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 A B S T R A C T

In this paper, we propose an optimal distributed controller based on Nonlinear Dynamic Inversion (NDI) theory 
and apply it to solve the consensus of nonlinear multi-agent systems (MASs). Our proposed method addresses 
the limitations of existing Distributed Nonlinear Dynamic Inversion (DNDI) techniques, which only apply to 
agents with square output. We formulated an optimal control problem to minimize a quadratic cost function 
while satisfying a set of linear constraints derived by simplifying the enforced consensus error dynamics. By 
relaxing the previous limitation, we introduced a distributed optimal framework called Distributed Optimal 
NDI (DONDI). This framework achieves consensus and incorporates additional objectives, such as minimizing 
control energy. The design of Optimal DNDI inherits all the advantages of NDI and provides an optimized 
allocation of control for achieving consensus in MAS. Also, we have shown how the controller handles the 
communication noise. This approach represents a significant advancement in multi-agent control, and our 
experimental results demonstrate its satisfactory performance and effectiveness.
1. Introduction

Nonlinear Dynamic Inversion (NDI) is a widely adopted approach 
for designing controllers for various nonlinear systems. Its attractive-
ness lies in its simplicity, effectiveness, and ability to transform nonlin-
ear dynamic equations into linear ones, which has captured the atten-
tion of many researchers. This control method shares similarities with 
input–output feedback linearization (Sastry and Isidori (1989); Hov-
akimyan, Lavretsky, Yang, and Calise (2005)). Additionally, the closed-
loop system response exhibits stability similar to that of a linear system, 
allowing for the straightforward implementation of well-established 
linear control techniques. The key features of the dynamic inversion 
controller include the expression of control in closed form, ease of 
mechanization, achievement of global exponential stability, incorpo-
ration of nonlinear kinematics in the plant inversion, and reduced 
reliance on individual gain tuning or gain scheduling.

Dynamic inversion-based controllers have found widespread appli-
cations in various fields. For instance, Enns et al. utilized dynamic in-
version to design flight controllers for specific systems (Enns, Bugajski, 
Hendrick, & Stein, 1994). Singh et al. proposed a dynamic inversion-
based controller for enabling the autonomous landing of UAVs (Singh 
& Padhi, 2009). In the context of spacecraft control, Tafazoli et al. 
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and Malekzadeh et al. developed attitude controllers for flexible space-
craft using dynamic inversion (Malekzadeh, Naghash, & Talebi, 2011; 
Tafazoli & Khorasani, 2004).  Gregory (2001) did similar work for 
flexible aircraft. Acquatella et al. used NDI for trajectory tracking of 
reusable launch vehicles (Acquatella, Briese, & Schnepper, 2020). In 
maritime applications, Subudhi and Atta, as well as Chowdhury et al. 
applied dynamic inversion-based control with mechanized feedback 
to remove system nonlinearities (Chowdhury, Vishwanathan, Prasad, 
Kumar, & Panda, 2014; Subudhi & Atta, 2009). Mondal et al. uti-
lized NDI to achieve leader-follow formation flying of UAVs, with 
the follower tracking the leader’s attitude (Mondai & Padhi, 2015). 
A dynamic inversion-based approach generates real-time trajectories 
for omnidirectional vehicles (Kalmár-Nagy, 2016). In other studies, 
dynamic inversion played a vital role in attitude control for flexible 
aircraft, as presented by Caverly, Girard, Kolmanovsky, and Forbes 
(2016), and in a control design study by Horn (2019). Furthermore, 
Lombaerts et al. successfully solved the attitude control problem of a 
hovering quad tilt-rotor eVTOL using dynamic inversion (Lombaerts 
et al., 2019). Lungu (2022) presented dynamic inversion-based con-
trol techniques for the automatic landing of fixed-wing UAVs. Panish, 
Nicholls, and Bacic (2023) designed a Tilt-wing VTOL Aircraft’s NDI-
based flight control. A variety of DI is used for tracking control of 
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an underactuated ship (Ye & Zong, 2018). Also, NDI found applica-
tion in flexible air-breathing hypersonic vehicle (Wu, Meng, & Wang, 
2018). These instances demonstrate the versatility and effectiveness 
of dynamic inversion-based controllers across various applications and 
domains.

The NDI-based controllers mentioned previously were primarily 
applied for single-agent control. However, an exciting development 
in this field was introduced by Mondal and Tsourdos (2021), who 
proposed an NDI-based controller for cooperative multi-agent systems 
(MASs). In this approach, the conventional error expression of NDI 
was modified to utilize consensus error, aiming to achieve consensus 
among 𝑁 agents by driving the consensus error to zero. This dis-
tributed version of NDI, termed Distributed NDI or DNDI, addresses 
the consensus problem in nonlinear agent systems while retaining all 
the advantages of NDI discussed earlier. The authors delved into the 
challenges associated with MAS communication, including switching 
topology, delay, and noise, and demonstrated that DNDI efficiently 
handles these issues. Furthermore, the robustness of DNDI was tested 
by experimenting with nonlinear agents experiencing random actuator 
faults, revealing DNDI’s ability to withstand such faults (Mondal & 
Tsourdos, 2022b). To extend its capabilities, the authors introduced 
a new variant called neuro-adaptive DNDI, which deals with external 
disturbances affecting the consensus process. In this approach, a neuro-
adaptive structure was implemented to approximate and compensate 
for the effects caused by external disturbances (Mondal & Tsourdos, 
2022c). Overall, introducing Distributed NDI (DNDI) opens up excit-
ing possibilities for controlling cooperative multi-agent systems and 
overcoming challenges related to consensus and communication in 
nonlinear agent environments. Moreover, the extension of DNDI to 
neuro-adaptive DNDI demonstrates its adaptability and robustness in 
the face of external disturbances.

The mathematical derivation of DNDI involved certain assumptions, 
including the requirement that each agent’s dimension of the input 
and output vectors be the same, indicating square output dynamics. 
This particular class of nonlinear systems has been the focus of sev-
eral research works, such as control design for decoupled three-loop 
guidance and control design for autonomous vehicles, where input and 
output dimensions are consistent for each loop. However, in real-world 
scenarios, the dimension of the output may be less than that of the 
input, resulting in a situation where the number of available controls 
exceeds the number of objectives to be achieved. This opens up the 
possibility of incorporating additional objectives to fully utilize the con-
trol design’s capabilities. One such objective could involve minimizing 
control energy consumption. In this study, we explored the potential 
to minimize DNDI control, leading to the development of a new design 
called distributed optimal NDI or DONDI. By considering additional 
objectives and optimizing the control scheme, DONDI aims to enhance 
the performance and efficiency of the control system, accounting for 
real-world complexities and requirements.

The contribution to this paper is given below.

• In this study, we introduced a novel optimal distributed controller 
based on NDI (Nonlinear Dynamic Inversion) and utilized it to 
address a consensus problem in a group of nonlinear agents. 
Applying this optimized controller in the context of multi-agent 
operation represents a new and innovative approach.

• In our study, we focused on a practical scenario where the outputs 
of the plants were lower in dimension compared to the available 
control. This meant that the available control inputs limited the 
control objectives. This consideration is crucial as it relaxes the 
limitations imposed by existing DNDI designs. We capitalized 
on this opportunity to incorporate additional objectives, such as 
minimizing control energy. This approach addressed the consen-
sus problem in a group of nonlinear agents. To achieve this, we 
derived the expression of the consensus protocol by solving an op-
timal control problem with equality constraints. These constraints 
were derived using a dynamic inversion strategy, allowing us to 
effectively formulate and solve the optimal control problem.
2 
• Our study highlights the impact of communication noise on the 
consensus process and showcases how DONDI effectively man-
ages and achieves consensus despite noise. We comprehensively 
understood how the noise affects the system states and demon-
strated the proposed controller’s robustness (convergence proof) 
in handling these challenges.

The rest of the paper is organized as follows. The preliminaries section 
gives a brief insight into a few relevant topics. The problem details 
are provided in the ‘problem description’ section. The ‘Distributed 
optimal nonlinear dynamic inversion controller for consensus’ section 
gives the mathematical derivation of the proposed controller. The 
convergence study is presented in the ‘Convergence study of DONDI’ 
section. The mathematical derivation with communication noise is 
given in the section ‘DONDI controller for Consensus of MASs in the 
presence of communication noise’. The convergence study with noise 
is presented in the section ‘Convergence of DONDI in the presence of 
noise’. The simulation results are discussed in the section ‘Simulation 
study’. Finally, the conclusion is given.

2. Preliminaries

A brief description of the topics required for this work is discussed 
in this section.

2.1. Consensus of MAS

A general definition of the consensus of networked MASs can be 
given as follows (Mondal & Tsourdos, 2022a). 

Definition 1.  Let us consider a MASs with 𝑁 agents, where 𝑋𝑖, (𝑖 =
1, 2, 3,… , 𝑁) denotes the states of the 𝑖th agent. The MASs will achieve 
the consensus if ∥ 𝑋𝑖 −𝑋𝑗 ∥→ 0,∀𝑖 ≠ 𝑗 as 𝑡→ +∞.

The consensus is attained through a protocol designed to leverage 
neighbouring agents’ information to evaluate an agent’s control. This 
approach assumes that the agents are linked through a communication 
topology and exchange their information. A few examples of applica-
tion of consensus process are flocking (Zhang & Duan, 2016), formation 
control (Zhu, Zhang, Yan, Qu, & Lin, 2018), Synchronization (Cao, 
Chen, & Li, 2008), Collaborative Localization (Wu, Zhong, Xu, & Xiong, 
2020), Distributed Optimization (Wu, Xiong, Vasilakos, Leung, & Chen, 
2020) etc.

2.2. Graph theory

The agents are interconnected through a communication topology 
represented as a weighted graph, denoted by 𝐺 = 𝑉 ,𝐸. The graph 
consists of vertices, where each vertex represents an agent, given by 
𝑉 = 𝑣1, 𝑣2,… , 𝑣𝑁 . Communication among the agents is illustrated by 
edges in the graph, represented by the set 𝐸 ⊆ 𝑉 × 𝑉 . To describe 
the weighted adjacency matrix 𝐴 of the graph, the elements 𝑎𝑖𝑗 are 
greater than zero if there exists an edge between vertices 𝑣𝑖 and 𝑣𝑗
(i.e., (𝑣𝑖, 𝑣𝑗 ) ∈ 𝐸), otherwise, 𝑎𝑖𝑗 equals zero. The matrix 𝐴 has zero 
diagonal elements since there are no self-loops in the graph, meaning 
𝑣𝑖 ∈ 𝑉  implies 𝑎𝑖𝑖 = 0. The degree matrix 𝐷 ∈ ℜ𝑁×𝑁  is a diagonal 
matrix with elements 𝑑𝑖 =

∑

𝑗∈𝑁𝑖 𝑎𝑖𝑗 , where 𝑁𝑖 represents the neigh-
bours of agent 𝑣𝑖. The Laplacian matrix, denoted by 𝐿 = 𝐷−𝐴, is used 
in this context. This study focuses on an undirected graph where the 
weights have the property 𝑎𝑖𝑗 = 𝑎𝑗𝑖. The graph is considered connected 
if a path exists between any two nodes 𝑣𝑖 and 𝑣𝑗 in 𝑉 . For this paper, 
the network topology 𝐺 is assumed to be undirected and connected.
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2.3. Lemma

In this section, we present a few useful Lemmas.

Lemma 1. (Wen, Chen, Liu, & Liu, 2016) Let 𝜓1(𝑡), 𝜓2(𝑡) ∈ 𝑅𝑚 be 
continuous positive vector functions, by Cauchy inequality and Young’s 
inequality, there exists the following inequality:
𝜓1(𝑡)𝜓2(𝑡) ≤ ∥ 𝜓1(𝑡) ∥∥ 𝜓2(𝑡) ∥

≤
∥ 𝜓1(𝑡) ∥𝜆

𝜆
+

∥ 𝜓2(𝑡) ∥𝛾

𝛾
(1)

where
1
𝜆
+ 1
𝛾
= 1

Lemma 2. (Ren & Chen, 2015) Let 𝑅(𝑡) ∈ ℜ be a continuous positive 
function with bounded initial 𝑅(0). If the inequality holds 𝑅̇(𝑡) ≤ −𝛿𝑅(𝑡)+ 𝛾
where, 𝛿 > 0, 𝛾 > 0, then the following inequality holds. 

𝑅(𝑡) ≤ 𝑅(0)𝑒−𝛿𝑡 + 𝛿
𝛾
(

1 − 𝑒−𝛿𝑡
)

(2)

3. Problem description

This paper aims to develop a Distributed Optimal NDI consensus 
controller tailored for a group of nonlinear agents with fewer output 
states than the available control. The study involves 𝑁 agents, and 
Eqs. (3)–(4) describe each agent’s dynamics.
𝑋̇𝑖 = 𝑓 (𝑋𝑖) + 𝑔(𝑋𝑖)𝑈𝑖 (3)
𝑌𝑖 = ℎ(𝑋𝑖) (4)

The state and control vector of 𝑖th agent is given by 𝑋𝑖 ∈ ℜ𝑛 and 𝑈𝑖 ∈
ℜ𝑚, respectively. The output of 𝑖th agent is given by 𝑌𝑖 = ℎ(𝑋𝑖) ∈ ℜ𝑝. 
This study specifically focuses on agents with an output dimension 𝑝
less than the control dimension 𝑚, i.e., 𝑝 < 𝑚.

Assumption 1. The system is perfectly known and the matrix 𝑔(𝑋) is 
invertible for all time.
The objectives can be summarized as follows.

1. to achieve the consensus of output states of a set of nonlinear 
agents having a non-square output.

2. to achieve the additional objective, which is to obtain an optimal 
control expression for the agents

We propose a distributed optimal controller based on NDI to satisfy 
these objectives. The following section presents mathematical details 
of Distributed Optimal Nonlinear Dynamic Inversion (DONDI).

4. Distributed optimal nonlinear dynamic inversion (DONDI) con-
troller for consensus

The mathematical details of Optimal DNDI are presented here. We 
will define the consensus error in output of 𝑖th agent, i.e., 𝑌𝑖, which is 
given by
𝐸𝑌𝑖 =

∑

𝑗∈𝑁𝑖

𝑎𝑖𝑗 (𝑌𝑖 − 𝑌𝑗 )

= 𝑑𝑖𝑌𝑖 − 𝑎̄𝑖𝐘 (5)

where 𝑌𝑖 ∈ ℜ𝑝 is the output of 𝑖th agent. 𝑑𝑖 = (𝑑𝑖 ⊗ 𝐈𝑝) ∈ ℜ𝑝×𝑝, 
𝑎̄𝑖 = (𝑎𝑖 ⊗ 𝐈𝑛) ∈ ℜ𝑝×𝑝𝑁 , and 𝐘 = [𝑌 𝑇1 𝑌 𝑇2 … 𝑌 𝑇𝑁 ]𝑇 ∈ ℜ𝑝𝑁 . 𝐈𝑝 is 𝑝 × 𝑝
identity matrix. ‘⊗’ denotes the Kronecker product. As shown below, 
we will start the derivation with a Lyapunov function 𝑉𝑌𝑖 . 

𝑉 = 1𝐸𝑇 𝐸 (6)
𝑌𝑖 2 𝑌𝑖 𝑌𝑖

3 
Differentiation of Eq. (6) yields 

𝑉̇𝑌𝑖 = 𝐸𝑇𝑌𝑖 𝐸̇𝑌𝑖 (7)

According to the Lyapunov stability theory, the time derivative of the 
Lyapunov function can be written as follows. 

𝑉̇𝑌𝑖 = −𝐸𝑇𝑌𝑖𝐾𝑖𝐸𝑌𝑖 (8)

where 𝐾𝑖 > 0 ∈ ℜ𝑝×𝑝 is a diagonal gain matrix. Both the expressions of 
𝑉̇𝑖 in Eqs. (7) and (8) are made equal and we get 

𝐸𝑇𝑌𝑖 𝐸̇𝑌𝑖 = −𝐸𝑇𝑌𝑖𝐾𝑖𝐸𝑌𝑖 (9)

We can simplify Eq. (9) to obtain 

𝐸̇𝑌𝑖 +𝐾𝑖𝐸𝑌𝑖 = 0 (10)

Differentiation of Eq. (5) yields 

𝐸̇𝑌𝑖 = 𝑑𝑖𝑌̇𝑖 − 𝑎̄𝑖𝐘̇ (11)

Differentiation of Eq. (4) yields

𝑌̇𝑖 =
[

𝜕ℎ
𝜕𝑋𝑖

]

𝑋̇𝑖

=
[

𝜕ℎ
𝜕𝑋𝑖

]

(

𝑓 (𝑋𝑖) + 𝑔(𝑋𝑖)𝑈𝑖
)

= 𝑓𝑌𝑖 (𝑋𝑖) + 𝑔𝑌𝑖 (𝑋𝑖)𝑈𝑖 (12)

where, 𝑓𝑌𝑖 (𝑋𝑖) =
[

𝜕ℎ
𝜕𝑋𝑖

]

𝑓 (𝑋𝑖), and 𝑔𝑌𝑖 (𝑋𝑖) =
[

𝜕ℎ
𝜕𝑋𝑖

]

𝑔(𝑋𝑖). We replace the 
expressions of 𝐸𝑌𝑖  and 𝐸̇𝑌𝑖  in Eq. (10) to get 

𝑑𝑖
[

𝑓𝑌𝑖 (𝑋𝑖) + 𝑔𝑌𝑖 (𝑋𝑖)𝑈𝑖
]

− 𝑎̄𝑖𝐘̇ +𝐾𝑖𝐸𝑌𝑖 = 0 (13)

Simplifying Eq. (13) gives 
(

𝑔𝑌𝑖 (𝑋𝑖)
)

𝑈𝑖 =
[

−𝑓𝑌𝑖 (𝑋𝑖) + 𝑑−1𝑖 (𝑎̄𝑖𝐘̇ −𝐾𝑖(𝑑𝑖𝑌𝑖 − 𝑎̄𝑖𝐘))
]

(14)

For 𝑝 = 𝑚, the 𝑔𝑌𝑖 (𝑋𝑖) is square and non-singular. We can obtain the 
solution as 

𝑈𝑖 =
(

𝑔𝑌𝑖 (𝑋𝑖)
)−1 [

−𝑓𝑌𝑖 (𝑋𝑖) + 𝑑−1𝑖 (𝑎̄𝑖𝐘̇ −𝐾𝑖(𝑑𝑖𝑌𝑖 − 𝑎̄𝑖𝐘))
]

(15)

In our previous work (Mondal & Tsourdos, 2022a), we assumed 𝑝 = 𝑚
and derived the control expression accordingly. However, it is essential 
to acknowledge that this assumption may not hold in all real-world 
scenarios. Hence, in this study, we aim to overcome this limitation and 
propose a modified version of DNDI capable of handling cases where 
𝑝 < 𝑚. The proposed design offers optimized control allocation while 
retaining all the benefits of NDI. Below, we present the mathematical 
details of this modified approach.

Let us consider the Eq. (14). It can be observed that this equation is 
obtained by simplifying the consensus error dynamics. The control val-
ues must satisfy this equation to drive the consensus error towards zero, 
i.e., achieve consensus. Since one of our objectives was to minimize 
the control effort along with the consensus of the output, we can use 
Eq. (14) to be satisfied while minimizing the control effort. Therefore, 
the optimal control problem can be formulated as follows.

min 𝐽𝑖 =
1
2
𝑈𝑇
𝑖 𝑅𝑖𝑈𝑖 (16)

𝑠.𝑡. 𝐴𝑖𝑈𝑖 = 𝑏𝑖 (17)

𝑅𝑖 > 0 ∈ ℜ𝑚×𝑚. 𝐴𝑖 and 𝑏𝑖 are given by

𝐴𝑖 = 𝑔𝑌𝑖 (𝑋𝑖) (18)

𝑏𝑖 = −𝑓𝑌𝑖 (𝑋𝑖) + 𝑑−1𝑖 (𝑎̄𝑖𝐘̇ −𝐾𝑖(𝑑𝑖𝑌𝑖 − 𝑎̄𝑖𝐘)) (19)

The solution to this problem (Eqs. (16)–(17)) yields the optimal con-
trol strategy, allowing us to achieve our objectives. The mathematical 
derivation leading to the solution is provided below.
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The first step of the solution is to construct the augmented cost 
function as follows. 
𝐽𝑖 =

1
2
𝑈𝑇
𝑖 𝑅𝑖𝑈𝑖 + 𝜆

𝑇
𝑖
(

𝐴𝑖𝑈𝑖 − 𝑏𝑖
)

(20)

Next, applying the optimality condition to Eq. (20), we obtain the 
following equations. 
𝜕𝐽𝑖
𝜕𝑈𝑖

= 𝑅𝑖𝑈𝑖 + 𝐴𝑇𝑖 𝜆𝑖 = 0 (21)

and 
𝜕𝐽𝑖
𝜕𝜆𝑖

= 𝐴𝑖𝑈𝑖 − 𝑏𝑖 = 0 (22)

Eqs. (21) and (22) can be written as follows. 
[

𝑅𝑖 𝐴𝑇𝑖
𝐴𝑖 0

] [

𝑈𝑖
𝜆𝑖

]

=
[

0
𝑏𝑖

]

(23)

We can write the Eq. (23) as 
𝛺 𝛬 = 𝐵 (24)

where,

𝛺 =
[

𝑅𝑖 𝐴𝑇𝑖
𝐴𝑖 0

]

; 𝛬 =
[

𝑈𝑖
𝜆𝑖

]

; 𝐵 =
[

0
𝑏𝑖

]

Therefore, we get the solution 
𝛬 = 𝛺−1𝐵 (25)

In simplification, we get
𝑈𝑖 = 𝑅−1

𝑖 𝐴𝑇𝑖
(

𝐴𝑖𝑅
−1
𝑖 𝐴𝑇𝑖

)−1 𝑏𝑖 (26)

𝜆𝑖 = −
(

𝐴𝑖𝑅
−1
𝑖 𝐴𝑇𝑖

)−1 𝑏𝑖 (27)

Theorem 1. Given the agents’ dynamics as presented in Eqs. (3) and (4), 
along with the assumption stated in Assumption  1, the optimal DNDI control 
expression derived in Eq. (26) ensures that the consensus error converges to 
an extremely small finite value. As a result, it successfully achieves objectives 
1 and 2 outlined in the Problem Formulation section.

Proof. The proof is given in the following section, ‘Convergence of 
DONDI’.

5. Convergence study of DONDI

We start the proof by considering a scalar function, which follows. 

𝑉 = 1
2
𝐘𝑇 (𝐿⊗ 𝐈𝑝)𝐘 (28)

𝐿⊗ 𝐈𝑝 = 𝐶𝐌𝐶𝑇 (29)

where, 𝐈𝑝 ∈ ℜ𝑝, 𝐶 ∈ ℜ𝑝𝑁×𝑝𝑁  is the left eigenvalue matrix of 𝐿 ⊗ 𝐈𝑝, 
𝐌 =

(

𝑑𝑖𝑎𝑔{0, 𝜆2(𝐿), 𝜆3(𝐿),… , 𝜆𝑁 (𝐿)}⊗ 𝐈𝑝
)

∈ ℜ𝑝𝑁×𝑝𝑁  is eigenvalue 
matrix, 𝐶𝑇𝐶 = 𝐶𝐶𝑇 = 𝐈𝑝𝑁×𝑝𝑁 .

𝑉 = 1
2
𝐘𝑇 (𝐿⊗ 𝐈𝑝)𝐘

= 1
2
𝐘𝑇𝐶𝐌𝐶𝑇𝐘

= 1
2
𝐘𝑇𝐶

√

𝐌
√

𝐌𝐶𝑇𝐘

= 1
2
𝐘𝑇𝐶

√

𝐌𝐌̄
√

𝐌̄−1
√

𝐌̄−1
√

𝐌̄𝐌𝐶𝑇𝐘

= 1
2
𝐘𝑇𝐶𝐌𝐌̄−1𝐌𝐶𝑇𝐗

= 1
2
𝐘𝑇𝐶𝐌

(

𝐶𝑇𝐶
)

𝐌̄−1 (𝐶𝑇𝐶
)

𝐌𝐶𝑇𝐘

= 1
2
𝐘𝑇

(

𝐶𝐌𝐶𝑇
) (

𝐶𝐌̄−1𝐶𝑇
) (

𝐶𝐌𝐶𝑇
)

𝐘

= 1𝐘𝑇 (𝐿⊗ 𝐈 )𝛬(𝐿⊗ 𝐈 )𝐘

2 𝑝 𝑝

4 
= 1
2
𝐄𝑇𝑌𝑖𝛬𝐄𝑌𝑖 (30)

where 𝐌̄ =
(

𝑑𝑖𝑎𝑔{𝜆2(𝐿), 𝜆2(𝐿), 𝜆3(𝐿),… , 𝜆𝑁 (𝐿)}⊗ 𝐈𝑝
)

∈ ℜ𝑝𝑁×𝑝𝑁 , 𝐄𝑌𝑖 =
[𝐸𝑌1 𝐸𝑌2 … 𝐸𝑌𝑁 ] ∈ ℜ𝑝𝑁 , and 𝛬 = 𝐶𝐌̄−1𝐶𝑇 ∈ ℜ𝑝𝑁×𝑝𝑁 .

Remark 1. It can be observed from Eqs. (28) and (30) that 
𝜆𝑚𝑖𝑛(𝛬)

2
∥ 𝐄𝑌𝑖 ∥

2≤ 𝑉 ≤
𝜆𝑚𝑎𝑥(𝛬)

2
∥ 𝐄𝑌𝑖 ∥

2 (31)

𝑉 = 1
2
𝐘𝑇 (𝐿⊗ 𝐈𝑝)𝐘 = 1

2
𝐘𝑇𝐄𝑌𝑖 (32)

Remark 2. Since 𝜆2 > 0. Hence, 𝐌̄ is invertible.

Remark 3. The positivity of the matrix 𝛬 = 𝐶𝐌̄−1𝐶𝑇  confirms that 
it is positive definite. Consequently, 𝑉  is also positive concerning the 
consensus error, making it suitable as a Lyapunov function.
Differentiating Eq. (28) we get
𝑉̇ = 𝐘𝑇 (𝐿⊗ 𝐈𝑝)𝐘̇

= 𝐄𝑇𝑌𝑖 𝐘̇

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖

[

𝑓𝑌 (𝑋𝑖) + 𝑔𝑌 (𝑋𝑖)𝑈𝑖
]

(33)

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖

[

𝑓𝑌 (𝑋𝑖) + 𝐴𝑖𝑈𝑖
]

(34)

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖

[

𝑓𝑌 (𝑋𝑖) +
(

𝐴𝑖𝑅
−1
𝑖 𝐴𝑇𝑖

) (

𝐴𝑖𝑅
−1
𝑖 𝐴𝑇𝑖

)−1 𝑏𝑖
]

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖

[

𝑓𝑌 (𝑋𝑖) + 𝑏𝑖
]

(35)

Substituting the expression 𝑏𝑖 (Eq. (19)) yields

𝑉̇ =
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖

[

𝑑−1𝑖 (𝑎̄𝑖𝐘̇ −𝐾𝑖𝐸𝑌𝑖 )
]

=
𝑁
∑

𝑖=1
−𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝐾𝑖𝐸𝑌𝑖 +

𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝑎̄𝑖𝐘̇ (36)

We use Lemma  1 to the term ∑𝑁
𝑖=1 𝐸

𝑇
𝑌𝑖
𝑑−1𝑖 𝑎̄𝑖𝐘̇ of Eq. (36), we can write 

𝐸𝑇𝑌𝑖𝑑
−1
𝑖 𝑎̄𝑖𝐘̇ ≤∥ 𝐸𝑌𝑖 ∥ ∥ 𝑑−1𝑖 𝑎̄𝑖𝐘̇ ∥≤

∥𝐸𝑌𝑖 ∥
2

2 +

∥ 𝑑−1𝑖 𝑎̄𝑖𝐘̇ ∥2

2
(37)

Next, we replace the inequalities of Eq. (37) in Eq. (36) we get 

𝑉̇ ≤
𝑁
∑

𝑖=1

[

−𝐸𝑇𝑌𝑖𝑑
−1
𝑖 𝐾𝑖𝐸𝑌𝑖 +

∥ 𝐸𝑌𝑖 ∥
2

2
+

∥ 𝑑−1𝑖 𝑎̄𝑖𝐘̇ ∥2

2

]

(38)

Let us design the gain 𝐾𝑖 as follows. 

𝐾𝑖 = 𝑑𝑖
( 𝐈
2
+
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

)

(39)

where 𝛼𝑖 > 0. Putting the expression of 𝐾𝑖 in Eq. (38) is written as

𝑉̇ ≤
𝑁
∑

𝑖=1
−
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬) ∥ 𝐸𝑌𝑖 ∥

2 +
𝑁
∑

𝑖=1

∥ 𝑑−1𝑖 𝑎̄𝑖𝐘̇ ∥2

2

≤ −𝛼𝑖𝑉 + 𝜓 (40)

where, 𝜓 =
∑𝑁
𝑖=1

∥𝑑−1𝑖 𝑎̄𝑖𝐘̇∥2

2 .
Next, we apply Lemma  2 for Eq. (40) to obtain 

𝑉 ≤ 𝜓
𝛼𝑖

+
(

𝑉 (0) −
𝜓
𝛼𝑖

)

𝑒−𝛼𝑖𝑡 (41)

In this study, we will explain the Uniformly Ultimate Boundedness 
(UUB). By using Eqs. (31) and (41), we can write 
𝜆𝑚𝑖𝑛(𝛬) ∥ 𝐸𝑌 ∥2≤ 𝑉 ≤ 𝜓

+
(

𝑉 (0) −
𝜓
)

𝑒−𝛼𝑖𝑡 (42)

2 𝑖 𝛼𝑖 𝛼𝑖
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Eq. (42) is simplified as follows.
𝜆𝑚𝑖𝑛(𝛬)

2
∥ 𝐸𝑌𝑖 ∥

2≤ 𝜓
𝛼𝑖

+
(

𝑉 (0) −
𝜓
𝛼𝑖

)

𝑒−𝛼𝑖𝑡

which implies 

∥ 𝐸𝑌𝑖 ∥≤

√

√

√

√

√

2 𝜓𝛼𝑖
+ 2

(

𝑉 (0) − 𝜓
𝛼𝑖

)

𝑒−𝛼𝑖𝑡

𝜆𝑚𝑖𝑛(𝛬)
(43)

It can be observed that, if 𝑉 (0) = 𝜓
𝛼𝑖
 then 

∥ 𝐸𝑌𝑖 ∥≤ 𝜃∗ (44)

∀𝑡 ≥ 0 and 𝜃∗ =
√

2𝜓
𝛼𝑖𝜆𝑚𝑖𝑛(𝛬)

. It can be observed that, if 𝑉 (0) ≠ 𝜓
𝛼𝑖
 then for 

any given 𝜃 > 𝜃∗ there exist a time 𝑇 > 0 such that ∀𝑡 > 𝑇 , ∥ 𝐸𝑌𝑖 ∥≤ 𝜃. 

𝜃 =

√

√

√

√

√

2 𝜓𝛼𝑖
+ 2

(

𝑉 (0) − 𝜓
𝛼𝑖

)

𝑒−𝛼𝑖𝑇

𝜆𝑚𝑖𝑛(𝛬)
(45)

Therefore, we can conclude 
lim
𝑡→∞

∥ 𝐸𝑌𝑖 ∥= 𝜃∗ (46)

It can be concluded from Eq. (46) that the consensus error converges 
to a very small value with a suitable value of the parameter 𝛼𝑖.

6. DONDI controller for consensus of MAS in the presence of 
communication noise

In this scenario, we consider communication noise, which is addi-
tive and arises from changing environmental conditions. Consequently, 
the information shared among agents is perturbed by this noise. The 
noise has been considered in the context of the MASs consensus (Li 
& Deng, 2019; Liu, Ming, & Li, 2016; Wang et al., 2015) etc. The 
noisy information received from the 𝑗th agent is represented as 𝑌𝑗𝜔 =
𝑌𝑗 + 𝜎𝑗𝜔𝑗 , where 𝜔𝑗 denotes independent standard white noise, and 𝜎𝑖
represents the noise intensity. The state, control, and output of the 𝑖th 
agent are denoted by 𝑋𝑖, 𝑌𝑖, and 𝑈𝑖𝜔, respectively. Here, 𝑈𝑖𝜔 indicates 
the noisy control.

The consensus error is given by 𝐞𝑖𝜔. Please note that we used 
different expressions for the consensus error to make it different from 
the earlier one.

𝐞𝑖𝜔 =
𝑁
∑

𝑗=1
𝑎𝑖𝑗

(

𝑌𝑖 − 𝑌𝑗𝜔
)

=
𝑁
∑

𝑗=1
𝑎𝑖𝑗

(

𝑌𝑖 − 𝑌𝑗 − 𝜎𝑗𝜔𝑗
)

=
𝑁
∑

𝑗=1
𝑎𝑖𝑗

(

𝑌𝑖 − 𝑌𝑗
)

−
𝑁
∑

𝑗=1
𝑎𝑖𝑗𝜎𝑗𝜔𝑗

= 𝑑𝑖𝑋𝑖 − 𝑎̄𝑖𝐘 − 𝑒𝑖𝑗
= 𝐸𝑌𝑖 − 𝑒𝑖𝑗 (47)

where 𝑒𝑖𝑗 =
∑𝑁
𝑗=1 𝑎𝑖𝑗𝜎𝑗𝜔𝑗 . Enforcing the first-order error dynamics, we 

get 
𝐞̇𝑖𝜔 +𝐾𝐞𝑖𝜔 = 0 (48)

Differentiation of Eq. (47) yields 
𝐞̇𝑖𝜔 = 𝐞̇𝑖 (49)

Substituting the expressions of 𝐞𝑖𝜔 and 𝐞̇𝑖 in Eq. (48) we get 

𝑑𝑖
[

𝑓 (𝑋𝑖) + 𝑔(𝑋𝑖)𝑈𝑖𝜔
]

− 𝑎̄𝑖𝐗̇ +𝐾𝐞𝑖𝜔 = 0 (50)

Simplifying Eq. (50) we get the expression of control 𝑈𝑖 as follows 

𝑔(𝑋 )𝑈 =
[

−𝑓 (𝑋 ) + 𝑑−1(𝑎̄ 𝐗̇ −𝐾𝐞 )
]

(51)
𝑖 𝑖𝜔 𝑖 𝑖 𝑖 𝑖𝜔

5 
Proceeding similarly as we did earlier, the control expression can be 
obtained the same as Eq. (26), i.e., 
𝑈𝑖𝜔 = 𝑅−1

𝑖 𝐴𝑇𝑖
(

𝐴𝑖𝑅
−1
𝑖 𝐴𝑇𝑖

)−1 𝑏𝑖𝜔 (52)

where, 𝑏𝑖𝜔 = −𝑓 (𝑋𝑖) + 𝑑−1𝑖 (𝑎̄𝑖𝐗̇ − 𝐾𝐞𝑖𝜔). However, the expression in 
Eq. (52) is not exactly the same as we can see that it contains the 
consensus error with noise term.

Theorem 2. With the agents’ dynamics given in Eqs. (3) and (4), and 
Assumption  1, the optimal DNDI control expression obtained in Eq. (52) 
will make the consensus error 𝐞𝑖𝜔 to converge to a very small finite value 
in the presence of communication noise and achieve the objectives 1 and 2 
given in Problem formulation section.

Proof. The proof is given in the following section, ‘Convergence of 
DONDI in the presence of noise’.

7. Convergence of DONDI in the presence of noise

The convergence proof is provided in this section. We use the same 
Lyapunov function as considered in Eq. (30) and proceed with its 
derivative as follows.
𝑉̇ = 𝐘𝑇 (𝐿⊗ 𝐈𝑝)𝐘̇

= 𝐄𝑇𝑌𝑖 𝐘̇

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖

[

𝑓𝑌 (𝑋𝑖) + 𝑔𝑌 (𝑋𝑖)𝑈𝑖𝜔
]

(53)

Substituting the control expression, we get

𝑉̇ =
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 (𝑎̄𝑖𝐘̇ −𝐾𝐞𝑖𝜔)

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝑎̄𝑖𝐘̇ −

𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝐾𝐞𝑖𝜔 (54)

Replacing 𝐞𝑖𝜔 = 𝐸𝑌𝑖 − 𝑒𝑖𝑗 in Eq. (54) we get

𝑉̇ =
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝑎̄𝑖𝐘̇ −

𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝐾𝐞𝑖𝜔

=
𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝑎̄𝑖𝐘̇ −

𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝐾𝐸𝑌𝑖+

𝑁
∑

𝑖=1
𝐸𝑇𝑌𝑖𝑑

−1
𝑖 𝐾𝑒𝑖𝑗 (55)

The first term on the RHS of Eq. (55) is expanded using Lemma  1. 

𝐄𝑇𝑌𝑖𝑑
−1
𝑖 𝑎̄𝑖𝐘̇ ≤∥ 𝐄𝑌𝑖 ∥ ∥ 𝑑−1𝑖 𝑎̄𝑖𝐘̇ ∥≤

∥ 𝐄𝑌𝑖 ∥
2

2
+

∥ 𝑑−1𝑖 𝑎̄𝑖𝐘̇ ∥2

2
(56)

In this case, the gain 𝐾 is considered as 

𝐾 = 𝑑𝑖
(

𝐈 +
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

)

(57)

which is a little different from earlier. Putting this expression in the 
term ∑𝑁

𝑖=1 𝐸
𝑇
𝑌𝑖
𝑑−1𝑖 𝐾𝑒𝑖𝑗 and simplifying it, we get

∑𝑁
𝑖=1 𝐸

𝑇
𝑌𝑖
𝑑−1𝑖 𝐾𝑒𝑖𝑗

=
𝑁
∑

𝑖=1

[

𝐸𝑇𝑌𝑖

(

𝐈 +
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

)

𝑒𝑖𝑗
]

=
𝑁
∑

𝑖=1

[

𝐸𝑇𝑌𝑖𝑒𝑖𝑗 +
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)𝐸𝑇𝑌𝑖𝑒𝑖𝑗

]

(58)

Applying Lemma  1 to Eq. (58), we get 
∑𝑁
𝑖=1 𝐸

𝑇
𝑌𝑖
𝑑−1𝑖 𝐾𝑒𝑖𝑗

≤
𝑁
∑

[

∥ 𝐸𝑌𝑖 ∥∥ 𝑒𝑖𝑗 ∥ +
𝛼𝑖 𝜆𝑚𝑎𝑥(𝛬) ∥ 𝐸𝑌𝑖 ∥∥ 𝑒𝑖𝑗 ∥

]

𝑖=1 2
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≤
𝑁
∑

𝑖=1

[

(

∥ 𝐸𝑌𝑖 ∥
2

2
+

∥ 𝑒𝑖𝑗 ∥2

2

)

+
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

(

∥ 𝐸𝑌𝑖 ∥
2

2
+

∥ 𝑒𝑖𝑗 ∥2

2

)

]

=
𝑁
∑

𝑖=1

[∥ 𝐸𝑌𝑖 ∥
2

2
+
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

2
∥ 𝐸𝑌𝑖 ∥

2

+

(

∥ 𝑒𝑖𝑗 ∥2

2
+
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

2
∥ 𝑒𝑖𝑗 ∥2

)

]

≤
𝑁
∑

𝑖=1

[∥ 𝐸𝑌𝑖 ∥
2

2
+
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

2
∥ 𝐸𝑌𝑖 ∥

2
]

+ 𝜂 (59)

where, 𝜂 = ∑𝑁
𝑖=1

[

∥𝑒𝑖𝑗∥2

2 + 𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

2 ∥ 𝑒𝑖𝑗 ∥2
]

. Eq. (37) gives 𝐸𝑇𝑌𝑖𝑑
−1
𝑖 𝑎̄𝑖𝐘̇ ≤

∥𝐸𝑌𝑖 ∥
2

2 +
∥𝑑−1𝑖 𝑎̄𝑖𝐘̇∥2

2 . Let, 𝜂̄ = ∑𝑁
𝑖=1

∥𝑑−1𝑖 𝑎̄𝑖𝐘̇∥2

2 . Next, we replace the inequal-
ity (i.e. Eq. (59)) in Eq. (55) we get

𝑉̇ ≤
𝑁
∑

𝑖=1

[

−𝐸𝑇𝑌𝑖𝑑
−1
𝑖 𝐾𝐸𝑌𝑖 +

∥ 𝐸𝑌𝑖 ∥
2

2

+
∥ 𝐸𝑌𝑖 ∥

2

2
+
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

2
∥ 𝐸𝑌𝑖 ∥

2

]

+ 𝜂 + 𝜂̄

≤
𝑁
∑

𝑖=1

[

−𝐸𝑇𝑌𝑖𝑑
−1
𝑖 𝐾𝐸𝑌𝑖+ ∥ 𝐸𝑌𝑖 ∥

2
]

+
𝛼𝑖
2
𝑉 + 𝜂 + 𝜂̄

=
𝑁
∑

𝑖=1

[

−𝐸𝑇𝑌𝑖

(

𝐈 +
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬)

)

𝐸𝑌𝑖+ ∥ 𝐸𝑌𝑖 ∥
2
]

+
𝛼𝑖
2
𝑉 + 𝜂 + 𝜂̄

=
𝑁
∑

𝑖=1

[

−
𝛼𝑖
2
𝜆𝑚𝑎𝑥(𝛬) ∥ 𝐸𝑌𝑖 ∥

2
]

+
𝛼𝑖
2
𝑉 + 𝜂 + 𝜂̄

≤ −𝛼𝑖𝑉 +
𝛼𝑖
2
𝑉 + 𝜂 + 𝜂̄

= −
𝛼𝑖
2
𝑉 + 𝜂 + 𝜂̄

= −𝛽𝑉 + 𝜂̃ (60)

where, 𝜂̃ = 𝜂 + 𝜂̄.
Applying Lemma  2 to Eq. (60), we can write 

𝑉 ≤ 𝜂̃
𝛽
+
(

𝑉 (0) −
𝜂̃
𝛽

)

𝑒−𝛽𝑡 (61)

Similar to the previous case, we will present the Uniformly Ultimate 
Boundedness (UUB) of the consensus error. Eqs. (31) and (61) give 
𝜆𝑚𝑖𝑛(𝛬)

2
∥ 𝐸𝑌𝑖 ∥

2≤ 𝑉 ≤ 𝜂̃
𝛽
+
(

𝑉 (0) −
𝜂̃
𝛽

)

𝑒−𝛽𝑡 (62)

Eq. (62) is simplified as follows.
𝜆𝑚𝑖𝑛(𝛬)

2
∥ 𝐸𝑌𝑖 ∥

2≤ 𝜂̃
𝛽
+
(

𝑉 (0) −
𝜂̃
𝛽

)

𝑒−𝛽𝑡

∥ 𝐸𝑌𝑖 ∥≤

√

√

√

√

√

2 𝜂̃𝛽 + 2
(

𝑉 (0) − 𝜂̃
𝛽

)

𝑒−𝛽𝑡

𝜆𝑚𝑖𝑛(𝛬)
(63)

It can be observed that, if 𝑉 (0) = 𝜂̃
𝛽  then 

∥ 𝐸𝑌𝑖 ∥≤ 𝛩∗ (64)

∀𝑡 ≥ 0 and 𝛩∗ =
√

2𝜂̃
𝛽𝜆𝑚𝑖𝑛(𝛬)

. It can be observed that, if 𝑉 (0) ≠ 𝜂̃
𝛽  then for 

any given 𝛩 > 𝛩∗ there exist a time 𝑇 > 0 such that ∀𝑡 > 𝑇 , ∥ 𝐸𝑌𝑖 ∥≤ 𝛩.

𝛩 =

√

√

√

√

√

2 𝜂̃𝛽 + 2
(

𝑉 (0) − 𝜂̃
𝛽

)

𝑒−𝛽𝑡
(65)
𝜆𝑚𝑖𝑛(𝛬)

6 
Therefore, we can conclude 
lim
𝑡→∞

∥ 𝐸𝑌𝑖 ∥= 𝛩∗ (66)

Therefore, the consensus error converges to a small bounded value if 
the proposed consensus protocol is used.

8. Simulation study

The simulation study used MATLAB 2021b to attain consensus in 
the output 𝑌𝑖, corresponding to the state 𝑋1 of agents. We consider ten 
agents, i.e., 𝑁 = 10. The primary goal was achieving consensus while 
minimizing the controls 𝑈𝑖.

8.1. Agent dynamics considered for simulation study

The dynamics of the 𝑖th agents are as follows.
𝑋̇𝑖1 = 𝑋𝑖2 sin(2𝑋𝑖1 ) + 𝑈𝑖1 (67)

𝑋̇𝑖2 = 𝑋𝑖1 cos(3𝑋𝑖2 ) + 𝑈𝑖2 (68)

where 𝑋𝑖 =
[

𝑋𝑖1 𝑋𝑖2

]𝑇
.

Now, we will write the agent dynamics (Eqs. (67) and (68)) in the 
same format given in Eqs. (3) and (4). 

𝑓 (𝑋𝑖) =
[

𝑋𝑖2 sin(2𝑋𝑖1 )
𝑋𝑖1 cos(3𝑋𝑖2 )

]

(69)

and 

𝑔(𝑋𝑖) =
[

1 0
0 1

]

(70)

and 

𝑈𝑖 =
[

𝑈𝑖1
𝑈𝑖2

]

(71)

where 𝑋𝑖 ∈ ℜ2. The states 𝑋1𝑖  of all the agents are denoted by 𝑋1 =
[𝑋11 𝑋21 … 𝑋101 ]. Similarly, we denote 𝑋2 = [𝑋12 𝑋22 … 𝑋102 ], 
𝑈1 = [𝑈11 𝑈21 … 𝑈101 ], and 𝑈2 = [𝑈12 𝑈22 … 𝑈102 ].

The output is selected as 𝑌𝑖 = 𝑋𝑖1 . Therefore, 𝑔𝑌 (𝑋𝑖) is given by 

𝐴𝑖 = 𝑔𝑌 (𝑋𝑖) = [1 0] (72)

We have considered 𝑅𝑖 = 𝐈2 as diagonal and positive. The matrix 𝛺 is 
given by

𝛺 =
⎡

⎢

⎢

⎣

1 0 1
0 1 0
1 0 0

⎤

⎥

⎥

⎦

With these values, we present the results in the following section.

8.2. Communication topology

We used the communication given as follows.

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0 0 1 0 1 0 1 0
0 0 1 1 0 0 1 1 0 0
1 0 0 0 1 0 1 1 1 1
1 0 1 0 0 1 1 0 0 0
0 0 1 1 0 0 0 0 1 0
0 0 0 1 1 0 0 1 0 1
0 0 0 1 1 0 0 1 1 0
0 1 1 0 1 0 0 0 0 0
1 1 0 0 1 1 0 1 0 0
0 1 0 1 0 0 0 1 1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

8.3. Result and discussion

This section presents the simulation results for two scenarios: (1) 
without noise and (2) with noise.
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Fig. 1. Control generated without noise.

8.3.1. Without noise
The controls 𝑈1 and 𝑈2 generated by the Optimal DNDI algorithm 

are depicted in Figs.  1(a) and 1(b) respectively.
It is evident from the plots that 𝑈1 facilitated the attainment of 

consensus in state 𝑋1 (Fig.  2(a)), while 𝑈2 was minimized, reaching 
a value of zero since there was no specific objective for state 𝑋2 (Fig. 
2(b)).

The consensus error in state 𝑋1, illustrated in Fig.  3, gradually 
converges to zero within a finite time, demonstrating the effectiveness 
of the proposed control method in enabling agent consensus.

8.3.2. With noise
Here, we will show the effect of noise on the consensus process. 

The value of 𝜎𝑖𝑗 = 0.02 is used here. The control expression in Eq.  (52) 
includes the noisy consensus error 𝐞𝑖𝜔. As a result, the noise affects the 
overall control, as clearly evident in Figs.  4(a). However, the control 
shown in Fig.  4(b) remains at zero since 𝑋𝑖2  is not included in the 
output. The state trajectories of all agents, namely 𝑋  and 𝑋 , are 
1 2

7 
Fig. 2. State trajectories without noise.

Fig. 3. Consensus error in state 𝑋1, i.e., 𝐸𝑌1 .
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Fig. 4. Control generated with noise.

depicted in Figs.  5(a) and 5(b), respectively. The DONDI-generated 
optimal control 𝑈1 assists 𝑋1 in achieving consensus even in noise. 
The error plot in Fig.  6 gives the evidence. Nevertheless, the impact of 
noise is noticeable. Since the control 𝑈2 remains zero, it cannot directly 
influence the state 𝑋2. However, due to the presence of the term 𝑋1 in 
the dynamics 𝑋̇𝑖2 , the state 𝑋2 is slightly affected by noise.

9. Conclusion

The optimal control solution addresses both the consensus and 
the optimization objectives. The formulation incorporates a constraint 
derived from the consensus error dynamics, which enables the attain-
ment of consensus. The approach is particularly effective for practical 
systems featuring square output. Our research demonstrates that the 
proposed optimal controller (DONDI) can achieve consensus even in 
communication noise. Rigorous mathematical derivations and conver-
gence studies establish a strong theoretical basis for the suggested con-
troller, while simulation studies provide empirical evidence supporting 
our assertion.
8 
Fig. 5. State trajectories with noise.

Fig. 6. Consensus error in state 𝑋1, i.e., 𝐸𝑌1 .
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Fig. 7. 𝜃 vs time 𝑡.
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Appendix

The expression of 𝜃 is given on the RHS of Eq. (43). If we consider 
the condition 𝑉 (0) ≠ 𝜓

𝛼𝑖
, the trajectory of 𝜃 with time 𝑡 can be shown in 

Fig.  7. At 𝑡 = 0, we get 𝜃0 =
√

2𝑉 (0)
𝜆𝑚𝑖𝑛

. Now, we get 𝜃0𝑈 > 𝜃∗ when 
𝑉 (0) > 𝜓

𝜆𝑖
, and 𝜃0𝐿 < 𝜃∗ when 𝑉 (0) < 𝜓

𝜆𝑖
. The decaying shape of 

the 𝜃 trajectory is obtained due to the presence of the term 𝑒−𝛼𝑖𝑡 and 
ultimately converges to 𝜃∗ as shown in Eq. (46). Therefore, considering 
𝑉 (0) > 𝜓

𝛼𝑖
 in Eq.  (43), we can get the value of 𝜃 > 𝜃∗.
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