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NOTATION
half depth of box
half width of box
length of box
gkin thickness
thickness of intermal webs
thickness of end webs

area of internsal booms

' area of end booms

mmber of cells (n + 41 = number of webs)

web or skin panel identification number
coordinates defined in Fig.1

applied shear force

stresa~resultants defined in skin z = b

lcad in boom i

shear flow in web i,

modificd web shear flow (eqa(2) )

displacement compounents in plane of skin z = b.
z-wise deflection in web 1.

functions defining spanwise constraint stress distribution
functions defining chordwise constraint stress distribution
constants defining web shear flow distribution

Young's Modulus

Poissons Ratio

R 175 -3 )

T A . -

W

R

- I i o

T

=

mE

o

— e

o T R e R T
- " -




T =0/2(1 + o)

tO/t\T

a = m‘_x/Qct

>
1

a = nAO/th
¢! =c+ (n-1)8/2t + A/t
Z = cZ/2nbe!

0 = ot /mbt

B = (6/2) | X |
woo=smnls g° : f
B Z 1062 4 e)) N S
E  =nx/2c, n = ny/2c, ny =n-1+1, 1! = nl/2c
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1. ntroduction

A form of construction for thin aircraft wings which is
widely used at the present time is that which makes use of a
number of shear webs to stobilise the compression surface. This
mltiplicity of shear-carrying moterial provides a higher corder
cf redundancy than that associated with a single-cell box, and
verious nethods have been proposed for dealing with this complexity
(References 2,3).

A common method of dealing with a contimious structure
reinforced by a large number of discrete elements (esgs fuselage

reinforced by stringers) is to replace the discrete elements by

a contimous distribution of naterial having the same overall

proverties. Hemp (Reference 1) has used this technigue in

dealing with the rmlti-web box, in thet he replaces the discrete
fheor webs by a shear-corrying continuum, The sclution cbtained = 2

zives a chord=vise variation of shecr in this ceontinuum which is - !

exponential, and it is natural to enquire as to the accuracy with

ik

which the continuwm can reproduce the behaviour of the finite

s
R

nurber of webs corrying such a rapidly varying loading. The

=4 3l
rresent investigation deals with a particular case dealt with = B :
i i s
. e ¥ ] L 1. | L]
in Reference 1, nanmely that of the uniform rectangular multi-web 1 I
box under shear load applied centrally at a rigid tip rib. This iz
Tneding case is considered under exectly the same assumptions as 4
_ b
ed in ferones 1, except that tho continuum does not gl i
roplace the discrete webs. 1 i
(@t b
[ 1 p— g . i =T
2. The Rectangular itmlti-ifeb Box under Tip Shear ) =
The box is shovm in Figure 1, which gives the overall R i

dimensions and shows the co-ordinate system used, and the

i

dircction of action of the applied force % which z;c_;ts through

the line x =1, y = c. The root x = O of the box is assumed

= ey

wh ki pinilg, o
T




to be rigidly built in, The box has (n+1) webs, and web 'if

is in the plane y = 2ic/n. Vebs 1,2,3,4% ..., n=1 have thickness
tw and boon, area A, while webs O, n have thickness to and boan
area AO. A1l the webs are assumed to have no bending stiffness, but
to carry a uniform shear flow QA The contribution of the web
material to the bending stiffness is allowed for in the boom arcas

A and 11 . The gkins z = #b have thickness t, and we identify
panel ‘i' of the sgkin as lying between webs 'i-i' and 'i'. The

stress-resulbants T,;, S, T, illustrated in Figure 1 have the positive

2
directions shovm in the skin z = +b.

The analysis of Lppendix A leads us to the following
expression for the distribution of the applied sheor force 2
between the webs,

& = el <zm 1+2M.-9a0-(n+z}\-1)1 > v ﬁnﬂl‘l (1)

pp = "('l+.{.?\,0) (1+6™)
where Q, is definecd zzs;, Gy (2 2 45253 sees 1)

! {:t 5 .(i = 0,n) % £

The vorious parameters are defined in the list of notation,

but we may exomine the important paramcter 6, which defines

p=1+0 -J <e(2 + e))

» YL I L T /. ¥ i f Y (2 4 P 5 Py T e
6 iz defined hy 8 = et /bt = (o /&b) (+ /%) where A 1s the web
e v 1% L

pitch 0 1s therolfore essentiolly o Ydhope" parsteter, describing

the geanetry of the internal cells, and we shall find that the

distribution of web shear flow given by (1) is noticeably sens:.u:.ve

to 6. Another importont poramcter in (1) is < = /2(1 + o).
If the web sheer distribution is evaluated by the usual "Batho"
method of equating the twist in each cell to zero, as in Refs. 2,3,

the solution is given by equation (1) with v zero. is will be seen




later the term in 7 has an important effect on the magnitude of the
departure of the shear distribution from the uniform. The term

in 7 arises becouse the skin shear strain, which has to correspond with
the stress dbtained using equilibrium considerations, contains a

tern arising from the chordwise Poisson contraction due to the linearly
varying bending stress. It is clear that if the box is built in to

a completely rigid root then this Poisson contraction will be restrain-
ed and so the importance of the erm in ¢ will be reduced. This is a

matter for experimentsl investigation.

Comparison with the 'Contirmuum' Theory

If we write v = ¥ [log B| , (2) moy be thrown into the

i 0}
Qj = I-A—B cosh(Zi-n)‘{ cosh ny(2\-1+tanh n*(/‘b:mh*r))] (3)

where A = (f+a=1), B = 2h=1+2Na-20 ~(n+22=1)7

Te may transform the expression (in equation (28) of Reference 1)
P

for the shear stress in the contimmm into our notation

o rumming co-crdinate = ny/ 2@) to give

L Bcogh(Qluﬂ)ﬁj//(éosh nd(2n- +ﬁ;nh.n6/3))t] (4)

(using 1 as

L |

(nb/20)

"‘———‘ 0]

The close relationship in form between equations (3) and (4)

2 % o ke s 2} = : i i JUET TS, . G R e P ik e
o8 notad, 4 e noy inhediaotely compore vy apd © for
voryirg € to ©ind the difference in the 'shape' of the shear
a3

distribution given by the two methods.

The six-cell box which provided the experimental results
noted in Reference 1 had b = 4 ins., ¢ = 18 ins., t = 0.159 ins.,
5, = b, = 0.0575 ins., a =gq = 0.,1406., Vie tlus have 0 = 0.2712,
and so ¥ = 0,3604, & = 0,3682, In this case, then, the

'continuum! method gives a two per cent variation in the
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CXPOT nt:n.d. tecrm in the web shear distribution, which is certainly

satisfl tory .

It will be seen that in both (3) and (4) the term in B
indicates the departurc of the web shear distribution from the

uniform and that this departure'ls greatest when i = O or n.

Tie moy compare the difference in this term between the twoe

exprceasions for the extreme cases n = 2 and n large.

For n=2 /(1 + tanh 2y /tanly) = 0.3589

1/(1 + tanh 28/58) _ 0.3700  (3.1gdifference)
For n large 1/(1 + 1/tanhy) = 0.2568

1/(1 + 1/8) = 0.2691 (4.8 difference)

+

Thus for this value of 6 the contimwm theory gives a reasonably
closc approximation to the deperture from uniform shear in the

wiebs, which docs not vary greatly in cccurccy with number of cells.

In the above discussion we have compered web sheor flow

o,

iven by thic paper with (one wob pitch) x (locol value of

m
1

corlinmmm shenr stress at web line) given by Reference 1.
Strictly specling, one should inteprate the result of equation (4)
over one half web-pitch either side of the web line, adding in
the case of webs 0 and n the contribution of the 'special' edge
wichs. If this is done the differcnces noted sgbove are incrcased

Lo AT wOf = 4 RPN SR stter =, (- 1 ol A
7% k) o Ty 08 5 v1d that 1n

feie

ATy e Y h

fTavouraohle, thous
logically incorrect, to multiply the local valuc of the ccn'b:i_rmum
shear stress by the appropriate web piteh, This ardifice,

however, will lcad to a distribution of web sheor flow which does

not exactly balance the cpplied shear force Z.

It should be noted that the pu.rcent age 'errors' given

ahove are only differcnces in the term multiplied by the constont

Be If we reburn to the examplc of Reference 1, and evaluate 4

and B numerically (n = 6) we rind that if o = 1/3,




B = 0.1250<< & = 1.0156 and we shall cipect the differences in

the final rosults of equations (3)and (4) to be proportionately .
less,  Remembering that in this case n = 6, equation (3) gives

q, = 0.9827 £. The local value of sheor stress in (4) leads to

a4, = 0.98114(0.1% difference), while the 'integrated' value gives a,
= 0,9800%5 (0,3% s difference). Thus the overall difference between

the *wo methods is much reduced in this case, It moy be remarked

I

1]

that this masking of the difference hetween the +wo methods is most
opparent wvhen n * 7 and that in the torsion case (equation (25),
Reference 1) there is no constant temm present and thus the original
figures given are nore appropriate, Ve may note that if © = O
("Botho Theory") B = 1,000 and so A and B are strictly comparable

in nognitude cand the above reduction does not occur,

L2z above example provides quite close arrccnent betweon
the resulis of the 4o methods £ value of 0 equal to unity is

not ot 2ll wwreosonable ¢ txucﬁw*tlly, and if we take o ten cell
vox for which 0 = 1, a = ¢ = 0,10, N\ = 1 we have y = 0.6585,
6 = C.7071 (1 & = 1.0738y) wnd

a_ = 141132% by (m}
= 1.1303% by (11) (local) (1.5%)
= 1.15782 by (11) (integrated) (2.2%)

- s N, - aeet - L
sor o four ccll box of the sone goometry

= 0.01904 by (11) (leeal) (2.1%)
= 0,8081%Z by (41) (integrated) (3.4%)
For the forsion case the above differcnces would be imreasccl
tc the order of 155 . Ve moy thus conclude that the accuracy
of the continuum in following the behaviour of the discrete sheor
ebs of a multi-web box is quite rcasoncble for a box having

oracticelly significant geometry., It nay be said that the
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number of wcbs is less significant than the geomctry of the cells as

reflected in the parsmeter 9,

All the foregoing may be said to be concerned with the
"beam theory' soluticn of the multi-web bhox built in at its root
under a shear load applied at a rigid tip rib, The solution cculd
have been obtained by finding the vertical dcflection at the tip of
each web with the tip rib absent and some simple distribution of the
applied shear among the webs, and then sccking the statically zero
web shear distribution necessary to make all the tip deflections
equal, This approach to the problem will be found useful when

considering constraint effects at the root,

It is clear from the expression for u in Bquation (4.9)
that the solution we have obtained involves am cqual warping of all
cross~scctions and that the distribution of shear flow between the
webs will aff'cet this warping, Since the bending stresses corres-
ponding to Tﬁ must be rcacted at the root of any box, it is clear
that there must be a greater or lesscr amount of restraint of the
he root section., This restraint is incompatible with
the results of cquation (A.9) and so a statically zero modification
to the elcmentary stress distribution must be.adﬂed in order to make
the root deformations consistent with the boundary conditions. Hemp
which varies parabolically

in Refercnce 1 suggzests a modification to T

1

T ST R, T g PRy L Ry 1o i 09 (e g1 [ 3 pogs L PR el o - -3 3 5

in the chordwise direction and has an arbitrary sperwise variotion

FES. TR ST, g YRERRRTS-. SO IR S Tl ER . QU S St e T Loz} B Ty 2 ey LS
which may be detenuined by wvarictional methods. This sclution involves

no shear in the webs, and is correct for a box where 1 is large.
However, since there is now variation of bending stress across the chord
therc must be a corresponding differential bending of the webs (equation
(A.G) vrith g = 0), and this is incampatible with the assumption of a
rigid tip rib,

Root Constraint in Shear

Following a remark made carlier, it would secm that a
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reasoncblie approach to the problem of the root constraint of a
multi-web box under tip chear is to solve first the root constraint

Troblen for an arbitrary distribution of the applied shear between

the webs. The web shear distribution is then chosen to moke the

vweb tip deflections including those due to the constraint stresses

cempatible with the conditions cpplied by the tip rib. The method

cnosen has been the fomlliar one of specifying o distribution of
bending stress across the cross-section with spanwise variation
determined variationally using the Theorem of Minimum Strain Energy.

It is clear thot the choice of the cross-scctional variation of

stress must be sufficicently general to allow for effects arising

R TR N A B

from the as yet unknovm weh shears.

Bxbtoending the method off Reference 1 to allow 11 to vary E ‘
with 7 as an cven order polynomial brings considerable algebraic :
1ifficudty because of the effect of the web booms in disturbing
the sirplicity of the skin sheer stressecs, It vas decided to allow _
'_F,i te vory linearly between arbitrary values at the web lines, For J

. i

the r-c211 box this will mean that the constraint stresses axe
spe2ifizd by either n/2 cr (n-1)/2 wilmoen functions of x, the

equsticns governing which must be obtained by minimising the strain

energy under appropriate conditions, This will lead to linear E
RN = ; &
differential cquations each involving all of the unknovm functions. B

cre profiteble to cndeavour to minimise the coupling

b o 3 =] §* 5 " - - I .

. P 7 . P . s I T e B Saana e e R
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STrésses Iron adoswributions wikich sre thomselves each staticelly zero

-
=
=

axd walch cover a minimum number of skin bays,

-y
o
s

In Appendix B such distribubions are derived and a method
of solution is indicated. Caleculations of +this type have been
perforncd in the case of the six~cell box already mentioned and the
results are plotted in Figure 2, Section A is at 4.5 in, and

secvion B at 27 in, from the root of the box whosc length is Bl in,
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The conclusions of this nccessarily crude opproach should be treated
with caution, but they indicate that the effect of web shoar distri-

~bution on the constraint stresses is not negligible,

Further Developmeénts

The results of a simplified calculation such as that just
described will serve as a lead in the solution of the complete
constraint problem involving the functions F, (£) of Appendix B as
well as the Gi (&). The methods of this paper arc eminently
suitable for examining the effect of flexibility of the tip rib;
and they will also handle without extra difficulty the problem
of the mlti~web box carrying concentrated loads applied to its
webs at stations distant from ribs, o case which has proved unéuit-
-able for the continuum approach, The methods of the first part of
the paper moy also be used to investigate the cccuracy of the
continuum approsch for further loading cascs (e,g, the box under

distributed normal pressure

Conclusions

For the simple loading casc discussed, namely the box
under uniform shear, the methed of replacing uniformly spaced
webs by a 'shear continuum' is sufficiently accurate for the
purposes of stress analysis, The effect of stresses due to

any constraints must, heowever, be token into account when

cvaluatine the shear distribution in the wchs,
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APPENDIX A,

Analysis of Web Shear Distribution

The bending stresses are distributed as in the Engineer's

Beam Theory, to give

~Z( ! w x)/boc! '.I.‘2 =0 (a1)

H
"

Q
I

c + (n-1)4/2% + Ac/t (a4 2)

The (constant) shear flow in web 'i' is q;, and since ve are
dealing with 2 loading case which is symmetrical about y = ¢

we have n

9.5 = a(all i) ; >fqi:Z/2b
1=0
We mey integrate the equation of x-wise equilibrium in the

skins (8T1/ax + 05/3y = 0), and allow for the equilibrium
conditions a2pplying at the web booms to find that the shear

flow in skin panel 'i' is given by

5,() = Ejﬁg = (2/bc) ( v +ASE s {1-1)A/t> (A 3)

3=0
It will be noted that this expression satisfies the symmetry
conditions 8_ . . (%0 - y) = - 5.(y). - The stress resultants
Tt = i
iven by automatically satis 1e requirements
iven by (1), (3) automatically satisfy the requirements of
compatibility of displacement, The strains in this skin

panel are given by

_ satlesy L gEls)
E s = I *ent 3 - Litho!
2\l ' - M)z ] Soan
(e}{1j)i = E: < Z’ qj) STthe! (37 + % -l-(_._ 1)1:)

Integrating the first two of (4 4) we obtain




A2

TR

Il

u, (%,7) = - 2(lx - 1) /1mtbot + £, (v)

(A 5)

RN

vix,y) = 2@ ~x) (y-c)/Btbc!

here fi(y) is an as yet unknown function of y. Ve substitute

"rom (A 5) into the last of (& L).

i A r
gt . £y = g‘%ﬂ(g qJ,) {:0)2 (Y rE (i—‘l)%)
50

LEthe! ~ 2Etbe! 1
(542,53 wesstl) (a 6) 1ol
i ! :
Integrating f:;_(y) between 2(i-1)c/n and 2ic/n, and using My i
(1 5) we find thak : ‘ 1
gt
- E i

i

s @%9./\ o, /_zg_#)

S e
i
—

™
|
1

(1 =1,2,3, oeee, 1) (& 7)

hers T=0/2{149) .

R i PHRERS

i
TR R I SR TR B T

0 exmmination of the above process it will be secn that

the term in T in (A 7) which leads to that in equebions (3), ()

s .

referred to in the main text, derives from the shear strain SR Ll
e ] 1

B & y = 5

which arises Trom the Poisson contraction varying with x = n i
‘. " « &

1 - V] = £
in ths second of {‘- 5). % i o3
Shrmmd e ot S o g’\L TV a4 Ao S e find that :‘;‘“ vi
Jurmine aouakions (A7) from 4 $o0 1, we £ % il g

i1t &

= - =1 3
v =HEE B

i o 8 104 &0)e lﬂ_ Zic (s uky . n(i-A (a1 = E
= W) e (,1"‘.])(13 = Lnbe! + St 2ct Ly SsHE
S | = == = .=
J=0 s 711

. A et :

(:1:1,2,3, soony n) (-’-'5‘- 8) :'.“ i ,i_

. i '
¥y i

We may acain note that symmetry is satisfied since
wny ag JEMS LIy

v s (x 2(n-i)e/n) = wy (x, 2ic/n).

Bl
?:l b5 ?‘
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A3

We must now consider the shear webs, We assume that they
experience nc direct strain in the z-direction, and we have

already postulated that they carry no direct stress in the
z~direction though naturally they must extend in thot direction
with the skins, Clearly, thep,the web shear stroins are given by

2{4 +¢)q_J_/Z‘ 2 B J/ % ui(x,2.1, /1) [ o
(1 =1,2,3, e0v, n) (A 9)

4 Bt = §

2(ﬂpaﬁqt/f . o7 /8% + x,0)/b

where Wiy is the z-wise displacement at web i, Since the
root is built in we have u = w = 0 at x = 0 and since we
assume that the load Z is applied at a rigid rib we m 15t have
ow/0y = 0 at x =1, Substitubing from (5) in (6) ve find

that 2w, ,’a:c - oy _, /8 = is independent of x and so the above

condition iwplies thut
0 _ 9w,/ox - o 1,/ 2o
3 .
( ) {4 ‘_-_j sy g N S & ay ) i
o BT, L(145)e q. -2 [(2ix1)o o (3-1)A {2i-n-1)c |
TG RS Bibn ) j Lo! n G t n 3
(L = 2,3, ooey, n=1)
0 = ow,/2x - &7{/3:{
rﬂ'
B P ,-l\ iy | 7z [ &
LALESY fs L TR A0 L B | 2 o BT ) B
? \ =4 2 2hba | ¢ Lbe! | n Tt (n=1) Y

If we definc Q, = qi(i =1,2,3, eoo,n~1)

4

and write 0 = ot / nbt = 2t / 2bt (ax-'-r = web pitch)




i
Al |
1__
and ¥ = cZ/2nbe', a = ni/2ct, o = nﬁ‘/2c:t, A= to/tw
then | |
Qi—“l -—2(1+8)Qi + Qi+1 +20 (14 a-7) =0
(i = 4,2,3; sosy B-1) (A 10)
(142 28)Q, + @, + 05 (142a +(n-1)7 ) = ©
i
e moy solve the recurrence rclations of (7) to give
9. n~i i
Q; =z (1 +a=7) +0(g" +p ") (2 11) :
(i = 0,1,2, vuu, 1) i
- i
vhere ;
5 :
p- =21 +6) p+1 =0
and we choose the rootg =1 +6 - ,J( 8(2 +0 )) € H Ve find u
the wlmom constant C by substitubing in the equation involving : t
€ and Q“l only, and so obtain equation (4. 5 :
3|
5
= il
: I
El.
=}
it s
=i

1 L R e e PR
crem B -
[ ra
e —

T AT Y,

{f ke e R




;E' el _'.JITDDC B

Constraint Skress Distributions

In gl,. it was sugpested that a constraint sitress distribution
could be conveniently built up as a combination of "local ®
statically zero distributions varying with x, If we assune

1
as follows,

that T, varics lineerly with ¥y betwsen web lines we may proceed

E=nx/2c, N = ny/2z, ny =1 =i (8 1)
we may write
D4
T,(xy) = ) P T, (M
de=d
n-1
s(x,y) = > F1(z) ¥, (m) 5 2)
1=
n=l
..... wuleY @& e
D, (z,3) = > P (5) 2, ()
Plx) =03 g =0

wn e T Yy . ® \}_r.-i}f\ b ol Sefd
where ﬂn.—-—'i( ) n _i( g) ond €, (n) ete, are defined by

1
2 (1)) =3 |~ 8,(6-11m) + B5(5-7m,) = 2 82(1 - my)

o)

@).:_(n..-) = 17 [-'_ ‘:-l-‘_1 s e 6%:(“‘“3”_:) + 6?—1%-1(2"‘37:1 ._,1)"' 63:{‘2(1'"7'

[T S | J EEa] 3 . o ol By L.
; (3= 2,55k seey 552)
1. 2, 3 2 |
v (n5) = 35| 8 m(12-1m) + &(1-10n ...7*})...25( -1,
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The above distributions are illustrated in Fig,3.

Such o distribution of T 4

satisfies equilibrium conditions,

is statically zero, and covers at the most four skin bays.

It thus is suitable for

our purposc and reduc

en the coupling

tstween the functions Fi( £) viich describe its spanwise veriation,
o account has so far been tulcen of the constraint stresses
ir the webh~booms, Since ihese derive from the strains due to the
atovs stress~distributions, the relation beitween them is not
simgle, It iz more convenient to specify the boom loads P-(x)
i
Jzileyendently in terms of unknown functions C}i( £)
.- i'- A =1 Pt
(. (B = G.lE)) as folilows
\ n-i &
() = ~26,(8), Px) = X-c ()0, (8)
e T n 1k“’ 48 F xwv Vo ‘“‘"1 !

il

- .'/"Gj__1 (8)426, (8)-6, (EJ)

= Alprgese g 42 [

(B L)

(94 61(2)) (1 =23, wne, 22)

snca(2) )

(l = 2’3, *00y 11"'2)

f:':.', :Y) =

ik g

e 5 1 =Y
<Vi T’i)c’i-1 £)

e i A s

T R TR AT T TR SRR 4 S e

o

0 SN % 00 B=1 LA
SIS R Gt R A e

- ————
ettt - it

UREATE (S s T

TR S I G e e o e

R 3 - o v
e - —— b
———

armal
e

T AT T TR 0 T




B3

The condition of mininum energy may be used to enforce
the necessary compatibility relationship between the Fi and the
Gi'

Our constraint system is now specificd by the functions
Fi(g) 5 Gi(r’;,') which automatically ensure that the constraint
stresses are self-balancing, Unfortunately, although rmuch has
been done to reduce the coupling between the Fi and Gi’ a
typical differenticl equation resulting still contains seven
Fi and five Gi. Ve mey rcduce this complexity by ignoring
the F., concentrate the bending-stress carrying properties
of th; sking (so far as the constraint stresses are concerned)
into the suitably cnlarged web booms, and allow the skins to
carry only shear (8) and chordirise dircet stress (Tz).

A statically correct distribution of stress which reacts the
tip shear Z and which is cxpresses in terms of unknown constants

H1, Hz, Wiy Hn-—‘] (Hn-i = Hi) is as follows

~oZ(2'=E) (i =1,2,3,00.,01)

1l

nP (x)/2c = - ¥(1'=¥), nP./2
o o i

T'i i(:':::)") = =Z(1'-8&

s, (%,5) = ~&(n~%) (2 =4,8,5, s, 1)
Tzi(x,y) = 0 (3 5)
a = Z{&e ), 4 = Z1+a0) (& =1,2,3, +..,0)

i o 11 4 -
WRIEre L = N/ 20

Combining (B L) and (B 5), writing dovm the strain energy
and minimising it with respect to the Gi wie obbtain equations
of the type
" T 0 - N pn 1 A
oyt (B 4 (@) 31, (8- 12610~ 6, @)+ 264°() G4 (2)
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(1= 3,4 cos, n=3)
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with typical boundary conditions
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