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Abstract 

Ni-based single crystal superalloys are the main constituent materials for aeroengine 

turbine blades. They are subjected to extensive in-service plastic deformation and 

creep-fatigue interaction, which can cause damage and failure and hence limit the 

turbine blade durability. In this study, a novel crystal plasticity-based constitutive model 

is proposed to predict the cyclic inelastic deformation of Ni-based single crystal

superalloy under creep-fatigue loads, and the key aspects examined include cyclic strain 

hardening, ratcheting and stress relaxation behavior. The novelty of the model lies in 

the introduction of a dislocation density parameter in the kinematic hardening rule to 

describe the evolutionary characteristics of hysteresis loops. The constitutive model is 

implemented via the crystal plasticity finite element method and the predictions are in 

good agreement with experimental results. Furthermore, thermodynamic entropy 

generation is innovatively adopted as an indicator parameter for analysis of Ni-based 

single crystal creep-fatigue failure, and the corresponding creep and fatigue damage 

models are developed to evaluate the degree of damage. The half-life concept 

associated with the steady-state hysteresis loop is employed in the failure model to 

predict the creep-fatigue life without being limited by the computational efficiency of 
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the crystal plasticity finite element method. The proposed model can well capture the 

characteristics of Ni-based single crystal creep-fatigue life, and the prediction falls 

within a scatter band of factor 2.0 compared to experimental results. The proposed 

creep-fatigue life prediction model is underpinned by deformation and failure 

mechanisms, which would provide a basis for accurate analysis and robust assessment 

of Ni-based single crystal superalloy performance and life.  

Keywords: Crystal plasticity; Creep-fatigue interaction; Kinematic hardening; Entropy 

generation; Life prediction 
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1. Introduction 

Single crystal superalloys possess outstanding high-temperature mechanical 

properties due to the unique two-phase microstructure. Ni-based single crystal 

superalloy has been widely used in the hot-end components of aeroengines exposed to 

complex service environment, and the harshness of the operation conditions seriously 

affects the life of the components. It has been recognized that the traditional low-cycle 

fatigue (LCF) test cannot accurately represent the mechanical loads of aeroengine hot-

end components in service [1, 2]. The dwell time under a certain working condition 

significantly affects the service life of hot-end part. Therefore, the creep-fatigue 

interaction damage mechanism and the associated life prediction of Ni-based single 

crystal superalloy has become a hot topic under intense research over the past few years. 

The relationship between the damage mode of single crystal and dwell time is shown 

in Fig. 1. Single crystal materials exhibit a typical ductile fracture mode under LCF 

loading, where cracks initiate from the surface of the crystal and propagate inward. This 

behavior differs from that of polycrystalline materials [3]. Under creep-fatigue 

interaction, single crystals exhibit creep voids, which increase in both quantity and size 

with prolonged dwell time [4]. Therefore, the analysis of the mechanical response of 

Ni-based single crystal superalloy to creep-fatigue interaction is needed to understand 

the material damage mechanism and ensure the safe operation of hot-end components. 
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Fig. 1. Schematic diagram of the relationship between creep-fatigue damage mode and 

dwell time for polycrystalline and single crystal materials.

1.1 Literature review

Compared with pure fatigue, the damage mechanism of creep-fatigue interaction is 

more complex, which poses more difficulties in developing life prediction model. Early 

creep-fatigue life prediction models were primarily developed based on traditional 

fatigue life prediction models, including frequency-modified model [5], frequency 

separation model [6], frequency modified-damage function model [7], and their 

extended version [8, 9]. With the continuous exploration of the creep-fatigue coupling 

mechanism, life models based on linear damage summation (LDS) and nonlinear 

damage summation (NDS) rules have been proposed to accurately capture the creep-

fatigue life distribution characteristics. In creep-fatigue life prediction based on LDS 

rule, the coupling of creep damage and fatigue damage is ignored. Typical applications 

such as time fraction model [10] and strain energy density exhaustion (SEDE) model 

[11]. Wang et al. [12] proposed a modified SEDE model by considering the effects of 

average stress and stress relaxation during the dwell time of creep-fatigue tests, and this 

model has also been successfully applied in multi-axial creep-fatigue conditions [13, 

14]. In the NDS-based creep-fatigue life prediction model, creep damage and fatigue 
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damage are interdependent. Phenomenological theory is the most commonly used 

approach to accurately describe the degree of interaction between creep and fatigue [15, 

16]. Although different strategies to improve the creep-fatigue life model have been 

proposed, most models established the relationship between life and physical 

parameters from the perspective of macroscopic phenomenology, which cannot reflect 

the influence of microstructural characteristics on creep-fatigue life and hence limits 

the predictive capability and robustness. 

It is well known that ratcheting and stress relaxation are the main deformation 

characteristics under LCF and creep-fatigue loading [17, 18]. Previous research showed 

that adding a dynamic and static recovery term in the kinematic hardening model was 

effective to improve the prediction of ratchetting and stress relaxation deformation [19-

22]. Some scholars have proposed complex combinations of multiple mechanisms and 

criteria to improve the predictive capability of the model [23]. However, due to the high 

computational cost, this calibration strategy has not been widely adopted. Therefore, it 

has become mainstream in research to develop kinematic hardening models with 

simpler forms to describe cyclic loading characteristics, mainly including Prager model 

[24], Armstrong-Frederick (A-F) model [25], Chaboche model [26], Ohno-Wang (O-

W) model [27] and their extended versions [28, 29]. With a deeper understanding of the 

fundamental nature of material deformation, researchers have increasingly focused on 

incorporating the influence of microstructural mechanisms on flow stress into models. 

Li et al. [30] used the A-F model and two nonlinear kinematic hardening models to 

respectively describe the effects of dislocation slip, twinning and detwinning on the 

evolution of back stress in Mg alloy single crystal. The dislocation density was 

introduced as a controlling parameter for ratcheting deformation in the kinematic 

hardening model to enhance prediction capability [31]. The rafting parameters of the 

precipitate phase in Ni-based single crystal superalloys were introduced into the 

kinematic hardening model to predict ratcheting deformation [32]. For the stress 

relaxation response of materials, many meaningful attempts have been made, such as a 

two-step constitutive model combining creep and plasticity proposed by Daniel et al. 

[33], a kinematic hardening model considering static recovery [21], and the modified 
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Chaboche model with parameters corrected for dislocation network structure [34]. 

Although some models based on experimental observation of microstructure have great 

advantages in predicting macroscopic mechanical responses from microscale physical 

mechanisms, these are difficult to extend to other specific loading conditions due to the 

distinct microstructural characteristics.  

  The crystal plasticity finite element method (CPFEM) has been employed by many 

scholars to simulate the mechanical behavior of materials at the grain level. With the 

continuous development of computer power and finite element theory, the application 

of CPFEM has gradually expanded from the initial one-dimensional problem [35] to 

the present three-dimensional problem [36]. In phenomenological models, resolved 

shear stress serves as an intermediate variable in calculating the flow stress and is used 

to describe the behavior of the slip systems [36-39]. Dislocations, viewed as carriers of 

plastic deformation, are considered as internal variables in physics-based constitutive 

models. Continuously improved dislocation density evolution models as well as models 

that calculate the flow stress through dislocation density have been proposed by many 

scholars [20, 40-45]. With the continuous improvement of crystal plasticity theory, the 

CPFEM has become an important tool for studying creep-fatigue damage evolution and 

life prediction. Estrada Rodas et al. [20] proposed a crystal viscoplasticity model that 

considers several physics-based arguments to explain the deformation mechanism 

between material phases under creep-fatigue loading. Ding et al. [8] revealed the 

relationship between the microscopic deformation mechanism and macroscopic 

mechanical response under creep-fatigue loading in DZ445 alloy through experiments, 

and proposed a dislocation-based crystal plasticity model for creep-fatigue deformation. 

Li et al. [9] combined grain boundary cavity model and crystal plasticity model to 

analyze the creep-fatigue damage process and life of Inconel 718 superalloy from both 

macroscopic and microscopic scales. Based on the unique advantages of crystal 

plasticity finite element method in describing grain damage, various life prediction 

models related to slip system parameters have been developed, including cumulative 

plastic slip strain [46], cumulative energy dissipation [12], energy-based damage index 

[47], and their extended versions [48, 49].  
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Phenomenological models are based on empirical formulas to capture the 

macroscopic deformation characteristics of materials. As the mechanical characteristics 

of materials become increasingly complex, it becomes more and more difficult to 

describe their mechanical response through phenomenological models. Consequently, 

physics-based models have drawn widespread attention from scholars due to their clear 

physical meaning. However, compared with the widely used phenomenological model, 

the physics-based model is still not mature enough. Therefore, it is of great scientific 

significance to develop a physics-based crystal plasticity model for accurately capturing 

the mechanical response and life of Ni-based single crystals under different stress 

conditions. 

1.2 Aim and scope 

This study is aimed to develop constitutive model and life prediction model for Ni-

based single crystal superalloy under creep-fatigue loading. A dislocation density-based 

single crystal constitutive model with modified kinematic hardening rule was 

developed to capture the ratcheting and stress relaxation behavior of Ni-based single 

crystals. Furthermore, thermodynamic entropy generation was considered as the 

indicator parameter for creep and fatigue damage, and a simplified calculation method 

was proposed in the crystal plasticity framework. The coupling of creep and fatigue 

damage was modelled through the LDS rule combined with NDS. The proposed single 

crystal life prediction model was validated using a series of strain-controlled uniaxial 

fatigue and creep-fatigue tests for DD6 superalloy at 760℃. 

2. Crystal plasticity constitutive model 

This section describes the formulation of the crystal plasticity constitutive model. 

The classical A-F kinematic hardening rule is modified in the framework of crystal 

plasticity theory, and the forest dislocation density is introduced into the dynamic and 

static recovery terms for accurately capturing the mechanical response of Ni-based 

single crystal to creep-fatigue loads. 

In the crystal plasticity theory, the deformation of material can be represented by the 

deformation gradient tensor F. It is generally assumed that the tensor F can be expressed 

as the product of elastic component Fe and plastic component Fp. 
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 e pF F F  (1)

where the reference configuration was transformed into an intermediate configuration 

through plastic deformation Fp. Then the intermediate configuration was transformed 

into the current configuration through elastic deformation and rigid body rotation Fe. 

  The plastic deformation and dislocation slip in slip systems can be interrelated 

through the crystal plasticity theory. Therefore, the velocity gradient Lp on the 

intermediate configuration can be represented as the sum of the shear strain rates 
&

of all slip systems. 

1 



   α α
p P PL = F F s m& & (2)

where αs and αm are the slip direction of the slip system and the normal direction 

of the slip plane in the reference configuration, respectively. 

In the rate-dependent crystal plasticity framework, the shear strain rate in the power-

law form [50] is widely used, viz. 

1

0 sgn( )
m

g

 
 



 
  


& & (3)

where 
& ,  , g

and
 are shear strain rate, shear stress, current strength and 

back stress of slip system  , respectively, m is the rate sensitivity exponent. 

The current strength g
of slip system  can be decomposed into linear 

accumulation of initial strength 0 ( )g T and subsequent strengthening ( )forg T   as 

follows 

0 ( ) ( )forg g T g T                           (4) 

The initial strength parameter 0 ( )g T  controlling the yield strength consists of the 

following three parts. 

0 0, 0, 0,( ) ( ) ( ) ( )ss shear loopg T g T g T g T      (5) 

where 0 , ( )ssg T is solid solution strengthening, 0, ( )shearg T and 0, ( )loopg T represent 

the effects of dislocation shearing precipitates and dislocation by-passing precipitates 

on the initial strength, respectively. 

The solid solution strengthening term is derived based on the assumption that solutes 
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are distributed in the metal matrix without interacting with each other [51], which is 

given by 

0,

1
( )ss i

i

d
g T g

M d g

 
  (6)

where M is Taylor factor, 
id d g is strengthening coefficient which indicates the 

strengthening capacity of each alloying element, 
id d g and ig   are the 

strengthening coefficient and atomic fraction, respectively, which can be obtained from 

the authors’ previous work [52], see Appendix B. 

The study revealed that Ni-based single crystals exhibit anomalous yield 

characteristics at high temperatures, primarily attributed to the variations in precipitate 

strength with temperature [52]. The thermally activated cross-slip mechanism is 

considered the primary factor influencing the strength of precipitate phases in Ni-based 

single crystals. Therefore, in previous work by the author [52], the contribution of 

dislocation shearing precipitation to the strength was represented as a superposition of 

anti-phase boundary (APB) energy and thermally activated cross-slip mechanisms, as 

shown below. 

3 1 2

2 2
0,

( ) 1
( ) 0.7 ( ) ( ) [ exp[ ] ( )]shear r

shear i
i i

APB af r T T d
g T G f B C

G b b M dC
  




   




  






     (7)

where G is shear modulus of     precipitates, b is Burgers Vector, APB    is 

antiphase boundary energy (see Appendix A), shearf is volume fraction of dislocation 

shearing precipitation mechanism, r is average size of   precipitates, T and Tr are 

current temperature and reference temperature corresponding to the maximum slip 

strength, respectively,  , B and 
id dC are material constants and the values are taken 

from Ref. [52] (see Appendix B). 

As dislocation by-passing precipitation accompanies dislocation shearing 

precipitation in the concerned temperature range, the strengthening effect produced by 

dislocation by-passing precipitates is also considered in our model. Here, we adopt the 

theory originally developed by Orowan et al. [53] and later extended by Ashby et al. 

[54], and the contribution of dislocation by-passing precipitation to the strength is 
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expressed as follows 

0,

0.31
( ) ln( )

2

loop

loop

Gb f r
g T

M r b
  (8) 

where loopf  is volume fraction of dislocation by-passing precipitates mechanism. 

The isotropic work hardening can be interpreted as the effect of dislocations stored 

in the crystals on the continued slip. Here, the forest dislocation density-based 

strengthening model modified by M.G. Lee et al. [55] is adopted to describe the work 

hardening, viz.

( ) ( )for forg T b G T h                           (9) 

where matrix h n t      can be obtained through the geometry of edge dislocations 

on each slip system. A detailed description can be found in reference [56]. The for
   is 

the forest dislocation density on different slip systems. It has been proved that the 

phenomenological storage-recovery model proposed by Kocks [57] is suitable for 

describing the evolution of macroscopic dislocation density. Therefore, the evolution

function of dislocation density at different temperatures can be expressed as  

1 2 ( , )for

for fork k T


   




  




 


&                     (10) 

where k1 and k2 represent the adjustable coefficient of dislocation generation and 

annihilation, respectively. Essmann and Mughrabi [58] found that the dislocation 

annihilation parameter (k2) is dependent on temperature and strain rate, while 

dislocation generation is rate insensitive (below 103 s-1). Therefore, it is reasonable to 

treat the dislocation generation parameter (k1) as a material constant, while the 

dislocation annihilation parameter (k2) is dependent on the specific thermal and 

mechanical loads. Here, the evolution model of dislocation annihilation is based on the 

thermal activation theory of plastic deformation [59], viz.  

2
3

1 1 0

(1 ln( ))
k b kT

k Q D b

 

  

 


 

&

&
                     (11) 

where  is the interaction parameter, which is set to be 0.9 [60]. The parameters D ,

Q , k and & are drag stress, effective activation enthalpy, Boltzmann constant and 
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strain rate, respectively. The reference strain rate 0& is taken to be 107 s-1 [60].

  The kinematic hardening arises from Bauschinger effect during cyclic deformation 

and it can be modelled using the back stress. The classical A-F kinematic hardening 

model is represented as follows. 

1 2C C       & & &                       (12) 

where C1 is hardening coefficient and C2 is dynamic recovery coefficient, respectively, 

which are material constants and set to be the same value in different slip systems. The 

classic A-F kinematic hardening rule had greatly promoted the development of related 

plasticity theory. However, as new alloys exhibit more complex deformation 

mechanisms, modification of the classic A-F model for improving prediction accuracy 

is needed, which will be described in the next section. 

3. Improved kinematic hardening rule 

The study of kinematic hardening models can be traced back to Prager's work [61], 

where a model was proposed that exhibits a linear relationship between the evolution 

of back stress and plastic strain. However, the Prager model would lead to cyclic elastic 

or plastic shakedown, which could not capture the ratcheting phenomenon. Therefore, 

Armstrong and Frederick [62] modified Prager linear dynamic hardening model and 

introduced dynamic recovery term. Furthermore, Chaboche [63] proposed a kinematic 

hardening model with better simulation results by introducing significantly different 

recovery constants based on A-F model. So far, the theoretical basis of almost all back 

stress evolution models is derived from the abovementioned models. 

3.1 Modification of dynamic recovery term of kinematic hardening rule 

Macroscopic models are usually established based on objective laws, which lack 

clear physical meaning. Therefore, constitutive model considering microscopic 

physical mechanism has become an important trend. It is well known that dislocation 

slip is the carrier of crystal deformation. It is thus unsurprising that the micro parameters 

used to express the degree of dislocation slip have become the research focus of many 

scholars. It has been found that the dislocation configuration gradually evolves from 

low-density dislocation lines, light dislocation entanglement and pile-ups to high-
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density dislocation entanglement, walls and veins during uniaxial ratcheting 

deformation [64]. Shenoy et al. [65] adjusted the ratio of back stress to shear stress of 

each slip system by introducing phenomenological parameter into the linear hardening 

term. Based on the above research, it can be concluded that ratcheting deformation is 

related to dislocation movement. Therefore, it is appropriate to modify the kinematic 

hardening rule by considering dislocation density. Based on the work of Shenoy et al. 

[65], a modified nonlinear dynamic recovery term is established here by introducing 

forest dislocation density and volume fraction of precipitated phase, viz. 

1
0

2
1

2
1 12

b

b
for

Z
f

C
Z

Z












 



 
，

(13)

where, b  ,   , f  and for
 are Burgers vector, spacing of precipitates, volume 

fraction of precipitates and forest dislocation density, respectively. The parameters 0 ,

1Z and 2Z are material constants. Only the octahedral slip system needs to be 

considered in the [001] orientation [32]. In addition, the total dislocation density of all 

slip systems is used to simplify the model. It should be noted that the newly proposed 

dynamic recovery parameter C2 has a similar form to the model proposed by Shenoy et 

al. [65]. The difference is that in our model the nonlinear parameter controlled by 

dislocation density and volume fraction of precipitates are linked with dynamic 

recovery term, which is beneficial to improve the convergence of CPFEM and capture 

ratcheting deformation.

3.2 Modification of static recovery term of kinematic hardening rule 

It is widely recognized that adding static recovery term to kinematic hardening rule 

is necessary to simulate time-dependent deformation in cyclic loading. On the one hand, 

the traditional kinematic hardening rule with constant static recovery term cannot 

reproduce the cyclic stress relaxation behavior [66]. On the other hand, the dislocations-

dislocations interaction and dislocations-precipitates interactions are the main 

deformation mechanisms during stress relaxation, which is the incentive and theoretical 

basis for modifying the kinematic hardening rule [67]. It should be noted that although 

Chaboche framework with multiple back stress components has better prediction 
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accuracy than the classical A-F model with single back stress component in the crystal 

plasticity theory, the more unknown parameters introduced by the Chaboche model may 

not be conducive to the practical applications and further development. Therefore, a 

modified nonlinear kinematic hardening rule is proposed here based on the classic A-F 

model, which introduces a new decreased static recovery term expressed as follows 

1 2 3C C C          & & & (14)

4

3 0 [ (1 ) ]C
s sC r e    (15)

12

1
4

for

r

C








 


(16)

where the established static recovery coefficient C3 is set as an exponential function 

related to total forest dislocation density, 0r   and s are material constants

representing the degree of static recovery, r is the reference dislocation density, 

which controls the decaying rate of stress relaxation with the number of load cycles. It 

is worth noting that the introduced attenuation function C3 is similar to the static 

recovery term in Xuan's model [21]. However, unlike Xuan's model the total forest 

dislocation density, the intuitive embodiment of dislocation movement and the number 

of dislocations, are used to replace the accumulated inelastic strain. Apparently, the 

static recovery term is controlled by s . If 1s  , the model reduces to the classical 

A-F model. If 1s  , parameter C3 decreases with the increase of dislocation density. 

If 1s  , the increased dislocation density leads to a larger value of C3. 

4. Fatigue and creep damage model 

Most empirical life prediction models are defined as the direct correlations between 

some selected parameters (for instance, strain range, stress amplitude, etc.) and the 

number of load cycles. Typical examples of these models include Manson-Coffin model 

[5] and frequency modified life model [6]. Although empirical models for life 

prediction have good accuracy for certain materials after calibration, its predictive 

capability is usually limited and does not shed light on the microscopic mechanisms 

responsible for the material failure. With the development of continuum damage 
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mechanics (CDM), life prediction model also adopts the damage theory. The concept 

of damage was originally proposed by Kachanov [68] to describe the process that the 

macroscopic performance of materials gradually degrades until the failure occurs.

Damage parameter is an internal state variable used to describe the damage state and 

its evolution. Typically, the cyclic number is considered as the life of material when 

damage reaches critical value. Therefore, accurately characterizing the material's 

damage state is crucial for establishing a damage-based life prediction model. 

The second law of thermodynamics indicates the irreversibility of thermodynamic 

processes, known as the entropy increase law. Therefore, thermodynamic entropy 

naturally serves as a fundamental metric to quantify various behaviors in irreversible 

processes. Despite the dependence of damage mechanisms on materials, it is reasonable 

to consider the degradation process of material performance as a sum of irreversible 

processes that contribute to an increase in system disorder. Consequently, the damage 

state can be described by the thermodynamic entropy. Ital [69] conducted early research 

on the theory of thermodynamics entropy generation. They put forward the entropy 

criteria for the failure of deformed solid, and derived the integral and differential forms 

of entropy generation function. The cumulative entropy of different materials at fracture 

point was defined as the fracture fatigue entropy (FFE), which is solely determined by 

the material and independent of geometry and load amplitude and frequency [70]. In 

addition, it proved that the normalized entropy was approximately proportional to the 

normalized number of load cycles. Amiri and Modarres [71] discussed in detail the 

progress of entropy generation in describing damage, and proposed a thermodynamic 

framework using entropy generation as a measure of material damage. Furthermore, the 

fatigue life of low-carbon steel was predicted using entropy generation [72]. Compared 

with the traditional empirical models, the damage model based on thermodynamic 

entropy has more clear physical meaning, which is helpful to understand the nature of 

material failure. 

Based on the Clausius-Duhem inequality, the entropy generation rate can be 

expressed as follows. 
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2

1 1
k k

W
S A V T

T T T
   q grad& &p

(17)

where S& is entropy generation rate, T is temperature, : pW   &
p is plastic work, kV&

and kA   represent the internal variable changing rate and the thermodynamic force 

related to the internal variable, respectively, and q is defined as the thermal flux. The 

entropy generation rate consists of three parts: entropy generation caused by plastic 

dissipation ( : pW   &
p ), entropy generation caused by internal variables ( k kA V& ) and 

entropy generation due to heat conduction (
21 T T q grad ). It should be mentioned 

that k kA V& is the non-recoverable energy stored in the material, which is often 

negligible for metallic materials ( 0k kA V & ) [70]. Therefore, Eq. 17 can be simplified 

as follows 

2

1pW
S T

T T
  q grad& (18)

As mentioned earlier, dislocation slip is the main form of crystal deformation. In the 

crystal plasticity framework, the entropy generation within each load cycle is calculated 

via the shear stress and shear strain rate on all slip systems, as shown below [16]. 

12

2
1

1
( )

( ) ( )
cycle

t
S T t

T t T t
  



  


 
      

 
 q grad& (19)

It should be noted that thermodynamic entropy generation can be seen as a measure 

of the irreversibility of a process in a system. Therefore, the temperature gradient in Eq. 

19 should be attributed to the irreversible processes in the system rather than 

environmental constraints. Since previous studies found that the temperature change on 

the material surface was small during the low-cycle fatigue process at room temperature 

[73], the entropy generation due to heat conduction is usually negligible at room 

temperature. The temperature induced by irreversible processes under high-temperature 

fatigue loading in the specimen is considered to be approximately constant, which 

means that the temperature gradient can be ignored, viz. 0T grad  . Based on the 

above discussion, it is assumed that the entropy generation caused by heat conduction 

can be also ignored for fatigue under constant high temperature. Consequently, our 
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model only considers the entropy generation caused by plastic deformation and the Eq. 

19 is further simplified as follows. 

12

1

( )
( )

cycle

t
S

T t
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

  


 
   

 
 & (20)

  Based on the general form of static toughness degradation after fatigue (Eq. 21) [74], 

Naderi and Khonsari [70] developed a thermodynamic entropy-based fatigue damage 

variable through combining the linear relationship between normalized entropy 

generation and normalized number of load cycles, as shown in Eq. 22. 

ln(1 )f fD A B N N   (21)

, 0

0

( )
ln(1 / )

ln(1 / )
f

f c

g

c g

D D
D D S S

S S


  


(22)

where Df, D0, Df,c are dimensionless fatigue damage parameter, initial damage and 

critical damage, respectively, S, Sg, Sc are current entropy generation, total entropy 

generation at fracture and critical entropy generation, respectively, and A and B are 

material constants. 

The introduction of a creep damage model is the key point in building a creep-fatigue 

damage model, and it is of great significance for improving the prediction accuracy of 

the model. Compared to traditional elastoplastic models, thermodynamic models are 

consistent with physics as a mechanical model starting from the basic laws of 

thermodynamics. From the perspective of damage accumulation, thermodynamic 

entropy is closer to the nature of material damage than traditional elastoplastic 

parameters, such as energy dissipation. Therefore, based on the work of Payten et al. 

[75], the thermodynamic entropy generation is tentatively used to replace traditional 

parameters related to elastoplastic theory for the calculation of creep damage in the 

dwell stage, and the revised formulation is shown below. 

11

0

1
[ ]

dt

n
c inD S dt


  &                         (23) 

1 exp( )
Q

B
RT




 (24)
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where inS& is the entropy generation rate in the dwell stage, which is calculated by Eq. 

20.

5. Constitutive model validation

The constitutive model established in this work was implemented via the user-

defined material subroutine (UMAT) of ABAQUS/Standard software to simulate the 

creep-fatigue deformation of single crystal material. The UMAT was originally 

developed by Huang [76], which has been modified here to verify the predictive ability 

of the proposed single crystal plasticity constitutive model. The strain range considered 

in this study was small (<5%), that is, the deformation of the specimen was expected to 

be uniform. Therefore, a single-element model was adopted to enhance computational 

efficiency, and such a strategy was also accepted by other scholars [77]. The full 

integration hexahedral element (ABAQUS designation: C3D8) was used. For the two 

faces perpendicular to the loading axis, one was assigned with specified different 

displacements to impose various loads, and the other was fixed with respect to the axial 

displacement. The remaining four faces in the model were parallel to each other in pairs, 

and two adjacent faces were set as free boundaries while the other two conformed to 

symmetry boundary conditions. The schematic diagram of the boundary conditions and 

loading waveforms are shown in Figs. 2 and 3, respectively.

Fig. 2. The schematic diagram of the boundary conditions.
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Fig. 3. The strain-controlled and stress-controlled loading waveforms used in the 

simulations: (a) without dwell-period (0/0), (b) with tension peak strain dwell-period 

(t/0), (c) with compression peak strain dwell-period (0/t) and (d) with 

tension/compression peak strain dwell-period (t/t). 

The experimental data [78, 79] for uniaxial tension and creep-fatigue tests of Ni-

based single crystal DD6 with [001] orientation at 760 ℃ were used to determine the 

material parameters in the constitutive model. It should be noted that the focus of this 

study is on the uniaxial creep-fatigue interaction with constant temperature and hence 

the experimental data at a typical high temperature of 760 ℃ were adopted. The 

calibration process of the single crystal constitutive model parameters include the 

following steps: 

(1) The elastic constants (C11, C12, C44) can be obtained via uniaxial tension tests and 

the data were from open literature [32]. The Burgers vector and shear modulus were 

taken from Refs. [80] and [81], respectively. The Boltzmann constant k and universal 

gas constant R are 1.38×10-20 mJ/K and 8.314 J/(mol·K), respectively. The APB energy 

of DD6 single crystal was taken as 200 mJ/m2 [52]. The average size r, volume fraction  

f, and spacing  of the precipitates can be obtained from the microstructure of the 



18 

DD6 superalloy [82]. The physical properties, such as linear expansion coefficient  , 

isochoric specific heat Cv, molar enthalpy of vaporization ΔHB and molar enthalpy of 

fusion ΔHM, among others, were taken from the material handbook [83]. The 

parameters ( 0 , k1,  , Q1, D, ξ and 0& ) that control the evolution of the dislocation 

density cannot be obtained directly from experiments. Therefore, it is necessary to use 

the trial-and-error method to obtain these parameters through fitting the tension test 

data [52].  

(2) The parameters used in the modified A-F kinematic hardening model need to be 

extracted from the cyclic loading curve through trial-and-error fitting. The parameters 

0 , Z1, Z2 for modifying the dynamic recovery term and the parameters 0r , s , r

for modifying the static recovery term were determined using previous cyclic hardening 

[79] and stress relaxation [84] test data. 

(3) In the calculation of fatigue damage, the parameter 0D  was usually set to be 0, 

indicating that there was no preexistent damage. Here we defined the critical damage 

parameter ,f cD  equal to 0.9, which is a reasonable value considering the measurement 

uncertainty of the experiment and the convergence of the finite element simulation [70].

Accordingly, the following formula holds as an approximation, i.e. 0.9c gS S  , in 

which the total entropy generation parameter 
gS   cannot be directly measured in 

experiment and hence it was inferred through fitting the strain-controlled fatigue and 

creep-fatigue life data. The other two parameters 
1B and

1n  were also determined in 

a similar way. 

It should be noted that for model verification purpose the microstructural parameters, 

such as the volume fraction, shape and spacing of the precipitated phase, were set to 

the values corresponding to the initial microstructure at the given constant temperature. 

The dependence of these parameters on the temperature and time should be considered 

when the model is used to assess prolonged creep-fatigue interaction at different high 

temperatures. All the physical parameters and optimal fitting parameters used in the 

model are summarized in Tables 1-3. 

Table 1. The chemical components (wt.%) of Ni-based single crystal DD6 superalloy 
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[80]. 

Elements Co Cr Mo W Re Ta Hf Al Ni 

wt.% 9 4.3 2 8 2 7.5 0.1 5.7 Bal. 

Table 2. Physical parameters of Ni-based single crystal DD6 superalloy. 

Symbols Value Symbols Value 

b 0.253 nm ( )T 13.53×10-6

G  115 GPa Cv(T) 0.6 J/(g·K) 

r 450 nm ΔHM 17472 J/mol 

k 1.38×10-20 mJ/K ΔHB 369251 J/mol 

0( )APB T  200 mJ/m2  100 nm 

f 70 % R 8.314 J/(mol·K)

Table 3. Material parameters obtained by fitting test data. 

Symbols Value Symbols Value 

C11 194 GPa C12 117.4 GPa 

C44 105 GPa C1 1×106

0& 0.03 
0 2×108 mm-2

n 0.02 k1 25 

Tr 1123 K χ 0.9 

Q1 0.3 a 0.02 

D 
2( 1033)

5 4 5 6exp( )
1500

T
D E E


   ξ 25000 

0& 107 B B=135-1.5(T-Tr) 

M 3.06 
0 5×104

Z1 1.0 Z2 1×103

0r -0.36 
s 10.0 

r 2×109
0D 0 
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cD 0.9 
gS 0.38 mJ/(mm3K) 

cS 0.9
gS

1B
2

1 389501 630849 257797a aB    

Q 6.97×10-19 J/atom 
1n 0.6 

  The stress amplitude evolution curve with a strain amplitude of 1.0 % and the creep-

fatigue cyclic stress-strain curves with tension peak strain dwell-period of 60 s (60/0) 

were regarded as references for calibration of the crystal plasticity model. The 

comparisons of experimental and modelling results for stress amplitude evolution curve 

and hysteresis loops of strain-controlled fatigue with different strain amplitudes are 

shown in Figs. 4 and 5. The proportion of inelastic strain in the hysteretic loop gradually 

rises with increasing strain amplitude, which is the main reason for the difference in 

alloy life. In addition, the creep-fatigue hysteresis curve predicted by the model, along 

with the experimental reference test curve, are shown in Fig. 6. A simple error 

calculation formula . - . . 100%Exp Sim Exp   is accepted to quantify the accuracy of 

the model. It can be found from Figs. 4-6 that the maximum error of stress amplitude 

is 2.3% for the cyclic loading with the strain amplitude of 1.2%. The maximum error 

of predicting creep-fatigue mechanical behavior with compression peak strain dwell-

period of 60 s (0/60) and tension/compression peak strain dwell-period of 30 s (30/30) 

are 6.9% and 6.1%, respectively. The experimental results are in good agreement with 

the simulation ones, which proves that the developed crystal plasticity constitutive 

model can accurately capture the mechanical response of Ni-based single crystal DD6 

under different loading conditions, including strain-controlled fatigue and creep-fatigue. 
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Fig. 4. Evolution of stress amplitude with the number of pure fatigue load cycles for 

experiments and simulations under strain amplitudes of 1.0% and 1.2%. 

Fig. 5. Experimental and simulated pure fatigue cyclic stress-strain curves at strain 

amplitudes of 1.0% and 1.5%. 
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Fig. 6. Experimental and simulated creep-fatigue cyclic stress-strain curves: (a) with 

tension peak strain dwell-period of 60 s (60/0), (b) with compression peak strain dwell-

period of 60 s (0/60), (c) with tension/compression peak strain dwell-period of 30 s 

(30/30) and (d) the simulated result of stress evolution with time. 

6. Results and discussions 

6.1 Parametric sensitivity study 

  A parametric sensitivity study was performed to evaluate the capability of the 

kinematic hardening model for predicting the ratcheting and stress relaxation behavior. 

Here as a specific example of ratcheting deformation, the asymmetric strain-controlled 

fatigue loading was simulated with a stress amplitude of 990 MPa and stress ratio -0.8. 

A strain-controlled creep-fatigue loading was also simulated for analyzing the stress 

relaxation. 

In Fig. 7, the sensitivity of the ratcheting response to changes in the parameters of 

0 and Z2 are plotted. Figs. 7(a)-(c) show the calculated stress-strain curves when the 

parameter 0  takes different values. It can be found that the larger the parameter 0 , 
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the more the accumulation of inelastic strain. The ratcheting strains at different loading 

cycles is shown in Fig. 7(d), confirming that the parameter 0  markedly affects the 

growth rate of ratcheting strain, and there is a positive correlation between the 0  and 

ratcheting strain. In contrast, for given number of cycles, the larger the parameter Z2, 

the smaller the ratcheting strain, but the effect is not pronounced unless prolonged 

loading is encountered, as shown in Fig. 7(e)-(f). 

In Fig. 8, the sensitivity of the stress and strain response to changes of the parameters 

in the static recovery term is plotted. Recalling Eq. 15, it indicates that the value of the 

static recovery term is jointly determined by the parameters 0r and s , which can be 

confirmed from Figs. 8(a)-(d). Increasing the values of 0r and s  can produce more 

pronounced stress relaxation response. On the contrary, decreasing parameter r

enhances the stress relaxation as shown in Figs. 8(e)-(f). Another interesting numerical 

observation is that the degree of stress relaxation gradually rises with increasing number 

of cycles, but the difference between the stress relaxation responses with different 

values of r hardly changes at different cycles, as shown in Fig. 8(g)-(h).  

The back stress in the crystal plasticity framework plays an important role for the 

cyclic loading condition. The sensitivity study of phenomenological parameters in the 

modified back stress model is presented in Figs. 7-8. It should be noted that it is 

meaningless to analyze the effect of the single phenomenological parameter mentioned 

above on the cycle characteristics. On the contrary, it is reasonable to discuss the effects 

of dynamic and static recovery terms determined by all phenomenological parameters 

on the cyclic characteristics. From the mathematical point of view, it can be concluded 

that the increasing dynamic recovery terms drives a gradual increase in the accumulated 

ratcheting strain. In addition, the degree of stress relaxation becomes more obvious with 

the increased absolute value of the static recovery term. The parametric sensitivity study 

can not only prove the capability of the proposed model for predicting the ratcheting 

and stress relaxation responses, but also provide a guidance for the subsequent 

development and improvement of the model. 

It should be emphasized that the cyclic hardening behavior of material is affected by 
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multiple factors, including the linear hardening term, the dynamic recovery term and 

the static recovery term. In this section, the capability of kinematic hardening rule for 

predicting the ratcheting and stress relaxation behaviors was mainly concerned. 

Therefore, only the roles of dynamic and static recovery term were considered 

respectively. 

Fig. 7. The sensitivity analysis of the material parameters in the dynamic recovery term 

for the kinematic hardening rule. (a)-(d) The effects of parameters 0  on the stress-

strain curve and ratcheting strain. (e)-(f) The effects of parameters Z2 on the stress-strain 

curve and ratcheting strain. 



25 

Fig. 8. The sensitivity analysis of the material parameters in the static recovery term of 

the kinematic hardening rule. (a)-(f) The effects of parameters r0, s  and r  on the 

stress relaxation curve for the 10th cycle of the simulation, respectively. (g)-(h) The 

effects of changing parameter r  on the stress relaxation range under typical cycle 

times.
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6.2 Quantitative analysis of micro parameter evolution 

The calculated dislocation density curves under strain-controlled fatigue loading 

with different strain amplitudes are plotted in Fig. 9(a). It is evident that the dislocation 

density increases with the strain amplitude. This could be attributed to the fact that the 

occurrence of dislocation entanglement is positively correlated with the degree of 

plastic deformation. The calculated dislocation density remains constant when the 

loading direction is changed and the yield stress is not reached. It should be emphasized 

that the mechanism of dislocation density annihilation caused by reverse loading has 

not been considered in this work, which will be addressed in future work. The calculated 

dislocation density under creep-fatigue loading is shown in Figs. 9(b)-(d). The most 

obvious feature is that the dislocation density slowly increases during the strain dwell 

stage. In previous microscopic characterization of Ni-based alloys DZ445 [85], it was 

fewer dislocation features were observed at a short dwell-period. In addition, the 

microscopic characteristics of Ni-based alloys after long-term stress relaxation tests 

were analyzed [67], and the results showed that the accumulation and entanglement of 

dislocations will lead to a gradual increase in dislocation density. With the extension of 

strain dwell-period, the mobile dislocations density decreases gradually under the 

hindering effect of precipitates on dislocations, so that the stress relaxation state 

gradually tends to be stable, which is consistent with the results shown in Fig. 8. 

It should be noted that accurate statistics of dislocation density are difficult, leading 

to the fact that the calculated dislocation density is not necessarily in complete 

agreement with the experimental results. Nevertheless, the proposed model can capture 

the evolution trend of dislocation density. Therefore, the above results can still provide 

some guidance for further understanding the microscopic mechanisms of single crystal 

materials under strain-controlled fatigue and creep-fatigue conditions. 
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Fig. 9. The evolution of dislocation density parameters under different loading 

conditions: (a) without dwell-period (0/0), (b) with tension peak strain dwell-period of 

60 s (60/0), (c) with compression peak strain dwell-period of 60 s (0/60) and (d) with 

tension/compression peak strain dwell-period of 30 s (30/30). 

6.3 Existing life prediction methods

Limited by the analysis method, macro parameters such as stress-strain amplitude, 

and maximum stress value were regarded as input variables in the earlier life prediction 

models. Empirical formula theory and extensive experimental data were the basis for 

life prediction models, and the physical processes leading to failure were not considered 

in the models, such as the traditional Manson-Coffin equation. Shi et al. [79] conducted 

a study on the influence of dwell types on the fatigue life of Ni-based single crystal 

superalloy DD6. Additionally, they compared the predicted results of an energy-based 

life prediction model and a life prediction model based on the Manson-Coffin equation, 

as illustrated in Fig. 10. It can be observed that the predicted results falls within the 

scatter band of factor ±6 and ±11 compared to experimental results, indicating that 

these empirically derived life prediction models cannot accurately capture the creep-
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fatigue life characteristics of DD6.

Fig. 10. Comparisons between experimental and predicted life of uniaxial creep-fatigue 

testing on DD6 superalloy at 760 °C: the existing life prediction methods based on (a) 

energy and (b) Manson-Coffin model. (Data sourced from Ref. [79]) 

The continuous development of microstructural characterization techniques has laid 

the foundation for establishing damage-based life prediction models. Several methods 

of building life prediction models are summarized in Fig. 11. The characterization of 

damage parameters and the description of damage evolution law have become the main 

theoretical basis and method for establishing life prediction models because of the more 

explicit physical significance. Generally speaking, there are two main methods to 

describe the damage degree of materials under cyclic loading conditions. The first 

method is to consider that the accumulated damage degree of each cycle in the whole 

loading cycle is equal and approximately equal to the corresponding damage value 

when the hysteretic loading curve reaches a steady state. This method can be called as 

half-life concept model. Another method is to accurately calculate the damage value 

generated in each cycle. When the accumulated damage value reaches a critical value, 

the corresponding number of cycles is considered to be the life of the material. This 

method can be called as cycle-by-cycle concept model. The former method only needs 

to obtain the steady-state hysteresis loop curve to predict the life, which sacrifices some 

prediction accuracy but is easier to implement. The latter method, which requires 

analysis of the loading curve over the entire lifetime, can theoretically improve the 

prediction accuracy of the model. However, more factors need to be considered, which 
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increases the computational complexity and is not easy to implement. With the 

development of finite element technology, the damage accumulation of materials can 

be calculated with the help of a computer, which eases the difficulty of using the cycle-

by-cycle concept model to a certain extent. However, the computational resources and 

time required for CPFEM calculations on complex components are enormous. 

Therefore, it is unrealistic to predict the cyclic loading curve of the entire lifetime for 

long-time loading conditions through CPFEM such as fatigue loading. The most 

common approach was to obtain the steady-state hysteresis loop curve by the finite 

element method, which usually requires only a small number of cycles [16]. Therefore, 

the half-life concept was adopted in this study in order to build a life prediction model 

that was convenient for engineering application. Furthermore, the coupling rules of 

creep and fatigue damage were discussed in the next section.  

Fig. 11. Typical technical routes and contents of life prediction methods of alloys. 

6.4 Proposed life prediction model based on LDS rule 

Several common ideas for building life prediction models have been introduced in 

Section 6.3. There is no doubt that the application of the CPFEM is beneficial for 

understanding the failure mechanism of single crystal materials under fatigue loading 

and establishing a more accurate life prediction model. However, the computational 

efficiency of the CPFEM is lower than that of the unified viscoplastic constitutive 

model, which limits the application prospects of the crystal plasticity model. In the 
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crystal plasticity framework, it is impractical to use the cycle-by-cycle concept model 

because it requires the calculation of the entire fatigue cycle. Therefore, the half-life 

concept model that only needs to calculate the steady-state hysteresis loop curve was 

accepted for constructing the life prediction model. The schematic diagram of steady-

state hysteresis loop for damage and life prediction is plotted in Fig. 12. The tenth 

hysteresis loop of the calculated results was considered as the steady-state hysteresis 

loop in this work. The steady-state hysteresis loop was divided into five parts, of which 

the second and fourth parts were used to calculate the creep damage, and the remaining 

three parts were used to calculate the fatigue damage. Fatigue damage and creep 

damage are calculated by Eqs. 22 and 25, respectively. So far, there is no unified 

explanation for the coupled damage mechanism under creep-fatigue loading. There is 

such a fact that the creep-fatigue life distribution of metallic materials is dispersive. 

Therefore, it is reasonable that the LDS rule is accepted to calculate damage and life 

prediction, that is, the damage of the material is defined as a linear accumulation of 

fatigue damage and creep damage. Based on the above discussion, the predicted creep-

fatigue life can be written as 

1
c p

c f

N
D D

 


(25) 

where cD and fD are creep damage and fatigue damage, respectively. c pN  is creep-

fatigue life. 

Previous research proved that the damage of the steady-state hysteretic loop could 

not represent the initial stage at small strain amplitudes [86], and hence the prediction 

results of the half-life concept model are dependent on the strain amplitude. To capture 

this effect in our model, the parameter 1B in Eq. 24 was considered to be related to the 

strain amplitude ( a  ) i.e., 
2

1 389501 630849 257797a aB      . It should be 

emphasized that the creep-fatigue life data of tension peak strain dwell-period of 60 s 

with different strain amplitudes were used for model calibration. Other creep-fatigue 

loading conditions were employed as validation data to verify the accuracy of the model. 

The comparison between experimental and predicted life based on the established life 
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model is plotted in Fig. 13. Most of the data points lied within a scatter band of factor 

±2, which demonstrates that compared to the empirically derived life prediction model 

shown in Fig. 10, the life prediction model proposed in this work can accurately predict 

the strain-controlled uniaxial fatigue and creep-fatigue life of Ni-based single crystals. 

Fig. 12. Schematic diagram of steady-state hysteresis loop for damage and life 

prediction. Among them, part one, three and five are used to calculate fatigue damage. 

The part two and four are used to calculate creep damage. 

Fig. 13. Comparisons between experimental and predicted life. 

6.5 Conservative life prediction model based on NDS rule 

  The LDS rule discussed in Section 6.4 is extended to more general NDS rule for 

different engineering applications. A common NDS rule is shown in Eq. 26 [12]. A 
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schematic diagram of the creep-fatigue interaction for different design rules is plotted 

in Fig. 14. The safety design region of NDS rules are obviously smaller than that of 

LDS rule, which represents a more conservative prediction result. Fig. 15 shows the 

comparison between the predicted life based on NDS rule and the experimental results. 

It can be concluded that the prediction life based on the NDS rules are more 

conservative than that of the LDS rules, which is beneficial to ensure the safe operation 

of the components. Furthermore, a higher power exponents result in more conservative 

calculation results in NDS rules. Safety is the most important factor in engineering 

applications. Although NDS rules cannot fully exploit the properties of materials, the 

better security makes the NDS rules more likely to be accepted in engineering 

applications. As a result, the application prospect of NDS rules, which can obtain safer 

prediction results, is wider than that of LDS rules. Therefore, it is more reasonable to 

choose NDS rules for some special materials and applications. 

1
c f q q

c f

N
D D

 


                        (26) 

where q is the power exponent, which can be adjusted according to actual needs. 

Fig. 14. Creep-fatigue interaction diagram using LDS and NDS rules. 
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Fig. 15. Comparisons between experimental and predicted life following the NDS rule 

with different degrees of conservatism. 

   The LDS and NDS rules were used to assess the combined creep and fatigue 

damage, providing accurate and conservative methods for life prediction, respectively. 

The limitation is that the coupling physical mechanism of creep and fatigue process has 

not been considered in the current model, which requires establishment of fundamental 

understanding for the formulation of a coupled constitutive model, and hence future 

work could be devoted to revealing the creep-fatigue coupling mechanism. 

7. Conclusions 

Crystal plasticity constitutive model and thermodynamics informed creep-fatigue life 

model were developed to predict the response of Ni-based single crystal to cyclic loads. 

In this modelling framework, a new kinematic hardening rule considering dislocation 

density was proposed. The main conclusions are drawn as follows: 

(1) The proposed crystal plasticity constitutive model can accurately capture the 

ratcheting and stress relaxation behaviors of Ni-based single crystals DD6 through the 

improved kinematic hardening rule. The parametric sensitivity study proves the 

excellent predictive capability of the model for ratcheting and stress relaxation behavior. 

(2) Thermodynamics entropy generation can be used as an important index to 
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describe the performance degradation of materials. The fatigue and creep damage 

models based on thermodynamic entropy generation achieved high accuracy to evaluate 

the damage degree of Ni-based single crystal under creep-fatigue interaction. 

(3) The linear and nonlinear damage summation rules were introduced into the creep-

fatigue damage interaction diagram to compare different creep-fatigue interaction 

models and achieve more accurate or more conservative life predictions. Most of the 

predicted result falls within a scatter band of factor 2.0, which proves that the life 

prediction model based on the LDS rule has a good prediction accuracy for strain-

controlled fatigue and creep-fatigue life. The life prediction approach based on NDS 

rule is suitable for obtaining more conservative prediction results. 
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Appendix A 

In the author's previous work [52], a dislocation density-based single crystal 

plasticity constitutive model was proposed to describe the uniaxial behavior of Ni-

based single crystals. A variety of strengthening mechanisms were considered in the 

model. The thermally activated cross-slip mechanism was used to capture the 

anomalous yield behavior. The transformation of dislocation motion mode was 

described via a temperature dependent function. This work mentioned in Appendix A 

provides a basis for accurately describing and predicting the cyclic loading behavior of 

Ni-based single crystals. The main equations of the single crystal constitutive model 

are summarized as follows. 

The current strength of slip system  consists of 0g   and forg  . The initial slip 

resistance 0g  is related to the yield stress. The slip resistance forg  mainly controls 

the work hardening behavior of materials. 
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0 ( ) ( )forg g T g T                          (A1) 

The initial slip resistance 0g  is determined by a variety of deformation mechanisms, 

which can be expressed as follow. 

0 0, 0, 0,( ) ( ) ( ) ( )ss shear loopg T g T g T g T      (A2)

The multi-component solid solution hardening model is as follows. 

0,

1
( )ss i

i

d
g T g

M d g

 
  (A3)

The contribution of the shearing mechanism to the initial slip resistance is as follows. 

0, 0, 0,( ) ( ) ( )shear APB csg T T T     (A4)
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The contribution of the by-passing mechanism to the initial slip resistance is as 

follows. 
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( ) ( ) ( )loopf T p T f T (A11)

( ) (1 ( )) ( )shearf T p T f T  (A12) 

The slip resistance forg
is given by 
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( ) ( )for forg T b G T h                      (A13) 

Appendix B 

The cross-slip induced hardening constants and strengthening coefficient are 

required in the calculation of single crystal constitutive model, which are summarized 

in Tables B1 and B2 respectively for easy reference. More detailed information can be 

found in the author's previous work [52].  

Table B1. The cross-slip induced hardening constants id dC  of some alloying 

elements. 

Elements Al Cr Co Mo Ti V W Hf Ta

Coefficient (MPa/pct) 0 7 0 16.8 25 8.2 12.1 62.2 11.3 

Table B2. The strengthening coefficient id d g of typical elements. 

Elements Cr Co Mo W Ta Al

Coefficient( MPa frac ) 337 39.4 1015 977 1191 225 
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