and the process repeated at each time-step. Again the
scheme relies on the feedback control of the system to account for un-
certainty in the linearization and effector-control mappings. Sometimes
the effector forces and moments depend on the system state x(¢) € R"
as well as the effector controls.

Although for this system, the rotor thrust for a particular rotor ro-
tational speed depends on the air density which in turn is dependent
on altitude (an aircraft state), for simplicity and since the thrust (rather
than the rotation speed or RPM) is used as the real control changes in
air density over the altitude range of the VTOL are ignored. In reality,
for this kind of VTOL configuration where there are aerodynamic cou-
plings with the propulsive forces such as that studied in [24] where the
total 3DoF/longitudinal virtual forces/generalised forces and moment
(net forward thrust/drag, lift and pitching moment) are a complex (3D)
function of the controls u (fan power/RPM, tilt angle I') and states x
(AoA « and airspeed V'), (62) can be used but the jacobians (differen-
tials) of the virtual forces with respect to the states (@, V) and controls
(RPM, I') have to be computed offline numerically and stored onboard
aircraft as complex 3D lookup tables as stated in [2] for the case of tra-
ditional aircraft control surfaces. This is outside the scope of this study
and is recommended as future studies.

The functional architecture is shown in Fig. 11. It converts the overall
control demands (virtual control) from absolute cartesian to incremental
cartesian form before the numerical linearisation of the nonlinear effec-
tor mapping to a Linear Time Varying (LTV) effector mapping. Since the
real controls are formulated in polar form it requires only a transforma-
tion of the actuator limits from absolute to incremental polar form. It
offers a real-time analytical optimal control allocation which considers
both actuator saturation and rate limits using active set Prioritised lin-
ear QP Weighted Least squares (WLS) formulation as the linear control
allocation algorithm.
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Fig. 10. 3DoF VTOL schematic showing the effector variables for CA Approaches
2 and 3.

However, since the virtual controls input to the control allocation
are differentiated to give discretised (incremental) values to enable dy-
namic computation of the Linear Time Varying (LTV) effector mapping
with an incremental polar real controls output from the algorithm be-
fore being reintegrated again to give the controls, this scheme is prone
to drift in the presence of noise in either the differentiated virtual con-
trols or the CA incremental output. Also, it is prone to drift because the
CA algorithm computes only the change in control and unable to track
the reference due to the control allocation being open loop in terms of
system states despite being closed loop in terms of the effector positions
because the current control is a function of the previous actuator posi-
tions.

To correct the drift, we proposed similar approaches used in Kalman
filter (KF) and Extended Kalman Filter (EKF) [11, pp. 374] to update
the estimate/prediction using measurement from another source which
doesn’t drift (often a slower and less noiser source). We propose a com-
plementary filter (with static gain) unlike the KF and EKF where the
Kalman Gain is dynamic and varies depending on errors in estima-
tion and measurement. The choice of a simple complementary filter is
made because the characteristics of the noise which is due to differences
(unable to track changes) in unconstrained and constrained control allo-
cation ouputs (changes in real controls) during actuator saturation are
not zero-mean gaussian - a major prerequisite/assumptions for use of
Kalman Filter. The main incremental CA outputs is the estimate/pre-
diction while the differentiated non-incremental (absolute) CA output
sources is selected as the measurement/update. Without this drift cor-
rection via a complementary filter, the CA output will drift after actuator
saturation resulting in a steady state error in the system states in a sim-
ilar fashion to insufficient integration action in the control laws.

4.1. CA Approach 2 effector model formulation

The effectors (real controls) in polar form are fore and aft pair of
vectored thrusters with thrust 7, and T, acting at angles I'; and I',
respectively as shown in Fig. 10.

The control forces and moment (overall control demand or virtual
controls) are thus given by

Ty =T;cosT'y+T,cosT,, (59)
T, =-T;sinl; —T,sinT,, (60)
My =T sinT; +T,¢,sinT,, (61)

where ¢, and ¢, are the front and aft thrusters moment arms respec-
tively.

Defining the virtual forces and moment control vector as 7, =
[FX, Fy, MT]T and the real control vectorasu = [Tf, T, Ff, Fa]T
we get the nonlinear mapping 7.(f) = g,(u(¢)) defined by equations
(59)-(61).

10
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4.2. CA Approach 2 functional architecture

The control allocation architecture is shown in Fig. 11 and consist of
five steps:

« Step 1 - Computation of the actuator incremental limits at each time step

« Step 2 - Linearization of the nonlinear effector mapping to linear-time-
varying effector mapping

« Step 3 - Discretisation of virtual controls and computation of uncon-
strained real controls

« Step 4 - Application of classical constrained linear control allocation
technique

« Step 5 - Correction of drift using complementary filter

4.3. Control allocation incremental constraints formulation

The incremental actuator limits (T, T, i T, l_“, r, l:, E) are given by
equations (51) - (54) in section 3.5.

4.4. CA Approach 2 - derivation of LTV effector mapping

Given the nonlinear effector mapping given in equation (5), by
means of a time discretisation we can approximate the problem to a
sequence of linear control allocation problems. The proposed solution
is given by the following steps:

1. Sample the signals 7(¢), x(t) u(?), 7.(t) with a sample time of At
so that 7, = 7(kAt), x;, = x(kAt), u, = u(kAr), 7. = 7.(kAt) for
k=0,1,2,..., etc.

2. For each sample point, k, let Ar(kA?) = t(kAt + At) — 7(kAt) etc.

3. Given 7(kAt) = g,(x(kAt),u(kAt)), and dropping the notational de-
pendence on kAt?, we get the Taylor’s expansion

Ig, ag. .
g, (X+Ax,u+Au) =g, (x,u)+ x Ax + Su Au+ higher order terms
(62)
Ignoring second and higher order terms gives
At =G Ax + G, Au (63)
where
0g.(X,u)
Gykar) = [ 0x  |x=x(kan
u=u(kAr)
g, (x,u)
G, (kAt) = [—au xex(kAD (64)
u=u(kAr)
4. We now have a linear control allocation equation
G,Au=A7 -G, Ax (65)

which, along with magnitude and slew rate constraints can be
solved at each time step k using classical control allocation meth-

ods.
og.(x,u
G,= [_ge; )] ©66)
u u=u(kAr)
cosT'y cosI’, —T;sinl', —T,sinl’,
=| -sinl';  —sinl, —TycosT'y =T,cosT’, (67)
=Crsinl’y &,sinl, —€,TycosT'y ¢,T,cosT,

Note that for this system, G, = 0 since the aerodynamics and their
couplings with propulsive forces are not considered, unlike traditional
aircraft control surfaces (e.g. rudder, aileron, elevators etc.) where the
control effectiveness depends not only on the control deflections but also
on the states (e.g. airspeed V, AoA or theta for wing level, level flight
etc.).
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Fig. 11. CA Approach 2 Functional Architecture.

4.5. CA Approach 2 - computation of unconstrained real controls

The unconstrained real control is given by:

u, =Glx,nr, (68)
where:
GHx.0 =G, (x0T (G,(x,NG,(x, 7)™ (69)

4.6. CA Approach 2 - correction of drift

The complementary filter is shown in step 5 of Fig. 11. The drift cor-
rection update is done using the unconstrained controls of CA Approach
1 in equations (25) to (29) and then transformed from cartesian form to
compatible polar form using equation (30) with a gain set to 0.95 result-
ing in only 5% of the update source and 95% of the incremental scheme
constituting the final control which is subsequently constrained by the
incremental actuator limits in the classical CA algorithm (Active Set).

4.7. CA Approach 2 - prioritised incremental linear control allocation

To solve the CA problem in equation (20), the absolute values of
virtual and real controls were changed to incremental (A) value. Fol-
lowing the active set described in [13], the problem is first formulated
in weighted least squares form below:

Au,,=arg min__
Au<Au>Au

2
W,(bu-au)| +7[W,Bru- a0l (70)

The cost function is incorporated in Algorithm 3.
5. Control Allocation Approach 3

A final contribution of this work is CA 3 which is similar to CA 2
except an extra step which transforms the virtual controls from cartesian
to polar before differentiation and linearisation resulting in a different
and more complicated LTV Effector mapping (Jacobian of T with respect
to u). The other aspects (incremental actuator constraints and Active
Set WLS Prioritised constrained CA) are the same as can be seen from
the functional architectures in Figs. 8 and 11. Also, the linearisation is
analytical which is more accurate than numeric linearisation for the case

11

Algorithm 3 - Active set algorithm for Weighted LS [13].

1. Let u’” and W be the optimal solution and working set respectively from
the previous sampling instant.
2. Rewrite the cost function as:

[W.(au- Au,,)”2 +7]|W,(G,Au— Ag)|?

yW,G, _(rW,Ar
(W)= ()

3. and solve

Au,, =arg min__||A, Au—q|
Au<Au<Au

using Algorithm 4 where A, and q are as defined in equations (56) and
(57).

of Approach 2. The transformation of the virtual control to same polar
form as the real controls and actuator limits has the advantage that the
resulting effector mapping though more complex, is more linear in the
real controls and actuator limits.

It offers a real-time analytical optimal control allocation (i.e., does-
n’t utilize optimization software and linearized effector model - con-
trol effectiveness matrix) which considers both actuator saturation and
rate limits using active set Prioritised linear QP Weighted Least squares
(WLS) formulation as the linear control allocation algorithm. The con-
trol allocation also relies on the feedback control of the system to ac-
count for uncertainty in the effector-control mappings.

5.1. CA Approach 3 effector model formulation

The 3DoF aircraft model showing the effector model is the same as
in Fig. 10 and the effector mapping same as in equations (59) - (61).

5.2. CA Approach 3 functional architecture

The control allocation architecture is shown in Fig. 12 and consist of
five steps:

« Step 1 - Conversion of the actuator constraints from absolute to incre-
mental limits
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Algorithm 4 - Active Set Algorithm [13].

1.

0 ®© N

10.

11.

12.

Let Au’ be a feasible starting point. A point is feasible if it satisfies both the
control constraint (G,Au = Ar) and actuator constraints (Au < Au < Au).

. Let the working set W contain (a subset of) the active inequality constraints

at u®

. for k=0,1,2...., N —1do

Given Au* the value of Au at the k" step, find the optimal perturbation
p, considering the constraints in the working set as equality constraints and
disregarding the remaining inequality constraints. Solve

mgn |Ass(Au, +p) -G, ||

Gp=0 (71)

p;=0,ieW

where A, and q are as defined in equations (56) and (57)

if Au® + p is feasible then
Set Auft! = Au* + q and compute the Lagrange multipliers, <I;>,

where u and A are associated with the control constraint (BAu = A7) and
actuator constraints (Au < Au < H) respectively
if all elements of 1 >0 then
Au,, = Auf*! is the optimal solution to equation (71).
else
Remove the constraint associated with the most negative A from the
working set
else
Determine the maximal step length « such that a such that Auf*! = Auf +
ap is feasible. Add the primary bounding constraint to the working set.
end

Step 2 - Linearization of the Non-Linear Effector mapping to Linear-
Time-Varying Effector Mapping

Step 3 - Conversion of virtual controls from cartesian to polar, discreti-
sation of virtual controls and computation of unconstrained real controls
Step 4 - Application of classical constrained linear control allocation
technique

Step 5 - Correction of drift using complementary filter
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5.3. Approach 3 - incremental constraints formulation

Again, the incremental actuator limits are given by equations (51) -

(54) in section 3.5.

5.4. Approach 3 - conversion of the virtual controls from cartesian to polar

Following on from the effector model formulation in section 5.1, the
relationship between the virtual controls in the polar body axes and the

real controls is then:

giving

F, sin[, =T, sinl'; +T,sinl,, (72)
F,cosT', =Ty cosT'y +T,cosT,, (73)
F. = \/(Ta cosT, +TpcosT ()2 + (T, sinT, + Ty sinT' /)2, 74)
I, =atan2(T, sinl', + T sinl';, T, cosT, + T cosT'f), (75)
My =¢;T;sinl'y = £,T,sinl,. (76)

5.5. CA Approach 3 - derivation of LTV effector mapping

In this Control Allocation Approach 3, we propose a simple mecha-
nism to transform such non-linear problems to linear problems. This is
done by analytical linearization by taking small perturbations to ensure
the linearization step is accurate. Classical control allocation can then
be applied and the constraints satisfied. The resulting point in the effec-
tor space is tracked and the process repeated at each time-step. Again
the scheme relies on the feedback control of the system to account for

uncertainty in the linearization and effector-control mappings.

Linearizing equations (74) - (76) with small perturbations we get

AF,
AT,
AM;
(T; +T,cosTp)d (T, +T,cosT,,)d T,T;sinT,d ~T,T; sinT,d A?
= | -7 sinr,a? TysinCpd?  T,(T, +T,cosTp)d? T,(T,+ T, cosTpp)d? | | Ak
£y sinl’; ~¢,sinT, Ty cosT; —£,T, cosT, N
77)
where
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1
d=
B 2
(T2 +2T,TycosT" + Tf)l/2

(78)

and'=T,-T - We now have a linear control allocation equation

At =G,Au 79

which, along with magnitude and slew rate constraints can be solved at
each time step k using classical control allocation methods. The gradient
matrix G, is given by:

G, = [agg(u) (80)
L
(Ty +T,cosTy)d (T, +TycosI',)d T,T;sinT,d =T,T;sinT,d
= [ ~T,sinl",d? T sinl,,d? T (T +T,cosTp)d* T, (T, +T;cosT,)d?
Cysinl’y =, sinl’, ¢;TycosTy -£,T,cosT’,
(81)

5.6. CA Approach 3 - computation of unconstrained real controls

The unconstrained real control is as given in equation (68) and (69)
for CA Approach 2.

5.7. CA Approach 3 - correction of drift

The drift correction update is shown in step 5 of Fig. 12 and is same
as that in CA Approach 2 in section 4.6.

5.8. Approach 3 - prioritised incremental linear control allocation

Refer to section 4.7 for Algorithms 3 and 4 presented in CA Ap-
proach 2.

6. Simulations results and discussions

The vehicle model and NDI controller are coded in Simulink® and
MATLAB® simulation software. All the simulations are conducted in
MATLAB® Simulink® with Software version R2021b on a personal com-
puter of Intel Core i9-8950H 2.90 GHz CPU and 32 GB RAM. The MAT-
LAB® simulation was run at a fixed step sample time of 10 ms (100 Hz).
The constants (outer-loop controller parameters, pilot command lim-
its and control limits) used for the model are given in Table 2 with
an assumption of noise-free measurements. The Actuator Constraints
and Dynamics are presented in Table 3. Also, the inputs constants into
the prioritised constrained linear optimisation Active Set algorithm are
listed in Table 4, where:

10 0

w,=[0 2 0 (82)
00 10

W, =I, (83)

As discussed in section 1, the values of W, in equation (82) are cho-
sen so that pitch rate g has the highest priority, followed by body z-axis
velocity w before body x-axis velocity u. The rotational channel (pitch
rate g) is prioritised over translational channels (heave w and surge u)
to maintain stable and safe flight during limited control authority due to
actuator saturation (rate or position) because rotational channels track-
ing is more critical in ensuring stable flight compared to translation
channel tracking for VTOLs. Similarly, for the translational channels,
the body z-axis velocity w tracking error minimisation is more critical in
maintaining stable flight than body x-axis velocity u error tracking. Fur-
thermore, during limited control authority where all remaining control
authority allocated to the pitch rate is sufficient, this could potentially
only result in degraded performance (poor u and w tracking) but safe
and stable flight would be maintained since rotational channels have
the tendency to cause instability more than translational channels.
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Table 2
Simulink simulation coefficients.
Quantity or Parameters Value
Total mass, m 1.0 kg
Gravitational constant, g 9.81 ms2
Moment of inertia in the pitch axis, 7,, 2 kg m s?
Inner loop NDI u tracking loop P gain, K,, 1.5Nm's
Inner loop NDI w tracking loop P gain, K, 1.5Nm's
Inner loop NDI g loop P gain, K, I.5Nmrad'!s
Outer loop altitude control P gain, K, 1.5 N m rad?!
Outer loop altitude control integral gain, K, 0.2 N m rad?!
Outer loop attitude control P gain, K, 1.5 N m rad!
Outer loop position hold loop P gain, K|, I Nm!
Outer Loop lateral position hold loop integral gain, K, 0.005 N m™
Canard Moment Arm (7.,) 1m
Main Wing Moment Arm (¢,,) 1 m
Total Airspeed Pilot command upper limit on r, 8gms?
Total AirSpeed Pilot command lower limit on r, -5ms?!
Total AirSpeed Pilot command rate limit on r, +4ms?
Flight Path Angle Pilot command upper limit 7 4051
Flight Path Angle Pilot command lower limit y —2° 51
Pitch Attitude Pilot command limit on r, +10°
Pilot command rate limits on pitch angle rate 7, +0.4° st
Altitude Pilot command upper limit on r,, 3000 m
Altitude Pilot command lower limit on r/, —1000 m
Altitude Pilot command upper rate limit on r/, 5m/s
Altitude Pilot command lower rate limit on r,, —4m/s
Table 3
Actuator Physical Limits and Dynamics.
Actuator control input w, 4 Minimum Maximum Rate Limit
Thrust for all EDFs 25 rad/s 1 ON 57N +4 N/s
I' for canard EDFs 20 rad/s 1 -30° 100° +30°/s
I for wing EDFs 20 rad/s 1 0° 100° +30°/s
Table 4
Active Set CA Algorithm Input Constants.
Input Constant name Symbol Type Order Value
Linear Effectiveness Matrix B,orG, Matrix R>*  SeeEqn. (66)
Virtual control weighting matrix W, Matrix R See Eqn. (82)
Control weighting matrix W, Matrix  R**  See Eqn. (83)
Primary objective weighting factor  y scalar R 100

Maximum number of iterations i scalar R 10

WLS Algorithm Simulation Period scalar R 1072

Although the effector configuration used throughout this study is
over-actuated (four real control variables to control only three degrees
of freedom), there is however no redundancy because both the front and
rear EDFs are required to maintain stable flight. Hence W, is set to the
identity matrix so no penalties are applied on any of the real controls.

Furthermore, considering the real time implementation, the max-
imum CA software iterations i,,, is set to 10 to ensure that the CA
algorithm is constrained to find the optimal solution within a short
time. Moreover, the CA algorithm does not cause discontinuities/sud-
den jumps in the actuator positions since it always finds an optimal
solution even while considering both actuator slew rate and position
limits which is crucial for the real time implementation.

Furthermore, the y is set to a high value of 10° to ensure that the
primary objective of control error minimisation with weighting matrix
W, is properly distinguished from secondary objective of control effort
minimisation with weighting matrix of W,.

Finally, the working set W of the Active Set CA algorithm is vector
whose elements indicates which of the effectors are saturated or not
and is explained as follows: W = [Wl w2 W3 W4]T whether
the control allocation is active or not, explained as follows:
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Fig. 13. VTO/VL with pitch control - States. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

« W %= (0 means no actuator saturation, W %= —1 means actuator
saturation at lower limit, W %= 1 means actuator saturation at up-
per limit

W1 means fore EDF thrust body x-axis component for CAl, means
fore actuator EDFs thrust/rpm for CA2 and CA3

* W2 means aft EDF thrust body x-axis component for CAl, means
aft actuator EDFs thrust/rpm for CA2 and CA3

W3 means fore EDF thrust body z-axis component for CA1, means
fore actuator EDFs tilt angle for CA2 and CA3

W 4 means fore EDF thrust body z-axis component for CA1, means
aft actuator EDFs tilt angle for CA2 and CA3

In order to test the effectiveness of the control allocation approaches,
two selected critical aircraft control manoeuvres are investigated consid-
ering the longitudinal motion of the planar VTOL. These aircraft control
manoeuvres (ACM) are not typical realistic flight test manoeuvres (FTM)
but chosen to test the ability of the CA to allocate remaining control
authority to higher priority and critical control channels in order to
maintain operational safety and stability during certain flight conditions
while there is limited control authority due to actuator saturation. The
actuator (thrust and tilting mechanism) limits (position and rates) are
intentionally set tighter than in reality so that they are violated thereby
activating the Active Set linear CA algorithm as some point. The first
ACM (ACM 1) aims to test how the control allocation responds when
maximum actuator thrust limits are reached during a vertical take-off
(VTO)/Vertical Landing (VL) scenarios with pitch control, and Hover
to high forward speed. The second ACM (ACM 2) aims to test how the
control allocation responds when maximum actuator tilt angle limits is
reached during a Reverse manoeuvre with pitch control. Another way
of testing the CA responds when maximum actuator tilt angle limits are
reached is by performing a deceleration from high forward speed to
hover. One way of testing the CA response to minimum actuator tilt an-
gle limits violation will be performing a transition from hover to cruise
(forward transition) on a full aerodynamic aircraft when the wing tilt
angles can tilt close to its lower limit. The two selected ACMs are de-
tailed below.
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6.1. ACM 1 - VTO/VL with pitch control and limited control authority

The manoeuvre starts at hover altitude of 4 = 1000 m. At time¢t=35's,
a VTO altitude of 1050 m at constant climb rate of 4 m/s is commanded
for 12.5 s. Simultaneously, (at same ¢t =5 s), a pitch attitude 6 of 5° at
a constant rate of +0.01 rad s'! was commanded. At time 7 =45 s, A VL
hover altitude of 1000 m was commanded at constant descend rate of 2
m/s for 25 s. Simultaneously, (at same ¢ =45 s), a pitch attitude (0) of
0° at a constant rate of +0.01 rad s is commanded. The commanded
and actual states, commanded and actual effector positions, virtual con-
trols, control authority (actuator limitation) status, state tracking error
as well as virtual control tracking errors are shown for all three control
allocation approaches from Figs. 13 - 16.

Analysis of ACM 1 results During the initial phase of the VTO, as can
be seen from Fig. 15, the high-level controller outputs violated the max-
imum thrust limit (W1 and W2 for CA2 and CA3) and tilt angle rates
(W3 and W4 for CA2 and CA3) limits between 5s and 7s resulting the
CAs being active (see Fig. 16) imposing actuator constraints limitations
on the CA output which prevent violation of the physical actuator con-
straints. While the CAs were active due to actuator thrust saturation,
the CAs allocates the limited control authority to the highest priority
rotational channel pitch rate/pitching moment (see equation (82) and
discussion in section 2.3.2) resulting in lower g error compared to u
and w as can be seen from Figs. 13 and 14. In terms of comparison of
the three CA schemes, they perform similarly except that CA2 and CA3
(green) additionally imposed a minimum thrust rate limitation at time
22s at the end of the VTO command (Fig. 16). Also, CAl seems to con-
verge faster (fewer number of CA software iterations CA,,,,.) than CA2
and CA3 for the same manoeuvre (Fig. 16). The performances for all
three CA schemes are also investigated considering the real time imple-
mentation. According to Fig. 16, the maximum CA software iterations
CA,,,, are below 10 when the CA is active. Therefore, the CA algorithm
finds the optimal solution quickly. Moreover, the CA algorithm does
not cause discontinuities/sudden jumps in the actuator positions which
is crucial for the real time implementation because it was able to find
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Fig. 15. VTO/VL with pitch control - Effector commands.

optimal solution subjected to both the actuator slew rate and position
limits. In the absence of any control authority limitation, the control
allocation correctly allocates the overall control demand from the high-
level controller to the individual control effectors/actuators resulting in
accurate tracking of pilot commands.

6.2. ACM 2 - reverse backward and pitch control with limited control
authority

The manoeuvre start at hover altitude of 4 =1000 m. At time7=35s,
areverse at -5 m/s was commanded. Simultaneously, (at same t =5 s), a
pitch attitude 6 of 5° at a constant rate of +0.01 rad s’! was commanded.
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At time ¢t = 20 s, the pitch attitude 6 of 5° was then cancelled (com-
manded to 6 of 0°) at a constant rate of +0.01 rad s. The commanded
and actual states, commanded and actual effector positions, virtual con-
trols, control authority (actuator limitation) status, state tracking error
as well as virtual control tracking errors are shown for all three control
allocation approaches in Figs. 17 - 20.

Analysis of ACM 2 results During the initial phase of the reverse speed
manoeuvre, as can be seen from Fig. 19, the high-level controller out-
puts violated the tilt angle rates (W3 and W4) limits for CA2 and CA3
(and body x-axis horizontal thrust u, , and u, , lower limit in CA1) be-
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Fig. 17. Reverse backward and pitch control - States.

tween 5 s and 7.5 s resulting the CAs being active (see Fig. 20) imposing
actuator constraints limitations on the CA output which prevent vio-
lation of the physical actuator constraints. Again, while the CAs were
active due to actuator tilting mechanism saturation, the CAs allocates
the limited control authority to the highest priority rotational channel
pitch rate/pitching moment (see equation (82) and discussion in sec-
tion 2.3.2) resulting in lower g error compared to # and w as can be
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seen from Figs. 17 and 18. Also, between 5 s and 7.5 s there was a 25%
increase in both rotor thrust for both CA2 and CA3 compared to only 8%
increase for CAl. Again CA1 seems to converge faster (lower number of
CA software iterations CA;,,,) than CA2 and CA3 for same manoeuvre
(Fig. 20). The performances for all three CA schemes are also investi-
gated considering the real time implementation. According to Fig. 20,

the maximum CA software iterations CA;,,, are below 13 when the CA
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is active. Therefore, the CA algorithm finds the optimal solution quickly.
Again, the CA algorithm does not cause discontinuities/sudden jumps in
the actuator positions which is crucial for real time implementation.

6.3. Summary of control allocation approaches performance

Table 5 shows how the three CA approaches performed for the two
manoeuvres in terms of tracking, constraints activated and number of
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CA iterations. No physical constraints were violated for all three CA
approaches.

7. Conclusions

The results demonstrate that the control allocation can affectively
allocate the overall control demand to the individual effectors and
also impose effector constraints due to actuator saturation. The results
also demonstrate the effectiveness of the proposed control allocation
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Table 5

CA Approaches Performance Summary.
CA Aircraft Tracking Constraints CA Constraints
Approaches Manoeuvre Performance Activated Iterations Violated
CA1l ACM 1 Excellent T..T., 5 None
CA1l ACM 2 Excellent T .,T 5 None

Lxf0 ar

CA2 ACM 1 Excellent 7,, T,, l:/, l_",, l_"f, l_", 7 None
CA 2 ACM 2 Excellent r,T, 7 None
CA3 ACM 1 Good T,T,T,T,T,T, 11 None
CA3 ACM 2 Good T, T, 11 None

schemes to allocate remaining control authority to higher priority and
critical control channels in order to maintain operational safety and
stability during certain flight conditions where there is limited control
authority. All three control allocation schemes have similar performance
but CAl generally converges faster than CA2 and CA3. CAl and CA3
will be more suitable for few actuators due to the complex nonlinear
transformation of the effector constraints (position and rate) from polar
to cartesian and the more complex LTV Effector mapping respectively.
CA2 will be easier than CA1 and CA3 to implement for VTOL configu-
rations with many redundant effectors due to its simplier LTV effector
mapping (compared to CA3) and simpler transformation of effector lim-
its from absolute to incremental. This active set algorithm can be solved
in real-time (since it converges fast due to hot starting) on a modern
flight control systems specifically for eVTOLs flight control computers
which can have a processor speed over 1 GHz. Even with a worst case
convergence of say 20 CA iterations (0.2 s) and for high bandwidth eV-
TOL electric actuators (up to 25 Hz designed to control the aeroelastic
behaviour and flight mechanics of a model), it is tolerable.

To further develop the proposed CA Approach 2, state dependent
effector models (e.g. traditional flight control surfaces like ailerons, rud-
ders, flaps, slats, elevators etc. where the control effectiveness depends
on airspeed) should also be tested. In order to test the full ability of the
proposed CA Approaches 1, 2 and 3, a complete 6DoF eVTOL control
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scheme (including lateral-directional dynamics) and with representative
aerodynamic model which has coupling between vectored thrust forces
and dynamic forces should be designed and tested. Furthermore, since
CA2 and CA3 are incremental, moment arm mismatch robustness test
could be conducted to evaluate their robustness to effector model mo-
ment arm mismatch. Moreover, the adaptability of the CA schemes to
actuator failures could be improved. Finally, Pilot-in-the-loop Full enve-
lope testing of the 6DoF Model should be carried to assess the handing
and flying qualities of aircraft.
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