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Abstract 

Motion planning and control are critical for autonomous vehicles, enabling 

trajectory generation and control to meet defined objectives and constraints. 

However, traditional methods often rely on pre-defined optimised trajectories, 

which are computationally expensive to generate, and hierarchical schemes, 

which introduce delays. While many methods exist, the use of a perpendicular 

line-based reference for trajectory generation remains underexplored. This study 

introduces a novel controller under a simultaneous planning and tracking 

framework named the Perpendicular Line-Ahead Planner Controller (PLAPC). 

Using the Non-linear Model Predictive Control (NMPC) technique, the PLAPC 

simultaneously generates trajectories and performs control in real-time, without 

requiring pre-computed trajectories. The controller tracks predefined velocity 

references while adjusting control inputs to meet various objectives such as 

minimising distance to the reference line ahead, optimising comfort and 

improving energy efficiency by incorporating Linear-Exponential (LINEX) loss 

function terms. This approach integrates simultaneous trajectory planning, 

velocity tracking, and control into a unified framework. 

The PLAPC was evaluated through high-fidelity simulations using MATLAB-

Simulink, CasADi symbolic tools, and IPG CarMaker software. Initial validation 

involved a comparison with a traditional path-tracking controller (PTC) and was 

further tested across diverse path shapes, distances, and velocity profiles. The 

results demonstrated that the PLAPC dynamically generates trajectories in real-

time and achieves superior velocity tracking, even with a front-wheel steering 

(FWS) vehicle topology as a baseline. The framework's versatility and 

computational efficiency highlight its adaptability and practicality for autonomous 

vehicle systems, significantly contributing to the advancement of autonomous 

vehicle motion planning and control strategies. 
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1 Introductions 

1.1 Overview 

Self-driving, driverless, or autonomous vehicle (AV) technology is expected to 

bring significant positive changes to global transportation by offering safer, more 

efficient, and more convenient mobility options. Additionally, this technology has 

the potential to drive major economic benefits [1]. Over the last decade, many car 

manufacturers and related companies have taken significant steps in researching 

and developing autonomous vehicles. For example, Jaguar Land Rover, the 

largest vehicle manufacturer in the United Kingdom (UK), has prioritised four key 

areas for technological growth: Autonomous, Connected, Electric, and Shared. 

To support these goals, they have expanded their global tech hubs to locations 

such as Munich, Bologna, and Madrid to push forward their autonomous vehicle 

development [2]. Similarly, Nissan has launched a new UK government-funded 

project called evolvAD, focusing on creating autonomous mobility solutions for 

urban neighbourhoods and challenging rural roads. This project is an exciting 

step toward making autonomous vehicles a reality in everyday driving scenarios 

[3]. 

The development of AVs is driven by the need to enhance transportation 

efficiency, safety, and sustainability. In the UK, the Centre for Connected and 

Autonomous Vehicles projects that the connected and automated vehicle market 

could be worth £41.7 billion by 2035, underscoring the economic potential of AV 

technology [4]. Therefore, achieving good time performance is crucial for AVs to 

reduce travel durations and improve traffic flow. However, this must be balanced 

with passenger comfort, as rapid accelerations and abrupt manoeuvres can lead 

to discomfort and motion sickness, potentially hindering user acceptance and 

thus affecting the sales of the vehicle [5]. Energy efficiency is another critical 

factor, especially given the current trend in the adoption of electric vehicles, as 

AVs have the potential to significantly reduce energy consumption through 

optimised control and driving patterns. Studies suggest that with a fully 

autonomous road transport system, the UK's energy consumption by cars could 

be reduced to 30%–45% of current levels, depending on the trade-off between 
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energy efficiency and travel time [6]. Addressing these aspects of time efficiency, 

passenger comfort, and energy efficiency is essential for AVs widespread 

adoption and success. 

 

  

Figure 1-1 General structure of an Autonomous Vehicle system 

 

As the development of AVs progresses, more research is needed, especially in 

the area of motion planning and control, which is one of the most critical sub-

systems in the AV overall scheme, as shown in Figure 1-1 [7]. The motion 

planning and control layer is responsible for formulating a feasible trajectory given 

the set of constraints and specific objective function from the vehicle's current 

states to the target destination ahead provided by the previous layers [8].  

Two challenges for motion planning and control remain critical in achieving AVs' 

full potential, particularly in hierarchical approach and trajectory generation. 

Trajectory optimisation tasks often demand significant computational resources, 

making it challenging to integrate planning or re-planning and control within 

autonomous vehicle systems [9]. For instance, the work [10] highlights that 

generating a reference trajectory can be extremely time-consuming, especially 

for long, broad and complex paths, limiting its practicality for large-scale 

environments. On the other hand, in unstructured environments, the absence of 

high-precision maps intensifies the problem. Reference path errors can become 

too large to generate reliable trajectories, leading to tracking overshoots and 

abrupt vehicle motions [11].  
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Regarding common hierarchical approaches, they suffer from inherent delays 

due to their sequential way, where trajectory generation and control execution 

are treated separately, often producing dynamically infeasible trajectories, 

leading to potential collisions or instability. Their sequential structure also 

introduces delays or temporal lag, reducing adaptability in dynamic environments 

[12], [13]. For example, such frameworks often experience delays during 

manoeuvres, as trajectory adjustments and vehicle control actions are performed 

in separate steps, leading to suboptimal performance [14]. Similarly, hierarchical 

control schemes with multiple control layers, such as those using RRT* and MPC, 

increase system complexity and response time, resulting in computational delays 

and reduced efficiency in dynamic scenarios [15]. Thus, when employing a 

hierarchical structure, the system risks losing critical information during 

communication between layers, resulting in suboptimal decisions arising from 

differing objectives at each stage, thereby reducing the overall optimality of the 

system. [16].  

 

 

Figure 1-2 In-car view of reference line ahead (blue cyan colour) [17] 
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Figure 1-3 A general overview of the developed controller 

 

A key area of innovation in this work lies in the simplification of reference systems 

through a simultaneous approach. Unlike traditional methods that rely on a 

hierarchical approach and require precise target point coordinates or pre-

computed trajectories, this approach uses a perpendicular lookahead reference 

line, simplifying the trajectory generation process and eliminating the need for 

pre-defined references or pre-computed trajectories. 

As shown in Figure 1-2, this method is inspired by how human drivers perceive 

the road, providing a baseline for understanding dynamic driving scenarios and 

lateral boundary awareness. While this may seem like a limitation for automated 

driving, the key advantage lies in how the system extends beyond human 

perception. Unlike human drivers, an automated system can process real-time 

data from multiple sensors, accurately estimate vehicle positioning, and predict 

future trajectories to ensure smoother and safer navigation. Additionally, the 

ability to incorporate multiple safety factors into the controller, such as a 

continuous path boundary window to keep the vehicle within the path and a 

limited line width to maintain lateral awareness of the future path, goes beyond 

human capability, further enhancing reliability in complex environments. By 
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shifting from rigid target point references to a continuous perpendicular 

lookahead reference line, this approach provides a flexible and intuitive 

alternative for motion planning and control. 

Figure 1-3 provides a high-level overview of the controller's function, illustrating 

its key components. The controller integrates various elements, including a path 

model, a non-linear vehicle dynamic model, velocity profile generation, a 

reference line ahead, path constraints, and predictive control methods, to ensure 

effective trajectory planning and execution. The tools used to develop and test 

the controller are MATLAB-Simulink, CasADi, and IPG CarMaker software. 

In order to determine the context of this work, there are three main areas related 

to the fundamentals of AV navigation which are path planning, path tracking and 

motion planning and control. Path planning involves determining only a feasible 

path or trajectory from a starting point to a destination, taking into consideration 

relevant constraints to ensure safe and collision-free travel [18]. Path tracking 

refers to maintaining the vehicle on a predefined path or trajectory and adhering 

to a given velocity profile by using control strategies to minimise deviations from 

these references [19]. Motion planning and control extends beyond traditional 

path planning and tracking by continuously generating and adjusting the vehicle’s 

trajectory and control commands in real-time. This process explicitly considers 

vehicle dynamics, environmental constraints, and meeting the predefined 

objective functions [7], [20], [21]. 

Therefore, this thesis contributes to the field of motion planning and control, 

reframed within the context of a simultaneous planning and tracking framework, 

leveraging the perpendicular lookahead reference line approach to address 

existing challenges in trajectory generation and simultaneous implementation. By 

integrating the planning and tracking processes into a unified framework, the 

proposed method highlights safety, computational efficiency, and its suitability for 

real time implementation. The framework aims to enhance the performance of 

AVs while meeting the demanding requirements for time efficiency, optimised 

passenger comfort, and energy efficiency across diverse driving scenarios and 

applicable to common vehicle topologies. 
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To formalize the definition of the main aspects considered in this work, three 

primary aspects are studied in this work, described as follows, 

• Time efficiency 

Aims to minimise travel duration to achieve the shortest possible time to 

complete a given path. In this work, time efficiency is considered in two 

key aspects. The first involves achieving minimum-time through optimal 

solutions (offline approach) that solve the whole path at once, serving as 

a benchmark for validation. These offline-generated solutions provide an 

idealized reference trajectory and velocity, representing the shortest 

possible time to complete a path under given constraints. They act as a 

performance baseline against which the controller's results are compared. 

The second aspect focuses on minimising the distance to the reference 

line ahead in the controller's online implementation. Unlike the offline 

approach, where a precomputed trajectory is generated and used for 

reference, the controller dynamically generates trajectories in real-time by 

referring to a perpendicular reference line ahead. By keeping the vehicle 

as close as possible to this moving reference, the controller effectively 

pursues time efficiency, ensuring continuous adaptation toward an optimal 

path while maintaining real-time feasibility. 

• Comfort optimisation 

Refers to minimising rapid changes in acceleration and the rate of 

acceleration (jerk) to enhance ride quality. In this study, comfort is 

evaluated using ISO 2631-1 [22], which classifies comfort levels based on 

weighted root mean square (RMS) acceleration values. By penalizing 

longitudinal and lateral accelerations, the proposed approach ensures 

smoother vehicle operation, reducing passenger discomfort. Comfort 

optimisation is applied in both optimal solutions (offline approach), where 

the trajectory is computed to minimise acceleration terms variations across 

the entire path and in online implementation, where the controller refers to 

the reference line ahead and dynamically adjusts control inputs to maintain 

a smooth driving experience in real-time. 
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• Energy efficiency 

Refers to minimising energy consumption by optimising the applied torque 

control inputs, which directly represent forces acting on the vehicle. Unlike 

traditional quadratic penalization methods, this study introduces an 

asymmetric penalization approach using the Linear-Exponential (LINEX) 

loss function, which heavily penalizes positive torque while allowing 

greater utilization of negative torque for regenerative braking. This 

formulation encourages energy recovery, particularly in electric 

autonomous vehicles. Unlike time efficiency and comfort optimisation 

objectives, implementation of energy efficiency is only considered in the 

online implementation of this work, where the controller dynamically 

adjusts torque inputs in real-time to optimise energy consumption while 

maintaining vehicle stability and performance. 
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1.2 Aim and Objectives 

This thesis focuses on integrating simultaneous trajectory generation (planning) 

and tracking (control) frameworks for AV, emphasising real-time, unified 

optimisation of planning and control tasks. 

Therefore, this research aims to establish an integrated and real-time 

simultaneous planning and tracking framework for AV, referred to as the 

Perpendicular Line-Ahead Planner Controller (PLAPC), which enhances 

autonomous vehicle system capability. This framework uses a numerical 

optimisation methodology, specifically Nonlinear Model Predictive Control 

(NMPC). By incorporating constraints and objective functions related to time 

efficiency, passenger comfort optimisation and energy efficiency, this thesis 

seeks to demonstrate a novel controller that meets the computational 

requirements necessary for real-world deployment. To ensure feasibility, the 

proposed approach will be validated through high-fidelity, real-time simulations. 

To achieve this aim, the specific objectives are as follows, 

1. To design and develop a controller based on numerical optimisation, 

utilizing a perpendicular lookahead reference line strategy for 

simultaneous trajectory planning and control. This includes incorporating 

constraints and objective functions for time efficiency, passenger comfort 

optimisation and energy efficiency while ensuring computational feasibility. 

2. To evaluate and analyse the effectiveness of the developed controller 

under various velocity profiles, path shapes and distances, as well as 

comparison with conventional path-tracking controllers. This includes 

sensitivity studies to understand the behaviour of the controller. 

3. To assess and validate the developed controller in a high-fidelity, real-time 

simulation environment. This will involve measuring key performance 

metrics of velocity tracking accuracy and computational load to 

demonstrate readiness for potential real-world deployment. 
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1.3 Research Contributions 

Following the aim and objective of this research, the research has led to the 

following applications and contributions, 

1. Development of a novel perpendicular line-ahead planner controller 

Based on the controller development as in Chapter 7, the controller was 

developed within a simultaneous planning and tracking framework by 

defining a perpendicular lookahead reference line as reference instead of 

a single-point reference coordinate and without the need for pre-computed 

trajectories. 

2. Incorporation of multiple objective functions into the controller 

As highlighted in the literature review in Chapter 2 and simulation result in 

Chapter 8, this research strategies and demonstrates the controller's 

adaptability to multiple objective functions that address conflicting goals, 

such as minimising time versus optimising comfort or energy efficiency. 

This capability allows AVs to dynamically balance different operational 

demands, ensuring effective and efficient performance in diverse 

scenarios.  

3. Implementation of LINEX term for torque control input penalization for 

energy efficient 

As described in the literature review in Chapter 2 and further studies in 

Chapter 7, this work introduced the LINEX (Linear-Exponential) term as a 

method for penalizing torque control inputs, offering an improvement over 

traditional quadratic rule-based penalty for energy efficiency objective 

function. This approach promotes better energy efficiency by promoting 

more energy recovery and also simpler to implement. 
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1.4 Thesis Structure 

This thesis is structured to provide a logical flow from foundational concepts to 

developing, testing, and validating the proposed controller named PLAPC. Next 

is Chapter 2, which begins with a review of the existing literature, starting on the 

broader aspect of motion planning and control for autonomous vehicles and 

focusing on simultaneous planning and control. This review highlights the 

challenges and advancements in the field, forming the basis for the research 

presented in this work. 

Chapter 3 outlines the methodological approach, presenting the overall research 

framework. It details the progression from the development of the vehicle model 

to the development of PLAPC based on Non-linear Model Predictive Control 

(NMPC). Chapter 4 describes the numerical models used in this research, 

including the vehicle dynamics model employed for both the optimal control 

solution and NMPC implementation. Additionally, it introduces the mathematical 

models for path representation and constraints, which form the foundation for 

developing the proposed controller. 

Building on this foundation, Chapter 5 addresses optimal solutions generations. 

It defines the problem formulation, outlines objective functions and constraints, 

and investigates the sensitivity of selected parameters.  

With the groundwork established, Chapter 6 transitions to the high-fidelity real-

time simulation environment. This chapter explains how the developed controller 

was integrated into IPG CarMaker, ensuring real-time feasibility and 

representation of real-world scenarios.  

Chapter 7 presents the PLAPC problem formulation, details objective functions, 

the constraints as well as sensitivity and robustness study to evaluate how key 

parameters affect vehicle dynamics and performance. Then, Chapter 8 delves 

into the validation and evaluation of the developed PLAPC via high-fidelity real-

time simulation. This chapter documented the testing result and discussion of this 

controller development. Starting with validation against traditional path tracking 

to an actual full length of Sepang International Circuit. It demonstrated the PLAPC 
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implementation with various objective functions such as time efficiency, optimise 

for comfort and energy efficiency.  

The thesis concludes in Chapter 9, summarizing the key contributions and 

findings of the research. The chapter also offers recommendations for future 

work, including potential improvements to the developed algorithms and 

suggestions for real-world testing and deployment, paving the way for further 

advancements in autonomous vehicle technologies. 
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2 Literature Review 

2.1 Introductions 

The chapter mainly focused on three main areas that contributed to the current 

research, as described below, 

• The first section provides a broader overview of motion planning and 

control for autonomous vehicles and delves into the scope of the 

simultaneous planning and tracking frameworks. Various methods will be 

discussed and compared to identify the most appropriate approach for this 

research and the gap of knowledge. 

• The following section covers various objective functions implemented in 

the controller, focusing on conflicting objectives like time efficiency, 

comfort optimisation, and energy efficiency. The study examines how 

these objectives impact autonomous vehicle trajectories.  

• The final section explores the application of the Linear-Exponential 

(LINEX) loss function to penalize positive torque input, promoting more 

regenerative braking and more straightforward to implement. 

Overall, the literature review identifies gaps in existing research related to 

simultaneous planning and tracking frameworks for autonomous vehicles and 

highlights how this research aims to address these gaps to advance the field. 
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2.2 Motion Planning and Control of an Autonomous Vehicle 

The motion planning tier is accountable for generating a feasible trajectory from 

the vehicle’s current state to the desired destination state by satisfying the 

kinematics and dynamics of the vehicle and its surroundings. The surroundings 

could be the road constraints and static and dynamic obstacles around an 

autonomous vehicle. A feasible trajectory means achieving the targeted objective 

function and satisfying the constraints. In a typical configuration, the motion 

planner output is then forwarded to the local control tier to execute and regulate 

the autonomous vehicle to follow this motion planned [8], [7].   

Path planning and motion planning are often confused but serve distinct 

purposes. Path planning focuses on finding a collision-free path from the start to 

the destination based on its objectives, such as the shortest distance or minimum 

travel time [18]. It determines a high-level route but does not account for the 

vehicle's dynamic behaviour or its interaction with the environment. In contrast, 

motion planning incorporates several fundamental components that are essential 

for generating feasible trajectories. It considers the dynamics of the vehicle and 

time-varying conditions. Key components of motion planning include state 

estimation, which determines the vehicle’s current position and condition; time 

evolution, which predicts how the system will change over time; action planning, 

which determines appropriate manoeuvres to meet defined objectives; and 

constraint compliance, ensuring adherence to physical and operational limits or 

constraints [7], [20]. In addition, motion planning may use an output of path 

planning as a reference or simultaneously plan the trajectories based on a set of 

dynamic references, such as moving obstacles  [21]. Figure 2-1 illustrates motion 

planning as a dynamic process considering the abovementioned components. 
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Figure 2-1 Representation of “motion planning” that considers the dynamic of 

the system and its surroundings [20],[23] 

 

Path planning provides a high-level route, while motion planning incorporates 

dynamic system behaviour for trajectory generation that meets the constraints 

and objectives. Therefore, simultaneous planning and tracking of this work builds 

upon these principles by integrating trajectory generation (planning) and 

execution of control action (tracking) into a unified framework. Unlike traditional 

hierarchical methods, this approach dynamically generates trajectories in real-

time, ensuring adaptability to environmental changes while adhering to 

constraints and objectives. The research aligns with this approach by extending 

motion planning and control principles to develop a controller based on the 

simultaneous planning and tracking framework. 
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2.2.1 Planning Methods 

Since the scope of this research is within motion planning and control with 

particular attention to simultaneous planning and tracking framework, it is worth 

exploring various methods within the broader context of motion planning and 

control for autonomous vehicles. 

How the motion planning problem is formulated influences the selection of motion 

planning methods. The problem formulation varies significantly based on the type 

of scene representation used, which may involve different forms of inherited data, 

such as discrete or continuous, algebraic or analytic, and static or dynamic 

models [7]. Therefore, one must consider the above-mentioned aspects when 

selecting motion planning methods for AVs. There is much literature on the 

motion planning method, especially as mentioned in [7], [8], [21], [24] where there 

are four main algorithm classifications of motion planning include graph search-

based algorithms, sampling-based methods, interpolation curve methods, and 

numerical optimisation techniques. In addition, other classifications were studied 

in this work including the bio-inspired planning method and the recent 

advancement of artificial intelligence (AI). 

Graph search-based methods, such as A* and Dijkstra’s algorithm, rely on 

systematic exploration of a discretized search space to find the shortest or 

optimal route. These methods are widely used in structured environments but 

suffer from computational inefficiency when scaling to complex, high-dimensional 

spaces. Moreover, while graph-based methods can handle static obstacles well, 

they lack adaptability in dynamic environments and struggle to incorporate 

vehicle kinematics and dynamics, making them less suitable for real-world 

autonomous driving scenarios [7]. Sampling-based methods, such as Rapidly-

exploring Random Trees (RRT) and Probabilistic Roadmaps (PRM), improve 

computational efficiency by randomly sampling feasible paths within the search 

space [8]. Although these methods allow greater flexibility in high-dimensional 

planning problems, they often generate non-smooth trajectories and do not 

inherently enforce system constraints, which makes them less suitable for real-

time AV applications [21].  



 

37 

Interpolation curve methods, such as Bezier curves and B-splines, have been 

widely used in motion planning to generate smooth trajectories by fitting 

continuous curves between predefined waypoints. These methods are 

computationally efficient and allow for precise trajectory shaping [24]. However, 

they are generally limited in robustness when operating in highly dynamic 

environments and often require additional optimisation techniques to ensure 

feasibility under dynamic constraints [7]. Another widely studied approach is 

numerical optimisation-based motion planning, which formulates the trajectory 

generation problem as an optimisation problem, incorporating constraints 

explicitly. Optimisation techniques such as Linear Programming (LP), Quadratic 

Programming (QP), Nonlinear Programming (NLP), Dynamic Programming (DP), 

and Model Predictive Control (MPC) have been explored extensively in the 

literature [7]. QP is often employed for convex optimisation problems but 

struggles with non-convex constraints, limiting its applicability in real-world 

vehicle dynamics modelling. LP is often used for problems with linear constraints 

and objective functions, making it computationally efficient but unsuitable for 

handling complex vehicle dynamics or non-linear constraints. While NLP is more 

flexible as it accommodates nonlinear constraints; however, its computational 

complexity increases significantly, making it less practical for real-time 

applications [25], [26]. DP, while effective in solving multi-stage decision 

problems, is notoriously affected by the curse of dimensionality, making it 

impractical for real-time motion planning [27]. 

Besides those approaches, bio-inspired planning methods have gained attention 

due to their adaptability in uncertain and dynamic environments. It leverages 

optimisation principles derived from natural phenomena to enhance the 

adaptability of autonomous navigation systems. It exhibits self-organizing 

patterns, making them robust even under adverse conditions, and readily adapts 

to dynamic environments, ensuring effective path planning in uncertain and 

rapidly changing scenarios [28]. These approaches, including swarm intelligence, 

evolutionary algorithms, and neurodynamics-based methods, have gained 

significant attention for their ability to handle complex, dynamic, and uncertain 

environments [29]. It can efficiently explore large search spaces, avoid local 
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optima, and dynamically adapt to changes in the environment [30]. Swarm 

intelligence-based algorithms, such as Particle Swarm Optimisation (PSO) and 

Ant Colony Optimisation (ACO), are inspired by collective behaviours in nature. 

PSO mimics the movement of bird flocks or fish schools, adjusting the trajectory 

of candidate solutions based on personal and global best positions [31]. ACO, on 

the other hand, simulates how ants deposit pheromones to reinforce optimal 

paths, making it particularly effective for solving shortest-path problems in 

unknown environments [30]. Evolutionary algorithms, including Genetic 

Algorithms (GA) and Differential Evolution (DE), rely on principles of natural 

selection and genetic variation to iteratively improve path solutions [29]. 

Additionally, neurodynamics-based methods use biologically inspired neural 

networks to continuously adapt path-planning strategies, making them well-suited 

for real-time applications but, this approach increases the complexity of 

computing in large-size environments [29]. Since bio-inspired algorithms are 

inherently model-free approaches, they do not guarantee an optimal solution and 

may struggle to consistently achieve globally optimal paths [28]. This limitation 

justifies the need for model-based techniques, which explicitly consider system 

dynamics and constraints to optimise the trajectories which is a critical 

requirement for autonomous vehicles especially operating at high velocity and 

under highly dynamic conditions. 

Given the current advancements in AI, the simultaneous planning and tracking 

approach presented in this work is highly relevant, particularly in relation to end-

to-end learning frameworks. Data-driven AI methods, especially those utilizing 

images, LiDAR data, and expert driving demonstrations, integrate both tasks, 

enabling more adaptive decision-making. End-to-End Learning offers a unified 

framework by directly mapping sensor inputs to control outputs. In Imitation 

Learning (IL), models learn from expert demonstrations. A study in [32] combines 

image color-based RGB and LiDAR data to generate control commands, 

reducing collision rates by 48%. Another study [33] improves trajectory tracking 

performance using self-supervised learning from large-scale driving videos, 

achieving accuracy gains ranging from 2% to 100% across different driving tasks. 

Building on IL, condition imitation learning (CIL) enhances the learning process 
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with multi-view attention and a 180° field of view, improving lane-following 

accuracy and reducing infractions [34]. Additionally, a study in [35] introduces 

Dynamic Conditional Imitation Learning, which combines laser scanner data and 

camera streams to improve generalization, utilizes Occupancy Grid Mapping for 

better route planning, and enhances the vehicle's ability to detect and avoid road 

blockages, improving driving success in varied conditions. Besides, a 

Convolutional Neural Network (CNN)-based end-to-end driving model predicts 

steering angles directly from images, demonstrating real-world feasibility in 

outdoor tests [36]. While another method under end-to-end learning is 

Reinforcement Learning (RL), which enables vehicles to optimise both planning 

and tracking through trial-and-error learning. One study [37] applies End-to-End 

Model-Free RL for Urban Driving, using ResNet-based implicit affordances to 

refine both path selection and trajectory tracking. Another approach [38] uses 

Deep Deterministic Policy Gradient (DDPG) combined with a Variational 

Autoencoder (VAE), allowing a vehicle to learn lane-keeping in just 30 minutes. 

Additionally, Simulation-Based RL successfully transfers trained policies to full-

sized autonomous vehicles in nine real-world driving scenarios [39]. Furthermore, 

a model-based RL method introduces a forward model of the ego-vehicle, 

predicting motion outcomes and optimising control policies using Bellman 

equations, which improves tracking efficiency [40]. 

Besides, looking at AI-Based Path Planning & Tracking further enhances 

adaptability. CNN-based path planning methods, such as the End-to-End One-

Shot Path-Planning Algorithm, use Fully Convolutional Neural Networks (FCNNs) 

to compute optimal paths on grid maps, outperforming traditional methods like A 

and Dijkstra* [41]. A CNN-based navigation model predicts steering commands 

from images, executing real-world trajectory tracking, and demonstrating end-to-

end learning in action [36]. On the other hand, DynGMP, a Graph Neural Network 

(GNN)-based motion planner, optimises dynamic motion planning by minimising 

costly replanning, achieving near 100% success rates in unpredictable 

environments, but it is not an end-to-end method [42]. 
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Although AI-based end-to-end learning methods have gained attention for their 

potential to simplify the motion planning process by directly mapping sensor 

inputs to control actions, they are excluded from this study due to concerns 

regarding transparency and reliability. These methods often function as “black 

box” models, making it difficult to interpret their decision-making processes [43], 

which is critical for diagnosing and correcting errors in safety-critical applications 

such as autonomous driving [7], [44]. Additionally, the reliability of end-to-end 

approaches is questioned due to their inconsistent performance in diverse and 

unforeseen driving scenarios, particularly in handling edge cases and dynamic 

environments. Without extensive training in various situations, these models may 

fail to consistently produce safe and predictable behaviour [45], [46]. 

 

Table 2-1 Comparison table of effectiveness of motion planning method based 

on highway application as mentioned in [7] 

 

 

In contrast to other motion planning methods, numerical optimisation methods 

stand out as the most balanced and effective approach across the evaluated 

criteria in Table 2-1. These methods provide good real-time performance, 

robustness, stability, and adaptability while also excelling in handling system 

constraints and vehicle dynamics. Unlike other approaches, numerical 

optimisation techniques able to directly incorporate vehicle dynamics into the 

motion planning process, ensuring that the generated trajectories are feasible 

and safe to execute according to predefined objectives and constraints. 
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Additionally, these methods can adapt to variations in the environment in real-

time, making them well-suited for dynamic and uncertain driving conditions. 

Although numerical optimisation methods can be computationally demanding, 

advancements in hardware technology, optimisation solvers, and real-time 

strategies, such as warm-starting, help mitigate this challenge [7]. 

The numerical optimisation problem for motion planning is formulated as a solve-

algorithm based on logical and empirical approaches, meaning that the problem 

is solved using solid data and mathematical models. This optimisation process is 

typically expressed as either a minimisation or maximisation of an objective 

function under a set of constraints [7]. In this method, the vehicle model and 

constraints are mathematically defined to ensure the problem is well-posed. This 

method is capable of solving motion planning problems objectively and 

accurately, making them ideal for balancing multiple objectives, such as time 

efficiency, comfort optimisation and energy efficiency [24]. 

However, despite their advantages, numerical optimisation methods also have 

some inherent challenges, as mentioned earlier. Since these methods rely on 

mathematical formulations, they require accurate modelling and tend to be 

computationally intensive, particularly in real-time applications. This can 

introduce complexity in developing the controller, as the optimisation process 

must balance computational efficiency with accuracy to ensure that the motion 

planning results remain both feasible and practical for real-world driving 

scenarios. Therefore, in developing the controller for this work, it is crucial to 

manage the complexity of the model while ensuring that the optimisation remains 

effective for real-time autonomous vehicle control [7], [24]. 

Among the methods previously mentioned, Model Predictive Control (MPC) 

stands out as one of the most suitable approaches for autonomous vehicle motion 

planning [47], [48] and is also well aligned with simultaneous planning and 

tracking in this work.  MPC also referred to as receding horizon control, is widely 

regarded as one of the most effective strategies for managing constrained 

nonlinear systems with multiple inputs and outputs (MIMO). In MPC, an optimal 

control sequence is calculated over a finite prediction horizon to minimise a 
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predefined objective function while adhering to defined constraints. The first 

control input from this sequence is then applied to the system, and the entire 

process is repeated at each sampling interval [49], [50]. 

MPC has been widely applied in autonomous vehicle motion planning, 

addressing challenges in trajectory tracking, obstacle avoidance, and high-

performance driving. One of the earliest implementations was the Model-

Predictive Motion Planner (MPMP) for the IARA autonomous car, which 

successfully navigated urban environments with high precision and obstacle 

avoidance [48]. Further advancements introduced Nonlinear MPC (NMPC) for 

dynamic stability constraints, outperforming human drivers in stability and 

accuracy [51]. Additionally, an MPC-based comfort optimisation strategy used 

genetic algorithms to tune control parameters, reducing lateral deviation and yaw 

errors while minimising motion sickness [52]. In autonomous racing, a 

hierarchical MPC framework enabled time-optimal trajectories, achieving a 20% 

faster lap time while maintaining real-time feasibility [53]. Recent works explore 

integrated MPC for simultaneous trajectory planning and tracking, demonstrating 

effective obstacle avoidance through veDYNA-Simulink simulations [54]. Further 

advancement with adaptive MPC technique that leverages Particle Swarm 

Optimisation (PSO) and Back Propagation (BP) neural networks for real-time 

tuning of prediction horizons, improving control accuracy in high-curvature 

conditions [55]. 

Advancements in learning-based MPC have further improved autonomous 

vehicle performance. Learning MPC (LMPC) refines trajectory optimisation by 

systematically storing past vehicle trajectories, reducing computational 

complexity while ensuring real-time feasibility, validated on the Berkeley 

Autonomous Race Car (BARC) platform [56]. A modified LMPC with error 

dynamics regression has enhanced handling limit exploration, successfully 

deployed in the Indy Autonomous Challenge race car [57]. Meanwhile, 

reinforcement learning-based MPC via Proximal Policy Optimisation (PPO-MPC) 

dynamically adjusts prediction horizons in real-time, improving trajectory tracking 

adaptability over conventional fixed-horizon MPC [58]. 
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These studies highlight the versatility of MPC in stability optimisation, adaptive 

learning, and high-performance driving, with further potential to enhance real-

world autonomous vehicle systems. 

One of the key advantages of MPC is its ability to perform real-time re-planning, 

as it uses a prediction horizon to update the trajectory based on new information 

continuously. This allows the vehicle to adapt to changes in the environment and 

account for dynamic constraints, making MPC particularly effective for dynamic 

driving conditions. Additionally, MPC can incorporate complex vehicle dynamics 

and multiple objectives into the optimisation process. In addition, it has been 

demonstrated that for nonholonomic systems, integrating planning and kinematic 

control through MPC can substantially enhance overall system performance [59], 

[60].  This makes MPC a robust and flexible solution for solving motion planning 

problems in real-world autonomous driving scenarios. 

However, MPC also has some limitations. It is generally better suited for convex 

problems, and its performance can degrade in non-convex situations or with very 

complex constraints. Moreover, it can be computationally intensive [61], 

particularly when the prediction horizon is long or when the vehicle model 

includes highly non-linear dynamics. To address these challenges, 

advancements in real-time optimisation strategies, such as warm-starting, help 

improve the computational efficiency of MPC.  

Given the objectives of this research, which require the consideration of non-

linear vehicle dynamics, real-time implement-ability, and optimisation of multiple 

objectives, MPC is the most appropriate choice compared to other numerical 

optimisation methods, as mentioned in the previous paragraph. Its ability to 

handle dynamic constraints and adapt to real-time changes makes it a versatile 

and reliable technique for solving problems simultaneously for autonomous 

driving. 
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2.3 Simultaneous Planning and Tracking 

A key aspect that highlights the novelty of this work is the simultaneous planning 

and tracking framework, which leverages a line-ahead reference system in the 

NMPC problem formulation. This approach is central to the development of a 

unified methodology for simultaneous planning and tracking. Unlike traditional 

methods that often separate planning and control, this work integrates these 

processes, enabling dynamic adaptability and meeting real-time requirements. 

The following subchapter will be divided into two parts related to the 

Simultaneous  Planning and Tracking framework which are in terms of its 

reference systems and hierarchical approaches. 

 

2.3.1 Reference Systems 

Reference systems play a critical role in defining the desired trajectory for 

autonomous vehicles, aiding as the foundation for both planning and control 

tasks. Many approaches use lateral and longitudinal errors as references, 

measured relative to predefined paths or centrelines. For instance, [62] utilizes a 

reference system based on the lateral distance error from the lane centre to the 

vehicle centre of gravity (COG) and target velocity, enabling effective tracking 

through sequential quadratic programming (SQP) and validated via Hardware-in-

the-Loop testing. Similarly, Bézier curves are employed in [63] to generate 

smooth paths, where lateral deviation and target velocity serve as references for 

an NMPC formulation in urban autonomous driving scenarios. Also as described 

in [64], it employs a path-velocity decomposition strategy, using the track 

centerline as a static geometric reference and precomputed the velocity profile 

with quasi-steady-state lap time simulations. 

In another approach, dual-coordinate approaches are proposed, such as in [65], 

where Frenet and Cartesian coordinate systems are integrated within the NMPC 

framework. These approaches penalize deviations in lateral position, velocity, 

and heading angle relative to a predefined path. Alternatively, reference 

trajectories based on curvilinear coordinates are used in [53], [65] and [66], with 
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trajectories optimised offline for lap-time minimisation before being tracked as 

references in real-time using the NMPC technique. 

Dynamic reference systems introduce adaptability by continuously updating 

targets in real time. For example, as mentioned in [67], a virtual target system 

defines a point-based reference that dynamically adjusts its position and velocity 

along a global path generated by the A* algorithm. This work integrates adaptive 

MPC, where the prediction horizon dynamically adjusts based on the robot-to-

target distance, and an event-triggered mechanism to reduce the computational 

load by re-planning only when necessary. Another work as in [68] utilized a virtual 

sub-target point as a reference for obstacle avoidance. These dynamically 

generated points provide a temporary reference for the vehicle, allowing it to 

escape local minima and continue toward the original target. Similarly, [69] 

introduces a so-called motion target as a local equilibrium point, using a 

curvature-based velocity profile to ensure smooth and adaptive motion. 

Predefined global trajectories are also employed in [13], where the global 

reference serves as a baseline for simultaneous planning and control, updated 

locally to account for dynamic obstacles and environmental conditions. While in 

[70], an adaptive preview strategy is proposed, where the preview distance 

dynamically adjusts based on road curvature and lateral tracking error. This 

approach uses a point-based reference that mimics human driving behaviour, 

enhancing real-time adaptability and improving path tracking performance 

This work builds upon the concept of dynamic references by employing a line-

ahead reference system, which, to the best of our knowledge, has not been 

previously explored. This approach enhances the integration of planning and 

control by dynamically adjusting trajectories to meet constraints, defined 

objectives and computational efficiency. 
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2.3.2 Planning and Tracking Approaches 

Planning and tracking frameworks for autonomous systems are typically 

categorized as either hierarchical or simultaneous. Hierarchical approaches 

separate planning and control into layers, where the high-level planner generates 

a trajectory that the low-level controller tracks. For instance, [71] introduces a 

two-layer MPC framework in which the high-level planner generates reference 

trajectories by minimising deviations from desired velocity and path, while the 

low-level controller incorporates human inputs to enhance safety and comfort. 

Similarly, [66] employs an offline trajectory optimisation strategy to generate 

optimal paths for lap-time minimisation as a reference, which are then tracked 

using NMPC in real-time to minimise lateral deviation to the reference path. 

Another similar approach as in [53], that is also minimises the local heading 

angle. 

In contrast, simultaneous approaches integrate planning and control into a unified 

framework, addressing these limitations by concurrently optimising trajectories 

and control inputs. For example, [10] applies a simultaneous planning and control 

framework for unmanned surface vessels, combining an improved artificial 

potential field (IAPF) for trajectory generation with MPC for tracking. The IAPF 

ensures collision-free paths while considering angular velocity constraints, and 

MPC handles dynamic feasibility and system constraints. A similar framework is 

employed in [72] for automated lane changes on slippery roads, where adaptive 

MPC handles nonlinear vehicle dynamics and tyre forces to maintain stability and 

safety with given objectives and safety constraints. Moreover, the most recent 

[13] introduces a simultaneous planning and tracking framework for autonomous 

mobile robots, leveraging a kinematic model and dual constraints to ensure safety 

and smooth motion in dynamic environments. This work integrates trajectory 

tracking and obstacle avoidance into a single MPC problem where the 

simultaneous framework was proposed due to the hierarchical method introduces 

a sequential lag between the planning and the control stage. 

Another notable example is the work in [73], which combines planning and 

tracking within a single NMPC framework by serial cascading models. A single-
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track vehicle model is used for precise short-term control, while a simplified point-

mass model extends the planning horizon for long-term predictions, reducing 

computational load. Similarly, in [47], they proposed integrations of a planning 

and tracking framework combining artificial potential fields and neural network-

based nonlinear MPC to directly generate control commands, adapting to road 

surface variations and dynamic environments. This approach improves stability 

and safety compared to hierarchical methods. Another study by [16], eliminates 

the reliance on predefined trajectories by introducing a Hybrid MPC approach 

that integrates manoeuvre decision-making directly within vehicle motion 

planning. Demonstrated through overtaking scenarios, this Hybrid MPC approach 

achieves superior performance by optimising vehicle speeds more effectively and 

maintaining higher desired speeds than conventional methods. 

The simultaneous approach adopted in this work emphasizes the real-time 

integration of planning and control, allowing for dynamic adaptability to 

environmental changes while optimising computational costs. By leveraging a 

unified framework, the proposed method eliminates the sequential lag inherent in 

hierarchical approaches and improves adaptability in autonomous vehicle 

navigation. 
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2.4 Objective Functions 

The development of motion planning and control strategies for AVs has 

increasingly focused on optimising multiple objectives, including time efficiency, 

passenger comfort optimisation, and energy efficiency. The choice of an objective 

function depends on the specific application of the AV. For instance, in racing 

scenarios, minimising lap time is the primary goal, whereas passenger vehicles 

require a balance between comfort, time efficiency, and energy consumption. To 

enhance adaptability across various applications, a multi-objective optimisation 

approach is essential to accommodate these potentially conflicting objectives.  

Minimising travel time is one of the earliest and most studied objectives in motion 

planning. In racing applications, minimum-time trajectory optimisation has been 

extensively researched, focusing on optimal racing lines to achieve faster lap 

times. Studies such as [74], [75] have developed optimisation strategies to 

maximise progress along a track that minimises lap time. These studies use 

nonlinear optimisation methods to find the optimal racing line while considering 

vehicle dynamics constraints, such as lateral acceleration limits and tyre friction. 

However, in non-racing applications, time optimisation must be balanced with 

other objectives, particularly comfort and energy efficiency, to ensure safe and 

practical driving for everyday use. 

In terms of the objective function for the motion planning strategy, there are 

various of it, such as maximising efficiency (minimum time or maximum progress 

or distance), maximising comfort level (rate of change of curvature, reduce jerk), 

maximising safety (obstacle avoidance) [25], [76]. The selection of the objective 

function depends on the application of the autonomous function itself.  

Passenger comfort is a critical objective in motion planning for AVs, especially in 

the context of urban and highway driving. Comfort-focused objective functions 

typically aim to minimise acclerations terms and jerk (rate of change of 

acceleration) and smooth out velocity and trajectory changes. Research by [77] 

demonstrates a multi-objective NMPC approach that considers lateral deviation, 

acceleration minimisation, and jerk reduction to enhance comfort while 

maintaining trajectory accuracy. This study introduces a hierarchical multi-
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domain strategy, prioritising objectives based on risk levels and environmental 

conditions rather than applying fixed weights to all objectives. 

Recent studies have further highlighted the importance of minimising abrupt 

accelerations and decelerations to improve passenger comfort. For instance, [78] 

proposes a method incorporating visual occlusion awareness to enhance safety 

while ensuring passenger comfort through controlled velocity adjustments. This 

aligns with the findings in [79] that emphasize the need for smooth trajectory 

planning to improve the overall riding experience, particularly for urban driving 

scenarios where frequent stops and turns occur.  

Another objective function in terms of energy efficiency is becoming increasingly 

important, particularly for electric AVs, where reducing energy consumption can 

significantly extend driving range. Ecological velocity planning is a common 

strategy to achieve energy savings by optimising the vehicle’s speed profile. For 

instance, [80] focuses on reducing energy consumption while maintaining safety 

and comfort by adjusting velocity based on road conditions and traffic. Similarly, 

[81] presents a study that uses MPC to optimise velocity profiles for energy 

efficiency while ensuring that safety constraints are met. These studies 

demonstrate that integrating energy-efficient strategies with comfort and time 

optimisation is essential for achieving a balanced and practical motion planning 

solution for AVs. 

The integration of multiple objectives into the developed controller is crucial to 

developing a versatile and adaptable control strategy that can accommodate 

different objectives based on driving conditions and user preferences. This 

research aims to address this challenge by considering a multi-objective objective 

function that optimises these objectives in a computationally efficient manner, 

using NMPC numerical optimisation techniques. 
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2.4.1 LINEX Loss Function for Energy-Efficient  

The Linear Exponential (LINEX) loss function is an asymmetric loss function that 

penalizes overestimation and underestimation differently, making it particularly 

useful in scenarios where these errors have unequal consequences. In other 

words, this approach applies a heavier penalty on one side while assigning a 

lighter penalty to the other [82].  

Figure 2-2 compares LINEX loss with two other loss functions: quadratic 

(squared) loss and hinge loss. LINEX loss is a highly asymmetric, smooth convex 

function, whereas quadratic loss is a symmetric, smooth convex function, and 

hinge loss is a non-smooth convex function. The hinge loss function will not be 

considered in this work due to its non-smooth nature, which could impact the 

penalization process, potentially affecting vehicle navigation particularly in terms 

of comfort. 

 

Figure 2-2 Comparison of LINEX loss (red), quadratic loss (blue), and hinge 

loss (green) 

 

This characteristic is advantageous in control systems and parameter estimation, 

where the costs associated with deviations can vary in significance. In the context 

of control systems, the LINEX loss function allows for the design of controllers 

that can account for asymmetric costs, leading to more efficient and effective 

control strategies.  
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The study of the LINEX loss function began with the foundational work of [83], 

which examined real estate assessments. This work highlighted how 

overestimating property values could lead to costly appeals, while 

underestimation resulted in linear revenue loss, emphasizing the need for 

asymmetric loss functions. In [84], further exploration addressed cases where 

overestimation and underestimation have unequal consequences, showing that 

traditional estimators designed for symmetric loss functions might be suboptimal 

in such scenarios. By deriving optimal estimators using LINEX, this study 

underscored the importance of tailoring loss functions to better reflect real-world 

asymmetries in decision-making. More recently, in [85], the LINEX loss function 

was proposed as a flexible alternative to the traditional symmetric quadratic loss 

function for process optimisation. This study demonstrated how LINEX could 

effectively balance quality improvement and cost considerations in manufacturing 

and process control by adapting penalties to reflect real-world asymmetries. 

In autonomous vehicle applications, LINEX loss functions are particularly 

beneficial as they effectively address scenarios where resource overuse, such as 

excessive energy consumption, carries significantly higher consequences than 

underutilization. By customizing penalties, it encourages behaviours that 

minimise energy expenditure while maintaining performance objectives. This 

makes it an ideal choice for energy-efficient applications like autonomous vehicle 

control, where it can prioritize regenerative braking and optimise torque 

distribution to balance performance and reduce net energy usage.  

As previously mentioned, one common approach is the use of quadratic cost 

functions, which penalize control inputs such as torque input equally in both 

directions. This method, often implemented in optimisation-based controllers like 

MPC, provides smooth control inputs and is computationally efficient, making it a 

popular choice for real-time applications [86]. Another common way is rule-based 

strategies, such as simple IF-ELSE logic, which are computationally efficient. 

They enable energy-saving mechanisms like regenerative braking activation or 

switching to eco-modes during cruising speeds, are commonly used for hybrid 

electric vehicles [87].  
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However, to the best of our knowledge, the application of the LINEX loss function 

specifically for energy efficiency in autonomous vehicles has not yet been 

explored. This presents a valuable research opportunity, especially in the 

domains of motion planning and control, where the integration of LINEX loss 

functions could simplify implementation and promote significant energy efficiency 

improvements, particularly in electric autonomous AVs. 
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2.5 Summary 

This research tackles critical gaps in the literature to develop a novel controller 

for simultaneous planning and tracking in AV systems. The proposed controller, 

Perpendicular Line-Ahead Planner and Controller (PLAPC) offers a distinct 

alternative to conventional point-based references, improving adaptability to 

dynamic environments and enhancing safety. This innovative strategy provides 

an alternative approach to motion planning and control systems, contributing to 

the advancement of autonomous vehicle technologies. The research ensures 

real-time feasibility in dynamic scenarios by integrating a multi-objective 

optimisation framework that addresses time efficiency, comfort optimisation, 

and/or energy efficiency.  
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3 Research Methodology 

3.1 Introductions 

 

Figure 3-1 Research framework diagram 

 

To achieve the aim and objectives outlined in Chapter 1, a novel simultaneous 

planning and tracking controller named PLAPC was developed. The development 

of this controller adopts a methodology based on numerical optimisation and 

testing through real-time simulation via MATLAB-Simulink with CasADi symbolic 

tools and IPG CarMaker high-fidelity simulation. 

Figure 3-1 illustrates the structured workflow of the research. It begins with the 

development of vehicle and path models in MATLAB, providing critical inputs for 

subsequent processes. Using the CasADi symbolic toolbox within MATLAB, the 

research establishes a computational framework for two main tasks: Optimal 

Solution Development and PLAPC Controller Development. Overall objective 

function as detailed in Table 3-1. Two types of velocity profiles are generated 

which are the curvature-based velocity profile, computed directly from path 
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curvature data, and the optimal velocity profile, derived from solving the offline 

optimal solution approach. Alongside the optimal velocity profile, an optimal 

reference trajectory is also generated. These optimal references serve as 

benchmarks or baselines for comparison and validation during path-tracking 

simulations and the PLAPC controller. Depending on the simulation scenario, 

either the curvature-based or optimal velocity profile is then used as input for the 

high-fidelity real-time simulations in IPG CarMaker integrated with 

MATLAB/Simulink. 

Two main types of high-fidelity real-time simulation testing were conducted which 

are path-tracking simulations, which compared the PLAPC performance against 

a traditional path-tracking approach, and simultaneous planning and tracking 

simulations, which assessed the integrated planning and control capabilities of 

the PLAPC. The results from these simulations were analyzed to validate the 

controller's effectiveness in achieving the research objectives as described in 

Sub-Chapter 1.2.  

The write-up of this work and computational work was conducted on an Asus TUF 

Gaming A15 laptop (year 2020 model) equipped with an AMD Ryzen 7 4800H 

processor running at 2.2 GHz, with 8 cores, 16 threads, Radeon Graphics, and 

16 GB of RAM. The optimisation tasks were implemented in MATLAB R2017b 

using CasADi version 3.6.5 with the IPOPT solver for controller development. The 

developed controller was then embedded into MATLAB-Simulink, which was 

integrated with IPG CarMaker 7.1.1 for high-fidelity simulation testing within a 

virtual environment. Both software versions were used because the existing 

vehicle model in IPG CarMaker was already established, proven to work with 

these versions, and successfully tested in a real-time hardware environment 

using a full-scale prototype vehicle [88].  
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Table 3-1 Overall objective function in this work 

Type of objective 

functions 

Methods Descriptions 

Minimised time, 

 𝐽𝑡
𝑜𝑓𝑓 

Optimal solutions 

(offline) 

Minimising total time across the 

whole track at once. 

Optimised 

comfort, 𝐽𝑐
𝑜𝑓𝑓 

Optimal solutions 

(offline) 

A multi-objective function balancing 

time minimisation and comfort by 

penalizing acceleration and jerk (rate 

of acceleration), ISO 2631-1 [22] is 

referred to define the comfort level. 

Minimised 

distance, 𝐽𝑑
𝑜𝑛 

PLAPC (online) Minimising distance from the vehicle's 

current state and each horizon points 

to the reference line ahead. 

Optimised 

energy, 𝐽𝑒
𝑜𝑛 

PLAPC (online) A multi-objective function balancing 

distance to the reference line ahead 

minimisation and energy efficiency by 

penalizing positive torque using 

LINEX terms. 

Optimised 

comfort, 𝐽𝑐
𝑜𝑛 

PLAPC (online) A multi-objective function balancing 

distance to the reference line ahead 

minimisation and comfort by 

penalizing acceleration and jerk (rate 

of acceleration), the ISO 2631-1[22] 

is referred to define the comfort level. 
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3.2 Framework Development using CasADi 

Optimal solutions and PLAPC controller development are based on the CasADi 

framework written in MATLAB software. It is an open-source symbolic framework 

designed for numerical optimisation and algorithmic differentiation, widely used 

for solving nonlinear programming (NLP) and optimal control problems (OCP). 

CasADi is an open-source tool derived from Algorithmic Differentiation (ADi) 

based on Computer algebra systems (Cas) syntax [89]. CasADi enables users to 

symbolically formulate optimisation problems and integrate them with numerical 

solvers such as Interior Point OPTimizer (IPOPT) to solve them, which has been 

used in this work. Its symbolic expression tree structure allows efficient evaluation 

of derivatives through automatic differentiation. CasADi essentially calculates 

and finds the first-order derivative, gradient or Jacobian of a function to solve an 

optimisation problem. Its ability to handle constraints, dynamics, and custom 

functions makes it ideal for complex real-world applications such as motion 

planning and control for autonomous systems.  

Like CasADi, Acados, the successor to ACADO, is also an open-source toolbox 

that improves real-time NMPC performance through a modular and efficient 

framework. Unlike ACADO, Acados provides higher flexibility and execution 

speed by leveraging the Basic Linear Algebra Subroutines for Embedded 

Optimization (BLASFEO) library and removing dependency on static code 

generation [90]. Additionally, Acados is able to integrate with CasADi, making it 

capable of defining complex NMPC problems [90],[91]. 

Compared to other commonly used toolboxes, FORCESPRO is a commercial 

solver specifically designed for real-time applications, utilizing interior-point 

methods for high-speed execution [92]. FORCESPRO also integrated with 

CasADi library such as CasADi as a default Automatic Differentiation (AD) tool 

for both of their MATLAB and Python clients [93]. Besides, it has been 

demonstrated to be 50 times faster than ACADO in MPC applications [94]. 

However, its closed-source nature and licensing costs limit its accessibility for 

academic research and customisation, making it less flexible compared to 

CasADi.  
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CasADi has also demonstrated superior performance compared to other 

symbolic toolboxes such as SymPy, YALMIP, or MuPAD, particularly when 

working with large variable sets, as shown in Figure 3-2 [95], [96]. Its flexibility is 

further enhanced by seamless integration with multiple programming interfaces, 

including MATLAB/Octave, Python, and C++ [97]. Although FORCESPRO and 

Acados are optimised for real-time applications, CasADi provides an unmatched 

combination of flexibility, solver compatibility, and ease of implementation, 

making it the ideal choice for this work. 

 

Figure 3-2 Comparison between CasADi with other symbolic tools [95] 

 

While IPOPT is an open-source solver for large-scale NLP problems, it is one of 

the built solvers in CasADi [98], [97]. It efficiently handles nonlinear objectives 

and constraints using a primal-dual Interior Point Method and works well with 

CasADi for automatic differentiation. IPOPT’s advantages include scalability, 

robust handling of complex dynamics, and efficient convergence, making it ideal 

for development in motion planning and control controllers. It is widely used in 

applications like MPC and trajectory optimisation, where system dynamics and 

constraints need to be optimised in real time.  

The process begins with the symbolic definition of the problem to construct an 

optimisation problem using CasADi and solve it with IPOPT. CasADi provides a 

symbolic framework where the decision variables, the objective function, and 

constraints are defined using symbolic classes of 𝑆𝑋 for Scalar Expression or 𝑀𝑋 
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for Matrix Expression. The decision variables represent the states, 𝑋 or control 

inputs, 𝑈, the objective function 𝑓(𝑥) describes the cost to minimise or maximise, 

and constraints 𝑔(𝑥) ensure equality and inequality conditions are satisfied. Once 

these elements are defined, they are combined into an NLP structure, which 

includes the objective function, decision variables, constraints, and fixed 

parameters. CasADi then interfaces with the IPOPT solver using the 𝑛𝑙𝑝𝑠𝑜𝑙 

function, where solver options such as tolerances and maximum iterations, are 

configured. The solver requires an initial guess for the decision variables, bounds 

on variables, and bounds on constraints to start the optimisation process. In this 

work, the initial guess was taken from the previously solved result as a warm 

start. IPOPT then performs numerical optimisation and iteratively solves to find 

an optimal solution. After convergence, the solution (optimal states and inputs) is 

retrieved from the solver for real-time implementation or further analysis. 

 

3.3 Summary 

This chapter presented the systematic research methodology undertaken to 

develop and validate the simultaneous planning and tracking controller, PLAPC. 

The process began with the development of vehicle and track models, which 

served as the foundation for subsequent stages. The problem was then 

mathematically formulated as a nonlinear optimisation problem, utilizing CasADi 

for symbolic formulation and IPOPT for solving both the optimal solutions and the 

NMPC model of PLAPC. The velocity profile was generated based either on the 

optimal solution or a generic profile derived from the path curvature. Either of 

these velocity profiles was implemented as references in High-Fidelity Real-Time 

Simulations using IPG CarMaker to ensure realistic testing environments. Finally, 

the methodology concluded by validating the controller with a traditional path 

tracking controller and further assessing the performance across various 

predefined paths and velocity profiles under the High-Fidelity Real-Time 

Simulations Testing. 
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4 Vehicle and Path Model  

4.1 Introduction 

This chapter describes the vehicle dynamic and path models used to develop the 

optimal control solution and PLAPC for real-time implementation in high-fidelity 

simulation using IPG CarMaker software.  

This research uses a double-track vehicle dynamic model, including a non-linear 

Pacejka’s tyre model with a load-dependent coefficient tyre model. Lateral and 

longitudinal load transfer were considered, too. This is the minimum vehicle 

model required in this work due to the consideration of being as close as possible 

to an actual vehicle, which must take into account an important aspect of load 

transfer, especially that involves time efficiency related as a cost function.  

Double track vehicle dynamic model with seven degree-of-freedom (DOF) and 

two load transfer elements are considered in this work, which are longitudinal 

translation, lateral translation, yaw motion at the vehicle mass centre, all wheels 

dynamic as well as longitudinal and lateral load transfer. The vehicle model was 

selected as this has the best trade-off between representing the actual vehicle 

model with transient dynamics [99] and the complexity of solving the optimisation 

calculation. This is essential to ensure that the vehicle model is as close as 

possible to an actual vehicle so that the controller that will be implemented 

captures the required details. Referring to [100], the 7 DOF vehicle model is the 

simplified version in terms of solving time and closer representation to the actual 

vehicle compared to a more complex model of 10 or even 14 DOF. Less DOF 

could solve faster but less accurate; however, higher DOF created complexity 

and burden to solve it in time which will be crucial for the real-time 

implementation. 

In this work, the vehicle platform will be based on a small 874.5 kg two seater 

electric vehicle (EV) equipped with active torque distribution (ATD) of an in-wheel 

motor on each rear wheel and equal torque distribution of the front wheels sides 

that is driven by motors through a differential as shown in Figure 4-1.  
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Figure 4-1 Vehicle topology 

 

The path or track used in this study was predefined and developed using a 

curvilinear approach, where road curvature information is incorporated to 

generate X and Y coordinates, path angles, and distances. The study considered 

multiple path configurations to comprehensively evaluate the proposed controller 

with the assumption of, 

• A continuous path without any junctions or intersections.  

• The path without any static or dynamic obstacles.  

The path models in this work include: 

• A single 90-degree right-hand turn to analyze specific aspects of validating 

the developed controller against a traditional path-tracking controller. 

• Multi-corner extended paths to study the combined effects of longitudinal and 

lateral dynamics in driving scenarios. 

• A full-length path of the Sepang International Circuit to assess the PLAPC's 

effectiveness on a realistic, long-distance, high-speed, and demanding track. 

This combination of models and path configurations thoroughly evaluates the 

proposed controller, from simplified cases to realistic and challenging 

environments under various scenarios. 
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4.2 The Vehicle Model 

 

Figure 4-2 Vehicle coordinate frame [101] 

 

As mentioned, a 7 DOF vehicle dynamic model is used in this research, with the 

equation of motion presented in a coordinate frame centred to the COG of the 

vehicle, as shown in Figure 4-2. An assumption is needed in consideration to 

reduce the complexity of the vehicle model in order to ensure implement-ability 

in real-time. Therefore, the following are neglected in this work, 

• The steering Ackerman Principle, where both wheels of the front vehicle 

are assumed to steer equally, 

• The rolling resistance, aligning moment, toe and camber angle of each 

tyre, 

• The suspension dynamics, 

• The pitch and roll motion of the vehicle, 

• The characteristic of the transmission and brake systems is assumed to 

be a direct transition from the source to the wheel without losses, 

• The tire-road interaction is modelled assuming dry road conditions with a 

friction coefficient of 𝜇 = 1, consistent with the controlled testing 

environment described in the methodology. 
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The equation of motion for the vehicle model can be derived based on Newton’s 

2nd Law of motion, which states that net force acting on a vehicle is a product of 

acceleration and mass. Therefore, looking at the vehicle coordinate frame point 

of view, the forces are defined as, 

∑ 𝐹𝑥 = 𝑚𝑎𝑥 
(4-1) 

∑ 𝐹𝑦 = 𝑚𝑎𝑦 
(4-2) 

 

Where 𝑚 is the vehicle's total mass and longitudinal acceleration 𝑎𝑥 and lateral 

acceleration 𝑎𝑦 can be classified as velocity components for longitudinal, 𝑉𝑥 and 

lateral, 𝑉𝑦 respectively by applying the translational scope of the Newton-Euler 

principle, 

𝑎𝑥 =  𝑉𝑥̇ −  𝜓̇𝑉𝑦 (4-3) 

𝑎𝑦 =  𝑉𝑦̇ + 𝜓̇𝑉𝑥 (4-4) 

 

Where 𝜓̇ is the yaw rate of a moving vehicle. Looking at the rotational scope of 

the Newton-Euler principle, the 7 DOF equation of motion for the nonlinear 

double-track vehicle dynamic model in this work can be expressed as follows, 

 

𝐹𝑥 =  𝑚(𝑉𝑥̇ −  𝜓̇𝑉𝑦) =  𝐹𝑓𝑙𝑥 cos(𝛿𝑓)  −  𝐹𝑓𝑙𝑦 sin(𝛿𝑓) +  

𝐹𝑓𝑟𝑥 cos(𝛿𝑓) −  𝐹𝑓𝑟𝑦 sin(𝛿𝑓) + 

  𝐹𝑟𝑙𝑥  +  𝐹𝑟𝑟𝑥  −  𝐹𝑑𝑟𝑎𝑔   

  

(4-5) 

𝐹𝑦 =  𝑚(𝑉𝑦̇ +  𝜓̇𝑉𝑥) =  𝐹𝑓𝑙𝑥 sin(𝛿𝑓) + 𝐹𝑓𝑙𝑦 cos(𝛿𝑓) +  

𝐹𝑓𝑟𝑥 sin(𝛿𝑓) +  𝐹𝑓𝑟𝑦 cos(𝛿𝑓) + 

 𝐹𝑟𝑙𝑦  +   𝐹𝑟𝑟𝑦 

(4-6) 
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While for the yaw moment of the vehicle, 

𝐼𝑧𝜓̈ =  𝑙𝑓(𝐹𝑓𝑙𝑥 sin(𝛿𝑓)  +  𝐹𝑓𝑟𝑥 sin(𝛿𝑓) +  𝐹𝑓𝑙𝑦 cos(𝛿𝑓)  +  𝐹𝑓𝑟𝑦 cos(𝛿𝑓) ) −  

  𝑙𝑟(𝐹𝑟𝑙𝑦  +  𝐹𝑟𝑟𝑦 ) −   

 
𝑊

2
(𝐹𝑓𝑙𝑥 cos(𝛿𝑓) −  𝐹𝑓𝑙𝑦 sin(𝛿𝑓)  +  𝐹𝑟𝑙𝑥 )   + 

𝑤

2
(𝐹𝑓𝑟𝑥 cos(𝛿𝑓) − 𝐹𝑓𝑟𝑦 sin(𝛿𝑓)  +  𝐹𝑟𝑟𝑥 )  

(4-7) 

 

In the equation (4-5) to (4-7), 𝜓̇ is the yaw rate and 𝐼𝑧 is vehicle’s moment of 

inertia at vertical axis of COG. The distance between the front axle to COG is 

noted as 𝑙𝑓 while the opposite side, to the rear axle is noted as 𝑙𝑟 in which total 

become the vehicle wheelbase. For the other dimension, 𝑤 is vehicle track width 

with assumption of equal distributions and 𝛿𝑓 as front wheel steering.  While 

longitudinal and lateral tyre forces are denoted as 𝐹𝑖𝑗𝑎 with 𝑖 = (𝑓, 𝑟) for front and 

rear position, 𝑗 = (𝑙, 𝑟) for left and right and 𝑎 = (𝑥, 𝑦) as axis with respect to the 

COG as shown in Figure 4-3. 

Another DOFs are from the rotational of each wheel, called as wheel dynamics. 

The vehicle topology (as in seen in Figure 4-1) came with equally distributed front 

wheel torque between left and right while rear wheel equipped with ATD. 

Therefore, the following equation is derived from torque balance along the wheel 

axis of rotations, 

𝐼𝑤𝜔𝑓𝑙̇ =  (
𝑇𝑓

2
) − 𝐹𝑓𝑙𝑥 𝑅𝑤 

𝐼𝑤𝜔𝑓𝑟̇ = (
𝑇𝑓

2
) − 𝐹𝑓𝑟𝑥 𝑅𝑤 

𝐼𝑤𝜔𝑟𝑙̇ =  𝑇𝑟𝑙 − 𝐹𝑟𝑙𝑥 𝑅𝑤 

𝐼𝑤𝜔𝑟𝑟̇ =  𝑇𝑟𝑟 − 𝐹𝑟𝑟𝑥 𝑅𝑤 

(4-8) 

 

Where 𝐼𝑤 is the wheel inertia, 𝜔𝑖𝑗̇  is the wheel rotational rate of each wheels, 𝑇𝑖𝑗 

is the torque distribution to each wheels and 𝑅𝑤 is wheel radius. 
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Figure 4-3 Four-wheel double-track FWS vehicle dynamic model   
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4.2.1 Wheels Velocity Components 

Referring to equations (4-5) to (4-8), the tyre forces 𝐹𝑖𝑗𝑎 are derived as functions 

of tyre slip by using Pacejka’s Magic Formula with a load-dependent coefficient 

[102]. Load-dependent coefficient represented as variable friction between tyres 

that is essential to capture like in real-world scenario where the normal force 

acting on tyre varies due to load transfer during acceleration, deceleration, 

braking, and cornering.  

Therefore, to derive the longitudinal and lateral forces, the derivation will initiate 

with individual wheel velocity components at the centre of the wheel. 𝑉𝑖𝑗𝑥 and 𝑉𝑖𝑗𝑦 

can be defined as, 

𝑉𝑓𝑙𝑥 =       𝑉𝑐𝑜𝑠(𝛿𝑓 −  𝛽) −  𝜓 ̇ 𝑙𝑓𝑙 𝑠𝑖𝑛(𝛾𝑓𝑙 −  𝛿𝑓) 

𝑉𝑓𝑙𝑦 =  − 𝑉𝑠𝑖𝑛(𝛿𝑓 −  𝛽)  +  𝜓 ̇ 𝑙𝑓𝑙 𝑐𝑜𝑠(𝛾𝑓𝑙 −  𝛿𝑓) 

𝑉𝑓𝑟𝑥 =     𝑉𝑐𝑜𝑠(𝛿𝑓 −  𝛽)   +   𝜓 ̇ 𝑙𝑓𝑟 𝑐𝑜𝑠(𝛾𝑓𝑟 +  𝛿𝑓) 

𝑉𝑓𝑟𝑦 = − 𝑉𝑐𝑜𝑠(𝛿𝑓 −  𝛽)  +  𝜓 ̇ 𝑙𝑓𝑟 𝑐𝑜𝑠(𝛾𝑓𝑟 +  𝛿𝑓) 

𝑉𝑟𝑙𝑥 =       𝑉𝑐𝑜𝑠(− 𝛽)  −   𝜓 ̇ 𝑙𝑟𝑙 𝑠𝑖𝑛(𝛾𝑟𝑙) 

𝑉𝑟𝑙𝑦 =  − 𝑉𝑠𝑖𝑛(− 𝛽)  −  𝜓 ̇ 𝑙𝑟𝑙 𝑐𝑜𝑠(𝛾𝑟𝑙) 

𝑉𝑟𝑟𝑥 =     𝑉𝑐𝑜𝑠(− 𝛽)   +   𝜓 ̇ 𝑙𝑟𝑟 𝑐𝑜𝑠(𝛾𝑟𝑟) 

𝑉𝑟𝑟𝑦 = − 𝑉𝑐𝑜𝑠(− 𝛽) −   𝜓 ̇ 𝑙𝑟𝑟 𝑐𝑜𝑠(𝛾𝑟𝑟) 

(4-9) 

 

Where the vehicle slip is defined as, 

𝛽 =  𝑎𝑡𝑎𝑛 (
𝑉𝑦

𝑉𝑥
⁄ ) 

(4-10) 

 

And velocity vector as, 

𝑉 =  √𝑉𝑥
2 +  𝑉𝑦

2 
(4-11) 
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The dimension mentioned in (4-9) is the diagonal distance of the centre of each 

wheel to COG, 

𝑙𝑖𝑗 =  √𝑙𝑖
2 +  (𝑊/2) 2)   

(4-12) 

 

With the corresponding angle at each wheel relative to the vehicle's COG of, 

𝛾𝑖𝑗 =  𝑎𝑡𝑎𝑛 (
𝑊𝑗

𝑙𝑖
)  

(4-13) 

 

The total slip of each tyre is calculated based on [102] as follows, 

𝑠𝑖𝑗 =  √𝑠𝑖𝑗𝑥
2 + 𝑠𝑖𝑗𝑦

2    
(4-14) 

 

Where practical slip quantities [102] of longitudinal tyre slip are defined as, 

𝑠𝑖𝑗𝑥 =   
𝑉𝑖𝑗𝑥 − (𝜔𝑖𝑗𝑅𝑤)

|𝑉𝑖𝑗𝑥|
           

(4-15) 

 

And lateral tyre slips as, 

𝑠𝑖𝑗𝑦 = (1 +  𝑠𝑖𝑗𝑥) 
𝑉𝑖𝑗𝑦

|𝑉𝑖𝑗𝑥|
           

(4-16) 
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4.2.2 Vehicle Load Transfer 

One of the important aspects of the vehicle dynamic model is the load transfer 

that will significantly impact the vehicle's motion. The load transfer is divided into 

static load and dynamic load distribution. Under dynamic load is so-called load 

transfer that is affected due to longitudinal and lateral acceleration.  

 

 

Figure 4-4 Side and front view of the vehicle 

 

As shown in Figure 4-4, unmoving vehicle or static load distribution on each side 

of the wheels can be derived as, 

𝐹𝑓𝑙𝑧
𝑜 =  

𝑚𝑔𝑙𝑟𝑤𝑟

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
 ,                 𝐹𝑓𝑟𝑧

𝑜 =  
𝑚𝑔𝑙𝑟𝑤𝑙

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
   

𝐹𝑟𝑙𝑧
𝑜 =  

𝑚𝑔𝑙𝑓𝑤𝑟

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
 ,                 𝐹𝑟𝑟𝑧

𝑜 =  
𝑚𝑔𝑙𝑓𝑤𝑙

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
   

(4-17) 

 

In a moving vehicle, the actual load on a tyre differs as it moves depending on 

longitudinal and lateral acceleration, called the load transfer effect. In the context 

of minimum time application, capturing the load transfer effect into the vehicle 

model is crucial.  

 



 

69 

As mentioned in 4.1, this model is assumed to have a fixed roll axis and a rigid 

body. Therefore, with the impact of longitudinal, 𝑎𝑥 and lateral 𝑎𝑦 acceleration, 

the dynamic load, 𝐹𝑖𝑦
Δ  and 𝐹𝑗𝑥

Δ  of the tires can be expressed as, 

𝐹𝑙𝑥
Δ =  

𝑚ℎ𝑤𝑟

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
 𝑎𝑥 ,              𝐹𝑟𝑥

Δ =  
𝑚ℎ𝑤𝑙

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
  𝑎𝑥  

𝐹𝑓𝑦
Δ =  

𝑚ℎ𝑙𝑟

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  + 𝑤𝑟)
 𝑎𝑦 ,             𝐹𝑓𝑦

Δ =  
𝑚ℎ𝑙𝑓

(𝑙𝑓 +  𝑙𝑟)(𝑤𝑙  +  𝑤𝑟)
 𝑎𝑦   

(4-18) 

 

Where ℎ is height of the COG to the ground as shown in Figure 4-4.  

Therefore, with consideration of these load transfers effect during the vehicle 

movement, the total vertical or normal force acting on each tyre can be expressed 

as in (4-19), which has a good correlation to experimental data [103], 

𝐹𝑓𝑙𝑧 = 𝐹𝑓𝑙𝑧
𝑜 −  𝐹𝑙𝑥

Δ − 𝐹𝑓𝑦
Δ  ,                 𝐹𝑓𝑟𝑧 = 𝐹𝑓𝑙𝑧

𝑜 −  𝐹𝑟𝑥
Δ + 𝐹𝑓𝑦

Δ  

𝐹𝑟𝑙𝑧 = 𝐹𝑓𝑙𝑧
𝑜 +  𝐹𝑙𝑥

Δ − 𝐹𝑟𝑦
Δ  ,                 𝐹𝑟𝑟𝑧 = 𝐹𝑓𝑙𝑧

𝑜 +  𝐹𝑟𝑥
Δ + 𝐹𝑟𝑦

Δ    

(4-19) 
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4.2.3 Tyre Model 

The only contact point of a vehicle to the ground is through a tyre. Therefore, 

capturing the tyre dynamic as accurately as possible in this vehicle model is 

essential. There are three types of tyre models based on an empirical model by 

detail analysis and data fitting of tyre force characteristics, a semi-empirical model 

that integrates the analysis of experimental data and theoretical model and 

another one, the theoretical model itself, by studying the tyre mechanics [104]. 

The choice of tyre models depends on the specific vehicle dynamics problem 

being addressed, whether it requires a more detailed theoretical model or an 

empirical model geared towards practical engineering applications. In the context 

of this work, an empirical tyre model is much more practical to apply, especially 

when considering real-time implementation. Many tyre models exist, but the two 

most popular are based on Pacejka [61] and Dugoff[105]. In this work, a simplified 

Pacejka tyre model with load-dependent is chosen due to its better accuracy than 

the Dugoff model, especially in the large slip ratio applicable in this research 

context [106], [107]. From the total slip in (4-14), the total friction coefficient is 

derived using Pacejka’s Magic Formula with a load-dependent coefficient tyre 

model as described below, 

𝜇𝑖𝑗 =  −𝐷𝑖𝑗 sin (𝐶 tan−1(𝐵 𝑆𝑖𝑗))       (4-20) 

 

where 𝐷𝑖𝑗, 𝐶, 𝐵 are the peak value, shape factor and stiffness factor respectively. 

Then, assuming symmetric tyre characteristics concerning the longitudinal and 

lateral position, the total friction force stays within the friction circle [102].  

Since this is based on Magic Formula with a load-dependent tyre model, the 

coefficient of 𝐷𝑖𝑗 depending on 𝐹𝑖𝑗𝑧 and each wheel’s coefficient of friction 𝜇𝑖𝑗 

which consider the load sensitivity while coefficients 𝐶 and 𝐵 remain constant.  

𝐷𝑖𝑗 =  𝜌0 +  𝜌2  
𝐹𝑖𝑗𝑧 − 𝐹𝑧0

𝐹𝑧0
 

(4-21) 
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Where 𝜌0 is the baseline peak coefficient of friction at the nominal tyre normal 

force 𝐹𝑧0 and 𝜌2 is the sensitivity of the peak friction coefficient (𝐷𝑖𝑗) to changes 

in the normalized load. It controls the linear scaling effect of the vertical load on 

the force peak, contributing to how the tyre's grip or maximum force capacity 

changes as the load on the tyre varies especially with load transfer. 

Therefore, the tyre friction force components are defined as in (4-22), where the 

negative sign indicates the fact that friction is opposed to the relative motion of 

the tyre on the path, 

𝜇𝑖𝑗𝑥 = − 
𝑆𝑖𝑗𝑥

𝑆𝑖𝑗
 𝜇𝑖𝑗 ,         𝜇𝑖𝑗𝑦 = − 

𝑆𝑖𝑗𝑦

𝑆𝑖𝑗
 𝜇𝑖𝑗   

(4-22) 

 

From the above and calculated normal forces with load transfer as in (4-19), the 

total longitudinal and lateral forces can be concluded as, 

𝐹𝑖𝑗𝑥 =  𝜇𝑖𝑗𝑥𝐹𝑖𝑗𝑧 ,         𝐹𝑖𝑗𝑦 =  𝜇𝑖𝑗𝑦𝐹𝑖𝑗𝑧  (4-23) 
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4.2.4 Friction Circle 

 

Figure 4-5 Friction circle of a wheel 

 

The friction circle is crucial in this work as it represents the limit of the tyre's grip 

and helps understand how it would generate forces during different driving 

conditions, primarily involving longitudinal and lateral forces. When a tyre 

operates near its limit, the sum of these forces, 𝐹𝑖𝑗 cannot exceed the maximum 

frictional capability, 

𝐹𝑖𝑗 =  √𝐹𝑖𝑗𝑥
2 +  𝐹𝑖𝑗𝑦

2    
(4-24) 

 

Which then the tipping point of the maximum resultant forces, as shown in Figure 

4-5, is always within the friction circle with the assumption that a homogeneous 

tyre with symmetric characteristics in both directions as shown below, 

(
𝐹𝑖𝑗𝑥

𝐹𝑖𝑗𝑥
𝑚𝑎𝑥)

2

+    (
𝐹𝑖𝑗𝑦

𝐹𝑖𝑗𝑦
𝑚𝑎𝑥)

2

= 1 
(4-25) 
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4.3 Path Model 

For the road or path model, the path is considered as a strip defined by the 

centerline coordinates and the lateral deviation of the vehicle from this centerline, 

as described in [108]. The curvilinear coordinate system is used to represent the 

path, where the path centerline is described in terms of the arc length, 𝑆 and the 

path curvature, 𝐾, as shown in Figure 4-6. 

 

 

Figure 4-6 Vehicle top view in curvilinear coordinate for path model  

 

In the curvilinear coordinate system, the vehicle’s position along the path is 

determined by the arc length, 𝑆, which measures the distance travelled along the 

centerline, and the curvature function 𝐾(𝑆), which defines how sharply the path 

curves at each point. The heading angle of the path at any given point is 

represented by 𝜃(𝑆), and the vehicle’s position on the Cartesian coordinates is 

denoted by (𝑋𝑔𝑙𝑜𝑏𝑎𝑙 , 𝑌𝑔𝑙𝑜𝑏𝑎𝑙). 
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The path is generated by defining the curvature profile 𝐾(𝑆) along different 

segments of the track where straight path segments are defined with a curvature 

of zero, 𝐾 = 0 and curved path segments are defined with a constant curvature 

defined as the inverse of the radius, 

𝐾 =
1

𝑅
  

(4-26) 

 

Where 𝑅 is the radius of the turn. The curvature profile is constructed by 

concatenating straight and curved segments to represent the full path. Once the 

curvature profile is defined, the following differential equations are used to 

compute the path's heading angle and coordinates of the path, 

𝑑𝜃

𝑑𝑆
= 𝐾(𝑆) ,     

𝑑𝑥

𝑑𝑆
= 𝑐𝑜𝑠(𝜃) ,     

𝑑𝑦

𝑑𝑆
= 𝑠𝑖𝑛(𝜃)   

(4-27) 

 

In this work, there are two path shapes with 6 meters trackwidth with 20 meters 

radius were considered, which are a 90-degree right-hand turn as in Figure 4-7  

and a multi-corners extended path that covers 90-degree turn, U-turn, S-shape 

and representing double lane change as shown in Figure 4-8. Details parameters 

as in the Appendix A.4.1 and Appendix A.2.2. 

 

Figure 4-7 90-degree right-hand corner short path 
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Figure 4-8 Multi-corners extended path 

 

Another crucial path shape used to validate the developed controller is a long-

distance path based on the Sepang International Circuit in Malaysia, as illustrated 

in Figure 4-9. This circuit spans a total length of 5,543 meters with a track width 

ranging from 16 to 22 meters. For this simulation, a consistent track width of 16 

meters was considered, representing the narrowest and most challenging 

scenario for testing. The Sepang Circuit is renowned for its demanding layout, 

featuring a mix of long straights, low-speed technical corners, and high-speed 

sweeping bends, making it an ideal testbed to evaluate the trajectory and 

performance of the developed motion planning and control controller. 
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Figure 4-9 Full length of Sepang International Circuit 
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4.4 Summary 

This chapter presented the vehicle and path models used in developing and 

testing the PLAPC. A 7 DOF double-track vehicle model was selected to balance 

accuracy and computational efficiency for real-time implementation. Key vehicle 

dynamics such as load transfer, individual wheel forces, and tyre slip were 

incorporated, with Pacejka’s load-dependent tyre model providing a realistic 

representation of tyre behaviour under varying loads. However, for real-time 

online implementation in IPG CarMaker, the vehicle model DOF was reduced to 

3 DOF by eliminating the wheel dynamics (Equation (4-8)) to ensure real-time 

implement-ability. 

The path models included a range of path geometries for controller validation, 

such as a short path 90-degree turn, extended path of multi-corner scenarios, 

and long distance of the Sepang International Circuit provided a challenging test 

environment with diverse straights, sharp corners, and sweeping bends. This 

combination of detailed vehicle dynamics and complex track layouts enabled 

comprehensive validation of the PLAPC’s performance. 

Overall, this chapter established a strong foundation for testing the developed 

controller in high-fidelity simulations, capturing essential vehicle dynamics while 

maintaining real-time feasibility,  
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5 Optimal Solutions  

5.1 Introductions 

The Optimal Control Problem (OCP) formulation in this work aims to generate 

optimal solutions for both trajectory and velocity profiles. It solves the optimisation 

problem offline across the predefined path at once to generate an ideal trajectory 

and velocity profile that satisfies the defined objective functions and constraints. 

The multiple shooting method is employed to discretize the continuous trajectory 

optimisation problem, transforming it into a series of NLP problems. The system 

dynamics are approximated within each shooting interval using the explicit 

Runge-Kutta 4th Order (RK4) integration scheme, which discretizes the 

continuous dynamics over smaller steps to ensure numerical accuracy, stability 

and robustness [77]. In this work, the OCP was developed using MATLAB and 

CasADi. 

The resulting solution represents an ideal trajectory and velocity profile for the 

given path, serving as a reference for real-time simulation studies in this work. 

Additionally, this offline-generated trajectory acts as a benchmark for evaluating 

the performance of the developed PLAPC, providing a comparison to measure 

how closely the real-time implementation aligns with the offline optimal solution. 

By leveraging this ideal trajectory, the study establishes a validation process for 

the proposed controller in both offline and online real-time scenarios, highlighting 

its robustness and adaptability under varying conditions. This approach provides 

a foundation for validating the performance of the PLAPC in various scenarios 

and for further development. 
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5.2 Optimal Problem Formulations 

In this work, the OCP is formulated using a curvilinear coordinate system as 

shown in Figure 5-2, where the distance travelled along the path (arc length) is 

used as the independent variable instead of time. This formulation differs from 

traditional Cartesian-based approaches by solving the optimisation problem 

directly in curvilinear space. Using curvilinear coordinates provides several 

advantages, including reducing the number of problem variables, simplifying path 

constraints (For example, road boundaries), and the ability to evaluate vehicle 

states and control inputs at any point along the given path [75]. Figure 5-1 shows 

the detail parameters of curvilinear coordinates and Figure 5-2 shows the 

coordinate frame of it where 𝑆 is distance travelled along the path. 

A key benefit of using curvilinear coordinates is that the path curvature remains 

constant and independent of the control inputs, as distance is no longer a function 

of time. Additionally, the progress distance becomes redundant and can be 

omitted from the state vector, simplifying the model and improving computational 

efficiency in space-curvilinear formulations [53]. 

 

 

Figure 5-1 Vehicle top view for curvilinear coordinate representation 
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Figure 5-2 Curvilinear coordinate frame representation 

 

5.2.1 Spatial Dynamics 

Prior to the change of independent variable, the derivation in time-dependent 

started with resolving velocity in 𝑆𝑡 direction as shown in Figure 5-1, where 

 
𝑑𝑠

𝑑𝑡
− 𝑛

𝑑𝜃

𝑑𝑡
= 𝑉𝑥 cos(𝑥𝑖) − 𝑉𝑦sin (𝑥𝑖)    

(5-1) 

 

Where 𝑉𝑥 is the longitudinal velocity and 𝑉𝑦 is the lateral velocity, 𝛫 is the path 

curvature at a given point (inverse of radius, 𝑅), which is equivalent to the inverse 

of the corner radius, 𝑛 is the lateral deviation from vehicle COG to the centre line 

of the path and 𝑥𝑖 is the angle deviation from the tangent of the path centre line 

as shown in Figure 5-2 and 𝜃 is the path heading angle where, 

𝑑𝜃

𝑑𝑡
=

𝑑𝜃

𝑑𝑠
 .

𝑑𝑠

𝑑𝑡
=  𝛫 

𝑑𝑠

𝑑𝑡
 

(5-2) 
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Which then gives, 

𝑑𝑠

𝑑𝑡
=

𝑉𝑥 cos(𝑥𝑖) − 𝑉𝑦sin (𝑥𝑖)

1 − 𝑛𝛫
  

(5-3) 

 

Then the rate of change of lateral error, 𝑛 can be expressed as, 

𝑑𝑛

𝑑𝑡
= 𝑉𝑥 cos(𝑥𝑖) −  𝑉𝑦sin (𝑥𝑖)  

(5-4) 

 

And the rate of change for angle deviation, 𝑥𝑖 is given by, 

𝑑𝑥𝑖

𝑑𝑡
=  

𝑑𝜓

𝑑𝑡
− 𝛫

𝑑𝑠

𝑑𝑡
 

(5-5) 

 

It is known that the “distance travelled, 𝑆𝑓” and “time, 𝑡” are related independent 

variables which could be described as, 

𝑑𝑡 =  
𝑑𝑡

𝑑𝑠
𝑑𝑠 =  𝑆𝑓(𝑠)𝑑𝑠      

(5-6) 

 

In which 𝑆𝑓 can be derived in reference to Figure 5-1 and Equation (5-3), 

𝑆𝑓 =  (
𝑑𝑠

𝑑𝑡
)

−1

=
1 − 𝑛𝛫

𝑉𝑥 cos(𝑥𝑖) − 𝑉𝑦sin (𝑥𝑖)
  

(5-7) 

 

Which therefore, multiplying both sides with 𝑆𝑓 for a change of independent 

variables to express the equation of motion as a function of travelled distance 

instead of time, 

𝑑𝑥

𝑑𝑠
= 𝑓(𝑥, 𝑢) 

𝑑𝑡

𝑑𝑠
= 𝑓(𝑥, 𝑢) 𝑆𝑓 

(5-8) 
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Where 𝑓(𝑥, 𝑢) is the function contains the states and control inputs as stated in 

Equation (4-5) until (4-8).  
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5.2.2 Numerical Discretization and Variables  

The spatial dynamics described in the previous section form the basis of the OCP. 

To solve this OCP, the system dynamics are discretised over the spatial domain 

𝑠, instead of in the time domain 𝑡. The discretisation was implemented using the 

4th-order Runge-Kutta (RK4) technique, ensuring precise numerical integration 

of the system dynamics over the prediction horizon. RK4 provides a balance 

between computational efficiency, solution accuracy and ease of implementation, 

making it suitable for real-time applications within the high-fidelity simulation 

framework. 

Therefore, the states, 𝑠𝑡𝑜𝑓𝑓(𝑠) and controls 𝑖𝑛𝑜𝑓𝑓(𝑠) for the vehicle model in this 

optimal control problem formulation are defined as follows, 

𝑠𝑡𝑜𝑓𝑓(𝑠) =  {𝑉𝑥(𝑠), 𝑉𝑦(𝑠), 𝜓̇(𝑠), 𝑆𝑛(𝑠), 𝑥𝑖(𝑠), 𝜔𝑖𝑗(𝑠), 𝜓(𝑠) }
𝑇
 (5-9) 

𝑖𝑛𝑜𝑓𝑓(𝑠) =  {𝑇𝑓(𝑠), 𝑇𝑟𝑙(𝑠), 𝑇𝑟𝑟(𝑠), 𝛿𝑓(𝑠), 𝛿𝑟(𝑠) }
𝑇

 (5-10) 

 

Moreover, additional variables named auxiliary variables other than states and 

controls for acceleration and tyre load sensitivity, 

𝑎𝑢𝑥𝑜𝑓𝑓(𝑠) =  {𝑎𝑥(𝑠), 𝑎𝑦(𝑠), 𝐷𝑖𝑗(𝑠) }
𝑇
 (5-11) 
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5.2.3 Constraints 

The constraints in this optimal control problem are formulated to ensure the 

vehicle's dynamics remain feasible and within safe limits. The first constraint is to 

ensure the tyre forces stay within the available friction limits as described in Sub-

Chapter 4.2.4, which can be expressed as, 

(
𝐹𝑖𝑗𝑥

𝐹𝑖𝑗𝑥
𝑚𝑎𝑥)

2

+    (
𝐹𝑖𝑗𝑦

𝐹𝑖𝑗𝑦
𝑚𝑎𝑥)

2

≤ 1 
(5-12) 

 

This constraint limits longitudinal and lateral tyre forces to prevent tyre slip 

beyond the tyre friction capabilities. Another important aspect related to the tyre 

model, assuming equal friction coefficients in longitudinal and lateral directions, 

is the load-dependent friction coefficient relationship defined by the Magic 

Formula, which can be defined as, 

𝐷𝑖𝑗 −  𝜌0 +  𝜌2  
𝐹𝑖𝑗𝑧 − 𝐹𝑧0

𝐹𝑧0
= 0 

(5-13) 

 

where 𝐷𝑖𝑗 is the tyre friction demand of each tyre, 𝜌0 is the base friction coefficient, 

𝜌2  represents the load sensitivity factor that adjusts the peak friction coefficient 

based on the change in vertical load, 𝐹𝑖𝑗𝑧 and 𝐹𝑧0 is the nominal vertical load.  

In addition, more constraints are needed for lateral and longitudinal accelerations 

since both have been defined as auxiliary variables in this work, as in Equation 

(5-11). This is to incorporate the effects of load transfer and ensure consistent 

dynamic behaviour, which is defined as follows, 

𝑎𝑥 −  𝑉𝑥̇ =  0 , 𝑎𝑦 − 𝑉𝑦̇ =  0 (5-14) 

 

Here, 𝑎𝑥 and 𝑎𝑦 are longitudinal and lateral accelerations, while 𝑉𝑥̇ and 𝑉𝑦̇ are the 

corresponding rates of change of longitudinal and lateral velocities. 
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In addition, in order to ensure the vehicle stays within the road limits, the vehicle's 

lateral position 𝑛 is defined using a curvilinear approach is constrained within the 

left 𝑊𝑝
𝑙   and right 𝑊𝑝

𝑟 boundaries of the path which can be addressed as, 

𝑊𝑝
𝑙  ≤ 𝑛 ≤  𝑊𝑝

𝑟 (5-15) 

 

Additional constraints are implemented on the initial and final conditions, as well 

as the physical limits of states and control inputs (such as minimum and 

maximum steering angles, and torques). These constraints parameters are 

described in further detail in Appendix A.1. 
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5.2.4 Objective Functions 

This chapter considers two objective functions: one is extreme on both ends, one 

minimises time, and another optimises comfort as summarized in Table 5-1. 

 

Table 5-1 Objective functions for Optimal Solutions 

Type of Objective Functions Descriptions 

Minimised time, 𝐽𝑡
𝑜𝑓𝑓 Minimising total time across the whole track at 

once. 

Optimised comfort, 𝐽𝑐
𝑜𝑓𝑓 A multi-objective function balancing time 

minimisation and comfort by penalizing 

acceleration and jerk (rate of acceleration), the 

ISO 2631-1 [21] is referred to define the 

comfort level. 

 

 The first one is in terms of time as one of the objective functions, which could be 

expressed in distance as an independent variable, 

𝐽𝑡
𝑜𝑓𝑓 = 𝑚𝑖𝑛

𝑥,𝑢
∑ 𝑆𝑓

𝑁−1

𝑘=0

 
(5-16) 

 

Where 𝑁 is the total number of discrete steps over the entire path length and 𝑆𝑓 

as mentioned in Equation (5-7). In this approach, distance is used as the 

independent variable, and the objective function is expressed in terms of the 

distance travelled 𝑆𝑓 meaning to minimise time given a set of path lengths from 

the start (𝑠 = 0) to the end of the manoeuvre (𝑠 = 𝑠𝑓𝑖𝑛𝑎𝑙). 

Another objective function described in this work is related to comfort 

optimisation. This objective inherently contradicts the goal of minimising travel 
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time, as it prioritizes smoothness and ride comfort. This is a crucial consideration 

for AVs, particularly for public usage, where user comfort and ride quality are 

paramount. The comfort aspect can be expressed as, 

𝐽𝑐
𝑜𝑓𝑓 = 𝑄𝑡 𝐽𝑡 +  𝑚𝑖𝑛

𝑥,𝑢
∑(𝑄𝑐𝑎𝑥(𝑎𝑥

2) +  𝑄𝑐𝑎𝑦(𝑎𝑦
2) + 𝑄𝑐𝑑𝑎𝑥(𝑎𝑥̇

2)

𝑁−1

𝑘=0

+  𝑄𝑐𝑑𝑎𝑦(𝑎𝑦̇
2))  

(5-17) 

 

Where 𝑄𝑐𝑎𝑥 and 𝑄𝑐𝑎𝑦 are the weight for longitudinal and lateral acceleration and 

𝑄𝑐𝑑𝑎𝑥 and 𝑄𝑐𝑑𝑎𝑦 are the weight for longitudinal and lateral jerk which is the 

differentiation of the acceleration components. 𝑄𝑡  represent a small weight for 

time-related terms to balance optimising time and achieving comfort. This 

formulation penalizes rapid changes in acceleration and jerk, ensuring smoother 

trajectories and transitions on both longitudinal and lateral during vehicle motion 

that promote better comfort. 

Therefore, the total objective for this OCP can be expressed as, 

𝐽𝑜𝑓𝑓 =  𝐽𝑖
𝑜𝑓𝑓 + 𝐽𝑟𝑒𝑔

𝑜𝑓𝑓 , 𝑖 = 𝑡, 𝑐   (5-18) 

 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜,  

𝑥0 =  𝑥𝑖𝑛𝑖𝑡𝑖𝑎𝑙  , 𝑢0 =  𝑢𝑖𝑛𝑖𝑡𝑖𝑎𝑙  

𝑥𝑘+1 =  𝑓𝑑(𝑥𝑘, 𝑈𝑘) 

𝑥𝑘
𝑚𝑖𝑛  ≤ 𝑥𝑘  ≤  𝑥𝑘

𝑚𝑎𝑥 

𝑢𝑘
𝑚𝑖𝑛  ≤ 𝑢𝑘  ≤  𝑢𝑘

𝑚𝑎𝑥 

𝑦𝑘
𝑚𝑖𝑛  ≤ 𝑦𝑘  ≤  𝑦𝑘

𝑚𝑎𝑥 , 𝑘 = 0, … , 𝑁 − 1  
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5.2.5 Regularisation and Scaling 

As mentioned in [75], [109], [110] solving an optimal control problem may result 

in singularities or oscillations in the solution, leading to undesirable noise or non-

smooth behaviour in the control inputs. Such a situation can negatively impact 

the performance and feasibility of the generated trajectory. Regularisation terms 

are often introduced into the objective function to mitigate this issue. These terms 

smooth out the control inputs and ensure that the solutions remain well-behaved 

in terms of control effort and dynamic feasibility. 

Regularisation can take several forms. The simplest approach involves adding a 

penalty for the square of the control inputs, effectively encouraging reduced 

control effort. More advanced methods target the solutions' non-smoothness by 

penalising the control inputs' first derivative, thereby smoothing their progression. 

In this work, regularization terms are applied to the control inputs 𝑈 to ensure 

smooth trajectories and feasible control signals. The specific regularisation 

technique involves penalizing the derivatives of these variables, as expressed in 

Equation (5-19). The term includes two penalty terms: one penalizes the 

magnitude of the control inputs to reduce aggressive actions by squaring the 

inputs, and the other penalizes the difference between consecutive control inputs 

to avoid sudden changes. The choice of regularization weight parameters is 

crucial; it must be reasonable enough to avoid significantly altering the original 

solution to the optimal control problem while still effectively addressing noise and 

oscillations. The parameters used in this study are detailed in Appendix A.3 and 

A.4. 

The inclusion of these regularization terms enhances all objective functions used 

in this work, contributing to smoother trajectories that align with the desired 

performance objectives. The regularization terms can be expressed as, 

𝐽𝑟𝑒𝑔
𝑜𝑓𝑓 = 𝑚𝑖𝑛

𝑢
∑ (𝑈𝑘

𝑇𝑄𝑢𝑈𝑘 + (𝑈𝑘 −  𝑈𝑘−1)𝑇𝑄𝑑𝑢(𝑈𝑘 − 𝑈𝑘−1))

𝑁−1

𝑘=0

 
(5-19) 
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where 𝑈𝑘 represents the control input at step 𝑘,𝑈𝑘−1 is previous control input, 𝑄𝑢 

is the weight matrix for control effort and 𝑄𝑑𝑢 is the weight matrix for control input 

smoothness. The first term penalizes large control inputs, while the second term 

ensures minimal changes between consecutive inputs, avoiding sudden change 

and smoothness of input. These weight matrices are listed in Appendix A.3 and 

A.4. 

In terms of scaling of the OCP, the performance of optimisation solvers is 

significantly influenced by the scaling of decision variables, a well-documented 

limitation of solution algorithms [75]. As highlighted in [111], no universal best 

practice for scaling exists, but several approaches have been proposed. A 

common method involves using non-dimensional variables normalized based on 

the problem's magnitude to improve solver performance. In this study, all decision 

variables are scaled to lie within the range of [−1,1], as this range has been 

observed to enhance computational efficiency and reduce solve times. 

When the maximum value of a variable is known, scaling is achieved by dividing 

the variable by its maximum value. This straightforward approach ensures 

uniform scaling across decision variables, facilitating numerical stability and 

convergence during optimisation. Additionally, path constraints are scaled to 

ensure their values are of a similar order of magnitude as the decision variables, 

further improving the solver's performance. This scaling strategy standardises the 

problem and allows the solver to process the optimisation more effectively by 

reducing condition number issues in the underlying matrices. 
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5.3 Optimal Solution Generations 

5.3.1 Introductions 

This subchapter presents the results of optimal solutions obtained through offline 

optimisation, focusing on two objectives: minimising travel time and optimising 

comfort. These objectives were achieved by solving the OCP formulated in 

Section 5.2. 

 

5.3.2 Sensitivity Study of Comfort Weight Factor 

This sub-chapter will describe the impact of varying all comfort weight factors of 

the optimal solution over a 90-degree right-hand corner. The initial starting 

position and initial longitudinal velocity are all the same, which are set at (𝑋, 𝑌) =

(0,3), starting distance of 𝑆 = 0 and initial velocity of 20 𝑚/𝑠.   

As Equation (5-17) mentioned, the comfort objective function includes lateral and 

longitudinal acceleration and rate of the acceleration (jerk). A sweep of comfort 

weight factors was performed in this study in order to identify the best trade-off 

between comfort and time while ensuring the weighted RMS accelerations stayed 

within “Not Uncomfortable” zone. This zone was classified based on ISO 2631-1 

[22] which provides guidelines for evaluating human exposure to vibrations, 

specifically those that affect comfort. The weighted RMS accelerations are 

calculated to assess vibration effects on human comfort. Based on the solved 

accelerations data, it is processed using frequency weightings (such as 𝑊𝑑 for X 

and Y axis of the seat surface) to account for how sensitive humans are to 

vibrations at different frequencies. The accelerations are transformed into the 

frequency domain using FFT, where the weightings are applied. Afterwards, the 

data is converted back to the time domain, and the RMS is calculated to give a 

single value representing the overall vibration intensity. This weighted RMS value 

is compared to comfort thresholds provided in the ISO standard, as shown in 

Table 5-2, which classify the comfort level based on the intensity of the vibrations. 
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Table 5-2 Comfort level based on weighted RMS accelerations as mentioned in 

ISO 2631-1 

Weighted RMS accelerations range Classifications 

𝑎𝑟𝑚𝑠 < 0.315 Not uncomfortable 

0.315 ≤ 𝑎𝑟𝑚𝑠 ≤ 0.63 A little uncomfortable 

0.500 ≤ 𝑎𝑟𝑚𝑠 ≤ 1.00 Fairly uncomfortable 

0.800 ≤ 𝑎𝑟𝑚𝑠 ≤ 1.60 Uncomfortable 

1.25 ≤ 𝑎𝑟𝑚𝑠 ≤ 2.50 Very uncomfortable 

𝑎𝑟𝑚𝑠 > 2.00 Extremely uncomfortable 

 

 

Figure 5-3 Trajectories comparison with varying comfort weight factor  
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Figure 5-4 Weighted accelerations impact on varying comfort scale factor 

 

     

    

Figure 5-5 Weighted score comparison on varying comfort scale factor 
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As seen in Figure 5-5, a weight factor of 1.4 offers the lowest W-RMS acceleration 

values for both longitudinal and lateral, indicating the highest comfort level. It 

comes with a trade-off in the form of the slowest lap time. On the other hand, a 

weight factor of 1.2 provides nearly the same level of comfort, with only slightly 

higher W-RMS acceleration values, but with the advantage of a slightly better lap 

time of 11.8331 seconds. Comparatively, although a weight factor of 0.4 results 

in the shortest lap time, it also leads to the highest W-RMS values for both 

accelerations, implying a significantly less comfortable ride which it’s out of the 

“not uncomfortable” zone as seen in Figure 5-4. Based on these considerations, 

the weight factor of 1.0 strikes the best balance between comfort and 

performance, as seen in the weighted score considering 40% on the lap time and 

60% on the combined comfort. 
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5.3.3 Comparison Results Between Objective Functions  

As mentioned in the problem formulation in Sections 5.2.4, two objective 

functions were considered which are minimised time and optimised comfort 

problems. Upon the sensitivity analysis conducted in Sub-Chapter 5.3.2, here is 

the comparison between each objective function with the same initial starting 

position and initial velocity in terms of its trajectory, lap time and comfort level. 

 

Table 5-3 Comparison results between objective functions for optimal solutions 

Objective 
function 

Lap time 
(s) 

Peak 
𝑎𝑥𝑤𝑟𝑚𝑠 

Peak 
𝑎𝑦𝑤𝑟𝑚𝑠 

Total Energy 
usage (kWh) 

Solved 
time (s) 

Minimised 
time 

5.9819 2.0577 2.5745 0.06730 44.1441 

Optimised 
Comfort 

11.2311 0.1866 0.0645 0.04735 51.2680 

 

 

Figure 5-6 Vehicle trajectory comparison of all objective functions 

 



 

95 

 

Figure 5-7 Weighted lateral acceleration comparison of all objective functions 

  

Figure 5-8 Weighted longitudinal acceleration comparison of all objective 

functions 

 

The results presented in Figure 5-6 to Figure 5-8 and Table 5-3 highlight the 

differences in vehicle trajectory and performance metrics across two 

contradicting objectives functions. The time optimal objective achieved the fastest 

lap time (5.9819 seconds) but with the highest energy consumed (0.0673 kWh) 

and the most aggressive weighted RMS acceleration values (2.0577 m/s² 
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longitudinal and 2.5745 m/s² lateral). This approach maximises performance at 

the expense of both comfort and energy efficiency.  

In contrast, the Optimised Comfort objective significantly reduces peak weighted 

RMS accelerations (0.1866 m/s² longitudinal and 0.0645 m/s² lateral) to provide 

a smoother driving experience. However, this comes with the trade-off of the 

longest lap time (11.2311 seconds) and lower energy usage (0.04735 kWh). This 

strategy conserves energy while maintaining moderate performance and comfort. 

The findings demonstrate how varying the optimisation focus can directly impact 

vehicle dynamics, with each objective serving a distinct purpose based on the 

priorities of time or comfort. 

Another important point to note is the significantly high time required to solve 

each objective function. This observation aligns with the discussion in Section 

1.1, which highlights that trajectory optimisation tasks often demand substantial 

computational resources, making it challenging to adapt to changing courses 

during AV navigation. 
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5.4 Summary  

This chapter comprehensively presented the formulation, implementation, and 

evaluation of optimal solutions for two contradicting objective functions. The focus 

was to evaluate differences in between time efficiency and optimised for comfort, 

which is critical for further evaluation of PLAPC. 

The chapter began with the formulation of the OCP in curvilinear coordinates, 

leveraging spatial dynamics to simplify constraints and improve computational 

efficiency. Two key objective functions of minimising time and optimising comfort 

were elaborated, with detailed explanations of the mathematical formulations. 

Constraints such as tyre friction limits, load transfer, and path boundaries were 

introduced to ensure that the solutions remain physically feasible and practical. 

Finally, the comparison of results between objective functions demonstrated the 

effectiveness of the optimal control formulation in generating suitable velocity and 

trajectory references. This approach provided clear insights into the trade-offs 

between minimum time and optimised comfort objectives, establishing essential 

baseline references for validating the subsequent real-time implementation of the 

PLAPC controller. However, obtaining these optimal solutions proved 

computationally intensive, highlighting practical limitations for direct real-time 

application such as the requirement for re-generating or re-planning and 

emphasizing the necessity for simplified methods for real-time implementation. 
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6 High-Fidelity Simulation Setup 

6.1 Introduction 

Before proceeding to the online implementation, explaining the high-fidelity 

simulation setup used in this work is crucial. The real-time simulations were 

conducted using IPG CarMaker, a recognized and proven vehicle testing and 

experimentation simulation platform. This platform facilitates the validation of 

developed controllers closer to realistic driving conditions.  

IPG CarMaker provides a real-time simulation environment for developing and 

testing various vehicle systems, including autonomous vehicles, ADAS, and 

vehicle dynamics [112]. Its comprehensive vehicle models and real-time 

capabilities make it ideal for virtual testing, enabling efficient and accurate studies 

without relying on physical prototypes. This makes it particularly beneficial for 

evaluating the PLAPC, ensuring that its control performance is tested in a realistic 

setting, considering the complexities of vehicle behaviour and environmental 

interactions. This high-fidelity simulation framework allows for a detailed analysis 

of vehicle responses and serves as a testbed for potential hardware 

implementation in future development. 

The IPG CarMaker software was integrated with MATLAB/Simulink, allowing the 

implementation of the PLAPC in the NMPC framework. The CasADi code for 

solving the NMPC optimisation problem was embedded within a 

MATLAB/Simulink PLAPC controller block, as depicted in Figure 6-1. This 

integration enabled real-time execution for the testing of the developed controller. 

Furthermore, the IPG CarMaker model used in this research has been validated 

for testing of full-scale vehicles in real-time experiments, as referred in [88],[113], 

making it a reliable platform for high-fidelity simulation and testing evaluation. The 

vehicle and simulation parameters used in this work are detailed in Appendix A. 

This simulation setup provides a robust framework for analysing the performance 

of the proposed controller in real-time and under various driving scenarios. 
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Figure 6-1 Simulation setup for PLAPC in the IPG CarMaker 

 

6.2 Local Coordinates Conversion 

In this work, the global coordinates defined in IPG CarMaker were converted into 

local coordinates relative to the vehicle's position along the given path as shown 

in Figure 6-2. This approach ensures that the vehicle’s position is referenced to 

the nearest point on the path, simplifying the implementation and improving 

numerical stability by avoiding large numbers using global coordinates. Adopting 

this method, all references are tied to the path-aligned local coordinate system, 

treating the path’s nearest point as the origin (0,0). This local reference frame is 

crucial for maintaining consistent, path-centric references. The local coordinates 

conversion started with identifying the nearest point of the vehicle on the path 

(𝑋𝑝, 𝑌𝑝) where the Euclidean distance between the vehicle’s current global 

position (𝑋𝑔, 𝑌𝑔) and each point on the path is calculated as follows, 

𝐷 = (𝑋𝑝 − 𝑋𝑔)2 +   (𝑋𝑝 − 𝑌𝑔)2 (6-1) 

 

This calculated distance enables the determination of the closest point on the 

path, which serves as the reference for subsequent calculations in the local 

coordinate system. The path used in this work is defined with a step distance of 
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0.01 meters, which is fine enough to ensure smooth conversion to the local 

coordinate system. This step is a foundational component of the developed 

controller, facilitating precise calculations and references that are made relative 

to the vehicle's instantaneous position.  

The index position corresponding to the closest distance is determined by finding 

the minimum value of 𝐷. This process identifies the nearest reference coordinate 

(𝑋𝑛
𝑟𝑒𝑓, 𝑌𝑛

𝑟𝑒𝑓), which serves as the basis for local coordinate conversion. To 

further ensure continuity and avoid angular discontinuities, the vehicle's global 

yaw angle is wrapped to the range of [−𝜋, 𝜋] Radians. Therefore, the 

transformation from global coordinates to the local frame can be expressed as, 

𝑋𝑙𝑜𝑐𝑎𝑙 = 𝑐𝑜𝑠(−𝜑𝑛
𝑟𝑒𝑓)(𝑋𝑔  − 𝑋𝑛

𝑟𝑒𝑓) − 𝑠𝑖𝑛(−𝜑𝑛
𝑟𝑒𝑓)(𝑌𝑔  − 𝑌𝑛

𝑟𝑒𝑓) (6-2) 

𝑌𝑙𝑜𝑐𝑎𝑙 = 𝑠𝑖𝑛(−𝜑𝑛
𝑟𝑒𝑓)(𝑋𝑔  − 𝑋𝑛

𝑟𝑒𝑓) + 𝑐𝑜𝑠(−𝜑𝑛
𝑟𝑒𝑓

)(𝑌𝑔  − 𝑌𝑛
𝑟𝑒𝑓)  

 

This transformation ensures that the vehicle's position and orientation are 

consistently referenced relative to the local path, facilitating accurate motion 

planning and control. By transforming the vehicle's global position and orientation 

into the local frame aligned with the reference path, the developed controller 

could utilize the lateral position, 𝑌𝑙𝑜𝑐𝑎𝑙  to be an additional safety factor for the 

vehicle to stay within path boundaries. This approach simplifies the control 

objectives and enhances controller accuracy by consistently referencing the 

nearest point on the path. 
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Figure 6-2 Local path coordinate frame representation 
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6.3 Velocity Profiles Generations 

This section presents the velocity profiles as reference inputs for both PTC and 

PLAPC simulations. Velocity profiles are critical as they define the desired 

velocity along the path, serving as benchmarks to evaluate the controller's 

performance. Table 6-1 shows all type of velocity profiles generated that are used 

in this work. 

The velocity profiles were generated using two approaches. The first approach 

derives from the optimal solution obtained in Chapter 5, based on the specified 

objective functions, such as minimum time or optimised comfort. However, 

generating these profiles is computationally intensive. 

The second approach is quicker (less than one second) and automatically 

determines a safe velocity profile by considering the path's curvature. In this 

method, velocity is calculated based on the curvature or radius of the path, 

ensuring safe operation. This curvature-based velocity profile can be derived 

based on the vehicle following a curved path, it experiences lateral accelerations 

due to the centripetal forces required to stay on the curve. Based on the Newton's 

2nd law, this force is given by, 

𝐹𝑐 =  𝑚𝑎𝑐 =  𝑚
𝑉2

𝑅
       

(6-3) 

 

Where  𝐹𝑐 is the centripetal force, 𝑚 is vehicle mass, 𝑉 is vehicle’s velocity and 𝑅 

is path radius curvature. Therefore, for a vehicle to maintain grip and not slide off 

the path, the available friction force between the tyres and the path must provide 

this required centripetal force. The tyre friction forces can be expressed as, 

𝐹𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 =  𝜇𝑚𝑔       (6-4) 

 

Where 𝜇 is the tire coefficient of friction to the road and 𝑔 is the gravitational 

acceleration.  
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Since the friction force is the maximum force available to sustain the turn before 

the vehicle starts skidding, therefore, the relation between Equation (6-3) and 

(6-4) can be expressed as, 

𝜇𝑚𝑔 =  𝑚
𝑉2

𝑅
       

(6-5) 

 

By solving both side of Equation (6-5), the curvature-based velocity profile can 

be expressed as, 

𝑉𝑐𝑢𝑟𝑣 =  √𝜇𝑔𝑅 = √
𝜇𝑔

|𝐾|
       

(6-6) 

 

Where 𝐾 is the path curvature which is the inverse of path radius, 𝑅. The 

assumption needed to apply this curvature-based velocity profile is that it is a flat 

road with no slipping condition. As an example in Figure 6-3 (a), there are two 

velocity profiles generated with acceleration and deceleration slopes of 8 m/s2 

and 2 m/s2 that represent an aggressive manoeuvre, and the later is more on 

comfort velocity for a short multi-corners path. This velocity profile generation will 

be used to evaluate the developed PLAPC as in Sub-Chapter 8.4. In addition,  

longer path of Sepang International Circuit will use the same curvature-based 

velocity profile method too. Table 6-1 desribed all the velocity profiles applied in 

simulation testing of this work. 
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(a) Velocity profile 

 

(b) Path curvature 

 

(c) Multi-corners path 

Figure 6-3 Example velocity profiles based on the path curvature 
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Table 6-1 Type of velocity profile used in this work 

Profile name Descriptions 

A Optimal solutions generated velocity profiles with optimised 

comfort objective. 

B Optimal solutions generated velocity profiles with minimum 

time objective. 

C Optimal solution (minimum time objective) with 90% factor 

generated velocity profile. This is to test the controller further 

with a reduced factor that helps the solver solve in real-time, 

as an optimal solution especially for minimum time could be 

impractical and harder to solve. 

D Curvature-based velocity profile with acceleration and 

deceleration slope of 2 m/s2 that is aimed for comfort profile. 

E Curvature-based velocity profile with acceleration and 

deceleration slope of 5 m/s2 that is aimed as a middle ground 

to assess all objective functions. 

F Curvature-based velocity profile with acceleration and 

deceleration slope of 8 m/s2 that is aimed for time efficiency. 

 

These velocity profiles were essential for testing the controller's performance 

under a variety of scenarios. By providing a range of velocity reference inputs, 

this study systematically evaluated the controller’s ability to adapt to different 

objectives, from achieving time efficiency to maintaining ride comfort and 

ensuring computational feasibility. The results obtained from simulations 

demonstrated the impact of each profile on trajectory tracking, comfort level, 

energy consumption, and overall controller performance. 
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6.4 Actual Real-Time Implementation Considerations 

In this work, the scope is up to high-fidelity simulation by using IPG CarMaker 

software but with consideration to preparing the model for the actual vehicle 

testing in real-time. The following are considered in the development of the 

controller and simulation setup, 

i. Local coordinates conversion where this method offers significant benefits, 

including simplified control calculations, enhanced numerical stability, and 

reduced computational load. This approach also aligns well with sensor data, 

as most sensors measure relative to the vehicle, making data integration 

smoother and more accurate. A local frame improves real-time performance, 

making control more efficient, especially on complex paths. 

ii. Yaw angle ranges wrapping within [−𝜋, 𝜋] radian or [−360, 360] degrees is 

beneficial in real-time control because it ensures that the yaw angle remains 

continuous and consistent. Without wrapping, the yaw angle figure kept 

increasing or could abruptly jump when crossing this boundary, leading to 

instability in calculations and control actions, especially when determining the 

difference between two angles. By keeping yaw angles within a standardized 

range, wrapping helps maintain smooth and predictable control, making it 

easier for the controller to track heading deviations accurately and respond to 

changes in orientation effectively. 

iii. A time delay of 0.01 seconds is considered in this IPG CarMaker model for 

real-time implementation where there will be delayed in terms of data 

transmission, sensor processing, actuator dynamic, signal conversion and 

others that could potentially affect the responsiveness and stability of the 

controller and ultimately for safety of the vehicle. One consideration is torque 

command input with a time delay of 0.01 seconds, that is necessary due to 

data transmission delay. 
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Figure 6-4 Time delay block for torque command block to the vehicle electric 

motors in the IPG CarMaker simulation model 

 

 

iv. Flag status and solved time are captured for each iteration that records and 

monitor the solved status and solving time that are essential for enhancing the 

reliability and efficiency of real-time control systems. Flag status provides 

feedback on system conditions, enabling quick error detection and necessary 

adjustments, strengthening system robustness. Monitoring solving time 

ensures that control actions are computed within real-time limits, maintaining 

a stable control loop frequency crucial for predictable performance. Consistent 

solving times indicate stable operation, while variations highlight areas for 

optimisation, ensuring the control system is both responsive and capable of 

handling real-time demands effectively. 
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6.5 Simulations Setup 

The simulation setup in IPG CarMaker began with generating the path and 

velocity profiles. The path generation followed the method described in Sub-

Chapter 4.3, while the velocity profile was derived either from optimal solutions 

based on Chapter 5 and curvature-based velocity profile as discussed in Sub-

Chapter 6.3. For consistency in comparison, the initial conditions were set in the 

IPG CarMaker with a consistent initial velocity and the same lateral offset 

position. The controller was tested on three distinct path shapes: a simple 90-

degree right-hand corner, a mixed corner extended path, and a longer path based 

on the actual circuit.  

 

6.6 Summary 

This chapter presented a high-fidelity simulation setup using IPG CarMaker 

integrated with MATLAB/Simulink to validate the proposed controller, PLAPC. 

Local coordinate conversion simplified control calculations to represent actual 

situations and improved numerical stability, while yaw angle wrapping ensured 

smooth and continuous orientation tracking. A 0.01-second time delay accounted 

for real-time implementation challenges such as communication, sensor and 

actuator delays. Monitoring flag status and solving times also ensured robust and 

reliable operation under real-time constraints. Overall, the setup provides an 

effective framework for testing the controller under near-realistic conditions, 

enabling a transition to real-world applications.  
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7 Simultaneous Planning and Tracking Controller 

Development 

7.1 Introductions 

This chapter highlights the development of a novel Perpendicular Line Ahead 

Planner Controller (PLAPC) via a simultaneous planning and tracking framework. 

This controller falls within the broader scope of motion planning and control as it 

not only involves controlling the vehicle to align with a novel reference system 

that generates a trajectory on the fly but also generates that trajectory while 

considering various constraints, objective functions and tracking a set of velocity 

profiles. As shown in Figure 1-2 and Figure 7-1, this approach provides a wide 

visual representation of the driving path while maintaining awareness of lateral 

boundaries. It serves as an alternative method for motion planning and control by 

generating a trajectory and performing control simultaneously while adapting to 

real-time requirements. 

The controller is developed using a NMPC approach that employs a novel 

reference method of perpendicular lookahead reference line that is developed 

and simulated within the IPG CarMaker environment, using a 3 DOF double-track 

vehicle model that incorporates both longitudinal and lateral load transfers, along 

with a load-dependent Magic Formula tyre model. 

 

7.2 NMPC Problem Formulations 

The NMPC problem formulation for the development of PLAPC in this work 

adopts a novel method for defining the reference system. Instead of relying on 

discrete coordinate points, this approach utilizes a perpendicular lookahead 

reference line, as illustrated in Figure 1-2 and Figure 7-1. This line-based 

reference system provides a continuous representation of the defined path, 

enabling the PLAPC to adjust the vehicle's trajectory more dynamically. In 

addition, this controller is developed with reference to a velocity profile either 

based on optimal solutions or a curvature-based velocity profile.  
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For the real-time development of the NMPC formulation of the PLAPC controller 

in IPG CarMaker, the vehicle model was reduced from 7 DOF to a 3 DOF 

representation by eliminating wheel dynamics (Equation (4-8)). This reduction 

ensures computational efficiency for real-time implementation while maintaining 

essential vehicle dynamics. 

The vehicle's position is described in local coordinates (X, Y), as explained in 

Chapter 6.2. The equations of motion governing the vehicle’s longitudinal and 

lateral dynamics, as well as its yaw motion, are defined as follows, 

𝑋̇ =
𝑑𝑋

𝑑𝑡
=  𝑉𝑥 cos(𝜓) −  𝑉𝑦 sin (𝜓) 

(7-1) 

𝑌̇ =
𝑑𝑌

𝑑𝑡
=  𝑉𝑥 sin(𝜓) −  𝑉𝑦 𝑐𝑜𝑠 (𝜓) 

(7-2) 

𝜓̇ =
𝑑𝜓

𝑑𝑡
=  𝑟 

(7-3) 

 

Re-instated the equation of motion as in Equation (4-5) to (4-7), longitudinal and 

lateral dynamics equations has been described as, 

𝑉𝑥̇ =  
1

𝑚
(𝐹𝑓𝑙𝑥 cos(𝛿𝑓)  −  𝐹𝑓𝑙𝑦 sin(𝛿𝑓) +  

𝐹𝑓𝑟𝑥 cos(𝛿𝑓) − 𝐹𝑓𝑟𝑦 sin(𝛿𝑓) + 𝐹𝑟𝑙𝑥 +  𝐹𝑟𝑟𝑥 ) +  𝜓̇𝑉𝑦 

   

  

(7-4) 

𝑉𝑦̇ =  
1

𝑚
(𝐹𝑓𝑙𝑥 sin(𝛿𝑓) +  𝐹𝑓𝑙𝑦 cos(𝛿𝑓) +  

𝐹𝑓𝑟𝑥 sin(𝛿𝑓) +  𝐹𝑓𝑟𝑦 cos(𝛿𝑓) + 𝐹𝑟𝑙𝑦  +  𝐹𝑟𝑟𝑦) −  𝜓̇𝑉𝑥 

(7-5) 
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While for the yaw moment of the vehicle, 

𝜓̈ =  
1

𝐼𝑧
(𝑙𝑓(𝐹𝑓𝑙𝑥 sin(𝛿𝑓)  + 𝐹𝑓𝑟𝑥 sin(𝛿𝑓) + 𝐹𝑓𝑙𝑦 cos(𝛿𝑓)  +  𝐹𝑓𝑟𝑦 cos(𝛿𝑓) ) −  

  𝑙𝑟(𝐹𝑟𝑙𝑦  +  𝐹𝑟𝑟𝑦 ) −   

 
𝑊

2
(𝐹𝑓𝑙𝑥 cos(𝛿𝑓) −  𝐹𝑓𝑙𝑦 sin(𝛿𝑓)  + 𝐹𝑟𝑙𝑥 )   + 

𝑤

2
(𝐹𝑓𝑟𝑥 cos(𝛿𝑓) − 𝐹𝑓𝑟𝑦 sin(𝛿𝑓)  +  𝐹𝑟𝑟𝑥 ) ) 

(7-6) 

 

To reduce computational load for real-time applications, the vehicle model is 

simplified from a 7 DOF to a 3 DOF representation by neglecting wheel rotational 

dynamics. Under this assumption, the tire adhesion limit is assumed to remain 

within bounds in the longitudinal direction, allowing the longitudinal tire force to 

be directly related to the applied driving or braking torque. Therefore, the 

longitudinal and lateral forces can be expressed as follows, 

𝐹𝑓𝑙𝑥 =  𝐹𝑓𝑟𝑥 =
𝑇𝑓

2𝑅𝑤
 

(7-7) 

𝐹𝑟𝑙𝑥 =  
𝑇𝑟𝑙

𝑅𝑤
 , 𝐹𝑟𝑟𝑥 =  

𝑇𝑟𝑟

𝑅𝑤
 

(7-8) 

 

Therefore, the states vector for this NMPC formulation can be described as,  

𝑠𝑡𝑜𝑛 = [𝑋, 𝑌, 𝜓, 𝑉𝑥, 𝑉𝑦, 𝑟]
𝑇
 (7-9) 

 

And the control inputs for FWS vehicle topology are, 

𝑖𝑛𝑜𝑛 = [𝑇𝑓 , 𝑇𝑟𝑙, 𝑇𝑟𝑟 , 𝛿𝑓]
𝑇
 (7-10) 

 

In addition, there are auxiliary variables of, 

𝑎𝑢𝑥𝑜𝑛 = [𝑎𝑥, 𝑎𝑦, 𝐷𝑓𝑙 , 𝐷𝑓𝑟 , 𝐷𝑟𝑙, 𝐷𝑟𝑟]
𝑇
 (7-11) 
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(a) Visualisation of the implemented PLAPC in straigth path 

 

(a) Visualisation of the implemented PLAPC in the corner 

Figure 7-1 Perpendicular lookahead reference line (cyan) ahead of the current 

vehicle states and prediction horizons 
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7.2.1 Objective Functions 

This NMPC problem formulation for PLAPC can be formulated for each objective 

function by discretizing the nonlinear continuous-time system using the Runge-

Kutta 4th order method as summarized in Table 7-1. 

 

Table 7-1 Objective functions for Simultaneous Planning and Tracking 

Type of Objective Functions Descriptions 

Minimised distance, 𝐽𝑑
𝑜𝑛 Minimising distance from the vehicle's current 

state and each horizon points to the reference 

line ahead. 

Optimised energy, 𝐽𝑒
𝑜𝑛 A multi-objective function balancing distance to 

the reference line ahead minimisation and 

energy efficient by penalizing positive torque 

using LINEX terms. 

Optimised comfort, 𝐽𝑐
𝑜𝑛 A multi-objective function balancing distance to 

the reference line ahead minimisation and 

comfort by penalising acceleration and jerk 

(rate of acceleration), the ISO 2631-1 [22] is 

referred to define the comfort level. 

 

For minimising the distance to the reference line ahead (time efficiency related), 

𝐽𝑑
𝑜𝑛 = 𝑚𝑖𝑛

𝑥,𝑢
∑(𝑋𝑙𝑖𝑛𝑒

2𝑄𝑙𝑖𝑛𝑒 +  𝑋𝑙𝑖𝑚𝑄𝑙𝑖𝑚  +  Δ𝑉𝑥𝑘 2𝑄𝑣𝑒𝑙)

𝑁−1

𝑘=0

  
(7-12) 
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For optimising energy,  

𝐽𝑒
𝑜𝑛 = 𝑚𝑖𝑛

𝑥,𝑢
∑(𝑋𝑙𝑖𝑛𝑒

2𝑄𝑙𝑖𝑛𝑒 +  𝑋𝑙𝑖𝑚𝑄𝑙𝑖𝑚  +  Δ𝑉𝑥𝑘 2𝑄𝑣𝑒𝑙  +  𝑈𝑙𝑖𝑛𝑒𝑥)

𝑁−1

𝑘=0

  
(7-13) 

 

For optimising comfort, 

 

𝐽𝑐
𝑜𝑛 = min

𝑥,𝑢
∑(𝑋𝑙𝑖𝑛𝑒

2𝑄𝑙𝑖𝑛𝑒 +  𝑋𝑙𝑖𝑚𝑄𝑙𝑖𝑚  +  Δ𝑉𝑥𝑘 2𝑄𝑣𝑒𝑙  +  𝑌𝑐𝑜𝑚𝑓𝑜𝑟𝑡)

𝑁−1

𝑘=0

  
(7-14) 

 

And regularisation term as described in Sub-Chapter 5.2.5, 

𝐽𝑟𝑒𝑔
𝑜𝑛 = 𝑚𝑖𝑛

𝑢
∑ (𝑈𝑘

𝑇𝑄𝑢𝑈𝑘 +  (𝑈𝑘 − 𝑈𝑘−1)𝑇𝑄𝑑𝑢(𝑈𝑘 −  𝑈𝑘−1))

𝑁−1

𝑘=0

 
(7-15) 

 

Therefore, the total objective function can be expressed as, 

𝐽𝑜𝑛 =  𝐽𝑝
𝑜𝑛 + 𝐽𝑟𝑒𝑔

𝑜𝑛 , 𝑝 = 𝑑, 𝑒, 𝑐   (7-16) 

 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜,  

𝑥0 =  𝑥𝑖𝑛𝑖𝑡𝑖𝑎𝑙  , 𝑢0 =  𝑢𝑖𝑛𝑖𝑡𝑖𝑎𝑙  

𝑥𝑘+1 =  𝑓𝑑(𝑥𝑘, 𝑈𝑘) 

𝑥𝑘
𝑚𝑖𝑛  ≤ 𝑥𝑘  ≤  𝑥𝑘

𝑚𝑎𝑥 

𝑢𝑘
𝑚𝑖𝑛  ≤ 𝑢𝑘  ≤  𝑢𝑘

𝑚𝑎𝑥 

𝑦𝑘
𝑚𝑖𝑛  ≤ 𝑦𝑘  ≤  𝑦𝑘

𝑚𝑎𝑥 , 𝑘 = 0, … , 𝑁 − 1  
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The objective functions as seen in Equation (7-12) to (7-14) seek to minimise the 

distance from each prediction horizon point to the perpendicular lookahead 

reference line with Equation (7-13) considered energy efficiency and (7-14) seek 

to optimise for comfort. Equation (7-16) gave the total objective function that 

includes regularisation term as mentioned in Sub-Chapter 5.2.5. The objective 

subject to all initial conditions defined for states 𝑥𝑖𝑛𝑖𝑡𝑖𝑎𝑙 and input 𝑢𝑖𝑛𝑖𝑡𝑖𝑎𝑙 and also 

specified limit of each states (𝑥𝑘
𝑚𝑖𝑛, 𝑥𝑘

𝑚𝑎𝑥), inputs (𝑢𝑘
𝑚𝑖𝑛, 𝑢𝑘

𝑚𝑎𝑥)  and auxiliary 

variables (𝑦𝑘
𝑚𝑖𝑛, 𝑦𝑘

𝑚𝑎𝑥). 𝑓𝑑 represent as the discrete-time system of the controller 

model, which is derived from the RK4 method on a continuous time system.  

The rest of the terms include, 

i. Distance to reference line ahead penalty, 𝑋𝑙𝑖𝑛𝑒: Defined by the distance to 

a reference line ahead of the prediction horizon points, 

𝑋𝑙𝑖𝑛𝑒 =  
|𝑎𝑙 𝑋𝑙𝑜𝑐𝑎𝑙,𝑘 + 𝑏𝑙  𝑌𝑙𝑜𝑐𝑎𝑙,𝑘 + 𝑐𝑙|

√𝑎𝑙
2 +  𝑏𝑙

2

 
(7-17) 

 

Where, 𝑋𝑙𝑜𝑐𝑎𝑙,𝑘
𝑥  and 𝑌𝑙𝑜𝑐𝑎𝑙,𝑘

𝑦
 are the vehicle X and Y local coordinates along 

the prediction horizon and coefficient 𝑎𝑙, 𝑏𝑙 and 𝑐𝑙 define the reference line 

ahead at a distance 𝐷𝑙𝑖𝑛𝑒, which were derived from the path’s orientation 

based on the local yaw angle, 𝜑𝑙
𝑙𝑜𝑐𝑎𝑙. The polynomial functions of the line 

reference can be expressed in the form of as, 

𝑎𝑙𝑥 + 𝑏𝑙𝑦 + 𝑐𝑙 = 0 (7-18) 

 

With the coefficient 𝑎𝑙, 𝑏𝑙 and 𝑐𝑙 as, 

 

𝑎𝑙 = cos(𝜑𝑙
𝑙𝑜𝑐𝑎𝑙) (7-19) 

𝑏𝑙 = sin(𝜑𝑙
𝑙𝑜𝑐𝑎𝑙)  

𝑐𝑙 = −(𝑎𝑙 𝑋𝑙
𝑙𝑜𝑐𝑎𝑙 + 𝑏𝑙 𝑌𝑙

𝑙𝑜𝑐𝑎𝑙)  
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This moving line serves as a “target” or reference for the PLAPC, where the 

velocity of this line is set to be the same as the vehicle's current state. By 

incorporating 𝑋𝑙𝑖𝑛𝑒 into the objective function, weighted by a factor 𝑄𝑙𝑖𝑛𝑒, the 

NMPC penalizes deviations from the vehicle's current state, and each 

prediction horizon points to the reference line ahead. The closest distance 

is a perpendicular point, which keeps the vehicle closer to the reference line 

and effectively generates its trajectory on the fly. 

 

ii. Reference line width limit penalty, 𝑋𝑙𝑖𝑚: Another important aspect is to 

ensure the vehicle stay within the path limit while keep referencing to the 

line ahead that would be another safety aspect for vehicle motion and 

control. This can be expressed as, 

𝑋𝑙𝑖𝑚 = {
𝑃𝐿

2 𝑄𝑟𝑜𝑎𝑑, 𝑖𝑓 𝑜𝑢𝑡 𝑜𝑓 𝑙𝑒𝑓𝑡 𝑒𝑑𝑔𝑒

𝑃𝑅
2 𝑄𝑟𝑜𝑎𝑑, 𝑖𝑓 𝑜𝑢𝑡 𝑜𝑓 𝑟𝑖𝑔ℎ𝑡 𝑒𝑑𝑔𝑒

 
(7-20) 

𝑃𝐿 = 𝑌𝑙𝑜𝑐𝑎𝑙 + 𝑃ℎ𝑤  

𝑃𝑅 = 𝑃ℎ𝑤 −  𝑌𝑙𝑜𝑐𝑎𝑙  

 

Where,  𝑄𝑟𝑜𝑎𝑑 is the weight factor for penalization for the reference always 

within the path limit, 𝑃𝐿 and 𝑃𝑅 is to calculate the distances to the path edge 

and 𝑃ℎ𝑤 is path half width. This became a soft constraint to the controller in 

order to ensure the vehicle stays within the path boundary and at the same 

time, has continuous reference in case it is out of the boundary.  
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iii. Longitudinal velocity deviation penalty, Δ𝑉𝑥𝑘: For the vehicle to move 

according to the desired velocity, a reference longitudinal velocity is 

generated based on either an optimal solution result, 𝑉𝑜𝑝𝑡 or the curvature-

based, 𝑉𝑐𝑢𝑟𝑣 velocity profile of the pre-defined path, which can be expressed 

as 𝑉𝑥𝑘
𝑟𝑒𝑓

 and velocity tracking weight factor of 𝑄𝑣𝑒𝑙. This can be formulated 

as,  

Δ𝑉𝑥𝑘 = (𝑉𝑥𝑘 −  𝑉𝑥𝑘
𝑟𝑒𝑓𝑗

) , 𝑗 =  𝑉𝑜𝑝𝑡 , 𝑉𝑐𝑢𝑟𝑣 (7-21) 

 

iv. Torque control input penalty, 𝑈𝑙𝑖𝑛𝑒𝑥: Another input penalty is on torque, 

where instead of conventional quadratic penalization, which equally 

penalizes the positive and negative sides of the torque. The term Linear-

Exponential (LINEX) term is introduced in this penalty term, which heavily 

penalises the positive torque, allowing more negative torque for 

regenerative braking essential for energy efficiency. This asymmetric 

approach can be expressed in the general form of, 

𝐿(𝑥) = 𝑐 𝑒𝑎𝑥 − 𝑏𝑥 +  𝑎0 (7-22) 

 

In which this defined the torque input penalty as, 

 

𝑈𝑙𝑖𝑛𝑒𝑥 = ∑(𝑐 𝑒𝑎 𝑈(𝑇,𝑘) − 𝑏 𝑈(𝑇, 𝑘) +  𝑎0)

𝑁

𝑘=1

 

(7-23) 

 

Where 𝑇 represent torque of front, 𝑇𝑓, rear left, 𝑇𝑟𝑙 and rear right, 𝑇𝑟𝑟 and 

𝑎, 𝑎0, 𝑏 and 𝑐 are LINEX parameters tuned to encourage efficient energy 

usage. As shown in Figure 7-2 and equation (7-22) describes the general 

form of LINEX term where, by using this penalty function method, it 

encourages an energy-efficient by penalizing positive torque more than 

negative torque. This asymmetric approach reduces the energy consumed 

for propulsion while allowing for more negative torque when deceleration or 



 

118 

braking is necessary, maximising energy recovery through regenerative 

braking. In contrast, the quadratic penalty, being symmetric, does not 

inherently differentiate between positive and negative torque, leading to less 

optimal energy usage. 

 

Figure 7-2 Comparison between LINEX and quadratic term in penalization 

of torque control inputs 

 

v. Comfort penalty, 𝑌𝑐𝑜𝑚𝑓𝑜𝑟𝑡 : The comfort aspect in this NMPC formulation 

was described based on the penalization of longitudinal, 𝑎𝑥 and lateral, 𝑎𝑦 

accelerations and derivative of it, jerk. This term could be defined as, 

𝑌𝑐𝑜𝑚𝑓𝑜𝑟𝑡 = 𝑄𝑐𝑎𝑥(𝑎𝑥
2) +  𝑄𝑐𝑎𝑦(𝑎𝑦

2) +  𝑄𝑐𝑑𝑎𝑥(𝑎𝑥̇
2) + 𝑄𝑐𝑑𝑎𝑦(𝑎𝑦̇

2) (7-24) 

 

Where the 𝑄𝑐𝑎𝑥, 𝑄𝑐𝑎𝑦, 𝑄𝑐𝑑𝑎𝑥 and 𝑄𝑐𝑑𝑎𝑦 are the weight factor for each 

accelerations and derivatives term. 
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7.2.2 Constraints 

Regarding constraints for the NMPC problem formulation, the same conditions 

mentioned in the optimal solution problem as in Equation (5-12) until (5-17) are 

applied. However, for real-time implementation in the IPG CarMaker 

environment, where time is the independent variable, additional constraints are 

introduced to ensure the vehicle remains within the path boundaries for safety. 

To generate a path boundary for the vehicle, a second-order polynomial function 

is fitted using three equally spaced points along the prediction horizon: the initial 

point, (𝑥𝑖 , 𝑦𝑖), the middle point, (𝑥𝑚, 𝑦𝑚), and the endpoint of the horizon (𝑥𝑓 , 𝑦𝑓). 

All these points were fed in the form of local coordinates which made (𝑥𝑖, 𝑦𝑖) is 

(0,0).  The general form of the polynomial fitting is given by, 

𝑃(𝑥) = 𝑝1𝑥𝑛 +  𝑝2𝑥𝑛−1 + ⋯ + 𝑝𝑛𝑥 +  𝑝𝑛+1  (7-25) 

 

Where 𝑝𝑛 is the polynomial coefficient determined by fitting the given data points 

for 𝑛 order of polynomials. 

For this work, a second-order polynomial (𝑛 = 2) is used. Given the longitudinal 

positions 𝑋𝑙𝑜𝑐𝑎𝑙
𝑝 = {𝑥𝑖, 𝑥𝑚, 𝑥𝑓} and the corresponding lateral positions 𝑌𝑙𝑜𝑐𝑎𝑙

𝑝 =

{𝑦𝑖, 𝑦𝑚, 𝑦𝑓}, the polynomial function takes the form as, 

𝑌𝑝(𝑥) = 𝑝1𝑥2 +  𝑝2𝑥 +  𝑝3  (7-26) 

 

The longitudinal positions 𝑋𝑙𝑜𝑐𝑎𝑙
𝑝 are then evenly spaced along the length of the 

prediction horizon. By applying the polynomial function in Equation (7-26), the 

corresponding lateral positions, 𝑌𝑘
𝑝 are obtained at each time step 𝑘. The path 

boundary constraints can then be defined as, 

𝑊𝑝
𝑙  ≤   𝑌𝑘 −  𝑌𝑘

𝑝  ≤  𝑊𝑝
𝑟 (7-27) 
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Where 𝑊𝑝
𝑙 and 𝑊𝑝

𝑟 represent the left and right path boundaries, respectively. 

By evaluating the polynomial at each time step, 𝑘 and calculating the deviation 

from the vehicle's state lateral position 𝑌𝑘 to the polynomial points 𝑌𝑘
𝑝, these path 

constraints ensure that the vehicle remains within the defined boundaries. This 

method enforces the safe aspect of the controller, as illustrated example in Figure 

7-3 below. 

 

Figure 7-3 Path constraint based on 2nd-order polynomial fitting  
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7.3 Sensitivity Study 

It is essential to perform a sensitivity study to understand the behaviour of the 

PLAPC, determine the optimal parameters for its development, and ensure real-

time adaptability. This sensitivity study were conducted online in IPG CarMaker 

software. This subchapter studied various aspects, including effect on varying 

integration nodes, prediction horizon length, sampling time, line-ahead reference 

distance, velocity profile during cornering and LINEX parameters. In this study, 

infeasibility problems, overrun problems, solved beyond the sampling time and 

reaching maximum number of iterations from the solver is defined as “solver 

errors”. 

 

7.3.1 Varying Integration Node 

A sensitivity study was conducted by varying the integration nodes of the RK4 to 

understand the controller's sensitivity to changes in the variation of the integration 

interval. A multi-corner path was chosen to evaluate this, where it is set with a 

fixed sampling time of 0.05 seconds, a prediction horizon length of 10 steps and 

2 meters fixed distance of reference line ahead. The RK4 nodes were 

incrementally varied from 1 to 5 to evaluate the accuracy and impact on solution 

time, a critical factor for real-time implementation. 

 

Table 7-2 Comparison result of varying integration node 

Node 1 2 3 4 5 

Average solved time (s) 0.0288 0.0305 0.0310 0.0316 0.0323 

Peak solved time (s) 0.0494 0.0499 0.0496 0.0494 0.0487 

No. of solver errors 0 0 0 0 0 

RMS error of velocity 
tracking (m/s) 

0.3003 0.2988 0.2975 0.2969 0.2966 
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Figure 7-4 Sensitivity study on average solved time and RMS error of velocity 

tracking by varying the integration node 

 

 

Figure 7-5 Vehicle trajectory comparison by varying the integration node 

 

Table 7-2 shows that increasing the number of integration nodes from 1 to 5 

improves accuracy in terms of velocity tracking but comes at the cost of higher 

computational load. Interestingly, the peak solved time does not increase with 

more nodes; in fact, Node 5 has the lowest peak solved time. This could suggest 

that a finer integration interval helps to manage occasional computational spikes 

more effectively. Regarding accuracy, the RMS error between the reference 

longitudinal velocity and the vehicle's longitudinal velocity decreases as the 

number of nodes increases, indicating that higher node counts result in better 

accuracy, albeit with a higher computational cost. Additionally, the trajectories for 
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different nodes become closer as the node count increases, especially between 

Nodes 3 and 5, showing a more refined solution with finer integration. For real-

time control, it is crucial to balance accuracy and computational effort. Therefore, 

Node 3 is best for its efficiency, accuracy and computational load balance. 
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7.3.2 Varying Prediction Horizon Length 

Based on the RK4 integration step of 3, this study examines variations of 

prediction horizon durations to assess their impact on the controller’s 

performance. The controller's sampling time is fixed at 0.05 seconds and 2 meters 

fixed distance of reference line ahead, while the prediction horizon is varied 

between 0.3 seconds and 0.7 seconds, corresponding to a range of 6 to 14 nodes 

within the prediction horizon. 

 

Table 7-3 Comparison result of varying prediction horizon length 

Horizon length (s) 0.3 0.4 0.5 0.6 0.7 

No. of horizon nodes 6 8 10 12 14 

Average solved time (s) 0.0281 0.0292 0.0305 0.0384 0.0491 

Peak solved time (s) 0.411 0.410 0.465 0.495 0.624 

No. of solver errors 0 0 0 4 7 

RMS error of velocity 
tracking (m/s) 

0.2607 0.2782 0.2977 0.3201 0.3647 

 

     

Figure 7-6 Sensitivity study on average solved time and RMS error of velocity 

tracking by varying the prediction horizon length 
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The results presented in Table 7-3 and Figure 7-6 demonstrate the impact of 

varying the prediction horizon length on control performance, as evaluated 

through the average solved time and the RMS error of velocity tracking. As the 

prediction horizon length increases, there is a noticeable rise in the average time 

required to solve the control problem. This increase in computational demand is 

expected, as a longer horizon requires the controller to process a broader future 

window, which adds complexity. Specifically, the average solved time rises from 

0.0281 seconds at a 0.3-second horizon to 0.0491 seconds at a 0.7-second 

horizon, with a significant jump observed between the 0.5 and 0.7-second 

horizons. This trend suggests that extending the prediction horizon may approach 

the boundaries of real-time computational feasibility. 

Additionally, the RMS error of velocity tracking also tends to increase with longer 

prediction horizons, indicating a trade-off between computational efficiency and 

control accuracy. This degradation in tracking performance suggests that, 

although longer horizons enable the controller to consider a more extensive future 

trajectory, it also introduces challenges in accurately matching the velocity 

reference. 

The observed trends highlight the need to balance solved time and tracking 

accuracy when selecting a prediction horizon. Based on the data, shorter 

horizons (such as 0.3 to 0.4 seconds) appear optimal, offering better velocity 

tracking accuracy and faster computation times. However, with a limited view of 

the future, the controller may struggle to anticipate upcoming changes in the 

reference trajectory. While longer horizons may theoretically improve the 

controller’s foresight, they lead to increased computational demands and higher 

tracking errors, which may not be practical for real-time implementations. 

Therefore, a moderate prediction horizon length of 0.5 seconds or 10 points of 

prediction horizons appears to be the most effective choice for balancing real-

time computational requirements with control performance in this work. 
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7.3.3 Varying Sampling Time 

A further sensitivity study was conducted to test the sensitivity of the developed 

controller to changes in sampling time, and the sampling time varied from 0.025 

seconds to 0.1 seconds. The prediction horizon was fixed at 10 nodes as set in 

the previous section, 2 meters fixed distance of reference line ahead, and the 

internal integration steps remained consistent with the settings determined in the 

prior sensitivity study. 

 

Table 7-4 Comparison results of varying sampling time 

Sampling time (s) 0.025 0.05 0.075 0.1 

Average solved time (s) 0.0400 0.0327 0.0345 0.0717 

Time (s)   

/ margin-left (%) 

-0.0150 

(-) 

0.0173 

(34.6%) 

0.0405 

(54%) 

0.0283 

(28.3%) 

Peak solved time (s) 0.0452 0.0469 0.0610 0.0923 

No. of solver errors 12 0 0 5 

RMS error of velocity 
tracking (m/s) 

0.2110 0.2797 0.3818 0.6341 

 

     

Figure 7-7 Sensitivity study on average solved time and RMS error of velocity 

tracking by varying the sampling time 
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The results, summarized in Table 7-4, indicate that increasing the sampling time 

led to higher RMS errors in velocity tracking, reflecting a decline in tracking 

accuracy as sampling time increased. The average solved times varied across 

sampling times, as seen in Figure 7-7, with the lowest at 0.05 seconds (0.0327 

seconds average solved time) and the highest at 0.1 seconds (0.0717 seconds 

average solved time). Shorter sampling intervals such as 0.025 seconds allowed 

for more frequent control updates, enhancing accuracy, but due to the model's 

complexity, it required more computational effort beyond the sampling time, as 

reflected in the average solve time of 0.0400 seconds. Notably, when the 

sampling time reached 0.1 seconds, there was a significant rise in RMS error for 

velocity tracking (0.6341 m/s), highlighting a noticeable degradation in tracking 

performance due to less frequent control updates. Interestingly, the results 

indicate that a sampling time of 0.075 seconds effectively balances control 

performance and computational efficiency. With an average solve time of 0.0345 

seconds, this configuration provides slightly more than 50% buffer within each 

0.075-second interval, which is favourable for real-time implementation as it gives 

some margins to handle additional computational demands or unforeseen delays.  
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7.3.4 Varying Reference Line Distances Ahead   

In this section, the sensitivity of the developed controller to variations in the 

reference line distance ahead, 𝐷𝑙𝑖𝑛𝑒 is examined (Refer to Figure 7-1 for 

visualisation position of 𝐷𝑙𝑖𝑛𝑒), focusing on its impact on vehicle trajectory and 

solving time. The distance of the reference line ahead of the vehicle was varied 

from 1 to 5 meters to observe how these adjustments influence control 

performance and generated trajectory. For this test, the velocity reference was 

set the same across all test sets and the controller parameters were fixed at a 

sampling time of 0.075 seconds and a prediction horizon of 10 nodes, as set in 

the previous section. The internal integration steps were also held constant, 

consistent with the settings defined in the prior sensitivity study. Varying only the 

reference line distance allows for assessing its isolated effects on controller 

efficiency, trajectory generation, and real-time computational demands, offering 

insights into an optimal balance between predictive accuracy and computational 

feasibility. 

 

Table 7-5 Comparison result of varying reference line distance ahead  

Line distance ahead of the last 
node of prediction horizon (m) 

1 2 3 4 

Average solved time (s) 0.0333 0.0385 0.0391 0.0424 

Peak solved time (s) 0.0625 0.0697 0.0953 0.0977 

No. of solver errors 0 0 4 8 

RMS error of vel. tracking (m/s) 0.3706 0.3818 0.4070 0.4183 
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Figure 7-8 Sensitivity study on average solved time and RMS error of velocity 

tracking by varying reference line distance  

 

 

(a) Trajectories 

 

      (b) Zoom-in at box (i)                    (b) Zoom-in at box (ii) 

Figure 7-9 Vehicle trajectory comparison by varying reference line distance 
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The sensitivity study on varying the reference line distance ahead, 𝐷𝑙𝑖𝑛𝑒 reveals 

significant differences in controller performance, as shown in Table 7-5 and 

Figure 7-9. The results indicate that as the line distance ahead increases, the 

average solved time and the RMS error of velocity tracking tend to increase. This 

outcome suggests that larger reference distances make the control task more 

computationally demanding and slightly less accurate in tracking the target 

velocity reference. 

Regarding trajectory accuracy, the visualization in Figure 7-9 shows that the 

reference distance ahead (𝐷) influences the vehicle's trajectory. At reference 

distance of 4 meters (𝐷 = 4), the trajectory became closer to the inner path 

boundary but remains within the limits. This highlights that while a larger 𝐷 allows 

for better anticipation of the upcoming corner, the controller behavious also leads 

to an earlier turn-in, bringing the trajectory closer to the inner path and potentially 

nearing to the path limit. 

For this case, a 2-meter reference line distance effectively balances 

computational efficiency and control accuracy. Although a 1-meter distance 

yields the lowest velocity RMS error and solved time, a 2-meter distance only 

slightly increases these metrics while offering further view ahead. As the 

reference line distance ahead increases, the vehicle can still follow the 

perpendicular reference line, but it tends to go further inside the path, particularly 

in the curved sections of the track. Therefore, it is essential to note the effect of 

reference line ahead distance in optimising PLAPC control performance without 

significantly impacting computational load, while maintaining sufficient accuracy 

and staying within the path limit. 
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7.3.5 Varying Velocity Profile During Cornering 

To further analyse the effect of applying a reference line ahead on vehicle 

trajectory, it is essential to study the impact of varying reference velocity, as this 

significantly influences the vehicle's path. For this analysis, the reference line was 

set at a fixed distance of 2 meters ahead of the vehicle. The controller parameters 

were set with a sampling time of 0.075 seconds, a prediction horizon of 10 nodes, 

and an integration step of 3, consistent with the settings defined in the previous 

sensitivity study.  

 

(a)  

 

(b) 

Figure 7-10 Vehicle trajectory comparison by varying the in-corner velocity 
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Table 7-6 Comparison result of varying velocity profile 

In-corner velocity (m/s) 14 15 16 17 

Average solved time (s) 0.0316 0.0321 0.0356 0.0364 

Peak solved time (s) 0.0611 0.0532 0.0690 0.0959 

No. of solver errors 0 0 0 6 

 

The analysis of the varying velocity profiles and their effect on vehicle trajectory 

and computation time reveals important trade-offs between cornering velocity, 

generated trajectory, and computational efficiency. The trajectory plot in Figure 

7-10 (b) shows that the vehicle's trajectory took a wider exit path after the corner 

as the in-corner velocity increased. This is visually evident as the higher velocity 

(at 17 m/s) leads to a trajectory that approaches the outer boundaries of the track. 

In terms of computational demand, as shown in Table 7-6, the average solved 

time increases as the in-corner velocity increase. This trend reflects that higher 

velocity requires more control adjustments, thereby demanding more from the 

solver. The increase in solved time at higher velocity could impact real-time 

implementation, especially in scenarios with frequent velocity changes. 

Additionally, the peak solved time also increases with higher in-corner velocity. 

The number of instances where the solver exceeded the set sampling time further 

highlights the challenge of higher velocity. At 15 m/s, there were no solver errors 

of exceeding the sampling time, whereas at 17 m/s, there were 6 instances of 

solver errors where the solver took longer than the specified sampling time. It 

suggests that while higher in-corner velocity improve lap times, it will compromise 

the control system’s ability to meet real-time requirements and might deviate from 

the path.  

The overall trade-off indicates that while higher in-corner velocity improves lap 

times by allowing a more aggressive trajectory, it comes at the cost of increased 

computational time. Therefore, this effect in generating velocity profile for real-

time implementation is worth noting.  
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7.3.6 Varying LINEX Parameters 

The LINEX method for torque input penalization is one of the key contributions of 

this work, as mentioned in Sub-Chapter 1.3. It asymmetrically penalizes the 

torque control input by applying a heavier penalty to positive torque while 

imposing a smaller penalty on negative torque. This method is simple to 

implement, and its asymmetry directly promotes energy efficiency by 

encouraging greater energy recovery through regenerative braking. Before 

investigating the effect of varying LINEX parameters, it is crucial to compare the 

LINEX method with a more conventional approach, namely the Rule-Based 

method. The Rule-Based method employs a quadratic function with if-else logic 

to penalize positive torque to minimise energy consumption. Both penalties can 

be expressed as, 

 

LINEX term,  

𝑈𝑙𝑖𝑛𝑒𝑥 = ∑(𝑐 𝑒𝑎 𝑈(𝑇,𝑘) − 𝑏 𝑈(𝑇, 𝑘) +  𝑎0)

𝑁

𝑘=1

 

(7-28) 

  

Rule-based term,  

𝑈𝑟𝑢𝑙𝑒𝑠 = ∑(𝑄𝑝 𝑖𝑓 (𝑈(𝑇, 𝑘) > 0) 𝑈(𝑇, 𝑘)2)

𝑁

𝑘=1

− ∑(𝑄𝑛 𝑖𝑓 (𝑈(𝑇, 𝑘) < 0) 𝑈(𝑇, 𝑘)2)

𝑁

𝑘=1

 

(7-29) 

 

Where 𝑈(𝑇, 𝑘) is torque control input at time 𝑘 for each torque component 𝑇 of 

the front, 𝑇𝑓, rear left, 𝑇𝑟𝑙 and rear right wheel torque, 𝑇𝑟𝑟. Then 𝑄𝑝 and 𝑄𝑛 are 

weighting factors for positive and negative torque. Moreover, the 𝑖𝑓 term is 

conditions that ensure only positive torque is penalized. For a fair comparison, 
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both methods were implemented with equal penalty magnitudes, as shown in 

Figure 7-11 and evaluated under the same velocity profile. 

 

Figure 7-11 Penalty comparison of quadratic rule-based and LINEX functions 

 

 

Figure 7-12 Vehicle trajectory comparison by varying the in-corner velocity 
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   (a)  Front wheel torque                                

 

   (b)  Rear left wheel torque                          (c) Rear right wheel torque 

 

(d) Front Steering angle 

Figure 7-13 Control inputs comparison between LINEX and Rule-based for 

energy efficient 

 

Table 7-7 Result comparison of LINEX and Rule-based for energy efficient 

Key Metrics LINEX Rule-based Differences 

Total energy consumption (kWh) 0.0717 0.0690 + 3.9% 

Regenerative energy generated (kWh) 1.1444 0.9703 + 17.9 % 

Net energy usage (kWh) -1.0727 -0.9013 + 19.0 % 

Lap time (s) 17.925 18.45 - 2.8 % 

(- 0.525 s) 

Average solved time (s) 0.0333 0.0347 - 4.0% 

Peak solved time (s) 0.0623 0.0636 - 

No. of solver errors 0 0 - 
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The performance of the LINEX-based and Rule-Based objective functions was 

evaluated across several key metrics, as shown in Table 7-7, including 

computational efficiency, energy terms, regenerative braking energy recovery, 

and lap time. The results indicate that the LINEX method outperforms the Rule-

Based approach in multiple aspects. LINEX achieved a faster average solve time 

of 0.0333 seconds compared to 0.0347 seconds for the Rule-Based method, 

demonstrating slightly better computational efficiency, which is advantageous for 

real-time implementation. 

Regarding lap time, the LINEX method completed the track in 17.925 seconds, 

significantly faster than the 18.45 seconds achieved by the Rule-Based 

approach. This faster lap time highlights the LINEX method's ability to optimise 

torque application more effectively, which can be seen in torque profile 

comparison in Figure 7-13, enabling improved velocity performance while 

maintaining energy efficiency. 

Energy analysis revealed that while the Rule-Based method recorded a slightly 

lower total energy consumption of 0.06898 kWh (compared to 0.07169 kWh for 

LINEX), it fell short in energy recovery. The LINEX approach recovered 1.1444 

kWh of regenerative braking energy, representing a 17.9% improvement over the 

0.9703 kWh recovered by the Rule-Based method. This superior energy recovery 

allowed LINEX to achieve a net energy usage of -1.0727 kWh, demonstrating a 

19% improvement over the -0.9013 kWh net energy usage achieved by the Rule-

Based approach. 

In conclusion, the LINEX method provides superior energy efficiency by 

maximising regenerative braking recovery while maintaining faster lap times and 

better computational efficiency. Although the Rule-Based method is slightly better 

in minimising raw energy consumption, it sacrifices performance and 

regenerative energy recovery. Therefore, for applications where energy 

efficiency, performance, and real-time feasibility are critical, the LINEX method is 

the preferred choice. 
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To further understand the effect of LINEX parameters, a sensitivity study was 

conducted to see the effect of varying scale factor, 𝑐 of LINEX parameter as 

Equation (7-28). 

 

Figure 7-14 Varying scale factor of LINEX parameters 

 

Table 7-8 Result comparison of varying scale factor of LINEX term for energy 

efficient 

LINEX scale factor, 𝐶 0.2 0.4 0.6 0.8 1 

Total energy consumption 
(kWh) 

0.0734 0.0715 0.0703 0.0697 0.693 

Regenerative energy 
generated (kWh) 

1.1884 1.1370 1.091 1.059 1.036 

Net energy usage (kWh) -1.1150 -1.0655 -1.0212 -0.9899 -0.9671 

Lap time (s) 17.925 17.925 18.00 18.00 18.075 

Average solved time (s) 0.0330 0.0348 0.0344 0.0335 0.0356 

Peak solved time (s) 0.0613 0.0647 0.0642 0.0632 0.0670 

No. of solver errors 0 0 0 0 0 
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(a)                                                           (b) 

Figure 7-15 Total energy consumptions compared to regenerative energy 

generated with varying scale factor of LINEX term  

 

     

 (a)                                                           (b) 

Figure 7-16 Net energy usage and energy efficiency ratio with varying scale 

factor of LINEX term  

 

The results in Table 7-8, Figure 7-15 and Figure 7-16 show that increasing the 

scaling factor 𝑐 in the LINEX term led to a clear trade-off between energy 

consumption, regenerative energy recovery, and performance. As 𝑐 increases, 

total energy consumption decreases, indicating that higher penalties on positive 

torque promote more conservative energy usage. However, this comes at the 

cost of reduced regenerative energy recovery and increased lap times. The 
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Energy Efficiency Ratio also declines with increasing 𝐶, highlighting the 

diminishing effectiveness of energy recovery as the torque control input becomes 

more conservative. Solver performance remains consistent, with no solver errors 

observed across all 𝑐 values. 

In conclusion, smaller 𝑐 values favour higher energy recovery and faster lap 

times, while larger 𝑐 values prioritize energy savings at the expense of energy 

recovery and lap time performance. Selecting the optimal scaling factor, 𝑐 

depends on balancing these trade-offs based on application priorities, which is 

worth noting throughout this work progress. 
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7.4 Robustness Study 

After analyzing the behavior of the PLAPC through the sensitivity study in the 

previous chapter, it is essential to evaluate its robustness against real-world 

variations that autonomous vehicles commonly encounter. This robustness study 

focuses on two key external factors which are variations in vehicle mass and 

electric motor time delay.  

The study was conducted in real-time using IPG CarMaker, ensuring an accurate 

assessment of the PLAPC's performance under these varying external 

conditions. The modifications were applied only to the vehicle plant model in IPG 

CarMaker, while the internal vehicle model parameters within the PLAPC 

remained unchanged. 

To evaluate the robustness of the PLAPC, a multi-corner path with an 8 m/s² 

curvature-based velocity profile with minimum distance to the reference line 

ahead as an objective functions. The controller parameters were set with a 

sampling time of 0.075 seconds, a prediction horizon of 10 nodes, an integration 

step of 3, and 2 meters fixed distance of reference line ahead consistent with the 

settings defined in the previous sensitivity study. 
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7.4.1 Varying Total Vehicle Mass  

A robustness study was conducted by varying the total vehicle mass in the vehicle 

model within IPG CarMaker. The additional mass accounts for two passengers, 

considering that this is a small, lightweight car, along with extra luggage. Based 

on the highest average body mass of 80 kg in the North American region [114], 

the two passengers contribute 160 kg. Additionally, an extra 100 kg was 

considered for luggage. To further analyze the impact of increased mass on 

vehicle performance, an additional 100 kg was added, bringing the total mass 

variation to up to 360 kg. The total vehicle mass was incrementally varied to 

assess its impact on both the trajectory tracking performance and solution time. 

 

Table 7-9 Comparison result of varying total vehicle mass 

Total vehicle mass (kg) 874.5 954.5 1034.5 1134.5 1234.5 

Mass added (kg) 0 kg 80 kg 160 kg 260 kg 360 kg 

Average solved time (s) 0.0349 0.0379 0.0386 0.0392 0.0401 

Peak solved time (s) 0.066 0.0726 0.0664 0.0664 0.0841 

No. of solvers error 0 0 0 0 4 

RMS error of velocity 
tracking (m/s) 

0.9921 1.0847 1.1755 1.2686 1.3577 

Note: Blue cells indicate the baseline value  

      

Figure 7-17 Robustness study on average solved time and RMS error of 

velocity tracking by varying total vehicle mass 
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                   (a) Trajectory                                    (b) Enlarged trajectory 

 

              (c) Longitudinal Velocity                          (d) Lateral Velocity 

 

                   (e) Yaw Angle                                         (f) Yaw Rate 

 

(g) G-G Diagram 

Figure 7-18 Results comparison by varying total vehicle mass 
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   (a)  Front wheel torque                        (b) Rear left wheel torque 

 

   (c)  Rear right torque                        (d) Front Steering angle 

Figure 7-19 Control inputs comparison by varying total vehicle mass 

 

The robustness study assessed the impact of varying total vehicle mass on the 

generated trajectory, computational performance and velocity tracking accuracy 

of the PLAPC. The results, summarized in Table 7-9, demonstrate a clear trend 

where increasing vehicle mass leads to a gradual rise in average solved time, 

peaking at 0.0401 seconds for the heaviest configuration with solver solver errors 

(4 occurrences) are recorded. This suggests that as vehicle mass increases, the 

it becomes more computationally demanding, pushing the solver closer to its 

limits. 

From a control performance perspective, the RMS error of velocity tracking 

follows a worsening trend, rising from 0.9921 m/s at the baseline mass (874.5 kg) 

to 1.3577 m/s at the highest tested mass. This indicates that as the vehicle mass 

increases, the controller struggles to maintain the desired velocity profile with the 

same level of accuracy. This degradation in performance is likely due to the 

additional inertia requiring greater corrective forces, which may exceed the 

capabilities of the control and actuation system. 

The trajectory comparison in Figure 7-18 shows noticeable variations in vehicle 

trajectories as the total vehicle mass increases with the heavier vehicles 
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configurations tend to deviate outward in the corners, indicating a reduction in 

cornering performance. This is due to the increased in mass that increased the 

inertia and the redistribution of normal loads on the tires, leading to reduced 

lateral responsiveness.  

Overall, these findings indicate that while the PLAPC controller maintains 

reasonable robustness across moderate mass variations, performance 

degradation becomes significant at the highest tested masses. The results 

highlight the importance of limiting the maximum total vehicle mass to ensure the 

vehicle's safety and maintain stable performance. 
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7.4.2 Varying Electric Motors Time Delay 

Another essential aspect to be tested is the variation in electric motor delay. This 

study simulates the effects of communication delays, load conditions, power 

supply, physcal condition, or environmental factors that could impact the 

actuator's ability to deliver torque in a timely manner. A variation of 0 to 40 ms 

(Baseline time delay is 10 ms) was tested to analyze its impact. The modifications 

were implemented in IPG CarMaker under the motor control torque command 

parameters by adding “Transport Delay” blocks as seen in Figure 6-4. 

 

Table 7-10 Comparison result of varying electric motor time delay 

Time delay (ms) 0 10 20 40 

Average solved time (s) 0.0347 0.0325 0.0367 0.0380 

Peak solved time (s) 0.0696 0.0643 0.0793 0.0777 

No. of solvers error 0 0 0 2 

RMS error of velocity 
tracking (m/s) 

0.95629 0.9898 1.0309 1.1060 

Lap time (s) 17.775 17.775 17.925 18.150 

Note: Blue cells indicate the baseline value  

 

      

Figure 7-20 Robustness study on average solved time and RMS error of 

velocity tracking by varying electric motor time delay 
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Figure 7-21 Vehicle trajectory comparison by varying electric motor time delay 

 

 

(a)  Front wheel torque                         

  

           (b) Rear left wheel torque                         (c)  Rear right torque 

Figure 7-22 Torque inputs comparison by varying electric motor time delay 

 

The robustness study on electric motor time delay was conducted to assess its 

impact on trajectory tracking, computational performance, and torque inputs. 

Delays ranging from 0 to 40 ms were tested in IPG CarMaker to evaluate the 

effect of actuator response lag under extreme conditions. The results show that 

delays up to 20 ms had minimal impact on vehicle trajectory, while the highest 
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tested delay of 40 ms resulted in solver errors, wider trajectory deviations, and 

noticeable performance degradation. 

As shown in Table 7-10, both average and peak solver times remained relatively 

consistent across all delay scenarios, with no solver solver errors recorded up to 

20 ms. However, at a 40 ms delay, two solver errors occurred, indicating potential 

stability concerns under extreme delay conditions. Similarly, the RMS velocity 

tracking error remained below 1 m/s for all cases except the 20 ms and 40 ms 

delays, where a slight increase was observed. Lap time differences were minimal, 

suggesting that speed tracking was largely unaffected except at the highest delay 

setting. 

Furthermore, trajectory analysis in Figure 7-21 confirms that the vehicle followed 

a nearly identical path for delays up to 20 ms of delay, indicating that actuator 

delay within this range does not significantly impact trajectory tracking. However, 

small deviations were observed in the 40 ms case, where the vehicle followed a 

slightly wider path which likely due to delayed torque execution. Likewise, torque 

inputs in Figure 7-22 showed minor variations across most delay cases. However, 

at 40 ms, small oscillations and lag in torque delivery were observed, indicating 

the controller’s unable to deliver torque commands in a timely manner. 

Overall, the study confirms that electric motor time delays up to 20 ms do not 

significantly affect trajectory tracking, computational load, or torque distribution. 

However, at the extreme end (40 ms), number of solver errors and trajectory 

deviations indicate performance degradation, highlighting a potential limit in the 

controller's robustness. Despite this, the PLAPC controller remained stable 

across practical delay variations, ensuring reliable vehicle performance under 

typical communication or actuation delays. Nevertheless, it is essential to define 

a maximum allowable delay threshold to ensure safe and robust operation. 
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7.4.3 Combination Robustness Test Case 

To further assess the robustness of the PLAPC, the following section evaluates 

the combined effects of variations in total vehicle mass and delays in the electric 

motor command. Two distinct cases are investigated: 

• Combination 1: Using maximum parameters values before having solver 

errors based on previous individual robustness study 

• Combination 2: Maximum parameters values tested 

 

Table 7-11 Combined case scenario change of parameters 

Combination no. 0 1 2 

Case scenario Baseline Max. value 
before solver 

errors 

Max. value 
tested 

Total vehicle mass (kg) 874.5 1134.5 1234.5 

Additional mass (kg) 0 + 260 + 360 

Electric motor time delay (ms) 10 20 40 

Additional time delay (ms) 0 + 10 + 30 

 

Table 7-12 Comparison result of combined case scenario 

Case scenario Baseline Max. value 
before solver 

errors 

Max. value 
tested 

Total vehicle mass (kg) 874.5 1134.5 1234.5 

Electric motor time delay (ms) 10 20 40 

Average solved time (s) 0.0345 0.0376 0.0416 

Peak solved time (s) 0.0643 0.706 0.0883 

No. of solvers error  0 0 5 

RMS error of velocity tracking 
(m/s) 

0.9921 1.3080 1.4477 

Lap time (s) 17.775 18.375 18.825 

Note: Blue column indicate the baseline value  
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                   (a) Trajectory                                    (b) Enlarged trajectory 

 

              (c) Longitudinal Velocity                          (d) Lateral Velocity 

 

                   (e) Yaw Angle                                         (f) Yaw Rate 

 

(g) G-G Diagram 

Figure 7-23 Result comparison between all combinations with minimum 

distance objective 
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   (a)  Front wheel torque                        (b) Rear left wheel torque 

 

           (c) Rear right wheel torque                         (d) Front Steering angle 

Figure 7-24 Control inputs comparison result between all combinations with 

minimum distance objective 

 

 

(a) Combination 0 as the baseline 

 

                          (b) Combination 1                            (c) Combination 2  

Figure 7-25 IPOPT solver information for PLAPC simulations for all cases 
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The combined robustness test was conducted to evaluate how increased in total 

vehicle mass and electric motor command delay affect the performance of the 

PLAPC controller. The test involved two scenarios: Combination 1, with a 

moderate increase in total vehicle mass (1134.5 kg total) and motor delay (20 

ms), and Combination 2, featuring a substantial increase in total vehicle mass 

(1234.5 kg total) along with a longer motor delay (40 ms). The performance in 

these scenarios was compared against the baseline condition (874.5 kg total 

mass, 10 ms delay) to clearly quantify performance degradation under more 

challenging combined conditions.  

As shown in Table 7-12, the average solved time increased from 0.0345 seconds 

to 0.0416 seconds, indicating a higher computational demand in the Combination 

2 scenarios. However, no solver errors were recorded except for Combination 2 

with 5 solver errors instances. Velocity tracking performance degraded, with the 

RMS error increasing from 0.9921 m/s to 1.4477 m/s, suggesting that the 

controller had to work harder to maintain velocity consistency under the combined 

worst case situations. Additionally, lap time increased from 17.775 s to 18.825 

seconds, indicating a slower overall performance due to this combined scenarios. 

Trajectory analysis in Figure 7-23 (a) shows that the Combination 2 resulted in a 

deviated from the path, particularly in the first corner sections, confirming that the 

impact of high vehicle mass and lag in torque delivery due to significant delays. 

In addition, the G-G diagram as in Figure 7-23 (g) highlights a shift in acceleration 

limits, where the Combination 2 scenarios exhibits lower longitudinal acceleration 

and more lateral acceleration levels. This indicates that increased vehicle mass 

significantly affected both acceleration and braking performance. Regarding 

control inputs, Combination 2 exhibited oscillations due to delays in torque 

delivery, reflecting the influence of the increased electric motor command delay. 

Overall, the results indicate that while the PLAPC controller remains stable under 

Combination 1 scenarios, while notable performance degradation occurs in 

Combination 2 regarding velocity tracking accuracy, solver computation time, and 

lap time. Moreover, the deviation or overrun from the intended path observed in 

Combination 2 significantly depends on the initial velocity when approaching the 
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corner. To mitigate these effects, it is recommended to incorporate a vehicle 

mass variation estimator. This could involve, for instance, estimating suspension 

travel while the vehicle is stationary during initialization, thereby enabling the 

controller to detect and adapt to changes in total vehicle mass. Such proactive 

estimation would improve the controller's robustness, enhance vehicle 

performance, and maintain safety. This finding highlights an essential 

consideration for future enhancements in PLAPC design and underlines the 

importance of acknowledging its current limitations. 

 

  



 

153 

7.5 Summary 

This chapter is critical in highlighting the development of PLAPC. It covers the 

formulation of the NMPC problem, the definition of constraints, sensitivity and 

robustness study conducted to identify optimal parameter settings and 

understand the developed controller's behaviour and limitations. From the 

sensitivity study, node 3 for integration steps, a prediction horizon of 0.5 seconds 

(10 nodes), and a sampling time of 0.075 seconds are recommended for this 

work, consistently balancing accuracy, efficiency, and real-time feasibility across 

scenarios. While, a robustness study was conducted to assess the controller’s 

performance under varying total vehicle mass and electric motor time delays. The 

results able to identify the limit parameters of the controller and must be taken 

into consideration to ensure the safety of the autonomous vehicle.  These insights 

provide a strong foundation for further testing and refinement of the controller’s 

development. 
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8 Test Result & Discussions 

8.1 Introductions 

This chapter builds upon the problem formulation, sensitivity and robustness 

study outlined in the previous chapter by presenting the simulation testing results 

conducted in IPG CarMaker. The PLAPC underwent testing across three main 

path scenarios: a single-corner short path, a multiple-corners extended path, and 

a long-distance path on an actual circuit. Additionally, it utilized two distinct 

velocity reference profiles: one derived from optimal solutions and the other 

based on a generated curvature-based velocity profile. These tests evaluate the 

controller's effectiveness under varying path and velocity conditions, 

demonstrating its adaptability and performance. 

The initial validation compares the Path Tracking Controller (PTC) with from [115] 

(further described in Appendix B) to assess its tracking accuracy against the 

optimal solution trajectory. Additionally, the PLAPC trajectory generation is 

evaluated against the same optimal solution trajectory. 

By benchmarking these results, the simulations not only confirm the feasibility of 

the generated optimal trajectory but also establish a baseline for further PLAPC 

development and improvements in simultaneous planning and tracking 

strategies. This controller will undergo further testing under various conditions, as 

outlined in the simulation testing matrix in Table 8-1. In this study, infeasibility 

problems, overrun problems, solved beyond the sampling time and reaching 

maximum number of iterations from the solver is defined as “solver errors”. 
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Table 8-1 Simulation testing matrices in Chapter 8 

Type of velocity 
profile 

(Refer to Table 6-1 ) 

Type of 
Controller  

Type of Path Objective Function 
Tested 

A PTC 

PLAPC 

Single corner 
short path 

Optimise comfort 

B PTC 

PLAPC 

Single corner 
short path 

Minimise distance to 
reference line ahead 

C PLAPC Multi corner 
extended path 

Minimise distance to 
reference line ahead  

D, F PLAPC Multi corner 
extended path 

Minimise distance to 
reference line 
ahead,  

Optimise comfort 

E PLAPC Long distance 
path 

Minimise distance, 

Optimise comfort, 

Optimise energy 

D, F PLAPC Long distance 
path 

Minimise distance to 
reference line 
ahead, 

Optimise comfort 
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8.2 Single Corner Short Path Evaluation  

The results from the optimal solution discussed in Chapter 5 provide a baseline 

for developing PLAPC in this research. This subchapter demonstrates the 

integration of the optimal solution into the path-tracking application, validating the 

optimal solution while offering a more comprehensive understanding of 

developing the PLAPC.  

The comparison between the path-tracking controller (PTC) and the proposed 

PLAPC is essential to evaluate how well each approach handles driving 

objectives, namely minimised time and optimised comfort. While the PTC 

represents a traditional approach to trajectory point tracking based on pre-

computed trajectory, the PLAPC integrates simultaneous planning and tracking 

that dynamically generates trajectories in real-time based on a reference line 

ahead without pre-computed trajectories. This comparison highlights the 

strengths and limitations of each approach, offering insight into the benefits of the 

developed controller. 

The PTC has been developed based on the NMPC method and simulated in the 

IPG CarMaker environment, with a double track 3 DOF vehicle dynamic model. 

The formulation considers the nonlinearities of the vehicle dynamics and the 

constraints of the control inputs, except the PTCs do not consider the load-

dependent Magic Formula tyre model; instead, fixed tyre parameters were used. 

Further details of this PTC can be found in [113] and as described in Appendix B.  

In addition, the bicycle model used in the original formulation of PTC in [113] for 

reference generations of steering angle inputs has been removed. Hence, 𝑥_𝑟𝑒𝑓 

and 𝑢_𝑟𝑒𝑓 are obtained entirely from the offline optimal solution results. The PTC 

has a sampling time of 0.02 seconds and a prediction horizon of one second for 

this purpose. Regarding the weighting matrices, the weighting matrices used as 

described in Appendix A.4.1. 

In this test, a short path single corner of a 90-degree was used to evaluate the 

effectiveness of both PTC and PLAPC. Additionally, it is important to note that 

the PTC uses a 4WS vehicle configuration. Therefore, it is essential to test the 



 

157 

PLAPC with a 4WS configuration for a fair comparison and include the FWS 

configuration as a baseline for further evaluation of the controller's development. 

In addition, both PTC and PLAPC incorporated with the same torque distribution 

method using Active Torque Distribution (ATD) or torque vectoring for rear wheels 

and equal distribution on the front wheels since both are using the same vehicle 

topology as shown in Figure 4-1. 

For the validations, only two extreme ends were considered as references from 

optimal solution results, minimised time and optimised comfort. Therefore, the 

objective function for PLAPC is to minimise the distance to the reference line 

ahead and optimise for comfort. Table 8-2 presented the test matrices for this 

evaluation, 

Table 8-2 Simulation testing matrices for comparison between PLAPC and PTC 

Test 
no. 

Type of 
Controller  

Vehicle 
topology 

Obj. 
function 

Tire load-
dependent 
coefficient 

Type of 
velocity 
profile 

Trajectory 
references 

1 PTC 4WS Track the 
references 

Fixed Optimal 
velocity 

Optimal 
trajectory 

PLAPC 4WS Optimised 

comfort 

Varied Optimal 
velocity 

No 
trajectory 
reference 

PLAPC FWS Optimised 

comfort 

Varied Optimal 
velocity 

No 
trajectory 
reference 

2 PTC 4WS Track the 
references 

Fixed Optimal 
velocity 

Optimal 
trajectory 

PLAPC 4WS Minimised 
distance 

Varied Optimal 
velocity 

No 
trajectory 
reference 

PLAPC FWS Minimised 
distance 

Varied Optimal 
velocity 

No 
trajectory 
reference 

3 PTC 4WS Track the 
references 

Fixed Optimal 
velocity 

Optimal 
trajectory 

PLAPC 4WS Minimised 
distance 

Fixed Optimal 
velocity 

No 
trajectory 
reference 
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(a) Trajectories                                      (b) G-G Diagram 

 

              (c) Longitudinal Velocity                          (d) Lateral Velocity 

 

                   (e) Yaw Angle                                         (f) Yaw Rate 

Figure 8-1 Result comparison of PTC and PLAPC with optimised comfort 

solution as a reference  
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   (a)  Front-wheel torque                         

 

            (b) Rear left wheel torque                      (c) Rear right wheel torque 

 

               (d) Front Steering angle                      (e) Rear Steering angle 

Figure 8-2 Control inputs comparison of PTC and PLAPC with optimised 

comfort solution as a reference 

 

 

                   (a) Lateral deviations                        (b) Velocity deviations 

Figure 8-3 Deviations comparison of PTC and PLAPC with optimised comfort 

solution as a reference  
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(a) Trajectories                                      (b) G-G Diagram 

 

              (c) Longitudinal Velocity                          (d) Lateral Velocity 

 

                   (e) Yaw Angle                                         (f) Yaw Rate 

Figure 8-4 Result comparison of PTC and PLAPC using a minimum time 

solution as a reference  
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   (a)  Front-wheel torque                         

  

            (b) Rear left wheel torque                     (c) Rear right wheel torque 

 

            (d) Front Steering angle                          (e) Rear Steering angle 

Figure 8-5 Control inputs comparison of PTC and PLAPC using a minimum time 

solution as a reference 

 

 

                   (a) Lateral deviation                          (b) Velocity deviations 

Figure 8-6 Deviations comparison of PTC and PLAPC using a minimum time 

solution as a reference  
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Table 8-3 Numerical comparison of PTC and PLAPC with an optimised comfort 

solution as a reference  

Key Metrics PTC-4WS PLAPC-4WS PLAPC-FWS 

Maximum trajectory 
tracking error to the 
optimal solution (m) 

0.7035 1.572 1.7954 

RMS velocity tracking 
error to the optimal 
solution (m/s) 

0.1367 0.2190 0.21145 

 

Table 8-4 Numerical comparison of PTC and PLAPC with a minimum time 

solution as a reference 

Key Metrics PTC-4WS PLAPC-4WS PLAPC-FWS 

Maximum trajectory 
tracking error to the 
optimal solution (m) 

Deviated out of 
the path 

0.385 0.545 

RMS velocity tracking 
error to the optimal 
solution (m/s) 

1.1357 0.24409 0.33419 

 

The results reveal distinct differences in terms of trajectories, accelerations and 

velocity tracking between the PTC (magenta), PLAPC-4WS (blue), and PLAPC-

FWS (red)  across different objectives, as seen in Figure 8-1 and Table 8-3 for 

optimised comfort and Figure 8-4 and Table 8-4 time-optimal as reference. 

Figure 8-1 presents the results for the optimised comfort objective for both the 

PTC and PLAPC performed effectively, with minimal deviations from the optimal 

solution. In subplot Figure 8-1 (a), all trajectories of optimal solution result 

(yellow), PTC result (magenta), PLAPC-4WS (blue), and PLAPC-FWS (red) 

results were aligned closely, indicating strong path adherence. This accuracy is 

further confirmed in subplot Figure 8-1 (b), where both controllers maintain low 

lateral error within 2 meters, as seen in Table 8-3. The acceleration plot in Figure 

8-1 (c) reveals that while the PLAPC has slight fluctuations, the PTC achieves 
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smoother tracking since it tracks exact coordinates. Finally, the velocity profiles 

in Figure 8-1 (d) are nearly identical across all methods, reflecting the lower 

velocity demands of the optimised comfort objective. Overall, both controllers 

adapt well to smooth, low-velocity requirements, with PTC excelling in 

acceleration stability and the PLAPC able to maintain close to the optimal solution 

trajectory adherence. 

In Figure 8-4, the performance of the PTC and PLAPC with a minimum time 

solution as a reference shows significant differences. In Figure 8-4 (a), both 

PLAPC-4WS (blue) and PLAPC-FWS (red) closely aligned with the optimal 

solution trajectory (yellow), while the PTC (magenta) deviated significantly. This 

divergence is emphasized in Figure 8-6 (a), where the PTC’s lateral error rises 

sharply, indicating difficulty in maintaining an aggressive trajectory, whereas the 

PLAPC manages a stable, low lateral deviations for both 4WS and even with the 

FWS steering systems. The acceleration plot Figure 8-4 (b) reveals that the 

PLAPC correlates well with optimal solutions, while the PTC struggles to meet 

the acceleration demands. Finally, in Figure 8-4 (c), the velocity profile confirms 

that the PLAPC closely tracks the optimal velocity profile, while the PTC has 

significant velocity deviation, as seen in Figure 8-6 (b) and Table 8-4. However, 

the velocity tracking for the PLAPC-FWS has the highest deviation due to a longer 

reference line distance at 7.8 meters ahead in order to meet the optimal trajectory 

reference as compared to PLAPC-4WS at 5.2 meters, which reduced the velocity 

tracking accuracy as mentioned in the Sub-Chapter 7.3.4. Overall, the PLAPC 

proves more effective for the minimum distance to reference line ahead objective, 

maintaining velocity and a closer trajectory to the optimal solution, while the PTC 

falls short in this aggressive manoeuvre. 
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It is worth further discussing the significant differences in lateral error between 

the PTC and PLAPC. These two controllers differ fundamentally in their reference 

methods: the PTC follows a conventional coordinate-based approach with a pre-

computed trajectory from optimal solution result [113], while the PLAPC relies 

purely on a perpendicular line-ahead as a reference that generates the trajectory 

on the fly and do the control. The PTC exhibits significant deviation high varied 

velocity, which diminishes its tracking accuracy. However, it shows excellent 

tracking capability in the lower velocity, as seen in, Figure 8-1. This discrepancy 

in lateral deviation underscores the limitations of the PTC in varied high-velocity 

challenging scenarios. 

In contrast to PLAPC, which solved the planning and tracking simultaneously, 

PTC solved hierarchically by the need to feed pre-computed trajectory and 

velocity references to its traditional path-tracking formulation. The deviations 

observed in the PTC results with time-optimal reference are caused by its 

decoupling limitation, as it focuses mainly on lateral dynamics [113] neglecting 

longitudinal dynamics. This limitation makes the PTC struggle to manage sharp 

turns and varied high-velocity scenarios. In contrast, the PLAPC approach 

dynamically adjusts both longitudinal and lateral dynamics, ensuring that it is 

feasible, closer to an optimal trajectory and stays within the path. 
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    (a)  Lateral accelerations                        (b) Sideslip angle 

 

(c) Yaw rate 

 

            (d) Front steering angle                          (e) Rear steering angle 

Figure 8-7 Plots comparison in time domain 

 

This is further analyzed on the time-domain plots as in Figure 8-7, where PTC 

exhibited a slower yaw rate response, primarily due to less aggressive steering 

adjustments which delayed the generation of the required lateral forces, 

preventing the vehicle from achieving the necessary cornering performance in 

time. Additionally, PTC’s higher sideslip angle indicates increased lateral 

slippage, meaning the vehicle experienced more sideways which made it 

deviated out. The PTC’s steering inputs of both front and rear were smoother and 

less reactive, limiting its ability to make sharp turn. In contrast, PLAPC 

demonstrated a more effective steering input strategy, which improved yaw rate 

response and allowed the vehicle to generate the necessary lateral forces more 

efficiently, keeping it closer compare to the optimal solutions trajectory. 
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Another notable point are the acceleration and trajectory differences observed in 

Figure 8-1 (b) and Figure 8-3 (b), where the PLAPC shows deviations from the 

optimal solution under optimised comfort objectives. This discrepancy highlights 

a limitation inherent to the working principles of the PLAPC method. These 

differences arise because PLAPC relies on a line-ahead reference and real-time 

adjustments to maintain the closest possible alignment with the reference line. 

While the optimal solution computes a global trajectory, PLAPC’s real-time 

corrections, combined with its finite prediction horizon and to meet with the 

constraints, lead to localized variations in acceleration. This behaviour is solely 

due to the working principle of PLAPC itself. This contrasts with the PTC, which 

is good for lower velocity situations, which follow the path more consistently, 

resulting in a smoother, more stable acceleration profile. 

To ensure a fair comparison between PTC and PLAPC, another simulation was 

conducted by ensuring both controllers were set up identically. Both controllers 

used the same vehicle topology, equipped with 4WS, rear-wheel ATD and without 

a tyre load-dependent coefficient. In terms of references, the minimum time 

solution as a reference for PTC and PLAPC does not have any trajectory 

reference but only with its objective function to minimise distance to the line 

ahead for PLAPC.  

 

 

 

 

 



 

167 

 

(a) Trajectories                                      (b) G-G Diagram 

 

              (c) Longitudinal Velocity                           (d) Lateral Velocity 

 

                     (e) Yaw Angle                                         (f) Yaw Rate 

Figure 8-8 Result comparison of PTC and PLAPC using a minimum time 

solution as a reference without tire load dependent coefficients 
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   (a)  Front-wheel torque                         

  

           (b) Rear left wheel torque                     (c) Rear right wheel torque 

 

            (d) Front steering angle                          (e) Rear steering angle 

Figure 8-9 Control inputs comparison of PTC and PLAPC using a minimum time 

solution as a reference without tire load dependent coefficients   

 

 

                   (a) Lateral deviation                          (b) Velocity deviations 

Figure 8-10 Deviations comparison of PTC and PLAPC using a minimum time 

solution as a reference without tire load dependent coefficients  
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Table 8-5 Numerical comparison of PTC and PLAPC with a minimum time 

solution as a reference without tire load dependent coefficients 

Key Metrics PTC-4WS PLAPC-4WS 

Maximum trajectory tracking error 
to the optimal solution (m) 

Deviated out of 
the path 

0.328 

RMS velocity tracking error to the 
optimal solution (m/s) 

1.128 0.2359 

 

In this study, the peak tire coefficient was assumed to be fixed and equal across 

all wheels, with 𝐷𝑖𝑗  =  1.166. Since the PTC-based vehicle model, as in [113], 

could not be modified and has already been tested and proven, adjustments were 

made to the PLAPC vehicle model instead. Specifically, the tire load-dependent 

coefficient was removed from PLAPC to match the assumptions in PTC, ensuring 

a fair comparison. Based on the results are presented in Figure 8-8 and Figure 

8-9, PLAPC without tire load-dependent coefficient effectively aligned well with 

the optimal solution trajectory, with a maximum lateral error to optimal solution of 

0.328 meters as shown in Table 8-5. The results were nearly identical to those 

obtained with the tire load-dependent coefficient in Figure 8-4. Additionally, since 

the model had fewer variables, this was reflected in a reduced solved time, as 

seen in Figure 8-13. Therefore, this comparison ensures fairness, and the tire 

load-dependent coefficient was retained in the PLAPC model to accurately 

represent an actual vehicle model. 
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                       (a) PLAPC-FWS                            (b) PLAPC-4WS 

Figure 8-11 PLAPC solved time comparison with optimised comfort as a 

reference 

 

 

                  (a) PLAPC-FWS                                    (b) PLAPC-4WS 

Figure 8-12 PLAPC solved time comparison with minimum time as a reference 

 

 

(a) PLAPC-4WS 

Figure 8-13 PLAPC solved time without tyre load-dependent coefficient 
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Another important thing to highlight is the solved time for the PLAPC, as shown 

in Figure 8-11 and Figure 8-12. These figures compare the solved times for 

different objectives of minimum distance to reference line ahead and optimised 

comfort for both FWS and 4WS. The optimised comfort objective was solved 

below the threshold. This objective is smoother with lower velocity and less 

demanding, allowing the controller to maintain lower solved times, highlighting 

the reduced computational requirements for comfort-focused control. Meanwhile, 

for the minimum distance objective, the solved time exceeded the 0.075 seconds 

threshold, especially between 50 and 100 meters distance mark, which is in the 

corner, indicating a high computational load required for high velocity above 17 

m/s at a tight corner. This is aligned with the sensitivity study conducted in Sub-

Chapter 7.3.5. Additional simulation for a fair comparison by excluding load-

dependent tire coefficient where the solved time shows significant reduction as 

shown in Figure 8-13 but there are few solver errors that exceeded specified 

sampling time. Therefore, further studies are required to investigate the 

developed controller's effectiveness and strategies for its implementation. 

Overall, the results of PLAPC are promising compared to the traditional PTC, 

even when the PTC is tested with a 4WS configuration. A critical observation in 

this scenario is that the addition of rear-wheel steering does not result in 

significant differences in the generated trajectory but does incur a higher 

computational load. This finding establishes a baseline for focusing solely on the 

FWS vehicle configuration in future studies in the following chapter to further 

develop the PLAPC.  



 

172 

8.3 Multi Corners Extended Path Evaluation with Time Optimal 

Velocity Profile 

The previous chapter compared the PLAPC with offline optimal solutions and a 

traditional path tracking controller (PTC) [113] under comfort and time optimality 

scenarios. These evaluations were conducted using both 4WS configurations 

and the standard FWS setup (only for PLAPC). The results demonstrated that the 

PLAPC closely aligns with the optimal solution's trajectory, whereas the PTC 

struggled to stay within path limits, even with the enhanced capability of 4WS 

configurations.  

For this reason, the PLAPC has been further developed using FWS 

configurations, thereby reducing modelling complexity and computational time 

while aligning with the steering systems commonly found in most vehicles today. 

This approach ensures that the effectiveness of the PLAPC is validated for 

conventional vehicles without advanced steering systems, such as 4WS. 

To further evaluate the PLAPC, an extended path with multiple corners was 

introduced, as shown in Figure 4-8. This setup provides a comprehensive 

validation of how closely the generated trajectory aligns with the optimal solution 

trajectory.  

The velocity reference for this test is derived from the optimal solution based on 

a specific objective function, allowing a direct comparison of the controller's 

tracking performance under more complex path conditions. However, as noted in 

the previous chapter, the PLAPC's computational time increased in corners due 

to the complexity at higher velocities. To address this for real-time 

implementation, the velocity reference was reduced to a 90% factor of the optimal 

value, as ideal solutions can often be impractical in such scenarios. 
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(a) Trajectories 

 

              (b) Longitudinal Velocity                          (c) Lateral Velocity 

 

                   (d) Yaw Angle                                         (e) Yaw Rate 

 

(f) G-G Diagram 

Figure 8-14 Result comparison between minimum time solutions and PLAPC 

with minimum distance objective 
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   (a)  Front-wheel torque                         

  

          (b) Rear left wheel torque                      (c) Rear right wheel torque                          

 

(d) Front Steering angle 

Figure 8-15 Control inputs comparison result between minimum time solutions 

and PLAPC with minimum distance objective 

 

 

Figure 8-16 IPOPT solver information for PLAPC simulations 
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Figure 8-17 Lateral error between minimum time solutions and PLAPC with 

minimum distance objective 

 

 

Figure 8-18 Velocity tracking error between time optimal solutions and PLAPC 

with minimum distance objective 

 

Table 8-6 Result of time objective for the multi-corner simulations  

Vehicle topology FWS 

Average solved time (s) 0.0346 

Peak solved time (s) 0.0562 

No. of solver errors 0 

RMS error of velocity tracking (m/s) 0.2918 

RMS error of generated trajectory to optimal solution (m) 1.1248 

 

Table 8-7 Result of lap time for the multi-corner simulations  

Vehicle topology FWS 

PLAPC lap time (s) – with 90% velocity factor 16.4895 

Optimal solution lap time (s) 14.0135 
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The results presented in Figure 8-14 demonstrated the effectiveness of the 

PLAPC with FWS vehicle topology. In terms of trajectory, Figure 8-17 (a) shows 

that the controller is able to match some parts of the reference trajectory derived 

from the optimal solutions; however, peak deviations of 2.87 meters were 

observed after the first corner, at the straight path section. While this indicates 

that the controller can generate and track a feasible path, this level of deviation 

remains significant in high-precision applications or in tight space, highlighting 

areas for further refinement and one of the limitation of this method. Additionally, 

the G-G diagram in Figure 8-14 (f) shows that the friction limit is reached on the 

lateral side, demonstrating efficient utilization of the tyre forces. 

The velocity tracking performance, illustrated in Figure 8-18, highlights that the 

controller maintains close adherence to the reference velocity profile with 

deviations below 1 m/s. This level of accuracy ensures minimal compromise in 

velocity tracking, even during high-velocity scenarios.  

Furthermore, the control input demands, including torque and steering angle, 

shown in Figure 8-15, exhibited a consistent trend, though slight jumps are 

observed due to real-time implementation with limited horizon length compared 

to idealized optimal solutions. 

Figure 8-16 highlights the real-time feasibility of the controller where the average 

time and peak time remained below the specified sampling time of 0.075 seconds 

with zero solver errors of each step. However, increased computational load 

during high-velocity cornering warrants attention, especially for real-time 

implementation in challenging scenarios. 

In terms of lap time comparison, as presented in Table 8-7, when compared to 

the optimal solution lap time, the FWS configuration with a 90% velocity factor 

results in a lap time approximately 2.4 seconds longer than the optimal solution. 

This deviation is acceptable, given that the PLAPC operates in real-time, while 

the optimal solution represents an idealized scenario. 

Overall, the PLAPC achieves a balance between trajectory accuracy, velocity 

tracking, and control effort, all while maintaining real-time feasibility. Minor 
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deviations in lateral position and velocity, particularly in sharp corners, are 

attributed to the dynamic nature of the perpendicular line-based reference 

method. Future improvements could focus on alternative velocity profile 

generation methods and expanding testing across diverse scenarios to evaluate 

the effectiveness. 
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8.4 Multi Corners Extended Path Evaluation with Individual 

Curvature-based Velocity Profile  

The previous subchapter derived the velocity reference from an optimal solution 

velocity profile scaled to 90% of its original values to balance performance and 

feasibility. While this approach is effective for evaluating the PLAPC close to ideal 

conditions, it has limitations in real-world applications. Optimal solutions are 

computationally intensive, often impractical for real-time implementation, and 

challenging to generate, particularly for longer paths or maps [10] and also if 

require for re-planning. A curvature-based velocity profile is introduced as an 

automated method for generating velocity profiles to address these challenges. 

This transition is particularly relevant for passenger vehicles, prioritising safety 

and comfort while occasionally requiring dynamic performance and quick 

generation of velocity profiles, unlike time-optimal velocity profiles, better suited 

for racing applications or fixed paths.  

This ensures that testing aligns more closely with real-world scenarios, where 

both comfort and agility are essential. Additionally, it demonstrates the 

controller’s ability to adapt to varying velocity references, bridging the gap 

between idealized optimal solutions and practical real-time applications. This 

approach enhances feasibility across diverse vehicle platforms by reducing 

computational demands and ensuring compatibility with common vehicle 

configurations. 

The evaluation of the PLAPC continues with the creation of two distinct velocity 

profiles based on the path curvature, as mentioned in Sub-Chapter 6.3. These 

profiles were tailored to address two contrasting objectives: minimising the 

distance to the reference line ahead and optimising comfort. 

Another point to note is that since the curvature-based velocity profile is not 

optimised for time, the objective is referred to as minimising the distance to the 

reference line ahead rather than time.  
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Figure 8-19 Velocity profiles based on the path curvature  

 

As depicted in Figure 8-19, two velocity profiles are presented. The first, more 

aggressive profile mean for the distance objective features an acceleration and 

deceleration slope of 8 m/s². In contrast, the second profile is more moderate, 

designed for comfort, with a maximum acceleration and deceleration slope of  2 

m/s², emphasizing comfort. The initial velocity tested in this evaluation is 18 m/s, 

with maximum velocity at zero curvature or straight path at 21 m/s and started at 

the same initial position. 

 

(a) Trajectories 
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(b) Longitudinal velocity 

 

(c) Lateral velocity 

 

                   (d) Yaw Angle                                         (e) Yaw Rate 

Figure 8-20 Vehicle states comparison of between objective functions 

 

 

Figure 8-21 G-G diagram comparison of between objective functions 
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   (a)  Front wheel torque                         

 

(b) Rear left wheel torque                   (c) Rear right wheel torque 

 

(d) Front Steering angle 

Figure 8-22 Vehicle control inputs comparison of between objective functions 

 

 

Figure 8-23 Velocity tracking error comparison of between objective functions 
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(a) Distance                                        (b) Comfort 

Figure 8-24 IPOPT solver information during the simulations 

 

Table 8-8 Result of various objective simulations between velocity profiles 

Velocity profile 1  2  

Objective Functions Distance Comfort Differences 

Energy Consumptions (kWh) 0.0734 0.0358 51.2% 

RMS error of velocity reference (m/s) 0.9658 0.2302 76.1% 

RMS weighted lon. acceleration (m/s2) 2.2522 0.7320 67.5% 

RMS weighted lat. acceleration (m/s2) 1.6986 1.1486 32.4% 

Lap time (s) 17.7750 18.9750 1.2s 

Average solved time (s) 0.0356 0.0362 - 

Peak solved time (s) 0.0655 0.0453 - 

No. of solver errors 0 0 - 

Note: Green cells indicate the lowest values in the respective rows. 

 

The simulation results demonstrate the effectiveness of the developed PLAPC in 

achieving stated objectives with two distinctive velocity profiles. The trajectories 

generated for each objective, as seen in Figure 8-20 (a), illustrate the controller's 

ability to adapt to different objectives and velocity references.  

The longitudinal velocity error in Figure 8-23 indicates effective velocity tracking 

across both objectives, with minimal deviations, where all are shown below 1.0 

m/s RMS velocity error to the reference velocity, as in Table 8-8. It can be seen 

that a mellow velocity profile, such as profile 2, tracked better than aggressive 

velocity profile 1. The distance objective has the highest velocity tracking error 
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due to the limitation of torque available especially on the front wheel torque. 

However, it is still a good indication that the controller is able to track the velocity 

well without too much deviations. 

The G-G diagrams, as shown in Figure 8-21, highlight the differences in friction 

utilization. As expected, the distance objective utilizes a larger portion of the 

friction circle, indicative of aggressive manoeuvres. In contrast, the comfort 

objective, it can be seen that its minimised the lateral acceleration to promote the 

vehicle's comfort ride.  

As seen in Figure 8-22, the vehicle control inputs provide additional insights into 

the controller's performance. The distance objective exhibits aggressive torque 

input and more abrupt steering angles, while the comfort objectives show 

smoother torque profiles and reduced steering variations, enhancing ride quality 

and reducing energy consumption. 

Importantly, all solver times were well below the sampling time threshold of 0.075 

seconds with a maximum peak time solved of 0.0655 seconds for a minimised 

distance objective with no solver errors recorded, as shown in Figure 8-24 and 

Table 8-8.  

Regarding comfort, velocity profile 2 with the comfort objective achieves the 

lowest lateral and longitudinal weighted RMS accelerations, confirming its 

effectiveness in improving ride comfort, as seen in Table 8-8. As expected, the 

most uncomfortable case is velocity profile 1 with the distance objective, due to 

its aggressive acceleration of the generated velocity profile. 

In terms of energy saving, energy consumption is obviously less with 

unaggressive velocity profile 2, as stated in Table 8-8. Furthermore, as expected, 

the comfort objective achieves the best comfort level with the lowest RMS values 

for both weighted longitudinal and lateral accelerations with Velocity Profile 2, 

which is very relaxed in acceleration and deceleration. In comparison, the 

distance objective, as expected, achieves the fastest lap time due to the velocity 

profile, which has higher accelerations. 
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This testing was conducted separately across two distinct velocity profiles to 

evaluate its performance under specific velocity profile and individual objectives. 

This approach allowed for a focused evaluation of the controller's performance 

when prioritizing a single objective under specific driving conditions. In addition, 

it highlights the trade-offs between performance, energy efficiency, and comfort, 

offering valuable insights into the PLAPC's adaptability and effectiveness across 

different use cases.  
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8.5 Long Path Evaluation with Common Curvature-based 

Velocity Profile 

To further assess the effectiveness of the PLAPC, testing on a longer and more 

complex path is essential. For this purpose, the Sepang International Circuit, with 

a total length of 5,534 meters and an average track width of 16 meters, was 

selected. A detailed plot of the circuit can be found in the Appendix A.2.3. 

A common curvature-based velocity profile was generated to evaluate the 

PLAPC across all objective functions. As shown in Figure 8-25, the velocity profile 

is designed with an acceleration and deceleration rate of 5 m/s², a maximum 

velocity of 24 m/s, and a minimum velocity determined by the path curvature, as 

described in Sub-Chapter 6.3. This acceleration and deceleration rate represents 

a balanced approach, ensuring suitability for all objective functions while 

maintaining realistic performance characteristics.  

 

 

Figure 8-25 Common velocity profiles to test all objective functions 
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(a) Trajectories 

 

(b) Zoom-in at box (i)                            (c) Zoom-in at box (ii) 
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(d) longitudinal velocity 

 

(e) lateral velocity 

 

(f) Yaw rate 

Figure 8-26 Vehicle states comparison of various objective PLAPC result for 

long-distance evaluations 
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Figure 8-27 G-G diagram comparison of various objective PLAPC result for 

long-distance evaluations 

 

 

   (a)  Front wheel torque 

 

(b) Rear left wheel torque 

 

(c) Rear right wheel torque  
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(d) Front Steering angle 

Figure 8-28 Vehicle control inputs comparison of  various objective PLAPC 

result for long-distance evaluations 

 

 

Figure 8-29 Velocity tracking error of various objective PLAPC for long-distance 

evaluations 

 

           

          (a) Distance                        (b) Comfort                         (c) Energy 

Figure 8-30 IPOPT solver information during the simulations 
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Table 8-9 Result of multi-objectives simulations for long-distance evaluations 

Velocity profile Common profile at 5 m/s2  

Objective functions Distance Comfort Energy 

Energy consumption (kWh) 0.7549 0.7256 0.7263 

Regen. energy generated (kWh) 0.3451 0.3272 0.3296 

Net energy consumption (kWh) 0.4098 0.3984 0.3967 

RMS error of velocity ref. (m/s) 0.2383 0.2465 0.4516 

RMS weighted lon. acc. (m/s2) 0.9046 0.8335 0.7589 

RMS weighted lat. acc. (m/s2) 0.8814 0.5153 0.7776 

Lap time (s) 231.90 235.35 234.30 

Average solved time (s) 0.0350 0.0342 0.0324 

Peak solved time (s) 0.0650 0.0615 0.0564 

No. of solver errors 0 0 0 

Note: Green cells indicate the lowest values in the respective rows, and red cells 

indicate the highest values in the respective rows. 

 

The developed controller is further validated with a longer distance path, and 

tested with a common velocity profile across all objective functions. The 

trajectories generated for each objective, as seen in Figure 8-26(a), illustrate the 

controller's ability to adapt to different objectives. All three objectives generate 

different trajectories depending on their function. As expected, the Comfort and 

Energy objective results in a wider trajectory than the Distance objectives, as it 

aims to reduce the impact of longitudinal and lateral accelerations, enhancing 

ride comfort and minimising energy consumption.  

The longitudinal velocity profiles in Figure 8-29(b) indicate effective velocity 

tracking across all objectives, with minimal deviations, where all are shown below 

0.5 m/s RMS velocity error to the reference velocity, as in Table 8-9. The highest 

velocity tracking error is from the energy objective function, which due to heavy 

penalization on the positive torque, thus impacting the velocity tracking, 
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especially during accelerations and high speed. On the other hand, the less 

aggressive comfort objective shows better tracking of the reference velocity. 

The G-G diagrams, as shown in Figure 8-27, highlight the differences in friction 

utilization among the objectives, where it can be seen that the distance objective 

has the most tyre friction utilization. In contrast, the energy objective function 

minimised the positive torque, which reduced the longitudinal acceleration, and 

the Comfort objective minimised both impacts on the longitudinal and lateral 

accelerations for better comfort level. 

As seen in Figure 8-28, the vehicle control inputs provide additional insights into 

the controller's performance. The distance objective exhibits aggressive torque 

inputs and more abrupt steering angles, while Comfort objectives show smoother 

torque profiles and reduced steering variations, enhancing ride quality. On the 

other hand, for the energy objective, heavy penalization on the positive torque 

reduces energy consumption and allows for more negative torque to promote 

more energy recovery through regenerative braking.   

Importantly, all objectives maintain solver times well below the sampling time 

threshold of 0.075 seconds with a maximum peak time solved of 0.0650 seconds 

for minimise distance objective with no solver errors recorded, as shown in Figure 

8-30 and Table 8-9. In terms of energy saving, the energy objective reduced 

energy consumption by 3.3% over the distance objective. Furthermore, the 

comfort objective achieves the lowest RMS values for weighted lateral 

accelerations as it prioritizes comfort. However, the energy objective has the 

lowest RMS value for weighted longitudinal acceleration due to its heavy 

penalization on the positive torque. The distance objective achieved the fastest 

lap time, and the comfort objective was the slowest that met their objectives. 

In terms of comfort level, the comfort objective achieves the lowest lateral 

weighted RMS acceleration, as seen in Table 8-9, reducing lateral forces and 

improving ride quality. Surprisingly, the energy objective results in the lowest 

longitudinal weighted RMS acceleration, which can be attributed to the heavy 

penalization on positive torque. This constraint limits aggressive acceleration, 

naturally smoothing longitudinal forces. While the comfort objective effectively 
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minimises lateral impact, the energy objective unintentionally reduces 

longitudinal impact due to torque constraints. However, this outcome is ultimately 

influenced by the velocity profile itself, which is not explicitly optimised for either 

comfort or energy efficiency. 

As for energy usage, the energy objective that utilized LINEX loss function 

technique achieved the lowest net energy consumption, as seen in Table 8-9. 

Surprisingly, the comfort objective is nearly as efficient, showing that prioritizing 

comfort does not significantly impact energy usage. The distance objective 

consumes the most energy but also recovers the highest regenerative energy, 

partially offsetting its consumption. Overall, the energy objective is the most 

efficient, while the comfort objective remains competitive in energy savings. 

In summary, the results showcase the versatility of the developed PLAPC in those 

objectives. The distance objective prioritizes lap time by minimising the distance 

line ahead, the energy objective minimises net energy consumption by promoting 

more energy recovery, and the comfort objective enhances ride comfort by 

penalising longitudinal and lateral acceleration terms. The controller achieves 

these goals while maintaining real-time feasibility, highlighting its potential for 

practical autonomous driving applications. 
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8.6 Long Path Evaluation with Individual Curvature-based 

Velocity Profile  

In this subchapter, individual velocity profiles assess the controller’s ability to 

track the reference velocity while adhering to specified objectives. These profiles 

are designed with a maximum velocity of 24 m/s, and the lowest velocity depends 

on the path curvature, as mentioned in Sub-Chapter 6.3. Two distinct velocity 

profiles were generated to represent different driving objectives, featuring 

acceleration and deceleration of 8 m/s² (Velocity Profile 1) and 2 m/s² (Velocity 

Profile 2), respectively. The profiles are illustrated in Figure 8-31 below. 

 

 

Figure 8-31 Velocity profiles for Sepang International Circuit 
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(a) Trajectories 

 

(b) Zoom-in at box (i)                            (c) Zoom-in at box (ii)  
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(d) longitudinal velocity 

 

(e) lateral velocity 

 

(f) Yaw rate 

Figure 8-32 Vehicle states comparison of various objective PLAPC results for 

long distances with distinct velocity profile 

 



 

196 

 

Figure 8-33 G-G diagram comparison of various objective PLAPC results for 

long distances with distinct velocity profile 

 

 

   (a)  Front wheel torque 

 

(b) Rear left wheel torque 

 

(c) Rear right wheel torque  
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(d) Front Steering angle 

Figure 8-34 Vehicle control inputs comparison PLAPC result for long distance 

with the distinct velocity profile 

 

 

Figure 8-35 Velocity tracking error of various objective PLAPC for long 

distances with distinct velocity profile 

 

     

 (a) Distance                                           (b) Comfort 

Figure 8-36 IPOPT solver information during the simulations 

 

 

 

 

 



 

198 

Table 8-10 Result of various objectives simulations for a long-distance path 

Velocity profile 1  2  

Objective Functions Distance Comfort Differences 

Energy Consumptions (kWh) 0.7812 0.6659 17.3 % 

RMS error of velocity reference (m/s) 0.5766 0.1715 236.1 % 

RMS weighted lon. acceleration (m/s2) 1.1220 0.3776 197.1 % 

RMS weighted lat. acceleration (m/s2) 0.8318 0.4319 92.6 % 

Lap time (s) 231.6750 241.7250 - 10.05 s 

Average solved time (s) 0.0321 0.0315 - 

Peak solved time (s) 0.0590 0.0512 - 

No. of solver errors 0 0 - 

Note: Green cells indicate the lowest values in the respective rows. 

 

Validation of the developed controller continues in long-distance paths with 

individual velocity profiles. The trajectories generated for each objective, as seen 

in Figure 8-32(a), illustrate the controller's ability to adapt to different objectives. 

Both objectives show different trajectories depending on their objective functions. 

As expected, the comfort objective resulted in a wider trajectory than the distance 

objectives, as it aims to reduce the impact of longitudinal and lateral 

accelerations, thereby enhancing ride comfort. This is also reflected in the 

magnitude of the comfort level, as shown in Table 8-10, where it falls within the 

'A little uncomfortable' classification, as mentioned in ISO 2631-1. On the other 

hand, the distance objective results is classified as 'Uncomfortable,' as it was 

tested with higher acceleration levels. 

The longitudinal velocity profiles in Figure 8-32(d) indicate effective velocity 

tracking across all objectives, with minimal deviations, where all are shown below 

0.6 m/s RMS velocity error to the reference velocity, as in Table 8-10. The less 

aggressive, the better tracking to the reference velocity. In addition, the resulting 

lateral velocity, as in Figure 8-32 (e), further supports that the comfort objective 

minimises lateral impact, aligning with its goal of reducing ride discomfort. 
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The G-G diagrams in Figure 8-33 highlight the differences in friction utilization 

among the objectives. This may not be significant as the velocity profile is not 

optimised to any objective function. However, it can be seen that the distance 

objective uses the most tyre friction, while the comfort objective minimises both 

impacts on the longitudinal and lateral accelerations. 

As seen in Figure 8-34, the vehicle control inputs provide additional insights into 

the controller's performance. The distance objective exhibits aggressive torque 

input and more abrupt steering angles, while the comfort objectives show 

smoother torque profiles and reduced steering variations, enhancing ride quality 

and reducing discomfort.   

As seen in previous tests with the multi-corner extended path, velocity profile 

selection significantly impacts comfort levels, as shown in Table 8-10. The lower 

acceleration velocity profile (comfort objective) reduces both longitudinal and 

lateral accelerations, improving ride comfort. However, this also affects energy 

consumption, leading to a reduction in energy usage but at the cost of a notably 

slower lap time. 

Importantly, all objectives maintain solver times well below the sampling time 

threshold of 0.075 seconds with a maximum peak time solved of 0.0590 seconds 

for minimising distance objective with no solver errors recorded, as shown in 

Figure 8-36 and Table 8-10. Regarding energy saving, the comfort objective gives 

the lowest energy consumption compared to the distance objective, which 

significantly differs in accelerations or velocity profile. Furthermore, the comfort 

objective achieves the lowest RMS values for weighted lateral accelerations as it 

prioritizes comfort. The distance objective achieved the fastest lap time, and the 

comfort objective was the slowest, with a significant gap of 10.05 seconds. 

In summary, the results showcase the versatility of PLAPC in both contradicting 

objectives in different velocity profiles. The distance objective prioritizes lap time 

by minimising the distance line ahead, and the comfort objective enhances ride 

comfort by penalising longitudinal and lateral accelerations. The controller 

achieves these goals while maintaining real-time feasibility, highlighting its 

potential for practical autonomous driving applications.  
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8.7 Overall Discussion  

The proposed PLAPC offers notable advantages, particularly in its ability to 

generate its own trajectory on the fly. Unlike traditional methods that require 

specific point coordinates, the PLAPC operates based on a line ahead of the 

vehicle as a reference. This approach offering a wide visual representation of the 

driving path while maintaining awareness of lateral boundaries. Additionally, the 

controller is not dependent on exact coordinates, making it more robust to road 

conditions, map inaccuracies or borderless or unmarked road. 

The evaluation began with a short single-corner path, as described in Sub-

Chapter 8.2, where the PLAPC was compared against an existing traditional 

path-tracking controller using a velocity reference derived from an optimal 

solution. Both FWS and 4WS vehicle topologies were tested to demonstrate the 

applicability of the PLAPC. Notably, even with the conventional FWS 

configuration, without the additional benefit of rear-wheel steering, the PLAPC 

could closely replicate the optimal solution trajectory and effectively track the 

velocity profile. 

The evaluation continued using the FWS vehicle topology as a baseline, applied 

to an extended distance of multi-corner path, as detailed in Sub-Chapters 8.3 and 

8.4. The key difference between these two evaluations lies in the velocity profiles 

used. In Sub-Chapter 8.3, the velocity profile was based on 90% of the time-

optimal solution, whereas in Sub-Chapter 8.4, the profile was generated based 

on the path curvature. Different velocity profiles demonstrate two distinct methods 

applicable to a wide range of autonomous vehicle scenarios: one focused on 

performance optimisation and the other on practicality while meeting the real-time 

requirement. 

Lastly, to ensure the real-world implementation of the PLAPC, the controller was 

further tested on the full-length, 5,543-meter Sepang International Circuit as in 

Sub-Chapters 8.5 and 8.6. The evaluation began with a common velocity profile 

that covered all objective functions and was followed by tests with individual 

velocity profiles aimed at optimising specific objectives, either optimising comfort 

or minimising the distance to the reference line. These tests explored the 
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controller's ability to handle extreme scenarios on both ends of the performance 

spectrum. 

Despite the advantages outlined earlier, the developed controller does exhibit 

certain limitations that need to be addressed to enhance its overall capability and 

applicability in diverse driving scenarios. One of the notable limitations of the 

controller in general is that the trajectory generated is perpendicular to the line, 

making it impossible to do curve trajectory in the straight-line path unless 

changing the reference line length width or angle. However, the obstacle is not 

considered in this research. Addressing this limitation represents a critical area 

for improvement and has been proposed for enhancements in Chapter 9.2.  

The proposed controller has been designed under the assumption stated in Sub-

Chapter 4.1, which considers a continuous path and without static or dynamic 

obstacles. It is designed for structured environments with well-defined road 

boundaries, ensuring operation within clear constraints. However, in complex 

environments such as T-junctions, intersections, or shared spaces with multiple 

road users traveling in different directions, additional considerations and further 

study are required. 

An effective perception system is essential such as integrating data from LiDAR, 

cameras, or V2X communication to detect and calculate the distance to 

dynamically adapt based on the changing environment. In scenarios like 

intersections or T-junctions with multiple vehicles at a time, a systematic 

coordinated approach can be implemented in this work, as studied in [116], where 

an MPC-based coordination strategy prioritizes collision-free passage and 

minimal travel time across the intersection. A centralized coordinator via V2X 

manages vehicle movements within specified zones and orders vehicles to move 

to the highest allowed velocity, ensuring smooth acceleration and passenger 

comfort by enforcing acceleration constraints. This study also includes time-

based priorities to prevent conflicts, minimise stops and optimise traffic flow. A 

more advanced approach is proposed in [117], utilizing reinforcement learning, 

modelled as a Partially Observable Markov Decision Process. The framework 

leverages deep Q-learning to learn optimal policies by predicting future 
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trajectories and risk levels of surrounding agents, including vehicles, pedestrians, 

and cyclists. A graph-based representation is used, where nodes represent traffic 

participants, and edges encode interaction strengths. The model is tested more 

challenging environment with non-signalized T-junctions and lane merge 

intersections, handling complex multi-agent interactions while optimising for 

safety, comfort (low jerkiness), and energy efficiency. However, further study is 

required to assess its applicability to PLAPC, as this aspect is not covered in this 

work. 

In shared spaces, where road users might not follow strict lane boundaries, 

dynamic object detection and avoidance become critical. The controller should 

not only ensure lane discipline where applicable but also actively minimise the 

vehicle's exposure to dangerous areas, such as the middle of an intersection, by 

minimising the time spent in high-risk zones. For object and obstacle avoidance, 

an adaptive reference line width is proposed to enable safe manoeuvres around 

obstacles while maintaining feasible trajectories. 

Future work outlined in Sub-Chapter 9.2 addresses these challenges by further 

exploring the controller’s adaptability in complex scenarios, ensuring safe and 

efficient navigation for autonomous vehicles. 
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8.8 Summary 

This chapter concludes the development and evaluation of the simultaneous 

planning and tracking controller named PLAPC. The study compared path-

tracking performance comprehensively, showcasing the PLAPC's capability to 

generate precise trajectory adherence closer to optimal solution trajectory. Then, 

the PLAPC was tested in scenarios involving optimal solutions requiring 

aggressive vehicle manoeuvres, highlighting its ability to handle challenging 

driving. Additional tests included simulations on extended distances of multi-

corner paths to evaluate the controller's adaptability in directional changes. 

Finally, the PLAPC was validated on a long-distance, realistic path, 

demonstrating its applicability over further extended distances. 

Moreover, the controller was assessed in multi-objective scenarios, where it was 

successfully able to manoeuvre with good velocity tracking and stay within road 

limits for safety. These tests emphasized its versatility and ability to adapt to 

various driving situations, from smooth cruising to challenging manoeuvres in 

constrained environments. 

In summary, this chapter illustrates the comprehensive development and testing 

of the developed PLAPC, showcasing its capability to operate effectively across 

various driving scenarios. The findings serve as a solid foundation for the 

development of a controller that benefits autonomous vehicles.  
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9 Conclusions 

This thesis presents the development of a novel controller under a simultaneous 

planning and tracking framework, named Perpendicular Line Ahead Planner 

Controller (PLAPC), which introduces an innovative approach of utilizing line 

ahead reference system and an automatic curvature-based velocity profile. This 

controller provides a complete solution that eliminates reliance on pre-defined 

optimised trajectories and addresses the limitations of hierarchical methods. This 

framework offers flexibility, enabling its implementation across various vehicle 

configurations. It is capable of satisfying diverse objectives without requiring 

adjustments to the underlying strategy. This ability to seamlessly adapt to varying 

scenarios makes the proposed framework highly robust, safe and practical for 

real-world deployment. The following subchapter highlights the contribution made 

in this work. 

 

9.1 Summary of Contributions 

1) Development of novel controller, PLAPC 

The PLAPC replaces traditional point-based references with a line-ahead 

reference system, removing the need for pre-computed trajectory references 

via a simultaneous planning and tracking framework. 

 

2) Multi-Objective Optimisation 

The framework integrates multi-objective functions to address diverse and 

conflicting goals, such as related to time efficiency, optimised comfort and 

energy efficiency. This allows the controller to perform effectively under 

varying operational requirements. 

 

3) Introduction of the LINEX Penalty Term for Energy Efficient 

A novel LINEX (Linear-Exponential) penalty term for torque control inputs 

was introduced to promote energy recovery and improve energy efficiency. 



 

205 

Compared to traditional quadratic penalties, this approach simplifies the 

controller design while enhancing regenerative braking capabilities. 

 

4) Applicability to Baseline Configurations 

The PLAPC has been successfully implemented and validated with a 

baseline Front-Wheel Steering (FWS) configuration, demonstrating its 

versatility and capability even in conventional setups without advanced 

steering systems such as 4WS. 

 

5) Real-Time Validation 

High-fidelity simulations in IPG CarMaker validated the real-time implement-

ability of the PLAPC, ensuring the controller operates within specified 

computational limits and is suitable for diverse scenarios and objectives. 

 

This thesis advances autonomous vehicle motion planning and control by 

introducing novel methodologies and validated strategies that address key gaps 

in the field. The proposed PLAPC framework eliminates reliance on pre-defined 

trajectories, incorporates multi-objective optimisation, and ensures real-time 

adaptability, paving the way for practical, efficient, and safe autonomous driving 

systems. These contributions provide a foundation for further research and 

development in motion planning and control for autonomous vehicles. 

 

  



 

206 

9.2 Recommended for Future Work  

The work presented in this thesis demonstrates a strong foundation of the 

developed controller; however, there are several avenues for further 

improvement and exploration. Key recommendations for future work include, 

1) Real-Time Implementation on a Scaled or Full-Scale Prototype Vehicle. 

While the controller has been validated through simulation using industry-

proven high-fidelity software, IPG CarMaker, the next step involves 

implementing it on a real-time system. Testing on a scaled prototype or a 

full-scale vehicle would allow for further validation of its practical 

applicability and performance in real-world conditions. This would help 

identify potential issues related to hardware constraints, communication 

delays, and sensor integration that may not have been evident in the 

simulation. 

2) Testing in Diverse Driving Environments. Expanding the testing scenarios 

to include varying weather conditions (such as rain, snow), road surfaces 

(such as gravel, wet asphalt), gradient (such as uphill, downhill) and 

uneven road boundary would provide a more comprehensive evaluation 

of the controller’s performance and the impact on the generated trajectory. 

3) Develop further strategies for obstacle avoidance. This could involve 

augmenting the perpendicular line reference approach with additional 

considerations, such as predicted obstacle trajectories with adaptive line 

reference width. By tackling these limitations, future iterations of the 

controller can achieve greater versatility, enabling it to perform effectively 

in a broader range of scenarios, including those with static and dynamic 

obstacles or varied path width geometries. Such improvements would 

further enhance the controller’s applicability to real-world autonomous 

driving challenges. 

4) Further develop strategies for applying the controller in unstructured 

environments, such as roads with poor or missing boundaries, as well as 

complex road layouts like intersections and T-junctions. This would be 

particularly beneficial, as the controller is designed for autonomous vehicle 

applications. 
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5) Removing dependency on velocity references. Another potential 

improvement for the developed controller involves eliminating its 

dependency on predefined velocity references. Currently, the controller 

relies on velocity references to guide longitudinal motion, constraining its 

adaptability in dynamic environments where velocity profiles may need to 

be adjusted in real-time. Future work could focus on enabling the controller 

to autonomously determine optimal velocity profiles based on real-time 

environmental conditions, road geometry, and traffic scenarios. 

The developed controller can be further refined and validated by addressing 

these recommendations, paving the way for broader applicability in real-world 

autonomous driving systems. These future developments would enhance its 

robustness, scalability, and adaptability, ultimately contributing to safer and more 

efficient autonomous vehicle solutions. 
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Appendices 

A The Parameters 

A.1 Vehicle Parameters  

This work specifies a list of vehicle parameters for opitmal solution vehicle model, 

PLAPC and IPG CarMaker Simulation setup, as shown in the table below. 

 

Table A-1 Vehicle Parameters  

Parameters Unit Value 

Vehicle mass, 𝑚  kg 874.5 

Vehicle inertia, 𝐼𝑧 kgm2 1597.7 

Wheelbase length, 𝑙 m 1.995 

Front to COG, 𝑙𝑓 m 0.815 

Rear to COG, 𝑙𝑟 m 1.180 

Left track width, 𝑤𝑙 m 0.765 

Right track width, 𝑤𝑟 m 0.765 

Total track width, 𝑤 m 1.530 

Height to CoG, ℎ m 0.297 

Wheel radius, 𝑅𝑤 m 0.315 

Front steering angle limit, 𝛿𝑓 deg ±40 

Torque front limit, 𝑇𝑓 Nm 800  

Torque rear left limit, 𝑇𝑟𝑙 Nm 350 

Torque rear right limit, 𝑇𝑟𝑟 Nm 350 
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A.1.1 Tire Parameters 

A list of tyre parameters is specified in this work for the controller and IPG 

CarMaker Simulation setup, as shown in the table below. 

 

Table A-2 Tyre Parameters  

Parameters Unit Value 

Magic Formula stiffness factor, 𝐵  - 9.500 

Magic Formula shape factor, 𝐶 - 1.626 

Magic Formula peak factor, 𝐷 - 1.166 
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A.2 Reference Path Parameters  

A.2.1 Short Distance: 90-Degree Path 

 

Figure A-1 90-degree right-hand corner path 

 

 

Figure A-2 90-degree right-hand corner path in IPG CarMaker 
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A.2.2 Short Distance: Multi-Corner Path 

 

Figure A-3 Multi-corner extended path 

 

 

Figure A-4 Multi-corner extended path in IPG CarMaker 
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A.2.3 Long Distance: Sepang International Circuit, Malaysia 

 

Figure A-3 Long-distance path of Sepang International Circuit 
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A.3 Optimal Solution Parameters 

Table A-3 Initial and final condition parameters for optimal control problem 

Initial conditions parameters Final condition parameters 

𝑉𝑥
𝑜 = 20; 

𝑉𝑦
𝑜 = 0.001; 

𝜓̇𝑜 = 0; 

𝑆𝑛
𝑜 = 𝑜𝑝𝑒𝑛; 

𝑥𝑖 = 0; 

𝜔𝑖𝑗
𝑜 = 𝑜𝑝𝑒𝑛; 

𝜓𝑜 = 0; 

𝑇𝑓
𝑜 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑙
𝑜 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑟
𝑜 = 𝑜𝑝𝑒𝑛; 

𝛿𝑓
𝑜 = 0; 

𝛿𝑟
𝑜 = 0; 

𝑉𝑥
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑉𝑦
𝑓 = 0.001; 

𝜓̇𝑓 = 0; 

𝑆𝑛
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑥𝑖𝑓 = 𝑜𝑝𝑒𝑛; 

𝜔𝑖𝑗
𝑓 = 𝑜𝑝𝑒𝑛; 

𝜓𝑓 = 𝑡𝑟𝑎𝑐𝑘 𝑒𝑛𝑑 𝑦𝑎𝑤 𝑎𝑛𝑔𝑙𝑒; 

𝑇𝑓
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑙
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑟
𝑓 = 𝑜𝑝𝑒𝑛; 

𝛿𝑓
𝑓 = 0; 

𝛿𝑟
𝑓 = 0; 

 

A.3.1 Minimum Time Objective 

Regularisation factor for result in Chapter 5.3.3, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2, 2,5𝑒 − 10,5 − 11,5𝑒 − 11]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [5,5, 1𝑒 − 7,5𝑒 − 9,5𝑒 − 9]); 
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A.3.2 Optimized Comfort Objective 

Regularisation factor for Equation (5-19), 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2, 2,5𝑒 − 10,5 − 11,5𝑒 − 11]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [5,5, 1𝑒 − 7,5𝑒 − 9,5𝑒 − 9]); 

 

Weighting components for Equation (5-17), 

𝑄𝑡  =  20; 𝑄𝑐𝑎𝑥 = 0.05; 𝑄𝑐𝑎𝑦 = 1; 𝑄𝑐𝑑𝑎𝑥 = 15; 𝑄𝑐𝑑𝑎𝑦 = 10; 
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A.4 High Fidelity Simulation PLAPC Parameters 

Table A-4 Initial and final condition parameters for PLAPC simulations set in the 

IPG CarMaker 

Initial conditions parameters Final condition parameters 

𝑋𝑜 = 2.99; (for short and multi-corner 

extended path) 

𝑋𝑜 = 7.99; (for long path) 

𝑌𝑜 = 0; 

𝜓𝑜 = 0; 

𝑉𝑥
𝑜 = 18; 

𝑉𝑦
𝑜 = 0; 

𝜓̇𝑜 = 0; 

𝑇𝑓
𝑜 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑙
𝑜 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑟
𝑜 = 𝑜𝑝𝑒𝑛; 

𝛿𝑓
𝑜 = 𝑜𝑝𝑒𝑛; 

𝛿𝑟
𝑜 = 𝑜𝑝𝑒𝑛; (for 4WS only) 

𝑋𝑓 = 𝑜𝑝𝑒𝑛; 

𝑌𝑓 = 𝑜𝑝𝑒𝑛; 

𝜓𝑓 = 𝑜𝑝𝑒𝑛; 

𝑉𝑥
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑉𝑦
𝑓 = 𝑜𝑝𝑒𝑛; 

𝜓̇𝑓 = 𝑜𝑝𝑒𝑛; 

𝑇𝑓
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑙
𝑓 = 𝑜𝑝𝑒𝑛; 

𝑇𝑟𝑟
𝑓 = 𝑜𝑝𝑒𝑛; 

𝛿𝑓
𝑓 = 𝑜𝑝𝑒𝑛; 

𝛿𝑟
𝑓 = 𝑜𝑝𝑒𝑛; (for 4WS only) 

 

A.4.1 Single Corner Test 

PTC parameters in Chapter 0, 

𝑄𝑃𝑇𝐶  =  𝑑𝑖𝑎𝑔 ( [ 10, 10, 1313.1, 1, 1, 32.8 ] )  

𝑅𝑃𝑇𝐶  =  𝑑𝑖𝑎𝑔 ( [ 2872.5, 2872.5, 1.36𝑒 − 4, 7.14𝑒 − 4, 7.14𝑒 − 4 ] )  
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PLAPC-4WS parameters for minimum distance in Chapter 0 

𝑄𝑙𝑖𝑛𝑒  =  75; 𝑄𝑙𝑖𝑚 = 40; 𝑄𝑣𝑒𝑙 = 1800;  

𝐷𝑙𝑖𝑛𝑒 = 5.2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 0.00023,0.00023,0.00009,13680,26680]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5,1𝑒 − 5]); 

 

PLAPC-FWS parameters for minimum distance in Chapter 0 

𝑄𝑙𝑖𝑛𝑒  =  75; 𝑄𝑙𝑖𝑚 = 40; 𝑄𝑣𝑒𝑙 = 1800;  

𝐷𝑙𝑖𝑛𝑒 = 7.8 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 0.00023,0.00023,0.0012,3600]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5]); 

 

 

PLAPC-4WS parameters for comfort optimized in Chapter 0 

𝑄𝑙𝑖𝑛𝑒  =  75; 𝑄𝑙𝑖𝑚 = 40; 𝑄𝑣𝑒𝑙 = 1800;  

𝐷𝑙𝑖𝑛𝑒 = 2.6 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Comfort weighting components, 
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𝑄𝑐𝑎𝑥 = 0.01; 𝑄𝑐𝑎𝑦 = 0.4; 𝑄𝑐𝑑𝑎𝑥 = 0.04; 𝑄𝑐𝑑𝑎𝑦 = 1; 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 7.6𝑒 − 5,7.6𝑒 − 5,3.8𝑒 − 5,1680,3360]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5,1𝑒 − 5]); 

 

 

PLAPC-FWS parameters for comfort optimized in Chapter 0 

𝑄𝑙𝑖𝑛𝑒  =  75; 𝑄𝑙𝑖𝑚 = 40; 𝑄𝑣𝑒𝑙 = 1800;  

𝐷𝑙𝑖𝑛𝑒 = 2.6 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Comfort weighting components, 

𝑄𝑐𝑎𝑥 = 0.01; 𝑄𝑐𝑎𝑦 = 0.4; 𝑄𝑐𝑑𝑎𝑥 = 0.04; 𝑄𝑐𝑑𝑎𝑦 = 1; 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 7.6𝑒 − 5,7.6𝑒 − 5,3.8𝑒 − 5,1260]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5]); 

PLAPC-4WS parameters for minimum distance in Chapter 0 without tire load-

dependent coefficient 

𝑄𝑙𝑖𝑛𝑒  =  75; 𝑄𝑙𝑖𝑚 = 40; 𝑄𝑣𝑒𝑙 = 1800;  

𝐷𝑙𝑖𝑛𝑒 = 5.2 𝑚𝑒𝑡𝑒𝑟𝑠 
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Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 0.00023,0.00023,0.00009,11520,23920]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5,1𝑒 − 5]); 

 

A.4.2 Multi-Corner Time Optimal Test 

PLAPC parameters for time optimal in Chapter 8.3 

𝑄𝑙𝑖𝑛𝑒  =  180; 𝑄𝑙𝑖𝑚 = 250; 𝑄𝑣𝑒𝑙 = 2500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 7.6𝑒 − 5,7.6𝑒 − 5,3.8𝑒 − 5,1260]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5]); 

 

A.4.3 Multi-Corner Individual Velocity Test 

PLAPC parameters for Velocity Profile 1, Distance Objective in Chapter 8.4 

𝑄𝑙𝑖𝑛𝑒  =  180; 𝑄𝑙𝑖𝑚 = 350; 𝑄𝑣𝑒𝑙 = 2500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2.645𝑒 − 4,2.645𝑒 − 4,1.08𝑒 − 4,14000]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 4,1𝑒4]); 

 

PLAPC parameters for Velocity Profile 2, Comfort Objective in Chapter 8.4 
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𝑄𝑙𝑖𝑛𝑒  =  180; 𝑄𝑙𝑖𝑚 = 250; 𝑄𝑣𝑒𝑙 = 2500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

 

Comfort weighting components, 

𝑄𝑐𝑎𝑥 = 2; 𝑄𝑐𝑎𝑦 = 2; 𝑄𝑐𝑑𝑎𝑥 = 20; 𝑄𝑐𝑑𝑎𝑦 = 20; 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 7.6𝑒 − 5,7.6𝑒 − 5,3.8𝑒 − 5,1260]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 5,1𝑒 − 5, 1𝑒 − 5,1𝑒 − 5]); 

 

A.4.4 Full Circuit Simulation, Common Velocity Test 

PLAPC parameters for Distance Objective in Chapter 8.5 

𝑄𝑙𝑖𝑛𝑒  =  180; 𝑄𝑙𝑖𝑚 = 350; 𝑄𝑣𝑒𝑙 = 5500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2.76𝑒 − 4,2.76𝑒 − 4,9𝑒 − 5,20000]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 4,1𝑒 − 4, 1𝑒 − 4,1𝑒4]); 

 

PLAPC parameters for Energy Objective in Chapter 8.5 

𝑄𝑙𝑖𝑛𝑒  =  162; 𝑄𝑙𝑖𝑚 = 350; 𝑄𝑣𝑒𝑙 = 5500;  
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𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

LINEX parameters, 

𝑎 =  0.01;  𝑏 = −0.3;  𝑐 = 20;  𝑎0 =  0; 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2.76𝑒 − 4,2.76𝑒 − 4,9𝑒 − 5,20000]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 4,1𝑒 − 4, 1𝑒 − 4,1𝑒4]); 

 

PLAPC parameters for Comfort Objective in Chapter 8.5 

𝑄𝑙𝑖𝑛𝑒  =  162; 𝑄𝑙𝑖𝑚 = 350; 𝑄𝑣𝑒𝑙 = 5500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Comfort weighting components, 

𝑄𝑐𝑎𝑥 = 4; 𝑄𝑐𝑎𝑦 = 2; 𝑄𝑐𝑑𝑎𝑥 = 40; 𝑄𝑐𝑑𝑎𝑦 = 10; 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2.76𝑒 − 4,2.76𝑒 − 4,9𝑒 − 5,20000]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 4,1𝑒 − 4, 1𝑒 − 4,1𝑒4]); 

 

A.4.5 Full Circuit Simulation, Individual Velocity Test 

PLAPC parameters for Velocity Profile 1, Distance Objective in Chapter 8.6 

𝑅 =  𝑑𝑖𝑎𝑔 ( [0.00001,0.00001,0.00001,0.01]); 
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𝑄𝑙𝑖𝑛𝑒  =  180; 𝑄𝑙𝑖𝑚 = 350; 𝑄𝑣𝑒𝑙 = 5500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2.76𝑒 − 4,2.76𝑒 − 4,9𝑒 − 5,20000]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 4,1𝑒 − 4, 1𝑒 − 4,1𝑒4]); 

 

PLAPC parameters for Velocity Profile 2, Comfort Objective in Chapter 8.6 

𝑄𝑙𝑖𝑛𝑒  =  162; 𝑄𝑙𝑖𝑚 = 350; 𝑄𝑣𝑒𝑙 = 5500;  

𝐷𝑙𝑖𝑛𝑒 = 2 𝑚𝑒𝑡𝑒𝑟𝑠 

 

Comfort weighting components, 

𝑄𝑐𝑎𝑥 = 4; 𝑄𝑐𝑎𝑦 = 2; 𝑄𝑐𝑑𝑎𝑥 = 40; 𝑄𝑐𝑑𝑎𝑦 = 10; 

 

Regularisation factor, 

𝑄𝑢  =  𝑑𝑖𝑎𝑔 ( [ 2.76𝑒 − 4,2.76𝑒 − 4,9𝑒 − 5,20000]); 

𝑄𝑑𝑢  =  𝑑𝑖𝑎𝑔 ( [1𝑒 − 4,1𝑒 − 4, 1𝑒 − 4,1𝑒4]); 
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B Path Tracking Model 

B.1 Problem Formulations 

For the NMPC problem formulations of path tracking, this work is referred to [88], 

[113] where the vehicle's position is described in Cartesian coordinates, and the 

equations of motion for both its position and yaw angle are defined as, 

𝑑𝑋

𝑑𝑡
=  𝑉𝑥 cos(𝜓) −  𝑉𝑦 sin (𝜓) 

(B-1) 

𝑑𝑌

𝑑𝑡
=  𝑉𝑥 sin(𝜓) −  𝑉𝑦 𝑐𝑜𝑠 (𝜓) 

(B-2) 

𝑑𝜓

𝑑𝑡
=  𝑟 

(B-3) 

 

Referring to the equation of motion as in (4-5) - (4-7), the states vector for the 

path tracking NMPC formulation is given by  

𝑠𝑡𝑝𝑡𝑐 = [𝑋, 𝑌, 𝜓, 𝑉𝑥, 𝑉𝑦, 𝑟]
𝑇
 (B-4) 

 

and the control inputs is, 

𝑖𝑛𝑝𝑡𝑐 = [𝑇𝑟𝑟 , 𝑇𝑟𝑙, 𝑇𝑓 , 𝛿𝑓 , 𝛿𝑟]
𝑇
 (B-5) 

 

In addition, there is auxiliary variables of, 

𝑎𝑢𝑥𝑝𝑡𝑐 = [𝑎𝑥, 𝑎𝑦, 𝐷𝑓𝑙 , 𝐷𝑓𝑟 , 𝐷𝑟𝑙 , 𝐷𝑟𝑟]
𝑇
 (B-6) 
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This NMPC controller used an explicit Runge-Kutta 4th-order technique to 

discretize this non-linear continuous-time system. From the path tracking 

perspective, the controller is expected to track or follow the given reference path 

and velocity from the optimal solution result. Therefore, this NMPC problem can 

be formulated as, 

min
𝑥,𝑢

∑((𝑥𝑘+1 − 𝑥𝑘+1
𝑟𝑒𝑓

)
𝑇

𝑁−1

𝑘=0

𝑄𝑃𝑇𝐶(𝑥𝑘+1 −  𝑥𝑘+1
𝑟𝑒𝑓

)

+  (𝑢𝑘 − 𝑢𝑘
𝑟𝑒𝑓

)
𝑇

𝑅𝑃𝑇𝐶(𝑢𝑘 −  𝑢𝑘
𝑟𝑒𝑓

))  

(B-7) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜,  

𝑥0 =  𝑥𝑖𝑛𝑖𝑡𝑖𝑎𝑙   

𝑥𝑘+1 =  𝑓𝑑(𝑥𝑘, 𝑈𝑘) 

𝑥𝑘
𝑚𝑖𝑛  ≤ 𝑥𝑘  ≤  𝑥𝑘

𝑚𝑎𝑥 

𝑢𝑘
𝑚𝑖𝑛  ≤ 𝑢𝑘  ≤  𝑢𝑘

𝑚𝑎𝑥 

𝑦𝑘
𝑚𝑖𝑛  ≤ 𝑦𝑘  ≤  𝑦𝑘

𝑚𝑎𝑥 , 𝑘 = 0, 1, … , 𝑁 − 1  

 

 

Where 𝑁 is the length of the prediction horizon, 𝑄𝑃𝑇𝐶 is the weighting matrices for 

states vector, 𝑅𝑃𝑇𝐶 is weighting matrices for control input and 𝑓𝑑 represent as the 

discrete-time system of this path-tracking model, which is derived from the RK4 

method on a continuous time system. 
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C Others 

C.1 Four-Wheel Steering Vehicle Model 

This appendix section shows a four-wheel steering (4WS) vehicle model that is 

used for optimal solution generation, PTC and PLAPC simulations.  

 

 

Figure C-1 Vehicle topology 

 

 

Figure C-2 Four-wheel double track vehicle dynamic model for 4WS vehicle 

topologies 
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Longitudinal, lateral and rotational dynamics for the 4WS vehicle can be 

expressed as, 

 

𝐹𝑥 =  𝑚(𝑉𝑥̇ −  𝜓̇𝑉𝑦) =  𝐹𝑓𝑙𝑥 cos(𝛿𝑓)  −  𝐹𝑓𝑙𝑦 sin(𝛿𝑓) +  

𝐹𝑓𝑟𝑥 cos(𝛿𝑓) −  𝐹𝑓𝑟𝑦 sin(𝛿𝑓) + 

  𝐹𝑟𝑙𝑥 cos(𝛿𝑟)  −  𝐹𝑟𝑙𝑦 sin(𝛿𝑟)  + 

𝐹𝑟𝑟𝑥 cos(𝛿𝑟)  −  𝐹𝑟𝑟𝑦 sin(𝛿𝑟) − 𝐹𝑑𝑟𝑎𝑔   

  

(C-1) 

𝐹𝑦 =  𝑚(𝑉𝑦̇ +  𝜓̇𝑉𝑥) =  𝐹𝑓𝑙𝑥 sin(𝛿𝑓)  − 𝐹𝑓𝑙𝑦 cos(𝛿𝑓) +  

𝐹𝑓𝑟𝑥 sin(𝛿𝑓) −  𝐹𝑓𝑟𝑦 cos(𝛿𝑓) + 

  𝐹𝑟𝑙𝑥 sin(𝛿𝑟)  − 𝐹𝑟𝑙𝑦 cos(𝛿𝑟)  + 

𝐹𝑟𝑟𝑥 sin(𝛿𝑟)  −  𝐹𝑟𝑟𝑦 cos(𝛿𝑟)   

 

(C-2) 

𝐼𝑧𝜓̈ =  𝑙𝑓(𝐹𝑓𝑙𝑥 sin(𝛿𝑓)  +  𝐹𝑓𝑟𝑥 sin(𝛿𝑓) +  𝐹𝑓𝑙𝑦 cos(𝛿𝑓)  +  𝐹𝑓𝑟𝑦 cos(𝛿𝑓) ) −  

  𝑙𝑟(𝐹𝑟𝑙𝑥 sin(𝛿𝑟)   + 𝐹𝑟𝑟𝑥 sin(𝛿𝑟)  +  𝐹𝑟𝑙𝑦 cos(𝛿𝑟)  +  𝐹𝑟𝑟𝑦 cos(𝛿𝑟) )  −   

  𝑊𝑙(𝐹𝑓𝑙𝑥 cos(𝛿𝑓) −  𝐹𝑓𝑙𝑦 sin(𝛿𝑓)  +  𝐹𝑟𝑙𝑥 cos(𝛿𝑟)  −  𝐹𝑟𝑙𝑦 sin(𝛿𝑟) )   + 

𝑊𝑟(𝐹𝑓𝑟𝑥 cos(𝛿𝑓) − 𝐹𝑓𝑟𝑦 sin(𝛿𝑓)  +  𝐹𝑟𝑟𝑥 cos(𝛿𝑟)  −  𝐹𝑟𝑟𝑦 sin(𝛿𝑟) ) 

(C-3) 

 

In the equation (4-5), (4-6) and (4-7), 𝜓̇ is the yaw rate and 𝐼𝑧 is vehicle’s moment 

of inertia at vertical axis of COG. The distance between front axle to COG is noted 

as 𝑙𝑓 while the opposite side, to the rear axle is noted as 𝑙𝑟 in which total become 

the vehicle wheelbase. For the other dimension, 𝑙𝑤𝑙 and 𝑙𝑤𝑟 are both represent 

vehicle track width or left and right distance to the CG. Since this is a multi-

actuated system, rear wheel steering is denoted as 𝛿𝑟 with 𝛿𝑓 as front.  While 

longitudinal and lateral tire forces denoted as 𝐹𝑖𝑗𝑎 with 𝑖 = (𝑓, 𝑟) for front and rear 

position, 𝑗 = 𝑙, 𝑟 for left and right and 𝑎 = 𝑥, 𝑦 as axis with respect to the CG as 

shown in Figure C-2. 
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And the velocity components for the 4WS vehicle model are defined as, 

𝑉𝑓𝑙𝑥 =       𝑉𝑐𝑜𝑠(𝛿𝑓 −  𝛽) −  𝜓 ̇ 𝑙𝑓𝑙 𝑠𝑖𝑛(𝛾𝑓𝑙 −  𝛿𝑓) 

𝑉𝑓𝑙𝑦 =  − 𝑉𝑠𝑖𝑛(𝛿𝑓 −  𝛽)  +  𝜓 ̇ 𝑙𝑓𝑙 𝑐𝑜𝑠(𝛾𝑓𝑙 −  𝛿𝑓) 

𝑉𝑓𝑟𝑥 =     𝑉𝑐𝑜𝑠(𝛿𝑓 −  𝛽)   +   𝜓 ̇ 𝑙𝑓𝑟 𝑐𝑜𝑠(𝛾𝑓𝑟 +  𝛿𝑓) 

𝑉𝑓𝑟𝑦 = − 𝑉𝑐𝑜𝑠(𝛿𝑓 −  𝛽)  +  𝜓 ̇ 𝑙𝑓𝑟 𝑐𝑜𝑠(𝛾𝑓𝑟 +  𝛿𝑓) 

𝑉𝑟𝑙𝑥 =       𝑉𝑐𝑜𝑠(𝛿𝑟 −  𝛽)  −   𝜓 ̇ 𝑙𝑟𝑙 𝑠𝑖𝑛(𝛾𝑟𝑙 −  𝛿𝑟) 

𝑉𝑟𝑙𝑦 =  − 𝑉𝑠𝑖𝑛(𝛿𝑟 −  𝛽)   −   𝜓 ̇ 𝑙𝑟𝑙 𝑐𝑜𝑠(𝛾𝑟𝑙 −  𝛿𝑟) 

𝑉𝑟𝑟𝑥 =     𝑉𝑐𝑜𝑠(𝛿𝑟 −  𝛽)   +   𝜓 ̇ 𝑙𝑟𝑟 𝑐𝑜𝑠(𝛾𝑟𝑟 + 𝛿𝑟) 

𝑉𝑟𝑟𝑦 = − 𝑉𝑐𝑜𝑠(𝛿𝑟 −  𝛽)  −  𝜓 ̇ 𝑙𝑟𝑟 𝑐𝑜𝑠(𝛾𝑟𝑟 +  𝛿𝑟) 

(C-4) 
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C.2 Multi Corners Extended Path Evaluation with Time Optimal 

Velocity Profile with 4WS Vehicle Topologies 

This subchapter contains information about the PLAPC evaluation using 4WS 

vehicle topologies with distance objective againts time optimal objectives of 

optimal solutions. Based on the result presented here, an additional rear-wheel 

steering (RWS) actuator impacts the generated trajectory, which is closer to an 

optimal solution in terms of lateral deviations than FWS-only configurations. 

 

(a) Trajectories 

 

              (b) Longitudinal Velocity                          (c) Lateral Velocity 

 

 

                   (d) Yaw Angle                                         (e) Yaw Rate 



 

244 

 

(f) G-G Diagram 

Figure C-3 4WS result comparison for time objective between optimal solutions 

and PLAPC-4WS controller results 

 

 

   (a)  Front torque                                    

  

              (b) Rear left torque                                 (c) Rear right torque  

 

            (d) Front Steering angle                         (e) Rear Steering angle 

Figure C-4 4WS vehicle control inputs comparison for time objective between 

optimal solutions and PLAPC-4WS controller results 
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Figure C-5 IPOPT solver information during the simulations 

 

 

Figure C-6 Lateral error for time-optimal objective between optimal solutions 

and PLAPC-4WS controller results 

 

 

Figure C-7 Speed tracking error for time-optimal objective between optimal 

solutions and PLAPC-4WS controller results 
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Table C-1 Result of time objective in the multi-corner simulations  

Vehicle topology 4WS 

Average solved time (s) 0.0389 

Peak solved time (s) 0.0617 

No. of solver errors 0 

RMS error of velocity tracking (m/s) 0.3015 

RMS error of lateral deviation (m)  

(Generated trajectory to optimal solution) 

0.8320 

 

Table C-2 Result of lap time in the multi-corner simulations  

Vehicle topology 4WS 

PLAPC lap time (s) – with 90% velocity factor 16.3985 

Optimal solution lap time (s) 13.9035 

Time difference (s) 2.4950 

 

Nonetheless, although 4WS configurations have smaller deviations for both 

velocity tracking and lateral deviation to an optimal solution, the FWS 

configuration is retained as a baseline for the PLAPC development. This is 

because FWS is a common vehicle topologies and additional actuators, such as 

rear-wheel steering, are expected to give more flexibility and manoeuvrability but 

higher computational cost.  
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C.3 Direct Method Comparison – Multiple Shooting vs 

Collocations 

In this appendix, the direct method via the collocation technique is presented. In 

this additional information, the RK4 and collocation methods are compared by 

testing them on a 90-degree right-hand corner with open initial conditions for both 

starting position and with a time-optimal objective function. As illustrated in Figure 

C-8 and Figure C-9, there is no significant difference in the generated trajectories 

or velocity profiles between the two methods. Furthermore, Table C-3 shows that 

the lap times are nearly identical, with a minimal difference of just 0.0212 

seconds. However, regarding computation time, the collocation method is 

significantly faster than the multiple-shooting method.  

Nonetheless, although the collocation method solves problems faster than the 

RK4 method, the RK4 method is retained for optimal solution generation to 

ensure consistency throughout the online implementation of PTC validation and 

PLAPC development. 

 

Figure C-8 Generated trajectories comparison between the collocation method 

and multi-shooting method in solving OCP 
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Figure C-9 Accelerations and velocities result in comparison between the 

collocation method and multi-shooting method in solving OCP 

 

Table C-3 Lap time and solved time comparison between collocation method and 

multi-shooting method 

 Lap time (s) Solved time (s) 

Collocation method 5.9946 14.2480 

Multiple-shooting method 5.9607 44.1441 

 

 

 

 


