
31 J111)111111 	j01,11!  132  ByT20,...OR 

May, 1960 

    

THE COLLEGE  OF AERONAUTICS 

CRANFIELD 

An Extension of Multhoppls Lifting Surface Theory 

to Include the Effect of Flaps, Ailerons, etc. 

-by- 

Robert W. Simpson, B.A.Sc. 

SMEARY 

The subsonic lifting surface theory due to H. Multhopp (Ref. 1) 
has been extended to include a chordwise discontinuity in the slope of 
the lifting surface, i.e. to include the effect of flaps, or ailerons. 
By representing the chordwise loading of a two-dimensional flapped flat 
plate in closed form, a new loading function 	is used in the 

2 
representation of the chordwise loading, and a new influence Punction k 
is defined. This function is dependent on the parameter Oh  which 

describes the hinge position, and so the tabulation which has been 
done for the influence functions, i and j, in Multhoppls original method 
have to be repeated for values of Oh. 

The method is restricted to linearized, non-viscous flow about thin 
wings of moderate aspect ratio of any planform. Values of lift, 
pitching moment and centre of pressure can be obtained across the span 
for deflected flaps, and the theoretical effect of planform can be studied. 

An example has been clileulated for a straight rectangular wing of 
aspect ratio 6 with a full span 2010 chord, trailing edge flap. A 
comparison with available experimental results shows that viscous effects 
are important in obtaining the correct magnituaPs of lift and pitching moments. 

* Based on a thesis submitted in partial fulfilment of the requirements 
for the Diploma of the College of Aeronautics. 
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LIST 17 SY11BOLS 

X  o Yo 

rectangular °artesian co-ordinate system (see Fig. 1) 

position of inducing station on wing 

b/2 
	non-dimensional co-ordinates related 

to somispan 

b/2  

X°° 
- xoL F X =.--7-- 	Non-dimensional wing co-ordinates related to 0   

Y -ro  
inducing wing section (suffix o) 

X0L.E. = position of leading edge of inducing wing section 

= cos-1(1 - 2X) = angular chordwise co-ordinate 

0 = cos-1 n 	= angular spanwise co-ordinate 

Note: 0 is also used in two-dimensional derivation of flapped 
plate vorticity distribution as an auxiliary co-ordinate 

0 = cos-1 	. See Section 3,2 

U 

u,vw 

a 

a" 

P 

p 

b 

rn 

velocity of undisturbed flow relative to the wing 
co-ordinate system 

perturbation velocities in x,yz directions 

dz - 	( x) local wing incidence 

incidence at forward pivotal point, a' -rear pivotal point 

pressure 

density 

L1.20t2Esurfage -IDlower surface non-.dimensional 
2P U2 
	

wing loading 

wing span 

wing chord 

number of wing sections taken into account 



List of E.,:r-i)pls (Continued) --------- 

suffices denoting spanmise stations 

= pivotal station 
= inducing station 

6 
v 

_IT 	VW 
2 - = angular co-ordinate of pivotal stations 

vw nv = cos 0v 	— m + 1 

a vn3 bvn 
	coefficients for al-proximate integration 

c  
= 2--  = non-dimensional lift per unit span — 

= 	2b 	= non-dimensional moment per unit span 

i1j,k 	influence functions for chordwise down wash integrals 

chord for flap 

position of wing line of flap 

angular flap deflection 

E 

xh 

h 

o 



1. Introduction 

The lifting surface theory developed by H. Multhopp1 produces 
accurate spanwise distributions of lift CL  and pitching moment Cm  

for a minimum of computing effort. The method consists of a computing 
scheme to replace the double integral equation of the lifting surface, 
using influence functions and carefully selected pivotal points to do 
the chordwise integration, and an approximate spanwise integration 
technique similar to Multhoppis treatment of the lifting line problem. 
The influence functions are tabulated as functions of two variables, 
X anal', for any wing, and similar standard coefficients are given for 
the spanwise integration. The solution of the integral equation is 
thus reduced to an iterative solution of a set of linear equations. 

Multhoppis original paper, summarised briefly at the beginning of 
the present paper, dealt with steady linearised potential flow about 
an infinitely thin wing of moderate or largo aspect ratio. Garner3  has 
extended it to slow pitching oscillations, but oscillatory derivatives, 
etc. for flutter or high speed oscillations cannot be estimated. The 
method suggested by Multhopp for dealing with discontinuities in the 
surface (due to ailerons, flaps, etc.) in Appendix 2 of Ref. I is a 

calculation of equivalent incidences15 for chordwise discontinuities, 
and a fairing or interpolation process for spanwise discontinuities. 

The present paper deals with wings having discontinuities in the 
chordwise direction by developing a closed form representation of a 
flapped plate, and using this as one of the chordwise functional 
representations. This representation requires the calcnlation of a 
new influence function which turns out to be implicitly tied up with 
the spanwise position of the discontinuity and it is necessary to 
calculate and tabulate the function for every position of this dis-
continuity, unless interpolation should prove practical. An example 
of the calculation of the required coefficients for a 20% flap is 
included in this report to illustrate the mathematical treatment and 
to demonstrate that it provides a satisfactory method for the evaluation 
of the properties of flaps. 



2. 	Theoretical Backg,rciarld.. 

The basic theory of/dulthopp1  Is given here to introduce the 
problem and his nomenclature has been closely followed. 

Consider a thin wing in inviscid potential flaw. Lot (x,y,z) 
be an orthogonal system of axes such that the x-axis coincides with the 
direction of the undisturbed flow, and the z-axis is almost perpendicular 
upwards from the wing area. (Fig. 1). 

4I 

ow- 

Fig.. 1  

The perturbations (u,viw) in velocity due to the wing are assumed 
small as a necessary condition for the linoarisation of the whole problem. 

Using the linearised Euler' s equations and the continuity equation, 
and replacing the 1-,ing by a discontinuity sheet built from doublets, 
the relation between local dove wash and local loading density for the 
lifting surface is expressed as 
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there xo, yo' are positions of doublets and xiy, are general points 

on the wing. 

The double integral equation for 4.",(x o Y o) has a strong singularity 
at y = y; however, a "principal value" can be defined. 



To satisfy the Kutta-joukowski condition for smooth flow from the 
trailing edge, Z(xoyo) is restricted to functions which vanish at the 

trailing edge. 

Since this equation cannot be solved directly, Multhopp constructs 
linear combinations of independent loading distributions which can be 
made to satisfy the integral equation at a certain number of "pivotal" 
points. The more points are taken on the wing, the more independent 
load distributions can be used, resulting in more accurate results, 
but the computing effort is proportionally greater. 

The spanwise integration technique used by Multhopp in his treat-
ment of the lifting line problem is employed again, and the spanwise 
distribution of pivotal points is similar, i.e. equal angular increments 

nTr 
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2 	m + 1 n = 0, 	±2 
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Y = cos en b/2 

For the chordwise integration, Multhopp assumes that locally, 
two-dimensional relationships still hold. He constructs his loading 
functionse(0) from terms of the Fourier expansion for thin airfoil theory, 

co 
( cb) = a cot CS 	a sin nO 2 1 n  

[0 at L.E. 
at T.E. 

and chooses his two pivotal stations on the basis of matching expansions 
of CL  and Cm  in terms of a"„ ce,the incidences at the pivotal points to 

the thin airfoil results : 

Cr, 

a 
(a + 

2 0 2 ( 3) 

9M IT (a - a ) 
2 

Thus, 0L  and Cm  values are estimated as accurately as would be 

possible with an arbitrary choice of three stations, and the inclusion 
of another term of the series. 

The linear combination for 
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influence functions. 
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is taken by Multhopp as 
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where 	= 
O 

cot 2 / 
Z' = cot 0- m 2 sin 
t 	2 

a o (y o ) and a (y o) are weighting functions whose variation with yo 
is to be determined. Here they turn 
quantities CI and Gm using equations 

represented because of the choice of 
variation is of practical interest. 
(according to thin airfoil theory) a 
moment" distribution I cot .t ] I and a 

2  
which gives the moment. cot 	- 2 sin y5 

out to be expressible as the 
(3),( 4), (5), accurately 

pivotal points, and whose 
This is the result of constructing 
combination of a "non-lifting 
"non-lifting" caber distribution 

The 
form the 

integration in the chord wise direction can now be taken to 
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and the generalised variables X,Y as : 

X = 

= 

x 

—7TcT.' 

cos'.  (1 	2 X0) 

Y Yo  
Y = 

Combining equation (6) with (7) and (8) 

b/2 
c(Yo) 	

+ 
	0(Y0) J(xY) 

ez (X,y) = 
2ir 

b/2 	 (Y Yo) 

or in non-dimensional variables as defined in the nomenclature 

(,n) . 	 (10) 
(n - n1)2  

Y 	 i 	
Yo 

b/2 	
= b/2 

0Lc 	 0  

= 2b 2b 

The spanuise integration is done by the technique used in Yulthoppls 

treatment1 of the lifting line problem as described in Section J of 
this report. 

The unknown functions Y(n), 11(n) are represented by polynomials 
in terms of their values at the pivotal points in the usual manner 
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The speed ofconsiorgence is dependent on the number of spanwise 
stations selected; when account is taken of a logarithmic singularity 
in the integral, the rate of convergence is increased. 

Multhoppis method was improved by Mangler and Spencer2. This 
took the form of an addition to the ivv, juu  terms, and corrected 

values are denoted. Tuu  . Ovv. The corrected boundary conditions are 

then expressed as 	
m-d 

v(x) = b 	y 
yy vy Y vn n + jun  on) 	(14) 

This is satisfied at two points at each pivotal station, denoted, by 

DC.) 	xu  I.E. 	0.9045 ov 	
(15) 

xv 	xu L.E. 	0.3455 cv 

From the two conditions at each pivotal station, the unknovals Yu  Pv  

are separated by elimination. Thus, the 2m equations are expressed 
in a more convenient form for solution as follows 

• 

Yu  = a (.e,' a' - 	a") 4- 	a 	[ (Ziivn 	vnl
yn +(.b(j1 i" ) 	 )12 

UV' V V 	V 0' 	 vn 	 v vn v'vni n 
Ind-1 

m.-1 

a (m0 u 	mi a') + 	EA  a 	(m// m' 	)Y 
vv v v v m l ma 	v ma 	v vn n +(m!1", j" 	-11  vn 	oun) n  

	 (16) 

where 
V 

31  vy 

mil 

V 	V 
= 	 msgp 

In 
VV 	VV 

  

 

T I  71/ In  
UV J VV 	VU 

Wf ►  

°VT; 

The equations arc solved by an iterative process whereby even and odd 
Values of n define two sets of equations. This is -possible since 
a 	= 0 for 	= 2,4,6 ... Thus, for v odd, ivn  need be calculated 

only for even n, and vice versa. 



The aerodynamic forces and moments, their derivatives, and the 
calculated position of the centre of pressure are obtained from the 
values of vn' n quite readily as suggested by Multhopp, '  
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about the y axis. 

This completes a brief summary of Multhoppls paper (n & M 2884). 
The chordvrise pressure distribution has been composed of two special 
distributions in arbitrary proportions, and the spanwise distribution 
calculated. The spanwise distribution may be symmetrical, or antisymmetrical 
(which gives some simplification to calculations) or quite asymmetrical. 
The only quality the distribution must have spanwise is smoothness. 
The interpolation functions cannot be expected to work if there is an 
irregillnr behaviour botweam two interpolation stations. Multhopp 
recommends that the distance between spanwise stations should be less 
than 0.4 or 0.5 wing chord. 



3.. 	The  orz 

3.1. General 

We choose a functional representation for the chordwise loading 
distribution in. Multhoppis method which represents more closely the 
section loading with a flap deflected. In linearised subsonic theory, 
the wing loadings can be considered as independent for a flat plate 
wing at zero incidence with a control flap deflected. The flap represents 
a discontinuity chordwise in the slope of the wing, and may take any 
chordwise position, e.g. a nose flap, or a trailing edge flap. As 
Multhopp has done, we resort to thin airfoil theory to construct this 
functional representation. 

3,2. Vortiotty distribution on a flat flanEeiLlate  

 

Consider a flat airfoil 
of chord 2c with z axis 
as shown in Fig. 2. A 
trailing edge flap is 
hinged at Xn  and deflected 

through an angle E. 

Fig. 2 

Thin airfoil theory gives the downwash relation 
c 
0 	Ya (0 I w(x:0) •=- 2w• 	

. (21) 
x  

0.0 

where Ya,(E) = circulation unit distance, or vorticity distribution 

to reps 	-went airfoil. 

Making the variables dimensionless by putting 
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This equal-fon con be solved for our case by inversion. It is proved 

by Sohnizpn17  that for any two functions ip  and g which axe continuous 

except for a ffnite number of singularities, a unique solution to the 
integral equat.t..)n 
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given by 
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The value of this integral as obtained in Appendix I is 
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This is the vorticity distribution of a flapped flat plate from 
2.-ID airfoil theory. 



3.3, Representation  in closed form 

To obtain a load distribution ue note from linearisea theory 

Pu - PL 

• 
• • 

rti 
 c5) = 	( "" h)  cot + — in 46 

°11 4.° zin g 2  

(29) 

(3o) 
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This loading function can also be represented (9)(io-y  a Fourier series 
of the form 

G-D 
(0) 	= a cot -1' o 	2 	

E an  sin nO 	 (31) 
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vthere 4 (1r 	0,h) 
8 as   

8 sin nci5h  
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and the usual thin airfoil relations apply : 

a 

= 	( o  + 
(33) 

9m 	(am, a2) 

Thus 7,m sae that we have obtained the series summation in closed form. 

The cot*, term may be taken as the flat plate distributlon due to an 
4 

induced angle of attack caused by the flap deflection. The logarithmic 
term represents the distribution duo to camber line shape, and has a 
singularity at the hinge position. 

Using relations (33) 

CL  = 2b (fr Oh  sin 0h) 

and 	
am  = -^ (1 . cos 0h

) sin
h 
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Nov:, if E clenotos the % chord of a trailing edge flap (Figs. 2 
1 - 	c-5 

and 3) 	( 1 -E) = 	
cos 

h  
2 

 

 

In terms of a
1, 

= 

  

(36)  

CH, a2, b2, etc., are calculated in Appendix III. 

3.4. Construction of the loadinz  functions 

Following Yilathopp, we construct two chordwiso loading distributions: 
one giving lift and no moment; the other a moment but no lift. This is 
done in or&r that the spanwise distribution of CL  and Cm  tivriJ l be a 

direct result of the solution of the equations, 

The functions we choose are the cot 	term, and the logarithmic 

function. Since this logarithmic loading has a lifting contribution, 

voe add a negative cot 	contribution to get a zero lift representation 

-with the same CM 
value. 

Considering a loading of the general form 

(c a
o "1.21 sin nr:' 2 

1 

then CL will always be zero if a
l ) \ 7r , 

	

CI, 	= 	k a + - = 	0 
2 o 2 

, 
i.e. ao =. - a1 	- 2J-2 F..dri ct'', 

h 2 
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Therefore, the new functional representation chosen is 

   

1 
2(0) 	2 - —al  ( cot 2 	sin c')}1,  an ) (38) 

    

This loading requires the calculation of a nuvr influence function 
denoted by niet (defined on -oages l 5 andi 6 ). 

The other loading function is identical with Multhoppt s, 

o  = A
o 
cot g 

2 

v-Ao CL  = 
2 

Ao is quite general. They theory can be applied to flapped wings at 

incidence. (Incidence being measured as). We aan use the influence 
aa  

function "i", as ta:bulated. by Multhopp for this loading. 

Thus, we have replaced the continuous loading function by a linear 
combination of the form: 

2 CL  (Y0) 	 clz1(Y ) 
4(xo' Yo) 	 41c) (xo)  7 777° 	(id 	(40) 

where 4,1
' 2  
4' are purely functional representations. 

0 

3,5. Choice of Pivotal Points 

We arc taking two independent load distributions, and therefore 
need trio pivotal points at each chordwise station. Multhoup selected 
the position of these points on the basis of using the first two terms 
of the Fourier expansion to give accurate estimations of the values of 
CL  and Cm, and the sane positions have been chosen here; namely 

xL.E. 

xil = xL.E. 

0.90450 

0.3455a 

1 = 5 

n  _ ELT 
Pi 	5 

where a is the local chord. It should be noted that they are well away 
from the hinge position (Fig. 4). 
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3.6. The influence functions 

The chord.wise integration is carried out through influence 
functions of the form 

T.E. 
z(p) 	1 + 

L.E . 

X x0 
 

- 0)
2 
 CY .,y0)2  

2 
dxo 

Using the co-ordinates 

X 	xoL•E • Y-Y 
X c 	

) y = 	° 	0 = cos 1(1  - 2 Xo) 
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1 + 2X 	COS 

(2X - 1 + cos 
sin. O. ao 

The influence function i(X,Y) is defined as 

f c- . ao  cot [ 
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sin 0 . d 

\
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. 0  = - 	00-6 	sin 0 . (10 + 	
f 
cot 2 	 2 

  

1 + cos 0 

- 1 + cos 0)2 + „y] 

  

  

   

Multhopp suggests that computation of this integral be done by 
graphical means, and he gives tabulated results. 

Our new influence function k is defined as 

    

k(X,Y,0ii) = 
f 
IT 

1 	0 al 
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1(2X - 1 + cos ¢)2 + 24Y2  sin 2 

()44) 
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sin  

sin  

cot 
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siri 

 

     

[., 
X.  7- ....ALdb.“Al 1 + 2 1 + CgS 	

Sin  a0 
2 	2 	J 

 ( 2X - 1 + cos ¢ ) + 241 

(42)  

This is reduced to the form (Soo Appendix II) 

The value of K would seem to be best evaluated by graphical means. 
The logarithmic function has a singularity at the hinge position, but 
graphical integration is possible (see Figs. 11 - 10. 

It is important to notice that ¢h  adds a new parameter to the 

calculrition of the influence function, and it cannot vary in its chord-
wise position unless a com!?lete set of k functions are calculated. 
The value o± 8 has however been taken outside the calculation of the 
influence function, and lies explicitly in the values of CL, 

9I  at 

each station. An induced flap ,':mgle S is presumed to exist to allow 
for the spariwise variation of these quantities. 

3.7. The calculation of k 

From k 2— 1 -E [±(x x-) — 

 

K  
sin hi 

 

i(X0Y) can be found from tabulated results in Ref. 1; K can be evaluated 
by graphical integration. 

. 0h + O ir 

f 	
sln. -----  
- 	-- 2 	- 1 + cos (7 — 	— sin K = 	In 
i --.T.._. sin 
0h +7 	

2X.........______ _ 	''' 

4
(2x — 	cos ("))24. 

as5 	U-5) 
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The bracketted term (or the induction term) is independent of ¢h  

and can be calculated for values of X and Y. The logarithmic term must 
be calculated for a particular value of Oh  (see Table 1). This 

expression can be simplified for purposes of calculation to the form 

▪ B 2 
• •11.14/1111 

- B sin g 2 

jn 
 A cos 2 

A cos 2 

where 
sin 2 A = 	and B = cos C511 

2 

The product is plotted against 0 as shown typically in Figs. 5 - 10 to 
give an idea of the ran of values and then integrated by a planimeter. 
A check of gra:.13cal re:-alts with exact integration reveals an accuracy 
of the order or 17.  

The calculition of kuv  requires special treatment. In this case 

y = 0, and the bracketted term becomes either 2 or O. 

271- + cos ¢ 	= 2 Xo  < X 

(2X - 1 + cos 0) J 	= 0 Xo > X 

If we associate ¢ with X, i.e. cos 0 = 1 - 2X then the term has the 

value 2 for 0 < ¢ 

In =MI 

and this, using Appendix I reduces to 

(cos - cos 0) 

sin 0h  

, • . k(X,0) = 7-7?-72) I
,9; 
(cot 

o 

C6h+  sin  — 
2  

sin 

sin 

5111 —2 

2 	sin 0 d0 

(4-6) 

sin¢h 
• In 

_ 4 
7-1=7-  

sin 01  

Thus kuv  may be calculated analytically if the positions of the pivotal 

points
, 
and hinge position Oh are known. 
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3.8. The spanwisp. Wezration 

With the definitions of our chorduise loadings, equation (9) 
becomes 

°Li c(Yo)'  i(xY'Yo) 	5,1 c(170)1 k(XY  Yo°11) . az 0 
(y yo) 2  

(1.7) 

Introducing non-dimensional terms to -proceed witli the integration 
technique, 

CL° c 
	 C .c 

= 	 717.  

b,2  

8n- 
-b/2 

b 

(48) 

Then (47) becomes 

:7r) 
1 

1

_1 	Y( 77°) 6  2ir  

n ) iin,no) + u(no) • k (S,n I 0  rSh) 

ror 
doe  (49) 

with the techniques described in Section 5 of Ref. 	Hulthopp reduces 
the solution of this integral equation to the solution of a set of 
simultaneous linear equations of the form, 

m-1 
2 

	

a 	= b v  I v  Yv 	vv4v 	 (ju 	+ v 	v 1 	 n  kvn  gn) (50) 
.4m4 b

un n  Y
)  

	

vv 	v v 
where i 	and E are values corrected for the logarithmic singularity 

v  
in the expansion of the influence functions with respect to Y. These 
equations may be transformed into equations for yv  and 	and the solution 

done by iteration as originally done in 1;ulthoppis paper. 

Generally, the number of points will be fifteen or more for good 
accuracy, so that discontinuities in flap in this direction can be 
handled more easily. This discontinuity will appear in a', the rearward 
pivotal station slope, and this value can be faired by the method 
suggested by Multhopp for interpolation purposes. However, if the 
discontinuity is inboard, en excessive number of points may be necessary. 

The loading spanwise may be symmetrical or antisymmetricall  so that 
flaps or aileronicases can be calculated:- there is a slight difference 
in the solutions. 
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3.9. Correction for the logarithmic 	 

Multhopp has pointed out that in expanding the influence functions 
for small values of Y, an additional term should be added due to the 
logarAlmic singularity arising from the expansion of the induction 
term. (See Appendix 13, Ref. 1). He used distributions of vorticity 
which are regular across the chord, and included an additional term 

as a correction to the ivvterm.  Liangler and Spencer2 have given a 

better form of this correction as 

ivy 	= 	k  (292 F.(0) xo  

whore F(0) is given for a number of spanuise pivotal stations. 

In this case, we have a loading distribution which is logarithmic, 
and has an isolated singularity at the point O = Ob.  • 

      

In 
2 sin n Oh sip n 

   

       

This function can be represented by a Fourier series, and is quite 
regular except at the point ¢ = e5h . It is reasonable therefore that 

we my proceed as Multhopp has done, unless one of the pivotal stations 
hAp„ans to coincide with the flap hinge point. The pivotal point is 
placed on the flap to avoid this circumstance. 

'I .n, vie can evaluate the k term 

d.6 (x) 	 d$ (0 
k = 

3 	
K  

• 	a X sine!) • 

But 	0 	(1 	E) ay 

   

   

   

cot 
2 	sin ¢h  

 

    

    

 

1 	2 sin01  
cosec 4  sin0h  cesql  - cos¢ 

See Appendix I.4 

2  casec  2 - cos 011  - cosO 

sin (;) 

 

4 
= 77-(1 E)sin¢ 

  

where ¢A 
 describes the pivotal position. 
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4. Example  Calculation 

4.1. Method  

To ensure that there are no unexpected difficulties in using a 
logarithmic function for chordwise loading, a simple calculation has 
been attempted for a single planform for which experimental results are 
available6. The wing selected is rectangular, unswopt, with full span, 
split flaps of 20% ming chord (see Fig. 4). 

Two chordwise points, and seven stations across the span have been 
used. Since the flaps arc full span, we can expect no appreciable 
irregular spanwise distributions due to the small number of stations. 

The calculation of k is made for 2 0 chord, or Oh  = 126.9°, 
First, the values of X, Y are calculated an& tabuJnted in Tables 3 and 4. 
For each pivotal point, the value of K is obtained by graphical 
integration -which is illustrated in this report by a typical set of graphs*  
drawn in Figs. 5 — 10 based on calculations such as Table 2 
and tabulated in Table 8. The values of i(X,Y) are given in Table 6 
from Ref. 1, and the forms of calculation follow that suggested there. 

The values of k.(Xi, 0) , and k (X us  0) may be evaluated (see Table 5) . 

    

cos 126.9°  - cos .-2-r\ 
sin  Ifir 

5 sin 1 26 .90 	 o sin 8.5  

  

      

k(e ,0) 

     

     

      

       

       

= .286 

Similarly, k.(X",0) = 2.88 

The values of k.13 9  k . 11 can also be calculated for use in the correction 

to k. for 
vu 

the logarithmic singularity, 

The original thesis contained a complete set of tables and figures 
for the whole range of values of k, samples only being reproduced 
here. 
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cosec 	 2  
3 	 liTan 	 2 	cos Oh  - was 	= 

k4  = 	
2w 	

2 
LAT -.6 -cos sin ce  

	

sirs 	2 'r  5 	
-22.7 

sin 
 

	

rr 
[ 1 	 2 = 8.50 

.8w sin -5— 	. 2 11- sin 3 7/- - 6 - coscos-5- 

Thus the values of Elm  can be estimated. The so-called correction 
terms are really additional terms, and the value of vv  obtained here 

is five times the value of kliv  . The corrections arc made in Table 7. 

Form I and II (Tables 10 - 12) deal with the calculation 
values of B

V
2.2 Curl,  DVn and  Evn given in Tables 13 and 14. 

then reduces to the iterative solution of equations of the form 
m-1 	 m-1 
2 	 2 

(LI a' - 	) 	 B 	Y 
0 

Yv =  vvvvv 	vv 	
0 	

vn n 	/ 0pn un

m,1 	 m-1 

p a 2 E 	p = 
v 	vv 

(m;')  a" --n/ 	 D 
n 

	

v v V 	 tin 	 n Y 	6 vn 

A shortened form of this solution is given for a' = 2, a"= 1 in Tables 

16 and 17, and summarised and checked in Table 15. For a' = 1 , a"= 0, 
the solution is given in Tables 19 and 20 and summarised and checked 
in Table 18. 

The actual solution of these equations is fairly simple in this 
case compared to the amount of work involved in caelListing the coefficients 

vn' etc. Thus, many calor'  n  tions can be more readily made once the 

coefficients are evaluated for a given wing. 

4.2. Results 

The results of the calculiq  tion are shown in Pigs. 12 to 16 and 
Tables 21 - 23. 

The spanwise distributions of CL  arc shown in Fig. 13 for zero 

incidence and a = 6.70. This latter result has been obtained by 
linearly interpolating the difference in the zero and unit incidence 
calculations. Similarly OC

L is estimated as 3.89/radian. 

of the 
The problem 

as 
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The distribution for equal integrated CN  and CZ  values is shown 

in Fig. 14. A similar model comparison is made in Fig. 12 where the 
centreline ordinate has been taken as unity. Experimental results 
are compared with a. lifting line solution by.  Multhoppts method, and 
those calculated by the theory of this paper. 

The spanwise distribution of 9m  is shown in Fig. 15 and there are 
no comparable experimental data. 

The centres of pressure are plotted in Fig. 16. An experimental 
check is not possible, and the comparison is made with thin airfoil 
theory estimations. 

4.3. Discussion of results 

The results of the calculations do not agree quantitatively with 
the results of Ref. 6. This would be expected since the effects of 
viscosity are neglected, and a split flap was used in that investigation. 
Comparing the zero incidence, flap deflected, results, we see that 
experimental results are approximately 60% of the theoretical estimations. 
It is well known that results from two-dimensional thin airfoil theory 
for flapped controls is generally 20 too high. 

Making the comparison at 6.70, or an experimental CN  of 1.600  

there is again a considerable difference, but that it is almost the 
same as at zero incidence. This suggests that the experimental difference 
is due mainly to viscous effects on the flap, Thus, it would seem that 
a better estimation could be made if flap effectiveness could be 
accounted for by empirical or experimental means. The information input 
to the equations could be modified by using an effective flap angle r8 
instead of 8, so that 

a'' = a" 

The distribution of lift across the span agrees more closely 
with lifting line theory than the experimental results as seen in Fig. 12. 
However, it must be remembered that rather few spanwise points have been 
taken in both calculations, and that the experimental values have not 
been corrected for wind tunnel interference. 

The distribution of moment shows a change of shape for the two 
incidences, but not much change in overall magnitude. If the lift 
and moment distributions were independent we would expect that the shape 
would be the same in both oi1oulations, but it is obvious from the 
equations 

mpal 	 m-1 
2 	 2 

(4,  a" - m, g
2) 
= aay) + E Dvn 	 11 vv ` 	 v 	 Yn + 	E  lin n 0  m-1 ra-1 

2 
.— 	. M. 

2 
O. N • 

 

= a 	(m/L - mil) 	vv 	
0 	0 

) a - a mil)  8 + E D 	y+ E EL P vv 	 vn nvn n 
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where a" = a, a' = a -I- 

that the distribution of moment depends on the incidence a"and the lift 
Mstribution yr).  . The main contribution to mn  comes from the 

avv(4 	mivalv) term, and so we see the variation in 	is mainly 

dependent on the value od m 	my which modifies the a value. For a 

variation of a of one radian, the change of shape is apparent, but the 
overall magnitude has not changed very much. This variation in Cm  

with incidence is due to the fact that the aerodynamic centre no longer 
coincides with .t.-10 quarter chord point when the flap is deflected. 

The theoretical centre of pressure shows fair agreement with two—
dimensional values, and some slight variation from a straight line for 
the zero incidence case. 

5. 	General Discussion of Them 
To satisfy the integral erluation at a limited number of pivotal 

stations would only be justifiable if the boundary conditions, i.e. 
a x,y)0  are fairly continuous. To overcome this, we have chosen an 
a xy) distribution which is discontinuous at the hinge point, and constant 
over each portion of chord, i.e. a flat flapped plate. The functional 
representation of this has been obtained in closed form so that all 
terms of the thin airfoil series expansion are included, but only two 
pivotal stations are reeujred, one on each portion of the wing. 
Since the points chosen by Multhopp would be used Presumably for a 
wing without flaps, these have been retained to reduce extra calculations. 
Generally, these points will satisfy this condition for trailing edge 
flaps since the rearward point lies at 90% chord. Other choices may 
be necessary for leading edge flaps. 

The method describes the flog over wings of low or moderate aspect 
ratio, and any given planform. The effects of leading edge, trailing 
edge flaps, or ailerons on low aspect ratio straight wings, swept wings, 
or delta wings, may be indicated. Fart span controls could also be 
treated if enough spanwise points were taken to describe the irregularities 
in the spanwise distributions. 

In estimating the effects of these controls on actual wings, the 
effect of viscosity would be rather marked, and limits the usefulness 
of the calculation. The quantities 80.m 	301,  would be the only 

act  3a 
valuable result expected from the theory, unless experimental evidence 
can suggest an empirical modification to the flap angle used. The trend 
towards laminarised flow wings with simple controls may reduce the 
magnitude of this error in future. Flap blowing would also reduce the 
size of this error. 
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There is a coupling between the distributions obtained from the 
equations, which suggests that the loadings are not independent. A 
cambered, flapped wing may therefore require a calculation involving 
three pivotal points. Further theoretical calculations with available 
experimental checks should be done to investigate this matter, and to 
verify the use of an effective flap angle. 

6. Conclusions 

By representing the flapped flat plate distribution of thin airfoil 
theory in closed form, Multhoppts method has been extended to account 
for a discontinuf.ty in surface slope in the chorduise direction. This 
permits effects of leading edge flaps, trailing edge flaps, and 
ailerons on wings of any planform to be calculated by what is considered 
to be a more accurate method than that suggested by Multhopp. 

However, for quantitative agreement, empirical or experimental 
data must be used to allaw for the effects of viscosity in the real 
case. In view of the large amount of necessary calculation, this fact 
weakens the argument for using such a calculation. The effects of flap 
or aileron deflection on different planforms will be indicated in a 
qualitative fashion, and the values of acl,  , acm  may be quite representative. 

as 	as 

The computing effort involved would be reduced if the influence 
function k were tabulated. Unfortunately, its dependence on the 
parameter Oh'  the position of the wing line of the flap, renders this 

impractical, unless interpolation is possible, or representative values 
used. The method outlined in this paper can be usefUl in the evaluation 
of the properties of flaps. 
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APPMIDIX I 

Evaluation of the IntggrA 

f - cos 0  . do cfiki 	0080 - cos¢ 

(1) 

(7r - Oh) + (1 - cos ¢ ) 

IT 

d 
cos 0 •-• 00S 

``'h 

ao  The integral f co 	aos¢ is similar to Glauertt s integral, and 

is evaluated in the following manner. 

Noting that 7777.--3,3;0  can be put in the form 

1 
2 sin¢ 

1 
cot (-9,--±-ji .. cot Ce  

2 

and that 

d(1.11 1) 
	

d( - 55). 	dO 
2 
	

2 - 2 

  

d0 	 1 
• • I cos-77--e-O77 = 751-7 + 

   

   

Since the denominator passes through zero when 0 7-41, we integrate 

from 0 h to ¢ e , and s5 + e to IT, and take the limit as e 	0. 



d 0 
cos 0 - COS ¢ 	sin 0 

sin (-4L) - in 

sin (7Lt1  
2 
	+ 

In ( sin ° 

¢h + 
sin 

sin (C1.1
f
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*-- • 

- -in sin Now 
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S 111 
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e 	 0-  6  

 

f 	d ° 
J 	cos 0 - cos 0 
0+6 

  

and 
I 

sin 0 ln sin 	- in sin o+ 2 1 1 

   

Adding these integrals, we get 

      

sin (-- C5h 

sin \ -7-71 47r - ; — 
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In sin _  
sin 
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+ e/2 
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 + ln 

 

sin 0 

 

       

        

As e y 0, this tends to 
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( 3) 
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sin 	a 	(i + cos c5) d 	Tr 

0 

f11-  cots (cos ¢ h  - cos';') . sinc . d 
O h 

f Tr 

(cos 01.1  - cos0)d0 + f (cos Oh  - cos 0) cos ¢ d 
S5 h 

v  = 	cos ¢h  ( ir .- Oh) + sin ¢h  + 	(cosy  - co) d( sing fo  
h'0 =( IT- oh)( cos ¢h  •- _zi ) + sin ¢h _ sin 2 _
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 h --_  

cot 
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( 5) Evaluation of Integral 
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This second integral is Glauert' s integral if 01= Ir. 

For general case 
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As in Section 1 this integral can be evaluated as 

sin ¢h  -2-1  
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1 In—  
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Integrating this by parts 
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logarithmic term arises at ¢h. The logarithmic term vanishes at O = 
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IX II 

The Evaluation of k  

Prom equation (42) 
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k is determined graphically. 
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AFENDIK III 

2,70—dimensional1nlof Flapped Plates 

It is interesting to note that the logarithmic distribution has 
a CL contribution. 

• 
• • 

9Lc  = /: 	
= 2 8 s

in 
¢h 

9M 	= 	2 
E./

• 9L°  

This implies that the centre of pressure is I 
E behind the quarter 

chord point, or 

— E X 	= .25 + 1 2 	
for camber line distribution. (Fig. 3). 

cp  

Fig. 17.  

From this we see that the logarithmic distribution has its centre of area, 
or centre of pressure forward of the hinge line. Also, the centre of 
pressure for the whole flapped plate distribution may be estimated for 
zero geometric incidence. 

X c.p. 
914 	1 	

a (1 —E) 
= 4 	4 	7771- aI  ) / 2 

...-- 2 sin Oil  (1 
r1 

+s" h 	sir I  C h 
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Note: The centre of pressure of flapped aerofoil does not change 
with 8, but is a function of 011 	It is always behind the quarter 

chord point, and ahead of mid-chord for trailing edge flaps. 

The hinge moment, H, can be calculated, using the logarithmic 
function. 

1 

4 

	

, 	. 	, , 	i 
• ._, .. 

	

,i r, 	---'1. ii 

H f P(x) (x xh) dx 

xh 

C
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1=.11.•=•• 

pl V 2(210 2  E 
2 

where P(x) is the pressure normal to the chord at the point x, 
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eV2  4E 	 SS 2 
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This integral is evaluated in Appendix I to give 
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Including the hinge moment due to the induced sot 	distribution 

CHi 
	

= E 
(1T7n.C5  ) 	cot 	(cos ¢ h  - cos S!)) sin c5  aS) 
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The total CH is given by 
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sine  
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The usual derivatives may then be evaluated 

• 3CH sn2  
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1 	(IT E 	 2 	°-.-4; 11) sin 65hl 

aCm 	sin ¢h
m 	

a 5 	2 
/ A  = 	 - cos 011) 

a 	 4. sinO, 
a 	= 2(v-  - Oh  + 	) 

2 

Experimental values of these derivatives6 are rot 	2C lower than 
those calculated from the above formulae. 
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FIG. 12. SPANWISE SHAPE OF LIFT DISTRIBUTION 
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TAI-;L6 1 

 

A sl
- 
I 	B co A 2 

'-- 	2 - ' -o- 2 

Oh = 130  - 53.1 = 126.9 
A = cos 63.5 = 
9 = sin 63,5 = .895 

In 

   

tis 0/2  sin 0/2 cos 0/2 AsinW2 B cos 0/2 `Lux Diff Quot , Isle  1Quot I sin 0 12.11- 1 z, ,_n ch 

20 10 .1736 .984B .078 .881 .959 .0003 1.19 .1739 .3420 .0594 
40 20 .3420 .9397 .132 .840 .992 .688 1 .44 .3646 .64.28 .2340 
60 30 .500 .8660 .223 .775 .998 .532 1.80 .5377 .8660 .50 
80 40 .6428 .7660 .287 .685 .972 .398 2.44. .8919 .9848 .876 
100 50 .7660 .6428 .342 .575 .917 .237 3.86 1.3506 .9848 1.33 
110 55 .8190 .5730 .365 .513 .878 .148 5,94 1.7817 .9400 1.670 
120 60 .866o .500 .386 .447 .33 .061 13.65 2.614. .8660 2.260 
125 62.5 .8870 .462 .396 .4.13 .809 .017 47.50 3.860 .8190 3.160 
130 65 .905 .422 .403 .378 .781 .025 .31.20 3.44 .7660 2.640 
140 70 .9397 .342 .418 .306 .724 .112 6.45 1.8640 .6428 1.20 
128 64. .900 .439 .401 .393 .794 .008 99.5 4.600 '788 3.62 
150 75 .966 .259 .4.31 .232 .663 .199 3.35 1.2029 .500 .601 
160 80 .9848 .1736 .439 .156 .595 .20,3 2.10 .7419 .3420 .253 
170 85 .9962 .0872 .445 .079 .523 .367 1.43 .3577 .1736 .062 

TA= 2 V = 2, n = 1 

Y = .906 	x'=1.015 

(.1)_ 	Lg) 	 co 
' sin0 cog 11.1-no 2X+0030 (1)-1 (2)2  (3)+4Y2  

2.03 3.28 
20 .342 .940 .0403 2.970 1.97 3.89 7.17 
40 .643 .766 .156 2.796 1.796 3.22 6.5o 
60 .366 .500 .337 2.530 1.53 2.34 5.62 
80 .985 .174 .564 2.204 1.204 1.45 4.73 
100 .985 -.174 .828 1.856 0.356 .73 4.01 
110 -.342 1,69 .69 .476 3.76 
120 .866 -.500 1.14 1.530 .530 .28 3.56 
130 ,766 -.643 1.30 1.387 .307 .15 3.43 
140 .643 -.766 2.02 1.264 .264 .07 3.35 
142 .616 -.730 2.53 1.242 .242 .058 3.34 
145 .574 -.819 2.03 1.211 .211 .045 3.33 
150 .500 -.866 1.18 1.164 .164 .027 3.31 
125 -.573 1.46 .46 .212 3.49 
160 .342 -.940 .4.1 4.090 .090 .008 3.29 
170 .174 .094 1.045 .045 .002 3.28 

(.53_ _16) 

(4)V2  (2)/(5) (6)12111 sin 0 (6)1nlIsin 

2.68 .735 .0594 .0296 .0436 
2.55 .702 .234 .109 .165 
2.37 .645 .509 .217 .323 
2.17 .555 .876 .313 .486 
2.00 .4_28 1.27 .354 .569 
1.94 .356 1.67 .595 
1.89 .280 2.26 .319 .633 
1.85 .209 2.64 .289 .552 
1.83 .144 1.20 .291 
1.83 .132 .334 
1.82 .116 .236 
1.82 .090 .601 .106 

1:1°0751 3425 

1.07 
1.01 

.246 

.050 
3.15 
.253 .020 

.778 

1.81 .025 .062 .002(5) .0015 



TABLE 3.  

  

CALCULATION OF X ti F.D Y b/2 --W--= 72" - 2 

  

b
bc„ In 	-77 	I k -P 

2 
i 1,  . IP1)  -77 	l 4 I v 	C V XL r. 

1 .9239 	17.2 LW - 8.6 -2.66 + 6.95 4.18 0 .2168 .5412 .9239 
2 

2 .7071 	20.7 101 -10.35 -3.2 + 8.85 3.43 .2168 0 .31/4  .7071 
2 

3 .3027 	25.9 L-.1 -12.95 -4.02 +10.45 2.73 .5412 .31)4 0 .3827 
2 

4 0 	32 0 -16 -4.95 +12.95 2.25 .9239 .7071 .3927 0 

xv#  "'21T,... 
x 
v  
, - x 	, nI,. .1.. 

n= 1 	2 3 4 n= 1 2 3 4 

1 5.94 	7.69 10.29 13.34. 1 15.55 17.30 19.9 22.95 

2 5.4 	7.15 9.75 12.8 2 17.45 19.20 20.8 24.85 

3 4.58 	6.33 8.93 11.98 3 19.05 20.8 23.4 26.45 

4 3.65 	5.4 8.0 11.05 4 21.55 23.3 25.9 23.95 

TABLE  

Y X VALUES 

X # 

STA. 	n = 	1 2 3 4 1 2 3 4 

1 .345 .371 .397 .417 .905 .835 .767 .716 

2 .314 .345 .376 .40 1 .015 .925 .801 .775 21/n = X_ vn  

3 .267 .306 .345 .373 1.11 1.0 .905 .925 

.212 .261 .309 .345 1.255 1.125 1.0 .905 

n 1 2 

Y 

3 4 

1 0 0 .754 1.5 2.065 

.906 0 .875 1.59 

3 2.26 1,095 0 .861 

4 3.85 2.46 1.065 0 

-3 3.79 .861 

-2 6,80 3.03 

5.69 2.07 



TABLE 5  

TABULATION OP k 

k k (xa 
STA 
v 

n 1 2 3 4. 1 2 3 4 

1 -.802 -.415 -.230 .525 .185 .0655 

2 -.842 -.694 -.390 .870 .381 .195 

3 -.414 -.700 -.725 .490 .721 .455 

4 -.281 -.387 -.706 .335 .470 .741 

-3 -.203 -.725 .227 .455 

-2 -.120 -.169 .134. .123 

-1 -.120 -.230 .0815 .0655 

norm. 0E 'MOTIONS 

i( 	y) 

TABLE 6 

i(r r) 
i(X;Y) 	104 Y) 

STATION 
v 

n 1 2 3 4 1 2 3 4- 

1 1.575 1 .15 1.20 1.15 2.081 1.58 1.3o 1,25 

2 1.075 1.9-13 1.14 1.12 1.61 2.289 1.50 1.35 

3 1.0 1.06 1.978 1.13 1.35 1.54 2.330 1,52 

4 1 .0 1.0 1.06 1.844. 1.25 1.35 1.56 2.247 

-3 1.05 1.13 1.20 1.52 

-2 1,00 1.10 1,12 1.20 

-1 1,05 1.15 1.10 1,25 



TABT.  

LMAIIITTL.a0 	 Aim)  = 4k 2c )2  F(6), etc. v  
k 	= 1 .20 
k " = 1 .94 

k ; = 
k = 

-22.7 
+8.50 

. b/20L, (b/20 if F(A) 4k : . 8. ± 
Vb' 37;v 4.k` 

i 
A i' UV I  vv  

1 4.18 17.5 .00125 7.76 .170 1.575 4.80 .106 2.081 

2 3.48 12.1 .00542 7.76 .508 1.913 4.80 .314 2.289 

3 2.78 7.71 .00958 7.76 .573 1.978 4.80 .355 2.330 

4 2.25 5.01 .01130 7.76 .4.59 1.844 4.80 .272 2.24-7 

4k" tk VV.  E LW ° 4k; 6k Vu E  Vv 

1 34 .743 3.62 -90.8 -1.98 -1.70 

2 34 2.23 5.11 -90.8 -5.95 -5.66 

3 34 2.51 5.39 -90.8 -6.70 -6.41 

4 34 1.92 4.80 -90.8 -5.14 -4.85 

1C0'..0) = 2.88 	 k' (X0) = .236 

TABLE 8 

INFLITAME FUNCTIONS k(r Y) k(Xgr) Elm  

L- k 

STA n 1 2 3 4 1 2 3 4. 

V 3.62 1.17 .912 .480 -1.70 .925 .565 .560 

2 1.02 5,11 1.04 ,687 .660 -5.66 .870 .680 

3 .413 .845 5.39 1.05 .388  .633 -6.41 .598 

4 .280 .385 .850 4.80 .242 .4.08 0.662 -4.55 

-3 .323 1.35 .262 .598 

-2 .121 418 .180 .375 

.247 .4Po .100 .560 



E vv 

uv 

r' 
V En 

VY Vu) ▪  uu vv 

  

VANIES 

 

     

	

v 	 n 	 1 	 2 	3 	4. 

	

1 	 .1913 	.3599 	0 	.028 

	

2 	 .3599 	.3536 	.3879 	0 

	

3 	 0 	.3879 	.4619 	.3943 

	

4. 	 .028 	0 	.392, 3 	0.5 

	

-3 	 0 	.031:4 	0 	.3943 

	

-2 	 .0064 	0 	.032 1, 	0 

-1 	 0 	.0064 	0 	.028 

T;1^ 10 

FO all 

v or n 

vv 

vu 

)v 

I' 2.° vv vv 

E-7  vv vv 

T' 	- 
vv vv vv vv 

v 

.8 7  

±1 	±2 	± 3 

2.081 	2.239 	2.330 	2.247 

1 .575 	1 .913 	1 .978 	1.91,1.,. 

-1.70 	-5.66 	-6.i!_1 	-4.85 	 76 le re 

3.62 	5.11 	5.39 	4.80 	 .8. szi  

7.53 	1 , .70 	12.55 	10.30 
11 

- 2.68 	-1 0.85 	-12;70 	-B.94 	
t v 

_-_ 

	

10.21 	22.55 	25.25 	19.74 	 - I 

pi N = 	VP ____ 

	

.354 	.227 	.213 	.243 	 v 

	

-.165 	-.251 	-.254 	-.246 

	

.152* 	.085 	.078 	.093 

	

.204 	.102 	.092 	,114 

k` - 	E. 
vv VU vv Lit,  

:VP 

1 1 	 .• 2  
-111.,  01,  - 7,0 



T.= 11 I.C.17: 

r r;:0_(.12_ (3) ,CMJ (2) 

3 

.597 

.411 

.328 

.24_6 

.1 27 

-.104- 

.231 

.0525 

3 
.,.: :c., 

.445 

.415 

..=:36 

.12e. 

-.113 

.2L1 

.0532 

_.105 

.1552 

.04_10 

vr. 	vn 
a 	iff  
vn 	vn 

a 	k"  vr. 

avn k''  
avn t' 	i ' ki 	vn 

a  vn tv i'vn 

v 	2 

.578 

.382 

 .367 

.237 

.1 32 

-.096 

4 

.035 

.028 

.0078 

.0068 

.0085 

-.0065 

2 

.583 

.442 

.i:04 

.338 

.1 32 

-.111 

4 

.615 

.418 

.335 

.261 

.149 

-,103 

1 

.568 

.414 

.4.20 

.333 

.201 

-.0653 

.269 

.116 

-_0692 

1 

.035 

.032 

.0135 

.0155 

.01 22, 

-.00525 

.0177 

.0055 

-.00222 

.0077 

.00653 

.0054 

tun 
a 	t n 

avn 	k:n 

;.v
n  v  

a 	tf: vn 	v 	vn 
a n  r.? 	vn 

avn

v  

avn(n: isvn 

ni 

	

v 	vn 
atin rnv 	% 

aun - tin 

m v  

v 

.228 

.0538 

-.092 

.0154 

.00165 

-.0019 

.24 3 

.0768 

-.101 

.252 

.0635 

-.0624 

kin) 
	.1458 

.0350 

.0452 

.0036 

.00320 

.00326 

.178 

.0450 

.07495 

.1459 

.0477 

.0571 

.487 

.05.4 5 

.0875 

.1359 

.0378 

.0487 

-0.069 

.0302 

.0192 

d1,,) 	-.0102 

.0375 

.0251 

vn ) 	.01 74 

n ODD 

-.00006 

00c-69 

.00064. 

-.0045 

.0415 

.0287 

-.CI C6 

.0385 

.024.2 

.0143 

TAPIA' 12 PCK: II 

-.0030 

.0056 

.0513 

.0343 

.00113 

.00275 

.00235 

.0054 

Sit) 

- .0059 

.0184 

.00025 

I 

-2 

.0126 

-2 

.0112 .0198 

-1 

n 

v -3 -1 -3 

vn 1  s 

i ' avn 	vn 
aun kvn  

a n k' v 	vn 
a n  Gv  ' i len ' v 
a 	t" i" tin 	v 	vn 

.00715 

.0064. 

.000775 

.00115 

.001 62 

.04_13 

.0378 

.0144 

.0129 

.0094 

00.95 

.01.29 

.00292 

00 -.362 

.0413 

.0361 

.0113 

.0090 

.0088 

-.00916 

..(0.43118901  

.0021 7 

.00705 

.0067 

.00158 

.00115 

.0025 

-,00110 

.0036 

.000407 

-.000260 

.000667 

.00136 

.001 09 

	

.600 	.0349 

	

.445 	.0322 

	

.414 	.0134,. 

	

.236 	.0157 

	

.1 28. 	.01 24 

	

__113 	-.00531 

al,  rPi: Cll. - li,' i  vn ) 

avn Itsi l .S.11  

az, 	£ 
P 
" k "

1,I1 n 

.00522 

.00026 

-0.001!,5 . 

	

.241 	.0177 

	

.0502 	.0055C 

	

-.108 	- .00259 

	

.1552 	.00814 

	

.0409 	.00651 

	

,04-69 	.00538 

ev k La, 	tv" 

vn my i 

av r 

 • 0,004.6 

.000554 

.000608 

.00654 

.00386 

.00350 

.00478 

.00332 

.00323 

(m" vn 	v 
- m ' 

in) n 	v 	v 

am in; ki7n 

a 	m' k ' tin 	v 	vn 

.000046 

.00005 

.0000975 

-.000016 

.00036 

.00147 

.00110 

.00009 

.0010/, 

.00070 

.00025 

.000322 

.000177 

	

-.0060 	.00119 

	

.038 	.00274 

.0181;..00221.2  

n( niv" 	- 	) .00037 .00034 .000145 .0196 	.00032 



1 	2 	3 	4. 1 	2 	3 
n 

2 .1870 	 .1359 	 .031:5 	 .0112 

	

.org,E 	 .00u. 

.1822 	 .1407 	 .0115 

	

0077 	 .1  !.7./.' 	 .00035 	 .0196 

vn 

13 	D 	D 
341.1 tin 

vn 

1 2 3 4 1 2 3 

2 .269 .231 -.0030 -.0069 

.0036 .018 .00025 .00009 

.249 -.0027 -.0088 

4. .0177 .241 4 .00115 -.0060 

1 .228 .01554. 1 -,(1102 .00006 

.0032 .0154 .00004 .0o0o6 

.2312 .0308 -.0102 -.00012 

3 .24.3 .252 3 -.0106 

.0189 .252 .000% -.0106 

.2619 
• 

-.00)11 -,0212 
-X- 

.145E 

.0005 

.0036 .0174- 

-.00001 

.00.025 

.1463 .0072 .0i T. .0005 

3 .173 .14J.9 .0126 .0143 

.(:065 .0004 
-1--- 

.1 5 ) . 2 `,1 .0130 .0236 
N.- 

.0071 5 	 .00034 



	

TABLE 1 	L1E1 Mr( 

	

GA]  aLTLA.T-1 ON FOR UI 	-.J.: .0114-170B 

a" = 1 

u' = 2 

    

1 2 3 4- v 1 2 3 4 

Y1  .2977 .1:588 .5658  .6519 LIE, -.0214_ -.0301 -.0386 -,0307 

-.00075 -.0025 -.0014 -.001,0 t. + 	0 -.00001.. +.00004. -.00001 
- - 

.2970 

.1670 

.5642, 

.3140 

.6479 

.3660 

-.0214. 

-.0199 

-.0301 

-.0240 

-.0386 

-.0296 

- .0387 

-.0255 a 
vv 

.4563 

.2500 

yA  .0115 .148 .1 56 .204_ .000732 - .00231 -.0039 -.0120 

B ma y' .125 .0685 .113 .00915 -.001 23 -.00300 -.0040 -.0000356 

3":011  -.000298 -.0071 -.0060 -.0113 -.0000135 -.000501 -.000765 -.00110 

0„-,P1  -.00547 -.00316 -.00423 - .0001 54 -.00103 -.000372 -,000342, -.0000108 

.2977 .4562 .5648 .6477 -.0214. -.0302 - .0386 -.0386 

 

VILE 16 = 2 

soun: - Evai 

- 	= .3 	Y = .45 3 = .57 	v4 = .65 

0 = -.02 P = -.03 p = -.035 	= -.04 
1 	2 	 3 	 4 

 

	

2 	 2 	 4- 

a  vJ 24112 tftv 	.2500 	.3660 	 a vv(mvv- 2n) 	 -.0255 

B 	y3 	 •111-5 	.217/ 

	

v3 y3 	 -.00234 	-.0121 

b  .:" 	
.0691 	.00922 	 8 y 	 -.00304 -.0090359 

L.: v  I:3 	 v3 -,006/4.5 	-.0102 	 E 	II3 	 -.000455 	-.0010 
3   

E i )1  P i  
r3  v 	

-.00292 	-.00Cil 4_ 	 -.00034 	-.00001 
1.  

Y, 	.4588 	.6519 	 -.0301 	-.0387 

B 
	C Y3 

	

-.0011 	-.00212 	 81,3  Ay3 	 +.000017 	+.000088 
v3  

B 	Ay 	 -.00053 	-.000071 	 p vi  ty 	 +,000023 	+ 	0 l  
vi 	 I 

C 13  (41 	 -.001 05 	 2 1 

	

, AM 	 -.0000465 	-.000103 

	

-.00066 	 3 

I 	 -.000204. 	-.000010 	 EVi 1.1 I 	 -,0000244 	0 

ny 
(1 ) 	 . HI 

	

-.0025 	-.0040 	 6g 	 -.000037 	...000015 



1.) 

a 	(-' - e 1 

Ey 
0  A 	I 

B  v2 y2 

Cv4  4 4  

C 
V2 	

4
:: 

Y 

A y(1)  

B 	Ay4  v4
.  

B 
v2 	' 

ov2 

c v,  to4  
G u2  OP 

2 

Th:/11..A 17 ODD ...V = 2 

a" 	= 

1 

.1670 

.0115 

.125 

-.000298 

-,005248 

vv - v v  

3 

.314.0 

.157 

.115 

-.0060 

-.004_23 

.5658 

-.0042 

-.00077 

-.00062 

-.000002 

-.000007 

v 

a 	( ',--G 1 	- CI. ) 

D 	y 
V4 	4 

D 	v 
V2 	'2 

44 1;  v4 	4 

Eve  u2  

p 
A 	(1) p 

Dv4  y4  

D v2  y2  

E v4  114  

E 	u 
V2 	2 

1 

-.01 99 

.000735 

-.00124 

-.0000135 

-,001 03 

3 

-.0296 

-.00390 

-.00404 

-.000765 

-,000346 

.2977 

-.0023 

-000057 

-.00068 

- 	0 

-.000009 

-.0214 

-.0014 

-.0000036 

+.0000068 

0 

-.000002 

-.0386 

-.0036 

,...000019 

+.000022 

0 

- 	0 

+.000041  -.00075 -..001E-0 +.000003 

TALE 18 SUL iAltY 

1 

a" 

a' 

= 	0 

3 4 

CAJOUTATIOr AR W20 IUCEDENCE 

4 v 1 
.1C26 

2 3 2 
yv  

-.oclo 

.1361 

-.0006 

.1692 

-.cm 

.1974 "V  

-.0007 

-.0517

Ly(1) 

-.030e 

+.00002 

-.0327 

-.00005 

-.0395 

+.00002 .00003 

.1016 .1355 .1672 .1967 -.0306 .0327 

=um 

auv .0676 .080 .0965 .121 -.0295 -.030 -.036 -.047 

SAY" .0034.9 .044 .0/J5 .00/:5 .000222 -.000688 -.00118 -.00356 

Burly' .0370 .0235 .0338 .00312 -.000366 -.00103 -,00119 -.000012 

Cv  m di  -.00040 -.00738 -.COCO -.0117 -.00001 -.000520 -.00102 -.00114 

C1., 	
m
4  1 

...00595 „00450 ...006 -.00022 - n0112 -.0009j,  -,000376 -.00001, 

.1017 .1356 .1672 .1%7 -.030e -.0327 -.0398 ...0517 



TAMS' 19 SOLV.cloiT  ODD L. 

GUESS 	Y, = .1 	V2 = .14 	y3  = .18 

0 « -.028 la2 = -.033 ti = .-.04. , 

= .2 

44  . -.05 

a" = 0 

a' 	1 

1 	 3 
	

1 	 3 

avV Cu av .0676 .0985 - a 	re a' 
vv 	v 	v 

-.0295 -.036 

l''V4 	Y4 .0034 .0482 .000226 -.0012.) 

B 	y .0380 .0349 -.000378 -.00123 
V2 	a 

4 -.00039 -.0078 -.000017 -.00010 
V4 	4 

0 	Ar -.0060 -.00461,• -.00113 -.00038 
V2 	2 

(1) .1026 1 6 9 2 -.0308 -.03991  

B
V4 	

tly
4  

-.000046 -.000625 -.00000294 +.0000156 

Bv2  "Y2 
-.00106 -.00097 +.0000105 +.0000343 

Lp Cv4 	
4 

-.000N ...000264 -.00000059 -.0000338 

C 	LM +.00006 .00045 +.000011 .000004 
312 	2 

Ay
(2)  -.00105 -.0014 (2) +.000018 +.0000201 

TABLE 20 WHIN v Gi 	= 	0 

	

= 	1 

v 

a' avv ev 	v 

B 	y(1) 
E., 	, 

B
vs 	1 
y(1)  

0vs  Ms  

0 v, pi  

B7)3 43  

B. 	L)" 

0v2  43 

L 1 	
Csu 

1 

4
0) 

2 

.080 

.0443 

.0231 

-.00736 

-,00k+49 

4 

.121 

.00316 

-.0117 

-.000222 

.0851 -.00358 

u 

- 	T)// 1;)  mv 

4(1) 

2 

-.030 

-.000693 

-.001 04. 

-.000520 

-.000535 

4 

-.047 

-.0000123 

-.00114 

-.000015 

.1361 

-.0039 

-.000366 

-.00022A_ 

.000001. 

.000003 

.1974 

-.00070 

-.000032 

.000006 

0 

-.0327 

-.0003 

-.0000057 

+.000010 

0 

0 

-.0317 

+.0047 

+.000030 

0 

.0000006 

0 

...00060 	 -.00073 	 -.00005 	.00003 



TAKE 21 

DLIzAtaRATION OF C. RR OF FRE33URE 

IT 11;0E3ECE 

ST.:0:i0i; y 	 g 	 Ph 
C, 

GL 

1 - Y  
I op 

y # 	
gi/y 

all X 

4 .6477 	-.0386 -.0596 .3096 .1967 -.9517 	-.263 51 

3 .5648 	-.0386 -.0685 .3185 .1672 -.0398 	-.238 

2 .4.562 	-.0302 -.0662 .3162 .1356 - 0327 	-.21.1 

1 .2977 	-.0214 -.0718 .3218 .1017 -.0308 	-.303 

727- -MMTIO10.." 20 VALUE .3/12 17-LuR2TICIat 20 V_- L!2 = .422 

.092 Chi • .172 

1  PRCL!cxp. = • - 
-L 	 1,05 	,223 

TA3LI.,7  22 

CG IDALTSO:i OF CIrDISiltfTICM 

LrliC E;OTIENGE 
	

a .1E01.1.!-= = 6.7° 	 = .1.60 

MOM.r.ENTAL =WRY D_Lt, 	TOE 	 MCPMZ.W.FITTAL 	7.9330111 	Dizqt,,,,.• 
0. 

TT.D_ 1.28 2.44 1.16 1.83 2.98 1.15 

2 1.93 3.25 1.32 2.95 4.16 1.21 

3 2.57 4.93 1.46  3.94 5.14 1.20 

4 t 2.90 4.73 1.83 4.20 5.97 1.77 



TARLO 

VARIATION OF Cm  AGRa2.3 T7A. SPAN 

TiO DTGIDEiiM 	 a = 57.3°  

STATION ct 

F ;;:T 
CM u apu cM 

1 -.0308 -.740 -.515 -.021 -.514. -.358 

2 -.0327 -.785 -.4-55 -.0302 -.725 -.420  

3 -.0398 -.955 -.412 -.0386 -.925 -.4-28 

4_ -.0517 -1.240 -.465 -.0386 -,925 -.34.6 


