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Abstract

This thesis reports on review and research work carried out on the numerical analysis
of elastomers. The two numerical techniques investigated for this purpose are the
finite and boundary element methods. The finite element method is studied so that
existing theory is used to develop a finite element code both to review the finite
element method as applied to the stress analysis of elastomers and to provide a
comparison of results and numerical approach with the boundary element method.

The research work reported on in this thesis covers the application of the boundary
element method to the stress analysis of elastomers. To this end a simplified reg-
ularization approach is discussed for the removal of strong and hypersingularities
generated in the system of non-linear boundary integral equations. The necessary
programming details for the implementation of the boundary element method are
discussed based on the code developed for this research.

Both the finite and boundary element codes developed for this research use the
Mooney-Rivlin material model as the strain energy based constitutive stress strain
function. For validation purposes four test cases are investigated. These are the uni-
axial patch test, pressurized thick walled cylinder, centrifugal loading of a rotating
disk and the J-Integral evaluation for a centrally cracked plate. For the patch test
and pressurized cylinder, both plane stress and strain have been investigated. For
the centrifugal loading and cantrally cracked plate test cases only plane stress has
been investigated. For each test case the equivalent results for an equivalent FEM
program mesh have been presented.

The test results included in this thesis prove that the FE and BE derivations detailed
in this work are correct. Specifically the simplified domain integral singular and
hyper-singular regularization approach was shown to lead to accurate results for the
test cases detailed. Various algorithm findings specific to the BEM implementation
of the theory are also discussed.
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Chapter 1

Introduction

1.1 General introduction

Elastomers represent a unique set of materials that have many desirable engineering
properties. Not least of which is their low cost and availability. In general though,
the properties of elastomers include flexibility, resilience and long service life. Elas-
tomers can have excellent damping and energy absorption characteristics and have
the ability to seal against moisture, heat and pressure whilst being non-toxic. From
a production point of view elastomers can easily be molded into almost any shape.
With all these useful characteristics it is not surprising that elastomers have found
many engineering applications. These include solid propellant, biomechanics and
medical/dental, automotive and packaging applications to name but a few.

The wide use of elastomers today and the modern trend to optimise designs and
materials for cost and performance have led to the development of numerical mod-
elling tools to use with elastomers. The most popular numerical approach, and the
one with most industrial use, the FEM, has also been developed for modelling elas-
tomers. In recent years in an effort to cut down on computational cost and time
a similar numerical technique, namely the BEM, has been developed. However the
application of the BEM to modelling elastomers has not been as fully researched as
the FEM.

The development of BEM code to use when modelling elastomers is subject to
the same difficulties any other numerical approach would have due to the nature
of elastomers. The unique properties of elastomers are due to their tangled, long
chain hydrocarbon molecular structure. Without going into chemical detail the
bulk properties of elastomers display the following four characteristics which must
be built in and allowed for as founding assumptions for any numerical approach
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modelling elastomers. These bulk properties are:

1. They are capable of finite elastic strains.
2. They have non-linear load extension behaviours.
3. Their properties are time and temperature dependent (viscoelastic).

4. They are nearly incompressible.

The near incompressibility of elastomers is manifest by a Poisson’s ratio of approach-
ing 0.5, which in conventional constitutive formulations results in a near division by
zero occurrence. Hence in addition to finite strain measures, the numerical mod-
elling of elastomers requires entirely unique and non-linear constitutive formulations.
This thesis therefore seeks to investigate the numerical modelling of elastomers and
overcome any mathematical complications that prevent the further application of
the emerging BEM with this material.

1.2 Thesis objectives
The following list summarizes the broad aims of the research carried out.

1. To carry out a literature review of basic and current theory in the field.

2. Using current state of the art, a working finite element program for the stress
analysis of elastomers will be developed. This program will then duplicate any
test case results obtained by newer approaches, and in so doing will provide
validation by a well understood and independent numerical technique.

3. It will be seen that the derivation of the non-linear BIE equations for use
with elastomers will generate mathematical singularties. These mathematical
singularities will require some form of regularization to make them tractable
if any working BEM code is to be developed.

4. The main task of this research, tying in all other areas of work, will be the
development of a working BEM program implemented in FORTRAN 77 code.
This will require the creation of a defined mesh and boundary condition data
structure and associated mesh generator program, also implemented in FOR-
TRAN 77.
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5. In order to validate the BEM program, in addition to duplicating the FEM
program results, some test cases will have to be investigated. Hence, for each
test case an analytical or equivalent direct numerical solution will have to be
derived in order to generate some results data for comparison purposes.

6. In writing the thesis, the aim will be to present a unified and stand alone
account of the research carried out. Much of the literature in this field is
highly mathematical, particularly the regularization singularity removal ma-
terial, hence a more readable and thorough account of the research would be
of more use to practicing engineers.

1.3 Thesis structure

The second chapter of the thesis is the literature review. This chapter is broken
down into four sections. The first section covers the various material models de-
veloped to characterise the non-linear constitutive relationship between stress and
strain for elastomers. The second and third sections relate to the two numerical
techniques implemented in this research. These being the finite and boundary el-
ement methods. It will be seen that the amount of literature on the application
of the boundary element method to the numerical analysis of elastomers is fairly
limited. The final section on boundary integral equation singularities is the most
extensive of the literature review and most relevant to the new work developed in
this thesis. The numerical singularities found in this application are typical of the
type of singularities encountered in current boundary element method research in
many applications. Hence there are many publications on this subject.

The numerical analysis of elastomers is inherently a non-linear process. This is be-
cause of the dual sources of non-linearity found in elastomers. Namely the non-linear
geometric and material properties of elastomers. The next two chapters of the thesis
therefore cover the required theory needed to start working on the application of
numerical techniques to the stress analysis of elastomers. The first of the two chap-
ters covers finite strain kinematics. Due to the large elastic deformations elastomers
are capable of sustaining the normal mathematical infinitesimal assumption of the
problem geometry remaining substantially unaltered before and after loading is no
longer valid. Therefore new stress and strain measures are required which reference
either deformed or undeformed coordinates and capture the non-linear geometric be-
haviour. The second of these two chapters covers the non-linear constitutive stress
strain modelling of rubber. From first principals the Mooney-Rivlin material model
is derived and the process by which its coefficients are curve fitted from test data is
discussed.
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The next two chapters cover the finite and boundary element methods respectively.
For both chapters initially a brief overview of the numerical technique is given fol-
lowed by an in depth derivation of the respective methods for application to the
stress analysis of elastomers. For the finite element method some discussion of the
solution algorithm is given, though not in such a detailed way as for the boundary
element method. For the boundary element method the basic iterative and then the
incremental modification to the algorithm is discussed along with numerical tech-
niques specific to the BEM. It is in this chapter that the original thesis contribution
is given for the simplified strong and hyper-singular regularization approach together
with the isoparametric interpolation of the domain cell stresses.

The important task of validating the developed numerical code for the two tech-
niques requires reliable analytical solutions. In the literature there are few useful
discussions or derivations of analytical solutions for the four test cases run in this re-
search. Therefore new semi-analytical or direct numerical solutions and algorithms
are derived for validation purposes. The four test cases discussed are the uniaxial
patch test, pressurized thick walled cylinder, centrifugal domain loading of a rotat-
ing disk and the J-Integral evaluation of a centrally cracked plate. The second two
of these three test cases provide non-uniform stress fields for a more demanding test
of the developed theory and code. These test case derivations represent additional
original work, including the fracture mechanics test case, where the use of the strain
energy model to evaluate the total strain energy of the cracked elastomer is origi-
nal. In addition the agreement of the BEM and FEM as two independent numerical
stress analysis techniques also provides another level of validation. The final two
chapters present the results and conclusions drawn from the research.

Included in the thesis are several appendices which whilst not discussing new work
nevertheless cover essential material that the author has found it necessary to either
use directly or understand in order to proceed with the research. It is up to the
reader whether they wish to read these appendices which may cover material present
in standard texts. However, one feature of the literature on this subject is the lack
of a unified source and approach for much of the material from first principles to
state of the art. An attempt has been made in this thesis to present an as unified
and stand alone source as possible, whilst still enabling the reader to go directly to
the new material should they wish.
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Chapter 2

Literature review

2.1 Material models

2.1.1 Introduction

It can be shown that the non-linear relationship between stress and strain can be
obtained from the partial derivative of the internal strain energy with respect to
strain. In addition the tangential modulus between stress and strain can be obtained
as the second derivative of the internal strain energy with respect to strain [17].
These two relationships are fundamental in the implementation of the finite and
boundary element methods for hyperelastic materials. Therefore the derivation of
a strain energy function in terms of deformation that obeys the key assumption of
isotropic incompressibility is essential.

Historically, two approaches have been developed in the derivations of strain energy
functions. The first being the statistical thermodynamic approach, where the mi-
croscopic molecular structure of the material is taken into account (see references
[53, 45]). The second approach, and the one on which most work has been done, is
the phenomenological approach where the material is treated as a continuum. Most
of the early work on strain energy formulations is based on the second approach,
with the deformation expressed in terms of the strain invariants. A key early ex-
ample of such work includes work done by Rivlin (see references [42, 41]), which
expresses the strain energy as a polynomial expansion in terms of the strain invari-
ants. A useful and reduced form of the Rivlin polynomial was proposed by Mooney
[32], in which a two term polynomial expansion assuming absolute incompressibility.
The other form of strain energy function based on the phenomenological approach
expresses the deformation in terms of the principal extension ratios. These models
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have the simple advantage that published data tends to be presented using stretch
ratios. Important examples of such models include Valanis-Landel [55] and Ogden
[35] material models.

2.1.2 Review of recent work

It can be seen from the literature that there are many material models, all of which
share certain features. One of these being the requirement to calibrate the mate-
rial constants from test data. This is alluded to by Boyce [3] who points out that
although the Neo-Hookian and Mooney-Rivlin material models only require one
and two calibrated constants respectively, their ability to represent accurately even
modestly large strains is poor. Better models exist but require the evaluation of
more material constants. Boyce therefore investigates the Gent and Altuda-Boyce
material models concluding that despite these two models only requiring two cali-
brated constants they nevertheless successfully model three dimensional finite strain
behaviour.

Another common feature of the various material models is that their forms are either
functions of the strain invariants or the principal extension ratios. Work by Davies
et.al. [11], as well as Yeoh [56] indicates that for strain invariant based models the
strain energy derivative with respect to the second strain invariant is negligible in
comparison to the strain energy derivative with respect to the first strain invariant.
Consequently, the second strain invariant is ignored in some material models. Yeoh
demonstrates that such a model, of third order polynomial form, successfully predicts
all the principal stress/strain features in different modes of deformation (uniaxial
tension, simple shear and uniaxial compression).

Obviously with so many forms of material model the question arises as to which
model is the most accurate and efficient? Charlton et.al. [8] states that for larger
and more complex strains, higher order terms in the Rivlin polynomial need to be
included. Ogden [35] also investigated the accuracy of three different near incom-
pressible material models, these being the Mooney-Rivlin, Ogden and Valanis-Landel
models, using Treloar uniaxial test data for constant calibration purposes. From the
three models, the Valanis-Landel formulation provids the best correspondence be-
tween the theoretical and the experimental test data, for a variety of deformation
modes.

Work by Charton et.al. [8] discusses the important area of test data generation. It
is stated that using methods proposed by Turner et.al [54], that multi-axial curve
fitting data can be generated from a limited number of simpler strictly performed
tests. With this or any other test data quality checks are a necessary part of the
validation process. Charton et.al. discuss test data quality checks, specifically the
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Drucker stability criterion as employed by the commercially available ABAQUS
software. Methods of coping with instability once detected can include adding or
subtracting data points according to perceived data trends, data biasing or lower
order curve fits. There are various sources of error and convergence instability that
can occur in finite element models utilizing finite strain energy models. These include
truncation errors, iterative build up errors and inaccuracies inherent in the model
discretization. To identify non-material model sources of error and instability, use
can be made of the condition number test. The appropriate use of restraints can be
used to lower this value where necessary.

2.1.3 Conclusions

It can be concluded from the literature review for material models that there are nu-
merous forms of strain energy function to choose from. However essentially there are
five types of material model, which can be broken down as follows. Statistically based
thermodynamic models and phenomenological models, the latter are either strain
invariant or principal extension ratio based, and assume incompressibility or near
incompressibility. If near incompressibility is assumed then a deviatoric/volumetric
split is implemented in the strain energy function. Adequate validation is necessary
to ensure that the chosen material model once calibrated from test data in one strain
mode can successfully be applied to applications in other strain modes. Care must
be taken to ensure that the strain range used does not exceed the strain accuracy
capability of the model. Therefore, it is essential that real test data is obtained for
all the relevant modes and ranges of deformation.

It can also be concluded from the literature review on material models that even
though the correct material model with accurately calibrated constants is used, it is
still possible for model instability to occur due to other factors. Therefore, there are
other considerations which will effect model convergence and accuracy in addition
to the choice of material model, such as mesh discretization, rounding and iteration
€rTors.
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2.2 Finite element modelling of elastomeric ma-
terials

2.2.1 Introduction

The requirement to use structurally optimised elastomeric materials in an increasing
range of applications has led to the development of finite element formulations for
elastomers over the past fifty or so years. For elastomers, the main difficulty with the
conventional finite element formulation using only the displacement field parameter
is the determination of the hydrostatic pressure related to the volumetric part of
the strain [57].

An early example of a finite element formulation for modelling finite strains in
elastomers was given by Lindley [29]. His work describes the use of triangular
elements to discretize a rubber sheet enabling the total strain energy of the sheet
to be evaluated by the finite element method. Subsequently an iterative procedure
was employed to move all the model nodes so as to minimise the strain energy of the
sheet. Initial displacement estimates for the iterative procedure were obtained from
small strain linear elasticity. The boundary conditions were applied to the model
by means of prescribed displacements.

More recent developments have resulted in three different approaches that have
been evolved to deal with the hydrostatic pressure related to the volumetric part
of the strain. The displacement method with reduced integration [30], the penalty
type formulation [34] and the mixed displacement, pressure field parameter method
[46]. The most popular and developed of these methods is the mixed field parameter
approach which allows for full and near incompressibility. However the interpolations
used are limited by instability in the mixed patch test. This requires a stabilizing
procedure, which usually involves the use of interpolations of a lower order for the
pressure compared to the displacement field parameter [57].

2.2.2 Review of recent work

From the literature review, the basic mixed field parameter finite element formula-
tion is discussed by Canga et.al. [7] and Basar [2] and consists of forming a set of
non-linear simultaneous equations. These equations can be assembled in the usual
finite element manner into a form compatible with the Newton-Raphson iterative
solution procedure.

For each iteration the tangent stiffness element equations are evaluated from the
relevant constitutive model. For example, Chen et.al. [9] describe the tangent
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stiffness moduli matrix formulation based on the Rivlin polynomial material model.
Holzapfel [26] and, Basar et.al [2] utilise the Ogden material model to form the
constitutive relationship. With the latter work describing how the Ogden model
can be reformulated from a function in terms of principal stretches to one in terms
of the strain invariants. Work by Kaliske and Rothert [27] suggests that generally
constitutive material models in terms of strain invariants allow for simpler and more
efficient formulations. By way of demonstration Kaliske and Rothert perform finite
element analyses based on constitutive models utilizing the Neo-Hookian, Mooney-
Rivlin, Swanson [51], Yeoh [56], Arruda-Boyce [3] and statistically derived Kilian
material models. With regard to constitutive equations based on the Ogden model
Basar and Itskov state that the material model calibration is more complex as the
calibration process itself requires an iterative non-linear solution procedure.

An alternative element equation formulation is proposed by Souza Neto, Peric,
Dutko and Owen [33]. They point out that the element equations for low order
elements can lead to more efficient and less CPU intensive finite element solutions.
However, low order elements are very poor at dealing with incompressible mate-
rials. Their work therefore, is based on formulating low order element equations
utilizing a multiplicative deviatoric/volumetric split in strain energy. In addition
a modified deformation gradient is used. In fact most of the material models used
in constitutive modelling utilise this deviatoric/volumetric strain split in order to
model near incompressibility. For example, in a related but slightly different appli-
cation, Holzapfel [26] uses a similar split in material response into volumetric and
viscoelastic parts for slow rate viscolelastic finite strain elastomers.

As stated before, the non-linear equations formed after the element equation as-
sembly are solved by means of the iterative Newton-Raphson procedure. Work
by Canga and Becker [7] states that most finite element codes using the Newton-
Raphson scheme utilise a Gauss solver for each solution of the current iteration
element equation set. It is pointed out that for most practically sized models this
can be a very CPU intensive process, though robust and reliable. They propose a
variant of the conjugate gradient method (Newton-Raphson scheme) that is more
efficient.

2.2.3 Conclusions

The mixed method of finite element modelling of elastomers is the most developed
formulation and will be used as the basis for research purposes in this thesis. Es-
sentially, approximate solutions for the displacement and pressure field parameter
trial solutions are obtained from the solutions of the two corresponding sets of non-
linear simultaneous equations via the Newton-Raphson iterative procedure. The
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non-linear element equations for the displacement and pressure field parameters are
formulated using the minimised variational approach. Thus generating the tangent
moduli relating the ’out of balance’ forces and pressures to the force and pressure
increments [10]. Clearly the formulations involve the non-linear tangent stiffness
terms and constitutive equations which utilise the strain energy material model
types previously discussed in the literature review.
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2.3 Boundary element modelling of elastomeric
materials

2.3.1 Introduction

The BEM is a relatively new technique and although successfully applied to many
engineering problems has had limited application with finite elasticity and elas-
tomers. Early work in the field includes a paper by Phan-Tien [37]. This paper
covers the application of the boundary element method to finite elasticity through
the addition of non-linear domain terms to the standard boundary integral equa-
tion. The domain terms require the evaluation of deformation gradients inside the
integration cells.

2.3.2 Review of recent work

The BEM is a relatively new procedure and until recently has had few applications
to finite elasticity of incompressible materials. However, a recent example of the
BEM in a related area is given by Bu [5] who used the BEM to analyse seismic
loading of foundations in undrained saturated clays. The clay is considered as an
incompressible material.

It is well documented that the BEM has the merit of reducing the dimensionality of
a problem by a single order of magnitude with the added advantage of increased so-
lution accuracy over other numerical techniques such as the finite element method.
It is pointed out by Polyzos et.al. [39] however, that these advantages are com-
promised by the additional requirement in the case of incompressible hyperalstic
materials (and other non-linear type analyses) to evaluate non-linear domain inte-
grals.

Two recent papers by Al-Gahtari and Altero [18], and Polizzotto [38] give the most
up-to-date and relevant work on the application of the BEM to stress analysis of hy-
perelastic and incompressible materials. Polizzotto discusses the Galerkin boundary
element formulation with regard to elastomers. The generation of the non-linear do-
main integrals is mentioned with the additional problem of singular integrals. These
are generated by the direct derivative boundary integral equations in the evaluation
of the displacement gradients.

Al-Gahtari and Altero expand on this subject giving some detail on the evaluation
of singular and hypersingular integrals by means of integration by parts and the use
of the divergence theorem. Al-Gahtari and Altero also give details of an iterative
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solution procedure assuming a constant 1% PK stress distribution within the non-
linear domain terms present in each boundary integral equation.

2.3.3 Conclusions

From the limited amount of literature specific to the application of the boundary
element method to the analysis of elastomers the following can be concluded. The
non-linear system of boundary integral equations is generated by the addition of non-
linear domain terms. These domain terms involve evaluating deformation gradients
internally to the domain cells by direct derivative boundary integral equations. It
will be required to regularize strong singular and hypersingular integrals generated
in the derivative boundary integral equations. In the boundary integral method
implemented for elastomers there will be two options for the evaluation of the domain
integrals. The non-linear stress that is required to be calculated internally for each
domain cell can either be assumed to be interpolated by means of 1% or 2" order
functions, or assumed constant throughout the domain cell. For the purposes of this
research the non-linear stress (1% PK stress) will use 2™ order interpolation within
the domain cell.
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2.4 BIE singularities

2.4.1 Introduction

It has already been explained that in the evaluation of BIEs singular integrals arise.
In general, from a review of the relevant papers it can be stated that because the
boundary element method uses single field solutions of the governing equations some
mathematical singularities arise independently of the physical problem. In the case
of hyperelastic materials hypersingular integrals are generated due to the use of
DBIE. In addition strong, weakly and nearly singular integrals can affect the accu-
racy and convergence of a non-linear boundary element problem.

In summary, it can be stated that the boundary element method accuracy is largely
dependent on the accuracy with which various integrals are evaluated. Therefore
the proper consideration and evaluation of singular integrals is among the most
frequently discussed topics in boundary element research. The process by which
the various singularities are removed so that it is possible to evaluate the integral is
known as regularization.

2.4.2 Review of recent work

A important starting point to this research is to appreciate the various singularities
that can occur in the evaluation of BIEs. A useful discussion of the various singular
integrals is given by Martin et.al. [31], where the CPV and Hadamard Finite part
integrals are defined. It is explained that these integrals are also referred to as
strong and hypersingular integrals respectively. The primary purpose of the paper
however, is to discuss the continuity requirements of the density function within the
integral expression such that the integral exists (has a finite value). It is stated in
the paper that the integral will exist if the field function (i.e. the displacements
and tractions in the case of stress analysis) should have a Holder-continuous first
derivative. Note that Sladek et.al. [52] also give the definition of strongly singular
integrals as follows. They state that owing to the singular behaviour of the integrand
a small region in the neighbourhood of the singular point must be excluded from the
integration domain with the limit taken as the volume of this region tending to zero.
If this limit exists and is independent of the shape of the exclusion zone, then the
integral is known as weakly singular. If the limit exists only when the exclusion zone
is symmetric around the singular point, the singularity is strong and the integral
exists in the CPV sense. A singularity higher than CPV is called hypersingular.

In addition to strong and hypersingular integrals a paper by Sladek et.al. [49] dis-
cusses weak logarithmic singularities and nearly strongly and hypersingular integrals
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arising when the field point is close to but not in the element of integration. It is men-
tioned that the weak logarithmic singularity can be treated numerically by special
Gauss quadrature [50]. It is also mentioned that nearly singular and hypersingular
integrals are not regularized as would be the case with strong and hypersingular
integrals. Rather these integrals are tackled by one of two approaches. The first
being the use of p- and or h- strategy discretization to enhance the computational
effort in combination with error analysis [25]. The second approach, and the one dis-
cussed in their paper, is to improve the behaviour of the integrands by appropriate
transformations of the integration variables. Using integration by parts in combi-
nation with polynomial interpolations, the paper shows that the evaluation of both
weakly logarithmically and nearly strongly singular integrals can yield extremely
high accuracy of integration without increasing computational effort. Papers also
discussing this second approach to nearly strongly singular integral evaluation are
also given by Sladek et.al in references [48] and [47] for the cases of 2D and 3D BEM
formulations respectively.

Another paper dealing with near singular integrals by the second approach is given
by Granados et.al [19] where the Taylor series expansion of the singular kernel
function (discussed later in this section) is generalised by allowing the field and
source point coordinates to attain complex values. It is stated in this paper that
near singular integrals have the property that when transformed into the complex
plane then the complex part is non-zero but small. Hence, the integral exists but
cannot be evaluated by standard numerical techniques. These integrals are evaluated
by synthetic division of the numerator by the denominator in a procedure known as
regularization in the complex plane. The result is two integrals, the first integral is
a polynomial and can be evaluated using standard quadrature. The second integral
is singular though simple, and hence can be evaluated analytically (much like the
CPV term). For BEM elasticity problems the singular kernels are put in terms of a
numerator and denominator by expressing the radius vector (distance between the
source and field point) in the complex plane.

Having discussed the types of singularity and the special cases of logarithmic and
nearly singular integrals, it remains to discuss the various regularization strategies.
Tanaks et.al. [52] define regularization in the following way. A regularization proce-
dure is required to cancel the divergent terms and identify that integrals exist in the
ordinary sense (the CPV or Hadamard finite parts are finite and bounded). This
work also includes a means of strong singularity regularization that has been used
in the research given in this thesis. Specifically, Bui [6] discusses the use of rigid
body displacement to evaluate the free term coefficients in the BIE (the free terms
are the CPV integrals, see equation 6.35). This work led to Rizzo et.al. [43] using
the rigid body motion solution to obtain BIEs free of CPV integrals (free terms),
an idea also used in the research reported in this thesis.
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It will be seen that the stresses, and therefore the field gradient BIEs are required.
In the finite element method these gradients would be obtained by means of shape
function derivative interpolation. However, Gray et.al [20] points out that the use of
C" continuous elements gives rise to discontinuous results at element junctions, and
hence degrades the accuracy of the field function derivatives. If a derivative BIE is
used, then greater accuracy is achieved from the direct boundary solution. However,
the derivative BIEs give rise to domain integral strong and hypersingular integrals.
An important series of papers by Guiggiani et.al. discusses these non-linear domain
terms. Indeed Guiggiani [22] states that in order to solve non-linear problems, the
BIEs have to be augmented with domain terms as functions of stress and strain. In
an extension of his earlier work Guiggiani extends the same principles from strongly
singular CPV integrals to hypersingular domain integrals [23]. Here he further states
that BIEs with hypersingular kernels arise when the gradient (normal derivative)
of a classical BIE equation is taken. He further states that these equations involve
the derivatives of already strongly singular kernels (which is most definitely the case
with hyperelastic materials).

Guiggiani suggests many researchers in the field avoid direct computation of the
CPV and hypersingular integrals by pure analytical integration or by using known
elementary solutions of the BIE such as rigid body motion (mentioned earlier). Work
by Rizzo and Shippy [44] combined integral equations of two different problems,
namely the original problem and a 'companion’ problem so obtaining a new BIE
free of CPV integrals. However Guiggiani suggests this and similar approaches
considerably increases the analytical complexity of the BEM formulations as two
different sets of kernel functions are required.

The initial work on the direct evaluation of CPV integrals was reported by Guiggiani
and Castalini [24], where general contour CPV integrals are reduced to regular ones
prior to the use of standard Gaussian quadrature for their evaluation. In [23] some
discussion of the limiting process is given for the CPV definition, this being essential
for the direct CPV integral evaluation approach. Key to all the work done by
Guiggiani et.al. is the conversion of the singular kernel function into polar intrinsic
coordinates by means of a Taylor series expansion of the field point relative to the
source point. With a first term Taylor series expansion being used for CPV integrals
[22] and a two term Taylor series expansion for hypersingular integrals [44]. Thus,
the domain integral containing the singularity is split into two terms by means of
subtraction and addition of the singular integral, with the first term being cancelled
out by subtraction when singular and the second integral term being made regular
by the conversion to intrinsic polar coordinates. As a further bonus, not only has
the direct approach been based on rigorous mathematics but has been found to be
totally insensitive to the mesh pattern around the singularity.
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2.4.3 Conclusions

It can be stated that there are four classes of singularity that arise in boundary
element formulations. Namely strong, hypersingular, logarithmic and nearly singu-
lar integrals. Alternative names for strong and hypersingular singularities are the
Cauchy principal value and Hadamard finite value integrals respectively. Cauchy
principal value integrals can be defined by the exclusion of a small symmetric (about
the singular point) region from the integration in the neighbourhood of the singu-
larity with the limit taken as the volume of this region tending to zero.

The process by which the strong and hypersingular integrals are made finite and
bounded is known as regularization. For the cases of logarithmic and nearly strong
and hypersingular integrals a regularization process is not used but one of two dif-
fering approaches is employed to evaluate the integral terms. The first approach is
a mesh based p- and h- discretization scheme. The second uses integration by parts
followed by polynomial interpolation.

One approach to the regularization of CPV integrals (strong singularities) is the use
of rigid body displacement to help evaluate the CPV integral terms (free terms).
A general approach is given in the literature for the evaluation of both strong and
hypersingular integrals generated in domain terms commonly found in non-linear
boundary element formulations. The method consists of subtracting and then adding
the singular part of the integral. Thus generating two integral terms, the first of
which is cancelled by subtraction when singular, and the second rendered calculable
by standard Gauss quadrature by means of a Taylor series expansion of the field
point in terms of polar coordinates.

It was found, in general that much of the literature in the field of regularization
was very theoretical and highly mathematical and generally beyond most practicing
engineers. Therefore a simplified approach to this problem similar to that given in
this thesis is a very useful contribution to the advancement of the boundary element
method.
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Chapter 3

Finite deformation kinematics

3.1 Overview

Finite strain, or large deformation continuum mechanics has the additional compli-
cation over infinitesimal mechanics that the reference co-ordinates of the governing
geometry change after deformation. This is not the case with small strain behaviour
where the key assumption is that the deformations are so small that the reference
co-ordinates do not change during deformation.

This automatically complicates the continuum mechanics because not only does the
deformation become non-linear but the question arises as to whether the stress strain
measures used refer to the deformed or undeformed co-ordinates? However, just as
with small strain behaviour the state of deformation can be neatly summarized by
means of principal stretches/strains which can then be incorporated in the finite
deformation stress strain measure functions.

The chapter begins by defining the deformation gradient and the displacement
derivative tensors which in turn are used in the definitions of the Cauchy-Green
left and right tensors. Then, based on the small strain assumption a finite strain
measure is defined which provides the basis for the Green’s strain and Almansi’s
strain measures.

By using stretch ratios it is shown that both the Green’s strain and Almansi’s strain
measures have the same principal stretches (eigenvalues) but different vectors of
directional cosines (eigenvectors). With the Green’s strain direction cosines refer-
ring to undeformed co-ordinates and Almansi’s strain direction cosines referring to
deformed co-ordinates.

Mention is made of the polar decomposition theorem, which decomposes the defor-
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mation gradient tensor into a set of stretches followed by a rigid body rotation, or
vice versa. To do this the rotation matrix is defined in terms of a matrix consisting
of the three principal stretch eigen vectors. Similarly the stretch matrix (prior or
after deformation) is defined in terms of stretch ratio principal values and vectors.

Prior to defining the various stress measures the deformed and undeformed infinites-
imal areas are related by means of the deformation gradient matrix. The first two
stress measures defined are the engineering and the Cauchy or true stress. The
former defines the stress vector in terms of the initial infinitesimal force and area
vectors. Whilst the latter defines the stress vector in terms of post deformation
infinitesimal force and area vectors.

Finally the finite deformation stress measures are defined. These stress measures
give the total non-linear stress due to a given state of deformation. They are the 1%
and 2"¢ PK stresses. The 15! PK stress defines the total stress vector in terms of the
post deformation infinitesimal force vector and pre deformation area vector. The 274
PK stress defines the total stress vector in terms of the infinitesimal force vector and
area vector prior to deformation. In practice the Cauchy stress and the 2"¢ PK stress
are equivalent, but the 2"¢ PK stress allows the non-linear geometrical relationship
between stress and deformation to be expressed in terms of the deformation gradient
matrix. A useful expression is also given for the 1% stress in terms of the 2"¢ PK
stress.

3.2 Deformation matrices

Consider an infinitesimal length before deformation, defined by the following Carte-
sian vector:

and after deformation the infinitesimal length becomes:
AS = Azi + Ayj + Azk (3.2)
Therefore a deformation vector can be defined such that:

AG = AS — AS,

- \ - - (3.3)
Aq = Aui + Avj + Awk
The previous equations can be put in matrix notation as follows:
Axg Ax Au
AS,=| Ay AS = | Ay Ag= | Av (3.4)
Az Az Aw
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Using the chain rule of partial differentiation and differential lengths:

dz = ;’;de + 2 dyo + 2 dz
dy = 6:50 Ty + 5 dyo + 8y ~dzo (3.6)
dz = Zdzy + 3zdy + £ dzo

which can be put in matrix form as:
ds = Qd§0 (3-7)

where:

Oz Oz Oz
Oxg Oyo 9Ozo
3y

0 0
G=| 3 % (3.8)

dzo Oyo 920
where G is the deformation gradient matrix. From equations 3.5 and 3.6 it can be
seen that:
dx = (1 + g—;ﬁ)) dxg —|— dyo + dzo
dy = ﬂdajo + (1 + a—”) dyo + azodzO (3.9)
dz = §%dxo + S2dyo + (1 + g—;‘;) dzo

dS = (I + g) dS, (3.10)
with:

Ou  Ou Ou
dro Oyo Oz
o % |

9= [ 920 w0 aZOJ (3.11)

ow Jw Ow
dro Oyo Ozp

which is the displacement derivative matrix. Two tensors are defined from the
deformation gradient, the first being the right Cauchy-Green tensor:

C GtG
C = (I—l—g) (g—i—l) (3.12)
C=I+(g+d")+4d's

Q

And the second being the left Cauchy-Green tensor:

(3.13)
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3.3 Large strain representation

In the derivation of two of the large strain measures the following basic large strain
measure is used. Defining the small strain as follows:

_ dS —dS,

s 3.14
3 50 (3.14)
Then using a purely algebraic manipulation:
G dSy)" (dS + dSp)
o dS§ (dS + dSp)
-2 =2
., = 45 = d5 (3.15)

s = T3 =

dS, (2 + €5)
and making a finite strain approximation equation 3.15 can be converted into a finite
strain measure by assuming that e, << 2:

—2 =2
il 10
243,

This basic finite strain measure is then used in the definition of the Green’s strain
and the Almansi’s finite strain measures.

3.3.1 True or logarithmic strain

In addition to the Green’s and Almansi’s finite strain measures there exists a finite
strain measure which is the work conjugate of the true or Cauchy stress, which is
known as the true or logarithmic strain. The logarithmic strain is defined as follows:

!
= [ Yon(L (3.17)
z I

lo
The relationship between the logarithmic strain and the nominal strain can be de-
rived using the following definition of the nominal strain:

-1 l
fn=——o=——1 (3.18)
lo lo
Therefore the nominal and logarithmic strain can be related as follows:
g =1In(e, +1) (3.19)

This relationship is useful when inputing test data, which is often specified in nom-
inal values, into commercial software such as ABAQUS which requires true stress
and strain values. The true or Cauchy stress in terms of nominal values is given in
section 3.8.1.
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3.3.2 Green’s strain measure

Expressing the numerator of equation 3.16 as follows:
dS'dS — dSdS, = dSLG'GdS, — dS4IdS,

dS'dS — dStdS, = dSh [G'G — I] dS, (3.20)

From comparison of equations 3.16 and 3.20 the definition of Green’s strain can then
be written as:

Eg = % (QtQ - l)
Eq = % (€ -1 (3.21)

It can be seen that Green’s strain relates to the undeformed co-ordinates.

3.3.3 Almansi’s strain measure

Noticing that:
dS, = G~ 'dS (3.22)
Then expressing the numerator in equation 3.16 in terms of deformed co-ordinates:
dS'dS — dS4dS, = dS'1dS — dS' (G™1)' G™'dS (3.23)

Noticing that:

(Gah "= (@ Y)'a (3.24)
Therefore:
dstds — dshds, = ds' [1 - (G6") '] ds (3.25)

From comparison of equations 3.16 and 3.25 the definition of Almansi’s strain can
then be written as:

GO

[I—0b7"] (3.26)
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Therefore it can be seen that Almansi’s strain relates to the deformed co-ordinates.
It is possible to define a modified deformation gradient matrix in terms of a displace-
ment derivative matrix referenced to deformed co-ordinates. Therefore defining:

G=G"! (3.27)
and:
G=I+7g
where:
du  Ou Ou
ez
g= [ o & EJ (3.28)
ow Odw dw
or Qdy 0Oz
Therefore:

1 —t—=1 1
=5 |[-CC| =53 +7+77 (3-29)

3.4 Stretch Ratios

Consider an infinitesimal length vector before deformation.

A unit vector parallel to the undeformed vector can also be defined such that:

. dS . R .

So = d_gz = 1% + m5 + (3.31)
where:

dSy = \/ dz? + dy3 + dz3 (3.32)
and:

d.TO dy() dZO

U — 0_ 9V 0o_ 7 3.33

sTdS, TS, T dS, (3.33)
Hence:
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which can be written in matrix form as follows:

_ 0
dS, = dSon,
where:
0
0 lso
nS

Similarly for an infinitesimal length vector after deformation.

dS = $dS = dS (u Fmy+ nk)

where:

dS = \/dz? + di? + dz°

p_ds oy de
*dS *dS *dS

which can be written in matrix form as follows:
dS = dSn,

where:

The stretch ratio measure is as follows:
. dS
—dS,
,  ds'ds ds'ds — dsids,
* = dskdS, dShds,
But from equations 3.20 and 3.21 it can be deduced that:

As

A2 =14 2d§6§Gd§0
s dﬁgdﬁo
since:
nd = dS,
Vs T 1
(dShds,) "2
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(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)



therefore:
A =1+ 2nl.n? (3.46)

Using equation 3.16 the component of strain in the A; direction can be defined
directly as follows:

ds* —ds? 1
s=——— 9 =_(N\2-1 3.47
T dstdS, 2 (s -1) (3.47)
therefore:
A =1+ 26, (3.48)

Noticing that with dS = GdS,:

t 1t
A = L"%ﬁ‘@“ = ()" G'Gn] (3.49)
=0

Defining % = % and using dS, = G~'dS then it can be deduced that:

1 _ds'(@)'alds

hence:

A2 = (nd) Cnl (3.51)
and:

1 tp—1

o= b, (3.52)

S

3.5 Principal stretches

The eigenvalue problem for the matrix can be summarized as follows:

Cn’ = an® (3.53)

The problem therefore is to find oy, a, a3 and the corresponding eigenvectors n?, n, nd,

then from the orthogonality of the eigenvectors:
(n9)" Cnd = a (n?)" n? = g, (3.54)

i

39



for + = j then:

a = (nd)' Cn!

(3.55)

Comparing equation 3.55 with equation 3.51 then it can be seen that o = A\? and

the principal stretches satisfy the following equation:

Cn® = A"
(C—ND)n® =0

For the non-trivial solutions:
C - 1| =0
leading to:
M —IX 4+ LN —I;=0
where:
L=X 4+ A4+ ) =0+ Cy+Cs3
ie.
I, = Trace (C)
and:

L= X5+ A3 + A3\

I, = C’11 C112 + C122 C’23 + C’11 013
2 C’21 C122 C132 C’33 C’31 033
Cll 012 CY13
I3 = /\%/\3/\3 = 021 022 CY23

031 031 CY33

which can be written as:
I;=1|C|
noticing that:

dS _ 445,
ds —dS

Q:

40

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)



with dS = dSyA therefore:

1
n = X@O (3.63)
and:
n’ =\Gn (3.64)

Substituting into equation 3.56 with C = G'G, therefore:

(G'G— NI) MG 'n=0

AG'n — NG 'n =0 (3.65)
Multiplying by +G and assuming A # 0 then:
(GG - N)n=0 (3.66)

1.e.
(b= XI)n=0

Therefore the eigenvalues of b are the same as those of C, namely A2, A2 \2 | but
the eigenvectors of b are n,,n,y, ns;. It can also be proved that:

I, =Trace (C) = Trace (b)
I, (C) = I, (b) (3.67)
Iy =|C| = [b]

3.5.1 Representing the right Green tensor in terms of eigen-
values

Using the definition of the eigenvalue problem given by equation 3.56 then a matrix
of eigenvectors can be defined as follows:

Q (n°) = [n,nf, nj) (3.68)
and:
(n)’ 9 m? n?
QM)=1| @) | =|8 my n (3.69)
(n3)’ 1§ m3 ng
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with:

X0 0
Diag(X*)=1| 0 X3 0 (3.70)
0 0 A2
hence:
A2 (nd)’
Diag (¥) Q' () = | X3 (n)! (3.71)
A2 (n3)'
and:
Q (n°) Diag (V) Q" (n°) = Anf (nf)" + A3 (n9)" + A3nS (n3)" (3.72)

hence it can be deduced from 3.72 that:

C =G'G = Q (n°) Diag (\*) Q" (n°) (3.73)

3.5.2 Representing left Green tensor in terms of eigenvalues

From the eigenvalue problem given by equation 3.66 a matrix of eigenvectors can be
defined as follows:

Q (n) = [ny, 1y, 15] (3.74)
Q' (n) = i% (3.75)

And in a similar manner to section 3.5.1 it can be deduced that:

b=GG' = Q(n) Diag (3*) Q" (n) (3.76)

3.6 The polar decomposition theorem

This theorem is based on decomposing the deformation gradient G into a set of
stretches followed by rigid rotation. To do this a stretch matrix U and rotation
matrix R are defined. The rotation matrix R defines the movement from (n?, nd, n3)

to (ny,ny,ny) and is defined as follows:
R=Q(n)Q" (n) (3.77)
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Given that @ (n), Q (n°) have the following properties:

Q'(n)=Q (n

Q' (%) =Q"'(n% (3.78)
therefore:

R'=Q@) Q'

R'=Q(n") Q" (n) (3.79)
B =R (3.80)

3.6.1 Decomposition of deformation gradient matrix into a
rotation followed by a stretch

The U matrix is defined such that G = RU, hence:
G'G=U'R'RU
G'G=UT=C (3.81)

which leads to the following results:

U'U = Q (n°) Diag (\*) Q" (n°)
A2 X\2) )2 are the eigenvalues of U'U with eigenvectors n?, n9, n.

A1, A2, A3 will be the eigenvalues of U thus:

(U-M)n"=0 (3.82)
hence:
U = Q (n°) Diag () Q" (n°) (3.83)

U is a positive definite matrix. Substituting from 3.83 and 3.77 into 3.81 gives:
G =RU =Q(n) Q" (n°) Q (n°) Diag () Q" (n°)
G = Q (n) Diag (\) Q" (n°)

G = \nynSt + Aonynst + Azngn’ (3.84)
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3.6.2 Decomposition of deformation gradient matrix into a
stretch followed by a rotation

Defining a positive symmetric matrix V such that:

G=VR (3.85)
hence:

GG'=b=VRR'V (3.86)

GG' =VV' (3.87)
Where VV* has the same eigenvalues as b, with:

VV' = Q (n) Diag (\*) Q" (n) (3.88)

V = Q (n) Diag (\) Q" (n) (3.89)

G =VR=Q(n) Diag (\) Q" (n°) (3.90)

3.6.3 Green’s strain in terms of principal stretches

The following can be deduced from equations 3.21, 3.81 and 3.83:

Ea = % [QtQ - l}
co =3 UV - Q (") @ (n)]
1
tc = 5 [Q (n) Diag (V) Q' (n°) — Q (n°) 1Q" (n”)] (3.91)
hence:
0\ Ny A -1 t (0
eq = Q (n’) Diag Q" () (3.92)
This implies that 5 has the same eigenvectors as C' , with:
2 _
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3.6.4 Almansi’s strain in terms of principal stretches

From equation 3.26 the expression for Almansi’s strain can be written as follows:
1 Nl
=3 |1-(ca) ] (3.94)

Noticing that from equation 3.88:

GG' = Q (n) Diag (X*) Q" (n) (3.95)
therefore:
(GG = (@' ()™ Diag ' (3?) (Q ()™
(GG") ™ = Q(n) Diag (%) Q' (n) (399
o= 3 [Q(n) IQ' (n) — Q (n) Diag (55) Q" (n)]
co = Q(n) Diag( X1 )g( ) (3.97)

Hence Almansi’s strain has the same eigenvectors as b, with the following principal
values.

21
(5a)i = 12)\2 1=1,2,3 (398)
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3.7 Deformed and infinitesimal areas

In the final section of this chapter various stress measures will be derived which ref-
erence either the deformed or un-deformed areas. It is essential to these derivations
to be able to relate the deformed and un-deformed areas, which in turn rely on the
following mathematical theorems.

Theorem I:
06 _ 000z 060y 080z
06 Oz OE Oy I 0z O¢

26 _ 060z 000y 060 (3.99)
87) ox0dn 0Oyodn 0z0n
similarly:
8g0 ago ox 8@0 ay ago 0z
8§ " oz 8§ 6y 8§ 0z 8§
Op _ Op o L9 dp Oy L9 Op 0z (3.100)
877 oz 877 oy 877 0z 877
with:
9¢ 9
2(22) 1= B &
i on on (3.101)

| J ( ‘P>‘:@a_‘f’_6_¢8_90
—\&m 0§ dn  On 0¢

Substituting from 3.99 and 3.100 into 3.101 and rearranging it can be proved that:

2(en) () e (En) 110 (2) 12 (&5) 1+

(3.102)
J
(25) ()
Hence the following equations can be deduced:
Yo, 20 Y,z KA
J =|J J +|J J +
| <§ 77) = (yo,z()) | <§ﬂ7 ) | |‘<Zo,xo) H_( £, ) | (3.103)
|i< Y,z ) ||J(I0ay0> |
Zo, Yo §a77
2, Yo, 2 Z,T 20,
() () 12y 112 (25) 12 () 1+
) 05 <0 3 0,40 ) (3104)
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§777 Yo, 20 5:77 205 Lo 1
Y

Noticing from the definition G of the matrix:

G !

G = 5100f (&) (3.106)

where Cof (G) is the cofactor matrix of G, therefore:

()1 (25) )1 (25)

Cof (G) = | | L) | 1Lwae) | Lok ) |
PAr~ I PAC~~ A PA - i
Cof (G) =[G | (") (3.107)
Combining 3.103 to 3.105 and using 3.106 and 3.107 it can be proved that:
7 (22) | g () |
2, -1 20,T
()] | =lG1@) | () (3.108)
1 (22) | | J (2]

[

(
() | 2 (2) |
() | :Téﬂgt () | (3.109)
1 (&)

3.7.1 Infinitesimal area before deformation

Using curvilinear co-ordinates &, n to define a surface with:
a (:L‘Oa Yo, ZO) =a (57 77)

b(€§+dE,n)
c(&,n+ dn)

The infinitesimal vectors c:b, ac can be defined as follows:
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The infinitesimal vector of area can be defined from:
dAy = d€ A dp
dA, = dﬁzi + dﬁZ} + dﬁj/%

Hence it can be deduced that:

2 (=) |
dAo= | aal | = | | (m) | | deay
| aat |
()

3.7.2 Infinitesimal area after deformation

Using a similar approach it can deduced that:

Coraa |12(E)
dA= | dA, | = | [J(g) | | dédn
L] 2 (2)
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Comparing equations 3.108 and 3.109 it can be deduced that:

1
dA, = ——G'dA (3.115)
el
_ t) !
dA=| G| (C) ~dA, (3.116)
dA :| G | G dAo

3.8 Stress measures

If the effect of deformation on a infinitesimal area is ignored then the engineering
stress vector can be defined as:

= d}_’:‘o
G, — -0 3.117
0 dA, ( )
From which the three stress vectors can be defined:
N N N N
Sy =001+ Tp,J + Tk
N R R N
S, =Tot+ 0] + 7k (3.118)
S, =700+ 70,7 + 0%k
and:
Sy =1loSy + moﬁg + S, (3.119)

where lg, mg, ng are the directional cosines of the normal to dAg, then the components
of the engineering stress matrix can be defined as:

0 0 0

0 Uz Tmy Tzz

— 0 0 0
[0°] = Ty Ty Ty (3.120)

Ty Tzy Oz

The traction components with respect to undeformed surfaces can be written as:

Tzo = 100'2 + ’1’1’7,()7':3(1c + noTBI
Tg? = lngy + m()O'g + noTBy (3121)

0 0 0 0
Tz = lOTa:z —+ moTyz + noo,
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3.8.1 Cauchy (Natural or true) stress

The Cauchy stress vector is defined with respect to the deformed infinitesimal area,
thus:

- dl?’
— 122
S dA (3 )

The three Cauchy stress vectors can be defined using the infinitesimal areas normal
to the x, y and z axes respectively:

dF 7.

Sm = ﬁ = o'w% + Twyj + Tuok
= dF 2 ~ 2
Sy = T4y = Tyal +0yJ + 7k (3.123)
e dF 2 ~ 2
Sy = T3 = Tl + ToyJ + 0.k

From which the true or Cauchy stress matrix can be defined.

Or Toy Taz
o] = | Tye Oy Ty (3.124)
Tzx Tzy Oz

which is a symmetric matrix. The traction vector can be written as follows, where

n is the vector of directional cosines referred to deformed co-ordinates.
T,
T=|T,|=[o]n (3.125)
T,

It can also be deduced that the Cauchy stress vector can be obtained from:
S =18, +mS, +ns, (3.126)

The true or Cauchy stress can be expressed in terms of nominal values using the
follwing derivation. Assuming total incompressibility the deformed area A can be
expressed in terms of the undeformed area A, as follows:

A= A, (%‘)) (3.127)

Substituting this expression into the equation for the true stress:

F F (1 l
= = _ 12
o ; (l()) Oon <l0> (3.128)

Therefore using the definition of the nominal strain given by equation 3.18 the follow-
ing relationship between the Cauchy and nominal stress measures can be obtained:

o=0,(l+¢y,) (3.129)
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3.8.2 Reference stress or 1¥ PK stress

Figure 3.2: Internal stress/force equilibrium at a point.

The infinitesimal force vector dF acting on an infinitesimal area dA, where:
dA = dA,i + dA,j + dA,k (3.130)

can be obtained from the equilibrium of volume oabc , hence it can be deduced from
equation 3.122 and 3.126 that:

dF = SdA = (S, +mS, +nS,) dA

dF = S,dA, + S,dA, + S,dA, (3.131)
Or in matrix form:
E = T o 519
Substituting from equation 3.116 into 3.132 then:
dF =[o] | G| (G") " dA, (3.133)
The 15 PK stress matrix [p] is then defined such that:
dF = [p] dA, (3.134)

ol



hence:

[ = J[0] (G") " (3.135)
with:

J=|G |

This stress matrix and its transpose is the Lagrange stress matrix:

R (3139
3.8.3 The 2" PK stress
This is defined based on a modified infinitesimal force. Thus defining:

dz = Gdz, (3.137)
And assuming the same equation applies to dF' then:

dF = GdF, (3.138)
Substituting into equation 3.132:

dF = [o]dA

GdF, = [0]J (G') " d4, (3.139)

dF, = JG™" (0] (G™")" dAy
The 2™¢ PK stress matrix [S] is defined such that:

dE, = [S]dA, = [S] dA, (3.140)
where:

[8]=JG" [o] (G7)' (3.141)
Notice also that:

[l =GIS] (3.142)

o] = 3G15] 6" (3.143)

For small strain considerations [S] 2 [¢Y].
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Chapter 4

Finite strain constitutive
modelling

4.1 Mooney-Rivlin material model

Constitutive hyperelastic models are essentially higher order elastic formulations
based on functions of the total strains or stretches. The key assumption in the for-
mulation of these models is that the material is isotropic. This is manifest by the
uniform distribution of strain energy into the material during deformation. There-
fore if it is possible to define a function for the strain energy density which is in-
dependent of any arbitrary choice of co-ordinate system then this function will by
default enforce isotropy.

If the strain energy per unit volume can be expressed as ¢ , then the change in strain
energy can be expressed as:

dp=0:0e=—:6¢ (4.1)

Therefore the total strain energy density at any point in the material can be obtained
from:

o= [66= [q:oe (42)

The incremental form of the stress strain relationship can then be obtained from:

: 0g (4.3)
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Therefore the objective of this derivation is to express the strain energy using some
function of the strain (or stretches) which is independent of the chosen co-ordinate
system. It was shown in chapter two that the strain invariants are independent of
the chosen co-ordinate system and can be expressed as functions of the principal
stretches A, Ao, A3. It can further be deduced that it is possible to have the chosen
co-ordinate system axes aligned with the principal axes with two of the axes parallel
but opposite in direction to two of the principal axes. Therefore in order to always
obtain a positive strain energy value the strain energy function should be based on
the square of the principal stretches A%, A3, \2.

It was also shown in chapter two that the principal stretches squared A%, A3, A2 are
the eigenvalues of the left and right Cauchy-Green tensors b and C' respectively. The
non-trivial solutions (eigenvalues) are obtained from the following equation:

[(C=-2D[=[@l-3])]=0 (4.4)
which leads to the following cubic equation:
A =LA+ LA —I3=0 (4.5)

The coefficients of 4.5 are the strain invariants. Expanding out 4.5 the following
expressions for the strain invariants are obtained:

L=X+X+X

I =Ci + Cyp+Cs

I, = trace (C) = trace (b)
L=1:C=1:b

(4.6)

I = N3+ A32 + \2)3

I, = C11Cy% + CyC33 + C33C11 — C12C1 — Co3C50 — C13C75 (4.7)
I, = 1 (I? — trace (C?)) = 1 (I? — trace (b%))

I3 = MA2)32

I3 = C11C%C33 + 2013053013 — C11C23C35 — C2C13C31 — 330190y (4.8)
Iy = J? = |C| = |b| = 1 (trace (C°) — Litrace (C*) — Ltrace (C))

where:
1
J=|G|=1I3

Apart from isotropy the strain energy function is always required to be equal to or
greater than zero. Since the values of the principal stretches will be equal to unity
at zero deformation then I, I, I3 will take the values 3, 3 and 1 respectively and
the following strain energy expression can be deduced:

$=> Cpp (I = 3) (I — 3)" (I — 1)’ (4.9)

p,q,r
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where:
Cooo =0

For incompressible materials A; Ay A3 = 1, hence:

= Cpg(Li —3) (I —3)" (4.10)
D,q
where:
C()() = 0

Two truncated forms of 4.10 are commonly used in the analysis of rubber which are
obtained by including two or one material coefficients for the Mooney-Rivlin and
Neo-Hookian material models respectively.

Mooney-Rivlin:

¢=Co(l1 —3)+ Co1 (L2 —3)

¢=Cy (I —3)+Cy (I, — 3) (4.11)
Neo-Hookian:

¢ = Cio (I1 — 3)

¢ =C1 (4 —3) (4.12)

All real rubber like materials will have some compressibility and the numerical anal-
ysis of rubber can be simplified if some allowance for compressibility is introduced.
This is achieved by making use of the bulk modulus K. Consider the 'mean value
theorem’:

ol

F(a,b,c) =a+b+c— 3 (abc) (4.13)

This function will always be positive as long as a # b # c¢. Therefore this function
can be used as the basis for a strain energy function:

Gpfc= AT+ Ao+ X5 — 3 (MAoAs)? (4.14)

Considering 4.14 with r = 2 the compressible form of the Neo-Hookien material
model can be obtained:

d/c= A2+ 22+ A2 =3 (Mdo)y)?
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é/c—= I, — 31} (4.15)

By combining 4.15 with a similar expression where r = —2 a compressible form of
the Mooney-Rivlin material model can be obtained:

! l ] I _l
¢ = Clq)g +CQ(I)_2 =C1 (Il - 3];’) +02 <I—2 — 313 3)
3

1 2
6=c (11 - 31;) +e (12 - 3133) (4.16)

As equation 4.16 stands it will take the value zero when A; = Ay = A\3. To overcome
this drawback a compressible term ®; involving the bulk modulus K can be added,
such that:

by =K (J—1)%/2 (4.17)

It is possible to split the strain energy function into volumetric and deviatoric terms
by defining modified stretches as follows:

N=J 3\
such that:
J=X =1 (4.18)

It can be shown that the various modified parameters are as follows:

G=J3iG=1,°G (4.19)
C=GG=JiC=1°C (4.20)
b=GG = J74h =1 *b (4.21)

The modified Mooney-Rivlin material model can then be written as:
- — 1
¢=¢wwm:04h—3%H%Ug—$+§KwJ—nQ (4.22)

Thus for uniform compression the first two terms become zero as I; and I, are equal
to 3, hence all the strain energy is accounted for as volumetric strain energy.
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4.2 Stress matrix based on the Mooney-Rivlin ma-
terial model

The Mooney-Rivlin material model was derived in equation 4.22 as:

- - 1
6=Ci(L=3)+Co(L—3) + K (J - 1)? (4.23)
therefore differentiating 4.23 then:
0p oI, oI, o0J
% o, () v, (%) iy 2 s

Substituting for the partial differentials (see appendix A) A.26, A.32 and A.37 into
4.24 gives:

0P _1 1 _ _2 2 1 %
G = Cil; ® (1— ShC 1) +Coly 3 (111—Q— SBC 1) +E(J 1) 3 ot
1 ~1 2 _2
99 (Cll N A 311) [—CIC— (2O + 20,01 ) o't
30 3 3
. (4.25)
SKI (T —1) c
Since e = 1 (C — I) it can be deduced that:
¢ ¢
— =2 4.26
dg;  OC (4.26)
hence
_ 96 _ 908
2= 5, = Zac _ (4.27)
S=BiI+B,C+BC ' +KJ(J-1)C
where
By = 2011, * + 20,1, ° I (4.28)
By = 20,15 ° (4.29)
2 -1 4 -2
B3 = — 501]1[3 —+ 3021213 (430)

It is further possible to simplify 4.27 by using the definition of the bulk modulus K
as follows:

1
— = (Oge + Oy +0.2) (4.31)

,0:3
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K=-" (4.32)

Ev
where
dV — dVj
= ———=J—1 4.33
= (4.33)
therefore:
p=—-Ke,=—-K(J—1) (4.34)

The first three terms of 4.27 are the deviatoric terms. Consider the special case of
uniform pressure. For this case the following can be deduced:

/\1 = )\2 = )\3 = )\ (435)
Il - 3)\2
I, = 32\4 (4.36)
I3 = )\
1
6 =K (J—1)° (4.37)
therefore:
9 _ 1 I ~32
7 = 121( J( )1 (4.38)
50 =:KJ(J-1)C

with C = A2I, J = A3 and C~' = A72[ then:

0 1 3y—2
—=_K(J-1 I 4.
5C = 3 (=D XAL (4.39)
hence
oU
=2—=K -1)! 4.4
=255 =KA(J = 1)1 (1.40)
1 t
g = jGSG (4.41)

For this special case G = AI, hence:

j/\ZS K(J-1)I (4.42)

substituting 4.32 into 4.42 then:

19
Il

Ke,l = —pl (4.43)
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Using the definition 4.33 then:
K(J-1)=—p (4.44)

which is a repeat of 4.34 and hence it can be seen that the last term in 4.27 is due
to the hydrostatic pressure, and the remaining terms are due to the deviatoric stress
tensor. Thus 4.27 can be written as:

S=BiI+B,C+BsC " —pJC* (4.45)

4.2.1 Mooney-Rivlin material model calibration

For the finite and boundary element programs developed so far the Mooney-Rivlin
material model has been used. The following derivation for the analytical solution to
a plane stress uniaxial tension problem with one of the in plane surfaces restrained
[1] provides the calibrating function in terms of the Mooney-Rivlin constants C and
(U5 to use with the special case of unrestrained uniaxial tension test data. Complete
incompressibility has been assumed. Therefore substituting into the incompressible
form of the Mooney-Rivlin equation 4.11 for the strain invariants gives:

11 1
¢=C&Q?+£+A§—$+{h(wag+tg—3> (4.46)

For the case of restrained plane stress uniaxial tension the change in strain energy
can simply be expressed in terms of the work done by external forces:

dé = frd (4.47)

where f; is the force acting on the undeformed area normal to the tensile direction.
Equation 4.47 can be written in variational form as:

o9

dp = =—— ) dA 4.48

o= () n (1.48)
Therefore partially differentiating 4.46 with respect to \; gives:

0¢ 1

— =201\ — 20— 4.49

O\ REEREY (4.49)
The true or Cauchy stress in the tensile direction can be expressed as:

fi
t = 4.50
L= (4.50)
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since A2z is the deformed area normal to the tensile direction. However, because
of the condition of incompressibility it can be deduced that A\ = 1/)\ . Hence
substituting for f; from 4.47 and 4.48 then the true stress in the tensile direction
can be expressed as:

1
t, =2 [Cl,\% - 02—2} (4.51)
/\1
similarly:
1
ty =2 [ClAg - CQP} (4.52)
2

For plane strain however where t3 # 0 the previous method cannot be applied and a
compressive hydrostatic pressure (negative stress) term must be added to form the
principal stress and extension ratio expression.

1
;=2 [ClAf - CQﬁ} —p (4.53)

Thus for simple uniaxial tension and complete incompressibility Ay = A and Ay =
A3 = A"Y/2. For this special case t, = t3 = 0 therefore an expression for the
hydrostatic pressure can be obtained as:

1

Therefore substituting 4.54 into 4.53 the expression for the true stress in the tensile
direction can be obtained as:

t=2 </\2 - %) [01 + %] (4.55)

Equation 4.55 is then the calibrating function in terms of C; and Cs to use with the
test data. Thus writing 4.55 in terms of C; and C, for the i** stress and strain data
point gives:

t; = A;C1 + B;Co (4.56)

where:
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Two equations can be obtained from 4.56 for the two unknowns C; and Cs by
taking a least squares approach to the error between the empirical test data and the
analytical expression given by 4.56, therefore:

N
Error=F = Z [A,C’l + BZCQ - ti]2 (457)
1=1
therefore:
0E &
ac = D 2[AC1 + BiCy — ti] A; =0 (4.58)
=1
0E &
i=1

Putting equations 4.58 and 4.59 in matrix format gives:

N N
A2 AB G Aty
>lam B llel=2 5 (1.0

Thus Cramer’s rule can be used to solve for the material constants C; and Cs:

YAt Y AB;

01:‘

ST Bit; Y. B? _ Y Aiti- > B} = >0 Bty - Y AiB; (4.61)
S AT S AB, > A7 Y B - (L AB)
Y AB; Y B}
‘ S A2 N Aty
o, = | 2oAB: 3Bt | YA} Y Biti — 3 Adti - ¥ AiB; (4.62)
‘ YA L AB, S AT Y B~ (X 4B’
Y. AiB; Y. B}

4.2.2 Modulus of elasticity and bulk modulus based on Mooney-
Rivlin coefficients

If the nominal stress form of equation 4.55 is taken the following expression is
obtained:

fo2 (x - Ai) [cl ; Cﬂ (4.63)
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Expanding this expression in terms of strains instead of extension ratios then it can
be deduced that:

[(Ci(1+¢e)+Co) (1+¢e)—1)]

=92 4.64
/ (1+¢)3 (4.64)
Ignoring the higher power terms of ¢ it can be deduced that:
f=06¢(C1+Cy) (4.65)
From the definition of the Elastic modulus it can be deduced that:
_f_
E===6(C1+Cy) (4.66)
€

It can be shown that the bulk modulus of a linear elastic isotropic material, K, can
be defined in terms of elastic modulus £ and Poisson’s ratio v as follows:

E
K=302) (467

Hence for small deflections the bulk modulus for an elastomer can be defined as
follows:

K:2(01+02)

=) (4.68)
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Chapter 5

Non-linear finite element
modelling of rubber

5.1 The finite element method, an overview

The formation of the element equations in the finite element method is based on the
principle of virtual work. This states that for a virtual variation in field parameter
values the variation in internal strain energy equals the variation in work done on
the system by external forces and tractions [10].

5B = §W (5.1)

Having derived expressions for the variations in internal strain energy and work a
system of simultaneous equations can be formed by introducing a trial function for
the field parameter. Because this is a finite element formulation the trial function is
formulated such that it satisfies the boundary conditions. The unknown coefficients
(nodal displacements) in the field parameter trial function can then be found from
the differentiated virtual work expression by equating the resulting expression to
zZero.

This has the effect of minimizing the virtual work for infinitesimal variations in the
field parameter (displacement). This is an example of the Rayleigh-Ritz method of
solving partial differential equations applied to elasticity problems.
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5.2 The finite element method applied to rubber,
an overview

When forming the element equations for rubber two sources of non-linearity are
introduced due to the ability of rubber to undergo finite elastic deformations. These
are geometric and material non-linearity. The presence of geometric non-linearity
dictates that stress and strain measures should be used which are accurate for finite
deformations. In this derivation the stress and strain measures used are the 27¢ PK
stress and Green’s strain respectively. Note the 2"¢ PK stress and Green’s strain
refer to undeformed or reference coordinates

The material non-linearity requires the use of an appropriate material model to
form the constitutive relationship between stress and strain. The constitutive rela-
tionship in this model is based on the Mooney-Rivlin expression for internal strain
energy. The compressible form of the Mooney-Rivlin strain energy expression is of
the following form (see equation 4.22):

¢=Ci(I1 —3)+Co (I, —3) + %K (J —1) (5.2)

The first two terms in the expression account for the deviatoric strain energy and
the third term accounts for the volumetric strain energy. It will be shown that
this volumetric term introduces pressure field parameters into what is known as the
"mixed Lagrangian finite element formulation”. The constants C;, Cy and K (bulk
modulus) in 5.2 are material constants and are evaluated by comparison between
test data and analytical solutions for specific types of strain.

5.3 Green’s strain representation

The first step in forming the virtual work expression is to express the Green’s strain
variation in terms of nodal displacements. The Green’s strain-displacement equa-
tions are of the form:

(6—5 ] (5.3)
o)
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which can be written as the sum of small and large strain vectors:

£ =& tg (5.4)
du
Es = 5 g_Z 5 J (55)
St o
(3 +(3)°

S

§l=% (g—;)2+( )2 (5.6)

ou Ou v v
2%6_3/ + 2%6_3/

The small strain vector g, can be related to the nodal displacements by means of
the B matrix.

N1 __ N
or 6% ox B(J)V-
B=| 0 2 __ o (5.7)
ON1 ON1 __ __  ON; 8]%—
oy o oy oz

The Cartesian shape function derivatives are obtained from intrinsic shape function
derivatives as follows:

[i_]%}_l &n) | G (58)

where:

or Oy
Y 9 BE
1(¢ )ZIé 3—61 9
21l dn on
The above relationship enables the arbitrary form of the discretized elements in
Yy
Cartesian space to have generic shape function expressions in intrinsic space. The
large strain vector g; can be broken up into a matrix and a vector of Cartesian
derivatives as follows:
u\2 ov \ 2 du
GG T 07 %]
du 9 az
& =3 (%)Jr(g_y) =50 0 % % bi | =540 (510)
ou Bu 9 v B du Qv Ju Ov y

ou ou ov ov 9y Ou Or Oz o
oz dy + dx Oy oy oy Oz Oz 3_Z

The 6 vector can be derived in terms of nodal displacements as follows:

v n v, i

o=|8% [=> |, 8 |=L@yp (5.11)
o =1 | o
dy iy
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where:

IN;
__ g 0 PR
T oem __
Lay)=| " m & - (5.12)
0 o __
Oy

The equation for Green’s strain, equation 5.4, can now be expressed as follows:

1
Eg=¢&t&= [ﬂ‘f‘ §A] 6 (5.13)
where:
1 000
H=10 001 (5.14)
0110

The variation in Green’s strain can be expressed in vector from as follows:

deq = dg, + %5& + %Adﬁ + 0 (66°) (5.15)
It can be shown that:

A0 = Adf (5.16)
then:

deq = dg, + Ad8 + O (5Q22

deq = [H + A] 66 + O (66°) (5.17)
Seq = [H + Al Lép + O (66°)
Equation 5.17 can be further rearranged to give:
Seq = (B + AL) 8p + O (56%)
2 (5.18)
deq = B,,0p + O (66%)
For small virtual displacements the last term in 5.18 becomes negligible:
deq = B,,0p (5.19)
where:
B, = (B+AL) (5.20)

Thus the variation in Green’s strain can now be expressed in terms of nodal co-
ordinates.
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5.4 Element equation formulation

The following expression for strain energy can be deduced:

= / / del,Sdv, (5.21)
Vo

Substituting 5.20 into 5.21 it is now possible to re-write the virtual work expression
5.1 in terms of nodal displacements:

o [ [ [ Busav,-op's, = ov's (522
Vo

Equation 5.22 represents an imbalance between internal and external virtual energy.
Since dp represents a vector of arbitrary virtual infinitesimal nodal displacements:

/ / /V B,SdV,~ f = f (5.23)

= —qe=4q
where ¢; represents the internal forces and ¢, the external forces with ¢ being the
out of balance force. Assuming exact equilibrium the variation of 5.23 leads to:

5q = / / / B! 5SdV + / / / 5B!,SdV, = 0 (5.24)
Vo Vo

The evaluation of the second term in 5.24 can be achieved if it is realised that this
equation is equivalent to the variational form of equation 5.21:

5@:// V5§G:5§+// [ 5(020) : 507, (5.25)

but it can be shown that:

1 1 1
eo=5(@G-1)=5(9+7)+34' (5.26)
For repeated differentiation of 5.26:
L Loy Loy
deq = 5G'6g + -09'G + | 0g'g (5.27)
9= "2 %S 222/,

For infinitesimal virtual changes the last term in 5.27 becomes negligible:
L Loy
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where G, the deformation gradient equals (g—l— 1 ), with g being the displacement
derivative matrix.

G = 5 (¢ +1) g+ 304 (4+1) (5:29)

§ (deg) = dg'dg (5.30)
Substitution of 5.30 into the last term of 5.25 gives.

5 (6eg) : SV, = S : 5g'5gdV, (5.31)
/1], [ ]800

For a two-dimensional case 5.31 can be expanded in matrix form as.

S S dou  ddu ou  dou
[[[ scotssavi=[[[ o0 G2 ]| % & || % ] 6o
Vo T Vo L P21 P22 oy oy E2T

which can further be re-arranged as:

Ou 1! Sy Sz 0 0 ooy
8 Sig S 0 0 85
// ngagt(sgdvo:///v 5 0 0 S Su 58 | dve
0 0
Bl lo 0 SuSul|s

/ / / S :6g'6gdV, = / / / 80'S50dV, (5.33)
Vo Vo

but from equation 5.11: 66 = Lop, therefore:

/ / / S : 8¢t6gdV, = opt / / / LSLAV,ép (5.34)
Vo T - Vo -

The first term in 5.24 however involves the variation of the 2"¢ PK stress. In the
derivation of the non-linear variational constitutive relationship between S and g
based on the Mooney-Rivlin strain energy function the following matrix expression
is obtained (see appendix D, equations D.8 and D.9):

68 =D (p,p) o+ o (p)dp (5.35)

with D(p, p) being a matrix and g being a vector. It can be seen that D(p, p) and p
are both functions of the field parameters. Also note that because of the volumetric
term in the Mooney-Rivlin strain energy equation, pressure field parameters have
been introduced into the formulation. Equations 5.34 and 5.35 can be substituted
into 5.24 to give:

0q = / / / (Eﬂ [D (p, p)] B,.,6p + B0 (p) NLop + ESL@) v, (5.36)
6
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(5q—/// B..D (p,p) B,, + L'SL dV5p+/// p) N dV,ép (5.37)
Vo VO

dq = Kop + Pép (5.38)

where:
~ [ [ (Bunw.p) B+ LSL) av. (5:39)
Vo

/ / /V p) N,dV, (5.40)

Note: the residual vector dq is derived by equating the variation in the internal
strain energy to the variation in the externally applied loads, thus:

00 = oW

[ ][ sctsavi=srr
Vo
/ / / op' BLySAV, = 6p'F

Therefore the variation in load, the residual load vector is given by:

p- [ [ Busw, (5.41)

Equation 5.38 represents an element equation based on the conservation of energy
(principle of virtual work). Compliance with the conservation of energy ensures that
kinematic constraints and internal and external equilibrium conditions are automat-
ically satisfied.

| rQ

The total number of element equations must equal the number of unknown field
parameter coefficients (nodal values). Consequently an element equation based on
a pressure-displacement relationship is required. This relationship can be stated as
follows.

(5.42)

e K (J—1)= K(au o 6w)

or "oy oz

This equation represents a partial differential equation and can be solved by use of
a Galerkin Weighted-Residual approach, hence:

///VO((J—1)+%)5PdVo=6Bt///VOﬂp((J—1)+%>dV0:0 (5.43)



= 5£t f=0
This relationship holds for any virtual pressure change dp so that f represents a lack
of pressure compatibility:

:///V N, (=1 +2)av, (5.44)

Again the variational approach is taken to obtaining the variational pressure compat-
ibility equations. Defining the variation in pressure p and the coordinate Jacobian
J as follows:

Prew = Pold T dp =p+ dﬂ (545)

Jnew = Jog +dJ = J +dJ (5.46)

Then the variation of equation 5.44 can be written as:

5f = /// [p+dp (J—1)+dJ}dv0:o (5.47)

which can be written as:

//VN pdV—i—//VNdeV_—i (5.48)

with:
t
dp=N,dp (5.49)
dJ 813 1 -1 813

1
It was shown from equations D.57 to D.59 in appendix D that ¢ = —I3 C™!, there-
fore:

dJ = —g'(p)deg = ' () Budp (5.50)

Substituting equation 5.49 and 5.50 into equation 5.48 gives the variation of the
hydrostatic pressure imbalance, thus:

(/ / VOM”M‘W") %" (/ / . ﬂpﬁtﬁnld‘@) dp=3f (5.51)
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which can be put in the following form:

of of

3 =—0p + 8—5;0 Hép—Plop=45f=0 (5.52)
where:

-0 af o 1

=[] Ny, (5.53)

op T op ap vo K77

Note: In equation 5.51 it has been assumed that the residual vector is given by
0 f = —f for the following reason. The definition of the pressure imbalance variation
is:

5i = inew - iold

Thus if f =0 then 0f = —f, which was shown to be given by equation 5.44.

5.5 Linearisation of element equations

Equation 5.52 and 5.38 represent the governing element equations for the nodal
displacement p and pressures p. Equation 5.52 and 5.38 can be re-written as follows:

dqg = Kop+ Pép = g—ép + ?5p =0 (5.54)
§f = —Ptép+ Hép = gf op + gf Sp=0 (5.55)
I p P P

Written in the above form the application of the Rayleigh-Ritz procedure becomes
apparent with a system of equations formed from the variation of the field parameters
dp and Jp extremetized to minimise the virtual "out of balance’ force and pressure
variations d¢q and 4 f.

The non-linearity of the element equations is manifest by the fact the matrix ex-
pressions K, P and H are themselves functions of the field parameters p and p.
Consequently an iterative solution procedure based on the Newton-Raphson algo-
rithm is required. The Newton-Raphson algorithm is based on Taylor’s series for
numerical evaluation of functions, but with the higher order terms disregarded. The
Taylor series is of the form:

of h:0%f hRPOf

f(x_*_h):f()_’_h%“f‘aw“f—yﬂ—f— (556)
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If the higher order terms in 5.56 are ignored the resulting equation can be re-arranged
to give the following expression, which summarizes the Newton-Raphson approach:

,9f

he (5.57)

of = f(z+h)—f(z)=

Thus it can be seen that in the Newton-Raphson scheme the term ¢ f represents the
error in the non-linear expression f evaluated at the previous iteration value of the
field parameter x. This system of equations can be solved for A, the field parameter
increment to be used in the next iteration where a new ¢ f error value is calculated.
This process is repeated until the algorithm is said to converge when usually the
ratio h?/x?(the square of the field parameter increment over the square of the field
parameter value) reduces below a specified value.

A slightly modified Newton-Raphson scheme can be used where the external load
is split up into increments. This basically means that a separate Newton-Raphson
solution is run for each load step. This enables the non-linear function f to be
evaluated over a range of load/displacement points.

With reference to the rubber finite element formulation the Newton-Raphson equa-
tions can be summarized as follows:

[gﬂ:[—ﬁﬂt P] [gzl} (5.58)

o (p+(5p0> +£(£+5£0)

9=

: (5.59)
6f =—P (p+<5p ) +ﬂ<g+6g0)
where dp , dp, are the current field parameter increments and dp ,0p, are the next
field parameter increments.

5.5.1 Element equation formulation, plane stress

It was explained in section 5.4 how two sets of non-linear simultaneous equations
need to be solved when dealing with the case of plane strain. This being neces-
sary because of the two field functions for displacement and hydrostatic pressure.
However for the case of plane stress the hydrostatic pressure is not independent
and can be expressed in terms of the displacement field function. Therefore with
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a modified constitutive stress variation matrix K (see appendix D) only the set of
non-linear simultaneous equations for the displacement field variable are required.
The unknowns are then simply the nodal displacements as is the case for standard
linear finite element formulations.

5.6 The evaluation of the right Cauchy-Green ten-
sor

As stated in equation 3.12 the right Cauchy-Green tensor can be expressed as:
C =G'G (5.60)

Thus for the evaluation of C it is required to find the deformation gradient matrix
G, whose individual elements are the derivatives of the current co-ordinates with
respect to the reference co-ordinates. Again with reference to chapter three G can
be expressed in terms of the displacement derivative matrix g as follows:

G=(g9+1) (5.61)

The components of g are the derivatives of the displacement with respect to the
reference co-ordinates. Therefore to evaluate C it is necessary to evaluate the dis-
placement derivative components. For two-dimensional problems it is possible to
define four of the displacement derivatives as being zero, namely:

6u_8v_8w_8w

= = =" =) 5.62
820 82() 8950 8y0 ( )
In addition, for the case of plane strain it is possible to set the g—;‘(’) derivative to zero,
hence in the deformation gradient matrix it follows from 5.61 that:

0z

9 1 (5.63)
Therefore for the plane strain two-dimensional case it is only necessary to evalu-
ate the four X and Y component displacement derivatives. From standard finite
element practice it will be remembered that the derivative of the field parameter
(displacement) is obtained by summing the products of the element node values and
the corresponding shape function derivatives, (with respect to Cartesian or intrinsic
co-ordinates) thus:

Ou(z,y) _ gj u; ON;(zy)

ox y ox
i~1 (5.64)
D) 2221 u; 2
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Hence to evaluate the displacement derivatives with respect to the reference co-
ordinates the shape function derivatives with respect to the reference co-ordinates
are required [16]. These derivatives can be expanded using the chain rule and
intrinsic co-ordinates as follows:

ON; __ N 1o = ON; 9¢ ON; On

dzy — ' 0 T 3¢ Bz dn dzo (5 65)
ONi _ . — ON; 08 | ON; On :
dyo Y0 = "53¢ ayo T “an ayo

Equation 5.65 can be re-arranged and put in matrix format as follows:

oz By 3Nl
T 0 . i )
6770 an Nza Yo

The intrinsic derivatives of the shape functions in 5.66 are easily defined. And hence
the reference co-ordinate derivatives in 5.66 can be defined using the isoparametric
interpolation as normal:

N
RN I
=t v (5.67)
Tre Lo =X o)
Hence 5.66 can be solved for the unknowns N;, o and N;, yo as follows:
oz a -1 AN;
NZ: Yo an an on (5 68)
Oyo Yo ON; )
Nia Zo 1 % _8_§ 0
N. — a dxo dxo ON;
i» Yo “an ot an
where:
_ [%%_%%} (5.60)
o6 on  0¢ On

Having solved for the shape function derivatives from 5.68 it is then straight forward
to obtain the displacement derivatives by isoparametric interpolation.

N
ou __ ON; ou __ ON;
dzo Z Wi 3o dyo Z i Yo
=1 i=1 5 70
2] N ol 2] N ol ( . )
Ov _ _ON; Ov __ _ON;
Oxo z—zjl Ui oxo dyo z—zjl Ui Yo
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For plane stress however the g—;‘(’) component is not zero and the following approach
is required for its evaluation. From the definition of J as the determinant of the
deformation gradient matrix G it can be deduced that:

J = |G| = G33[G11Ga22 — G12G 2] (5.71)

If total incompressibility is assumed then J = 1, hence the (G33 component can be
solved from equation 5.71.
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Chapter 6

Non-linear boundary element
modelling of rubber

6.1 Introduction

In the FEM the element equations were derived starting from a variational equation
formed using the principle of virtual work. Trial field parameter solutions were then
placed in the variational equation to obtain a residual expression. The unknown
coefficients in the trial function were then obtained by extremetising the resulting
residual equation. The trial functions were chosen so that the boundary conditions
were satisfied before hand. In order to reduce the order of the trial solution the
domain of the system was discretised into elements. This resulted in a system of
element equations, one for each nodal degree of freedom.

In the BEM the governing equation used for elasticity problems is the equation of
internal equilibrium. Again a trial function is used in the equation of equilibrium
to give a residual expression, but this time the trial solution is chosen so that the
equation of equilibrium is satisfied in the domain of the system before hand. The
unknowns then become the coefficients of the trial solution when at the boundary
of the system. The residual equation is then multiplied by a weighting function (the
fundamental solution in the case of the Galerkin weighted residual) and integrated
over the boundary. The resulting weighted residual expression is then equated to
zero to solve for the unknown coefficients. In order to reduce the order of the
trial solution used the boundary is discretised into elements as in the finite element
method. The unknowns then become the nodal displacements and tractions on the
boundary elements. Again this results in a system of BIEs, one for each nodal degree
of freedom (displacement or traction) on the boundary.
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6.2 Theory

6.2.1 The basic non-regularized BIE for elastomers

The starting point for the derivation of the non-linear BIE is the equation of in-
ternal equilibrium referred to undeformed co-ordinates (see appendix C). Note f,
represents the domain loading in the following equation.
2

0o

P =0 (6.1)
p=1 P
The stress in 6.1 is the first Piola-Kirchhoff stress or total stress and can be split
into linear and non-linear components such that:

g=0ut+g (6.2)

Then the equilibrium equation can now be written in terms of linear and non-linear
stresses, with the non-linear stresses taking on the appearance of domain loading
terms. Hence:

2

dat,
DS fa=0 (6.3
p=1 P
where
2
ao.nl
=3t (6.4)
a1 amﬂ

Expanding out equation 6.3 and using the weighted residual approach to form the
BIE. Thus using the two arbitrary weighting functions v* and v*:

. [odt orl. (O Doy
//Q[u (6m+ LR R b ekl me

Obtaining the weak form of equation 6.5 (derivative on the field parameter reduced
by an order of one) by using integration by parts gives:

dQ =0 (6.5)

fr [u* (lal$ + m’i’éy) + v* (lTéy + magll)] dr'—

ou* ou* ov* ov*

[[ besztssgans [[ o plan—o
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Writing:

= z Yy 'zy
where
o ou* o ov* . ou’ N ov*
T Oz v 9y Tay = oy  Ox

therefore equation 6.6 can be written as:

// ) ldQ+j[(Tlu*+Tl ) dl'+
// (fou* + fv*) dQ+//[u fo+ v f,]dQ2=0

For the linear o' in the absence of initial stress and strain:

(§*)tgl — (§*)t Ql_l — (g*)t§l

* —_—
g = (‘7 ay Twy)

Thus the first term in equation 6.11 can be re-written as:

// (§*)tgldQ:// (g*)t&‘ldQ
Q
o ov ,O0v
=[], Lot + 7oy v +oigy o0

Using integration by parts equation 6.13 can be written as:

/ / (é*igldQ = fi (Tru+ f;v) dr
LG o (e 5]

* * *
T, =loy +mTy,

where:
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1y = lr;, +moy (6.16)

Substituting equation 6.14 into equation 6.11 gives the inverse weighted residual.
The equation is an inverse weighted residual because the derivatives have been re-
moved totally from the field parameters v and v, thus:

f(T’u*JrTl *)dr — f(TquT* dF-l—// (f3'u* + f'v") dQ+

e [ (545 0 (5 ) -

Taking another set of equilibrium equations including fundamental loading terms:

(6.17)

2 *
do,
E B +fo=0 (6.18)
g1 918

Thus the last domain term in equation 6.17 can be written as:

//[ (?9(; 8;?)”(%? %Zyﬂdﬁ— // ufy +vf;]dQ (6.19)

The fundamental loading terms are defined as follows:
fr =ed(x =iy — yi) (6.20)
fy =ey6(z — i,y — yi) (6.21)

where e, and e, are the applied force per unit thickness at the source point (z;, y;).
Using the following properties of the Dirac delta function:

//ﬂ“ (z,y) 6 (x — x4,y — y:) dQ = Cyu (24, y3) (6.22)

where

C; = 1 if the source point (z;,y;) is inside the domain Q.

C; = 0 if the source point (z;,y;) is outside the domain €.

C; = 0.5 if the source point (z;,y;) is on a smooth continuous boundary T.

C; = g% if the source point (x;,%;) is on a corner of angle o; on the boundary I'
enclosing the domain (2,

hence substituting equations 6.20 and 6.21 into equation 6.19 and then putting
the result into equation 6.17 gives the non-linear BIE.

Ciuieg + Civiey + 7{ (T;u + Ty*v) dl' =
r

}g(Téu*+Tév*) dF+//Q (f + frto) dQ-l—-l—//Q Wy + 0" f,] O
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The fundamental solution parameters 7;;,7;,u* and v* are functions of the distance
between the source and field points. It can be shown that the fundamental solutions
can be expressed in terms of kernel functions and the fundamental load components.
The exact form of the kernel functions is given in appendix B.

2
up (@ =2,y —yi) = > Gap (& — 21,y — y:) €5 (6.24)
B=1
T; = F11€$ + F12€y (625)
T; == Fglem + F22€y (626)

where for a = 1,2 then u; = u and uy = v.

Noting the arbitrary nature of the e, and e, components then for a single direc-
tion component equation 6.23 can be written as:

2
C’iuai + Z % FgQUng =
p=1"T
2 2
> 7{ GoaThdl + ) / / Gpaf3dQ + U,
=11 =170

where the domain loading is represented by Ul,:

2
Us=) / / faGpadQ
p=17/%

A further simplification can be achieved if the non-linear domain term is integrated
by parts, thus:

(6.27)

nl —
z//aﬁafﬂ w0=3"3" [ 6. 25 |40
y=1 =1
(6.28)
oG
S furgar =33 [[ o1 %2 o
ﬂ=1j§ y=1 g=1 8305
Substituting equation 6.28 into 6.27 and noting that:
T, =T +T" =lo, + MTyy (6.29)
T, =T, + T} = 1y +moy (6.30)
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then:

2
Ciuai-f-Z]{Fgau/de:
B=1 r
Z%G Tpdl' — ZZ// m el 4o 1y
partp ’67 31‘g @

y=1 =1

(6.31)

Equation 6.31 is the basic non-regularized BIE of displacement. The singularities
present in this BIE as the field point becomes coincident with the source point
are as follows. The first boundary integral term contains a 1/r strong singularity.
The second boundary integral term contains a weak log(r) singularity and the final
domain integral term contains both a 1/r strong singularity and a 1/r? hyper-
singularity. The 1/r? hyper-singularity occurs as a consequence of the non-linear
stress components which are generated by displacement derivative BIEs. These
displacement derivative BIEs are discussed in section 6.2.3 of this report. Note that
the domain integral U, representing the domain loading, such as that found for the
test case of a rotating disk, can be reduced to a boundary integral as explained in
appendix G. Note:

r= \/ (z — )" + (y — v) (6.32)

where (x,y) is the field point and (x;,y;) is the source point.
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6.2.2 Displacement BIE regularization

Before the equation stated by 6.31 can be used in any computer algorithm some
means of making the various singularities calculable needs to be found. The log(r)
singularity in the second domain term can be dealt with by means of logarithmic
quadrature (see appendix F). The 1/r strong singularity contained in the second
boundary integral term in the Fj, kernel function can be removed by means of the
Cauchy principal value theorem [28], which can be stated as follows:

j{F5QUng = lim [% Fgaung +% Fgau/de] (633)
r F_FE FE

e—0

where I'. represents the part of a small circle with radius € center (z;,y;) crossing
the boundary around (z;,y;) as shown in figure 6.1 below.

r-Te

Figure 6.1: Cauchy integration region on boundary.

The following notation is used:

lim Fga’lLﬂdF E% FﬂQUgdP (634)
1“/

e—0 I—T\.

which means the contour integral without the Cauchy principal value, which is
defined from:

11_1)% - FﬂauﬁdF (635)
Using the 'mean value theorem’ equation 6.35 can be written as:
11_1)% . Fﬂau/gdr = Ug; (11_{% f;ﬂe F/;adl‘> = Tﬂaium (636)
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where Tg,, is the Cauchy principal value defined as:

Tﬁai = 11_1’)% fi_‘e Fﬂadr
hence:

fFﬂauﬂdF = % FgaUﬂdF + Tﬁaiuﬂi
r N

Thus substituting equation 6.38 into equation 6.31 gives:

2 2
Z [Ci(sag + Tﬂai] ug, + Z% F5QUgdP =
p=1 B=1 '
2 2 2 8G
GpaTpdl — / / [a"l 7‘“] dQ + U,
; jé ; ; Q o Ozg

Then defining:
Cap; = Cidap + Tpa;

then equation 6.39 can be written as:

2 2
Z Ca/giu,gi + Z% FﬂQUng =
B=1 g=17T"
2 2 2 8G
G Tsdl — // [a"l 70‘}dQ+Ua
> g Gntar =305 [ |5

If the condition of rigid translation is applied then:
ug(z,y) = Cy

(6]

hence:

2
> (cgm + ]{ Fﬁadr> Cs3=0
I‘I

p=1

Cop; = — ?{ Fodl
1“'
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The Cauchy principal value term Yg,, in equation 6.40 can be shown [12] to be zero
for source points inside the problem domain or on a smooth boundary. However
the Cauchy principal value for corner points is not zero and needs to be taken into
account in equation 6.40. Fortunately this is easily achieved by utilizing equation
6.42 to evaluate the full modified Dirac Delta constant. The domain integral term
in equation 6.41 contains a 1/r singularity. The singularity will not occur unless the
source point is on an integration cell. The method of regularization is as follows.
Applying the following theorem:

/ / ep 9 f(x,y)dQ = / / aG”‘ﬂ (f = fi)d2+ / / Ga fidl (6.43)

The second domam term in equatlon 6.41 can be written as:

2

G _n
zz/ ax; Bd =

. s (6.44)
S [ 50 ane [ B
y=1 =1 xﬁ
Then applying integration by parts:
22: 22: aG’W nl dQ —
=1 A1 69@
s 9 (6.45)
8G7a j{ ]
dQ+ ¢ Gyl dr’
;; [// Oz5 "67 (5, } > Grals (),
then defining:
T =1(ay"), +m (1), (6.46)
Ty =1(my), +m (o)), (6.47)
These are not the same as (T"l). and (T;l)i which are defined as follows:
(T3, =i (o3"), + mi (13), (6.48)
(77), = b (72) + ma (7)), (6.49)
Hence equation 6.45 can be written as:
ZZ // Gt _
., e (6.50)
// 8(;7“[ dQ+Z%G Tridr
;52_:1 o Ozg %6y~ ro

84



Enabling equation 6.41 to be written as:

2 2
ZCaﬂiuﬂi + Z% Fgoupdl’ =
_ g1 /T
2 2 0Ga 1
Zéaﬁam— | dr — ZZ// ax; ohl — (%)}dQJFU
p=1

v=1 B=

(6.51)

Equation 6.51 represents a fully regularized form of the displacement BIE (assuming
the non-linear stresses in the last domain term are known). The second boundary
integral term can be solved by logarithmic quadrature. The final domain term can
be shown to have no singularity if the Cauchy principal value theorem is taken,
hence:

2 2

aGa n n
S [ T [ - (e3h) ] an =
v=1 B=1
SN 6Ga o aGa o .
X[, o o o [ o oo

(6.52)

Applying integration by parts and the mean value theorem to the last term in 6.52
then:

S5 ] %6 - ) n

=1

) 0G.q on n
ll—I}(l)ZZ [//Q . 53; l B (Uﬂ'ly) ] d2 + 0/37 o Uﬂ'y j{ G“Yalﬂdr}

y=1 =1

(6.53)

It can be shown (Appendix B) that the kernel function G,, in equation 6.53 is of
the form:
1

Grog = ———||[C = (3—4p)logr| 6ye + 1,1, 6.54
o= g7 (€ — 6= ) ogr] oo + L (654
Given:
dI' = rdf
then:
lim Gml(de =
e—0
)

lim

—— e — (3 —4p)eloge| byq + €lyl,] dO
lim oty [l (3~ Ap)eToge] 00+ <Ll
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where 6; and 6, are the values of # at the starting and ending points defining I'.. It
can be shown using L’hopital’s rule that:

lim eloge — 0
e—0
Hence it can be deduced that:

lm [ Galpdl — 0 (6.56)
Te

e—0

Therefore it can be seen that the domain integral in equation 6.51 has no Cauchy
principal value and is regularized in the form shown by equation 6.51.
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6.2.3 Regularized displacement derivative BIE

The regularized displacement derivative form of equation 6.51 will contain two 1/72
hyper-singularity integral terms when the derivative is taken. The first will be
for the first boundary integral term involving the kernel function derivative é)aFi.
The second will be due to the domain integral term involving the double derivative

g;%w kernel Which generates the 1/r? singularity. Taking the singularity due to the

derivative kernel 2 ﬁ" first, if equation 6.42 is substituted into equation 6.51 then
the following expressmn is obtained:

2
> ]{ Fpa (us — up;) dT" =
B=1
2 _ 2 2 aG .
> § Gon 1= 1) ar =303 [ T [ant — (a3) | a2+
B=1

Note that the Cauchy principal value of the first boundary integral term vanishes.
Differentiating equation 6.57 with respect to z4; involves the following:

(6.57)

0

(@ — @iy — i) [ug (z,y) — ug (25, y:)]] =

Osi (6.58)

8F/3a [U, —u ] _F 81%. _ _8Fﬂa [u —u } _F 8’[1,/3Z .
(93:(” g Pi po 3x52~ o ax5 b bi po 83751
Noticing that for a source point (z;,%;) on an internal domain point:

au,(g aUﬂ 3Ug‘ 811,5.

- Fg, idl = — g Fg,dl' = Cj,, L = 03a ! 6.59

f ;7% B, Ozs; f f P s, — " O, (6:59)

Thus using equation 6.59 and differentiating equation 6.57 it can be deduced that:

2
dus, OFe
z_: Cﬂaz‘ ax(sl Z ﬁ/ 8.%5 /U’/B - U/Bi) dr'-

(6.60)
0G4 n 0°Gya
Z}( B, T Tl dr+z:1;//8x53;5 am (am)]dQ%—Ew;
= 1
where:
oU,
Eqs = (%5

which, though not obvious, is a fully regularized displacement derivative BIE. The
first boundary integral term has been shown experimentally (by developed software)
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to be regularized for the 1/r? singularity in the ‘m kernel function as long as the
problem boundary nodes and post solution BIE source points are coincident. This
is achieved by the (u5 — ug, ) factor cancelling out the singularity when the source
and field points are commdent The second boundary integral in equation 6.60 has
a 1/r singularity in the % kernel function and can be shown to have no Cauchy
principal value and hence be regularized. Consider the simplified boundary integral:

0G s

r Oz,

dr (6.61)

Applying the Cauchy principal value theorem to equation 6.61:

?{ 9Gas 41 = tim [?{ 0Cas g 4 7( aG“ﬂdr] (6.62)
T a:c,y e—0 r-T. ax,y T, aiE,y

Extracting the Cauchy principal value term and assuming r — ¢ it can be deduced
that:

01+27
lim ¢ 2598 4r — fim f 9Cas 49 (6.63)
7

e=0 J_ Oz, e—0 8x,y

From equation B.76 (but taking the derivative w.r.t a field point) in appendix B:

0Gap 1 [87" or or Or Or

or
= ) Oay —2=———-— — [3—4p] =0,
0z,  8mu(l—p)r |0z, oy ozg 7 [ 2 0 g

0z, 0z Ox, Za
And noting:

x =x;+rcosb y=1y; +rsinf

It can be shown that equation 6.63 evaluates to zero for a source point on a smooth
boundary or inside the problem domain where the integration limits are § =0 — 7
and # = 0 — 27 respectively. Note that by a similar proof to that given in section
6.2.2 for equation 6.56 the domain integral term in equation 6.60 can be shown
to have no Cauchy principal value and therefore has its hyper-singularity removed.
Consider the final domain term in equation 6.60 and apply the Cauchy principal
value theorem:

2 2 a G
il nl nl .
721;/ &rgaxﬁ (‘7,37) } dQ =
2

i3S [[[ 2O (o (o) Jans [ 2o [t (o) ao)

=1 g=1
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(6.64)

Then just considering the last domain integral in equation 6.64 and applying the
mean value theorem followed by integration by parts the following is obtained:

0G4

o8 — (03) | I ¢ 1575

ar = (ot (o), im zaagza edf (6.65)

e—0 0

Hence when the source and field points are coincident the 1/e singularity is cancelled
by the € term as well as the [057 (037) ] factor. A slightly different approach can

be taken to regularizing the final domain integral term starting from the following
partially regularized derivative BIE:

0F34
§ :Caﬂzax E ,j{ axi, (us — ug,) dI' =
8Ga ZZ 0°Gha
_ E f B TdF—i— // [ 'B’Yax&a’;ﬂ] dQ+Ea6

v=1 g=1

(6.66)

The Cauchy principal value theorem can be applied to the final domain term result-
ing in:

anﬂza Z ), 8%, (up — ug,) dI' =

9Gsa
- Z 7( P2 T3dl + Eog (6.67)
5=1JT Oxs

2 2

lg%;z [//Q o '376I56Igd9 /~/6 033(56333 ) ds

1 8=1

Using the mean value theorem and integration by parts the last domain term in
equation 6.67 can be simplified giving:

L
Z Caﬁz am 5 Z ﬁ:l O U/B - uﬂi) dl’ =

0G sq
- Z 7{ oAl + East (6.68)
r Ozs

2 2
0Gq
IEZZ[// ﬂvaxéaxﬂdm(ﬂv)  ear]

=1
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where:

or
lg = — 6.69
d a.’tg ( )
Defining;:
*Gq
0i8 = 6.70
J’Y o 8%58%5 ( )
BG
Tyasp = l(; (6.71)

.- //Q . 67

enabling equation 6.68 to be written as:

anﬂz 5 Z ), 3% (us — ug,) dT" =

0G 54
- Z ]{ PP AT + o+ (6.73)
r 0xs

lg%ZZ [// 05y J100pdQ + (035), f méﬂdr}

y=1 =1

The domain loading domain integral F,z can be reduced to a boundary integral as
discussed in appendix G.
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6.3 Program implementation

6.3.1 Numerical evaluation of the non-linear domain terms
in the BIE

In the preceding process it will be required to evaluate the domain terms in the
BIE of displacement, equation 6.51, and the displacement derivative BIE, equation
6.60. The evaluation of these terms utilises techniques borrowed from the finite
element method. The domain enclosed by the boundary is discretized into domain
cells. Consequently the domain terms can be evaluated using Gauss quadrature for
each of the domain cells that make up the total problem domain. The process is
summarized by the following two equations.

i (Z Z {ZZ 6G7a (o8, (e, n))} |7 Wsz> (6.74)

c=1 \Il=1 m=1 [y=1p3=1

Te

66Ux§ == (ZZ [ZZJWM [% (o55) ]} | J | WW, ) (6.75)

c=1 \Il=1m=1 [y=18=1

The non-linear stresses at each Gauss point are evaluated from the difference between
the 1" PK stress and the linear stress (obtained from the product of the total strain
and the linear constitutive matrix). It can be shown (see appendix E) that the free
term coefficients in equation 6.68 are constants and have the following values. In
table 6.1 p is the shear modulus and p is the modified Poisson’s ratio (plane stress
or strain).

Table 6.1: Displacement derivative free terms.

Ti111 = —% Ti211 =10 T2111 =0 Too11 = —%
Ti1112=0 Ti912 = Wll_p) Tonz = Wll_p) T2912 =0
T1191 =0 Ti901 = Wll_p) To1091 = Wll_p) Tr192 =0

Ti192 = —% Ti902 =0 T2122 =0 Tog90 = — 15(52?182,)
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6.3.2 Solution algorithm

It is possible to discretise equation 6.68 into the following form:
Au=Bu+Dt+g(Au,p) (6.76)

If N is the number of source points (nodes) and M the number of domain cells then
the matrices B and D have a dimension 4Mx2N and the vector g the dimension 4xM.
The dimensions of the B and D matrices are 4Mx2N because there are 4 derivative
components and two displacement components. The discretized form of equation
6.51 can be written as:

Hu=Gt+ f(Au,p) (6.77)

Thus H and G are 2Nx2N matrices and f is a 2N vector. By applying prescribed
boundary conditions to equation 6.77 it can be re-written as:

Ay=C+1 (Du,p) (6.78)

It can be seen that the BIE involves a non-linear term, which is a function of the
displacement derivatives and the hydrostatic pressure. With the above equations
it is possible to formulate the iterative solution procedure for non-linear boundary
element analysis as follows. From equation 6.77 (the discretized system of boundary
integral equations) it can be seen that non-linear terms are involved which are a
function of the displacement derivatives and hydrostatic pressure. The dependence
of this term on the hydrostatic pressure and the displacement derivatives stems from
the term’s involvement of the first Piola-Kirchhoff stress (total stress) in its deriva-
tive. These non-linear terms can be seen to augment the force/traction vector C' in
equation 6.78, the reduced system of BIEs after prescribed boundary conditions have
been applied. Thus a solution to equation 6.78 must involve an iterative solution
procedure.

As with most iterative solution procedures the first step is to solve the equivalent
linear problem to obtain an initial estimate of the solution. This involves solving
equation 6.78 but ignoring the domain term with the non-linear stress. The solution
vector to this equation can then be used to evaluate the displacement derivatives
and hydrostatic pressures to use in the full non-linear BIE (equation 6.78 including
the non-linear term).

Obviously this first solution vector, and subsequent solution vectors before conver-
gence, will not fully satisfy the full non-linear set of BIE and a residual or error
value will result if the solution vector is substituted back into equation 6.78. This
residual can be reduced if a new set of hydrostatic pressures and stresses are cal-
culated based on the previous iteration results. These values can then be used to
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compute new non-linear domain terms to augment the standard linear BIE force
vector. The solution to this set of equations will result in an improved vector of
total nodal displacements and tractions. The difference between the new solution
vector and the old one gives the iterative improvement in the solution vector. This
process is repeated until the ratio of the square of the solution vector increment over

the square of the total solution vector results in a value less than a given permissible
(see figure 6.2).

Compute p,, based on y,
for plane stress/strain.

[

AgtAg

7 < error
YtotalYtotal

Figure 6.2: Iterative solution of non-linear boundary integral equations.
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6.3.3 Incremental modification to the solution algorithm

In section 6.3.2 the basic iterative solution procedure was explained. It is the case
that for non-linear problems the only way to achieve convergence of the iterative
process for most load cases is to break the applied load down into load increments.
This is certainly the only way to achieve convergence for the type of non-linear
hyperelastic stress problems dealt with in this research, particularly for higher loads
where the strains are several tens of percent. Therefore it is essential to develop
an incremental version of the basic iterative solution algorithm discussed in section
6.3.2. This can be achieved with the following algorithm (see figure 6.3).

As is usual for most non-linear numerical algorithms the first iteration of the first
increment is the solution of the equivalent linear problem. The next part of the
algorithm is as discussed in section 6.3.2 where by the previous solution vector
(tractions and displacements) is used to evaluate the displacement derivatives from
the DBIE to enable the non-linear stresses to be found so as to compute the non-
linear domain terms in the system of BIEs.

The significant difference however with the incremental algorithm is that for each
iteration the ’old’ and 'new’ values of the solution vector and the non-linear stresses
(at each domain Gauss point and at each source point) are stored. Therefore the
total solution vector is formed from the total cumulative sum of the change in
displacements and tractions at each iteration of each increment. Similarly in both
the BIE and the DBIE the change in non-linear stress (the difference between the
current and previous iteration values) is used in the non-linear domain term. This
means that for each increment the non-linear domain term reduces for each iteration
until convergence occurs. Therefore this algorithm is pseudo incremental because
at each iteration of every increment the system of BIEs is still solved for the total
displacements and tractions.

Note that for later increments with larger loads the problem geometry changes,
therefore some additional steps are required. Because the BIE derivations are based
on first 1°* PK stress values the prescribed tractions (surface stresses) need to be
converted to 1°* PK values, which will start to differ from nominal values as the
strain increases.
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Increment

loop Iteration
loop

Store Y

|

Using Aup—1), Ai(n_l) and Ag(,_1) compute g(,_1).
|

Solve system Hu, = Gt, + f (Ag(nfl))
to form y .

|

Store Y,

From y_ evaluate Aw,, Af and Ay=y - Yiu1y:
|

gtotal = gtotal + Ag

Using Au,, Af, and Ag(,_1) compute g, hence Ag,

n—1)

AgtAg

t
gtutulgtotal

< error

Yes

Figure 6.3: Incremental modification to iterative algorithm.
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6.3.4 Displacement derivatives at corners

It is obvious that surface tractions are discontinuous at corners. For the displacement
BIEs this was overcome by having coincident nodes on the corners, each one attached
to one of the elements meeting at that corner. Hence in the solution to the system of
simultaneous BIEs each discontinuous traction could be solved for its source point
at one of the coincident boundary nodes at the corners.

However for the DBIE needed for the evaluation of stresses this is not possible. The
DBIE is evaluated at the source point after the simultaneous system of displacement
BIEs has been solved for the boundary tractions and displacements. Since the DBIE
represented by equation 6.60 or 6.73 involves terms containing source point tractions,
when the source point is on a corner the DBIEs will not be accurate.

Therefore another approach to finding the displacement derivatives at a corner, for
a two dimensional problem for example, is to form four simultaneous equations in
terms of the derivative components ‘di—z, ‘3—;, S—Z and g—;. Since the traction components
are still discontinuous at the corner two sets of simultaneous equations are solved
for points slightly offset from the corner. The two sets of displacement derivatives
components are then averaged to obtain a close approximation to the corner values.
Typically the corner offset in intrinsic coordinates is about 0.05 or less for this

application.

The four equations to use for the simultaneous approach are taken from the defi-
nition of surface tractions and the partial intrinsic derivatives of the displacement
components, hence:

T, =log + m7y, (6.79)

T, = l1yy + moy, (6.80)

ou B 8u8_x 8u@

8_5_8_908£+8_y8§ (6.81)

81}_ ava_x 81}@

96 = 2008 " oy o (682)
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Standard constitutive relationships can be used to put equations 6.79 and 6.80 in
terms of strain components. In addition equations 6.81 and 6.82 can be put in
terms of element unit normal vector direction cosines by dividing through by the
Jacobian determinant of the element the source point is on. Therefore for finite
strain applications the linear small strain traction at the source point must be used.
With these points in mind equations 6.79 to 6.82 can be re-written as follows:

T,—T" 2

ou ov ou Ov
= 05 ) o5+ (059
T, - T 2m ou v ou  Ov
= — 1—p)— [ |=— 4+ — .84
I (1 —2p) [pax * p)ay] " [52/ - (%] (6:84)
ou ou ou
2] = —m— 4+ | — ;
8§/J m8x+ By (6.85)
ov ov ov
Or in matrix form:
2(1—p)l u Tp =13
((1—21;;)) m.m (12—l12)p) a_w no
2mp l l 2m(1—p) a_u T, -1y
(1-2p) (1-2p) 5| = p (6.87)
—-m 1 0 0 o 5/
0 0 —m I ay %/

This set of simultaneous equations is then solved for the two offset corner points,
and the average of their derivative components taken.

97



6.3.5 Plane stress and strain cases

In section 6.3.2 it was explained that as part of the solution algorithm it is necessary
to evaluate the in plane displacement derivatives in order to populate the right Green
matrix C'. This is achieved using displacement derivative BIEs as explained. For
two-dimensional problems the C'3, Cy3, C3; and Cy3 components are zero. However
the remaining C33 component value must be evaluated having considered the type
of stress analysis as follows.

Two of the three types of analysis that can be carried out in two-dimensional stress
analysis are plane stress and plane strain. For both these cases two problems arise,
namely, how to evaluate the C'33 component of the Right Green tensor C' and how
to evaluate the hydrostatic pressure?

Taking the case of plane strain first, it is obvious the C33 component is unity. How-
ever, the evaluation of the hydrostatic pressure is not straight forward. For the case
of plane strain there is no stress boundary condition to use for the solution of the
hydrostatic pressure at a point. This would also be the case for the more general
three dimensional case. Therefore another set of simultaneous equations is required,
covering each boundary node. The governing equation for compatibility between
the state of deformation and the hydrostatic pressure is equation 5.42 already given
in the finite element modelling chapter, hence:

p=—-K(J—1) (6.88)

As discussed in the finite element chapter if a weighted residual approach is used
the equation can be re-written as:

Z///f;;[%ﬂj—ﬂ dV =0 (6.89)

where the domain of the problem has been discretized into domain cells, just as with
the finite element method. Isoparametric interpolation can be used to interpolate
nodal values to Gauss points within the element domain using shape functions,
hence:

Z///jﬁtﬂ[%w“u—l) dV =0 (6.90)
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where M is the pressure interpolating shape function. For an infinitesimal change
in deformation this equation can be linearised as follows:

p=p+2Lp J=J+AJ

hence:

zg:///eM[p+KAp+(J+AJ—1)] dv =0 (6.91)

which can be written as:

F+Z///J%+AJ} MdV =0 (6.92)

where:

F=Z/// [%+(J—1)} Mdv (6.93)

Again the infinitesimal change in hydrostatic pressure can be expressed in terms of
nodal values using isoparametric shape functions, thus:

Ap=M'Ap (6.94)
Also using shape functions and the Right Cauchy-Green tensor strain invariants the

infinitesimal change in the determinant of the Right Cauchy-Green tensor, AJ, was
shown in chapter 5 to be given by equation 5.50, repeated here for clarity.

With AJ being the deformation change and B, the non-linear strain matrix (see
equation 5.20). Therefore the linearised constitutive equation relating the state of

deformation to the hydrostatic pressure can be written as follows:
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E+Z///M[Mt%—gtBMA§ dV =0 (6.96)

This equation can be re-written as:

K,Ap=)" ///Mgtﬁnld‘/ Ad—F (6.97)

where:

K,= Z/// M?Mtdv (6.98)

The system of equations represented by equation 6.97 is then assembled and solved in
exactly the same way as the finite element method to evaluate the pressure increment
vector Ap for a given deformation increment vector. The whole process is repeated
with each iteration of the outer displacement boundary integral equation loop.

It is worth mentioning at this stage a refinement to the algorithm required if the
Mooney-Rivlin material model is used. This topic will be expanded upon in more
detail in the concluding chapter of the thesis. The Mooney-Rivlin coefficients C}
and Cy can accurately be curve fitted from test data for the material, geometry
and loading in question. However, the bulk modulus K, which has been shown in
section 4.2.2 of chapter 4 to be a function of C; and C) is also a function of Poisson’s
ratio v. Since elastomers have a Poisson’s ratio close to 0.5 (near incompressibility)
a (1 — 2v) factor appears in the denominator of the Mooney-Rivlin derived bulk
modulus expression. Hence the value of bulk modulus K is highly susceptible to the
arbitrary choice of Poisson’s ratio value. In the absence of compressibility data for
a given elastomer an additional corrective iteration is required on the hydrostatic
pressure p derived from the iterative solution of equation 6.97. This is due to
the involvement of the bulk modulus K in the denominator of the stiffness matrix
K  elements. The exact form of this corrective iteration will be discussed in the

p
conclusion of this thesis.

Plane stress analysis is less problematical. If it is assumed that the material is
incompressible then the determinant of the Right-Green tensor C' must be unity.
Accepting this then the value of the C33 component can be found. In addition the
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hydrostatic pressure can easily be found using the constitutive equations and the
zero out of plane stress boundary condition. Alternatively the hydrostatic pressure
can be eliminated algebraically from the constitutive equations for the case of plane
stress as follows (see appendix D, equations repeated here for clarity).

S:v = B1 (1 - 02203?3) + B2 (011 - 02201:;’3) (699)

Sy == B1 (1 - 0110:?3) + B2 (022 - 01103?3) (6100)

Szy = C12C53B1 + By (C12 + C12C55) (6.101)
where
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Chapter 7

Direct numerical solutions

7.1 Direct numerical patch test solution

The patch test is a well known verification test in numerical stress analysis. The
patch test refers to the case of uniform axial load being applied to a unit cube of
homogeneous isotropic material. The patch test can be further broken down into
two subsets, namely plane stress and plane strain. In the former plane stress case
the out of plane deformation is unrestrained, in the latter it is not. In both cases a
vertical constraint is applied to allow for a state of equilibrium.

7.1.1 Plane stress and strain

For both plane stress and strain it can be shown that:

A
A==22 7.1
. (71)
where A is the deformed coordinate cross sectional area, A, is the undeformed
coordinate cross sectional area and A is the axial extension ratio. Therefore for
plane stress and strain it can be deduced that:
F F
TTA A, ° (7.2)
where o, is the true or Cauchy stress and o, the nominal stress. From equation
3.143 it was shown that:

1
o = -GSG' (7.3)
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where G is the deformation gradient matrix, S is the 2"¢ Piola-Kirchhoff stress
matrix and J is the deformed to undeformed coordinate Jacobian matrix. Thus
assuming complete incompressibility and substituting for the x component values it
can be deduced that:

0 = A8, (7.4)
therefore from equation 7.2 it can be deduced that:
0o = AS; (7.5)

By definition from the Mooney-Rivlin material model we have:

% _s

=5 (7.6)

where ¢ is the strain energy and ¢ is Green’s strain. Since Green’s strain was given
in equation 3.21 as:

e=(C-1) (7.7)

It can be deduced that:

99 _ 409

§:a§ aC

(7.8)
where C' is the Right-Green tensor. Therefore the general approach to deriving the
analytical solution is to utilise equation 7.8 to obtain an expression for S (via the
strain energy model) and then to use the result in equation 7.5, which becomes the
governing equation:

AS; —0,=0 (7.9)

Thus defining equation 7.9 as f(\), then the Newton-Raphson equation can be
written:

F o)+ DA (X)) =0 (7.10)

Starting from an arbitrary initial value of )\, equation 7.10 can be solved for A\, to
arrive at a new value of A, namely A\ = A\,+AM\,. This value is substituted back into
equation 7.10, a new A)\; solved for, and hence ;. This process is repeated until
(AA)E . . .. .
convergence occurs when =3 is less than a given permissible value. This process
is the same for plane stress and strain except for plane strain an outer iterative
loop is required to solve for the hydrostatic pressure p before convergence can be
achieved.
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7.1.2 Plane stress

The following description is the derivation of the governing equation f(\) to use
in the Newton-Raphson scheme for plane stress. From the definition of the strain
invariants and substituting in the C' components for the case of plane stress it can
be deduced that:

2

I =X+ 3 (7.11)
1

L=2\+ 3 (7.12)

In appendix D on constitutive modelling it was shown that (assuming total incom-
pressibility with I3 = 1):

2
By =20, + 20,1, = 2C, + 20, ()\2 + X) (7.13)

By, = —20, (7.14)

Also in appendix D for the case of plane stress, using the Mooney-Rivlin material
model, it was shown in equation D.69 that:

S;c = Bl (1 — 02203?3) -+ B2 (Cn - 02205’3)

_ 1 11 (7.15)

Therefore the governing equation to be used in the Newton-Raphson process can be
written as:

1 1 O,

7.1.3 Plane strain, incompressible

The derivation of the governing equation is similar to the plane stress derivation ex-
cept additional complications arise due to the hydrostatic pressure p in the following
expression (see equation D.33 in appendix D):
B3 — pJ
Sz:B1+B2)\2+7( 3/\2p )
From the definition of the strain invariants and the plane strain boundary conditions
it can be deduced that:

(7.17)

1
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The expressions for I; and I, can be substituted into equation 7.13 and the following
equation:

2 4
B3 = — (501]1 =+ gCQIQ) (719)

to utilise in the general 2" Piola-Kirchhoff stress equation 7.17. Given an estimate
of the hydrostatic pressure p the following governing equation can be used in the
standard Newton-Raphson procedure:

Ba —

B\ + B\ + @ —0,=0 (7.20)
Therefore some means of calculating p is required once the internal Newton-Raphson
process has converged on a A\. The hydrostatic pressure p can be defined as the
negative of the mean stress as follows:

(03 + 0y +0,)

3 (7.21)

pP=-

Now for the plane strain version of the patch test it can be assumed o, = 0. Thus
using the definition of Poisson’s ratio (with v = 0.5):

o, =v (0 +0y) =vo, = 50 (7.22)
Thus substituting for o, in equation 7.21 and assuming o, = S, we can conclude:

Again, using the general 2”@ PK stress constitutive equations derived in equation
4.45 of chapter 4 it can be deduced that:

Therefore the analytical solution for the plane strain case of the patch test involves
a Newton-Raphson loop nested within an iterative loop for the hydrostatic pres-
sure. The Newton-Raphson loop uses the governing equation 7.20 and the pressure
iteration loop uses equations 7.24/7.23.
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7.1.4 Plane strain, compressible

It was found that at higher strains there was a significant and increasing divergence
between the direct numerical and the numerical results. This is due to the boundary
and finite element programs allowing for compressibility, but the direct numerical so-
lution only catering for incompressibility. Therefore a compressible direct numerical
solution to the patch test is required.

The general approach is first to introduce compressibility terms into the standard
constitutive parameters using the general case A\; = Az, Ao = Ay and A3 = A, =1 as
follows:

I =14 )M+ A3

L=\ + A+ AT\

J:\/E:/\l)\g

QO

ol

O\,

?2 == 0213

Wl

Having all the constitutive parameters in compressible form the two governing equa-
tions are derived so that they can be solved simultaneously by the Newton-Raphson
method. The first of the governing equations is derived by equating two equations
for the hydrostatic pressure. The first equated equation comes from the definition
of bulk modulus K, i.e. p = —K(J —1). And the second equation is derived from
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the Mooney-Rivlin constitutive expression for the 2"¢ PK stress in the global y di-
rection, which by definition for plane strain uniaxial tension, is zero. Hence the first
governing equation can be stated as:

Ao Bs
A, Ag) = (B + Bo)2) = +
fl( 1 2) ( 1 2 2) A A

+KMA—1)=0 (7.25)

The second governing equation is derived for the axial extension again from the
Mooney-Rivlin constitutive equation but this time for the axial 2"¢ PK stress. Using
the relationship (see equation 7.5):

0-0
Se =% (7.26)

Equating this expression with the expression for the 2"¢ PK stress and cross multi-
plying by A; then substituting for the hydrostatic pressure p the second governing
equations is obtained:

B
f2 ()\1, )\2) = Bl)\l + Bz)\? + /\—3 + K)\Q(J — 1) — Op = 0 (727)
1

Re-arranging governing equations 7.25 and 7.27 to be in terms of the constitutive B
term coefficients:

fi(\, ) =B 22) B A P + KA —1) (7.28)

1 1y N\2) — 1 )\1 2 )\1 )\1)\2 112 .
B

fy (/\1,/\2):Bl)\l—i-Bg)\:{’—i-/\—?’—i—K(/\l/\g—)\z)—ao (7.29)
1

Therefore there are two non-linear governing equations in the unknowns A; and A,
which are to be solved by the Newton-Raphson algorithm. Hence the differentials
of the governing equations with respect to A\; and A\, will be required:

6f1 - 831 Ao 8B3 Ao )\g B3
oA N <)\1) + (5/\1> / (AtAg) B1)\—% — Bz/\—% - V3N + KX\ (7.30)
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% = % (%) + <%> /(A + A2)+£+3B2 (A—g) = + KX\ (7.31)
1

s O s A YA
N TR
ok (g%) ; (AT) oK @ 1) (7.33)

where:

?9—1;11 — 4Ty (7:34)
g_f; — 4Ty (7.35)

= Constant (7.36)
g—ff = (ga + 2@) A — 252)\1)\3 (7.37)
g_fj __ (ga + 2@) N ST, (7.38)

Using a first term Taylor series expansion the following pair of simultaneous equa-
tions in AX; and A\ are obtained:

0 0
(ai) AN+ (af\z) A Xy =—f1 (A1, Ae) (7.39)
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0 0
(a—ﬁ) AN+ (a—t) A Xy = —fy (A1, A2)

hence using Cramer’s rule A); and A\, are obtained as:

(.05 . of
AA1_<an—A2_fla—)\2>/D

_ (0 L Of
AAQ—(flaAl fga/\1>/D

where:

p=(a) (o)~ (3) (o)
N 8)\1 6)\2 3)\2 aAl

(7.40)

(7.41)

(7.42)

(7.43)

The the next iterative values for (A;), and (\2), are obtained from (A;),+ A); and
(A2), + A)g respectively. The process can be repeated until | A ;| and | A Ay are

less than a permissible value.
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7.2 Internally pressurized thick walled cylinder

7.2.1 Finite deformation kinematics and constitutive equa-
tions

It has already been stated that for a pressurized cylinder A,, Ay and A, represent
principal strains. Additionally from the condition of total incompressibility A, can
be expressed in terms of A\, and Ay as follows:

N2 (7.44)

Y

Therefore the displacement derivative matrix g in this case can be expressed as:

o g
g=]0 ¥ 0 (7.45)
- dw

0 0 5

Hence the deformation gradient matrix G can be written as:

(1+%) o 0 A 000
G = 0 (1+% 0 =|0 X O (7.46)
0 0 (1422 0 0 XA

Thus for this special case the Right Cauchy-Green tensor and its inverse can be
written as:

A0 0
C=1]0 X 02 (7.47)
0 0 X
A2 000
Clt=1] 0 )? 02 (7.48)
0 0 A
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The strain invariants of the Right Cauchy-Green tensor can thus be written as:

1

32 2
Iy= NN+ X2+ ) (7.50)
I;=1 (7.51)
From the constitutive derivations given in chapter 4 it can be deduced that:
S, = By + ByA\? (B — p) A2 (7.52)
Sp = By + Ba)y (Bs — p) A, (7.53)

Due to incompressibility J = 1. The hydrostatic pressure p required by equations
7.52 and 7.53 can be obtained from consideration of the plane stress and strain
boundary conditions. For the case of plane stress o, = 0, thus:

p = B1033 + BQC§3 + Bg (754)

Note: 0, = \,S,, since S, is the 2" PK stress, and o, is the 1% PK stress. In this
derivation all the stress components are the 1°* PK stresses as these will refer to
reference or Lagrangian material coordinates.

In the case of plane strain the geometry of the problem is used and the internal
pressure force is assumed to be reacted against by a uniform axial stress in the
cylinder wall. Hence if Ry is the outer radius and R, the inner radius:

o.m (R — R}) = mRp; (7.55)
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therefore:

_ P
%= Gr 1 (7.56)
where © = £2_ Since A, = - and using the relationship between the 1** and 2"
1 T NG
PK stresses:
AS = s (7.57)
Oy = Az = z .
Ar g
Hence, with C33 = A\, = 1 it can be deduced that:
1

7.2.2 Direct numerical solution

The solution algorithm can be broken down into three stages as follows:

1. Iteration on A, on the inside cylinder surface such that the radial stress is
equal and opposite to the internal pressure p;.

2. Iteration on A, for each data point through the radial thickness up to and
including the outer surface until the equation of internal equilibrium in polar
coordinates (equation H.10) is satisfied.

3. Iteration on wu,, the internal surface deformation, by repeating steps 1 and 2
until the outer radial stress is zero.

Note that steps 1 and 3 ensure that the boundary conditions are satisfied. All three
steps contain two standard numerical iterative processes that are used repeatedly
in the algorithm. These two techniques are the False position iterative method and
the modified Euler iterative algorithm.
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False position algorithm
All three steps use the same iterative algorithm, which can be summarized as follows.

Consider the function f(z) = y. The aim is given some prescribed value y, solve for
x. Step one of the algorithm is to form the relative error:

D, = w (7.59)

Yo

For the first iteration only scale the independent variable x; by some fraction of the
relative error D;:

where:

F<1

Using the new estimate of the independent variable x5, find a new relative error Ds:

[yo - f(xQ)]
Yo

D, = (7.61)

Assuming the change of relative error D from D; to D, is linear the intersection
of the line joining points D; to Dy at D = 0 will give a new value of independent
variable z (see figure 7.1). Thus the equation of the line from points (x1, D1) to
(2, D3) to be solved for z is given by:

D-D xz-—m

- 7.62
Dy — D,y Ty — T ( )
thus assuming D = 0 then:
— D
g T mm) Dy (7.63)

I3 =T1 — (Dl—DQ)
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Figure 7.1: False position relative error verses independent variable x

Then with relative error D3 for independent variable value x3 the next independent
variable value x4 is found from the intersection of the line (x5, D3) to (1, D;) with
the axis D = 0 using equation 7.63. The process is repeated until D,, is less than
a permissible value. The algorithm can be summarized by the flow chart shown in
figure 7.2.

114



whereF < 1

Tpi1 =Ty (14 FD17+1)

_ e (wa—z)Dy
Xntl = T1 (Du=Dn)

If Dyyq > Error

Ifn+1=1

D, = Dn+1
Ty = Tntl

Figure 7.2: False position algorithm

Modified Euler technique

Within step 2 it is required to solve two differential equations. To do this a modified
Euler approach has been used. In the standard Euler method the first term Taylor
series expansion of the function is used to obtain the next iteration approximate

solution to the equation:

Yn = Yn—1 + Axfl (:rn—l)

To reduce the cumulative build up in error the modified Euler approach assumes the
average of the gradients between two points is approximately equal to the gradient

of the function between the two points (see figure 7.3).
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Yn

Parallel

Figure 7.3: Modified Euler approach

7.2.3 Direct solution algorithm

Prior to the iterative process Lame’s solution for an internally pressurized thick
walled cylinder is used to obtain initial estimates for the radial and hoop extension
ratios A\, and )y (equations H.39 and H.39).

The first iteration is on A, for the internal radial stress using the previously discussed
algorithm with y = f(z) where y is the internal pressure p; and f(x) is the 15 PK
stress in the radial direction (equation H.39 multiplied by \,). Hence A, is iterated
on until the radial stress is equal and opposite to the internal pressure.

Step two of the algorithm is the iteration on A, until the equation of internal equi-
librium is satisfied for each radial data point. Within step two the modified Euler
approach previously discussed is used twice within the step two false position itera-
tion. The first Euler application is used to solve the following differential equation:

du
Upt1 = Up + JAT (7.65)

Since the modified Euler approach is used the average of the gradients at r,,; and
T, 1s used. Hence:
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du du
i) + &av
Unir = Uy, + (dr)n+12 (dr)n Ar (766)
since A, =1+ ‘;—;‘ then:
)"rn )\TTL
Ay = Lrat1 ¥ Arn) (7.67)
2
therefore:

(ﬁ)a _ [(i—’:)n+1 + (3—7)”] N (7.68)

dr 2
hence:
Au=AR[\4 — 1] (7.69)
Upt1 = Uy + Au (7.70)

Enabling the iterative hoop extension ratio to be found:

Un+1
Agg =1 7.71

The second modified Euler application within step two is with the equation of in-
ternal equilibrium for polar coordinates which can be put in the following form:

d

T (ro,) =09 (7.72)
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Instead of the false position relative error being taken at the radial point the relative
error is found at the mid point between the current and the previous position data
point:

d [Tn-l—lo-rn—f—l - Tno-rn] _ Ogpt1 + ooy

4 ror) = Ar o 2

= (7.73)

Thus the relative error given by the modified Euler approach is given by:

D = |(rp+10rm41 — TnOpn) — O (70971“;- 09”)] /Ar (700"“;_ 09") (7.74)

Finally the outer iteration is on Ay by repeating steps 1 and 2 until the outer radial
15t PK stress is zero. Again the basic false position algorithm is used, with y = 0
and f(x) given by the outer radial 1% PK stress as obtained from steps 1 and 2.
The whole direct numerical solution is summarized in figure 7.4.

7.3 Rotating disk

The derivation and algorithm of the direct numerical solution for a rotating disk of
elastomeric material are identical to that described in section 7.2 except with the
following differences.

1. The first step discussed in section 7.2.3 iterates on A, on the inside surface of
the rotating disk until the radial stress is zero (or numerically insignificant).

2. The equation of internal equilibrium 7.72 has an additional inertia loading
term added such that it becomes:

d
T (ro,) = 0p — pmw?r? (7.75)

Consequently the relative error expression to use with the modified Euler ap-
proach is of the form:

Ognt1109 w? (.2 2
(Tn410rmy1 — TnOrn) — AT [( et ”) — b (Tn_H + TH)H

T6n+1196n \ _ pmw? (.2 2
Ar [( 2 ) m2 (Tn+1 + ’rn)

D= (7.76)

118



Lame's solution
A = V14 26,
A= 1+ 26

STEP 3

Iterate on inner

STEP 1
iterate on A, where :
B = /\1'51'

radius Ag

STEP 2 i=0

Iterate on \.; where :
T'n+ll7ri+177iari)7AT(%+ﬂM)]

Ar(dsii;""’ﬂi)

o=l

NO

1 < Divisions

YES

NO

o7, =10

YES

Figure 7.4: Direct numerical algorithm for the pressurized cylinder test case
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Chapter 8

Case studies

Note: Unless otherwise stated all stresses quoted or plotted in this chapter are in
units of Cm%, with units of length and deformation in em. In addition all meshes are
assumed 1 unit thick.

8.1 Mooney-Rivlin curve fit

It was described in section 4.2.1 how the two Mooney-Rivlin coefficients could be
curve fitted from empirical test data using the analytically derived simple tension
expression (equation 4.55). In figure 8.1 the analytical expression for the stress in
the test piece as a function of extension is used to plot curve fitted stress values.
The empirical test data values are also plotted for reference. Important practical
engineering conclusions about the use of elastomer strain energy models are demon-
strated by this plot and will be discussed in the conclusion chapter of this thesis.

In figure 8.1 the stress/extension data both for Treloar [53] derived test data and
Mooney-Rivlin curve fitted uniaxial tension are plotted. Therefore a comparison
between the empirical test data and the analytical results utilizing curve fitted con-
stant values can be made. The analytical expression used to plot the curve fit series
is given by equation 4.55 in section 4.2.1 for varying numbers of curve fit data points.
In figure 8.1 it can be seen that three curve fits were performed for 23, 11 and 10
data points respectively.

As can be seen from figure 8.1 although the curve fit expression is identical for each
data fit the number of data points, and hence the amount of empirical test data used
by the curve fit algorithm, dramatically affects the shape of the curve fitted curve.
It can be seen that only the 23 data point curve begins to capture the ’exponential’
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nature of the empirical stress/extension data, all be it inaccurately. The 10 and 11
data point curves appear to capture the initial gradient of the stress/extension curve.
This is not a problem if the approximate range of extension ratios of the FEM/BEM
model are known in advance as the number of data points can be chosen to give
the best fit between the analytical and the numerical over the range of expected
extension ratios. Thus the 11 data point curve fitted Mooney-Rivlin coefficients
would provide adequate FEM /BEM results accuracy up to 150 percent strain. The-
oretically for the application of the Mooney-Rivlin material model accurate results
should only be obtained up to strains of 100 percent or less.

It is worth noting however that because direct numerical expressions/algorithms
have been derived for the test cases used in this research then exact or close agree-
ment between analytical and empirical data curves is not necessary. As long as the
BEM and FEM programs converged and a direct numerical result set was avail-
able (all using curve fitted Mooney-Rivlin material constants) then a meaningful
comparison between the direct numerical and the FEM and BEM results could be
made.

9000

8000 |- Measured stress, 23 data points ——
Curve fit, 23 data points -----
Curve fit, 11 data points -----

7000 1 Curve fit, 10 data points

6000

5000

Stress

4000 -

3000 |

2000 |

1000 |

0

R i | I
1 15 2 25 3
Extension ratio

Figure 8.1: Mooney-Rivlin curve fit results
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8.2 Patch test results

Two patch test cases for plane stress and plane strain were run, the results for stress
versus percentage strain and load versus percentage strain are shown in figures 8.3
and 8.4 for plane stress and figures 8.5 and 8.6 for plane strain respectively. The
patch test refers to a uniaxial extension of a unit cube of material, in this case an
elastomer. It provides the most basic validation case for numerical stress analysis
software and as in this research, is often the first validation test case for any new
numerical formulation. For both plane stress and strain the mesh used was identical
to that shown in figure 8.2. It consisted of eight three noded boundary elements
enclosing four eight noded quadrilateral elements. The mesh was constrained along
all the nodes on the left hand edge in the axial direction and restrained vertically
on the bottom left hand node. Hence the model should exhibit uniform stress. The
results plotted are for the deflection and stresses at nodes on the end face of the
unit cube of material. FEM results for an equivalent FEM program and mesh are
also plotted for comparison purposes.

3
A

%O
O
ﬁo

O
Figure 8.2: Patch test mesh geometry

As can be seen from figures 8.3, 8.4, 8.5 and 8.6 the agreement between the numerical
and the direct numerical (analytical) results for the plane stress and strain patch
test results is good. This is particularly the case for the FEM results, which agree
exactly with the direct numerical results. The BEM results are close but do show an
increasing divergence between the direct numerical and BEM results as the strain
increases. It can only be stated that due to the increased numerical complexity of
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Figure 8.3: Patch test stress results, plane stress
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Figure 8.4: Patch test deflection results, plane strain
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Figure 8.5: Patch test stress results, plane strain
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Figure 8.6: Patch test deflection
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the BEM algorithm the divergence of results is due to digitizing and rounding errors
in the BEM program. An effort was made to reduce these by using double precision
for the FORTRAN 77 code. However the BEM results are sufficient to demonstrate
that the algorithm and specifically the regularization approach is correct.
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8.3 Pressurized thick walled cylinder

For additional validation to test the program performance for non-uniform stress
fields the case of a thick walled pressurized cylinder was modelled. The cylinder was
modelled in Cartesian coordinates using two planes of symmetry so that only one
quarter of the cylinder was meshed. Hence the nodes along the vertical edge were
restrained in the x direction and free in the y direction. Conversely nodes along
the horizontal edge were restrained in the y direction and free to move in the x
direction. Note that no mesh convergence using finer meshes was carried out as the
results obtained with the mesh shown were accurate enough.

DA AR ARAXARARA_L

Figure 8.7: Pressurized cylinder mesh

As shown in figure 8.7 both the finite and boundary element meshes used 16 eight
noded quadrilateral elements for the domain. The boundary element mesh also
included 16 second order three noded boundary elements around the perimeter of
the domain. For the boundary element mesh the load was applied as surface tractions
to the nodes on the inner radius. For the finite element mesh the load was applied
as an equivalent set of nodal point loads on the inner radius. Figures 8.8 and 8.10
show radial and hoop stress distribution results through the cylinder wall for the
cases of plane stress and strain respectively. Likewise figures 8.9 and 8.11 show the
radial deflection distribution through the cylinder thickness results for the cases of
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plane stress and strain respectively.

15 T T T T T
10 F *.i;;.\\ i
5 - 20 .
9]
%] S
o Seereinea.
] T e e
X
o
©
o
~ o0}
5 A Radial, FE program E
27 Radial, BE program -------
Hoop, FE program --------
Hoop, BE program -
Radial, Analytical -~~~
S Hoop, Analytical -------
-10 1 1 1 1 1 N

6 8 10 12 14
Radial position

Figure 8.8: Pressurized cylinder stress plot, plane stress

For both the BEM and FEM results it can be seen that agreement between the
numerical (FEM and BEM) and direct numerical results is good and that the ex-
pected shape of displacement and stress distributions is correct. Specifically, the
radial stress is equal and opposite to the internal pressure on the internal radius and
zero radial stress on the outer radius (see figures 8.8 and 8.10). In addition the abso-
lute value of hoop stress at all radial positions is greater than the radial stress. Both
the FEM and BEM radial displacement results in figure 8.9 show a small constant
offset error compared to the direct numerical solution. Again this can be attributed
to rounding and digitizing errors in the FEM and BEM algorithms.
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Figure 8.9: Pressurized cylinder radial deflection plot, plane stress
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Figure 8.10: Pressurized cylinder stress plot, plane strain
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Radial deformation

Figure 8.11: Pressurized cylinder radial deflection plot, plane strain
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8.4 Rotating disk

Another example of a non-uniform stress field is that due to centrifugal loading
of a rotating disk. For this case study a similar mesh geometry to the pressurized
cylinder mesh was used except with twice the mesh density to obtain better accuracy.
The results shown in figures 8.12 and 8.13 are for the stress and radial deflection
distributions through the disk respectively (for the case of plane stress). In both plots
results are given for the finite and boundary element methods as well as the direct
numerical approach (analytical). The material density used was 0.1 Kg/cm? and
the angular velocity was 0.1 radians per second. The theory required to implement
centrifugal loading for a FEM model is discussed in appendix G section G.1. The
theory required to implement inertia loading in the BEM is discussed in appendix
G section G.2.

0.2 | % Radial, FE program ———
Nh Radial, BE program -------
Hoop, FE program --------
Hoop, BE program -
Radial, Analytical ----
Hoop, Analytical -------

015 | .

2nd Pk stress

o1 | T e _

6 8 10 12 14
Radial position

Figure 8.12: Rotating disk stress plot, plane stress

The boundary conditions for the rotating disk test case are satisfied with zero radial
stress on the inner and outer radii of the disk (see figure 8.12). Again there is a
small offset error for the radial deformation FEM and BEM results shown in figure
8.13 which can be attributed to digitizing effects.
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Figure 8.13: Rotating disk radial deflection plot, plane stress
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8.5 Centrally cracked plate

In appendix I it was shown by equation 1.24 that the negative of the rate of change
of potential energy ®, with respect to crack length a was equivalent to the J-integral
J, crack propagation criterion. And equation 1.23 showed that the rate of change
of potential energy with respect to crack length was equal to the derivative of the
difference between the total strain energy ®, and the work done by externally applied
loads F' with respect to crack length:

do, d o d
o~ da ()= g o) &y

With this definition in mind it is possible to derive a simplified approach to the eval-
uation of the J-integral J, for a given crack geometry and loading as an alternative
to the expression derived by Rice [40]. If it is assumed that the potential energy
®, varies as a quadratic with crack length a then the gradient of a line joining two
points on the potential energy curve will be equal to the gradient at a point cor-
responding to a crack length mid way between the two crack lengths defining the
straight line.

Hence for two crack lengths, one incrementally longer than the other, if the total
strain energy and work done by external loads can be evaluated then using equation
8.1 the J-integral for the mid crack length can be found, thus:

By — D)y
= (S =% 2
Aa ( Aa’ ) (8 )

Therefore to further validate the BEM code the case study of a symmetric crack
has been chosen to compare J-integral values calculated from the BEM and FEM
program for an elastomeric material. The mesh geometry has two planes of sym-
metry, hence the mesh models one quarter of a plate with a vertically aligned crack
arranged symmetrically in the middle of the plate. The plate is uniformly loaded
(before deformation) in tension in the x direction as shown in figure 8.14.

This geometry has been interpreted with one quarter of the geometry meshed with
all the nodes along the top edge restrained globally in the y direction and all the
nodes along the left hand edge restrained horizontally in the x direction (see figure
8.15). The elements used are eight noded quadrilateral elements. The load is applied
as a uniformly distributed horizontal load on the right hand edge nodes (for the BEM
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Figure 8.14: Central crack geometry

the load is applied as tractions at the nodes, for the FEM the load is applied as point
forces at the nodes). Hence to model the crack the horizontal restraints per node
are released from the left hand edge restrained nodes on successive program runs
an element at a time. Hence the change in the difference between the strain energy
and work done between each program run can be used to give the value of the J-
integral at the mid side node of the released element edge. The mesh used contained
256 elements consisting of sixteen rows and columns of second order quadrilateral
elements.

8.5.1 J-Integral evaluation, FEM

As shown in equation 8.1 the J-integral J, is given as the derivative of the difference
between the total strain energy ®, and the work done by external loads F'. Hence
the FEM approach is to solve for the mesh and boundary conditions for two identical
meshes except the restrained left hand edge has one element edge freed up on the
second mesh. The change in the difference between strain energy and externally
applied load can then be found for a crack extension of one element length, and
then by equation 8.2 the J-integral J, for the crack length corresponding to the mid
side node of the freed element edge. The total strain energy can be evaluated from
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Figure 8.15: Central crack mesh

the integration over the whole domain of the Mooney-Rivlin strain energy function
given by equation 4.22, hence:

<1>a:///Q [01(71—3)+02(72—3)+§(J—1)2 dQ (8.3)

The total work done by externally applied loads is simply the sum of the product
of the load component and the deflection component at each node with an applied
point load, hence:

F= 22: ﬁ: ([u,- £ j) (8.4)

where i is the degree of freedom x and y, and j is the j node out of n, boundary
nodes in the mesh.

8.5.2 J-Integral evaluation, BEM

The J-integral J,. evaluation approach is identical to that for the FEM in that
consecutive pairs of BEM program runs are made for crack lengths symmetrically
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shorter and longer than the evaluation crack length. Again the difference in the
total strain energy and the work done by external loads divided by the crack length
extension between the pair of BEM program runs gives the J-integral value, as per
equation 8.1. The total strain energy for the BEM is given by equation 8.3. However
the work done by externally applied loads cannot be found by summing the products
of the prescribed loads and nodal displacements because for the BEM the loads are
not available. However if the units are checked for the following expression, which
sums the products of the prescribed tractions (surface stresses) and the boundary
node displacements, and noting the Jacobian determinant used in the numerical
integration has units of length squared then it can be seen that this expression has
units of work (Newton meters).

F = ZZ/F [Tyug], dT (8.5)

Again i is the degree of freedom for the x and y components and j is the j* node
out of n, boundary nodes.
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8.5.3 J-integral J, results

In figure 8.16 the J-integral J, values derived from the potential energy approach
described in sections 8.5.1 and 8.5.2 for both the BEM and FEM respectively are
given in addition to the Rice J-integral results (as discussed in appendix 1.3). The
results for the potential energy approach were obtained using equation 8.1 for mul-
tiple runs of the BEM and FEM programs. The mesh used for both the BEM and
FEM for the potential energy approach was similar to figure 8.15, except the actual
mesh density was twice that shown and in the results plot the x axis represents
the full crack length 2a. For the Rice J-integral the mesh was identical except the
restraints were changed so that all the nodes on the left hand edge were restrained
in the x direction and the nodes along the bottom edge were restrained in the y
direction with the uniform load applied as tractions acting vertically along the top
edge. By doing this, and effectively rotating the crack through 90° the global x axis
was aligned with the direction of positive crack length growth, which is required by
the derivation given in appendix I.3.

12 ; .
Potential energy approach FEM results f
1+ Potential energy approach BEM results ------- b 4
BEM Rice Integral results -------- :
FEM Rice Integral results -
0.8 | ]
B
[=2
2
£ 06 b
,_',
0.4 N
02 | i
O == 1 1 1
0 0.5 1 15 2

Crack length, 2a

Figure 8.16: J-Integral results J,

Due to symmetry the J-integral results for both approaches were multiplied by a
factor. Taking the potential energy approach first, because only one quarter of the
cracked plate was meshed the total potential energy must be multiplied by a factor
of four. However because for the total crack length there are two crack tips there will
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be total crack growth of 2 A a, hence by equation 8.1 the J-integral value needs to be
divided by two. Thus combining the two factors for the potential energy approach
the resultant multiplication factor is two. Similarly for the Rice J-integral approach,
because the mesh only has half the J-integral contour needed per crack tip these
results also need to be factored by two.

Figure 8.16 shows four curves representing the J-Integral results for the potential
energy and Rice integral approaches for the FEM and BEM program results uti-
lizing equivalent symmetrical crack meshes. As can be seen the four curves match
well and hence provide the validation that the two independently derived J-Integral
approaches agree for both the BEM and FEM results. Though it is worth pointing
out that the potential energy approach only gave sensible results for crack lengths
up to forty five percent of the plate width. The Rice-integral approach appears to
give reliable results for crack widths up to ninety percent of the plate width. These
results show that the use of the Mooney-Rivlin material model directly to obtain
the total strain energy in the system is valid.
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Chapter 9

Conclusions

Program algorithm conclusions

In developing the non-linear BEM program several issues specific to the BEM ap-
proach became apparent. Most important of which, and something which is not
commented on in the literature, is the need to iterate on the hydrostatic pressure
to use when calculating the 1**PK stress at source points. As already mentioned
(section 6.3.5) this is due to the arbitrary choice of Poisson’s ratio resulting in an
inaccurate bulk modulus (in the absence of bulk compression test data). This is not
an issue for plane stress cases, but for plane strain where the hydrostatic pressure
cannot be made a dependent variable it will prove impossible to achieve accurate
stress values. Indeed for the more general case of three dimensional analysis this is
also the case because the hydrostatic pressure cannot be made a dependent variable.
The solution to this problem taken in this work was to iterate on the hydrostatic
pressure at a boundary node with a prescribed traction until the calculated stress
equaled the prescribed traction (surface stress). The number of iterations was stored
and this value was then used as the limiting number of hydrostatic iterations on all
other boundary nodes. The iteration was based on calculating the 1** PK stress in
the x and y direction and then using the mean stress/hydrostatic pressure relation-
ship to provide a new estimate of the hydrostatic pressure. The maximum number of
iterations was required to be ascertained because the hydrostatic pressure iteration
was found to be divergent. Hence the iteration was stopped when the correct hy-
drostatic pressure was achieved. Rather than when the change in pressure between
iterations fell below a specified minimum.

There is a form of singularity not detailed in this thesis, namely a weak singularity.
For this application it is possible for these to occur during the domain integral
numerical integration if a relatively large number of Gauss integration points are
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specified. If this is the case, then during the domain integral numerical integration
when the source point is on the boundary and the current Gauss field point is inside
a domain cell but close to the boundary, then a weak singularity will occur. It is
possible to remove these weak singularities directly but the approach taken in the
developed BEM program was to evaluate the required field variable (displacement
derivatives in this case) on the boundary and internal domain cell nodes and then
to use standard isoparametric interpolation to obtain the displacement derivative
components at the internal Gauss points. If this approach was not taken and no
other allowance was made for the weak singularities then the resulting inaccurate
stress values at the internal Gauss points prevented the BEM program converging.

Simplified regularization approach

In chapter 6.2 the theory for the regularization of the various forms of singularity
present in the non-linear BIE and DBIE were derived. Before further discussion it is
worth summarizing the regularization techniques for the various singularities. The
regularized BIE equation 6.51 was given as:

2 2
angiUgi + Z% FgaUng =
_ _ I’
2 0G.
z;fc;ﬁa T, - T3] aT - zz// e o = (o3),]
y=15

(9.1)

The regularized singularities present in this BIE are as follows:

1. I singularities in the integral ¢, Faougdl.

2. log 1 singularity in the integral §. Ggq [T — T5'] dT.

3. L singularity in the integral [[, 66?“ [0% — (o) ] dq.

The first singularity is regularized by the application of the CPV theorem to the
integral term. The resulting CPV term is rendered calculable by the use of rigid
body motion and the properties of the Dirac Delta function. The log% singularity
is dealt with using logarithmic quadrature as discussed in appendix F. The third
singularity present in the domain integral is again removed by the application of
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the CPV theorem and the CPV term shown to be zero for internal domain source
points.

For the DBIE two slightly different forms of regularized equation were derived,
equations 6.60 and 6.73:

2

Oug, aFga
Z P Ds, Z}é 0z (g — g;) '~

B=1

(9.2)
2
aG/Ba // a G’Ya nl nl
T dF + — dQ2
ﬂz_;jg 0xs [ - ;; 83:58335 (Gﬁ"’)]
. [ OF
anma Zj{ 8;: (up — up;) dI' =
(9.3)

2
0Ggqa .
_;?5 05 T’BdPJrlli%ZZ U/ 0y Trassd+ (05,), j{ Tvaéﬂdf]

7=1 B=1

The singularities present in DBIE 9.2 and 9.3 are as follows:

1. A 5 singularity in the §F f“ dI' integral.

2. A I singularity in the ¢, agzi"‘ dI' integral.

3. A & singularity in the [[, ngW d©) domain integral.

The %2 singularity in the first type of singularity listed for DBIE has been shown to be
regularized by the performance of the program rather than a direct mathematical
proof. This is because the singularity present in the integral is of the order 072,
however the regularizing factor (uﬂ — u[gi) present in equations 9.2 and 9.3 is only
of the order 0 when the field and source points are coincident. This singularity is
only manifest when a source point is coincident with a boundary Gauss point, when
the traction kernel derivative aa fé"‘ has the singularity 0~2. Therefore when the initial
solution of the system of BIEs is made this singularity will not arise as the stresses
(and hence the DBIE) are not required at the boundary Gauss points. However,
if the stress at a point on the boundary which is coincident with a Gauss point is
required then the 5 singularity in this integral term will arise. In this event, if post
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solution of the system of BIEs a BIE has been solved for the displacement at this
source point then the (ug — ug;) factor kicks in and cancels the hypersingularity.
The ('U;/j — u,gz.) factor is required even when not regularizing a singularity however
since it is created as a consequence of applying the rigid body result (equation 6.42)
to the derivative of the Fg, (’U,g — ugi) kernel in the intermediate stage BIE equation
6.57. Thus omission of ug, will result in non-convergence.

The second % singularity listed can again be shown to have no CPV value when
the CPV theorem is applied. As shown by equation 6.63, the CPV term evaluates
to zero when calculated at an internal source point or when the source point is
on a boundary (note the integration limits are changed to 0 — 27 and 0 — =«
respectively).

The third r% hypersingularity listed can be regularized in one of two ways. The
first approach is to use the CPV theorem, then the mean value theorem followed
by integration by parts. This shows that the CPV term evaluates to zero, hence
equation 9.2 is obtained. The second approach is to 'remove’ the subtraction of the
integral at the source point from equation 9.2, thus obtaining equation 6.66. With
the CPV theorem applied to the last domain integral in equation 6.66, followed by
the mean value theorem and integration by parts, the resulting CPV value terms are
shown in appendix E to have constant values for internal domain cell Gauss points.
Hence, the hypersingularity is removed and the original domain integral rendered
calculable.

As can be seen from the results in chapter 8 the developed program clearly con-
verges to finite strains for all the test cases investigated. These test cases included
non-uniform stress field results for the pressurized cylinder and rotating disk. The
developed FEM program results also shown do not allow for accuracy comparisons
to be made but do provide a third set of independent results to prove that the BEM
and direct numerical results are correct. However, it can be seen that for the patch
test results the FEM program does give the best agreement with the direct numer-
ical results. The BEM results by comparison increasingly diverge from those of the
direct numerical solution as the load and strain increase. This can be explained by
the increased numerical complexity and hence greater rounding or digitizing effects
that can be expected from the cumulative error of real numbers being truncated
as binary numbers (note double precision was used in all developed programs). It
was mentioned that there are two alternative regularization approaches that can be
used for the domain integral term in the DBIE. In the developed program these
two approaches were both coded. However, no discernable difference in program
results were observed for the two methods. The results contained in this thesis do
show that the simplified regularization approach used for the non-linear BIE and
DBIE equations for rubber do allow for convergence and accurate results, as will
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be discussed in the further work section of this thesis. There are many alternative
material models and singularity effects which could be researched further to ascer-
tain whether the BEM can ultimately provide an efficient and accurate numerical
approach to the stress analysis of elastomers.

9.1 Summary of original findings and work

The following list summarizes the original findings and work contained in the re-
search reported in this thesis.

1. The derivation, coding and validation of a simplified domain integral singular
and hyper-singular regularization approach was original.

2. The use of second order isoparametric interpolation for the 1°* PK stress dis-
tribution used in the BIE and DBIE domain integral terms had not been done
before.

3. Reporting on the need to iterate on the hydrostatic pressure to use in the 2"¢
PK stress expression at a point when using the Mooney-Rivlin strain energy
function in the absence of bulk modulus compressibility data was important.
This iteration only being necessary for the case of plane strain or three dimen-
sional stress analysis.

4. For the case of plane stress two dimensional stress analysis the elimination
of hydrostatic pressure from the 2”@ PK stress formulation by utilizing the
zero out of plane stress boundary condition was reported. The 2"® PK stress
components were stated explicitly.

5. Validation was obtained using results both from the FEM and the BEM con-
firming that the Rice J-Integral method and the potential energy J-Integral
method are entirely equivalent for evaluating the J-Integral crack propagation
criterion.

6. Proof was given that it is valid to use the strain energy function (in this case
the Mooney-Rivlin model) to obtain the value of the total system strain energy
first integral term in the Rice J-Integral expression.

7. The originally derived and algorithm coding of direct numerical, semi-analytical
test case solutions for the uniaxial patch test, pressurized cylinder and rotating
disk gave an extra set of validation results.
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9.2 List of publications

1. 24" World Boundary Element Conference, Sintra Portugal, June 2002. Paper
presented and published entitled 'Boundary element analysis of hyper-elastic
elastomeric materials’.

2. ICCES 2003, International Conference on Computational and Experimental
Engineering and Sciences, Corfu Greece, July 2003. Paper presented and pub-
lished entitled 'Numerical modelling of elastomers using the boundary element
method’.

3. International Journal for Numerical Methods in Engineering. Paper submit-
ted entitled 'Numerical modelling of elastomers using the boundary element
method’.

9.3 Future work

The following list summarizes the research work that could be continued from the
results and findings presented in this thesis.

1. Implementation of additional material models such as the Rivlin Polynomial
N = 2 and Ogden material models could be attempted. This would entail the
derivation of first and second partial derivatives of the strain energy models
w.r.t Green’s strain (twice the derivative w.r.t the right Cauchy-Green tensor
C components), and deriving the corresponding direct numerical (analytical)
validation solutions utilizing these material models.

2. Testing the Guiggiani [23] Taylor series expansion singular and hypersingular
regularization domain integral approach for elastomers to provide an alterna-
tive approach to regularizing the domain integral singularities.

3. Additional coding to investigate the implementation of near logarithmic, singu-
lar and hyper-singular integral regularization techniques could be undertaken.

4. To expand the capability of the developed program a BEM algorithm for three
dimensional problems could be developed.
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Appendix A

Tensor theorems

It is essential to develop some mathematical theorems concerning the differentiation
of vector and matrix quantities in order to proceed further with the constitutive
modelling of rubber given in chapter 3. The strain invariants will also be differenti-
ated in this appendix.

A.1 Theorem I: Differentiation of a scalar with
respect to a matrix quantity

If X is a scalar quantity which is a function of Y,,;, then by the rules of differentiation:

"\~ 0X
dX = Z Z 8—}%dyij (A1)
i=1 j=1
defining:
0X 0X
- A = A2
therefore:
dX =) "3 AydYs (A.3)
i=1 j=1

If C = AB' then:
Cij = ZAik (Blcj)t = Z A Bjy,
k k
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therefore:
Cii = ZAikBik = ZAUBZ] = Trace (Q)
k J
hence:

dX = Trace (§5dy*) = 2%+ dy

dX = ZZaXdY

i=1j=

Result:
if:

dX =A:dY (A.4)
then

0X

i A (A.5)

A.2 Theorem II: Differentiation of a matrix quan-
tity

If X is a matrix quantity of order nxn, and Y is also a matrix quantity of order nxn
with X being a function of Y, then using the rules of differentiation:

Z Z 8Y;: Y (A.6)

Defining a fourth order tensor Z, such that:

X,
T = —2 AT
"= By, (A7)
then:
ZZ aYZJ AV = Y ZijudVy (A.8)
k=1 1=1 = K k=1 I=1
and:
0X 0X;;
Z= %y * = Gy (A9)
Result
dX = Z: dY (A.10)
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A.3 Theorem III: Differentiation of a matrix prod-
uct

Let X =Y Z then:

dX =dY Z+YdZ (A.11)
Or with XZ] = Z }/ikaj then:
k=1
dXy =) (dYiZy; + YipdZy;) (A.12)
k=1
If X,Y and Z are functions of ¢ then:
0Xij (8Yik azkj)
= o Lkt Yk A.13
8¢lm kz_:l 8¢lm & kad)lm ( )
and:
oY; 0Zy;
dXi;=> > ) (a—’“zkj + Y;-ka—’”> dim (A.14)
l m  k ¢lm ¢lm
Result:
oY 0Z
dX=|—:dp | Z+Y|—:d A.15
x = (5g we) 2+ (55 0) 1)

A.4 Theorem IV: Differentiation of the inverse of
a matrix

Noticing that:

ccil=C'C=1I
then:

(dC)C' +C(dC7") = (dC")C+C7M (dC) =0 (A.16)
Multiplying by C! then:

(dc 1) = —c e ¢ (A.17)
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hence:

dC;' = =) ) CylCrtdCiy (A.18)
kK
Result:
aC;! o
8C ~ Cu' O (A.19)

A.5 Theorem V: Differentiation of a determinant

Let:

A = Cofactor (C)
then:

ct=A'|C|

Al =|C|C!

post multiplying by C:

A'C =|C]|
therefore:
d|C| = A'dC

hence it can be deduced that:
diC|=|C|C™:dC

Result:

0|C|

_ 1 A2
%G = lclc (420
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A.6 Differentiation of strain invariants

A.6.1 Differentiation of I;

By definition:

I =Trace (C) = Cyy + Cye + Cs3

I, =Trace (dC) =1:dC (A.21)
hence:

dl; = dCyy + dCy + dCs3 (A.22)
hence:

ol ol

oc  — 00 % (A.23)

]1 = I;g_ll (A24)

dh =1, (I— —11Q1> L dC (A.25)

oC
or:
871 7% 1 _
o I (5@- — gllcif) (A.26)
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A.6.2 Differentiation of I
By definition:
1
I, = 5 (112 — Trace (QQ))
hence:
1
dl, = 5 [211d]; — 2Trace (CdC)]

dly =1, (L:dC) - C :dC
dl, = (Ill—Q) :dC

therefore:
ol
—=LI-C
aC 1L =0
or:
ol
— =0;;11 — C;;
8Cy; o
using:
_ _2
IQ == 13 3[2
then:

_ 2 _35 _2
dIQ = (-513 3d[3) IQ +Ig 3[2

_ 2 2 -3
dl, = _§I3 SLC™ :dC+ I 2 (LI —-C) : dC

iT,=1; ¢ (111 o %IQQ*) dC

Result:
ol _2 _
8—Q2 =1I° (111—Q——120 1)
or:
672 -2 2 _1
aCZ] = I3 3 (51311 — C, — gIQCZ] )

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)



A.6.3 Differentiation of I3
By definition:
I3 = |Q|
using A.20 it can be deduced that:
dl; = LC™" :dC

hence:

1 1
dJ = 5[3 2d13
1.1
dJ = 513 C dC
Result:
oJ 1.1
ac 513 C
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(A.34)

(A.35)

(A.36)

(A.37)



Appendix B

Kernel functions and their
derivatives

In this appendix the displacement and traction kernel functions G.g Fyop respec-
tively are derived for two dimensional stress analysis problems. The requirement

to formulate DBIE to directly compute strain components and hence stresses also

8Goz OF,p d 9G24

B2, Oz, Dugom, ATC also evaluated.

dictates that expressions for

B.1 Fundamental solution derivation

The stress strain compatibility equations can be written as:

0'; = d11€; —+ dlgﬁz (Bl)

0'; = d21€; + dQQGZ

Toy = 13372y (B.3)
where:

dy =dy =2p(1—p)/(1—2p)
di2 = dgy = 2#/ (1 - 223)
d3z = 4

p is the modified Poisson’s ratio and p is the shear modulus. The equations of
equilibrium can be stated as follows:

do: 01y,
£ =0 B.4
Ox + dy MEE (B.4)
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or* oo

2 L fr=0 B.5
Ox * oy Ty (B.5)
From equation B.4 and equations B.1 to B.3:
1 0 (ou* Ov* fx
* = L 2 _ B.6
vu+(1—2p)8$<3x+8y>+u (B.6)
similarly:
1 9 <8u* 81}*) Iy
VU T i —pyay \ay T oy I (B7)
Equations B.6 and B.7 can be re-written as:
1 0 fr
* - .a iz _ B.8
1 0 fy
v+ v )+ =0 B.9

The displacement vector can be written in terms of the ’Galerkin vector’ defined as
follows:

G* = Gai+ Gyj (B.10)
such that:
— 1 —
§=va 72(1_p)v(v G) (B-11)

Allowing the governing partial differential equation to be written as:

v(v-d’)+§=0 (B.12)

2
+
v (1-2p)

Substituting equation B.11 into equation B.12 it can be shown that:

vie +L =0 (B.13)
u
Defining:
Gr=g"e G, =g'e (B.14)
fa = eb(x — i,y — vi) (B.15)
fy =e0(r — zi,y — i) (B.16)
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hence equation B.13 can be written as:

0(z — @i,y — yi)

\VAUMES =0 (B.17)
Defining the function:
* w*
Vgt = — (B.18)
1

Allowing the governing partial differential equation to be written:
Vi —6(x — i,y — y;) =0 (B.19)

The solution of equation B.19 (which is the fundamental solution) can be obtained
by considering the case of 2-D thermal heat conduction. The governing equation for
this case is:

VT + Q(x,y)/K =0 (B.20)

Q being the heat generated per unit area. Consider a point heat source in a infinite
domain as shown in figure B.1. Thus defining the heat flux at the field point and

(x.y)

avl

(xi,yi)

Figure B.1: Field and source points for a steady state field problem.

using the ’Delta Dirac’ function:

Qz,y) = Qd(z — mi,y — i) (B.21)
Enabling equation B.20 to be written as:
2% Q
VT + (?) 6(z — i,y — i) =0 (B.22)
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Which is of the same form as equation B.19. Equation B.22 can be solved as follows.
The heat flux vector of a circle of radius r centred on a source point will be:

G=-KvyT (B.23)

Defining a unit vector 7 in the direction of 7 such that:

~

P =(r—z:)i+ (y— )] (B.24)
Hence the heat flux magnitude across the circle will be given by:
g=q-r=-KvT"-7 (B.25)
The heat flux magnitude across the circle can also be given by:
Q
=< B.26
g 27r ( )
Hence equating equations B.25 and B.26 gives:
dr* Q
- _ B.27
dr 2rKr ( )
which has the solution:
Q1 1
T =—|—1log-— B.28
K |27 ©8 T +C ( )
Thus in general for 2-D field problems:
. 1 1
w* = —log—+C} (B.29)
27 T
thus:
2 % 1 1
Vg =—1log-+C; (B.30)
2mp r

The solution of equation B.30 giving the fundamental solution can be achieved as
follows. It can be shown that for cylindrical co-ordinates:

10 of 10%f O*f
2 * __ - 7 _J - B.31
VI ror (T87‘>+7“2802+022 (B.31)
In this case %299; = 6;52* = 0, hence:
10 ag* 1 1
v = - = —log~ B.32
V9 rar(rar) 27 Ogr+01 (B.32)
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Solving equation B.32 as follows:

1 o0qg* 1 1
_2 (7. 9 ) :—]og;+C’1

r or or 27

0 dg* 1 1

— =—rl

5 (7" 87‘) 27wr og - +7rCy

Integrating the first term by parts with:

7.2

=1 -
U ogr V=

thus:

dg* 1 r?logr r r?
= |- . “io
"or 2##[ 2 +/2dr o5 0

2

+ 2 d ] + G5+ G

8g 1 rlogr
"or 27ru 2

assume C3 = 0:

dg* 1 | C
g* [_rogr T:|+—1T

or  2mp 2 +Z 2

+_

ag*_i[ 1 r} Cir

or  Admu ro 2 2
1 [r?logt 2 42 Cyr?
* _ _— | _""Or b o C
g 4%#[ 2 +4+4]+4+2
7,.2
g = [log +1+ Cl] +C,
87ru

Writing equation B.11 in tensorial form:

. 2 1 o (0G* N oG,
“ 2(1—p)0zx, \ Oxy 0T

where:

(ui, up) = (u, v)

(G, G3) = (61, &)
And using equation B.14 then:

L2 (2l 2ige))

Yo = VY €a = 2(1 — p) Oz, 0x; 0x;
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Defining:

1 829*
Ga — XY —Yi) = 2 *6a - B.36
p @ =iy =) = P9 = 5 (50 ) (B.30)

Thus equation B.35 can be written as:
Uy (T =2,y — ¥i) = Ga1 (T — 23,y — Yi) € + Gaz (T — @i,y —yi) ey (B.37)
Therefore Gnp are the displacement kernel functions.

B.2 Explicit form of the displacement kernel G,z

Differentiating the fundamental solution equation B.33.

dg* 1 r2] or 2r or
= |-2rlogr — — = 1
0x, 8mu [ riogT r } 0z, + 8T (Cr+1) 0z,
ag* 1 or
= 2 1) —2rl —
Dro ~ Smyidu. [2r (C1+1) —2rlogr — r]
dg* 1 or
= 2 r—2rl B.
dr. ~ Snpom. [(2C; + 1) r — 2rlog7] (B.38)
thus:
0?g* 0 r Or
= 2C + 1] — 21 B.39
Orglxg  Oxg [87r,u 0z, (¢ +1] ogr)] ( )
Theorem 1
r=((z—-z)"+@y—-w)’
87‘ 1 1 Ta To;
=—.—-2 a ai) —
0(za); 2 7 (%o = Tai) ( r )
or o
6.’[,'0{1 - (6] a1
0 or
—_ =0, B.40
axﬂ <raxai> o ( )
Hence using theorem I, equation B.39 becomes:
0?g* 1 or or
- 6.5 (12C + 1] — 2logr) — —— —— B.41
O0rgdzr, 8mu [ s (2G1+1] ogr) 0z, 6$g] ( )

Substituting equations B.41 and B.30 into equation B.36 it can be shown that:
1 1 or or
Goyg=—"—— 0 | [3—4p|{log—+C;) —0.5 _— B.42
o 87w(1—p)[ ﬂ<[ p]<0g7“+ 1) )+3~%‘aaﬂf5] (B.42)
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B.3 Explicit form of the displacement kernel F,z3

Small or Cauchy strain is given by:

1 (Ouy  Ou
* = a B.4
fa8 = 3 (axa * axﬁ) (B43)
Using equation B.37 then it can be shown that:
Enp = Anprec T Agpaty (B.44)
where:
1 (0Gps  0Gay
oy = = B.4
apy 2<8ma +8x5) (B.45)

Using the explicit form of G, given by equation B.42 it can be shown that:

. 1 or or or or Or Or
= i =g [0 [309* o | ~ O+ 2

0z Oxg 01,
Theorem 11
Given:
fe—xi,y—yi) E=X— X F'=y—y
then

0f _0f 9 o or

of _ofo-  ofor
or 0s0x Ol Oz

but:
of _ o, o5 _of,
Bz,  0e - 01 0e
Therefore:
af _ af
o, ~ oz (B.46)

Thus changing the differentiation in equation B.45 from differentiation with respect
to the field point to differentiation with respect to the source point and using theorem
IT (given by equation B.46) then:

-1 or or or or Or Or

Ay = ——— |(1-2p) |[=—6 —O0ay| — =00 + 20— ——
P (1 — p)r [( 2 [8$a pr ¥ oxg “| Oz, po 02q 05 O,
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(B.47)

Now

Oaf = 2/ |Eap + (€x + ey +€2) dap (B.48)

v
1—2v

For 2-D problems this equation can be generalized for plane stress or plane strain
using a modified Poisson’s ratio p.

b= (B.49)
v
_ B.50
p (1+0) ( )
such that:
21
O-(Iﬂ f— 1 2 [(1 - p)(slﬂgll +p51ﬂ622] 5aﬂ+
— zp
(B.51)
2p

T2 [(1 — p)dapear + pdageii] dap + 11 (1 — bap) Eap

Using index notation:

2
Oap = m%ﬂ [(1 = p)eas +Peyy (1 = 6ya)] + 1 (1 — dap) €ap (B.52)

This can be expanded as:

Oy = a 3’“220) (1 —p)es + pey] (B.53)
v i’gp) [(1 = pley + pea] (B.54)
Tay = Moy = 2/1'5wy (B55)
thus:
0= i“zp) (1= 2p)ew +p(es + )]
Oy = (1 iﬁ;p) (1 —2p)ey + p(ex +&y)]

Therefore in general:

Oap = 21 |Eap + (‘szc + ‘Sy) (5(1[3 (B'56)

p
1—-2p
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If the strains in equation B.56 are expressed using B.44 then:

péaﬂ
(1—2p)

Oap =210y (Aa[jl + [A1n + A221]> +

Oa
ey <Aag2 + (11)_7510) [A112 + A222]>

Theorem ITI
or\? o\’ (r-z)’+@y—w)’
- — | = =—=1 B.
(5:) + () = = (557

Hence substituting for A,g, from equation B.47 and making use of theorem III
(equation B.57):

Oap = Da,Blea: + Daﬂ2€y (B58)

where:

-1 or Or Or or or or

7(1—p)r | 0z, Ozxg Oz, y
(B.59)
Defining:
2
Ta = Z lﬂdag (B60)
B=1
then:
Ty =log, + mry, (B.61)
Ty = 1y, + moy (B.62)
Substituting equation B.58 into equations B.61 and B.62 gives:
2
To =) lg(esDas1 + €, Daps) (B.63)

p=1

Expanding out equation B.63 to give:

Ta = (eleal + eyDloQ) +m (eIDQOé]. + eyD2a2)
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: B.64
n 87"@87‘4_(1_2) 87"5 _87‘5 (B.64)
m Ba 01 Oy PI\ Gy ™ 92°2) |
or 0°r or
T 41 —9op)
s 2o+ 0~ W] )
Noting that
or lg or
on or 8y
since:
r = gﬁ + @A
v or Oy
n=1U+mj
thus
O OO
on v - Oz dy
Therefore from equation B.64 it can be deduced that:
TCE = FlleCL‘ + FlQ@y (B.65)
Ty = Fglew + F22€y (B66)
where:
-1 or Or Or or or or
Fg=——— |2— —+(1-2 l —lg=— + =0, B.
of Am(1 — p)r | On Oz, Oz * 2 ( & 0z * on ﬁ)} (B-67)
. . oG %G
B.4 Kernel derivatives - and ;—~

The following theorems are useful in deriving the kernel derivatives. Given that:

N[

r=(lz- zl’ + [y — yz]Q) (B.68)
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the following theorems can be derived.

Theorem IV
or 1 12 1273 T
8_:1: - 9 (['T mz] + [y yz] ) 2 (.Z‘ xz) - r
or To — Taj
. = . (B.69)
Theorem V
8 (ﬁ) . 8 xﬂ —:E/jz.
Ora \ Oz O%a ([« - w4+ [y — yi]2)§
For the case a # -
o (o) 3 (Iramen) e
8xa axg 2 ([x . xi]Q + [y . Z/z]Q)%
o (or\_ 10 or
0r, \Ox5) 1024 0z
For the case a = f3:
o (or)_1
01, Zg oy
thus:
0 or 1 or or
oz (525) = 7 %2~ 72, (B0
Theorem VI
a (or\ 0 To — Ta, T — T,
e (o) = 17557+ (52)
Ui om0 o
o r \ 0Ty 0% r \Ozg 0z,
. £ B or £ or m or
r Oz \r0x4 T 0z
_b_1oror
r rdz,0On
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thus:

0 or 1/.. or Or
axa <%> = ; ([n . la] - a—xa%> (B?].)

where:

n - la = léla + méga (B72)

Theorem VII
9 [ or or ] 9 [(xa — 2aq) (w5 — xﬂi)]

0z, |Oxq Oxp - 0z,

For the case v = a:
o0 [ or or 1 (T — JI:M)2 (xg — xﬁi) -2-(-1)
oz, [axa @] =2 (25 — 23,) + ]

_1[87‘ 287“ or 87‘]

T r |0z Oxe Oz, Oxp
Similarly for v = g:

i[@rﬁ]_l[@r 287“ or 87“]

0r, |Oxq Oxp

Therefore in general:

Ty 0%, B 0xo Oxp O

o | or or 1[or or or Or Or
— — | === — Oy — 22— — —— B.
0z, [axa 8:65] r [axa Opy O0zp ary 0z, Oxp 83%] (B.73)
Theorem VIII
0 (9ror or}_ 9 l@—i-m& l(ac — Ta;) (T5 — 75;)
0., |On 0xs O0x5| Oz, |\ Oz By ) rz e TP R T A
_ 0 [l (ta = 2ai)” (25 = 2.) (75— 25,)" (T — xai)] 1
0z, r r r?
After some algebraic manipulation this can be shown to be:
0 [oror or] _1[ . or or
0z, [ On Oz, Oxp oy 7 0z Oz
(B.74)
or or or Or or Or Or Or
A 0yt 550y 35— o
on 0z, on Oxg On 0z, 03 O,
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Theorem IX

0 187‘ _ 0 xg—xgi
0x, \ 7 0xp Oz, r2

_ Sap 5 (25 — 28;) (Ta — Tai)

r2 A
thus:
0 1 Or 1 or Or
R ) N B.
04 (7" 8:1:5) 72 [5(1[% 0%y 83:/3] (B-75)
Theorem X

0 |10or 0 0| _ 0 (1lor . 0 or or
O0zs |1 04 023 Oxy Oz \r oz, Oz \ 0z Ox,
Hence using theorem IX for the first term and theorem VII for the second:

818r83_l5_28r0 or 0
O0zs | r Oz Oxp O, Tz | 0z, 023

Vo [1(or o for 0 0
r0xo [T \ Oxp " 0z, po O0xs O3 Ox,

Oxp Oz,

therefore:
o [Lor o o) _1f oo oror
Oxs |7 0xo 015 Oz, | T2 e Ozrg Oz, " g Ozp

(B.76)

or Or _487“ or Or Or
P b, 0r,  0x50xy 0 O,

Using equation B.42:

1 or Or
af = - 504 —4 1 .
Gop 87u(1 — p) [axa oy ([3 —4p] (logr + C1) + 0 5)]
thus:
0Gag 1 o ( or or
8337 87TM(1 — p) 8.%7 (3xa axﬂ [(3 p) ( ogr + Cl) +0 5] ﬂ)
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using theorem VII:

Gy _ 1 [or o oo o
Oz,  8mu(l —p)r |0z, & Oxg 7 " Oxg Oxg O,
3 apls,y- M]
r
0G s 1 or or or Or or or
= _o I 3y I
0z, 8ru(l —p)r [(%a O + 0z er 0zq 0 0T [3 = 4p] 0z, 5a’3}
Then using theorem II:
0G op 1 or or or or Or Oor
- ap) Ty — gy — g,y 2 9T O
O0x,,  8mu(l—p)r [(3 2 oz, ap 0z, O 0z day + 0z, 023 8337}
(B.77)
Using theorem II again:
0G op -1 or Or or or or or
= 2 B TATAA UL S
Oz, 8mu(l—p)r [ x4 0xg 0T +(3—4p) 0z, Oap 0z, O 0z 6‘”]
thus:
0*Gop -1 o |, or or or or
= 2 — dp) 6,
0zxs0zx,  8mpu(l — p)r Oxs [ 0xq 05 0T, +3-4p) 8:575 g
or or
~ oz T %&w]
Then using theorems X and IX:
PGap 1 1|g0r or Or Or . 0Or Or . Or Or
Ors0z,  8mu(l —p)r?| 0z, Oxp 0z, Ox5 ba 0z 0z, 70 0z, Oxp
or Or or or
205 =———=— — (3 —4p) (05 — 2o—=—| da
P bz, 0z, (3 = 4p) [ " 0z, 8335] a

or Or or Or
gy [(5(15 — 28—%8—335] + Gy [5/36 — 2@8—%] ]
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Opy [5a6 ~2 8(12 aa_;] + oy [5[35 —~ 26% 5_:;} _
(B.78)
0Fy5

B.5 Kernel derivative >
Ly

From equation B.67

-1 or or Or or or  Or
- a o) (1, 2 0, S L,
Fas A (1 — p)r [26n 0xq 0z +(1-2) (ﬁaxa 0z * on ﬂ)}

hence:

OF -1 0 1[287~ or or

0z,  4m(1—p) (9:5%.; On 84 Oz

or or or
(1—2p) (lﬁa—xa - laa—xg + %5&6) ]

Thus, using theorems IX, VIII and VI:

C o e —— |2 (a1, 5
0z, 710z, ’8+47r(1—p)r TZ[(n )(%a 0z +6xn8xa prt

Or Or 5 g0r Or Or Or ] (A=2p)f, (s _ Or Or)
ondzg *" " On Oz, Oxp Oz, 72 P e 0z, 0xq

(s _ororN (o oror
A\ Oz, Oxg A\ o 0z,

OF,; 1 0r ~1 [2 or or o or
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Finally, using theorem II:
0Fys 1 or 2 [, or or  Or Or
= - a_ Fa T Ay —— — 4
or, 1 [ (8:67) * br [n 70z 02 * on 0z, prt
or or or Or Or Or ]

3 |+

8_71% o On 0z, 0z Oxy (B.79)

(1 —2p) or or or
br lpday — la%%y 0z, o 0z, Lo 0z *
. or or
50{ﬂ (n ° l’)‘ - %a—l"y> }
where
b=4n(1—p)r
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Appendix C

Equations of internal equilibrium

C.1 With respect to deformed co-ordinates

In this section the governing internal equations of equilibrium are derived. Initially
the equations of equilibrium are derived with respect to deformed co-ordinates.
Because of the complications introduced in using deformed co-ordinates with finite
strains it is required to derive the internal equations of equilibrium with respect to
un-deformed co-ordinates. This is covered in the second part of this section. The
equations of infinitesimal equilibrium are formed using the principle of virtual work
due to rigid virtual displacement as follows:

///V(Sg-idV—f-//Aég-IdA:O (C.1)

where

(5g=5u-g+5v-§'+5w-ff

=it fy i+ 1ok
Note: T and f are based on deformed co-ordinates. The divergence theorem can be
stated as:

///V_v-ng:/AgﬁdA
// (16 + mo + ng) dA = /// (‘% 9% . Zf) av (C.2)
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Therefore using integration by parts:

//5q TdA = ///[ax q ;y(éq )+§Z(5qs)dv (C.3)

If 6q has arbitrary constant components due to a virtual rigid translation then:

// 5q-TdA = /// 5q- (as O3, +%§;)dv (C.4)

Sustituting C.4 into C.1 gives:

/// 5q - (83 a§y+%§2+f) dv =0 (C.5)

Since ¢ represents an arbitrary parameter it can be deduced that:

s
e s R —;_|_f:0 (C.6)

Which is the equation of equilibrium. This equation can be put in index notation
as follows:

oiji+ ;=0 (C.7)

C.2 With respect to un-deformed co-ordinates

Equation C.7 is the internal equation of equilibrium with respect to deformed co-
ordinates. To derive the same equation but with respect to un-deformed co-ordinates
consider force equilibrium between internal stresses and the externally applied force
vector as follows.

dF = sdA
dF = s,dA; + s,dAy + 5,dA, (C.8)
le. dF = gijdA, where:
dA,
dA = | dA, (C.9)
dA,

On the boundary the applied load must equal the product of the traction and area
components, therefore:

dFf =TdA =T dA° (C.10)
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Where T° is a traction vector based on un-deformed co-ordinates. With 7' = s then:
0! dA = T°dA° (C.11)
From equation 3.116 it was shown that:
ol; |G| (G") " dA® = T°dA°

Defining (gg’j)t = ggj |G| (Qt)_l or 0% = |G| Q‘lgij then:

ij

lO
1°=(2)" - | m° (C.12)
nO
leading to:
Ty = oy + m°1,, + n°1y,
T, = l°ty, + m°o, + n°ty, (C.13)

T =77, + m°1,, + n°oy
Notice that gf; is not a symmetric matrix. The equation of equilibrium with respect
to deformed co-ordinates (equation C.7) can also be written as.

% t
oy 'Qij‘f‘izg (C.14)

Using the chain rule of partial differentiation it can be proved that:

3 d
@ _ ( z,Y,z ) %
ago - l {,Co’ yo’zo aﬁ (015)
dz° Oz
hence:
[ 82" aZo azv ] = [ % a% % }lt (C.16)
or:
[ azv aZo azv ] = [ % a% % }Q (C.17)
hence:
[ = a% > 1=1 505 aZo 527 g (C.18)



Noticing also that:

dF dF dV°
f= ﬁ = d‘;’ 7 (C.19)
ie.
1 o
f= @l f (C.20)

where f % represents domain loading intensity with respect to un-deformed co-ordinates.
Substituting from C.17 and C.18 into C.14 gives.

1
o o 8 - 0
[ 3w dy°  9z° |G lglﬂ+@i =0
[ 5 aZo 50 | GG ™o+ f°=0 (C.21)
Defining:
ij = |Q| Q_lgij (C.22)

which is consistent with the earlier derivation, therefore:

[ a5 ago 55 ] 9 +£7=0 (C.23)
leading to:

oyt fi=0 (C.24)
Note that:

ij = ij (C.25)

which is known as Lagrange’s or the 1°* Piola-Kirchoff stress. This stress can be
expressed in terms of the 27¢ Piola-Kirchoff stress as follows.

Q;?j = ﬁij : Qt (C.26)

In the derivations of the non-linear boundary integral equations the stress used in
all the equations unless other wise stated is the 1%* Piola-Kirchoff stress. And as
such the superscripted ’o’ will be omitted from the stress symbol o7;.
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Appendix D

Explicit derivation of the stress
strain constitutive tensor

Note that in the following derivations the material model used is the Mooney-Rivlin
strain energy function.

D.1 General partial derivative constitutive equa-
tions

From 4.45 the form of the differential of the 2nd Piola-Kirchoff stress can be deduced
as follows:

dSij =Y _ dijuden + o0ijdp (D.1)
Kl

where:

0S;; 0S;; 05Si;
=2 Oij =
Ok OCh dp
using: C = 2¢, + I, therefore dC = 2de,. Expanding out D.1 and assuming Ci,
and Cs; are not independent:

(D.2)

dijr =

0S; dS;; 95, 95,
dS;; = —4.d 9 d p " D.
Sij aC,, CH+8C22 Ca + 9C,s Cia + ap P (D.3)
with S;; = Sz, Sy, Sy, using dC = 2de; then:
0S;; 0S;; 0S;; 0S;;
dS;i = | 2=—2L | de, 2—" ) d 2 (2=—2 ) de,, + —2d D.4
S ( acn) ¢ +( 8022> vt ( 6012) fay T, 0P (D-4)
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Using engineering components it can be deduced that:

0S, 0S5, 0S5, 05,
dS, = <28011) de, + (28022> dey + (28012> dYzy + 8—de

S, S, a5, a5,
dSy—( aOﬂ)dez ( 8022>d +< ac, )d’yzy o —=dp

oS 0S5, 0S; oS
Ty — 2 Y 2 T -
dSzy < aCH)ds +< 8022>d —|—< 6012>d'yy ap dp

Thus putting equations D.5 to D.7 into matrix form:

dS = Dde + odp
where:

_ _ 85,
dll_Q%Cl d 2302 d13_%02
d21 = 2gg1 d22 ggvzz d23 ?
d3; = 286‘1 d3z = 20022 dsz = aclz

rry

__ 08z
1= dp ap2 3,, ap3 dp

D.2 Derivative equations (plane strain)

For the case of plane strain:

Sz:’Yzz:rsz:O

given:
Q:2ég+l
hence:
Cn Cip 0O
C=10Cyn Cy»n 0
[ 0 0 1J

From the eigen value problem:

‘Q - /\21| = Ca Coy — N? 0 =0
0 0 1— )2

177

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)



leading to:

[)\4 — (011 + 022) )\2 + 011022 — 012021] ()\2 — 1) =0 (D14)
therefore:
L=XN4+X+1=Cy+Cyu+1 (D.15)
IQ = (A% + )\g) )\% -+ )\?)\% = 011022 — 012021 (D16)
I3 = X{A3A3 = C11Cas — C120 (D.17)
from D.15 then:
oI — oI =1
O _ %P _ (D.18)
0C12 0C21

with I3 = C11Cs — C15C5% and ignoring the symmetry of C":

aly  __ O3 _ ¢
aC11 22, 8Ca2 11
oy _ Brs _ (D.19)
9C12 _021, 3031 - _012
noticing that I, = I + I3 — 1 then:
3%121 =14+Cup=15L—-Ch
%1222 =1 + 011 = Il — 022 (D20)
ol _ 8l
30122 - _0215 le - _012
noticing that:
1 [ Cyp —Ci2 0 -|
Cc = IA —Cxn Cu 0 (D.21)
3 [ 0 0 I3 J
therefore:
C—l — %’ C—l — C11
1—11 13012 22—1 fs Co1 (D'22)
Cnp = _faczl =TI
-1 -1
It can be deduced that 686(13111 = ag;; 3‘2131 = —(’;—2;2, similarly:
oC,,! _ _012021 oC _ Cy2Cy 0C! _ _012022 (D.23)
8022 _l?? ’ 8012 -l?? ’ 6021 -l?? -
30231 _ _0212012 3C{21 _ _C_lzl
8C11 1 7 9C I
30{21 _ 0210131 802_21 _ C’110'123 (D-24)
0C1a Ig ’ 9C91 Ig
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-1 -1
0C1y __ CaCi2 9C _

oC11 Ig ) 9Ce9
802_21 — _CuiCo 802_21 —
9C12 IZ 7 9Cx

-1 -1
9Cy _ CnCa 90y _
0C11 Iz ’ 6022

1 _
9Cy — 0221 acs! — _
6012 12 ’ 0021

(D.25)

(D.26)

Finding the derivative expressions in D.9 will involve evaluating the derivatives of
the coefficients of By, B and Bj in D.44 using the above proofs. Thus it can be

shown that:

9C22

5(1;3121_022(0[ 3)

0B2 C11
o= (sont)

0C12

0C11

0C22

0C12

If it is noticed that Co = 11 —

4 —2 4 _2
—30213 3022 = —50213 3

and it can be deduced that:

oC1 Is

Similarly C;; = I — Cy9 — 1 then:

0Bs3 B Ca
0Cy < ¢ 3) I
Cu
Iy

gglll = 20213_§ 022 ( C I + 0211 )
2

6B1 == 20213 3 — @ ( Cll 3 + Cg[l )

2 = G (20,17 + $G,L1;)

0By __ C21 (40 ]3 )

0B3 _ 01—232 [3011113_5 + 2021213_3
98s — Cu [201111‘5 + 3021213_3 - —0213}
0By _ 022 [20 LI+ ECo LI, ¢ — A0yI5 —
Ci1 — 1 then:

533:<02§)@—

022

2 1 4 _2
(—01[3 5 4 —0211[3 3) +

01[11 —|— CQIQI

2 1 4 _2
(—01[3 5 4 —0211[3 3) +

01[11 —|— CQIQI

(D.27)

(D.28)

0213} (3011;%+§021;§)
(—011 TN 3) (D.29)

(D.30)

)

(D.31)

)



whilst from Ciy = Cy;:

0B, _ ( C,y 3) G2 _ %< CLI;* + 0212 ) (D.32)

8012 I3 13

D.3 Explicit stress strain equations (plane strain)

From equation 4.45 it can be deduced that:

Se= B +Cn By +Cri! (By - Pl ) (D.33)
therefore:
ggfj . gg; + (8u6i5) By + Cn% — Gy (B - pI7 )+
it (a7 )
aagfl = B, — ClCT (33 - plf) + ggl + Cllggn-i-

25 = % [3OLL7 + 4CLI ] + Gl -

2007 + 2N ) + O [9240,057 | - 15l +
10,05 — (2011;% +4CL1, )

o 022 ( CilIy 3 + 0212 2)

therefore:
as, _ C -3 -
son = T ( I+ BOLIT) — 25 3007 + 4001 ] (D.34)
+80110220 I3 1 szI2 -
132 3
similarly:
0S5, 0B 0B 0B 1 _1 9l
= ! +C11—2 01_11 (‘ - =pl3? - ) -
009  OCap 90 0C%» 277 0Cx (D.35)

ci'cx' (Bs - ol
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hence it can be deduced that:

0C22
(euten) (20057 + 2015

L (307 +ACLET) +
Cugn (80111, 5 + BOLI | + St ply

2
I 21

0Sx _2021 3+4C (011+Cz22>l?:%_
2
3

It can also be proved by direct differentiation:

0S5, 05,
0Cx  0Cy
similarly:
0S, 0B, 0B,

= 222 oniont (Bs — pl3
a0, ~ a0, T gg, ~Cula ( 3 p3)+

_ 0B;3 1 10l
1 7~ = I 2
Cu (acu 2P acm>

From which it can be deduced that:

9C12 0C21 I3

1 2

_ Cr2(C C -3 3

0Sy _ 08y _ 12(C22—C11) 40 I 3 132 |:§01[3 3 _}_%021113 3i|
_2 1
C12C2 | 8 3 20 1 C23C12 2
—Cugn [8C\ LIS + BO,LI; | - §eaupl]

therefore with reference to equation D.9 it can be deduced that:

1 _4 —
d = 26805':1 = 1_36 (M> 0213 8 (02213 3) (O]_ +202[1)

+5 (%) oL +5GL) +p (%) I3

_2

dip = 285 = 4,1, % + & (—(’"11*022) Col—

_4 —
% (011 + 022) I3 8 (01 + 202 1) - gH (01]1 -+ 20212) +

— — 2 1
8 (Gugn) (201T, +50oT0) +p (D) 1

1 _4 —
dis = 2382 = 39208 Gy 15 4 1 (O, ) (Cr +205T))
— — 1

—8 () (201, +5Go1) — p (2582 ) Iy

From equation D.44 it can be deduced that:

S, = By + CpBy + C;. (33 —pl? )
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therefore:

aSy . 631 aBg " (833 1 I_% 813 ) 011

= B
8Cy 00y 2T e,

8022 2,0 3 8022 IS

(5s=o) (%)

hence:

2 = G [senn + Bounr ] -2 o+ deunr ]

+§C2 (CuC’zz) Is + épC’nIz

similarly it can be proved that:

9Sy _ 4 C12(C11—C) -3 Cn 2 _% é -3

_1 _2
_Cl}gcm [8011113 3 4 %021213 3] . §C11C12p12

therefore with reference to equation D.9 it can be deduced that:

I = 205 = 18 (Cugn) G, — 8 (Culy P (Cy +205T))
)

+2 (%) e +501) + p (S
dys = 2 98y __ 8C12(C11—C12) C Is (01213_%> (01 + 20271)

*—‘N

0C12 3 I2
3 (946 (0, 4501 — p (S45)
oS,
d21 = 28031 = d12

From equation D.44 it can be deduced that:
1
Szy = 012B2 + 01_21 (B3 — p[;)

therefore:

9C11

2 1 2
O0Szy __ 4 C12(C22—C11) -3 Ciz |2 ~3 ., 4 ~3
1 2 1
C22C1a |8 ~3 20 ~3 1C2C12 T2
_T [501[1[3 + 3021213 ] — §Tpl3

2
0Szy __ 4 C12(C11—C22) _% Ciz (2 _% 4 —3
o = 3 T, Coly ® + A sC113° + 3005

__CuiCry [8011113_% + %021213_§] _ 1011C1apj2

2
13
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55’ 8B 011022 012 8B3 1 1 613

- B By — pI} e L
5C1, ~ O +C”8012 ( 3T ) I2 Iy [3012 2P 801,
gg—jg:—wﬂp—&( Culy )

[201]1]_§ + 402]2[ 3 + p]ﬂ Cllf“
1
+92 () [ty + 30ty - deatf] -

WDl

Ci12 C1
s

N[

hence:

o5 = 20y FosChoi 4 % [801111 T+ 20LL

(D.53)
+1 [2anl +AGLE ] + 7”3+§;§C22>p1;
therefore with reference to equation D.9 it can be deduced that:
d33 — 2859@9 — —402] 3 — = (012> 0213 + %IL (01]1 + 20212) (D 54)
+5 (%) 0T, +5G,T) + pUstSpc '
0S4y
d3 =2 =d D.55
0= 250 = diy (D.55)
0S.
d3o = W —=d D.56
=250 = day (D-56)
053, lp_ Oy
= = —(COyl == D.57
01 ap Cool, 7 ( )
S, 71/2 Cn
— = O 1 =_"1 D.58
2=3 Cil, 7 (D.58)
05, —1/2 Cha
03 ap Cioly T ( )

D.4 Explicit stress strain equations (plane stress)

The condition for plane stress is that the out of plane stress in the Cartesian z
direction is zero. Equation D.44 can be written for the out of plane stress as follows:

S. = Bi+ ByCs3 + (Bs — pJ) C! (D-60)

Hence this boundary condition can be used to express the hydrostatic pressure p,
contained in the term (Bs; — pJ), as follows:

(Bg — pJ) = —033 [Bl + B2033] (D6].)
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In addition if the elastomer is treated as incompressible then it can be stated that:

Iy=|Cl=1=Cs (011022 — 0122) (D.62)
For plane stress the Right Green Cauchy tensor is given by:
Cu Cp 0
Q = 021 022 0 (D63)
0 0 Cs;3
hence it can be deduced that:
1
C33= ——— D.64
33 011022 — 0122 ( )
Cs3 = Cg3' (D.65)
01_11 = CCs3 (D.66)
0231 - 011033 (D67)
Col = —C19Cs3 (D.68)
With these results it is possible to re-write equations D.33, D.43 and D.50 as follows:
Sx = Bl (1 - 02203?3) + B2 (011 - 02203?3) (D69)
Sy = By (1= C11C3%;) + Bs (Cas — C11C33) (D.70)
Sgy = C190%B; + By (012 + 01205:’3) (D.71)
Since I3 = 1 and I; = C; + Cy + C33 it can be deduced that:
Bl = 201 =+ 202[1 (D72)
therefore:
0B, ol 0Cs3
= 2C! =20y (1 D.74
aCn ~ *ac, ~ [ i acu] (D.74)
aBl 811 8033
= 2C! =205 (1 D.75
0Cn 200y, 2 [ T 90 (D-75)
0B, ol 0Cs3
= 20y—— =2C D.76
8C; 28C1, 28Cys (D-76)
Using the quotient differential rule on equation D.64 it can be deduced that:
8033 2
= —Cy»C D.77
9C,, 22033 (D.77)
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0Cs3

= —CnCj D.78
8011 1133 ( )
8033 2
= 20,C D.79
8012 1233 ( )
Therefore substituting equations D.74 to D.76 into equations D.77 to D.79 gives:
0B, 9
=205 |1 — CxnC D.80
o > [1 - CCy] (D.80)
0B,
=20, [1 - CiiCj D.81
6022 2 [ 11 33] ( )
0B,
8012 = 4020120??3 (D82)
Using the previously derived identities the 2" Piola-Kirchhoff stress components

D.69 to D.71 can be differentiated with respect to Cj;, Cy and Ciy to give the

follow

0S4,
0C12

ing results:

05, _ 2 3 2

aC = 401022033 + 402022033 [022033 (Il — 033) — 1] (D83)
11

80 = 201033 (2011022033 — ].) + 202 []. + 2 (]. — 011022033) 033 (033 — Il)}
22

(D.84)

aC = —801012022033 + 402012033 [1 + 2022033 (033 — 11)] (D85)
12

0S8,

acy = 201C%; (2C11C2C33 — 1) + 205 [1 + 205 (C11Cy2C33 — 1) (I — C’33)]
11

(D.86)

05,

8Cy = 40101210??3 + 40201103?3 [011033 (Il — 033) — 1] (D87)
22

08,

acy = —80101201105;23 + 4020120333 [1 + 2011033 (033 — Il)] (D88)
12

0S5,

—80 Y — —40101202205)3 + 2020120333 [1 + 2022033 (033 - Il)] (D89)
11

0S5,

Wy = —4C1C12C11C35 4 2C5C12C355 [1 — 2C11C33 (I — Css)] (D.90)
22

= 20103, (1 + 4C7,C33) +2C; [4CT,C35 (I — Cs3) + C35 (I — 1) — 1] (D.91)
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Appendix E

Cauchy principal value free terms

In section 6.3 the free term coefficients for equation 6.68 are given in table 6.1.
These constants are the Cauchy principal value terms of the expanded displacement
derivative BIE domain integrals. The fact that these terms are rendered finite and
definite by the application of the Cauchy principal value theorem, integration by
parts and the mean value theorem has the effect of removing the T% hypersingularity
from the domain integral. It can be shown that (see appendix B):

0G ag 1 1 2;7?%;%“3 4p) g-0ag
=——- (53 or s (E.1)
oz, 8ru (1 —p)r aza Bag Oy
In equation 6.73 the following free term integral appeared:
]{ T,a05dT (E.2)
where:
0G 4,
Tyasp = pe 215 (E.3)
g
Over I, 2L = cos ), 8—’" = sinf and dI', = rd#, therefore:

0 _ r r\2
% - _87ru(i p)rg_m (1_4p)+2(6_) i|
————cos 0 [(1 — 4p) + 2 cos® 0] (E.4)

87ru(1 —p)r
= _87ru(1 —yr €0s 0 [(1 — 4p) + cos 26)]
similarly:
0G 11 1 .
=————sinf|(4—-14 2 E.
9y ST —p)r sin 4 [( p) + cos 26] (E.5)
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and:

G = 2 = iy %] |1+ 2(8)’]
= Wsm&[cos 20]

2
3?!12 o 31/21 — 8mu(l ;D)'ram [ 1+2( ) ]

= —m cos 0 [— cos 20)]

G 1 2
%oe = ~wali Ty v [(3 4p)+2( ) }
= 711(:050[(4 4p) + cos 20

8mu(1
0Gay 1 .
=——————sinf[(2—-4p) — 20
Ay rpu(l—p)r sin 6 {( p) — cos 26)]
Therefore from equation E.4:
ot 5 = — gty €087 0 [(2 — 4p) + cos 20)]

8##(%—1))7' (1+c0520) [2 (1 — 2p) + cos 20]
= &l r{(l_Qp)(l‘i‘COS?H)-i- 00529—1-—(;05229}

hence:

0G11 9
T = f S oedl,

1 5—8
= — gy (Cat) 27
(5—8p)

~ 16u(1-p)

From equation E.4:

5 = —grari cos Osin 0 [(2 — 4p) + cos 20

_m [(1 — 2p)sin 260 + isin 49}

therefore:

8011 or
T = R F
1112 ][ 9z Oy d

I
From equation E.6:

8Guﬁ . _;
0z 890_ 87ru(1_p)7«

sin 6 cos 6 [cos 20)]
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therefore:

0G1 Or
Tig = Tomnn = j{ 8;2 %drg =0

Le

From equation E.6:

8G12 Or _ _ 1 .2
9z oy — — sap(i=p)r S 0 cos 20
1 1

—cos 260
> ) cos 20

(
— 1 [00320 __ cos220
[

2 2

cos2 (1+C;)S40)]

therefore:

8G12 or 1

T1212 = T2112 =

e
From equation E.8:
9Gos Or __ 1
do. s = TS cos® 0 [(4 — 4p) — cos 26]
= — e (1 + cos26) [(4 — 4p) — cos 26|
= _m {(4 — 4p) + (4 — 4p) cos 20 — cos 26 — H'CTOSM}
== 167ru(117p)'r {7_28p + (3 — 4p) cos 20 — % cos 46}
therefore:
6G22 or T — 8p
Too11 = —dl, ==
2211 j{ 5 D a =)
Te

From equation E.8:

Guir 1
oz ay o 87ru(1 —p)r

therefore:
0G99 OT
Ta12 = ]{ 8;2 8—de5 =0
I'e
Similarly:
0G11 Or
Ti101 = ]{ ayll %drg =0
Ie
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(E.15)

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

(E.21)

(E.22)



From equation E.5:
8011 87" _ 1

9y = Temp(l—p)r (74P~ —dp)cos2 2 F.2
Oy 0Oy 167 (1—p)r {( p) — ( p) cos 20 + cos 26} (E.23)
therefore:
0G11 Or (7 — 8p)
T = oy = Tleu(i—p) E.24
1122 % oy 8yd c 60 (1) ( )

Te

From equation E.7:

agyﬂ g_; — _m sin  cos 6 (cos 20) (E.25)
therefore:
0G5 Or
Th999 = TH192 :Fj:{ By a—de (7:26)
From equation E.7:
0G120r — ___1__ 05?0 cos 26

0 TG o

87 u(1—p)
— P:os?@ + cos? 26 (E27)
167 u(1—p) 2
— 1 cos 20 1+cos 460
T 16mu(l-p) L 2 +( +4 )]
therefore:
8G12 87' 1
Th9o1 = Toim = j{ —dll, = ——— (E.28)
oy Ox 164 (1 —
dooy p (1 =p)
From equation E.9:
0Ga2 Or __
dy dy 87ru(1 p) sin 9 [(2 - 4p) — COS 20] (E29)
= 167”‘% ) [(2 — 4p) (1 — cos 26) — cos 26 + cos? 20
therefore:
0G9y Or 5—8p
Tome = 3= "6l —m E.30
2222 4 ay ay 16/,[, (1 — p) ( )
similarly:
8G22 8’/‘
Toom = 5-dle =0 E.31
= 0 Ba)
Te
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Appendix F

Singular integration for log%
singularities

It is stated that the logr singularity in the second term of the basic BIE equation
6.31 can be dealt with by means of logarithmic quadrature. The method for the
regularization process starts by splitting the intrinsic co-ordinate space into two
parts as follows [13]:

£=1

Figure F.1: Three noded element with two integration zones.

I= /01 [F1 log ﬂ d¢ (F.1)

where:

N[

r=(z -z +y—ul)
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Fy = F (v — 23,y — 43)

Let (zi,y;) — (zj,y;) for the j% node of the e element. Hence for integration in
Part I (see figure F.1) where the intrinsic co-ordinates vary from £ =0 to £ =&, =

%, define:

1__ & &=¢

ro &—=§& &r
therefore:

1 &; §—¢&
log— =1o . 4+ log 22
ST G- g
Let:
& —&
1=
&

thus:

§—0 ¢ =1

§—¢& ¢ =0
Therefore:
_ 09y
do, = a—§d§
thus:
dé
do, = ——=>
o1 3

Enabling the integral to be transformed as follows:

& o &j
/ Fi(€)log de + /
3 '3

=0 59’7' =0

=0

&j 1
/ Fi(é)log ;dﬁ =
0

& 1 1 1
/g F1(§)logad§+/0 F1(¢1)logad¢1

(F.2)



Note that in the second term of the last integral term of equation F.7 the limits of
the integration have been swapped to remove the negative sign.

For integration in the Part II zone, from £ = §; to £ = 1, define:

1_1-§& &€&
ro =& (1=¢)r (£-9)

thus:
1 1-¢ §—&
log— =1 log ——>— F.10
0g 0g§_§j+0g(1_§j)r (F.10)
let:
—&; d
e B R
j
thus:
§—&; 2 =0
£ 51 by =1 (F.11)
therefore:
! 1
/ Fi(€) log —de =
) ) o (F.12)
Fi (&)1 ld§—|—/F(qﬁ)logi(l—{-)dqﬁ
/g. 1(¢) 0g772 A 1 (P2 b j 2
where:
r
N2 = @
Therefore the overall integral can be written as:
! 1
0 r
where:
! 1
Iy = /0 {E(g) log ;] d¢ (F.14)
1
1
L = /0 Fy (¢1)log a{.‘hjdfﬁl (F.15)

192



1 1
b=AFM@N%@O—®N@

where:

= 6‘77« .
_@a=g)r ,
A
¢1:€jf—_'£ §=¢(1-¢1)
J

8T8 g (1-g)

b=y

(F.16)

Iy can be evaluated by the usual Gaussian quadrature. I; and I, can be evaluated

using logarithmic quadrature from:

1 1 N
/ nlog (5)dn = F (b)) W,
0 s=1

(F.17)

Note: For 7 =1 then I; = 0, Part II only. Similarly 7 = n then I, = 0, Part I only.
For Iy, as n — 0 then r — 0, so no singularity in this term and hence standard

quadrature can be used.
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Appendix G

Inertia loading

G.1 Inertia loading in FEM

In order to model rotational loading for the FEM an equivalent nodal loading vec-
tor needs to derived. This is done utilizing Alembert’s principle which assumes a
dynamic system moving at constant velocity can be reduced to a static system if a
virtual inertial force equal and opposite to the driving force is applied. Consider a
point mass m within an element domain which is subject to a constant acceleration
a. With Alembert’s principle the accelerating force can be balanced by an equal
and opposite inertial force:

F=—ma (G.1)

The work done by the driving force F' moving with a infinitesimal displacement
vector dq can therefore be written as:

W = /Eténg = —//pma dq hdxdy (G.2)

where h is the element thickness and p,, the material density. In the case of cen-
trifugal loading the accelerating force is due to the centripetal acceleration directed
in wards to wards the origin of rotation, which can be evaluated as follows:

a = pprw’ (G.3)
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where r is the radius to the center of rotation and w is the angular velocity. Hence
the centrifugal acceleration can be resolved into z and y components (relative to
the origin of rotation) and used to evaluate the equivalent nodal loading vector as
follows:

- // (az 0u + ay 6v) pp, hdzdy (G.4)

Which for a discretized element domain can be written as:

n

oW =>"[(Fy); 6ui + (F,), dvi] (G.5)

=1

where:

1 p1

=— / / PmayN; | J| hdédn
0J0
1 1

= [ oy 17 naea
0J0

where N; and |J| are the isoparametric shape functions and Jacobian determinant
evaluated at the intrinsic £ and 7 coordinates. The double integrals in equations G.4
and G.5 can be evaluated from Gauss quadrature as follows (note ) is the number
of quadrature points):

Zﬂmhax (&ms) 17 (Ems) | W, WV, (C.6)
r=1 s=1
Q Q
3N pmhayN; (€n.) 1T (Ens) | W, W, (@.7)
r=1 s=1
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G.2 Inertial loading in BEM

Rotational inertia loading is modelled in the BEM as follows. If an engineering
component, which is plane symmetric with respect to the x-y plane, is rotating with
a uniform angular speed w, around an axis parallel to the z axis and intersecting
the x-y plane at (z,,y,), then body forces are generated. The effect of this om the
BIE and DBIE equation is to add domain terms of the following form:

v.= [ ﬁzi;(fﬂGﬂa)dxdy (G.8)

U, ~ [ 9Csa
Eus = = .
o= = [[ 3 (552 ) oy (G9)

B=1

fo = pm (. — 2,) W? (G.10)

fz = Pm (y_yo) w2 (G'll)

with equations G.8 for the BIE and equation G.9 for the DBIE respectively. Defining
the kernel function as follows:

. 1 1 7T—8p or Oor
Gt = Brp(l = p) K(?’ 4p)leg ( 2 ))%BJFE(?—Q%] (G-12)

From the definition of the kernel function G.12 given by equation B.36 in appendix
B equation G.8 can be written as follows:

1 2 0%g*
_ 2 x
v.= [ lfav o~ F = 2 axaaxﬁ] drdy (G.13)
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Starting using integration by parts on equation G.13 these domain terms can be
reduced to boundary integrals [14]:

_ ag*
Ua - é -faa—n

Ofa 1 . Ofs |
f g —2(1_p)Zglg—ﬂ dr+ (G.14)

dl'—

For the case of inertial loading it can be deduced that:

% fs

07,073 =0

Vsz=0 )

therefore:

Uy = zﬁ: (j’{ soigf,adF> - fajgg*dF (G.15)

0 1 Of -
fa_(?n 2(1 — p) Oz, ’ Jo=Us+mly

. 09y 1 07
Pap = gy b 2(1 —p) Oz

Similarly for the domain loading term of the DBIE it can be shown that:

(G.16)

a8

SESESE

9
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where:

Eqs = —i/ [g*i — g*ﬂ dr (G.17)

o oz
9 99y
f* _ ﬁ 6%@{2 (G.18)
2]
690%1 8‘1"%2
oy y
9g* 0
99"
oo |® L (G.19)
0 X
% 1
dp — _8 1 [ (210g27" + ) [2(1 - p)la(sa,@ - la55’7] +
oz, (1 = p) (G.20)
or or | or
_p) —dg— | =—
df 1 Ofn
~ on  2(1—p) oz .
i:[gﬁ_mlp)%] (G.21)
on 2(1-p) 9y
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Appendix H

Pressurized cylinder direct
numerical solution, review of
governing equations

H.1 Strain components in cylindrical coordinates

Consider the deformed infinitesimal element of material in cylindrical coo-ordinates
shown in figure H.1.

z
A

X

Figure H.1: Cylindrical coordinate infinitesimal element of material
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The strain components can be defined from the following equations:

. a'tl —ab . (r+Ar)—Ar _du
= =1 = — H.1
€r alzino ab A?l”lllo Ar dr ( )
. bd—bc . (r+uwA—rA0 _u
cd —cd Az + Aw)A
¢ = lim S =4 _ yyy (B2FAWAZ 0w (H.3)
cd—»0  cd Az—0 Az z
therefore:
A= (1+) (H.4)
u
o= (1+ ;) (H.5)
0
A = (1 + a—f) (H.6)

H.2 Equation of internal equilibrium in cylindri-
cal coordinates

Consider equilibrium of forces acting on the infinitesimal element shown in figure

H.2, hence:

NAET) N\ (AFy) MO+ f,ArA0A (H.7)

T

where
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AFr = o0,71A0Az (H.8)

AF0 = ogArAz (H.9)

Therefore the equation of equilibrium in cylindrical coordinates can be written as:

1d(roy)

o
_ v =0 H.10
r dr r+f ( )

where f, represents body forces.

z

A AF,
AFe
rABe
AF
r
OF
AF+(—)A
(5;)ar
aFg Ar l
Y AF

X

Figure H.2: Forces acting on a infinitesimal element of material in cylindrical coor-
dinates

H.3 Lame’s solution for a pressurized thick walled
cylinder

Given:
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u _ du _ (rep)
; € = =

€y =
T dr

from Hooke’s law:

1
€ = E [Ur - V(O-ﬂ + GZ)]
— L lop—v(o. +0,)]
€p = E Oy V\0, o
therefore:
or—v(og+o,)=—Ir(cg—v(o,+0,))]

dr

Carrying out the differentiation and re-arranging gives:

(0r = 00) (1) = 1 (o0 = v (0 + 7))

from Hooke’s law:

1
&=z [0, — v (0, + 0p)]

it can be deduced that:

do, d
o = a [v (o, + 0y)]

substituting equation H.17 into equation H.15 gives:
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(o, —0p) = r% [09(1 — v) — vo,]

The equation of equilibrium in cylindrical coordinates can be written as:

do,
dr

(o, —09) = —r1

by comparison of equations H.18 and H.19 it can be deduced that:

—o, = 0¢(1 — v) — vo, + Constant

therefore:

(o, 4+ 09) (1 — v) = Constant = 2A

Substituting for oy in equation H.19 gives:

do,

24 — 20, =
7 Tdr

which can be solved to give:

Ar?’ =r%0, + B
thus:
B
Oy = A — 7‘_2

Substituting equation H.24 into equation H.22 it can be deduced that:
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op=At+ 2 (H.25)

r2

If R; is the inner radius and Ry is the outer radius of the cylinder, with p as the
internal pressure then the boundary conditions can be stated as:

or=—p TR (H.26)

0, =00 r— Ry (H.27)

Using the boundary conditions represented by equations H.26 and H.27 and equation
H.24 the constants can be solved for to give:

A= (H.28)
pR;
o2 = : (H.29)
where:
o— % (H.30)

Therefore the stress distribution through the thickness of the pressurized thick walled
cylinder made from a linear homogeneous material are given by the following two
equations for radial and hoop stresses respectively:

P R?

T e (1 N r22> (H.30)
R2

oy = ®2p_ 1 (1 + —722) (H.32)
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H.4 Lame’s solution with respect to elastomers

For the direct numerical solution of the non-linear pressurized rubber cylinder the
linear case of Lame’s solution with some modification will be used for the initial
conditions of the iterative solution procedure. Hence for the two test cases considered
(plane stress and strain) and using Lame’s solution:

0,=0 (H.33)

o, =v(o,+09) = ®2p_ : (H.34)

For a incompressible materail such as rubber the following can be stated:

E E
=— = — H.35
F=o0+v) — 3 (H.35)
and using the Mooney-Rivlin material model it can be shown that:

It is also the case that in cylindrical coordinates the strain components ¢,, €y and ¢,
are also the principal strain components. Hence using Cauchy’s definition of finite
strain €, and € can be defined as follows:

u 1 ru\2
o= du, Lfduy’ (H.38)
"odr o 2 \dr )

Using equations H.37 and H.38 it can be deduced that:
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g (1 + ;) = VI+2e (H.39)

A = (1 + d—“) =1+ 2¢, (H.40)
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Appendix 1

Fracture mechanics

I.1 Crack propagation criterion

It is well known that cracked components will fail when subject to a critical load.
To understand why a component fails at a critical load and why the component does
not fail at a load below the critical despite the very high stresses at the crack tip an
appreciation of the energy changes due to incremental crack extension is required.
Griffith [21] proposed the two following conditions for the extension of an existing
crack:

1. The stress ahead of the crack must exceed a critical value.

2. The total energy of the system must be reduced by the extension of the crack.

To illustrate this a Griffith approach can be used [36] by considering a remotely
clamped crack free plate subject to a uniform stress (see figure I.1). By introducing
a crack into this plate the total system energy can be broken down into strain energy
and crack surface energy. Considering the strain energy first, as a crack of length
2a is introduced into the plate there will be a relaxation of the material above and
below the crack, and hence some strain energy will be released. To approximate the
strain energy released in this way it can be assumed that the relaxed zone of the
material is in the form of a triangle of height 2a. The relaxed volume of material
with thickness ¢ can be approximated as:

Ba’t (I.1)
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/ R?oi(eed

y
Ba
X X

2a
[e)

Figure I.1: Fixed end cracked plate

Thus the strain energy released per unit thickness for simple tension is given by:

o2
o= ﬁﬁ‘f (1-2)

This last result is in good agreement with the accurate solution obtained by Griffith
for plane stress:

0.2

QS — ﬁﬂ'dz (13)

The partial derivative of the strain energy with respect to crack extension is there-
fore:

op o2
9¢ _o° I.
% Eﬁa (I.4)

A similar pair of expressions can be derived for plane strain conditions:

2
o
¢ = ETMLQ (1 — U2)
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o’ma

= 5 (1—17) (L.5)

Q)‘Q‘J
SERSE

The second of the two components that make up the total potential energy is the
surface energy of the crack, W, the required energy to produce extension of the crack
tip. If it is assumed that the energy required to produce equal increments of crack
tip extension remains constant as the crack grows then the surface energy W of the
crack will increase linearly with increasing crack length. The point of instability can
therefore be described as the stationary point of the total energy curve, beyond this
point the strain energy released during an incremental crack extension exceeds the
energy absorbed creating a new crack surface (see figure 1.2). Defining the strain
energy release rate per crack tip, G, for an incremental crack extension as follows:

Crack length a

W+®

Energy

Figure 1.2: Energy balance criterion

99
G=— I.6
5a (L.6)
Thus with reference to equations 1.4 and 1.5:
G = %0’2a (L7)
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G = EU2G (1—v%) (L.8)

where equations .7 and 1.8 are for plane stress and strain respectively. The energy
absorbed during an incremental crack extension is usually assigned the symbol R.
Therefore the threshold condition for unstable crack growth can be expressed as:

op oW
— = OR G=R 1.9
da  Oa (L9)
Since R, the energy absorbed during an incremental crack extension, has a constant

value, the critical strain energy release rate G, at the point of instability can be
defined as:

o’mwa
_ % L1
G.— % (L10)
G, = % (1—22) (L.11)
c E .

Equations 1.10 and I.11 (plane stress and strain respectively) can be rearranged to
have material properties on the left and geometrical and loading properties on the
right:

(G.E) = o, (1a)*® (I.12)

(G.E) = o, (1a)*® (1- 1)2)0'5 (I.13)

The expression on the right of equations .12 and 1.13 can be shown to be a measure
of the crack tip stress field singularity [4] and is given the symbol K;. This parameter
will also have a critical value above which the crack will propagate. The critical value
of stress intensity has the symbol Kj¢.
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Kic = o¢ (ma)”? (I.14)

Equations 1.12, 1.13 and 1.14 are for the special case of a cracked plate with fixed ends
subject to a uniform stress. For more general cases of loading and crack geometry
a coefficient Y, or stress intensity factor, can be obtained for the form of loading
and crack geometry of interest. It will be shown that another measure of the ease
of crack propagation, the J-integral, is constant for any contour surrounding a crack
tip and for a linearly elastic material the J-integral equals the strain energy release
rate G. Thus with reference to equations I.11 and 1.13 it can be seen that:

K; = (JE)*® (1.15)

K = ( JE )0'5 (1.16)

1—102
Note: The suffix I after the stress intensity symbol refers to the first of the three

modes of crack tip deformation. The three modes of crack tip deformation are as
follows:

1. Opening mode, having symmetry about the (z,y) and (z, z) planes.

2. Sliding or shear mode, having anti-symmetry about the (z, z) plane, and sym-
metry about the (z,y) plane.

3. Tearing mode, having anti-symmetry about the (z,y) and (z, z) planes.

1.2 The J-Integral

A similar approach to the Griffith energy concept of crack propagation is the J-
Integral concept first introduced by Rice [40]. Consider the following energy con-
stituents in the total energy of a cracked plate [15].

=3, + P, + D, —F (1.17)

where:

211



- ®p is the elastic energy of the loaded un-cracked plate (a constant).

- @, is the change in the elastic energy caused by introducing the crack in the
plate.

- ®, the change in the elastic surface energy caused by the formation of the
crack surfaces.

- F' The work done on the system by external loads.

As with the Griffith approach a crack in a component will propagate as soon as
the total system energy ® stops increasing with crack length. Thus the point of
instability will occur when:

dd
< 1.18
da — 0 ( )

With reference to equation 1.17 and taking note that the elastic energy of the loaded
plate is constant, then equation 1.18 gives:

d
1 (@a+ &y = F) <0 (1.19)

Re-arranging equation I.20:

d dd
3 (F=®) > 7 (1.20)

The left hand side of equation 1.20 represents the energy available for crack extension.
This energy being the difference between the energy supplied by external loads and
the increase in elastic strain energy. The right hand side of the inequality represents
the elastic surface energy of the crack surfaces, which is the energy needed for the
crack to grow. Thus equation 1.20 is another statement of the point of instability
when the crack starts to propagate. And as such is equivalent to equation 1.9 defined
in terms of the energy release rate G and the crack resistance R. For elastic behaviour
(though not necessarily linear) it is possible to define a non-linear equivalent of G,
namely J,:
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J, = % (F - @,) (1.21)

returning to the energy balance equation 1.17 it is possible to define the potential
energy of the system ®, as follows:

O, =P+ P —F D=0+, (L.22)

Since ®, is constant then differentiation of ®, yields:

dd, d d
“P = (3, - F)=——(F -, 1.23
o = qa )=—3( ) (1.23)

By comparing equation 1.23 with 1.21 it can be deduced that:

do,

==

(1.24)

It was shown in equation 1.20 that % (F — ®,) represents the energy available for

. de
crack propagation, and hence —=* represents a release of energy to overcome the

. . d(I),Y . .
crack propagation resistance energy -3-* for an increase in the crack surface by da.
The main use of the J-Integral is its numerical evaluation for a contour surrounding a
crack tip, which if found to be positive indicates the crack in question will propagate.

1.3 Rice J-Integral evaluation

The alternative way to evaluate the J-integral other than the potential energy ap-
proach previously discussed is to integrate the expression derived in the following
section over a boundary contour enclosing the crack tip. Consider a cracked body
of unit thickness as shown in figure I.3. The body has a perimeter I', and a surface
A. Tractions T acts on a part S, of the perimeter and performs external work AF'.
Parts of the body undergo a displacement represented as a displacement vector w.
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da da-x

Figure 1.3: Rice J-integral crack geometry

Restating equation 1.17:

®=D,+ P, + P, — F (1.25)

And defining the change in system energy due to crack increment growth of Aa:

AD = Ad, + AD, — AF (1.26)

Defining the incremental change in potential energy as:

AD, = AD, — AF (1.27)

Substituting equation 1.27 into equation 1.26 it can be seen that:

A® = AD, + AD, (1.28)

Equating equation .28 with equation .26 it can be deduced that:
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AD, = AD, — AF (1.29)

Taking the limit Aa — 0 then:

d®, = dd, — dF (1.30)

Integrating equation 1.30 results in the constant ®¢;, the energy content of the body
before the load increment AF' was applied, hence:

(I)p - @a - F -+ @01 (131)

In equation .31 the term ®, + ®y; represents the total strain energy contained in
the body. The total strain energy content can be expressed in terms of the strain
energy density ® as follows:

d, + D, = / / ddzdy (1.32)
A

The work done by externally applied loads can be expressed as:

F:/ T'uds (1.33)

where u is the displacement vector. Substituting equation 1.31 gives:

<I>p:// @dxdy—/ T'uds (1.34)
A I'o

Differentiating equation 1.34 with respect to crack length a:

it / —dxdy /Ttg@ds (L.35)
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Equation 1.35 is the J-integral expression giving the change in potential energy per
unit crack extension. The sign convention of the equation can be modified with
reference to figure 1.3 if the co-ordinate system origin is taken as the crack tip. If

the perimeter boundary I'y is fixed then it can be seen that da = —dz and % = —%,
in other words the positive z axis direction is in the direction of crack growth, thus:
d®, 0P ou
—r = —dazd T'—d 1.36
i =~ /) apsavs | T (1:36)

Using integration by parts and equating equation 1.36 with equation 1.24 it can be
seen that the Rice J-integral expression is given by:

ou
— _ tZ= 1.
Jy /0 ody /FOI axds (1.37)

Expanding out the traction and displacement derivative components equation 1.37
can be written as:

ou ov
= [ ®dy-— PR R I.
I, / dy /1:0<$6$+ yax>ds (1.38)

It can be shown that for a closed contour the value of the J-integral expression
given by equation 1.38 is zero [15]. However, for a contour enclosing a crack tip
this expression will always be greater than zero. For this research the evaluation of
this expression was simplified because the total strain energy ® could be found di-
rectly from the Mooney-Rivlin strain energy expression 4.23. Also the displacement
derivatives in the second term of equation 1.38 were already evaluated during the
non-linear solution algorithm.
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