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Abstract

This thesis aims to innovate knowledge on the trajectory optimization problem for aerospace
applications by adopting a numerical integration in optimal control designs. Quadrature
point scheme is considered to substitute a derivative of an optimal cost-to-go function and
system dynamics approximated by Gaussian Quadrature rule.

Based on the Differential Dynamic Programming (DDP) algorithm, a sequence of op-
timal control input is derived by sparsely chosen quadrature points with the Smolyak’s
rule over an exponential weighting function on the Gaussian quadrature, called as Sparse
Gauss-Hermite Quadrature (SGHQ). The sampling points propagated via system dynam-
ics computes the mean and covariance of a probability distribution of the value function
avoiding a numerical differentiation in the DDP. This approach improves an accuracy and
robustness against the numerical calculation in the highly nonlinear environment despite
the less number of the quadrature points compared with the fully composed by Gauss-
Hermite Quadrature. Besides, the number of sampling points can be determined by Smo-
lyak’s rule definitely, while the other sampling point-based approach chooses by heur-
istic/empirical method such as a trial and error. The proposed method is carried out and
validate via numerical simulation: a fixed-wing aircraft controller and missile guidance.

Considering a stochastic environment and control policy, trajectory optimization prob-
lem can be extended to a stochastic trajectory optimization and maximum entropy prob-
lem by adding an entropy term in a deterministic trajectory optimization problem: a
Guided Policy Search (GPS). This entropy term in a stochastic problem enables to prevent

a control policy from falling into local minima by maximizing exploration in the given
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unknown environment, and improves robustness to respond to a potentially flexible en-

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

vironment. A local policy is updated by DDP framework where the SGHQ-DDP can be
implemented to find a mean and covariance of policy distribution by solving the soft Bell-
man equation. The numerical simulation shows the feasibility of the SGHQ-GPS method

under an unknown system dynamics under the fitted model.
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Chapter 1

Introduction

1.1 Background

1.1.1 Trajectory Optimization

Trajectory optimization is a designing framework to control complicated or nonlinear
control applications based on the optimal control theory [1} 15, 6]. The aim of the tra-
jectory optimization is to design a system trajectory for a finite-time horizon minimizing
(or maximizing) the corresponding performance index (or cost function) while satisfying
given constraint conditions. It generates state and control trajectories from a given initial
condition to a target (or desired) condition for a given time horizon, evaluates the perform-
ance index and finds a best system trajectory in a off-line manner. Over the last decades,
trajectory optimization problems are widely utilized in engineering area such as robotics,
aerospace and other applications. Robotics area such as multibody arm, Multi Joint dy-
namics with Ccntact (MuJoCo) physics engine and humanoid robots utilizes to optimize
a desired trajectory avoiding obstacles in the workspace [7]], to perform a complex tasks
using an online trajectory optimization [8} 9], and to reach a moving target with a con-
trol limits [10]]. Especially, the trajectories of missile, Unmanned Aerial Vehicle (UAV)
and autonomous vehicle are planned from a developing a low-level controller to guidance

law. Missile trajectories are designed to intercept a stationary target satisfying constraint
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conditions such as physical control limit or collision/no-fly zone avoidance [11, 12, [13].

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

Aircraft and multicopter-type drone are operated by computing trajectories while minim-
izes its stabilizing error and control effort [14} [15]. A rocket ascent trajectory to deliver
a payload [16] and re-entry mission are calculated with a Genetic Algorithm [17], and
multi objective trajectory optimization incorporated with an evolutionary algorithm are
proposed to consider requirements in real-world [18]. Further details are described in the
(19, 20] with the understanding of the numerical optimization and its advantages.

The solver for the trajectory optimization can be categorized: a direct method and in-
direct method [3} 4, 21], which is summarized briefly in Table A direct method
parameterizes both state and control input trajectories, and converts the original problem
into a Nonlinear Programming Problem (NLP) by discretizing the optimization problem
with an implicit integration scheme based on interpolation, which is known as transcrip-
tion. The primary advantage of direct method is that it is much easier to extend to general
problems involving path constraints, discontinuous states and control inputs inequalities.
The popular approach of the direct method is a direct collocation method of which basic
idea is to discretize both the state and control input trajectories into a finite node expli-
citly and then interpolate between the nodes using Hermitian splines approximated by a
sequence of polynomial segments [22, 23, 24]. The trapezoidal and Hermite-Simpson
quadrature rule are generally utilized for the collocation point of the numerical inter-
polation and then the NLP solver is properly used for example, Sequential Quadratic
Programming, (SQP), Sparse Nonlinear OPTimizer (SNOPT), and Interior Point OPTim-
izer (IPOPT) [25] 26} 27]. Lastly, the Pseudo-spectral method, or global collocation, is
applied in higher polynomials to achieve an exponential rate of convergence (spectral
convergence rate) using orthogonal polynomial, typically Chebyshev or Gauss-Legendre-
based method [4, 28]].

Whereas, indirect methods utilizes the first and second order optimality of the neces-
sary and sufficient conditions analytically, then discretizes and solves these conditions

and problem numerically. The main advantage of an indirect method has generally more
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accuracy and reliable error estimation compared with a direct method and guarantees the
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local optimality of the solution by the first order necessary condition. One of the most
successful indirect trajectory optimization solver in recent years is Differential Dynamic
Programming (DDP). DDP is the second order shooting method introduced by Mayne and
Jacobson [29,130] utilizing a local model and a quadratic approximation of the value func-
tion. It decomposes the trajectory optimization problem into a one-step sub-optimization
problem by Bellman’s principle of optimality from the classic Dynamic Programming
(DP). DDP deals with the shortcoming of the DP, i.e. the curse of dimensionality by a
second order approximation of the system and the value function trajectories around the
current value. Its assumption is valid near the current nominal trajectory and can achieve
fast quadratic convergence rate [31]], hence, it computes a local linear-feedback controller
(or control correction) around the trajectory by the first-order optimality condition.

iterative Linear Quadratic Regulator (iLQR), one of variant DDP algorithms, uses the
only first-order derivative of the explicit dynamics in the Hessian approximation of the
value function [32, [33], which is similar to the relationship between Newton’s method
and Gauss-Newton method using the only Jacobian [34] and numerically advantageous.
Due to its computational efficiency by approximating the cost function and dynamics as a
quadratic and linear function, a nonlinear optimal control sequence problem is formulated
and solved recursively by LQR problem.

To solve a trajectory optimization problem in an online manner, (or so-called online
trajectory optimization), Model Predictive Control (MPC) framework is implemented to
utilize robustness to moderate model errors and adaptation ability [35]. MPC is a recurs-
ive and iterative online method by iLQR for the predefined finite-horizon optimization
problem [8], therefore, MPC is also called as Receding Horizon Control (RHC) method.

These approaches are repeated iteratively and re-optimizes the given performance index
at every time steps as improvement in the control input affects on the environment or
system dynamics change, however, the demand for computation is challenging as a di-

mension of the state is increased and the system state needs to be observed fully. To deal
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Table 1.1: Trajectory Optimization: Direct method vs Indirect method [3, 4]

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

- Parameterize/discretize the state and/or input
- Convert into a nonlinear optimization problem.
Remarks | - Solve the Nonlinear Programming Problem, (NLP) by

Direct SQP, SNOPT, IPOPT.
method - Ex. Direct Collocation (local/global collocation)
[21L 23] - Easy to set up and solve the problem.
Pros/Cons |~ High degrhefz of ﬂexit?ility/rob‘u‘st.ness.
- Less precision and high sensitivity.
- Computational burden.
- Find the necessary/sufficient optimality condition.
Remarks |~ Optimize the discretized state and input.
Indirect - Ex. Differential Dynamic Programming (DDP), iLQR,
method (N)MPC
(L, 136] - Guarantee a local optimality and better precision.

Pros/Cons | - Difficulties in the mathematical optimality condition.
- Less degree of flexibility.

with this practical issue, model-based algorithm is widely used because control policy is
approximated by neural network that can restrict its inputs to observable state variables,
and system model can be learned which is used in the policy learning. Most of the model-

based policy search is carried out by Reinforcement Learning.

1.1.2 Reinforcement Learning

Reinforcement Learning (RL) is one of machine learning algorithms how an agent takes
action in a given environment (or system) to maximize a cumulative reward [37]. An
agent of RL interacts with the corresponding environment to learn what/how to do an
action yielding a best/optimal reward (Fig. [I.T]), where an environment is formalized as
Markov Decision Process (MDP) which describes a sequential decisions of dynamical

system:

Py = Pr{x|x,u} o

:Pr{xt+1|xt7ut7-xlflaulfla" .,Xhl/ll}
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______ Critic
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/
Policy /
Updatellmprove?'(ent Reward
/
Y E—
Actor/Agent Environment
(Controller) Action (System model)
(Control input)
—
/ )
/ Observation
" (System output)

Figure 1.1: Reinforcement Learning with an actor critic structure [1]

It means that transition probability to the next state x' only depends on the current state
x and action u not on the history of x and u. The RL is provided by on the Dynamic
Programming (DP) based on the Bellman’s principle of optimality stating that an optimal
policy has the property that whatever the previous decision variable has been chosen, the
next decision must constitute an optimal policy with regard to the current state resulting
from the previous decision [38]]. Using those two property, i.e. MDP and DP, a complex
problem can be reformulated as a sub-problem satisfying the Bellman equation giving
us recursive relation which decomposes the value function (or optimal cost-to-go, V (x))
into an optimal action of the current step and the optimal value of the remaining step:
V(x) = r(x,u) + V(x"). Many RL approaches also make use of the action-value function,
Q(x,u) satisfying a recursive form of: Q(x,u) = r(x,u) + Q(x',u’).

RL can be categorized by two approaches: a model-free RL and a model-based RL.
Model-free RL approach finds a optimal policy or solves a Bellman equation online by
Temporal Difference (TD) learning for uncertain or partially unknown systems by sensor
measurement. The value function is estimated by interacting with the system by boot-
strapping using Q-learning and SARSA methods [37, 39]. Especially, recent attempts
have been made on RL framework to design optimal control laws for unknown systems
using an Adaptive Dynamic Programming (ADP). The main idea of ADP/RL is to find a

optimal policy by observing system outputs or fully known state variables. By estimat-
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ing the value function by critic, a RL agent (or actor) enables adopting a control policy
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from a repeated interaction and the value is improved to drive the Bellman error to zero
(40, 141,42, 143]], which is an Actor-Critic (AC) structure depicted in Fig[T.1]

When a system model is known, RL just utilizes this system information to find a control
policy by solving DP problem, however, issues related to model-based approach is that
it is difficult to collect a number of data tuples of state-action pairs when dealing with a
real physical system. To handle this issue, model-based approach must requires a model
learning process reducing a sample complexity significantly by using system identifica-
tion tools such as a linear regression with Gaussian Processes (GPs) [44, 45, 46].

In control policy search by RL, the objective is to find a generalized control policy
m(u;|x;) of an agent in an environment even in a stochastic system. Most of policy search
uses neural network to approximate the value function or control policy. When a di-
mension of an environment is large or continuous, it is hard to learn the value function
within a finite sampling tuples, furthermore, the parameters of control policy space also
become large of infinite. To overcome this drawbacks, a Guided Policy Search (GPS) has
been proposed [47, 48] utilizing the trajectory optimization algorithm (classic DDP). GPS
solves the DDP problem to find a local control policy by restricting the system traject-
ory from the previous one by Kullback Liebler Divergence (KL-Divergence) and train a
global policy, Adopting KL-Divergence maximizes the information entropy of the traject-
ory distribution that ensures the fully and widely exploration in the trajectory and prevents
falling into a local minima, which improves stability of the policy search algorithm and
reduces training iteration. The details of GPS and its variant algorithms are summarized

in [47,149].

1.2 Motivation and Research Objective

Classic DDP is a representative approach of an indirect solver for trajectory optimiza-

tion using the Bellman’s principle of optimality with quadratic convergence properties.
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The second order approximated DP by Taylor expansion around a local state and input

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

trajectory finds a locally optimal solution, however, the numerical differentiation in the
derivative computation has a poor performance of the convergence especially in a highly
nonlinear case or relatively large time step. To avoid a mathematical computation of dy-
namics derivative and value function, a deterministic sampling-based approach motivated
by Unscented Transform (UT) [S0] from the Unscented Kalman Filter (UKF) was pro-
posed [51], which is named Unscented Dynamic Programming (UDP) [14)]. Instead of
UDP, this research utilizes a new quadrature points-based method motivated from *Sparse
Gauss-Hermite Quadrature’ (SGHQ) filter to approximate a probability distribution of
the gradient and Hessian of the value function substituting the numerical differentiation
in classic DDP.

The sampling points for the Gauss-Hermite quadrature are sparsely chosen by Smo-
lyak’s rule that alleviates the curse of dimensionality in the point selection for the multi-
dimensional system where the number of sampling points is exponentially increased as
the system dimension is expanded. Furthermore, the number of the SGHQ point can be
adjusted by Smolyak’s rule (by level selection) so that the numerical integration accuracy
can be improved while the computation load is mitigated compared with the fully-gridded
Gauss-Hermite quadrature. The sampling points replace a probability distribution by the
sampled mean and covariance of the propagated points directly without derivatives com-
putation, hence an approximation inaccuracy issue in the dynamics by complexity such
as a singularity or unstable points can be avoided. In addition, the sampling time issue in
terms of discretization errors related to the validity near the perturbation assumption can
also be resolved since the nonlinear dynamics is utilized directly without the dynamics
Jacobian.

The overall aim of this thesis is to innovate knowledge on the DDP for aerospace ap-
plications by a new quadrature points-based method with a SGHQ-rule. This research
focuses on developing SGHQ-based DDP algorithm to improve the mathematical sta-

bility in the gradient and Hessian computation by avoiding a numerical differentiation.
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Lastly, SGHQ-based GPS is proposed which is also derivative free method for a policy
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search in a stochastic environment. The individual objectives are addressed as follows:

O1 Understanding of traditional trajectory optimization and reinforcement learning

for control policy search.

* 02 Understanding of the classic DDP with/without constraint condition and flexible

final time algorithm to adjust the finite time horizon of the optimal control problem.

* O3 Design a SGHQ-based DDP algorithm and its variants considering constraint
condition and flexible final time.
04 Implement SGHQ-DDP in the aerospace applications to validate the effective-

ness of the SGHQ-rule comparing with other DDPs.

* OS5 Understanding of GPS algorithm and design a SGHQ-GPS algorithm.

06 Verify the feasibility of SGHQ-GPS via numerical simulation.

1.3 List of Publications

A list of papers during the PhD research are reported below.

Book Chapter
O. Park, H. S. Shin and A. Tsourdos, "Nonlinear Model Predictive Control-based Line

Tracking Guidance", Advanced in Aerospace Control, 2022. (accepted)
Journal Papers
O. Park, H. S. SHin, A. Tsourdos, and H. Shaoming, *Trajectory Optimization with Sparse

Gauss-Hermite Quadrature’, (Temporary title, prepared)

Conference Papers
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Chapter 2

Constrained Differential Dynamic

Programming

2.1 Differential Dynamic Programming

The Differential Dynamic Programming (DDP) is one of the most powerful and widely
used trajectory optimization algorithms to solve a nonlinear optimal control problem by
optimizing trajectories of the state and control input based on the optimal control theory
[8,110]. The DDP is also known as a second-order Dynamic Programming (DP) algorithm
to compute a local control policy or control input sequence over the given horizon in
a recursive way by using the Bellman’s optimality principle with a Markov property,
which overcomes the shortcoming of the classic DP, i.e. the curse of dimensionality. The
main objective of the DDP is to find a decision variable, or an input sequence, by the
first and second order derivatives of the dynamics and value function approximated by
Taylor series expansions around the nominal state and compute a locally optimal control
sequence for the smooth discrete time systems in a recursive manner. Firstly, an initial
input sequence properly chosen generates a state trajectory and then the value function
and action-value function are approximated as a quadratic function around the nominal

trajectory by backward computation from the final time with a control policy update. The

11
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"forward pass" evaluates the computed control policy in the "backward pass" by deviation

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

from the nominal trajectory and decides whether or not to accept the updated policy. This
process is repeated until the convergence condition is satisfied [52].

This chapter describes a details of the classic DDP with/without nonlinear constraint
conditions by utilizing a Lagrangian method with a quadratic penalty function, or so-
called augmented Lagrangian method. Lastly, the final time free DDP proposed recently

is also introduced briefly to incorporate into classic DDP.

2.1.1 Notation and Problem Definition

Consider a nonlinear dynamics with a given initial condition, x;:

x:fc(xi,u,-) (2.1)

where x € R" is a state vector and u € R™ is an control input vector and f, is a nonlinear
and continuous time dynamics. The subscription i means a time step, i.e. i=[1, 2, ---, N]
is equivalent to i = [, o, -+, ty]|. The associated performance index, or the so-called

cost function, is the sum of the running cost /(x;,%;) and the final step cost /(xn):

N—1
J(x,U) = Z L(xiyui) + L (xgy) (2.2)
i=1
The main objective is to find a control input sequence U = [uy, up, ..., uy—1| given the

initial state x;, to minimize the associated performance index:

_ (2.3)
Z xh ‘I—lf(XN)

The (state) value function, or the so-called the optimal cost-to-go, at time i can be defined

from x; by substituting the optimal control sequence U* = [u}, u} |, ..., uj, y_,] into Eq.

12
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V() = minJ (x, U}) (2.4)

1

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

(2.2):

The value function of the final time can be defined as Vj,, = I(x;, ). The principle of the
dynamic programming reduces the finite horizon problem to a sequence of minimization

over a one-step problem by proceeding backward in a time:

V(xl-) = rllllinl(xi, I/tl') —|—V(f(x,~, u,)) (2.5)

2.1.2 Backward Pass

From the final time cost [¢(xy), the Bellman’s Principle of Optimality can be applied to

the given performance index to show the recurrent form of the value function:

V() = Iy(ey) 2.6)

V(X,’) = rrlllin{l(xi, I/l,') + V(xi+1)}
’ (2.7)
= II}tinQ(xia l/ti)
where Q(x;,u;) = I(x;, u;) +V (xi+1) is known as the action-value function or Q-function
and Eq. (2.7) is the Bellman equation which shows the relation between the current time
i and the next time i + 1. However, the issue associated with the trajectory optimization is

difficult to solve as the value function V (x;) typically has the nonlinearity of the dynamics.

This nonlinearity issue can be prevented by applying the Taylor Series expansion near the
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nominal trajectory (x, u); = (%, i);+ (0x, Ou);:

V(x;) =V (x;i+ 6x;)

%V(fl')—f-V(Sxi)
. avT o1 _ 0%V _
—V(x,-)+ 9% (xi—xi)+§(xi—xi) W(xi—xi) (2.8)
T
1|1 0o vI||1

5xl~ Vx Vxx 6x,-

where 6x; = x; — X; is a small perturbation in state and (-){.}7{..} is a partial derivative with

respect to its subscript component. Similar to the value function, action-value function

can also be expressed as:

O(xi,u;) = Q(X; + Ox;,1; + Ouy;)
~ Q(%;, ;) + O(0x;, Ou;)

T T
= O(%;, ;) + Q(xi ) ai(ui )

8xl~ + 8u,~
N 1 .7 9% _
+ (Xi—xi)Ta_xg(xi—xi)+§(xi—xi)Taxau(ui z) (2.9)

1
2
P RIS DL OO
"‘E(“l_”) auax(xl_xl)—i_i(ul_ul) (“1_”1)

f—

1| (o of of
1
"_Q(SX,‘,(SM,‘):E Sxi Qx Qxx qu Sxi

ou; Ou Oux Quu ou;

where O0x; = x; — X;, Ou; = u; — i; are small perturbations in state and input, and Qy, =

Q.". From the (2.9)), the optimal control correction term can be computed by taking a

14
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partial derivative with respect to the control input Ou;:

dQ(0x;, 0u;)
85u,~

=Qu+ qu5xi + Quu5ui (2.10)

514,' =

514,’ = _Quu_l(qu5Xi+ Qu)

In order to guarantee the inverterbility of Q,,,, the regularization term is added as follows:

614,' = _<Quu +P1)_l (qu5xi + Qu)
2.11)

= K;0x; +d;
where K; and d; are feedback gain and feedforward gain, respectively. The recurrent form
of the value function, (2.7)), can also be represented as a function of small perturbations

of the nominal pair (X;, i;):

Q()fl' + Ox;, i; + 5ul) :l(fl' + Ox;, U; + 6u,) + V()flur] + 5xi+1)

=1(x; + Ox;, @+ Ou;) + V (f(Xi + Ox;, @; + Ou;))
T
1 o I i1

Q(th 6141) ~ 5 6)6,' L Ly L 6)6,'
ou; P ou;
- T
1 0 (fdeVx,)T (fduTVx/)T 1

+% 8xi| | fa" Vi far VicSax  Sa Viefau | | O
Sui| | fad' Vi fad Visfay  fad" VicSau | | Oui
1 0 o Of]|!
=|0xi| |Ox Ou Q| |6xi
oui| |Qu Qux Quu| |Oui

(2.12)
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where x; 1 = f;(x;,u;) is the discretized continuous-time dynamics by simple Euler method

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

and ()/ means the value at the next time step. Thus, the following equations are satisfied:

Qv =L+ fa,"Vy
Qu=lu+ f1,"Vy
Que = L+ fay' ViSar + Vifass (2.13)
Owu = b+ fa' ViSau+Vitasa
Quu = b+ fau Viefau+ Vitai
The high order tensor term, i.e. the second order derivatives of the dynamics f,.., are often

ignored due to the expensive computation, resulting in the iLQR [32, 33]]. By substituting

the obtained control input (2.11)) into (2.9) shows the following equation:

T
1 0 of O I
Q(6X,’, 6u1> = Ox; Or Ouw O Ox;
(2.14)
Kibxi+di| |Qu Qu Quu| |Kibxi+d;
=V (éx;)
the Jacobian and Hessian of the V and expected change in cost, AV are:
Vx = Qx + KiT Quudi + KiT Qu + qudi
Vxx - Qxx + KiT QuuKi + Kl'T qu + quKi (2 15)

1
AV =dl Q, + Ed,-T Oud;

The process of the backward pass is summarized in Algorithm 1]

2.1.3 Forward pass

Once the backward pass is completed, the computed optimal control policy is evaluated

by generating a new trajectory X from the nominal trajectory (X, U), which is called as a
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Algorithm 1 DDP: Backward Pass
1: Initialize Vy = Ly, Viay = luxy from Eq. (2.6)
2: fori=N-1:-1:1 do
3: Q function update: Eq.(2.13), Eq.(2.14)

4: if 0, is invertible then
5: Compute the control policy: Eq.(2.11)
6: Update the value function: Eq.(2.15)
7 else
8: Increase p by Eq.(2.20) and go to line 2
9: end if
10: end for

forward pass:

X1 =X
uj =ii; + Oou;
(2.16)
= L_ti—f-OCdi—f—Ki(x,'—fi)

Xip1 = f(xi, u;)

where x;, u; are the updated trajectories and « is a backtracking line-search parameter
initially set on the feedforward gain, d;, by 1 and then reduced iteratively to make ensure
an adequate reduction in cost, because the optimal control correction (2.11) is computed
based on the gradient descent approach by partial derivative with respect to the control
input du;. A line-search parameter, o must be added in the forward pass to satisfy de-

creasing in cost.
JX,U0)-J(X,U)
—AV(a)

z= (2.17)

where

N—1 N—1
1
AV(a) =} di Quit 5 Y di" Quud; (2.18)
i=1 i=1

and z is the cost reduction ratio comparing the actual and expected reduction. If z is in the
interval [8; 2], which is usually set by [le-4 10], the updated control correction Su in

the backward pass and the new trajectories are accepted. If not, the line-search parameter

17
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Algorithm 2 DDP: Forward Pass

1: while do

2: Initialize line-search parameter o=1.

3: Initialize norminal state x;, = Xy,.

4 fori=1:Ndo

5: Evaluate the updated control input Eq.(2.11)) using Eq.(2.16)
6: end for

7: Compute the new cost J: Eq.(2.2)

8 ifJ—J >0 then

9: break
10: else
11: Update line-search parameter, o by Eq.(2.19)
12: end if

13: end while

« is updated by
o= "Yal (2.19)

where 0 < 7, < 1 is the scaling factor of the line-search parameter typically chosen by
Yo = 0.5, which is described in the Algorithm [2f[[10}52]. Lastly, the regularization para-

meter p is also adjusted by regulating parameter 1 < 7, < 2.

YpP  Quu is not invertible
p= (2.20)

% p  Quy is invertible

These "backward’ and ’forward’ passes are repeated (Fig. [2.1)) until the terminal condi-
tions of the DDP are satisfied such as cost tolerance, feedforward gain, and maximum

iteration (Algorithm [3) [52].

2.2 Constrained Differential Dynamic Programming

One of the advantages of the optimization problems is that an equality or inequality con-
straint can be involved in the problem formulation for which a function f(x,u) is to be
minimized or maximized subject to satisfy a constraint function, g(x,u). The DDP can

also incorporate the constraint function into the problem formulation [52, 53} 154]
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i Ve =0Qx — QxuQuuQu =1 T v 1
| Loop _ -1 Qxx = Lx +fdexxfdx |
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! - ’
H * 2 e Quuy = Lex + ffu‘/:(xfdu i
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i Else
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H = end
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1
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Figure 2.1: Backward and Forward Passes of the DDP

Algorithm 3 Differential Dynamic Programming

1: for iter = 1 : Maxlter do

2: Differentiation the cost and dynamics near the nominal trajectory
3: fori=1:Ndo
4: Differentiate: I(x;,u;), f(x;,u;)
5: end for
6: DDP: Backward Pass by Algorithm [I]
7: DDP: Forward Pass by Algorithm 2]
8: if Forward Pass is done then
9: Update norminal trajectories X < X, U < U,
10: Decrease p by Eq.(2.20)
11: if J—J < € then
12: break
13: end if
14: J—J
15: else
16: Increase p by Eq.(2.20)
17: if p > Py then
18: break
19: end if
20: end if
21: end for

To deal with the constraint condition, the Lagrangian-based method is generally utilized

in the equality constraint problem. In addition to the Lagrangian method, a penalty term

can also be considered for the inequality condition, which is called as an Augmented Lag-
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function with equality or inequality constraints expressed by a function of quadratic form,

the approximates are then implemented on the deviation of the nominal trajectory.

2.2.1 Augmented Lagrangian Method

Consider the following optimization problem with constraint conditions that is represen-

ted as a function of state and input vectors:

N-1
J(x,U) = min [(xi,ui) + Lp(xn)
=1

u f
l

(2.21)

st gi(xi,u;) <0

where g(x,u) € R? is a nonlinear equality or inequality constraint function enforcing on .
The augmented performance index, so-called Lagrangian function, can be defined with a

penalty term and a Lagrange multiplier associated with the constraint condition [55]:

N—-1 1
i=1
1
+1p(xn) + v gn () + ng(xN)T Ly gn(xn) (2.22)

N-1
= Y La(xi, i, Ay i) + Lo g (xn, A, M)
i=1

where A € RP is a Lagrange multiplier, and I, € RP*? is a diagonal matrix with a penalty

parameter, i € RP. The activation condition of the inequality g(x;,u;) is:

o gewy<ona/=0, jerr
I, = (2.23)

/,Lij otherwise

where superscript j is the j th component of g;(x;, ;). The update for the A can be derived
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based on the necessary condition:

, lij + [,L.j g(xi,u;) equality constraint
ASH = e (2.24)

max (0, lij + ,ul-j g(x;,u;)) inequality constraint

and the penalty parameter is updated:
wt =cuu! (2.25)
where a scheduling factor, Cyy, is generally chosen by C;; > 1.

2.2.2 Constrained Differential Dynamic Programming

To develop Constrained DDP, (CDDP), the Lagrangian function, Eq.(2.22)) is used to

compute the new value function and action-value function:

N—1
Ja(X7U7A‘7u) - Z la(xiauh)'hui) +laf(.XN,A«N,,uN) (226)

i=1
where the augmented running cost and the final time cost are defined:

1
Lo (i iy Ay 1) = 1 (i, ) + AT g (i) + = 8 (i i) T T g (i uz)
2 2.27)

1
Lo (xn, A, an) = Lr(xw) + A g (xw) + Eg(xN)TIlJNg(xN)

With the augmented cost [, the value function and action-value function can be modified

as:

N—-1
Ja(X,U*,A,,Ll) = Z la(xivu;'k) +laf(xN)
i=t

Ja(XvU*,l,‘u,) _ Va(.xl') (228)
L) + Valion)
Qa(xl',l/l:'k) = la(xi7 M;k) + Va(XH_I) (229)
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Algorithm 4 CDDP: Backward Pass

1+ Initialize Vayy =laf, - Vaxey =laf,, from Eq.@),

2: fori=N-1:-1:1 do

3 Q, function update: Eq.(2.31)) using Eq.(2.27)
4: if 0, 1s invertible then

5: Compute the control policy: Eq.(2.32)

6: Update the value function: Eq.(2.33)

7: else

8: Increase p by Eq.(2.20) go to line 2

9: end if
10: end for

Similar to the DDP, the new value function and action-value function can also be approx-

imated by the first and second order Taylor series expansions:

T
111
Va(xi + 6xi) = Vy(xi) + =
2 S
Xi
1
1
Qu(x;i + Oxj,ui + Ou;) ~ Qu(xi,u;) + 5 Ox;
Oou;

Thus, the following equations are also satisfied

an = lax + fd;vax/

Qau = lau +fd£vax/

anx = laxx + fdgvaxx,fdx + Vaxl%

= laxu + fdivaxx,fdu + Vaxl%

an u

Qauu = lauu + fd;{vaxx/fdu + Vaxlfdﬁ

The modification gives the optimal control correction:

6141' = _(Qauu +p1)_1

= Kui0x; + dq;

22

0 V,I'||1
Vaxr  Vaxx 5)C,'
4T
0 anT QauT | (2.30)
an anx anu 5xi
] Qau Qaux Qauu 6”1'
(2.31)
(Qaux6xi + an)
(2.32)
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Algorithm 5 CDDP: Forward Pass

1: while do
2: Initialize line-search parameter o=1.
3: Initialize norminal state x;, = Xy,.
4 fori=1:Ndo
5: Evaluate the updated control input by Eq.(2.32) using Eq.(2.16)
6: end for
7: Compute the new cost J by Eq.(2.26)
8: if J,—J, > 0 then
9: break
10: else
11: Update line-search parameter, o by Eq.(2.19)
12: end if

13: end while

and the updated value function:

Vax = an + KaiTQauudai + KaiT Qau + anudai

Vaxx = anx + KaiTQameai + KaiTQaux + anuKai
1
AVa = daiTQau + EdaiTQauudai

(2.33)

Lastly, the augmented Lagrangian parameter for the constraint condition, A and p, are

updated using the Eq.(2.24), Eq.(2.25).

2.3 Flexible Final Time Differential Dynamic Program-

ming

Section [2.1) and [2.2] solved a trajectory optimization problem in a fixed final time frame-

work without/with constraint conditions, respectively. The one of the difficulties in the

DDP or optimal control problem is that once the time horizon N-step is determined, it can

not be handled explicitly. Furthermore, the information of the finite time horizon influen-

cing on the performance must be selected by heuristic manner in advance. To deal with

the final time issue in the finite-horizon problem, the static optimization-based approach

reformulated from the dynamics optimization problem is derived to find an optimal time
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Algorithm 6 Constrained Differential Dynamic Programming

1: for iter = 1 : MaxlIter do

2 Differentiate the augmented cost and dynamics near the nominal trajectory
3 fori=1:Ndo
4 Compute the constraint condition: Eq.(2.23) and Eq.(2.24)
5: Compute the cost function: Eq.(2.27)
6: Differentiate: 1, (x;,u;, Ai, i), f(xi,u4;)
7: end for
8 CDDP: Backward Pass by Algorithm {4
9: CDDP: Forward Pass by Algorithm 3]
10: if Forward Pass is done then
11: Update norminal trajectories: X < X, U < U,
12: Decrease p by Eq.(2.20)
13: if J, —J, < € then
14: break
15: end if
16: J—J,
17: else
18: Increase p by Eq.(2.20)
19: if p > pyax then
20: break
21: end if
22: end if
23: fori=1:Ndo
24 if Constraint condition: g(x;, u;) <0 then
25: update A by Eq.(2.24)
26: else
27: update u by Eq.(2.23)
28: end if
29: end for
30: end for

increment, which is called as a Flexible Final Time (FFT) algorithm adjusting the final

time adaptively [56) S7]. The free final time DDP incorporating the FFT algorithm into

the trajectory optimization problem termed as FFT-DDP is presented utilizing the Taylor

series approximation on the value function with respect to the final time step motivated

from the above observations.

Assume that the value function or cost-to-go at the final time # is a function of state and

time variable, then the approximation around the nominal trajectory at the final time can
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be obtained by Taylor series expansion similar to the Eq.(2.9):

V(XN,ZN) = V()EN +Oxy,In + 5lN)

(2.34)
~ V()EN,ZTN) +V(3xN, 52‘]\/)
From the Eq.(2.34), the variation of the V (Sxy, 0ty) around the (Xy, fy) is:
T
1 1 o vl vl 1
V<8-XN7 5tN) ~ 5 5XN VXN VXNXN VleN 5xtN (235)
5tN ‘/IN ‘/IN)CN ‘/[NIN 5tl‘N
To find a gradient (-) (.} at the final time, #y, the chain rule is utilized:
v (9 Tov
N 81]\/ 8xN
7 oV (2.36)

= XAa1————
NaxN

= fc(xN7 uN>TVxN

where X = f.(x,u) is a nonlinear continuous dynamics and uy = uy_ is applied to imple-
ment the time derivative of the system at the final time. The Hessian terms (-){..} of the

value function can also be found using the matrix calculus, 2 (fTy) = fIy+y! f:

o2 (W
xN[N_axN 8tN

0
= e { folxn,un) Vi } (2.37)

)

= E{fc(xl\/; MN)T}VXN +VX{VXN fC(-xN7uN)
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a [dV
Vi =y (1)

8tN
J T
= %{fc(xN,uN) wa} (2.38)
J T T

= a{fe()wyuzv) }VxN + Ve Je (v un )

If the continuous dynamics x = f,(x,u) is a time invariant system, the following relation

can be satisfied:

i{fc(xN, uN)} =0 (2.39)

8tN

Thus, Eq. (2.38) can be rewritten:

d
‘/I‘NIN = 5. ’ l/tN) VxN + Vx]]:,thC (xNa MN)
(2.40)

= nyl;thC (xNv uN)

By taking a partial derivative of V (dxy, 8ty), Eq.(2.34), with respect to the final time zy
as the control input correction is computed by Eq.(2.10) , the increment of the final time

Oty can be updated:

)

%V(BXN, StN) == ‘/[N + ‘/[NXN6XN + ‘/I‘NZ‘NStN

=0
(2.41)
6t]t’ = _Vt;tzlv (‘/INXNS'xtN + VfN)

= [VINfN + plzv]il (VINXN 5'xtN + VIN)

where Oty is an optimal correction of the final time, ty, and V;\;,, Vi\x, and Vy are com-

puted from the Eq.(2.38), Eq.(2.37) and Eq.(2.36), respectively. The regularization para-

meter (py,) of the Vj,;, can also be added in the Eq.(2.41)) for the numerical stability of
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Algorithm 7 Flexible Final Time DDP: Backward Pass
1: Initialize Vyy, Viyxy by Eq.(2.44)
2: for i=N-1:-1:1 do
3:  Q function update: Eq.(2.13).

4: if Q,,, is invertible then
5: Compute the control policy: Eq.(2.11)
6: Update the value function: Eq.(2.15))
7: else
8: Increase p by Eq.(2.20) go to line 2
9: end if

10: end for

the inversion to ensure the invertibility as Eq.(2.1T).

YivPsy  Forward pass is not done

Piy = (2.42)
lp,N Forward pass is done
Yy

Hence, the updated variation of the value function at the final time, V (Xy + Sxy, 7y + 61y)

is represented by substituting the time increment, Eq.(2.41)), back into Eq.(2.34):

T
1 o vi v 1

_ - _ - 1
V(XN +6xn, v + 6tN) ~ V(XN’ tN) + 5 5x17\; Viv Vivaw Vawty Oxy

61‘16 Viv. Vv Viviy oty
- V<)EN> tN) + [VXN - thNfN‘/t;l}v‘/tN] dxn
1 _ 1 _
+ 56361{’ [VXNXN - XNINVthzlvxtNXN] 6xN - EVINVtNtIIVVIN

(2.43)

Consequently, the updated Jacobian and Hessian of the value function V' at the final time,

ty, becomes

Vx]y\/ = VxN - VthN [VtNtN + ptN]il VlN
(2.44)

N _ —1
VxNxN = Viyay — Vanty [VtNtN + ptN] Xinxn

From the Bellman equation, Eq.(2.7), the following action-value function can also be
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given by:

Q(xn—1,un—1) =l(xy_1,un—1) +V (xn,tN)

Q(xn—2,un—2) = l(xn—2,un—2) +V (xn—1)

(2.45)
O(xy,uy) =1(x1,u;) +V(xp)
and its Jacobian and Hessian are also satisfied by Eq.(2.9).
Algorithm 8 Flexible Final Time Differential Dynamic Programming
1: for iter = 1 : MaxlIter do
2: Differentiate the cost and dynamics near the nominal trajectory
3: fori=1:Ndo
4: Differentiate: 1,(x;,u;), fe(xi,u;)
5: end for
6: Backward Pass by FFT-DDP Algorithm
7: Forward Pass by DDP Algorithm 2]
8: if Forward Pass is done then
9: Compute the time increment: 87y by Eq.(2.41)
10: Compute the horizon step increment: SN = 8ty /dt
11: if SN > 0 then
12: Extend the trajectory: x; 1 = fy(xi,,ui,), in=1,2,...,0n
13: Update the trajectory, X and U, from the expanded trajectory.
14: else
15: Truncate the trajectory: X = [x1,x2,...,Xy1sn)s U = [u1,u2, ..., un_115n]
16: end if
17: Compute the new cost by X, U: J
18: Update norminal trajectories: X < X, U < U,
19: Decrease p by Eq.(2.20)
20: Decrease p;, by Eq.(2.42)
21: if J—J < € then
22: break
23: end if
24: J—J
25: else
26: Increase p by Eq.(2.20)
27: Increase p;y by Eq.(2.42)
28: if p > Py then
29: break
30: end if
31: end if
32: end for
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2.4 Numerical Simulation

This section provides the result of the DDP algorithm through numerical simulations in-
volving two applications: a control law design for a fixed-wing aircraft and a missile
guidance problem. The objective of the first case is to stabilize a fixed-wing aircraft
which is a simple optimal regulator problem of the nonlinear system. The feedforward
and feedback gains of the aircraft inputs such as &y, O¢e, 0, and 8,4 are obtained by
the DDP with the physical limit 5{,}min < 5{.} < 5{.}max. The second case assumes that
a three dimensional air-to-surface impact-angle guidance problem is considered with a
missile dynamics modelled by a kinematic and ideal point mass model. The longitud-
inal and lateral acceleration commands are designed by DDP algorithm with a bounded
acceleration, |a, ;| < |ay|max With a lower level controller. The classic DDP utilizes the

projection method to find a feasible control input to handle a control input constraint by:

U = Min|Uyqy, Max|pin, ul] (2.46)

All the system information required for the DDP implementation are fully available.

2.4.1 A Fixed-wing aircraft

A fixed-wing aircraft considered in this thesis is F/A-18 High Angle of Attack Research
Vehicel (HARV) developed by NASA shown in the Fig. 2.2] This vehicle is introduced
for the high Angle of Attack (AOA) region over the post-stall and spin maneuvorability
of the high AOA flight envelope. The equation of motion for the aircraft is expressed by
Newton’s second law for rigid-body with aerodynamic model obtained from the NASA
technical report [38, 59, 2]. The more details of the F/A-18 and dynamics modelling are
described in the Appendix
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Figure 2.2: The F/A-18 High Alpha Research Vehicle (HARV) developed by NASA’s
Dryden flight research center [2]]

Firstly, the state and control input vector for the (C)DDP problem can be defined by:

x=[Vr,a,B,p.q,,0,0]" € R
2.47)

U= [6thr7 6el; 6er; 6a, 5r]T € RmXI

where [Vr,a,B]7 are the velocity, Angle of Attack (AOA), side slip angle (or Angle
of Sideslip, AOS), [p,q,r]” are the angular velocity with respect to its body axis and
[¢,0]7 are roll and pitch attitude angle, respectively. The control input vector is organized
by throttle, left/right elevator, aileron and rudder as with a conventional aircraft. The

performance index to stabilize a conventional aircraft to a trim point can be formulated as

follows:
1 T & T T
J= InUln E(xN —xd) SN(xN —xd) + 5 Z {(x,- —xd) Q(x,- —xd) + (ui — ud) R(u,- — ud)}
i=1
S.t. Upin < U < Upmax
(2.48)
where U = [u1,ua, - ,uy_1]7 € R"¥=1) is an input sequence for the given finite horizon

N, and x, is the trim point of the state to be stabilized, x; and u, is the corresponding
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inequality constraint function g(x,u) by:

g(xiu;) = |ui —ut| <u”
(2.49)
=lui—ut|—u" <0

where ut = %M, u- = (”’""’“—;”’”’”) are used for the mathematical formulation of

the inequality constraint meanwhile the classic DDP utilizes the naive clamping by Eq.
(2.46). The Q, R, and Sy are the weighting matrices for the state and control input of the
running cost and that for the final time state, and the Augmented Lagrangian parameter,

A and p are also initialized, which are presented in the Table

Table 2.1: Simulation parameters of the (C)DDP for F/A-18: optimal regulator

Parameter Value
Sampling time, dt 0.1s
Time horizon, N 300
DDP Q Lnsxcn
R Im><m
SN 100
Lagrange multiplier, A;,; 1
CDDP | Penalty parameter, i;,; | 1072
Scheduling factor, Cy, 2

The initial condition deviated from the trim condition and its desired values (trim values)

are also listed in the Table 2.2]

Table 2.2: Simulation initial/desired conditions of the F/A-18: optimal regulator

Parameter Value
Velocity, Vr 175 [m/ s]

. AOA/AOS, [, B]T [11.83¢, 3T
Initial Aneul loci T 5 3 017 Tdeg/
condition ngular ve (?Clty’ [p7 q; r] [_ ) ] [ cg s]

Angular attitude, [¢, 6]7 [—37,7.83°)T
Control inputs, [8,, 8er, Oer, Oa, 6] Omx1
Velocity, Vr 180 [m/s]
) AOA/AOS, [a, )T [6.83°,0°]T
Irim Angular velocit r 0,0,0]” [deg/s]
condition ngular velocity, [p7 q; I"] [ ’ ] cg/s
Angular attitude, [¢, 0] [0°,6.83°)T
Control inputs, {8, 81, 8er, 64, 6:]7 | [28%,—0.55%,—0.55%,0°,0°]"
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Figure 2.3: Result of the (C)DDP F/A-18 control problem

The Fig. 2.3|shows the system state and input responses of the optimal regulating prob-
lem of the DDP and CDDP. It is clear that the state and control input of the both DDP

and CDDP are regulated to the trim value completely within the given time horizon in the
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Figure 2.4: Cost comparison between the DDP and CDDP

53 and 27 DDP/CDDP iterations, respectively. Although a naive clamping on the input
constraint is utilized in the classic DDP, the state and input trajectories of the DDP can
also be stabilized to the desired value because inequality constraint is deactivated during
the entire horizon excepted for the initial phase to track the desired value. It can also be
found in the Fig. 2.3b] Fig. and Fig. [2.3d]that the state trajectories of the CDDP have
less deviation from the desired value to be stabilized compared to that of the DDP. It is
the associated result that the constrained control inputs by physical limit are penalized by

Lagrangian term by Eq. (2.23), (2.24) and (2.25)), which results in the Fig. 2.4 where the

CDDP has more efficient to handle the constraint condition than the classic DDP.

33



Cranfield
University

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

2.4.2 Missile guidance

A three-dimensional air-to-surface impact-angle guidance problem shown in Fig[2.5| is

considered by the following equation [[11} [12]:
Xon = V31 COS Y COS Wiy

Y = Vi cos ¥, sin gy,

Zp = —Vysinyy,
. Fr—D - (2.50)
Vin = —gsiny,
_ Gz +8cosyn
m — Vm
_— Qy
Wi = Vin COS Yo

where V,,,, %, and v, are the velocity, flight path angle and azimuth angle of the kinematic
model and [X,,, Y, Zn]7 is the position vector with respect to the inertia frame, respect-
ively.

Fp—D
m

Vi = — g sinym
a, + gsin
Yo = —Z gSsinym Vi
V?‘n 2
Ym : .
g i X = Vpcosymcosy,

Y = Vipcosyysiny,

[ ] ' a
| ) P ,
W Y ! lr/)ﬂ‘l = Y
' VnCOSYm

Zm = —VipSinym,

Figure 2.5: Geometry of the kinematics model in the three dimensional plane

The m refers the mass of the vehicle and g is the gravitational acceleration and the aero-
dynamic drag force D and thrust of which more details such as aerodynamic coefficient,
thrust and mass are described in the Appendix[A.2] Note that this chapter assumes a time-
invariant system with constant parameters given in the Table[2.3|to demonstrate the feasib-
ility of the DDP algorithm on the guidance problem. The missile is designed to intercept a

stationary ground target located at the origin point, O = [0,0,0]7, of the NED-coordinate
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Table 2.3: Simulation initial/desired conditions of the missile

Parameter Value
Missile Mass 135 [kg]
parameter | Drag coefficient, [Cpg,Cp;]” [0.02,0]"
[12] Thrust, Fr 0 [N]
Position, [X,,, Y, Zu|" [5000m2, 50001, —5000m]”
Initial Velocity, Vi, 300 [m/s]
condition Angle, [¥n, q/m]T [0°, IOOO]T
Control input, [dyy,dm]" [0,0] [m/s?]
Target Position, [Xm,Ym,Zm]T [0m, Om, Om] T
Velocity, V,, free
value T T
Angle, [V, W] [—60°,2507]

system (or XY Z-coordinate system) from the initial position, pos,, = [Xiu, Y, Zm]T with
an initial angle %, Wy,.

Firstly, the state and input vector can be defined by x = [Xiu, Y, Zm, Vin, Y, wm]T S
R™1 and u = lay, a,]T € R™!, respectively. Then, the objective function used in this

simulation is formulated as:

. 1 1 N—1
J = min —(xN —xd)TSN(xN —xd) + = Z {(xi —xd)TQ(xi —xd) +ul~TRu,~
u 2 2 &
i=1 (2.51)
S.t. |I/tl| S Umax
where U = [uy, up, -+, uy_1]’ € R™WN=1) s an input trajectory for the given time N se-

quence, and x is a desired point with a velocity and impact angle. The initial and terminal
conditions of the vehicle are presented in the Table [2.3]and the weighting matrices for the
running cost and terminal cost are also given in the Table [2.4] with hyperparameters of the
Augmented Lagrangian method in the CDDP. From the input constraint of the problem
in the CDDP, the inequality function can be defined by g(x;, u;) = |u;| — Umax Where the
maximum accelerational command are set by 50 m/s?, while the DDP uses Eq..
The initial input sequence uj.y_1 = [0, O]T for the initial (C)DDP iteration is then used to
generate an uncontrolled trajectory.

The Fig. [2.6] shows the results of the DDP and CDDP algorithms including the flight
trajectory (Fig. [2.6a), time history of the state and control input (Fig. ~ [2.6d),
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Table 2.4: Simulation parameters of the (C)DDP for the missile

Parameter Value
Sampling time, dt 0.1s
Time horizon, N 300
DDP 0 10*L,
R Lnxm
Sy diag[10%I3x:3,1072,10%1,.5]
Lagrange multiplier, A 1
CDDP | Penalty parameter, u 0.1
Scheduling factor, Cy, 2

and cost convergence is also demonstrated in the Fig. to show the efficiency of the
CDDP compared with that of the classic DDP. From the Augmented Lagrangian method,
the constraint condition of the control input is formulated in the cost by the penalty and
Lagrangian terms that find the solution located on the boundary when the control input ex-
ceeds the control limit, while the classic DDP restricts the violated control input naively.

Hence, the CDDP shows the better performance in the resultant trajectory (Fig[2.6), and
the cost (Fig[2.7) compared with the DDP due to the characteristic of the method handling
the constraint condition when the constraint condition is required to be satisfied.

The following simulation verifies the free final time problem by FFT algorithm to eval-
uate the FFT-(C)DDP algorithm. The weighting matrices of the cost function formulated
by Eq.(2.51) and initial condition are also equal to the Table [2.3] and Table [2.4] with an
initial final time #y;,; = 25s. The simulation result given in the Fig. presents that the
FFT algorithm satisfies the desired condition by solving the trajectory optimization prob-
lem, even though the classic DDP fails to intercept the stationary target on the ground
in a given fixed-final time depicted in Fig[2.6] That is, the FFT algorithm provides both
the DDP and CDDP with the capability to generate the the state and input trajectories by
adjusting the final time fy. When we also compare the cost function by Fig. [2.9a] and
Table the CDDP-based algorithm has less cost and fast convergence rate compared
with the classic DDP algorithm. Lastly, the final time #y is rather extended, however, the
FFT algorithm enables to solve the problem with the less cost. The simulation results

demonstrate that the DDP algorithm can be applied to find an optimal solution from a low
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Figure 2.8: Comparison result of the FFT-(C)DDP missile guidance: state and input tra-

jectories

Table 2.5: Comparison result of the both (C)DDP and FFT-(C)DDP

Initial Final Time, ty;,; | Final Time, ty | Iteration Cost
DDP 30s 30s 300 (max) | 3.16 x 10°
CDDP 30s 30s 50 890470
FFT-DDP 25s 34.5s 156 890713
FFT-CDDP 25s 30.1s 22 870186
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Figure 2.9: Comparison result of the FFT-(C)DDP missile guidance: cost and time

2.5 Conclusion

This chapter revisits the preliminaries of the DDP, and FFT-based DDP algorithms for a
final time fixed/free problem, respectively and summarizes the algorithms in the Table[2.6|
briefly. A constraint condition is incorporated into the DDP framework by Lagrangian
method with a penalty function, which is the CDDP algorithm based on the Augmented
Lagrangian method. The FFT algorithm is applied to the DDP framework for the final
time free problem adjusting the time horizon by truncating or extending the final time and
its trajectories and constraint conditions are also implemented in the FFT algorithm, called
FFT-CDDP algorithm. The numerical simulations show the advantages of the variants of
the DDP algorithm by incorporating each others to complement its weakness points. The
CDDP deals with the constraint condition of the state and input trajectories by penalizing
the violated conditions actively and the FFT algorithm gives an adaptive final time that can
achieve a proper performance in the given trajectory optimization problem by adjusting
time horizon. These variants of the DDP will be utilized to propose a new sampling

point-based algorithm in the next chapter.
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Table 2.6: Comparison of DDP and its variants

DDP CDDP FFT algorithm
Pros | (Baseline algorithm) | Handling a constraint | Adaptive final time
Discretization error Discretization error Discretization error
Cons Fixed final time Fixed final time Handling a constraint
Handling a constraint
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Chapter 3

Sparse Gauss-Hermite Quadrature

CDDP

3.1 Unscented Dynamic Programming

The Differential Dynamic Programming (DDP) is the second order numerical method
to find an optimal control correction by approximating the cost function and dynamics
around the nominal trajectory with quadratic convergence properties using the Taylor
series expansion. A mathematical computation of the cost and dynamics is unavoidable
to obtain those derivatives in the backward pass. Furthermore, as a complexity of the
system is increased, the accuracy of the dynamics and value function derivative brings
a computational burden. To avoid the numerical differentiation, the Unscented Dynamic
Programming (UDP) has been proposed which is a sampling-based DDP method utilizing
the concept of the Unscented Transform (UT) [S0] from the Unscented Kalman Filter
(UKF) [51, 14, 154]]. The UT propagates a sampled point called sigma points through
a nonlinear dynamic (or called a nonlinear coordinate transform) to compute a sampled
mean and covariance of a probability distribution that replaces the gradient and Hessian of
the action-value function in Eq.(2.9). The transformed points are then used to approximate

a new cost-to-go function at the earlier time step during the ’backward pass’ in DDP.
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Firstly, to compute the Hessian of the Q-function, a set of (n 4 m) sigma points is gener-
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ated using the UT relation [50].

f] Xit1

l-iil _ i+ —|—BF(,]), j:172,...,n+m

ﬁlj U;
i -z (3.1
)ZJ Xi+-1

hL.l = a _BF(:7j)7 ]:n+m+1,n—|—m+2,,2(n—|—In)

~]

where I'(:, j) € RUm)x1 ig the 7 column vector of the Cholesky decomposition of the

following equation with a scaling factor 3:

—1
/
Vxx On><m

I' = chol (3.2)

Ole’l luu

T, i) T are then propagated backward through the dynamics %; =

The sigma points [)EH] ;

f~(%+1,8;). Using the propagated sampled points, the Hessian term in Eq.(2.9) can be

computed:
Q)CX QXM . fxTVx/xfx fXTVXIXfM _l_ lxx lXM
qu Quu . va/x X va/x ut luu ) lux 0m><m )
1 L 1 4
- T
o fx fu Vx/x On><m fx fu + lxx lxu
Om><n Tinxm ) Om><n luu . Om><n Tnxm ) lux Om><m .

L 1 1 1 1

(3.3)
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where the second derivative term, G;, can be decomposed by following equation:

fxTVx/x X )Z"Vx/x u
G =
uTVx/xfx fuTVx/xfu + luu .
L l
- T (3.4)
R Vi Owem| | fo S
0m><n Lxm ) 0m><n luu ) Omxn Lnxm )
L i i i
—1 -1 -1 r
. G~_1 _ fx fu Vx/x On><m fx fu
RS &
Om><n Lism 0m><n luu . Omxn Tnxm ) (3-5)
i i _p i _f
— Fi—lp—IFi—T

If the Cholesky decomposition G;l = AAT and P =TT can be applied, where A and T’

are the unique lower triangular matrices, then, the following equation can also be satisfied

T
)
(3.6)

as:

This means that the column vector of I" can be propagated backward through the dynamics
T

F~1, which is equivalent to the propagation of the covariance, P’ = (%) P (%) , and

the nonlinear transformation f(x;,u;) as well. Thus, G; ! can be obtained by computing

. . .t T
the covariance matrix using the backward propagated sample point, [&/ i | .

T
2(n+m) ~J ~]
1 X; ; X
G'l=—2 Y " - K ‘- H (3.7)
R N AN LA A T
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respectively:
T 2(’%”) x] 38)
| 2mtm =g

To find a gradient of the Q-function Eq.@[), the numerical differentiation method is used.

Define the propagated points, §, by projecting V| onto the sigma points, %1, as follows:

Gi= (V) %

Xi
~0" |4 1]
i (3.9
T
&= [xT uT] v

£

Then, the principle of the finite difference between the sigma points is applied as:

Tvl
d=D|" " (3.10)
fivy

where D and d are the differences of the sample points and the defined points g:

(C'l _ Cn+m+l>T
d= ; (3.11)
(gmtm — CZ("JF"Z))T

i

D= : (3.12)

(@t — 5

(n—i—m))T (ﬂ(l+m _ I/~t2(n+m> )T

1 4

Thus, the gradient terms in Q-function Eq.(2.9) can be computed by solving a linear
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system Eq.(3.10):
Oc| |k < Vi
= +
Qu ' lu ' fTV/
oot (3.13)
Ly |
= +D; d;
Ly

L 1

Thus, the approximation of the Q-function, Eq.(2.13), can be obtained by substituting
the gradient and Hessian with the numerical computation, Eq.(3.13) and Eq.(3.7) by Al-

gorithm [9]in the backward pass.

Algorithm 9 UDP: Backward Pass
1: Initialize Vi, = Ly, Viey = Ly
2: for i=N-1:-1:1 do

3: I'; = chol
Oan luu i
Unscented Transform by Eq (3.1)
5: Backward propagation of the sigma points: X; = f~ (%41, ;)

6: Update Q-function Eq.(2.13) and Eq.(2.14) using the gradient and Hessian:

Eq.(3.13), Eq.G.7)

V/ OI’le

7: if Q,,, is invertible then
8: Compute the control policy: Eq.(2.11)
9: Update the value function: Eq.(2.15))
10: else
11: Increase p by Eq.(2.20) go to line 2
12: end if
13: end for

3.2 Sparse Gauss-Hermite Quadrature

3.2.1 Numerical Integration

Numerical integration, or so-called ’quadrature’, is a method to calculate the approxim-
ates of an integral of a function f(x) by using numerical techniques when the integrand
f(x) is only known at the certain points or finding an integral of the f(x) is even complic-

ated via symbolic methods analytically [60]. Sometimes, numerical integration is easier
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to compute the approximates of the integrand that is too complicated to evaluate math-
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ematically, therefore the numerical integration methods are useful and essential in many
practical situations. There are two typical methods: Newton-Cotes method and Gauss
method. The first approach is the most common numerical integration method replacing

a integrand f(x) with a polynomial:

= / ) ~ /  fo (X)dx (3.14)

where f,,(x) = ao +ayx+---+ anp_lx"P_l + @y, X" is a polynomial and n,, is the order
of the polynomial. The integral can be approximated using a series of polynomial or data
segment with the boundary points of the interval. The first-order method of polynomial
(trapezoidal rule) is geometrically equivalent to the area of the trapezoid under the straight
line generated by the boundary points, The higher-order polynomials (Simpson’s rule)
makes use of extra points midway between the boundary points by dividing the more
segment of the area to enhance the accuracy.

The second method is Gauss Quadrature (GQ) employing the quadrature points, x de-
termined from the integration interval that makes a more accurate integral estimate res-
ults. It yields exact values of integrations for polynomials of degree up to 2n; — 1, with n;
quadrature points. It has better efficiency and simplicity and produces more exact results
because the base condition of the fixed point (or boundary point) is removed while loca-
tion of the boundary point used in the polynomial-based method is predetermined (hence
it is an open quadrature rule). The basic estimate of the Gauss quadrature over a finite
interval [a b| can be represented as a weighted sum of the function with a finite number

of sample points:

I:/bf(t)dt

’ 1 ny (3.15)
= [ fdx= Y wifw)
- k=1

where the interval of the integration is converted into [—1 1], x; and wy are integration
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points (or quadrature points) and its corresponding weights, respectively, which are de-
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termined according to the complexity of the function, f(x) to be integrated.

3.2.2 Gauss-Hermite Quadrature

Gauss-Hermite Quadrature (GHQ) is a GQ over the interval [—oo oo]. An integration
of an arbitrary function f(x) over an exponential weighting function is evaluated as a

weighted sum over a set of sample points known as GHQ points:

/ e fx)dx ~ i wif (1) (3.16)
—oo k=1

where ¥ is the roots of the Hermite polynomial, H,, (x), and its corresponding weights, w;

are given by:

20 ly/m &
Wi = , wr =1 (3.17)
T 2y (x0)]2 ;;1 ¢

The Hermite polynomial function, H,, (x), is given by Rodrigues’s Formula:

> d™ 2

Hy,(x) = (=1)"e" —n(e™) (3.18)

Instead of finding quadrature point from the above root-finding method, the tridiagonal
method is presented, which is stable and mathematically/computationally better approach
(61, 162]. For the univariate GHQ rule with respect to the univariate standard Gaussian
distribution, N(x;0, 1), with n; quadrature points, the expected value of the function f(x)

can be approximated as:

(3.19)
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The quadrature point ¥ and the weights wy (1 <k < n;— 1) can be calculated from the

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

tridiagonal matrix L: Ly g1 = L1 4 = \/k/2:
[ 0 2 0 0 ]
12 0 2/2 0
L=| 0 272 0 3/2 (3.20)
0 0 320

The corresponding weight wy, is calculated by vy that is the first element of the k' nor-

malized eigenvector of L. i.e.

I
p—

nh= 07 w1 = 1 i
3.21)

%e=V2¢&, wi=)? 1<k<n—1

where the univariate GHQ rule with n; points is exact up to the (2n; — 1)th or less order
of polynomials of f [61]].
To represent the multivariate GHQ problem, N(x;0,1,), the univariate GHQ rule can be

extended by the tensor product rule, since each quadrature points are uncorrelated [62]].

I(f) = / " ON(x:0,1,)dx

ny ny
~ Wy, - wi, f (Vi3 W)
l,-; , 1,;1 | (3.22)
(np)"
=Y wif(n)
=1
where
T
YI = {Yl,"' 7’}/ln:|
(3.23)

n
wp = szlwlj
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The multivariate GHQ rule is also exact up to the (2n; — 1)th order of all polynomials [61],

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

For example, consider the two dimensional, n = 2, Gauss-Hermite Quadrature (GHQ) rule

with 3 points, n; = 3. The symmetric tridiagonal matrix L, Ly j11 = Lgy1 4 = \/k/2 is

given as:
0 1/2 0
L= 1/2 0 2/2 (3.24)
0 2/2 0

The eigen-value (€) and eigen-vector (v) of the L can be computed by:

V3,3
V2 V2
1L V2 L
IR R (3.25)
— 1 1
E v B,
1 1
V3 V3 V3

The quadrature point, ¥, and the corresponding weight, w, can then be obtained by Eq.(3.21):

y=12e
=—/3,0,V/3
w=(v1,13)° (3.26)

() ()

%\

1

O\I-lk
O\I*—‘

Hence, for a n = 2 system with a n; = 3 GH quadrature points, the set of the quadrature

points will be (n;)" = 3> = 9 number of points and the associated weights, which are
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Figure 3.1: The example of the Gauss-Hermite Quadrature rule, n = 2, ny = 3.

combinations of an one-dimensional GHQ point and their weights:

(r.n) (n.rn) (n,n) (—V3,—V3) (=V3,0) (—V3,V3)
(0,0) (0,V/3)
(v/3,V/3)

—~
=
|
>
~—

(r,n) (»r) (BB | =
(B.7) (B (BB

S
I
S
S

(3.27)

—~
~—

—~

A= ANk A=
~—
—~

A= A= V=
~—

~—
—~

—~
~—
—
N—
—~
~—
~
N—
—~
~—

wWiw1p wiwz  wiwj

~—
—~

Wawip wawz wWawsz | —

A= A= =
~—

—~
~—
—~
D= AN =
~—
—~
~—

—~

D~ AN =
N—
—~~

Al B AP+
~—

—~
~—
—~
~—
—~

w3iwi wW3wz W3wj

However, the number of the quadrature point (%) is increased exponentially (n;)" with a
system dimension 7, i.e. ’curse of dimensionality issue’. To handle this issue, the Sparse-

grid method is utilized.

3.2.3 Sparse Grid

From the previous subsection [3.2.1]and [3.2.2] the GHQ rule is efficient for the univariate

integration, however, the multivariate GHQ suffers from the curse of the dimensional-
ity as the number of the points is increased exponentially by (n;)". Hence, most of the
GHQ rule is implemented in the low dimensional cases. To cope with the curse of di-

mensionality of the GHQ product rule, the sparse grid quadrature rule is derived based
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on the Smolyak’s rule that utilizes a linear combination of lower level tensor products of
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univariate quadrature rules to approximate multivariate quadrature [63, 64].

1) = [ FeNG0.1,)dx
~ I (f) (3.28)

= Y (-D¥UC ) Y el on,)(f)
q=L—n QeNy

where the 7, 7 (f) is an approximate of the numerical integration of an n dimensional
system, f with the accuracy level L. C denotes the binomial coefficient, i.e. C} = (n_”—k'),k,
of which ! means the factorial operator, n! =n x (n—1) x ... x 2 x 1, and ® denotes a
tensor product. Q £ [iy,ia,- - ,i,] is an accuracy level sequence and the ¢ is the auxiliary
parameter for the mathematical notation. An available set of i, is given by the set of
accuracy level sequences, N7, indicating the possible accuracy level i), for each univariate

quadrature:

Q:Y lj=n+gq, for ¢g>0
NI = (3.29)

q
0 for g <0
where the parameter ¢ is given as L—n < g < L —1 and 0 denotes an empty set. The

Eq.(3.28) can then be written in an explicit form:

L—1
L—1- —1
Lef)= X DM )Y Y Y X fls e, )Ws Wy s,
g=L—n QeN! g5, €X1, 45,€X1, 45y €Xy,
(3.30)
where Xi; is the univariate quadrature point with the accuracy level /;. g5; = [Gs1:qsys -+ 4s,) €

X and wj, (1 < j < n), are a Sparse Gauss-Hermite quadrature (SGHQ) point and its

weights associated with g;;, respectively. The final set of the SGHQ points is given as:

XYoo= U U X, 2X,) (3.31)
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where J denotes the union operator of the individual SGHQ points. For the better under-
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standing of the details in the SGHQ rule, recall the example of the n = 2, L = 3, from the
previous subsection The possible accuracy level Nj can be calculated by Eq.(3.29)

with the available auxiliary parameter, g that wouldbe g =1,2fromL—n<g<L—1.

For g = 1:
) n
N;=Ni=) l,=n+gq
p=1
2
=Y =l +h=3 (3-32)
p=1
.'.(11712) :{(172)7(271>}
and for g = 2:

n
NI=N;= Y l,=n+q
p=1

2
=Y lL=L+h=4 (3.33)
p=1

(11712) = {<1=3)7 (2,2),(3, 1)}
From the Eq.(3.31), the final set of the point can be computed by tensor product, ®:

L1
X3 = U U (X, ©X,®---®X,)
g=L—n QeNp (3.34)

= (X1 ®X2)U (X, ®X1)q:1 U X ©X3) U (X @X0) U (X3 ®X1)q:2

where the number of the univariate point set is chosen by 2F — 1. i.e. for I:

X1=0,w =1 (3.35)
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for Ip: 22 — 1 = 3 obtained from the Eq.(3.26):

X2 = —\/§,07\/§

wy =

b

AN
AN =

1
67

forly: 23— 1="17. The symmetric tridiagonal matrix L is givenby L; ;11 = L1 ; =

0 /3 O 0 0
1 2
Jio 30 o
2
|0 vioo
6
0 0 0 0 4/
6
(0 0 0 5 0]

(3.36)

i/2:

(3.37)

The eigen-value (€) and eigen-vector (v) of the above L can be computed using the "eig’

built-in function of the MATLAB:

€ = £2.6520, +£1.6736, +£0.8163, 0

_—0.0234 0.1754  0.4900 0.6761  0.4900
0.0878 —0.4151 —0.5657 0 0.5657
—-0.2163 0.5706  0.1153 —-0.4781 0.1153
v=10.3967 —0.4408 0.3851 0 —0.3851
—-0.5566 0.0275 —0.3221 0.4140 —0.3221
0.5787  0.3652 —0.1781 0 0.1781
_—0.3780 —0.3780 0.3780 —0.3780 0.3780

53

0.1754
0.4151
0.5706
0.4408
0.0275

—0.3652 0.5787
—0.3780 0.3780

0.0234_
0.0878
0.2163
0.3967
0.5566

(3.38)
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and the univariate quadrature point and the corresponding weight can then be obtained by

Eq.(3.21):

X3 =V2e

= +3.7504, £2.3668, +1.1544, 0

v=(wi17)°

= (—0.0234)%,(0.1754)%,(0.4900)%, (0.6761)*, (0.4900)*, (0.1754) , (0.0234)*

(3.39)

Thus, the final set of the quadrature points, X,,—> ;,—3, can be obtained by Eq.(3.34)) in-
cluding all the combination of the N7 and N3.

Forg=1:

X1 ®Xy = (Oa _\/5)7 (070)7 (07 \/g)
(3.40)

X ®X, = (—V/3,0),(0,0),(v/3,0)

For g =2:

X; ®X3 = (0,—3.7504), (0, —2.3668), (0, —1.1544), (0,0),
(0,1.1544),(0,2.3668), (0,3.7504)

X ®X; = (—V3,-V3),(—V3,0),(—V3,V3),
(0,—+/3),(0,0), (0,V/3), (3.41)
(V3,-V3),(V3,0),(v/3,V3)

X3 ®X; = (—3.7504,0), (—2.3668,0), (—1.1544,0), (0,0),

(0,1.1544),(0,2.3668), (0,3.7504)
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Thus, the resultant set of the SGHQ points is:

-'-X2,3 = {(070)a (07 _\/§)7 (07 \/g)v (_\/gv 0)7 (\/§70)7

(0,—3.7504), (0, —2.3668), (0, —1.1544), (0, 1.1544), (0,2.3668), (0, 3.7504)

(—V3,-V3),(=V3,V3),(V3,-V3),(V3,V3)
(—3.7504,0), (—2.3668,0), (—1.1544,0), (1.1544,0), (2.3668,0), (3.7504,0)}

(3.42)
The corresponding weights are computed by following relation from Eq. (3.28):
ws = (=1)F1IC] T T w, (3.43)
Forg=1:
w=(—1)11CE ] T,
xiex: (-0 [1()1(2).1()] B
_ 1 4 1
%o (1| (311 ()1]
For g = 2:
X1 ®X3: [ (0.0005),1(0.0308),1(0.2401)
1(0.4571),1(0.2401),1(0.0308),1(0 OOOS)}
1 1
XHr®X): Az )z
(3.45)

1

) (6

)6 ( ) (

()

X3®X) : [(0.0005)1,(0.0308)1,(0.2401)1
(0.4571)1,(0.2401)1,(0.0308)1,(0.0005)1]
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Table 3.1: Number of points for SGHQ rule

Level \Dim. [1 2 3 4 5 ... n
1 1 1 1 1 1 .- 1
2 35 7 9 11 --- 2n+1
3 7 21 37 57 81 - 2n*+6n+1

Table 3.2: Number of points for GHQ rule

Level \Dim. | 1 2 3 4 5 - n
1 1 1 1 1 - 1
2 39 27 81 243 ... (22-1)
3 7 49 343 2401 7203 ... (23—1)"

where the weights for the already existed points are then updated by:

L—1—ggn—1
ws =ws+ (—1) qczflfqngzlwlj

1 4
(0,—V3) : — < 3¢ = 00556

4 " (3.46)
(0,0): —2 (6) +2(0.4571) + 2 = 0.0253

1 4
0,v3): —=—+--=0.0556
( ’\/—) 36+36

The result points and its weights are illustrated in the following Fig. [3.2] which contains
the 21 points, meanwhile the 49 points are used for the that of the GHQ rule by tensor
product X3 ® X3. Itis obvious from the above figure and tables that the number of the final
set of the quadrature points for the SGHQ rule is not increased exponentially compared
with the that of the GHQ rule for the higher dimension integration, thus, the curse of the

dimensionality issue of the GHQ rule can be alleviated.
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Gauss-Hermite points and weights, n=2 Lv=3 Spame Gauss-Hermite points and weights, n=2 Lv=3
[ ] L ] L] . L] [ ] . [
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Figure 3.2: The comparison of the GHQ and the SGHQ rule. n = 2, Lv=3
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3.3 SGHQ DDP

The SGHQ-DDP also utilizes a set of sampling points generated by the SGHQ rule with a
specified accuracy level L and manner my: 2L— 1 or 2L — 1. To apply a numerical quadrat-
ure based on the Gauss-Hermite Quadrature, the new quadrature points are required to be
set by linear transformation (or coordinate rotation) to convert into a normal distribution

with a zero mean and unit covariance:

= / F0) N %, )dox
=/f(i+ VZy) N(y:04,1,)dy (3.47)

~ Efi’f"wlf(i +VIy))

which can be seen as ’integral by substitution’ by changing an integral variable, i.e. y =
V! (x —X) with the factorized matrix of the covariance given by £ = v/Z(v/Z)”: Hence,

the new points can be computed by the following relation:
= +Iy/,  j=12, M (3.48)

ZZT]T

where the augmented vector [)ZiTH, ;] 1s new quadrature points, I" is the lower trian-

gular matrix of the Cholesky decomposition by Eq.(3.2)), and y is a quadrature point by
SGHQ-rule. The new quadrature points are then propagated backward through a nonlin-

ear dynamics, ¥; = f~ (%11, ;). Similar to the UDP, the backward propagated quadrature

T]T

points [)ZIT, ii; |* are then used to find the Hessian of Q-function by computing the covari-

ance:
T

=
Radl
=
R

G_l—f j zJ i
=Y w |- |- (3.49)
Jj=1

1]
S
1]
=
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where w/ is a corresponding weight to the quadrature point sampled from the SGHQ rule,
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and ¥, i are the mean value of its points, respectively:

1

u -
= | (3.50)
w' i

<t
~

The gradient of the Q-function can also be computed using the principle of the finite-

difference: ) ) ) )
& —uH" @ -’ ¢'-¢
2 BT 2 i\T Ty 2 7
(%7 — 1) (7 — u') « Vel |66 3:51)
fiVi :
G =)t @ -’ M-

where C is propagated by Eq. |b and the mean of the propagated points are given:

=)' (3.52)
fuai

Ci= (Vx/)T“Zrl

The pseudo code for the backward pass of the SGHQ-DDP is given in the Algorithm [T0]
and the process comparison between the DDP and SGHQ-DDP is shown in the Fig. [3.3]

3.4 SGHQ CDDP

As the CDDP is derived using the Augmented Lagrangian method to consider an equal-
ity/inequality constraint in the previous chapter, the SGHQ DDP can also be formulated in
a CDDP framework by defining an augmented cost with a constraint condition where the
gradient and Hessian of the Q-function are replaced by SGHQ rule. Recall the augmen-

ted performance index, or so-called the Lagrangian function Eq.(2.26]) and the augmented
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Algorithm 10 SGHQ DDP: Backward Pass

1: Initialize Vi, = Ly, Vixy =
2: for i=N-1:-1:1 do

V/ 0n><m
3: = chol
- ([Om b D

lxx N

4: Generate a set of quadrature points by Eq.(3.48)
5: Backward propagation of the new quadrature points: X; = f~ (%41, 4;)
6: Update Q-function Eq.(2.13) and Eq.(2.14) using the gradient and Hessian:

Eq.(3.52), Eq.(3.49)

7: if Q,,, is invertible then
8: Compute the control policy: Eq.(2.11))
9: Update the value function: Eq.(2.15))
10: else
11: Increase p by Eq.(2.20) go to line 2
12: end if
13: end for
e mmmn [mmTmTmTmmmmmmmmmmmmsmsmmosoeoseeoooooo- 1
| <DDP> i <SGHQ-DDP>
- N

Differentiate Cost function/Dynamics

. J

Cost function only ]

4 I

Solve the action value function, Eq.(2.13)

Qi(8x,8u) = Iy fV + fl Vi Sy

Generate SGHQ points by Eq.(3.48)

|

]

Solve the action value function, Eq.(2.13)

Backward Qy, by sampled finite difference, Eq.(3.52)
Pass K / Q. by sampled covariance, Eq.(3.49)
, 1 1 ‘
Update the value function, Eq.(2.15) and the control correction, Eq.(2.11)
& J
Forward f Uodate th ol A
Pass pdate the nominal trajectory

Figure 3.3: Process comparison of the DDP and SGHQ-DDP

running cost Eq.(2.27)), the Bellman equation can then be represented based on the CDDP:

anx anu o fT Vﬂixxfx fTV(;xxfll
Qaux Qauu ; Tvéxxfx TVL;xfo + lauu
r T
A S| | Vi O
Om><n Ime Oan lauu
L 1
60

la XX

0m><n

laxu

laux 0m><m

i

fooo Ju

laxx laxu

. laux Om><m .
1 1

(3.53)
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Therefore, the second derivative term of the Q,-function, G,;, can be defined:

- AT
fx fu Va/xx On><m fx fu
Gai -
0m><n Lnxm . 0m><n lauu . 0m><n Lnxm .
L 1 l l
- -1 —1 -\ T
I Vi Onsm foo S (3.54)
. Gal ==
Omxn Linxm . Omxn lauu . Om><n Lnxm .
L d1 l :Pu 1
r—1p—15-T
=F P, F

If the Cholesky decomposition of the Ga,-_l = A A, and P,; = FaFg are satisfied as
described in the UDP, where A, and I, are the unique lower triangular matrices, then, the

following equation can also be derived as:

T
(3.55)

Aa = F}_]Fa

where Eq.(3.55) forms a nonlinear transformation technique to approximate A, through
the dynamics, Fl.’l. Thus, G, can then be approximated by Eq. lb Eq.. The
gradient of the Q,-function is also be calculated by principle of the finite-difference using

Eq.(3.52) with the augmented value V,, and V.

3.5 Numerical Simulation

This section demonstrates the effectiveness of the SGHQ-based (C)DDP algorithm. The
numerical simulations are also carried out with the F/A-18 and missile dynamics used in
the section [2.4] however, the considered simulation scenarios are more highly nonlinear
cases for the real implementations. For the first fixed-wing aircraft case, a flat-spin re-
covery scenario is considered, which is an autorotation or uncommanded roll along the

longitudinal axis with a downward rotating motion around the vertical axis [65]. The
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objective is to stabilize its airspeed, rate of rotation (or angular velocity) and attitude by
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disrupting the spinning motion, decreasing the AoA below the critical AoA and unstalling
the wing. The second missile guidance also assumes the interception of the stationary tar-
get on the ground with a time-varying parameter of the missile dynamics, such as mass,
aerodynamic coefficient, and thrust to consider the boost phase maneuver. All the inform-
ation including both of aircraft and missile dynamics of the post-stall aerodynamics and

time-varying parameters, respectively, are also fully available.

3.5.1 A fixed-wing aircraft

The performance index is formulated by Eq. (2.48) with a physical constraint of the
control input by Eq. for an inequality constraint condition, g(x,u) < 0 with the
corresponding state x, and control input, u defined by Eq. (2.47). The initial condition
of the flat spin is listed on the Table [3.3|[66]. The parameters of the (C)DDP, i.e. time

Table 3.3: Simulation initial/desired conditions of the F/A-18: flat spin recovery

Parameter Value
Velocity, Vr 80.89 [m/s]
y AOA/AOS, [a, )T [71.63°,2.4°]T
Initial . T T
condition Angular velocity, [p,q,r] [—28.40,—3.28,—86.76]" [deg/s]
Angular attitude, [¢, 0]7 [1.36°,—17.36°])T
Control inputs, [&1,r, 8et, Oer, Oa, /)7 Omx1
Velocity, Vr 180 [m/s]
: AOA/AOS, [a, B]T [6.837,0°]7
Trim Angular velocit T 0,0,0]7 [deg/
condition ngular ve (.)Cl Y. [p7Q7 i"] [ ) ] [ €g s]
Angular attitude, [¢, 6]7 [0°,6.83°]T
Control inputs, [8,, 8er, Oer, 8, 6] |  [28%,—0.55°,—0.55°,0°,0°]7

horizon, weighting matrices and Augmented Lagrangian parameters are also presented in
the Table [3.4] where the weighting function of the state value in the running cost, Q, has
more priority on the angular rotation recovery attenuating the angular rate ®” = p,q, 7"
than any other state regulation, which is highly recommended by Federal Aviation Ad-
ministration (FAA) [65]].

The Fig. [3.4] and Fig. [3.5 represent the aircraft state and input trajectories of the Con-
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Table 3.4: Simulation parameters of the CDDP for F/A-18: flat spin recovery
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Parameter Value
Sampling time, dt 0.1s
Time horizon, N 600
DDP 0 diag([1072,10%2, 103 33,10 42])
R Linsom
Sy 100
Lagrange multiplier, A;,; 1
CDDP Penalty parameter, W;,; 102
Scheduling factor, Cyy 1.2

strained DDP, (CDDP), Constrained UDP, (CUDP) and SGHQ-CDDP algorithms for a
lower level of the control law for flat-spin recovery. All the three algorithms regulate
the state and control input variables in 20s, and the trajectories then converge to their
desired values. As shown in the Fig. and Fig. [3.41] all the algorithms use the bang-
bang type maximum control input to decrease the angular velocity @? [65]. All the cases
have similar responses attenuating the angular velocity rapidly and then stabilizing the
other angular attitudes ([¢, G]T) and velocity (v?), however, aileron and rudder have dif-
ferent responses that leads to the abrupt change in the lateral motion, roll attitude (¢) and
sideslip angle (), which are shown in the Fig. and Fig. When it comes to
the three CDDP algorithms, the SGHQ-CDDP takes more iteration during the numerical
optimization, however, it has the least cost compared with the CDDP and CUDP presen-
ted in the Fig. [3.8] and the Table Therefore, all of the CDDP-based algorithms can
be applied to design a recovery control system and the SGHQ-based approach shows a
slightly better performance.

Unlike in the optimal regulating problem of the low level controller system, stall, spin or
unusual attitude of an aircraft should be recovered or stabilized within a minimum time.
The characteristics of these flight conditions have lower maneuverability even make loss
of its controllability that can lead to a catastrophic condition, hence, it can be expected that
the FFT algorithm effects on the this problem by optimizing a final time. The following
figures and table demonstrate the result of the FFT-CDDP algorithms. The state and input

sequences of all algorithms are given in the Fig. [3.6]and 3D trajectories and its altitude
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Figure 3.4: Comparison result of the CDDP algorithms of F/A-18: flat-spin recovery

loss are shown in Fig. It is clearly observed that the the conventional DDP and
SGHQ-based FFT algorithms recovers from a flat-spin by attenuating its angular velocity

in the first 10s, which is a similar result of the previous result given in the Fig. [3.4]
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Figure 3.5: Cost comparison of F/A-18: Flat-spin recovery

while the UDP-based algorithm fails to regulate its angular rate and stabilize its attitude
and input. In addition, the only SGHQ-based algorithm has ability to regulate its unusual
attitude to the desired values after stabilizing angular velocity stage in 35.5s. Even though
the CDDP successes in the regulating angular rates in a shortest time, its trajectory does
not converge to the desired value in the attitude and the roll and pitch attitude ([¢,0]7)
have a nose and left-wing down motion shown in Fig. [3.6dl Lastly, the performance of the
FFT algorithms are compared in the Fig. and Table When it comes to the altitude
loss comparison, the trajectories of the DDP and UDP are extended using the feedforward
K; and feedback d; gains of the each final time that is described in the Algorithm [8| for
the explicit comparison given the same time horizon. It can be definitely seen from the
Fig. that the SGHQ-based algorithm has the minimum altitude loss compared with
the that of DDP and UDP, summarized in the Table This is a noticeable result that
to minimize altitude loss is a significant parameter to prevent fatal aircraft accident as
flat spin is a downward rotation motion with the loss of control. In terms of the cost, both
CDDP and SGHQ decrease its cost obviously and the final costs are comparatively similar
value even though the time horizon of the CDDP reduces to the least small time, which
is the minimum saturation of the time increment, &, . This means that the SGHQ

algorithm has a longer time *N’-step in the running cost ,(x;,u;) and a better tracking
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Figure 3.6: Comparison result of the FFT-CDDP algorithms of F/A-18: flat-spin recovery

performance of the SGHQ algorithm can be expected if a given time horizon for both
algorithms are equivalent. Thus, the SGHQ has more efficiency in the nonlinear case

even with the FFT algorithm.
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Table 3.5: Comparison result of F/A-18: flat-spin recovery

Ini. Final Time, ty,;,; | Final Time, t5 | Iteration Cost | Altitude Loss
CDDP 40s 20s 57 38515.7 | 2741.69m
CUDP 40s 34.5s 10 56115.7 | 2427.59m
SGHQ-CDDP 40s 35.8s 58 38424.8 | 2150.68m

3.5.2 Missile guidance

The missile dynamics used in this subsection is the same as the previous subsection given
by Eq. (2.50) and Fig. 2.5] however, time-varying parameters are considered: mass, aero-
dynamic coefficient, thrust force, and the acceleration command limit is set by 100 [m/s?]
due to the accelerating phase [11,|67]. The performance index and inequality condition

set by the control input are formulated by Eq. (2.51I)), and the state and control input
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simulation are given in the Table[3.6and the parameters for the CDDP and FFT algorithm

are also given by Table [2.4] All the results of the CDDP, CUDP and SGHQ-CDDP with

Table 3.6: Simulation initial/desired conditions of the missile

Parameter Value
Missile Mass
parameter | Drag coefficient, [Cpg,Cp;]” (Appendix
(L] Thrust, Fr
Position, [X;, Y, Zn]T [5000m2, 5000m, —5000m]"
Initial Velocity, Vi, 300 [m/s]
condition Angle, [Y, Wm]" 202, —90°]"
Control input, [dyy, dm]" [0,0]7 [m/s?]
Target Position, [Xm,Ym,Zm]T [0m, Om, Om] ™
value Velocity, V;, 300 [m/s]
Angle, [V, W] " [—90°, —240°]7

the FFT algorithm are shown in Fig. 3.9 As the state trajectory is shown in the Fig. [3.94]
Fig. and Fig. all the CDDP algorithms intercept the target with the desired
impact angles, successfully. Even though the weighting for the velocity in the running
cost, Q(4,4), is set by a small value for the free final velocity, the velocity condition is
also satisfied by accelerating the velocity in the boost phase and decelerating by aerody-
namic force (by drag) while the terminal condition of the velocity is not satisfied in the

time-invariant case from the subsection Moreover, the SGHQ-based algorithm

Table 3.7: Comparison result of the missile guidance

Initial Final Time, ty;,; | Final Time, 5 | Iteration | Cost
CDDP 30s 24.1s 24 767733
CUDP 30s 24 3s 24 770321
SGHQ-CDDP 30s 18.6s 25 696472

takes the least time (Fig. [3.10b) with the minimum cost by accelerating its acceleration
in the initial phase plotted in the Fig. [3.9d] although the DDP iteration number is similar
to the other algorithm, summarized in the Table [3.7|and Fig. From the subsection
[2.4.2] it is confirmed that the FFT algorithm improves the ability to optimize a trajectory

optimization problem, and the SGHQ-based algorithm provides the better performance in
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Figure 3.10: Comparison result of the FFT algorithms in missile guidance: cost and time

the nonlinear trajectory optimization problem.
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3.6 Conclusion

This chapter demonstrates the quadrature point-based DDP algorithm especially utilizing
the Sparse Gauss-Hermite Quadrature rule sampling in accordance with the Smolyak’s
rule called as the SGHQ rule. The idea is come from the unscented transform of the
Unscented Kalman Filter replacing the gradient and Hessian of the action-value func-
tion by numerical computation of a probability distribution, which are compared with the
baseline algorithm and the UDP in the Table [3.8] The transformed points sampled by the
SGHQ rule mimics the gradient and Hessian of the Bellman equation in the backward
computation of the DDP framework, which achieves a less approximation error. This also
enables the update of the Bellman equation in the backward computation to find an op-
timal control correction without the differentiation of the cost, action-value function and
dynamics. Moreover, the SGHQ can adjust the level of the quadrature rule that affects on
the accuracy of the numerical integration so that the more quadrature points can be util-
ized to approximate the probability distribution. Even though the more quadrature points
are selected by a higher level of the Sparse grid rule that means it would have more sigma
point of the UDP, it still has less number of the fully-gridded Gauss-Hermite quadrature
points and resolves the curse of dimensionality issue.

Furthermore, the FFT-based SGHQ-CDDP algorithm is also formulated for the free final
time trajectory optimization problem. The derived FFT-SGHQ-CDDP is implemented
in the aerospace applications for the low level controller and guidance law of a fixed-
wing aircraft and missile guidance, respectively. The numerical simulations show that
the integrated SGHQ-CDDP algorithm with the FFT algorithm has a better performance
and accuracy and is applicable to the final time free problem where the time horizon
should be minimized or adjusted for a successful implementation without the numerical

discretization in the dynamics.
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Table 3.8: Comparison of DDP and sampling point-based DDPs

DDP UDP SGHQ-DDP
Derivative-free

Pros | (Baseline algorithm) Derivative-free i i
Point level selection
Cons Table Fixed-sampling points | Rule for level selection
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Chapter 4

SGHQ Guided Policy Search

4.1 Stochastic Policy Optimization

Previous chapter [2] and [3| described a trajectory optimization problem solved by Differ-
ential Dynamic Programming (DDP) algorithm and its variant of sampling point-based
approaches: Unscented Dynamic Programming (UDP) and Sparse Gauss-Hermite Quad-
rature DDP (SGHQ-DDP). The DDP algorithm addresses a single locally optimized tra-
jectory near a nominal (or previous) trajectory approximated by Taylor series expan-
sion, while policy search or inverse optimal control (or Inverse Reinforcement Learn-
ing) handles a various of possible trajectories in the framework of stochastic optimiz-
ation problem. The DDP solves a deterministic system model and control input, how-
ever, a stochastic optimization deals with a propabilistic system model p(x;1|x;,u;) and a
stochastic control policy p(u;|x;) conditioned on x;. Hence, a number of available traject-
ories need to be generated to make a trajectory distribution so the control policy that can
learn a policy distribution not for a single possible trajectory but a task execution. To solve
a stochastic optimization problem by finding a control policy, the classic optimization
problem Eq. should be converted to the expected cost by E[Y Y- _11 I(xiui) + L (xn)],
and then an entropy term is augmented in this expected cost to obtain trajectory distribu-

tions as wide as possible [48]: E[YN ' 1(x;, u;) +log(ui|x;) +1(xn)] , which is called as

72



Cranfield
University

Consider a stochastic trajectory optimization problem of which objective is to minimize

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

a soft optimality or maximum entropy control problem. [68,69]

the expected cost with respect to a control policy 7(u;|x;) below:

N—-1

J= E'L'Np(r) Z {l(x,', u,-) +log 7'C(I/l,‘|x,')} -l—lf(xN) 4.1
i=1

where 7 is a system trajectory from an initial condition (xy,u;), i.e. T={x1,uj,x2,u,...,xn},
and log 7w (u;|x;) is a Gaussian control policy expressed by multivariate Gaussian function

with mean u/ € R™ and covariance S; € R"™*™:

7 (uilx;) = N (ui|y', S;)
1

_ _lu._ TSy — y
" Vempdats) T2 ROL

(4.2)

The mean of the linear Gaussian controller can be set by u;' = it; +d; + K; (x; — X;) as shown
in the DDP, Eq.(2.16). From the Bellman’s principle of optimality which states that an
optimal control policy has the property that whatever the initial condition and decision
procedure are, the remaining decisions must constitute of an optimal policy starting from
the state resulting from the last decision, the given cost function Eq.(4.1)) can be expressed

in a recurrent form of the value function as shown in the value function from the Eq.(2.5):

N—1
{1(xi, u;) +log m(uilxi) } + lf(xN)]

JZEm~mmﬂﬂ
= (4.3)

=V (x1)

which is called as a soft state-value function where the log 7 (u;|x;) term is augmented in
the deterministic trajectory optimization problem Eq.(2.2)). To apply the Dynamic Pro-

gramming (DP) in the soft state-value function, the Eq.(4.3) is rearranged at the time step
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k with a Bayes rule:

N—1
V50 = Baympia o | £ {1) +logmlul) g, }+1y (o)
1=
N—-1
= Eq, ~p(n, ) [log 70 (uge|xz.) + Z;,c {1(xi, ui) +log m(uit |x"“>—lni} + lf(XN)]
1=

N—1
= [, toemtubp(aulwdn + [ [ X {1s )+ plealwds,

Tuk
_ / / log 7 (1) p(Ta,, P ) dTe,., T (utglxe) it
e Ty
/ Z U} 1) | P oo ) i 7 (gl di
M =k =0 (xg,up)

= V) =By onugln [10g 7 (urloer) + Q(x, ”k)}
“4.4)

where Q(xk, uk) = Eka-u Np(ka+l g itk [Zﬁ;l {l(x,-,ui) + log 7r(u,-+1 |x,-+1)} + lf(xN)] is a
soft action-value function. Rearrange the soft action-value function as described in the

soft value function Eq.(#.4):

O (xg, ug) Z {1(x;,u;) +1og mw(uiv1|xiv1)} —Hf(xN)}p(‘L'karl |Xpe, g )d Ty,
T =k
N=1
1, ue) + [ Y i ui) + lf(xN)] P(T [, ui)d Ty

T i=k-+1

= / / xka Mk Tuk+1 |xk+1) druk+1p(xk+1 |Xk, uk)d)Ck_H
Xk+1 Tuk+1

+/ / Z lxzauz)‘}'lf(xN)} P( Ty [Xig1) d Ty, P Xkt X, ) d Xy
et Y Ty - i=k1 Vi)

=1 (g, ui) + V (k1) P (a1 [0k, 1) d X1
Xk+1

- Ok, uye) = (e, ug) +Exk+1~p(xk+1|xk,uk)[V(xk+1)]

4.5)

Hence, the recursive relation between the current time i and the next time i + 1 called the
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V(1) = By | 102 0 ) + Ok, ) o

= Euk"’”(uk|xk) [log ﬂ(uk|xk) + l(xk, uk) +Exk+1wp(xk+1 g ag) [V(xk+1)]

From the Bellman’s principle of the optimality, the following equation can be satisfied:

V7 (056) = My )| 10@T0x0) + 10 0) + B i IV ()] | 47)

To solve the stochastic trajectory optimization, the second order Taylor series expansion
near a nominal trajectory (xg,u) can be applied in the Eq.(4.2)) with a multivariate Gaus-

sian function Eq.(4.2):

1 — u m
V(8xk) = Espun(spu6x) [— > 18wy — S)" S, (Sux — Syf') +log(2m)™ + logder (Si) }
T
1 0 Of Or||!

1
+§ Oxy Or Oun QOu OXy ]
Ouy Ou Oux Quu Ouy,
4.8)

The recursive relation Eq.(2.12)) can also be satisfied to express the gradient and the Hes-
sian of the Q-function and a partial derivative with respect to the mean and the covariance

of the control input gives us an optimal control input as:

.
Sy = FEIT:
- Qu + qu6xk + QMMS‘U“I?
6.“]? = _Q;ul (qu5xk + Qu) )

= —[Quu+ Pl]il (Quxbx+ Qu)

= K Ox; +dy,

The mean of the Gaussian control policy is equivalent to the optimal control correction of
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the DDP, Eq.(2.11) and a regularization parameter p can also be implemented to guarantee

the inverterbility of Q,, as well.

oV
Sy = —~
kT 98,
1., 1
:_ES/( +§Quu
S Se=0,1

Thus, the soft action-value function can be rewritten

1
Q(0xy, Ouy) = _E{trUmxm) +log(2m)™ +logdet (i)}
T
1 0o o of
1

+Esup~n(8u]6x1) 5 | 0% Or Oun Ou
6”/{ Qu qu Quu

1
= — 5 {trlmscn) + log(27)" + logdet (Si) }
T
1 0 of of|]|1

1 1 1
+§ 6xk Or Ow Ow 5)Ck +M&(_QW

6”k Ou Oux Quu 5uk

5xk

5btk

(4.10)

(4.11)

By substituting the obtained mean of the optimal control correction Eq.(4.9) into the

Eq.(.T1) shows the following equation:

083, ) = — 5 {log(21)" +logder(51))
T
1 0 0f O

+ E 5xk Qx Qxx qu

Ky Oxy + dy, Ou Qux Quu| |Kibxi+dy

5xk

1
= — 5 {log(2m)" +logdet ()} + 8x; [Qc + Ki Qu+ Quudi + K Quud]

1 1
+ 58 [Que + QuuKi+ K Que+ K QuuKil + il Qu+ 5 Quudly
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The gradient and Hessian of the soft state-value function and the expected change in cost
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are:

Vx - Qx + K/{Qu + qudk + K/{Quudk
Vie = Qxx + quKk + K/{ qu + K/Z QuuKk (4- 13)

1
AV =dlQ, + 5dkT Ouudy

The gradient and Hessian of the V function are also equivalent to the result of the DDP
Eq.(2.15), thus, the Gaussian policy can be implemented in a DDP framework to find

mean and covariance of the optimal control policy.

o (wlx) = Nt + Ki(xi — %) +di, O (4.14)

4.2 Guided Policy Search

Consider a stochastic trajectory optimization problem with an inequality constraint con-

dition [70]:

N—1
J= Erwp(’r) Z l(xi,ui) —l—lf(xN), S.t. DKL(p(T)Hﬁ(T)) <eg 4.15)
i=1
where 7 is a trajectory from the initial condition (xy,u;), i.e. T= {xy,u1,x2,u2,..., x5}

and p(7) is a trajectory distribution induced by the local policy p(u;|x;) with a dynamics

distribution p(x;y1|x;, u;):

p(t) = p(e)T p(xi i, ui) p (i x;) (4.16)

Dgp, is a Kullback-Leibler (KL) divergence of the trajectories between the trajectories
generated by the previous policy p(u;|x;) and the current policy p(u;|x;), respectively. It

prevents trajectory deviation too far from the previous trajectory distribution p(7) by a
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boundary &:

Dk (p(7)||p(7)) = Erwp(r) [logp(f) - logp(r)}

N—-1
=Erp(r) [M"‘ Z {M'i' log p(uilx;) }
i=1

N—1
- [M +) {MHogﬁ(uilxi)}]]
i=1

N-1

Bopie)| X logpluf) ~log )

N—-1

E o) | 108 P1115) — log p(uf)|
1

i

(4.17)

where the inequality condition of the KL divergence between the two trajectories is con-
verted to the KL divergence between the control policies. Hence, the Eq. can be

reformulated by Lagrangian method:

N—-1

L(t,n) = Y Epyu |Lxi,u) | + L (en) + 0 (D (puilxi) || p(uilxi) — €
i=1 -
N—1 _
= Y B |10 4) — 1 log p(u,-|x,-)] +1p(xy) +nlog pluilx;) —me  (4.18)
i=1 B
g 1 1
= 2 Bt _ﬁl(xi,ui) —10gﬁ(ui|xi)} + Elf(xN) +log p(ui|x;) — €

where 1 is a Lagrangian multiplier for the given KL divergence of the trajectories and &
is an inequality bounded condition. To solve the above the Lagrangian problem, define a

surrogate running cost:

[(xj,u;) = %l(xi,ui) —log p(ui|x;)
4.19)

lf(XN) = %lf(xN)
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then, the Lagrangian function, Eq. (4.18)), can be rewritten as:

N-1
L(t,m) =min ) B, [~(xia”i) +log p(uilxi) | +1r(xn) — & (4.20)
=

1

which is exactly equivalent to the Gaussian policy optimization problem Eq.(.I). The
multiple local policies p(u;|x;) are updated for each trajectories using DDP or iLQR by
solving the soft Bellman equation , and the global policy 7(u;|x;) is then computed us-
ing a general supervised learning such as deep neural network [71] and GMM fit [[70]

optimizing the following KL-Divergence:

min Dgy (7 (u;|x;) || p(uilxi)) 4.21)

7r(u,-|x,-

To simplify the whole process of the GPS, the Mirror Descent GPS, (MDGPS) is pro-
posed [[70] by replacing the previous policy p(u;|x;) with a global policy 7(u;|x;) in the
problem formulation Eq.(4.15), which minimizes the expected cost under the trajectory

of the policy distribution given by:
N—1
J= Z l(Xi,u,') —l—lf(XN), S.t. DKL(p(u,-]xi)Hn(ui\xi)) <e 4.22)

i=1

MDGPS decomposes the solving process Eq.(.22)) into the two steps: C-step and S-step.
The C-step is a "control phase’ that computes local policies p(u;|x;) and the S-step is a
’supervise phase’ that opimizes global policy 7 (u;|x;) by Eq.(4.21)). This research utilizes

the modified version of GPS, MDGPS, for the simplicity.

4.2.1 GPS: Local Policy Update

The local policy update, C-step, solves the defined Lagrangian in Eq.(4.20) using DDP

algorithm with the soft state-value function Eq.(.4)) and the soft action-value function
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Eq.(4.5)) that are presented based on the surrogate cost defined in Eq.(4.19).

V(xi) = ]Euiwp(u,-|xi) [10gp(u,-|x,~) + Q(-xi7 ”i)
Qi i) = [(xiy 1) + B s ) [V (Xi1)] (4.23)
V(xi) = ]Euiwp(ui|x,-) [logp(ui|xi) + i(xh l/l,') + Exi+1~p(xi+1|x,-,u,-) [V(xi—i-l)]]

To find an optimal control correction, the second order Taylor series expansion near the

nominal trajectory (x;,u;) can also be applied as described in Eq.(4.8)):

1 — u m
V(0xi) = Egpnp(sur(sx) [— 5 1(Bui— S S (Sui — Sf') +1og(2m)" +logder (S;) }

L+ £V

+{5xiT 5ulT} _ o
L+ i Vi

—I—%|:6xlT SMZ.T- l:xx"i'fxTVx/xfx l:,w‘i'fxTVx/xfu 5)6,‘ ]
lux+f14TV)c,xfx luu+fL¢TV)c/xfu ou,

(4.24)

The gradient and Hessian approximation of the surrogate cost expressed by Eq.(4.19) are

rewritten with the mean of the global control policy, du” = K*8x; +d” [47]:

Li| |KFTSFdF
+ (4.25)

1
gradient: — |
T —SFldr

lxx,i lxu,i . KZTTS:'I_IK;T _I{iﬂTSlﬂ:_1

Hessian : (4.26)

1
7 7 -1 -1
1 —srlar ST

lux,i luu,i
where the second term of each gradient and Hessian comes from the global Gaussian

control policy, log 7(u;|x;). The mean and covariance for the current Gaussian control
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policy, log p(u;|x;), is obtained by taking partial derivatives by Eq.(4.9) and (4.10):
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5‘ulu = _Q;ul [qu6xi + Qu]

(4.27)
Si = Ot
where
Qx = ix +fxTVx/
Qu = iu +fuTVx,
Qxx = ixx + fxTVx/xfx (4-28)

qu = qu'f—fxTVx/x u

Quu - [uu +fuTVx,x u

The dynamics information for the classic trajectory optimization is essential to find an op-
timal control policy by the approximate of the action-value function Eq.(2.13) and even
for the sampling point-based (C)DDP to propagate the sampled point in the UDP (section
[3.1) and the SGHQ (section [3.2)) algorithms, however, most of system dynamics might
not be fully known. Hence, model-based RL is utilized under the unknown environ-
ment (or system dynamics) with a model learning. The model-based method must learn
a global model that is challenging and infeasible task within a short time while model-
free method requires amount of data tuple of interaction time. Due to a complexity of a
global model learning, linear regression method is utilized to fit a local dynamics with a
Gaussian Mixture Model (GMM) as a prior data, which makes possible to fit a dynam-
ics, p(xiy1|xi,ui) = N(fcixi + fuiui + fei, Zi), even if the number of samples is less than

the dimension of the system [72, [73|[/4]. The details of the GMM are described in the
appendix and
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4.2.2 GPS: Global Policy Update

In practice, the global policy update, S-step, optimizes the following KL-Divergence

which is formulated in the problem Eq.(#.22) [75, [74]:

T r;rliélnDKL(ﬂ(uﬂxi)\|P(“i|xi))
u, (4.29)

= min Yor(SEF) — log [ F |+ (wf — u)" S (] — u)

where 7 (u;|x;) = N(u,X7F) and p(u;|x;) = N(u},S;). For the simplicity, the global policy
7t(ui|x;) is also assumed by Su” = K*6x+d7 fitted by GMM [70], which is a form of a

local policy p(u;|x;).

4.2.3 GPS: Parameter Update for KL-Divergence

Lastly, the Lagrange multiplier for the KL-divergence (1), and the step size (€) are
then updated. The Lagrange multiplier for the inequality constraint can be updated by
Dual Gradient Descent (DGD) method, which is a gradient descent-based approach:
n<+<n+ ang—s [76, 48]]. In [72], however, a dual variable 1 is recursively updated by
maximizing 1) until the KL-divergence inequality constraint condition is satisfied by step
size €, which alleviates the KL-divergence formulated by equality constraint in the classic

GPS:

Algorithm 11 GPS:n update
1: if Dgp(p(uilxi)||7w(uilxi)) > € then
Nmax <N

T[ — maX(()'lrlmaxa vV nmmnmax)

MNmin < N

n < max(lOnmin, v/ nminnmax)

2
3
4: else
5
6:
7: end if

The boundary condition of KL-divergence € is updated by evaluating the difference between

the predicted change in the cost of the local policy with the fitted local model and actual
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cost sampling from the current policy [47]:

/ lllcc l_lllcc_ll
g =e6——— 4.30
28— 1h) (*30

where the subscription and superscription in the cost / means the GPS iteration of the
dynamics and cost, respectively. The modified step adjustment in the MDGPS [70] is
proposed to constrain the updated policy p(u;|x;) from the C-step against the global policy
o (uilx;):

llkc—l _ L

k—1
Ll N (4.31)
k
200, =1

e=c¢

4.3 Sparse Gauss-Hermite Quadrature Guided Policy Search

As SGHQ-rule substitutes the Jacobian and Hessian of the Q-function with a numerical
mean and covariance obtained by sampling points, in the previous Chap. [3] the local
policy update can also be computed by SGHQ-rule in the backward pass. The quadrature
points are obtained by Eq.(3.48) with a specified accuracy level Lv for each trajector-
ies and the gradient and Hessian of the Q-function are then computed by Eq.(3.52) and
Eq.(3.49). Instead of using a linear local dynamics 6x; = f;,6x; + fy,6u; for a backward
propagation of the quadrature points and the Hessian computation Eq.(3.49), a variant of

local dynamics is utilized to propagate the sampling points backward:

Xip1 = fa(xi, u;)
_ . Odfa _. . 9fa
= fa(%i, ;) + =—(x; — %) + =— (u; — ;)
i du; (4.32)

= faXi + fayii + fa(Fi @) — faXi — fa, i

Jac
= faxXi+ Jaui + fac
Replacing the running cost (x;,u;) in the problem formulation by the surrogate cost

defined in Eq.(.19), the C-step of the GPS for local policy is computed. Inequality

condition such as limits of state and control input X, < x < Xpax, |4| < Upmayx can also
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be involved in the surrogate cost as described in the CDDP algorithm by Augmented
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Lagrangian method:

N-1 g(xiu;) <0
J=Y I(xiu)+1p(xy), st (4.33)

i=1 D (p(uilx;)||7w(ui|x;) < €

Surrogate cost including a KL-divergence can also be expanded by augmenting an in-

equality constraint g(x;,u;) as:

1 1
[(xi u;) = ﬁ{l(xi, u;) + liTg(x,-, ui) + ig(xi, u,-)TIM.g(x,-7 ui)}—log 7o (ui|x;) (4.34)

The entire C-step (local policy update) is described in Algorithm[I2]and the process com-

parison GPS and SGHQ-GPS are shown in Fig. .1]as:

Algorithm 12 SGHQ Guided Policy Search: Backward Pass
1: for n=1:TrajMax do

2: Compute surrogate cost: I(x;,u;) by Eq

3 gradient: Eq.(.25))

4: Hessian: Eq.(4.26))

5: Initialize the value function: Vy, = l}Nﬁn, Vi, = l;xN’n

6: for i=N-1:-1:1 do

!/
7: I = chol [ Vi ngm]
Ole’l ZMM i’n
8: Generate a set of quadrature points by Eq.(3.48)
9: Backward Propagation of the sigma points using X;, = fd;I Xit1n —
(fduuim + fdc)]

10: Update Q-function using the gradient and Hessian: Eq.(3.49) and (3.52)
11: if Q,,, is invertible then
12: Compute the control policy: Eq.(4.9) and
13: Update the value function: Eq.(4.13))
14: else

15: Increase p go to line 6
16: end if
17: end for
18: end for
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Figure 4.1: Process comparison of the GPS and SGHQ-GPS

4.4 Numerical Simulation

The numerical simulation is carried out with a F/A-18 to show the feasibility of the
SGHQ-rule in the GPS algorithm. The aim of controller designing is to stabilize its atti-
tude of which scenario is equivalent to the section 2.4} however, the dynamics model used
in the backward pass of the C-step is a learned model by linear regression with GMM.

The objective function of the GPS for fixed-wing aircraft stabilization is formulated as:

' 1 1N—1
J=minEy, )5 (o —xa)" Sn(xn — xa) + 5 ; {6 —xa)" Q(xi = xa) + (i — ug) " R(ui — uq)}

Umin < Ui < Upax
S.t.

Dir(p(uilxi) || 70 (ui|x:))

(4.35)
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where the DDP parameter Q, R, Sy, and the desired value (x,,u,) are weighting function
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and the trim state and control input, respectively, which are defined in the Table [2.1] and

of the section The control limit is also formulated in a g(x;,u;) < 0 form by

Eq.(2.49). The gradient and Hessian of the surrogate cost Eq.(#.25)) and (4.26) are:
Oxi—xi) | | KF'SFdF

1
gradient : — + (4.36)
M\ R(ui — usy) —SFdr

110 o krTsr-lgn _galgr-l
Hessian : — + 1 11 ' ' 1l 4.37)
0 R —SFdr SF-

The initial GPS parameter is also listed in the Table .1 and the pseudo code for the
SGHQ-GPS is described in Algorithm as follows [[3]

Algorithm 13 SGHQ-Guided Policy Search
1: Initialize GPS and DDP parameters.
2: for iter = 1:MaxlIter do
3: for n=1:TrajMax do

4: Generate trajectories Tp—|:pax = [X1,U1, .. .,Xx]| from an initial x; ~ p(x1).
5: end for
6: Model learning by linear regression with GMM by and
7: fori, =1:i,, do
8: C-step: find each local policies p,(u;]x;) by Algorithm[12]
9: Forward pass: evaluate the updated local policies by Algorithm [2]
10: 1 update by Algorithm [T1]
11: end for

12: S-step: find a global policy 7(u;|x;) by subsection{4.2.2]
13: Adjust KL-divergence by Eq.(.31).

14: Check break condition by DDP in Algorithm 3]

15: end for

Table 4.1: Simulation parameter of the GPS for F/A-18: optimal regulator

Parameter Value
Lagrange multiplier, n 1
GPS Scheduling factor, 1, 1.6
Initial step size of Dk , € 102
Number of trajectories, TrajMax | n, +n, +n,+ 10
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Figure 4.2: Trajectory of the GPS for the state and control input of F/A-18

The Fig. {.2] and .3] show the system response of the global policy resulted from the
SGHQ-GPS algorithm. The result gives us that both state and control inputs are stabilized

to the trim value completely within 10 GPS iteration even though the system model is
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iteration

Figure 4.3: Cost comparison of the GPS

also learned by GMM during the trajectory generation phase. When we compare the
result with the CDDP in Fig[2.3] the result of the GPS and SGHQ-GPS also show a
similar tendency even the GPS algorithms does not use the true dynamics but utilize the
learned GMM model. However, the GPS algorithms have an oscillating input responses
and state trajectory as well due to the Gaussian distribution that is used to identify an
unknown system information to be approximated: u; = it; + d; + K;(x; — ;) + X¥, ¥ ~
N(0, Q,mi_l), where an additional noise term is consistently added to the mean control
input which still adds an additional cost term. Although the cost of the SGHQ-GPS has
similar value compared with that of the deterministic trajectory optimization (DDP, Chap.
), the SGHQ-GPS converges to near the optimal cost in 10 GPS iterations shown in Fig.
4.3]and Tabled.2] This result also presents the availability of the SGHQ-DDP in the GPS

algorithm.

Table 4.2: Cost comparison: GPS and SGHQ-GPS

GPS | SGHQ-GPS
Cost | 84.6 83.38
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4.5 Conclusion

This chapter revisits the GPS algorithm and its variant (MDGPS) to expand a determin-
istic trajectory optimization problem based on the DDP algorithm to a stochastic trajectory
optimization problem using a sampling points-based method. In the previous chapter, a
system model and its local approximate are directly used to solve an trajectory optimiz-
ation problem, while the GPS learns a local model expressed by linear system and then
utilizes the fitted model by linear regression model with a GMM to solve a soft Bell-
man equation in the local policy update step (C-step). The sampling point-based DDP
algorithm, SGHQ-DDP described in the chapter [3] is applied to the GPS framework to
find an optimal control policy in the C-step. It is verified from the numerical simulation
that the sampling-based approach is feasible to solve a stochastic trajectory optimization
problem to solve the soft-Bellman equation replacing by the approximates of the gradi-
ent and Hessian. It also means that an another sampling points-based method, i.e. UDP
algorithm, can be implemented in the GPS framework. There is also a limitation that the
learned model obtained by GMM is a linear which means the accuracy of the backward
pass in the GPS and SGHQ-GPS would not different as both algorithms use the identical
GMM model.
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Chapter 5

Conclusions

5.1 Conclusion

This thesis proposed a sampling-based trajectory optimization algorithm based on the
Differential Dynamic Programming (DDP) framework by replacing a numerical com-
putation of the gradient and Hessian of the value function with a numerical integration
method. The sparse-grid rule was integrated with the Gauss-Hermite Quadrature (GHQ),
so-called SGHQ, to alleviate a computational load in the sampling point generation, i.e.
curse of dimensionality issue and utilizes the numerical integration using the concept of
the Unscented Transform (UT) without a partial derivative of dynamics directly. This
can avoid an accuracy issue of approximation in the complex dynamics such as highly
nonlinear case, singularity and unstable point from derivatives.

Especially, this research focused on to design a control system for a flight control law
stabilizing its attitude and guidance law of a fixed-wing aircraft and missile via numer-
ical simulations from a linear to highly nonlinear stabilizing control system, respectively.
Constraint condition and final time free problems were also dealt with by Augmented
Lagrangian method (Constrained DDP, CDDP) and adjustment of the incremental change
in final time (Flexible Final Time, FFT). The SGHQ-based CDDP with a flexible final

time shown the best performance from the result of the simulation, particularly nonlin-
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ear case because the sampling points-based method does not compute derivative of the
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dynamics numerically, which avoids an obtaining approximates as expected.

The stochastic trajectory optimization was also handled by Guided Policy Search (GPS)
where a SGHQ rule is applied in the local policy search process by DDP. Each trajectories
were optimized by computing a optimal control satisfying the trajectory distance between
the current and previous defined by Kullback-Liebler Divergence (KL-Divergence). The
GPS with SGHQ-DDP under unknown environment was also carried out with a fitted
dynamics model and it validate the availability of SGHQ rule in the GPS.

In practice, both deterministic and stochastic trajectory optimization are generally car-
ried out in a off-line manner with the assumption that the dynamics information is fully
given. Indeed, the 1st necessary condition of the optimality should be computed, which
would be affected by sensor frequency in practical environment, while the SGHQ-DDP
utilizes the sampled mean and covariance using the propagated sampling points via the
nonlinear transform through dynamics, directly. In other words, the sampling rate issue
by discretization time step determined that is related to the validity of the perturbation
assumption in the discretization could be avoided. As the feasibility, effectiveness and
potential benefits of the SGHQ rule were evaluated from the numerical simulations, the
SGHQ-based sampling point trajectory solvers allows to overcome the limitation of the

numerical computation.

5.2 Future Works

The feasibility of the SGHQ-GPS is verified in the ChapH] to optimize a control policy
modeled by linear-Gaussian policy: 7(u;|x;) ~ N(i; + d; + Ki(x; — %;), £!') conditioned
on state x;. The local control policy is obtained by DDP that optimizes each trajectories
by stochastic version of the Bellman equation (or soft Bellman equation) by computing
a mean and covariance of the locally linear and optimal Gaussian control policy even

under the unknown environment with a fitted system model with a GMM. However, the
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proposed method by Chap. [ has a limitation that both of GPS and sampling point-based
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GPS utilize the trained model obtained by GMM which is a linearized model. As we
compared the result from the Fig. 4.3 and Table 4.2] the SGHQ-GPS does not improve
the performance of the stochastic trajectory optimization problem significantly.

In the future work, it may be valuable to extend the use of the SGHQ-GPS to highly
nonlinear cases to show the appropriacy of the sampling point-based approach using a
nonlinear trained model. This means that the trained nonlinear model can be utilized
in the point propagation using the nonlinear transform concept and the better perform-
ance and accuracy can be expected in the nonlinear case without the dynamics Jacobian.
Furthermore, the final time free method (flexible final time) based approach can also be
solved to adjust the given time horizon in the SGHQ-GPS framework that enables to
truncate the redundant time horizon or extend a given short time to solve the stochastic

trajectory optimization problem.
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Appendix A

Dynamics

A.1 Fixed-wing Aircraft Dynamics

The considered fixed-wing aircraft model is F/A-18 HARV (High Angle of attack Re-
search Vehicle, HARV) that is a research vehicle introduced for the high Angle of Attack
(AOA) region over the post-stall and spin maneuverability of the high AOA flight envel-
ope [2]. The aerodynamics coefficient and its derivatives are provided by a parameterized
table by AOA. The motion of the aircraft is expressed by Newton’s law [39].

Force equations:

VW=——0 XV (A.1)
m
Moment equations:
@ = J, (Mior — 0" x ) (A.2)
where an inertia matrix Jj, is:
Ly 0 I
L, 0 I,
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Kinematic equations:

¢ = p+tanO(gsin¢ +rcos¢)
(A4)

0 = gcos¢ —rsin¢

where v’

= [u,v,w]T and ®” = [p,q,r]" are a velocity and an angular velocity in a body
frame, respectively. F, = [Fy,Fy, F; 17 and M,,, = [Mx,My,MZ]T = [I,m,n]T denote total
external force and moment vector, respectively. The force equation [A.T] can also be re-
written in an aircraft velocity V7 = |[v?||2, AOA (& = tan~! (w/u)) and Angle of Sideslip

(AOS, B =sin~!(v/Vr)) terms as follows:

. U+ vv +ww
V= ——F7——
Vr
o — uw —wi AS
U w? (A-5)
. VTV — VVT
B = V2—
FcosfB
where %[u, v,w]T is given from the Eq. li The aerodynamic coefficient for the force

equation and moment equation can be expressed as follows:

Aerodynamic force coefficient:

b
CL= CLO + CLq ( 2‘? ) + CLB Ocl + CLSer Ocr
bq
CD - CDO + CD,,(W) + CDge] 6@1 + CD;;” aer (A6)
bp br
Cy = Cyﬁﬁ +Cyp(2v ) —I—Cyr(zv )—I—Cys Ou —i—Cyg 0, I+CY8W6”+CY&6’

Aerodynamic moment coefficient:

b br
C/=CB+C (Z‘f )G () +Clg 8+ Cly B+ Ciy, By 5
Cn= Cmo +Cmq(2‘§1 ) + Cmg 6el +Cm5 6er (A7)
b br
Co = Co, B +cnp(2‘f ) +cn,<2V )+ Cug, 8 + g, 8et + Cy, Ser + Cng 8
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Control input variable &,;, Oy, 04, Oy are left/right elevator, aileron and rudder, respect-
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ively, and their limites are also given by:

—10.5% < 8,0 < 24°
—359 < §, < 35° (A.8)

—307 < 5, < 30°

And the engine thrust is modelled by:
Fipr = Tmaxéthr (A.9)

where 0 < §,,, < 1 is a throttle of the engine.

A.2 Missile dynamics

A aerodynamic drag is consisted of the zero-lift drag and induced drag as follows:

D = Dy+D; (A.10)
where
Dy = 085,,Cy,
': Cdimz(a§ +a§) (A1)
l OSm
_ 1 'V2
Q - 2palr m
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Table A.1: Atmospheric constants

Parameter Value
Ratio of Specific heats, y 1.403
Gas constant, R 287.26 [J/kg K]
Lapse rate, Lg 0.0065 [K/m]

Temperature at sea level, Ty 288.16 [K]
Height of Troposphere, h;, 11,000 [m]
Gravitational acceleration, g | 9.806 [m/ 2]

Reference area, S, 1 [m?]

Cy, 1s the zero-lift drag coefficient, Cy, is the induced drag coefficient:

(

0.02 M <0.93

0.02+0.2(M — 0.93) M < 1.03
C, = (A.12)

0.04+0.06(M—1.03)  M<1.10

0.0442 —0.007(M —1.10) M >1.10
\

0.2 M<1.15
= (A.13)

0.2+0.246(M —1.15) M >1.15

Mach number, M, is obtained by:

Vin Vin
M=m_ , (A.14)
Vi VIRT

where atmospheric constants, (¥,R) are listed in the table [A.2] and the temperature is

computed by following relation:

T = Tp — Lg max(0, min(h,, h)) (A.15)

The air density is given by a function of altitude, A:
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Pair(h) =1.15579—1.058 x 10~ *h+3.725 x 10 °h* —6.0 x 10~ 1413, h € [0, 20,000m]
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(A.16)

Lastly, the thrust and the mass of the missile vehicle are given:

.

33,000 0<t<1.5
Fr=47500 15<t<85 (A.17)

0 85<t

\

(

135 —14.53¢ 0<tr<15

m=19q113.205-3.31r 1.5<tr<85 (A.18)

90.035 8.5<t
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Appendix B

Guided Policy Search

B.1 Gaussian Function

The Gaussian distribution, (or known as the normal distribution) is one of widely used
probability distributions for continuous variable [77]]. The general form of the univariate

Gaussian distribution is:

N(x|lu,0%) = eI exp{ — 262 u)?*} (B.1)

where 1 is the mean and o7 is the variance. Multivariate Gaussian distribution for a

multi-dimensional variable also takes the form:

1 1 _
N(x|u,X) = WCXP(—E(X—M)TZ Hx—p) (B.2)

where pt € R™ and ¥ € R™ are mean and covariance of x, respectively and |- | is a

determinant of covariance matrix.
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B.2 Gaussian Mixture Model

A Gaussian Mixture Model (GMM) is a parameterized probabilistic density model rep-
resented by a weighted sum of Gaussian distributions, which is commonly used as a
parametric model of the probability distribution of features [/8]. GMM is estimated from
training data by the Expectation-Maximization (EM) algorithm of Maximum a Posteriori
(MAP) estimation from a well-trained prior model [79].

Consider a GMM given by a weighted sum of K components (or clusters) of Gaussian
distribution as:

p(z) =Y wiNi(z|ui, B) (B.3)

-

=1

where u; and P, are the mean and covariance of the corresponding Gaussian distribution
and K is the number of the Gaussian clusters and N(x|u,X) satisfies the Eq. (B.2). A

weighting parameter satisfies the following relation:

0<w; <1 (B.4)

™
=
|

~
—

Parameters for GMM can be updated by solving the following constrained optimization
problem that maximizes the likelihood of the GMM given the training data with a as-
sumption that the set of training data z = [z1,22,...,zr] has independence between the

data, which is Maximum Likelihood (ML) estimation [80]:

K
max I1]_, log p(z;), sty wi=1 (B.5)

Mi Py wi
The constrained optimization problem Eq.(B.5)) is converted into unconstrained optimiz-
ation by applying Lagrangian method as:

K K

max L= Zlog{z i(z| i, P }4—/1( -y wi) (B.6)

“l P wlvl — i=1

Taking a partial derivative with respect to the GMM parameters, U;, P; and w;
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Mean, u:
oL & wiN;i(z| i, i) 1
— = : P (z— i) =0
;i ;{{Z,K:lwiNi(Zl’.uiaPi)}
(B.7)
= Yi_1 %
- Y
where
/= wilNi(z1| i, ) (B.8)
CYK  wiNi(z |, P)
Covariance, P;:
IL - f  wiNi(ulp, P) 1, Tp-1_ L,
oL _ ’ P (g — W)z —w) P =P )=0
oP, l_l{Z,K:lWiM(Zl|Ni7Pi)}<2 2 )
(B.9)
p— Y Yz — )z — )"
Y
Weight, w;:
L _ T{ Ni(zi|pi, Pr) }—)L:O
owi =LK wiNi(z |, Pr)
L N; irbi X
:Zwi { . (Zl|,u, ) }_Azwl
i=1 =1 Zi:]wi]vi(zl|uiapi) i=1 (B 10)
K T '
Yy
i=1[=1
K
A=T (Y ¥%=1)
i=1
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Multiplying w; on the both sides gives:

(2| i, i)
{ 1WZ]<7“Z1|HU )}_

Zl““Ll? )
1 lwl Zl“’"ﬁ

||
M‘ﬂ

=1

)}—w,-T (B.11)

I
HI~ IIM'ﬂ

Ling
-1

Thus, the mean and covariance of the GMM represented by each cluster mean u; and

covariance P; with weight w; are computed by:
GMM
H = Z Wildi
i=1

K
POMM = Y i P+ (i — ) (s — 1)}
i=1

(B.12)

Lastly, the GMM data is considered as a prior information to provide the normal-inverse-
Wishart prior [81] for the mean and covariance of the local linear Gaussian model [74].

The posteriori estimate of mean and covariance are:

map _ MHo +nol;

B.13
= P (B.13)

PMAP _ (D+NPZZ+%(“Z_HO)(“Z_“0)T

B.14
iz N+n0 ( )

where U, and P,; are empirical mean and covariance of the training data and Ly and ® are

GMM CI)GMM

set by the mean and covariance of the GMM, u and m, ng are 1, respectively.
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tion

Local model is fitted by linear regression [82] using a conditional Gaussian distribution
[77]. Consider a multivariate Gaussian distribution that the conditional distribution of
one set is Gaussian if two sets of variables are jointly Gaussian [77, [83]]. Suppose z is a

n;-dimensional vector with Gaussian distribution N(z|u;, P;):

a
7= (B.15)
b
where a € R" and b € R". The mean and covariance of the vector z are given by:
Ha
‘LLZ = (B . 16)
Hp
Y Zap
= (B.17)
pa  Zipb

From the product rule of probability, conditional distribution can be inferred from the

joint distribution p(z) = p(a,b) [17]:
pla,b) = pla)a

/p(a,b)da = Ot/p(a)da
[ pla)da=1 (B.18)

102



Cranfield
University

Trajectory Optimization with Sparse Gauss-Hermite Quadrature

Therefore,

(B.19)
= p(alb)

which means that probability distribution of a is equivalent to the probability distribution
of p(a|b).

Define a precision matrix A = X! for the convenience:

A A
A= | e (B.20)

Apa  App

and consider an exponential term of the Gaussian probability function p(z):

-1

1 T Zaa Zab a— U,
) {(a — )" (b— )
Yoo Zpp b—
1 (B.21)
= —5{(a—ua)TE;J (a— ta) + (a— pa) 2 (b— 1p)
) )+ 0 )55 ()}
and conditional probability p(a|b):
1 Ty—1
- E(a o 'u“‘b) Za|b(a - nua|b)
1 (B.22)
= _E{ TZ;VlJCl — aTZ;|;,ua|b - .UaT|bZ;“1)a + Hij;'})ua‘b}

From the ’completing the square’ in terms of ’a’, the following mean and covariance
relations are satisfied

Covariance:

b = Aaa (B.23)
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Mean:

Z;‘;.uaw = {Aaa,ua - Aab(b - ,LLb)}
Hajp = Za|b{Aaa.ua - Aab<b — ,le)}

= Ug — Aaa_lAab(b - ub) (B24)
= Ua— Aaa_l{_z";alzab(zbb - Ebazcjlzab)_l } (b - .ub)

.u'a|b = Uq + Zabngl (b - .ub)

where Schur complement is used to compute (£~! = A):

-1

(A—-BD~'C)~! ~A"'B(D—CcA'B)~!
= (B.25)
C D -D-'c(A-BD"'C)"! (D—-CcA~'B)~!
Replacing a and b with x| and [xg, ug], respectively, shows:
~1
By e = Moy + Zxk+1xk”kzxkukxkuk (it = M) (B.26)

)y Loy

Xk 1 Xk e = X g g X U Xk Uk Xk 41

L

K1 o

Xy

k+1%k4+1

The local model is an approximate of the global model p(x;1|xk,ux) = N(f (xx, k), Zk)

near the nominal trajectory:

P [, ue) = N(faloe wed” + fer, Zie) (B.27)

where x € %1 y e Rux1 f,, € Rx(tm) g c prexl gnd ¥ ¢ R™*"x The state-
action marginals p(xy, ux) can be computed by forward propagating Gaussian distribution

in time:

My = S [ Mo “uk]T + fex

Zxk+1 = fxukTZxkukfxuk + z"k

(B.28)
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Incorporating Eq.(B.28) into Eq.(B.26)):

T —1
nu’karl |xk,uk = fxuk [uXk tu’uk] + ka + Zxk+lxkukzxkukxkuk (Xkuk - lLl'xk"tk)

= fourlXe uk] + fex (B.29)

) . -1
L. fxuk - z“/\7k+1xk”kz"xkblkxlcuk

From the Eq.(B.28)):

Jexk = My — fru [tk .uuk]T

T
Yy =2y, — fak ExaSuk

(B.30)
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