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Rewiring Complex Networks to Achieve Cluster
Synchronization using Graph Convolution Networks
with Reinforcement Learning
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Abstract—Synchronization on complex networks depends on a
myriad of factors such as embedded dynamics, initial conditions,
network structure, etc. Current literature simplifies analysis
of cluster synchronization leveraging conditions on network
topology such as input-equivalence, network symmetries, etc.,
of which external equitable partition (EEP) is one of the most
relaxed conditions. One practical problem is that for a dynamic
system, how to alter a network to reach arbitrary achievable
cluster synchronization and remaining faithful to the original
structure. To solve this problem, we represent graph dynamics
in Graph Convolution Network (GCN) modules that sit within an
Actor-Critic Reinforcement Learning (AC-RL) framework under
the condition of EEP. This allows the framework to select a good
policy to sequentially rewire the network, where the sequence
of moves matters. We test our method on two types of high-
dimensional networked systems, Rossler dynamic networks and
Hindmarsh-Rose neuronal circuits, with different network sizes.
Our research opens up a way for the discovery of achievable
cluster synchronization configurations by altering the network
structure in any given networked dynamics.

Index Terms—complex network; synchronizability; reinforce-
ment learning; graph neural network

I. INTRODUCTION

YNCHRONIZATION is a common phenomenon in cyber-
physical and biological systems such as load balancing
in wireless networks and power grids [1]-[3], and neural
networks [4]-[6]. Synchronization can be exhibited either as
a global state in which all components achieve the same
trajectory or as cluster states where every cluster reaches
synchronization and different clusters cannot reach synchro-
nization [7]. These two synchronization patterns are separately
called global synchronization and cluster synchronization,
where the former is a special case of latter. Examples of cluster
synchronization in wireless networks including re-configuring
the base station association matrix such that they can achieve
synchronized performance (e.g., load balancing or interference
cancellation [1], [8]) at a desirable equilibrium point within
self-organizing clusters.
Significant research has studied the criterion to achieve
the stable global or cluster synchronized state [9]-[15]. For
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example, the master stability function proposed by [9] relates
the stable global synchronized state to the spectral properties
of the Laplacian matrix of the network, which provides the
objective criterion for global synchronizability; [11] presented
a criterion for stability of cluster synchronization that leverage
the notion of external equitable partition (EEP). Based on
the criterion for stability of synchronization, how the network
topology affects the synchronization also has attracted a lot of
attention [7], [16]-[19] recently.

One relevant and practical problem is how to alter com-
plex networks to achieve different synchronization patterns.
Since the complex network consists of numerous coupling
components with nonlinear dynamics, even slight changes in
network structure make complex network dynamics challeng-
ing to predict. Though the master stability function relates
the global synchronization to the spectral properties of the
Laplacian matrix, it is still complicated to rewire the network
to make the spectral properties belong to the stable region. This
is because the effects of structure perturbations on spectral
properties depend on both the local structure of relevant nodes
and the global structure of networks [20]. Some researchers
have studied improving global synchronizability by rewiring
the network structure. [21] proposed adding edges to the
node whose nearest neighbors have small degrees to enhance
the synchronizability. [22] improved the synchronizability by
choosing edges based on the spectral properties of the network
Laplacian to reduce eigenratio. Similarly, [23] designed an
accept-reject mechanism based on the spectral properties of
the network Laplacian to improve the synchronizability of
Kuramoto model. [24]proposed a rewiring method based on
nodes’ similarity. These studies are relevant to improve the
synchronizability, but a little different to achieve synchroniza-
tion, i.e. if the extreme eigenvalues of original networks do
not belong to the stable region, the decrease of the extreme
eigenratio in a new network cannot guarantee that the extreme
eigenvalues belong to the stable region. Besides, the above
methods improve the global synchronizability mainly based
on a specific network property, such as the degree distribution
or eigenvectors of extreme eigenvalues. The design based
on a specific network property is beneficial to computational
efficiency but ignores other local or global information of the
network which may cause the loss of better solutions.

Another challenge is to achieve cluster synchronization.
Recent studies have linked the appearance of cluster synchro-
nization to the existence of symmetries [10], [25] and EEP [15]
in the network structure. [25] studied the stability condition

© 2024 IEEE. This is the Author Accepted Manuscript issued with: Creative Commons Attribution License (CC:BY 4.0).
The final published version (version of record) is available online at DOI:10.1109/TNSE.2024.3410694. Please refer to any applicable publisher terms of use.


h.binning
Text Box
© 2024 IEEE. This is the Author Accepted Manuscript issued with: Creative Commons Attribution License (CC:BY 4.0).  
The final published version (version of record) is available online at DOI:10.1109/TNSE.2024.3410694.  Please refer to any applicable publisher terms of use.

h.binning
Text Box
 IEEE Transactions on Network Science and Engineering, Available online10 June 2024
DOI: 10.1109/TNSE.2024.3410694


for cluster synchronization based on the symmetric structure.
[26] proposed a method to achieve cluster synchronization by
controlling the symmetry of the network. By this method,
nodes within the same cluster can synchronize to the same
state. But only controlling the symmetry structure cannot
guarantee that nodes in different clusters achieve different
states. Besides, for given dynamic functions with determined
coupling weight, controlling symmetry cannot always lead to
synchronization. Controlling coupling strength is needed after
controlling symmetry to ensure that the eigenvalues belong
to the stable region. The problem we want to solve is for
given dynamic functions with determined coupling weight,
how to achieve cluster synchronization only by optimizing the
network. EEP is a more relaxed condition compared with sym-
metry. Based on EEP, the criterion for cluster synchronization
has been established [11], where the network structure must
satisfy three conditions at the same time: 1) external equitable
equation; 2) not all eigenvalues of the original network (%)
belong to the stable region calculated by largest Lyapunov
exponent; 3) all eigenvalues of the original network, which not
belong to the eigenvalue spectral of the quotient graph of the
original network, should belong to the stable region. Therefore,
optimizing networks to achieve cluster synchronization is a big
challenge.

Reinforcement learning (RL) has been generally applied
in optimization problems like optimal control problems [27]-
[29], combinatorial optimization problems [30], as well as the
optimization problem of complex networks. [31] employed a
deep reinforcement learning method to alter the network topol-
ogy to improve the performance of communication network.
[32] proposed a framework for improving the resilience of
complex networks, by introducing the network construction
Markov decision process. Inspired by the successes of RL in
the study of complex networks, RL can be considered as a
potential method to alter complex networks to achieve different
synchronization patterns. We formulate the process of network
optimization as a Markov decision process (MDP). The reward
function is designed according to the criterion for different
synchronization patterns which builds the relationship between
synchronization and the network topology. For example, ac-
cording to the criterion for global synchronization [9], for
given dynamic functions, the networked system can achieve
global synchronization if the extreme eigenvalues of the net-
work belong to the stable region. The rewiring action which
enables the extreme eigenvalues close to the stable region is
high reward. Otherwise, the action is given a low reward.
The objective to alter the network to achieve synchronization
is converted to obtain a sequence of actions to rewire the
network with higher accumulated rewards to make the extreme
eigenvalues belong to the stable region by RL. This is an
effective way to reduce computation complexity since it avoids
computing dynamic functions to calculate the state errors of
all nodes after each action taken to the network. Instead, it
only requires the computation of extreme eigenvalues of the
network after each rewiring. Furthermore, compared with the
rewiring methods based on a specific network property, this
method has a better exploration ability for solutions. Besides,
this method is flexible to alter the network to achieve different

synchronization patterns. This can be realized by designing
the reward function in MDP according to the corresponding
synchronization criterion without any other new design of the
MDP.

The action space in network optimization contains edge
addition and deletion. For a network with N nodes, the size of
the action space is proportional to N2. Considering the large
action space on graph, policy-based framework like actor-
critic network is more suitable than value-based framework
like deep Q network. This is because value-based RL suffers
from the problem as a specific ranking function is applied
over all actions to pick the one with the highest score when
making a decision. Actor-critic network uses an actor network
to output the distribution of actions to reduce the complexity.
To reduce the action space, the edge selection is decomposed
into two steps: firstly selecting the starting node, and then
selecting the ending node. Two neural networks are employed
to generate the starting and ending nodes separately. Then
a critic network is used to evaluate the state. Since edge
selection is closely related to the network structure, it is
natural for us to consider embedding the network structure
into the actor and critic networks. Graph neural network as
a deep learning-based method that operates on graph can be
used as actor and critic network. Therefore, in this paper, we
propose a framework which combines an actor-critic network
with graph convolutional network (GCN) to alter network to
achieve different synchronization patterns. According to our
knowledge, this is the first time that a reinforcement learning
method is applied to network synchronization problems.

The contribution of this paper is as follows. First, we
propose a framework to alter the network structure to achieve
different synchronization patterns (shown in Fig. 1). We for-
malize the network as a Markov decision process (MDP)
and use an Actor-Critic framework with GCN to achieve the
objective. Two GCNs are employed to generate starting and
ending nodes separately, which effectively reduces the action
space of adding or deleting edges in the network. Compared
with heuristic algorithms based on some specific network
properties, our method has a better exploration ability for
optimal solutions. Secondly, prior knowledge of the criterion
for synchronization is used to design the reward function in
MDP. If there exists an achievable synchronized state, the
initial network can be always altered by our method to satisfy
the criterion to synchronize. The first advantage of this design
is that it avoids complex computation on dynamic functions of
nodes after every rewiring. The second advantage is that this
design is flexible to alter the network to achieve different syn-
chronization patterns by designing the reward function in MDP
according to the corresponding synchronization criterion.

II. METHODS

A. Synchronization of complex networks with nonlinear dy-
namics

Consider an undirected network G = (V,E) consists of
a node set V = {v1,vq,...,vn} and an edge set E, where
E C V x V (notations are shown in Table (I)). The dynamics
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Fig. 1. Graph construction or optimization by the actor-critic graph convolutional network. In a complex network consisting of nodes with nonlinear dynamics,
nodes can achieve different patterns of synchronization like cluster or global synchronization by adjusting the network topology. The observable state is the
input network Gj,. Feature vector of each node ¢ is obtained by Node2Vec. Input adjacency matrix of network and feature matrix of all nodes to Actor Net
to select an edge as an action. Apply the action to G, and obtain a new network Gy 1 as the next state si 1. In each step, the state s will be inputted
to the critic net to estimate the state value. This process will repeat until the network achieve synchronization. Calculate the temporal difference (TD) error
according to the reward and state values to update parameters of Actor Nets and Critic Net

of each node is described by

N
% =f(x;) — ¢ LiH(x),i=1,2,3,....N ()

Jj=1

where x; = (xl(l),:vz(?), e ,gcgn))T € R” is the state vector
of node v;, f(-) : R — R™ controls self dynamics of node
v, ¢ > 0 is the coupling strength, H(-) : R™ — R" is
the inner coupling function. L is the Laplacian matrix of the
network. L = D — A, where A is the adjacency matrix and D
is the diagonal matrix of degrees. D;; = ijl A it i =j.
Otherwise, D;; = 0. If an edge exists between node v; and
node v;, A;; = Aj; = 1. Otherwise, A;; = 0. The matrix
L satisfies L; = —Z;.V:L#iLij,i = 1,2,...,N. If the
complex network is connected, then L is irreducible. Zero is an
eigenvalue of L with multiplicity 1 and all other eigenvalues
are strictly positive, denoted by

0=21 <A@ < \O) < <A, )

Global Synchronization. The system reaches the state of
global synchronization if x;(t) = x2(t) .= xpn(t) =
X;(t) when t — oo, where X4(t) can be an equilibrium point,
a periodic orbit, or a chaotic attractor [33]. The stability of
the synchronized state xi(t) Xo(t) = ---xn(t) can be
determined by the master stability function [9]

¢ = [Df(x,(t)) — aDH(x,(1))]C, 3)

where (¢ is the collection of variations and ¢ = (1, o, ..., Cv)-
a = cA(¥), ¢; is the variation on the i-th node. Df(x,(t)) and
DH(x4(t)) are the Jacobian matrix of functions f and H at
x5(t). The evolution of ¢ is described on average as ||{(t)]| ~
eStmax ()t where Oyax is the largest Lyapunov exponent and
the state is stable with ||{(¢)|| — 0, if Qmax(a) < 0. Qpax ()
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Fig. 3. This figure shows the structure of the actor net. The actor net consists of 2 GCN. The first GCN generates the starting node according to the input
adjacency matrix of complex network and the feature vector u; of each node. The Second GCN generates the ending node according to the adjacency matrix
and the new feature vector of each node ug. The new feature vector ug = (u1,u2,...,UN;, UN;+1)- UN;+1 = 1 if node i is selected as the starting node,
otherwise up, +1 = 0. The graph with node features is input to the GCN layers to get feature vectors of each node. Then the feature vectors are input to the
full connection layer and softmax function to get the node distribution, which used to output a node as starting node or ending node.

can be calculated by Qupax(a) = limy % In ||“§((é))||‘ [16]. N x M matrix with elements
The region = of a which makes ., negative is caﬁed the 1 ifu eV,
y i 'R

)

synchronized region. The criterion to achieve a stable global P =

synchronized state is 0, otherwise

. For example, V = {vy,vs,v3} and Q = {{v1,v2},{v3}} is a
—eX\D e8,i=23,...,N (4) partition of V with clusters Vi = {v1,v2}, Vo = {v3}. The
characteristic matrix of @ is
For given self and coupling dynamics, the complex network 1 1 0
. . . T _
can achieve the global synchronized state by rewiring the P =
. . . 0 0 1
network to make the eigenvalues satisfy the equation (4).
Cluster Synchronization. In this paper, we assume the P'P is diagonal with the jth element equal to the number of
existence of external equitable partitions (EEP) [34] in the nodes in the cluster V;. Since the diagonal terms are nonzero

network structure. Given the network G, a partiion Q = as the clusters are not empty, P' P is invertible. The quotient
{V1,Va,...,V} is a map of nodes that groups them into graph of G is defined as G?. Given an EEP, the associated
M distinct clusters, Vi, Vo, ..., Vs, with Ulj\il V:; =V and quotient graph has a number of nodes equal to the size of

ViNV; =@, for i # j [12]. If for any pairs of clusters V; and the partition and directed edge weights given by the number
Vi, with [ # k, each node i € V; has exactly by, neighbours in  of nodes in the neighbor clusters. The elements in adjacency
Vi, @ is an external equitable partition [11]. The characteristic ~matrix of the quotient graph A% are defined as Ag = |V,
matrix P of an EEP Q = {V1, Vs, ...,V }, is defined as the ~ where |V;]| is the number of nodes in cluster V, if there exist
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Fig. 4. This figure shows the synchronization process of nodes after several actions to the network. Nodes in the initial network Gg do not satisfy x; —z; = 0,
which means they cannot synchronize to the state. Then the two Actor Nets output starting node and ending node to form the action a1 = (4, 1). The edge
(4, 1) is added to the network G according to the action and forms a new network G1. In this state, nodes in G still do not synchronize, and the Actor

Nets continue to output actions az, a3, ..., an to the network. The Actor Nets stop outputting actions until all the nodes in network G, satisfy z; —

which means all nodes synchronize.

edges between V; and V;. Otherwise, Ag— = 0. The Laplacian
matrix of the quotient graph G< is indicated as L%. If Q is
an EEP of G, LP = PL?, and L? = (P"P)"'P'LP [35].
The eigenvalues of L? are a subset of the eigenvalues of L.

Let s;(t) be the synchronous manifold of the I-th cluster.
The small perturbations on node ¢ which belongs to cluster [
is 0x; = x; — s;. Whether the nodes within the cluster [ are
synchronizable is determined by

0%; = D(s;)0%; + ¢ Y a;;[DH(s;)0x; — DH(s1)0x;]
JEVI

+c Z Z aijr [DH(s,,)0x; — DH(s;)0x;],
m#AL§'€Vim

(6)

where s,, is the synchronized manifold of the m-th clus-
ter and 0x; = Xx;; — s, (with j/ € V,). Df()
and DH(-) are the Jacobi matrix of f(-) and H(-). In
equation (6), ¢} oy, aji[DH(s)0x; — DH(s;)dx;] rep-

z; =0,

resents the effect of nodes in cluster [ on node i.
€Yot 2ojrev,, @ij' [DH(sm)0xj" — DH(s;)0x;] represents
the effects of nodes from other clusters on node . The
condition to reach stability state for nodes in different clusters
is that Jx; approaches to 0.

AX = [AX;,AXy,...,AXy]" is set as the network
perturbation vector, where AX; = [0X1, X, . .., 0X,,] " is the
perturbation vector associated to cluster /, and n; is the number
of nodes in cluster V;. The variational equation (6) can be
rewritten as

M M
AX =[) €' @ Df(s)) + cL Y E'® DH(s))]AX.  (7)
=1 =1

&' is an n;-dimensional diagonal matrix, with &, = 1 if i €
V;, and €}, = 0 otherwise. The key step to analyze the stability
of the cluster synchronization is to construct a matrix T to



Algorithm 1 Actor-Critic method with Graph Convolutional
Network

1: Initialize parameters #(1),0(®) in actor net 1 and 2, pa-

rameters w in critic net, learning rate ap1, g2, O}

2: for episode i = 1,1 do

3:  Input the initial graph Gy to get the initial state so;

4:  Input sy to Node2Vec to obtain the feature vector u;

for each node;
5:  while step £k =0, K do
: Input feature vectors and state sj to critic net to
estimate the value of current state r;

7: Input feature vectors and state s; to actor net 1 to
generate starting node v; by policy my;

8: Generate a new feature vector u; for each node
according to feature vector u; and starting node.

9: Input node feature vector u} and state s into actor
net 2 to generate ending node v; according to policy
0;

10: State transits from s; to the next state siy; after
taking action aj = (v;, v;);

11: Input feature vectors uj and state sjy; to critic net

to estimate the value of current state rj.1;
12: end while

13:  Sample trajectory {So, g, 70, $1, @1, 1,---,SK,TK }

14:  Compute TD error 0 = ri + YV 7 (sp41) — V™ (s)

15:  Update parameters of critic net by w = w +
New Zk Pk VuV(sk)

16:  Update parameters of actor net 1 and 2 by §(1) = g(1)
a1 VJ(OW)) and 03 = 02 + o V.I(0P)
17: end for
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Fig. 5. This figure shows the training process of the Rossler system with
different initial network structures.

decouple the clusters from each other in a block form as

C 0 .. 0
0 B, ... 0

L' =T LT = , (®)
0 0 By

so that the stability of the clusters can be treated individually
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different parameters, ¢ = 0.04,0.05, 0.06, 0.07.

TABLE I

TABLE OF SYMBOLS

% & o
Episodes

This figure shows the training process of the Rossler system with

Symbol  Description Symbol Description

G undirected network A\ node set of network

E edge set of network N number of nodes

T transpose of matrix X; state of node v;

() self dynamics function H(-) inner coupling function

L Laplacian matrix = synchronized region

D diagonal matrix of degrees A adjacency matrix

A eigenvalue of matrix L Df(-)  Jacobian matrix of f

DH(-)  Jacobian matrix of H ¢ collection of variations

Qmax largest Lyapunov expo- ¢ coupling strength between
nent nodes

& bound of = Q partition of network G

V; cluster of nodes M number of clusters

P characteristic matrix Ge quotient graph of G

AQ adjacency matrix of quo- L% Laplacian matrix of quo-
tient graph tient graph

S synchronous manifold of mny number of nodes in cluster
the [-th cluster vV,

® Kronecker product AX perturbation vector

gl an N-dimensional diago- I identity matrix
nal matrix of cluster [

C a block of a matrix B; the [-th block of a matrix

S state space A action space

Tk reward of the state P state transition function

R reward function Ry sum of discounted rewards

0% discount factor o policy of agent

V70 (s)  state value function u; feature vector of node v;

H! embedding feature matrix ¢ a nonlinear activation
of nodes in neural network function
layer

J objective function v gradient

Ve state value 7 learning rate

(The details of decoupling the clusters in a block form are
shown in [11], [25]). With AY = T 1AX, equation (7) can
be converted to

M M
AY =3 €' @ Di(s)) + L' S €' ® DH(s)]AY,  (9)

=1

=1

~1
where & = T~ 'E'T. The equation for each cluster is

AY; = (L, ® Df(s;) + cB; ® DH(s;))AY,

(10)

With the existence of EEP, the eigenvalues that the original
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graph G shares with the quotient graph, )\(LQ), are contained
in the block C, while the remaining in By, Bs,--- ,B;;. One
criterion for stability of cluster synchronization with EEP
[11] requires that Lyapunov exponents in equation (11) are
negative. The variation of i-th node in the [-th cluster of
equation (10) is

6¢; = (Df(s;) + cAiy DH(s;))0¢;, (11)

where \;; with ¢ = 1,...,n; — 1 indicate the eigenvalues of
B;, which clearly are a subset of A(L)\A(L?). Therefore, to
achieve cluster synchronization, the complex network needs to
satisfy (1) the existence of EEP; (2) not all fc)\(LQ) C = but
—c(AML)\N(L?)) C Z. For given self and coupling dynamics,
the complex network can achieve the cluster synchronized
state by adjusting the network topology according to this
criterion. Global synchronization can be regarded as a par-
ticular kind of cluster synchronization, where all nodes of the
network are grouped into a single cluster. In this situation, the
partition @ = {{v1,vs,...,ux}}. The characteristic matrix
P=1[1,1,...,1]". LY = (PTP)~'P'LP and A\(L%) = 0.
Since A(® = 0 in L, —c¢(A(L)\AN(L?)) C Z= equals to
A2 NG XY in L are belong to Z. This conclusion is
the same with equation (4).

B. Network construction as a Markov decision process

As we mentioned above, for given self and coupling dynam-
ics the complex network can achieve different synchronized
patterns by adjusting the network topology. Given an initial
network Go = (V,Eg), the aim of optimizing the network is
to perform a series of edge additions or deletions to G such
that the resulting network structure satisfies the corresponding
synchronization criterion with minimally rewiring the network.
The construction or optimization problem of networks can be
cast as a sequential decision-making process. Therefore, we
can construct or formalize networks as a Markov decision
process (MDP), which is one possible formalization of a
decision-making process, to get an ideal network structure to

. X = xfp
X — x)

(3)
X3

3)
—x{

X — X

x@ - x

X - x®

(a) Alter network of Rossler system to synchronize to the limit cycle; (b) Alter network of Chua system to synchronize to the fixed point.

realize the objective. A decision maker is called the agent and
the surrounding with which it interacts is called environment.

The MDP is defined by the tuple (S,A,P(:),R()) as
follows:

S is the set of states called the state space. The fully
observable state is formulated as s, = (Gj,, where s, is a state
of S and Gy, is the current input network at step k. Normally,
the network is represented by an adjacency matrix. Here we
use an elegant and memory-efficient way of representing the
sparse matrix as adjacency lists. These adjacency lists describe
the connectivity of edge e; ; between nodes v; and v; as a tuple
(4,7). (shown in Fig. 2)

A is the set of actions called the action space. The action
imposed on the network is to add or delete an edge of
the network. An action sequence consists of several actions
(a1, az, ...ax). If the selected edge e; ; formed by nodes v;, v;
does not exist in the current network, e; ; ¢ Ej, where
E; C V x V is the edge set of graph G} at step k, the
action is to add e; ; to the network. Otherwise, e; ; € Ey,
the action is to delete e; ; from the network. The network
must be connected after each action. For example, in Fig. (2),
removal of the edge between node 1 and node 3 is not allowed
because node 3 will be disconnected to the remaining nodes.
The action sequence (e 3,e1.3) is valid but (eq 3, ez 3) is not
allowed. This means that the sequence of actions matters.

P(sk+1,ak, sk) is the state transition function, which gov-
erns the probability of transiting from state sj, to the next state
Sk+1 after taking action ay.

R(Sk,ak,Sk+1) 1is the reward function.
R(Sk,ak, Sg+1) is the reward. The reward function is
designed according to the pattern of synchronization. To
achieve global synchronization, the extreme eigenvalues of
the complex network must satisfy the criterion of equation

Tk =
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This figure shows the synchronization process of cat’s brain network. In the initial network G and G, edges of orange color are original edges.

Black edges represent new edges added to the network and green edges represent edges which have been removed from the network. In the initial network,
nodes cannot achieve the same state, z; — x; # 0. After rewiring the network according to the action sequence obtained from our method, all nodes in the

network synchronize to the state, z; — x; = 0.

(4). The reward rj, at step k is defined as follows:

100, & <A@ <A <¢,
1
1, & <P <& < AW
(N) _ ’ )
= N (12)
51 — A(2) +1 ) < 51 527
—2, otherwise,

where = = (&1, &) is the stable region.

To achieve the cluster synchronized state, the reward 7y, is
defined as :

100, U, =1,
Ty = —(M—Ml), \1/1:0&\1/2:0,
~1, U1 =0& Ty =1.

(13)

We set U, = 1 if EEP exists, otherwise U5 = (. If the complex
network satisfies (1) existence of EEP; (2)3 — ¢A\(® (LQ) ¢
= 3)—c(AML)N\AL®)) C Z at the same time, the net-
work achieves cluster synchronize and ¥; = 1. Otherwise
VU, = 0. M is the number of clusters under the partition
Q = {V1,Va,..., Vi }. My is the number of clusters V; where
each node v; € V; has exactly b;; neighbours in V; with

l # k. In MDP, return Ry, is defined as the sum of discounted
rewards from step k to the end of the process with discount
factor v € [0, 1]. The objective to alter the network to achieve
synchronization is realized by obtaining higher returns after
training. Return Ry, is calculated by

Re =71+ k1 + 7 hgz + oo = 3 _Vrryy. (14
=0

The policy my of the agent is a function which maps states
to actions. mg(al|s) is the distribution of actions over the states
s. V7 (s) is the state value function of state s based on policy
o

C. Learning to alter complex networks

According to the MDP, we know that each time the agent
takes an action, the structure of the complex network will
change. The action taken by the agent is closely related
to the current network structure. In a traditional actor-critic
method, the neural networks are used as actor net and critic
net to generate policy and estimate the state value. Traditional
neural network methods cope with graph structured data by
preprocessing the graph-structured information to a simpler
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Fig. 9.

This figure shows the process of cluster synchronization. Our goal is to enable nodes 1,2 ,3 ,5 ,6 group into a cluster and synchronize to the same

state. Node 4 forms a cluster alone and achieves a different state from the first cluster. In the initial network Gy, all nodes synchronize to the same state.
After several actions by our method, a new network G, is constructed. Nodes 1, 2, 3, 5, 6 in this complex network synchronize to the same state but node

4 achieves to a different state.

representation, e.g. vectors of reals. The preprocessing step
first ’squashes’ the graph-structured data into a vector of
reals and then deals with the preprocessed data using a list-
based data processing technique. However, important infor-
mation, e.g., the topological dependency of information on
each node may be lost during the preprocessing stage. Graph
neural networks can preserve the graph-structured nature of
the data by encoding the underlying graph-structured data
using topological relationships among the nodes of the graph
[36]. Compared with the traditional neural network, graph
neural network is more suitable for dealing with graph. Graph
convolutional network as a kind of graph neural network
method which is highly efficient and accurate in classification
and prediction on graph is employed here as actor net and critic
net to generate actions and estimate state value respectively.
The algorithm procedure is shown in algorithm (I).

Node Embedding Typical machine learning algorithms
require a set of informative, discriminating, and independent
features. This means that one has to construct a feature vector
representation for nodes and edges in prediction problems on
networks. Traditional methods often use handcrafted domain-
specific features based on expert knowledge to represent nodes
and graphs, such as global or local degree distribution. Here,
we leverage Node2Vec [37] to construct the feature vector
representation. Node2Vec as a node embedding method refers

to the process of mapping nodes to a low-dimensional space
of features which capture the graph structure information by
random walks through a graph. Nodes with similar attributes or
connectivity e.g., highly interconnected, have similar structure
roles in the graph, are mapped closer together in the feature
space [37]. The similarity of nodes affects the synchronization
of the network. In [24], they pointed out that adding links
between nodes with lower similarity of structure can improve
synchronizability of networks more, compared to adding links
between nodes with higher similarity of structure. A feature
vector for node v; is set as u;.

Actor Net The Actor Net is used to generate actions to
delete or add edges to the complex network. The number
of potential actions imposed on the complex network with
N nodes is proportional to N2. To reduce action space, the
edge selection is decomposed into two steps: first selecting the
starting node and then the ending node (shown in Fig. (3)).
Selecting the starting and ending nodes are predicted by two
independent GCN, respectively. Every neural network layer in
GCN can be written as a nonlinear function

HID = o(H D, A),

with H(© = U, where H) is the embedding feature matrix
of nodes in [-th layer. A is the adjacency matrix of the input
complex network. U = (uy,ug,--- ,uy) is a N x N; feature

15)



matrix obtained by Node2Vec. [ represents the [-th layer of
neural network. The specific models then differ only in how
@(+) is chosen and parameterized.

Critic Net The value of the state V,,(sy) is predicted by an
GCN. Policy gradient expression is defined as:

K
VGJ(H) = E[Z kaQ log Wg(ak|8k)].

k=0

(16)

11, has a lot of forms to choose, and temporal difference (TD)
error is used in this paper as follows:

Y =K + ’YVw(Sk+1) - Vw(Sk)-

The TD error is used to update parameters of actor net and
critic net. Parameters 6 in actor network are updated by 6 =
0419V J(0) and parameters w in critic network are updated
by w=w+n, > oV V(sk)-

A7)

III. RESULTS

Case 1: Consider a Rossler system [38] for all nodes. The
dynamic function of the i-th oscillator is

40 = —(2,® 4 2,®)
;P = ;M +0.22,
;% =02+ 2, (2;V - 5.7).

(18)

The coupling strength ¢ = 0.05. Nodes are coupled by z(!)
and The inner function H is
100
0 0 O (19)
0 0 O

According to the largest Lyapunov exponent, the stability
region is = = (—5.4, —0.2). The initial complex network Gg
is set as

[1,1,2,2,3,3,4,4,5,5,6,6,7,7,8,8,9,9, 10, 10]

(20)
[2,10,1,3,2,4,3,5,4,6,5,7,6,8,7,9,8,10,9, 1].

The extreme eigenvalues of the initial network G are A(?) =
0.38 and AV) = 4.0. —cA\() ¢ Z, so nodes in the initial
network Go cannot achieve the same stable state (shown in
Fig. (4)). To achieve global synchronized state, an action
sequence is obtained by our proposed method after training
100 episodes (shown in Fig. (5) (a)). After actions taken to
Gy, G, is obtained and the extreme eigenvalues of G,, are
A? =403, AM) =9.35. —cA\() € = and all nodes achieve
the same state shown in Fig. (4)

TABLE II
EFFECTS OF INITIAL CONNECTIVITY ON RESULTING NETWORK
Initial Network | Resulting Network —Z/c Synch-
¢ NEEAGY NOBPLY = ronize
0.05 | 038 | 4.0 4.03 | 9.35 (4.0,108) | Yes
0.05 | 035 | 4.38 440 | 9.69 (4.0,108) | Yes
0.05 | 0.38 | 4.50 433 | 9.25 (4.0,108) | Yes
0.05 | 0.44 | 4.56 426 | 9.07 (4.0,108) | Yes

To check whether our method is valid in different initial
networks, the resulting networks G, with different initial

TABLE III
EFFECTS OF DIFFERENT SYSTEM PARAMETERS ON RESULTING NETWORK

Initial Network | Resulting Network - Synch-
¢ T A @ [ a0 —=/e | ronize
0.04 | 038 | 4.0 524 | 9.71 (5.0,135) Yes
0.05 | 038 | 4.0 440 | 9.69 (4.0,108) Yes
0.06 | 038 | 4.0 3.5 9.02 (3.33,90) Yes
0.07 | 038 | 4.0 2.88 | 8.89 (2.86,77.1) | Yes
TABLE IV

COMPARISON OF METHODS IN DIFFERENT NETWORKED SYSTEMS

Number of nodes

10 | 20 | 50 | 100 | 200 | 500
Method 1 | 13 | 41 | 61 | 136 | 257 | 387
Small-world | Method 2 | 10 | 32 | 57 | 102 | 227 | 342

Network Method 3 | 9 25 |1 33 | 53 124 191
RL 8 23 | 32 | 52 122 | 187
Method 1 | 9 22 | 75 | 102 | 246 | 329
Scale-free Method 2 | 8 18 | 52 | 89 207 | 296
Network Method 3 | 6 11 | 41 | 57 127 | 141
RL 6 9 38 | 54 125 | 139

networks G are shown in Table (II). Their training process
is shown in Fig. (5). It clearly shows that for different
connectivity of Gy, the training process and resulting network
are different, but all resulting networks satisfy —cA() € = and
they all achieve the synchronized state at last. This means that
our method is valid in different initial networks.

Second, we explore how the variation of system parameters
affects the resulting network, for example, different values of
parameter c. ¢ = 0.04,0.05,0.06,0.07 and the initial network
G for these 4 cases are set the same as equation (20). The
resulting networks are shown in Table (II) and the training
processes are shown in Fig. (6). Though the training processes
and resulting networks are different, all resulting networks
achieve the synchronized state after optimizing by our method.
Eigenvalues should satisfy —cA() € Z and = = (—5.4, —0.2)
in equation (18). To achieve a synchronized state, eigenvalues
of different networks satisfy A() € (0.2/c, 5.4/c). It requires
more rewiring to the initial network to make A\ e Z
with smaller ¢, which causes lower returns. That is why
the lowest returns of the training process increase with c.
If ¢ is very small, 0.2/c becomes very large, which may
cause no networks satisfying A > 0.2/c. No achievable
synchronized state exists in this situation and our method is
invalid. Therefore, our method is valid with different values of
parameter c, if the achievable synchronized states exist. Our
method is also tested to alter the network to synchronize to a
fixed point and a limited cycle in Fig. (7).

Case 2: In this case, we consider a large-scale complex
network in the real world - the cat’s brain network (the real
data is available in networkrepository) [39]. This network
consists of 65 nodes and about 1000 edges. The nodes in the
network represent neurons and edges represent fiber tracts that
connect one node to another. The dynamics of neurons are
described by the Hindmarsh-Rose (HR) neuronal circuit [6],


https://networkrepository.com/bn-cat-mixed-species-brain-1.php

(12 _

i

;) = :cz(-Q) — am§1)3 + bx :cg?’) + 1,
P =d-— exl(lp - xgz)

#;® = r[s(a:l(-l) +1.6) — :r:gs)]

2y

a,b,d,e,r,s are the system parameters which are set as
a=1,b=3,d=1,e=51r=6%10"2,5 =4. I, = 320uA
is the external forcing current. The inner coupling function H
is the same as (19) and the coupling strength c is set as 1/30.
According to the largest Lyapunov exponent, the stable region
E is (—o00,—0.23). The extreme eigenvalues of the initial
complex network G are 2.88 and 46.53. —e)®@ ¢ =, so nodes
in the initial complex network cannot synchronize to the same
state (shown in Fig. (8)). To achieve global synchronized state,
an action sequence is obtained by our proposed method after
training. GG, is obtained according to the action sequence. The
extreme eigenvalues of G,, are 7.03 and 47.24. —cA\() € =
and all nodes synchronize to the same state (shown in Fig. (8)).

Our method is compared with other existing methods in
different network models with different sizes, such as accept-
reject rewiring mechanism based on random selection [41],
rewiring method based on nodes degree [21], accept-reject
rewiring mechanism based on eigenvector [23] corresponding
to the method 1, 2, 3 in Table (IV). The table shows that our
method rewires the network with minimum number of rewiring
edges compared with other methods. Another advantage of
our method is that the exploration ability is better than greedy
algorithms based on network properties and can find a rich
set of optimal solutions. The advantage of methods 2 and 3
is that they are time efficient since they are both a kind of
greedy algorithm.

Case 3: In this case, we employ a simple example to show
how the network achieves cluster synchronization. Considering
the Rossler function (18) for all nodes The coupling strength
¢ = 1. The initial network Gy is shown in Fig. (9) and
extreme eigenvalues of Gy are A(2) = 0.2679, \(V) = 3.7321.
According to the largest Lyapunov exponent, the stale region
of this system is £ = (—5.4,-0.2). —cA®) € Z and all
nodes synchronize to the same state. Now, we want nodes to
synchronize to different states. For example, nodes 1,2, 3,5,6
as a cluster synchronize to one state, and node 4 synchronizes
to a different state. To achieve the cluster synchronized state,
the complex network needs to satisfy (1) the existence of
EEP; (2) not all —cA(L%) C Z but —¢(A(L)\ML®)) C =.
The graph convolution network with reinforcement learning
method takes a sequence of actions to the network and the
final network G, is obtained after training as

(1,1,2,2,2,3,3,4,4,4,4,4,5,6]
2,4,1,3,4,2,4,1,2,3,5,6,4,6].

The characteristic matrix P is

T
111 1 01

000 O0T1PO0

The Laplacian matrix of the quotient graph is Le =

PTP)- P =

Eigenvalues of the Laplacian matrix L(G,) of G, are
0,1,1,2,4,6. Eigenvalues of the Laplacian matrix of quo-
tient graph LY(G,,) are 0,6. In L(G,), —cA(® ¢ = but
—c(ML(G,)\ML®(G,,)) C E. The dynamics process of G,
is shown in Fig. (9). It is clearly shown that nodes 1,2,3,5,6
synchronize to the same state but are different from node 4.
Therefore, our method is valid to alter the network to achieve
a stable cluster synchronization state.

IV. CONCLUSIONS

In this paper, we have proposed a framework to alter
network structure to achieve cluster synchronization. We con-
struct the network as a Markov decision process and then
use Actor-Critic reinforcement learning framework with graph
convolutional network to learn how to alter complex network
to achieve synchronization. The reward function has been de-
signed based on the criterion for synchronization, which makes
our method flexible to alter network to achieve different syn-
chronization patterns by redesigning the reward function. This
means that our method can be widely applied in different sce-
narios. Also, it is beneficial to reduce computation complexity
by avoiding calculating dynamic equations of each node after
every rewiring of the network. Our method has been verified
in classical Rossler dynamic networks and Hindmarsh-Rose
neuronal circuits. We set different initial network structures
and dynamical system parameters to verify the generality of
our method. The method is always valid to alter the network to
achieve synchronization if the achievable synchronized states
exist. Also, we have analyzed how the initial networks and
system parameters affect the training process and resulting net-
works. In the future, we will study how to use reinforcement
learning methods with reward function designed by the state
error of nodes to discover different network structures besides
EEP or symmetry to achieve cluster synchronization.Based on
the new structures, it probably helps researchers to establish
an analytic criterion for cluster synchronization with a more
relaxed structure condition.
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