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1. AXES AND ASSUMPTIONS

1.1 Generalised body axes are shown on fig. 1. The origin of the
orthogonal axis is chosen arbitrarily on the centre line of the
envelope and the ox axis is coincident with the centre Tine. The
plane oxz defines the plane of symmetry of the airship.

1.2 The trimmed axes notation is shown in fig. 2. For the general
case when the airship is in straight wings Tevel flight. The steady
state body attitude and speed are denoted eo and Vo respectively.

The buoyancy force B acts at the centre of buoyancy which has
coordinates (by, by, bz) and theweightW acts at the centre of gravity
which has coordinates (ay, ay, az).

1.3 Initially the main assumptions are;

(1) steady rectilinear flight

(ii)  the airship is "rigid", and hence aeroelastic effects are
ignored.

(iii1) disturbances from equilibrium are small.

(iv)  constant mass.

(v) the body is symmetric and both the c.b. and c.g. lie in the

plane of symmetry. (i.e. ay = by = 0).

2. EQUATIONS OF MOTION

In addition to the usual aerodynamic terms the equations of motion
of the airship will also include significant force and moment terms due
to static buoyancy and inertial terms due to the displaced mass of air.
A very complete mathematical model of a remotelyoperated underwater vehicle
(ROV) is given in reference 1. Since the conditions applying are similar
to those experienced by the airship then these equations maybe used to
describe its motion. However; since the airship has symmetry, well defined
equilibrium conditions and operates in a less dense medium so the equations
may be simplified accordingly.

The equations of motion may thus be written
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+C (control forces and moments)

e Ne Te o <o o

+P (propulsion forces and moments)

~where M is the mass matrix and Fd’ S, A, G and C are vectors defined
below. '



2.1 Mass Matrix M

The mass of air displaced by the airship in motion gives rise to
virtual mass and inertia effects expressed as equivalent aerodynamic

acceleration derivatives.

2.1.1. Components of mass

m =m- X.
X u

m =m-Y.
Yy Vv

=m - Z.

mz W

where m is the mass of the airship and XU’ YV’ Zw are the virtual

mass components.

2.1.2. Components of displaced air mass

mX =m - Xu
my =Mm - YV
mZ =m - Z-

where m is themass of air displaced by the airship.

2.1.3. Moments of inertia

= To- Ly
J =1 - M.
y 'y 4
- T - N.
J, =1, - N

where Ix’ Iy, IZ are themoments of inertia about the ox, oy, oz
axes respectively and Lb’ Mq, N} are the virtual inertia components.

2.1.4. Products of inertia

JyZ = Iyz + M= Iyz + Nq
oy = L+ Nﬁ =L, + L
ny = Ixy + Lﬁ = Ixy + Mb
where Iyz, sz and IXy are the three products of inertia about the ox,

oy, 0z axes respectively.



Since the airship is symmetric about the oxz plane,

for small disturbances.

2.1.5. Mass matrix

fiy 0 0 _Xb ma, - Xq —X%
my 0 -ma, - Yﬁ 14 ma, - Yn
0 0 m, —Zb -ma, - Zd —Zr
Ly -ma, - L Ly Iy “Jox
ma - Mu —MV -ma, - Mw 0 Jy 0
__Nu ma —Nv —N‘;l —JZX 0 Jz i

noting that ay = 0 (symmetry).

Assuming longitudinal-lateral motion coupling effects to be insignificant
then themass matrixmay be simplified since,

Xe =X =Y =27 =7 =L =1L- =M- =N-=N-=20

p r q ) r u W Y u w
and the matrix becomes
i | 0 0 a X 0 B
mX 0 0 maz - d 0
my 0 -ma, - Yﬁ 0 ma, - Yr
0 0 m 0 -ma_ - Zd 0
0 -ma_ - L- 0 Jd -dJ
v Xz
ma_ - Mu 0 —maX - MW 0 Jy 0
0 max - NV 0 'sz 0 JZ
. -

2.2 Dynamics Vector ﬁj

Since products and squares of small quantities may be ignored, the
dynamics vector may be written,



Fd = | -m, wq + my rv

- ur + m W
mX Zp

—my vp + m  qu

maz(ur -pw)
mfa, (vp - qu) - a,(wq - rv)]

—max(ur - pw)

b el

Now
1
Vo = (U2 + V2 4 W2)?2 steady components of speed.
And u =u'"+U
=v' +V and V = o for straight flight.
w o=w'+ W

Since u', v', w' are small then the dynamics vector may be rewritten,

= 0 -1 = =
Fd = | -m, qW + m,, pV’ = -m_qW
-m, rU + m, pW ~mer + mzpw
—my D + my qu +quU
maz(rU - pW) maz(rU - pW)
0 0
mla, (pr'" - U) -a,(aW - 7 )] -ma(a,U + a W)
—max(rU - pW) =max(rU - pW)
. - = -

2.3 Atmospheric disturbances Vector S
Assuming a quasi-steady atmosphere with no gusts or turbulence then
S=0
2.4  Aerodynamics Vector A

Assuming no longitudinal-Tateral coupling, then in terms of aerodynamic

derivatives
A = -iao + qu + wa + quT
Yao + YVv + Ypp + Yrr
Zao + Zuu * LMW+ qu
Lao + va + Lpp + er
MaO + Muu + Mww + qu

Nao + va + Npp + NriJ
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where terms subscripted (ao) are steady state values.
2.5 Gravitational Force/Moment Vector G
G = Fxm(w-s)

A23(N—B)

Xon (W-B)

33

—A23(azw + bZB)
A13(azw + bZB) —X33(axw + bXB)

A23(axw + be)

where Aij derive from the standard direction cosine matrix,

A13 = - sin(®+@0)
Aoy = sing cos(®+eo)
X33 =  Cos® cos(@+eo)

where @0 is the steady state pitch attitude of the airship and is not
necessarily assumed to be a small angle. Expanding the above and
assuming ¥,0,8 small then, N

A13 = -0 cos@0 -sin@o
x23 = ¢ cos@0
x33 = coseo - esineo
whence,
G = r_u—@(mg - B) cos@0 - (mg - B)sin@O R

+#(mg - B cose,

(mg
—¢(azmg + bZB) cose,

B) cos@O - O(mg - B)sin@o

e{mg(axs1neo - aZcoseo) + B(bxsme0 - bzcoseo)} - mg(axcos@O + azs1n®0)
- B(b_cos6_ + b_sino )
X 0 z 0

¢cos®0(axmg + bXB)




2.6 Propulsion Forces and Moments

Referring to fig. 3 which shows the geometric arrangement of propulsion

forces, the following is assumed;

(i)  One turbo prop engine producing thrust in a direction parallel to

ox in the plane of symmetry and acting at a distance c, below the

oX axis.

(i1) Two symmetrically displaced diesel engine driven ducted fan

Each thrust magnitude being independently controlled.
The thrust vector direction can be varied synchronoulsy in a
plane parallel to the oxz plane by rotation through the angle p.

thrusters.

Whence,

P = Xprop

Yprop

Zprop

LPVOP
MPVOP

N
— propA

==

2.7 Control Forces and Moments

P} + (T, + T cos
¢t ds dp) W
0
-(T, +T sin
(Tyg dp) u
(po - Tds) sin y dy
Tt c, + (TdS + po)(dzcos u - dx sin y)
(po - Tds) cos | dy

The aerodynamic controls comprise four independently actuated surfaces

with the "vertical" surfaces acting Tike differential rudders and the

"horizontal" surfaces acting like tailerons as shown on fig. 4. Positive

control deflections are defined as follows;

Upper rudder 6ru, trailing edge to port
Lower rudder 6r9, trailing edge to port

Port elevator éep, trailing edge down

Starboard elevator 6es, trailing edge down

whence,

C=1X

L ¢

M Se
6e( p

M (Sr

+

+

Sr
Se
Sr

o * 6ep - Ges)

*
o)+ Mg (or - arl)*

+ N Se - &
g) de( s ep)

=

*moment terms due to differential drag effects - assumed

negligibly small for all practical purposes.
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3. THE DECOUPLED LONGITUDINAL EQUATIONS OF MOTION

m U+ (maZ - Xq)q = —mzqw + X.aO + qu + wa + qu
- 0(mg - B)cos@O - (mg - B)sin@o + Tt
+ (Tds + po)cosp + XC
mw - (maX + Zq)q =mqu + Zao F LU+ LW qu
+ (mg - B)cos@0 - O(mg - B)sin@o - (TdS + po)sinp
+ Z
c
(ma - Mﬂ)u - (ma, + Mw)w + qu = -mg(a,U +aZW) + MaO + MU
+ MW+ qu + @{mg(axsineo -~ a,c0s6,)

+ B(bxsine0 bzcoseo)} —mg(axcosCh + azsincb)
- B(bxcoseO + bzs1neo) + thz

+ (Ty + T, )(d,cosy - dysiny) + M

ds dp C

3.1 Steady state trim conditions

When the small perturbation variables are zero, trimmed equilibrium
prevails and the equation may be written,

XaO - (mg - B)smeO + Tt + (TdS + po) cos | + XCO =0

Za0 + (mg - B)coseO - (TdS + po)s1n g+ ZCO =0

MaO - mg (axcose0 + azs1n®0) - \bxc0560 + bzs1n®0) + Tt CZ
+ (TdS + po)(dzcosp - dxs1nu) + MCO =0
where X_ | 7 M represent the trimmed control forces and moments.
Co” Co” "Co

Removing these terms from the decoupled equations leaves the small
perturbation equations with respect to the steady flight condition.

3.2 The longitudinal small perturbation equations

m.u + (maZ - X:)q = —mzqw + qu + wa + qu - O(mg - B)coseO + AX

X q C

"

Mzw - (maX + Z72:)q quU + Zuu + wa + qu - O(mg - B)s1n@o+ AZC



(ma_ - M&)u - (max + Mw)w + qu = -mq(aXU + aZW) + Muu + Mww + M g

q
+e{mg(a sine, - a,cos0,) + B(b sing - b_coso, )}

z

+ AMC

where AXC, AZC and AMC are the control force and moment perturbations about

their trim values.

The above assumes the thrust propulsion configuration to be fixed

at the steady state values.
Rearranging,

mu - qu - wa + (maZ - X.)q - (X

q q- mZW)q +0(mg - B)cos@O = AXC

~Zuu +mw - wa - (maX + Zq)q - (Zq + mXU)q + 0(mg - B)sin@o = AZC

(maZ - Mu)u - Muu - (maX + Mw)w - Mww + qu - (Mq - maXU + maZW)q

—O[mg(aX51neO - azcoseo) + B(bxsmeO - bzcoseo)] = AMC

4. THE DECOUPLED LATERAL EQUATIONS OF MOTION

m v - (ma

y - Y. )p + (maX - Y.

. b r)r = - erU + mzpw + YaO + va + Y

pp

+Yor+d(mg B) + V.

-(maZ + Lq)v + pr - szr = maz(rU - pW) + La + va + Lpp +Lr

_¢(azmg + sz) + (po - Tds)dysin U+ LC

(maX - NV)V - szp + er = -max(rU - pW) + Na0 + NVv + N p+ Nrr

p
( _
+ ¢cos®0\axmg + bXB) + (po Tds)dycos U+ NC

4.1 Steady state trim conditions

When the small perturbation variables become zero the above equations

reduce to,

Yao + YCO =0

|
(en]

La, + (po - Tds)d sinp + Leg =

y
Na  + (po - Tds)dy cos p + Neg = 0

whence, the small perturbation equation with respect to trimmed steady state

follow;



-(ma, + Lo)v + pr - szr = maz(rU - pW) + va + Lpp + er
- &
#(a mg + bZB) + ALC

(maX - NQ)V - szp + er = —max(rU - pW) + va + Npp + Nrr

+ ¢Cos€ogaxmg + bXB) + ANC

where AYc’ ALC and ANC are the control force and moment perturbations about

their steady state trim values.

Thrust and propulsion components are assumed constant and trimmed
out. 1i.e. steady state aerodynamic and control forces and moments balance

out the steady state propulsion effects.

Rearranging,
myv - va - (maZ - Yﬁ)p - (Yp + mZW)p - g(mg + B) + (maX - Y%)r
—(Yr - me)r =AY

—(maz + L)V - LV + dp - (L

v - maZW)p + ¢(azmg + sz)

P

-szr - (Lr + maZU)r = ALC

(maX - NV)V - va - szp - (Np + maXW)p - ¢Cos@o(axmg + bXB)

+ er - (Nr - maXU)r = ANC

5. SIMPLIFICATIONS

Further simplifications can be made to the equations if the following

additional assumptions are made;
(i)  Neutral buoyancy mg = B
(ii) Level flight and a wind axis system,

W = 60 =0 and U = VO
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FIG. 1 GENERALISED BODY AXES
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FIG. 2 TRIMMED AXES NOTATION
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FIG. 3 PROPULSION SYSTEM GEOMETRY
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FIG. 4 CONTROL SURFACES NOTATION




