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Abstract

The complexity of linear, fixed-point arith-
metic digital controllers, is investigated from a
Kolmogorov-Chaitin perspective. Based on the
idea of Kolmogorov-Chaitin complexity, practical
measures of complexity are developed for state-
space realizations, parallel and cascade realiza-
tions, and for a newly proposed generalized im-
plicit state-space realization. The complexity
of solutions to a restricted complexity controller
benchmark problem is investigated using this mea-
sure. The results show that from a Kolmogorov-
Chaitin viewpoint, higher-order controllers with
a shorter word-length may have lower complex-
ity and better performance, than lower-order con-
trollers with longer word-length.
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1 Introduction

Modern control design methods usually result in
digital controllers that are high-order and hence
regarded as complex, and thus costly and diffi-
cult to implement. Furthermore, rounding errors
occur in digital controller implementations, and
these errors become magnified with controller or-
der. Designers then often move to more expensive
longer word-length or floating point arithmetic to
overcome these problems. Control system design-
ers are thus motivated to produce low-order con-
trollers which generally have lower complexity.
However controller order, whilst a good indica-
tor of controller complexity, may not be an ac-
curate measure of actual implemented controller
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complexity. Consider the following two digital
controllers:

1
z+0.1

Kl(Z) = 3 and KQ(Z) =

1
(z+1)
Controller K7 has order 3, and controller Ko has
order 1. llence Ko would normally be regarded
as having lower complexity than K. However,
controller K can be implemented exactly with-
out any multiplication operations and just 3 ad-
dition operations. Controller Ky requires a multi-
plication operation, and can only be implemented
exactly with an infinite word-length. This is be-
causc the multiplicand 0.1 in base-10 cannot be
represented exactly by a finite word-length binary
string, since it recurs in base-2 as 0.000110011 - - -.
Clearly then, Ko has higher complexity than Kj.
Furthermore, for a practical implementation a
perturbation is introduced into controller K5 of
a magnitude determined by the implementation
word-length and controller realization. Note that
in the case of a digital filter implementation, it
has long been recognized that increasing filter or-
der may decrease complexity |1, 2, 3, 4, 5/.

Thus, it is not sufficient to consider just con-
troller order, but required word-length and arith-
metic operations as other factors that determine
controller complexity. Williamson |6/ has consid-
ered complexity in terms of the number of mul-
tiplications, and less importantly the number of
additions required for an implementation. An-
other measure was introduced in |7| based on the
number of bits required to store controller param-
eters. This measure seems related to the idea
of Kolmogorov-Chaitin complexity |8, 9/, whereby
the complexity of a computable object is measured
by the length in bits of the shortest program that
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[12, 13].
Clearly, using floating-point instead of fixed-



point arithmetic, increases the complexity of con-
troller implementation. Furthermore, fixed-point
implementations are much cheaper and faster.
Therefore in this paper, fixed-point implementa-
tions are considered. A number ¢(x) in a two’s
complement fixed-point representation is typically
given by a m + n + 1 binary string x, where

T = Ty T1 .-y T, Tmetls - Tminl, T € {0,1},
me {0,1,2,...},n € {0,1,2,...}. The value ¢(x)
is given by:

m+n

i=1

Whilst there have been few attempts to quantify
complexity in feedback controllers, the problem of
designing controllers and filters for implementa-
tion using finite-word-length arithmetic has been
extensively studied; particularly for (open-loop)
filters. Early analysis of finite-word effects can be
found in (14, 15, 16, 17|. What became evident
early on, is that effects are very dependent upon
the particular realization of a filter /controller |18;
and there has subsequently been much work on op-
timizing controller/filter realization so as to min-
imize word-length (e.g. 119, 20, 21, 22, 23, 24)).
Comprehensive accounts include a text by Mo-
rony |25/, and more recent work by Williamson |6/,
Gevers and Li |26/, and Istepanian and Whidborne
|27|. Tt is obvious that realizations which have a
small number of parameters are preferred. If how-
ever, the realization is such that many of the pa-
ramcters arc trivial, i.e. 0 or 1, then this leads to
a simplification of the implementation, and the so-
called sparse optimal realization problem. Proce-
dures to minimize both word-length and the num-
ber of non-trivial parameters have been developed.
One noted procedure that has been used for con-
trollers is based on Chan 28|, and has undergone
a number of developments for the sparse controller
realization problem |29, 30, 26, 31, 32|. For filters,
there has been a large amount of research over the
years (c.g. 33, 34, 35, 36, 37)).

The objective of this paper is hence to consider
the complexity of linear, fixed-point arithmetic
digital controllers, from a Kolmogorov-Chaitin
perspective. Note that practical measures based
on the concept of Kolmogorov-Chaitin computa-
tional complexity have been developed in other
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paper, a practlcal measure of complexity is deﬁned
for linear time-invariant controllers, based on the
idea of Kolmogorov-Chaitin complexity. The use
of this measure is considered for state-space real-

izations, for parallel and cascade realizations, and
for a generalized implicit state-space realization
|41|. The complexity of designs for the restricted
complexity controller benchmark problem is inves-
tigated. It is seen that from a Kolmogorov-Chaitin
viewpoint, higher-order controllers with a shorter
word-length may have lower complexity and bet-
ter performance, than lower-order controllers with
longer word-length. Note that a shortened version
of this paper appeared in 42 .

2 Measures of complexity

Digital controllers are implemented as a computer
program, hence it is of interest to investigate
whether complexity measures used for software are
applicable for measuring digital controller com-
plexity.

One traditional measure of computational com-
plexity is time complexity, i.e. an estimate of the
amount of time (or number of machine cycles) that
is required to complete an algorithm. Digital con-
trollers are time critical, and there is therefore
usually a computational time constraint on the
algorithm; however this has not been explicitly
considered in this paper.

2.1 Kolmogorov-Chaitin complex-
ity

A fundamental concept in information and compu-
tation theory is that of Kolmogorov-Chaitin com-
plexity. Put simply, Kolmogorov-Chaitin compu-
tational complexity |8, 9| measures the complexity
of a computable object by the length in bits of the
shortest program that computes the object.

The following definition is from 43, p 147/, and
refers explicitly to the computational complexity
ol a binary string.

Definition 1. The Kolmogorov complexity Ty (x)
of a computable finite-length binary string x, with
respect to a universal Turing machine U is defined
as:

Ty(x) = min £(p), (3)

pU(p)=z

where p denotes a program executed by U, and €(p)
denoles the descriplion length of p.

Of course, digital controllers are not imple-
mented on universal Turing machines. The fol-
lowing theorem (43, p 147| relates Kolmogorov
complexity to length complexity using some other
computing machine.



Theorem 1. If U is a universal computer, then
Jor any olher computer A:

Ly(z) <La(@) +ca (4)

Jor all binary strings x where the constant cq does
not depend on x.

For a digital controller, at each sample period
the digital computer calculates a binary string
u(v) (the control), which is dependent on another
binary string v (a concatcnation of binary strings
representing the measurement, controller states,
and other variables that are stored in the com-
puter). What is actually needed is a measure of
the complexity of the controller implementation
for all possible measurements and relevant con-
troller states, and hence all controls. The con-
troller is a mapping [rom V (the sct of all possi-
ble v), to U (the set of all possible u). A practi-
cal complexity measure consists of the sum of the
minimum length of the stored program for all pos-
sible v, and the maximum length of v. This gives
a measure of the total storage requirements for
the program, input data, and stored data. Based
on this, the following complexity measure is pro-
posed.

Definition 2. The complerity I' of a conlroller
implementation, with respect to a controller im-
plementation machine K, is defined as:

I' = max{{(v) : v € V}
+ min{{(p) : K(p) = u(v), for allve V}, (5)

where p denotes a controller program ezxecuted by
KC, L(p) is the length in bits of the executed pro-
gram, £(v) is the length in bits of the internal and
measuremnent variables v, and V is the sel of all
possible v.

For a linear time-invariant controller K, the
controller complexity definition can be simplified.
Consider for example a state-space controller with
ng state variables, n, inputs, and n, outputs;
where at the ¢th time step:

z(i + 1) = Az (i) + By(7), (6)
u(?) = Cxz (1) + Dy(2). (7)

The string v has a constant length dependent on
the chosen word-length, number of states n,, and
the number of measurement inputs n,. The pro-
gram is independent of w, y, and =z, hence the
program length £(p) is independent of v and w.
Let k be the concatenated binary string of the
parameters of the controller. If the chosen word-
length is w, then the length ol k is given by

Uk) = (ng + ny)(ng + ny)w, and the length of
v given by £(v) = (ng + ny)w; therelore the re-
quired data storage of the state-space controller
is £(k) + £(v). However, this is not a satisfactory
complexity measure for state-space controllers, be-
cause it does not consider the possibility of sparse
realizations. Sparse realizations are where some
controller parameters are zero or unity. These re-
duce program complexity because there is no need
for a multiplication in the case of unity, or an ad-
dition in the zero case.

Therefore, in order to be able to use Definition
2 to measure controller complexity, the length of
program #(p) needs to be determined. This re-
quires some practical consideration of the imple-
mentation machine K. IFor example, consideration
needs to be made whether K has hardware support
for floating point calculations, or for multiplica-
tion operations, and if so, what length “overhead”
is given for the use of more complex operations
over simpler operations such as addition or barrel
shift.

Very simple computing devices are often pre-
ferred for reasons of cost and reliability. Such
simple devices use fixed point arithmetic and im-
plement multiplication in software via a sequence
of additions and shifts, i.e. one addition, and one
barrel shift, for each unity bit of the constant mul-
tiplicand. Thus, a simple complexity measure is
to count the number of unity bits in each multipli-
cand string. Consider for example 2.125 x y. The
binary representation of 2.125 is 10.001,. This is
equivalent to 2xy + 1/8 xy, which is evaluated by
& y+ EX y where - denotes an n right shilt op-
eration, etc. Therefore, the following complexity
measure is proposcd.

Definition 3. The controller complerity I'(K) of
a linear time-invariant controller realization K is
given by:

£(k)

T(K) =(v) + Z s, (8)

where the concatenated binary string of the pa-
ramelers of K, is given by k = ki, ka, ..., ko)
k; € {0, 1}

This measure incorporates the measure of the
length of the program, in terms of the number of
operations, and in terms of data storage require-
ments.

2.2 State-space realizations

A common and fairly general representation of a
system, is a state-space representation. This real-



ization is simple to program, and has a clear struc-
ture that is easy to analyze. Here, linear time-
invariant controllers are considered with a state
space representation Ky = (A, B, C, D), where at
the ith time step:

xz(i+ 1) = Az(i) + By() (9)
u(?) = Cz () + Dy(3) (10)

where A € R"= X" B € R"*" (' € R™*™ and
D € R™*™_ Let k be the concatenated binary
string of the parameters of K. Il chosen word-
length is w, then the length of k is given by £(k) =
(ng + ny)(ny + ny)w. Let v be a binary string
representation of (z7,yT), and the length of v be
given by £(v) = (ng + ny)w.

Note that the time complexity of Ky, is indepen-
dent of x and y, and hence of v. At cach sampling
instant, the time to evaluate (10) should be mini-
mized, and (9) must just be evaluated before the
next sample.

2.3 Parallel and cascade realiza-
tions

A state space realization is over-parameterized, in
that the number ol parameters of K is not min-
imal. However, the number of internal variables
is minimal. In this section, two common mini-
mal parameter realizations are considered, namely
parallel and cascade [orms.

Parallel and cascade realizations decompose a
controller into a number of first and second-order
direct-form filter blocks (see (44, pp 120-123)).
The structure of a second-order direct form filter
block is shown in Fig. 1, and a transfer function
given by:

ag + a;lif1 + agz*Q

F(z) = .
(Z) 14+b1271 +by272

(11)

The transfer function of a first-order direct-form
filter block is similarly given by:

ag + alzf1

F = .
(2) 1+b1271

The parallel structure used here is (for SISO
controllers):

(12)

m
Kp(2) = Y Fil2) (13
i=1
where each F; is a first or second-order transler

function of the form given by (11) or (12). The
cascade structurce is given by:

K. (2) = H Fi(z). (14)

Assumec that there are myq first-order, and mo
second-order direct-form filter blocks, and that
mg > 0. Let the concatenated binary string rep-
resentation of the filter block parameters ag, a1,
az, b1, and by for all filter blocks, be k. The
length of k is therefore (k) = (3my + 5ms)w,
where w is word-length. Each second-order direct-
form filter block shown in Fig. 1, requires two
previous outputs and two previous inputs to be
stored. But for a parallel structure SISO con-
troller, input is common to all blocks, so the in-
put and two previous sample inputs need only be
stored once. The length of v is hence given by
(v) = (mq + 2ma + 3)w.

For a cascade structure controller, when second-
order blocks are connected, the two previous out-
puts of the first block are equal to the two previ-
ous inputs of the second block (and similarly for
first-order blocks). The measurement must also
be stored, hence the length of v is also given by
L(v) = (my + 2ma + 3)w.

2.4 A generalized implicit state-
space realization

There are many more possible realizations apart
from the standard state-space parallel and cas-
cade realizations studied above. Implementation
of § and ~-operators 45| for example, requires the
storage of intermediate variables; and these add
to complexity. Other common realizations include
the direct form (obtained directly from the differ-
ence equation), and the lattice form. Most com-
mon realizations can be formulated using a gen-
eralized implicit state-space realization that has
recently been proposed 41 .

The generalized implicit state-space realization
is given by K, = (&, F), where:

IV E1 0 0-| [ Z(Z) -| |7F11 F12-| ()
_EQ 1 0 U(Z) = F21 F21 [i(z)] 5
-0 1) s+ Lr )

(15)
where FE € and F €
R(=trutne)x(netnyg) ape  appropriately  parti-
tioned, F; is lower-triangular with 1’s on the main
diagonal, and z(7) is a vector of intermediate vari-
ables of dimension n,. The realization is imple-
mented in a row-ordered manner, that is at each
time step 4, z1(¢) is evaluated first, followed by
z9(7), and so on. Because Ej is lower triangular,
z;(4) is not dependent on z,(7) for j < k. Note
that the control u(z) is evaluated before z(i + 1)
so as to reduce computation lag time, and x(i+1)
can be evaluated alter u(?) is applied to the actu-
ators and before the next sample time.

R(n=+nutnz)xn.
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Figure 1: Second-order Direct-form Filter Block

Note that realization (15) is equivalent to a
state-space realization (A, B, C, D), by:

A= B3E['Fip + F3y
B = E3E['Fy; + Fy
C = EyE[ 'Fia + Fap

(
(
(
D = EyE[ 'y + Foy. (
Examples of several common realizations in the
form of (15), arc give by llilaire et al. |41].
Evaluating the complexity of (15) using Defini-
tion 3 is straightforward, noting that if the chosen
word-length is w then £(v) = (n, + ngy + ny)w.

3 Restricted complexity con-
troller benchmark

An active suspension system is the basis for the
benchmark problem [12|. The objective is to
design the simplest controller which meets some
control specifications. The plant is a hydro-
suspension system subjected to a disturbance. A
block diagram of the active suspension system is
shown in I"ig. 2, where u, denotes disturbance, u
is the actuator input signal, y is system output
(residual foree), and p is the force resulting [rom
the disturbance. Models for G, (primary plant)
and G (secondary plant) are provided. The sam-
pling frequency is Fy = 800Hz.

The residual lorce y is measured, and fed back
to the secondary plant via a digital controller K,
as shown in Fig. 3. The reference signal r is gen-
erally zero. The objective of the control is to re-
duce the residual force y, at the first and second
vibration modes of the primary plant G,. There
is additional constraint on actuator input u. In

Figure 2: Suspension system

particular, controller gain should be zero at F/2,
which is achieved by ensuring the controller in-
cludes the term (27! + 1).  Objectives can be
achieved by ensuring that the output sensitivity
function Sy, = (1 + KG)™ !, and the input sen-
sitivity function Sy, = —K(1 + KG)™1, are con-
strained in the frequency domain, by the functions
Fyp(w) and Fyp(w), which arce shown in Fig. 10.

Two performance measures are therefore defined
as
¢y = max (|Sy(jw)| — Fyp(w))  (20)
we|0,wy/2
and:
Gu=max (|Su(jw)|l = Fup(w))  (21)
we|0,ws/2
where wy = 27 F, is the sampling frequency in
rad/sec.

3.1 State-space realization

trollers

con-

The following definition is required.



Figure 3: Closed loop suspension control system

Definition 4. A solutionj among a sel of N
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¢ = (¢],...,0), is said lo be non-dominaled if
there is no other solution k € {1,...,N}, k # j,
such that ¢Ff < ¢! Vi=1,...,n and ¢F < ¢ for
at least one 1.

A set of non-dominated state-space realization
controllers that salisfy the criteria:

Oy(Ks) <0 and ¢, (K;) <0, (22)

were obtained by means of a multi-objective ge-
netic algorithm 46/. These solutions are an im-
provement over those given by [10|.

The performance of the set is shown in Fig. 4,
where the trade-off between ¢, and ¢, can be ob-
served. The complexity of each solution is graded
so that more complex solutions are shown larger,
and each solution labelled with its word-length.
Solutions marked o are Tth-order controllers, and
there are 3 solutions that are 5th-order controllers,
which arc marked e. The superiority ol the per-
formance of the higher order controllers is clear.
I'igs 5 and 6 show ¢, against I', and ¢,, against I'
respectlvely, for the set. The lower complexity of

fhp ]ﬁ‘X7QT’_ﬁY‘{‘]DY‘ f‘ﬁnfT’ﬁ]]D'l"Q 18 ]DQQ (’]DQT’

3.2 Parallel and cascade realization
controllers

A set of parallel and cascade realization controllers
that satisfy criteria (22), were obtained by |11/,
again using a multi-objective genetic algorithm
|46/.

The performance of this set is shown in Fig. 7,
where the trade-off between ¢, and ¢, can be ob-
served. The complexity of each solution is graded
so that more complex solutions are shown larger,
and each solution is labelled with its word-length.
Sth-order controllers are marked e, the remaining
solutions are 7th-order, and marked o. The su-
periority of the performance of the higher-order
controllers is again clear. Figs 8 and 9 show ¢,

B
> y

against I', and ¢, against 1" respectively, [or the
set. These figures show that lower complexity con-
trollers are not necessarily lower-order controllers.

The lowest complexity controller that satisfied
criteria (22) is selected for illustration. It is a
Tth-order! cascade controller with an 8-bit word
length, and is given exactly by:

1.5z~ + 1.062522
-1
K(z)=(1+27) < 1 0.57031252 1 )
1 —0.468752"1 + 0.252~2
1—0.31252—1 — 0.64843752 2
( 0.0078125 + 0.00781252 1 )

1 — 218752~ 4 0.4843752—2

The closed loop system has ¢y = —0.0204, ¢, =
—0.6183, and complexity I' = 110. The output
and input sensitivity functions are shown in Fig.
10, along with the performance constraints Fy,(w)
and Fyp(w).

4 Conclusions

This paper considers the complexity of controllers
based on a fundamental concept of computational
complexity, namely Kolmogorov-Chaitin complex-
ity. From this notion, a practical measure of com-
plexity is developed for both state-space realiza-
tions, and for parallel and cascade realizations.
These measures are extended for a new general-
ized realization description. Controllers that are
low-complexity in this sense will have low word-
length, a low number of arithmetic operations, and
simple realizations. These are the most impor-
tant considerations for practical implementations.
The measure is related to controller order, but
since other factors are involved the lowest com-
plexity controller does not necessarily have the
lowest order. A higher-order controller provides
an extra degree of freedom to help obtain con-
troller realizations that have a shorter word-length
and a simpler realization structure, and therefore
a lower complexity. The limitation of the measure
is that the designer needs to have decided upon
the possible realizations and arithmetic before it
can be used. Therefore, it is much easier for a
designer to use just controller order as an indica-
tion of complexity, and consider implementation
later. Details of methods to obtain realizations
that have good numerical conditioning (hence low

LIf fact, there is a zero parameter in one of the denomi-
nator coefficients, so it is actually 6th order. Inspection of
the transfer function this reveals a common factor in one of
the numerator terms, so the complexity could be reduced
even further.
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Figure 4: State space realization solution set showing trade-off between ¢, and ¢,. Each solution is
labelled with its word-length. More complex solutions are larger. 5th-order controllers are marked e and

7th-order controllers arc marked o.

word-length) and sparse parameterizations, can be
found in 27 and 26 .

There is an increasing interest in the use of
Field-Programmable Gate Arrays (FPGA) for the
implementation of DSP and control algorithms
|47|. These devices provide extremely high speed
processing with comparatively low cost. It is im-
portant to keep gate counts low for such sys-
tems, and hence there has been considerable work
recently in designing low-complexity, low word-
length filters, e.g. |48, 49|. For FPGA implemen-
tations, a suitable complexity measure would be
a gate-count. The proposed complexity measures
would provide a good estimate of the magnitude
ol the gate count.
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