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ABSTRACT Reduced weight, size, and maintenance cost, as well as quieter and eco-friendly operation of
electro-mechanical actuators (EMA), gained profound attention in various sectors, particularly aerospace.
As a result, hydraulic actuators are being replaced by EMA counterparts. However, EMA comprises mating
gear systems used for power transmission, and these gears experience wear through time. Among widely
known EMAs variants, worm-wheel gear system is quietest, smoothest, and compact with high gear ratio.
Due to these advantages, worm-wheel is utilized in various devices that require high precision such as
surgical robotic arms and 3D printers. Nevertheless, worm-wheel systems, alike other variants of mating gear
systems in EMA, suffer friction wear that leads to a backlash in the system. Backlash induces non-linearity in
the dynamics of the worm-wheel system, resulting in reduced EMA performance and complex control system
design. Therefore, as a part of EMA prognostic and health management (PHM) approaches, we develop
a mathematical model of the non-linear dynamic behavior of backlash in the worm-wheel system and
derived equations from the model for backlash gap size estimation. This backlash gap size estimation can be
employed not only for monitoring of worm-wheel system performance and reliability as a proactive measure
but also for its compensation control system design. Simulations of backlash dynamic behavior and gap size
estimation were conducted using the Matlab/simscape tool. Extended and unscented Kalman filters were
implemented to estimate backlash gap size, and their performance was compared using root-mean-square
error technique. Results show that both Kalman filters estimate a simulated gap size very well. However,
the unscented Kalman filter performs relatively higher than that of the extended Kalman filter around sharp
edges during the switching behavior.

INDEX TERMS Electro-mechanical actuator (EMA), worm-wheel system, backlash dynamics, Kalman
filters, prognostic and health management (PHM).

I. INTRODUCTION
With the advent of electro-mechanical actuators and emer-

systems to acquire those advantages. However, EMA comes
with challenges, such as the incursion of backlash, which

gence of their remarkable advantages [1], [2], [3] over
hydraulic actuators, widely used in aircraft control sys-
tems, there has been a significant shift in the aerospace
sector towards fully implementing electric-based actuation
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induces non-linearity in the control system and reduces
performance. The existence of backlash in the mating gear
system is due to multiple factors such as manufacturing
or assembly error [4], [5], friction-induced teeth wear-
out [6], compensation for expansion of mating gears at
high temperatures, or intentionally introduced for ease of
mating gear play [7]. Regardless, backlash degrades power
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transmission system and incurs challenges to control systems
designs which precisely position aircraft control surfaces,
retraction/extension of landing gears or other steerable
components.

Over the years, various approaches have been deviced
to monitor wear in mating gear systems that leads to
backlash. A compressive review on mating gear systems
health monitoring approaches was given by Anusha et al. [9].
Among the state-of-the-art methodologies for mating gear
system health monitoring, vibration analysis approach is
widely reported [10], [11], [12], [13]. Digital twin and data
driven techniques are also becoming key methodologies for
the health monitoring [14], [15], [16].

To address the challenges induced by backlash, multiple
research works have been reported, which, in general, can be
categorized into backlash gap size and control system design
for backlash compensation. Badr et al. [18] considered gear
backlash as integral of random white noise and employed
Kalman filter to estimate its gap size. Bahdir et al. [19]
developed and experimentally validated a software tool that
estimated the minimum and maximum gap sizes in mating
gear system. A time domain approach that automatically
estimates backlash gap size based on sensor information was
proposed by Christian et al. [20]. Shiva et al. [21] deviced
a generic method named ‘‘backlash energy” that estimates
backlash size based on motion data such as position and
velocity of the rotating gears. According to the authors report,
the presence of backlash induces gear misalignment in the
mating gear system and that misalignment causes localized
energy. Based on this energy, the authors estimated backlash
gap size. Mattias et al. [22] proposed a simple model for
backlash size estimation base on phase plane analysis.

Progresses have been made in the control system design for
mating gear systems with backlash. Mattias and Per-Olof [23]
conducted a survey on some of the linear and nonlinear
control systems designed to compensate the effect of backlash
in the dynamics of mechanical systems. Jaisheela and
Kumar [24] proposed two approaches for the compensation
of backlash in EMA. One of the approach is simulation based
while the other is design based. In the simulation based
approach, a simple partial derivative (PD) controller was
designed and simulink optimization toolbox was employed
to tune the parameters of the controller. In the design
approach, the authors proposed increasing friction between
the mating gears’ surfaces to compensate for the backlash.
Prasanga et al. [25] also proposed a method that compensates
backlash in actuator system of a robot. The method utilizes
identical counter-operating drives at each joint of the robot.
Kalantari and Foomani designed adaptive algorithm that
eliminates backlash in mating gear system based on the
system’s angular position error.

Mating gears in EMA have different forms, and the
estimation and compensation approaches to their backlashes
differ. Though there are many gear sets, the commonly known
and widely used gear set types are spur, bevel, and worm-
wheel. The choice of a particular mating gear set type depends
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on the desired application. Worm-wheel gear set is often
preferred over other gear set variants due to its smooth power
transmission, high gear reduction ratio in a single step hence
compact, and self-locking capability to avoid unintended
reverse motion due to the reaction of a driven component.
This gear set is used in many areas, such as robotics [27],
[28], [29], [30], the aerospace sector for precise deflection
of aircraft control surfaces and landing gear steering [31],
smooth and accurate control of solar panels [32] and so on.

In worm-wheel systems, power transmission from worm
to wheel is possible only through the sliding motion of wheel
teeth over worm thread or vice-versa. Lubricant is injected
into the contacting surfaces to reduce friction between the
thread and teeth. Thicker lubricants avoid surface contact
between the worm and the wheel. However, a study by
Hardik et at. [33] shows that the worm-wheel system suffers
significant churning power loss due to lubricant-induced
drag. Thin lubricants are easily rubbed off the mating thread
and teeth, resulting in sliding friction between the two
surfaces. Regardless of lubricants, teeth wear due to friction
exists, and the incursion of backlash in the worm-wheel gear
set is imminent.

Eliminating backlash in the worm-wheel systems is
difficult. However, numerous research works have been
done on reducing the backlash gap size or compensating
for its presence through control system designs to improve
power transmission efficiency. Adjusting the center distance
between mating gears and utilizing gear teeth with less
thinning are simple techniques for reducing backlash gap
size. Wojciech et al. [34] proposed a method of reducing
backlash size between worm thread and wheel teeth utilizing
an adaptive worm in its axial direction and deformable wheel
rim. In their other work, Wojciech et al. [35] proposed
adjustable backlash through a special worm and wheel
teeth design.

The worm-wheel system operates with high sliding friction
between the worm thread and wheel teeth, so it suffers
from wear that leads to increased backlash. Estimating
the backlash size is therefore essential to further device
methodologies that take this size into consideration for
efficient power transmission performance. The plausible
methodologies include monitoring performance as gap size
increases over time. This approach enables system prognosis
and in-operation health monitoring, reducing system repair
and maintenance downtime [36], [37], [38].

With the core importance of backlash estimation, this
work focused on developing a mathematical model that
depicts the non-linear dynamic behavior of backlash in the
worm-wheel system from which backlash gap size can be
estimated. This estimation enables control system design
for the compensation of the backlash resulting in higher
precision and repeatability in positioning which are essential
in industrial and surgical robotic arms manipulation, 3D
printers, CNC machines, satellite antenna positioning, missile
guidance systems, and other industrial machineries such as
elevators and heavy-duty gearboxes.
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To the author’s knowledge, there is no prior research
work reported on a derivation of mathematical model that
predicts the dynamics and estimates backlash gap size
in a worm-wheel gear set. There are research works on
mathematical modeling of backlash in spur gear sets [20],
[39], [40], but the dynamics of such gear sets are quite
different from that of worm-wheel gear sets. Yeh et al. [41]
developed a mathematical model to analyze the modeling and
control issues related to worm-wheel but with the assumption
that there is no backlash in the worm-wheel system.

Details of the work presented in this paper are sectioned as
follows. In Section II, challenges in worm-wheel systems are
stated, and a proposed approach to resolve these challenges
is described. Worm gear dynamics and backlash estimation
formulations are presented in Section III. Estimation tech-
niques such as extended and unscented Kalman filters are
utilized in Section IV for backlash size estimation, followed
by Matlab simscape modeling and simulations presented in
Section V. Results and discussions are given in Section VI,
and the conclusion is given in Section VII.

Il. PROBLEM STATEMENT AND METHODOLOGY

Despite its exceptional advantages, the worm-wheel system
is prone to power loss due to various factors [8]. Friction-
induced wear, overheating, and lubricant oil leaking. Sliding
friction between worm thread and wheel teeth surfaces
accounts for a significant amount of power loss. This
friction causes wheel teeth to wear as the wheel is often
made from materials susceptible to wear compared to
worms. Since backlash due to wear of teeth is imminent,
online monitoring of the power transmission performance
of the system is a conceivable approach to taking proactive
measures [14].

Therefore, we propose a mathematical-model based esti-
mation of backlash gap size in a worm-wheel system that
can be used to monitor the system’s performance, hence
reliability, and to design a control system that compensates
the estimated gap. A mathematical model that describes the
dynamics of backlash is required to estimate gap size. The
dynamic model is then modified to a state-space model so
that the backlash gap size, as one of the state variables, can be
estimated through well-known techniques such as Extended
and Unscented Kalman filters. The accuracy of these filters
in estimating the gap size is compared and the best method is
recommended.

The backlash gap size is the maximum relative displace-
ment that the worm thread makes before it makes contact
with subsequent teeth of the wheel and vice-versa. In the
state-space model, the backlash gap size varies between
consecutive contacts of worm thread and wheel teeth. The
relative position of this varying size at any time is taken as one
of the state variables of the state-space model. The relative
velocity and coefficient of friction between worm thread and
wheel teeth are considered as the other state variables of the
state-space model.
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The coefficient of friction is an unobservable state
variable. Therefore, an equation is formulated to predict
its evolution, and the unscented Kalman filter is utilized
to estimate its value. The estimated value is then aug-
mented with the other state variables: relative position
and velocity. The augmented state variables are then fed
to unscented and extended Kalman filters through which
backlash gap size is estimated. This estimation process is
summarized in Fig. 1.

IIl. DYNAMICS OF WORM-WHEEL SET
The development of a mathematical model for backlash
estimation refers to a worm-wheel system of EMA shown
in Fig. 2. To illustrate the worm-wheel system setup,
a schematic diagram is given in Fig. 3a. Referring to this
figure, a normal force F), acts on the worm thread by wheel
tooth. This force induces a frictional force f tangent to the
worm thread surface.

Referring to the Cartesian coordinate system shown in
Fig. 3a, where y points out of the page, the components of
the normal force F), acting on the worm are

Fy==+F,cos¢pcos A —fsin A,
Fy = FF,cos¢sin\ — f cos A,
F,=—F,sin¢, (1)

where the upper and lower operators (£ and F) in front
of F, represent left and right contact, respectively, between
the worm thread and wheel teeth, as shown in Fig. 3b.
The variables A and ¢ are the worm’s lead angle and the
wheel’s pressure angle, respectively. The lead angle is the
angle that a line tangent to the thread surface makes with
the plane perpendicular to the axial direction of the worm,
and the pressure angle is the angle between the normal
force F,, and the line tangent to the pitch circle at the point
of contact.

During surface-to-surface contact between the worm and
the wheel, the friction force f is related to normal force
Fn, as f = uF,, where u is the coefficient of sliding
friction. Due to sliding friction, the wheel teeth wear-out
(reduce in width) and hence induce backlash, which leads
to a delay in consecutive contacts between the worm thread
and the wheel teeth. As shown in Fig.3b, the delay is
represented by extra displacement (x) that the worm thread
has to make to contact the next wheel tooth. A mathematical
derivation that relates this delay with the backlash gap
in the worm-wheel system is given in section III-A,
and our purpose is to estimate the backlash due to
teeth wear-out.

Let a motor torque (t1) be applied on the worm, and an
external torque (t2) be imposed on the wheel, as shown
in Fig.3a. The dynamic equations of the worm and wheel,
respectively, are

Ji6 =1 + (£F,cos¢sin A —fcos\)rp,
Jaby = 1y — (£F, cos g cos A + f sin \) ra, )
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where J;, 0;, and r;, for i = 1,2, are the mass moment of
inertia, angular displacements, and pitch radii of the worm
and the wheel, respectively.

110782

State Variables

Stage Il

State Variables
Estimation

A. BACKLASH MODEL

In the absence of backlash, theoretically, the dynamics of
the worm-wheel system maintains the transmission ratio
expressed as 61 = I'1260,, where '3 is the transmission
ratio. However, the thinning of wheel teeth delays consecutive
teeth-thread contacts, and the transmission ratio can not be
maintained. This delay (x) is quantified as a fraction of worm
lead that the worm has to be displaced by before the next
thread-tooth contact is commenced. The lead (/1) of a worm
is the axial distance a point on the thread transverses for one
complete revolution of the worm. The length of the delay (x)
is quantified as a fraction of /1. The derivation for this delay
is given as follows.

[{ = 2mrytan A,

X1 = 61ritan A\, 3)
which gives
I
= —0, 4
x=—0 4)

where 0 is a fraction of 2. A linear displacement x; of the
wheel is related to angular displacement(6,) and pitch radius
rp of the wheel as

X2 =162, (5)

Let a relative displacement of the wheel with respect to the
worm is defined as

X=x3—x1+b. (6)

where x is the relative displacement, and b is a variable to
be determined using a constraint that calibrates x. For this
relative displacement x to represent backlash, it has to be
calibrated as follows. Using Eq.4 and Eq.5, Eq.6 can be re-
written as

I
X = b — ﬁel + b 7)

In the absence of backlash (x = 0), the transmission
ratio of the two worms has to be maintained (67 = I'126;).
Substituting these premises into Eq.7, the variable b is
expressed as

Il
b =
( 21

—r2)01. ()
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Combining Eq.7 and Eq.8, the backlash is expressed as

)
X = 2—1(F1292 —0)). ©9)
T

The above equation describes the magnitude of circumferen-
tial shake that the wheel can make while the worm is kept
constant or an axial shake that the worm makes along x-axis
if the wheel is fixed. In the case when 6; = I'|,6,, the shakes
are zero, and hence there is no backlash. Henceforth, relative
displacement and backlash are used interchangeably.

The second-order derivative of relative displacement x with
respect to time has the form

L .
i= 2—1(r1292 — b)) (10)
T

where 52 and 51 are angular accelerations of the wheel and
the worm, respectively and X is a linear relative acceleration
between the wheel and the worm. The dynamics equations of
the worm and the wheel, given in Eq.2 can be re-written as

.. 1
6, = 7 [t1 + (£Fpcos¢psin A —f cos A) rq],
1
. r
6, = % [to — (£F,cospcos A+ fsinNrp].  (11)
2

Referring to Eq.10 and Eq.11,
worm-wheel system is generalized to

the dynamics of

_ [ olu+ Fyyicos¢ +fy2], left contact, (12)
o[u— Fpyicos¢ +fy»], right contact,
where the following definitions were made
Iy
Q= m
u:=IpJin —Jhh,
y1 = r1aJ1 cos A 4+ riJa sin A,
vy i=r1Jacos A — raJi T2 sin A. (13)

The normal force F, causes torsional and compressive
stress on a lubrication film infused between worm thread and
wheel teeth. Reacting to the stress, the film imposes stiffness
and viscous damping on the system’s dynamics. As shown in
Fig. 3a, these effects are modeled by the spring and damper
system at the point of contact. The mathematical equation that
represents this phenomenon is given as

F, = kx + cx, (14)

where k and c are coefficients of elastic stiffness and damping
of lubrication film, respectively. During the relative sliding of
worm thread with respect to wheel teeth, the friction force f
in Eq. 12 has two forms: friction due to viscous damping
and friction due to Coulomb damping. The torsional stress
imposes shear deformation on the film before the onset of
sliding friction, after which the surfaces of the worm thread
and wheel teeth are in contact. It is at this point where
viscous damping is replaced by Coulomb damping. When the
contacted surfaces are separated, the lubricant is injected into
them, and hence, the process of damping is re-cycled between

VOLUME 13, 2025

viscous and Coulomb. In both damping cases, the friction
force f is proportional to the normal force F;: the higher the
normal force is, the stronger the torsional stress and sliding
friction are. Therefore, the friction force is equated as

f = nakFn, 15)

where g represents the coefficient of both viscous and
Coulomb dampings. It is a parameter whose value varies
from zero, when there is no contact between worm thread
and wheel teeth, to non-zero, when the two bodies are in
contact. A coefficient of friction between two bodies in
contact depends on the relative speed of one body with respect
to the other [42]. The dependency of the coefficient of friction
on the relative velocity is formulated as follows:

ta = € (e + (s = poe™) (16)

where pg and ui are coefficients of static and kinetic
frictions, respectively. The value of this damping coefficient
is estimated using an unscented Kalman filter, as described
later in the simulation section. The parameter € takes either
0 or 1. When there is no contact between the worm thread and
the wheel tooth, ¢ = 0; when there is contact, ¢ = 1.

Substituting Eq.14 into Eq.12 and re-arranging terms, the
general dynamic equation is expressed as

left contact

o [u — (kx + cx)(Lay2 + y1cos¢)], right contact

7

The dynamic equation in Eq.17 is satisfied when the worm
and wheel are in either right or left contact. If the worm
and wheel are not in contact, the normal force F,, and hence
the friction force f are zero. The dynamic equation is then
modified as

_ [ o [+ (kx + ct)(pay2 + yi cos $)].

X = au. (18)
The three conditions of worm-wheel dynamics, given in

Eq. 17 and Eq. 18 can be re-written as

o [u+ (kx + cx)(ugy2 + yicos¢)], left contact
X =1 au,

o [u — (kx + cx)(ay2 + y1 cos )],

no contact
right contact.

(19)
The compact form of these equations is given as
X = o [u+ € (kx + cx)(ray2 + y1cos ¢))], where
1, f > Xp,
. or |x|>xp 20)
0, for | x|<xp.

Here, x;, is half of the backlash gap size.

B. STATE-SPACE MODEL

The selected state variables of the dynamic model are the rela-
tive displacement x, the relative velocity x, and the coefficient
of damping friction g from which state vector (X') is defined
as X =[x X Md]T. The observable (measurable) state
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variables are x and x. The state variable u  is predicted from
the relative velocity.

For the state-space model, the dynamic equation of motion
of the worm-wheel system given in Eq.20 is reduced to
first-order differential equations. By defining:

X1 =X, Xy =X, and X3 = [,
we have
X1 = x2,
Xy = o [u+ e(kx + cx)(ay2 + y1cos )],
X3 =0. 21
Eq.21, along with the measurement output ) = [x; x2], can
be expressed in a compact form as

X = F(x, %, g, u) +w,

Y =bx, %) +v, (22)
where X = [x; X% x3]7,and § is a vector valued function
of the form

S1 X
S= |82 | =|alu+tetx+cx)pay2 + yicosd)] |,
3 0

(23)

and w and v are process and measurement noises,
respectively.

IV. BACKLASH ESTIMATION

In general, the evolution of the dynamic system and its
measurement using sensors suffer process and measurement
uncertainties (noises) that need to be filtered out for precise
estimation of the evolving variables. In this work, the
extended and unscented Kalman filters [43] are used to
filter out noises from the evolving variables known as state
variables and estimate their values.

The angular positions and velocities of the worm and
wheel are observable state variables from which the relative
linear displacement (x) and velocity (x) are obtained. The
coefficient of friction uy is augmented with x and x as an
additional state variable. The augmented state vector is then
estimated using the filters mentioned above. The non-zero
coefficient of friction can have a static or kinetic phase.
In the simulation, we considered the extreme values of this
parameter to be between zero and a value of static coefficient
of friction, which is set to be 0.1. However, the coefficient
of friction does not simply switch between O and O0.1.
Once the two surfaces are set to relative displacement, the
coefficient of friction reduces from its static value to kinetic,
which combines viscous friction due to the lubricant and
sliding friction during direct contact between thread and
teeth surfaces. The lubricant’s viscous friction coefficient is
assumed to be 0.08. The unscented Kalman filter estimates
its value before augmenting py to x and x. The process of
estimating uq is presented in subsection I'V-B.
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The state variable estimation approach takes two steps
in extended and unscented Kalman filters: prediction and
update. The value of each state variable is represented
by Gaussian distribution (GD) parameterized by mean and
covariance matrices. A summary of these steps is given in the
following subsections.

A. EXTENDED KALMAN FILTER
In this estimation method, the non-linear dynamic model
given in Eq.20 is linearized about operating points, and a
linear state-space model is implemented.

The linearized state-space model of non-linear dynamics
given in Eq.22, along with output measure, can be given as

X:FX+GM+W,
Y=HX +v, (24)

where F, G, and H are Jacobian matrices of state transforma-
tion, control, and output measurement. w is a white Gaussian
process noise with zero mean and a covariance matrix Q.

The measurement noise v is represented by a white
Gaussian process of zero mean and a covariance matrix R.
The Jacobian matrices: F, G, and H are derived as

dx; O0xp 0x3
3)61 a)CQ 8x3
0x; 0xp 0x3
0 1 0
= ea |k(y2x3ty1 cos @) c(yaxstyi1cos @) ya(kxit+cxz) |,
0 0 0
051
ot
932
ot
053
L ar
H = | 0x1 9x2 0x3
b2 32 Bha
_3)61 3)62 3)63

and

I
oR ©

100
=[010] (25)

1) PREDICTION

In the prediction step, the new values of state variables are
predicted based on their initial values and the dynamic model.
The predicted values are taken as the conditional mean of GD.
The variances and covariances of the state variables are also
predicted based on initial process noise. The prediction step
can be outlined as

X* =FX + Gu,
P*=FPFT 4+ Q, (26)

where X'* and P* are the predicted state vector and the error
covariance matrix.
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2) UPDATE
In the update step, actual sensor measurements are taken and
compared to the predicted values of state variables. The error
difference between the measured and predicted values is used
with the Kalman gain to update state variables and the error
covariance. This update step can be summarized as
y=2z—b(x* ") where x*, x* € X*
S =HP*HT + M

K =P*HTS™!
X =X*"+Ky
P = (I — KH)P* (27)

Extended Kalman filter estimates the state of a system
by a first-order linearization of nonlinear dynamic equations
at consecutive points and hence acheives only a first-order
accuracy. This induces error in the posterior values of mean
and covariance of state variables. The limitation of this
filter lays on the derivation of Jacobean matrices which
is often complex to derive, as well. Moreover, to avoid
instability in the filter, the time-step interval has to be
significantly small hence leads to high computational cost.
Despite these drawbacks, extended Kalman filter is widely
used in estimating various dynamic systems and parameters.

B. UNSCENTED KALMAN FILTER

The non-linear dynamic model may have sharp changes that
the extended Kalman filter may not be able to catch. This
may lead to divergence in such estimation methods. As a
result, rather than linearizing the non-linear dynamic model,
it is better to utilize an unscented Kalman filter to estimate
the backlash size. This method represents the value of each
state variable of the state model by GD from which sigma
points are selected to be predicted and updated. The sigma
points are systematically selected, and weights are assigned
to them. The number of sigma points and weights depends on
the number of state variables. The sigma points (0) and their
corresponding weights (VV) are given as

NV =x mean of Gaussian,
=X+ G/ (n+ AP,
o A
T a4 A’
WEL, i=1,2,3,...,2n, (28)
2(n+ A)

where P and (./(n + A)P);, respectively, are the process
covariance matrix and the i column of the square-root
of the covariance matrix evaluated utilizing the Cholesky
decomposition. The sigma points are transformed through
the non-linear model of Eq.22 without linearizing it. This
makes the unscented Kalman filter popular over the extended
Kalman filter. The transformed sigma points do not maintain
the GD form, and hence, new ones are generated from the
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weighted sum of the transformed sigma points as follows.
2n

X = W)
i=0
2n )
P* =" WIE0) - X1[30) — X1" (29)
i=0
In the update step, the selected sigma points are transferred
through the measurement function b as follows

2n
3= W),
i=0
2n
§ =D W) —351h©) — 31" + 0, (30)
i=0
where @ is the measurement noise covariance. The
cross-correlation between the state space and measurement
space is quantified as

2n
T=> WIF@) - x*1ho) — 31" (31)
i=0
The Kalman gain is then determined as

K=T-5S"" (32)

Using the obtained Kalman gain, the state variables X and
their error covariance P are updated as

X =X"+K@—y),
P=(—KT)P, (33)

where z is the sensor measurement and / is the identity matrix.
Unscented Kalman filter was proposed by Julier and Jef-
fery [44]. This filter was shown to substantially overcome the
limitations of extended Kalman filter. However, the numerical
robustness of UKF is influenced by the selection of sigma
points and their corresponding weighting parameters [45].

V. SIMULATION

The simulation setup of the worm-wheel system utilizes the
Matlab simscape tool. The dynamics of backlash between the
worm thread and wheel teeth are introduced to the setup using
arotational hard stop block of simscape with upper and lower
bounds. The gap size between these bounds is considered
as backlash. In simulation, we assumed this gap size equals
a fraction of the worm lead: 10% of [; to be specific. This
backlash gap is detected during a change in the direction of
rotation of a driving body, which in this case is the worm.
With the assumed backlash gap and referring to Eq.9, the
following relations are obtained:

2xp = 0.11;,
F1292 — 91 =0.2m. (34)

Referring to Eq.3 and Table 1, a 0.1/; corresponds to angular
rotation 87 ~ 0.62824 rad of the worm before its thread
makes contact with the stationary wheel tooth.
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TABLE 1. Mechanical properties of worm and worm wheel [46].

Property Worm Worm wheel Unit
Catalog SWG2-R1 AG2-20R1 —
Material S45C CAC702(AIBC2) —
Module 2 2 —

Teeth number single start 20 —
Pitch diameter 31 40 mm
Pressure angle (¢) 20 — degree

Lead angle (\) 3.69 — degree
Lead (I1) 6.28 — mm
mating distance — 35.50 mm
weight 0.21 0.26 kg

Rotational motion sensors of the simscape are used to
measure angular displacements and velocities of the worm
and wheel. The sampling rate of the sensors is set to be
0.002 seconds. The assumed backlash gap size is wide
enough for the sensors to acquire samples or measurements
of the relative displacements and velocities. The contact at
either end of the hard stop is modeled as a surface with
stiffness and viscus damper to mimic lubricant film between
worm thread and wheel teeth surfaces. The geometric and
mechanical properties of the worm and wheel are given in
Table 1.

Fig. 4a shows that a pulsed motor torque is applied on
the worm while a random external load, shown in Fig. 4b,
is applied on the wheel. The net load that drives the
worm-wheel system is shown in Fig. 4c. Referring to Eq. 13,
the net load is derived from input torque and external load as

I
2nJ1J2

Tnet = (Ti2J112 — J21). (35)

The overall block structure for state variables estimation
is shown in Fig. 5. The worm-wheel system, the EKEF,
and the UKF for estimating augmented state variables take
the net load as a control input. The detailed setup of the
worm-wheel system and its sensors is shown in Fig. 6.
The system takes in net load as an input and applies
it to the worm. The worm-wheel transmission ratio is
20:1, and the backlash gap size between the worm thread
and wheel teeth is 0.1/;. The rotational sensors 1 and 2
measure the angular displacement and velocity of the
worm and wheel, respectively. The corresponding angular
displacements and velocities of the two bodies are combined
according to the transmission ratio, and then the correspond-
ing relative linear displacement (x1) and velocity (x») are
computed.

Before augmenting the coefficient of friction py with the
other state variables: x; and xp, its value is predicted using
Eq. 16 and estimated using the unscented Kalman filter as
shown in Fig. 7. The estimated value of 4, represented by x3,
is augmented with the x; and x; and sent to the extended
and unscented Kalman filters for the entire state variables
estimation. A detailed explanation of the implementation of
an unscented Kalman filter for state and parameter estimation
is given by VanDyke et al. [47].
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FIGURE 4. Applied torque on worm-wheel system.

VI. RESULTS AND DISCUSSIONS

The plots of backlash dynamics and gap estimation are
obtained with the simulation setup described in section V.
Sensors measurements of angular displacements and veloc-
ities of the worm and wheel are shown in Fig. 8. It can be
inferred from these plots that the displacement and velocity
of the wheel are close to 20 times higher than that of the
worm, where 20 is the transmission ratio between the two
bodies. In the absence of backlash, the transmission ratio
(I'1262 = 67) has to be satisfied. Therefore, the displacement
and velocity of the worm should be exactly 20 times that of
the wheel.

However, due to the backlash, the dynamics show relative
differences in displacements and velocities as shown in
Fig.9. The vertical axis of Fig. 9a shows that the relative
linear displacement between worm thread and wheel teeth is
bounded to a range of —0.315 mm to 0.315 mm. This range
represents a backlash gap size (2xp). The worm thread and a
wheel tooth are in contact at these extreme ends. While the
two bodies stay in contact, the relative displacement remains
constant. As a result, the relative velocity becomes zero,
as shown in Fig.9b. In response to the net input load, the worm
reverses its rotation direction at 0.1 seconds. It switches to a
no-contact mode where the relative displacement is no longer
constant, and hence, relative velocity increases in proportion
to the magnitude of net input torque. The bodies make
contact on the other end, where the dynamic behavior repeats.

VOLUME 13, 2025



A. Tullu et al.: Modeling and Simulation of Backlash Dynamics of Worm-Wheel System

IEEE Access

L 4

Worm-wheel

Net load

system

X3

State variables
Estimation

State variables
Estimation

FIGURE 5. Block structure for state variables estimation.

worm

A

wheel

Relative Linear vel

L

worm

Worm Wheel Ratio

gear

L e |

backlash 10% of lead

Solver
=0
Config - Rotational Reference

Relative Linear pos

(I)Jé E

input

reit_vel

pos (1)

FIGURE 6. Simscape blocks for worm-wheel system.
D,
u
& -
x1 StateTransition|
xhat
2 ) P y1
- ] UKF1
x1
s
X2 fen
Coefficient of friction
FIGURE 7. Friction coefficient.
06l \I | ——Worm pos (rad)|
1
04
— — \ f

‘Worm position (rad)
T

5 o

o

01 02 03 04 0s 06
Time (s)

(a) Angular displacements of worm and wheel

10f-

FIGURE

The sharp picks or edges at the instant of contact are due to

Time (s)

(b) Angular velocities of worm and wheel

8. Displacements and velocities of worm and wheel.

impact loading delivered by the worm to the wheel.
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The coefficient of friction varies according to relative
displacement and velocity, as shown in Fig. 10. When the
two bodies are in contact and relative velocity is zero at the
extreme ends, the coefficient of friction takes values close
to 0.1 (static coefficient of friction). The coefficient of friction
drops to zero when there is no contact between the two bodies.
Due to the nonlinearity of the dynamic system, the
extended and unscented Kalman filters are utilized to estimate
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the state variables. Fig. 1la and Fig. 11b show state
estimation by the extended and unscented Kalman filters,
respectively. The two filters estimate the state variables very
well. However, the unscented Kalman filter outperforms the
extended Kalman filter, especially during impacts between
the worm thread and wheel teeth.

In the simulations presented in this work, the backlash gap
size and the net input torque applied on the worm shaft are
assumed. To analyze the sensitivity of the estimators to the
changes in these parameters, simulations were conducted for
a 10 times increment in the original net input torque and
a 50% reduction in the original backlash gap size. These
changes were randomly selected to analyze their effects on
the gap size estimators. Two simulations were done for the
analysis. In the first simulation, the net input torque was
increased keeping the original backlash gap size unaltered.
For the 10 times increment in net input torque, the original
gap size estimation is maintained as shown in Fig.12 showing
that the estimtors are not sensitive to a change in net input
torque. The relative velocity of the worm gear was increased
due to the increase in the net input torque.

In the second simulation, the original net input torque was
applied on the worm shaft with worm-wheel backlash gap
size reduced. The backlash gap size was reduced by 50% and
the original net input torque was applied on the worm shaft
to observe an effect on the estimators. As shown in Fig. 13,
both the extended and unscented Kalman filters estimated
the reduced gap size very well. These analysis show that
the employed estimators are not sensitive to changes in the
assumed parameters. A more refined sensitivity analysis will
be done in the future work.

The accuracy of the extended and unscented Kalman
filters in estimating backlash gap size over the time lapse
from 0.10 seconds to 0.20 seconds, indicated in Fig.11,
is shown in Table 2. Both Kalman filters accurately estimated
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the backlash gap size except during impacts between the
worm thread and wheel tooth at 0.10 and 0.20 seconds.
The unscented Kalman filter performances better than the
extended Kalman filter during impacts.

To show the relative difference in the performance of
the extended and unscented Kalman filters, their root-mean-
square errors are calculated and compared. The plot shown
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TABLE 2. Comparison of EKF and UKF performance [46].

Time (s) True value (mm) | EKF (mm) | UKF (mm)
0.11 0.3150 0.3682 0.3588
0.12 0.315 0.3178 0.3159
0.13 0.3150 0.3177 0.3170
0.14 0.3150 0.3149 0.3150
0.15 0.3150 0.3150 0.3150
0.16 0.3150 0.3150 0.3150
0.17 0.3150 0.3150 0.3150
0.18 0.3150 0.3150 0.3150
0.19 0.3150 0.3150 0.3150

0.35] —

03k 4

Roat Mean Square Error
P
P

0.1

| I |
o1 02 03 04 05 08 o7
Time (s)

FIGURE 14. Performance of the extended and unscented kalman filters.

in Fig. 14 reflects that the extended Kalman filter has low
performance at sharp edges where an abrupt change in system
dynamics occurs. The extended Kalman filter estimates the
state variables by linearizing the non-linear model and hence
can not capture abrupt changes. Unlike the extended Kalman
filter, the unscented Kalman filter transforms the nonlinear
model as it is and hence captures the system’s nonlinearity
very well.

VIi. CONCLUSION

This study derives a nonlinear dynamics of backlash in a
worm-wheel system, from which the backlash gap size is
estimated using extended and unscented Kalman filters. The
variable coefficient of friction is considered as one of the
state variables. The unscented Kalman filter well estimates
the variation of this coefficient before its augmentation with
the other state variables. The overall state estimation of the
utilized Kalman filters is significantly accurate.

In the worm-wheel system, the wheel is made of materials
susceptible to friction wear, compared to the worm, and
hence requires frequent maintenance or replacement. The
developed dynamic model and backlash estimation approach
can be considered as an online health monitoring and failure
detection means for worm-wheel systems of EMA. Moreover,
the derived mathematical model and implemented Kalman
filters for estimation of backlash gap size can be used
to develop backlash compensation methods in worm-wheel
systems to reduce the effect of backlash non-linearity in the
control system.

VOLUME 13, 2025

Though the relevance of this work is indispensable in its
potential applications, its scope is limited to backlash gap
size estimation based on extended and unscented Kalman
filters under the assumption of Gaussian noise in both
process and measurement. This is done to take advantages of
the mathematical tractability and optimality of the Kalman
filters. In practical scenario, process and measurement noises
are non-Gaussian. Also, in the current work, empirical
equation is formulated and unscented Kalman filter is used to
estimate coefficient of friction between contacting surfaces
of worm and wheel gears. Practically, lubricants are added
between mating gears hence the visco-dynamic effect of the
lubricant also exists.

In our future work, non-Gaussian noise based adaptive
extended and unscented Kalman filters and other estimation
techniques such as particle filter will be employed and com-
pared for precised backlash gap size estimation. In addition
to conducting experiment to acquire relevant data for the
estimation of coefficient of friction between mating gears, the
visco-dynamic effect of a lubricant will also be taken into
consideration. Moreover, a controller that compensates for
the estimated backlash gap size shall be designed.
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