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ARTICLE INFO ABSTRACT
Keywords: Sensor-based incremental control is a recently developed technique that reduces dependency on
Gaussian processes precise model knowledge. This approach uses measurements or estimates of current state de-

Data-driven
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rivatives and actuator states to linearise the dynamics with respect to the previous time instant,
albeit at the expense of increased sensitivity to measurement quality. Unknown system behaviour
stability due to unforeseen malfunctions in measurement or actuation systems can lead to significant
Nonlinear control systems performance degradation. The novelty of this paper lies in a new method that combines the
Uncertainty reduced model dependency of sensor-based Incremental Backstepping (IBKS) control with the
adaptive capabilities of data-driven Gaussian Processes (GPs). The resulting controller exhibits
significantly reduced sensitivity to model and measurement uncertainties. A theoretical proof of
the global uniform ultimate boundedness of the IBKS tracking error is provided. The direct GP-
based adaptation reduces the error bound and offers both long-term dependency learning and
noise filtering capabilities. The effectiveness of the proposed approach is demonstrated through a
missile flight control example.

1. Introduction

Ensuring superior control performance while maintaining system stability is essential in the design of safety-critical systems. Many
real-world systems exhibit nonlinear dynamics, which makes their control particularly challenging. Gain-scheduling of linear feedback
controllers is a common solution in commercial applications, providing stabilisation and satisfactory tracking across a range of
conditions [1]. However, these controllers tend to underperform in scenarios involving severe and unpredictable changes in system
behaviour, where their functionality becomes limited. Nonlinear Dynamics Inversion (NDI) and Backstepping (BS) techniques have
gained popularity for their ability to globally linearize system dynamics and decouple control efforts [2-4]. NDI is a feedback line-
arization technique [5] that aims to invert the original dynamics and replace them with the desired linear dynamics [6]. BS is a control
method for strict-feedback systems [3] and can be considered a particular case of the block-controllable form, which involves the
iterative application of the regular form [7-9]. To enhance the robustness and fault tolerance of NDI and BS controls, incremental
sensor-based approaches have been developed [10-12]. These methods exploit the idea that nonlinear system dynamics can be lin-
earised incrementally based on the system states from the previous time step, thereby allowing real-time measurements or estimates of
state vector derivatives to partially replace detailed model knowledge.

However, the incremental linearisation introduces error dynamics, which can degrade control stability and performance. Despite
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their robustness to certain failures and model uncertainties, incremental controllers remain sensitive to the quality of sensor infor-
mation [13-16]. Noisy measurements can degrade control system performance, necessitating filtering techniques such as Kalman
filtering or Gaussian Process methods [17,18]. However, filtering highly noisy signals can introduce significant delays in the mea-
surement and control loops, which compromises control performance [14,19-22]. Input Scaling Gain (ISG) [23] has been proposed to
mitigate the effects of high-frequency noise and feedback loop delays; however, it reduces the closed-loop response bandwidth,
rendering the controller more conservative. Furthermore, sensor or actuator failures can lead to devastating consequences [14].

Adaptive augmentation strategies have been proposed to compensate for uncertainties due to unknown control efficiency matrices
[14,20,24,25]. In cases involving unconventional control actuation, such as morphing wings [26] or plasma actuators [27], the system
dynamics become significantly more complicated, and control efficiency depends on the states, losing the input-affine property.
However, most techniques address only one of these problems—either sensor noise, uncertainty in the control efficiency matrix, or
actuator model inaccuracies. A generalised adaptation strategy capable of tackling a broader range of issues could provide a universal
remedy.

Neural networks, including Radial Basis Functions (RBFs), are popular for online identification and adaptive control due to their
universal approximation capabilities (for example, see [28,29]). RBFs, being linear in the parameters, offer advantages over multilayer
perceptron neural networks. However, their performance heavily depends on the selection of RBF centres, which are typically pre-
allocated over a presumed domain [28,30]. If the system states deviate from these centres, the RBFs fail to capture the uncertainties.

To address these challenges, we propose using Gaussian Processes (GPs) to implement an adaptive control loop that augments the
baseline IBKS controller. GPs introduce a Bayesian paradigm to adaptive control, treating estimation as a statistical problem [31].
Unlike previous approaches [32] that collected data prior to control design, limiting controller performance, our method utilises GPs to
represent uncertainties online, as a distribution over functions. GPs dynamically choose new kernel locations to ensure domain
coverage without prior assumptions. Measurement noise is explicitly handled, and there is no need for preallocating RBF centres.
GP-based Bayesian inference overcomes standard gradient-based parameter update shortcomings, such as lack of convergence gua-
rantees and potential instability under noisy conditions [33,34]. This method was applied in the design of direct Model Reference
Adaptive Control (GP-MRAC) [35], where GPs were used to match uncertainties and produce compensating control commands.
Additionally, GP-based indirect adaptive augmentation to IBKS [20] addressed actuation system failures in aircraft, using sparse GP
adaptation to account for flight control uncertainties. Sparse GP adaptation was used to take into account other possible uncertainties
in flight control, for example, change of the inertia due to slung payload motion [36,37]

Stability analysis of the system dynamics is essential for control clearance [38-40]. In this work, we analyse the IBKS control
strategy and theoretically prove that a controller designed for incremental dynamics can stabilise the original nonlinear dynamics. We
derive a theoretical estimate of the tracking error dynamics and demonstrate that it is bounded. To compensate for the error dynamics,
we develop a direct GP-based adaptation of the incremental controller, capable of addressing a wide range of uncertainties, including
linearisation errors, measurement inaccuracies, and actuation failures. This approach differs from the GP-based indirect adaptive
augmentation to IBKS [20], which was developed to tackle only a specific type of error arising in the control efficiency matrix. Our
detailed analysis of the indirect and direct GP adaptations to IBKS, provided in this paper, shows that direct adaptation can handle
more general types of uncertainties. These uncertainties could arise from imperfect knowledge of the model cascade coupling matrices,
linearisation of the system, failed estimation or measurement of state vector derivatives, and faulty actuation. Our approach combines
the reduced model dependency of sensor-based IBKS control with the adaptive capabilities of GPs. The resulting tracking error is
globally uniformly ultimately bounded, with the ultimate bound reducible by increasing the sampling rate and control gains, mini-
mising the residual vector from the projection in the Reproducing Kernel Hilbert Space (RKHS), or collecting new measurements at
points of high uncertainty.

The paper is organised as follows. The Introduction is followed by Section II, which considers the incremental form of the system
dynamics. Section III describes the design of the incremental control law. The stability analysis of the IBKS is presented in Section IV.
Section V discusses Sparse Online GPs, while Section VI addresses the convergence analysis of the proposed framework. Section VII
considers an example dynamical system, specifically the longitudinal flight dynamics of a missile with the corresponding incremental
controller. Section VIII presents the simulation results, and the paper is summarised in the Conclusion.

2. Incremental form of system dynamics

We consider nonlinear strict-feedback systems that are affine in the control input [3], which can be represented in the following
form:

x; = F;(w;) + Gi(wy)xi1,i=1,...,h — 1,xp = Fp(wp) + Guu, 1)
where x; € 7, C R" are the system states, u € 7 C R™ is the control input, w; = [xlT, ey X }7 i=1,...,hrepresents concatenations

introduced for notation purposes. Similarly, the notation 7= 2°x x Z°¢, X Z¢, X ... x Z¢ is used to denote concatenations of
subspaces of the state spaces. For brevity, unless stated otherwise, whenever the subscript i is utilized, the full set, i.e.,i = 1,...,h, is
referred to. x;;; is considered as a control input for x; sub-system.

Assumption 1. The nonlinear functions F; represent the unknown system dynamics, whereas the nonlinear functions G;, i=1, ..., h
—1 and G, are assumed to be known. F;,G;, i=1, ..., h— 1 and G, are assumed to be Lipschitz continuous:
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IFiy,) = Fi(y)l < Trly: =¥, i=1..n,

Giy1) ~ Giy2)| < Ty, —¥al, i=1.n.

x; are continuous and bounded on the compact [0; 7], where 7 denotes the sampling time; therefore, x; are also Lipschitz continuous
functions. Furthermore, x; are bounded |x; — x;,| <6;7, where §; > 0. Therefore, the following inequalities are true

|Fi(Wi0) 7F1(W,){ < FFI.T, i= ].h.7

|Gi(Wi0) — Gl(Wl)‘ <FGI.‘L'7 i=1--h 2)

This assumption is commonly made and is applicable to a wide range of real-world systems.

The IBKS is based on the concept that system dynamics (1) can be represented incrementally. This is achieved by employing sensor
and actuator measurements for feedback, significantly reducing the dependence on precise knowledge of the plant dynamics.

By expanding Eq. (1) into a Taylor series around (xj,, uo) corresponding to the previous time instant ty, the dynamics in Eq. (1) can
be expressed in the following form:

X; = Xiy + A AX; + B Axpq + O(Ax7), i=1,+-,h— 1,

. . 3
Xp = Xn, + Ay, AXy + ByAu + @ (Axy?).
where
A — d(Fl(w,) + G,‘(Wi)xH])|
B 0x; |w':w
=W
o(Fi(w; i (Wi)x;
B, = (Fi(wi) + Gi(wi)xi11) :Gi(wio)
0X;i11 wi=w;,
wy) + Gr(wp)u
B, = fnWn) e n(Wh) — G (wny) @
Wh=Wp,

are partial derivatives with respect to the state vector parameters and the control input; Ax; = x; — X;,, Au = u — Uy are increments in
the state derivatives and the control input, x;,, Uy can be measured by sensors. This means an approximate linearization about the
previously measured signals is performed incrementally; ¢7'(Ax?) are high order terms in the Tailor series. The system dynamics in Eq.

(3) are updated at frequency v, corresponding to the sampling time 7 = 1.

Assumption 2. Due to the timescale separation principle, which holds well for some real systems ([11,41]), the following set of
assumptions can be made when the sampling frequency is sufficiently high:

AX; < AXiy1; Axy < Au %)

Such assumptions become feasible for a real plant because, over small time increments, the control inputs x;. 1, u directly influence
the state derivatives x;, while changes in the state vector itself occur more slowly, as they evolve only through the integration of these
state derivatives.

Assumption 3. The actuators are presumed to be sufficiently fast to achieve the required input increments within the small sampling
interval. This assumption complements the previous one, as it considers the actuator dynamics to evolve significantly faster than the
system states. Such an assumption is reasonable for many practical actuation systems, whose dynamics can often be approximated by
linear first- or second-order models [42,43].

Assumption 4. Complete and accurate knowledge of the system state is assumed. Sensors providing state derivatives are also
considered to be available for this study. Some acceleration measurements may be obtained directly, while others may be estimated by
differentiating other measurements and applying appropriate filtering.

Under this assumption, the incremental dynamics can be reformulated as follows:

X = X + By ARy + (A% ), i=1,-,h -1,

Xn = Xn, + BuAu+ 7 (A%} ). O]

From a practical standpoint, Assumption 4 is quite stringent, as sensor faults or inaccuracies can lead to significant risks in real-
world applications. To address this, various mitigation strategies may be employed, including sensor fusion, hardware redundancy,
filtering, and state estimation techniques. In this work, we propose an additional strategy based on GP adaptation, which enables the
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system to compensate for sensor imperfections in a data-driven manner.
3. Incremental backstepping control

In this section, we follow a conventional IBKS procedure [14,44,45] to design a control law for the linearised system (6). The error
for system (6) is defined as follows:

% = Xiret — Xi, i =1, h. (7)
The error dynamics of the system (6) are governed by the following equations:
z'i:ximf—?ci, i=1,-h (8)

For x;-subsystem, the Lyapunov function is constructed as follows

1
Vi= Elezh (©)]
such that
V1 = Zsz.l = —lewlzl (10)

and W; is a diagonal matrix with positive main diagonal coefficients. Considering the error dynamics in Egs. (6) and (8), Eq. (10) can
be re-written as

721TW12:1 %le(x xlo 7BX1A./X\'2>. (11)

lrp
Desired virtual control for X;-subsystem v; = AX, can be derived to guarantee the stability of the X;sub-system:
V), = B;] 1 (xl

o — X1 T W121>- (12)

In a similar way, step-by-step, we can introduce the Lyapunov function for the whole system (6), which guarantees the stability of
the extended system dynamics described in Eq. (8):

h
V=Vi+)
i=2

V= 2'g=—2"wz a3)

1
22 = Esz’

N~

where z = [272]...2] }T, W is a diagonal matrix with positive main diagonal coefficients.
Then, the corresponding virtual control can be derived as follows:

Vi :B;ll (xi'ef 73'61-0 +Wi21>, i= 1,...,h7 1

Au= vyy =B, (%1, — Xn, + Wizr ) 14)

IBKS does not perform a coordinate transformation or globally cancel system nonlinearities, as is done in Isidori’s feedback lin-
earisation. However, it implements a control law that creates linear behaviour locally, centred at the previously measured state and
input. IBKS does not linearise the plant model itself, but rather linearises the effect of the control action within a local neighbourhood.

The IBKS control derived using the conventional incremental approach in Eq. (14) does not account for the error introduced by
approximating the original system in Eq. (1) with the incremental system in Eq. (6). The next section provides a theoretical analysis of
the bounds on the control error resulting from this approximation.

4. Stability analysis of incremental backstepping
The incremental system dynamics in Eq. (6) differ from the original system dynamics in Eq. (1), which may cause instability of the

control law designed in Eq. (14). This section analyses the effect of this difference on system stability.

Theorem 1. Let us consider the system represented by Eq. (1) with incremental control law given by Eq. (14) |Xit1,| <Xit1,p, i =1,..., 0
and |u| < Umgx are bounded due to the boundedness of the initial conditions. The system’s tracking error is globally uniformly ultimately
bounded, and the ultimate error bound is given by

— 2
\/ S (T +Tg67)° + (Tr, + T, Umax
min(W;)
1

2
lim|z| < max{ 7 ) 72 \/ 3 (T 4 Te80) + (T, + T, tax)
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The tracking error of the original system in Eq. (1) under the incremental control laws in Egs. (12) and (14) can be defined as:

€ =X, —Xi=2— A, i=1,h, (15)

where A; = X; — x; is the difference between the incremental dynamics in Eq. (6) and the original dynamics in Eq. (1).
Consider the difference dynamics arising from the incremental control in Eq. (14):

21 — X1 3&10 +Bx1 Aiz — F] (Wl) + Gl(wl)22
A = = (16)
Xp — Xp, X‘ho +B,Au — Fh(Wh) + Gu(Wh)ll

Considering that x;, represents the real system dynamics in Eq. (1) at the measurement instant, and using the definitions of B,,, and
B,, the difference dynamics can be expressed as:

Fi(wy,) — Fi(w1) + [G1(w1,) — Gi(w1)] (32, + AX2)
A = = AF+ AG'U, a7
Fy(w1,) — Fa(w1) + [Gu(Wh,) — Gu(wn)] (w0 + Au)

where

X2, + AX
Fy(wy,) — F1(w) Gi(wy,) — Gi(wn) N ’

. AG = LU= o . (18)
Xp-1, + AXp1
Fy(w1,) — Fa(w1) G (w1,) — Gu(w1)

AF

uy + Au
In this case the tracking error of the original system (15) is given by the following equation:
é=2+AF+ AG'w. 19

The above relationship clearly illustrates that the tracking error of the original system in Eq. (1) under the incremental control in

Eq. (14) arises not only from the IBKS tracking error z but also from the dynamics error A, which is caused by the incremental lin-
earisation errors AF and AG.
The error in this case is as follows

e(r) =z + / (AF + AG"w)dt. (20)
0

A candidate Lyapunov function can be composed as follows:

1
V= 5 ele. 21

The derivative is given by

T T
V= elé= (z + / (AF + AG™w) dt) (2+ AF + AG™w) (22)
0

Considering that 2 = —Wz, we have

- T
V= (z + / (AF + AGTw)dt> (— Wz + AF + AG™w). (23)
0

The derivative V is negative when

AF + AG™w| | |
|22max{|rrfi7nVVW|7 / (AF + AG™W)dt| b. 24)

Due to Lipschitz conditions in Eq. (2), the following inequalities hold: AF; < T, i = 1--h, AG; <Tgr, i = 1--h, AX; = &1, 1 =
1...h. Additionally, the following relationship holds:
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| / (AF + AG™w)dt| < / |AF + AG"w/|dt. (25)
0 0
Therefore,

\/22:11 (rﬁ' + rGi(SiT)z + (th + rGhumaX

2| > max -
2l = maxy 7 min(Wy)
3

2
) 712 \/Z::: (FFl + FGl‘siT)z + (FF»: +Tg, umax)z : (26)

This condition holds for sufficiently large |z| and, therefore, the tracking error |z| is globally uniformly ultimately bounded. [l

These results clearly demonstrate that the IBKS can stabilise the original system in Eq. (1). At the same time, due to the linearisation
of the dynamics with respect to the previous time step, this control strategy still exhibits a tracking error that is globally uniformly
ultimately bounded. The tracking error is determined by the ratio of the system dynamics growth rates I'z,, I'g,, I's,,I'g, and the
sampling time 7. Theorem 1 compellingly demonstrates that as the system’s growth rate decreases and the sampling rate increases, the
tracking error is reduced. One possible way to reduce the error to some extent is to increase the control gains W.

The original system dynamics in Eq. (1) are formulated as a continuous nonlinear strict-feedback system that is affine in the control
input. Within the IBKS approach, at each step, a control increment is synthesised to ensure that the tracking error dynamics possess a
strict Lyapunov function whose derivative is negative definite in a neighbourhood of the origin. Consequently, the closed-loop system
is locally asymptotically stable, and the incremental control law behaves as a locally linear feedback around the previously measured
state. Therefore, it acts as a discrete controller, constructing control laws that yield a locally stabilising effect for the original
continuous system in Eq. (1). The system’s ultimate error bound is reduced with an increase in the sampling frequency, allowing the
discrete controller to approximate linear behaviour more closely.

Theorem 1 shows the limitations of IBKS, which could be even worse in the case of sensor noise or failure, as it requires precise
measurements or estimations of the state vector derivatives and actuator positions obtained at high rates. In this case, the expression
for the Lyapunov function derivative should be modified to include the uncertainty due to measurement noise:

T T

V= z+/(AF+AGTw)dt+A,,, (—Wz+AF+AG'wW+A,) (27)
0

Thus, the stability and performance of the system can be significantly compromised by inadequate measurements or faulty con-
ditions. In the next section, we introduce a sparse online Gaussian Process adaptation to overcome these obstacles.

5. Sparse on-line Gaussian processes

In IBKS, the control design proceeds recursively through a sequence of blocks or layers. At each stage, a virtual control signal is
constructed for block i, which subsequently becomes part of the dynamics in block i+1. Consequently, the derivative of the virtual
control signal at block i appears explicitly in the dynamics of block i+1. Additionally, any uncompensated perturbations or modelling
errors in block i propagate forward, effectively acting as disturbances in block i+1. This coupling between layers is an inherent feature
of the backstepping structure, whether classical or incremental. Therefore, in IBKS, these residual perturbations directly influence the
subsequent block. Although IBKS operates incrementally—constructing the control law around a nominal input or state—the prop-
agation of errors or unmodelled dynamics remains a challenge.

In this section, we propose using GP to address the uncertainties caused by approximation errors from incremental linearization, as
well as other potential negative effects such as measurement noise or failures at each block level i.

Although a multivariate GP formulation exists [46] and can be employed to approximate each uncertainty in (27) with a single GP,
in our approach, we employ multiple smaller GPs, with each GP assigned to approximate the individual uncertainties A at a specific
block level of the incremental controller. This design choice enables more targeted modelling of local uncertainties and avoids the
computational and modelling complexity associated with a single multivariate GP for the entire system.

Usage of multiple scalar GPs increases the number of GP models to maintain, but each individual GP deals with a lower-dimensional
input space and smaller covariance matrices, keeping computational costs manageable. In contrast, a single multivariate GP would
require handling a significantly larger covariance matrix, leading to cubic scaling in computational burden with the number of data
points and increased difficulty in hyperparameter tuning, which would make online adaptation impractical for real-time control.

For brevity, we will designate the total uncertainty due to incremental linearization and measurement noise as Ay, at each block i.
In our design, GPs learn the unknown dynamics Ay, for each block i.

Assumption 5. Due to Theorem 1 and a high sampling rate, A,, are assumed to be bounded. These assumptions are common for
incremental control.

GP employ a Bayesian framework for adaptive control, treating identification as a statistical problem [31]. GP is non-parametric,
meaning that the "parameters" to be identified are functions f, of an input variable x € R%. These functions are characterized by their
statistical properties, namely the mean (f) and the covariance, also known as the kernel Ko (x,x) = Cov(c,¢') [47]. The prior
assumption is that f follows a Gaussian process. According to the Central Limit Theorem, any sufficiently large set of random samples f;
is assumed to have a normal distribution. Within this Bayesian framework, the posterior distribution of the process f, is computed
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based on prior knowledge and likelihood given a set of input-output observations (x,,s,) (n =1, ..., N).

A representation of the posterior means (f,), = (f(x:)), and the posterior covariance K;(x,x'), where t denotes the number of data
points, can be expressed as finite linear combinations of kernels Ko (x, x;)evaluated at the training inputs x;, as shown in [24]. By
sequentially projecting the posterior process onto the manifold of Gaussian processes, approximate recursions for the effective pa-
rameters of these representations can be derived. To manage the size of these representations and prevent excessive growth, an elegant
algorithm for extracting a smaller subset of input data is introduced [31]. Such a subset allows an on-line sparse representation of the
posterior process, which is used to predict the GP model.

The posterior expectations within the Bayesian approach are conventionally expressed by high-dimensional integrals. Obviously,
this is not applicable for on-line identification. However, it was shown in [31] that the posterior mean and the posterior covariance of
the process arbitrary inputs can be expressed as a combination of a finite set of parameters which depend on the training data only. To
make Bayesian interference trackable on-line, the posterior is projected to the closest Gaussian process by a single sequential sweep
through the examples. When a new feature vector is projected to a subspace spanned by previous feature vectors it result in a projection
and the orthogonal residual.

The posterior GP approximation, including its means and covariance, can be estimated using the initial kernel Ko (x,x’) and the
likelihoods.

= a'k

o= ak . (28)

Ki(x,x ) = Ko(x,x ) + k, Ciky

where ky = [Ko(x1,%), ..., Ko(x:,x)]" are the kernel functions, a; = [a;(1), ..., a(t)]" is the coefficient vector, C; = {C(ij)}; j=1.¢ is the

coefficient matrix. It should be noted that coefficients a,(i) and C,(ij) do not depend on x and x' [31]. For regression problems, Radial
Basis Functions (RBF) are a widely used choice for kernel functions (see, for example, [31,35,48,49])

12
K(x,x) = exp (M> (29)

2
202

5.1. Online learning

The recursive update of the GP parameters in Eq. (28) can be performed via the following equations:

Ot = Ter(@) + ¢ Vs,
C, = U1 (C) + 1 Vs, 8T (30)

t+17

sti1 = Tiy1(Cikeyr) + €041,

where ki1 = ki, and e is the (t + 1)-th unit vector and s, is introduced for clarity. The operators T, and Uy expand a
t-dimensional vector and matrix to a t + 1 — dimensional vector and matrix, respectively, by appending zeros to the end of the vector
and adding a zero row and column to the matrix.

For the RBF kernel functions the q**1) and r*1) are defined as

0" = (e~ alk) o2 -
S 1/0_)2(7

where 62 = 62 + k' Cik + ki, ki = Ko(x,X). It is easy to see that the dimension of the vector & and the size of matrix C increases with
each data point added since e;;; is the (t+ 1)-th unit vector.

The updates in the form of Eqgs. (30) have a drawback in that the number of parameters grows quadratically with the number of
training examples. An effective method for managing the number of parameters was introduced in [31], which involves incorporating
sparsity within the GP framework. This approach allows for updating GP parameters without increasing the number of parameters «
and C when, according to a specified criterion, the approximation error remains within acceptable limits.

If the new input x,, satisfies the condition

Ko(x,xei1) = Y €1 (DKo(x, x;) (32)
i=1

for all x, then the update can be performed exactly. In this case, the updated process, as described by Eq. (28), can be represented using

only the initial t inputs, but with "renormalized" parameters @ and C .The update in Eq. (30) can be carried out without increasing the
size of the parameters @ and C and s, as follows

~ e
A = o +q“F )3t+l;

C t+1)g T
C.=C +r"Vs15,,,,

(33)

Si1 = Ciken + €,
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where @1, C; and $.,1 are t-th unit vectors.
Clearly, for most kernels and inputs x;, 1, the relationship in (32) does not hold for all inputs x. Nevertheless, updates in the form of
(33) can be used for approximations if €., is determined by minimizing the distance:

| Ko+, xei1) = Y €ea (DKo (i), (34)
i=1

where || - || is a norm in a space of functions of inputs x. If the norm is defined via the inner product of the Reproducing Kernel Hilbert
Space (RKHS) generated by the kernel Ky, then minimising (34), one can obtain the following expression:

€ = K;Ikprh (35)

where K, = {Ko(x;, %) } is the Gram matrix. In this case, the equation

ij=1.t

R t

Ko(x,x11) = Zaﬂ(i)Ko(nxi% (36)
1

gives the orthogonal projection of the function Ko (x,X.+1) on the linear span of the functions Ko (x,x;).
The update rule (33) is performed when a squared norm of the residual vector from the projection in the RKHS

Yer1 = k;rl - kz;lK;lkHl? (37)
does not exceed some tolerance level ¢,; > 0. Here, k{,; = Ko(X¢41,X¢+1). The Eq. (37) has a geometrical interpretation: it represents
the square norm of the “residual vector” from the projection in the RKHS. Alternatively, it measures the “novelty” of the current input.
If y,,, exceeds a threshold value, the current input contains additional information compared to the existing set of inputs, known as the
“basis vector set” or BV set, and should be added to this set. Sequentially, some inputs are excluded while others are included in the
basis vector set. However, due to the projection described in (32) the inputs excluded from the BV set still contribute to the final GP
configuration used for prediction and measuring posterior uncertainties. These inputs are not stored and do not increase the size of the
parameter set [31].

5.2. Removing a basis vector

The recursive update of the GP parameters (33) is carried out as long as the BV set remains within the budget, which is the
maximum allowed number of elements. Therefore, a pruning procedure is necessary. When a new input is identified as novel, this
procedure should remove one of the basis vectors and replace it with the new input vector. Two strategies can be used for selecting
which vector to remove from the BV set. The first strategy suggests replacing the oldest basis vector with the new one [48]. The second
strategy [31] recommends replacing the basis vector with the smallest error. The first strategy may be preferable for rapidly changing
processes. However, we will follow the latter approach here, as it enhances the richness of the BV set and preserves long-term memory.

The removal procedure assumes that the respective BV was added and the previous update step (33) was implemented. In this
scenario, @1 hast + 1 elements, and C;.; and Q;,; are the (t+1) x (t+1) matrices. If we assume that the last added element should be
deleted, the decomposition of the a1, Cr11 and Q,,; could be represented as follows:

al Cl c Ql r
QA1 = : , G = rtT R Q¢+1 = r;" qr 5 (38)
o [ q9 4

where Ci and Qi are t x t sub-matrices extracted from the (t+1) x (t+1) matrices C.;; and Q;,,. For simplicity, this representation
illustrates the case where the last element is removed. However, similar partitioning can be applied to a more general case. The
updating equations for removing an element are as follows:

@=al - a’q—r
q
rorT 1
C=C+ ¢l ?2 ——[gc"+cqT], (39)
rorT
Q- -1L
q

where @, C and Q are the parameters after the deletion of the last basis vector and ai, Ci, Qi, a’,c,q,c and ¢ are taken from GP
parameters before deletion.
To determine which element of the basis vector set should be deleted, a score measure is calculated for each element i:
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_ |aes1 (D)
Qt +1 (l7 l)

Subsequently, the basis vector with the lowest score (40) is deleted. This method ensures the removal of a basis vector from the BV
set with minimal loss of information.

& (40)

6. Convergence analysis

In this section, the convergence of the GP adaptive IBKS closed-loop system is analysed.

Let us first evaluate the estimation precision achievable within the proposed framework when measurements are available in
advance and the GP model is trained offline. This assumption reflects a best-case scenario, in which data rich enough to train an
accurate model can be collected beforehand. Subsequently, we will analyse the effect of collecting data online and evaluate the in-
fluence of online training on the overall estimation precision.

Each uncertainty is characterised by a GP model, specified with its mean and covariance:

Ay ~ .‘7,’%(<Axi>,KAxi>, i=1.h

After N measurements for each uncertainty A,, the maximum information gain is introduced with the following equation [32]

N=  max l10 1+ 172K
L T - IO (41)
wp o, Wy €7
where [K],, = (ﬁ/l@a), vNVEb)) and | - | is the determinant operator. yN can be interpreted as a measure of the reduction in uncertainty

achievable when measurements are taken in the optimal manner [32]. On a compact set 77, y) has a sublinear dependence on N for
many kernels and can be efficiently approximated up to a small constant using the approach outlined in [50]. The following theorem
from [51] provides estimates of the bound for the model error when using a GP trained with noisy measurements.

Theorem 2. [51]:Letf: 77'i—R be anonlinear function, Bf ¢ R be a bound for the corresponding RKHS norm w.r.t. K;, i.e., || f||x, < Bs, and

let 5 € (0,1). For all N € N, define fy = Bs + 40, /7N + 1 +1n (%), where yY is determined by (41). Then, for allN > 1 and w; € 7, the

following holds with probability of at least 1 — §
[A(w:) — (A(wi))| <Pyon-1(Wi), (42)

where N is a number of system measurements. If B is not available a priori, a guess-and-doubling strategy can be employed to obtain an
estimate, ¢ can be estimated by sampling the same data point multiple times [32,50]. Since y} grows sub-linearly with N on a compact
set, the term fy grows slowly with N on a compact set. The covariance term on_1 (w;) typically is very small next to training data points
[46]. Hence, the variance term on_1(w;) can be decreased if the region of interest is sampled densely enough. This is achieved on a
compact set [32,50] by selecting training data points w; corresponding to highest model uncertainty, i.e.,

(N+1)

w; = arg max oy (W;), (43)

wie?;

In Bayesian learning, all information about the parameters that we wish to infer is encoded in probability distributions [31]. In the
GP framework, the parameters are functions and the GP priors specify a Gaussian distribution over a function space. The posterior
process is entirely specified by all its finite dimensional marginals and predictive quantities like the posterior mean and the posterior
covariance of the process at arbitrary inputs can be expressed as a combination of a finite set of parameters, which depend on the
training data only.

However, within the Sparse Online Gaussian Process framework the posterior distribution is no longer Gaussian, and a variational
technique is used in order to project it to the closest Gaussian process. To take into account projection error, we proved Lemma 1, which
gives an estimate of this effect and helps to establish a boundness of the estimation error. Following approach proposed in [35], we can
state the next Lemma, showing that the error ¢;= f(w;) — (f(w;)) induced by the projection is bounded.

Lemma 1. Let the unknown function f be representable by a GP, {fy) . be an on-line estimated GP representation of the function via a sparse
subset BV of the data selected by deleting either the oldest basis vector or the basis vector with minimal score (40), then error egs= f(w;) —(f(w;))
is bounded with the probability of at least 1 — 6.

Proof. According to [31] and the nonparametric Representer theorem [52] the sample averaged posterior mean of the GP has the
following error due to the sparse approximation:
[f(wi) — (f(wi))| K

2 t+1
6)(

— k! K ke ), (44

leer1 | =
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Since 7,1 = ki, — k.1 K; *kei1 < eyo1, then using Theorem 2 it could be derived that [f(w;) —(f(w;))| <fyon-1(w;) due to (42).
Thus, it can be concluded that |eq11 | < ero1fyon-1(W;)/02 with a probability of at least 1 — 6.1
The boundedness of the tracking error can be established now.

Theorem 3. Consider the tracking error dynamics given by (15) and the control law given with (12) and (14). The system tracking error e is
globally uniformly ultimately bounded. With probability, of at least 1 — &, the system ultimate error is given with

2

. €tol; An, ON-1i
lim|z| < J il htainily (45)
t—»oo‘ < Zl o2 minW;
L4
For the brevity, let us designate the estimation error as A = [le, Arys s th} T where in = Ay, — (Ax,)

In this case the Lyapunov function derivative can be written

. 1
V= —QzTWz —2"A. (46)
The derivative is negative if
~ 1 .
lA] < Emlmwilzl‘ 47)
13

Given Assumption 4 and the boundedness of the kernel functions, |A| is also bounded. Consequently, (47) holds for sufficiently
large |2|, indicating that |2| is globally uniformly ultimately bounded. Considering Theorem 2, we obtain the desired result. |l

It should be noted that on_1; and oy, are different; the former arises from approximation after N measurements, while the latter
results from the online approximation. The proof demonstrates that the ultimate error bound of the controlled system with GP
adaptation can be made arbitrarily small with high probability by increasing the control gains W;, reducing the tolerance level e,
which minimizes the "residual vector" from the projection in the RKHS, or selecting data points to reduce the terms fy,on-1;. The latter
can be achieved by collecting new measurements at points of high uncertainty. This approach is particularly useful when the control
input is constrained and high gains W; are not feasible. Additionally, the estimation error bound benefits from the baseline control law,
which enforces compactness in the portion of the state space explored by the state trajectory. This compactness ensures sub-linear
dependence of yN on N, allowing the ultimate bound of |z| to be efficiently reduced with new training data. Furthermore, as shown
in [53], the linear independence of BV ensures that persistency of excitation in the state space is reflected in the RKHS. Since the
proposed algorithm enforces this independence subject to the tolerance e, persistency of excitation is maintained, ensuring K; re-
mains invertible.

As previously mentioned, IBKS is fundamentally designed as a discrete-time control method, and its GP adaptation follows
naturally from this structure.

Comparison of Indirect and Direct GP-adaptation to IBKS

One of the advantages of the incremental approach is that it reduces requirements for model knowledge because of usage the
simplified model of system dynamics (6). However, some knowledge about the model cascade coupling matrices B, B;,,, i=2,...,h
—1, B, are still required. Indirect GP-adaptive IBKS for flight control was studied in [20], where the model uncertainties were assumed
in the model cascade coupling matrices (control effectiveness matrix B, in particular). Let us compare the GP-indirect adaptation
approach proposed in [20] with the GP-direct adaptation elaborated in this paper. In addition to uncertainties due to linearization and
measurement errors Ay, A, let us distinguish uncertainties related to imperfect knowledge of B, , Bg,,, i = 2,...,h — 1, B, such that

where By, , §¢” ., B, are parameters used in the model, AB;, , ABg,,, ABy are the model uncertainties. Thus, the system dynamics (6)
becomes:

X 2%+ B, Af + A+ A,

éigéio_'_ﬁimAle+A51+A5n i:2!"'7h_17 (48)
fh = fho + B,Au+ Aéh + A'fh’

where A, = AB; A&, Z;i = ABg, A&, A & = AByAu are uncertainties due to imperfect knowledge of the model cascade coupling
matrices Bg,, Bg,,, i = 2,...,h— 1,B,. From (48) one can see that the indirect GP adaptation tackles only the uncertainties related to

these matrices, namely, A, 35‘., Egh. The proposed GP adaptation can handle the total uncertainties A,,,, = A, + Ay, Dgp = A +

i

10
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Ay Dgpn = A & + Ag, , which could be not only due to imperfect knowledge of the model cascade coupling matrices, but also because
of linearization of the system (1), assumptions (5), possible failed estimation/measurement of state vector derivatives and/or faulty
actuation. In such a way, the proposed approach provides improved adaptation capabilities.

It should be noted that both indirect and direct GP adaptations can handle uncertainties only when the distribution parameters can
be inferred from the data, that is, when the system is excited.

7. Longitudinal flight control
7.1. Flight dynamics model

In this section, we evaluate the performance of the proposed approach using a tracking control scenario for the longitudinal missile
model from [54]. This second-order nonlinear model captures the longitudinal dynamics of a vehicle traveling at an altitude of
approximately 6000 m, with aerodynamic coefficients expressed as third-order polynomials in terms of the angle of attack « and Mach
number M. The nonlinear equations of motion in the pitch plane are given by:

X1 =X+ fi(x1) + gu X2 = fo(x1) + gou, (49)

where x; = a, X2 = ¢, & = C1b, and g = Czb;, and

gs
filxa) = Gilpa () +@n(xa)M], C = ey
gsd
f061) = Calopm (1) + palc0) M), Co = 22
Yy
Here
@,(01) = —288.7x3 4+ 50.32x; |x1| — 23.89x;

@y2(x1) = —13.53x |x;| + 4.185x;,
@ (1) = 303.153 — 246.3x; |x;| — 37.56x;,
(pmz(xl) = 7151)('1 ‘Xl‘ + 1001X1

The model is valid for —10° < @ < 10" and 1.8 < M < 2.6. Details of the aerodynamic coefficients can be found in [54].

7.2. IBKS longitudinal controller

An IBKS longitudinal controller that tracks a smooth command reference y, with the pitch rate x, is developed as a baseline
controller. Here we are following a procedure from [42]. In its design, it was assumed that the aerodynamic force and moment
functions are accurately known, and the Mach number M is treated as a measurable parameter. Moreover, for this second-order system,
which is not in a lower triangular form due to g;u and f>(x1), pitch rate control using IBKS is feasible because of the timescale sep-
aration principle [6]. Additionally, during the control design, the influence of fin deflection on the x;-equation Eq. (49) is ignored to
simplify the system dynamics into a lower-triangular form. This assumption is valid for most types of aircraft and aerodynamically
controlled missiles and is a common practice in flight control system design. In the simulation, the effect of the fin deflection is
preserved.

The incremental dynamics of is as follows:

32'1 >~ 32'10 +X2Jé'2 o~ 32'20 +gu
Here g, is the estimate of g». It should be noted here that the accurate knowledge of f, is replaced with measurements (or estimates),
such that f, = x5, reducing the control law’s dependence on the model.
The rate tracking error is defined as:

21 = X1, — X1,
Zy = eref — Xa.

The system’s error dynamics are given by:
Z1 = X1, —X1,32 = X2, — X2.

ref

ref
For the z;-system the following Lyapunov function is constructed
Vi = Ezl,

whose derivative is:

11
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vV, = Zlil =2 (J&lmf —32'10 + X2, + 22 —X2r8f>.

The following control law stabilizing the z;-dynamics can be chosen:

X3, = C121 + X, +x1,,, - Xy,

ref
In this case, the derivative of the Lyapunov function becomes:

V1 = —Clzf + 2123. (50)

The term 2;2, will be cancelled out in the next stage. To stabilize the inner loop, we can penalize the Lyapunov function with

2,-dynamics:

1
Vo= V1457 (51)
The derivative is the following
(52)

Vo=Vi+ 23, =V, +Zz(352,ef +21 — Xo —§u>-

To make the derivative V, in (52) negative, we need to ensure that the second term is negative everywhere except z, = 0.
Therefore, the control law can be constructed as follows:

u=uy+ g71 (.X"me +2 — )&20 + szz)

7.3. GP-based adaptive augmentaion

As previously noted, an incremental-type controller relies on the quality of the state derivative measurements (or estimations). The
performance of such controllers can degrade, potentially leading to system instability in the presence of unknown nonlinearities, such
as transport delays or unknown actuator dynamics [20]. To enhance the robustness of the controller against uncertainties, we
introduced a GP-based adaptation and modified the controller as follows:

u~uy+g’ (szf +2 — Xy + (Ax>> ’

where (A,) is a GP estimation of uncertainties. The maximum number d of the BV set was to 5, €, = le— 5, 63 = 0.9. To ensure

appropriate overlap between neighbouring kernels, the RBF width was specified as follows:

— _10
0 =31y

8. Simulation results

In this section, we evaluate the proposed controller’s performance in the presence of unknown actuator dynamics, modelled as F(s)
= (s +0.25)"! and sensor noise characterized by zero-mean Gaussian white noise with a standard deviation of 1e~6 rad and rad/s for
the q and g correspondingly. The proposed IBKS with GP adaptation is compared with the baseline IBKS controller with gains C; = 10,

Cy = 10. Values of d, ¢, 0(2), C; and C, were selected based on conducted parametric analysis and provide the optimized system
performance. The results are presented in Fig. 1. Normalized Root Mean Square Tracking Error (NRMSTE), calculated for the algo-
rithms as

6 6
4 4
2 2| |

«, deg
o
3
©, deg
o
TE

-2 -2

——IBKS
-4 A - IBKS+GP
= = =Reference
6 W 6
10 20 10 20
time, s time, s time, s

Fig. 1. Actuator dynamics and noise.
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2
N of
\/Nl—l j=1 ("fe _x;mm)

Ax

err =

where x;ef ;X% j = 1...N are the reference and measured state, Ax is the state range, is given in Table 1.

From the figure and the table, it is evident that the baseline IBKS controller exhibits high-amplitude oscillations, which significantly
degrade system performance. However, the proposed GP-based adaptation compensates for the existing uncertainties and effectively
reduces the undesired oscillations. Unlike the method described in [32], the GP in this approach identifies unknown functions online.
Furthermore, thanks to its design, this method can handle a wide range of uncertainties, not just those related to actuation as addressed
in previous studies [20].

It should be noted that Sparse Online Gaussian Adaptation do not require persistent excitation due to their pruning procedure and
the way the BV set is updated —specifically, only when a significant novel datum is detected relative to the existing BV set. This
approach enhances the richness of the BV set and preserves long-term memory. This effect can be observed in Fig. 1, where the system
is no longer actively excited after t = 10 s, yet its performance does not degrade over time.

The initial adaptation of the GP algorithm is illustrated in Fig. 2. It can be seen that the adaptation process is quite rapid, requiring
less than one second to learn the system dynamics while maintaining bounded behaviour throughout the transition period. During
training, the residual error exhibits large but bounded values, which decrease quickly once the GP has learned the dynamics. Due to the
presence of adaptation error, the total NRMSTE for the IBKS+GP combination is higher than for IBKS alone. However, the IBKS+GP
demonstrates lower tracking error once the learning is completed. Given that a relatively large portion of the simulation time is
allocated to training, this result is not unexpected. In real scenarios, where adaptation occupies only a small fraction of the overall
operating time, the total NRMSTE would be lower. Although GP augmentation with d=5 increases the computational burden to the
pure IBKS, the increase is not substantial.

The sparseness introduced in the GP prevents the uncontrollable growth of the system’s parameters, thereby keeping the adaptation
manageable and limiting the computational burden. To demonstrate the effect of increasing the size of the BV set, we compared the
system’s behaviour with maximum BV set sizes of d=5 and d=50, as presented in Table 1. The results indicate that increasing the
number of basis vectors does not always lead to improved precision. However, it does cause a significant increase in the time required
to calculate the covariance matrices, thereby reducing the algorithm’s real-world applicability. These results confirm the observations
in [31], which show that due to the orthogonal projection mechanism, the approximation error is concentrated on the most recent data
point, enabling the effectiveness of the sparseness approach.

To isolate the effects of noise and unknown dynamics, and to demonstrate the impact of GP adaptation in the case of noiseless
measurements, we conducted a separate simulation analysis, presented in Fig. 3. In this simulation, the unknown actuator dynamics is
introduced in the model, without the measurement noise being considered. GP-IBKS shows fast adaptation at the beginning with a
bounded error; after the GP learned the dynamics, it follows the reference signal quite well. The pure IBKS controller, also shown in the
same figure for comparison, exhibits oscillations caused by unknown actuator dynamics throughout the simulations.

9. Conclusions

The Incremental Backstepping (IBKS) method is a promising control approach based on the idea that nonlinear system dynamics
can be linearised relative to the system states at the previous time step and represented incrementally. This allows partial substitution
of model knowledge with measurements or estimations of the state vector derivatives.

In this study, we have theoretically proved that the IBKS controller designed for the incremental dynamics can stabilise the original
system, resulting in a globally uniformly ultimately bounded tracking error. The error estimate can be reduced by increasing the
sampling frequency relative to the system’s growth between consecutive measurements and by increasing the control gains. However,
there is a natural limitation to reducing the tracking error.

To address linearisation errors and errors arising from potential sensor noise and system failures, we introduced a Gaussian Process
(GP) adaptation to the IBKS. This approach combines the advantages of sensor-based incremental methods and data-driven techniques,
reducing the negative impact of model and measurement uncertainties on controller performance. GPs provide a flexible, nonpara-
metric data-driven modelling framework that balances data fitting and regularisation in noisy conditions. Additionally, GPs support
long-term learning. The resulting tracking error is globally uniformly ultimately bounded, and its ultimate bound can be reduced by
increasing the control gains, minimising the residual vector from the projection in the Reproducing Kernel Hilbert Space (RKHS), or
incorporating additional training data.

Our simulation results have demonstrated enhanced tracking performance and stability of the IBKS with GP-based adaptation. The
adaptive loop not only captures uncertainties but also filters noise signals. Simulations showed that with multiple sensor and actuator

Table 1
Normalized Root Mean Square Tracking Error.
Controller Total process Training Excl. initial training Elapsed time, s
IBKS 0.0647 0.0647 0.0647 6.43
IBKS + GP (d = 5) 0.1262 0.3692 (t<2s) 0.0507 (t>25) 11.89
IBKS + GP (d = 50) 0.3126 0.4007 (t<3 s) 0.1681 (t>3 s) 93.34
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Fig. 3. Actuator failure.

failures, the system dynamics might lose its input-affine property, jeopardising the stability of the closed-loop system when using pure
IBKS. The proposed GP-adaptive augmentation compensates for the unmodelled dynamics, ensuring the required stability and per-
formance characteristics.

The proposed IBKS with GP adaptation framework offers a practical solution for real-time control of complex, safety-critical
systems, such as unmanned aerial vehicles or precision-guided munitions, where measurement imperfections and unmodelled dy-
namics frequently arise. The computational requirements of the GP adaptation remain manageable with the proposed sparsity strategy,
supporting real-time implementation on modern embedded processors.

Nevertheless, the performance of the proposed approach may still depend on the availability and quality of state derivative
measurements at high sampling rates, and potential delays in measurement or actuation could affect stability margins.

Future research will focus on extending the proposed methodology to systems where only partial state information is available,
integrating observers or estimators to relax the assumption of complete state measurements. Additionally, investigating hardware-in-
the-loop experiments will help validate the method in realistic flight control environments.

Overall, this work bridges the gap between model-dependent control strategies and purely data-driven adaptation, providing a
unified framework that enhances the robustness of incremental backstepping controllers through direct online Gaussian Process
adaptation.
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