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This paper investigates the hydroelastic response of a multi-patch floating photovoltaic

(FPV) structure in water waves over a stepped seabed. The resonance conditions and un-

derlying mathematical mechanism of FPV patches are explored based on linear potential-

flow theory and the thin-plate model. An implicit function of the open-water wavelength

and the FPV patch’s structural wavelength is derived. Resonance conditions occur in the

FPV patch when the patch length and structural wavelength (rather than the water wave-

length, as commonly believed) satisfy certain proportions. Mathematical derivations are

conducted to interpret the value of each proportion. Two resonance conditions are recog-

nized based on the mathematical structure of the solution. The effects of a stepped seabed

and adjacent patches on the resonance conditions and hydroelastic behavior of FPV struc-

tures are also investigated. For a given stiffness parameter, the resonance conditions of FPV

patches are solely determined by the water depth. The distance between adjacent patches

does not alter the resonance conditions of each patch. Resonance occurs in the water body

between two patches when the ratio of patch distance to water wavelength takes certain

proportional values. A resonant water body tends to amplify the oscillation amplitude of

both patches. However, when two FPV patches and a constrained water body reach their

theoretical resonance conditions at the same time, the oscillation amplitudes of both the

seaward patch and the constrained free surface are evidently suppressed. The transmitted

waves of an FPV structure are largely determined by the dynamics of the leeward patch.

a)
Author to whom correspondence should be addressed: dzning@dlut.edu.cn.

2

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
6
9
0
6
1

li2106
Text Box
Published by American Institute of Physics. This is the Author Accepted Manuscript issued with: 
Creative Commons Attribution Non-Commercial No Derivatives License (CC:BY:NC:ND 4.0).  
The final published version (version of record) is available online at DOI:10.1063/5.0169061. 
Please refer to any applicable publisher terms of use.




Accepted to Phys. Fluids 10.1063/5.0169061

I. INTRODUCTION

Solar energy is a promising alternative to fossil fuels because of its wide distribution and sus-

tainability. The most common application of solar energy is to directly convert light energy into

electricity through photovoltaic (PV) systems.
1

Although on-land solar PV systems have been in

operation for many years, the large site areas required, the need for optimal geographic locations,

and the potential ecological impacts continue to constrain their development. In recent years, the

development of floating photovoltaic (FPV) systems at offshore sites has emerged as a promising

alternative for coastal regions.
2

Taking into consideration the high costs of offshore construction and operations, large-scale

FPV power stations are often planned to reduce the levelized cost of electricity. Large-scale FPV

power stations are normally divided into multiple patches for ease of installation, maintenance, and

further expansion. Each patch is composed of interconnected elements, and the whole system can

be considered as an elastic blanket with uniform thickness and stiffness. As a practical example,

a multi-patch FPV power station has been established in Yingshang County, in the east of Anhui

Province, China, with a total capacity of 130 megawatts.
3

From a hydrodynamic point of view, each FPV patch, which features a large span-to-depth

ratio, behaves like a floating blanket on the water. Under the persistent excitation of ocean waves,

such blanket-type floating structures inevitably experience hydroelastic vibrations, which is of the

utmost importance for the fatigue design of the system. However, as a newly emerging field, the

hydroelastic characteristics of various FPV systems have not yet been extensively studied.
4

The few existing studies have mostly examined the dynamic responses of a single-patch FPV

structure. For example, Choi and Lee
5

conducted finite element analysis and strength assessment

for the frame structure of an FPV system under wind and wave loads. Dai et al.
6

considered an

FPV system comprised of standardized floating modules made of high-density polyethylene. The

structural performance of the floating modules and the inter-modular connectors were assessed

through finite element analysis and laboratory tests. Al-Yacouby et al.
7

conducted a parametric

study on the dynamic responses of a floating solar farm in regular waves using analytical and

numerical methods. The effects of wave heights, wave periods, and pontoon diameters on the

hydrodynamic forces and dynamic responses of the floating offshore solar farm were discussed.

Xu et al.
8

analyzed the nonlinear fluid–structure interaction (FSI) of free-surface waves with a

large-scale polymer FPV structure. A multi-time-scale perturbation method was used to solve the

3
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nonlinear FSI model up to the second order. Zhang et al.
9

investigated the motion behavior of

large arrays formed by multiple floaters hinged together, based on the potential flow theory and

Rankine source panel method.

For multi-patch FPV structures, the effects of inter-patch connectors on the hydroelastic

responses and internal loads of the structure are the primary point of interest. For example,

Michailides et al.
10

conducted a numerical frequency-domain analysis of a modular floating struc-

ture with floating pontoons connected via flexible connectors in longitudinal and/or transverse

directions. The effects of the connector’s rotational stiffness and the pontoon layout on the hy-

droelastic responses of the structure and the connectors’ internal loads were studied. Lee et al.
11

numerically analyzed the structural robustness of an FPV system under various wind and wave

environments. Lee et al.
12

developed a numerical technique to predict the motion response of an

FPV system in regular waves, with towing tank model tests conducted for validation.

As a vibration system with infinite degree-of-freedoms, a poorly designed FPV system may ex-

perience resonance oscillations under long-term excitation by ocean waves. The resonance mech-

anism, which determines the structural durability of an FPV system in water, has rarely been

considered in previous studies, and should be carefully explored. Specifically, for a multi-patch

FPV structure, three aspects of the resonance mechanism must be addressed:

• the resonance conditions of the FPV patches and their underlying mechanism;

• the effects of seabed topography on the resonance conditions of the FPV structure; and

• the effects of adjacent patches on the resonance conditions.

This study addresses the above three aspects from a mathematical point of view, aiming to provide

a better understanding of the resonance mechanisms of multi-patch FPV structures in water waves.

Targeting the present hydroelastic problem, the methodology developed for the scenario of ice

sheets can be used, even though the two scenarios have a different focus. Specifically, the ice

scenario is mainly concerned with the water-wave field, whereas FPV systems have a greater de-

pendence on the structural deformation properties.
13

As the thickness of ice sheets is negligible

compared with their horizontal scale, elastic thin-plate theory is often introduced for ice-sheet

analyses. Fox and Squire
14

considered the interaction between water waves and semi-infinite elas-

tic plates, and analytically studied the wave transmission and reflection coefficients. Meylan and

Squire
15

studied the interaction of waves with a finite-length elastic plate, and obtained an ap-
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proximate solution for the reflection coefficient of waves. Andrianov and Hermans
16

obtained the

amplitude distribution of elastic plate deflection under different incident wave angles, wavelengths,

and water depths. Meylan and Sturova
17

analyzed the motion response of a two-dimensional finite-

length elastic plate on the wave surface in the time domain. Maiti and Mandal
18

used symmetric

and antisymmetric methods to study the interaction between waves and finite-length elastic plates.

Singh et al.
19

studied the motion of a thin elastic plate that was either submerged in the water or

floating on the free surface using Green’s function.

An irregular seabed can have a noticeable effect on the characteristics of wave-structure

interactions.
20

Wang and Meylan
21

used the boundary element method to analyze the linear

wave force on a floating plate in water with variable depth. The reflection coefficient was found to

be significantly different in water with variable and constant depths. Guo and Liu
22

analyzed the

influence of a stepped bottom terrain on the wave scattering caused by a semi-infinite elastic plate.

For the multi-plate scenario, Porter and Evans
23

studied the scattering of flexural gravity waves

propagating along an elastic ice sheet with multiple straight and parallel cracks in finite-depth

water. Li et al.
24

further considered the propagation of flexural-gravity waves on a semi-infinite ice

sheet with multiple cracks. Cracks with various shapes and locations were included. Marchenko
25

considered adjacent ice sheets based on the shallow-water hypothesis, and obtained the dispersion

relationship of wave propagation in the ice-breaking channel. Ren et al.
26

focused on the water

area between two semi-infinite elastic ice sheets, and discussed the motion of floating bodies in

the water area between the ice sheets based on two-dimensional linear potential-flow theory. Shi

et al.
27

analyzed the wave propagation through multiple ice-breaking channels based on the wide

spacing approximation. Kostikov et al.
28

presented a nonlinear theoretical model for deformations,

oscillations, and drift motions of multiple elastic ice sheets in shallow waters due to combined

nonlinear waves and uniform current, based on the Green–Naghdi theory for the fluid motion and

the thin plate theory for the deformation of the ice sheets.

This study focuses on an FPV structure consisting of two patches in ocean waves over a stepped

seabed, as shown in Fig. 1. The aim is to obtain an in-depth explanation of the resonance con-

ditions and underlying mathematical mechanism of the structure’s hydroelastic responses. The

FPV structure is analyzed using the thin-plate model. The mathematical model is established

based on the eigenfunction matching method of linear potential-flow theory, which is described

in Sec. II. The eigenfunction matching method, as one of the most well-established approaches

for solving the Laplace equation,
29

has long become a classical analytical method for water wave
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FIG. 1: Scenario of multi-patch FPV structure in ocean waves over stepped seabed.

problems.
30

The first piece of work on the interaction of water waves and a semi-infinite elastic

plate may be traced back to Greehill.
31

In recent years, the method has been applied to investigate

the hydroelastic interactions between water waves and submerged porous elastic disks of negligi-

ble thickness
32

and the scenario of wave-ice interactions.
33

In Sec. III, the mathematical mecha-

nism behind the resonance conditions of the FPV structure is explored. The resonance behaviors

of the FPV structure above a stepped seabed and the effects of adjacent or nearby patches on this

resonance behavior are also investigated. Finally, the conclusions to this study are presented in

Sec. IV.

II. MATHEMATICAL MODEL

A. Boundary value problem

The mathematical model of the multi-patch FPV structure in ocean waves over the stepped

seabed is depicted in Fig. 2. The seaward patch is referred to as ‘Patch-1’ and the leeward patch is

‘Patch-2’. The two patches have lengths of b1 and b2, respectively, and the distance between the

two patches is Ds. Underneath the FPV structure there is a stepped seabed, which allows surface

waves to propagate from deeper to shallower water. The water depth is represented by d, with

d = d1 and d = d0 for the deeper and shallower regions, respectively.

Thin-plate theory is used to describe the dynamic behavior of each patch. The patches can be

equivalently treated as floating plates. Both edges of each plate are free ends without constraints.
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Wave Patch-1 Patch-2

FPV structure

Seabed

d1 d0

b1 b2Ds

(1) (2) (3) (4) (5)

z

xO

Potential-flow theory

Free-surface BCs

Impermeable seabed BCs

Thin-plate model

Radiation conditions

Continuous interface conditions

Plate-surface BCs

Free-end conditions

FIG. 2: Mathematical model of multi-patch FPV structure in ocean waves over stepped seabed.

A right-handed Cartesian coordinate system O−xz is established, with the origin O on the still free

surface at the left edge of Patch-1, the Oz-axis pointing upward, and the Ox-axis running along the

direction of the incident waves. The hydroelastic problem of two floating plates in water waves

is investigated based on potential-flow theory, whereby the fluid is assumed to be incompressible,

inviscid, and irrotational. The velocity potential Φ, whose gradient is the fluid velocity, can be

introduced. Both the structural response and wave motion are assumed to be steady with a small

amplitude. The velocity potential can be expressed in the frequency domain as

Φ (x,z, t) = Re{φ (x,z)e−iωt} , (1)

where i
2
= −1, ω is the angular frequency, φ is the spatial potential in complex field, and t is the

time.

To acquire an analytical solution, the entire fluid domain is divided into five subdomains, i.e., V1

with (−∞ < x ≤ 0,−d1 ≤ z ≤ 0), V2 with (0 ≤ x ≤ b1,−d0 ≤ z ≤ 0), V3 with (b1 ≤ x ≤ a1,−d0 ≤ z ≤ 0),
V4 with (a1 ≤ x ≤ a2,−d0 ≤ z ≤ 0), and V5 with (a2 ≤ x <∞,−d0 ≤ z ≤ 0). Here, a1 = b1 +Ds, a2 =

a1 +b2, and b = b1 +b2 +Ds. The superscript ‘( j)’ is used to denote a variable in subdomain Vj.

In each subdomain Vj, the spatial potential satisfies the Laplace equation

∇
2
φ
( j)

= 0, (2)

and the impermeable boundary condition (BC) on the seabed

∂φ
( j)

∂ z
= 0 on z = −d. (3)
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Both kinematic and dynamic BCs
34

are guaranteed on z = 0 as

∂φ
( j)

∂ z
= −iωη

( j)
(4)

and

p
( j)
s

ρ = −iωφ
( j)
−gη

( j)
(5)

where η
( j)

represents either the free-surface elevation or the vertical displacement of the plate ele-

ment, ρ is the fluid density, g is the gravitational acceleration, and p
( j)
s refers to the hydrodynamic

pressure on the fluid boundary.

On the free surfaces of V1, V3 and V5, the zero-pressure assumption is made, with

p
( j)
s = 0 with j = 1,3, or 5. (6)

Combining Eqs. (4), (5) and (6) leads to the free-surface BC in compact form

∂φ
( j)

∂ z
=

ω
2

g
φ
( j)

on z = 0 with j = 1,3 or 5. (7)

On the lower surface of the plate, the dynamic pressure satisfies
34

p
( j)
s = EI

∂
4
η
( j)

∂x4
+ms (−ω

2
η
( j)
+g) with j = 2, or 4, (8)

where E is the Young’s modulus of the elastic plate, I = c
3/[12 (1−ν

2)], c is the plate thickness,

ν is the Poisson’s ratio, ms = ρsc, and ρs is the plate density. Eliminating ps and η
( j)

in Eqs. (4),

(5) and (8) leads to a concise fluid boundary condition below the plate

(K ∂
4

∂x4
+W) ∂φ

( j)
∂ z

−φ
( j)

= 0 on z = 0 with j = 2 or 4, (9)

with K = EI/ρω
2
, and W = (ρg−msω

2)/ρω
2
. The free-end boundary conditions are satisfied on

the left and right edge of each patch,
34

which allows

∂
3
φ
( j)

∂x2∂ z
= 0 and

∂
4
φ
( j)

∂x3∂ z
= 0 on x = 0,b1,a1, or a2 and z = 0 with j = 2 or 4. (10)

The following radiation conditions are satisfied on the infinity boundary to complete the bound-

ary value problem
34

∂φD

∂x
= ±ikφD on x = ∓∞, (11)

φD = φ −φI, (12)

φI = −
ig

ω
H

2

coshk(z+d)
coshkd

e
ikx
, (13)
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where the subscripts D and I denotes the diffraction and incident components of the velocity poten-

tial, respectively. The radiation conditions allow the radiation and diffraction waves to propagate

out of the fluid domain.

On each interface between adjacent subdomains, the pressure and normal velocity of the fluid

should be continuous, which corresponds to the following relationships:

φ
( j)

= φ
( j+1)

on x = 0,b1,a1, or a2 and −d0 ≤ z ≤ 0 with j = 1,2,3, or 4, (14)

∂φ
(1)

∂x
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, on x = 0 and −d1 ≤ z ≤ −d0,

∂φ
(2)

∂x
onx = 0 and −d0 ≤ z ≤ 0

, (15)

∂φ
( j)

∂x
=

∂φ
( j+1)

∂x
on x = b1,a1, or a2 and −d0 ≤ z ≤ 0 with j = 2,3, or 4, (16)

B. Eigenfunction expansion

The eigenfunction matching method is used to solve the boundary value problems of φ
( j)

.

Based on the eigenfunction expansion method, the general solution of the spatial potential in each

subdomain can be expressed as

φ
(1)(x,z) = −

igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(eik

(1)
0

x
+R0e

−ik
(1)
0

x)Z(1)
0

(z)
+

∞∑
m=1

Rme
k
(1)
m x

Z
(1)
m (z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (17)

φ
(2)(x,z) = −

igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(A0e

iλ
(2)
0

x
+B0e

−iλ
(2)
0

(x−b1))Y (2)
0

(z)
+

∞∑
n=1

(Ane
−λ

(2)
n x

+Bne
λ
(2)
n (x−b1))Y (2)

n (z)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (18)

φ
(3)(x,z) = −

igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
C0e

ik
(3)
0
(x−b1)

+D0e
−ik

(3)
0
(x−a1))Z(3)

0
(z)

+

∞∑
m=1

(Cme
−k

(3)
m (x−b1)

+Dme
k
(3)
m (x−a1))Z(3)

m (z)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (19)

φ
(4)(x,z) = −

igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(E0e

iλ
(4)
0

(x−a1)
+F0e

−iλ
(4)
0

(x−a2))Y (4)
0

(z)
+

∞∑
n=1

(Ene
−λ

(4)
n (x−a1)

+Fne
λ
(4)
n (x−a2))Y (4)

n (z)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (20)

φ
(5)(x,z) = −

igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
T0e

ik
(5)
0
(x−a2)Z(5)

0
(z)

+

∞∑
m=1

Tme
−k

(5)
m (x−a2)Z(5)

m (z)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (21)

where A is the amplitude of the incident waves and An, Bn, Cm, Dm, En, Fn, Rm, and Tm are unknown

coefficients. As elaborately explained in Appendix A, the terms k
( j)
0

and k
( j)
m are positive real roots

9
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of the following dispersion equations:

ω
2
= gk

( j)
0

tanhk
( j)
0

d
( j)
, (22)

ω
2
= −gk

( j)
m tank

( j)
m d

( j)
(23)

for j =1, 3, or 5, and λ
( j)
0

and λ
( j)
n are solutions of the following equations:

λ
( j)
0

(K(λ ( j)
0
)4 +W ) tanhλ

( j)
0

d0 = 1, (24)

−λ
( j)
n (K(λ ( j)

n )4 +W ) tanλ
( j)
n d0 = 1 (25)

for j = 2 or 4. Note that λ
( j)
0

, λ
( j)
3

, λ
( j)
4

, ⋯ are real, while λ
( j)
1

and λ
( j)
2

are a pair of complex

conjugates. The values of k
( j)
0

, k
( j)
m , λ

( j)
0

, and λ
( j)
n can be determined through an iterative procedure

based on the image of the implicit function; details are given in Appendix B.

The terms Z0 (z), Zm (z), Y0 (z), and Yn (z) are vertical eigenfunctions of the form

Z
( j)
m (z) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩

coshk
( j)
0
(z+d

( j))/coshk
( j)
0

d
( j)

form = 0

cosk
( j)
m (z+d

( j))/cosk
( j)
m d

( j)
form ≥ 1

, j = 1,3, or 5, (26)

Y
( j)
n (z) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩

coshλ
( j)
0

(z+d0)/coshλ
( j)
0

d0 forn = 0

cosλ
( j)
n (z+d0)/cosλ

( j)
n d0 forn ≥ 1

, j = 2 or 4. (27)

For convenience of expression, the inner product operator < ∗,∗ >
a
b is introduced as

< f (z) ,g (z) > a
b =

a

∫
b

f (z)g (z)dz. (28)

The vertical eigenfunctions in V1, V3, and V5 satisfy the orthogonal relationship

< Z
(1)
m ,Z

(1)
n >

0
−d1

=< Z
(3)
m ,Z

(3)
n >

0
−d0

=< Z
(5)
m ,Z

(5)
n >

0
−d0

= 0 for m ≠ n, (29)

while for those in V2 and V4,

< Y
( j)
m ,Y

( j)
n >

0
−d0

= −K {∂Y
( j)
m

∂ z

∂
3
Y
( j)
n

∂ z3
+

∂
3
Y
( j)
m

∂ z3

∂Y
( j)
n

∂ z
}

z=0

≠ 0 for m ≠ n with j = 2 or 4. (30)

A new inner product operator << ∗,∗ >>
a
b is introduced:

<< Y
( j)
m ,Y

( j)
n >>

0
−d0

=< Y
( j)
m ,Y

( j)
n >

0
−d0

+K {∂Y
( j)
m

∂ z

∂
3
Y
( j)
n

∂ z3
+

∂
3
Y
( j)
m

∂ z3

∂Y
( j)
n

∂ z
}

z=0

with j = 2 or4,
(31)

10

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
6
9
0
6
1



Accepted to Phys. Fluids 10.1063/5.0169061

which establishes the following orthogonal relationship:
34

<< Ym
( j)
,Yn

( j)
>>

0
−d0

= 0 for m ≠ n with j = 2 or 4, (32)

<< Y
( j)
n ,Y

( j)
n >>

0
−d0

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2λ
( j)
0

d0+sinh2λ
( j)
0

d0+8K(λ ( j)
0

)5sinh
2
λ
( j)
0

d0

4λ
( j)
0

cosh2λ
( j)
0

d0

for n = 0

2λ
( j)
n d0+sin2λ

( j)
n d0−8K(λ ( j)

n )5sin
2
λ
( j)
n d0

4λ
( j)
n cos2λ

( j)
n d0

for n ≥ 1

with j = 2 or 4. (33)

The orthogonal relationship among the vertical eigenfunctions can be used to simplify the

matching conditions on each interface, the details of which are given in Appendix C.

C. Calculation of physical quantities

A linear system of equations can be established by truncating the series expansions of φ
( j)

after

M terms and applying the matching conditions on the interfaces at x = 0, b1, a1, and a2. The

unknowns An, Bn, Cm, Dm, En, Fn, Rm, and Tm are determined following the process in Appendix

D. Then, the explicit expressions for φ
( j)

in each subdomain can be obtained.

The free-surface elevation in V1, V3, and V5 and the vertical displacement of the plate in V2 and

V4 can be calculated as

η
( j) (x, t) = Re( i

ω
∂φ

( j)
∂ z

e
−iωt) on z = 0 with j = 1,2,3,4, and 5. (34)

The incident and reflected wave components can be distinguished from Eq. (17), with

φ0(x,z) = −
igA

ω e
ik
(1)
0

x
Z
(1)
0
(z), (35)

φr(x,z) = −
igA

ω R0e
−ik

(1)
0

x
Z
(1)
0
(z). (36)

The amplitudes of the incident and reflected waves, i.e., η0(x, t) and ηr(x, t), can be obtained using

Eq. (34). The reflection coefficient R and transmission coefficient T are expressed as

R = ∣ηr∣/ ∣η0∣ = ∣R0∣ , (37)

T =

»»»»»»η (5)»»»»»»/ ∣η0∣ = ∣T0∣ . (38)
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FIG. 3: Wave reflection coefficients of single elastic plate with different lengths in waves of

Lw = 100 m. The wave reflection coefficients obtained from the present method agree well with

those in the reference.

III. RESULTS AND DISCUSSION

A. Verification of mathematical model

The results of Meylan and Squire
35

are first reproduced to verify the present mathematical

model. Unlike the eigenfunction expansion method in the present study, Meylan and Squire
35

used a Green’s function method. A single finite-length elastic plate floating on the free surface

with uniform water depth is considered. Free-end conditions are satisfied at both edges of the

plate. The parameters are set as ρs = 922.5 kg/m
3
, E = 6× 10

9
Pa, I = 0.086 m

3
, µ = 0.3, c = 1

m, d1 = d0 = 5 m, and Ds = b2 = 0. Unless specifically stated, the environmental parameters are

ρ = 1025 kg/m
3
, g = 9.81 m/s

2
, and d0 = 10 m in this study. The wavelength of the incident waves

is Lw = 2π/k0 = 10d0. Figure 3 shows the wave reflection coefficient R of the plate. For plates

of different lengths, the wave reflection coefficients obtained from the present method agree well

with those of Meylan and Squire,
35

which verifies the reliability of the present numerical method.

B. Resonance conditions of FPV patch

This subsection explores the mathematics relating to the resonance conditions of the FPV patch.

Hereafter, the physical parameters of the FPV patches are set as ρs = 950 kg/m
3
, c = 0.01d0,

12
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(a) (b)

FIG. 4: Distribution of maximum oscillation amplitude of FPV patch versus dimensionless

wavelength and dimensionless plate length, with b nondimensionalized by (a) d0 and (b) Lw. To

maintain the resonance of the FPV patch, the plate length b must grow with the wavelength Lw,

but with a decrease in the ratio of b/Lw.

EI/ρgd
4
0 = 0.005, and ν = 0.38. For an isolated FPV patch with different plate lengths b, the max-

imum oscillation amplitude measured on the patch (i.e., ∣η∣max) for different incident wavelengths

Lw is shown in Fig. 4. In Figs. 4(a) and 4(b), the plate lengths are nondimensionalized by d0 and

Lw, respectively. With a specific b, the resonance conditions for the FPV patch can be identified

as the values of ∣η∣max that attain a local maxima as the wavelength increases. From Fig. 4(a),

to maintain the resonance of the FPV patch, the plate length must grow with the wavelength, but

with a decrease in b/Lw, as shown by Fig. 4(b). From an alternative perspective, in waves with a

specific wavelength, a sequence of plate lengths can lead to resonant vibrations in the FPV patch.

However, the relationship between the plate length b and water wavelength Lw, which reflects the

mechanism behind the resonance conditions, is unclear from Fig. 4.

From a physical point of view, water bodies with a free surface and an elastic floating plate can

be considered as two distinct media for propagating waves. As regular waves propagate from open

water to the elastic plate, the wave frequency ω is invariable, but the wavelength changes from Lw

to Lb. Hereafter, Lb can be referred to as the structural wavelength, satisfying Lb = 2π/λ0. The

13
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0.95

1.00

1.05

1.10

1.15

F(Lw,Lb)=0
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L
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/d

0

FIG. 5: Implicit function F (Lw,Lb) as a one-to-one mapping of Lb and Lw. The structural

wavelength Lb and the water wavelength Lw satisfy a nonlinear one-to-one mapping relationship.

dispersion equations (22) and (24) can be rewritten in terms of Lw and Lb as

ω
2

g
= (2π

Lw
) tanh(2π

Lw
)d0, (39)

(2π

Lb
)[K(2π

Lb
)4

+W] tanh(2π

Lb
)d0 = 1. (40)

Thus, the implicit function F (Lw,Lb) can be generated as

F (Lw,Lb) = Fw (Lw)−Fb (Lb) = 0, (41)

Fw (Lw) = Lw

tanh
2π
Lw

d0

, (42)

Fb (Lb) = L
4
b (ρLb+2πms tanh

2π
Lb

d0)
ρ tanh

2π
Lb

d0 (L4
b
+16π4V d4

0
) . (43)

Figure 5 plots the implicit function F (Lw,Lb) for the same case as Fig. 4, indicating that structural

wavelength Lb and the water wavelength Lw satisfy a one-to-one mapping relationship.

With the known relationships of Lw and Lb, the distribution of the maximum oscillation ampli-

tude of the FPV patch in Fig. 4 is replotted in Fig. 6, with b nondimensionalized by Lb. This makes

it much easier to identify the resonance conditions. The resonance conditions for the FPV patch

occur when the plate length and structural wavelength satisfy some proportional relationships, i.e.,

b/Lb = ζ . For the present case, the first six proportions of ζ are ζ1 ≈ 0.86, ζ2 ≈ 1.36, ζ3 ≈ 1.86,

ζ4 ≈ 2.36, ζ5 ≈ 2.86, and ζ6 ≈ 3.36. The interval between neighboring values of ζ is approximately
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FIG. 6: Distribution of maximum oscillation amplitude of FPV patch versus dimensionless

wavelength and dimensionless plate length, with b nondimensionalized by Lb. The resonance

conditions for the FPV patch occur when the plate length and structural wavelength satisfy some

proportional relationships.

0.50. Thus, once the first value of ζ = ζ1 is identified, the remaining resonance conditions of the

FPV patch can be found without difficulty.

Note that structural wavelength Lb is determined by the water depth below the FPV patch and

the stiffness properties of the plate, but is independent of the plate length b. The stiffness properties

of the plate can be expressed by the dimensionless parameter V = EI/ρgd
4
0 . In the present study,

the stiffness parameter is set as V = 0.005. As V varies between 0 and 0.009, the implicit functions

F (Lw,Lb) are as shown in Fig. 7. In the same wave condition, the structural wavelength Lb

increases with the stiffness parameter V . In the limiting condition with zero stiffness (i.e. V = 0),

the plate behaves as if it does not exist, and the structural and water wavelengths coincide (i.e.

Lb = Lw).
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(0.12,1.07)
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L
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FIG. 7: Implicit function F (Lw,Lb) with stiffness parameter V varying between 0 and 0.009.

Under the same water wavelength Lw, the structural wavelength Lb increases with the stiffness

parameter V .

C. Mathematics behind hydroelastic resonance of FPV patches

Mathematical derivations are now carried out to identify the value of ζ1. The vertical displace-

ment of an FPV patch in the steady state can be expressed as

η
(2) (x, t) = ÃRe[η̃ (x)e−iωt] , (44)

Ã = (gAλ
(2)
0

/ω
2) tanhλ

(2)
0

d0, (45)

η̃ (x) = A0e
iλ

(2)
0

x
+B0e

iλ
(2)
0

b
e
−iλ

(2)
0

x
. (46)

In a specific wave condition, the coefficient Ã is a real constant, which does not affect the resonance

condition. The maximum oscillation amplitude of the FPV patch is solely determined by the

maximum modulus of the complex quantity ∣η̃(x)∣. The coefficients A0 and B0 can be written in

complex form as A0 = Ar +Aii and B0 = Br +Bii. Here, Ar and Br are the real parts, and Ai and Bi

are the imaginary parts. Thus, Eq. (46) can be expressed as

∣η̃(x)∣ = α1 +α2 cos (λ (2)
0

b−2λ
(2)
0

x)+α3 sin (λ (2)
0

b−2λ
(2)
0

x) (47)

with

α1 = ∣A0∣2 + ∣B0∣2, (48)

α2 = 2 (AiBi +ArBr) , (49)

α3 = 2 (AiBr −ArBi) . (50)
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FIG. 8: Coefficients α1, α2, and α3 versus b/Lb for Lb/d0 = 1.0. The values of ζi are the ratios of

b/Lb that produce local maxima of α1.

The wave condition of Lb/d0 = 1.0 (as indicated in Fig. 6) is taken as an example. Figure 8

shows the variation of α1, α2, and α3 versus the ratio b/Lb. This study mainly focuses on the long-

plate situation with b/Lb > 0.5. As b/Lb increases from 0.5 to 3.5, α1 reaches a positive maximum

at every ζi. In contrast, α2 reaches a positive maximum at b/Lb = ζ1, ζ3, and ζ5, but a negative

maximum at b/Lb = ζ2, ζ4, and ζ6. The magnitude of α3 is much smaller than that of α1 and α2,

and so it has less effect on the maximum modulus of η̃ . Thus, the values of ζi are the ratios of

b/Lb that produce local maxima of α1, while α1 = ∣A0∣2 + ∣B0∣2 is determined by the amplitude of

two bidirectional propagating wave components along the FPV patch.

Referring to Eq. (47), the maximal value of ∣η̃∣ occurs when the following two conditions are

satisfied:

• Odd condition: b/Lb = ζi with i = 1,3,5,⋯ and cos (λ (2)
0

b−2λ
(2)
0

x) = 1;

• Even condition: b/Lb = ζi with i = 2,4,6,⋯ and cos (λ (2)
0

b−2λ
(2)
0

x) = −1.

The odd and even conditions require λ
(2)
0

b−2λ
(2)
0

x = ±2nπ and λ
(2)
0

b−2λ
(2)
0

x = π ± 2nπ , respec-

tively, with n ∈ {0,1,2⋯}. The relations λ
(2)
0

= 2π/Lb and b/Lb = ζi are also satisfied. Under the

constraint that x ∈ [0,b], this yields

x/b = 1/2±n/2ζi with 0 ≤ n ≤ ζi for the odd condition, (51)

x/b = 1/2− (1±2n)/4ζi with (−1−2ζi)/2 ≤ ±n ≤ (−1+2ζi)/2 for the even condition. (52)
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FIG. 9: Distribution of vertical oscillation amplitude of elements along FPV patch at resonance

for Lb/d0=1.0. When resonance occurs, the distribution of the oscillation amplitude on the FPV

patch is symmetrical about the middle point of the plate.

Thus, all possible locations of the largest oscillation amplitude on the FPV patch are identified.

Figure 9 considers the example of an incident wave condition with Lb/d0 = 1.0, and shows the

distribution of the vertical oscillation amplitude along the FPV patch at resonance conditions of

b/Lb = ζ1 to ζ6. For case ζi, there exist i+2 peaks in the oscillation amplitude distribution along

the FPV patch, which is consistent with the predictions in Eqs. (51) and (52). In the odd condition,

the maximum oscillation amplitude appears in the middle of the plate, i.e., at x = b/2. In the even

condition, the locations of the maximum oscillation amplitude are around the middle of the plate.

In other words, when resonance occurs, the distribution of the oscillation amplitude on the FPV

patch is symmetrical about the middle point of the plate. For each specific wave condition, as the

plate length increases, the plate experiences a series of resonance conditions. The difference in

plate length between adjacent resonance conditions is around Lb/2d0, the periodicity of which can

be confirmed by substituting Eq. (18) into the free-end boundary conditions.

Figure 10 shows the distribution of the wave transmission coefficient versus the dimensionless

wavelength and dimensionless plate length, with b nondimensionalized by Lb. Comparing Figs.

6 and 10, it is clear that the oscillation resonance of the FPV patch produces a maximum wave
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FIG. 10: Distribution of wave transmission coefficient versus dimensionless wavelength and

dimensionless plate length, with b nondimensionalized by Lb. Comparing Figs. 6 and 10, the

oscillation resonance of the FPV patch produces a maximum wave transmission coefficient.

transmission coefficient. Under resonance, the oscillating plate works as a wave generator, which

increases the wave transmission coefficient.

D. Resonance behavior of FPV patch above stepped seabed

Underwater topography is another factor affecting the resonance conditions and hydroelastic

behavior of an FPV patch. This subsection investigates the effects of a stepped seabed. The

stepped seabed allows surface waves to propagate from deeper water (with d = d1) to shallower

water (with d = d0). The FPV patch is located at the edge of the stepped seabed, in the shallower

water. The relationship between Lw in the deeper-water region and Lb of the FPV patch should be

modified accordingly by rewriting the implicit function F (Lw,Lb) in Eq. (41) as

F (Lw,Lb) = F
′

w (Lw)−Fb (Lb) = 0, (53)

F
′

w (Lw) = Lw

tanh
2π
Lw

d1

. (54)

Once the stiffness parameters of the FPV structure have been determined, the resonance conditions

shown in Fig. 6 are solely affected by the water depth d0 below the plate. Therefore, for the present

stepped seabed environment, the resonance conditions determined by the ratio of the plate length

b and the structural wavelength Lb are unchanged. Figure 11 plots the implicit function F (Lw,Lb)
for stepped seabed situations, with d1/d0 varying from 1.0 to 2.0. As water waves pass the step,
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FIG. 11: Implicit function F (Lw,Lb) that forms a one-to-one mapping of Lb and Lw for stepped

seabed situations. A larger ratio of d1/d0 corresponds to a smaller L
′

w, and subsequently a smaller

Lb.

the wavelength Lw in the deeper region shrinks to a new wavelength L
′

w in the shallower region.

A larger water depth ratio of d1/d0 corresponds to a smaller wavelength L
′

w, and subsequently a

smaller structural wavelength Lb.

Figure 12 shows the distribution of the vertical oscillation amplitude along the FPV patch at six

resonance conditions, with the water depth ratio d1/d0 varying from 1.0 to 2.0. As the height of the

step increases, the distributions of the vertical oscillation amplitude of the FPV patch maintain the

same pattern, although the maximum oscillation amplitude decreases. Figure 13 shows the varia-

tion of the maximum vertical oscillation amplitude of the FPV patch in four resonance conditions,

with d1/d0 increasing from 1.0 to 1.7. At each resonance condition, the maximum oscillation am-

plitude decreases as d1/d0 increases, because a larger drop causes stronger wave reflection at the

edge of the step. As the level of resonance increases from ζ = ζ1 to ζ3, the maximum oscillation

amplitude of the FPV patch increases significantly. For resonance conditions above ζ = ζ3, the

maximum oscillation amplitudes of the FPV patch are almost identical.

E. Effect of adjacent patches on resonance behavior of FPV structure

This subsection focuses on the effect of adjacent patches on the resonance behavior of FPV

structures. The FPV structure is formed by two adjacent patches with Ds = 0. A plane seabed is

considered. Both patches have the same stiffness coefficient V = 0.005. The length of Patch-2 is
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FIG. 12: Distribution of vertical oscillation amplitude of elements along FPV patch at resonance

for Lb/d0 = 1.0 with different seabed step heights. As the height of the step increases, the

distributions of the vertical oscillation amplitude of the FPV patch maintain the same pattern,

although the maximum oscillation amplitude decreases.

fixed as b2 = ζ6d0.

Figures 14(a) and 14(b) show the distribution of the maximum oscillation amplitude of ele-

ments along Patch-1 and Patch-2, respectively, as the length of Patch-1 varies in different wave-

length conditions. As the ratio of b1/Lb increases to 3.5, Patch-1 experiences a series of resonance

conditions at b1/Lb = ζ1–ζ6. The values of ζi are identical to those of an isolated FPV patch (see

Sec. III B). The existence of Patch-2 enhances the value of b1/Lb at each resonance condition with

increasing Lb/d0. In other words, the resonance conditions of an FPV patch are slightly affected

by the existence of adjacent patches. While maintaining a resonance condition in Patch-1 (e.g.,

with b1/Lb = ζi), as the water wavelength Lw or elastic wavelength Lb increases, Patch-2 alter-

nates between nonresonance and resonance. The resonance conditions of Patch-2, i.e., b2/Lb = ζi,

are also indicated in Fig. 14(a). When the resonance conditions of both patches are satisfied si-

multaneously, the maximum oscillation amplitude of Patch-1, i.e., the seaward patch, is evidently

reduced, but that of the leeward patch (i.e., Patch-2) is still strong.

In the resonance condition of Patch-2 with b2/Lb = ζ6, the maximum oscillation amplitudes
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FIG. 13: Maximum vertical oscillation amplitude of FPV elements at four resonance conditions,

with d1/d0 varying from 1.0 to 1.7. At each resonance condition, the maximum oscillation

amplitude decreases as d1/d0 increases.

(a) (b)

FIG. 14: Distribution of maximum oscillation amplitude of elements along (a) Patch-1 and (b)

Patch-2 as the length of Patch-1 varies in different wavelength conditions. When the resonance

conditions of both patches are satisfied simultaneously, the maximum oscillation amplitude of

Patch-1, i.e., the seaward patch, is evidently reduced, but that of the leeward patch (i.e., Patch-2)

is still strong.
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of elements on Patch-1 and Patch-2 are shown in Figs. 15(a) and 15(b), respectively, for Patch-1

lengths from b1/Lb = 0.5 to 3.5. Figure 15(a) also includes the maximum oscillation amplitude of

elements on Patch-1 in the same wave condition without the existence of Patch-2. With and with-

out the existence of Patch-2, Patch-1 always reaches its resonance conditions at around b1/Lb = ζi.

Near each resonance condition of Patch-1, the maximum oscillation amplitude of elements on the

FPV structure is evidently reduced when Patch-2 exists. A resonant Patch-2 can be considered

as wavemaker that radiates waves in both directions. The waves radiated by Patch-2 also satisfy

the resonance conditions of Patch-1. Thus, Patch-1 undergoes excitations from both the incident

waves and the waves radiated from Patch-2. According to the oscillation amplitude distribution

in Fig. 9, the plate waves caused by these two wave groups cancel each other out to some extent.

In Fig. 15(b), the maximum oscillation amplitude of elements on an isolated Patch-2 in the same

wave condition is shown for reference. With the existence of Patch-1, the maximum oscillation

amplitude of Patch-2 at resonance is evidently reduced, mainly because of the wave sheltering

effect of Patch-1. Even so, as Patch-1 reaches its resonance conditions, the maximum oscillation

amplitude of Patch-2 at resonance is strengthened by the waves radiating from Patch-1.

Figure 16 considers the nonresonance state of Patch-2 with b2/Lb = ζ
′

5. The maximum oscilla-

tion amplitude of elements on Patch-1 and Patch-2 versus the length of Patch-1 are given in Figs.

16(a) and 16(b), respectively. With a nonresonant Patch-2, the maximum amplitude of Patch-1 at

each resonance condition is amplified by a factor of at least two. The radiation waves generated by

Patch-2 strengthen the resonance response amplitude of Patch-1. With a resonant Patch-1 on the

seaward side of Patch-2, the maximum oscillation amplitudes of elements on Patch-2 are ampli-

fied by a factor of less than two compared with the case of an isolated Patch-2. This suggests that

the superposition of radiation waves from Patch-1 and the transmitted waves behind Patch-1 has a

larger wave amplitude than the incident waves. Thus, in nonresonance conditions for Patch-2, the

resonance of Patch-1 amplifies the maximum oscillation amplitude of Patch-2.

Figure 17(a) shows the distribution of the wave transmission coefficient behind Patch-2 in dif-

ferent wave conditions as the plate length of Patch-1 varies. Comparing Figs. 17(a) and 14 shows

that the wave transmission coefficient is positively related to the maximum oscillation amplitude

of Patch-2. The transmitted waves of the FPV structure are largely determined by the motion

response of the leeward FPV patch. The maximum wave transmission occurs when Patch-1 and

Patch-2 resonate at the same time. Figure 17(b) depicts the wave transmission coefficient versus

the length of Patch-1 in the resonance condition of Patch-2 with b2/Lb = ζ6. As the length of
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FIG. 15: With b2/Lb = ζ6 as a resonance condition of Patch-2, maximum oscillation amplitudes

of elements on (a) Patch-1 and (b) Patch-2 versus length of Patch-1. Maximum oscillation

amplitudes of waves on an isolated (a) Patch-1 and (b) Patch-2 in the same wave conditions are

also shown. Near each resonance condition of Patch-1, the maximum oscillation amplitude of

elements on the FPV structure is evidently reduced when Patch-2 exists. With the existence of

Patch-1, the maximum oscillation amplitude of Patch-2 at resonance is evidently reduced.

Patch-1 increases, a series of resonance conditions occur at b1/Lb = ζi, which leads to a maximal

wave transmission coefficient at the resonance conditions, regardless of the existence of Patch-2.

With a resonant Patch-2 deployed behind Patch-1, the wave transmission coefficient of the FPV

structure is amplified at the nonresonance conditions of Patch-1, but is evidently reduced at the

resonance conditions.

F. Effect of patch distance on resonance behavior of FPV structure

This subsection further considers the scenario in which Patch-2 is a nonzero distance Ds away

from Patch-1. The effect of the gap width between two patches on the resonance behavior of the

FPV structure is investigated. The lengths of Patch-1 and Patch-2 are set as b1 = b2 = ζ6d0. Here-

after, the symbol b is used to represent the patch lengths. The maximum oscillation amplitudes of

elements on Patch-1 and Patch-2 are expressed as ∣η1∣max and ∣η2∣max, respectively. The maximum
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FIG. 16: With b2/Lb = ζ
′

5 as a nonresonance condition of Patch-2, maximum oscillation

amplitudes of elements on (a) Patch-1 and (b) Patch-2 versus length of Patch-1. Maximum

oscillation amplitudes on an isolated (a) Patch-1 and (b) Patch-2 in the same wave conditions are

also shown. With a nonresonant Patch-2, the maximum amplitude of Patch-1 at each resonance

condition is amplified by a factor of at least two. In nonresonance conditions for Patch-2, the

resonance of Patch-1 amplifies the maximum oscillation amplitude of Patch-2

oscillation amplitude of the water body in the gap is ∣η0∣max.

Figures 18(a) and 18(b) show the distribution of the maximum oscillation amplitude of el-

ements along Patch-1 and Patch-2, respectively, as the patch distance varies in different wave

conditions. The resonance conditions of ζ = ζ5–ζ7 of the two patches are indicated in both figures.

As the distance between the two patches varies, the resonance conditions of each FPV patch do

not change. When both patches reach their resonance conditions, the oscillation amplitude of the

leeward patch is amplified, but that of the seaward patch is greatly reduced, compared with the

behavior of an isolated patch in the same wave conditions. Figure 18(c) gives the distribution of

the maximum oscillation amplitude of the water body in the gap. As the ratio of the patch distance

Ds and the water wavelength Lw increases up to 5.0, ten resonance states of the water body in

the gap appear periodically, near the conditions of Ds/Lw = β1 to β10. Here, the values of β are

found to be β1 ≈ 0.42, β2 ≈ 0.92, β3 ≈ 1.42, β4 ≈ 1.92, β5 ≈ 2.42, β6 ≈ 2.92, β7 ≈ 3.42, β8 ≈ 3.92,

β9 ≈ 4.42, and β10 ≈ 4.92. The interval between neighboring values of β is approximately 0.50.

With a fixed patch distance of Ds = 0.4d0 and patch lengths of b/d0 = ξ6, Fig. 19 shows the
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FIG. 17: (a) Distribution of wave transmission coefficient versus dimensionless wavelength and

dimensionless plate length of Patch-1 with the existence of Patch-2. (b) Wave transmission

coefficient versus plate length of Patch-1 under resonance conditions of Patch-2. With a resonant

Patch-2 deployed behind Patch-1, the wave transmission coefficient of the FPV structure is

amplified at the nonresonance conditions of Patch-1, but is evidently reduced at the resonance

conditions.

distribution of the oscillation amplitudes of elements along Patch-1 and Patch-2, together with the

free-surface amplitude in the gap. The incident wave conditions are represented by the ratio b/Lb.

As b/Lb increases from 2.8 to 3.8, Patch-1 and Patch-2 both experience three resonance conditions

at b/Lb = ζ5–ζ7, as denoted by horizontal dashed lines. The interval between two neighboring hori-

zontal dashed lines is ∆ζ=0.50. In each resonance condition, the oscillation of Patch-1 is evidently

weakened compared with the behavior of an isolated Patch-1 in the same wave conditions. The

resonance states of the free surface between the two patches can also be determined, although

how the free-surface resonance conditions vary with b/Lb is not explicit in Fig. 19. Taking the

condition of b/Lb = ζ5 as an example, the resonance of the two patches increases the amplitude of

the constrained free surface that is originally not in a resonance condition.

Figure 20 replots Fig. 19 by converting the ratio of b/Lb to Ds/Lw. The resonance condi-

tions of the water body between the two patches can be identified, i.e., Ds/Lw = γi. As Ds/Lw

increases from 1.5 to 6, the resonance conditions of the water body between the two patches sat-
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(a) (b)

(c)

FIG. 18: Distribution of maximum oscillation amplitudes of elements along (a) Patch-1, (b)

Patch-2, and (c) water body in the gap for various gap widths and wave conditions. As the

distance between the two patches varies, the resonance conditions of each FPV patch do not

change. When both patches reach their resonance conditions, the oscillation amplitude of the

leeward patch is amplified, but that of the seaward patch is greatly reduced, compared with the

behavior of an isolated patch in the same wave conditions.
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FIG. 19: Oscillation amplitudes of elements along Patch-1 and Patch-2 and of free surface in

different wave conditions, with b/d0 = ξ6, Ds/D0 = 0.4, and wave conditions represented by

b/Lb. In each resonance condition, the oscillation of Patch-1 is evidently weakened compared

with the behavior of an isolated Patch-1 in the same wave conditions.

isfy Ds/Lw = γ4–γ10. In the ordinary condition with two patches, a resonant water body between

the patches amplifies the oscillation amplitude of both patches. However, in the special condition

of Ds/Lw = γ7 (corresponding to b/Lb = ζ6), the two patches and the water body reach their the-

oretical resonance conditions at the same time. The resonance of Patch-2 weakens the oscillation

amplitude of both Patch-1 and the constrained free surface. Instead, the resonance condition of

the water body is split in two around Ds/Lw = γ7. Except for the condition of Ds/Lw = γ7, the

intervals between neighboring resonance conditions of the constrained water body approximately

satisfy Ds/Lw = 0.5. Moreover, in the resonance condition of Ds/Lw = γi, the oscillation amplitude

distribution of the free surface between two patches has i peaks.

IV. CONCLUSIONS

The resonance mechanism of a multi-patch FPV structure in water waves over a stepped

seabed has been investigated mathematically. An eigenfunction matching method based on linear

potential-flow theory and the thin-plate model was established. An image method based on an
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FIG. 20: Oscillation amplitudes of elements along Patch-1 and Patch-2 and of free surface in

different wave conditions, with b/d0 = ξ6, Ds/D0 = 0.4, and wave conditions represented by

Ds/Lw. In the ordinary condition with two patches, a resonant water body between the patches

amplifies the oscillation amplitude of both patches. However, in the special condition of

Ds/Lw = γ7 (corresponding to b/Lb = ζ6), the two patches and the water body reach their

theoretical resonance conditions at the same time. The resonance of Patch-2 weakens the

oscillation amplitude of both Patch-1 and the constrained free surface.

implicit function was proposed to determine the roots of dispersion equations in the complex

domain.

The resonance conditions of an FPV patch were first analyzed. The water bodies with a free

surface and an elastic floating plate were considered as two distinct media for propagating waves.

As regular waves propagate from open water to the elastic plate, the wave frequency does not

change, but the water wavelength is modified to the structural wavelength. The implicit function of

the water and structural wavelengths was derived in terms of the water depth below the FPV patch

and a dimensionless stiffness parameter. The resonance conditions of the FPV patch are satisfied

when the patch length and structural wavelength (rather than the water wavelength) satisfy certain

proportions. These proportions form an arithmetic progression with an approximate step of 0.50.
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Mathematical derivations were conducted to interpret these values. Two types of resonance

conditions, i.e., odd and even conditions, were identified based on the mathematical structure

of the solution. Through this process, all possible locations on the FPV patch with the largest

oscillation amplitude were identified. The maximum oscillation amplitude was found to appear

in the middle of the FPV patch in odd conditions, but away from the middle of the patch in even

conditions. In either condition, a resonant FPV patch leads to the maximum wave transmission

coefficient.

A stepped seabed was used to investigate the effect of underwater topography on the resonance

conditions and hydroelastic behavior of FPV patches. For given stiffness parameters of the FPV

patch, the resonance conditions were found to be solely dependent on the water depth below

the patch. As the height drop of the stepped seabed increases, the distributions of the vertical

oscillation amplitude along the FPV patch maintain the same pattern, but the maximum oscillation

amplitude decreases.

For an FPV structure with adjacent patches, the resonance conditions of the FPV patches were

observed to be slightly affected by the existence of adjacent patches. The resonance conditions

of the seaward patch tend to occur in shorter incident waves compared with the case of an iso-

lated patch. When both patches reach their resonance conditions, the oscillation amplitude of the

leeward patch is amplified, but that of the seaward patch is greatly reduced, compared with the

behavior of an isolated patch in the same wave conditions. In nonresonance conditions of the

leeward patch, the resonance of the seaward patch amplifies the maximum oscillation amplitude

of the leeward patch. With a resonant seaward patch, the maximum oscillation amplitude of the

leeward patch is amplified by less than a factor of two compared with the case of an isolated patch.

The transmitted waves of the FPV structure are largely determined by the motion response of the

leeward patch. The maximum wave transmission occurs when both patches resonate at the same

time.

The distance between the two patches does not affect the resonance conditions of either patch.

The resonance conditions of the water body between the two patches occur when the ratio of the

patch distance to the water wavelength satisfies certain proportions. In nonresonance condition of

the two patches, a resonant water body between the two patches amplifies the oscillation amplitude

of both patches. However, in a special wave condition when the two patches and the water body

reach their theoretical resonance conditions at the same time, the oscillation amplitude of both

the seaward patch and the constrained free surface are greatly reduced, and the specific resonance
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condition of the water body is split in two.

The current mathematical model is based on the linear potential-flow theory with the small

wave-amplitude assumption. In practice, an FPV structure may experience nonlinear waves caused

by extreme weather events. In a nonlinear-wave environment, the fundamental resonance condi-

tions of the FPV structure are less likely to be severely altered, although the oscillation amplitude

of the structure must be reevaluated. In addition, the present FPV structure remains situated in

deep waters. If the FPV structure were to be positioned in shallow waters close to the shore, water

waves could exhibit significant nonlinear behavior caused by abrupt changes in depth. In that situ-

ation, it is important to conduct further analysis on the influence of such nonlinearity on the present

findings. Following the work in this study, the nonlinear hydroelastic behavior of a multi-patch

FPV structure under resonance in violent waves will be further considered. The two-way coupling

fluid-solid interaction algorithm established in Zhang et al.
36

can be applied without difficulty.
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Appendix A: Introduction of dispersion equations

This section provides a concise introduction of dispersion equations, intended for readers who

may lack familiarity with the subject matter. According to the assumption of the method of variable

separation, the spatial potential φ
( j)

is expressed as

φ
( j)(x,z) = X

( j)(x)Z( j)(z) (A1)

Substituting Eq. (A1) into Eq. (2) leads to

1

X ( j)(x)
∂

2
X
( j)(x)

∂x2
= −

1

Z( j)(z)
∂

2
Z
( j)(z)

∂ z2
(A2)

Since the expressions on the left and right side of Eq. (A2) are dependent to x and z, respectively,

both expressions should be some constant (e.g. λ ).
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All possible solutions of the second-order linear differential equations in the function X
( j)

and

Z
( j)

can be expressed as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X
( j)(x) = Ae

ik
( j)

x
+Be

−ik
( j)

x

Z
( j)(z) =Ce

k
( j)

z
+De

−k
( j)

z
, for λ < 0, (A3)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X
( j)(x) = A+Bx

Z
( j)(z) =C+Dz

, for λ = 0, (A4)

and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X
( j)(x) = Ae

κ
( j)

x
+Be

−κ
( j)

x

Z
( j)(z) =Ce

iκ
( j)

z
+De

−iκ
( j)

z
for λ > 0. (A5)

where A1, B1, C1, D1, A2, B2, C2, D2, A3, B3, C3, D3, k and κ are all undetermined coefficients.

By substituting Eq. (A3) – (A5) into Eq. (A1), the spatial potential can be expressed as

φ
( j)(x,z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A1e
ik
( j)

x
+B1e

−ik
( j)

x)[C1e
k
( j)

z
+D1e

−k
( j)

z] , for λ < 0

(A2 +B2x) (C2 +D2z) , for λ = 0

(A3e
κ
( j)

x
+B3e

−κ
( j)

x)[C3e
iκ

( j)
z
+D3e

−iκ
( j)

z] , for λ > 0

(A6)

or

φ
( j)(x,z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A1e
ik
( j)

x
+B1e

−ik
( j)

x)[C1 coshk
( j) (z+h)+D1 sinhk

( j) (z+h)] , for λ < 0

(A2 +B2x) (C2 +D2z) , for λ = 0

(A3e
κ
( j)

x
+B3e

−κ
( j)

x)[C3 cosκ
( j) (z+d)+D3 sinκ

( j) (z+d)] , for λ > 0

. (A7)

Substituting Eq. (A7) into the bottom condition Eq. (3) , it becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A1e
ik
( j)

x
+B1e

−ik
( j)

x)D1k
( j)

= 0, for λ < 0

(A2 +B2x)D2 = 0, for λ = 0

(A3e
κ
( j)

x
+B3e

−κ
( j)

x)D3κ
( j)

= 0, for λ > 0

(A8)

Since the functions of x should not be constant zero, it has D1 = D2 = D3 = 0. Eq. (A7) can be
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simplified as

φ
( j)(x,z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A1e
ik
( j)

x
+B1e

−ik
( j)

x)C1 coshk
( j) (z+h) , for λ < 0

(A2 +B2x)C2, for λ = 0

(A3e
κ
( j)

x
+B3e

−κ
( j)

x)C3 cosκ
( j) (z+d) , for λ > 0

(A9)

Further substituting Eq. (A9) into the free-surface BC Eq. (7) leads to

(A1e
ik
( j)
0

x
+B1e

−ik
( j)
0

x)(k( j)
0

sinhk
( j)
0

d −
ω

2

g
coshk

( j)d
0

) = 0 (A10)

− (A2 +B2x) ω
2

g
C2 = 0 (A11)

(A3e
k
( j)
m x

+B3e
−k

( j)
m x)(−k

( j)
m sink

( j)
m d −

ω
2

g
cosk

( j)
m d) = 0 (A12)

To guarantee the solvability of Eq. (A10) – (A12), it requires C2 = 0 and

ω
2
= gk

( j)
0

tanhk
( j)
0

d
( j)

(A13)

ω
2
= −gk

( j)
m tank

( j)
m d

( j)
. (A14)

This is how the dispersion equations of Eqs. (22) and (23) are obtained.

Similarly, substituting Eq.(A9) into the plate-surface BC Eq. (9) leads to

(A1e
iλ

( j)
0

x
+B1e

−iλ
( j)
0

x)[λ ( j)
0

sinhλ
( j)
0

d (K (λ ( j)
0
)4 +W )− coshλ

( j)
0

d] = 0 (A15)

− (A2 +B2x)C2 = 0 (A16)

(A3e
λ
( j)
n x

+B3e
−λ

( j)
n x)[−λ

( j)
n sinλ

( j)
n d (K (λ ( j)

n )4 +W )− cosλ
( j)
n d] = 0 (A17)

It requires C2 = 0 and

λ
( j)
0

(K (λ ( j))4 +W ) tanhλ
( j)
0

d0 = 1 (A18)

−λ
( j)
n (K (λ ( j)

n )4 +W ) tanλ
( j)
n d0 = 1. (A19)

This is how Eqs. (24) and (25) are obtained.
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Appendix B: Solution of dispersion equations

This section describes the procedure for determining the solution of the following dispersion

equations:

k (Kk
4
+W ) tanhkd = 1, (B1)

ω
2
= gk tanhkd, (B2)

−κ (Kκ
4
+W ) tanκd = 1, (B3)

ω
2
= −gκ tanκd. (B4)

Equations (B1) and (B2) have only one positive real root, which can be solved using Newton’s

method. However, Eqs. (B3) and (B4) have complex roots, which should be treated carefully.

An image method based on an implicit function is used to seek the roots of Eq. (B3). The

solution κ can be expressed as κ = a3 +b3i, and Eq. (B3) becomes

(a3 +b3i) [K(a3 +b3i)4 +W ] tan (a3 +b3i)d0 +1 = 0. (B5)

Expanding Eq. (B5) yields

(a4b4 −a5b5 +a6)+ (a4b5 +a5b4 +b6) i = 0 (B6)

with

a4 = Ka
5
3 −6Ka

3
3b

2
3 +Ka3b

4
3 −4Ka

3
3b

2
3 +4Ka3b

4
3 +a3W,

a5 = 4Ka
4
3b3 −4Ka

2
3b

3
3 +Ka

4
3b3 −6Ka

2
3b

3
3 +Kb

5
3 +b3W,

a6 = (e−b3d0
+ e

b3d0)cosa3d0,

b4 = (e−b3d0
+ e

b3d0)sina3d0,

b5 = (eb3d0
− e

−b3d0)cosa3d0,

b6 = (e−b3d0
− e

b3d0)sina3d0.

(B7)

Therefore, we have ⎧⎪⎪⎪⎨⎪⎪⎪⎩
f1 (a3,b3) = a4b4 −a5b5 +a6 = 0,

f2 (a3,b3) = a4b5 −a5b4 +b6 = 0.
(B8)

The implicit functions of f1(a3,b3) = 0 and f2(a3,b3) = 0 can be plotted on the same image, forming

two groups of curves. Among the intersection points of these two groups of curves, those with

a3 > 0 determine the roots of Eq. (B3).
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Similarly, substituting κ = a7 +b7i into Eq. (B4) yields

ω
2
+g (a7 + ib7) tan (a7 + ib7) = 0, (B9)

i.e.,

(a8 −a9 +a10)+ i (b8 +b9 +b10) = 0 (B10)

with

a8 = ga7 (e−b7d
+ e

b7d)sina7d,

a9 = gb7 (eb7d
− e

−b7d)cosa7d,

a10 = ω
2 (e−b7d

+ e
b7d)cosa7d,

b8 = gb7 (e−b7d
+ e

b7d)sina7d,

b9 = ga7 (eb7d
− e

−b7d)cosa7d,

b10 = ω
2 (e−b7d

− e
b7d)sina7d.

(B11)

The following pair of implicit functions can be obtained:⎧⎪⎪⎪⎨⎪⎪⎪⎩
f3 (a7,b7) = a8 −a9 +a10 = 0,

f4 (a7,b7) = b8 +b9 +b10 = 0.
(B12)

The intersection points of f3(a7,b7) = 0 and f4(a7,b7) = 0 can be detected on the same image, and

those with a7 > 0 give the roots of Eq. (B4).

A specific case with parameters of d = 10m, E = 6× 10
9
Pa, c = 1m, ν = 0.38, g = 9.81m/s

2
,

ρ = 1025kg/m
3
, ρs = 950kg/m

3
, and the incident wavelength Lw = 100m is taken as an example.

Figure 21(a) shows the curves of f1(a3,b3) = 0 (in black) and f2(a3,b3) = 0 (in red). The inter-

section points of the black and red lines with a3 > 0 are λ j. Note that λ1 and λ2 are complex

conjugates, and λn (n > 2) is on the positive real axis. Figure 21(b) shows f3(a7,b7) = 0 (in black)

and f4(a7,b7) = 0 (in red). Their intersection points with a7 > 0 are km.

Appendix C: Matching of interface conditions

The orthogonal relationship among the vertical eigenfunctions can be used to simplify the

matching conditions on each interface. Taking the interface at x = 0 as an example, the following

matching conditions are satisfied:

<< φ
(2)
,Y

(2)
n >>

0
−d0

−K{∂φ
(2)

∂ z

∂
3
Y
(2)
n

∂ z3
+

∂
3
φ
(2)

∂ z3

∂Y
(2)
n

∂ z
}

z=0

=< φ
(1)
,Y

(2)
n >

0
−d0

, (C1)

<

∂φ
(2)

∂x
,Z

(1)
m >

0
−d0

=<

∂φ
(1)

∂x
,Z

(1)
m >

0
−d1

. (C2)
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FIG. 21: Distribution of the roots of the dispersion equation (a) beneath the elastic plate and (b)

beneath the open water.

Combining the free-end condition in Eq. (10) with the Laplace equation leads to the relationship

∂
3
φ
(2)

∂ z3
= 0 and

∂
4
φ
(2)

∂x3∂ z
= 0 for x = 0 and z = 0. (C3)

In the case of n = 0 or m = 0, the following expressions can be obtained:

<< φ
(2)
,Y

(2)
0

>>
0
−d0

= −
igA

ω [(A0 +B0e
iλ

(2)
0

b1) << Y
(2)
0

,Y
(2)
0

>>
0
−d0

] , (C4)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂φ

(2)
∂ z

∂
3
Y
(2)
0

∂ z3

⎫⎪⎪⎪⎬⎪⎪⎪⎭z=0

= −
igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(A0 +B0e

iλ
(2)
0

b1)(λ (2)
0

)4tanh
2
λ
(2)
0

d0

−

∞∑
n=1

(An +Bne
−λ

(2)
n b1)(λ (2)

0
)3 tanhλ

(2)
0

d0λ
(2)
n tanλ

(2)
n d0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (C5)

< φ
(1)
,Y

(2)
0

>
0
−d0

= −
igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∫ 0

−d0
Z
(1)
0

Y
(2)
0

dz

+∫ 0

−d0

∞∑
m=0

RmZ
(1)
m Y

(2)
0

dz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (C6)

<

∂φ
(2)

∂x
,Z

(1)
0

>
0
−d0

= −
igA

ω ∫ 0

−d0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(iλ (2)

0
A0 − iλ

(2)
0

e
iλ

(2)
0

b1B0)Y
(2)
0

+

∞∑
n=1

(−λ
(2)
n An +λ

(2)
n e

−λ
(2)
n b1Bn)Y

(2)
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Z
(1)
0

dz, (C7)

<

∂φ
(1)

∂x
,Z

(1)
0

>
0
−d1

= −
igA

ω ∫ 0

−d1

[(ik(1)
0

− ik
(1)
0

R0)(Z(1)
0 )2]dz. (C8)
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In the case of n > 0 or m > 0, we have

<< φ
(2)
,Y

(2)
n >>

0
−d0

= −
igA

ω [(An +Bne
−λ

(2)
n b1) << Y

(2)
n ,Y

(2)
n >>

0
−d0

] , (C9)

{∂φ
(2)

∂ z

∂
3
Y
(2)
n

∂ z3
}

z=0

= −
igA

ω

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(A0 +B0e

iλ
(2)
0

b1)λ (2)
0

tanhλ
(2)
0

d0(λ (2)
n )3 tanλ

(2)
n d0

−[ ∞∑
n=1

(An +Bne
−λnb1)λ (2)

n tanλ
(2)
n d0](λ (2)

n )3 tanλ
(2)
n d0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
, (C10)

< φ
(1)
,Y

(2)
n >

0
−d0

= −
igA

ω

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∫ 0

−d0
Z
(1)
0

Y
(2)
n dz

+∫ 0

−d0

∞∑
m=0

RmZ
(1)
m Y

(2)
n dz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (C11)

<

∂φ
(2)

∂x
,Z

(1)
m >

0
−d0

= −
igA

ω ∫ 0

−d0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(iλ (2)

0
A0 − iλ

(2)
0

e
iλ

(2)
0

b1B0)Y
(2)
0

+

∞∑
n=1

(−λ
(2)
n An +λ

(2)
n e

−λ
(2)
n b1Bn)Y

(2)
n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Z
(1)
m dz, (C12)

<

∂φ
(1)

∂x
,Z

(1)
m >

0
−d1

= −
igA

ω ∫ 0

−d1

Rmk
(1)
m (Z(1)

m )2dz. (C13)

Appendix D: Establishment of linear equations

By truncating the series expansions of φ1 in Eq. (17) and φ2 in Eq. (18) after M and N terms,

respectively, Eqs. (C1) and (C2) become

[a(1)nn ](N+1)×(N+1){An}(N+1)+ [b(1)nn ](N+1)×(N+1){Bn}(N+1)
+ [c(1)nn ](N+1)×(N+1){An}(N+1)+ [d(1)

nn ](N+1)×(N+1){Bn}(N+1)
= { f

(1)
n }(N+1)+ [p

(1)
nm](N+1)×(M+1){Rm}(M+1) for m = 1,2,3,⋯,M

(D1)

and

[q(1)mn](M+1)×(N+1){An}(N+1)+ [r(1)mn](M+1)×(N+1){Bn}(N+1)
= {em}(M+1)+ {Rm}(M+1) for m = 1,2,3,⋯,M,

(D2)

where e0 = −1, em = 0; the elements of each matrix are derived in Appendix E. The superscript

( j) in the elements of matrices refers to the matching conditions on the interface between V j and

V( j+1). This study takes M = 40 to guarantee the convergence of the numerical results. Similarly,

applying the matching conditions on the interfaces at x = b1, a1, and a2 leads to the following sets
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of linear equations:

[b(2)nn ](N+1)×(N+1){An}(N+1)+ [a(2)nn ](N+1)×(N+1){Bn}(N+1)
+ [d(2)

nn ](N+1)×(N+1){An}(N+1)+ [c(2)nn ](N+1)×(N+1){Bn}(N+1)
= {p

(2)
nm}(N+1)×(M+1){Cm}(M+1)+ {u

(2)
nm}(N+1)×(M+1){Dm}(M+1),

(D3)

[r(2)mn](M+1)×(N+1){An}(N+1)+ [q(2)mn](M+1)×(N+1){Bn}(N+1)
= {Cm}(M+1)− {v

(2)
mm}(M+1)×(M+1){Dm}(M+1),

(D4)

[u(3)nm](N+1)×(M+1){Cm}(M+1)+ [p
(3)
nm](N+1)×(M+1){Dm}(M+1)

= [a(3)nn ](N+1)×(N+1){En}(N+1)+ [B(3)
nn ](N+1)×(N+1){Fn}(N+1)

+ {c
(3)
nn}(N+1)×(N+1){En}(N+1)+ {D

(3)
nn}(N+1)×(N+1){Fn}(N+1),

(D5)

[−v
(3)
mm](M+1)×(M+1){Cm}(M+1)− {Dm}(M+1)

= [q(3)mn](M+1)×(N+1){En}(N+1)+ [R(3)
mn](M+1)×(N+1){Fn}(N+1)

(D6)

[B(4)
nn ](N+1)×(N+1){En}(N+1)+ [a(4)nn ](N+1)×(N+1){Fn}(N+1)

+ [D(4)
nn ](N+1)×(N+1){En}(N+1)+ [c(4)nn ](N+1)×(N+1){Fn}(N+1)

= {p
(4)
nm}(N+1)×(M+1){Tm}(M+1),

(D7)

[R(4)
mn](M+1)×(N+1){En}(N+1)+ [q(4)mn](M+1)×(N+1){Fn}(N+1)

= {Tm}(M+1).
(D8)

By letting M = N, the following system of linear equations can be obtained:

[J]8(N+1)×8(N+1){X}8(N+1) = {K}8(N+1) (D9)

with

[J] = ⎡⎢⎢⎢⎢⎢⎢⎢⎣
H I

P Q

⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (D10)

[H] =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a
(1)
nn + c

(1)
nn b

(1)
nn +d

(1)
nn Onn Onn

q
(1)
mn r

(1)
mn Onn Onn

b
(2)
nn +d

(2)
nn a

(2)
nn + c

(2)
nn −p

(2)
nm −u

(2)
nm

r
(2)
mn q

(2)
mn Unn v

(2)
mm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (D11)
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[I] =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Onn Onn −p
(1)
nm Onn

Onn Onn Unn Onn

Onn Onn Onn Onn

Onn Onn Onn Onn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (D12)

[P] =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Onn Onn u
(3)
nm p

(3)
nm

Onn Onn −v
(3)
mm −Unn

Onn Onn Onn Onn

Onn Onn Onn Onn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (D13)

[Q] =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−(a(3)nn + c
(3)
nn ) −(B(3)

nn +D
(3)
nn ) Onn Onn

−q
(3)
mn −R

(3)
mn Onn Onn

B
(4)
nn +D

(4)
nn a

(4)
nn + c

(4)
nn Onn −p

(4)
nm

R
(4)
mn q

(4)
mn Onn Unn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (D14)

{X} = {An,Bn,Cm,Dm,En,Fn,Rm,Tm}T
, (D15)

{K} = { f
(1)
n ,em,Wn,Wn,Wn,Wn,Wn,Wn}T

, (D16)

{Onn} =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ⋯ 0

0 0 ⋯ 0

⋯ ⋯ ⋯ ⋯

0 0 ⋯ 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦(N+1)×(N+1)

, (D17)

[Unn] =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 ... 0

0 −1 ... 0

... ... ... ...

0 0 ... −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦(N+1)×(N+1)

, (D18)

[Wn] = [0,0⋯0]T(N+1) (D19)

The unknown coefficients can be obtained by solving the system of linear equations.
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Appendix E: Coefficients in system of linear equations

The coefficients of the system of linear equations in Sec. D are derived as follows.
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