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Abstract: A novel full-envelope controller for an over-actuated fixed-wing vectored thrust eVTOL
aircraft is presented. It proposes a generic control architecture, which is applicable to piloted, semi-
automatic, and fully automated flight, consisting of an aircraft-level controller (high-level controller)
and a control allocation scheme. The aircraft-level controller consists of a main inner loop classical
nonlinear dynamic inversion controller and an outer loop proportional–integral linear controller. The
inner loop nonlinear dynamic inversion controller is a velocity controller that cancels the nonlinear
bare airframe dynamics, while the outer loop proportional–integral linear controller is an attitude
and navigation position controller. Together, they are used for hover/low-speed control and forward
flight. The control allocation scheme uses a novel architecture, which transfers the nonlinearity in the
vectored thrust effector model formulation to the computation of the actuator limits by converting
the effector model from polar to rectangular form, thus allowing the use of classical control allocation
linear optimisation technique. The linear optimisation technique is an active set linear quadratic
programming constrained optimisation algorithm with a weighted least squares formulation. The
control allocation allocates the overall control demand (virtual controls) to individual redundant
effectors while performing control error minimisation, control channel prioritisation and control
effort minimisation. Simulation results show the transition from hover to cruise, climb and descent,
and coordinated turn clearly demonstrate that the controller can handle actuator saturation (position
or rate).

Keywords: NDI; transition; over-actuated; virtual controls; easy-to-fly; effector model; control
allocation; active set; weighted least squares; optimal; high-level controller; unified control framework;
real-time; online; constrained optimisation; linear quadratic programming

1. Introduction

This paper is the full paper version of an extended abstract conference paper [1] and
includes more model details, details of the technique applied, more analysis and simulation
results. The concept of Urban Air Mobility (UAM) has been proposed for addressing a need
for new urban transport solutions to overcome the problems of congestion and pollution in
the ever-growing major urban conurbations [2]. Fixed-wing aircraft technologies, despite
being mature and reliable, have many constraints, both infrastructural and operational,
which limit their applicability for UAM. Piloted all-electric vertical takeoff and landing
(eVTOL) vehicles known as “air taxis” provide a promising option [3]. Furthermore, electric
propulsion is lighter, quieter, and potentially has net zero emissions, with potentially lower
operating costs, and they have higher bandwidth actuators than fuelled machines, thus
allowing for novel configurations.

However, eVTOL aircraft operation requires nonlinear or scheduled control since they
operate over a wide range of operating envelopes (hover, forward flight, forward transition
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from hover/low speed to cruise/forward flight, reverse transition from cruise to hover
transition, post-stall operation, cruise, climb, descent, coordinated turn, etc.), requiring
them to operate in several operating modes with a need to switch between flight controllers.
Nonlinear control schemes, which can handle nonlinearities, offer potential solutions in
providing a unified-control approach valid in all flight modes, without the need to perform
predefined-gain scheduling [4,5].

A pre-requisite for the eVTOL air taxi business model is to have an aircraft that is
relatively “easy-to-fly”, which requires minimal pilot training compared to commercial
and military aircraft. This requires eVTOLs to provide a high degree of automation to
reduce the pilot workload and cost of pilot training. A trend in eVTOL development is
towards finding a unified-control approach valid for all flight modes without the need
to switch between flight controllers or to perform predefined-gain scheduling in order to
address the challenge of a need to mitigate control complexity and available computing
resources [6,7]. This requires eVTOLs to have fly-by-wire (FBW) augmented flight control
systems (also known as indirect flight control systems), which satisfies the primary flight
objectives (stability, envelope protection, fault tolerance, robustness to both external and
internal disturbances, etc.) and the secondary objectives (flight performance, efficiency,
drag reduction, flying and handling qualities, etc.).

In order to ensure the required levels of reliability, safety, and actuator/effector fault
tolerance, eVTOLs are usually overactuated, i.e., equipped with more effectors than the degrees
of freedom they control, thus introducing redundancy in case of effector failure [8–11]. This
over-actuation creates the challenge of allocating the overall control demand to individ-
ual redundant effectors known as Control Allocation (CA). CA provides an optimized
allocation of control effectors for the various degrees of freedom under fault-free oper-
ation and optimisation of actuator utilisation (including secondary objectives like drag,
wing load reduction, etc.) with respect to varying flight phases, and it provides scope for
reconfiguration in the event of a fault in the control effector.

Vectored Thrust eVTOLs, one category of eVTOLs according to the Vertical Flight
Society [12,13], are supported in vertical takeoffs and landing flights by the horizontally-
mounted propulsion systems, which direct thrust downwards to generate lift. Horizontal
flight is supported primarily by the lift generated from the wings, with some or all of the
propulsion systems rotated to the required position to provide horizontal thrust for forward
speed. Vectored thrust eVTOLs can be further classified into two subcategories: tiltwing
and tiltrotor.

An example of a tiltwing eVTOL is the Airbus A3 Vahana [14] while that of a tiltrotor
eVTOL is the Lilium Jet [15]. Tilt wings are a challenging configuration for control, particu-
larly in the transition phase between hover and cruise, where the aerodynamics may be in a
post-stall condition. One of the control challenges of vectored thrust tiltrotor eVTOLs is the
interaction and coupling between the aeromechanical and dynamic forces and moments,
which potentially deplete the natural aerodynamic damping or stiffness, tending to drive
an aircraft unstable [16].

Classical nonlinear dynamic inversion (NDI) is a well-established nonlinear control
approach, which has been widely applied in various forms [17–29]. Although NDI can deal
with the nonlinearities in the motion of an aircraft, one drawback is its poor performance
in the presence of external disturbances and model uncertainties because it relies on an
accurate model of the controlled system. Hence, NDI has been combined with robust
controllers to deal with these disturbances and uncertainties [30–33]. Another drawback of
classical NDI is that it is applicable to systems with minimum phase characteristics because
inversion of an unstable transition zeros (non-minimum phase NMP system) will result in
instability [34].

There are several CA approaches and techniques used for the motion control of
over-actuated mechanical systems [35–38]. CA approaches for linear effector models in-
clude unconstrained linear CA approaches (e.g., generalised inverses or pseudoinverses,
Moore–Penrose pseudo-inverse, and singular value decomposition-based generalised in-



Aerospace 2024, 11, 979 3 of 32

verses) and constrained linear CA approaches (redistributed pseudo-inverse, cascaded
generalised inverse, daisy chaining, direct CA, simplex numerical linear programming, ac-
tive set numerical quadratic programming (QP) method, interior point numerical quadratic
programming method, iterative fixed-point numeric quadratic programming method,
multi-parametric quadratic programming, binary search trees, lattice representations,
decomposition approach for primary and secondary problems, an optimisation-based
control allocation method integrated with a parameter estimation scheme, fault-tolerant
optimisation-based control allocation, a dynamic control allocation approach, model pre-
dictive control optimisation-based control approach, etc.).

CA approaches for nonlinear effector models include nonlinear programming for
control allocation, sequential QP, mixed-integer linear programming (LP), Lyapunov-design
based nonlinear optimisation control allocation method, direct nonlinear allocation, etc.
Optimal solutions of LP are found at vertices of the feasible set, thereby favouring the use
of a smaller number of effectors, while methods based on a quadratic cost function and
∞-norm tend to use all effectors but to a smaller degree [39].

Active set methods [35,40–43] for QP are iterative methods whereby, at each iteration,
they improve their guess of the optimal active set. The interior point method [40,42,43]
for QP, on the other hand, replaces the inequality constraints with a barrier function that
prevents the solution from going into the infeasible region.

One particularly challenging eVTOL configuration is the Lilium Jet [15], an early
version of which is the 7-seater canard light sports aircraft with 36 tiltable all-electric engines
(six on each of the two front canards and twelve on each rear main wing). The electric
ducted fans (EDFs) are located on top of the control surfaces, which provides vectored
thrust simultaneously with aerodynamic control. However, its canard configuration can
destabilise the short-period mode [44,45], thus requiring FBW stability augmented flight
control systems. The configuration is also challenging because the coupling between
the aerodynamic surface control and the vectored thrust makes control allocation during
transition very difficult. Furthermore, the electric engine arrangement of the Lilium-style
multi-rotor vectored thrust tiltrotor aircraft results in eight control effectors to control six
(roll, pitch, yaw, surge, sway, and heave) degrees of freedom, which results in a high degree
of over-actuation consequently presenting a challenging CA.

The 7-seater Lilium Jet eVTOL configuration is also a challenging eVTOL because the
vectored thrust results in nonlinear effector mapping (from the overall control demand to
the individual effector demand), preventing the direct use of classical linear CA approaches.

This paper proposes a real-time linear analytical control allocation, which considers
both actuator saturation and rate limits combined with classical NDI for full envelope
control of a novel Lilium-style over-actuated vectored thrust eVTOL configuration. A QP
error minimisation linear CA approach incorporating both actuator saturation and rate
constraints has been carefully chosen.

In the research literature, a combination of an NDI-based high-level motion controller
combined with a CA scheme under a unified framework and control architecture consisting
of several flight control modes (requiring switching between them) has been applied for the
full envelope control of several limited special class of eVTOL tiltrotor configurations [46–48].

The main contributions of this paper are summarized as follows:

• It applies an easy-to-fly, simple and unified control framework with a functional
architecture applicable for piloted, semi-automatic, and automated flight to a Lilium-
style multi-rotor vectored thrust tiltrotor eVTOL [15] configuration.

• It proposes the application of NDI [49] as the high-level controller (aircraft-level
controller) for the Lilium-style multi-rotor vectored thrust tiltrotor eVTOL [15] con-
figuration rather than the incremental NDI used in [48] because it is well established
and has a proven stability analysis despite some drawbacks (poor external distur-
bances, rejection, and robustness to model uncertainties). The paper extends the
results of [49] by including lateral-directional control channels and an effector model
of an over-actuated vectored thrust Tilt rotor aircraft [15], as shown in Figure 1.



Aerospace 2024, 11, 979 4 of 32

• It extends the results of [50] from 3DoF to 6DoF and verifies a real-time analytical
optimal CA approach, proposed as CA approach 1 (CA1) in [50], which considers both
actuator saturation and rate limits, using an active set linear QP WLS formulation.

The rest of this paper is structured as follows: the full 6DoF equations of motion,
vehicle dynamic model, aerodynamic and thrust models of a Lilium-style eVTOL canard
planform shown in Figure 1 are outlined in Section 2. In Section 3, the control architecture
and high-level controller are presented. CA is presented in Section 4. The nonlinear control
simulation results of some selected manoeuvres are presented and analysed in Section 5.
In the final section, Section 6, the proposed scheme and summary of major findings are
discussed, as well as their limitations and future work.

2. Vehicle Dynamic Modelling
2.1. Overview of Vehicle

The vehicle model used for this work is based on the Lilium Jet [15], a 7-seater Lilium
Jet, a canard light sports aircraft with 36 all-electric engines (six on each of the two front
canards and twelve on each rear main wings). This results in eight control effectors to
control six (roll, pitch, yaw, surge, sway, and heave) degrees of freedom, resulting in an
over-actuated system and consequently results in a CA problem. The plan view of the
vehicle is shown below in Figure 1.

cg

Canard Left Canard Right

Main Wing Left Main Wing Right

EDF Set 

+x forward 

+  +z down 

+y right 

Single 
Control 

Figure 1. Aircraft planform showing EDF set distribution.

The aircraft has a fixed-wing aerodynamic surface and twelve tilting EDFs distributed
through the front canard and rear main wing sections of the aircraft (see Figure 1). The chal-
lenging part is estimating the aerodynamic and propulsion forces and moments acting on
the aircraft, especially during the transition region. High-fidelity modelling of the transition
dynamics is quite complex since tilting EDFs also generates aerodynamic forces/moments,
and flow separation over the EDF surfaces might occur during the transition. Since the
main focus and motivation of this work are the full envelope flight control of the unique
eVTOL aircraft, the flight dynamics model is constructed considering the main effects at
hover and high-speed forward flight. During the transition, the dynamics are obtained
by blending the hover and forward flight aerodynamic models based on the airspeed,
though in practice, this introduces significant nonlinearity in its aerodynamic forces and
moments due to the complex interaction between the incoming freestream and the propeller
slipstream. However, the complex interaction between the incoming freestream and the
propeller slipstream is hard to accurately model, resulting in some unmodelled dynamics
and a low-fidelity aerodynamic model. The eVTOL aircraft is a minimum phase system be-
cause of its canard configuration; its wings have no anhedral; it is an over-actuated system
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with vectored thrust and is a simple model with decoupled aerodynamic and propulsive
forces; and moment has been assumed.

The aircraft parameters are as follows: the total aircraft mass, m = 3.175 × 103 kg,
the wing surface area, S = 8.464 m2, aerodynamic mean chord, c̄ = 1.1 m, span, b = 13.9 m,
and moment of inertia

I =

 Ixx −Ixy −Ixz
−Ixy Iyy −Iyz
−Ixz −Iyz Izz

 =

 7489 0 −484
0 82625 0

−484 0 88843

 (1)

2.2. Flight Mechanics and Equation of Motion

Consider an air vehicle with 6 degrees of freedom, pitch, roll, yaw, heave, surge and
sway. Assuming a rigid body in still air, the dynamic equations for linear and angular
accelerations (standard Newton-Euler equations) are as follows:[

Ḟ
Ṁ

]
=

[
mI3 0

0 Ib

][
V̇b
ω̇

]
+

[
mω × Vb
ω × Ibω

]
(2)

where F is the total force vector acting on the centre of mass in the body axes and M is the
total moment vector acting about the centre of mass given by the following:

F = Faero + Fprop + Fgrav (3)

M = Maero + Mprop (4)

The aerodynamic contributions defined by means of their dimensionless coefficients
are as follows:

Faero =

X
Y
Z

 =

CX
CY
CZ

q̄S (5)

Maero =

 La
Ma
Na

 =

 bCl
c̄Cm
bCn

q̄S (6)

Details of Fprop, Fgrav, Mprop and other aerodynamic terms are contained in [34,51] and in
the Supplementary File.

2.3. Vehicle Dynamic Model

The cruise aerodynamic model is partially derived from [52] and based on [48,53],
while the hover aerodynamic model is from [48,53]. The geometric information, moment of
inertia, mass and effector distribution as indicated in Figure 1 are based on [52]. Full details
of the dynamic model are in [51] and in the Supplementary File.

2.4. Aerodynamic Model Blending

At hover (u < 10 m/s (uhov)), the propulsive forces are dominant (aerodynamic control
surfaces are ineffective with low control authority) while at high forward cruise speeds
(u > 20 m/s (ucru)) the aerodynamic forces are dominant, separate aerodynamic models
have been formulated for both flight regimes. In order to simulate the nonlinearities
due to changes in aerodynamic forces and moment during transition between hover and
cruise/forward flight a blending coefficient is used to blend the aerodynamics forces
produced by both separate hover and cruise models using body x-axis velocity u as the
scheduling parameter.
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The blending coefficient for performing transition between hover and forward flight
aerodynamic models is a continuous differentiable hyperbolic tangent function Kb of u,
uhov, and ucru is given by:

Kb =
1
2

[
1 + tanh

(
4u − 2(ucruth + uhovth)

ucruth − uhovth

)]
(7)

The blending coefficient Kb is set to 0 for values of u ≤ uhov, to 1 for u ≥ ucru, to a value
between 0 and 1 for uhov < u < ucru is illustrated in Figure 2. uhovth = 12 (m/s) and
ucruth = 18 (m/s).

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Aerodynamic Blending Coefficient

Figure 2. Aerodynamic blending coefficient.

The resultant aerodynamic forces and moments are given by the following:

Faero = KbFcru + (1 − Kb)Fhov (8)

Maero = KbMcru + (1 − Kb)Mhov (9)

where Fhov is the aerodynamic force vector [Xhov Yhov Zhov]
T for the hover model, Fcru is the

aerodynamic force vector [Xcru Ycru Zcru]T for the cruise model, Mhov is the aerodynamic
moment vector [LAhov MAhov NAhov ]

T for the hover model, Mcru is the aerodynamic moment
vector [LAcru MACRU NAcru ]

T for the hover model, Faero is the resultant blended aerodynamic
force vector, Maero is the resultant blended aerodynamic moment vector.

2.5. Hover Aerodynamic Model

The hover aerodynamic model is a resistance drag force model from [48,53] because,
at hover and low-speed flight, it is reasonably assumed that the dominant aerodynamic
effect is the resistance drag force in translational axes (horizontal, vertical, and sideward
motion). The lift force and aerodynamic moments are considered negligible (Mhov = 0)
and not modelled at low-speed flight since the maximum speed is restricted to 10m/s for
horizontal motion and 5m/s for vertical motion. Although the ground effect is also relevant
for hover flights, it is not modelled for the preliminary modelling since it requires more
detailed and complex aerodynamic modelling. Full details of the hover dynamic model are
in [51] and in the Supplementary File.
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2.6. Cruise Aerodynamic Model

The cruise model longitudinal static aerodynamic derivatives are partially obtained
from [52,54] using an appropriate approach for this type of VTOL configuration, a compu-
tational fluid dynamics-based aerodynamic modelling method known as boundary layer
ingestion. The cruise model longitudinal dynamic derivatives, lateral-directional static
derivates and lateral-directional dynamic aerodynamic derivates are based on [48,53]. Refer
to [51] for details of the Cruise Aerodynamic Model and in the Supplementary File.

3. Control Design

This section presents the control architecture which describes the control framework,
the command generator, and the main overall aircraft-level controller consisting of an outer
loop PID-based linear controller and an inner loop NDI-based controller.

3.1. Control Architecture

As mentioned in Section 1, one of the main contributions of this work is to apply
the easy-to-fly, simple and unified control Framework proposed in [51] (which is 6DoF
version of that proposed in [49,50]) and shown in Figure 3 to the over-actuated Fixed Wing
Vectored thrust eVTOL vehicle.

Physical vehicle model

ControllerCommand Generator

Kout Kinn KCA ge G

Manual Input
Demands

Auto Mode

Control Mode

Command

Generator

xc

+

xe

Outerloop
Control law

yc

+

ye

Innerloop
NDI

τ c

control
allocation

u τ

effector/
actuator

vehicle
body

x

vehicle
body

τ

y

x
x−

−

Figure 3. Generic flight controller architecture for piloted, semi-automatic, and automated flight [49].

The proposed control architecture can be applied to piloted, semi-automatic and
automated flight, and consist of the Command Generator, the Controller and the Physical
Vehicle (represented by a simulation vehicle model) it controls. The control allocation
scheme KCA ensures that the forces and moments vector, τ, that characterizes the physical
model given by Equation (17) is equal to the virtual control demands output, τc, produced
by the high-level control law (outer linear controller and inner loop LDI controller) KCTL.
The physical vehicle model consists of an effector/actuator model Be; thus, it would
normally include a low-level actuator controller (e.g., servo controllers) and the virtual
controls (generalised forces and moments) G. The inverse effector model KCA (i.e., control
allocation) using the effector/actuator model Be will be covered in Section 4.

The physical vehicle model consists of an effector/actuator model, thus normally
would include low-level actuator controller (e.g., servo controllers), and the physical model
with virtual controls. For the remainder of the work, it is assumed that a perfect control
allocation scheme is in operation so that the virtual control demands output, τc, which is
produced by the inner loop controller, Kinn, is equal to the forces and moments vector, τ,
that characterizes the physical model given by Equation (17).

Based on NASA Pilot-Automation-Interaction (PAI) framework [55,56] which charac-
terises an aircraft real-time functional state automation dimensions, the control architecture
in this work is PAI-3 (Maneouvre Command)—Autopilot with specified linkable maneouvres.

Command Generator

The Command Generator and outer loop controller are shown in Figure 4. The Com-
mand Generator consists of the following:

• Manual and auto-pilot commands;
• Command limits and filtering;
• Command Computation;
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• Manual–auto mode switching;
• Position control switching;
• Outer loop linear controller;
• Control mode switching;
• Command blending between hover and forward flight using Equation (7) in Section 2.4

and a blending equation (same structure as Equation (8) in Section 2.4) given by
the following:

xcmd = Kb xcmd,cru + (1 − Kb) xcmd,hov (10)

The outer loop is airframe independent since it does not consider the airframe aerodynamics.
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3.2. Control Limitation and Flight Modes

Control limitations and filtering applied on the commands (manual or auto mode) are
listed in Section 5. The various flight regime modes are as follows:

• Vertical TakeOff and Landing (VTOL): hcontrol mode, h control, V = 0, θ = 0, ϕ = 0,
ψ = 0;

• Climb, Descend, Approach and Flare (CDAF): V control, λ control, θ control, ϕ = 0,
ψ = 0;

• Cruise (CRU): V control, λ control, θ control, ϕ = 0, ψ = 0;
• Hover (HOV) and Position control: xcontrol mode, ycontrol mode, xcontrol mode, x control,

y control, z control, θ = 0, ψ = 0;
• Station Keeping (SK): xcontrol mode, ycontrol mode, xcontrol mode, x hold, y hold and z

hold, θ = 0, ψ = 0;
• Forward Transition (FT): move from Hover (HOV) and position control to Cruise (CRU);
• Backward Transition (BT): move from Cruise (CRU) to Hover (HOV) and position control;
• Banking (ROL): V control, λ control, ϕ control, θ control, ψ control, hcontrol mode;
• Coordinated Turn (CTURN): V control, λ control, ϕ control, θ control, ψ control.

Refer to [51] and the Supplementary File for details of the command generator and
outer loop controller.
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As discussed in Section 1, two main challenges of canard-plan form fixed-wing VTOL
aircraft are as follows:

• Severe nonlinearities in the flight dynamics due to the wide operating envelope;
• Unstable open loop operation due to canard configuration.

3.3. NDI Controller Law

Consider a plant model with general state equations given by the following:

ẋ = f(x) + g(x)τc (11)

y = h(x) (12)

For this paper, the selected CV, y = h(x), for the first five (surge, heave, roll, pitch,
and yaw) degrees of freedom are given by the following:

y = (u, w, p, q, r)T (13)

where x(t) ∈ Rn is the vector of state variables, τc ∈ Rm is the (virtual) control, y(t) ∈ Rm

is the vector of outputs to be controlled and the error is given by the following:

e(t) = r(t)− y(t) (14)

where r(t) ∈ Rm.
Based on the exposition in [34,49], the NDI controller is

v = Ke (15)

τc = G−1(x)[−F(x) + ṙ + v] (16)

where
F(x) :=

∂h
∂x

f(x), G(x) :=
∂h
∂x

g(x) (17)

and v ensures that v = Ke.
The controller structure is shown in Figure 5 and consists of the linear output feedback

loop Equation (15) and the state feedback linearisation loop (with linear controller K in
Equation (16)) which assumes all the states are observable. The feedback linearisation loop
ensures that the system from v(t) to y(t) is like a linear system with poles at the origin,
thus simplifying the outer tracking loop design. The velocity feedforward term ṙ improves
the tracking accuracy of the closed-loop system. This signal is generated either by the pilot
inceptor for manned operation or the guidance system for automated flight.

K Control Mixing G−1(x) Aircraft Dynamics

F(x)

ṙ(t)

r(t)

e(t)
v(t) u

y(t)

x(t)

Proportional Feedback Loop

−

Feedback Linearization Loop

−

Figure 5. NDI problem formulation.

Since the controller in Figure 5 contains a model of the aircraft dynamics (Equation (17)),
the nonlinear functions of the aircraft must be known in order to implement it. The classical
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NDI inner loop is airframe-dependent, and it uses an onboard model (OBM) of aircraft
to invert and cancel the airframe dynamics so that the system appears as an integrator.
The outer NDI loop is airframe-independent and can also be used for flying and handling
quality control design. Refer to [49] and the Supplementary File for classical NDI controller
details applied in this work.

4. Control Allocation

Consider a plant model with general state equations given by the following:

ẋ = f (x) + g(x)τc (18)

y = l(x) (19)

τ = h(u, x) (20)

where x(t) ∈ Rn is the vector of state variables, τc ∈ A ∈ Rm is the commanded virtual
control (control effect and generalised forces), τ ∈ A ∈ Rm is the actual virtual control
(control effect and generalised forces), u ∈ U ∈ Rp is the real controls, y(t) ∈ Rm is the
vector of outputs to be controlled, A is the set of attainable moments and U is the set of
admissible controls.

h(u, x) is the effector model, which is dependent on the vehicle effector’s physical
and control configuration. Effector models can be formulated and parameterized in many
ways, but they must represent the actual physical forces and moments. Usually, one seeks
effector models that are linear with respect to their inputs, which leaves nonlinearities to
be compensated for by nonlinear mappings, or in the low-level single effector/actuator
control through inversion of monotone characteristics or linearising feedback loops. A high-
level motion controller (e.g., classical NDI) computes the commanded virtual controls τc.
The virtual control inputs are usually chosen as a number of forces and moments that are
equal to the degrees of freedom that the high-level motion controller wants to control, p
such that the basic requirement of controllability is met.

If the virtual controls cannot be jointly achieved by the individual effectors due to one
or more effectors reaching their physical limits (e.g., saturation or rate limits) or a failure,
the CA degrades the control by prioritising control (i.e., error minimisation) in the various
control channels and degrees of freedom.

Given u ∈ Rℓ, τ ∈ Rp, τc ∈ Rp then if the number of degrees of freedom that the high-
level motion controller wants to control is greater than the number of real controls (effectors)
or decision variables p ≥ m, then the system is over-actuated and over-determined such
that the inverse problem of computing u ∈ U given τc = τ using Equation (20) is ill-posed
since the solution is generally not unique.

4.1. Control Allocation Theory and Formulation

If ℓ = p then the solution is trivially given by u = B−1
e τc (for example, the quadrotor

control problem) under the assumption that Be is full rank and that no effector constraints
are breached. If ℓ > p then multiple solutions exist, for example u = Binv = B†

e τc where [·]†
represents the Moore–Penrose inverse of the matrix. Hence the problem is often extended
to account for some other requirements (e.g., minimum power) as well as to take account
of various constraints. The constraints are, for example, saturation constraints on u and
slew rate constraints on |u̇|.

As mentioned in the previous section, minimising the control error (s = τc − Be),
which is known as a primary objective or equality constraint, imposing additional physical
constraints in the form of affector/actuator saturation and rate limits, and introducing
secondary objective(s) to the control allocation algorithm ensures that a unique solution
results in the following control allocation formulation:

min
u∈Rp ,s∈Rm

(∥Wvs∥+ J(x, u, t))s.t.

τ − Be = s, u ∈ U, u = uo + ∆u, ∆u ∈ C
(21)
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J(x, u, t) =
1
2
(u − up)

TWu(u − up) (22)

J(x, u, t) = ∥Wuu∥ (23)

Wu is intentionally chosen small compared to Wv (i.e., Wu ≪ Wv) to reflect the fact
that J represents an objective that is secondary to the primary objective of minimising the
slack variables weighted by Wv.

4.2. Control Allocation Functional Architecture

As discussed in Section 1, one of the main contributions of this work is a verification of
a 6DoF real-time analytical optimal control allocation, which considers both actuator satu-
ration and rate limits using active set linear QP Weighted Least squares (WLS) formulation
proposed as CA Approach 1 (CA1) in [50,51].

It retains the overall control demands (virtual control) in Cartesian form but formulates
the individual effector demand (real controls) in Cartesian form (decomposing its thrust
components on the body axes), thus resulting in a Linear Effector mapping, which allows
the use of classical linear control allocation techniques with prioritisation. The required
computation of the actuator limits, which converts the physical actuator limits from polar
to Cartesian form, is, however, nonlinear and complex. It offers a real-time analytical
optimal control allocation which considers both actuator saturation and rate limits using
active set Priorotised linear QP Weighted Least squares (WLS) formulation as the linear
control allocation algorithm. The computation of the actuator limits uses the physical
(polar) actuator limits, the previous cycle value of the real controls in Cartesian form and
the previous cycle value of the real controls in polar form.

The functional architecture of the control allocation architecture is shown in Figure 6
and consists of four stages:

Step 1 Formulation of real controls in Cartesian form, resulting in a linear effector mapping;
Step 2 Transformation of previous cycle real controls from Cartesian to polar form;
Step 3 Conversion of the actuator constraints from polar to Cartesian;
Step 4 Application of prioritised linear control allocation technique.

Pseudo-inverse 
real controls in 
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(Step 1b)

Polar to Cartesian
(Step 2)

Effector Physical 
Limits

(Step 3a)

Non-linear 
Transformation of 
Actuator Limits in 

Cartesian 
(Step 3b)

Linear QP WLS Active Set 
Prioritised Control Allocation 

method

 
(Step 4a)

Control 
Channel 

prioritizatio
n (Weighting 
Matrix Wv)

Real controls 
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(Weighting 
Matrix Wu)

Optimal Real 
Controls to 3DoF 

Vehicle Model

Virtual Control 
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Controller 
(Classical NDI)

Formulates real controls in cartesian form using pseudoinverse

Classical Control Allocation Algorithm

Effector Physical 
Limits
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Control Allocation Functional Architecture

Desired 
control Other inputs
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Linear 

Effectiveness 
Matrix (B-Matrix) 

(Step 1a)

𝛥t

Sampling 
Time 𝛥t

𝒖𝟎(𝑻𝟎,𝜞𝟎)

𝒖𝟎(𝑻𝟎,𝜞𝟎)
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𝒖𝑜𝑝(𝑻𝑜𝑝, 𝜞𝑜𝑝)

τ = 𝑩𝒖 𝑙 ∗ 𝒖 𝑻𝒙, 𝑻𝒛 Actuator Limits in 
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𝑻𝒙, 𝑻𝒙, 𝑻𝒛, 
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Cartesian 
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(Step 4b)

𝛥t

Linear Effector Mapping

τ = 𝑩𝒆 𝑙 ∗ 𝒖(𝑻𝒙, 𝑻𝒛)

τ(𝑭𝑥, 𝑭𝑧 ,𝑳𝑇, 𝑴𝑇 , 𝑵𝑇)

Figure 6. The 6DoF CA functional architecture.

Active set linear control allocation methods for quadratic programming (QP) address
control channel prioritisation using the value of Wv in Equation (40) to overcome a major
challenge and crucial constraint of thrust control saturation due to actuator saturation
for the vectored thrust eVTOL configuration which has a potential to lead to undesired
behaviour, deterioration of the controller performance and even loss of control in specific
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flight conditions due to the limited control authority during normal and degraded operation
(e.g., actuator limitation or failures). Other parameters for the prioritised constrained linear
optimisation Active Set algorithm are contained in Section 5.

4.3. Formulation of Real Controls Resulting in a Linear Effector Mapping

A plan view of lilium-style fixed-wing over-actuated vectored thrust eVTOL aircraft
configuration showing EDF sets distribution, control groupings and real controls is shown
in Figure 7.

EDF Set 1 EDF Set 2 EDF Set 3 EDF Set 4

EDF Set 5 EDF Set 6 EDF Set 7 EDF Set 8 EDF Set 9 EDF Set 10 EDF Set 11 EDF Set 12

Δx1
Δx2

Δx3
Δx4

Δx5
Δx6
Δx7
Δx8

Δx9
Δx10
Δx11
Δx12

cg

Δy1 Δy3

Δy2 Δy4

Δy8
Δy7

Δy6
Δy5

Δy9
Δy10

Δy11
Δy12

Canard Left Canard Right

Main Wing Left Main Wing Right

EDF Set 
Actual EDF set consisting of three EDFs 
controlled to the same rotational speed 
and tilt angles (ganged)

Actuator/Effector Control simplification 
resulting in two or four groups of EDF 
Sets controlled to the same rotational 
speed and tilt angles (ganged)

+x forward 

+  +z down 

+y right 

Opposite turn directions in left and right 
ensures zero rolling moment in wing-level 
flight while opposite turn directions in 
front (canard) and back (wing) ensures 
zero yawing moment during banking.

-1        1

1 - 1 

𝑬𝑫𝑭 𝑺𝒆𝒕 𝟏 & 𝟐

𝒖{𝟏,𝟐}(𝑻𝒂,𝜞𝒂)
Turn Dir=CCW(-1)

𝑬𝑫𝑭 𝑺𝒆𝒕 𝟑 & 𝟒

𝒖{𝟑,𝟒}(𝑻𝒃,𝜞𝒃)
Turn Dir=CW(+1)

𝑬𝑫𝑭 𝑺𝒆𝒕 𝟓, 𝟔, 𝟕, 𝟖

𝒖{𝟓−𝟖}(𝑻𝒄,𝜞𝒄), Turn Dir=CW(+1)

𝑬𝑫𝑭 𝑺𝒆𝒕 𝟗, 𝟏𝟎, 𝟏𝟏, 𝟏𝟐

𝒖{𝟗−𝟏𝟐}(𝑻𝒅,𝜞𝒅), Turn Dir=CCW(-1)

Figure 7. Plan view of Lilium-style fixed-wing over-actuated vectored thrust eVTOL aircraft configu-
ration showing EDF set distribution, control groupings, and real controls.

The vectored thrust actuator (thrust T and tilt angle Γ) limits are illustrated in Figure 8
which only shows the actuator position limits for simplicity. The unshaded regions are the
set of admission controls U constrained by the effector limits.

z

xT T

Γ

Γ

Figure 8. Vectored thrust actuator limit illustration.



Aerospace 2024, 11, 979 13 of 32

Table 1 shows the turn directions of the various EDF sets in Figure 7.

Table 1. Effector model moment arm turn directions, from CG, assuming NED.

A/C loc EDF Turn Effector Moment Arms from CG (NED)
Set Dir (td) ∆x (m) ∆y (m) ∆z (m)

canard left engine tip Set 1 CCW(−1) 3.8334 −2.3660 0.0716

canard left engine root Set 2 CCW(−1) 3.8564 −1.3680 0.0716

canard right engine root Set 3 CW(+1) 3.8564 1.3680 0.0716

canard right engine tip Set 4 CW(+1) 3.8334 2.3660 0.0716

wing left engine 1 tip Set 5 CW(+1) −1.1396 −5.0410 −0.5951

wing left engine 2 tip Set 6 CW(+1) −1.0956 −4.0490 −0.5951

wing left engine 1 root Set 7 CW(+1) −1.0456 −3.0660 −0.5951

wing left engine 2 root Set 8 CW(+1) −0.9926 −2.0670 −0.5951

wing right engine 1 root Set 9 CCW(−1) −0.9926 2.0670 −0.5951

wing right engine 2 root Set 10 CCW(−1) −1.0456 3.0660 −0.5951

wing right engine 1 tip Set 11 CCW(−1) −1.0956 4.0490 −0.5951

wing right engine 2 tip Set 12 CCW(−1) −1.1396 5.0410 −0.5951

u =



Tx1
...

Txn
Tz1

...
Tzn


(24)

The effector model mapping within the vehicle model is given by the following:

u 7→ τ (25)

The inverse effector model mapping within the control allocation is given by
the following:

τ 7→ u (26)

The rolling and yawing torque moments generated due to the turn directions of the
EDF sets are given by the following:

LTQ = CQTxtd (27)

NTQ = CQTztd (28)

where Tx = T cos Γ and Tz = T sin Γ based on td = +1 for the clockwise direction (CW)
and td = −1 for the counterclockwise (CCW) direction.

Using the simplified control and EDF sets distribution illustrated in the configuration
shown in Figure 7, since EDFs do not produce forces in the Y-direction (i.e., Y propulsive = 0)
and reference direction of the vertical force from the NDI is opposite that in the vehicle
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model (i.e., TZ = −Z), the generalised forces and moments (commanded virtual controls τ
or ge) are given by the following:

τ =


FX
FZ
LT
MT
NT

 =

[
Fprop
Mprop

]
= ge (29)

where
FX = tx1Ta cos Γa + tx2Tb cos Γb + tx3Tc cos Γc + tx4Td cos Γd (30)

FZ = tz1Ta sin Γa + tz2Tb sin Γb + tz3Tc sin Γc + tz4Td sin Γd (31)

LT = L1Ta cos Γa + L2Tb cos Γb + L3Tc cos Γc + L4Td cos Γd + L5Ta sin Γa
+L6Tb sin Γb + L7Tc sin Γc + L8Td sin Γd

(32)

MT = M1Ta cos Γa + M2Tb cos Γb + M3Tc cos Γc + M4Td cos Γd + M5Ta sin Γa
+M6Tb sin Γb + M7Tc sin Γc + M8Td sin Γd

(33)

NT = N1Ta cos Γa + N2Tb cos Γb + N3Tc cos Γc + N4Td cos Γd + N5Ta sin Γa
+N6Tb sin Γb + N7Tc sin Γc + N8Td sin Γd

(34)

with terms

• tx1 = 2, tx2 = 2, tx3 = 4, tx4 = 4, tz1 = −2, tz2 = −2, tz3 = −4, tz4 = −4
• QDir∗ = CQtd∗, ∗ = 1, 2, 3, 4
• L1 = 2 QDir1, L2 = 2 QDir2, L3 = 4 QDir3, L4 = 4 QDir4, N5 = −2 QDir1,

N6 = −2 QDir2, N7 = −4 QDir3, N8 = −4 QDir4
• L5 = −(∆y1 + ∆y2), L6 = −(∆y3 + ∆y4), L7 = −(∆y5 + ∆y6 + ∆y7 + ∆y8),

L8 = −(∆y9 + ∆y10 + ∆y11 + ∆y12)
• M1 = (∆z1 + ∆z2), M2 = (∆z3 + ∆z4), M3 = (∆z5 + ∆z6 + ∆z7 + ∆z8),

M4 = (∆z9 + ∆z10 + ∆z11 + ∆z12)
• M5 = (∆x1 + ∆x2), M6 = (∆x3 + ∆x4), M7 = (∆x5 + ∆x6 + ∆x7 + ∆x8),

M8 = (∆x9 + ∆x10 + ∆x11 + ∆x12)
• N1 = −(∆y1 + ∆y2), N2 = −(∆y3 + ∆y4), N3 = −(∆y5 + ∆y6 + ∆y7 + ∆y8),

N4 = −(∆y9 + ∆y10 + ∆y11 + ∆y12)

The linear effector mapping Binv(∆x, ∆y, ∆z)τc is given by the following:

τc =
[
FX FZ LT MT NT

]T
= Be(∆x, ∆y, ∆z)ux,z (35)

where

Be(∆x, ∆y, ∆z) =


tx1 tx2 tx3 tx4 0 0 0 0
0 0 0 0 tz1 tz2 tz3 tz4
L1 L2 L3 L4 L5 L6 L7 L8
M1 M2 M3 M4 M5 M6 M7 M8
N1 N2 N3 N4 N5 N6 N7 N8

 (36)

ux,z =
[
Tx1,2 Tx3,4 Tx5−8 Tx9−12

Tz1,2 Tz3,4 Tz5−8 Tz9−12
]T (37)

which in compact form becomes
FX
FZ
LT
MT
NT

 =


tx1 · · · tx4 0 · · · 0
0 · · · 0 tz1 · · · tz4
L1 · · · L4 L5 · · · L8
M1 · · · M4 M5 · · · M8
N1 · · · N4 N5 · · · N8





Txa
...

Txd
Tza

...
Tzd


(38)
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where 

Txa
Txb
Txc
Txd
Tza
Tzb
Tzc
Tzd


=



Tx1,2
Tx3,4
Tx5−8
Tx9−12
Tz1,2
Tz3,4
Tz5−8
Tz9−12


(39)

Details of the control allocation approach can be found in [50,51] as Control allocation
1 (CA 1) in 3DoF and can be easily extended to 6DoF. Details can also be found in the
Supplementary File.

5. Simulation Results and Discussions

The vehicle model and NDI controller are coded in MATLAB Simulink. All the
simulations are conducted in MATLAB Simulink with Software version R2021b on a
personal computer with an Intel Core i9-8950H 2.90 GHz CPU and 32 GB RAM (Santa
Clara, CA, USA). The Simulink simulation was run at a fixed step sample time of 10 ms
(100 Hz).

The high-level controller (outer linear and inner NDI) constants used for the model
are given in Table 2, the Pilot Command filtering parameters are presented in Table 3,
while the input constants into the prioritised constrained linear optimisation active set
algorithm are listed below in Table 4. It is assumed that the measurements are noise-free.
The constants (aircraft aerodynamics, pilot command limits, NDI and outer loop controller
parameters and effector constraints) used for the model are given in Section 2.1, Tables 3–5.
It is assumed that the measurements are noise-free.

Table 2. Controller simulation coefficients.

Parameter Value

Outer loop translational position hold loop P-gain, Kxp 1 N m−1

Outer loop translational position hold loop I-gain, Kxi 0.005 N m−1

Outer loop translational position hold loop D-gain, Kxd 0 N m−1

Outer loop side position control P-gain, Kyp 1 N m−1

Outer loop side position control I-gain, Kyi 0.01 N m−1

Outer loop side position control D-gain, Kyi 0 N m−1

Outer loop sltitude control P-gain, Khp 2.5 N m rad−1

Outer loop sltitude control I-gain, Khi 0.01 N m rad−1

Outer loop altitude control D-gain, Khi 0 N m rad−1

Outer loop bank angle control P-gain, Kϕp 1 N m rad−1

Outer loop bank angle control P-gain, Kϕi 0 N m rad−1

Outer loop bank angle control D-gain, Kϕd 0 N m rad−1

Outer loop attitude control P-gain, Kθp 1 N m rad−1

Outer loop attitude control P-gain, Kθi 0 N m rad−1

Outer loop attitude control D-gain, Kθd 0 N m rad−1

Outer loop turn angle control P-gain, Kψp 1 N m rad−1

Outer loop turn angle control P-gain, Kψi 0 N m rad−1

Outer loop turn angle control D-gain, Kψd 0 N m rad−1

Outer loop side motion speed control P-gain, Kvp 1 N m rad−1

Outer loop side motion speed control P-gain, Kvi 0 N m rad−1

Outer loop side motion speed control D-gain, Kvd 0 N m rad−1

Inner loop NDI u tracking loop P-gain, Kup 1.5 N m−1 s
Inner loop NDI w tracking loop P-gain, Kwp 2.5 N m−1 s
Inner loop NDI p loop P-gain, Kpp 1 N m rad−1 s
Inner loop NDI q loop P-gain, Kqp 1 N m rad−1 s
Inner loop NDI r loop P-gain, Krp 1 N m rad−1 s
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Table 3. Command generator filtering simulation coefficients.

Parameter Value

Total airspeed pilot command lower limit V cmd −5 m s−1

Total airspeed pilot command upper limit V cmd 80 m s−1

Total airSpeed pilot command upper rate limit V̇ cmd 2 m s−2

Total airSpeed pilot command lower rate limit V̇ cmd −1 m s−2

Flight path angle pilot command upper limit γ cmd 5 ◦ s−1

Flight path angle pilot command lower limit γ cmd −5 ◦ s−1

Flight path angle pilot command upper rate limit γ cmd 0.2 ◦ s−2

Flight path angle pilot command lower rate limit γ cmd −0.1 ◦ s−2

Altitude pilot command lower limit h cmd −2000 m
Altitude pilot command upper limit h cmd 4000 m
Altitude pilot command rate limit ḣ cmd ±2 m s−1

North (translational) position pilot command rate limit ẋ cmd ±2 m s−1

East (lateral) position pilot command rate limit ẏ cmd ±0.2 m s−1

Heading pilot command upper limit ζ cmd 5 ◦ s−1

Heading pilot command lower limit ζ cmd −5 ◦ s−1

Heading pilot command rate limit ζ̇ cmd ±1 ◦ s−2

Bank angle pilot command upper limit ϕ cmd 45 ◦ s−1

Bank angle pilot command lower limit ϕ cmd −5 ◦ s−1

Bank angle pilot command rate limit ϕ̇ cmd ±4 ◦ s−2

Pitch attitude pilot command upper limit θ cmd 10 ◦ s−1

Pitch attitude pilot command lower limit θ cmd −10 ◦ s−1

Pitch attitude pilot command rate limit θ̇ cmd ±0.2 ◦ s−2

Yaw angle upper limit ψ cmd 10 ◦ s−1

Yaw angle lower limit ψ cmd −10 ◦ s−1

Yaw angle rate limit ψ̇ cmd ±0.2 ◦ s−2

Table 4. Active set CA algorithm input constants.

Input Constant Name Symbol Value

Linear Effectiveness Matrix Be See Equation (36)
Virtual control weighting matrix Wv See Equation (40)
Control weighting matrix Wu See Equation (41)
Primary objective weighting factor γ 106

Maximum number of iterations imax 10
WLS Algorithm Simulation Period ∆t 10−2

The CA weighting matrices are as follows:

Wv =


50 0 0 0 0
0 100 0 0 0
0 0 1000 0 0
0 0 0 1000 0
0 0 0 0 1000

 (40)

Wu =I8 (41)

where I8 denotes the 8 × 8 identity matrix
There is no exact reference value for the tilting dynamics of EDF modelling. Hence,

assumptions are made considering the small size and mass of EDFs. The tilting dynamics
is modelled as a 2nd order transfer function with a natural frequency of 20 rad/s and a
damping ratio of 1. Moreover, the rate limit of the tilting mechanism is taken as ±60 deg/s.
Minimum and maximum position limits of the tilt angles are considered separately for the
EDFs on the front (canard) and rear (wing) sections. Wing EDFs are deflected between
0 deg and 120 deg. The minimum tilt angle is taken 0 deg since EDFs are on the trailing
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edge of the wing. It is noted that EDFs are parallel to the wing surface when the tilt angle
is 0 deg. For the EDFs on the canards, there is no fixed surface, so the minimum limit is
extended to −30 deg, whereas the maximum limit is the same as wing EDFs (i.e., 120 deg).
The thrust (rpm) and tilting mechanisms actuator dynamics consisting of 2nd order transfer
functions T2t f and Γ2t f , with position and rate limits given in Table 5 are illustrated in
Figure 9. The 2nd order transfer functions are given by

T2t f =
1

(s/ωnT)2 + 2ζT(s/ωnT) + 1
(42)

Γ2t f =
1

(s/ωnΓ)2 + 2ζΓ(s/ωnΓ) + 1
(43)

2nd order Transfer function

Actuator Dynamics

𝒖𝒄𝒎𝒅(𝑻𝒄𝒎𝒅,𝜞𝒄𝒎𝒅)

Actuator Position 
Rate Limits

Actuator Position 
Limits

𝒖𝒄𝒎𝒅(𝑻𝒓𝒆𝒔,𝜞𝒓𝒆𝒔)

Figure 9. Thrust (T) and tilting mechanism (Γ) actuator dynamics.

Table 5. Actuator physical limits and dynamics.

Actuator Control Input ωn ζ Minimum Maximum Rate Limit

Thrust for canard EDFs 25 rad/s 1 0 N 3000 N ±2000 N/s
Thrust for wing EDFs 25 rad/s 1 0 N 4000 N ±3000 N/s
Γ for canard EDFs 20 rad/s 1 −30◦ 120◦ ±60◦/s
Γ for wing EDFs 20 rad/s 1 0◦ 120◦ ±60◦/s

The unified controller is tested considering the full flight envelope of the eVTOL
given as follows: vertical take-off, transition to forward flight, climb, cruise flight, descent,
transition to hover flight and vertical landing.

To illustrate the results, four plots are used for each test scenario. The first plot
gives the aircraft state response and commands. The second plot shows the commanded
accelerations and actual acceleration. The third plot illustrates the actuator positions, which
include both the direct control allocation output (commanded effector positions) with
subscript “cmd” and actual effector positions states considering the actuator dynamics
with subscript “res” (see Equations (42) and (43) and Figure 9). The fourth plot shows

W =
[
W1 W2 W3 W4 W5 W6 W7 W8

]T

whether the control allocation is active or not; this can be explained as follows:

• W∗ = 0 means no actuator saturation;
• W∗ = −1 means actuator saturation at the lower limit;
• W∗ = 1 means actuator saturation at the upper limit;
• W1 means canard left actuator EDFs thrust body x-axis component;
• W2 means canard right actuator EDFs thrust body x-axis component;
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• W3 means wing left actuator EDFs thrust body x-axis component;
• W4 means wing right actuator EDFs thrust body x-axis component;
• W5 means canard left actuator EDFs thrust body z-axis component;
• W6 means canard right actuator EDFs thrust body z-axis component;
• W7 means wing left actuator EDFs thrust body z-axis component;
• W8 means wing right actuator EDFs thrust body z-axis component.

To observe the CA algorithm’s computational properties, the “CA Iteration Number”
is also given in the plots. If the “CA Iteration Number” is above 1, then the CA algo-
rithm overwrites the NDI controller’s output to find the optimum allocation iteratively
considering the actuator limits and channel prioritisation.

5.1. Maneouvre 1—VTO and Heading Control, Forward Transition

Transition from hover to forward flight is one of the most critical flight regimes
regarding flight control due to the coupled vectored thrust control and severe nonlinearities
during the transition (see Section 2.4). Note that nonlinearities occur in the aerodynamic
model during the transition due to the blending between the hover and forward flight models.

EDFs on both canard and wing sections are tilted forward to accelerate the aircraft.
Thrust is also adjusted to keep both pitch attitude and altitude at the desired level while ac-
celerating the aircraft to high-speed forward flight. According to the trim data at 77.77 m/s,
the canard EDFs generate a total of ≊180 N (2 × 89.8 for EDF Sets 1/2 and EDF Sets 3/4) at
both left and right sections, and the tilt angle is around 28◦ (0.52 rad), whereas the wing
EDFs generate total of ≊600 N (4 × 149.6018 for EDF Sets 5–8 and EDF Sets 9–12) at both
left and right sections with tilt angle of nearly 0◦.

• At 5 s, 2980 m, a Vertical take-off (VTO) altitude command (hcmd = 3000 m) is applied
at a constant climb rate of 2 m/s, and the controller tracks the corresponding vertical
velocity command (wcmd).

• At 8 s, the aircraft heading is changed by commanding a yaw angle command (ψcmd) of
ψ = 30◦ to change the aircraft heading while climbing vertically, and then the heading
returns back to ψ = 0◦.

• Between 20 s and 70 s, forward transition is commanded by simultaneously applying
velocity command in the x and z direction body axis ucmd, wcmd (via airspeed Vcmd
and flight path angle γcmd commands) and AoA α. An airspeed speed V of 77.8 m/s
was commanded at an acceleration of 4 m s−2, fpa γ of 0◦ and pitch attitude θ of 2.84◦

at a constant rate of ±0.01 rad s−1 was commanded over a 17.5s duration.

The commanded and actual states, commanded and actual effector positions, and
control authority (actuator limitation) status are shown in Figures 10–14.

Figure 10. VTO, forward transition—attitude.
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Figure 11. VTO, forward transition—velocity.

Figure 12. VTO, forward transition—effector commands.

Figure 13. VTO, forward transition—acceleration.
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Figure 14. VTO, forward transition—control limitation status.

Analysis of Manueovre 1 Results

During the forward transition, both the airspeed (V) and AoA (α) are commanded
simultaneously so that the cruise trim AoA α of 2.84◦ is reached before cruise trim airspeed,
thus ensuring very low tilt angles in order to reduce rotor-induced drag (resulting in high
power consumption) that occurs at high airspeed and high actuator tilt angles. This is
different from the forward transition performed in [48,53] where cruise trim speed was first
commanded before trim AoA was commanded resulting in a period of time in between
of high rotor-induced drag and high power consumption due to high tilt angle at high
forward speed.

Figures 10 and 11 show the state response of the forward transition. The aircraft
climbed to 3000 m at first and the commands heading initially changed to 30◦ and then
back to 0◦ before accelerating to 77.77 m/s after 39 s with an approximate acceleration of
2 m/s2, which can be seen in the u̇ plot in Figure 13.

According to the actuator position plot given in Figure 12, both front and wing section
EDFs’ tilt angle decrease after 20s to provide thrust for the forward acceleration. During the
forward acceleration, thrust levels decreased by ≊ 95% (Canard EDF Set from 3048 N to
149 N, Wing EDF Set from 3048 N to 149 N, i.e below 10% (canard 5.4% and main wing
4.89%) compared to hover on both front and wing EDFs since the lift is primarily provided
by the wings and canards leaving the EDF to only provide forward thrust. The thrust
decrease at the wing EDFs is higher compared to the canard EDFs. This is an expected
result since with the increasing airspeed, the lift generated by the wings increases and
generates positive pitch moment. To balance the lift-generated pitch moment, the front
EDFs lost less thrust (generated more thrust) compared to the wing EDFs from Hover
to Cruise.

The NDI controller is designed to control the body angular and translational velocities,
see Equations (15) and (16). Therefore, it is possible to control the angle of attack and flight
path angle. To achieve 2.84◦ the trim angle of attack, combined 2.84◦, θcmd, 0◦ γcmd and
77.8 m/s Vcmd are applied at 20 s (see Figure 10). Desired trim values are reached without
any loss of altitude (See Figure 10), and trim states are achieved with very small errors such
as the following: αtrim = 2.85◦, wtrim = 3.85 m/s, utrim = 77.77 m/s, βtrim ≊ 0◦, γtrim ≊ 0◦.

Based on Figure 12, thrust values at trim are 91 N (89.819 N at cruise trim) for the
front EDFs and 148 N (149.60 N at cruise trim) for the wing EDFs. Moreover, tilt angles are
28.62◦ (28◦ at cruise trim) for the front EDFs and 0.46◦ (0.0013229◦ at cruise trim) for the
wing EDFs.

The performance of the CA approach and Active Set algorithm is also analysed.
The last plot of Figures 13 and 14 shows the CA iteration number, more explicitly whether
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the CA algorithm is actively working or not. At the end of the forward transition, as can
be seen from Figure 12, the unconstrained CA (Moore–Penrose pseudo-inverse) output
(∆uuc in Figure 6) violated the minimum tilt angle limit of the wing EDF (see W7 and W8)
limits (−1.2◦) at 59 s resulting the Active Set Constrained (ASC) CA algorithm being active
(see Figure 14) imposing actuator constraint limitations on the CA output which prevent
violation of the physical actuator constraints.

The CA performance is also investigated while considering the real-time implementa-
tion. According to the last plot of Figures 13 and 14, the maximum “CA Iteration Number”
are below 10 when the active set constrained (ASC) CA is active. Also, Figure 14 shows
that minimum tilt angle limits were violated for the wing EDFs—see plots 7 (W7) and
8(W8). Therefore, the CA algorithm finds the optimal solution very fast. Moreover, the CA
algorithm does not cause discontinuities/sudden jumps in the actuator states which is
crucial for the real time implementation.

5.2. Maneouvre 2—Cruise, Reverse Transition and VL with Heading Change

Transition from high speed cruise flight to low speed hover flight refered to as "Reverse
Transition" is also a critical flight regime regarding the flight control due the coupled vec-
tored thrust control and severe nonlinearities during the transition. Note that nonlinearities
occur in the aerodynamic model during the reverse transition due to the blending between
the forward flight and hover models.

The reverse transition test starts at the cruise condition with h = 3000 m, 2.84◦ degree
angle of attack and 77.87 m/s airspeed. During the reverse transition, both the airspeed (V)
and AoA (α) are commanded simultaneously so that the trim AoA α of 2.84◦ was reduced
to 0◦ before cruise trim airspeed decreased from 77.87 m/s to hover speed of 0 m/s. This
ensures that the duration of high–low tilt angles is minimised in order to reduce rotor-
induced drag (resulting in high power consumption) that occurs at high airspeed and high
actuator tilt angles. This is different from the forward transition performed in [48,53] where
the cruise trim AoA (α) was first commanded to 0◦ before the cruise trim speed was first
commanded before decreasing from 77.87 m/s to a hover speed of 0 m/s, which resulted
in a period of time in between of high rotor-induced drag and high power consumption
due to high tilt angle at high forward speed.

The commanded and actual states, commanded and actual effector positions, and
control authority (actuator limitation) status are shown in Figures 15–19.

Figure 15. Cruise, reverse transition, and VL with heading change—attitude.
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Figure 16. Cruise, reverse transition, and VL with heading change—velocity.

Figure 17. Cruise, reverse transition, and VL with heading change—effector commands.

Figure 18. Cruise, reverse transition, and VL with heading change—acceleration.
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Figure 19. Cruise, reverse transition, and VL with heading change—control limitation status.

Analysis of Manueovre 2 Results

As expected, tilt angles and rpm/thrust increase during the reverse transition since
the lift generated by the wing reduces with the decreasing airspeed. At t = 82 s, the
aircraft reaches the hover condition with 90◦ tilt angles and hover trim thrust values
(Figure 17). At t = 82 s, h = 2980 m command (VL) and (ψ = −30◦) heading change were
simultaneously applied, and the aircraft lands vertically at t = 102 s and completed the
(−30◦) heading change at t = 100 s.

This is different from the forward transition performed in [48,53] where the cruise
trim AoA (α) was first commanded to 0◦ before the cruise trim speed was first commanded
before decreasing from 77.87 m/s to hover speed of 0 m/s, which resulted in a period of
time in between high rotor-induced drag and high power consumption due to high tilt
angle at high forward speed.

During the initial phase of the reverse transition, as can be seen from Figure 17,
the high-level controller outputs violated all the tilt angle position (W1–W7) limits between
5 s and 7.5 s, which resulted in the CAs being active (see Figure 19) imposing actuator
constraint limitations on the CA output which prevent violation of the physical actuator
constraints. Also, the canard left and right tilt angle rates (W5 and W6) limits were violated
several times as can be seen from Figures 18 and 19.

In general, the controller’s performance is satisfactory during the reverse transition
and vertical landing as the maximum number of control allocation iterations is 20, which is
satisfactory for real-time safety-critical software applications.

5.3. Maneouvre 3—Cruise, Climb, Descend, Cruise

Climb and descent manoeuvers are tested at cruise conditions. The commanded and
actual states, commanded and actual effector positions, and control authority (actuator
limitation) status are shown in Figures 20–24. Beginning at cruise altitude 3000 m, first,
4◦ flight path angle commands (γcmd) are applied between 5 s and 26 s during which
the aircraft climbed 200 m (to 3200 m). Then −2◦ flight path angle commands (γcmd) are
applied between 26 s and 130 s during which the aircraft descended back to cruise altitude
(3000 m) and then continues in cruise. The climb FPA (γ) of 4◦ is set by a combination of
pitch attitude (θcmd = 6.3672◦) and FPA while maintaining cruise AoA (αcmd = 2.3672◦);
the descent FPA (γ) of −2◦ is set by a combination of pitch attitude (θcmd = 0◦) and FPA
while setting an AoA (αcmd = 2◦). This manoeuvre, though not a typical manoeuvre, is
used in emergencies to clear obstacles along eVTOL air taxi flight paths, and since it shows
climb and descent manoeuvres at cruise conditions, which are performed within a short
time window, it is suitable for performance analysis in flight simulations.
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Figure 20. Climb, descend—attitude.

Figure 21. Climb, descend—velocity.

Figure 22. Climb, descend—effector commands.
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Figure 23. Climb, Descend—Acceleration.

Figure 24. Climb, descend—control limitation status.

Analysis of Manueovre 3 Results

The Controller’s performance is satisfactory during the climb and descent manoeuvres.
According to the actuator position plot given in Figure 22, the CA algorithm becomes active
several times during the climb and descent manoeuvres. Lower position tilt angle limit and
tilt angle rate limits are reached numerous times during the manoeuvre (see Figures 22–24).
Note that the maximum iteration number of the CA algorithm is less than 20, and the
actuator commands are continuous (Figures 23 and 24).

5.4. Maneouvre 4—Cruise and Coordinated Turn

The coordinated turn maneuvers are tested at cruise conditions. The commanded
and actual states, commanded and actual effector positions, and control authority (actu-
ator limitation) status are shown in Figures 25–29. Beginning at cruise altitude 3000 m,
with a forward speed of 77.77 m/s along 0◦ flight path angle commands (γcmd), a coordi-
nated turn is performed between 5 s and 40 s by applying a 30◦ roll angle command (see
Figures 25 and 26).

To reduce the altitude loss behaviour during the turn, the aircraft can be trimmed for
a coordinated turn (level flight, turning, non-skidding flight) at cruise using a trim bank
angle and corresponding turn rate and turn radius, which ensures an equilibrium state
(balance of horizontal and vertical force).
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Figure 25. Cruise and coordinated turn—attitude.
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Figure 26. Cruise and coordinated turn—velocity.

Figure 27. Cruise and coordinated turn—effector commands.
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Figure 28. Cruise and coordinated turn—acceleration.
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Figure 29. Cruise and coordinated turn—control limitation status.

Analysis of Manueovre 4 Results

To maintain altitude during a coordinated turn (level turn), lift must be increased via
increasing AoA (α) by increasing pitch, assuming that cruise airspeed is maintained, which,
in turn, will increase drag (i.e., since drag increases with lift). To compensate for the increase
in drag, thrust must be increased. Figure 27 shows that all EDFs increased in thrust and tilt
angles during the turn to compensate for reductions in aerodynamic lift and increases in
aerodynalic drag. Since it was a right turn (ϕCturn = 20◦), the right EDFs (canard from 90 N
to 289 N, wing from 148 N to 483 N) experienced a higher thrust increase compared to the
left EDFs (canard from 90 N to 283 N, wing from 148 N to 460 N). However, differential
increase in tilt angle between the canard right EDFs (canard from ≊ 28◦ to ≊ 64◦) and
left EDFs (canard from ≊ 28◦ to ≊ 84◦). The stall speed in turn is also increased but the
bank angle is limited. The yaw rate compensation during turn suppressed adverse yaw
effects ensuring a non-skidding non side-slipping turn. The roll rate compensations ensures
sufficient lift due to banking. The CA prioritizes rotational channels over the translational
channels to satisfy stable flight in case of actuator saturation. This prioritisation order can be
seen in Figure 27. Translational commands (ucmd and wcmd) are not tracked well (Figure 26
shows a small increase) when the CA prioritizes the rotational channels to ensure that the
rotational commands are tracked accurately; hence, the aircraft gained altitude (increased
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from 3000 m to 3011 m) during the turns (altitude response after 50 s) in Figure 25) as
evident from ≊ 0.2◦ increase in flight path angle γ during the turn. Although ˙θCturn ≊ 0◦

and ˙ψCturn ≊ 0◦ were as expected during a coordinated turn (see Figure 28), it was not a
perfect non-skidding, non-sliding, and level turn as there was small side-slipping (β ≊ 0.2◦

in Figure 25) and skidding (v≊ 0.4 m/s in Figure 26).
The performance of the CA is also investigated considering the real-time implemen-

tation. According to Figure 29, the maximum CA software iterations CAiter is 20 when
the CA is active. Therefore, the CA algorithm finds the optimal solution very fast. Again,
the CA algorithm does not cause discontinuities/sudden jumps in the actuator positions,
which is crucial for real-time implementation since it considers the actuator position and
rate limits.

6. Conclusions and Recommendations

This paper verifies a nonlinear unified controller used for full envelope control of a
fixed-wing over-actuated vectored thrust eVTOL, which is inspired by the 7-seater Lilium
Jet. The unified controller consists of an overall (high-level) aircraft-level controller and a
control allocation. The aircraft-level controller consists of a command generator, a cascade
of an outer loop (primary loop) position/attitude linear controller, which is independent
of the airframe dynamics, and an inner loop (secondary loop) velocity NDI controller,
which is dependent on the aircraft dynamics. The simulation results demonstrate that the
NDI-based unified controller can naturally handle the eVTOL’s wide range of operating
conditions, thus removing the need for gain scheduling and leading to improved levels
of performance over conventional flight controller designs, which use linearising approx-
imations. The tracking capabilities of the NDI scheme and potentially the operational
safety during vertical take-off (VTO) with heading change, forward transition (FT), reverse
transition, climb, descent, coordinated turn, and vertical landing with heading change
are also demonstrated. The aircraft has many tilting EDFs to control the thrust vector;
therefore, the system is highly over-actuated. Over-actuation and vectored thrust control
(with nonlinear effector mapping) pose another challenge for flight control. The challenge is
to properly allocate the limited control authority in order to guarantee stable flight in severe
flight conditions, which is known as control allocation. For the studied eVTOL air taxi,
the simulation results show that proper allocation of the limited control authority is very
critical and must be solved carefully as part of the controller design. To allocate the limited
control authority in case of actuator saturation, the mapping between the overall aircraft
control demand τc (virtual controls or generalised forces and moments) and the real control
controls u (individual effectors/actuators), which is known as effector mapping, needs to
be formulated. For the studied vectored thrust eVTOL air taxis, this mapping is a vectored
thrust control, and the CA problem becomes more complicated due to the nonlinear effector
mapping. First, the nonlinear effector mapping is transformed to a linear one, and then the
linear optimisation-based AS WLS CCA approach is applied and integrated into the NDI
controller, given the described challenges. The CA performance is also investigated, given
real-time implementation. The maximum number of CA iterations “CA Iteration Number”
are all below 20 when the AS CCA is active. Therefore, the CA algorithm finds the optimal
solution quickly. Moreover, the CA algorithm does not cause discontinuities/sudden jumps
in the actuator states, which is crucial for real-time implementation.

The next stage of this research work will be to further improve the controller (high-level
motion controller and control allocation) for achieving the required flying and handling
performance for this kind of vehicle by including a reference model. Also, since NDI
relies on an accurate model of the system, which is not possible and hence not inherently
robust to model mismatches and external disturbances, the robustness of the NDI controller
should be improved by incorporating a robust control scheme. Further, more representative
mission task elements (MTE) for flying and handling quality performance assessments will
be tested and simulated. Finally, pilot-in-the-loop simulation trials will be conducted at
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Cranfield University flight simulators to evaluate full envelope control design performance
and handling qualities.
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Abbreviations
The following abbreviations are used in this manuscript:

AS active set
CA control allocation
CCA constrained control allocation
CTL control laws
DoF degrees of freedom
eVTOL Electrical vertical take-off and landing
FBW Fly-by-wire
LP Linear programming
LTV Linear time varying
QP Quadratic programming
UCA unconstrained control allocation
UAM Urban air mobility
UAV Unmanned air vehicle
VL Vertical landing
VTO Vertical take-off
WLS Weighted least squares
Nomenclature
x vector of state variables

x, y, z
position of the centre of gravity of the vehicle along the north, east and
down respectively from starting point

V airspeed
Vb linear velocity vector of the body
ω angular velocity vector of the body

X , Y , Z
net aerodynamic force acting at the centre of gravity in the body x, y and
z-axis direction

u , v , w velocities in the body x, y and z-axis direction
p , q , r angular rates
Kout high-level CTL outer loop linear controller
y NDI high-level CTL vector of outputs to be controlled
K NDI outer loop (feedback) linear controller gain vector
Kinn NDI controller
r high-level CTL vector of reference signals to be tracked
v NDI high-level CTL outer loop controller output vector
e NDI high-level CTL inner loop control error vector
u vector of effector demands or real controls
T effector thrust
∗1,2, ∗a front/canard left EDFs actual and control demands
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∗3,4, ∗b front/canard right EDFs actual and control demands
∗5−8, ∗c rear/main wing left EDFs actual and control demands
∗9−12, ∗d rear/main wing right EDFs actual and control demands
f nonlinear system plant state transition matrix
g affine nonlinear control control effectiveness matrix
Be linear control effectiveness matrix
Binv Moore–Penrose inverse of the linear control effectiveness matrix

s
slack variable representing the control error in all control channels and
degrees of freedom

Wv weight matrix or control channel priority matrix
Wu actuator utilisation or prioritisation weight positive definite matrix
U actuator saturation constraints umin and umax or set of admissible controls
C actuator rate constraints u̇min and u̇max
A set of attainable moments
J secondary objective cost function

imax
maximum number of Active Set control allocation optimisation software
iterations

up preferred actuator position
uop optimal actuator position
uuc unconstrained actuator position using Moore–Penrose inverse
T0 actuator thrust at time t = 0 or previous software iteration
TX∗ , TY∗ , TZ∗ rotor thrust in the body x, y, and z-directions
FX , FY , FZ overall vehicle (virtual) propulsive thrust in the body x, y, and z-directions
m vehicle mass
g gravitational acceleration constant
Ixx , Iyy , Izz moment of inertia about the body x, y, and z-axis
Ixz moment of inertia about the body x − z plane
La , Ma , Na net aerodynamic moment acting about the body x, y, and z-direction
LT , MT , NT net vehicle pitching moment acting about the body x, y, and z-direction
h output matrix
G(x) product of (Jacobian ∂h

∂x of output matrix h with respect to x) and u
F(x) product of (Jacobian ∂h

∂x of output matrix h with respect to x) and f (x)
∆t sampling period or time increment from previous to current software iteration

ux,z
vector of real controls in Cartesian form (the x- and z- coordinate rotor thrust
components)

∗̄ maximum limit
* minimum limit
˙̄∗ maximum rate limit
*̇ minimum rate limit
In the n × n identity matrix
Ib vehicle moment of inertia matrix
ϕ , θ , ψ Euler angles—roll, pitch and yaw angles
λ , ζ flight path or glide angle, and course angle or heading angle
α , β angle of attack and side-slip angle
γ primary objective weighting factor ensuring Wu ≪ Wv
Γ effector tilt angle
Γ0 actuator tilt angle at time t = 0 or previous software iteration
∆ control change or increment from previous to current software iteration
τc virtual or overall aircraft control command
τ actual generalised forces and moments

∆t
sampling period or time increment from previous to current software
iteration
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