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An Extension of Multhopp's Lifting Surface Theory

to Include the Effect of Flaps, Ailerons, etc,

5
Robert W, Simpson, B,A.Sec,

SUMMARY

The subsonic lifting surface theory due to H, lMmulthopp (Ref, 1)
has been extended to include a chordwise digcontinuity in the slope of
the lifting surface, i.e, to include the effect of flaps, or ailerons,
By representing the chordwise loading of a two-dimensional flapped flat
plate in closed form, a new loading function 62 is used in the

representation of the chordwise loading, and a new influence function k
is defined, This function is dependent on the parameter ¢, which

describes the hinge position, and so the tabulation which has been
done for the influence functions, i and j, in Multhopp's original method
have to be repeated for values of ¢, .

The method is restricted to linearized, non-wiscous flow about thin
wings of moderate aspect ratio of any planform., Values of 1lift,
pitching moment and centre of pressure can be obtained across the span
for deflected flaps, and the theoretical effect of planform can be studied.

An example has been calculated for a straight rectangular wing of
aspect ratio 6 with a full span 20% chord, trailing edge flap. A
comparison with available experimental results shows that viscous effects
are important in obtaining the correct magnitudes of 1ift and pitching moments,

A . P—— A ——

* Based on a thesis submitted in partial fulfilment of the requirements
for the Diploma of the College of Aeronautics,
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LIST OF SYMBOLS

XY 32 rectangular cartesian co-ordinate system (see Fig. 1)

position of inducing station on wing

non-dimensional co~ordinates related

o

b /o

Pa to scmispan
%

X =X

oL, B :
X = -L-‘-(—-—)—‘%-’- Non-dimensional wing co=ordinates related to
e\ } k

inducing wing section (suffix o)

I == XoL 7. = position of leading edge of
*"*  inducing wing section

¢ = cos—"('l - 2X)

Q@ = cos“:l n

angular chordwise co-ordinate

angular spanwise co-ordinate

Note: © is also used in two~dimensional derivation of flapped
plate vorticity distribution as an auxiliaxy co~ordinate

0 = e £ . See Section 3,2

U velocity of undisturbed flow relative to the wing
co-ordinate systen
u,vw perturbation velocities in x,yz directions
a - -é-“i (x) 1local wing incidence
a” incidence at forward pivotal point, a’ —rear pivotal point
P pressure
p density
P E uppex surf?qem- E lover surface . pon.gimensional
= pUR wing loading
b wing span
c wing chord

m number of wing sections taken into acocount



List of Symbols (Continued)

V,n suffices denoting spanwise stations

pivotal station

<
I u

n inducing station
T VT . .
6 == = = angular co-ordinate of pivotal stations
v 2 m+1
n = cos € = sin -
v v m+ 1
. bvn coefficients for avproximate integration
. o
Y = e @ non-dimensional 1ift per unit span
CM' E
u b i non-dimensional moment per unit span
dsdak influence functions for chordwise dowmvash integrals
B % chord for flap
"
¢h position of wing line of flap

) angular flap deflection



1. Introduction
The lifting surface theory developed by H. I-iulthopp1 produces
acourate spanwise distributions of 1ift GL and pitching moment GM

for a minimum of computing effort. The method consists of a computing
scheme to replace the double integral equation of the 1lifting surface,
using influence functions and carefully selected pivotal points to do
the chordwise integration, and an approximate spamvise integration
technique similar to Multhopp!s treatment of the 1ifting line problem,
The influence functions are tabulated as functions of two varisbles,
X and Y, for any wing, and similar standard coefficients are given for
the spanwise integration., The solution of the integral equation is
thus reduced to an iterative solution of a sct of linear equations.

Multhopp's original paper, summarised briefly at the beginning of
the present paper, dealt with steady linearised potential flow about
an infinitely thin wing of moderate or large aspect ratio, Garner? has
extended it to slow pitching oscillations, but oscillatory derivatives,
cte, for flutter or high speed oscillations cannot be estimated, The
method suggested by Multhopp for dealing with discontinuities in the
surface (due to ailerons, flaps, etc,) in Appendix 2 of Ref, 1 is &

calculation of equivalent :i_nc:‘_dences15 for chordwise discontinuities,
and a fairing or intcrpolation process for spamvise discontinuities,

The present paper deals with wings having discontinuitics in the
chordwise direction by developing a closed form representation of a
flapped plate, and using this as onec of the chordwise functional
representations, This representation requires the calculation of a
new influence function which turms out to be implicitly tied up with
the spanwise position of the discontinuity and it is necessary to
caloulate and tabulate the function for every position of this dis-—
continuity, unless interpolation should prove practical., An example
of the calculation of the required coefficients for a 20% flap is
included in this report to illustrate the mathematical treatment end
to demonstrate that it provides a satisfactory method for the evaluation
of the properties of flaps,



2, Theoretical Backgrownd

The basic theory of M‘ul‘thopp1 is given herc to introduce the
problem and his nomenclaturc has been closely followed,

Consider a thin wing in inviscid potential flow. Let (x,y,2)
be an orthogonal system of axes such that the x-exls coincides with the
direction of the undisturbed flow, and the z-axis is almost perpendicular
upwards from the ving area, (Fig. 1).
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Fig, 1

The perturbations (u,v,w) in velocity due to the wing are assumed
small as a nccessary condition for the linecarisation of the whole problem,

Using the lincarised Euler's equations and the continuity equation,
and replacing the wing by a discontinuity sheet built from doublets,
the relation between local dovmwash and local leoading density for the
lif'ting surface is expressed as :

(XX LxY ) % 8 |
‘ XUJL &) o -‘g%}f[ 2.9, , {1 + ,x“:"_zg.?:.’:.’."f.'f“,‘:f'. ]d:xo dy
J(y-yo) \(x-x0)+(Y...YO)Z

s
AP
‘G(XO:YO) il i (1)
z pU

where X _, ¥, are positions of doublets and x,y, are general points
on the wing,

The double integral equation for f/(xoYo) has a strong singularity

at y = ¥,3 however, a "principal value" can be defined”,
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To satisfy the Kutta-Joukowski condition for smooth flow from the
trailing edge, 6(xoyo) is restricted to functions which vanish at the

trailing edge.

Since this equation cannot be solved directly, lMulthopp constructs
linear combinations of independent loading distributions which can be
made to satisfy the integral equation at a certain number of "pivotal"
points. The more points are taken on the wing, the more independent
load distributions can be used, resulting in more acourate results,
but the computing effort is proportionally greater,

The spanwise integration technique used by Multhopp in his treat-
ment of the lifting line problem is employed again, and the spanwise
distribution of pivotal points is similar, i,e, equal angular increments

_ na _ me~1
Bn = > - m+1 n_O, 11’ 12 evdoe ¥ 2
X
b/2 = 17 = oos Bn

For the chordwise integration, Multhopp assumes that locally,
two~dimensional relationships still hold, He constructs his loading
functionse(¢) from terms of the Fourier expansion for thin airfoil theory,

oo
e(¢) = a, cot % + % e sinné¢ (2)
_1 0 at L,E,
¢ (7 at T.E,

and chooses his two pivotal stations on the basis of matching expansions
of GL and CM in terms of a4 o,the incidences at the pivotal points to

the thin airfoil results 3

a

(ao+-2-‘-) (3)

IS

!
%

Thus, C; and G values ere estimated as accurately as would be

possible with an arbitrary choice of three stations, and the inclusion
of another term of the series,

- (a =-2) (&)

The linear combination for

E(xo, yo) = ao(yo)ﬁc; +a1(y0)81’ (5)



is taken by Multhopp as

2 G il S0
— POy A ! Y {:f
Lz, 5,) = =2 (@I (x) + == (3) x)
where ¢/ = cot £ 4! = cot ¢ a2 sing
o] 27 1 2

ao(yo) and a, (yo) are weighting functions whose vardation with y

is to be determined, EHere they turn out to be expressible as the

quantities O end Gy using equations (3), (&), (5), accurately

represented because of the choice of pivotal points, and whose

variation is of practical interest. This is the result of constructing

(according to thin airfoil theory) a combination of a "non-lifting

moment" distribution } cot ¢ I and a "non-lifting" canber distribution
1)

cot% - 2 sing¢ \ which gives the moment,

The integration in the chordwise dircecction can now be taken to
form the influence functions,

b/2 - .
MXZ) _ S f/ CT). o | 24 (x) {1 = e - ]d:c

J T

-b/2 (v - 5,) I(x—x0)2+(y-yo)2
N, J
PR (6) i
/2 G\ (Y )ac ) ‘.,c X = X
-1 J.-'I_ o] 8 n s O s
i -(—-»..-.“..3,2:. - j (,1(X0) [‘1 + """"'“'gfj" ks _2_] (]JCO
/2 V" o ]f(x-x ) +y=v,)
\
vhere Multhopp defines
y 7 = X_“I = COs ¢
Yx ) = ;r-f cot-g 14 memeeeB e, | sing ag¢ (7)
: )
7 ; X 1 "';9.9.:’:.5:'\'
& 4 ¢ ; - 2
(X, Y) = ﬂ'j (cot-§ -2 sing)| 1 4+ ————m K g sin¢g d¢
2 I( 1= Lc.tias“?) e
g 2




and the generalised variables X,Y as 3

X = xL E Y - YO
S AN R CA
¢ = o {1 « @ xo)

Combining equation (6) with (7) =nd (8)

a (X,y)

b/2 y s
(Y ) i(xY) + (r ) Jxt)
) _%Wf G, oAY, Gy T/ 9 . (9)

/2 (v - .VO)2

or in non-dimensional variables as defined in the nomencloture

.1
- _ A Yol + ol 1
« (Bn) = -5 e , an (10)
-
r. 1 L.
n =5 =%
/2 /2
52 _ o
i =3 o= %%

The spamvrise integration is done by the technique used in Multhopp's
‘-;reatmen’t1 of the lifting linc problem as described in Section 4 of
this report.
The unknovm functions Y(n), #(n) are represented by polynomials
in terms of their valucs at the pivotal points in the usual manner
o |
; 2 ; ;
a, (x) b, (d+ui), - 5 b, (vi+ug), (11)

- (=

11

v = n not included

where
by ==l p = 0 for || =246 (12)
L cos e
cos ==
- 1 P i
b = e —e for|v-u | =1,3,5 (13)



The speed of comwergence is dependent on the number of sparnwise
stations selected; when account is taken of a logarithmic singularity
in the integral, the rate of convergence is increased.

Multhopp's method was improved by Mangler and Spencerz. This
took the form of an addition to the iy, Jp terms, and corrected
velues are denoted I,, . J,,. The corrected boundary conditions are

then expressed as

o
alx) = B (L v, + %, ) - m21 b, (4, v +d #) (1)
(2=l
5

This is satisfied at two points at each pivotal station, denoted by

%)

x! x, L.E. + 0.3455 o,

X, L.E, + 0,9045 c,

(15)

From the two conditions at each pivotal station, the unknoms Y, , H,,

are separated by elimination, Thus, the 2m cquations are expressed
in a more convenient form for solution as follows e

me1
2 ) g
- ol gl o B ot ; gttt _pn  gu AR oH i
Yy aw(ﬂv ol - & cv) + mz1 B | ( 6vn lvn)Yn +( o "'“van)unJ
-ol=--"'2--'
ol
= 7 ! " ! !
— - 4 N e ' Lf ' s I — ' 5 " . - -
u, = a (m! of - mf al) +_(£n_-2;1) &, \(mU iy - my 1vn)yn +(my) dpp = My Jm)un]
eceoee (16)
vhere 7 " 7 " :
£ _ & _ m, _ m, _ 4
Sh Y] =n =1 % e 77 wy ey
va Juy Lov v Tov dyu = Fpv dup

The equations are solved by an iterative process whereby oven and odd
values of n define two scts of eguations, This is possible since
a, =0 for |vn| = 2,4,6 ... Thus, for v odd, i,, need be calculated

only for even n, and vice versa,
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The aecrodynamic forces and moments, their derivatives, and the
ocalculated position of the centre of pressure are obtained from the
values of Yno Hp quite readily as suggested by Multhopp,

e
2
- A ar
G, = o -(}321:11 Y, ©08 == (17)
2
md
s Za e ™
g = m] _(m-§1) ¥, =R m1 (18)
"3
1 Hn
Z o BT 'g‘,;s n#o0 (19)
m-'1
— C X C
= _11!_32 2 n nL E, n nw
e = T s ) HnTB,. " Ya\ D * %5 ) {°°md
12 /2
me]
-( 2 easce@ (20)

about the y axis,

This completes a brief summary of Multhopp's pepor (R & M 288L).
The chordwise pressure distribution has been composed of two special
distributions in arbitrary proportions, and the spamwise distribution
calculated, The spanwise distribution may be symmetrical, or antisymmetrical
(vhich gives some simplification to calculations) or quite asymmstrical,
The only quality the distribution must have spanwise is smoothness,
The interpolation functians cannot be expected to work if there is an
irregular behaviour betwesn two interpolation stations, WMulthopp
recommends that the distance between spanwise stations should be less
than 0.4 or 0,5 wing chord,



3.  Iheory
3.1, General

We choose & functional represcntation for the chordwise loading
distribution in Multhopp's mecthod which reprcsents more closely the
section loading with a flap deflected, In linearised subsonic theory,
the wing loadings can be considered as independent for a flat plate
wing at zero incidencc with a control flap deflected. The flap represents
a. discontinuity chordwise in the slope of the wing, and may take any
chordwise position, e,g. a nose flap, or a trailing cdge flap. As
Multhopp has done, we resort to thin airfoil theory to construct this
functional representation,

3.2, Yorticity distribution on a flat flapped plate

- Consider a flat airfoil
1 ' of chord 2¢ vwith z axis

| as shown in Fig. 2. A

| troiling edge flap is

i hinged at Xn and deflected
oot on, T Ol gy W W -‘t*r'c"f"":‘:.':r_"'__";'{lfl_""—""'-5‘- ‘through an a:ngle 6.

“{1_

2%

t
!
.
!

£l

Fig, 2

Thin airfoil theory gives the dovmwash rclation
c

(:
wx,0) = “'jé?‘r f Z&‘% s U (21)
o o B

whore ya(f;f.) = circulation/unit distance, or vorticity distribution

to represent airfoil,

Making the variables dimensionless by putting

we get 1 (&
- 1 Ya \& ..
W70 = -3 jﬁ Bt A E (22)
o T™E



This equation can be solved for our case by inversion. It is proved
by Schugen' {

except for a finite number of singularities, a unique solution to the
integral equation

that for any two functions y and g which are continuous

2

(0 = 5| e (23)

where the variables are dimensionless andy(1) is finite or zero, is
given by

B
2 1= 1

W= = -7 JT‘:?""; ?g x}r‘i‘% BB (24)

=1

1
5 5] f f(g) & =0
-1

Applying this to equation (21),

1
= 2 1 .- X ’ .'; = - O .J
D = f f=f f feE D a
1+ x Nt = E X =&
-]
Now =
dal &
W(E-,O) = Ua = 7=
Therefore, - 1 e d:z-"
- T L = =
v () = & le-u-?-‘ }5 N
& T e N ol Lo -
1+ x i 1 =g X = £
In our cuse (Pig. 2)
<El.za _ N
e 0 for x < X,
= & for E > '-’-Eh



1
. 5 oy [1-% 1+ E 5 g
Sy () = gy J“‘*": 51( J——-E y, Tl g G0
1+ x = 'Y 5 & X - £
-1
. a2 F.:é‘c’.. ?( /;.Ls; 3-8
T N+ X% M4 = E K o &

If we make the supstitution

g:.—cose E:-cos;’)
xh = = COs ¢h
vhen X goes from «1 to 1, ¢ goes from O to 7
& = sin6 46
the integral reduces to
T
[ legoe b . &b (26)

% ‘cos b cos ¢
h

The value of +this integral as obtained in Appendix I is

_ ) ¢ * O
(1 =cosd) -
(= o y In m*@g” - (27)

S:'Lrl B
2

Therefore, v, (x) = Y. (¢)

e, 1 h 9
S Tp-srrm—
PUSINIE . i Jj +_cosd | _ (1 —,qgs‘g_‘)'__> e
ya(") - 7 N1 = cosg ko = ;sh) - sing e g =9
sin2 o —
- 2 —
+9
in —Dea
_ 2 ¢ 2us ° 2.
% - = ¢h) cot ¥ ~-<=1n g (28)

This is the vorticity distribution of a flopped flat plate from
2=D airfoil theory.



3.3. Representation in closed form

To obtain a load distribution we note from lincariscd thecory

P P
u L . -_g___x_ (29)
z oU? v

Py TP

L& (e | sin =<tes

. o el g .8 s e
e Ble) = = cot £ + = In e (30)

i, meme

This loading function can also be represcnted (9)(10%; a Fourier scries
of the form

oo

() = a cotg + ;8 a sin n¢ (31)
vhere L (7 = )
B e §
o
8 sin n¢h
a, = fewissinss § (32)

and the usual thin airfeil relations apply :

a

CL & g (ao i _.]é)
(33)
via
G ==7g (8 = 2,)

Thus we sce that we have obtained the series summation in closed form,
The cot% term may be taken as the flat plate distribution due to an
“

induced angle of attack causcd by the flap deflection. The logarithmic
term represents the distribution due to camber lince shape, and has a
singularity at the hinge position,

Using rclations (33)

c 26 (7 =-¢, + sing,) (34)

G

h

and -% (1 = cos ¢h) sin ¢h

L}
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Now, if I denotes the % chord of a trailing edgo flap (Figs, 2

ma3) (1-m) = 17°%
é _ff‘ .‘ .}
T
' .
i.:.z:..: e :""‘""_";f"f' _‘ E i. %
L SPE—— = - : ¥-+. 1 ‘::,vd-}
Hig. 2
In terms of )
o
¢y = -3 (1 -Ea, (36)

CH, a5y bz, etc,, are calculated in Appendix III,

3¢k Construction of the loading functions

Following Multhopp, we construct two chordwise loading distributions:
one giving 1lift and no moment; the other a moment but no 1ift, This is

done in order that the spanwise distribution of GL and CM will be a

direct result of the solution of the equations,

The functions we choosc are the oot% term, and the logarithmic
function, Since this logarithmic loading has a 1ifting contribution,
we add a negative cot% contribution to get a zero lift representation

vith the same CE i value,

Corngidering o loading of the gencral form

¢ i -
& (¢ = s _
(¢) a cot 5 * i} a_ sin n¢
then GL will alweys be zcgo af
CL =% (ea.O + 5 ) = €

ie, a = -_a__; = =k sing . (37)
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Therefore, the new functional representation chosen is

. y ¢h+¢’
2, 4 sin —=o—
&2(¢) = (Got% - -gi—r?-ﬁ In _m¢;1“¢ ) (38)

Sin o wr S
2

This lozading requires the calculation of a new influence function
denoted by "k" ? defined on pages15 and{é).

The other loading function is identical with Multhopp'!s,

& = A cot $
o] o] 2
c, = wh,
2
AO is quite general, They theory can be applied to flapped wings at
incidence, (Incidence being mcasured as -g-az- ). Ve can usc the influence

function "i", as tabulated by Multhopp for this loading,

Thus, we have replaced the continuous loading function by a linear
combination of the forms

2.0, () b G(Y )
Lxy ¥v) = e & (=) s % (%) (40)

where 5‘('3 ’ 8’2 are purcly functional representations.,

3.5. Choice of Pivotal Points

We arc taking two independent load distributions, and thercfore
need two pivotal points at cach chordwise station, lulthopp selected
the position of these points on the basis of using the first two terms
of the Fourier expansion to give accurate estimations of the values of
GL and GM, and the same positions have been choscn here; namely,

1 i I_&E_T
= = X + 0,904be , ¢1- 5

o

R

1

X = x g+ 03hS5c , ¢

where o is the local chord, It should be noted that they are well away
from the hinge position (Fig,. 4).
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3,6, The influence functions

The chordwise integration is carried out through influence
functions of the form :

T.E. X =X
fL.E. i [1+ I:x)+(y y) ]53‘0

Using the co-ordinates

X - X Y-Y
£ e C&Lﬁ,zz —2 , ¢ = 0 w2 X))
this becomes
ST
g f&(¢)[1+-‘°=x“1+°°"‘¢ }sinqé.dq!:
o

(2% =1 + cos ¢)°+ 4Y°
The influence function i(X,Y) is defined as

wﬂ. f—(ﬁ_—.accot%{1+’,?§_ii+°°ﬂ .“_-f'] sin¢, d¢

(X =1 + cos ¢)*+ Lﬂ.‘z

o -1 + cos $)*+

T
:% _/co-:;% sin ¢, d¢ +1i}' f 2 . s:.n&{-- ad som ]d?’
Jeex ¥

-
=2 1 #+ 1‘% [ cot % . sin é{ ‘____:-__1 _'I:_OE!:G, E‘. } a ¢ (41)
: l(2X-1 + cos @)%+ ).,.‘I

Multhopp suggests that computation of this integral be done by
graphical means, and he gives tabulated results,

Our new influence function k dis defined as

ar ¢ + ¢
" 1 c a1 2 y ain mz"""’
MET) = we | ool (ool 1 [SRTET )
% GMC o L 2 sin gf)h i, ih -
2

[ jpBadsoad ...

}sinsﬁ. d¢
\I(Q.X-i + cos ¢)%+ LY°



o (‘jh +¢
_ Sin ——goa
o] 2 h . Y
sin ===z
2
( i & '
1 + 2%; .J._:Sféng;;:“' sin ¢ d¢
2 -
" (2F -t & cosgﬁ)a-}- LY
(42)
This is reduced to the form (Scc Appendix IT)
2 | K
ko= gfm | 4(XY) =1 - 5 J (43)
T ?5 + ¢
where sin o -
£ =) m |— B sm{ Zedromd .. }M
9 sinﬂm-zr—m [(2){—1 +cos¢)+.’.ﬂ
saoeae (M{-')

The valuve of K would scem to be best evaluated by t;-a.ph:_cal means,
The logarithmic function has a singularity at the hinge position, but
graphical integration is possible (see Figs, 11 = 16),

It is important to notice that ;’h adds a new parameter to the

caleulation of the influence function, and it cannot vaxy in its chord-
wise position unless a comolcte sct of k functions are calculated,
The value ot & has however been taken outside the caloulation of the

influence function, and lies explicitly in the values of C 1,9 CM at

cach station. An induced flap angle O is presumed to exist to allow
for the spamwise variation of these quantities,

3.7. The calculation of k

B B o e [i(XI) R

1 -E

i(X,Y) cen be found from tabulated results in Ref. 1; K can be evaluated
by graphic&l integration,
¢h + 9

.Y

ol iy oy ny

[ Azliosl o ]sinf;) ag  (45)

sin -=-==+2L~ J(ZX -1 + cos p)a l;f



The bracketted term (or the induction term) is independent of 1,

and can be calculated for values of X and Y, The logarithmic term must
be caleulated for a particular value of ¢, (see Teble 1). This

expression can be simplified for purposes of calculation to the form

A cos 2 + B sin $

In é - ;

A cos 5 = B gin 5
where b ¢h
A:sin-*a and B:cos“z-

The product is plotted ansainst ¢ as shown typically in Figs. 5 - 10 to
give an idea of the ran;: of values and then integrated by a planimeter,
A check of grashical recults with exact integration reveals an accuracy
of the order of 4%,

The calculntion of k,, requires special treatment. In this case

¥y = 0, and the bracketted term becomes either 2 or O,

[1+%.L‘-1+cg‘§;¢ ] =2 XO<X}
= (2X =1 + cos9) =0 X >X

If we associate ¢1wvith X, i.e. cos @1 =1 = 2X then the term has the
value 2 for ¢ < ¢
e i
.. K(X,0) =-;;-=(-1-?-:=-E-) f(cot% - ;—1-&115- . In fi-a-z-:? I2}sin¢d¢
. h h

ain =g~

and this, using Appendix I reduces to

3 NS
cosg, = cOS pin —=
- : 7 el
=M= -( ST ) nall (16)
oI
2
Thus kvv may be calculated analytically if the positions of the pivotal
points ¢, , and hinge position ¢ are knowm, '



3.8. The spanwise integration

With the definitions of our chordwise loadings, equation (9)

becomes
/2 &(T ) & ) +6,0(Y ). 5 )
. = 3 [ o, o¥ ). iCayuy) + G off ). Wxy ydy
@ (X,Y) = =5 . L s y &,
_b/z (v - yo)

(47)

Introducing non=-dimensional terms to proceed with the integration
technique,

T OL.c CH.G
Y% = "2 ¢ H T TH®m v
(48)
o o }
n _'b/2 ’ g = 'b/2

Then (47) becomes

1 . ”
y y(n)e i Egqn)) +uln). XE myn.s¢,)
alg,m) = o L, ‘_3““4(:?3 - : ),2 A b > - S dno (49)
o

with the techniques described in Scction 5 of Ref, 1, lulthopp reduces
the solution of this integral equation to the solution of a set of
similtaneous linear equations of the form,
=t
2

by = bvv ivv Yy +1ﬁ/v”v]_(m{1)bvn (j‘ijnyn+ki/nun) (50)
A

where {vv and Evv are values corrected for the logarithmic singularity

in the expansion of the influence functions with respect to Y. These
equations may be troansformed into equations for ¥, and u p 2nd the solution

done by iteration as originally done in iulthopp's paper.

Generally, the number of points will be fif'tcen or more for good
accuracy, so that discontinuities in flap in this direction can be
handled more easily, This discontinuity will appear in o, the rearward
pivotal station slope, and this value can be faired by the method
suggested by Multhopp for interpolation purposes., However, if the
discontinuity is inboard, an excessive number of points may be necessary.

The loading spanwise may be symmetrical or antisymmetrical, so that
flaps or aileron,cases can be calculated:- there is a slight difference
in the solutioms,
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3.9. Correction for the logarithmic sinpularity

Multhopp has pointed out that in expanding the influence functions
for small values of ¥, an additioral term should be added due to the
logar;ﬁmic singularity arising from the expansion of the induction
term, (See Appendix 13, Ref, 1). Ile used distributions of vorticity

" which are regular across the chord, and included an additional term

as a correction to the i,, term, Mangler and Spencerz have given a

better form of this correction as
b 2
4 5. T = ZPISi(;) F.(6)

where F(6) is given for a number of spanwise pivotal stations,

In this case, we have a loading distribution which is logarithmic,
and has an isolated singularity at the point ¢ = ¢h :

te

sin-—-éﬂ 2 sinn ¢

In —E-}::? = >-:i o s sinno

M

This function can be represented by a Fourier series, and is quite
regular except at the point ¢ = ¢ . It is reasonable thercfore that

we may proceed as Multhopp has done, unless one of the pivotal stations
hapyens to coincide with the flap hinge point. The pivotal point is
placcd on the flap to avoid this circumstance,

Iv:n, we can evaluate the k tcrm

y ae () = . de (¢)

1 1
LT TG AR T TGt wme o T

1l

qa
But Gy = -§(1 - E)a,
Ol o)
h -
in =
_ & d $ 1 il
_17('1—E)sin¢'d'f>/2 cotz— sian:h' A ¢>h-
Slﬂ"‘é‘“‘"

s 1 2 sinch =
f;;-(-i ...—J{”E) sind °°5-e‘3"'g * S:ingﬁh cosrri,1 - cosgi\

See ilppendix- T

<3o.=3a5>c>‘°'-é 2 $ =

2 ~ cos & - coso

i
W(1 = E)Sin¢ 1

where ¢1 describes the pivotal position,
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Lo Example Calculation

L1, Mcthod

To ensure that there are no unexpected difficulties in using a
logarithmic function for chordirise loading, a simplc calculation has
been attempted for a single planform for which exnerinental results are

a.va:_la.bleé. The wing selected is rectangular, unswept, with full span,
split flaps of 20% wing chord (see Fig, 4).

Two chordwise points, and seven stations across the span have been
used, B8ince the flaps arc full span, we can expect no appreciable
irregular spanwise distributions due to the small number of stations,

The calculation of k is made for 207 chord, or ¢, = 126,9°,

First, the values of X, ¥ are calculated and tabulated in Tebles 3 and ik,
For each pivotal po:.nt the value of X is obtained by graphical
integration which is illustrated in this report by a tyoical set of graphs
dravm in Tigs, 5 = 10 based on calculations such as Table 2

and tabulated in Table 8, The values of i(X,Y) are given in Table 6

from Ref, 1, and the forms of calculation follow that suggested there,

The values of k(X} 0), andXk(X”, 0) may be evaluated (sce Table 5),

= cos 126.9° = cos &2 '
k(X ,0) = ﬁ sin L%r - <~-----m---~--=~;- R \Jn sEnll
- ein 126,9 sin 8 5 :
= ,286
Similarly, k(X",0) = 2,88

S

b - 4 .
The values of k3 3 Ics can also be calculated for use in the correction

to k‘vv for the logarithmic singularity.

= aaon R = = == = R S N T s g

#*  The original thesis contained a complete set of tables and figures
Lor the whole range of values of k, samplcs only being reproduced

here,



" Somegt 2 )
k'z B mgﬁ [Goseea 2 7 cos ¢h—uos¢J 0 '¢1

¥ = L i = e = 22,7
= .87 sin %E i sin® %‘Z'T -6 = cos -’:5"3 |
=l PP, [rra— Jia-.—.-.—::v-- = -—-..‘j-:—n- m.._.zz_“ SR 1 o
B 87 sin 27 sin? T B - 6 - cos £y R Pib
: 5 5 5

Thus the values of ]%v can be estimated, The so~called correction
terms are really additional terms, and the value of Lk = obtained here

is five times the wvalue of lﬁ;v » The corrections arc made in Table 7.

Form I and IT (Tables 10 = 12) deal with the calculation of the

values of an, Cun’ Dvn and Evn given in Tables 13 and 14, The problem
then reduces to the iterative solution of equations of the form
m m=l
2 2
— f I - 1 A
Yo = 8y (E‘v % )‘o’v f‘v) o % an Y * ‘8 Gvn Hn
n n=l
p =a (m”m”--m’a*")-!-2 . . 2 g u
v vw S v v vV 5 vn ‘n % VR “n

A shortcned form of this solution is given for a/= 2, a’=1 in Tables

16 and 17, and summariscd and checked in Table 15, For a‘=1, a’= 0,
the solution 1s given in Tables 19 and 20 and sumeaxrised and checked
in Table 18,

The actual solution of these equations is fairly simple in this
case compared to the amount of work involved in caclulating the coefficients
B,y etc. Thus, many calculations cen be more readily made once the

coefficients are evaluated for a given wing,
Le2, Results

The results of the calculation are shown in Tigs. 12 to 16 and
Tables 21 ~ 23,

The spamwise distributions of CL are shovm in Mg, 13 for zero

incidence and « = 6,7°, This latter rcsult has been obteincd by
linearly interpolating the difference in the zero and unit incidence
caloulations. Similarly 8C;  is estimated as 3.89/radian,

Eramee

ac
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L
in Fig, 14. A similar model comparison is made in Fig, 12 vhere the
centreline ordinate has been taken as unity. Experimental results
are compared with a lifting line solution by Multhoppts method, and
those calculated by the theory of this paper.

The distribution for equal integrated GN and C_ velues is shown

The spanvise distribution of CM is shown in Fig. 15 and there are
no comparable experimental data,

The centres of pressure arc plotted in Fig., 16, An experimental
check is not possible, and the corparison is made with thin airfoil
theory estimations,

L,3, Discussion of results

The results of the calculations do not agrece quantitatively with
the rcsults of Ref, 6., This would be expected since the effects of
viscosity are neglected, and a split flap was used in that investigation.
Comparing the zero incidence, flap deflected, resulis, we see that
experimental results are approximately 60% of the theorctical estimations.
It is well knovn that results from two-dimensional thin airfoil theory
for flapped controls is gererally 20% too high,

Moking the comparison at 6.7°, or an experimental Cyy Of 1.60,

there is again a considerable differcnce, but that it is almost the

same as at zero incidence, This suggests that the experimental difference
is due mainly to viscous cffects on the flap. Thus, it would secem that

a better estimation could be made if flap effectivencss could be
acocounted for by empirical or experimental means, The information input
to the equations could be modified by using an cffective flap angle 70
instead of &, so that

a” = o +7d

The distribution of 1lift across the span agrees moxc closely
with lifting line theory than the experimental results as scen in Fig, 12.
However, it must be remembered that rather few spanwise points have been
taken in both calculations, and that the experimental values have not
been corrected for wind tunnel interference,

The distribution of moment shows a change of shapc for the two
incidences, but not much change in overall magnitude. If the 1lif't
and moment distributions were independent we would expect that the shape
would be the same in both calculations, but it is obvious from the
egquations

m] m=1
I F 2
s : " "o :
Hy = 8y (n'() % n, C\Lv) + 2 Dvn Yn t % an “n
me1| =1
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where o/ = ay ! = a + &

that the distribution of moment depends on the incidence ¢”and the 1ift
distribution Yo o The main contribution to u, comes from the

" » . . . .
2, (m, &, = m &) term, and so we sce the variation in K, is mainly
dependent on the value od m‘:, - m;') which modifies the « value, For a

variation of @ of one radian, the change of shape is apnarent, but the
overall magnitude has not changed very much, This variation in GM

with incidence is due to the fact that the acrodynamic centre no longer
coincides with the quarter chord point when the flap is deflected.

The theoretical centrc of pressure shows fair agrecment with tvo-
dimensional values, and some slight variation from a straight line for
the zero incidence case,

5. General Discussion of Thoory

To satisfy the integral equation at a limited nuwiber of pivotal
stations would only be Justifiable if the boundary conditions, i.e,
a?x, ), are fairly continuous., To overcome this, we have choscn an
¢ :qysy distribution which is discontinuous at the hinge point, and constant
over each portion of chord, i.e, a flat flapped plate, The functional
representation of this has bcen obtained in closed form so that all
terms of the thin airfoil serics expansion are included, but only two
pivotal stations are required, one on each portion of the wing,
Since the points chosen by Multhopp would be used presumably for a
wing without flaps, these have been retained to reduce extra calculations,
Generally, these points will satisfy this condition for trailing edge
flaps since the rearward point lics at 90% chord, Other choices may
be necessary for leading edge flaps.

The method describes the flow over wings of low or moderate aspcct
retio, and any given pleanform, The effects of lecading edge, trailing
edge flaps, or ailerons on low aspect ratio straight wings, swept wings,
or delte wings, mey be indicated, Part span controls could also be
treated if enough spanwise points were taken to describe the irregularitics
in the spanwise distributions,

In estimating the effects of these controls on actual wings, the
effect of viscosity would be rather marked, and limits the usefulness
of the calculation, The quantities GGM ’ acL would be the only

acL da
valuzble result expected from the theory, unless cxperimental evidence
can suggest an empirical modifiication to the flap angle used, The trend
towards laminarised flow wings with simple controls may reduce the
magnitude of this error in future. Flap blowing would also reduce the
size of this error,



There is a coupling between the distributions cobtained from the
equations, which suggests that the loadings are not independent., A
cambered, flapped wing may therefore require a calculation involving
three pivotal points, PFurther theorctical calculations with available
experimental checks should be done to investigate this matier, and to
verify the use of an effective flap angle,

6. Conclusions

By representing the flapped flat plate distribution of thin airfoil
theory in closed form, Multhopp's method has been extended to account
for a discontinuity in surface slope in the chordwise direction. This
permits effects of leading edge flaps, trailing edge flaps, and
ailerons on wings of any planform to be calculated by what is considered
to be a more accurate method than that suggested by Multhopp.

However, for quantitative agreement, empirical or cxperimental
data must be used to allow for the effects of viscosity in the real
case, In view of the large amount of necessary calculation, this fact
weakens the argument for using such a calculation., The effects of flap
or aileron deflection on differcnt planforms will be indicated in a
qualitative fashion, and the values of GGL » BCM may be quite representative,

da 9

The computing effort involved would be reduced if the influence
function k were tabulated. Unfortunately, its dependence on the
parameter ¢h’ the position of the wing line of the flap, renders this

impractical, unless interpolstion is possible, or representative values
used, The method outlined in this paper can be useful in the evaluation
of the properties of flaps,
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APPTIDIX I

(1) The Evaluation of the Integral

T
f 1 = cos 6 ao
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ar a T
__f ae —fdﬁ _.f cosg . 40
= ¢h cos6 = cosg ¢h ¢h cosf = cogo
f’!f
4 @
h
T
The integral f -c—og'-g-'-:-gaga is similar to Glauert's integral, and

ig evaluated in the following manner.,

Noting that él:“c?o-é ¢ can be put in the form

cos
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2 sing
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Since the denominator passes through zero when O=¢ ., we integrate
from @, to pem€, and ¢+€ to 7, and take the limit as e . O,
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(4) Differential of
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which, on reduction, equals
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(5) Eveluation of Integral
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This second integral is Glauert's integral if ¢1= T

For general case
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As in Section 1 this integral can be evaluated as
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When evaluated over the range g5h - 7 a question of convergence of the
logarithmic term arises at ¢h' The logarithmic texrm vanishes at ¢ =,
and also ¢= ¢h.
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The Evaluation of k

From equation (42)
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k is determined graphically,
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APPENDIX III

Two-dimensional Properties of Flapped Plates

It is interesting to note that the logarithmio distribution has
a CL contribution.

= 263in¢h

fe Oy = -LZ"EE-)- . Co

This implies that the centre of pressure is 1“12=E‘ behind the quarter

chord point, or

1=K

5 for camber line distribution, (Fig. 3).

Xc-o = .25 %

i

i e i ————_

From this we sece that the logarithmic distribution has its centre of area,
or centre of pressure forward of the hinge line, Also, the centre of
pressure for the vhole flapped plate distribution may be estimated for
zero georetric incidence,

y cM 1 a, (1 - E)
X = + E‘n

CeDo L I il A a + a.i'/’;)

1 (1 2edn g U -E)>

L 7 =gy +sing,

1l



Note: The centre of pressure of flapped aerofoil does not change
with &, but is a function of ¢h o« It is always behind the quarter

chord point, and ahead of mid-chord for trailing edge flaps,

The hinge moment, H, can be calculated, using the logarithmic
funetion,

J4 s ‘PH‘L‘"': i
Fig, 18,
b
H='/ P(x) (x = x ) ax C. = H .
xh Jch H p; vz(z-b)a E
2

vhere P(x) is the pressure normal to the chord at the point x,

1 1 B e
T C o e — P(x) (x - )dx

i

T
1;:‘-}-3--[ &(g’))(cosgﬁh - cos¢)
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This integral is evaluated in Appendix I to give
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Including the hinge moment due to the induced .crb-g distribution

&
Cus = % (W—}Eé)ﬁ cot% (cos ¢h ~cos9) sin¢ 4y
h

which from Appendix I becomes

§ T= - ain 2 ¢ .~
w5 (Lo dions 8 o8 sty s gt

The total GH is given by
N , L S .
6y = ?E-—[ (r ) (08 8y, = B+ + o )otn 5

The usual derivatives may then be evaluated

acH 1 e 2 1 sin® qjh
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m = 5'-ch = e 3 h (1 = COS ¢h)
oC. L sing
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Experimental values of these dnpivsibives® aze roughly 20% lower than
those calculated from the above formilae,
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TARLE 1,

A sin $ .3 cos -Q ¢ =130 = 53,14 = 126.9
In | == < - " ] sin ¢ ;.,ﬂ_ S B s 8
9 o ¢ A =cos 3.5 = L6
Asii g =R em g | 3 = sin 63.5 = .895
¢ 6/2 sin 2 cos #2 Asin#2 B cos¥2 Ium DifT Quot.  Ing |ouot| sing  In|-|sing
20 10 A736 .98L8 076 L3841 959 .03 1.19 A739 . 3420 .059,
LO 20 L3420 9397 152 L840 592 .638 1.4 3646 6128 2340
60 30 .500 8660 .223 S .998 552 1.80 5877 .8660 .509
80 4O 64,28 7660 287 685 .972 398 2.4 .8919 .9848 .876
100 50 L7560 64,28 342 575 917 237 3.86 1.3506 .9848 153
110 a5 1390 5730 . 365 513 578 AL 5.9 1.7817 .9400 1.670
120 60 .B660 500 . 336 LT .B33 L001 13,65 2,614 L8660 2.260
125 62.5 2870 462 .396 23 809 017 47.50 3.860 8190 3.160
130 65 +905 22 403 378 L7681 .025 - 31,20 3.0 L7660 2.640
11,0 70 .9397 32 443 . 306 72 P B 6.5 1.8640 6428 1.20
128 6l .900 439 401 R o Ry 008 92.5 4,600 .788 3.62
150 75 .966 +25% J31 232 663 A99 B A 1.2029 .500 L601
160 80 .9818 736 1439 156 595 203 2.10 <TH19 .3420 253
170 85 .9962 .0872 S5 073 523 367 1.43 3577 1736 .062
IARLE 2 Vv =01 =1
¥ = 006 X"'=1.015
S e i W@ W 56 —— e
¢ =sing cos¢g 1In||sing Zi+cosg (1) (2F  (3)+a¥® (zijz (2)/( 5) (6)1n] | sin ¢ (S)ln! |sin
2,03 3.28
20 2 940 L0403 2,970 1,97 3,89 T7.17 2,68 + 135 .059) 0296 L0L36
Lo .e4y3 766 136 2,796  1.796 3.22 6,50 2455 702 « 230 109 L1685
60 .366 500  ,337 2,530 1.53 2,3  5.62 2.37 645 .509 217 .328
80 .985 7% .56 2,206 1,206 1.5 473 207 shoh 876 313 486
100 .985 -.17L L0628 1.856  0.356 T30 401 2,00 428 127 354 569
110 =32 1,69 .69 H76 3,75 1.9 .356 1.67 .595
120 866 =500 1,14 1.530 .530 .28 3.56 1.89 .280 2,26 319 .633
130 766 =.643 1,38 1,387 307 .15 3.43 1.85 .209 2.64 .289 552
10 643 =766 2,02 1.26) .26 07 % 1.8 Al 1.20 2N 75
142 616 =738 2,53 1,242,242 053 3.3 83 32 330
145 57h =519 2,03 1,211 -211 L5 3,33 1.82 16 .236
130 ,500 -.866 1,19 1,15, AEY 027 3.3 1.52 .090 601 106 054
125 -.573 1,46 6 212 3,49 1.8 2146 345 778
150 3,2 =940 1 1,090 050 .008 3,29 1.6 .050 .253 ,020 .0125

170 A7L <925 004 1.045 045 002 3,28 1.51 .025 .062 .002(5) ,0015



TABLE

CALGULATION OF X MD ¥

g
L.

=

oo

e e e et i S s

2239

1971

302

e - ——— . ——— 14— %

" 4 b
Gy 1, XLI‘ Xy xp /%y 1”»'”.' lnv'ﬂz‘
17.2 133 - 8,6 0,66 + 6,95 4,18 0] .2168
2
20,7 101.5 10,35 =3.2 + 8.85 3.48 .2168 0
2
25.9 55.1 -12.95 -, 02 +10.L5 2.78 5412 e D8
2
32 0 =16 =..95 +12,95 2,25 .9239 7071
o g
ali . i LEWL
2 3 L " o= 1 2 %
7.69 10,29 13.34 1 15,55 17.30 19.9
7.5 975 12.8 2 17.15 13,20 20.8
Ga 33 8.93 11.98 3 19,05 20.8 23,54
5.4 8.0 11.05 4 21.55 295 238
TARLE
Y, X VALULS
o K’
7 = 1 2 3 I 2 3
345 «I71 5 ) 217 .905 835 .767
Ik 345 35 40 1 ;015 +925 B0
267 . 306 <345 3713 1.11 1.0 905
Bz b 261 .309 345 1.255 1,125 1.0
Y
n 1 2 2 L
0 0 Tk 1.5 2,065
.906 0 875 1,59
2,26 1,095 0] 861
3.85 2.46 1,065 0
3.79 .861
5.80 3,03
5.69 2.07

22,95
24.85
26.45
£8,.95




TABLE 5

TABULATION OF k

k (X7) RV ERIEOES . L ¢
S‘I;:l 1 2 3 L 1 2 3 L
1 -.802 =215 -.230 .525 .185 0655
2 -.842 =590 -,390 570 381 A95
3 RIS -.700 -.725 190 721 455
I -.281 -.387 -.706 «385 470 e
-3 -.203 -.725 227 55
-2 =.120 -.169 A3 23
-1 -.120 -.230 .0815 L0655
TATLE 6
INFLULL GE FUNGTTONS i(Xy'Y) 4(x)y), I
(¥ Y) o i(xy)
STATION 1 2 3 b 1 2 3 b

v1 1.575 1.15 1,20 1.15 2,081 1.58 1,30 1,25

2 1.075 1,913 1L 1.42 1,61 2.289 1.50 1.35

3 1.0 1.06 1.978 1.13 1.35 1.54 2.330 T.52

4 1.0 1.0 1.06 1,84, 1.25 1.35 1.56 2.247
-3 1,05 143 1,20 1.52
-2 1,00 1,10 1,12 1,20

=1 1.05 115 1.10 .25



TABIE 7

LCGARTTHIC CORECTION 81 = Mk (1’2-c Pr(e), ete.
1
v

k:=1.20 k;=-22.?
k" =1.94 k" = +8,50
1 3
v b/2c, (v/2¢ ) r(e) e ai¥ - L/ 6L, I
1 L.18 17.5 00125 7.76 A70 1..575 4.80 106 2,081
2 3.48 12,1 00542 7.76 .508 1,93 4,80 L 2,289
2,78 T .00958 7.76 573 1.978 L.80 .355 2.330
L 2.25 5.01 01130 7.76 239 1,840 4.80 S22 2.247
sy exp,  Ep, ekl E,
1 34 T3 3,62 =906 -1.,98 -1.70
2 3 2,23 Bt -90.8 =5.95 =5,66
3 34 2.51 Biad -90.8 =5.70 =501
& 3l 1,92 1,80 -20.8 =5.14 -85
k{¥0) = 2.88 k' (X0) = .236
TABLE §
DOFLUICE FUNCTIONS k(X'Y) k(X'Y) k,,
e )4 (:‘:“Y_l__ k‘_f xi‘Y')
STA n 1 2 3 L 1 2 3 L
1 3.62 147 912 480 )70 .925 565 560
2 1.02 5.11 1,04 677 660 =566 L870 630
3 A3 845 5,39 1./85 338 633 =51 598
L .280 385 850 4.80 2L 08 0.662 =,.85
-3 .328 1,06 .262 .598
-2 21 .48 .180 375
-1 247 LEO 00 .560
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v n 1 2 3 4
1 Wi ) .3599 o] .028
2 .3599 .3535 3579 0
3 0 .3879 J:619 23943
L .023 0 3943 0.5
-3 0 030 0 343
-2 L0061, 0 L0340, 0
= (o} L 006l 0 .023
TARLE 10
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v orn +1 2 3
o 2,081 2.289 2.330 2.247
ol ¥
L 1.575 193 1.978 1.8
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” EH
vy
k vy 3,62 5.1 502 L..80 £! o i e
o ol T i
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v £
" S—
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v vw S — s o TR - R R
vy s v Y
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vy v vy vy i
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Y, .35 .227 213 .23 v T - T R
vy v
£’ -.165 -.251 - 25} -.2L6 £
i wri ¥ e
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m, asy .0 om0 ki~ Noks
m” 2200 J02 092 L1l
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TABLE 15 LU ILRY al = A
CA1 CULATICON FOR UNIT L CIDECE -
1 2 3 b v 1 2 5 &
2977 4588 (5658 L6519 “, -.0214 -,0301 -.0386 -.0307
=.00075 -.0025 -.0014 =.COLO bu + 0  -,0000L +,0000k =, COOCA
2970 u563 ek 619 21, .30 ~.0386  =.0367
1670 .2500 3140 3660 =.0199 =.024C =-,0256 =,0235
L0115 A48 156 268, .000732 -.00231 =.0039 =,0120
125 L0685 13 L0005 -.00123 =,00300 -,004G  -_COO0356
-. 000298 =.0071  «.,0060 =013 -,0000135 000501 =,000765 =,00110
-,00547 =-.C0316 -.C0L23 -,000154 =,00103 =,000372 =,C00%,E =,00001CE
_.-2_9?7 L1562 L56LB L6LTT -.0214 =,0302 -,0386 “":.“63*86
TABLE 16 wE E 2
a = 1
SULULION - IVET v
Gmss - Y, =3 v,=M45 v =57 ¥y = .65
H o= =02 4 = -.03 u =-,035 ¥ = =04
2 L v a2 %
2500 . 3660 a, v(m’;y— am!) =.0240 -.0255
LS .267 D,, Y, -.00234 -.0121
L0691 0922 Dm Y, -.0030L =.0000355
-.006L5 -.0102 E,, 4 -.00055 -.0010
-.0C292 -.0001L By, ¥, ~.0003 -.000C1
y, Tusee .69 -.0301 -.0387
-.0011 -.00212 Dy, M: +.,000017 +.,000088
-.C0053 -, 00071 Dy, ﬂv‘ +,000023 + o]
—.00066 ~.00105 By M -.0000465 =.000103
~.000204 =, 000010 By, & -,0000244 = O
ﬁ}f") -.0025 Ok mf” -.000037  =,000015
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vz

Va

Uz

Uy

Va

Ve
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T AT OD v

1 3 v 1 3
L1670 3140 ~w(£c; -.0199 =.0256
0115 57 T A .000735 =.00390
125 15 Bt -.C012% =, 001,
-.000296 -.0060 5. 4 =.C000135  =,000765
-.00548 -.00«!*2‘ E,. M -,00103 -_?025::.6
2977 .5658 u -.0214 -.0386
1 Rp— il A w1) -.0014 -.0036
-.000057 ~-.00077 D, Y, -.0000036  +,000019
-.C0068 -.00062 Ty ¥ +,000C068  +,000022
- 0 ~-.000002 E,, K, 0 - 0
-.000009 -.000007 By B ~.000002 - 0
=,00075 -, 00140 +,000003 B +,000041
TARLE 18 SUIZARY a* = 0
CATCULATICN ¥OR ZWRO TNGINFICE B
1 2 5 L v 1 2 % 4
.1C26 1361 L1692 A97h ", -.0300 -.0327 -.0399 -.0517
=.0010 ~--0006 -.Co1L -.0007 +,00002 -, 00005 +.00002 .00003
016 L1355 678 1967 -.0306 OZ?T o —-—.-0-5-(—;—-—- _;.or: 1
-0€76 .080 .0965 A2 -.0295 -.0%0 -.036 ~-.0L7
-C03L9 0Lk -CLTS 0815 .000222  -,000688  -,00118 -.00256
0270 .0235 .0538 00312 =.000366  =.00103 -.00119 -.0C001 2
-.000,0  -,C0738  -.0080 -.0117 -.000M -.C00520  =,00102 -.00114
-.00595  -.COLEO0 -, COLE -.00022 - 00112 -, 000555  « 000376  ~,000017
aot7 a6 ez aser  S038 | -7 -om8 | .om7



TATIE 19 SOLUT. (1T OUD v af = 0
S Y, = .1 v,=a6 Y =8 vy =.2 @ =
M ==-.028 U =-.033 M =04 4 ==.05
: 1 3 v 1 3
a,, ¢ @ L0676 0365 -a ma =.0295 -.036
B ¥ 003 .0L82 .000226 -.0C120
B, Y, .0380 L0349 -.000378 -.00123
. K, -.00039 -.0075 -.000017 -.0001G
C,, H -.0060 -.CO46L, =00113 -.00038
S T o0 1652 y -.0308 -.03991
PW &y‘ -, 000046 =, 000625 =, 0000029, +.00001 56
B, oV, -.CO10€ -.00097 +,0000105 +,0000743
c,, Mu, -.00C01 -.00026L - 00000059 - .0000338
C,, Lk, +,00C06 00045 +.000011 .00000L
ay(® -.00105 -.001% e +,000018 +.,00C0201
TABLE 20 EVII Y g*
ol aix
v 2 b v 2 L
B L 080 121 -2, @ -.030 sy
5, A1 L0143 0851 -.000693 ~.00358
B, YE1 ) L0231 00314 =.0010L -.000(1 23
Sy -.00735 -.0117 =.000520 -.00114
Cv‘ & =, MLLS -3“2_"?3 ::000535 -..00001_5‘“
.1361 970 - 0-3-2?—*"—- t 551-7
s o039 -.0026 ) -.0003 +.0017
Byy 4¥, -.000366 -.00070 ~-.0000057 +,000030
B,, 2, -.00024 -, 000032 +.000010 o
By D0, -00000% .000006 0 .0000006
Cp, f 000003 0 0 0
-.00060 00073 -.90005 00005




TASLE A

DET-ZHINATION OF CEMMRE OF PHEGSURE

ULIT INCIDENCE

STATION y u % 1 -% y u By : -
Cyr X G .
N ST . “om
‘L L =
& BLTT -,0386 =,0596 . 3096 L1967 -.0517 -.263 B
3 L5648 -.0386 =.0635 385 1672 -.0398 -.238 LB
2 562 -,0302 -,0662 L3162 .1356 =.0327 =241 LG
1 2977 -.0214 -,0718 3218 A7 -.0308 =.303 .57
TRORSTICAL 2D VAILTE = 342 TIORSTICAL 2D VALIE = 422
Gy f*
= = o -(-?-“' = A7
"L L
G e l

E MmO EFE, = —_.23 299

L o

TASLE 22
CO:2ARTSOT OF G DISTRTBUTTONS
ZFRO LiCIDENCE a CEOETRIC = 6,7° Cy = 1.60
STLTION EXPIRTMENTAL THEORY — DIFFERZICE FXPERIAENTAL THEORY DIFFEEICE
G.e

1 TP AN P21 1.16 1,83 2,98 1,15

2 1,93 3.25 1.32 2.95 L.16 1.21

3 2.57 L.03 1.46 3.9, 5.14 1.20

I 2.90 bo73 1.83 4,20 5.97 1.77



TARIE 23

VAREATION OF Gy ACRO, L 3PAN

ZHRO TICDEICE a =57.3°
STATION u S Gy " G Gy
F
1 -.0308 =740 =.515 -.0214 -5 -.358
2 =-,0327 -.785 =455 =,0302 =-,725 =.420
-.0398 =.955 - 2i12 -.0336 -.925 =128

4 -.0517 =1.240 =165 -.0386 -.925 -



