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A stochastic modelling framework is developed to predict the flexural properties of 
high-strength sheet moulding compounds made of randomly oriented ultra-thin car
bon fibre-reinforced thermoplastic prepreg tapes. The model enables reliable designs 
using ultra-thin randomly oriented strands with less testing, leading to potential 
applications in automotive primary structures. The stochastic model is based on 
a Monte Carlo simulation. The flexural modulus is predicted using classical laminate 
theory, while the flexural strength is predicted by following a Weibull distribution. 
Fibre discontinuities are considered through stress concentrations introduced by tape 
overlaps. The results are validated against new 3-point bending and previously 
reported 4-point bending experimental results. A scaling effect on strength and scatter 
is predicted, and its implications for structural applications are also discussed.

Keywords: strength; moulding compounds; thin ply; thermoplastics; randomly 
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1. Introduction
Carbon fibre reinforced thermoplastic composites have been increasingly used in the auto
motive industry [1]. They have excellent material properties, light weight, and recyclability. 
There are different manufacturing methods for thermoplastic composites such as injection 
moulding and compression moulding. Compression moulding can produce relatively complex 
parts, and the process is more energy efficient compared to other methods such as injection 
moulding [2]. When compression moulded into sheet moulding compounds, Randomly 
Oriented Strands (ROS) of thermoplastic prepreg tapes can achieve a high fibre volume fraction 
and good formability. Despite the attractive benefits, ROS generally have low strength [3].

The existing modelling methods for ROS have been reviewed by Visweswaraiah et al. [3]. 
According to Li et al. [4], the local variability in the microstructure must be considered to 
accurately predict their strength. The models which can represent the internal structure of ROS 
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were therefore developed for failure predictions. For example, Harper et al. [5] developed 
a geometrical modelling scheme to produce representative architectures for ROS. Based on the 
scheme, they used a multi-scale Finite Element (FE) model to accurately predict the tensile 
properties of ROS. Kravchenko et al. [6] developed a detailed FE model for the prediction of 
tensile properties of stochastic Prepreg Platelet Moulded Composites (PPMC). The model can 
capture non-linearity of this type of ROS material under tension and more recently under 
bending [7]. Shah et al. [8] developed a validated FE modelling strategy which captures many 
of the realistic features of both thermoset and thermoplastic ROS. These models were focused 
on the performance of the ROS made from prepregs of typical thickness.

Recently, ultra-thin ROS of both thermoplastic [9] and thermoset [10] prepregs with 
a thickness of less than 100 microns have shown much improved mechanical properties. 
This is partially due to ultra-thin prepregs’ matrix cracking and delamination suppression 
characteristics [11]. The thermoplastic Ultra-thin ROS made of prepregs with a thickness 
of 44 microns, referred to as UT-ROS in this paper, shows doubled tensile strength 
compared to some existing ROS. UT-ROS consistently exhibited fibre-dominant failures 
under tension [12] and bending [13]. However, the random nature of ROS leads to large 
variation in their properties, hence there is an urgent need for developing models that can 
address reliability issues which overcome limitation of deterministic models.

Different models have also been developed for the thermoplastic UT-ROS such as 
analytical models [14,15] stochastic models [16,17] and Peridynamic models [18]. 
A stochastic modelling framework was also established to predict the tensile behaviour 
of UT-ROS by Jesus and Xu [17]. The tensile properties such as Young’s modulus and 
tensile strength were predicted within 6.3%. Compared to the other models [15,16,18], 
this model captured the morphology of the individual tapes, so can explain the failure 
mechanism from the internal structure such as tape overlaps.

The key to its capability of strength prediction [17] is the adoption of Weibull theory 
[19] to UT-ROS materials. It assumes that when the weakest point in the chain breaks, the 
entire chain will fail. It is suitable for predicting the failure of quasi-brittle materials like 
UT-ROS. Weibull theory has been successfully used to predict fibre failures in continuous 
fibre composites [20–24] and discontinuous fibre composites [17,25]. However, it should 
not be confused with the other ‘weakest-link’ methods e.g. applied by Selezneva et al. [26] 
which seeks to find a failure path in the ROS that fail more gradually.

Tape lengths were found to influence the strength of ROS by Yamashita et al. [12] 
and by Sattar et al. [7]. Longer tape lengths led to higher tensile strengths in UT-ROS 
[12], but the trend is less clear for conventional ROS [7]. For UT-ROS under tension, it 
was successfully predicted by Jesus and Xu [17] but has not been reported under bending 
or predicted by the existing models e.g. by Qu et al. [18].

In this paper, a modelling framework is developed to predict the brittle flexural 
properties of thermoplastic UT-ROS materials. Specifically, the flexural modulus is 
predicted using a Monte Carlo simulation and Classical Laminate Theory (CLT). The 
flexural strength is predicted using Weibull theory. Fibre discontinuities are addressed via 
stress concentrations caused by tape overlaps. The modelling results are carefully 
validated by a wide range of flexural experiments including new results with different 
tape lengths under 3-point bending. The modelling framework successfully captures the 
difference between 4-point and 3-point bending results, and the effect of tape lengths 
under 3-point bending.
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2. Experiments
2.1. Material properties
The thermoplastic prepreg used is TR 50S carbon fibre tows (Mitsubishi Chemical Co., Japan) 
spread to form ultra-thin 44 microns sheets impregnated with DIAMIRON™ C polyamide-6 
resin (Mitsubishi Chemical Co., Japan). The chopped prepreg tapes were processed by 
compression moulding using the mould as shown in Figure 1a. The volume fraction of the 
prepreg is 55%. The moulding conditions are 250°C and 5 MPa pressure for 10 min. The 
moulded UT-ROS plate has a dimension of 250 × 125 mm as shown in Figure 1b. After 
trimming 5 mm off all edges, the plate was cut into six flexural specimens per case using 
a wet diamond saw (MARUTO Testing Machine Co., Japan).

2.2. Flexural tests
Two sets of flexural tests were conducted to validate the models. Six specimens have 
a dimension of 125 × 30 × 3 mm and were tested on a 3-point bending fixture with a span of 
80 mm (Figure 2a). Previously, six 125 × 35 × 3.1 mm specimens were tested on a 4-point 
bending jig with a lower span of 96 mm and an upper span of 48 mm [13] (Figure 2b). All 
specimens exhibited fibre-dominant first failure at the tension side as captured by a high- 
speed camera in Figure 2c and d. This is the same failure mode as that under tension [12], so 
the modelling framework [17] for tension can be further developed for bending.

3. Modelling framework
The current stochastic modelling framework is developed using MATLAB (MathWorks, 
US). Weibull theory is introduced for tape fracture, considering stress concentrations 
caused by tape overlaps. The modelling framework is focused on the prediction of brittle 
failure in the current UT-ROS. Tape debonding is not predicted since both ultra-thin 
prepreg and tough thermoplastic resin manage to suppression of sub-critical damage in 
accordance with the experimental observations [27].

A total of 10 tape configurations are randomly generated and statistical features are 
subsequently extracted from them. A flowchart of the modelling framework is presented in 
Figure 3. It consists of three steps: (1) Initialisation; (2) Matrices assembly; (3) Failure 
prediction.

)b()a(

Figure 1. UT-ROS manufacture (a) mould, (b) moulded plate with 18 × 5 mm tapes.
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3.1. Model set-up
During initialization, the tapes’ material and geometrical properties are read. The tapes are 
placed into different layers through the thickness. Each layer is 44-micron thick, same as the 
tape thickness, so there are 70 layers for a typical 3.1 mm-thick specimen. The model thickness 
is the same as the average laminate thickness. The total tape number in the model is determined 
according to weight conservation. The distribution of the tapes is assigned as a uniform 
distribution from which random scalar values are drawn for each of the coordinates of the 
moulding area and the rotation angle. Under 4-point bending, the moulding area is a 50 × 35  
mm rectangle. It is offset by the length of one tape from the boundary of the laminate for the 
4-point bending case, as displayed in Figure 4a. This is approximately in accordance with the 
upper span of the 4-point bending jig and the specimen width within which the bending 
moment is constant. The angle of the tapes is defined as shown in Figure 4b, with the 0º being 
the longitudinal direction of the specimen (X-direction). Under 3-point bending, the moulding 
area is changed to 25 × 30 mm. This is to reflect the narrow specimens used and a non-uniform 
bending moment distribution under 3-point bending. A smaller volume of material is under 

)b()a(

(c) 

(d) 

80 mm 

48 mm 

96 mm 

Failure at tension side

Loading rollers 

Failure at tension side 

Figure 2. Flexural tests under (a) 3-point bending, (b) 4-point bending, (c) a picture showing 
fibre-dominant tensile first failure under 3-point bending, and (d) under 4-point bending.
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Figure 3. Flowchart of the modelling framework.
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high bending stress compared to 4-point bending. A parametric study is done to compare 
results with different gauge lengths later.

The second step is to assemble matrices. The elastic properties of the UT-ROS are 
determined according to CLT, same as the process under tensile loading [17]. This 
includes the assembly of stiffness matrix K, normalisation by the tapes per layer of 44 
microns, transformation and rotation to form transformed stiffness matrix K. 

where the material elastic properties are listed in Table 1.

(a) (b) 

X

Y

θ

Figure 4. A laminate consists of randomly oriented tapes with (a) a blue boxing indicating the 
modelled region, (b) angle of the tapes defined with the actual specimen.

Table 1. Tape geometrical and material properties [13,17].

Geometrical Property Value

Critical tape angle [°] 0–10
Tape width [mm] 5
Tape length [mm] 19 (4-point); 6, 12, 18, 24 (3- 

point)
Tape thickness [mm] 0.044
Tape volume fraction 
[%]

55

Material Property Value

E1 [GPa] 105
E2 [GPa] 4
G12 [GPa] 1.2
V12 0.3
V21 0.01
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The transformed elastic matrix �K is computed by successive axes rotation and 
addition of the contribution from each individual tape according to Equation (2).

where T is the transformation matrix and R is the Reuter’s matrix.
The sum of transformed elastic matrix of all the tapes in each ‘layer’ is calculated and 

normalised by the number of tapes in each ‘layer’ to account for the average effect of 
randomly oriented tapes within the same ‘layer’.

where �Kn is the normalised stiffness matrix in each ‘layer’. Ntpl is the number of tapes per 
‘layer’.

A, B and D matrices are then directly related with the normalized stiffness matrix �Kn 
according to Equations 4-6.

where Nl is the total number of layers, zk is the distance from the laminate mid-plane to 
the bottom of each layer k.

Finally, failure prediction is conducted based on the stress from CLT, tape overlaps 
and Weibull theory. A moment M per unit width is ramped up and applied to the 
modelled region, so its mid-plane strain ε and curvature κ can be calculated.

where A, B and D are the extensional, coupling and bending matrices, respectively.
The mid-plane strain ε and curvature κ are then converted into the fibre-direction 

stress of the chopped tapes, σu, according to Equation (8) in which z is the location of the 
‘layer’ where the tapes are located.-
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The elastic flexural modulus, EB, is from D matrix according to Equation (9). EB is 
compared against the experimental result [5].

The moment M is translated into an equivalent flexural stress σB, via Equation (10) in which lt is 
the laminate thickness. σB at failure will be compared against the experimental results.-

3.2. Weibull theory
In the previous work [22], Weibull theory was adopted to predict fibre failure in continuous 
fibre composites. It was transformed into a failure criterion for discontinuous UT-ROS [17] as 
a function of both the volume and the stress of tapes in Equation (11). This is appropriate for 
thermoplastic UT-ROS material because its failure is fibre-dominated. This is a result of their 
tough matrix and thin plies, both of which prohibit matrix failure.

where σc,i is the updated fibre-direction tensile stress in the critical tapes, Vi is the volume 
of the critical tapes, σunit is the tensile strength of a unit volume of material and m is the 
Weibull modulus. The fibre failure parameters are assumed as σunit = 3131 MPa and m =  
41, based on data of similar fibres [22].

The tapes with shallow angles are identified Figure 5a. They are referred to as critical 
tapes which have high stress in the fibre direction, so are most likely to fail. According to 
Katsivalis et al. [10], the failure mode of ROS changes from tape fracture to tape pull-out 
between 10° and 20°. Since UT-ROS consistently exhibit tape fracture rather than tape 

(a)  (b)  

(c) 

Neutral axis 

σB

1°

10°

Figure 5. Critical tapes (a) marked in blue in plane, (b) through depth, and (c) their overlapped 
area with other tapes.
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pull-out, the critical tapes are defined as 10°or less in this work. Because of the stress 
gradian through thickness under bending, the stress in the smallest angled tapes (e.g. 1° 
or less) may not be the greatest like under tension [17] if they are not near the surface as 
shown in Figure 5b. It is therefore necessary to broaden the range of the critical tapes to 
generate more accurate results under bending. A parametric study was also conducted to 
investigate the influence of the angles of the critical tapes on flexural strength. The 
maximum angle varies from 1° to 10°. The predict flexural strength is not very sensitive 
to the angle of the critical tapes from 5° to 10° as shown in Figure 6.

It is important to address discontinuities in UT-ROS. It was done by assuming that 
the critical tapes carry extra force from the other angled tapes which interact with them in 
each layer [17]. This leads to an increase of stress in the critical tapes via a Stress 
Concentration Factor (SCF) which is defined in Equation (12).

where σa is from the shared force according to the total force in the angled tape and the 
overlapped area in Figure 5c, and then divided by the tape width and length [17]. σc is the 
fibre-direction stress from CLT which does not consider force sharing.

For the critical tapes, their fibre-direction stress, σc, is multiplied by the SCF. The updated 
fibre-direction stress, σc, i, is added to the Weibull integral according to Equation (11). Once 
failure is deemed to occur at a certain moment, the flexural strength σB is determined.

4. Results comparison
The measured load–displacement response under bending is fairly linear except around 
the peak load. The observed slight nonlinearity could be due to plasticity in the resin. The 
proposed model however ignores any material nonlinearity for simplicity.

In Figure 7, the modelling results are compared against the 4-point bending experi
mental results [13]. The predicted average flexural modulus is 2.0% higher and the 
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Figure 6. Predicted flexural strength converges with different maximum critical tape angles.
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predicted average flexural strength is 1.1% higher than the experimental results. The 
predicted scatter for flexural modulus is very similar to the measured scatter [13], but the 
predicted scatter for flexural strength is larger than the measured value [13].

The modelling approach needs to be tailored to predict the 3-point bending results. 
This is because the current modelling framework assumes a constant moment in the 
gauge section, which is not true in 3-point bending experiments. An appropriate gauge 
length of the model needs to be assumed to reflect the reduced stressed volume under 
3-point bending. A parametric study is performed by changing the model gauge length 
from 50, 37.5 to 25 mm as shown in Figure 8. It was found that the 25 mm gauge length 
yields satisfactory results (within 3.7%). A shorter modelled gauge length may not be 
suitable as too many tapes with a length of 18 mm would partially fall outside the 
modelled area. To capture true non-uniform bending stress distribution under 3-point 
bending, a FE model is needed, which is beyond the scope of the current work.

A 25 × 30 mm gauge area is therefore chosen for 3-point bending models from now 
on. The predicted flexural strength is within 3.7% of the new 3-point bending test results 

Figure 7. Results comparison between 4-point bending tests and the model for (a) flexural 
modulus, and (b) flexural strength.
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Figure 8. Comparison of modelling results of different model gauge lengths and the 3-point 
bending experimental results.
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in Figure 8. Since the volume of material under high moment is larger under 4-point 
bending [13] than 3-point, the measured 4-point flexural strength (Figure 7) is lower than 
3-point (Figure 8) according to the Weibull theory. This difference has been successfully 
captured by the current modelling framework.

New 3-point bending specimens were made with different tape lengths, ranging from 
6, 12, 18 to 24 mm as shown in Figure 9. This provides an extra validation case for the 
current modelling framework. The predictions show a gradual increase of average 
flexural strength with longer tapes which agree well with the experimental results as 
seen in Figure 10. The predicted average strength is within 12.5% of the experimental 
results, but the predicted scatter is larger than the experimental scatter.

5. Discussion
The modelled gauge length is further increased to 75 mm and 100 mm as shown in 
Figure 11. When the gauge length increases with a fixed gauge width of 30 mm, the 
modelled moulding area also increases. This leads to a lower predicted flexural strength 
because of the larger stressed volume, which can be explained by Equation (11) or 
Weibull theory. This implies that large composite structures made of UT-ROS may be 

(a) 

(b) 

(c) 

(d) 

Figure 9. Flexural specimens with different tape lengths of (a) 6 mm, (b) 12 mm, (c) 18 mm, and 
(d) 24 mm.
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weaker than expected. It can also be seen that the numerical scatter decreases with 
a larger gauge length or moulding area. This implies that a larger plate would fail more 
consistently, probably because the tape configuration is more uniform and fewer tapes 
are hanging outside the edges of the moulding area (Figure 4a). This could explain why 
the structures made of UT-ROS often perform more consistently than small specimens.

Scanning a greater range of angles of the critical tapes means a longer runtime, 
because more tapes need to be considered in Weibull criterion. The 10° angle results 
are used for comparison with the 4-point bending experimental data. Using 12 

Figure 10. The effect of tape length on flexural strength under 3-point bending.
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Figure 11. Scaling effect of predicted flexural strength and scatter.

12                                             X. Xu et al.                                              



processors of one 12th Gen Intel® Core™ i7 -12,700 H 2.30 GHz CUP, the 10° angle 
run takes about 3 min for each tape configuration. It is much faster than the hetero
geneous-particle model (about 2 h) when predicting the same UT-ROS material under 
4-point bending with better CPUs [18]. When comparing against the detailed FE 
model, a single run of a model under tension can take over 4 h using one CPU [5]. 
In summary, the current stochastic model is very computationally efficient for struc
tural applications.

Constant bending moment is a disadvantage of the current model e.g. when compar
ing to 3-point bending experiments. There is a need to combine the proposed stochastic 
model with FE analysis for structures subject to complex loading, potentially by using 
the current model as a surrogate model that generates strength and scatter for an FE 
model. This can be studied in an application in the future.

6. Conclusions
A stochastic modelling framework has been developed to predict flexural properties of 
Ultra-thin Randomly Oriented Strands (UT-ROS) of thermoplastic prepreg tapes. The 
model is suitable for UT-ROS material which exhibits fibre-dominant failures at the 
tension side under bending. The current modelling framework captures the average 
flexural modulus within 2.0% and average flexural strength within 1.1% under 4-point 
bending. Moreover, it also predicts the higher average flexural strength under 3-point 
bending (within 3.7%) than 4-point bending, and higher average flexural strength with 
longer tapes (up to 24 mm) under 3-point bending (within 12.5%). These agree with the 
new 3-point bending experimental results. The predicted scatter is however larger than 
the measured strength values in all cases, and a potential explanation is discussed in 
terms of moulded areas. The modelling framework is computationally efficient (within 
31 min for 10 tape configurations) so potentially suitable for composite structures.
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