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Abstract

The aim of this research is to examine aspects of systemifidation for unmanned aerial ve-
hicles (UAVs). The process for aircraft in general can bekenodown into a number of steps,
including manoeuvre design, instrumentation requires)grarameter estimation, model struc-
ture determination and data compatibility analysis. Eddhese steps is reviewed and poten-
tial issues that could be encountered when analysing UAY dia identified. Problems which
may be of concern include lack of space within the airframentiunt sensors and a greater
susceptibility to the effects of turbulence in comparisomtanned aircraft. These issues are
investigated using measurements from two experimentaicesu Firstly, Cranfield Univer-
sity’s dynamic wind tunnel facility is utilised, in which ale models are flown in semi-free
flight. The control surfaces are actuated so that inputdlaito those used when flight testing
full-sized aircraft, can be applied and the resultant raspaf the model is recorded. Measure-
ments from a 1/12 scale model of the BAe Hawk and a 1/3 scaleehodthe FLAVIIR project
demonstrator UAV are used. An added benefit of the facilitthte work is that the wind tun-
nel models are comparable in size to the miniature class dsUAherefore, practical issues,
similar to those faced for these aircraft, are encountergdthhe wind tunnel experiments. The
second source of experimental data is UAV flight test datplseghby BAE Systems.
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Chapter 1

Introduction

1.1 Background

A major trend within the aerospace industry in recent desddes been a growing interest in
unmanned aerial vehicles (UAVs). While their applicationrilitary purposes has long been
established, there are an increasing number of roles initilesector for which UAVs are
being used, including surveillance for law enforcemergepne inspection and crop spraying.
The size and performance metrics of UAVs can vary greatlyeddimg on what the vehicle is
designed to do. Table 1.1 contains a list of suggested cagsgdor different types of unmanned
aircraft [1].

Substantial research effort is currently being focusedenelbping UAVs that can operate au-
tonomously. This goal of autonomous flight relies heavilttomuse of control system technol-
ogy. However, before these control systems can be designea;,curate mathematical model
of the vehicle’s dynamics is required. Knowledge of the flighnamics of an aircraft is also

implemented, for example, when developing ground-basedlators for training purposes and
when assessing aircraft handling qualities.

Mathematical models of aircraft dynamics can be obtainedrttically or from experiment.
Theoretical methods tend to be based on semi-empiricad flehumb, such as those pub-
lished by the Engineering Science Data Unit (ESDU) [2] or @AM [3]. These methods
have evolved from decades of experience with manned airckdwever, without the need
to accommodate a pilot, the designs of UAVs can be very diffefrom those of manned air-
craft making these techniques unreliable. One class ofadirfor which this is a concern is
unmanned combat aerial vehicles (UCAVs). These aircraftdasigned primarily to have a
low radar signature and consequently have a blended widg-bonfiguration without a fin
[4]. This makes certain dynamic properties of the aircréftadilt to predict theoretically. For
example, the aircraft’'s directional stability would nodigabe predicted using knowledge of
the fin geometry and from the destabilising effect of the lhoy, which is usually approxi-
mated as an axi-symmetric shape [4, 5]. Clearly, this cabaalone for UCAV configurations.
Another category, for which deriving models from first piles is problematic, is unmanned
rotorcraft (RUAVS). Difficulties are caused by factors unding the basic airframes of these air-
craft being lightly damped or unstable, high cross-coupéristing between the dynamics in
each axes and coupling between the fuselage and rotor dgsgbihi In recent years, attempts
have been made to determine stability and control charattsrof aircraft using techniques
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based on Computational Fluid Dynamics (CFD) [7, 8]. The ntwawback of these methods
at present, though, is the computational power requirechkcutate the forces and moments
acting on an entire aircraft.

UAV Category Range(km) Altitude(m) Endurance(hrs) MT@JV(k
Tactical

Micro <10 250 1 <5
Miniature <10 150-300 <2 <30
Close range 10-30 3000 2-4 150
Short range 30-70 3000 3-6 200
Medium range 70-200 5000 6-10 1250
Medium range endurance >500 800 10-18 1250
Low altitude deep penetration >250 50-9000 0.5-1 350
Low altitude long endurance >500 3000 >24 <30
Medium altitude long endurance >500 14000 24-48 1500
Strategic

High altitude long endurance >2000 20000 24-48 12000
Special Purpose

Combat ~1500 10000 ~2 10000
Lethal 300 4000 3-4 250
Decoy <500 5000 <4 250
Stratospheric >2000 20000-30000 >48 TBD
Exo-stratospheric TBD >30000 TBD TBD

Table 1.1: Suggested categories of UAVs

Of the experimental procedures, tests of scale models iwithe tunnel environment are usu-
ally carried out first in the aircraft's development. Thexpeximents can be performed either
statically or dynamically [5]. The main advantage of winahrel testing is that it allows a
representative model of the aircraft to be tested in chariatic aerodynamic conditions. How-
ever, the veracity of the results obtained can be limiteddayiisg effects and interference from
the test rig. Ultimately, a prototype of the aircraft will Beyht tested and a model of the ve-
hicle flight dynamics obtained. Of the methods describedh boalytical and experimental,
the flight test process will provide a mathematical modehvtiite highest degree of fidelity,
as the aircraft is tested under conditions for which it wasigieed to operate. In light of the
drawbacks, highlighted above, in using theoretical tegives to establish UAV flight dynamics
properties, there is an increased importance in using erpatal methods for this purpose.

System Identification, also sometimes referred to as pamnaentification, is a method which
has been utilised extensively to investigate aircraft fldgynamics based on flight test and dy-
namic wind tunnel data. It is the process of finding an appatpmathematical model to
describe the behaviour of a dynamic system, based on oliesivaf the system inputs and
outputs. In theory, system identification can be used toygealny dynamic system and its prin-
ciples find applications in a wide range of fields includinglbgy [9], chemical engineering
[10] and economics [11]. When applied to aircraft, the pssogrovides a means of determin-
ing an appropriate form for the equations of motion and esiiimy the numerical values for the
aerodynamic (or stability and control) derivatives withiese equations of motion.
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1.2 Survey of Aircraft System Identification

After the classical description of aircraft stability wasposed by Bryan in 1911 [12], attempts
to determine stability and control derivatives from flighst were made as early as 1919, when
Glauert analysed the phugoid mode based on airspeed negsiidi3]. This was followed by
the work of Norton, who studied roll damping [14] and longiilnal dynamic stability [15]
from flight measurements in the early 1920s. During the pefiom the 1940s to the early
1960s, a number of frequency response approaches wereyadgm estimate the dynamic
characteristics of aircraft [16, 17]. Milliken used sinidad inputs to the elevator in order to
excite small amplitude pitching oscillations and used #wlting data to determine frequency
response characteristics of the aircraft [18]. Later, a@ubethod incorporating Fourier analy-
sis was put forward by Seamans et al [19], while Shinbrobohiced analysis methods based
on weighted least-squares curve fitting which resembleaiigadles used in system identification
today [20]. Two more commonly used approaches which wereldped during the 1950s and
early 1960s were the time-vector method [21, 22, 23] andogiug matching [24, 25]. For the
time-vector method, a pulse input was applied to excite drotmfixed, free oscillation and
then time-vector decomposition was used to analyse theita@land phase of the resultant
response. Analogue matching involved programming a madkiead model of the aircraft,
usually based on theoretical or wind tunnel analysis, ontaralogue computer. The control
inputs used during the flight tests would then be applied iodbmputer model and the ana-
lyst would manually tune the stability and control paramete obtained, qualitatively, a good
match with the measured response from flight test.

The routine use of these early approaches for estimatimgistaand control derivatives from

flight test data were hampered by a number of factors. The adstlwvere usually time-

consuming and could only provide estimates of a small sulfgée derivatives [17]. Mainly,

these techniques were inhibited by a lack of computationelgn. However, this changed in
the 1960s with the advent of digital computers and it wasiattiime that the development of
modern day aircraft system identification began.

Over the last four decades, a number of aerospace reseatihtes have been actively in-
volved in the development of the subject. Major contribntidnave been made by the NASA
research centres at Dryden [26, 27, 28, 29] and Langley [BPtl3e U.S. Army Aeroflightdy-
namics Directorate at Ames [6, 32], DLR [33, 34] in GermanyRNand the Technical Uni-
versity of Delft [35, 36] in the Netherlands, the Royal Aaifir Establishment/DERA [37, 38]
and Cranfield College of Aeronautics [39] in the UK and NRC][#0Canada. Many different
methods for estimating the aerodynamic derivatives haea ldeveloped. To establish which
techniques are most commonly used, a survey of the methpdeed in the literature over the
last two decades was conducted. The results are summarisatlle 1.2 which, for each class
of aircraft, details the methods applied to particular raificby various organisations. Refer-
ences to the source material are also provided. By far, th& ommmonly used techniques
for fixed-wing aircraft are the equation error formulatiso)ved using methods of regression,
and the output error approach, based on maximum likelihstichation. These method have
been formulated in both the time and frequency domain. Hewethe main application of
frequency domain estimation has been rotorcraft identifina In particular, the frequency
response method has been widely used. Two related issube &stimation of the stability
and control derivatives are the design of flight test manoesignd the selection of a suitable
instrumentation system to record the resultant data. Theracy of the parameter estimates
are obviously heavily dependent on the quality of the mesamants, therefore the subjects
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of optimal control surface inputs [35, 41, 42] and charastes of flight test instrumentation
[25, 43, 44, 45] have also received much attention. Todayadt system identification has ma-
tured to a point where many aircraft manufacturers rowinsé the process in the development
of new aircraft [46, 47].

While a significant amount of material has been publishedystes identification for aircraft
in general, there is a limited amount of information on whasitrbe considered when applying
the technique to UAVS. Many papers have been published wijobrt system identification
being carried out on unmanned aircraft. These are also susedan Table 1.2. However,
the focus of the research tends to have been on the appticztibe results obtained through
system identification, rather than on the process itselthése papers, the purpose of system
identification was, generally, to obtain either a matheca@tnodel of the vehicle dynamics
to facilitate a control system design or to validate a simoiamodel. As may be expected,
for security or commercial reasons, this published resdaas been almost exclusively carried
out by universities rather than aircraft manufacturerseréfore the vehicles being analysed
are generally commercial off-the-shelf platforms fallimjo the category of small or minia-
ture UAVs (see Table 1.1). Small UAV helicopters have beedist extensively, with many
institutes using the frequency response method. The lileglgon for this is that the technique
is encapsulated in the commercially available software@¥6ER (Comprehensive Identifica-
tion from Frequency Responses) [6], which was originallyedeped specifically for rotorcraft
system identification problems.

Some aspects of applying system identification to unmanmei@# are discussed by Theodore
et al [48], with the focus of the paper again on the frequemsponse method employed in
CIFER. The obvious physical difference between unmannéddpdated aircraft is that UAVs
tend to be much smaller in size, and it is this fact that chigfilgcts the process for unmanned
aircraft. For example, for the class of miniature UAVs, thevill be limited payload and
space available for flight control systems, sensors andaosurface actuators. This results
in a compromise between the performance of these subsysigintheir size and weight. In
comparison to those systems typically employed on mannmethéti flight control computers
will have limited power and speed, sensors will be noisief laave a lower performance, while
actuators will be slower and less precise. Thus, the dyreimicoduced by the subsystems will
have to be accounted for in order to obtain an accurate mddeéeorehicle’s basic airframe.
It is also worth noting that, again due to limited space, itymat be practical to measure
control surface deflections directly, which is usually @sleid on manned aircraft using bulky
potentiometers or linear variable differential transdad&4]. In this case, the control surface
positions can be inferred through knowledge of the comméedsy sent to the actuators and
knowledge of the actuator and control linkage dynamics. A# as this, the way in which
UAVs are flight tested is very different from that used for med aircraft. A choice has to be
made as to whether the inputs used for system identificat®mjaplied manually by a pilot
on the ground or generated automatically by a computer. T$asldantage of having a pilot
command inputs remotely is that the visual and motion custstbuld typically be available to
the pilot when testing manned aircraft do not exist for UAWssome cases, where the UAV of
interest was a modification of an existing manned aircraé,ystem identification tests were
performed manually by a pilot on board. However, it was neagsto ensure that the mass,
inertia and location of the centre of gravity during the ftiggsts were the same as those for the
proposed UAV configuration.



Organisation

Aircraft

Method

Reference

Fighter/high performance aircraft

NASA Langley F-18 High Alpha Research Vehicle Equation emegression method [49]
X-29A Equation error, regression method [31, 50]
X-31A Equation error, regression method [50]
NASA Dryden F-18 High Alpha Research Vehicle Maximum likelod, output error [29]
method
X-29A Maximum likelihood, output error [29]
method
SR-71 Maximum likelihood, output error [29]
method
DLR X-31 Maximum likelihood, output error [34, 51]
method
Defence Science and Technology F-111C Maximum likelihood, output error [52]
Organisation (Australia) method
Science Applications International/NavaF/A-18E Equation error, regression method [53]
Air Systems Command
Science Application International S-3B Viking Equationagr regression method [54]
Systems Control Technology Inc./NavaF-14 Equation error, regression method [55]

Air Warfare Centre

Alenia, British Aerospace, CASA andEurofighter Typhoon

Daimler-Benz Aerospace
Boeing

F-18 C/D/E, F-15E, AV-8B and X-36

Equation error and output error method47]

Equation error,muterror and filter

error methods

[46]

Civil Transport Aircraft

NASA Langley

Boeing

Tu-144LL

B717, B737, B747, B757, B767 andEquation error, output error and filter

B777

Frequency domain equation error and [56, 31, 30]

output error methods

error methods

[46]

Table 1.2: Survey of aircraft parameter estimation methods - contirarenext page
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Continued from previous page

Organisation Aircraft Method Reference
General Aviation Turboprops
NASA Dryden / West Virginia University Cessna U-206 Maximlikelihood, output error [57]

method

NASA Langley Twin Otter Time and frequency domain equation [30, 31]
error and output error methods
DLR Dornier 328 Maximum likelihood, output error [34, 33,]17
Korean Aerospace Research Institute Firefly Maximum Iiladid, filter error method  [58]
General Aviation Turbojets
Delft University Cessna Citation Il Maximum likelihood, tut error [59]
method and estimation-before-modelling
Delft University/ University of Cessna Citation Il Maximum likelihood, output error [60]
Stellenbosch method
Delft University Eclipse 500 Equation error, regressiortimoe [61]
DLR VFW-614 ATTAS research aircraft Maximum likelihood,tput error [34, 33, 17]
method
National Research Council, Canada Falcon 20 Maximum hkeld, output error [40]
method
Raytheon Beech Jet 400A Maximum likelihood, output error [62]
method
Rotorcraft
U.S. Army Aeroflightdynamics UH-60A Frequency response method [6]
Directorate
OH-58B Frequency response method [6, 63]
S-92 Frequency response method [6, 64]
U.S. Army Aeroflightdynamics SH-2G Frequency response method [6, 65]
Directorate / Kaman Aerospace
Glasgow University VPM M-16 and Montgomerie-Parsons Frequency domain, equation error [66]
autogyros regression
Table 1.2: Survey of aircraft parameter estimation methods - contirarenext page

uonoNpoU|



Continued from previous page

Organisation Aircraft

Method

Reference

Military Training Aircraft

Defence Science and Technology Orgam/C-9A
isation (Australia)

Equation error and output Error methods [52]

Military Transport Aircraft

DLR C-160 Maximum likelihood, output error [34, 33, 17]
method
Unmanned Aircraft
NASA Langley/Dryden X-43A (Hyper-X) Frequency domain, atjon error [67]
regression method
DLR ARTIS UAV demonstrator Extended Kalman filter [68, 69]
U.S. Army Aeroflightdynamics Pathfinder Solar-powered aircraft Frequency responseaudeth [70]
Directorate
Northrop Grumman Fire Scout RUAV Frequency response method [48]
Kaman K-MAX RUAV Frequency response method [48]
Yamaha R50 RUAV Frequency response method [48]
Micro Craft ducted fan UAV Frequency response method [48]
Honeywell ducted fan UAV Frequency response method [48]
Dynetics Inc./U.S. Army Shadow 200 Frequency responseadeth [71, 6]
Shadow 200 Frequency response method [71, 6]
Stanford University DragonFly Frequency domain, equagioor [72]
regression
Kansas University Raptor 50 V2 Frequency response method 3, %, 75,
76]
National Cheng Kung University, Taiwan SWAN UAV Observerikan ldentification Method  [77]
Carnegie Mellon University/NASA Ames 1/4 Scale Cessna 182 reqéency domain, equation error [78]
regression
University of California at Davis Ducted fan UAV Frequen®sponse method [79]

Table 1.2: Survey of aircraft parameter estimation methods
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1.3 Objectives of the Research

Some aspects of the system identification process will visgitsy depending on the type of
aircraft being investigated, as well as the practitionerysag out the analysis. However, the
critical stages of the procedure are shown in the simplifledibdiagram in Figure 1.1. The
first stage is the design of the experiments which will be useekcite the aircraft dynamics
of interest. In some cases, this requires prior estimatdseofehicle’s dynamic characteristics
and also includes the selection of appropriate instruntientéo measure the motion variables.
Once the data has been recorded, the first stage in the aniglysiverify the consistency of
the measurements before they are utilised in later stagéwe dfystem identification process.
This check on the data, usually termed data compatibiligckhor flight path reconstruction,
is performed by analytically generating the time histonaafiven variable using well-defined
kinematic relationships and measurements of other vasalfior example, the attitude angles
can be reconstructed by integrating the angular rate datenell from rate gyros. If the mea-
sured and reconstructed responses match then the datd t® $88 kinematically consistent.
On the other hand, if the measured and reconstructed respdoshot match, error models for
each of the sensors can be postulated and the kinematidatgiatovide a means for esti-
mating these error parameters. Having accounted for eimdfse data, the core stage of the
analysis is to determine the most appropriate form of thegops to describe the measured
response and to estimate the numerical values of the $yadnilil control derivatives appearing
in the equations. This is known as model structure deteimimand parameter estimation re-
spectively. The final step in the analysis is to validate deatified dynamics and this is usually
done by comparing the response with a separate set of datsedin the preceding analysis.
If the validation process is successful then the analysisited and the final model of the
aircraft dynamics has been obtained. Otherwise, the asatysy have to be repeated using a
different equation structure or parameter estimationrigle. In severe cases, the experiments
may have to be performed again.

Prior knowledge of

aircraft dynamics Design & Selection of
Flight Test Manoeuvres

l Flight test data

Data Compatibility Check

Kinematically
consistent data

Model Structure
Determination
&
Parameter Estimation

Independent l Results

data set

L’{ Model Validation }7
Final Model

Figure 1.1: Block diagram of system identification
process

Taking the above description of aircraft system identifarainto account, the objectives of the
research were as follows:
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* Review each of the steps defined in Figure 1.1.

Identify potential issues that are likely to be encourdesaen applying system identifi-
cation for UAVSs.

* Investigate whether there are any methods that are plntigwell suited to UAVS.

Analyse experimental data to examine whether the polastiaes are encountered in
practice.

1.4 Sources of Experimental Data

The first source of data was Cranfield University’s dynamiondiviunnel facility, which was
originally developed in the early 1980s [80, 81] and has hessd to investigate a number of
aircraft configurations [82, 83]. A major part of this prdjeeas to update the instrumenta-
tion, sensors and hardware used in this facility. A benefthi, with the current research in
mind, was that the wind tunnel models were of comparabletsizeiniature UAVs and, as a
result, much of the technology utilised was typical of thaipéoyed in this class of aircraft.
Hence, similar issues concerning the gathering and asalysiata from miniature UAVs were
encountered with the wind tunnel facility.

Figure 1.2 shows the test rig with a 1/12 scale model of the BAwk, which has been used
as a platform for testing the facility’s instrumentationdamardware. The design of the rig
is relatively simple, with the aircraft model suspended astith vertical rod, which is itself
attached to a Dexion framework. The vertical rod passesigir@a gimbal mechanism within
the model, shown in Figure 1.3, that allows the aircraft tat@in roll, pitch and yaw and to
translate vertically along the axis of the rod. The rig tiieme allows investigation of 4 degrees
of freedom (DoF) of motion (see Figure 1.5). The range of orothat the rig permits is-30
degrees rotation in roll and pitch, 360 degrees in yaw andrestation of approximately 0.75m
in the vertical axis. The gimbal and rod assembly was madma# and as light as possible to
minimise their influence on the aircraft model and the gimbabrporates precision ballraces
and linear ball bearings to minimise frictional effects.€eTtest rig is designed to be placed in
an open section wind tunnel. The facility currently beingdibas a working section of 1.5m
by 1.1m and a maximum speed of 40m/s inside the working sectibe maximum wing span
of the model is limited to around 0.9m.

In practice, the wind tunnel models tend to be very respansivhieave and quickly hit the end

stops on the vertical rod. Therefore, the models cannotdiedan all 4 degrees of freedom

safely without some form of closed-loop height control eyst Although such a system had
been successfully implemented in previous work [84], it )asto be reproduced with the

updated sensors and instrumentation due to difficultiebtaining an accurate value of height.
Therefore, the experiments carried out during the courskigtesearch were performed with
the model restricted from moving in theaxis i.e. 3 DoF. A description of the equations of
motion for a model on the rig is given in Appendix A.

Two wind tunnel models were tested as part of the researehl/t2 scale BAe Hawk shown
in Figure 1.2 and a 1/3 scale model of the FLAVIIR programmedestrator UAV, known as
DEMON and shown in Figure 1.4. The Hawk model had been andiyssviously in a number
of research exercises with the wind tunnel [80, 83]. Therefd represented a conventional
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airframe design, the dynamic characteristics of which weztt known. The DEMON model,
on the other hand, was constructed during the course of thjeqt, hence it provided an
opportunity to test a model of a more unusual shape for whittla prior knowledge existed.
Note that the goal of the wind tunnel experiments was simplyather data on which system
identification algorithms could be tested, rather than tmiokinformation relevant to the full-
sized aircraft. Hence, the model masses and inertias wescaled appropriately prior to the
tests.

Figure 1.2: 4 DoF rig with 1/12 scale BAe Hawk

An established method for determining stability and cdnderivatives from dynamic wind
tunnel experiments is to mount a scaled model of the airomatih a test rig and observe the
model’s free or forced oscillatory response [85]. By cortimgcthe rig to a suitable force and
moment balance, the derivatives of the forces and mometitg@gpect to the motion variables
can be obtained. The 4 DoF rig utilises a different approackhich the aim is to emulate
flight test-like experiments in the wind tunnel environmfga, 82, 83, 86, 87, 88, 89, 90]. A
scaled model with representative control surfaces is nezbion the test rig and flown in semi-
free flight. Inputs can be applied to the control surfacesckwiare deflected using miniature
servo-actuators, and the resultant response of the modeéasured using motion sensors.
The stability and control derivatives can then be extradtech the input/output data using
system identification techniques similar to those usederflight test environment. A number
of examples of the analysis carried out on the wind tunned da¢ presented throughout the
thesis. It should be noted that each example is based on reeasuts recorded at the same
trim conditions, namely a tunnel speed of 30 m/s and an arigi#tark of zero degrees.

The second source of experimental data was from UAV flighstéhis was provided by BAE
Systems, who supplied two separate sets of data from the amanaft. During the course
of this research, system identification was performed ord#ia using algorithms which had
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Figure 1.4: 1/3 Scale model of the DEMON UAV

ﬁ Heave
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Figure 1.5: Degrees of freedom on 4 DoF rig
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not been previously used to analyse this particular air.cfdr security and commercial rea-
sons, the aerodynamic derivatives presented in this thasesbeen normalised using empirical
estimates and numerical values have been removed fromgbeiated plots.

1.5 Layout of Thesis

The next chapter focuses on the design and selection of mareseto excite the aircraft dy-
namics and is followed by a chapter outlining sensor andunstntation requirements. From
this point forward, rather than follow the order that eadpst performed according to the
block diagram in Figure 1.1, it is felt that it is logical toaevith parameter estimation first.
This is because parameter estimation is often regarde@ &eytstep in the procedure and, as a
result, the other stages of the analysis can be influencedlbghwestimation methods are used.
Also, the mathematical techniques used in the model streicketermination and data compat-
ibility check are very similar to those employed in parametgimation. The first methods to
be described are equation error methods (Chapter 4) andithet@rror methods (Chapter 5),
which were identified in aircraft system identification seynas being the two most widely used
approaches. The application of the two techniques in tleu&ecy domain is then presented
in Chapter 6 and parameter estimation issues of importanti\Ys are detailed in Chapter
7. Attention is turned to model structure determination magter 8, while Chapter 9 deals
with the data compatibility checks. Finally, the conclusf the research, contributions to
knowledge and recommendations for future work are outlinéchapter 10.

1.6 Software Tools

To facilitate the analysis of experimental data, apprdprgoftware tools were required and
the MATLAB environment was utilised for this purpose. Dugithe course of this work, two
sets of MATLAB programs designed for aircraft system idicdation became available. These
were published by Jategaonkar at DLR [34] and Morelli at NAShgley [31] and both con-
tained a number of parameter estimation algorithms. Ratiaar just providing executable
code, the authors allow the user to study the implementatma thus provide a platform for
the user to write additional routines to solve problems ténest. Therefore, these programs
formed the basis of a collection of software tools desigredralyse the data being utilised
during this project. The software was given a graphical ugerface (GUI) to help make the
programs easy to use. The philosophy behind the softwalewas to provide a capability to
rapidly analyse the data in situ and provide a “quick firskloat system identification results
to determine whether the experiments were successful. & ohetailed analysis could then be
performed at a later stage. For access to the software tpplease contact Dr Alastair Cooke
at the Department of Aerospace Sciences, School of Engmgg&ranfield University.



Chapter 2

Manoeuvre Design

2.1 Introduction

As highlighted in Section 1.3, the first task in the systenmidieation process is to design and
conduct experiments from which data can be gathered angsmthto establish the stability
and control derivatives of interest. A considerable amafrnplanning is required if these
experiments are to be carried out efficiently and succdgsfulltimately, the quality of the
parameter estimates will be dependent on how the tests veefermed and if there is little
information about a crucial derivative within the data thiemidentified value for that derivative
will be unreliable or inaccurate. On top of this, the act afgimg out flight tests or wind tunnel
experiments is a costly one, so having to repeat the prosémsghly undesirable.

To start with, the goal of the tests must be defined. This isllystelated to the application of
the results obtained from the system identification prac&gpical examples, some of which
were mentioned in Section 1.1, are to help in the design ditfigntrol and stability augmen-
tation systems, developing flight simulators for crew tirain assessing the aircraft handling
qualities, supporting flight envelope expansion, inveggdhe effects of configuration changes
and simply to verify analytical or wind tunnel estimates,[34]. Decisions must then be made
regarding which aircraft configurations to test and at whpoints within the flight envelope
the experiments will be performed.

Depending on the application of the flight test results, mregoents defined by the appropri-
ate regulatory bodies may influence how the experimentsenfermed. For example, in the
assessment of training simulators, organisations sucheaBdderal Aviation Administration
(FAA) and the Joint Aviation Authorities (JAA) define over@ st cases in which the simu-
lator response must match that of the aircraft to within Bjgettolerances - a process termed
proof-of-match [91, 92]. These test cases cover the enpieeational envelope of the aircraft.
Therefore, in order to assemble a comprehensive aerodygrdatabase for the simulator, ma-
noeuvres must be performed at various Mach numbers, as{uthp settings and centre of
gravity locations. As well as this, a second set of data, reépdrom the manoeuvres used to
build the aerodynamic database, is required to cover thadfqmfematch test points and provides
the comparison against which the simulator is assessedh@nexample is the assessment of
an aircraft’s handling qualities [93]. For military airétehe flight test procedure is influenced
by the guidelines laid out in documents such as MIL-HDBK-1&994]. The equivalent for
civil aircraft are defined in FAA Regulations FAR parts 23]@hd 25 [96].
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Having defined the purpose of the experiments, a set of manegor control inputs must be
chosen and carried out at each of the selected test pointsci@pter describes the process of
designing these inputs. Another critical issue is the ahofa suitable instrumentation system
to record the motion variables from the aircraft or wind tehmodel. This is dealt with in
Chapter 3. The objective of the manoeuvre design is to saleahtrol surface input which will
adequately excite the aircraft dynamics of interest. Tinisurn, should result in there being
enough information content in the measured data from wireraerodynamic derivatives can
be reliably identified. A number of approaches have beengseg and used in practice. The
most commonly used are described in the following sections.

2.2 Frequency Sweeps

Frequency sweeps are continuous sinusoidal signals wheseeincies vary to cover the fre-
guency range of interest. This variation in frequency cahiraar or logarithmic. An example
of a linear frequency sweep is shown in Figure 2.1, with tipaifrbeginning at a frequency of
0.1 rad/s and increasing to 10 rad/s. The signal is descritabematically by the expression
[6, 31],

u(i) = sin(p(7)), i=1,2,...,N (2.2.1)
where, )

0(i) = wyt(i) + %(we — ws)t(;) (2.2.2)
and N is the number of data points. The variablgsandw, denote the start and end frequen-
cies respectively (0.1 and 10 rad/s for the example sign@l),is the discrete point in time
andT is the length of time of the manoeuvre (90s for the examplead)g The drawback of
linear frequency sweeps is that the energy of the input temth® concentrated at the higher
frequencies, leading to less information in the data fordoWwequency components. This is
illustrated using the power spectral density plot in Fig2ue
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(a) Linear frequency sweep (b) Power spectral density

Figure 2.1: Linear frequency sweep and associated power
spectral density plot

A logarithmic frequency sweep, with the same frequency kemnthe linear frequency sweep,
is shown in Figure 2.2. Its phase function is given by the &qoa

T .
p(i) = wst(i) + Co(we — ws) ae““’)” 10 (2.2.3)
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where(C and(C, are scalars, with values typically 6f = 4 andC, = 0.0187 [6]. The power
spectral density of the logarithmic signal is also illusthin Figure 2.2. It can be seen that,
in comparison to the linear sweep, the energy of the logaithnput is much more evenly
spread over the frequency range. This is due to a largeopastithe logarithmic sweep being
concentrated at lower frequencies. For this reason, ltbgait frequency sweeps are preferred
in practice to linear ones [6, 31]. Figures 2.1 and 2.2 depiteps of constant amplitude.
However, it is usually necessary to reduce the amplitudies\etequencies to avoid the aircraft
deviating too far from the trim condition.
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(a) Logarithmic frequency sweep (b) Power spectral density

Figure 2.2: Logarithmic frequency sweep and associated
power spectral density plot

Despite the complexity of the signal, pilots can be traireedgdply frequency sweeps manually.
In fact, the irregularities introduced by a human pilot emeathe information content of the
data [6, 31]. Alternatively, the sweep can be computer-gdad, based on Equations (2.2.1) to
(2.2.3). Toincrease the variation in each input and, thesspectral richness of the data, band-
limited white noise can be added to the computer generatedssv The computer-generated
approach was reported by Lisoski and Tischler for flightstestthe AeroVironment Pathfinder
solar-powered UAV [70].

The main advantages of frequency sweeps is that they exaitdeaband of frequencies and
their application requires littla priori knowledge of the aircraft dynamics. However, each
sweep takes a relatively long time to implement - up to 90 sésq6, 31]. They could also
cause the inadvertent excitation of a structural reson&regeiency, which would be a safety
concern. Frequency sweeps are chiefly used for rotorcrefitifitcation and structural mode
identification, as the dynamics of interest in these apftioa cover a relatively wide frequency
range. They are used less often for fixed-wing, rigid-bodgashgics. Further, for miniature
UAVs it has been found that, because the vehicle responsmid (as a result of low mass
and inertias), it is often difficult to perform frequency ®ps satisfactorily as the aircraft will
quickly depart from trim [48].

2.3 Design by Statistical Analysis

A second approach to the input design problem is to find antiwbich maximises the infor-
mation content of the data. Consider a dynamic system ctesised by the following state



16 Manoeuvre Design

space model,

X(t) = AX(t) +Bu(t), x(0)=Xo (2.3.1)
y(t) = Cx(t)+ Du(¢) (2.3.2)

In the above expressionsijs a vector containing the aircraft statggare their initial valuesy

is a vector of aircraft output variables ands a vector of input variables. The system matrices
A, B, C andD contain the stability and control derivatives, which areuged together in a
parameter vector denoted By The elements of are measured dY discrete points in time,

z(i) =y()+v(i) i=1,2,...,N (2.3.3)

wherez is the measurement vector containing measured values @i¢hgents ofy andv is
a vector of noise corrupting the measurementy.ofThe elements o¥ are assumed to be
independent and have a Gaussian distribution with zero medmcovarianc®.

A measure of data information content is the Fisher inforomanatrix, which for maximum
likelihood estimation problems is defined as the secondigmadf the cost function’ with re-
spect to the unknown parameter®inThe maximum likelihood cost function can be expressed

as,
N

7(60) = 5 Y [20) - YOI'R i2() - 510) @34

wherey is a prediction o based on current estimates of the elemen&aridR is an estimate
of the noise covariance calculated from,

_ Afj{: N[z(3) — y(i)]” (2.3.5)

By differentiating Equation (2.3.4) twice with respect@dhe Fisher information matrix can
therefore be found from,

_ o :i[ﬁy@r
00007 | 96

The determination of the second gradieny e¥ith respect t@ is a complex process. However,
it is observed that the tera(i) — y(¢), known as the residual, will become smaller the closer
the parameter estimates are to their true values. Theretfoeeinformation matrix can be

approximated as,
1 [0y(i)
M ~ E [ ] [80} (2.3.7)

The information matrix is an |mportant factor in determupitie statistical accuracy of maxi-
mum likelihood parameter estimates and is discussed in deieal in Chapter 5.

]S v e

The partial derivatives of the output vectowith respect to the parameter vectbare termed
the output sensitivities. For the system given by Equat{@3.1) to (2.3.3), the sensitivities
with respect to thgth element of can be found from,

d (ox\  ,0x OA oB  0x(0)

P (a?) = A%, toe e s ! (238)
gy  ox 0C 8D .
a—ej = Ca—e —'— 8—9 + a ] ] — 1,2,...,719 (2.3.9)
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whereny denotes the number of parameterginrhe goal of the parameter estimation process
is to determine values for the elementséirwhich minimise the cost functiod. However,

if a priori estimates of the stability and control derivatives are latée from, for example,
theoretical analysis, wind tunnel experiments or previtight tests, then these values can be
inserted into Equations (2.3.8) and (2.3.9). The aim is tbdmd the inputu which maximises
the information content of the data, based on the informanatrixM.

A number of criteria can be used to optimise the inpwvith some expressed in terms of the
parameter error covariance matrix, denoRdrhe parameter covariance matrix is also used
as a statistical measure of the suitability of parametamesés. For maximum likelihood
estimation, the parameter covariance matrix convergeBeimverse of the information matrix
as the number of data poindsincreases i.e.,

P-M'tasN — oo

As data tends to be recorded from flight tests at high ratess generally large for aircraft
estimation problems. Therefore, the inverse of the Fighfarimation matrix is often used as
an approximation of the parameter covariance,

b M- & {i [‘fgg)r R [agg)] }1 (2.3.10)

1=1

The criteria used to optimiseinclude minimisation of the determinant Bf equivalent to the
maximisation of the determinant bf,

m(gl {det(P)} = Uop(?) (2.3.11)
or
m(z%)x {det(M)} = Uop(t) (2.3.12)

Other approaches used are minimisation of the sum of thedaglements o or, equiva-
lently, maximisation of the trace o,

Hl(gl {tr(P)} = Uop(?) (2.3.13)
or
max {tr((M)} = Uop(t) (2.3.14)

u(t)

where “tr” denotes the trace of the matrix. Alternativehe toroduct of the diagonal elements
of P can be minimised,

Iun(gl {1:[ Pii} = Uopt(?) (2.3.15)

Whatever optimisation criterion is selected, the procedeads to continuous, smoothly vary-
ing harmonic signals for the inputs. If the dynamics of ieg#rare linear, constraints may
have to be incorporated into the optimisation process ddhleaesulting input does not cause
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the aircraft to diverge rapidly from the trim condition [931]. This can be implemented by
constraining the energy of the input signal,

/T ut)’u(t)dt < E (2.3.16)
0

whereF is the selected input energy. To ensure that the charaatsred the signal meet the
design requirements, these inputs have to be implementadatbgnputer, rather than the pilot.

The advantage of designing control surface inputs usingttiestical analysis outlined above is
thatitis rigorous and produces signals with a sound theaddtasis. However, the procedure is
complex and involved. Itis also dependent on gaguiori knowledge of the aircraft dynamics.

While this information is likely to be available for airctalvith conventional airframes, as

mentioned in Section 1.13 priori knowledge may be limited for UAVs and models of the
aircraft dynamics which have been generated through thieakrenethods can be unreliable for
certain categories of unmanned aircraft.

2.4 Multistep Inputs

An engineering-based approach to input design is the useutifstep inputs. As the name
suggests, these signals comprise a series of step inpugee @te two stages to the procedure.
The first is to determine the frequency range in which the dyos of interested are located.
The second is to tailor the signal so that the identified feeqy range is excited.

For the first stage of the design, frequency domain analystbe form of Bode plots, is used
to provide an insight into which frequencies must be comtain the input signal to allow each
of the derivatives to be identified. Again, it is assumed ¢hptiori values of the aerodynamic
derivatives are available. To illustrate the process, #istikam 31 aircraft shown in Figure
2.3, is utilised. At an airspeed of 160kts and an altitudeQfi(8t, the aircraft’s longitudinal
dynamics predicted using semi-empirical analysis [98] are

U —0.045 0.059  0.041 —9.801| |u 0.006
wl  [—=0.209 —0.836 80.891 —0.425( |w —0.156 (2.4.1)
q 0.006 —0.083 —1.344 0.038 q —0.141 o
0 0 0 1 0 6 0
Focusing on the pitching moment equation,
G = myu + myuw + meq + med + myn (2.4.2)

= 0.006u — 0.083w — 1.344¢ + 0.03860 — 0.141n

the frequency response magnitudes of each term in the equat plotted as functions of the
input signal frequency. These are written as,

mgé(UJ)

7(w)

(w)
)

(w

iy (w) mqq(w) myf(w)
’ ' 7(w) ’ ' i(w) ’ ' 7(w)

where™ denotes the Fourier transform of a variable. Theomponent is called the inertial
term, while they component is known as the control term.

[

q
1




Manoeuvre Design 19

Figure 2.3: Cranfield University’s Jetstream 31 aircraft

For a given frequency, if the magnitude of a term is high in parson to the other components
thenitis an influential term in the equations of motion anelsily identifiable at that particular
frequency. Conversely, if the magnitude of the componesirnall in comparison to the other
terms, it is of little significance in the equations of motiand will be hard to identify at
the chosen frequency. As a rule of thumb, a derivative isidensd to be identifiable if its
magnitude is at least Y0 of that of the most influential term [97]. If the inertial teisismall
then only ratios of derivatives can be identified.

Figure 2.4 shows the Bode magnitude plot for the pitching mnerms in the frequency
range of 0.01 to 100 rad/s. At frequencies below around @dkrthe inertial term is less than
10% of the most influential component - the control term. Therefbelow this frequency, the
derivatives can only be identified as ratios of each othee [€hast influential term is clearly
mg, Which has a peak magnitude at approximately 0.17 rad/s.nTheerm, while significant
at low frequencies, is less influential at frequencies alfloyd rad/s. Therefore, the values of
mg andm, can not be directly estimated. However, from flight dynantieory, it is known
that pitching moment is very nearly independent of velobitysubsonic flight and changes
of pitching moment with respect to pitch attitude will onlg kignificant when the aircraft is
trimmed at high angles of attack [5], so for the Jetstreama8turate knowledge of, and
mg IS not considered to be crucial. For the remaining termsnthgnitudes are all greater
than the 1@ threshold in frequency regions above 0.75 rad/s so can betljiidentified. The
derivativesm,,, m, andm, are most identifiable in the frequency band around 3 rad/® Th
natural frequency of the aircraft's short period mode i® &gated in this frequency region.
Again, from theory, it is known that,,, m, andm,, are dominant in the short period mode
dynamics, hence it is not surprising that these derivaaivesnost identifiable in this frequency
band.

Having located the frequencies of interest, the shape aradidn of the input is chosen. As the
important frequency regions were determined baseal mori information, which may not be
guite accurate, it is desirable to select an input whichteg@s wide a range of frequencies as
possible. The simplest of the multistep inputs is a singlsgulepicted in Figure 2.5(a). The
control surface is deflected and held at the desired positiar a given timeAt, the control is
released and the aircraft is allowed to oscillate freelyer€hs a trade-off between the range of
frequencies that can be excited and the amount of input gremcentrated at any particular
frequency. This is illustrated in Figure 2.5(b) [34], whichmpares the energy spectra for
three pulses of the same amplitude but varying duration. "Wheis selected as 0.4s, the
energy is spread relatively evenly across the frequenkieaever, the magnitude of the energy
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Figure 2.4: Bode plot of pitching moment frequency
response magnitudes

is low and the input may not adequately excite the systemmicsgato a level required for
identification. AsAt is increased, the energy tends to be concentrated at loegudncies
and, while the magnitude of the energy increases, it decays @bruptly as the frequency
rises. This inability to sufficiently excite high frequendynamics, such as the short period or
dutch roll mode, limits the use of pulses for system iderdtfan, as the high frequency modes
are usually of primary interest. Instead, pulses are useddite lower frequency dynamics,
such as the phugoid or spiral modes [34, 5].
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Figure 2.5: Pulse input and energy spectra

A wider range of frequencies can be excited by following aspuhput with a second pulse of
the same amplitude and duration but in the opposite dineclibis input is known as a doublet
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and is depicted in Figure 2.6(a). As with the single pulsaiinpn increase i\t will lead to
the energy of the doublet being concentrated at lower frecjae (Figure 2.6(b)). Note that,
as the doublet is symmetric about the starting positionHerimput, there is no energy at zero
frequency.
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Figure 2.6: doublet input and energy spectra

Figure 2.7 shows the normalised energy spectrum for doutpets [34], which is the same
regardless of the value dft. The frequencies; andw, are the lower and upper limits respec-
tively of the region in which the energy is at least half of geak value. The values aig ~
1.1 andw, =~ 3.6, so the doublet has a bandwidth of approximately 1:3. &rfexgy is at its
maximum at a normalised frequency of around 2.3,

WAt = 2.3 (2.4.3)

Therefore, (2.4.3) can be rearranged to provide a guidéingelecting the duration of a dou-

blet,

2.3
AtDBLT ~ — (244)

n

wherew,, is the natural frequency of interest in rad/s. As the fregydrand excited can be
altered by simply varying\¢, the doublet is a commonly used input for system identificgti
particularly for the excitation of the lightly damped dute#il mode [34]. However, a band-
width of 1:3 may still not be sufficient, especially if theselow confidence in the accuracy of
thea priori information, as may be the case for UAVs.

To solve this problem, a multistep input with a larger baratvj known as the 3-2-1-1, was
developed by Koehler [97, 34]. The input shape is shown infeéi@.8(a). As the name alludes
to, a pulse is applied in one direction for three time unitseeond pulse is then applied in the
opposite direction for two time units, the control is rew&tsgain for one time unit, and the
input finishes with a second one time unit pulse in the oppabiection. Because of its shape,
the 3-2-1-1 is also sometimes referred to as “the poor maeigiency sweep” [31].

The normalised energy spectrum for the 3-2-1-1 is plotteBigure 2.8(b) [34]. As for the
doublet, the frequency range|, ws], in which the energy is at least half that of the peak
value is shown. In comparison to the doublet, the bandwidtie 3-2-1-1 is wider, being
approximately 1:10. An appropriat&t value for the 3-2-1-1 is chosen so that the natural
frequency of the mode of interest lies at the centre or in gpeuthird of the spectrum [34]. If
the centre point is chosen as the criterion then, from Figuéb), the time unit is calculated
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as,

1.6
At3211 ~ w_ (245)

Similarly, if it is decided that the natural frequency shblig in the upper third of the spectrum,
then the input duration is found from,

2.1
Atggll ~ — (246)

n

The 3-2-1-1 input is one of the most commonly used inputsystesn identification due to the
fact that it excites a wide range of frequencies. For the saason, its performance is also
less sensitive to inaccuracies in th@riori estimates of the natural frequencies used to select
Atss11. A practical problem sometimes encountered with the 312-ilewever, is that after the
long duration “3” pulse at the start of the input, the airtrafly be far away from the initial trim
condition. A solution is to use different amplitudes for le@a¢ the steps (smaller amplitude for
the “3” pulse, larger amplitude for the “2” pulse etc.). Ahatively, the input can be reversed
to become a 1-1-2-3. This leads to the higher frequency digsabeing excited first before
the longer duration pulses are applied. Another approatthrismove the “3” step altogether,
such as with a 1-1-2 input, although this leads to a redudtidhe excited frequency range.
Although slightly different numerical values appear in th@merators of Equations (2.4.4),
(2.4.5) and (2.4.6), it has been found that, when designialistep inputs of arbitrary shape,
numerator coefficients of between 1.6 and 2.3 work well [34, 3

Despite being somewhat heuristic in nature, the multisgpaach to input design is more
widely used than the design by statistical analysis, oedlim Section 2.3. This is mainly due
to the simplicity of multistep inputs, which can be easilyplemented manually by a pilot, and
the short length of time required to apply them. As well as,timvestigations have shown that
parameter estimates obtained using 3-2-1-1s and doubdetemparable to, and in some cases
better than, estimates achieved using statistically agtinputs [97, 35].

2.5 Input Design for Dynamic Wind Tunnel Models

Based on the above discussion, it was decided that the teplagproach was the most appro-
priate for the dynamic wind tunnel experiments. Frequenwegeps were also attempted but
it was difficult to keep the models close to the trim conditauring the long duration input.
When applying elevator sweeps for example, the models weneepto pitching up to high
angles of attack, leading to a cross-coupling into rollinggion.

For the first stage of the multistep input desigrpriori estimates of the Hawk and DEMON
model derivatives were required. The 1/12 scale Hawk modgldeen analysed a number of
times in the past at Cranfield University [80, 83] and, theref its dynamic properties have
been well documented. In contrast, the 1/3 scale DEMON mwdslbuilt specifically for the
current research so information on its dynamics were lichit@itial guesses at the DEMON
model derivatives were calculated based on a simulationehmafcthe full-sized aircraft [99,
100].

Thea priori state space representation of the 1/12 scale Hawk longaudynamics at a wind
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tunnel speed of 30 m/s and a trim angle of attack of zero degsee

m - [—10.64 —2901} m + {_20_61} U (2.5.1)

The lateral-directional dynamics of the Hawk model for theng conditions were predicted to
be,

B 0 0 307 [v 0 0 :
pl = |-508 —532 275 | |p| +|-343 0.63 M (2.5.2)
P 128 —0.40 —1.53| |r 0.14 —0.67

The numerical values in Equations (2.5.1) and (2.5.2) wbtained from semi-empirical anal-
ysis by Malik [80].

For the same trim conditions, tleepriori estimates of the DEMON dynamics were calculated
as,

[0 [0 30 w 0

i T [-9.022 —8.186} M - [—5.029}” (2:5.3)
[0 [ 0 0 —30 v 0 0 ¢

p| = |—-27.436 —56.590 8.487 | |p| + |—9.582 1.546 M (2.5.4)
K | 6.156 —0.669 —6.326] |r —0.303 —2.283

Using Equations (2.5.1) and (2.5.2), Bode magnitude plmtshfe pitch, roll and yawing mo-
ment derivatives were constructed. These are shown in&3due, 2.10 and 2.11 respectively.
For the rolling and yawing moment plots, Figure (a) indisatee identifiability of the deriva-
tives from an aileron input, while Figure (b) shows a simghot for rudder inputs. It is obvious
that, in general, the rolling moment derivatives will be m@asily identified by applying an
aileron input and the yawing moment dynamics are best ekartth a rudder input. However,
Figures 2.10 and 2.11 give an indication of which controfae input is better at exciting the
cross-coupling dynamics.

From Figure 2.9, it can be seen that the pitching moment afitras are most identifiable in
the frequency region around 6-10 rad/s. For the rolling munakerivatives, the frequency
region of interest is approximately 5-9 rad/s. However, iguFe 2.10(a), the magnitude 6f

is lower than that of the other derivatives and close to tHg fireshold introduced in Section
2.4, therefore it may be difficult to identiff. from an aileron input. In Figure 2.10(b) the
magnitude of,. in comparison to the more significant terms is higher so a madiable estimate
of this derivative is likely to be obtained by applying a redexcitation. Figure 2.10(b) also
indicates that the control derivativeis likely to be unidentifiable in the 5-9 rad/s range, but
the term becomes more significant at higher frequencies. ederyin Equation (2.5.2), the
estimate of; (0.63) is around an order of magnitude less than the valudseabther rolling
moment derivatives. Hence, thepriori information indicate$, to be a relatively insignificant
parameter. As with the rolling moment derivatives, the ysyvmoment terms peak in the
frequency band of 5-9 rad/s. Figure 2.11 also indicateshtbit a rudder and an aileron input
could be used to obtain a reliable estimate of the crosstrmugerivativen,,.

Similar analysis was carried out for the DEMON using Equai¢2.5.3) and (2.5.4). The
Bode magnitude plots for the pitching, rolling and yawingmemt derivatives are shown in
Figures 2.12, 2.13 and 2.14 respectively. The frequencyg b&mterest in which the pitching
moment derivatives are most identifiable, as determinewh fraggure 2.12, is around 12-20
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Figure 2.10: Bode plots of Hawk rolling moment
frequency response magnitudes

Magnitude

10'7 1 L L 10' 1 L L
10° 10" 10° 10' 10° 10° 10" 10° 10' 10°
Frequency (rad/s) Frequency (rad/s)
(a) Aileron input (b) Rudder input

Figure 2.11: Bode plots of Hawk yawing moment
frequency response magnitudes
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rad/s. For the rolling moment parameters, Figure 2.13(avslthatl/, andl, are dominant
across the whole frequency spectrum and only at a frequegceater than 5 rad/s does the
inertial termp exceed the 1% guideline for identifiability. As mentioned in section 2ifithe
inertial component is less than Z0of the most influential term, then only ratios of derivatives
can be determined. The derivatiyedoes not pass the %¥0threshold at any frequency and
so cannot be estimated directly from an aileron input. Therdd stability parametdy, would
also appear to be unidentifiable across much of the frequspestrum, although its magnitude
is greater than the 20 rule of thumb in the region around 8-16 rad/s. Figure 2.13fmws
that a rudder input is more suitable for identifyihg The cross-coupling ter is also likely

to be identifiable in the range of 10-18 rad/s using a ruddeita&ion. However, in this same
frequency band, it is unlikely that the control derivatiyecan be accurately estimated and a
rudder input of a higher frequency (20 rad/s) is required. Figure 2.14(b) also indicates that,
in general, the yawing moment derivatives are identifiablthe range 10-18 rad/s. However,
the cross-coupling term, is insignificant in this frequency band and Figure 2.14(@gssts
that an aileron input is better suited than a rudder exoittr identifying this term.

Magnitude

10° 10" 10° 10' 10
Frequency (rad/s)

Figure 2.12: Bode plots of DEMON pitching moment
frequency response magnitudes

Magnitude
Magnitude

1 0
Frequency (radis) Frequency (rad/s)

(a) Aileron input (b) Rudder input

Figure 2.13: Bode plots of DEMON rolling moment
frequency response magnitudes

Using knowledge of the frequency regions identified from Bloele analysis, the pulse width
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Figure 2.14: Bode plots of DEMON yawing moment
frequency response magnitudes

of the inputs were then selected. From Section 2.4, the fuleuonb used for the design of an

input of arbitrary shape was,

T (2.5.5)

w
wherew is the frequency of interest in rad/s. For the Hawk model,ghise width for the
elevator and rudder inputs was chosen as 0.3s, which comdspow =8 rad/s. For practical
reasons, thé\t¢ value for the ailerons was chosen as 0.15s. The Hawk modebbsesved as
having a rapid roll response in previous experiments dutstow roll inertia [80, 83], so the
aileron pulse width was reduced to ensure that the modelatideach thet-30 degree limits
permitted by the rig. For the DEMON model, the value for all three control surfaces was
selected as 0.2s, corresponding:.tex12 rad/s. The amplitude of the inputs were chosen so
that the model dynamics were sufficiently excited, whilehat $ame time making certain that
the models motion could be described by small perturbaadesit the initial trim condition.

A number of input shapes were tested: doublet, 3-2-1-1,2131and 1-1-2. An observation
from the experiments with the Hawk was that when applyingBRinputs to the elevator, the
“3” step was initially causing the model to pitch up to highgées of attack, leading to a cross-
coupling into rolling motion similar to that encounteredevhtrying frequency sweep inputs.
To successfully apply the 3-2-1-1 so that only longitudimaition was excited, the amplitude
of the pulses had to be reduced. A similar scenario was etemthwhen applying 1-1-2-3
inputs. Not surprisingly, when using the 1-1-2 input instgawas found that relatively larger
amplitude inputs could be applied without the model undegandesirable lateral-directional
motion.

It is clear that the required values oft were very small and it would have been difficult to
accurately apply the required inputs manually. The fregueange in which a human pilot

operates is generally around 0.1-10 rad/s [31]. Thereforexcite higher frequency dynamics,
computer generated inputs are required. This approach seswhen testing both the Hawk
and DEMON models. When computer generated inputs are eregbldlye upper limit on the

frequencies that can be excited is determined by the dyrmsaofithe control surface actuator.
When performing the Bode analysis for the DEMON model, tlegdiency regions of interest
were converging on the model’s actuator natural frequeseg Chapter 3). In situations for
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which the vehicle and actuator dynamics are located at airfidquencies, it will be difficult
to properly excite the aircraft dynamics without the aadnaeaching its rate limits. Hence, for
miniature UAVS, there is a potential for the system iderditiien process to be hampered by
the performance of the actuators, leading to less reliatilenates of the stability and control
derivatives.



Chapter 3

Sensors and Instrumentation

3.1 Introduction

The decision of which sensors to equip the aircraft with igiolisly dependent on the motion
variables that have to be measured. The minimum set of Vasig§pically required for system
identification is as follows:

* Linear accelerations along y andz body axes, denoted,, a, anda, respectively.

Roll, pitch and yaw angular rates, denoged andr respectively.

Roll, pitch and yaw attitude angles, denoted and« respectively.

Air data: angle of attack;, angle of sidesligi and airspeed .
» Deflection of aerodynamic control surfaces.

Engine parameters, such as thrust and RPM, may be of inter&abwledge of these properties
allows the forces and moments due to propulsion to be segafedm aerodynamic effects.
Usually engine parameters are determined from manufacpeifications.

For some parameter estimation methods, the aerodynamientaioefficients will have to be
derived from the measurements and, in this case, angulateaationsp, ¢ andr are needed.
However, due to a lack of reliable angular acceleration@ang, ¢ andr are usually obtained
through numerical differentiation. This process is disadsin detail in Chapter 4.

Other variables which could be required for the analysituthe altitude, Mach number, dy-
namic pressure, ground speed, geodetic positions andgoiloimands. The measurement of
the most crucial motion variables listed above is discugséue following sections.

3.2 Inertial Sensors

Measurements of linear accelerations are provided by exrekters, while angular rates are
sensed by rate gyroscopes. Strictly speaking, acceleerst@ieasure specific force rather than
acceleration [101, 102]. For example, if an acceleromsthoused in an aircraft that is sitting
stationary on the ground and the sensor’s measurementsagpsriting vertically down, it will
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provide a reading of approximately -9.81 i -1¢ (i.e. acting in the upwards direction). This
is a measure of specific force of the ground acting on theadtrcAlso, if the same aircraft
were in free fall, the vehicle would be accelerating at apjpnately 9.81 m/é but the sensor
would give a reading of zero. In other words, acceleromgiergide a measure of the total
specific force acting on the aircraft minus that due to gyaldf. As body axes acceleration
and angular rates are normally required along/about thee® a cluster of accelerometers and
gyros are usually packaged together orthogonally, alonl thie associated electronics, in a
system known as an inertial measurement unit (IMU), illtstd in Figure 3.1.

# X- axis
.

i- axis accelerometer \

z- axis accelerometer

T~ ‘
y- axiz accelerometer

>

z- axis

Figure 3.1: lllustration of an orthogonal cluster of sensors
contained in an IMU

The evolution of inertial sensors for aircraft applicasdms mainly been driven by their use
for guidance, navigation and control purposes and varigpest of accelerometers and gyros
have been developed [101, 102, 103]. For accelerometergrihciple on which the sensor
operates is, in general, the same for each type of device.adtelerometer contains a proof
mass which is tethered to the case of the sensor using spianglse example of a mechanical
accelerometer. When the accelerometer experiences amaxierce, the inertia of the proof
mass will resist any movement of the mass relative to inestiace. However, the mass will be
displaced relative to the sensor casing. This displaceminibe proportional to the specific
force experienced by the accelerometer and therefore, bguniag the displacement, a means
of measuring the specific force exists. This is an examplenaipen-loop accelerometer. An
alternative way of sensing specific force is to replace thiangp with electromagnetic coils,
which produce a force to return the proof mass to its null gpmsiwhenever an acceleration
is sensed. The magnitude of the electric current requiredtton the proof mass to its zero
position is proportional to the applied specific force anasthrovides the mechanism for mea-
suring the specific force. This type of sensors is termed seddoop accelerometer. For rate
gyros, a number of different approaches for sensing angat@have been proposed. The most
common are mechanical, spinning wheel gyros which are baséue principle of precession,
and optical gyros, such as ring laser gyros (RLGS) or fibreagytros (FOGs), which measure
angular rates using the Sagnac effect [101, 102, 103].

In the field of inertial sensor technology, the main aim inplast has been to drive forward the
accuracy and performance of the devices. However, overnttiéo decades, there has been a
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shift in focus to meeting current levels of performance Ihati@educed cost and size [104, 105],
and a major advancement has been the rapid growth of insetreors based on micro elec-
tromechanical systems (MEMS) technology. This has beelivatetl mainly by their use in
automotive applications [106, 101], where bulk productas driven down cost. Their use for
inertial navigation purposes has also been widely repddt@dl, 107, 108]. The main advan-
tages of MEMS sensors are their small size, light weight,dost and low power consumption.
On the down side, they are, at present, not as accurate asmatuiee sensor technologies and
exhibit noisier outputs, as well as more significant bias drifl characteristics. However, it
has been reported that between 1991 and 1998 the perforrmnaMEMS sensors (based on
angle random walk) improved by a factor of 10 every two yea@6]. While this progress has
slowed in recent years, it is predicted that their perforoeawill continue to improve in the
future [104].

With the current application of UAV system identificationnmnd, inertial sensors based on
MEMS technology are an attractive option and, in fact, foniature UAVs or scale wind
tunnel models they are the only sensor technology smallightidnough to be housed within
the airframe. However, their relatively noisy outputs nmetrat obtaining reliable parameter
estimates is likely to be more mathematically involved aackanust be taken during the data
compatibility check to ensure that bias and scale factorgare removed from the data prior to
the parameter estimation process. These issues are gatestin Chapters 4 and 9 respectively.

3.3 Attitude Determination

While dedicated attitude sensors have been used in theiphas become common practice
to determine the attitude angles through a process basdtkeadntegration of rate gyro data.
The attitude angles are related to the angular rates by llog/fog set of differential equations,

known as the Euler equations,

¢ =p+ (gsing +rcos p) tanf (3.3.1)
0 = qcosd— rsin¢ (3.3.2)
)= (gsin ¢ + 7 cos ¢) sec O (3.3.3)

In theory, given initial values for the attitude angles, a&tipns (3.3.1) to (3.3.3) could be in-
tegrated in time to generate time histories 0¥ and«. However, if, for example, even one
of the gyros contains a small constant error, the integnaifdhis error will lead to an attitude
error that will grow in time, an error known as drift. Also,daise equations (3.3.1) to (3.3.3)
are coupled, an error within the gyro measurements for orsenaht translated into drift errors
in all three attitude angles. The problem is further congtéd in practice, as the errors tend to
be stochastic rather than constant.

A standard technique to overcome the drift problem is to grea second estimate of the
aircraft attitude independently from the gyro data whicleslaot drift with time. This second

evaluation of the attitudes can then be combined with thteld from the gyro measurements
to produce a more reliable estimate @ff and«. This is often termed sensor fusion and
is usually performed using some form of Kalman filter, whigbguces a weighted mean of
attitudes based on knowledge of the noise corrupting thesmwoces. When the system of
equations under consideration are linear the Kalman fdteptimal in the least squares mean
sense, yielding a minimum variance estimator [34, 101]. e\mv, for a nonlinear system of
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equations this is not the case and an optimal filter for nealircases is often unrealisable.
Hence, it is customary to adapt the Kalman filter for the Imease for use with nonlinear

systems and accept that the performance of the filter wilbeadptimal. This is known as the

extended Kalman filter (EKF).

The method for generating attitude independently of the glata is usually termed the aid-
ing system and is most commonly realised using a combinafi@tcelerometer and magne-
tometer measurements. The principle of this techniquesisttte accelerometers will provide
information on the aircraft’s roll and pitch angles from thgressions,

¢ =tan! Y (3.3.4)
a,
§ = —sin! % (3.3.5)

Then magnetometer data can be used to determine the yaw bagéxl on knowledge of the
earth’s magnetic field vector [109],

(3.3.6)

¥ = tan~t < H,cos + H,sin® )

H,cos¢+ Hysinfsing — H, cosfsin ¢

whereH,, H, andH, are the components of the earth’'s magnetic field measured ez,
y andz aircraft body axes respectively.

It should be noted that during the manoeuvres in which theafiris accelerating, an error will
exist in the aiding system estimatesgo@ndd, as the accelerometers are unable to distinguish
between tilt and vehicle acceleration [103, 107].

Another approach to the aiding system, which has seen rapefitation, is the use of multiple
GPS antennas placed at various locations on the airfran®j. [IDifferential GPS measure-
ments can supply information on the orientation of each efahtennas relative to each other,
hence allowing the attitude of the aircraft to be determined

In order to resolve the attitudes, the Kalman filter requer@sodel of the bias error within the
gyros. Two laboratory calibration techniques which are ocamly used to construct gyro bias
models are the Allan variance method and power spectraltgi®SD) analysis [110, 111,
112]. These methods involve, respectively, plotting theesg root of the variance and PSD of
the gyro output when the sensor is stationary. Under suctiitons, it can be assumed that the
gyro output is purely due to noise. The various componentiseohoise are then distinguished
by analysing the slopes of the plot. For example, angle nanaalk error, which is caused by
the integration of white noise, is indicated to be presettiafslope of the Allan variance plot
is —1/2, or if the PSD has a gradient of 0 [110, 111, 112].

For most gyro types angle random walk is the dominant errarcg in which case the bias
can be accurately modelled as a band-limited white noiseggwith variance?. However,
MEMS gyros often exhibit a long-term bias instability whitgipically becomes dominant after
a few hundred seconds [107]. This is best modelled as an expiaily correlated Gaussian
random process,

b(t) = —%b(t) + w(t) (3.3.7)

whereb is the biasy is the correlation time which dictates the growthh@ndw is the driving
process noise, with varianed . In fact, the bias of high-precision gyros can be modellédgis
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equation (3.3.7) as well. However, the correlation timeli@se sensors tends to be of the order
of 1-10 hours [35], rather than a few hundred seconds, whkitlhe case for MEMS gyros.

Having defined the model for the gyro bias, the equationsHerKalman filter can then be
formulated. Many different forms of the Kalman filter haveeheproposed for attitude de-
termination [113, 114]. These have been used mainly in gpafteapplications where large
attitude changes can occur in very short spaces of timejrnegwery accurate, computation-
ally efficient algorithms. However, for aircraft attitudetdrmination, it is often reasonable to
assume that the vehicle motion can be modelled as smalltaasdrom an equilibrium or trim
condition. This greatly simplifies the problem.

The simplest formulation that is used in practice is somesitermed the minimal representa-
tion Kalman filter [108, 113]. The state vector for this meth® defined as,

X:[¢ 0 v b, b br]

whereb,, b, andb, are the biases in the roll, pitch and yaw gyros respectivelyrediction of
how these states vary with time is given by equation,

T

(3.3.8)

X = AX + Bu (3.3.9)

where™ denotes the prediction afand” indicates the state vector having been corrected using
information from the aiding system. An expression ¥as given below in equation (3.3.13).
The input vectou contains the gyro outputs i.e.

u=1[p ¢ r]" (3.3.10)

The state matriA is given by

1 singtanf cos¢tand]
0 CoS @ —sin ¢

0 singsect cos¢psect
0 0 0 (3.3.11)
0 0 0
0

0 0

>

I
coocooo
coocooo
coocooo

while the input matrixB is,

1 singtanf cos¢tanf]
0 cos ¢ — sin ¢

0 singsect cos@psect
0 0 0 (3.3.12)
0 0 0
0

0 0

When a measurement of the attitude from the aiding systemmnbes available, the corrected
state vectoli: can be found from,
X=X+K[z-Y] (3.3.13)

wherez is the aiding system measurement vecjos the predicted observation aidis the
Kalman gain matrix. The aiding system measurement vectiven by,

2= [Bus Ous Vas) (3.3.14)
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whereg,, 0,5 andy,, are the attitude estimates from the aiding system, whilevétagory is
obtained from

y = CXx (3.3.15)
where the matrixC is defined as
100000
C=1|010000 (3.3.16)
001 0O0O0

The values within the Kalman gain matrix are chosen basehowledge of the noise present
within the gyro measurements and those from the aiding sydifeit can be assumed that the
aircraft is not performing manoeuvres that involve largeiatons from trim, then a steady-
state gain can be used fir. If, however, the aircraft attitude is varying rapidly artdugh
large angles, then the time-varyikg calculated at each time point, may be required. For
the minimal representation Kalman filter formulation, ieissumed that a steady-state gain is
sufficient. As well as for sensor fusion, the Kalman filter $d widely in aircraft parameter
estimation. Therefore, the process of calculating an gpate Kalman gain matrix (both
steady-state and time varying) is presented in detail irp@&h& .

The above formulation utilises the Euler representatioattiude defined by equations (3.3.1)
to (3.3.3). The use of the Euler equations, though, has tawldcks. Firstly, the presence of
tan @ in (3.3.1) andkec ¢ in (3.3.3) leads to a singularity when the aircraft pitchean angle
of 90 degrees. However, this is only a disadvantage whenitbeaf in question is highly
manoeuvrable. The second drawback is that solving a seffefehtial equations is computa-
tionally intensive, especially if the attitude is requiiedeal-time and at a high sampling rate.
The solution to this it to instead use the quaternion repitesen of the attitude, which avoids
the singularity a®h = 90 deg and is computationally faster than the Euler angimdéation
[101, 114, 102]. The quaternion is a 4-element parametachndefines the attitude as a single
rotation about a single axis whose orientation in space fineldy a unit vector. It can be
expressed as,

q= {qo} (3.3.17)

q,
The scalar part of the quaterniap, defines the magnitude of the rotation about the unit vector
and is given by,
o

Go = €05 5 (3.3.18)

where® is the angle of rotation. The vector part of the quaterniprdescribes the orientation
of the unit vector in space and can be expressed as,

a1
g, =6esin® = [g (3.3.19)

q3

wheree s the unit vector. The propagation of the quaternion in tisn@escribed by the equa-
tion,

q= %Qq (3.3.20)
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where() contains the gyro outputs and is given by

0O —p —q —r

0 r —q
Q= ¢ —r 0 (3.3.21)
r q —p O
The attitude angles, # andy are related to the quaternion elements by,
1 2(q2a3 + qoq1)
= tan~! 3.3.22
¢ (¢ —af — 6+ &) ( :
0=— sin_l[Q(qlqg — q0q2>] (3323)
2
o = tan—t - 2\01% + dods) (3.3.24)

(@+ai—a3—a3)

3.4 Air Data Measurements

Air data measurement is primarily concerned with gatheaicgurate information on airspeed,
angle of attack and angle of sideslip but is also used to galda on dynamic pressure and
altitude. A traditional method of obtaining air data is thgh the use of a noseboom, which
contains a pitot tube to measure total or stagnation pressut static pressure tappings to mea-
sure static pressure. The pressures are recorded by tcams@onnected to the tappings. From
these pressures, the dynamic pressure and airspeed cadoulated, while the altitude can be
determined from knowledge of the static pressure. The floglemncan be measured using
mechanical vanes, attached to the noseboom, that pivotiithges in the flow direction. The
angles of attack and sideslip are then determined by meastine rotation of the vanes with,
for example, a potentiometer [115]. An alternative apphocmeasuringy andg is the use
of five-hole probes, illustrated in Figure 3.2 [34]. From thiéerential pressure measurements,
the flow angles are obtained as follows,

Pal - Pa2
- - 3.4.1
“ Kanyn ( )
Pgi — Ppy
=" 3.4.2
g K3 Pagn (3.4.2)

whereK, andK g are sensitivity factors an#,,,, is the dynamic pressure (total pressure minus
static pressure).

The use of a noseboom may be impractical if, for example, tleeadt has a nose-mounted
propeller or if radar equipment is located in the nosecofe33]. In this case, a non-intrusive
approach to measuring air data is to use a flush air data syst#s is similar in principle
to the five-hole probe method but the pressure tapping asgddon the aircraft's nosecone.
There are also usually more than five pressure orifices - Ipgsgp to 25 [116].

Gathering of air data is difficult in practice as the measwetsare affected by local flow char-
acteristics of the aircraft. For this reason, noseboon tiehave lengths of 2.5 to 3 times the
fuselage diameter in order to assume that the probe is iatfesen flow [34]. Precise calibra-
tion of air data systems is also an involved process [115], Which can only be performed in
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Side view

Air flow

Front view

Static pressure tappings

Figure 3.2: lllustration of a five-hole probe

the wind tunnel or flight test environment and is specific toheaircraft. One problem com-
monly encountered is that the pressure transducer, beinigutge to fit in the boom or probe,
has to be located in the airframe away from the pressurertgppherefore, tubing is required
to connect the pressure tapping to the associated transalndehe distance between the two
introduces a time delay in the recording of the pressurels [34

The measurement of air data for UAVs is carried out in muchsame manner as that for
manned aircraft. The primary difference is the possiblalrfeethe air data system to be re-
duced in size, particularly for miniature UAVsS. For this pase, air data probes with diameters
of the order of 1-2 mm have been developed [118]. Pressursduaers utilising MEMS tech-
nology have also been manufactured [119, 120] which arelgmaugh to fit into the probes,
although the performance of these sensors is not yet as sijfabobtained with conventional
pressure transducers. However, as the air data probesedédar UAVs are generally much
shorter in length, any tubing connecting tapping to tragsdsiin the airframe will in turn be
much shorter in length. Hence, the time delays in recordindeda parameters, introduced by
the distance between tappings and transducers, is likdlg toaller for UAVs.

3.5 Analogue-to-Digital Conversion Requirements

Before the analysis of the recorded data is carried out, dhérauous-time, analogue signals
from the sensors must be discretised using an analogugitaldA/D) converter. Some guide-
lines for this process, when the final application of the measents is aircraft system identi-
fication, are outlined here. Ideally, the raw analogue daball be available to the analyst per-
forming the system identification process, allowing thelygstdo discretise the data according
to their own particular needs. However, in many practicakesa especially with off-the-shelf
instrumentation units, the raw data is not available andAieconversion is done automati-
cally by the sensor system. Whether the signals are diditisgnually or automatically, some
important characteristics to consider are the data sagpdite, anti-aliasing, sensor range and
resolution.

Data is usually sampled at equally spaced time inter2dls The minimum theoretical data
sampling rate is governed by the Nyquist-Shannon samphiegrem, which states that for
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a continuous signal sampled at a ratefgfthe maximum frequency that can be captured in
the discrete signal ig,/2 [121]. This is known as the Nyquist frequengy;. Therefore,
theoretically, the minimum sampling rate required is twiloe maximum frequency of interest,
denotedf,,... In reality, data must be sampled at a much higher rate inrdodeapture the
significant aircraft dynamics and obtain reliable paramegtimates. A commonly used rule
of thumb [31, 6] is,

fs = 25fmax (351)

As UAVs tend to have smaller masses and inertias than manreedfy their natural frequen-

cies are higher. Therefore, it is clear from Equation (3.8hat UAVs will, in general, require

higher sampling rates. This statement holds true for scald tunnel models as well, whose
natural frequency is related to that of the full-sized afcby Froude scaling,

1
VA

where )\ is the geometric scale factor. Therefore, for the 1/12 soaddel of the Hawk, the
required sampling frequency is approximately 3.5 times tieaded for the full-sized aircraft.

If there is doubt over the value d¢f,.., it is best to use a higher sampling frequency. Ideally,
fs should be the same for all measurements. If this is not the e interpolation or data
reduction can be performed once the digitised data becovadalale.

Jm = —=/a (3.5.2)

Aliasing occurs when the analogue signal has frequency oaemgs higher than the Nyquist
frequency. During the sampling process, these high fregjasrare incorrectly associated with
frequency components beloyy. To solve the problem, the continuous signal is low-pass
filtered before it is discretised. The antialias filter rem®¥he high frequency content, which
could cause aliasing, from the signal. The low frequencymaoments of interest will be only
slightly modified by the filter. The resulting phase changeearly linear with frequency, which
leads to a small, constant time delay for all frequencies [lBlentical antialias filters should be
used on each signal so that the small time delay introducezhonh measurement is the same.
The break or cut-off frequency for the filters must be chosetihat the frequencies of interest
are allowed to pass through unmodified while, at the same, tiigé frequency components
which could cause aliasing are removed. A guideline for theice of break frequency is
[31, 6],

lfs (3.5.3)

fb = 5fmam = 5
As with sampling frequency, the relatively high naturalginencies of UAVs means that the
break frequency of the antialias filters will need to be higtat those typically used for
manned aircraft.

It should be noted that situations may arise in practice w/kige sensors used to measure data
for system identification are designed for other purposestalling a dedicated suite of instru-
mentation for system identification may be impractical #asons of cost or because of limited
space within the airframe. An example is obtaining ineg&isor data from an inertial naviga-
tion system (INS). These systems are designed to provideatecnavigation information over

a long period of time and, therefore, the short term dynawii¢tke aircraft are not of primary
concern. As aresult, the sampling rate and break frequentithe accelerometers and gyros
may be set at levels lower than those described above andcestebe taken to ensure that the
instrumentation is able to meet the system identificatiguirements.
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When the A/D conversion is performed, the resolution is tveelr limit on the accuracy that
can be achieved and is calculated from,
: range

resolution= N (3.5.4)
whereN is the bit binary word number used in the A/D conversion. Teuea adequate reso-
lution in the digital signal, it is recommended that the Ad@heersion use a 14-bit binary word
[43, 31]. From Equation (3.5.4), it can be seen that for argixaue of N, there is a trade-off
between sensor range and resolution. The range should bercko that the dynamics of the
aircraft can be recorded without the sensor saturating.

3.6 Instrumentation for Dynamic Wind Tunnel Facility

In the past, a drawback of emulating flight test-like expeits in the wind tunnel had been
the lack of accurate inertial sensors that were small endodh within the aircraft model.
To overcome this, potentiometers were used in previous ¥wrkeasure the model’s attitude
about its pivot point and data for other motion variables gaserated analytically using the
attitude measurements and kinematic relationships. Hewmyévis lack of redundancy in the
sensors meant that any errors in the output of the potentem&ould directly affect the
values of other motion variables and, ultimately, the ditadand control derivative estimates.
The use of accelerometers and gyros for wind tunnel expetsnveas reported by Rajamurthy
[90] but, because of their weight, they were only used to khiee accuracy of potentiometer
data and were removed from the model when the actual expetswmere conducted. However,
with the advances in MEMS accelerometers and gyros higtdidyabove, it was decided that
an off-the-shelf IMU, small enough to be housed within thdrames of both the 1/12 scale
Hawk and 1/3 scale DEMON models, would be used to record th@®mof the models on the
test rig. This allowed the suitability of such units for thendmic wind tunnel experiments to
be assessed.

The IMU is shown in Figure 3.3 and comprised a set of three MEdME&elerometers, three
MEMS rate gyros and three solid state magnetometers, whach used to provide information
on the linear accelerations, angular rates and attitudesinghe range of these sensors were
+2 g, +£150 deg/s andt2 Gauss respectively. The unit was physically very compaith
dimensions of 5.¥4.5x1.1cm and a weight of 33 grams. Due to restricted space wilt@n
models, no other sensor systems, such as air data probesytiised. However, this was not
considered a great disadvantage because, as pointed oppandix A, for the conditions at
which the models were tested, it could be assumed that tHe ahgttack was equal to the
pitch attitude and the angle of sideslip was the negative@¥aw attitude.

The highest frequencies of interest for the two models weteknown precisely before the
experiments but semi-empirical analysis predicted thatstiort period and dutch roll natural
frequencies of the Hawk model were in the region of 1 Hz, wtlike corresponding natural
frequencies of the DEMON model were closer to 2 Hz (note tbatescomponents of the
rigid-body dynamics will actually be located above the naltérequencies of the modes). The
IMU sampled data at a rate of 100 Hz, while the break frequariaye unit's antialiasing

filters were set at 25 Hz. Considering the rules of thumb gimdtquations (3.5.1) and (3.5.3),
this meant that the system was suitable for recording dat#,fg. values up to around 4 to 5
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Hz. As well as this, a 16 bit binary word was used in the A/D @sion. Hence, based on the
discussion in Section 3.5, the chosen IMU was considereaappte for the given application.

Control surface deflections were achieved using miniatieeéc servo-actuators (also shown
in Figure 3.3), based on radio controlled aircraft techggld' hese were physically connected
to the relevant control surfaces using standard model aldintkages. Commands to the servo-
actuators were transmitted from a computer “ground stattmough a 2.4 GHz wireless net-

work. The resultant motion recorded by the sensors was gr@rback via the wireless network
to the ground station. The use of the wireless network adbide need to physically connect
wires and cabling to the model or test rig, which could havenba source of aerodynamic
interference.

Figure 3.3: MEMS inertial measurement unit and
miniature servo-actuator

3.7 Determination of Control Surface Positions

When testing either of the scale models, it was impractahéasure the control surface de-
flections directly - it was mentioned in Section 1.2 that ailsinproblem has been found when
performing system identification on miniature UAVs [48]. érkfore, the control surface de-
flections were inferred using knowledge of the commandsstratted from the ground station,

a model of the actuator dynamics and a model of the dynamitiseofinkages between the

actuators and the control surfaces.

The control linkage between the actuators and each surfacenepresented by simple gains,
while a mathematical model of the actuators was developedabying out bench tests on
one of the actuators in isolation. A position command freqyesweep was applied to the
actuator and its actual position was recorded. This is showFigure 3.4. The frequency
sweep command begins at a frequency of 10 Hz and decreasessiodi 1 Hz. It can be seen
that at the high initial frequencies, the actuator strugefollow the changes in commanded
position but, as the input frequency decreases, the matetebe commanded position and
actual position improves. Ideally, such bench tests onateots should be carried out under
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representative loading conditions but, due to practicaktraints, this was not possible during
this research.

Using the actuator input and output information, paramegimation was used to derive a
second-order transfer to describe the actuator’s respdifse parameter estimation was per-
formed in the frequency domain using the maximum likelihoodtput error method. The
mathematical details of this algorithm are given in Chaptefrhe identified transfer function

for the actuator was,

482.
uls) _ 82.657 (3.7.1)
0(s)  s%2+429.432s 4 482.657

whereé andy are the actuator command and output respectively. The sameand input was
then applied to this identified transfer function, and treuheng time history was compared to
the measured actuator response (Figure 3.5). To genemigethtified response, the transfer
function in Equation (3.7.1) was incorporated into a SIMNKI model, which included po-
sition and rate limits specified by the manufacturer. Figifeshows that at the high starting
frequencies there is a slight discrepancy between the meghaund identified responses. How-
ever, as the command frequency reduced, the agreementdretivetwo improves. Another
method of comparing the response of the identified modeldatbasured data is through fre-
guency response plots. Figure 3.6 shows comparisons ofaiheagd phase for the actuator
data and the transfer function given in Equation (3.7.1) agdin, the identified response fits
closely to the measured response. It is noted that soméaderis appear in the measured gain
and phase plots at around 8 to 10 Hz. This indicates inadecexaitation of the system dy-
namics at these frequencies resulting in a reduced sigrabise ratio [6]. Frequency response
characteristics are discussed further in Chapter 6.

To validate the mathematical model of the actuator, a secomunand for which the response
had been measured was utilised. This was a step input, wettdmmanded position and
measured position shown in Figure 3.7. Comparisons bettimemeasured responses and the
identified responses are displayed in Figure 3.8. Agaimetiseagain good agreement between
the measured data and the response obtained from the idémtifiuator model.

The accuracy of the control surface deflections determims@tguhe above approach are de-
pendent on the fidelity of the actuator and control linkagelet® There can be significant

nonlinearities in the actuator behaviour, particularly $mall low-cost devices, and their per-
formance will vary under different loading conditions. Téantrol linkages can also introduce

nonlinear effects due to hysteresis and dead bands. Whilaltbve approach worked well for

this research, direct measurement of the control surfasgiqas, if possible, is preferred.

The results of the bench tests on the actuator illustrasgs itthgeneral, the penalty for using
small, low cost subsystems is a degradation in performaeem the transfer function in
Equation (3.7.1), the electric actuator’s natural freaqueis calculated to be approximately
22 rad/s, which is less than the bandwidth of hydraulic @aorsacommonly used on manned
aircraft which may be of the order of 60 rad/s [122]. Itis al$the same order of magnitude as
the rigid-body frequencies of the aircraft models. Therefto obtain an accurate mathematical
description of the airframe, it is important to isolate thecraft dynamics from the actuator
dynamics. Other subsystems which could potentially intoedl dynamics, which would need
to be accounted for in the analysis, include the MEMS seraadsthe associated filters. No
facilities were available during the research to deterntireedynamic characteristics of the
Sensors.
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Chapter 4

Equation Error Method

4.1 Introduction

The first parameter estimation method to be outlined is theton error formulation. The
equations of motion for the aircraft are postulated and theis to find estimates of the sta-
bility and control derivatives which lead to the dependartables in the equations of motion
matching data measured from the aircraft. In general, thatean error method utilises ordi-
nary least squares regression, which is perhaps the singtésique used for practical aircraft
parameter estimation. The ordinary least squares algoigldeveloped and discussed in the
following sections.

4.2 Ordinary Least Squares Regression Algorithm

For the formulation of the algorithm, it is assumed that tineraft equations of motion can be
characterised by the form,

y(t) = 0p + 01 X1(t) + 0. Xo(t) + ... + 0, X, (1) (4.2.1)

wherey is the dependent variablg;, Xs, ..., X,, are then independent variables or regressors
andéd,, 01, 0, . . ., 0,, are theny, = n+1 unknown parameters to be determined.

It is assumed that both the dependent variable and the segseare available from measure-
ments from the aircraft. The measured valug @ft theith data point, denoted(:) is related
to the true value by the expression,

— 00+ 30X, () +e(i) i=1,2,...,N (4.2.2)

whereN is the number of discrete measurement points. The variablihe so-called equation
error and is assumed to account for random noise corrugtenmeasurement of the dependent
variable in Equation (4.2.1). The regressors are assumael kaown without error.
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Equation (4.2.2) can be written in matrix form as,

Z=X0+e¢ (4.2.3)
where,
z = [2(1) 22) ... z2(V)]"
1 X1 ... X,(1)
. _ 1 Xl:(2) Xn:(2)
1 Xy(N) ... Xo(N)
0 = [0 6 ... 6]
e = [e(1) «2) ... «N)]

The elements of are assumed to be uncorrelated with the regressors and trastat scatter
across the values of the regressors i.e. their standardtaevis constant. The equation errors
are treated as a white noise process with zero mean and es@sidn

Ele] =0 and E[ee’| = o’
where E denotes the mean, or expected value, of a randonbheaaiadl is the identity matrix.

The least squares estimates of the unknown paramet@rana determined by minimising the
sum of the squares of the equation error, so from Equati@idythe least squares cost function
is defined as,

N
E2

; (4.2.4)

=—(z—X0)"(z— X0)

wlr—t l\DIF—‘

Differentiating Equation (4.2.4) with respectéayives,
0J(0)
00

The minimum is found by setting Equation (4.2.5) equal tmzétence, taking the transpose
of the above equation and rearranging,

= —7'X + 67XTX (4.2.5)

XTX0 = X"z (4.2.6)

This is known as the normal equation and the t&hX is known as the information matrix as
it provides a measure of the information content in the dBtavided the information matrix
can be inverted, the normal equation can be rearrangedéeo giv

0= (X"X) "' X"z (4.2.7)
where@ denotes the least squares estimate of the true unknown eeavectold.

Under the assumption that the equation errors are unctedeleith the regressors, are char-
acterised by white noise with zero mean and variastcand that the regressors are known
without error, the least squares estimates have the follppioperties:
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A

» They are unbiased i.e.[ = 6.

* They are a minimum variance, or efficient, estimatefof The parameter covariance
matrix is given by,

P=0o’(X"X)"" (4.2.8)

» They are consistent, meaning that, as the number of datdasp®iincreases, the least
squares estimates converge on the true parameter values.

Proofs of these properties are given in Appendix B.

In practice, however, measured variables will always dargerors, hence the assumption that
the regressors are known without error is likely to be irdialhnother source of error is the
effects of atmospheric turbulence, which is modelled asg¢®® noise. In Appendix B, it is
shown that errors in the regressors lead to the least soestiegates becoming biased. Itis also
demonstrated that the covariance of the estimates is @tday the presence of measurement
errors, in both the regressors and the dependent variaidethea presence of process noise.
However, if the process noise can be assumed to be white eithmean, its presence does
not lead to biased estimates. This property implies thalehst squares estimates account for
process noise [34].

The above observations suggest that estimates of stamlitgontrol derivatives obtained using
ordinary least squares regression are likely to be inatewad unreliable in any practical
case. This may be particularly true for UAVs. As describe&ection 3.2, MEMS sensors
have traditionally exhibited noisier outputs and more Bigant bias and scale factor errors in
comparison to conventional instrumentation. If MEMS sessoe employed on the aircratft,
then this will lead to the bias and covariance of the leasasepiestimates being greater than
they would have been if more precise instrumentation had beed. Another consideration is
that, due to their relatively small masses and inertias mgarison to manned aircraft, UAVs
will be more susceptible to the effects of atmospheric tlenice, leading to an increase in the
covariance of the estimates.

Some extensions of the ordinary least squares method hare fpeposed, which account
for the practical issues highlighted above. These includghted least squares [123, 124],
total least squares [34, 125] and the instrumental variatdthod [126]. However, their use
for aircraft parameter estimation has not been widely reejgor Instead, many practitioners
prefer to carry out rigorous pre-processing of the datareedpplying ordinary least squares
estimation [34, 31]. Systematic errors in the measuremsuth as bias and scale factor errors,
can be estimated and removed during the data compatibilggicdescribed in Chapter 9. As
well as this, the effects of atmospheric turbulence can emised by carrying out flight tests
early in the morning [34]. At this time of day, the thermaligity in the atmosphere which
causes these disturbances is at a minimum. If atmosphehalémce is encountered, gust
components can also be estimated during the data compgtdbieck and removed from the
measurements. This just leaves the effects of random nexasut noise, which can be dealt
with by smoothing the signals before using them for estiomatiThis process is discussed in
the following section.
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4.3 Smoothing Noisy Data

The aim of the smoothing process is to separate the detestimioomponent of the signal from
the component due to unwanted measurement noise. The pisegsimportant one for system
identification and is required at a number of stages in théysisa The following distinction

is made between filtering and smoothing [31]. For a givenfpoitime, a filter will only use
the information at the current data point and past data ptintemove noise components from
the signal. A smoother, on the other hand, utilises fututa pgaints as well as current and past
information. Therefore, smoothing can only be applied dheeexperiments have been carried
out. If the analysis has to be performed in real-time thenerfis used. However, filtering can
distort the amplitude and phase of the data, which smootiwmoids. Filter/smoother design
is a vast field hence it would be impractical to review the sabjn detail here. Instead, this
section focuses on two smoothing techniques studied argkdpproughout the research. The
first is a local smoothing technique implemented in the timendin, while the second is a
global method applied in the frequency domain.

The time domain smoothing method aims to fit a local polynétoithe data points around the
point to be smoothed. In designing the smoother, choice$ beusiade regarding the number
of data points to use in the analysis and the order of the pofyal to fit to the data. Klein
and Morelli [31] present an example of fitting a second-opi@ynomial to five data points
(including the point to be smoothed). The second-ordermmtyial is given by the equation,

Yy =a+ bt +ct’ (4.3.1)

which corresponds to the assumption that the second deewait the measured variable is
constant over the five data points. Denoting the measuredblarat theith data pointz(7),
then the equations for the local fit to the five data points are,

2(i — 2) = a + b(—2At) + c(—2At)?

2(i — 1) = a + b(=At) + c(=At)?

z(i) =a
2(i + 1) = a + b(AL) + c(At)? (4.3.2)
2(i+2) = a+ b(2At) + ¢(2At)?

whereAt is the data sampling time. The polynomial coefficients andc are then estimated
using least squares regression and, from Equation (4tBe23moothed value far(i) is simply
the estimate of.

So, from Equation (4.3.2), the unknown parameter vector is,

a
0= 1|0b (4.3.3)
C
the regressor matrix is,
1 —2At 4(At)?
1 —At  (At)?
X=1[1 0 0 (4.3.4)
1 At (At)?
1 2At  4(At)?
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and the measurement vector is,
2(i — 2)
z(i—1)
zZ= 2(1) (4.3.5)
2(i+1)
2(i +2)

Using Equation (4.2.6), the normal equations for this peobtan be written as,

i+2

ba+10(At)’c = > (k)
k=i—2
i+2

10Ath = > kz(k) (4.3.6)

k=i—2
i+2

10a + 34(At)’e = Y kz(k)

k=i—2
The least squares estimateacdind, therefore, the smoothed value £6t) is then,

34 142 1 142
0= 2(i) = = > (k) + = > Kz(k)
k=i—2 k=i—2 (4.3.7)
1

= 7—0[—62(2' —2)+242(i — 1) + 342(i) + 242(i + 1) — 62(i + 2)]

At the beginning and end of the data segment, the smoothe@s/br the data points are
obtained from the local model estimated at a point away frieenstart or end of the segment.
For example, in the case of a second-order polynomial fitidtvé data points, the smoothed
values of the first two points in the segment, denatgd) andz,(2), can be determined from
the local model identified at the third data pointi.e.,

2(1) = @+ b(—2At) + &(—2At)?

2(2) =a+ B(—At) + é(—At)Z (4.3.8)

whered, b andé are the estimates of the polynomial coefficients(aj).

By varying the order of the polynomial and the number of neighbouring data poihtssed
in the analysis, the cutoff frequency for the smoother caaltezed. In general, a larger value
of k for constant: lowers the cutoff frequency, while an increasenifor a givenk increases
the cutoff frequency. However, it is difficult to determindat the exact cutoff frequency is for
the complete data segment, as the process involves repeas¢dmoothing [31].

The second smoothing technique used during the researdffiaba method in which all the

data points in the time series are analysed at once. The thetlp@rformed in the frequency
domain using Fourier analysis. To start with, a Fourier sieges is found to describe the
measured data. For Fourier series expansions, it is asstnaethe time history is periodic,

which implies discontinuities in the amplitude and firstéiherivative at the end points of the
time history [127, 31]. The amplitudes at the end points ateegual to zero by subtracting
a linear trend from the measured data, then the resultingakig reflected about the origin to
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remove the first time derivative discontinuities. For a nuead variablez, this process can be
expressed mathematically as,

g(i) = 2(i) —2(1) — (i — 1) {%} i=12...,N (4.3.9)

g(—i)=—g(i) 1=2,3,...,N

whereg is the time history with the discontinuities removed, wjth-N)=¢(1)=¢(V)=0. Fig-
ure 4.1 shows a segment of pitch rate data measured from iResthle Hawk model and
Figure 4.2 shows the pitch rate with the linear trend remaretireflected about the origin.
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Figure 4.1: Pitch rate data from 1/12 scale Hawk model

The vector of data points with the discontinuities removed,

g=[g(-N) g(=N+1) -+ g(=2) g(1) g(2) -~ g(N)]" (4.3.10)
is an odd function of time and can be approximated using ai€iosine series,
— i—1
i) = o) [k (57 ) @3.11)

whereb(k) are the Fourier sine series coefficients. The summation foequency index:
omits k£ = 0, the zero frequency, as this is a pure sine wave for an adctian and only the
positive values of, corresponding to the original time history, are include@4.3.11).

The Fourier sine series coefficients are calculated from,

9 N-1 i—1
b(k) = ; g(i) sin [/m <N — 1)} (4.3.12)
where it is again noted thgt1) andg(/V) are zero. Théth frequency is found from,
Je = __k__ (4.3.13)

o(N — 1At
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Figure 4.2: Pitch rate data with endpoint discontinuities
removed

whereAt is again the data sampling time.

The Fourier sine series will contain all spectral composé¢hat can be computed from the
discrete time signal but the series for a deterministicaligiffers from that of random noise.
For a deterministic signal, the amplitude of the sine sargeficients increase to a maximum
before decreasing asymptotically to zero with increagindgror a signal with discontinuities
in the amplitude and first time derivative at the end pointaaeed, this decrease ih(k)|

is proportional tok—3 [127, 31]. Noise, on the other hand, theoretically has @gpower
over the entire frequency range so its Fourier sine seriefficents have a small, relatively
constant amplitudes for all values bf Figure 4.3 shows the Fourier sine series coefficients
for the 1/12 scale Hawk pitch rate data. The amplitude of tedficients increases to reach a
maximum at around 1 Hz. It then rapidly decays to a small vahastays relatively constant
for all frequencies above around 5 Hz. Therefore, the Fousiiee series coefficients below
5 Hz correspond to the rigid-body dynamics of the Hawk modalle the coefficients above
this frequency belong to random measurement noise. Becdiitserelatively constant power
over all frequencies, some noise will still be present inftequency region below 5 Hz. How-
ever, the amplitudes of the coefficients correspondingeaticraft dynamics are significantly
greater than the constant value associated with the noise.

To smooth the signal, Equation (4.3.11) is used but the sriescoefficients above the cutoff
frequency (5 Hz for pitch rate example) are set to zero,

§s(i) = kmz b(k) sin [lm < ;\'7—_11” (4.3.14)

k=1

wherek,,.. 1S the frequency index corresponding to the cutoff freqyedetermined from the
plot of the Fourier sine series coefficients.

The final smoothed time history is then obtained by addinditiear trend, removed in Equa-
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Figure 4.3: Fourier sine series coefficients for the 1/12
scale Hawk pitch rate data

tion (4.3.9), back to the smoothed values,

N—1)—
z5(1) = gs(i) + 2(0) + (1 — 1) ['z( I z 1 2(0)] (4.3.15)
Due to the nature of the Fourier analysis, the end paifity andz (V) are excluded from the
global smoothing process. Hence, they are smoothed selyanaing a local technique, such
as the one described previously. Figure 4.4 shows a conopasetween the original pitch rate
time history and the smoothed signal.

The two smoothing techniques described above also provitesas for estimating the charac-
teristics of the noise, which is useful when implementingeitended Kalman filter described
in Section 7.2.4. The noise sequence is determined sinquty, fr

v(i) = 2(i) — z5(3) (4.3.16)

and assuming the noise to be stationary and having a Gausisiaitbution, the mean and
variance are calculated from,

1 N
=y, (i) (4.3.17)
T
o2 = mZ[U(i)—@]Q (4.3.18)

4.4 Numerical Differentiation

For the equation error method, the calculation of the depenhdariable from experimental
data often requires that measurements be differentiateencally. For example, consider the
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Figure 4.4: Comparison of measured and smoothed pitch
rate time histories

pitching moment equation,
G = MyuWw +Mmeq + myn (4.4.1)

The dependent variable isand the regressors ate ¢ andn but angular accelerations are
rarely measured directly due to a lack of reliable sens@scéyj is obtained by numerically
differentiating pitch gyro data. The angular acceleratiare also required when the equations
of motion are expressed in non-dimensional form. Agaimgigie pitching moment equation
to illustrate, the non-dimensiortgitching moment equation can be written as,

Con = Cimy + Conoe @ + Co G + Co 1) (4.4.2)

where the dependent variable is now the pitching momenficeeft C,,, and the regressors are
«, ¢ andn. The non-dimensional pitch rageis defined as,

. qc
= 4.4.3
Q=7 (4.4.3)
wherec is the mean aerodynamic chord ards the true airspeed.
The pitching moment coefficient is calculated from,
1
Cyn = Q?E[Iyyq' + L (p? = 1) + (Liw — L2)pr — 2engT) (4.4.4)

whereq is the dynamic pressuré, is the wing areal,,, I, I.. andI,, are the moments and
products of inertial” is engine thrust ane.,,, is the offset along the-axis between the engine
thrust line and the moment reference point.

1The method used for non-dimensionalising the aerodynamnieé and moments throughout this thesis is a
convention employed by BAE Systems closely related to th€NAon-dimensional system
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The simplest method for numerically differentiating a sibis to use a central difference for-
mula. For example, the pitch acceleration at itiedata point is calculated approximately

from, ( ) ( )
.. qz+1)—q(i—1
~ 4.4.
q(2) AL (4.4.5)
However, the use of central difference formulas to difféiee a variable tends to amplify the
noise in the signal. Figure 4.5 shows a time historyj ér the 1/12 scale Hawk, which has
been obtained by applying Equation (4.4.5) to pitch rata.déhe resulting pitch acceleration

signal is clearly very noisy.
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Figure 4.5: Pitch acceleration for the 1/12 scale Hawk
obtained using central difference formula

To overcome this issue, the data must be smoothed prior tiffieeentiation process and this
can be achieved with either of the smoothing techniquesritbestpreviously in Section 4.3.
For the time domain method, the time derivative at each datd s obtained by differentiating
the local smoothing polynomial fitted to that point. Henaantinuing the illustrative example
of using a second-order polynomial fitted to five neighbogidata points to smooth the noisy
signal, then from Equation (4.3.1),

y=>b+ct (4.4.6)

So by setting = 0, the time derivative at the current datapoint is simpéehktimate of the local
polynomial coefficienb. From Equation (4.3.6), the estimatebadnd, therefore, the derivative
of the measured variable with respect to time is calculased a

b= (i) = ﬁ[—Qz(i ) i— )42+ 1) 422 42)]  (44T)

Next, recalling from Section 4.3 that the smoothing solutebtained using the global Fourier
analysis is,

24(1) = gs(0) + 2(1) + (i — 1) { } i=1,2,...,N (4.4.8)
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where,

§s(i) = ki: & (k)b(k) sin [lm < ;]__11” (4.4.9)

k=1

Then the derivative of the smoothed signal with respecinte iis found to be,

2(i) = [%] + I:i:; o(k)b(k) ( N’“_T 1) cos [lm ( ;’]—_11)] (4.4.10)

Figure 4.6 again shows the time historyjdbr the 1/12 scale Hawk obtained by differentiating
the pitch rate signal using the central difference formbid, this time also shows the estimates
of ¢ calculated using the local polynomial fitting technique grdktermined using the global
Fourier smoothing method. Having used the local polynofiitithg approach to smooth the
data prior to differentiation, the noise level of the refgtsignal is much reduced. However,
some noise components are still clearly present in the datauch smoother signal is obtained
when using the global method based on Fourier analysis.
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Figure 4.6: Pitch acceleration for the 1/12 scale Hawk
obtained using three numerical differentiation methods

A study by Morelli [128] has also found that the degree of sthismy from the local polynomial
fitting method is often insufficient. To overcome this, he gesfs that, prior to performing
differentiation with the local polynomial approach, adulital smoothing be done on the data
using Fourier smoothing (Equation (4.4.8)), or alterrel{ithat the Fourier analysis technique
in Equation (4.4.10) be used on its own. The respective tiisiies of the pitch rate signal
differentiated using Equations (4.4.7) and (4.4.10) aoswshagain in Figure 4.7 but, this time,
Equation (4.4.8) was applied to the data before obtainiegi#rivative with local polynomial
fitting. It can be seen that the noise present in Figure 4.@bhas removed and that the two
differentiated signals shown in Figure 4.7 are indistisgable.



Equation Error Method 95

400

T T T T T
—— Local Polynomial Fitting with Additional Smoothing
== Global Fourier Smoothing

300

200

100

-100

Pitch Acceleration (deg/sz)
o

-200

-300

—400 i i i i i i i i
0 0.5 1 15 2 25 3 3.5 4 4.5

Time (s) .

Figure 4.7: Pitch acceleration for the 1/12 scale Hawk:
additional smoothing performed prior to local polynomial
differentiation

4.5 Accuracy of Parameter Estimates and Identified Model

Having obtained a set of parameter estimates, an obviowssiqoéo ask is how accurate are the
estimated values? A number of statistical metrics exisetp answer this question, depending
on which estimation technique has been utilised. Thoseicsetypically used for aircraft
parameter estimates determined using least squaressegrase introduced in this section.

The parameter covariance matkxvas given earlier in Equation (4.2.8) and forms the basis of
a number of the metrics,

P=02(X"X)" (4.5.1)
Using the following notation for the inverse of the infornaat matrix,
D=(X"X)" =[dw] jk=1,2,...,n (4.5.2)

the diagonal elements of the estimated parameter covariaatrixP are the variances of the
estimated parameters, A
Var(QJ) = O'2djj ] = 1, 2, ...,y (453)

The square root of the variance for tfte parameter estimate is often termed the standard error

and denoted, A
s(0;) = o+ /djj (4.5.4)

The standard error approximates the standard deviatidreqfdrameter. In other words, if the
parameter value was to be estimated repeatedly from a nuwwhbemoeuvres carried out at the
same flight condition, then the standard error calculate@dch individual manoeuvre should
approximate the scatter in the parameter estimates whevathes from all manoeuvres are
compared.
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Confidence intervals can also be used to examine the quéligrameter estimates. For their
development, it is assumed that the estimétéom repeated manoeuvres have a normal, or
Gaussian, distribution about the true values of the parenrs@t A normally distributed random
variable is usually expressed in terms of its mean and vegiarising the notatioiN(n, o%),
wherer is the mean and? is the variance. Therefore, the properties@cﬁre,

6 ~N[0.0* (x"X) ']

Becausd is normally distributed, it follows that each of itg elements are also Gaussian with
properties, A
Qj -~ N(Gj,azdjj) j = 1,2,...,719 (455)

Calculation of the confidence interval requires knowledfje-distributions, which foréj is
defined as, ) )

0; —0; 0; -0,
Vord;  s(6;)
The t-distribution is defined in terms of the confidence level pagtera, and the number of
degrees of freedony — ny, whereN is again the number of data points. A typical confidence
level chosen is 9%, which corresponds ta = 0.05. The number of degrees of freedom refers
to the number of independent pieces of information necgss@aompute a given statistic [129].
By rearranging Equation (4.5.6), the confidence intervédisd to be,

t(a/2, N —ng) = (4.5.6)

~

0, —t(a/2, N —ng)s(0;) < 0; <0, +t(a/2,N —ng)s(0;) j=1,2,...,ns (4.5.7)

From a table of-distribution values, which can found for example in Refieee[130], fora =
0.05and N — ng) — oo, )
t(a/2, N —ng)s(6;) = 1.96

so Equation (4.5.7) becomes, R R

When the number of data points is much larger than the nunfhankmown parameters, the
t-distribution approaches the normal distribution [31]. uShthe confidence interval corre-
sponding to two standard deviations is often used,

0, = 6.+ 2s(6, (4.5.9)
J J J

In other words, there is a 95probability that the true valu@ falls within the interval,

~

[0; — 25(0;),0; + 2s(0;)]

It is difficult to define an acceptable value f@(réj). What is considered acceptable will be
influenced by the accuracy required by the application ofitted system identification results.
Tischler [6] suggests that a parameter can be consideriaddlesif the estimate of its standard
deviation is less than 20 of the estimated derivative value. Note that this suggegtédeline
was based on the frequency response method for systemficktian and not least squares
regression.

The off-diagonal elements &f are the covariances between the estimated parameters,

Cov(b;,0;) = o’dji jk=1,2,...,m (4.5.10)
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From Equations (4.5.2) and (4.5.10), the correlation coefit between two estimated param-
eters is defined as,

f ) _ (4.5.11)
\/Vare )Var(dy,) v/ i ik

The correlation coefficient is a measure of the pair-wiseetation between the two parame-
ters, or equivalently their corresponding regressors. aldsolute value of;; falls between 0O
and 1. A correlation coefficient of O indicates that the paetars, and the associated regressors,
are completely independent from each other. On the othet, l@avalue ofp,;, = 1 means that
the two regressor&’; and X, are linearly dependent and are in some way related to eaeh oth
In turn, this indicates that there is no unique solution fargmeterd, andd, and any number
of combinations of the two parameters could be used to destire aircraft response. A simple
method of dealing with correlation is to repeat the paramegémation process but hold the
value of thejth or kth parameter fixed at sonagpriori estimate. When analysing experimental
data, itis rare to encounter correlation coefficients thaexactly O or 1. However, if the value
of p;, >0.9, then some action must be taken [34, 31, 6].

For Equations (4.5.1) to (4.5.11) above, it should be ndtetithe variance? is usually un-
known. Instead, it can be estimated using the expression,

o 1 T 1 PN o
O =N TV VN BV @) = g (2o X0) (- X0) (45.12)

where the elements af are known as the residuals agid= X0 is the estimated dependent
variable vector. The residuals can be considered as sawidles equation errors.

Analysis of the residuals in provides another method of assessing the identified modkéof
aircraft dynamics and, therefore, the veracity of the patamestimates. The validation process
involves using the identified model to predict the airceafésponse to a different set of data
to that used for parameter estimation. The model can be aderesl suitable if the residuals
from the validation step are of a similar magnitude and dttarato those from parameter
estimation [31]. One technique of assessing the residgalheil’s inequality, which was
originally developed for econometrics but later found usaircraft applications [33, 53, 6].
Theil’s inequality coefficient is defined as,

VAN SV ) — ()2

U =
VAN S 6002+ (1/8) XX 6612

i=1,2,....N (4.5.13)

wherey(i) is the estimated dependent variable at ithedata point. The value df falls
between 0 and 1, witly = O indicating that the identified model matches perfectlyhe
measured data arid = 1 corresponding to no match betweeandy at all.

The fit error between andy can also be decomposed in terms of bias, variance and coearia
The bias portion is a measure of the systematic error in thatiied model and is given by,

Up = <f; o)’ (4.5.14)
(1/N) 3255 () — 9(0)]?
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wherez andy are the mean values found from,
R QA
i= Z[z(z)] (4.5.15)

= % Z[y(z')P (4.5.16)

The variance portion provides a measure of the identifiedat®dbility to duplicate the vari-
ability of the true system and is expressed as,

(0. — Uy)z

= (1/N) SN [2(3) — (i) (4.5.17)
whereo, ando, are standard deviations calculated from,
1 N
TN ;W) - (4.5.18)
1 N
%=\ N ;[y(i) — g2 (4.5.19)

The covariance portion is a measurement of the nonsystematr in the identified model,
such as unmodelled measurement or process noise. It islgvire equation,

Up = 201 = p)o-0, (4.5.20)

(1/N) 32 [=(0) = §(0))?

where the correlation coefficient is found from,

> [2(i) — Z[y(i) — 7] (4.5.21)

i=1

1
o,0yN

As with the standard erro;(éj), an acceptable figure f@éf depends on the application of the
identified model but, as a rule of thumb, a value of 0.25-0diciates a good agreement between
the measured and identified aircraft responses [33]. Foiod gwdel fit,Uz andU, should

be close to 0, whilé/- should be close to 1. If the values©@f; andU;, exceed 0.1 then some
investigation into the parameter estimates and modeltstteishould be carried out [34]. The
process of determining the most appropriate model for angiveblem is dealt with in Chapter
8.

4.6 Coloured Residuals

As mentioned in the previous section, the residualsan be considered as samples of the
equation errors, which are assumed to be due to measurement noise corruigotovgedge

of the dependent variable. However, when performing paranmestimation, the equations
of motion chosen to represent the aircraft dynamics are plgication of the actual vehicle
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dynamics. Hences will account for errors in the model structure, as well asseaiorrupting
the measurement gf The equation errors were assumed, in Section 4.2, to badtksaised as
a white noise process, meaning that the equation error @ttldata pointe(i), is uncorrelated
with the equation error at any other data point. Modellinges, however, will lead to the
equation error having a deterministic component, in whiakecthe assumption thati) is
independent from the equation error at its neighbouring gaints is invalid. The equation
errors will resemble a coloured noise process, leadinggsiewals to also be coloured.

The importance of the above observation is that the covegiari the parameter estimates
P and, in turn the standard errors and confidence intervadsaléered by coloured equation
errors. The parameter covariance can be written as (seendppB),

P =E[(6—6)(6—6)"] = E[(X"X) ' X"(z—y)(z—y)"X (X"X) ]

4.6.1
— (X"X) "' XTE[ee”]X (X"X) ! @6

where again the regressor matkxs assumed to be known without error. When the equation
errors are assumed to be characterised by white noise withrzean and variance?, the
equation error covariance is given by,

Elee’] = oI (4.6.2)

which leads to Equation (4.6.1) reducing to the expressioangearlier in Equation (4.2.8).
However, Equation (4.6.2) will not hold when the residuaks @loured and, if the covariance
is calculated based on the assumption of white residuads, thie standard errors will not be
consistent with the scatter in parameter estimates olatdnoen repeated manoeuvres at the
same flight condition. In fact, the standard errors caledlainder the assumption of white
residuals can be around five to ten times smaller than theeséaim repeated manoeuvres [28,
131, 132], falsely indicating that the parameter estimatesmore reliable than they actually
are. Similar problems are encountered with other paranestenation techniques.

To resolve this issue, some analysts simply multiply theddad errors by a “fudge factor”
of between 5 and 10 [31, 34]. A more scientific approach is tdifgdhe calculation of the
covariance matrix once the parameters have estimated 3133For the case of the equation
errors being coloured,

Elee’] = Ele(i)e(5)] = Reci — j) = Ree(j —4) 4,5 =1,2,...,N (4.6.3)

whereR.. is the autocorrelation matrix for the equation errors, Whi estimated from the
residuals as follows,

=z

A

: LN ol k) = Re(—k) k=0,1,2,...,1 (4.6.4)

—k
Rge(k) - N

=1

The indexk is the time separation of the residuals, wittienoting the maximum time differ-
ence. If it is assumed that residual at thie data point is only significantly correlated with
residuals in close proximity then the valuelafan be small, typically = N/5 [31].

Substituting Equation (4.6.3) into Equation (4.6.1), tregmeter covariance corrected for
coloured residuals becomes,

P=(XTX)"" |3 x(0) Y Recli — )X ()| (XTX) ™ (4.6.5)

i=1 j=1
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wherex(i) denotes théth row of the regressor matrix andﬁge(i — j) is the estimate of the
autocorrelation matrix calculated from Equation (4.6.4).

In practice, it has been suggested that a factor of 2 is $téhoneeded to match the scatter
in parameter estimates from repeated manoeuvres [132]tbecabove correction has been
made. Hence, some practitioners apply a “fudge factor” af adhieve this and, in fact, the

20% guideline for acceptable standard errors, introduc&krction 4.5, assumes this factor of
2 has been applied [6]. Therefore, the standard errors miexsén the examples throughout
this thesis have been calculated with the additional “fudgeor” of 2.

4.7 UAV Yawing Moment Example

An example of the application of least squares estimatigmasented in this section utilising
UAV flight test data supplied by BAE Systems. The goal of thalgsis was to find estimates
of the aerodynamic derivatives in the non-dimensional pygwnoment equation,

Cp = Cy + Cry B+ Crpp+ Croy P+ € + C € (4.7.1)

where is the sideslip anglg; is the aileron input and is the rudder input. The variablgs
andr are the non-dimensional roll rate and yaw rate respectidelined as,

. pb R rb
pD="—= r =

2V 2V
whereb is the wingspan antl is the airspeed. For the estimation problem,

(4.7.2)

z = [C(1) Cu@) ... Cu(N)]"

Lop() p1)  #(1) &1
L 62 p(2) 7(2) €2) <2

1 B(N) B(N) #(N) &N) ¢(N)
0 = [Cuy Cny Cuy Cu Cue Co]"

The analysis was performed on four data segments measuhetsame flight condition. Least
squares regression allows measured data from multiple esames to be stacked, or concate-
nated, together into the matriceandX. Analysing segments of data simultaneously increases
the information content for the estimation process, whicturns increases the chance of ob-
taining reliable parameter estimates. The measurementsined two rudder doublets and two
aileron doublets as shown in Figure 4.8. The excitation bingp motion, as well as yawing
motion, meant that there was increased information in tha degarding the cross-coupling
derivativesC;,, andC, .

The yawing moment coefficiert, was derived from the measurements using the equation,

1 . )
2

The time histories op andr were calculated using the global Fourier smoothing teakiq
given in Equation (4.4.10). The noise levels in the regneganables were very low, due to the
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Aileron Input

Time

Rudder Input

Time

Figure 4.8: Aileron and rudder inputs for parameter
estimation

high precision of the instrumentation system and sensorsstsmation was attempted initially
without smoothingX. The parameter estimates are given in the first column ofeféll. Note
that the estimate of’,, was found to be very small so this parameter was removed frem t
identified model. The second column of Table 4.1 containsthedard errors of the estimates
when the covariance matrixwas calculated using the correction for coloured resid{izdsia-
tion (4.6.5)). The standard errors are expressed as a ppagecof the estimated parameter
value. Based on the discussion in Section 4.5, the standards dor each parameter can be
considered acceptable, as their magnitudes are all ardiePthe corresponding parameter
estimate or under. The derivative with the highest uncetyds the cross-coupling terd, ,
which has a standard error of around/d8The parameter estimate with the highest degree of
confidence is that for the rudder control powegr , whose standard error is approximatefy 3
of the estimated value.

Unsmoothed RegressorssSmoothed Regressors
0 100[s/|4]] 0 100[s/|4|]
Cn, | 0.698 16.39 0.656 17.02
C,, | 1.623 17.94 1.770 16.89
C,, | 1.015 16.12 0.938 15.77
Cp | 0.890 13.44 0.850 14.05
Cp, | 1.008 2.99 1.013 2.88

Table 4.1: Estimates of yawing moment derivatives

Inspection of the aileron and rudder inputs used for paranestimation reveals that, while the
aileron doublets were being applied, the rudder was alsagb#eflected by a small amount.
This automatic rudder input is used to counteract an uncametyawing motion experienced
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by the aircraft when it rolls. Because some relationshigtexbetween the aileron input and
the rudder input, there is potential for the estimate€’pf and C;,, to be highly correlated.
Ideally, for system identification purposes, this functstrould be disengaged during the flight
tests. However, analysis of the correlation coefficierttieyws in Table 4.2, indicated that the
two derivatives were sufficiently independent, wjtl= 0.4102. In fact, Table 4.2 shows that
all the derivatives and the corresponding regressors dmeilcbnsidered independent of each
other, as none of the correlation coefficients exceeded.thguideline.

C.. C.  C. G On

C.,, 1 04534 00776 02758 0.1649
C, - 1 02793 0.7555 0.2182
Co - . 1 02658 0.2810
Cre - : - 1 04102
Coe - - - - 1

Table 4.2: Correlation coefficients for yawing moment
estimates - unsmoothed regressors

Theil’s inequality analysis was also applied to the redisiughe values obtained were,
U = 0.1406, Ug = 0.0211, Uy = 0.0210, Uz = 0.9579

Recall from Section 4.5 that a good agreement between thsurezhresponse and the identi-
fied model is indicated by being in the range 0.25-0.3 or under, the bias and varianmt®ps,
Up andUy, being close to zero and the covariance portion approachwvejue of 1. There-
fore, Theil’'s inequality analysis suggests that the patanmestimates and the identified model
provide a satisfactory fit to the response recorded fromiticeadt. Figure 4.9 shows the yaw-
ing moment coefficient derived from the measured data agtiegesponse of the identified
model, calculated using the equation,

¥ = X0 (4.7.4)

and also shows an accurate visual match between the measdédentified responses.

The analysis presented above was then repeated but witleghessors smoothed using the
Fourier smoothing algorithm outlined in Section 4.3. Theuleng parameter estimates are also
shown in Table 4.1 along with their standard errors. As casdas, the derivative values were
very close to those obtained with the unsmoothed regres3btesre was also little difference
between the standard error values obtained from the twechaséppendix B, it is shown that
the presence of noise in the regressors leads to an increthgeparameter variance. Therefore,
the close match between the standard errors can be takenracator of the low noise levels
in the sensors. The correlation coefficients found from theahed regressors, displayed in
Table 4.3, were close to those in Table 4.2 and Theil's amalyslded very similar results to
those for the unsmoothed case,

U =0.1389, Up = 0.0214, Uy = 0.0205, Uc = 0.9581

Figure 4.10 shows the identified time history @f achieved with the smoothed regressors
plotted against the measured response.

To validate the parameter estimates and assess the prediapability of the identified model,
a comparison was made to a set of “unseen” flight test dataseotfor the preceding parameter
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Yawing Moment Coefficient C

—— Measured Response
—— Identified Model

|

T~

Time

Figure 4.9: Measured and identified yawing moment
responses - unsmoothed regressors

Ciw C, Cn C. Cn

Crs 0.4405 0.0972 0.2803 0.1616
Ch, 1 03144 0.7844 0.2561
Co - . 1 0.2872 0.2950
Cre - : . 1 0.4168
Co. - - - . 1

Table 4.3: Correlation coefficients for yawing moment
estimates - smoothed regressors



64 Equation Error Method

—— Measured Response
— Identified Model

n

Yawing Moment Coefficient C

Figure 4.10: Measured and identified yawing moment
responses - smoothed regressors

estimation process. This data contained another ailerobldband a rudder doublet, as shown
in Figure 4.11. A predicted response was generated usingtiegu4.7.4), with measurements

of the dependent variableand the regressobs coming from the unseen set of data but the
parameter values ifl being those from the analysis on the first set of flight tesa djaten

in Table 4.1. Theil’'s inequality was then used to assess #ehrbetween the measured and
predicted responses. The results were,

U = 0.1165, Up = 0.0063, Uy = 0.0419, Uc = 0.9517

Again, Theil's inequality analysis indicated an excelli#itetween the measured and predicted
responses, further confirming the veracity of the paranmeg@mates and the identified model.
Figure 4.12 contains time histories of the measured andiqtegllresponses. This process
of validation illustrated above is the basis for the probfratch assessment performed when
developing training simulators, described earlier in Gaap.

4.8 UAV Nonlinear Yawing Moment Example

In Equation (4.2.1), it was assumed that the relationshiwéen the dependent variahjeand
then regressorsY;, Xs,...,X, was linear. However, linear models tend to be valid for only
a very small portion of the flight envelope and it is often dasle to have a model which
can adequately describe the aircraft's behaviour over gerar flight conditions. This will
undoubtedly require a model which is nonlinear. Least segiastimation can still be used to
estimate the parameters for a nonlinear model providedhleatquations of motion are linear
in terms of the parameters to be estimated. A simple exarapéernodify the non-dimensional
pitching moment equation in (4.4.2) to the following,

Cin = Crny + Cr v + Cy_, 0% + Croy G+ Cr (4.8.1)
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Figure 4.11: Aileron and rudder inputs for validation

T T
—— Measured Response
—— Predicted Response

Time

Figure 4.12: Measured and predicted yawing moment
responses for validation process
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where the derivative’,, , has been included to account for the nonlinear effect of gban
in the pitching moment with respect to the square of the aofjtack. Equation (4.8.1) is
now nonlinear in the regressors, because of the appeardneg but remains linear in the
parameters. Therefore, least squares regression cavestiied for the estimation problem.

The change in the stability and control derivatives overftigiit condition can be described
efficiently using spline functions [134, 31]. Spline furmets are defined as piecewise poly-
nomials [130], where piecewise implies that the polynomarke different for specific ranges
of the variables that define the flight conditions, such adeaofjattack or Mach number. At
the locations where the piecewise polynomials join, knowrkots, the function values and
derivatives must agree.

Second degree spline functions were used to model the idnettstability C,,, and rudder

control powelC),. as functions of sideslip angle. The range of sideslip argtadysed was -15
to 15 deg and allowed asymmetric effects to be investigaiée. remaining yawing moment
derivativesC,,,, C,,,, C,,, andC;,, were assumed to be independentiofHence, the yawing
moment equation can be written as,

Co(B) = Cry + Cy (B) + Coyp + Con, 7+ Con & + Co (B)C (4.8.2)

Using rudder control power as an examlg, (3) andC,, () were modelled in the following
manner,

k
Cne(B8) = Cni(0) + Coy B+ Cr 1, 8° + > Dy, (B = 52 (4.8.3)
i=1
where,
a2 (B—06:)* B=0
(B—=5)% = {o 5<5 (4.8.4)

andg; is the:th of thek knot locations. The associated paramefggsare constants that quan-
tify the contribution of each spline and are estimated alwitly the aerodynamic derivatives.

The knots were located at nine angles of sideslip betweeanti3 5 degrees, with the number
of unknown parameters to be determined being 28. Data fromm@&7oeuvres, covering the
angle of sideslip range, was used for the estimation prodegsires 4.13 and 4.14 show the
variations ofC;,, and C,,. with sideslip identified from the data. The results suggestat
the values of both derivatives vary significantly with chasgn and that the variations were
asymmetric about the origin. Also shown on the plots are #rarpeter estimates from the
linear analysis outlined in Section 4.7, which was carrietom data recorded at= 0 deg. For
both derivatives, there was a satisfactory agreement leettire values obtained from the linear
analysis and those for the nonlinear estimation. The eggifitam Section 4.7 foC,, was
0.698 and the nonlinear estimategat 0 deg, was 0.764, while fdr,, the linear and nonlinear
estimates were 1.008 and 0.876 respectively. Estimatethéoremaining yawing moment
derivatives are given in Table 4.4, with the values from B&ct.7 repeated in the second
column. There is a close match between the linear and namlvedues ofC;,,. However,

a greater discrepancy exists in the estimates for the dapgenvativesC,,, and C,,,, with
the magnitudes of the nonlinear estimates being smallezencompared to the values from
Section 4.7. The final column of Table 4.4 shows the standaotseof the nonlinear estimates
(corrected for coloured residuals). The standard errasaround 1% or under, indicating
a strong confidence in all of the estimates values.
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HNL QL 100[8/|9H

C, 0813 1623 9.03
C, 0558 1.015 10.74
C, 0982 0890  4.83
C,, 0500 - 8.11

Table 4.4: Comparison of yawing moment derivatives
from linear and nonlinear analysis

The results of Theil’s inequality analysis for the residuakre,
U =0.3922, Ug =0.0000, Uy =0.1538, Us = 0.8462

The value of the inequality coefficiet was relatively high, based on the 0.25-0.3 guideline
stated in Section 4.5. The variance portion was also sigmfjcsuggesting that the identified
model might be poor in duplicating the variability of thedrsystem. However, the bias portion
was negligibly small, indicating that there was no systeéer&tor in the identified model, and
the covariance portion was also relatively close to 1. FeguiL5 shows the time histories of the
measured and identified responses from the nonlinear anédythe four data segments used
for parameter estimation in Section 4.7. Again, visuallygkatively good fit was achieved,
although the identified model tended to under-predict theegofC,, at the peaks.

T T
—— Measured Response
— |dentified Model

n

Yawing Moment Coefficient C

Time

Figure 4.15: Measured and identified yawing moment
responses

For validation, the nonlinear model was used to predict therait’s response to two rudder
inputs not used in the parameter estimation process andeléped response was then com-
pared to the unseen measured response. These two rudder ampuishown in Figure 4.16
and the measured and predicted yawing moment responselsaava g1 Figure 4.17. Quali-
tatively, there was a good fit between the measured and peddiesponses although, as with
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Figure 4.15, the model tended to under-predict the valués, @t the peaks. Theil's inequality
analysis was also applied to the predicted residuals wihebults as follows,

U =0.2242, Ug =0.0376, Uy, = 0.1507, Us = 0.8116
The inequality coefficient fell below the 0.25-0.3 regiondicating a satisfactory fit between

the measured and predicted responses. The bias portioriseasnaall. However, the variance
portion could be considered relatively high.

Rudder Input

Time

Figure 4.16: Rudder inputs for validation process

The above analysis illustrated that ordinary least squagggssion can be used for estimating
parameters in a nonlinear model, provided that the modgelest in the parameters. However,
the method cannot be implemented if the equations of motiemanlinear in terms of the
parameters to be estimated. This is the case when estinmsghoglynamic derivatives from
nonlinear regions of the flight envelope, such as near orgtafit A simpler example of the
equations being nonlinear in the parameters, often enecethin practice, is if the measured
variables contain time delays relative to each other. Asteuknowledge of time delays is
important as it has been shown that time shifts in the dath tealegraded estimates of the
stability and control derivatives, particularly if the #shift is in the control input [135]. There
are a number of way of dealing with time shifts, with two apguioes investigated during this
research. The simplest method is to inspect the data andaityashift any delayed variable
to synchronise it with the others. This generally means tiatime shift has to be approx-
imated as a multiple of the data sampling tidhé. Interpolation could be used to overcome
this constraint but introduces another, potentially tioogsuming, pre-processing step prior to
estimation. A more rigorous approach is to include the tirkays in the vector of unknown
parameters to be determined. However, as mentioned alluséeads to the estimation prob-
lem becoming nonlinear and ordinary least squares regresannot be used in this situation.
Instead, manual time shifting of variables must be appliéth example of this process is
presented next.
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Figure 4.17: Measured and predicted yawing moment
responses for validation process

4.9 DEMON Dutch Roll Example

When performing parameter estimation on data from the dymaimd tunnel models, it was
necessary to account for a time delay caused principallyhbyneed to transmit and receive
data through the wireless network. The block diagram in i&gul8 illustrates the process of
transmitting and logging the data. The control inputs wienetlogged when the user command
was applied at the ground station and the resultant respeasséme-logged when the data was
received from the sensors. Ideally, all input and outpua dabbuld have been time-logged by
a processor onboard the wind tunnel models, thus removigrite delay. However, because
the instrumentation used was large purchased off-thd;ghed option was viewed as being
impractical.

The state-space equations of motion incorporating a tinfeyd=n be written in the general
form,

X(t) = AX(t) + Bu(t — 7) (4.9.1)
(4.9.2)
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Hence, although the wind tunnel model dynamics were lirsgempting to estimate the ele-
ments ofr makes the parameter estimation process nonlinear. Andiffieulty was that the
time delay was not constant for every manoeuvre but was fauwary approximately between
0.23 and 0.35 seconds.

For the example presented here, inspection of a segmentafamtaining a 1-1-2 input to

the rudder of the 1/3 scale DEMON model, revealed a delayamirat 0.26 seconds between
the command being sent to the model and the resultant resj@nsg received. Hence, the
rudder input data, shown in Figure 4.19, was time shiftedvénd by 0.26 sec to match the
sensor measurements, before least squares estimatioramwigsl ©ut to find estimates of the
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Actuator input
transmitted Measured response

through wireless Control surface Resultant transmitted thraugh
netiwork Actuator outpLt deflection response wireless netiwork

" . Response
at Ground station ctustor Linkage Model Gsoe::év:;t?;n

Input time-logged Response time-logged

Figure 4.18: Transmission and logging of data

derivatives in following equation,

o] [0 —Vz] [v 0 b

F =L Bl e b 453
The additional termd), andb,., are lumped bias parameters which account for uncertainty i
the control inputs and the initial conditions of the stat®&$[ These are unknowns so had to be
estimated along with the stability and control derivatividhough the wind tunnel speed was

known (30 m/s), thé/; term in the equations of motion was also treated as an unkhowa
determined.
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Figure 4.19: 1-1-2 input applied to the rudder

The equation error approach deals with each of the equatiomstion separately, hence esti-
mation was carried out twice - once foas the dependent variable and once wi#ls dependent
variable. For the lateral velocity equation, the regressegre simplyr and a vector of 1s to
account for the bias term. For the yaw equatioand( were also included as regressors.

In the example outlined in Section 4.7, it was shown that fier YAV data, recorded using
conventional instrumentation, the results of least squeséimation obtained with unsmoothed
regressors matched closely to those determined using Betbogégressors. It could therefore
be concluded that the noise in these high accuracy sens@rsowaenough that it did not
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adversely affect the least squares estimates. To invéstiga effects of noise in the measure-
ments from the MEMS IMU, the results of a similar analysisliw# presented here. Initially
no smoothing was performed on the regressors (althoughtiimgavas still performed before
differentiatingv andr to obtain the dependent variables). The resulting estsrateshown in
the first column of Table 4.5 alongside the associated stdredeors expressed as a percentage
of the estimated parameter values. Again, the correctiogdtoured residuals was applied.
Despite the regressors being unsmoothed, the standard efithe least squares estimates are
all acceptably low. Figure 4.20 shows the time historiesitédral acceleration and yaw accel-
erationr plotted against the responses obtained from the identifeaehand indicates a close
fit between the two.

Unsmoothed RegressorsSmoothed Regressors
6 100[s/16)]] 6 100[s/16)]]
Vr | 29.4739 0.25 29.5486 0.25
n, | 3.3571 1.99 3.3691 1.97
n, | -2.0834 11.37 -2.1140 11.16
ne | -5.9186 7.42 -5.9894 7.32
by | 0.9621 4.05 0.9668 4.00
b; | 0.8828 19.05 0.8910 18.72

Table 4.5: Estimates of DEMON dutch roll derivatives
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Figure 4.20: Measured and identified responses for
DEMON lateral and yaw acceleration - unsmoothed
regressors

The pair-wise correlation coefficients for the parameténedes are given in Table 4.6. The
values all fell below the 0.9 guideline, hence the estimai@@meters and corresponding re-
gressors can be considered to be sufficiently independecalBe the lateral velocity and yaw
rate equations are treated separately, correlation battieelateral force derivatives and the
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yawing moment derivatives cannot be calculated. Theiégjirality analysis was applied to the
residuals of both andr and the following results were found,

v: U =0.0175, Up = 0.0000, Uy = 0.0003, Uc = 0.9997
r: U=0.0753, Ug = 0.0000, Uy =0.0057, Uz = 0.9943

VT b@ Ty Ny ¢ b,a
Vr 1 01051 - - - -
by - 1 - - - -
n, - - 1 0.1261 0.2017 0.0112
n. - - - 1 0.6670 0.1382
ne - - - - 1 01543
by - - - - - 1

Table 4.6: Correlation coefficients for DEMON dutch roll
derivatives - unsmoothed regressors

The above process was then repeated but with the Fouriertesmgdechnique applied to the
regressors before estimation. The estimated values andestherrors are also shown in Table
4.5. In comparison to the case of the unsmoothed regresberparameter values were very
similar. As expected, when the regressors were smoothestahdard errors decreased, how-
ever this increase in the confidence of the parameter valasswarginal. The pair-wise cor-
relation coefficients calculated for the smoothed regmssace displayed in Table 4.7. Again,
the values were very similar between the two cases. The nhbatioteen the dependent vari-
ables derived from measurement and those predicted by tdelrace shown in Figure 4.21.
Theil’s inequality analysis gave the following results fbe match between the measured and
identified responses,

v: U =0.0128, Up = 0.0000, Uy = 0.0002, Uc = 0.9998
r: U=0.0753, Ug=0.0000, Uy = 0.0057, Uc = 0.9943

Vr by Ty Ty ne by
Vr 1 0.1082 - - - -
by, - 1 - - - -
N, - - 1 0.1240 0.1975 0.0124
n, - - - 1 0.6709 0.1405
ne - - - - 1 0.1566
by - - - - - 1

Table 4.7: Correlation coefficients for DEMON dutch roll
derivatives - smoothed regressors

From the above analysis, there were no significant diffe¥ermetween the results obtained
with the unsmoothed regressors and those achieved wheagressors were smoothed. This
suggests that the noise levels in the measurements pravydbe MEMS IMU were not large
enough to significantly degrade the least squares estimatéthat the data provided by the
unit was of good enough quality to obtain reliable paramestéimates.
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Figure 4.21: Measured and identified responses for
DEMON lateral and yaw acceleration - smoothed
regressors

For the validation step, a rudder doublet manoeuvre wasetbpb the identified model to
generate a predicted response and was compared to the gthalsta for the same input.
The measured and predicted time histories are shown iné&-g@2 and the results of Theil's
inequality analysis for the predicted dependent variabie®,

v: U =0.0186, Ug = 0.0000, Uy = 0.0003, Uc = 0.9997
r: U=0.1321, Ug =0.1002, Uy = 0.0280, Uc = 0.8712

Hence, there was good agreement between the measured diadguteesponses, although the
value ofUp for yaw acceleration could be considered to be on the high sid

Looking again at the derivative values in Table 4.5, it carséen that there were significant
differences between some of the equation error parametaragdes and the DEMONM priori
values, given in Equation (2.5.4) in Chapter 2, which weredus design the multistep inputs.
The directional stabilityn, was around half the size of the empirical estimate, whileethe
were factors of around 3 between th@riori and least squares estimates of the yaw damping
termn, and the rudder control poweg. However, the standard errors, correlation coefficients
and the analysis of the residuals all indicated that therperar estimates were reliable and
the identified model was validated against a second segnfiatdta. Therefore, it can be
concluded that, despite treepriori information being limited, the design of the 1-1-2 input
was still adequate to excite the DEMON yaw dynamics. If thesewnot the case, the standard
errors and correlation coefficients would have been higWlest likely, this observation is due
to the ability of the multistep inputs to excite a wide bandrefjuencies.
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Figure 4.22: Measured and predicted DEMON dutch roll
responses for rudder doublet validation manoeuvre

4.10 Hawk Short Period Example

To further investigate the effects of noise in the MEMS IMUalan least squares estimates,
the process outline above was repeated on measurementda@dmm the 1/12 scale Hawk.
The manoeuvre used in this example was a 3-2-1-1 input tdékater, shown in Figure 4.23,
and the equations of interest were,

W 0 VT w 0 bw
| = + + 4.10.1
{q} [mw mq] [q] {mn] ! [bd] ( )
whereb,, andb, are bias terms similar to those estimated in the previousiplea The velocity

term V- was, again, also treated as an unknown. A time delay of 0.&insks in the elevator
input was found from inspection of the data and removed poi@stimation.

The least squares estimates were, again, obtained firsiwtiéimy smoothing of the regressors.
The parameter values and their standard errors are giveahte B.8. As in the example
presented in Section 4.9, despite no smoothing being peeion the regressors, the standard
errors indicated a high level of confidence in the derivatizieies, with all parameters having
standard errors below 10%. The pair-wise correlation aoeffts of the estimates were also
all below the 0.9 guideline, as shown in Table 4.9, and Té@ikquality analysis indicated an
accurate match between the measured response and théedemtidel,

w: U =0.0448, Up = 0.0000, Uy = 0.0020, Ux = 0.9980
g: U=0.1506, Ug =0.0000, Uy =0.0227, Uc = 0.9773

The time histories ofio and¢ from both the measurements and identified model are plotted
in Figure 4.24. It can be seen, particularly in the plot fdclpiacceleration, that the responses
obtained from the identified model contain a high frequerswyjliatory component. This is due
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Figure 4.23: Plot of the 3-2-1-1 input applied to the
Hawk’s elevator

Unsmoothed RegressorsSmoothed Regressors
0 100[s/10]] 0 100[s/10]]
Vr | 28.8759 1.14 28.9443 1.12
my, | -1.3313 3.58 -1.3495 3.73
my | -3.7722 9.08 -3.8208 9.24
m, | -2.2053 6.39 -2.2330 6.38
by | 0.5494 3.84 0.5508 3.79
b; | 0.3509 7.02 0.3564 6.98

Table 4.8: Estimates of Hawk short period derivatives

VT bw o my my bq
Vrp 1 0.3983 - - - -
by - 1 - - - -
My - - 1 03178 0.4047 0.4288
mg - - -1 07039 0.2198
m, - - - - 1 03571
b - - - - - 1

Table 4.9: Correlation coefficients for Hawk short period
derivatives - unsmoothed regressors
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to an undesirable structural vibration in the wind tunnglthat was found to predominantly
affect the longitudinal motion variables. Its presence loaseen in Figure 4.25, which shows
a plot of the Fourier sine series coefficients of the angletaici data against frequency. The
Fourier sine series coefficients with large amplitudestie¢at frequencies below 3Hz belong
to the model’s rigid-body dynamics. Above 3Hz, the amplgsideduce to a relatively small
and constant value, corresponding to noise in the data. \Hawde amplitudes increase again
at approximately 8-9Hz. This is caused by the structuraiation. Note that the time histories
of w andq derived from the measurement do not contain the effectseofitiration as the data
was smoothed prior to differentiation. Therefore, the ksspresented above indicated that
statistically reliable parameter estimates were still@dad despite the data being corrupted by
the vibration.
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Figure 4.24: Measured and identified responses for Hawk
normal and pitch acceleration - unsmoothed regressors

Again, the estimation process was repeated but with theessegrs smoothed to remove the
presence of the vibration and measurement noise. The lpaates estimates and correspond-
ing standard errors are given in the right hand side of TaléeAls with the example in Section
4.9, the parameter values found with smoothed regressoesweey similar to those for the un-
smoothed case. There was also little change in the standard ef the estimates. The same
was true for the correlation coefficients, which are dispthin Table 4.10 for the smoothed
regressors. From Theil's analysis, the following matchweein the measured and identified
responses was obtained,

w: U =0.0379, Up = 0.0000, Uy =0.0014, Uc = 0.9986
g: U=0.1419, Up = 0.0000, Uy = 0.0201, Us = 0.9799

The above figures indicate a slight improvement in the matdomparison to the unsmoothed
case. Again, however, the improvement is not significaneréfore, although MEMS sensors
have a reputation for providing noisier outputs in comparigd more traditional instrumenta-

tion types, the analysis outlined here, as well as in Sedti®suggests that the noise corrupting



78 Equation Error Method

0.025

0.02r 1

0.015 1

0.01 : 1

0.005r 1

oy i ANM/,V\AM
0O 5 10 15
Frequency (Hz)

Fourier Sine Series Coefficients

Figure 4.25: Fourier sine series coefficients for angle of
attack against frequency

the outputs from the MEMS IMU was not great enough to affeetldast squares estimates.
Figure 4.26 shows the measured and identified responsésdiondg when the regressors were
smoothed. This time, the effects of the structural vibrate@re not observed.

Vi b My my my by
Ve 1 0.3995 - - - -
by - 1 - - - -
My - - 1 0.3129 0.4148 0.4463
mg - - - 1 0.6871 0.2079
m, - - - - 1 0.3674
by - - - - - 1

Table 4.10: Correlation coefficients for Hawk short period
derivatives - smoothed regressors

For the validation process, an elevator doublet was appiigtie identified model to create
the predicted response. The comparison to the measuredditatrated in Figure 4.27 and
shows that visually the predicted response fitted closeljganeasured data. Theil's analysis
also suggested the predicted response was an accuratetmételmeasured response,

w: U =0.0529, Up =0.0032, Uy = 0.0019, Ux = 0.9949
g: U=0.1796, Up = 0.0150, Uy = 0.0473, Uc = 0.9377

In comparison to the analysis presented for the DEMON in tleipus section, the least
squares estimates in Table 4.8 match more closely ta phi®ri values given in Chapter 2, with
the two sets of values agreeing with each other in withinadd0%. This was to be expected,
as the Hawk model was a more conventional configuration whachbeen extensively analysed
in previous research projects.
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Figure 4.26: Measured and identified responses for Hawk
normal and pitch acceleration - smoothed regressors
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Figure 4.27: Measured and predicted Hawk short period
response for elevator doublet validation manoeuvre



Chapter 5

Output Error Method

5.1 Introduction

As described in the previous chapter, the aim of the equatimr approach is to find a model
for the aircraft dynamics which matches dependent varsatdgived from flight test data. A
drawback of the method is that the regressors are assumediteeoof errors. In practice, the
measured data is always corrupted by noise and systematis.etf these errors are signifi-
cant, this can lead to inaccurate parameter estimatesfeeatit formulation for the estimation
process is the output error method, in which the objective fsxd a model which matches the
measurements from the aircraft. Because a direct compagdmeing made between the mea-
sured outputg and estimated outpuys measurement noise in the output variables is explicitly
accounted for. However, the relationship between the unknmarameters to be determined
6 and the aircraft output variablgscan be nonlinear. Thus the estimation problem itself is
nonlinear, which requires a more computationally complgothm. For aircraft parameter
estimation, the maximum likelihood principle is used toveothe output error formulation.
Maximum likelihood estimation is a probabilistic approattie idea being that the correct val-
ues of the unknown parameters are those that are most lkkabre led to the observed aircraft
response. Mathematically, a likelihood function is fornaeul the parameter estimates are the
values that optimise this function.

5.2 Maximum Likelihood Estimation

Consider the following equation for the measurements froraiecraft,
z=y+e=g[x,u, 0 +e€ (5.2.1)

The form of the functiony, relating the output variablgsto the unknown parameters ¢ is
assumed to be known but is, in general, nonlinear in the patens1 The variable is now
the vector of output errors, which are assumed to be due tsunement noise. The output
errors are specified by the probability density functionatedp(e) and assumed to be a white,
Gaussian random variable with zero mean and covariBnce

e ~ N[O,R]
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The above assumptions regarding the nature of the measut®are sometimes referred to as
the Fisher model [31]. The likelihood function for the Fisheodel is then defined as,

L(z;0) = p(z|0) (5.2.2)

wherep(z|0) denotes the conditional probability of obtainingiven that the unknown param-
eters ard. Note, however, that the unknown parameter ve@tigrnot a random variable so the
probability density functiom(0) is undefined. Therefore, assuming that the measurement er-
rorse are Gaussian, it follows that the measurement veti®also Gaussian and the likelihood
function becomes [31, 34],

N

L(z;0) = [(2m)™ [R[]7 exp —% > 20 —y@" Rz —y(@)]| i=1.2,...,N

i=1
(5.2.3)
wheren, is the number of output variables measured from the airenadk N is again the
number of data points.

The properties of maximum likelihood estimation can be stigmted in a similar way to that
used to study least squares estimates in Appendix B. Demgbf the maximum likelihood
characteristics are more involved than for least squaes;ehwill not be developed here but
can be found, for example, in texts by Eykhoff [136] and Jatedkar [34]. The properties of
maximum likelihood estimates can be stated as follows,

« The estimates are asymptotically unbiased, with the ¢epa@lue o approaching the
true valued as the number of data points increases,

A

lim E[0] = 6

N—oo

« The estimates are consistent i.e. as the number of dattspoineases) approaches,

0 -0 asN — co

* The estimates are asymptotically efficient. For a paranoetearianceP,
P-M"'tasN — o

whereM is the Fisher’s information matrix introduced earlier ircBen 2.3. The infor-
mation matrix can be written in terms of the likelihood fuonatas follows,

M = E [{0lnL(Z; 0)} {BlnL(Z; 0) }T] __E lw} (5.2.4)

00 00 5000"

The main diagonal elements i~ are the lower bounds on the parameter variances and
thus, represent the maximum achievable accuracy of thenedea estimates. These are
known as the Cramer-Rao bounds and are specified by the CRaoanequality,

P>M"! (5.2.5)

* The estimates are asymptotically normal. That is, as thetreu of data points increases,
the distribution of@ tends towards a normal distribution with me@rand covariance
M1,

6 ~N[O,M] asN — 0
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5.3 Minimisation of Cost Function

The estimates of are those that maximise the function in Equation (5.2.3)weéleer, it is
more convenient computationally to minimise the negatbgatithm of the function. This is
permissible because the logarithm is a monotonic func®as, [

6 = min[—In L(z; 6)] (5.3.1)
so the cost function to be minimised for maximum likelihostimation is,

J(O.R) = ~InL(z:6) = 3 > [2(i)~y(i)]"R " [2(i) ~y(i)]+ 5 In R+

i=1

N;y In(27) (5.3.2)

From Equation (5.3.2)/ is a function of both the unknown paramet@rand the measurement
noise covariancR. For most case® is unknown and must be estimated. However, rather than
include the elements d® in @, the noise covariance is estimated separately by diffiatamg

the right hand side of the cost function (5.3.2) with respe&, setting the resulting expression
to zero and solving foR,

I B VNP GO\ AR
R=+ ;[zm = Y(@)[z() - y0)I" = ;v@)v (4) (5.3.3)

wherey is the vector of predicted outputs, calculated using amegé of the unknown param-
etersf, andv is again used to denote the residuals. It is usually assumaethie measurement
noise for then, outputs are uncorrelated with each other. Hence, only dgodial elements of
R are determined.

The estimatd is then substituted back into Equation (5.3.2) to obtaircthet function which
must be minimised to find the estimates of the unknown parnset

D [20) ~ YR z2(i) —y(0)] = 5 D v @R (i) (5.3.4

Again, the output vectoy has been replaced with the estimgtand the last two terms in
Equation (5.3.2) have been ignored in Equation (5.3.4) @g dne independent &. The cost
function in Equation (5.3.4) can now be minimised to find te&trestimate).

The two step strategy outlined above leads to the estimptiololem being solved iteratively.
The procedure can be summarised as follows,

1. Choose initial estimates for the unknown paramefers

2. Calculate the predicted outpytsthe residuals and the estimate of the noise covariance
matrix R.

3. Minimise J(0) with respect td to find the updated parameter estimales
4. Return to Step 2 and repeat until convergence is achieved.

Typically, the initial values foP used to begin the iterative process come fipriori sources
of information, such as semi-empirical analysis, or legsiases regression.
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A number of different optimisation techniques can be usedhittimise the cost function in
Equation (5.3.4) and find the parameter estimates. The mexgidntly used method for de-
termining aircraft stability and control derivatives igetmodified Newton-Raphson technique,
which has been shown to have good convergence rates everavidrgie number of unknowns
are to be determined [137]. The algorithm for the modified dd@ARaphson approach is out-
lined below.

To start with, assume that the parameter vector atithel )th iterationd, , can be represented
as a small perturbatiof@ from the parameter vector at the previous iterafignThen a Taylor
series expansion can be used to describe the cost funbithn ;) as follows,

J(04s1) = J(0), + AO) ~ J(6)) + AT =

A8  (5.3.5)

where terms higher than second-order are considered toghigibs/ small. The minimum of
the cost function is found from differentiating Equation3%) with respect t@ and setting the
resulting expression to zero,

a7
06

0*J

J 2T
oo, 00007

~ =0 (5.3.6)

6:6k+1 0:0k

Rearranging Equation (5.3.6), the update in the paramstienate from the:th iteration to the
(k + 1)this found to be,

-1
2
AO = — L‘]T o7 (5.3.7)
0000 |,_y, 90 |,_,
and the new parameter estimation vector is,
041 = 0, + NO (5.3.8)

where it is assumed that the inverse exists for the secordiegitaof the cost function with
respect to the parameters, known as the Hessian matrix fomigption problems. Equation
(5.3.7) is the Newton-Raphson algorithm. Note that the s@égyadient of the cost function
with respect to the parameters is also Fisher’s informatiatrix M in a slightly different form
to that given in Equation (5.2.4).

The next stage in the development of the method is to find egfes for the first and second
gradients of/ with respect t&. The first gradient is found from Equation (5.3.4),

G= % S ; [%(;)} R [z(i) — (9)] (5.3.9)

An expression for the information matrix (given earlier iquation (2.3.6))is then obtained by
differentiating Equation (5.3.9) with respect@p

- o067 - i BT et [A0) S [PV e )y 310

1=1

The first gradient of the output variablgso the unknown parameteésare termed the output
sensitivities, the calculation of which is dealt with in tBection 5.5. As mentioned in Section
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2.3, the determination of the second gradient wfith respect t& is more complex. However,

it is again observed that, because of the presence of tlauedsthe second term on the right
hand side of Equation (5.3.10) will become less significartha parameter estimates near their
true value. Therefore, the information matrix can be appnaxed as,

P = [oy(i)]" a1 [09(5)
= —ongT N;[ T } R [ 50 } (5.3.11)

When the above approximation is used in Equation (5.3.8,algorithm is known as the
modified Newton-Raphson, or Gauss-Newton, technique.

5.4 Calculation of the Estimated Output

The calculation of the estimated output vector for ttiedata pointy(i) requires knowledge
of the aircraft state vectot(i). As the aircraft state equation is usually a differentialaepn
of some form, the propagation gffrom theith to the(i + 1)th data point is achieved using a
method of integration. Considering first a linear systenctdbeed by the Equations (2.3.1) and
(2.3.2), given earlier in Section 2.3,

X(t) = AX(t) +Bu(t), x(0) =X (5.4.1)
y(t) = Cx(t)+ Du(t) (5.4.2)

The propagation of the aircraft state vectaran be performed by converting Equation (5.4.1)
into its discrete-time form,

X(i+1) = ®x(i) + ¥Bu(7) (5.4.3)
whereu is the average of the control inputs at the two discrete tipietp i.e.,
1
u(i) = i[u(i +1) —u(7)] (5.4.4)

The term® is known as the state transition matrix adrds its integral,

At
=M U= e\ dr (5.4.5)
0
The matrix exponential in these two terms is usually appnated using a Taylor series expan-
sion,

At o A
¢ =e z|+AAt+A7+--- (5.4.6)
At AtZ At?)
U = e‘“TdT%IAt+A7+A2T+~-~ (5.4.7)
O . .
whereAt is again the data sampling time. The output is then found from
y(i+1) =Cx(i+1)+Du(i + 1) (5.4.8)

However, a different approach is required if the aircrafbawics are nonlinear. This time,
consider a system described by the equations,

X(t) = f[x(t),u(t), 8], X(0)=Xo (5.4.9)
y(t) = g[x(t),u(t), 0] (5.4.10)
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where, againf andg are nonlinear functions of the states variables, inputatdes and the
stability and control derivatives. The state variable ged then propagated forward in time
using the equation,

t+At
X(t + At) = X(t) + / fIX(),u(t), 0]dt (5.4.11)

Rather than trying to find an exact solution, it is more comento solve Equation (5.4.11)

using numerical integration. The most commonly applied exical integration techniques
for aircraft applications are the Runge-Kutta methods drtipular the fourth-order technique
[34, 31]. The development of this algorithm will not be pnetsel here but can be found in a
number of sources, including the text by Chapra and Can&@][IThe fourth-order Runge-

Kutta method estimates the gradient of the function at faunts betweer andt + At,

X(t), u(t), 6]

fl
X At/2,u
[ +f1 / 777 ] (5412)
fIx+ f2At/2,0, 0]
fIx+ fsAt, 0, 0]
In discrete form, the state vector at tfie+ 1)th data point is then calculated from,
(i +1) =x(i) + LE2RA 2R T TOA (5.4.19

6

and the output vector is obtained from Equation (5.4.10)teNbat the Runge-Kutta method
could also be applied to a system of linear equations andethdtmg output vector should
match that generated using Equation (5.4.8).

5.5 Calculation of the Output Sensitivities

Having calculated the estimate of the output vegtasing one of the approaches discussed in
the previous section, the sensitivities of the outputs singes in the parameter estimates must
be established. Again, considering first a linear systemesgmted by Equations (5.4.1) and
(5.4.2), the sensitivities with respect to tfté parameter can be found analytically from,

d fox\ = ,0x OA_ 0B  0x(0)
i (07) = Ag, Tt a_]“’ o6, " (5:5.1)
ay L Ox (?C .

These expressions were given earlier in Equations (2.38)2.3.9). Converting the above
eqguations into discrete-time form gives,

ox(i+1)  _0x(i) 0P 0B ow

90, = & 70, +89 ()+\Ifae u(i) + 70, Bu(:) (5.5.3)
Hi+1) _ OXitl) oC dD

o, = C o, 89 X(i +1)+09 u(i+1) (5.5.4)

There is a large computation cost associated with calogjdbie partial derivatives ob and
¥ with respect t@;. Therefore, the following approximation is suggested fqué&ion (5.5.3)
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[139, 34], i o) o a
X(7+ 1 X A B
oo, =Py, Vg X0+ W5 00) (5.5.5)
where, 1
X(i) = 5x(i +1) = ()] (5.5.6)

For nonlinear equations of motion, the output sensitigitian be determined numerically, with
the partial derivative of the output vector with respectte ith parameter calculated approxi-
mately from,

oy(i) _ Ypli) —y(0)
00 50,
g[Xp(’i), U(’i), 0 + 69]] - g[X(i), U(i), 0]
50,

(5.5.7)

~
~

wheredd; is a perturbation in thgth parameter, while, andy, are the perturbed state and
output vectors, respectively, resulting frafl;. The perturbed state and output vectors are
calculated in a similar manner to that outlined in Sectiof The exception being thatis
replaced withd + 66;. A perturbation is introduced to one parameter at a time.

The value chosen fai9; must be small enough to ensure that the approximation id f@i
the true sensitivities but large enough to avoid problenes uround-off errors. It is best
to choose a perturbation value relative to the magnitudéefcurrent parameter estimates,
however the relative perturbations recommended by arsalgsies widely. Jategaonkar [34]
suggests a value o), = 10—6@, while Klein and Morelli [31] advocate a much larger value of
96, = 0. Olé Larger perturbations may be required for a parameter ifamg# in its value has
I|ttIe effect on the system response in comparison to otaeampeters. During the course of
this research, relative perturbations of bd)ﬂTGH ando. 019 were tried but it was found that
the choice did not significantly affect the final parameteinestes. Note that if the starting or
current estimate fof; is zero then the perturbed parameter estinfte- 36,) should be set to
a small value, for example 0.01.

Equation (5.5.7) is a forward difference approximation. Arenaccurate way of determining
the output sensitivities is with a central difference apgration,

oy(i) _ glxp(i), u(i), 6 + 66;] — glx_p(i), u(i), 6 — 56;]
09 200,

(5.5.8)

The drawback of using equation (5.5.8) instead of (5.5.7has twice as many perturbation
states and outputs need to be calculated. However, the mwhlterations that need to be
carried out before convergence is achieved will reduce ifena@curate approximations of the
sensitivities are used [31].

5.6 Algorithmic Variations

In general, the modified Newton-Raphson algorithm workd.webwever, it has been found
to have a tendency to perform poorly when close to the minirofithe cost function, experi-
encing intermediate local divergence or stalling [137, 24 well as this, if the initial estimate
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of @ is far away from the optimum values, then the method may gteuy find the minimum.
These deficiencies happen for a number of reasons. Firgdycdlculation of the parameter
update, given by Equation (5.3.7), assumes that the costifumis quadratic in terms of the
unknown parameters [137, 31, 34]. In reality, the relatimpetween the cost function afd
is more complex. Secondly, a number of approximations agd tscalculate\d, such as for
the information matrix in Equation (5.3.11) and the outpernstivities in Section 5.5, leading
to numerical errors.

A number of modifications to the modified Newton-Raphson methave been proposed to
overcome the above problems. To avoid poor performance wbkan to the cost function
minimum, some form of step size control can be introduceddhe direction of the update
A0 has been determined. The simplest method for stepsizeot@néan engineering approach
explained as follows,

1. CalculateAd and determin®,.; = 6, + AG.

2. Calculate new value of cost functiol@y..1). If J(0,.1) > J(0;), then the modified
Newton-Raphson update has overshot the cost function ramith,;,, and local diver-
gence has occurred.

3. Recalculate new parameter estimates uging = 6, + A6/2.

4. Calculate new value of cost functiohi@y,.,). If J(8,.1) > J(0;), then return to Step 3
and halfA@ again.

5. lterate on Steps 3 and 4 unfil)...1) < J(8y). If J(8,11) > J(8;,) after 10 halvings of
A6 then@, are the final parameter estimates.

The choice of a maximum of 10 halvings of the original modifiéelwton-Raphson update
means that\@ will have been reduced by a factor ®f = 1024 after the tenth iteration [34].
If, at this point, the new cost function is still greater thizwe previous value, then it can be
concluded that, essentially, convergence was achieveleotth iteration. While this simple
approach will improve the algorithm performance close ®rinimum, it does not help the
convergence if the initial parameter estimates are far dveety the optimum.

A more suitable technique may be the use of a line search [¥10,28]. The equation for the
update to the parameter estimates is modified to become,

01 = 0 + 0, AO (5.6.1)

whereqy, is a scalar. Once the basic modified Newton-Raphson updatbden calculated, a

one-dimensional search is used to find the value,ofvhich leads to the maximum reduction

in the cost function for theth iteration. Becausey, can take a value greater than 1, the
convergence region is widened. Any line search algorithmb&aused. A quadratic line search
was shown to have good performance by Foster [140].

The Levenberg-Marquardt method is another variation obtisc modified Newton-Raphson
algorithm. The calculation of the parameter update is medlifo the following,

AG=—(M+A)7'G (5.6.2)

where) is a scalar known as the Levenberg-Marquardt parametervdloe of \ is assessed
at each iteration and, if necessary, varied to again achieenaximum reduction in the cost
function. The process of determinings outlined below [34],



88 Output Error Method

1. Choose an initial value fox, typically 0.001 or 0.01.

2. Atthekth iteration, determine a value fay, based on the previous valug_; from the
expression\, = A\x_1/v, wherev is termed the reduction factor. The valueat always
greater than 1, with a typical value of 10.

3. For)\; and)\;_1, determine the two parameter update vector from Equati@dp These
are denoted\@ when the previous valug,_; is used andA8, when the calculation
utilises the reduced value,.

4. Calculate the two resulting values of the cost functicenated./(6;) and J(6,,) and
compare these values with the value from the previous iterat(6;_ ).

5. @) If J(0,) < J(B;_1) then set\, = \,_,/v and use the reduced valueofor the next
iterationk+1.
(b) If J(B,) > J(B,_1) but.J(B),) < J(6)_,) then keep the value of at \,_, for the
(k + 1)th iteration.
(c) Otherwise, ifJ(0,) > J(8)_,) and.J(0)) > J(8,_,) then the cost function has not
reduced from(k — 1)th value. Increase@, using the expressiok, = \,_;v and repeat
Steps 3 to 5 until conditions) or (b) are satisfied.

At first glance, a drawback with the Levenberg-Marquardthodtmay be the extra compu-
tational burden, af\@ has to be determined at least twice for each iteration. Hewdhe
majority of the computational cost associated with the ougporor method is the calculation of
the information matriXM. As the information matrix only has to be determined onceesfieh
iteration of the Levenberg-Marquardt method, the extramatational burden is not as severe
as it first appears. The Levenberg-Marquardt method has foeenl to perform well when
close to the cost function minimum and for starting estimdae from the optimum [34].

Direct search methods of optimisation, as opposed to thdiggrebased method such as the
modified Newton-Raphson algorithm, are also available.[34¢wever, studies have shown
that direct search methods are much slower than the graiielbiques for aircraft param-

eter estimation problems [142, 143]. Also direct searchhods$ do not readily provide the

information about the accuracy of the parameter estimhtgradient methods do.

5.7 Convergence Criteria

A number of different criteria can be used to determine ifvewgence has been achieved and
the final parameter estimates have been obtained. One orahthe following checks are
typically used [31, 34, 133],

» Small relative change in the cost functidrfor consecutive iterations
» Absolute values of the elements AP are small
+ Absolute values of the elements of the cost function gratdid /06 are small

« Small relative change in the elements of the covarianceixrat
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For the cost function, a “small relative change” is typigabnsidered to be,

~

J(ék—kl)A_ J(0})

< 0.001 (5.7.1)
J(04)

with the cost function value determined using Equation.g.3Alternatively, the cost function
value is defined as the determinant of the covariance m&ii [

J(0) =R (5.7.2)
The other checks for convergence can be expressed as,
ék—l—l - ékz ‘
R < 0.001 (5.7.3)
0, )
oJ
| < 005V), j=1,2,...,n (5.7.4)
00;
Fighenn = ok |05 ) = 1,2,...,n, (5.7.5)
(755)k

wherel||| denotes the norm of a vector i.e. the square root of the suuairss of its elements
andr;; is the estimate of th¢th diagonal element dR.

Based on the discussion in Sections 5.3 to 5.6, it is cledrth@gacomputational complexity
of the modified Newton-Raphson method is significant in camspa to ordinary least square
regression presented in Chapter 4. With the level of modenmpeiting power available, how-
ever, convergence of the modified Newton-Raphson algormtmbe achieved rapidly. To help
clarify the process, Figure 5.1 shows the steps involvethplementing the algorithm.

5.8 Accuracy of Parameter Estimates and Identified Model

The Fisher information matrik is the basis for assessing the accuracy of maximum liketlhoo
parameter estimates and was approximated in Equationi{5.8s,

N ~ . T ~ .
M ~ Zl Pg(e@)} R {82(;)} (5.8.1)

One of the properties of maximum likelihood estimationradiuced in Section 5.2, was that
they are asymptotically efficient. The number of data pawitgpically used for aircraft param-
eter estimation is large, therefore the following appraadion is used to estimate the parameter

covariance matrix, X
N N T N -
_ ay(i)]" -1 [9Y(i)
~ 1 ~~ -
Px~M N{E [—80 } R { 50 (5.8.2)

i=1
In other word, the variance of each parameter is estimatéteaSramer-Rao lower bound. The
square root of thgth diagonal elements of the matrix in Equation (5.8.2) isstaadard error
of the jth parameter estimate which, again, is assumed to apprtxiimascatter of parameter
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Initial Estimates éﬂ Define state and output relationships:
x= f[xn,8] y=g[xu8|

Calculate parameter update A#

Integrate state equations and, | and new parameter estimates
calculate estimated outputs ¥ &  —f +hB
T Yk

| |

Measured outputs 2 Calculate residuals v, .
P N Calculate gradient of cost

estimate covariance matrix R e dinf i i
and calculate cost function J HICHOT QTS TORTIEHON: SR
r

L4

Zonvergence achieved or no
maximum number of
iterations performed?
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Final Parameter Estimates

o

.| Calculate output oy
sensitivities BT

Figure 5.1: Computational steps for modified
Newton-Raphson algorithm
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estimates calculated from repeated manoeuvres. Theaxbdal elements are the pair-wise
correlation coefficients between the parameter estimates.

Section 4.6 contained a discussion on the equation errmtuas in practice being coloured,
rather than white, due to errors in the model specificatidms Ted to the standard errors being
inconsistent with the scatter in estimates obtained frqmeaieed manoeuvres and required that
a correction be applied in the calculation of the parameteagance matriP. A similar prob-
lem is encountered with maximum likelihood estimates a§ention 5.2, the output erroes
were also assumed to be white. To account for coloured ralsidumaximum likelihood esti-
mation, the calculation of the parameter covariance matriéquation (5.8.2) can be modified
as follows [133, 31],

N AT N N
PaM-! Z[ay—(z)} Q‘IZﬁeﬁ(i—j)é‘lag—g) M~ (5.8.3)

wherefzeg is, again, the estimate of the autocorrelation matrix ferrsiduals, obtained from
Equation (4.6.4),

=2

—k
Reo(k) = % V(@)oli+ k) = Ree(—k) k=0,1,2,....1 (5.8.4)
i=1

The indexk is the time separation of the residuals, wittienoting the maximum time differ-
ence. The value faris, again, typically/V/5.

5.9 UAV Short Period Example

To illustrate the use of the output error method, the teamigas used to estimate the stability
and control derivatives of a longitudinal, short period middom the BAE Systems UAV data.
The short period can be described by the equation,

wl 2w Z | |w Zn bi
Uy _ + + 5.9.1
Hi A | F R A R e 652
The outputs used for the estimation process were angleamfiattand pitch rate; which, for
the short period approximation, are assumed to be relatibe tstate variables by the following

expressions,
)=o)

whereU. is the axial velocity component of the aircraft at trim. Thetput bias terms),,
andb,, are additional unknowns to be determined. Like those instage equations,, and
b, account for uncertainty in the initial conditions and cohtnputs. They can also comprise
of systematic errors in the measured outputs which have @@ lbemoved during the data
compatibility check [34]. Because the bias terms in Equmeti(b.9.1) and (5.9.2) take into
account some of the same phenomena, it is not always negdesaclude both state and
output bias terms in the equations of motion. For examplé) thie short period example
presented here, the output biases were found to be negligob], andb, were removed from
Equation (5.9.2). The analysis also indicated that therobderivativez, was insignificant,
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Elevator Input

Figure 5.2: Elevator inputs for parameter estimation

hence this term was also removed from the equations of moflio@ estimation process utilised
three data segments, each containing an elevator doubleseTare shown in Figure 5.2.

Prior to performing estimation with the output error tecque, the equation error method was
used to estimate the derivatives. The equation error estgneere then used as the initial values
for the modified Newton-Raphson algorithm, with the inittalst function value, calculated
from Equation (5.7.2), being; = 0.0033. The modified Newton-Raphson algorithm was then
executed. The output sensitivities were calculated udiegforward difference formula in
Equation (5.5.7) and the simple parameter halving apprtmatealing with intermediate local
divergence was implemented, although no local divergencerced. The algorithm converged
in 10 iterations, with a final cost function value df, = 4.0591x10~°. The computational
time required to achieve convergence was very shgyt, = 1.61 sec. Table 5.1 displays the
final parameter estimates obtained from the output errohoggtalong with the results from
the equation error method. The standard errors of the eginodtained using both techniques
and corrected for the effects of coloured residuals aredlsn. The measured time histories
of angle of attack and pitch rate are plotted in Figure 5.8iglwith the responses predicted
using the identified model. In general, there is good agreéimetween the output error and
the equation error estimates. The magnitudes of the stdretanrs obtained with the two
algorithms also match closely, although the standard €foor,, are somewhat large at around
21%.

The correlation coefficients for the parameter estimateshown in Table 5.2. Because the
output error method analyses each of the equations of msitimunltaneously (unlike the equa-
tion error method which deals with each equation sepanatilg correlation between normal
force and pitch moment derivatives can be determined. TaBléndicates that all parameters
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Angle of Attack

Pitch Rate

Output Error Equation Error
9 100[s/|A|] 0 100[s/|6]]
zw | 0.768 21.49 | 0.496 21.78
z, | 1.155 7.98 1.147 4.95
m, | 0.937 9.88 1.007 7.47
m, | 1.310 10.93 | -2.3805 7.72
m, | 1.046 4.49 0.914 3.98
b, | 0.8380 14.89 | 0.9639 18.85
by | -0.0455 16.26 | -0.0452 17.04

Table 5.1: Estimates of short period derivatives from
output error and equation error methods

T T
—— Measured Response
—— |dentified Model

Time

Time

Figure 5.3: Measured and identified responses for output
error method
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were sufficiently independent. The results from Theil’'sjoality analysis were as follows:

a: U=0.1161, Ug = 0.0076, Uy = 0.0203, Ux = 0.9721
qg: U=0.0983, U =0.0004, Uy =0.0093, Us = 0.9902

which again indicated a good match between the measurednssjand the identified model.

Zaw 24 by Moy myg My, b

z, 1 04732 02160 0.5056 0.1390 0.1430 0.3550
5 - 1 05938 0.2086 0.4185 0.3035 0.2188
My - - 1 0.3320 0.0941 0.2123 0.1849
my - - . 1 06996 0.1156 0.3010
m, - - . . 1 0.1197 0.0900
by - - - - - 1 0.3229
by - - . . . . 1

Table 5.2: Correlation coefficients for short period
parameter estimates

To test the robustness of the modified Newton-Raphson #igottio starting values being far
away from the optimum, the parameter estimation analyss npeated again but with the
initial values given in the second column of Table 5.3. Noe&# tas well as being far from the
optimum values, the initial estimates fof, m, andm, also had incorrect signs. When the
modified Newton-Raphson algorithm was run, the initial dasttion value was/; = 7.5596,
which was around three orders of magnitude greater thamttial icost function value from
the first run. However, the algorithm still managed to cogeeobtaining the same parameter
estimates as those for the first run. This was achieved iretations, with the final cost func-
tion value again being;; = 4.0591x10~?, and after a time of,,,,, = 2.08 sec. Intermediate
divergence was encountered on the eighth and tenth iteratibwas dealt with successfully
by the parameter halving routine.

Estimation was then repeated one more time, but with thelinglues of all stability and con-
trol parameters set to 1 and the bias parameters set to @ ¢lwwmn of Table 5.3). This time
the modified Newton-Raphson algorithm failed to converggtinkation using the Levenberg-
Marquardt method, which has been found to be more robustdo giarting values, was then
tried and convergence was achieved in 35 iterationstang = 7.88 sec. Again, the resulting
parameter values were identical to those in Table 5.1. Timeezgence of the Levenberg-
Marquardt algorithm is shown in Table 5.4, with the valuesh# Levenberg-Marquardt pa-
rameter) given in the second column and the cost function value inhilvd.t As can be seen,
with the poor starting values for the parameters, the costtion was extremely large at =
7.3660<10%°. An initial value of 0.01 was used forand, after the first iteration first, the cost
function had reduced to 1.98210-5. On the third iteration, the value afhad to be increased
to 100 before a reduction of was achieved. Over the next few iterationsyas reduced grad-
ually back to 0.01 and this value was retained until the 3gsaiion. As the method converged
on the cost function minimum was successively reduced by an order of magnitude until it
reached ¥ 106 on the 35th iteration, at which point convergence was aeliev

The results above indicate that while, in theory, the modiiewton-Raphson algorithm can
perform poorly when the initial parameter values are ineaigy the method is relatively ro-
bust (however, further investigation would be requireddofem this). Convergence was still
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Iteration A J
1 1x10~2? 7.3660<10%
2 1x1072 1.9821x1076
2nd Rund;  3rd Runé, 3 1x10%  1.7473<10°
Zw 1.000 1.000 4 1x10'  1.1011x10°°
% 20.000 1.000 5 1x10° 6.3785<10° "
My -0.005 1.000 6 1x107! 2.0751x10°7
my 1.0000 1.000 7 1x10~! 6.6570<10°8
my, 1.0000 1.000 : : :
b 0.000 0.000 31 1x1072 1.4453<10%
by 0.000 0.000 32 1x10~% 4.4356x107°
33 1x10~* 4.0680<10~?
Table 5.3: Variations of starting 34 1x10~° 4.0593<10~?
estimates for output error methods 35 1x10~% 4.0591x10~?

Table 5.4: Convergence history of
Levenberg-Marquardt method

reached on the second run despite the starting estimategfaeifrom the optimum values and
some of the derivative estimates having incorrect signga#t only in the extreme case when
the initial estimates were all set to 1 that the modified NemRaphson algorithm could not
find a solution, in which case the Levenberg-Marquardt metthas applied successfully to ob-
tain the estimates. Therefore, in the majority of practieaes encountered, if it is not possible
to obtain starting values using the equation error methwoaa priori estimates from, for ex-
ample, semi-empirical analysis should be accurate endwaghiie modified Newton-Raphson
method converges. This should be true even for the case ohuantional UAVs for which
the semi-empirical estimates may be unreliable. For rasexahere the algorithm fails, the
Levenberg-Marquardt method should provide better perémce.

For validation, the identified model was used to predict #sponse to an elevator input not
used for the parameter estimation step. The input time tyissoshown in Figure 5.4 along
with a comparison of the unseen measured data and the me@dégtponse for angle of attack
and pitch rate. As can be seen, a close visual match betweemélasured and predicted
responses was obtained for both motion variables. The#guality analysis also suggested a
close match between the measured and predicted data, gttttioel variance portions for both
angle of attack and pitch rate could be considered large,

a: U=0.1391, Ug =0.0000, Uy =0.1923, Uc = 0.8067
qg: U=0.121, U =0.0000, Uy =0.2082, Uc = 0.7918

5.10 DEMON Dutch Roll Example

As described in Chapter 4, when estimating the derivati¥éseowind tunnel models, it was
necessary to account for a time delay between the input anchéasured response. For least
squares regression, the delay was dealt with simply by nilgnsfafting the input variables
to match the outputs. However, as the output error methodpalde of handling nonlinear
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B \ﬁ —— Measured Response

—— Predicted Response

Angle of Attack

—— Measured Response
r —— Predicted Response

Pitch Rate
T
Il

Elevator Input

Time

Figure 5.4: Measured and predicted responses due to an
elevator input for validation process

estimation problems, it provides a means for estimatingithe delay [144]. Additional sub-
routines are required, which permit the input variable tshited in time and ensure that the
estimated time delay is a multiple of the sampling titkie When calculating the output sensi-
tivities with respect to the time delay using the forwardeténce formula in Equation (5.5.7),
At is also used as the perturbation value.

An example is presented here for a 1-1-2 input to the ruddénefl/3 scale DEMON UAV.
Note that a different data segment to that used earlier itidded.9 was analysed for this
example. The state equations for this case were,

R Rl G ————

where T, is the delay in the rudder input. The output variables usedtfe analysis were
sideslipg and yaw rate-, assumed to be related to the state variables by the expnessi

- (4 L feensf] e

The starting parameter values for the modified Newton-Raphasyorithm were taken to ke
priori estimates calculated from a simulation model of the fudediaircraft and given earlier
in Equations (2.5.4). These are given in the last column bfela.5. Note that, initially, it was
assumed the time delay was zero. The converged output error parameter estimatessay
shown in Table 5.5, along with their standard errors. Fa ¢éixiample, the output error method
was relatively slow to converge, requiring 67 iterationd artime oft.,,,, = 24.27 sec. The
initial cost function value wag; = 0.0017 and the final value walg; = 8.9012<10".

Table 5.5 shows that the standard error¥gfn,, n, andn. were relatively high, with figures
of around 20% and over. There was less uncertainty in the estimated vdlue ©0.33 sec,
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6 100[s/|6]] O
Vr 30.6678  23.39 30
n, 3.4638 2334  6.156
n, -2.4524 2298  -6.326
nc -6.2552 2035  -2.283
7. 0.33 0.50 0
by -0.0119  7.23 0

Table 5.5: Estimates of DEMON dutch roll derivatives
from output error method - Run 1

with the standard error being just /6. The possible cause of some of the standard errors
being high was found when analysing the correlation coeffiks, shown in Table 5.6, which
suggested high correlation betweénandn,,, with p = 0.9717.

Yr Ty n, n¢ T¢ bs
y 1 09717 0.0115 0.3303 0.0914 0.0433
Ny - 1 0.0684 0.4177 0.0871 0.1493
n, - - 1 0.7524 0.0714 0.2483
ne - - - 1 0.0541 0.4302
T - - - - 1 0.0232
bg - - - - - 1

Table 5.6: Correlation coefficients for DEMON dutch roll
parameter estimates - Run 1

Because of this high correlation, the modified Newton-Raplagorithm was run again, with
the same initial values, but withi- held fixed at 30. Again, the algorithm took 67 iterations
to converge, with,,,,, = 21.91 sec. The final cost function value was slightly loviramt that

for the first run -Jg; = 8.7504<10~7. The resulting estimates are shown in Table 5.7 and the
new correlation coefficients are given in Table 5.8. Thers litHe change in the estimated
parameter values from the first run but the standard errors fandn. had reduced in size.
The uncertainty in the estimate of remained virtually unchanged. Wiili- held fixed, Table

5.8 shows that the remaining parameters were all suffigiemdependent. It was also noted that
the output error estimates, given in Table 5.7, were in caggeement with the least squares
estimates presented in Section 4.9.

Theil’s inequality analysis for the second run gave theolelhg results,

B: U=0.1114, U = 0.0000, Uy = 0.0275, Uc = 0.9725
r: U=0.0742, U = 0.0108, Uy = 0.0000, Uc = 0.9892

indicating a good fit between the measured response andahifidd model. Figure 5.5 shows
plots of the measured and identified responses, along wathutthder input.

For validation, a rudder doublet was applied to the identifisodel to produce a predicted
response and compared with the unseen measured data fanteensanoeuvre. This is shown
in Figure 5.6. Note that for the doublet input, the time deleas 0.27 sec rather than 0.33 sec,
therefore some additional shifting had to be done manualgyhchronise the input and output
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0 100(s/|0]] 6
VT 30* - 30 Ty ny U2 s bﬁ
n, 3.5406 3.83 6.156 n, 1 0.2419 0.4321 0.0066 0.8106
n, -2.4519 22.89 -6.326 n, - 1 0.7935 0.0767 0.2451
ne -6.2944 16.04 -2.283 ne - - 1 0.0914 0.4707
T¢ 0.33 0.50 0 T - - - 1 0.0192
by -0.0119  5.70 0 by - - - - 1

* - parameter held fixed

Table 5.8: Correlation coefficients for

Table 5.7: Estimates of DEMON dutch DEMON dutch roll parameter estimates -
roll derivatives from output error method Run 2
- Run 2
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Figure 5.5: Measured and identified responses for a 1-1-2

input to the rudder
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variables. Theil’s inequality analysis was also used tessthe match between the measured
and predicted responses. The results were,

B: U=0.1882, Ug =0.0000, Uy =0.1412, Ux = 0.8588
r: U =0.1364, Up = 0.0000, Uy = 0.1029, Us = 0.8971

Overall, the fit between the measured and simulated respassatisfactory. The values of
U, for both5 andr are below 0.25 and the bias portions are negligible. Themag portions,
however, are quite high, particularly for

From the analysis outlined above, it was shown that the nemtNiewton-Raphson algorithm
can be used successfully to estimate time delays in the Datato the high sampling rate used
when conducting the experiments, the restriction thatithe tlelay had to be a multiple aft
was not found to be a problem. However, some additional suioves had to be added to the
basic algorithm, which increased the complexity of theneation process. It was also found
that a relatively large number of iterations were requideach convergence. Further, when
validating the identified model, the time delay in the dotligta was different from that for
the 1-1-2 input. Therefore, additional shifting of the ibhpad to be done manually during the
validation process. The estimation of time delays is alssiide in the frequency domain and
is, in some respects more straightforward, as will be dsedisn Chapter 6.

0.2

Angle of Sideslip (rad)
o

0.2 ! | | |
0 0.5 1 15 2 25

—— Measured Response
2 T T T —— Predicted Response

Yaw Rate (rad/s)
o
H %

0 0.5 15 2 25
Time (s)
§ 2 T T
=)
H
£ 0
g
= ) 1 1 1 1
x
0 0.5 1 15 2 25
Time (s)

Figure 5.6: Measured and simulated responses for a
validation process



Chapter 6

Frequency Domain Estimation

6.1 Introduction

The least squares regression and maximum likelihood msthpydsented in Chapters 4 and
5 respectively, can also be applied in the frequency domAs.mentioned in Section 1.1,

frequency domain estimation is widely used for rotorcrdéntification. However, it finds a

number of applications in fixed-wing estimation as well. Bpproach allows the analysis to be
restricted to a given band of frequencies, which is usetulekample, if trying to separate the
aircraft’s rigid-body dynamics from higher frequency stuwral modes. Also, many methods
of control system design and handling qualities assessarenperformed in the frequency
domain, in which case frequency domain estimation resuétg be directly applicable. Prior

to performing estimation, the measured data must be tramsfibinto the frequency domain,

hence this issue will be dealt with next.

6.2 Transformation of Data

The basis for converting the measured data into the frequdamain is the finite Fourier
transform. For a variable(t), this can be written as,

T
i(f) = /O x(t)e I3t (6.2.1)

where™ denotes the transformed variabfethe frequency in Hertz and is the length of time
of the data under analysis. Whens measured alVv discrete, evenly spaced points in time
Equation (6.2.1) can be approximated by,

B(f)~ ALY w(i)e A i=0,1,2,... N -1 (6.2.2)

=0
Note that the time indexstarts at 0. The frequencies for a conventional Fouriestoam are
chosen as,

k



Frequency Domain Estimation 101

which can be expressed in radians as,

k

Then the approximation to the finite Fourier transform begsm

B(k) ~ ALY a(i)e 7O = ALX (k) k=0,1,2,...,N -1 (6.2.5)

1=0

where the summatioX (k) is termed the discrete Fourier transform (DFT). The catcuta
of the DFT is not carried out directly due to its computatior@st. Instead, the fast Fourier
transform (FFT) algorithm is used.

The approximation presented above, however, is not suitedreraft rigid-body estimation
problems [31, 6]. The discrete frequencies used for tranmsfg the data are fixed according
to N and At. As aircraft rigid-body dynamics are generally locatedhivita region at low
frequencies, computational time will be wasted by caléntpthe DFT for frequencies that are
not of interest. Further, the accuracy of the approximadicthe finite Fourier transform using
Equation (6.2.5) degrades with increased frequen@and sampling time\¢. The resolution
of the transformed data also becomes coarsé/ adecreases, which can lead to important
components of the signal being omitted.

A better method is the use of the chirp z-transform, whichodetes the frequency resolution
from the length of the data, meaning that the user can chdwsidquency band of interest.
The accuracy of the transform is improved by combining thepch-transform with an inter-
polation scheme to obtain the valuesagfbased on the sampled dat&) and, because the
interpolation approximates the continuous time functi¢t) rather thanz(t)e=7+*, the accu-
racy of the transform is not dependent on the chosen fregggen& common method used for
this purpose is cubic Lagrange polynomial interpolatiodg}[L When transforming the data,
choices must be made regarding the upper and lower freegentiinterest and the resolu-
tion of the discrete frequencies within this band. The uppEuency limit can be determined
by performing the Fourier analysis described earlier inti8act.3, while a commonly cho-
sen lower limit, in Hertz, is 2I' [31, 128], wher€l is the time length of data under analysis.
This means that, for each discrete frequency, there arastt teo full sinusoidal waveforms
in the transformed data. For problems concerning aircigifi4body dynamics, the frequency
resolution is typically selected to be around 0.02 or 0.0431z 128].

6.3 Least Squares Regression

The formulation of the least squares regression algoriththe frequency domain is carried
out in a similar manner to that outlined in Section 4.2 for tinee domain. The regression
eqguation can be written in matrix form as,

7=X0 +¢ (6.3.1)

where the variables are the same as those defined in EqudtB)( except that the mea-
surements of the dependent variab)éhe regressorX and the equation errokshave been



102 Frequency Domain Estimation

transformed to the frequency domain. The equation err@sssumed to have the following
properties,

E[¢] = 0 and Hee'] = oI
where the superscript denotes the complex conjugate transpose. The cost funicite

minimised is defined as, . .
J(0) = Eé'e = (z— X0)'(z - X0) (6.3.2)

which leads to the least squares estimat@,of
0 — [Re (X*X)} "'Re (X*z) (6.3.3)

Note that, as the parameter vector is assumed to be real thomlgeal parts oX andz are
required for the calculation. The covariance matrix of thegmeter estimates is found from,

A A o —1
P-E [(9 —0)(0 - 0)*] = o2 [Re (xTxﬂ (6.3.4)
The predicted dependent variable is given by,
y = X0 (6.3.5)
and the residuals are determined as, A
v=2—-Y (6.3.6)

6.4 Maximum Likelihood Estimation

The major difference between the time domain and frequenayaih output error formula-
tions, both solved using maximum likelihood estimatiorthat the method is limited to linear
systems in the frequency domain. This is because the finiteiétraransform is a linear op-
erator [146]. Least squares regression in the frequencyadooan still be used for problems
which are nonlinear in the regressors, but linear in therpatars, as the nonlinear regressors
are generated in the time domain prior to their transforomati

The linear system dynamics can be described in the frequammyain by the following set of
equations,

Y(wk) = C)?(wk) + Dﬂ(wk) (6.4.2)
Zwy) = V(wp) +&(wy) k=0,1,2,...,N —1 (6.4.3)

wherej = /—1. Note that, in the frequency domain, the state equationipig no longer a
differential equation and can be solved algebraically. pitoperties of the output erroésare,

E[¢] = 0 and Heel] = ?v

The termS, is a real diagonal matrix whose elements are the power spelensities of the
elements ot. As with the time domain, the output error cost function iBrded as the negative
logarithm of the likelihood function, resulting in,

N-1
J(6) =N & (wy,0)S. éwr. 0) + Nln|S.| (6.4.4)
k=0
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where the power spectral density matrix is estimated fraaréisiduals,

N-1 N-1
See = D Dlwr, 008! (w1, 0) = 3 2= Y(wi. 0)] [2— V(e év)}T (6.4.5)
k=0 k=0

The modified Newton-Raphson algorithm can again be useénatively update the vector of
unknown parameters using Equation (5.3.7),

g 17 aJ
AO=—|—| — 6.4.6
{80894 00 ( )
The gradient and information matrix are then obtained as,
_ 5 f
oJ = Oy(wi) | a-1. -
G=—5= —2NRe{kZO [ 59 | Sec 01, 0) (6.4.7)
_ . t .
>*J = Oy(we) | &1t | Oy(wr)
M=——+=~2NR A4,
aeaeT e{ pe [ 80 See 89 (6 8)

6.5 Frequency Response Method

The output error method can also be formulated in terms ofuiacy response data. A fre-
guency response can be defined as the ratio of a system’st @atpunit of control input as a
function of the control input frequency [6]. The output ofimear, time-invariant system can
be related to the input by the following expression,

t
y(t) = / H(t — 7)u(r)dr (6.5.1)
0
where zero initial conditions were assumed. Taking the &@ptransform of Equation (6.5.1),
y(s) = H(s)u(s) (6.5.2)

wheres is the Laplace operator amtlis a matrix of transfer functions. For the system described
by Equations (6.4.1) and (6.4.2), the transfer functionrixaan be obtained from,

H(s) =C(sl —A)"'B+D (6.5.3)
Replacings with jw and rearranging Equation (6.5.2), the frequency resposexis,
. y(jw)
H(jw) = == 6.5.4
(jw) 0 o) (6.5.4)
The frequency response matrix can also be expressed as,
H(jw) = [H(jw)| ) (6.5.5)

where,

HGw)l = \/{RG[H(jw)]}2+{lm[H(jw)]}2

0 - - 205
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The term|H(jw)| is the amplitude and(w) is the phase.

Spectral densities are normally used for the determinaifdhe frequency responses[6, 31].
Expressions foH (jw) in terms of spectral densities are developed as followstlfithe input-
output relationship defined in Equation (6.5.1) is writtertérms of correlation functions,

Ryu(T) = /0 H (O)Ryu(t + 7)dt = Ryy(—7) (6.5.6)

whereR,, is the cross-correlation function for the input and outpwt &, is the input auto-
correlation function,

Ryu(T Th_{%of/ y(t)u(t+ 7)d (6.5.7)
Ruu(r) = Jim /0 U(t)u(t + )t (6.5.8)

The power spectral density functions are then obtained plyaqy the Fourier transform to the
correlation functions in Equations (6.5.7) and (6.5.8)rgly

Syu(jw) = /0 N Ryu(T)e7*Tdr (6.5.9)

Su(jw) = /000 Ruu(T)e 947 dr (6.5.10)

Now, it can be shown that convolution in the time domain isiegjent to multiplication in the
frequency domain [31] so the Fourier transform of Equat&b.g) becomes,

Syu(jw) = H(jw)Suu(jw) (6.5.11)

and the spectral densities can be written as,
Syu(jw) = Y(jw)Uu" (jw) (6.5.12)
Suu(jw) = U(jw)U*(jw) (6.5.13)

where * denotes the complex conjugate of a transformed blatial herefore, the frequency
response matrix can be obtained from the spectral densities

- Suljw) _ y(jw)u' (jw)
H(jw = (6.5.14)
U= 8 Ge) UG o)
Because of inaccuracies, direct calculation of the splesrasities from the Fourier transforms
in Equations (6.5.12) and (6.5.13) are not carried out.tR@@pproaches to calculating power

spectral densities for measured data can be found, for deamgexts by Bendat and Piersol
[147], Tischler [6] and Klein and Morelli [31].

The cost function to be minimised can be written in terms efjfrency responses as follows,

€€

-NY [H(k;) ~ Ak, 0)} g [H(k;) —H(k,0) (6.5.15)

whereH (k) is the frequency response matrix determined from the exgerial data for the
kth frequency andH(k, ) is an estimate of the frequency response matrix calculasetyu
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Equation (6.5.3) and estimates of the unknown parameteheiaystem matrice&, B, C and
D. Alternatively, the frequency responses can be partiianéo their amplitude and phase
components [6],

N-1

J(0) = % z_: w, {wg {|H(k)\ . \H(k;,e)\}z +u, {LH(!@) — ZA(k, 0)}2} (6.5.16)

k=0

wherew, andw, are relative weightings for the amplitude and phase errdypically, w, =
1 andw, = 0.01745. The third weighting termy., is dependent on the coherence at each
frequency, which is defined by the equation,

s ISP
) = 5 s, Gw) (65.17)

Coherence is a measure of the fraction of the output specgyrthat is linearity attributed
to the input spectrur,,, at each of the discrete frequencies and indicates whetbesyitem
being modelled is well characterised as a linear proces®ifréquency range of interest. The
coherence value falls between 0 and 1, with 1 indicating tep#y linear relationship between
y andu. The cost function given in Equation (6.5.16) is that usedtie frequency response
method encapsulated in the software program CIFER.

6.6 UAV Pitching Moment Example

The first example of frequency domain estimation presenerd Is analysis applied to the
UAV data, used previously in Section 5.9, containing thriesaor doublets. In the previous
example, the modified Newton-Raphson algorithm in the tioraeain was used to estimate the
short period derivatives. This time, the results of frequyethomain least squares regression to
find the non-dimensional pitching moment derivatives idinatl. The equation of motion for
this example is,

Cp = Crny + O + Cp, V- Co G+ Cr 1) (6.6.1)

Note the inclusion of the derivativ@,,,, in Equation (6.6.1). This term was not used to ac-
count for any aircraft dynamics, as the airspeed is assumbd tonstant for the short period
approximation, but instead used to model slight drifts ia #irspeed during the manoeuvres.
This phenomenon has also been reported by Morelli [128].

When the data is transformed into the frequency domain, thei€r transform removes all
biases and linear trends from the signals. Hence, for tlehipiy moment example, it was not
possible to estimate’,,, andC,,,, (which models the pitching moment trend with airspeed)
in the frequency domain. These two derivatives were eséitha¢parately in the time domain
using the output error method, which was carried out as nidvotavith the values of,,, ., Cy,,
andC,,, held fixed at the estimates obtained from frequency domaist lequares regression.
Table 6.1 displays the resulting parameter estimates flostivo step process, along with
the standard errors for the estimates, which indicate a leigl of confidence in the values.
The estimates and standard errors obtained from time ddesshsquares regression are also
shown for comparison. There is good agreement between ¢laggdncy domain and time
domain estimates and the magnitudes of the two sets of sthadars are very similar.
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With regards to the standard errors, it should be noted tharéquency domain estimation
a correction for coloured residuals is generally not appés is done for the time domain.
The analysis is restricted to the frequencies in which thiel{body dynamics are located and,
while it is in this band that the largest spectral componenthe residuals are located, the
noise power over the rigid-body frequencies is relativedpstant. This matches closely to
the assumption of white residuals with constant power dwerfiequency spectrum, hence no
correction needs to be applied. In practice, the additiawbr of 2, introduction in Section
4.6, is still often needed to match the scatter in parametigmates [132, 6], hence has still
been applied to the standard errors presented in this ahapte

Frequency Domain Time Domain

0 100[s/|6]] | 6  100[s/|0|]
Cio | 0.947* 0.60 | 0.949 0.46
Chn., | 1.002 7.19 | 1.096 8.47
Cpy | 0.880* 7.06 | 0.930 6.53
Cn, | 1.367 6.14 | 1.218 7.43
Cp, | 1.084 3.24 |1.012 3.40

* - estimated separately in time domain

Table 6.1: Estimates of pitching moment derivatives from
frequency domain and time domain least squares
regression

Figure 6.1 shows a plot of the magnitude of the transformaghisig moment coefficienC,,,|
against frequency for both the measured data and the idgehtifodel. Visually, an accurate
match between the two was achieved. Next, once the estimiatgg andC,,,, were obtained,

it was possible to reconstruct the time history of the ideedimodel and compare it against the
measured data. This is illustrated in Figure 6.2, along withelevator inputs applied during
the three manoeuvres. Again, there is close agreement éetive two responses and Theil’s
inequality analysis also indicated a satisfactory match,

U = 0.0220, Ug = 0.0118, Uy = 0.0008, Us = 0.9874
Figure 6.3 shows the measured and predicted pitching morespbnses obtained from the
validation process, which used the elevator input dismlapethe lower plot. Is can be seen

that the predicted response fitted closely to the unseenurezhdata. The results of Theil's
inequality analysis for the validation process were,

U =0.0236, Ug = 0.0792, Uy = 0.0008, Ux = 0.9200

Again, this suggested that the predicted response proadetcurate match to the measured
response.

6.7 DEMON Short Period Example

Next, the frequency domain parameter estimation process tssestablish the short period
derivatives of the DEMON model is illustrated. In this exdejghe data contained a 1-1-2
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Figure 6.2: Measured and identified responses for
elevator doublets
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Figure 6.3: Measured and identified pitching moment
responses to an elevator input for validation process

input to the elevator. As well as the stability and contraivigives, the time delay between the
control input and measured response was treated as an unlpayameter to be determined.
Repeating Equations (4.9.1) and (4.9.2), the linear Sp#ee equations of motion incorporat-
ing a time delay on the input can be written as.

-
—~
~
S~—
I

AX(t) +Bu(t —7) (6.7.1)
Cx(t) + Du(t — ) (6.7.2)

<

S
~

SN—
Il

When transformed to the frequency domain, the above expresiecome,

jwX(w) = AX(w) + Bl(w)e T (6.7.3)
¥(w) = CX(w) + Dl(w)e 77 (6.7.4)

and the corresponding equations for the short period proklere,
{ ((:j))] N [ngw J B((;u))} + [,QJ n(w)e e (6.7.5)
[8} B [UOVT HZ]((ZJ))}* m n(w)e (6.7.6)

Once again, the appearance of the time delay tgrmakes the parameter estimation problem
a nonlinear one, hence it was not possible to use least sjtegeession. Instead, the modi-
fied Newton-Raphson algorithm was implemented to solvedimstquation error formulation

followed by an output error problem. For the equation errethnd, the state derivatives were
treated as the measured values i.e.,

2(w) = {j.“”f’(”)] (6.7.7)

< D 'Qz
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and the aim of the process was to find the parameter valuef\\dad to a match between the
measured and predicted state derivatives. For the output miethod, the goal was to seek
a model to match the transformed angle of attack and piteéhsighalsi andg respectively.
Because the modified Newton-Raphson method is iteratiagjrgy parameter estimates were
required for both methods. However, the equation error fdation is more robust to starting
values of the parameters in comparison with the output emeghod [31] and it was found that
the initial estimates for the equation error approach cailllthe set to zero without effecting
convergence. The final equation error estimates were treghassstarting values for the output
error method.

The measured data was transformed with a lower frequencgoahd 0.67 Hz, an upper fre-
guency of approximately 5 Hz and a resolution of 0.02 Hz. Tthectural vibration in the test
rig, described in Section 4.10 and illustrated in Figuré4d? around 8-9 Hz was observed dur-
ing the experiments but, as the analysis was restricte@tuéncies under 5 Hz, was removed
during the data transformation process.

The results obtained with the equation error and output enethods are displayed in Table
6.2. Convergence was achieved using the equation erroufation aftert,,,,, = 20.92 sec and
92 iterations, while the output error method requitgg,, = 23.00 sec and 44 iterations. The
values in Table 6.2 show good agreement between the essifnaite the two approaches, while
the standard errors indicate high confidence in the estandterther, there was no excessive
correlation between any of the parameters as shown in TaBleFgure 6.4 displays plots
of the magnitudes of the transformed angle of attack andh péte,|&| and|g| respectively,
against frequency for the measured data and the identifiei@ino

Equation Error Method Output Error Method

0 100[s/16)]] 0 100[s/10]]
Vr | 28.6316 059 | 281490 3.71
m, | -3.7858 236 | -3.7803  3.56

m, | -11.6458 3.32 -11.4113 2.39
-2.0256 3.07 -2.0972 2.54
0.3248 0.53 0.3259 0.45

Table 6.2: Estimates of DEMON short period derivatives
from frequency domain estimation

Vir My, my my, Ty
Ve 1 0.6215 0.1911 0.5803 0.2692
My - 1 0.0821 0.7344 0.1103
m, - - 1 0.6413 0.6654
m, - - - 1 0.3395
Ty - - - - 1

Table 6.3: Correlation coefficients for DEMON short
period parameter estimates - output error method

Once the frequency domain output error estimates wereraatathe time histories of the pre-
dicteda andq signals were reconstructed and compared with the measespdnises (Figure
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Figure 6.4: Frequency domain fit between measured and
identified angle of attack and pitch rate responses

6.5) . This required that two bias terms be determined - onthtonormal velocity state equa-
tion, b,;,, and one for the angle of attack output equatign, As with the previous example,
these bias terms were estimated using the modified Newtphg®a algorithm in the time do-
main, with the values for the derivatives and the time delelg fixed at those given in Table
6.2. The estimate af,;, was -1.0689 with a relative standard error of 13®%2vhile b, was
found to be -0.0021 with a relative standard error of 1%4@heil’'s inequality analysis was
then carried out, with the following results,

a:U =0.0757, Ug =0.0000, Uy =0.0016, U = 0.9984
q:U =0.0946, Up = 0.0010, Uy = 0.0404, Uc = 0.9585

Therefore, a very close match between the measured andiei@nésponses was achieved.

Data for an elevator doublet manoeuvre was then used toataliie model identified from
the 1-1-2 input. The measured and predicted responses dte ahattack and pitch rate are
displayed in Figure 6.6 along with the elevator time histdrgeil’s inequality analysis on the
predicted residuals produced the following results,

a:U =0.0943, Up = 0.0000, Uy = 0.0092, Us = 0.9908
q:U =0.0959, Ug =0.0957, Uy = 0.0076, Uc = 0.8967

Both the plots in Figure 6.6 and Theil’s inequality analysdicate that the predicted response
provided a satisfactory match to the measured data.

As with the dutch roll estimates presented in Section 4 &getfare discrepancies between the
estimated short period derivatives and éhyariori values given in Chapter 2. The worst affected
are m,, andm, for which the experimental values are around 40% of empigséimates.
However, the analysis above indicates that the estimates statistically reliable. Again,
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despite the inputs having been designed using limatdiori information, there was enough
information content in the data to obtain satisfactory peeter estimates. This further confirms
the suitability of the multistep input approach for the windnel experiments.



Chapter 7

Estimation Issues for UAVS

7.1 Introduction

This next chapter of the thesis focuses on two issues thaifgrarticular concern when per-
forming estimation on UAVs. The first is estimation in theg@rce of atmospheric turbulence.
It has already been mentioned that flight tests of aircraftumually performed early in the
morning when the thermal activity responsible for turbgkeis at a minimum. However, be-
cause of their low mass and inertias in comparison to manitechft, UAVs will be more
susceptible to the effects of turbulence, especially tlhitesgsed as miniature UAVS. For these
aircraft, it may not be practical to wait for the favourabtenditions required to assume that the
data is free of turbulence, therefore methods for paranestimation which explicitly model
turbulence effects are considered.

The second issue is estimation of the open-loop charatitsrigf the aircraft from data in
which closed-loop feedback control was used. If an airaafttains any form of feedback
control system then, ideally, these should be disengagedglflight tests as they will tend
to mask or augment the bare airframe properties. Howevere sorcraft configurations, such
as UCAVs, have inherently unstable airframes and therefarmot be flown safely without
some form of stability augmentation system. Further, beead the drive towards autonomous
operation, the level of control system architecture emgdibbgn UAVS is high, even for aircraft
with stable airframes, and it may not always be practicaig¢erjage the control systems prior
to flight testing. Hence, this chapter also discusses sopertsof extracting the stability and
control derivatives of the bare airframe from closed-logghtl test data.

7.2 Estimation in the Presence of Atmospheric Turbulence

The equation error and output error methods outlined in tie®ipus two chapters are not
suited to estimation when the measurements are corruptedrbylence. In Chapter 4 and
Appendix B, it was shown that process noise leads to an isete@ariance in the least squares
parameter estimates, while the output error approach aalyumts for measurement noise and
may struggle to converge if the process noise is signifiddote that, as well as atmospheric
turbulence, another source of process noise could be enrtiie measurement of the control
input variables, including motion variables fedback ag péra flight control system. Two
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methods which can be used when data is corrupted by both neeasat and process noise are
presented below.

7.2.1 Maximum Likelihood Filter Error Method

The first method to be considered is an extension of the oetpat approach also based on
maximum likelihood estimation. To start with, a generakln form of the aircraft equations
of motion will be considered. This can be written as,

X(t) = AX(t)+Bu(t) + Fw(t) + b,, X(to) = Xo (7.2.1)
y(t) = Cx(t)+Du(t) + b, (7.2.2)
z(i) = y(i)+Guv(i), i=1,2,...,N (7.2.3)

The state equation (7.2.1) has an additional tEmit), wherew(t) is process noise, charac-
terised as zero-mean Gaussian noise with an identity sppelensity, used to model the effects

of atmospheric turbulence. The matifixis the process noise distribution matrix, which is
assumed to be diagonal. In the measurement equationy tiscrete observations gf are
corrupted by measurement noigg), which is assumed to be a sequence of Gaussian random
variables with zero mean and identity covariance. The m&ij is the measurement noise
distribution matrix. For completeness, the vectors of lechpiased, andb,,, which account

for uncertainty in the initial conditions and biases in theasurements of the input and output
variables, are also included in Equations (7.2.1) andZY..2n general, the elements Bfand

G, are unknowns.

The above model of turbulence as a white noise process iy@weple one and attempts have
been made to incorporate more sophisticated turbulencelsodo the equations of motion.
For example, Foster [140] used the Dryden spectrum [148hichvturbulence is modelled as
a first order Gauss-Markov process,

Ty = —axy + bl (7.2.4)

wherez, is the gust velocity component, is the driving process noise ardandb are the
statistical parameters characterising the turbulences@&lgust components are then added to
the system as additional states. The drawback of this apipliedhat the increased number of
states means the problem is computationally slower to sélig®, it requires the specification
of the turbulence noise statistiasandb, which are difficult to determine and vary from case
to case. Further, it has been shown that the estimates dfabiity and control derivatives are
largely unaffected by the model chosen to represent tunoel§€l49]. As the primary interest
of the parameter estimation process is to obtain relialilenates of the stability and control
derivatives, rather than estimate turbulence parametees) be seen as advantageous to retain
the simpler white noise process model. However, if the gostppnents are estimated during
the data compatibility check then a model of the form of Egunat7.2.4) is often utilised. This

is discussed further in Chapter 9.

The appearance of the process noise term makes the equaitimagion stochastic, meaning
that a state estimator such as the Kalman filter is requiréckeégrate the aircraft states. The
Kalman filter was introduced in Section 3.3, where its usestmsor fusion and attitude de-
termination was outlined. State estimation is a two stagegss. Firstly, there is a prediction
step in which the aircraft states for the next time point alewdated. This is then followed by
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a correction step in which measured data is incorporataedpodave the estimates of the states.
Using the discrete-time form, the expressions for the jptedi state vector and subsequent
predicted output vector for thi¢h data point are,

X(i) = ®X(i—1)+ ¥Bu(i—1)+ @b, (7.2.5)
y(i) = CX(i)+Du(i)+b, (7.2.6)

wherex andy are the predicted state and output vector respectively. rmakix ® is the
state transition matrix an@ is its integral, the definitions of which were given previlyus
Equation (5.4.5). The term(: — 1) is again the average of the control inputs at the 1)th
andith data points. The vectorcontains the corrected state variables, which are detednin
from the following correction step,

X(1) = X(1) + K[z(z) — y(i)] (7.2.7)
whereK is the Kalman filter gain matrix.

In situations where the aircraft dynamics can be modellathas-invariant and perturbations
from trim are small, the steady-state form of the Kalmanrfitten be used. This significantly
reduces the computational burden of the problem becaud¢alngan gain matrix only has to
be computed once rather than at each point in time. The st&atly gain matrix is calculated
using the expression,

K =PC'R™! (7.2.8)

whereP now denotes the covariance matrix of the state predictiar andR is the covariance
matrix of the residual$z(i) — y(¢)]. CovarianceRr is related tdP and the measurement noise
covariance matri>GUGvT by,

R=G,G! +CPC (7.2.9)

The cost function for the filter error method takes the sammm fas that given in Equation
(5.3.2) for the output error method,

7(6,R) = 2 > [2i) ~ YR a) — (5] + 5 I RI +

i=1

Nn,

In(27) (7.2.10)

and.JJ can be minimised again using the modified Newton-Raphsanittign outlined in Chap-
ter 5.

Now, as well as the system matricksB, C andD, along with the lumped bias terrbs andb,),
the elements df, G,, K andR are unknown parameters to be determined. However, inaudin
all of the above terms in the parameter ve@avill lead to identifiability problems from trying
to estimate a large number of parameters from a limited atafudata. To solve this problem,
three formulations of the filter error method have been psepd139, 34]. In general, all three
approaches includa, B, C, D, b, andb, in the unknown parameter vectér A choice is
then made regarding which of the remaining terms to estichatetly and which to calculate
posteriori The first method is termed the natural formulation, in which elements off and
G, are added t@. However, the maximum likelihood cost function must be mmisied with
respect to the residual covariance and the approach hagdagwhto suffer from convergence
problems, caused mainly by complex relationship betwed&nandR. Also, estimation of is
by far the most complex part of the algorithm, hence, in tha,ghis formulation was limited
by the computational burden. The second approach, terneedrlovation formulation, seeks
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to overcome the difficulties with the natural formulationibgtead estimatin® andK. The
residual covariance is determined in a similar manner tathiput error method i.e. with the
asymptotic approximation,

R =+ > [200) ~ Y0 [26) ~ YO (7.2.11)

andK is included inf. A drawback of this approach, however, is that it is diffidolinterpret

if the estimated elements &f are reasonable as they have no direct physical meaning, RIso
andK are estimated separately but are related by Equation 5@ e two estimates may be
incompatible. The third approach is a combination of thewraiand innovation formulations.
The residual covariandg is estimated using Equation (7.2.11) and the process noagxm
F is included as an unknown parameter. As mentioned abovienaggin of F is the most
computationally intensive part of the algorithm. Howeuie elements of are easier to
interpret than those &€ and the method has been found to perform well in practicerefbee,
only the third formulation is considered for the rest of ttimpter.

7.2.2 Filter Error Method Algorithm for Linear Systems

The major steps in the filter error algorithm are as follows,
1. Specify initial estimate of i.e. elements oA, B, C, D, F, b, andb,,.
2. Determine an initial estimate of the residual covarigRdeom (7.2.11).

3. Calculate the Kalman gain matt&and perform state estimation to determine predicted
outputy.

4. Compute a new estimate Bffrom (7.2.11).
5. Execute the modified Newton-Raphson algorithm to up&ate
6. Repeat steps 3-5 until convergence is achieved.

For step 2, the initial estimate & is usually obtained by assuming that all noise within the
data is measurement noise [34], in which case the Kalmanmainx K, the process noise
distribution F and the state prediction error covariarfeeare all zero. Steps 3 to 5 of the
process outlined above will now be described.

The Kalman gain matrix is calculated from Equation (7.2v)jch requires knowledge d1.
The state error covariance is found by solving the contisttoue Riccati equation,

1

AtPCTR‘10P+ FFT =0 (7.2.12)

AP + PAT —
whereFF” is the process noise covariance matrix. The Riccati equatm be solved using
Potter's method for eigenvector decomposition [139, 34istly, the following Hamiltonian
matrix is constructed,

A —FF"
1 ~ATp-1 T
-—5C'RTC A
The matrixH is of size(2n, x 2n,), wheren, is the number of states. The eigenvalues and
eigenvectors oH are then calculated and the matrix of eigenvectors is parét into two

H— (7.2.13)
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equal parts such that the eigenvectors corresponding ®idglkeavalues with positive real parts
(unstable eigenvalues) are in the left half of the eigermrewiatrix. Note controllability by the
process noise and observability ensure that exactly haléihpenvalues will have positive real
parts [139]. So, if the eigenvector matrix has been reagdrand further partitioned into 4
n, X n, matrices such that it can be written as

En En
E= 7.2.14
lEm E22] ( )

then the state-error covariance is found from
P=—EnE; (7.2.15)

and Equation (7.2.8) can be used to find the steady-statd&gand the state estimation can be
performed using Equations (7.2.5) to (7.2.7).

Now, having obtained the predicted output vegtpthe next stage in the procedure is to cal-
culate the sensitivitie8y/06 required by the modified Newton-Raphson algorithm. Firstly
partial differentiation of the Kalman filter equations (BRto (7.2.7) with respect t@ is per-
formed,

ox(i+1) _ _oxG)  _OA_ . OB _db, OX(1)
o9(i)  Ox() oC. . D ob,
ox(i)  Ox() L oyl) oK
o = gt — K+ o [2) = 5] (7.2.18)

Note that Equation (7.2.16) is only an approximation of thee tpartial derivative ok with
respect t@ as there is a large computational cost associated withrdetieg the term@® /00
andoW /00. However, this approximation is adequate for a small vafuA#[34] i.e. a high
data sampling rate, which is usually the case in practice.

All terms within equations (7.2.16) to (7.2.18) are easibtaoned with the exception of the
partial derivative oK with respect tad. Differentiation of Equation (7.2.8) with respectéo
gives .
oK OP_,_ oc' _

80_8BCR +P80R (7.2.19)
Note that the residual covariance matixs fixed for each iteration so is not differentiated with
respect t@ in Equation (7.2.19). The partial derivative®ivith respect t@ is then calculated

by differentiating the Riccati equation (7.2.12) with respto®8,

OP  OA OAT  oP 1 OP 1 _ocT
A+ —P+P—+ A" ——C'R'CP- —P—-R!CP
06 06 o0 "o " Atow Al 00 (7.2.20)
1 _ s ,0C 1 oo 0P _OFT OF_
_EPC R 8_0P_EPC R 00_0+F0—0+0_0F_0
To make the above expression more manageable, a numbetteffrtteecan be grouped together
and recognising tha® andR are symmetric, therefore” = P andR” = R, then Equation
(7.2.20) can be rewritten in the form,

_OP OP-7 - 7
Asgtagh =CHC (7.2.21)
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where,
A—A—iPcTR—lc—A—iKc (7.2.22)
N At N At o
- OA 1 _ 4 ,0C_ OF .
C= —8—0P+ KtPC R 0_0P_ %F (7.2.23)

Equation (7.2.21) represents a set@f Lyapunov equations, wherex = n,, x n, and is the
number of elements in the Kalman gain matkx The Lyapunov equations have the general
form AX + XA” = B. To solve Equation (7.2.21) fatP/08, the following transformations
are introduced,

~/

A = TAT (7.2.24)
(C+C"Y = T HC+CO)T (7.2.25)

whereT is the matrix of eigenvectors é&f andt again denotes the complex conjugate transpose.
The transformation in Equation (7.2.24) makes the mafidiagonal, in which case Equation
(7.2.21) becomes,

~/ 0P ! 0P ! ~ 1 = =T/
A (%) + (%) A'l=(C+C) (7.2.26)
In general, the solution t&X + XAT = B whenA is diagonal is [34],
B..
Xii= —2 7.2.27
v (7.2.27)
Therefore, for each of the, sets of Lyapunov equations,
' (C+CY.
00 i Au‘ + Ajj

The partial derivative oP with respect t@ is then obtained through back transformation,

oP oP\’
- - T
5 T <aa) T (7.2.29)

Having calculated the output sensitivities for each of Aheata points, the modified Newton-
Raphson update is calculated in a similar manner to thah&output error method,

o= {1 % [} (SR %o sa} a0

1=1

and the parameter estimates for {ther 1)th iteration are found from,
0,1 = 0), + A6 (7.2.31)

The convergence criteria outlined for the output error rodiin Section 5.7 is also used for the
filter error method. As well as the process described abbeemiethod must also incorporate
some computational checks to ensure that the results dedexge physically meaningful and
to ensure the algorithm does not suffer from convergendeulties. These are discussed
briefly below.
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Firstly, it must be verified that the measurement noise ¢canae matrivaGf, related to the
residual covariance matriR generated during the computational process, is realistlis
means that it must be positive semi-definite and corresptmtse constraint that the eigen-
values ofKC must be less than or equal to 1 [139]. If this constraint idatex, a correction
factor must be applied to the modified Newton-Raphson paemu@dateAd, resulting in a
nonlinear programming problem. A linear approximationtie tonstraints can be expressed
as,

(KC)ii + a(gg)“’Ae i=1,2,...,n, (7.2.32)
where,
d(KC) oK oC
6 = 20C K59 (7.2.33)

If after the parameters have been updated with the uncamstkranodified Newton-Raphson
algorithm, given by Equation (5.3.7) 0f then, constraints have been violated then the con-
strained parameter update vector is used instead. Thigaa by,

2 -1 ) -1 -1
AB, = NG — (%) LT {L (%) LT} S (7.2.34)

whereL andS are calculated from,

- O(KC )y
L(z,7) = (89) (7.2.35)
S = 1—(KCli, i=1,....Lj=1,.. ng (7.2.36)

Secondly, the cost function is minimised with respect tchi#band R, which are calculated
separately. However, the basic modified Newton-Raphsarittign does not account for how
6 andR influence each other. This can lead to strong correlationds the turbulence distri-
bution matrixF, which is included ir@, andR and, in turn, affect convergence of the algorithm.
Hence, to compensate, another correction factor can betasstjust the estimate &f each
timeR is updated. For théh diagonal element df, Maine and lliff [139] suggest the follow-
ing correction,

Z’}il CZ?»T’QId /TQId/TneW
frew — pod [ =7 iyjcz ) i=12, . n, (7.2.37)
Ej:l ij !l 5
wherer; denotes thgth diagonal element dR~* and C;; is the entry occupying théh row
andjth column ofC. The superscripts “old” and “new” refer to the previous apdated values
of the residual covariance mattfix To ensure a smooth convergence, generally the estimate of
R is held fixed for the first few iterations, while the estimabéthe elements df are updated.

Finally, it has already been observed in Chapter 5 that thdifred Newton-Raphson algorithm
can sometimes perform poorly when the cost function is ngats minimum. Therefore, one
of the routines to avoid this problem, such as parameteiirigabr a line search, must be in-
corporated into the filter error algorithm as well. Figurg iflustrates the major computational
steps of the filter error method for linear systems.
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Figure 7.1: Computational steps of the filter error method
for linear systems

7.2.3 Filter Error Method Algorithm for Nonlinear Systems

The filter error method for nonlinear systems is very sintitethat for the linear case outlined
above. The major differences between the two are the fornnefkialman filter used for
state estimation and how the sensitivities are calculategeneral set of nonlinear equations
describing the aircraft dynamics can be written as,

X(t) = f[x(t),u(t), 8] +Fw(t), X(to) = Xo (7.2.38)
y(t) = glx(t),u(t),0] (7.2.39)
z(1) = y()+Gyuv(i), i=1,2,...,N (7.2.40)

where f and g denote the nonlinear system functions. When the equatindsriwconsidera-
tion are nonlinear an extended Kalman filter (EKF) is usedstate estimation of stochastic
systems. Like the linear case, a steady-state form of theiEK&ain suitable for most applica-
tions, although, as mentioned previously, a time-varyiligrfimay be necessary if the system
parameters are time-varying or the aircraft manoeuvre ruedamination involves large de-
viations from trim. The steady-state filter discussed herssists of a prediction step with a
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nonlinear model followed by a correction step based on adnd¢r approximation of the state
and measurement equations. The equations for the preugip are,

t(4)
(i) = X(i—1)+ /t('_l) FIX(£),0(i — 1), 8]dt,  X(to) = Xo (7.2.41)

y(i) = g[X(i),u(7), 0] (7.2.42)
while the correction step is achieved using,
X(i) = X(i) + K[z(z) — y(i)] (7.2.43)

Integration of the functiorf from one time point to the next in Equation (7.2.41) is achdev
using a suitable numerical scheme, such as the 4th-ordegeRiKintta method introduced in
Chapter 5. The Kalman gain for Equation (7.2.43) is caledah the same way as for the
linear case,

K =PC'R™! (7.2.44)

with the state-error covarian€eagain calculated by solving the continuous-time Riccatieeq
tion,

1
At
Estimates of the system matricAsand C for the nonlinear case are obtained using central-
difference formulas, with the elementsAfandC formed from,

AP + PAT — —_PC'R™ICP+FFT =0 (7.2.45)

Ay w XX U0l = file = 0% WOy (7.2.46)
20X; N

Cz] ~ gz[x+6xjvua ] gz[x 6X]7u7 ] , 7/: 1727---7ny;j — 172’.“’n$ (7247)
25)(]' X=Xo

wheredx; represents a perturbation in thh state variable. Note, linearisation of the system
equations is performed about the initial conditiogs

For the calculation of the sensitivitiély /00, the finite-difference approximation described in
Section 5.5 is used. For a small perturbatiéh in each of theny unknown parameters, the
resulting perturbed observationsare computed and the sensitivities are given by,

y(i) _ [9,0i) = y()]

o0, ~ 50, (7.2.48)
The perturbed observations are computed using equatidhd{J to (7.2.43)
t
X, (i) = X,(i — 1) +/ fIxp(t),u(i), 0 + 660;]dt (7.2.49)
ti—1
¥, (i) = g[%, (i), u(i), 6 + 50;] (7.2.50)
Xp(1) = Xp (i) + Kp[2(i) — ¥, (2)] (7.2.51)

with the perturbed gain matrix calculated using equatioB.8j

K,=P,C/R™" (7.2.52)
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The perturbed state-error covariance mafjxis obtained by solving the Riccati equation
with the perturbed system matricas andC, approximated using central-difference formulas
(7.2.46) and (7.2.47). Note, that the residual covariddcemains fixed throughout. As with
the output error method, a typical value for the perturbafalls in the region ofle %6, to
0.01;.

The calculation of the output sensitivities using the famvedifference approximation is less
computationally intensive than the process described ati@e7.2.2, as it does not require
that a set of Lyapunov equations be solved to fiitjf90 which, in turn, are needed to find
0K /06. Note that the derivative o with respect tad is still required when checking the
constraint that the eigenvalueskb€ < 1 (see Equation (7.2.33)). For the nonlinear case, this
is also obtained using a forward difference approximation,

d(KC) _K,C,—KC
a0, 00,

(7.2.53)

The filter error algorithm outlined in this and the previoestions is robust in the sense that
it can be used to solve nonlinear estimation problems wherexperimental data is corrupted
by measurement noise and atmospheric turbulence effectthelpast, the amount of com-
putational power required to run the algorithm has beerd@sea drawback. However, with
advances in digital computing power, this is less of an is€uethe downside, it is clear that
the method is very mathematically-involved and it is by fee thost complex algorithm that is
used for aircraft parameter estimation. Care also has takemtto ensure that the model struc-
ture used for the estimation process is correct becausdttresfiror method will always yield
a good match to the measured response, even if importans ierthe mathematical model
have been omitted [34]. In essence, the algorithm assuraearly unmodelled dynamics are
due to turbulence and lumps these effects into the process teym.

7.2.4 Extended Kalman Filter Method

For the filter error method described previously, staterestion and parameter estimation were
performed separately, with the states determined usinge domrm of Kalman filter and the
parameter estimates subsequently updated using the ndddéieton-Raphson algorithm. The
second approach to be outlined in this chapter is one in wétite and parameter estimation
are performed simultaneously using an extended Kalman filtee steady-state form of the
EKF was been used in the previous section for state estimafiaonlinear equations for the
filter error method. However, for simultaneous state andmpater estimation, the time-varying
form of the EKF is required.

To start with, the unknown parameters are artificially define additional state variables that
remain constant over time,

0=0 (7.2.54)
and an augmented state vector is formed,

X, = [xT 67]"

(7.2.55)
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S0, using the general nonlinear model defined in equatiotieiprevious section,

o - [

falXa(t), u(t)] + Faw,(t) (7.2.56)
y(t) = ga[Xa(t), u(t)] (7.2.57)
2(i) = y(@)+GV(), i=1,2,...,N (7.2.58)

where f, andg, are the augmented system functions &jds the augmented process noise
distribution matrix.

As in section 7.2.3, the EKF used to estimate the states stsnsi a prediction step with a
nonlinear model followed by a correction step based on adider approximation of the state
and measurement equations. However, as already mentiarigde-varying filter is used in
this instance, hence as well as propagating the statesrrmwéme the filter must also update
the state-error covarian€ The equations for the prediction step are,

X, (1) = X, (i —1) / flXa )]dt, Xa(1) = Xa0 (7.2.59)
Po(i) ~ ®,(i)P.(i)®T (i) + AtF,FL, P,(1) = Py (7.2.60)

where Equation (7.2.60) is a valid approximation for a higltadsampling rate. The state
transition matrix is determined from the approximation,

, At?
P, (i) = DA | 4 AL ()AL + A, (7)? ; + - (7.2.61)

where the augmented state matixis defined as,

OfalXa(t),u(t)] B [8f/8x of /06
X, Xafa i) |0 0

Au(i) = (7.2.62)

} Xq=Xa (%)

A numerical technique, such as the 4th-order Runge-Kutthode is again used to integrate
the states forward in time in equation (7.2.59).

The correction step of the EKF is carried out using the follmyequations,

Y(t) = gal%a(i),u(i)] (7.2.63)
Ka(i) = Pu(i)CL(i)[Cali)Pa(i)CL (i) + G,GL] ™ (7.2.64)
a(i) = Xa(i) + Ka(i)[2(i) = ¥(0)] (7.2.65)
Pa(i) = [ = Ka(i)Cal)IPa(i)[l — Ka(i)Cali)]" + Ka(i)G,GI KL (i)  (7.2.66)

whereK, is the augmented Kalman gain matrix and the augmented sys&rixC,, is defined
to be,
Ogala (1), ()] _ [@ @}
O0X, Xa=%a i) ox 0], 5 )

Approximations of the augmented system matrisggndC, are obtained in a similar manner
to those in Equations (7.2.46) and (7.2.47) using the cedtifarence method.

Cli) = (7.2.67)

It is necessary to specify the initial conditiong andP,, to start the algorithm. The initial
covariances withif®,, which correspond to the unknown parametgrsflect confidence in the
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starting values for these parameters. If prior knowledgba®falues of the stability and control
derivatives is limited, then the covariances witlRin should be set to relatively high values,
indicating reduced confidence in the initial estimates [3@}is will improve the algorithm’s
ability to track changes in the parameter values. Standaritions of the parameter estimates
are also obtained by taking the square roots of the eleméits o

Compared to the filter error method, the EKF is not as mathieaigt complex. Another ad-
vantage it has is that it can be used for real-time, or regerpiarameter estimation [34]. This
may be particularly important for UAV applications becaaseeduced development time is
often a driving factor in the design of unmanned aircraftwideer, prior specification of val-
ues for the process and measurement noise covariance esafj&. andG,G”, is needed.
The measurement noise covariance can be obtained fromatabpicalibration of the instru-
mentation or from the smoothing procedure described ini@edt3. Specifying the process
noise covariance is more difficult. The elements correspgni the aircraft states will reflect
the levels of atmospheric turbulence within the data. Ferahgmented states, representing
the elements o8, the values irF,F. are generally set to zero, as the parameters have been
assumed to remain constant over the observation periodattige, a certain amount of tun-
ing of Py, F,F1 and GUGZ may be required before the algorithm performs well and this i
the method’s main disadvantage. As well as the problem dafigfieg the noise statistics, the
first-order approximation used in the propagation of theestand error covariances may not be
accurate enough to represent system nonlinearitiestiregui biased estimates or divergence
[150]. To overcome this, evolutions of the EKF, such as thecanted Kalman filter, have been
developed [151]. However, comparative studies have fobatithese approaches offer no sig-
nificant performance gains over the EKF for aircraft paranestimation problems [34]. The
performance of the EKF can also be improved by incorporaiamoother into the algorithm.
However, this requires knowledge of future data pointsckearan only be used post-flight. The
EKF combined with a smoother is commonly used for the datapaaitility check, which is
an off-line process, and is outlined in Chapter 9.

7.2.5 DEMON Roll Mode Example

As an example of estimation in the presence of turbulencalysis of the roll dynamics of
the 1/3 scale DEMON UAV is presented next. During the windnelrexperiments, it was
observed that the aircraft model was prone to an uncommamotied) motion, a phenomenon
which had been encountered in previous research with the: twimel facility. This was caused
by fluctuations in the local flow velocity at various points@ss the span of the working section
[152], resulting in a differential in the lift produced bydawgaircraft wing.

The analysis presented here was carried out on a segmertaata#aining two aileron dou-
blets. The time delay in the input was found, from inspectbthe data, to be 0.30 sec so the
aileron input was time shifted manually by this amount ptmestimation. To start with, it
was assumed that the turbulence effects were negligiblehich case the equations of motion

were,
Lﬂ N [lf 8] m * mg (7.2.68)

and estimation was performed using the time domain outpot approach to determine values
for [, andl.. The starting values for the output error method were obthfrom least squares
regression ag, = -10.9998 and, = -1.6932 and the final estimates, along with their standard
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errors, are given in Table 7.1. Convergence was reached/aterations and,,,,, = 2.99 sec.
The standard errors ¢f andl, were acceptable but the correlation coefficient betweetnbe
parameters was relatively highat 0.8699.

Figure 7.2 shows the measured roll rate and roll attitude tirstories along with those obtained
using the identified model. It can be seen that the match leetvlee two is relatively close
around the points where the two aileron doublets were agpplidowever, during the period
between the two inputs, there is clearly some unmodelldshgoiotion, which is due to the
turbulence caused by the local flow fluctuations. The resitilt$heil’'s inequality analysis were
as follows,

p: U =0.2016, Up = 0.0019, Uy = 0.0306, Ux = 0.9675
¢: U =04159, Up =0.1154, Uy =0.1332, Us = 0.7514

The above numbers indicate an adequate match between teane@¢and identified responses
for the roll rate. However, the agreement is not as closeradll attitude, with the covariance
portion being relatively low. From the discussion in Sect#b5, the low value ot/> suggests
the presence of a nonsystematic error in the data, such esgsraoise.

g 100[s/|]]
[, -18.0436 13.72
e -2.3761  9.21

Table 7.1: Estimates of DEMON roll derivatives from
output error method
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Figure 7.2: Measured and identified responses for aileron
doublets: output error method

Estimation was then performed using the maximum likelihfittdr error method, with the
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equations of motion in (7.2.68) extended to,

p o lp 0 b l§ fp 0 Wp

o= o B e 2L 726
where f, and f, are the elements of the process noise distribution matrbetaetermined,
while w, andw, represent the process noise in each equation. As for thetoer method,
the initial estimates of, and, for the filter error method came from least squares regressio
while f, and f, were both given a starting value of 0.01. Convergence wagasthin 10.02
sec and took 9 iterations. Table 7.2 shows the final estinaaigéstandard errors. In comparison
to the output error estimates, the values,oéndl, obtained using the filter error method are

around 20 to 25% lower. The standard errors are slightly higher but remageptable and
there is also less correlation between the stability andrabaerivatives (see Table 7.3).

Ly le Jo fo
e/l I, 1 07946 0.1938 0.0008
, 13, - i - 1 01260 0.0003
le -1.9348  12.30 [ T 00051
f, 0.4189 4.09 fZ . ] 1

f, 0.0821 3.97

Table 7.3: Correlation coefficients for
DEMON roll derivatives - filter error
method

Table 7.2: Estimates of DEMON roll
derivatives from filter error method

Figure 7.3 shows the measured and identified roll responstsned using the filter error
method. Visually, the match is much better than that for thiput error method in Figure 7.2.
The filter error method is able to account for the uncommand#ithg motion between the
aileron doublets and, in fact, it is difficult to discern th&etence between the measured and
identified responses. The results of Theil's inequalitylgsia also indicated high confidence
in the identified model,

p: U =0.0436, Up = 0.0009, Uy = 0.0019, Us = 0.9971
¢ :U =0.0217, Ug = 0.0005, Uy = 0.0014, U = 0.9981

A good visual match between the measured and identified mesphiowever, does not imply
that the identified model is adequate, especially when u$iadilter error method which, as
describe previously, will tend to lump any unmodelled dyr@ninto the process noise term.
This makes the validation process crucial for establishimegsuitability of the model, hence
the identified model was used to predict the response to anatleron input not used for the
preceding parameter estimation process. Plots of the mexhaund predicted responses to this
input are given in Figure 7.4. The fits between the measurdgeadicted data for roll rate and
roll attitude are both very close. Theil’s inequality are$yalso suggested accurate matches,

p:U =0.0761, Up = 0.0742, Uy = 0.0966, Uc = 0.8292
¢ :U =0.0297, Ug = 0.0006, Uy = 0.0819, Uc = 0.9175

Next, the EKF approach was used. Although the data was bemgsed after the experiment
had been performed, the analysis presented here used thafkmould have been imple-
mented in real-time i.e. no smoothing was incorporated theoprocess. The elements of
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the state covariance matri, were all set to large initial values, to help the algorithick
large deviations in the states, and the measurement noiagaace matrix was estimated from
Fourier smoothing analysis to be,

5.415 x 1074 0

0 3.8 x 1076 (7.2.70)

G,G” =

To start with, the algorithm was run assuming that there w#s turbulence in the data and
the diagonal elements of the process noise covariancextfi were set to ¥ 1010, It took
the algorithm 1.24 sec to analysis the data and the resuttergified responses fgr and ¢
are plotted in Figure 7.5 against the measured time histotie this case, the EKF behaved
very like the output error method, with the identified modeltaining closely to the measured
response in the regions where the aileron doublets weresadpit is unable to account for the
changes in roll that occur in the time between the two inplitss could have been expected,
as it was assumed that the majority of the noise corruptiegdtita was measurement noise,
while the process noise was negligible. The results of Bhigikquality analysis pointed to a
good match between the measured and identified responsed fate but less agreement for
the roll attitude responses,

p: U =0.2147, Up = 0.0022, Uy = 0.0055, Uc = 0.9923
¢: U =0.1376, Up = 0.0246, Uy = 0.1811, Ue = 0.7943
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Figure 7.5: Measured and identified responses for aileron
doublets: run 1 of the EKF

Next, the time histories of the estimated derivatileandl, were examined. These are shown
in Figure 7.6 along with the corresponding estimates from dhtput error and filter error
methods. Note that both the middle and bottom subplots shewetsults fol, but the bottom
plot focuses on the last 1.5 seconds of the data, which cdendiscerned clearly from the
middle plot. The initial estimates &f andi, for the EKF were, again, those from least squares
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regression. Focusing dp, from its initial value the derivative rapidly decreasesragnitude,
changes sign after just 0.1 sec and reaching a peak of aroutsd/alue then rapidly decreases
and becomes negative again. At a time of around 1 sec, the @akillates around -14 before
becoming more constant over the rest of the time period.Hedlieist 10 data points, the average
value ofl, is -13.81, which is closer to the filter error estimate that dutput error estimate,
despite the initial assumption of the process noise covegi®eing very small. The evolution
of the estimate fot, is much more settled than féy. However, there is a sharp increase in the
estimated value around 0.6 sec where it peaks at a value pROva he estimated value then
quickly returns back to the region around -2. Again, theneate ofl, from the EKF matches
more closely to the filter error values in comparison to tHosen the output error method (as
can be seen in the bottom plot), with the average value oedagt 10 data points being -1.96.
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Figure 7.6: Comparison of parameter estimates from run
1 of the EKF, output error method and filter error method

The standard deviations ¢f and/, expressed as percentages of the estimated magnitudes are
plotted in Figure 7.7. For both derivatives, the initialrstard deviations are high, which is a
result of the initial state covariand®,, being large, and remain so during the first second of
data. This corresponds to the regions in which the estinfzdesimeter values fluctuated most
(see Figure 7.6). As more data points were analysed, thedema in the parameter estimates
grew, with the final standard deviations being less théhdf the estimated derivative values.

The EKF was then run for a second time with the same initiatidamns except that the process
noise covariance was chosen to match that estimated frofitténerror method. The measured

and identified responses fprand ¢ are plotted in Figure 7.8. This time, the visual match
between the measured response and the identified model is amser and is comparable

to that obtained with the filter error method (Figure 7.3).eilh analysis also indicated an

improved match, particularly for the roll attitude respens

p: U =0.0159, Up = 0.0051, Uy = 0.0190, Uc = 0.9759
¢ :U =0.0001, Ug = 0.0093, Uy = 0.0002, Ucs = 0.9905
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Figure 7.9 shows time histories of the estimate ahdl.. Again, the estimates obtained with
the output error and filter error methods are also shown. mpasison to the time histories
from the first run (Figure 7.6), the parameter estimates arehrmore constant and the oscilla-
tions in the derivative values within the first second areaslarge. Based on the last 10 data
points, the average estimatesipfand/, are -12.45 and -1.81 respectively. As with the first
EKF analysis, these values are closer to the filter erromeaséis than the output error estimates.

The relative standard deviations of the estimates are giMeigure 7.10. The confidence in the
estimated values is, again, at it lowest near the start ofl#ét@ segment. However the relative
standard deviations are not as high as they were in the fimsparticularly forl,. After 1 sec,
the confidence in the estimated values increases, withaneatd deviation in each parameter
dropping to around % and remaining relatively constant for the remainder of titadegment.

-5
— Extended Kalman Filter
_a = Output Error Method
@ _iol = Filter Error Method _
=]
Qo
[a)
5 -15¢ -
12
_20 | | | | | L
0 1 2 3 4 5 6
Time (s)
-15 T
R . —

|
N
¢

—— Extended Kalman Filter
= Output Error Method
= Filter Error Method

|
w
T
1

Aileron Control Power IE
[
N
(&)}
T
Il

1 2 3 4 5 6
Time (s)

I
w
o1

Figure 7.9: Comparison of parameter estimates from run
2 of the EKF, output error method and filter error method

The same aileron input used to validate the model identifiewh fthe filter error method was
then used to validate the EKF estimates obtained on the deaanThis is illustrated in Figure
7.11, in which the roll rate and roll attitude measurememespotted against the predicted
responses generated using the EKF results. As with the diiter method, there was good
agreement between the measured and predicted responsieswakhalso confirmed by the
results of Theil's analysis,

p: U =0.0914, Ug = 0.0669, Uy =0.1111, Up = 0.8220
¢: U =0.0233, Up=0.0023, Uy = 0.0806, Uc = 0.9081

As already pointed out, a major difficulty with the EKF apprbas specifying suitable values
for the elements of the process noise covariance matrix ame suning of these parameters
is usually required. However, the estimated ofnd!, (calculated as an average of the final
10 data point values) obtained from the two runs did not diffem each other significantly.
This was despite the elementsFf” in the first run being 8 to 9 orders of magnitude smaller
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than those for the second run. Hence, this finding suggestdhb values of the parameter
estimates are relatively insensitive to changeshh. A final observation was that, once again,
the derivative values obtained from the experiments wendeaddy different from thea priori
estimates. For both, andl,, the parameter estimates were almost five times smallerttiean
empirical estimates.

7.3 Parameter Estimation from Closed-Loop Data

There are two approaches to the problem, as depicted ind=iyi2. The first is termed open-
loop identification in which estimation is carried out asmaf using knowledge of the inputs
to the control surfaces and the measurements of the aiscrafiultant response. However,
motion variables are fedback to augment the input to theadtie control surfaces. Hence,
there is a potential for the derivatives with respect to thatiol surface deflections to be highly
correlated with the derivatives due to the particular motiariables being fedback. Also, mea-
surement noise introduced by the sensors is fedback alaingthd motion variables, leading
to process noise corrupting the system. This could be ofaonwhen using noisy MEMS
sensors. Further, the objective of the controller is oftesuppress oscillations and transient
motion. This is to the detriment of system identification,iethrequires sufficient excitation
of the aircraft dynamics, and is likely to lead to there beiaguced information content in
the data. A fourth issue of open-loop identification, patac to unstable aircraft, is that some
estimation methods, such as the time domain output errdnadeincorporate integration of
the equations of motion into their algorithms. Any attengpintegrate the equations of motion
for an unstable system will lead to divergence and numepicallems. This is, interestingly, is
not true for the filter error or EKF techniques. In these md#hohe incorporation of the mea-
sured data during the correction step of the Kalman filtdviksas the estimate of the states
[153, 34]. Estimation in the frequency domain also avoidsrthmerical integration problem.

The second approach is to identify an equivalent systeroyracating the airframe, the con-
troller and any subsystems which have significant dynaniicsexample the actuators. This
approach is termed closed-loop identification. The comradmadputs, rather than the control
surface deflection, is treated at the input variable. Models of the controllet aubsystem dy-
namics are assumed to be known and incorporated into theagin process meaning that the
only unknowns to be determined are still the airframe dériea. Even for inherently unstable
airframes, the equivalent system itself is stable so trermirestrictions on which estimation
techniques can be used. However, the procedure relies omaéeknowledge of the control
laws and subsystem dynamics. It also becomes complex it mairflight conditions are being
analysed, in which case any gain scheduling of the contratid variations in the subsystem
dynamics will have to be accounted for. Therefore, the réshie chapter will focus on the
open-loop approach and discuss methods of overcoming tieeons of correlated variables
and poor identifiability.

7.3.1 Data Collinearity

As described in Chapter 4, it is assumed in estimation problihat the motion variables are
independent of each other. However, if a regressor in afireggession model is equal to a
linear combination of one or more of the other regressoes) #il involved regressors are said
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to be linearly dependent [31]. This means that the estimatigorithm may struggle to find a
solution as, in theory, any weighted combination of the@ated parameters, associated with
the linearly dependent regressors, could be used to magahélasured aircraft response. This
problem is often termed data collinearity and can lead tg#rameters having large absolute
values and large variances [154, 31]. This is true regasddésvhich parameter estimation
method is used because collinearity is a data problem. Hemvigvs most convenient to exam-
ine the issue using least squares regression [128, 31, 34].

In Section 4.5 the detection of linear dependencies betwaemeters by examination of the
parameter covariance matrixwas introduced (see Equation (4.5.11)). However, the €orre
lation coefficients obtained frorR are pair-wise and only indicate correlation between two
regressors. Equation (4.5.11) could show that the paie-aisrelation coefficients are accept-
able < 0.9) but it is still entirely possible for three or more reggers to be highly correlated.
Therefore, two metrics which can be used to carry out a camplalinearity diagnostic are
described next. Note that when assessing collinearity,usual to use a scaled version of the
regressors, the derivation of which is given in Appendix (he3e are termed the standard-
ised regressors and have the same notation as that giverapteZhl but with the additional
superscript *.

The first metric is based on singular value decompositioh@efstandardised regressor matrix
X*, which can be expressed as,

X* =VST? (7.3.1)

whereV and T are matrices of sizé&/ x n andn x n respectivelyn being the number of
regressors, anflis a diagonal matrix of size x n. The diagonal elements &are known as
the singular values of* andV andT are mutually orthonormal i.&7T = VTV =1. Singular
value decomposition is closely related to the principleigéavalues and eigenvectors with,

XIX* =TS T = TATT (7.3.2)

The matrixA denotes the eigenvalues)f’ X*, which are therefore equivalent to the squares
of the singular values i8. The columns off are the associated eigenvectors.
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Correlation amongst the regressorsdhleads to the matrix*? X* being ill-conditioned, the
severity of which is indicated by the relative sizes of thegsilar values. If one or more of
the singular values is small in comparison to the largesgfusar value then this suggests linear
dependencies amongst the regressors. This concept caplassed as a condition index in
terms of either the singular values or eigenvalues,

Sma:v )\maz .
= = =12,... 7.3.3
C] S] )\] y J » Sy y 1 ( 3 )

No consensus exists as to the value(f.. = S/ Smin Which indicates the presence of
collinearity. Belsley et al [155] suggest values over 10§uree investigation. However, re-
searchers in aircraft parameter estimation have foundtgaificant collinearity can exist even
if C,naz 1S less than this figure [31, 34].

A second method for detecting collinearity is parameteravenre decomposition. Combining
Equations (4.5.1) and (7.3.2), the covariance of leastregysarameter estimates can be ex-
pressed as,

P=0o? (X TX*) ™ = *TA'TT (7.3.4)
thus the variance of thieth parameter is,

no 42

R Uy
Var(@,j):aQZ)\' :022%, k,j=1,2,...,n (7.3.5)
j=1 "7 j=1"J

wheret,; is the kth element of theth column of eigenvector matriX. In other words, the
variance of each parameter can be decomposed into a sum gboemts corresponding to
the n eigenvalues. Because, the summation of eigenvalues appeahe denominator, the
small eigenvalues (associated with collinearity) willuksn large variance foé;;. If a high
proportion of the variance in any number of the parameteasseciated with the same small
eigenvalue, then this suggests the presence of colliged@ht variance proportion for thigh
parameter corresponding to tlid eigenvalue can be written as,

- % (7.3.6)
where,
b = M and ¢, = > by _ > dng (7.3.7)

The advantage of parameter variance decomposition isttwét indicate correlation between
more than two regressors. Klein and Morelli [31] suggest gussible collinearity problems
are indicated byy; >0.5.

In summary, the collinearity diagnostic is based on thewdaton of condition indices to assess
the severity of the collinearity and variance proportiorta@aposition to investigate which
regressors are correlated [31].

Having detected collinearity, there are a number of metluddkealing with the problem [34,
31],

» Fix one or more of the correlated parameters & psiori value.
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* Includea priori information in the estimation process.
* Include more data/manoeuvres in the analysis.

The first option is probably the simplest and was used earigre dynamic wind tunnel ex-
ample presented in Section 5.10, in which the derivatiyesndn, were found to be highly
correlated. However, the disadvantage of this approadhaisitt relies on the priori values,
at which the correlated variables are held fixed, being knewtim a reasonable degree of con-
fidence. This could be a problem for unconventional UAVs # firior values are based on
empirical analysis, which could be unreliable. The secomthiwd of incorporating priori
values into the estimation process is an extension of thiedjptson and is termed biased es-
timation. This is discussed further below. On the third optiit may be difficult at first to
see how the availability of more data will provide a solutiaa all manoeuvres will have been
carried out with the flight control system engaged and, foeeethe cause of the correlation
persists. However, in reality, the flight control hardwargaduces, albeit small, time delays
into the system and the sensors will introduce noise. Thezethe motion variables and the
control surface inputs will never be completely correlated the process of concatenating
multiple manoeuvre segments together can lead to therg leeiough information content in
the data to reliably estimate the derivatives.

7.3.2 Biased Estimation

Data collinearity in linear regression problems can resuleéast squares parameter estimates
having large absolute values in comparison to the true petermvalues and parameters esti-
mates with large variances [31]. Consider the case in wihielvalue of a parametéihas been
determined using two parameter estimation techniquesestimate being unbiased and the
otherd containing a bias error[E — 0, where E again denotes the expected value. The variance
of 4 is large, while the variance ¢fis smaller, despite the presence of the bias error. This is
illustrated in Figure 7.13 [154] which depicts the probayitlistribution for both estimates.
The mean square error éfis given by,

MSE(6) = E[f — 0]> = Var(d) + {E[§ — 6]}? (7.3.8)

It is possible that for a small bias error, M$fE€ould be smaller than the variancefofFor the
above scenario, the unbiased estintateuld have come from least squares estimation, which
from the Gauss-Markov theorem has minimum variance in thescbf unbiased estimators
[154]. However, there is no guarantee that the variancebeimall, particularly if collinearity

is present in the data. This has lead to the development ofrebauof biased estimation
techniques, many of which incorporatepriori information to improve the confidence of the
parameter estimates.

One biased estimation technique that has been widely affpli@ircraft parameter estimation
is principal components regression [156, 154, 47, 53]. Theblpm of correlated variables is
dealt with by transforming the regressors to form a new setthiogonal variables, known as
the principal components. This is performed with the matfigigenvectors,

X* = X*T (7.3.9)

where ~ denotes a variable in principal components form. A similansformation is applied
to the vector of unknown parameters,

0" =T70 (7.3.10)
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Unbiased Estimate Biased Estimate

Probability__— p[6] & Probabiity__— P[8] )
distribution distribution

/

i — H

¥

0 6 o Fj
/ 7N
True value True value E[#]
Figure 7.13: Probability distributions of unbiased and
biased estimates of
The least squares estimateffis then obtained from,
0" = (XXX (7.3.11)

Utilising Equation (7.3.2), the estimate of thth unknown parameter can be written in terms
of the singular values of*,

o *1
b X, z*
k= 2

Sk

L k=1,2,...,n (7.3.12)

whereX; denotes théth column of data fronX". The principal components regression algo-
rithm analyses the singular valuesXf for each of then parameters and if the singular value
is greater than a given threshdid then the estimate @f; is obtained from Equation (7.3.12).
Otherwisef; is set to itsa priori value(6;)x. This is expressed mathematically as,

>

(7.3.13)

*
k

Xz S S > Sy
(0 Sk < Sy

The vector of parameter estimates is then transformed loatk @riginal basis,
0 =T6" (7.3.14)
The mean square error of the principal components estiragiigen by [156],
. s 1 ng
2 T 2 T
MSE(@ ) = o ; btk + i k;rltktk (7.3.15)

wherer is the number of singular valués greater than the threshof anda? is the variance
in thea priori estimated,,.

A second approach is mixed estimation, in which the leashisgucost function is augmented
to include constraints based on theriori estimates of the unknown parameters. It is assumed
that these prior constraints are availablerfoof the n, and this knowledge is formulated as,

d=BO"+¢ (7.3.16)
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whereB denotes arfm x ny) matrix of constants based on thepriori information,d is an
(m x 1) vector, whileg is a vector of random variables with the following propestie

E[s] = 0 and Hs¢'] = 0°V
whereo? is once again the constant variance of the equation errdirsedein Chapter 4 and

V is a known matrix reflecting the level of confidence in thpriori information. Combining
Equation (7.3.16) with the linear regression model in Equie4.2.3) gives,

m = &;} 0"+ {j (7.3.17)

([]) w1 7} 8

The cost function to be minimised is then,

where,

o - [ b o s
1

= —(z2 = X*6")T(zr — X*0") + %(0* — B 'd)"B'V!'B(6* — B 'd(7.3.19)

[\)

and the mixed estimate 6f is found from,

é* _ (X*TX* 4 BTv—lB)—1<X*TZ* + BTv—ld) (7320)

Prior information about the parameters can also be includéee modified Newton-Raphson
algorithm. In this case, the cost function to be minimiseldlased on that given in Equation
(5.3.4) but modified to the following,

J(0) = Z o (DR w(i) + %(0 —00)" R, (6 — 6y) (7.3.21)

i=1

where 6, is the vector ofa priori values of@ andR, is a diagonal covariance matrix, the
elements of which define the confidence of each valu@,in The update of the parameter
vector at each iteration of the modified Newton-Raphsonréalgu is then computed from,

AO=—M+R;''G+R;'(6 - 60)] (7.3.22)

whereG andM are the gradient and information matrices of the standardifred Newton-
Raphson algorithm, defined in Equations (5.3.9) and (5)3g<bectively.

The disadvantage in using principal components regressio®@d estimation or the modified
Newton-Raphson algorithm incorporating prior informatie the requirement to specify vari-
ables which define the confidence in theriori estimates(?, V and R, respectively). If
thea priori estimates come from wind tunnel experiments or previoubtfligst results, these
variables may be known. However, if the only source of infation is empirical analysis, it
is more difficult to specify appropriate confidence levelginparticularly for unconventional
UAV configurations.
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A biased estimation technique which avoids this problenidige regression. The estimate of
0 is found from, N
0 = (XX + kgl)"' X Tz (7.3.23)

whereky, is a scalar biasing parameter. Whigpis zero, the ridge estimator is the least squares
estimator. The mean square error of the ridge estimate 8,[12

Ak

MSE6) = Var(@) + {E[6 — 6]}

2

(4

; ~xT ~

= ) @t kR0 (XX + kgl) %0 (7.3.24)
1=1 ¢

The first term on the right hand side of Equation (7.3.24) esgbm of the variances of the
parameters i® and the second term is the square of the bias. Inspectionuadton (7.3.24)
reveals that an increase in the valué:giwill lead to a decrease in the variance of the estimates.
At the same time, however, the bias in the estimates wilBase. The objective when choosing
the value ofkr therefore is to select a value which results in a reductidhénvariance which

is greater than the increase in the square of the bias. If awethue can be found for, the
mean square error of the ridge estimates will be less thanatiance of the corresponding
least squares estimates.

A number of methods for selectirig,, both analytical and graphical, have been proposed [123].
Hoerl et al [157] suggested that the following equation Fa biasing parameter,
ngﬁz
Ak A%
LSeLS

kr =

(7.3.25)

whereé*LS contains the estimates of the parameters from least sqaamk$’ is again the
variance of the residuals found from Equation (4.5.12). dswghown by Hoerl et al through
simulation that the resulting ridge estimates can haverafgigntly reduced mean square error
in comparison to least squares estimates.

7.3.3 UAV Rolling Moment Example

To demonstrate the collinearity diagnostic and biasednadion, analysis was performed on
three segments of UAV flight test data containing aileronldets to determine the rolling
moment derivatives in the following equation,

C) = Clo + Clﬁﬁ + Clpﬁ + ClTT‘A + Cléé + CZCC (7.3.26)

The rolling moment coefficient; was derived from the measured data using the expression,

1 . :
Cn - (IS—Q [Ixxp - ]xz(r +pQ) + (Izz - Iyy)q’l“] (7327)

2

The aileron inputs are shown in Figure 7.14, along with thaglen position. As can be seen,
rudder inputs are being applied as well as those to the aserdhese rudder inputs are gen-
erated automatically to counteract adverse yawing motaused by drag associated with the
deflection of the ailerons. Comparing the shape of the twatitime histories in Figure 7.14,
it is clear that the rudder input is related to the aileroneditbn. Thus, it is highly likely that
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collinearity will exist betweery and¢. This automatic rudder deflection was highlighted earlier
in Section 4.7. For that example, the correlation problem awaided by combining aileron and
rudder doublet data in the analysis, resulting in greaferimation content regarding the sepa-
rate effects of each control surface. However, for the psep@f demonstrating collinearity, it
will be assumed in the current example that the only datdadsaiare these three manoeuvres.

Aileron Input

Time

Rudder Input

Time

Figure 7.14: Time histories of aileron and rudder
deflections

Table 7.4 gives the parameter estimates and correspon@ingdasd error obtained using or-
dinary least squares regression and Table 7.5 displaysdinevize correlation coefficients
between the parameters. Note that the offset t€fmwas found to be negligibly small and,
hence, removed from the model. The standard errors indtbatethere is a high level of
uncertainty in the estimates, particularly f0y,. Examination of Table 7.5 reveals that this
parameter, as expected, is highly correlated with Figure 7.15 shows the rolling moment
coefficient derived from the measured data plotted agaiestadsponse reconstructed using the
least squares estimates. Despite the uncertainty in tleneter estimates, the match between
the two is close. However, this observation simply illusgsahe point that a close visual match
between the measured and identified responses is no guaddiive parameter estimates being
acceptable.

A collinearity diagnostic using eigenvalue analysis, dtad indices and variance proportion
decomposition was then carried out. The results of this amensarised in Table 7.6. The
first column shows that one eigenvalue was found to be muchiesntizan the others and, as
a result, the corresponding condition index was an orderagnitude greater than the other
condition indices, withC',,,.. = 18.27. The variance proportions associated With. showed
large values for the aileron and rudder, 0.9963 and 0.975ertively, and therefore strong
collinearity between these variables. The analysis alggested that the correlation was not
restricted to just and( but also included roll ratg and yaw rate, as their proportions both
exceeded the guideline value of 0.5. Note that the valu&,gf. was much less than the figure
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Rolling Moment Coefficient C,

6 100[s/|0]
C,, 1616 46.32
C, 1044 846
¢, 0921 51.28
C, 1074 2183
C, 2.884 140.04

Table 7.4: Estimates of roll derivatives from ordinary least
squares regression

c, G, G, G G
C,, 1 04013 0.0676 0.2485 0.2271
¢, - 1 03917 0.6963 0.5927
c, - - 1 06611 0.6340
C, - - - 1 09790
G, - - . . 1

Table 7.5: Correlation coefficients for roll derivatives from
ordinary least squares regression

—— Measured Response
— |dentified Model

Figure 7.15: Measured and identified rolling moment
responses: ordinary least squares regression
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of 100 often quoted in the literature as an indication of ttespnce of collinearity. This seems
to follow the observations of other practitioners, desadilin Section 7.3.1, that collinearity
can still exist despite the largest condition index beirsg han 100.

Variance Proportions

Eigenvalues\ Condition IndexC' 1G] D T 13 ¢
2.8257 1 0.0013 0.0142 0.0123 0.0017 0.0025
1.3772 1.43 0.2874 0.0068 0.0729 0.0000 0.0001
0.4082 2.64 0.1164 0.1187 0.1985 0.0020 0.0186
0.3827 2.72 0.5389 0.1795 0.2075 0.0000 0.0012
0.0085 18.27 0.0560 0.6808 0.5088 0.9963 0.9777

Table 7.6: Collinearity diagnostics for aileron doublet data

Estimation was then performed, first using principal congmis regression and then with ridge
regression. For principal components regression, thaiidngalues were calculated by taking
the square roots of the eigenvalues in Table 7.6. The singalae corresponding t@’,,,.
wasS,.;, = 0.09, therefore the threshaoff§ for the algorithm defined in Equation (7.3.13) was
set to 0.1. This meant that the estimate of the transformeahpeterd; corresponding to the
smallest singular value was set to an estimate basedpriori information, rather than from
least squares regression. Tdpriori estimates in this case were from empirical analysis. The
parameter estimates were then transformed back to thginatibasis using Equation (7.3.14)
and the results are shown in the second column of Table 7.€orparison to the estimates
obtained from least squares regression, the principal coemts regression results are very
similar. The exception to this is the estimate(gf, which is around half the size of the least
squares estimate. The standard errors of the principal coamts regression estimates are also
given in Table 7.7. These were calculated as the square obthe diagonal elements of the
mean square error defined in Equation (7.3.15) and the catipuitrequired specification of
the variance in the empirical estimates Without any knowledge of this parameter, it was
decided to set its value for each derivative to a figure cpoeding to 50; of the a priori
estimate value, thus reflecting a relatively high uncetyaiim the a priori estimates. Despite
this, the standard errors from principal components regpasare much lower in comparison

to the least squares results, especially @y, and indicate an improved confidence in the
estimated values.

Ridge regression was performed next. Based on the leastesgqanalysis, the value of the
biasing parametér, was set to 0.0014 and the resulting estimates are displaytbe ifourth
column of Table 7.7. The derivative values obtained werg sanilar to those from principal
components regression, with the value(@f again being around half the size of the least
squares estimate. The standard errors for the ridge essmare determined as the square
roots of the diagonal elements of the mean square error iatitou(7.3.24). These are shown
in the last column of Table 7.7. Relative to the least squa®slt, the standard error 6§, has
decreased by around a third but remains high. The standans @fC;, andC;, are also high
and, in fact, the uncertainty in these derivatives has #gtuereased.

A fourth segment of data containing an aileron input was ueedlidate the parameter esti-
mates from least squares regression, principal comporegrsssion and ridge regression. The
measured data from this manoeuvre is shown in Figure 7. 1@ alith the predicted responses
from the three methods. As can be seen, the three methodsl@rary similar responses and
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Prin. Comp. Reg. Ridge Reg.
0  100[s/|6]] | 6  100[s/|A|]
1.678 31.36 | 1.663  74.83
C;, | 1.009 4.03 | 1.005 9.09
C, | 1.012 2484 |1.003 61.15
;. | 0.984 2.12 | 0.980 6.78
1.500 3791 | 1471 98.50

Table 7.7: Estimates of roll derivatives from principal
components regression and ridge regression

this is also reflected by the results from Theil’s analysis,

Least Squares : U =0.2108, Ug = 0.0432, Uy = 0.0021, Uz = 0.9546
Principal Components : U = 0.2105, Ug = 0.0299, Uy = 0.0063, Uc = 0.9638
Ridge : U = 0.2093, U = 0.0654, Uy = 0.0227, Uc = 0.9119

—— Masured Data

Predicted Response — Least Squares
“““ Predicted Response — Prin. Comp. Reg.
Predicted Response — Ridge Reg.

Rolling Moment Coefficient CI

Time

Aileron Input

Time

Figure 7.16: Measured and predicted rolling moment
responses for aileron validation manoeuvre

The analysis presented above found that, while very simadwes for derivatives were ob-

tained from the three method, principal components regregzrovided estimates with the

lowest standard errors. However, the problem of specifiiregconfidence level for the pri-

ori information remains. The next logical step was to includ&da which the rudder was

excited independently. When this was done, the investigdtund that there was still insuf-

ficient information in the data to reliably identity; and, therefore, it was removed from the
model. The process of determining the most appropriate hsbdecture for a given response
is described in Chapter 8, therefore the presentation sthalysis is deferred until then.
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7.3.4 UAV Pitching Moment Example

As a second example of possible data collinearity, the arsabarried out on UAV pitching
moment data is presented next. The pitching moment equiatibis case is,

Co = O 4 Crpo@@ + Cop, VA4 Cp G+ Oy 1 (7.3.28)

As for the pitching moment example presented in Section Bdiiation 7.3.28 contains the
derivativeC,,,, to model slight drifts in the airspeed during the manoeuvres

The data contained two pitch doublets. However, pitch reeelback was engaged for the flight
test meaning that changesgiirather than changes in elevator positipmvere being demanded
during the manoeuvres. This introduced a relationship éetwthe pitch rate and the elevator
deflection, as illustrated in Figure 7.17, which shows tinsédnies of the two variables. It can
be seen that the shape of the two plots look very similar (ttzeesign of the elevator time
history has been changed to highlight the match).

Pitch Rate

Time

Elevator Input

Time

Figure 7.17: Time histories of pitch rate and elevator
inputs

Least squares regression was performed first, with the asyand standard errors given in
Table 7.8. Despite the potential collinearity problems, risults suggested that the parameters
were estimated with an acceptable degree of confidence algkandard errors falling below
20% of the estimate magnitudes. The pair-wise correlationfuefits are displayed in Table
7.9 and show that some correlation did exist between thé péte and elevator deflection.
However, the value of = 0.9004 was right at the threshold of what is consideredifsignt
and indicated that the collinearity may not have been asre@gfirst thought. Figure 7.18
shows the pitching moment coefficient derived from the dédéter against the response re-
constructed from the least squares estimates. The mataledetthe two responses is close
but, as pointed out for the previous example, this is no guaesthat the estimates are reliable.
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m

Pitching Moment Coefficient C

6 100[s/|0]]
Cry 0956  0.24
C,. 1178  8.17
C,, 00933 1331
C,n, 1.099 17.37
C,, 0934 857

Table 7.8: Estimates of pitch derivatives from ordinary
least squares regression

Cmo Cma CmV Cmq Ctm,,7
Cny, 1 0.4418 0.5758 0.4398 0.5071
C,, - 1 0.1854 0.7229 0.7007
Cpy - - 1 01504 0.1192
Crmy - . . 1 0.9004
Ch, - - - - 1

Table 7.9: Correlation coefficients for pitch derivatives
from ordinary least squares regression

—— Measured Response
—— Identified Model

Time

Figure 7.18: Measured and identified pitching moment
responses: ordinary least squares regression
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To investigate further, the eigenvalues, condition ingliged variance proportions were calcu-
lated. These are shown in Table 7.10. The maximum conditidex value was found to be
very low atC,,.. = 3.44, further supporting the theory that there were nangtraollinearity
effects in the data. However, the variance proportiong fandn associated with the smallest
eigenvalue were large so the analysis proceeded and bisseton was performed. Princi-
pal components regression was carried out first. The lowegtlkar value wass,,;, = 0.39,
therefore the singular value threshdlglwas set to 0.4. Tha priori estimates used in the cal-
culations were again from empirical analysis. The prinlojganponent estimates and standard
errors are shown in the second and third columns, respggtofelable 7.11. To calculate the
standard errors, the variance in tinpriori estimates was again assumed to b B®the mag-
nitude of empirical values. In comparison to the least sepastimates, the values obtained
from principal components regression were very similarwkeleer, the standard errors of the
least squares estimates were all smaller. Ridge regressisrthen used to analyse the data,
with the value ofky calculated from Equation (7.3.25) to be 0.0027. The resyléstimates
and standard errors are also shown in Table 7.11. Again,dheative values matched very
closely those found from least squares and principal compiregression. There was also a
slight improvement in the standard errors &y, andC,,, in comparison to the least squares

estimates. However, there was reduced confidence in thenemaarameters, particularly
for C,,,, .

Variance Proportions

Eigenvalues\ Condition IndexC' 1 o Vv q n
1.7826 1 0.0201 0.0124 0.0004 0.0815 0.0773
1.3764 1.14 0.2289 0.0591 0.2823 0.0037 0.0078
1.0349 1.31 0.0740 0.4318 0.0472 0.0093 0.0328
0.6558 1.65 0.6415 0.0010 0.6425 0.0037 0.0049
0.1502 3.44 0.0355 0.4957 0.0276 0.9019 0.8772

Table 7.10: Collinearity diagnostics for elevator doublet
data

Prin. Comp. Reg Ridge Reg.
0  100[s/|0] | 6  100[s/|0]
0.957 0.50 | 0.956 0.96
1.150 1355 |1.182 11.34
0.937 15.82 | 0.933  29.02
1.158 26.16 | 1.081  13.07
Cp, | 0.959  13.55 | 0.925 6.92

o

<

opap

Q

Table 7.11: Estimates of pitch derivatives from principal
components regression and ridge regression

To validate the parameter estimates from least squaresssgn, principal components re-
gression and ridge regression, the identified models weze waspredict the pitching moment
response to an elevator input not used in the estimatiorepsoclhe measured data from this
manoeuvre is shown in Figure 7.19 along with the predictegarses from the three meth-
ods. As with the example presented in Section 7.3.3, the tmethods provided very similar
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responses. The results from Theil’s analysis were,

Least Squares : U =0.0251, Ug = 0.1531, Uy, = 0.1111, Uy = 0.7357
Principal Components : U = 0.0243, Ug = 0.1487, Uy = 0.0528, Us = 0.7984
Ridge : U = 0.0256, Ug = 0.1508, Uy = 0.1409, Uc = 0.7083

From Figure 7.19, the predicted responses can be seen th mhateneasured data closely.
Theil’'s inequality coefficient for the three methods wergodbw, suggesting a satisfactory fit
to the measurements. However, the bias portions for the thiethods, as well as the variance
portions for least squares and ridge regression, couldeatbnsidered high.

m

O

‘GEJ —— Measured Data
‘'S Predicted Response - Least Squares
E [ e Predicted Response - Princ. Comp. Reg.
o | e Predicted Response - Ridge Reg.
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Figure 7.19: Measured and predicted pitching moment
responses for elevator validation manoeuvre

The conclusion from the above analysis was that, in pradtiescollinearity caused by the pitch
rate feedback was minimal. Itis likely that time delaysaainced by the flight control hardware
and noise in the pitch gyro measurements meant that thereneagyh information about the

separate effects af andn to reliably estimate”,,,, andC,,, . In this case, the least squares
estimation was adequate and had relatively low standaodsgiindicating an acceptable level
of confidence in the estimates. No significant improvemert feand in using either of the

biased parameter estimation techniques and, in fact, tf@ityaf the standard errors obtained

with principal components regression and ridge regressene greater than those from least
squares.



Chapter 8

Model Structure Determination

8.1 Introduction

In the previous chapters on parameter estimation, it waeharassumed that the equations
of motion used were the most appropriate given the airsrafiéasured response. However,
it may not always be clear what terms should be included inntloglel structure. This is
especially true if the aircraft is operating at high anglesttack or undergoing large amplitude
manoeuvres, in which case its dynamics are likely to be neali The process of determining
the most appropriate model structure could be crucial esetJRAVs flying in linear flight
regimes due to their unconventional configurations. Usitygpacal UCAV configuration as an
example, the lack of a conventional fin and rudder means thatgontrol must be achieved
through alternative means. One such method is to generatagadifferential between the
wings using split flap trailing edge devices [4]. Howevepeleding on the location of the split
flaps relative to the aircraft’s centre of gravity, this waloduce adverse rolling, and possibly
pitching moments, resulting in greater cross-couplingveen each axis. Therefore, the focus
of this chapter is on methods of model structure deternmonati

8.2 Regression Analysis

The first part of this chapter is concerned with linear regjoes models given by Equation
(4.2.3),
z=X0 +¢€ (8.2.1)

wheree is again assumed to be a Gaussian random variable, with zsmo end variance?,
ie.,
e ~ N[0, o]

Determining the correct model structure for Equation B.2s based on hypothesis testing
in which decisions for adding or deleting terms from the mi@e made based on statistics
calculated using the measured data.

The first hypothesis test is the test for overall regressidmch aims to find if a linear relation-
ship exists between the measured dependent vazalid a set of. candidate regressors;,
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j=1,2,..n. The offset parametéy, is included in the model by default. Two hypotheses are
formed as follows,

H, : 0;#0 for at least ong (8.2.3)
where H, is known as the null hypothesis ard, is the alternative hypothesis. To assess

which hypothesis is trues’-statistics are used and the following quantities are regun the
calculation of these statistics,

N

SSr = Y [2(i) — 7* =2"z— NZ* (8.2.4)
z;l

SSp = Z[g(i) — z)? (8.2.5)
z;l ]

SSp = > () —g(i)P =2"2— 6 X"z (8.2.6)

whereN is again the number of data points anhis the mean of the dependent variable,

1 N
i= Z FO) (8.2.7)

The variableS S represents the sum of the squared variations about its mean value and
is termed the total sum of squares$y is the sum of the squared variations of the predicted
dependent variablg aboutz and is known as regression sum of squares, wkiflg is the
sum of the squared variations between measured dependeiti®#a and predicted dependent
variabley and is called the residual sum of squares. The three quemnéte related to each
other by the following equation,

SSr=SSg+ SSE (8.2.8)

Combining Equations (8.2.4), (8.2.6) and (8.2.8), theesgion sum of squares can also be
expressed as,

SSp=6X"z— Nz (8.2.9)
The F-statistic for the null hypothesis is then calculated fr@h][
SSp/n X"z — Nz

Fy = = 8.2.10

0 SSE/(N—RQ) 7’L6'2 ( )

wheres? is the estimate of the variance calculated earlier in Chigtsing Equation (4.5.12).
The statisticF} is a random variable that follows thé-distribution, the values for which can
be found from look up tables (for example Reference [130f).the above expression, the
numerator is said to havedegrees of freedom, while the denominator h&s— ny) degrees
of freedom. The null hypothesis is rejected if,

Fy > F(a,n, N —ny) (8.2.11)

whereq is a selected significance level, similar to that descriloed-tlistributions in Section
4.5, with a value between 0 and 1. If the null hypothesis isatejd for a chosen value of this
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is equivalent to saying that there is a 10@(lpercent confidence that not all of the parameters
are zero. A typical value faor in aircraft system identification is 0.05, corresponding @8%
confidence level [31].

A second hypothesis test is the test for significance of idd& regressor or partidl-test. In
this case, the null and alternative hypotheses can be sques,

Hy : 6,=0 (8.2.12)
and the partiaF’-statistic for the null hypothesis is given by,
62
Fy=—%L (8.2.14)
s(6;)

wheres2(6;) is the estimate of the variance &fi.e. square of the standard errg¥,). The
numerator now has one degree of freedom and the denomireeta¥'k-n4 ) degrees of freedom
as before. The null hypothesis is rejected if,

Fo> F(a,1,N — ng) (8.2.15)

In general, there are three procedures for adding or rergdeimmns from the model structure.
The first is termed forward selection, in which the initial deb simply contains the offset
parameter,. One regressor is added at a time until all candidate regresse in the model
or until some criterion for an adequate model structure it mMde first regressor added to
the model is the one that has the highest correlation withdépendent variable. This is
determined from,

N . > . _
N K0 - X[e6) -2 n
m_; e L i=1,2,.. ., (8.2.16)
where,
_ 1 &
X, = N;Xj(i) (8.2.17)
N
S = > _IX;(0) — X (8.2.18)
z]:Vl
S.. = Z[z(i)—2]2 (8.2.19)

The regressor with the highest correlation with the depenhdariable, denotei, will also

be the regressor with the highest partiaktatistic. The second regressor added to the model
is then the one with the highest correlation with the depenhdariable adjusted for the effects
of the offset parameter and first regressor ze- 6, — #,X;. The process continues until all
candidate regressors are in the model or the partisiatistics of the remaining regressors fall
below a given thresholdj,. In general, thgth regressor is added to a model already containing
m terms if,

_ SS(Bmis) = SSR(Om)

Fy
62

> I, (8.2.20)
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~

where SSgr(0,,) is the regression sum of squares based omthregressors currently in the
model andS'Sk(6.,,) is the regression sum of squares whenjtieterm is added.

The second approach is essentially the reverse of forwéedtgm and is known as backward
elimination. To start with, all candidate regressors actuitled in the model and, at each step,
the term with the smallest parti&l-statistic is removed,

Py — min 550(Om) = 255R(9m_j)
J o

< Fou (8.2.21)

~

whereSSg(0,,—;) is the regression sum of squares when itreregressor removed from the
model.

The third approach is termed stepwise regression and caonsedered a combination of for-
ward selection and backward elimination. When a new terndded to the model, the regres-
sors included previously are reassessed. It is entirelgiplesthat a term which was significant
at an early stage of the analysis may be become unnecessasobsequent regressors are
added to the model. This is the most widely-used of the thppecaches and the following
section looks at the procedure in more detail.

8.3 Stepwise Regression

The process begins in a similar manner to forward seleciwth, just the offset ternd, in the
model. The first regressor to be added is the one with the kigioerelation withez, computed
from (8.2.16). Letting this regressor be deno¥edthe model at this stage is,

z="0h+6,X; +v (8.3.1)

wherev is again used to denote the vector of residuals. Least sgjuageession is then used to
find estimate®, andd; which provide the best fit ta and the partiaF'-statistic is found from,

_ SSg(6))

Fy
&2

(8.3.2)

A check is then made thdt, > Fj, and the analysis proceeds.

Next, the regressor with the second highest correlatioh mis added to the model. However,

for this correlation calculation, the remaining candid&igressors are orthogonalised with re-
spect to the terms already in the model to remove any vanisitizat are already included. This

is done by modelling each remaining regressor ithand the offset term and treating the
resulting residual as a new candidate term. For examplegtressoiX, is modelled as,

XQ = do + EL1X1 + vy (833)
so that the new candidate regressor is the residualtgrm
Vo = X2 — &0 — d1X1 (834)

and the coefficient8, anda, are estimated using least squares. Similarly, the new digoen
variable is the vector of residuals in Equation (8.3.1),

v=2—0)— 06, X; (8.3.5)
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The process of orthogonalising the candidate regressting@spect to the terms already in the
model means that the model structure determination is @v@yused on terms necessary to
characterise unmodelled variationsznlIt can also help when the contribution of regressors
added early on dwarf those required later to model smallgatians in the dependent variable.
Note that the orthogonalised terms are only required forcthreelation calculation and the
original candidate regressors and dependent variablesackfar the other computations.

Every time a regressor is added to the model, the pafttisiatistic for all terms is calculated
and eachF}, is compared to a given value &t As for backward elimination, any regressor
with an Fj value less tharfy,; is removed from the model. The point is made again that it is
possible that a regressors added at an early stage coulthbeégsignificant as more terms are
added to the model. The process continues until no moressgre are included or omitted
from the model. The values fdt, and F,, are usually the same, although some analysts prefer
Fin > Fy, making it more difficult to admit a term to the model than to o one from it.

The F-distribution value depends on the number of data painend the number of regressors
m currently in the model. For typical aircraft problem$g,>> 100 >> m, therefore the 9%
confidencel'(0.05,1, N — m) = 4. It has been suggested, however, that more suitable values
of Fj, and Fy are around four to five times the figure indicated by fhelistribution table
[158].

The sole use of the partidl-statistics to determine the most appropriate model stradtas
been found to be too restrictive and can result in the modehgaoo many parameters. There-
fore, it is recommended that a number of metrics be used sasgy the suitability of the
model [158, 31]. Various metrics have been proposed and tst common are summarised
below.

A Coefficient of Determination
The coefficient of determination is denot&d and represents the proportion of the vari-
ation in the dependent variable explained by the terms imibael. It is computed from,

_SSw_ SSp_6'X'z— N2

RP=—"""= =
SSr SSr zT'z — Nz2

(8.3.6)

The value ofRR? falls between 0 and 1 but is usually expressed as a perceritage
representing a perfect fit to the measured data. Adding &segr to the model will
always lead to an increase i&¥. However, the increase will be greater early on in the
process when more influential terms are added. After allifsigmt terms have been
included in the model, the change fit due to the inclusion of additional terms will be
small and, therefore, the appropriate model structure nsidered to have been found
when the increase ii? falls below a given threshold. Typically, a term is conseder
significant if the resulting increase i’ is greater than 0.%.

The coefficient of determination is closely related to trst ter overall regression intro-
duced earlier. Thé’-statistic for the null hypothesis given in Equation (8@®.tan be
rewritten as,

(N —m)R?
(m—1)(1 - R?)
When influential regressors are added to the model earlyarattalysis, the value of
Fy will increase. However, when less significant terms areuitet, the increase in
R?*/(1 — R?) could be smaller than the decreasg M — m)/(m — 1), leading to the

F(]:

(8.3.7)
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value of F, to decrease. Therefore, the maximum valudgpitan also be used as the
basis for finding the best model to fit the data.

B Predicted Sum of Squares

The predicted sum of squares (PRESS) is defined as the sure sfjttares of thév
residuals, which can be found from,

N . 2
PRESS= ) { v() ] (8.3.8)
= L= ki)
where the residual(i) has been normalised with respect to the diagonal elemetite of
prediction matrix,
ki = X7 (1) (XTX) ™1 (4) (8.3.9)

wherex? (i) is theith row of X. The correct model structure is then in theory the one
with the minimum corresponding PRESS. However, in practi¢tes been found that for
cases where the number of data poilNtss much larger in comparison to the number of
model termsn (which is true for typical aircraft applications) then PRE&n continue

to decrease even when insignificant regressors are addkd toddel. Therefore, care
must be taken when using PRESS to assess the adequacy ofdbestnocture.

C Predicted Square Error
The predicted square error (PSE) is given by,

B VSV P 2 m
PSE= N(z V) (z—y)+ Timaz 37 (8.3.10)
The first term on the right hand side of Equation (8.3.10) isvkm as the mean squared
fit error (MSFE),
MSFE = %(z—y)T(z—y) (8.3.11)

which will decrease each time a new regressor is added to tlielmHence, this term

on its own cannot be used to indicate the most appropriateehstdicture. To com-

pensate, the PSE includes a second tefm.m /N, known as the overfit penalty term,
which increases as more regressors are included in the mdbdelminimum value of

PSE is taken as an indicator of the most appropriate modgitate given the measured
response.

The parametes?, . is thea priori upper-bound estimate of the squared error between

future data and the model. It is used to account for the faatttre PSE is calculated
when the model structure is not correct. An estimate?f, can be obtained from [31],

1 N
o2 = ~ > [z(i) - 2 (8.3.12)
=1

D Analysis of Residuals

Examination of the residuals can also provide an indicatidthe adequacy of the model
structure. If the model structure is correct then the resdglghould be a sequence of
uncorrelated random variables with a Gaussian distribut@n the other hand, if they
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are found to contain a deterministic component, this coulgigsst that an important
regressor has been omitted from the model.

The variance of the residuals is estimated using,

T
9 v'v

= 8.3.13
0" = ( )

The square root of Equation (8.3.13) is referred to as thmattd fit error. The residual

variance obtained from the expression above can be compaiad estimate obtained
directly from the experimental data. For example, the Fwsmoothing algorithm de-

scribed in Section 4.3 can be used to separate the detetimicusnponent of the de-

pendent variable from random measurement noise. If the hstrdeture is correct then

the estimate from Equation (8.3.13) should match the veeafthe measurement noise
component obtained from Fourier smoothing.

In many cases, it is unlikely that all of the criteria desedhn this section will be satisfied
at any one time. Often, the choice of when to halt the prockaslding and removing terms
from the model is made based on a consensus of the metricsprobess of model structure
determination is also one that cannot be used blindly bueatsworks best when utilised in
conjunction with a physical understanding of the aircrgftamics. Another useful rule when
making a borderline decision as to whether a regressor isdad or not is the principle of
parsimony [34, 31], which says that given two models whicketgimilar levels of fidelity, the
better model is that which has the fewer number of parametées process of stepwise regres-
sion as applied to aircraft problems was pioneered by Klead 158, 134], who proposed a
modification when selecting which terms should enter theehadd a borderline decision has
to be made regarding which regressors to add, linear terowddhlways be included before
nonlinear ones. This helps when dealing with more complegehstructures such as those
represented by spline functions. This procedure becamerkias modified stepwise regres-
sion.

8.4 UAV Rolling Moment Example

For an example of the application of stepwise regressidantbn returns to the estimation

of the UAV rolling moment derivatives presented in Sectio8.3. The analysis presented
previously was based on three aileron doublets but it wasddbat there was a high level

of correlation between the aileron and rudder inputs. These the analysis was repeated,
incorporating three extra manoeuvres in which the rudderaxaited separately, and the model
structure determination process is described here. Figureshows the aileron and rudder
inputs applied during the six manoeuvres.

For the first step of the analysis, the correlatign between each of the regressors and the
rolling moment coefficient’; were calculated and are shown in the last column of Table 8.1.
Also displayed are the initial values for the fit errdy the coefficient of determinatioR?,
PRESS and PSE. The regressor with the largest correlatibrilve dependent variable was the
aileron inputg, therefore the control derivative, was the first term added to the model.

In step 2 of the analysis, least squares estimation was sehto find the value of;,. This is
given in the first column of Table 8.2. The partiatstatistic for the derivative was calculated
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Aileron Input

Time

Rudder Input

Time

Figure 8.1: Time histories of aileron and rudder inputs

to be 160.94, as shown in the second column of the table. Foarnhlysis presented here,
parameters were considered to be significant if their gafiiatatistic exceeded a value of
Fin = Fop = 20. With the inclusion of’;, in the model, the values &f, PRESS and PSE
all decreased in comparison to step 1 dtrdincreased to 38.28. The values of- for the
remaining candidate regressors were calculated and thiemaest significant term was found
to beC,.

Table 8.3 shows the results of adding the roll damping devierdo the model. Itg} value was
found to be 310.90, while the same statisticdgrincreased to 663.64. Again, the inclusion of
(), led to decreases in the fit error, PRESS and PSE, while th&aieef of determination rose
to 71.93%. Of the remaining terms, the yaw ratevas found to have the highest correlation to
the as yet unmodelled effectsdn, thereforeC;, was the next derivative added to the model.

The results of step 4 of the analysis are displayed in Taldle Bae new derivativé’;, had a
partial ['-statistic of 74.754 and its addition to the model resulte&i increasing to 78.24.
The other metricé, PRESS and PSE also continued to decrease. The correlatioeswvith
the dependent variable for the two remaining candidateessgrs,G and ¢, suggested that
sideslip angle was the more significant term, hence it wdadiec in the model next.

The addition ofC;, to the model resulted in further reductions in the fit erréE33S and PSE
metrics and the coefficient of determination increased t6&83, as shown in Table 8.5. The
value of iy for €, was calculated to be 83.729 and the partiadtatistics for the other model
parameters also increased with the additio0’gf

In the sixth step of the process, the final candidate regréssas added to the model and the
results are displayed in Table 8.6. This time, the paffiatatistic of the new parametéy, was
found to be 5.414 - below thg,, value of 20. As well as this, the PSE value increased slightly
from 2.3714<107° to 2.3769<10~°. The addition of;, to the model resulted iR* increasing

to 83.92%, however this rise in comparison to the value in Table 8.5 ardg 0.34%, which
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fell below the guideline of a minimum increase of @.5n the coefficient of determination
for a new regressor to be considered significant. On the didwed, the estimated fit errér
decreased, as did the PRESS metric. However, as explaiogd,dbr typical aircraft problems
the value of PRESS can continue to decrease even when anifitsigt regressor is added to
the model. Taking all the metrics into account, as well asstadge of aircraft dynamics and
the principle of parsimony, it was decided that the derxeati;, should be removed from the
model. The final rolling moment equation was then,

)= Clﬁﬁ + Clp]a +C,r+ Cl€€ (8.4.1)

with least squares estimates of the derivatives given irfiteecolumn of Table 8.5. Note
that the offset ternd’;, was again found to be negligibly small. The rolling momergféioient
derived from the data and response identified from the finalehstructure are shown in Figure
8.2.

0 F(] r 0 F(] r
Ci, - - 0.0053 Ci, - - 0.0025
Ci, - - 0.0000 Ci, - - 0.5455
, - - 0.0458 , - - 0.0320
Ci, - - 0.3823 C, 0.4345 160.94 -
Cy, - - 0.1062 Cy, - - 0.0119
o 3.603x1073 o 2.838<1073
R? 0.0% R? 38.23%
PRESS 3.4151073 PRESS 2.1741073
PSE 1.29%10°° PSE 8.08%10°°¢
Table 8.1: Stepwise regression results -  Table 8.2: Stepwise regression results -
step 1 step 2
0 F(] r 0 F(] r
Ci, - - 0.1706 Ci, - - 0.2457
Ci, 0.7469 310.90 - Ci, 0.8071 450.76 -
., - - 0.2247 ., 1.9342 74.754 -
Ce 0.8215 663.64 - C, 0.8305 871.04 -
Cy, - - 0.0100 Cy, - - 0.0504
o 1.917x1073 o 1.691x1073
R? 71.93% R? 78.24%
PRESS 9.96810~* PRESS 7.7751074
PSE 3.78107° PSE 3.01410°°
Table 8.3: Stepwise regression results -  Table 8.4: Stepwise regression results -
step 3 step 4

The estimated fit error between the measured response aaddiey variable predicted from
the final model structure was calculated todbe- 1.471 x 10~3. As described previously, for
a perfect model fit to the data, this value should match thargqroot of the variance of the
random component of the measured dependent variable. Beunger smoothing to separate
the deterministic and random componentspf the square root of the variance of the noise
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0 F(] T 0 FO
¢, 13198 83.729 - C, 12506 73.114
C, 0.9440 676.07 - C, 0.9585 688.15
¢,  2.0200 107.50 - ai, 2.1083 114.68
¢, 09105 1226.6 - ¢, 09355 11193
C, . - 0.0207 C, 03895 5.414
o 1.471x 1073 o 1.459%107°
R? 83.58% R? 83.92%
PRESS 5.92¢10°* PRESS 5.82%10~*
PSE 2.37k10°° PSE 2.37%107°

Table 8.5: Stepwise regression results -

Rolling Moment Coefficient C,

step 5

step 6

—— Measured Response
—— |dentified Model

o ) e =

Time

Figure 8.2: Comparison of measured and identified
rolling moment time histories for final model structure

Table 8.6: Stepwise regression results -
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was estimated to be 1.9900~*. This is approximately an order of magnitude less than the es
timated fit error obtained with the final model, indicatingttkthe rolling moment residual may
still contain a small deterministic component, most likeélye to the unmodelled rudder contri-
butions. A time history of the residual is shown in Figure, &@ng with its associated power
spectrum. The residual appears to be mostly random, hoyfevéine segments corresponding
to the rudder doublets, some deterministic content can siedied. The power spectrum for
the residual also shows some power concentrated at lowdrsigs, which corresponds to un-
modelled rigid body dynamics. Despite these unmodellecddhos, the final model structure
can be considered a suitable representation of the airclaftynamics, as indicated by the
results of Theil’s inequality analysis,

U =10.2271, Ug = 0.0000, Uy = 0.0516, Uc = 0.9484

Rolling Moment Residual

Time

Residual Power

|
Frequency

Figure 8.3: Time history of residual and corresponding
power spectrum

8.5 Hawk Short Period Example

Stepwise regression was also used to investigate the egaaif motion for models tested in
the dynamic wind tunnel facility. An example analysis of ¢gamdinal data from the Hawk
model is presented here and a lateral/directional exaropteé DEMON model is given in the
section that follows. From theory, the longitudinal dynasnior a model restricted to 3 DoF
motion can be expressed as,

m - {ngw nvﬂ m * {ngn] " (8.5.1)
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The Hawk data contained a 1-1-2 input to the elevator andahdidate regressors for both the
normal velocity and pitch equations ware ¢ andn. The time delay in the elevator input was
found from inspection to be 0.27 sec and removed manualig fre measurement.

The normal velocity equation was examined first and the teauné shown in Tables 8.7 to 8.9.
From the initial analysis, the regressor with the highestatation withw was, by far, the pitch
rate, therefore, was the first parameter added to the model. This resulted ainaost perfect
fit to the measured data, with the coefficient of determimatieing 99.44%, and an estimate
of z, of 29.6915 (Table 8.8. When the next most significant regiresormal velocity, was
added to the model, Table 8.9 shows that the pafiatatistic ofz,, was found to be well
below the threshold’,,, which was again taken to be 20. As well as this, the increage’ i
was negligible, while both the PRESS and PSE statisticeasad. Therefore,, was dropped
from the normal velocity equation, leaving ondy in the equation. Note that, as described in
Appendix A, for the 4 DoF equations of motion, the valuezp€orresponds to the wind tunnel
speed/r.

0 FQ T 0 FO T
Zw - - 0.0000 Zw - - 0.0026
24 - - 0.9944 24 28.6915 7.616310" -
Zn - - 0.4838 Zn - - 0.0008
o 7.2522 o 0.5415
R? 0.0% R? 99.44%
PRESS  2.256810% PRESS 126.51
PSE 52.595 PSE 0.5376
Table 8.7: Stepwise regression results Table 8.8: Stepwise regression results

for the normal velocity equation - step 1 for the normal velocity equation - step 2

0 FO r
Zw 0.0250 1.1247 -
%, 286915 7.618510° -

2 . . 0.0003
& 0.5414
R? 99.45%
PRESS 127.37
PSE 0.6597

Table 8.9: Stepwise regression results for the normal
velocity equation - step 3

Next, the pitching moment equation was analysed, with theltegiven in Tables 8.10 to 8.13.
The first parameter added to the model was This was followed byn, and thenn,. In each
case, the inclusion of the new regressor in the model streicesulted in significant increases
in the coefficient of determination and reductions in PRES& RSE. The final value ak?
was 93.37%, indicating a close match to the measured dalaharf|, values for each term
were comfortably above thg,, threshold.

The analysis of the Hawk data, therefore, indicated thatribdel structure determined from
the experimental data matched that derived from theory.résgonse identified from the final
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0 FQ r 0 FQ r
My - - 0.7180 me,  -1.4761 1.084%10° -
My - - 0.0000 My - - 0.0002
my - - 0.0415 my, - - 0.3732
o 1.9333 o 1.0279
R? 0.0% R? 71.80/
PRESS 1603.5 PRESS 455.26
PSE 3.7378 PSE 1.0690
Table 8.10: Stepwise regression results Table 8.11: Stepwise regression results
for the pitch equation - step 1 for the pitch equation - step 2
0 FO r 0 FQ r
m,  -1.5553 1879.8 - m,  -1.6428 5456.5 -
my - - 0.6249 my -3.5897 706.50 -
my, -0.9358 253.07 - my, -1.8861 1379.3 -
o 0.8147 o 0.4995
R? 82.33% R? 93.3%%
PRESS 286.76 PRESS 109.12
PSE 0.6853 PSE 0.2813

Table 8.12: Stepwise regression results Table 8.13: Stepwise regression results
for the pitch equation - step 3 for the pitch equation - step 4

model structure is shown in Figure 8.4 along with the meakdeda.

8.6 DEMON Dutch Roll Example

In the second wind tunnel example, the model structure ®XEMON due to a rudder input
was investigated using data containing a doublet inputtikiercase, the theoretical equations

of motion were,
v 0 —-Vr| |v 0
[7‘ } - {” ”rT] H i {”J ‘ (8.6

However, during the experiments, the model experienceasotiing motion when the rudder
input was applied. Hence, as well asr and(, roll rate p was also included in the group
of candidate regressors. As for the longitudinal exampie,input time delay was removed
manually from the data prior to the analysis.

Concentrating first on the sideslip velocity equation, ttepwise regression results are dis-
played in Tables 8.14 to 8.16. To start with, yaw rateas found to be the regressor most
significantly correlated withy, hence was the first term added to the model. When this was
done, a very close match to the measured data was achiewbdheicoefficient of determi-
nation rising to 99.86%. The next most significant regres&s the rudder input sg- was

also added to the model. However, the increasBiras a result was only 0.03%. There was
also a rise in the PSE statistic. The parftabtatistic ofy, did exceed thé&;,, threshold of 20
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Figure 8.4: Measured and identified Hawk responses for a
1-1-2 input to the elevator - final model structure

(79.974 from Table 8.16) but was significantly smaller thaa, figure fory,. Thereforey,
was removed from the equations of motion.

0 FQ r 0 FO r
Yo - - 0.0000 Yo - - 0.0000
Yp - - 0.08%4 Yp - - 0.1372
Y - - 0.9986 Y -29.0526 2.524810° -
Ye - - 0.3272 Ye - - 0.1877
o 10.3625 o 0.3845
R? 0.0% R? 99.86%
PRESS  3.758410% PRESS 52.343
PSE 107.38 PSE 0.7623

Table 8.14: Stepwise regression results Table 8.15: Stepwise regression results
for sideslip velocity equation - step 1 for sideslip velocity equation - step 2

Tables 8.17 to 8.21 present the results from the analysiseofawing moment equation. The
regressor with the highest correlation to yaw acceleratiwas the sideslip velocity, therefore
n, was the first derivative added to the model. The next ternuded was:, and this was
followed by n,, leaving roll ratep as the only remaining candidate regressor. Whgmas
added to the model, the improvement in the coefficient ofrdgteation was marginal, witlk?
increasing by 0.83%. However, this is greater than the 0.6/edjne suggested in Section 8.3.
Also, the partialF’-statistic forn, was greater tha#h;,, and its inclusion in the model structure
led to decreases in PRESS and PSE. Therefore, it was a boedégcision as to whethex,
should be included in the equations of motion. Figure 8.pldis the measured time history of
7 plotted against those from the identified model with and auith:, in the model structure. As
can be seen, the inclusion of the derivative makes littiedéhce to the reconstructed response
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0 FQ T
Yv - - 0.0004
Uy - - 0.0399

Yr -28.7380 2.084%10° -
Ye 0.6465 79.974 -

o 0.3470
R? 99.89%
PRESS 42.810
PSE 1.0424

Table 8.16: Stepwise regression results for normal velocity
equation - step 3

S0, using the principle of parsimony, it was felt that the taggpropriate model structure was
one withoutn,, and, as with the longitudinal example, the model form foundnf experiment
matched the theoretical model structure. Figure 8.6 shiogvglentified response from the final
model structure plotted against the measured data.

0 F(] T 0 F(] T

Ny - - 08477 Ny 3.7214 1931.9 -
n, - - 0.2840 n, - - 0.1149
ny, - - 0.0000 Ny - - 0.0000
ne - - 0.0545 ne - - 0.4636
o 4.0250 o 1.5729
R? 0.0% R? 84.77%

PRESS 5670.4 PRESS 869.87
PSE 16.201 PSE 2.5526

Table 8.17: Stepwise regression results Table 8.18: Stepwise regression results
for yawing moment equation - step 1 for yawing moment equation - step 2

8.7 Maximum Likelihood Model Structure Determination

As mentioned previously, regression analysis is limiteatdases in which the equations of
motion are linear in the unknown parameters. Therefores @oinvenient to have a method
of model structure determination which can be applied toegannonlinear cases. Such an
approach, advocated by Tischler [6], is outlined here.

The most appropriate model structure is found based on the¢ecs derived from the Cramer-
Rao bound. The first is the standard errors of the parameiieragess(#). As described in
Section 5.8, these are calculated as the square root ofdgerthl elements of the covariance

matrix P, which approximates the inverse of the Fisher informati@rmM ,

s(0;) = \/Pj; = VM =12, ,n (8.7.1)
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0 FO T 0 F(] r

Ty 3.7589 3659.4 - Ny 3.7762 6082.3 -

Ny - - 0.0495 np - - 0.1682

n, - - 0.3949 N, -2.4468 225.15 -

ne -3.4481 299.01 - ne -5.0213 717.87 -
o 1.1537 o 0.8987

R? 91.83% R? 95.06%

PRESS 476.81 PRESS 290.33
PSE 1.4588 PSE 0.9841

Table 8.19: Stepwise regression results
for yawing moment equation - step 3

Yaw Acceleration (rad/sz)

0 F() T
Ny 3.2809 1963.0 -
n, 19669 69.551 -
Ny -3.7023 305.64 -
n¢ -6.2952 752.95 -

o 0.8209
R? 95.89%
PRESS 240.96
PSE 0.8963

Table 8.21: Stepwise regression results for yawing
moment equation - step 5

15

T T
—— Measured Data
—— |dentified Model — without np

- = |ldentified Model - with n'J

10

4]

Time (s)

Figure 8.5: Comparison of identified DEMON yaw
responses with and withou, in model structure

Table 8.20: Stepwise regression results
for yawing moment equation - step 4
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Figure 8.6: Measured and identified DEMON responses
for a doublet input to the rudder - final model structure

The second statistic is parameter insensitivity, whictttierjth parameter is given by,

VMy;

The insensitivity is a measure of how much a parameter valode changed without causing
an increase in cost function. It therefore provides a measiihe significance of each parame-
ter. Atfirst glance, it may appear from Equations (8.7.1) ghd.2) that the standard error and
insensitivity are the same. However, there is a subtlemiffee between the two. The insensi-
tivity is approximately the conditional standard deviataf the parameter estimate, given that
all other parameters are known i.e. have fixed values. Tmelgtd error is an approximation
of the unconditional standard deviation [132].

The third metric is correlation between the parameters. Jdiewise correlation has been
calculated previously using the parameter covarianceixas,

Pij = ==

\/ PiiPjj

However, it has already been noted that the pair-wise coaife only indicate correlation
between two parameters and are unable to account for dooreteetween three or more terms.

A method of detecting correlation between multiple pararseis the uncertainty or confidence
ellipsoid [6, 132]. For theth parameter, this can be expressed as [6],

i i=1,2,... ng (8.7.3)

T Mt
Q,=—>_ (8.7.4)
s(0;)
whereT is a diagonal matrix containing the insensitivities fromugtion (8.7.2) ancM;1
denotes theth column of the inverse of the information matrix. For eaéhhe parameters,
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© is a vector of lengthny, the elements of which are usually scaled to unity. Ggr the jth
element is equal to 1 and correlation is indicated if any efrémaining elements are large (
0.6) in comparison to thgth element [6].

The model structure determination procedure based on theeaatistics is described as fol-
lows. The standard errors and insensitivities are botlyassigiven thresholds. The aim of the
process is to obtain a set of equations for which all the dévigs meet these limits and there-
fore have roughly the same degree of confidence. Initialyameter estimation is carried out
with all possible parameters included in the model striggtur a similar manner to the back-
ward elimination approach described in Section 8.2. Therisgivities are checked against the
threshold and the derivative with the highest insensytigkceeding the limit is removed from
the analysis i.e. it is held fixed at zero or another apprégeapriori value. Parameter esti-
mation is then repeated and this process continues untieallatives remaining in the model
structure have insensitivities within the threshold. Aststage, it may be that all derivatives
have acceptable insensitivities but the standard errospiwfe parameters are large. This is
most likely due to correlation between parameters, so thelation coefficients or confidence
ellipsoid for the parameter with the largest standard eareranalysed. If correlation between
parameters is indicated then the choice of which parametgrap must be made. This deci-
sion can be a difficult one and it may be useful to rely on an tstdading of the physics of the
aircraft to choose which term to remove.

Suggested guidelines for satisfactory parameter estgaaiee[6],

%) . 100 < 20% and b 100 < 10% (8.7.5)
165 165
However, it should be noted that these thresholds are steghjés the case where the cost
function is expressed in terms of frequency response cisessEquation (6.5.16)). The dif-
ference in the formulation of the cost function for the freqay response case and that for other
parameter estimation methods means that the definitioredhfbrmation matrix also differs.
Therefore, the thresholds in Equation (8.7.5) may not babia guidelines for all estimation
techniques. However, the standard errors, insensitivigiair-wise correlation and confidence
ellipsoid make no assumptions about which estimation nteihased, so an investigation into
using the above approach with maximum likelihood estinmatias attempted. Some example
results, using the same three test cases outlined for sepagression, are presented next.

—~

S

8.8 UAV Rolling Moment Example

The first example is based on the UAV rolling moment data usedeimonstrate stepwise
regression in Section 8.4. The initial equation for theinglimoment was,

)= Clﬁﬂ + Clpﬁ +C,r+ Clgg + CQC + Clo (8.8.1)

and the time domain, modified Newton-Raphson algorithm veasl io estimate the aerody-
namic derivatives at each step of the analysis. The ingsllits are given in Table 8.22, which
shows the estimated derivative values, the standard €oam®cted for coloured residuals) and
the insensitivities. Of the six parameters, the offset téfrhad by far the largest insensitivity
at 140.21% so was removed from the model structure. Paraestmation was repeated and
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the results are displayed in Table 8.23. This tiig was found to have the highest insensitivity
at 22.69% so this parameter was also removed from the modeth&third run, the standard

errors were all found to be below 20% and all insensitivitiese under 10%. Therefore, the
procedure was halted. The final model structure matcheddbat from the stepwise regres-
sion analysis in Section 8.4 so, for this particular examtile respective thresholds for the
standard errors and insensitivities worked well in detarng the appropriate model structure.
Figure 8.7 shows plots of the rolling moment coefficient amitirate along with the responses
predicted using the parameter estimates in Table 8.24.

0  100[s/|6]] 100[1/|]] 0  100[s/|6] 100[1/|0]]
Ci, 1.6444 12.40 6.02 C,, 1.6874 7.52 5.87
C, 1.2200 6.05 1.70 C, 12211 6.00 1.69
¢, 1.9693 8.41 6.69 ¢y, 1.9620 8.52 6.72
C;.  1.0605 4.65 1.33 i, 1.0600 4.68 1.34
C;, 0.5640 36.00 21.94 (. 0.5465 35.28 22.69
¢, 12100 212.71 140.21 C, 0 - -

Table 8.22: Results for rolling moment Table 8.23: Results for rolling moment
equation - step 1 equation - step 2

g 100(s/|0]] 100[1/|d]]

C, 17470 858 5.67
C, 12013 588 1.72
C, 1.8740  9.61 7.04
C, 10275 450 1.38
C, 0 - -
C, O . .

Table 8.24: Results for rolling moment equation - step 3

8.9 Hawk Short Period Example

The maximum likelihood model structure determination psscwas also applied to the Hawk
1-1-2 elevator input data used in Section 8.5. The startindehstructure for the process was
equivalent to a short period model for a free-flying airgraft

=l ] L2 ) @9

Again, the time domain modified Newton-Raphson algorithrs wsed to estimate the deriva-
tives and the results of the analysis are presented in Tal#28g0 8.27. On the first run, was
found to have the highest insensitivity of 14.70%, so wasl figed at zero for the remaining
steps. The next parameter to be removed from the modetwaghose insensitivity jumped to
44.10% on the second run of the algorithm. At the third st#plemivatives had standard errors
below 20% and insensitivities under 10% so the process wapast. Again, the final model
structure matched that found from stepwise regressionétid@e8.5. Also, the 20% standard
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—— Measured Response
—— |dentified Model

Rolling Moment Coefficient CI

Time

—— Measured Response
—— Identified Model

Roll Rate

Time

Figure 8.7: Comparison of measured and identified roll
responses for final model structure

error and 10% insensitivity guidelines appeared to bebkdimetrics for finding the final form
of the equations of motion. The measured and identified respfor the final model are shown

in Figure 8.8.

g 100[s/|0]] 100[1/]4]]

zw  0.2370 85.82 10.95

z, 29.9630  3.72 0.38
%, 03404  88.06 14.70
m, -1.7079  4.03 0.39
m, 4.0020  7.08 0.73
m, -2.0453  4.54 0.63

Table 8.25: Results for Hawk
longitudinal dynamics - step 1

g 100[s/|0]] 100[1/]0]]

zw  0.0591 438.43 44.10

2, 29.1787 3.69 0.40
2y 0 - -

m, -1.7065 4.04 0.40
m, 3.8161 8.48 0.78
m, -2.0397 4.65 0.64

Table 8.26: Results for Hawk
longitudinal dynamics - step 2

8.10 DEMON Dutch Roll Example

The third example utilises the DEMON rudder doublet datedyseviously in Section 8.6. The
modified Newton-Raphson algorithm was again used but, ithis, testimation was performed
in the frequency domain using the equation error formutati®he time delay in the rudder
input was also treated as an additional unknown paramebsr tietermined. The initial model

structure was assumed to be,

o=

<o ][ 20)] e
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g 100(s/|0]] 100[1/|]]

Zw 0 -

z, 29.2019 3.67 0.39
2n 0 - -
my, -1.7018 3.94 0.40
mg, 3.7581 4.83 0.79
m, -2.0407 4.51 0.64

Table 8.27: Results for Hawk
longitudinal dynamics - step 3
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Figure 8.8: Comparison of measured and identified Hawk
longitudinal response for final model structure
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Note that the roll ratew has been included in Equation (8.10.1) not as a state variald
as, what is termed, a pseudo-control input [34]. This apgraalows the effects of addi-
tional motion variables to be incorporated into the equegtiof motion without increasing the
model complexity. For this example, the intention of theexxpent was to simply excite the
DEMON'’s dutch roll dynamics, in which rolling motion is lagty assumed to be negligible.
However, because the DEMON experienced some rolling matioen the rudder input was
applied, the effects gf can be investigated without incorporating an additionaesequation
for roll.

The results of the first parameter estimation step are disglan Table 8.28. The control
derivativey, was found to have the highest insensitivity at 21.62% so Wwaditst parameter
removed from the model. When the estimation process wasitegeall the parameters were
found to have insensitivities below the 10% guideline, asshin Table 8.30. Howevey,, v,

n, andn, had standard errors greater than 20%. The derivative watlothest confidence was
n,, Which had a standard error of 76.88%, therefore the caivelaoefficients and confidence
ellipsoid for this parameter were analysed. These are sk left and right hand columns
of Table 8.30 respectively. None of the correlation coedfits exceeded 0.9 but the values of
p were still relatively high 4 0.8) betweem,, and the other yawing moment derivatives n,
andn.. The elements of the confidence ellipsoid also suggestéddinae correlation existed
betweenn, and other parameters, particularly andn,, for which the absolute values 6f
were greater than 0.6. A choice then had to be made regardiintp derivative to remove from
the model. Based on knowledge of the model dynamics, it wbelexpected that, for a rudder
input, the derivatives,, n, andn. would be more significant than the cross-coupling tegm
hencen, was dropped from the model structure.

0 100[s/|6|] 100[1/|0]] 0 100[s/|0]] 100[1/|0|]
Yy, -0.1775 69.12 8.13 y, -0.2453 38.67 5.96
y, 0.6833 59.01 5.62 y, 0.9495 28.13 4.10
y, -29.2864 1.15 0.13 Yy -29.4711 0.64 0.14
yeo  0.2117 170.34 21.62 Ye 0 - -
n, 3.6444 7.66 0.90 n, 3.6359 7.49 0.90
n, 1.2484 79.76 6.99 n, 1.2628 76.88 6.91
n, -3.2726 26.48 2.73 n, -3.2624 25.80 2.74
ne -5.8163 15.50 1.79 ne -5.8058 14.74 1.79
7. 0.2820 1.28 0.48 7. 0.2814 2.66 0.50
Table 8.28: Results for DEMON yaw Table 8.29: Results for DEMON yaw

dynamics - step 1 dynamics - step 2

Table 8.31 gives the results from step 3 of the process. Agdiparameters had sensitivities
below the 10% threshold but the standard errorgfor,, andn, remained greater than 20%.
The derivative with the largest standard error waso the correlation between this parameter
and the other derivatives was examined, with the correlateefficients and confidence ellip-
soid elements given in Table 8.32. Both metrics indicatatisbme correlation existed between
y, andy, and it was decided thaj, would be removed from the equations of motion. When
this was carried out, the next run of the parameter estimaiigorithm (Table 8.33) revealegd

to have an insensitivity of 11.95%, therefore this param&tes also dropped from the model.

Wheny, was removed from the equations of motion and parameter astimwas repeated, all
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g 100[s/|8]] 100[/]d]

p C)

v, 0.1509 -0.0880 y, -0.2151  43.83 6.93
y, 0.8313 31.72 4.77

y, 0.2019 0.1246 Pyt e a1

y, 0.0943 -0.0407 z{ A : .

n, 0.8099 -0.6040

n, 1.0000 1.0000 Z 3.90179 4_.21 0_,89

- P

n, 0.8237 -0.6979 " 23718 . o8

ne 0.7823 -0.5789 o8 398

- 0.4223 0.2017 ne -4.9724 11. .

< 7. 0.2762 3.03 0.63

Table 8.30: Correlation between,, and

Table 8.31:Results for DEMON yaw
other parameters

dynamics - step 3

g 100[s/|8]] 100[1/]d]

P S Yo 0 - -
1y, 1.0000 1.0000 y, 0.3740 55.01 11.95
yp 0.7528 -0.7916 Yy, -29.2826 0.67 0.16
y, 0.3487 0.2591 Ye 0 - -
n, 0.1761 0.1324 n, 4.0080 3.98 0.83
n, 0.1318 -0.1093 Ny 0 - -
ne 0.1638 -0.1296 n, -2.5206 19.98 3.61
7. 0.0457 0.0348 ne -5.2338 11.07 2.03
7. 0.2781 1.78 0.57

Table 8.32: Correlation betweep, and
other parameters Table 8.33: Results for DEMON yaw
dynamics - step 4
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insensitivities and standard errors fell within the thi@dlk, as shown in Table 8.34. Therefore,
the process was halted at this point. Figure 8.9 comparadehnéfied response from the final
model with the measured data in the frequency domain, whgarg 8.10 shows the match
between the measured and identified responses for sidaglpand yaw rate transformed back
into the time domain. As with the previous two examples, thalfmodel structure matched that
determined using stepwise regression, further indicdhiagthe standard error and insensitivity
thresholds of 20% and 10% are reliable, not just for the feagy response method but also for
maximum likelihood approach as well.

§  100[s/|0]] 100[1/]0]]
Yy O - -
Yp 0 - -
yr -29.1316 0.78 0.17
Ye 0 - -
n, 3.9808 3.92 0.82
np 0 - -
n, -2.6302 18.89 3.37
ne  -5.3959 9.53 1.91
7. 0.2835 2.55 0.53

Table 8.34: Results for DEMON yaw dynamics - step 4
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Figure 8.9: Comparison of measured and identified yaw
responses in the frequency domain
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Figure 8.10: Measured and identified time histories for
angle of sideslip angle and yaw rate



Chapter 9

Data Compatibility Check

9.1 Introduction

This chapter returns to the data compatibility check, ohtligath reconstruction, performed
prior to parameter estimation and model structure deteatioin. The aim of the process is to
verify the accuracy and consistency of the data before iséziun the later stages of the anal-
ysis. This includes inspection of the measurements to rembvious errors, such as dropouts
in the signals or variables measured with the incorrectssighhe data is then checked for
kinematic consistency. The time histories of certain nmotiariables can be reconstructed an-
alytically using information from other variables and camgd against the measured values.
Another function of the data compatibility check is to geaterdata for aircraft states that are
typically not measured directly during flight tests but afeeo required for parameter estima-
tion, such as velocity componenisv andw. The kinematic relationships which facilitate the
data compatibility check are outlined next.

9.2 Kinematic Relationships

The kinematic relationships can be expressed as a set dfiiffieential equations grouped into
three categories: translational, rotational and posiigmations. To start with, from the trans-
lational equations of motion, the following differentiajations for the velocity components
u, v andw are obtained,

U = —qw+rv—gsinf+a, (9.2.1)
U = —ru+pw+ gcoslsing + a, (9.2.2)
Ww = —pv+qu-+gcosfcoso+a, (9.2.3)

Next, the rotational equations define the relationship betvthe attitude angles and the angular
rates. These were given previously in Section 3.3 and refdwedre,

¢ = p+gsingtanf + rcos¢ptanf (9.2.4)
0 qcos¢ — rsin ¢ (9.2.5)
¢ = qsin¢sect + rcos ¢psect (9.2.6)
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Thirdly, the aircraft’s position relative to the earth canfbund from,

g =ucos ) cos + v(cos 1 sin fsin ¢ — sin ¢ cos @)

+ w(cos 1 sin O cos ¢ + sin 1 sin ¢) (9.2.7)

Yg =usiny cos @ + v(sin v sin 0 sin ¢ + cos 1 cos ¢)
+ w(sin ¢ sin O cos ¢ — cos 1 sin @) (9.2.8)
h =usin® — v cosfsin ¢ — w cos  cos ¢ (9.2.9)

wherez i andyy are geodetic coordinates of the aircraft relative to somehEaed origin and
h is the vehicle’s altitude.

Another useful set of equations for the data compatibilitgak are the air data relationships,

V = vVu+v2+w? (9.2.10)
a — tan~! (%) (9.2.11)
3 = sin! (%) (9.2.12)

(9.2.13)

whereV is the aircraft’s true airspeed. Equations (9.2.1) to @.d8ssume that the aircraft is a
rigid body and that the earth is flat and non-rotating, whicvalid approximation for typically
short data segments. It is also assumed that the values afdtien variables are those that
would be measured at the aircraft’s centre of gravity (C@welver, it is not always practical
to mount instrumentation at this point in the aircraft. Tisiparticularly true for small UAVs in
which space within the airframe is limited, therefore resitng the choice of where the sensors
are housed. Hence, the measured values of the motion \esiahlist be transformed from a
reference frame defined by the sensor measurement axesfésenoe frame with origin fixed
at the CG. For example, the accelerations at the CG are ebtéiom the measured values as
follows,

Cl;g = a;n + xacc(qz + TZ) - yacc(pq - T) - ZaCC(pT + q) (9214)
cg __ .m ; 2 2 ;

ayg _ ay - xacc<pq + 7,) + yacc(p +r ) - ZGCC(qT - p) (9215)

azg = a;n - xacc(]?'r + q> - yacc<qr +p) + Zacc(p2 + q2) (9216)

where superscript: denotes the acceleration values measured at the sensbomoaahile
Tacer Yace @NA 2z, are the coordinates of the accelerometers relative to theTh& air data
will also be measured at a position away from the CG (see @e8&td), where the local ve-
locity components will be different from, v andw. The relationship between the velocity
components at each location is given by,

U = Upm + "Yair — Zair (9.2.17)
V= Uy + DZair — TTair (9.2.18)
W = Wy + QTair — PYair (9.2.19)

wherem again denotes the value at the measurement locationr gndy,.;, and z,;, are co-
ordinates of the air data sensors relative to the CG. If a bosen is used to measure the air
data, then Equations (9.2.17) to (9.2.19) assume it to le. rigtilising Equations (9.2.10) to
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(9.2.12), the above expressions can be written in termgg@ed, angle of attack and angle of
sideslip measured at the sensor location,

[ 1 —sin? B3,
= Vo —" wir — QZair 9.2.20
b 1 + tan® a,, Ty 4 ( )

v = Vy,sin B, + PZeir — TCair (9.2.21)

1 —sin? 3,
= V.t m\| wir — DVair 9.2.22
v e 1+ tan? oy, g by ( )

Note that the measurements of attitude and angular rate tdeequired transformations if the
sensor are located away from the CG. The same values shoante¢hsured regardless of the
sensor positions within the airframe. However, the angukasurements will require a correc-
tion if the measurement axes of the sensors are not aligrtedive axes of the reference frame
at the CG. This misalignment is illustrated in Figure 9.1lingghe rate gyro measurements as
an example, the misalignment is accounted for using theviatlg expression,

DPeg T Pm
9eq| =C,, | Om (9.2.23)
Teg T
where,
COS €, COS€, — COS €, SIN €, + SN €, SIN €, COS€E,  SIN €, SIN €, + COS €, SIN €, COS €,
C,, = |[coseysine, coseycose, +sine,sine,sine, —sine, cose, + cos €, sin e, sine,
—sineg, sin €, sin €, COS €, Sin €,

(9.2.24)
ande,, €, ande, are the angular offsets between each axis, as shown in FeglireSimilar
transformations can be applied to other measurementséssacy.

9.3 Sensor Error Models

In any practical situation, the data will contain measunetegrors. If a variable was to be

reconstructed using the expressions given in the previecisos, the errors would lead to a
mismatch between the measured and analytical time histdhias making the two kinemati-

cally inconsistent. However, the sensor and its assocetedls can, in general, be modelled
using the following equation,

Um(t) = (L4 ky)y(t — 1) + by + vy(t) (9.3.1)

wherey,, is the measured value of the true variablé:, is the scale factor errob, is a bias
error, 7 is a time delay and, is random measurement noise. For the short lengths of data
typically analysed for system identification, the scaleédaerror, bias error and time delay
can be treated as constants. This allows an error model &br €nsors to be proposed and
the kinematic relationships provide a framework for estintathe values of the systematic
errors in a similar way to the aerodynamic derivatives. €f@e, the data compatibility check
becomes a parameter estimation problem.
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Centre of gravity

> Te=g—

54

Figure 9.1: lllustration of sensor misalignment relative to
the centre of gravity

As has been described throughout, to reliably estimate isatiees, there has to be enough
information content in the data about that particular patemand the same holds true for the
data compatibility check. For example, it is unlikely thia¢ tsystematic errors in sideslip data
can be obtained from a measurement recorded during an @lexatitation. Therefore, the
estimation of errors for both longitudinal and laterakdiional sensors requires a manoeu-
vre containing an excitation in each axis. Alternativelyltiple manoeuvre segments can be
concatenated together. If the focus of the analysis is ol gadurbation manoeuvres or ex-
citation in one axis then the relationships in Section 9”2 lmalinearised and the longitudinal
and lateral/directional expressions can be decoupled.uisually not necessary to account for
a bias, scale factor and time delay error in every sensoriamahy case, this would likely lead
to identifiability problems. Which systematic errors tolurde in the models varies from sensor
to sensor and is often based on experience. The model seuwdtermination described in the
previous chapter can also be used to help determine whiemeders to include in the error
model.

9.4 Estimation Techniques

The estimation problem can be formulated as follows,

X(t) = f[x(t),u(t),0], X(0) =X, (9.4.1)

y(t) = glx(t), 6] (9.4.2)
z(1) = y()+v(@), i=1,2,...,N (9.4.3)



Data Compatibility Check 177

wherev is a vector of noise corrupting the measured outputs. Fonargédata compatibility
check involving the equations outlined in Section 9.2, tleenents of the state vector are the
velocity components, the attitude angles and the altitude,

x=[u v w ¢ 0 ¢ b (9.4.4)

Note that the geodetic coordinates andyz have not been included in the state vector. This
is because the aircraft dynamics are independent of itsiposelative to the earth (altitude

is included because aerodynamic characteristics are ivtieeby atmospheric density). Ag
andyx do not appear on the right hand side of any of the expressiofsdtion 9.2, Equations
(9.2.7) and (9.2.8) can easily be omitted from the analyB® same argument could be used
to remove the yaw attitude from the state vector. The dynamic characteristics of asrafir

do not change depending on its heading @nig@ also absent from the right hand side of the
kinematic relationships. However, it is retained as it ardghe estimation of the yaw gyro
errors [34].

For the data compatibility check, the accelerations andlangates are treated as inputs vari-
ables so,

u:[ax a, a, p q T}T (9.4.5)
The output vector comprises air data, attitudes and adéjtud
y=[V a g ¢ 0 ¢ b (9.4.6)

and the unknown parameter vectbcontains the systematic errors to be estimated.

The simplest approach to the estimation problem is to useathémum likelihood output error
method, presented in Chapter 5. However, there are twodissaes in using this algorithm
for the data compatibility check. Firstly, the output ermethod assumes the equations of
motion to be deterministic, but because the acceleratindsagular rates are treated as input
variables rather than output variables, measurement iotbe accelerometers and gyros be-
comes process noise, thus making the system stochastis.cotid be particularly an issue
for MEMS inertial sensors. Secondly, the systematic seasars can change depending on
flight conditions and manoeuvre types [31]. Therefore, exdhse where multiple manoeuvres
are being analysed, the values of the unknown parametersacabut the output error method
will try to find one value to fit the whole data set. This couldddo convergence problems or
an inaccurate match between the measured and reconstvaciziles.

A more widely used method for the data compatibility checkhis extended Kalman filter
(EKF). As described in Chapter 7, this algorithm accountgfocess noise and treats the un-
known parameters as artificial state variables, theretateas not suffer from the two issues
highlighted above. The algorithm used for flight path retadion usually incorporates a
smoother to reduce the inherent bias in the basic EKF, discui;m Chapter 7. Such a tech-
nique is the Rauch-Tung-Striebel method [159, 35, 160]cths a fixed-interval smoother.
Essentially, the EKF is run as normal and, oncelthdata points have been analysed, the filter
is run again but in reverse from théth data point to the first. The smoothed estimate at each
data point is then a weighted combination of the two Kalmaerféstimates.

Using information from the forward run of the EKF defined inuatjons (7.2.59) to (7.2.67),
the smoothed states are found from the following equation,

Ras (1) = Xa (1) + Kog (i) Xas(i 4+ 1) = Xa(i 4+ 1)], i=N,N —1,...,1 (9.4.7)
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where subscripf denotes a smoothed variable. The smoothed Kalmangaiis found from,

Kas(i) = Pa(d)®L (i + 1)P, (i + 1) (9.4.8)

a

and error covariance matrix for the smoothed states is diyen
Pas(i) = Pa(i) + Kas (i) [Pas(i + 1) = P(i + 1) K75 (i) (9.4.9)

Fixed-point smoothers have also been used for data coniptihecking [161, 162].

9.5 Gust Estimation

As described in Chapter 7, UAVs are more susceptible to fieetsfof atmospheric turbulence
due to their small masses and inertias in comparison withnehmircraft. For data signif-
icantly corrupted with turbulence, the parameter estiomatan be complex. However, the
data compatibility check provides an alternative meanseafidg with turbulence by allowing
the estimation of gust velocities. These components cam ltbesubtracted from the motion
variables, thus simplifying the subsequent parametemasitbn process.

There are two approaches to this. The first is to incorpora®del of the gust components
into the state equations. Such a model is that proposed yedrjt 48], which was introduced
briefly in Chapter 7. Assuming that the turbulence field is8yeand homogeneous (i.e. having
the same statistical properties at each point in the fiekl) the power spectral densities of the
gust components can be written as,

2L, 1

Sug(w) = o — ) (9.5.1)
L, 1+3(L,%)°

Spg(w) = aig?” UV2 5 (9.5.2)
1+ (Log)’]
w2

Suwg(w) 2 Lu 143 (Lup) (9.5.3)

k)]

where the subscripts, v andw denote components of the gust along the and z axes re-
spectivelyp§ is the variance of the gust components @nd the scale length of the turbulence.
Further simplification can be made if the turbulence fieldssuaed to be isotropic (i.e. sta-
tistical properties of the gusts are independent of thentateon of the coordinate system), in
which case,

Ly=1Ly,=Ly=1L (9.5.4)
aig = agg = Ufug = 03 (9.5.5)

The expressions for power spectral densities of the |laé@chertical gusts can also be simpli-

fied to,

Sug(w) = Suglw) = o2l L (9.5.6)

T Y99n L o\2
1+ (%)
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The gust velocity components are modelled using a firstraBdeiss-Markov process, which
is given by,

Ty = —axy + bl (9.5.7)
wherez, is the gust component:{, v, or w,) andy, is the driving process noise, assumed to
be Gaussian white noise with zero mean and varialchor the horizontal gust, the constants

a andb are,

V 2
= — db = — 95.8
a 7 an V 7 ( )

while for lateral and vertical gusts,

|V /3

For the scale length of turbulence, a value of arolurd 300m is often used [161, 163] and
an estimate ofrg can be obtained from analysis of the random component of itspesed
measurements.

Now, it is assumed that only the air data measurements gfesgts angle of attack and angle
of sideslip are directly affected by the gusts. The pertiioba in these variables as a result of
the gusts can be expressed as,

w v
V o~ ~ 9 =3 9.5.10
g~ Ug;, Oy w By U ( )
so the air data variables can be found from,

V = vVue+ v +w? -y, (9.5.11)
a = tan~! (ﬂ> _ Y (9.5.12)

u u

a1 (Y)Y
G = sin <V) " (9.5.13)

The second approach estimates the gust components as férerdie between the velocity
components of the aircraft relative to the earth and thoseatefrom the air data measure-
ments. This is achieved using the equation,

Ug Tp u
vg | =Cp |UB| — |V (9.5.14)
Wg h w

where the matrixCx is a direction cosine matrix to transforin;, v and/ from the earth axes
to body axes. It is identical to that given in Equation (94).But withe,, ¢, ande, replaced
by the attitude angles, # andvy. Measurements af; andyy can be provided by the inertial
navigation system or GPS. If these are unavailable, thezl@wmeter data can be transformed
to earth axes and integrated to obtamandyz[164].

9.6 Dynamic Wind Tunnel Examples

For the first set of examples in this chapter, data from theadyo wind tunnel is used. In
this case, all measurements were provided by the IMU, tbexdhe only compatibility check



180 Data Compatibility Check

that could be made was on the angular rates and the attithidesheck could be made on the

accelerometer data. However, for the 3 DoF case, this wasomsidered to be critical as only

the angular rate and attitude measurements were used feultisequent parameter estimation
step. From Section 9.2, the kinematic equations of intevese,

95 = p+gsingtanf 4 rcos ¢ tanf (9.6.1)
0 = gcos¢—rsing (9.6.2)
¥ = gsingsecl + rcos dsecl (9.6.3)

The manoeuvres performed in the wind tunnel experimentg \werall perturbations about
trim, in which case Equations (9.6.1) to (9.6.3) can be liiseal and the motion about each
axis can be decoupled,

d=p (9.6.4)
6=q (9.6.5)
v=r (9.6.6)

To start with, analysis performed on pitch measurements ffee Hawk is presented. The data
analysed contained a 1-1-2 input to the elevator. The IMU peasstioned in the model 0.18m
ahead of the gimbal, which was the point at which the origibady axes was located. There
were also small misalignments in roll and pitch between tleasarement and body axes of
e; = -3.7 deg and, = -2.4 deg. Note, however, that only angular data was beiagnéed
therefore only the angular misalignment needed to be dewldor.

The error model for the pitch gyro was,
Gm = (1 + kg)q + b, (9.6.7)

An attempt was made initially to estimate a bias and a scaterf@rror for the pitch attitude
measurements as well. However, these errors were foundvi laeye standard errors and
were highly correlated with the gyro errors. The removalh# attitude errors from the anal-
ysis also had little effect on the resulting match betweemtieasured and reconstructed pitch
attitudes. Hence) was treated as being error free and the data compatibilégicfocused on
the estimation of the pitch gyro parameters. SubstitutiggeEon (9.6.7) into (9.6.5), the state
equation became, ‘

0 = (Gm — bg)/ (1 + kq) (9.6.8)

and the unknown parameters to be determined were the biescaledfactor errors, andk,.

Figure 9.2 shows the pitch rate time history. It can be seahdlsmall amount of noise is
present in the measurement. Initially, the output errorhm@twas applied to the estimation
problem, assuming that the pitch gyro data was free of ndike.bias and scale factor errors
obtained are shown in the first column of Table 9.1, with thewamted standard errors given
in the second column. Figure 9.3 shows the measured pifitidatidata plotted against recon-
structed response and, despite the presence of noise ityriheagvery close match between
the two was achieved. The output error method was then ruim dgd with the pitch rate
data smoothed prior to estimation. The results are alsmgivé&able 9.1 and, as can be seen,
they were almost identical to the estimates and standaotdseobtained in the first run. This
suggests that, despite the gyros being of the MEMS varietgiwdre traditionally regarded as
having noisier output in comparison with more conventianatrumentation, the noise in the
data is not large enough to adversely affect the estimatiocess.
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The EKF was then used to firig andk,. To implement the algorithm, estimates of the mea-
surement noise and process noise covariance matrices Wiead from Fourier smoothing
analysis of the pitch attitude and pitch rate data respelgtiv-igure 9.4 shows the time his-
tories forb, andk, from the forward run of the algorithm, while Figure 9.5 shoplsts of
the estimates when the Rauch-Tung-Striebel smoothingsssubsequently applied. On the
forward run, there is some variation in the estimates torbegth, as the algorithm attempts
to converge on an appropriate value. As time increases,diireated values settle down to
their constant converged values. When the reverse smagodigiorithm was then run, Figure
9.5 shows that the same constant values were estimatég &d £, at each point in time.
The final estimates are displayed in Table 9.1 along witlr $tendard errors. There was good
agreement between the results obtained using the EKF amdithet error method. Figure 9.6
shows a comparison of the measured and reconstructed piitcfi@ responses for the EKF.
Again, there is a close match between the measured and teaigd time histories.

0.8

Pitch Rate (rad/s)

| | | | |
0.5 1 15 2 25 3 35 4 4.5 5
Time (s)

-0.6 i i i
0

Figure 9.2: Pitch rate gyro data time history

OE OE - smoothed EKF
6  100[s/|9]] | 6  100[s/|4]]| @  100[s/|0]]
b, | -0.0048 510 |-0.0048 5.30 |-0.0037 12.15
k,| 00475  0.75 | 0.0470  0.76 | 0.0479  0.58

Table 9.1: Results of data compatibility check on Hawk
pitch data

A similar piece of analysis to that presented above was egpb measurements from the
DEMON model. This time, two data segments were concateriatgdher. The first contained
a 1-1-2 input to the elevator, while the second comprisedidlédto the rudder followed by an
aileron doublet. Because motion was excited about all thxes, the nonlinear state equations
(9.6.1) to (9.6.3) were used. As with the Hawk example, théJlid the DEMON had slight
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Figure 9.3: Measured and reconstructed pitch attitudes -
output error method
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Figure 9.4: Time histories of pitch gyro sensor errors for
forward run of EKF
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Figure 9.5: Time histories of pitch gyro sensor errors
from EKF plus smoother
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Figure 9.6: Measured and reconstructed pitch attitudes -
EKF
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misalignment errors relative to the body axes in roll andtpifThese were, = 1.3 deg and,
=-1.3 deg and were accounted for prior to estimation.

The gyros were initially modelled using the same form as ¢inggn in Equation (9.6.7), how-
ever a model structure determination analysis indicatat th this case, the scale factor errors
k, andk, were insignificant. For the same reasons given previoustysystematic errors in
the attitude measurements were also removed from the analyse output error method was
again carried out first assuming that the measurements @fand» (shown in Figure 9.7)
were free of noise. The first column of Table 9.2 contains 8temated values and the second
column displays the corresponding standard errors. Thehrmtween the measured and re-
constructed attitude angles is illustrated in Figure 9.8e Plots clearly show some mismatch
between the measured and reconstructed responses, lpaltiéor pitch and yaw. The output
error method was then run for a second time with the rates gradgrior to the analysis. As
with the Hawk example, the results matched very closelydlaigained when no smoothing
was done on the gyro data beforehand, as displayed in tleeahd fourth columns of Table
9.2. This observation again indicates that the low noiseléegn the gyros have little effect
on the estimation results. However, the discrepanciesdsithe measured and reconstructed
attitudes, depicted in Figure 9.8, remained.

The EKF incorporating the Rauch-Tung-Striebel smoothes than used to find the bias and
scale factor errors. The plots in Figure 9.9 show the timelies ofb,, b,, b, andk, determined
from the forward run of the Kalman filter. For each parametere were large fluctuations in
the estimates, especially in the first data segment. Foreibensl piece of data, the estimates
again experienced some fluctuations to begin with but quiséttled and remained at relative
constant values. Figure 9.10 shows the same plots but wetR#uch-Tung-Striebel smoother
applied to the data. This time, the value of each parameteromastant for each piece of
data but the magnitudes of these estimates differed bettietwo segments. The reason
for this was that different dynamics were being excited im ttho data segments. In the first
piece of data, an elevator doublet was applied, meaninghbatignals were likely to contain
sufficient information about, but less information about, b, andk,. In the second segment,
the opposite was true, with doublets being applied to trer@il and rudder, leading to better
information about the lateral/directional parameterse EKF estimates are also given in Table
9.2. The fifth column shows the smoothed estimates detedhiiam the first data segment and
the sixth column gives the values obtained from the secotalsgment. The standard errors,
based on the entire time history, are displayed in the lasihoo of the table. Interestingly,
the values fom, andb, from the output error method match closely those determfred
the second piece of data. The output error estimate. oih the other hand was closer to the
EKF estimate from the first segment. However, it would be etgubthat the EKF estimate
of k, from the second piece of data would be more reliable, as itiw#ss segment that the
yaw dynamics were excited. Figure 9.11 shows the measurkteannstructed attitudes from
the EKF. In comparison to the output error method, the magtivéen the two is improved.
However, this is to be expected because the EKF allows tiraasis of the parameters to vary
with time, whereas the output error method is trying to finé set of values to fit the entire
time history. The above analysis indicates that the EKF@gogr is better suited when carrying
out a data compatibility check on multiple segments of data.
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Roll Rate (rad/s)

Pitch Rate (rad/s)

Yaw Rate (rad/s)

12

Figure 9.7: Rate gyro time histories

OE OE - smoothed EKF
0 100[s/|0]] 0 100[s/16]] | 6, 0, 100[s/|0]]
b, | 0.0062  4.42 | 0.0058  4.90 | 0.0043 0.0057 22.89
b, | -0.0115  2.45 |-0.0116  2.44 |-0.0170 -0.0075 12.93
b, | 0.0022  23.89 | 0.0023  21.87 | 0.0013 0.0019  25.36
k. |-0.3089  12.07 |-0.3051 11.64 |-0.3021 0.0179  3.69

Table 9.2: Results of data compatibility check on DEMON
data
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9.7 UAV Gust Estimation Example

In this section, a data compatibility check on the UAV datprissented. This time, the analysis
used the full nonlinear expressions given in Section 9.2e Jtate vectok, input vectoru
and output vectoy were those defined in Equations (9.4.4), (9.4.5) and (9ré$)ectively.
The data examined was three manoeuvre segments concdteygether, which contained an
aileron doublet, a rudder doublet and an elevator doublshawn in Figure 9.12.

Elevator Input

Time

S

Aileron Input
Ci%:>

Time

Rudder Input

- -

Time

Figure 9.12: Control surface inputs in data segments used
for data compatibility check

Examination of the data revealed that the data supplied by Bpstems was already kinemat-
ically consistent, with no significant systematic erroraimy of the measurements. The plots in
Figure 9.13 show the measured and reconstructed respameasacan be seen, a very close
match was achieved for each motion variable. It was assuneeatinospheric conditions were
calm when the data was recorded. However, an attempt wasralde to estimate the gust
components experienced by the aircraft during the flight t€eerefore, the analysis was re-
peated but the EKF was used to estimate the states, whiclporeded the Dryden model of
turbulence outlined in Section 9.5. Figure 9.14 shows thienased time histories af,, v, and
wy. All three were found to be very small, with no component exiieg a speed greater than
around 2 m/s at any point. This confirms the observation tteatdsts were conducted in calm
atmospheric conditions.
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Figure 9.14: Time histories of gust component estimates



Chapter 10

Discussion and Conclusions

10.1 Conclusions

The aim of this research was to examine aspects of systertification for UAVs. Each of the
steps involved in the process for aircraft in general warevesd and potential issues that could
be encountered when analysing UAV data were identified. § lessies were then investigated
using measurements from two experimental sources. FiGthnfield University’s dynamic
wind tunnel facility was utilised, in which scale models di@vn in semi-free flight. The
control surfaces are actuated so that inputs, similar teetused when flight testing full-sized
aircraft, can be applied and the resultant response of tlieh®recorded. During the course
of the research, a 1/12 scale BAe Hawk and a 1/3 scale DEMON wéé tested. An added
benefit of the facility to this work was that the wind tunneldets were comparable in size to
the miniature class of UAVs. Therefore, practical issuiesilar to those faced for these aircraft,
were encountered with the wind tunnel experiments. Thergksource of experimental data
was UAV flight test data supplied by BAE Systems. The conolusireached for each stage
of the system identification process are presented in theestibns below, followed by a brief
outline of general findings relevant to the procedure as deavho

10.1.1 Manoeuvre Design

The goal of the manoeuvre design step is to ensure that thexgficient information in the
data regarding the aircraft dynamics of interest. Threemonly used methods for aircraft
were reviewed: frequency sweeps, design by statisticdysisaand multistep inputs. Their
use for exciting the dynamics of the wind tunnel models was tbxamined. The advantage
of frequency sweeps is that they excite a wide band of fregjgerand are useful whea
priori information of the vehicle dynamics is limited or poor, a lplem commonly faced for
UAVs. However, they take a relatively long time to apply amthen frequency sweeps were
attempted with the Hawk, it was difficult to keep the modekeldo the trim condition. This
has also been observed when flight testing small UAVs [48]siddeby statistical analysis
leads to input signals with a sound theoretical basis. Hewelre method can be complex and
involved. Furthera priori estimates of the aircraft dynamics are required for thegeecThis
is also true of the multistep approach. However, compardtidcstatistical design method,
the multisteps are much simpler to implement. They also lsaweuch shorter duration in
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comparison to frequency sweeps and, therefore, were tHerpgé inputs for the dynamic
wind tunnel experiments.

A number of different input shapes were tried during the aes®e These were the doublet,
3-2-1-1, 1-1-2-3 and 1-1-2. Based arpriori estimates, the time steps required to optimally
excite the model dynamics were very small, so computer géegrnputs, rather than manual
inputs, were applied. In this situation, the upper limit ba frequencies that can be excited are
governed by the performance of the control surface actsiaiidre electrical actuation devices
which are small enough to be housed in miniature UAVs or winthel models typically have

a much lower natural frequency than the larger hydrauligators used on manned aircraft. At
the same time, however, the natural frequency of the vehcleases as its mass and inertias
reduce. If the aircraft and actuator dynamics are locatesimilar frequencies, it may be
difficult to properly excite the airframe dynamics withobetactuator reaching its operating
limits. Hence, there is a potential for system identificatio be hampered by the performance
of the actuators, leading to less reliable estimates oftéd@lgy and control derivatives.

10.1.2 Sensors and Instrumentation

Another aspect of the experimental design process is thetsmh of an appropriate instrumen-
tation system. Due to the lack of space within the airfranagtigularly for small UAVs, the size

and number of sensors that can be accommodated in the air@agfbe limited. An attractive

option for the measurements of accelerations and anguks, hen space is limited, are in-
ertial sensors developed using MEMS technology. Their radirantages are their small size,
light weight and low cost, although in comparison to more uratsensor technologies they
have traditionally been less accurate, exhibiting noigputs and more significant systematic
errors. However, their performance has improved dramigtioger the last two decades and
this is predicted to continue in the future. MEMS inertialasarement units are also available
which use sensor fusion techniques to determine attitwaeégiag the need for bulky sensors
to measure these variables directly. Miniaturised air dgtdems, relying on MEMS pressure
transducers, have also been reported. The process of datigition is also affected by the size
of the aircraft. As the mass and inertias of a vehicle deerasnatural frequency increases.
Hence, the data sampling rate required to adequately eafbteraircraft dynamics increases.

For the wind tunnel tests, the motion of the models was rebusing an off-the-shelf MEMS
IMU. This allowed the suitability of such units for the dynamwind tunnel experiments to be
assessed. In the past, the emulation of flight test-like axgats in the wind tunnel environ-
ment had relied on potentiometers to measure the modetisds then kinematic relationships
were used to generate data for other motion variables. @bksdf redundancy meant that any
errors in the output of the potentiometers would directfeefthe stability and control deriva-
tives. However, with the MEMS IMU, it was possible to perfoarkinematic consistency check
on the angular rates and attitudes.

One practical problem encountered with the models was thaas not possible to measure
the control surface deflections directly due to lack of sgaa@ount devices such as a poten-
tiometer at the control surface hinges. Instead, the cbatndace deflections were inferred
through knowledge of the commanded inputs, the dynamidseohttuators and the dynamics
of the control linkages. To determine its characterisfiexjuency sweeps were applied to the
actuators in isolation and, using the input/output infaliorg a second-order transfer function
was found to match its response. The accuracy of the conirtdce deflections determined
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using this approach are dependent on the fidelity of the tartaad control linkage models.
There can be significant nonlinearities in the actuator el particularly for small low-cost
electrical devices, and their performance will vary undéecent loading conditions. The con-
trol linkages can also introduce nonlinear effects due tdresis and dead bands. While the
approach worked well for this research, direct measurewfdahe control surface positions, if
possible, is preferred.

10.1.3 Parameter Estimation

Chapters 4 to 7 have outlined a number of parameter estimalgorithms commonly used for
aircraft. Their respective merits and drawbacks have bessepted and practical examples of
their use in estimating unknown parameters from experiai@#ta have been provided. The
first of these to be examined was the equation error fornmradlved using ordinary least
squares regression. The appeal of this approach is itsisitgplith the parameter estimates
determined in one step using matrix algebra. The major desatdge with the algorithm is that
measurement errors in the regressors result in the leastejastimates being asymptotically
biased, inconsistent and inefficient. When high-precisiensors are used, this is less of an
issue and it was shown that, for the UAV flight test data, ttseilts obtained from smoothed
and unsmoothed regressors were virtually identical. Eiirothe regressors is potentially more
of a problem when utilising MEMS sensors, which have tradilly suffered from more sig-
nificant errors in comparison to conventional instrumeatatHowever, analysis of data from
both wind tunnel models revealed that the noise levels ositheals provided by the MEMS
IMU were not large enough to adversely affect the least suastimates, indicating that the
unit’s performance was adequate for this application. Degpe quality of the wind tunnel
measurements, it was in some instances best to smooth tlessegs because of the presence
of a high frequency component in the signals. This was due tmaesirable structural vibra-
tion in the test rig. A Fourier smoothing technique devetbpg Morelli [127] was found to
work well in this case. An added advantage of this method Wwasit allowed properties of
the noise in the signals to be estimated. It could also béyasassd to numerically differentiate
the smoothed data, which is typically required when degyhme dependent variable from the
measurements.

The second technique to be studied was the maximum likediloadput error approach. Its
advantages over the least squares equation error methtthareexplicitly accounts for mea-
surement noise and that it can be used to solve estimatidiigons which are nonlinear in
the parameters. However, it is a more complex, iterativehoweind therefore requires initial
estimates of the unknown parameters to start the algori@iften, these initial estimates come
from the least squares equation error method but if the atitmproblem is nonlinear then the
starting values will have to come from other sources. Thetmwodely used method of min-
imising the output error cost function is the modified Newiaphson algorithm. It has been
found, however, that this technique can struggle to comvérthe initial parameter estimates
are far from the optimum values. This may present a problehe# priori information is lim-
ited or poor. When analysing the DEMON model, for which therses ofa priori information
were minimal, it was found, however, that the modified NewRaphson algorithm converged.
Further, in runs of the output error method to estimate th¥ Hidort period derivatives, it was
only when all parameters were set to starting values of 1thigaalgorithm failed. In this case,
Levenberg-Marquardt method was still able to arrive at #messtability and control derivative
values.
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The least squares and maximum likelihood techniques carbaléormulated in the frequency
domain. An advantage of this approach is that the analysidearestricted to a given band
of frequencies. For the wind tunnel data, this meant thaeffexts of the rig vibration could
be removed and estimation could concentrate on the freguegion corresponding to the
rigid-body dynamics. Another practical issue faced withwind tunnel data was the presence
of a time delay in the input information caused by the wirglestwork. Two approaches for
accounting for this delay were used, with both found to bébeian practice. First, the input
data was time shifted manually through inspection of the.ddn the second approach, the
time delay was included in the vector of unknowns to estichat€his made the estimation
problem nonlinear so an iterative algorithm, such as theifead\Newton-Raphson technique,
was required. In the time domain, the estimation of timeykelaquired that some additional
subroutines be added to the algorithm. Also, without ird&afing the data, the time delay had
to be a multiple of the data sampling timd&. In the frequency domain, time delay estimation
is more straightforward. No additional subroutines weruneed and there was no constraint
that the time delay be a multiple aft.

In the final chapter focusing on parameter estimation, tvwods of particular concern for
UAVs were explored. Firstly, estimation from data recordedhe presence of atmospheric
turbulence was described. In comparison to manned airdd&f¢'s are more susceptible to
the effects of turbulence due to their smaller size. Atmesighdisturbance can be dealt with
in two ways. The turbulence can be modelled and its promedaa estimated along with
the stability and control derivatives. Alternatively, guglocity components can be estimated
during the data compatibility check and removed prior tapater estimation. The equation
error and output error methods are not well suited to estomavhen the measurements are
corrupted by turbulence. Process noise leads to an incteas@nce in the least squares
parameter estimates, while the output error approach ardgumts for measurement noise
and may struggle to converge if the process noise is signtfichwo parameter estimation
techniques, which explicitly model the effects of turbudenwere therefore investigated. These
were the filter error method and the extended Kalman filterRERBoth were used successfully
to find estimates of the DEMON's roll characteristics frontadan which flow disturbances
existed. The main disadvantage of the filter error methotsisomplexity. It must also be
ensured that the model structure is correct as the algomthinalways yield a good match to
the measured response, even if important terms have be¢edmihe EKF has the advantage
that it is a recursive technique so can be used for real-tianarpeter estimation. However,
to initialise the algorithm the measurement and processencovariance matrices must be
specified. While the covariance of the measurement noisdeastimated from bench tests
of the instrumentation or from Fourier smoothing, the pssceoise matrix is much harder
to specify and may require some tuning. When analysing th®IOHE data, however, it was
found that the values of the parameter estimates were Yamgénsitive to changes in the
process noise covariance.

A second issue for UAVs which was investigated was estimatiothe aircraft's open-loop
dynamics from closed-loop data. With the drive towards aoiy, the level of control system
technology employed on UAVs is high. Ideally, any feedbagstams should be disengaged
during the flight tests as they will tend to augment the priogeof the basic airframe. However,
this may be impractical, particularly if the basic airfrarm@instable. The presence of feedback
can lead to variables being highly correlated, requiringoe@ss for detecting data collinearity.
The resulting parameter estimates can then be obtainedgihigiased estimation techniques,
such as principal components regression and ridge regresBivo examples using UAV flight
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test data were presented. In the first, the aileron and rudgets were highly correlated.
The standard errors of the parameter estimates were loveemiparison to the least squares
estimates when biased estimation was used. In the secontpkxahe correlation between
pitch rate and elevator deflection, due to pitch rate feddbaas analysed. This time, the
correlation was less significant and standard errors ingastlsquares estimates were similar
to those of principal components and ridge regression. Aiptesexplanation for this was that
the time delays introduced by the flight control system leth&ye being enough information
about the separate effegtendn had on the pitching moment.

When estimation was carried out on data from the wind tunradets, the resulting values
for the parameters were, in some cases, significantly diitfrom thea priori estimates used
to design the multistep inputs. This was particularly traethe DEMON model. However,
the estimates obtained were statistically reliable, wath instances of high standard errors or
correlation coefficients, and the estimated values werérooed when validating the identified
model using separate pieces of data. Therefore, it can lduzted that, despite the inaccuracy
of a priori information, there was still sufficient information in thatd regarding the model
dynamics. Most likely, this is due to the ability of the matgp inputs to excite a wideband of
frequencies.

10.1.4 Model Structure Determination

The process of determining the most appropriate modeltstieicould be crucial for UAVs of
unusual configuration. For example, greater cross coupltgeen the dynamic in each axis
may exist for these vehicles. Two approaches to model streicketermination were presented
and applied to both UAV flight test data and wind tunnel measwents. The first was stepwise
regression, while the second was a more general approach whild be applied to nonlinear
maximum likelihood estimations problems. It was based @nahalysis of parameter stan-
dard errors, insensitivities and correlation outlined lischiler [6] for the frequency response
method. Guidelines for removing insignificant terms frora thodel structure had been sug-
gested by Tischler so an investigation of the suitabilityha guidelines for other estimation
techniques was investigated. Three test cases were dabcioime for the UAV, one for the
Hawk and one for the DEMON. In each case, both stepwise reigreand the maximum like-
lihood approach arrived at the same final model structure. miaximum likelihood approach
was applied in both the time and frequency domain and theetjo&s suggested by Tischler
for the frequency response method appear to also work wethéoother estimation methods.
It is clear, however, that the model structure determimapimcess is one that cannot be used
blindly but works best when combined with a physical underding of the aircraft dynamics.

10.1.5 Data Compatibility Check

The final chapter focused on the data compatibility chedq abmetimes referred to as flight
path reconstruction, the aim of which is to check the acquea kinematic consistency of
the measurements before they are used for parameter astimahe procedure can also be
used to determine gust velocity components and remove thete€bf atmospheric turbulence
prior to the estimation of the stability and control derivas. Two estimation methods were
investigated for the data compatibility check on the angrates and attitude information from
the wind tunnel tests. These were the maximum likelihoogpauerror method and the EKF
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incorporating a Rauch-Tung-Striebel smoother. The ougprdr approach is the simpler of
the two. However, the angular rates are treated as inputhlas for the estimation problem.
Therefore, any noise in the gyro data will enter the systeprasess noise, in which case the
output error method may give poor estimates or struggle tvexge. The systematic errors
to be estimated can also vary depending on flight conditiodsni@aanoeuvre types. Therefore,
when multiple manoeuvres are being analysed, the valuégafrtknown parameters can fluc-
tuate but the output error method will try to find one value tdaHe whole data set. This can
lead to convergence problems or an inaccurate match betiveeneasured and reconstructed
responses. The EKF approach, on the other hand, accourpsoicess noise and treats the
unknown parameters as artificial state variables which eay with time. Hence it does not
suffer from the two issues highlighted above. When anatysingle manoeuvres from the
dynamic wind tunnel tests, the output error method was faongive similar results to the
EKF even though noise in the angular rate information wasanobunted for. Smoothing the
rates prior to applying the output error method also hake léffect on the resulting estimates.
This again indicated that the noise in the measurementsdad\by the MEMS IMU is not
large enough to adversely affect the estimation procesdsdtfurther confirms the conclusion
from Chapter 4 that MEMS technology has matured to a levekattee performance of such
devices is sufficient for the applications explored in tleisaarch. As expected, when analysing
multiple segments of data, the output error did not provelelase a match to the measured
data as the EKF. This was due to some variability in the gyraretbetween the manoeuvres.

10.1.6 General Conclusions

From the discussion in this thesis, it can be concluded thane technique is particularly well
suited for the analysis of UAV data. Because of the wide rasfggzes and configurations of
unmanned aircraft, practical issues will be encounterdderanalysis of one aircraft that will
not be faced with another. In particular, more problems gyl to be met the smaller the
vehicle is. Based on experience with the wind tunnel modbkse include the impractical-
ity of measuring control surface deflections directly, tyaamics of the subsystems (such as
the actuators) being located in the same frequency regidhneasirframe itself and a greater
susceptibility to the effects of atmospheric turbulenceergfore, the best approach is to have
a number of techniques for each step in the system identtficatocess which can be read-
ily applied to a given UAV. The comparison of results from mdnan one algorithm is also
recommended to ensure confidence in the derivative essimate

10.2 Summary of Contributions to Knowledge

While researching system identification for UAVsS, a numbgcantributions to knowledge

have been made, particularly regarding the practical sidbeosubject. Firstly, the use of
MEMS sensor technology for dynamic wind tunnel experiméiais$ not been investigated pre-
viously and it was shown that the performance of a MEMS IMUgcpased off-the-shelf, was
satisfactory for the wind tunnel application. This was diesfhese devices traditionally ex-
hibiting noisier outputs in comparison to more mature semschnologies. Further, it was
shown that the noise levels on the measurements providdaebMIEMS IMU were not high

enough to adversely affect the estimation process, eveestimation methods in which the
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motion variables are assumed to be noise-free. Seconeélyrtalysis performed on the DE-
MON UAV wind tunnel model was the first time system identifioathad been applied to this
particular aircraft configuration and therefore this reskedas increased the information about
the dynamic characteristics of this particular airframethkegards to the BAE Systems UAYV,
while system identification had been performed on this aftgrior to this work, the analysis
presented throughout this thesis was the first time that gerah parameter estimation meth-
ods had been used to study this aircraft and some advandeddaes, such as the filter error
method and extended Kalman filter approach, had not be pralyiosed to analyse this UAV.
Finally, it was shown that, because of the wide range of sinelsconfigurations of UAVS, the
practical issues encountered with one aircraft can be wégrent from those faced with an-
other vehicle and, therefore, it is best to have a numberal/éinal tools which can be applied
to a given problem. In particular, more problems will be niiet $maller the aircraft is.

10.3 Recommendations for Future Work

A number of interesting possibilities exist for building tre research outlined in this thesis.
An obvious one is further development of the wind tunnellfigciTo start with, the data used
for the analysis was from wind tunnel models restricted tooF Inotion only. As mentioned,
the models tend to be very responsive in heave and will quigkithe end stops on the vertical
rod. This precludes safe testing in 4 DoF without some fornelo$ed-loop height control
system. Although such a system had been successfully ingpliet in previous work [84],
it has yet to be reproduced with the updated sensors andinmstitation due to difficulties in
obtaining an accurate value of height.

Future work could also explore different approaches tordgteng the control surface deflec-
tions of the models. While the approach adopted in this rekeasorked well, knowledge of
control surface positions are crucial for system identiiiccaand any inaccuracies in the mod-
els of the actuator and control linkage dynamics will dikgetffect the parameter estimates.
Therefore, characterisation of nonlinearities in smally-cost actuators and the control link-
ages could be investigated. The motion of the model itselfccbe also be ascertained using
novel techniques, such as vision-based or remote-sengtigpas. This would avoid the need
to mount sensors and the associated electronics in the rmndehake the process of scaling
the model’s masses and inertias to correspond to the fiddsaircraft easier.

Another aspect which may be of interest is real-time paramestimation for UAVs. The
current work has focused on estimation post-flight and, evthie extended Kalman filter was
discussed in Chapter 7, a study of other real-time estimatigorithms and their application
(for both the wind tunnel or flight tests) could be conduct@ther issues for aircraft system
identification in general in which there is scope for futugsaarch are in the area of nonlinear
and unsteady aerodynamics. The flight conditions in whielseélphenomena occur tend to be
at high angles of attack and sideslip. These conditions eatahgerous to fly in, especially for
prolonged periods of time. Therefore, the wind tunnel facinay provide a safe means for
investigating more complex flight regimes.
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Appendix A

4 DoF Equations of Motion

A.1 Description of Equations of Motion

The equations of motion for a model on the rig can be develdpad first principles in a
similar manner to those for a 6 DoF free-flying aircraft. TWis been done by Carnduff and
Cooke [165], with a summary of the equations given in thigieac

For the current discussion, it is assumed that motion of tbdehon the rig can be approxi-
mated by small perturbations from an initial equilibriuntiam condition and that longitudinal
and lateral/directional motion can be suitably decoupksgliations describing the model’s dy-
namics are referenced to a Cartesian axis system with diigid at a given point within the
model. The most convenient choice for the axes origin isadkation of the gimbal, as this is
the point about which the model manoeuvres relative to tpeltis also noted that, when the
wind tunnel tests were conducted, the gimbal and the modétecef gravity were coincident.
The wind tunnel velocity vector is assumed to act paralléhtoground, so the model’s pitch
attituded and angle of attack are the same. Also, when the model is wings level, a positive
yaw angley (nose to starboard) equates to a negative sideslip ahdter the case where the
model is experiencing zero roll, pitch and yaw angles, nmisorestricted along the andy
axes.

In comparison to the longitudinal motion of an equivalemtefiflying aircraft, axial velocity
perturbations experienced by the model will be suppresgéadxig. It is, therefore, not possi-
ble to simulate the aircraft’s phugoid, as axial velocitgidominant variable in this particular
mode of motion. However, it is possible to use the rig to sateithe aircraft’s short period.
This mode of motion is characterised by oscillations in leeand pitch, which are variables
unconstrained by the rig (although heaving motion is ret&d by the length of the rig’s ver-
tical rod). The inability to simulate the phugoid is not cmiesed a great disadvantage in the
use of the rig for predicting the dynamics of the full-sized ft. This is because it is usually
the short period dynamics that are of particular interestwifior example, designing stability
augmentation and flight control systems and performing lagndualities analysis [5].

The longitudinal equations of motion of the model can be egged in state-space form as

=l ] 1]+ ] AL
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wherew is the model's normal velocity its pitch rate and denotes elevator deflection. These
variables represent perturbations from initial valuesileeo trim the model. The stability and
control derivatives,,, z,, z,, m,, m, andm,, are given in concise form, the definitions of which
can be found, for example, in Cook [5]. As expected from th&cdption of the constrained
longitudinal motion above, Equation (A.1.1) is identicathe short period approximation of a
free-flying aircraft.

In this case where the model is permitted to manoeuvre in 3@dy; the longitudinal equa-

tions of motion become,
{w} {0 } {w} {0} (A12)
q My Mgl | q my,

whereVy is the wind tunnel velocity.

For motion in the lateral/directional plane, the princigidfierence between motion of the model
and the aircraft is that the rig suppresses lateral traoslathis means that the spiral mode is
not simulated in the wind tunnel, but roll-subsidence anttiduoll motion are observed. As

with the longitudinal case, this is not viewed as a major dravk as it is generally the short
term roll-subsidence and dutch roll modes, rather thandhg term spiral mode, that are of
interest.

The roll mode of the wind tunnel model can be approximatedheysingle degree of freedom
equation
p=1Lp+1& (A.1.3)

wherep is the model’s roll rate¢ represents the input to the ailerons dpdnd!, are the
stability and control derivatives. The dutch roll dynamies be described by the expression,

= B e

wherev denotes sideslip velocity, is yaw rate and represents the rudder input. Due to the
suppression of any lateral motion, the sideforce derieatiwith respect t@ and( are zero.
The suppression of the model’s lateral translation meaatstiie dutch roll mode simulated in
the wind tunnel is only an approximation of the free-flightea



Appendix B

Properties of Least Squares Estimates

B.1 Ideal Case

The properties of least squares estimates can be examitexria of bias, covariance of the
parameter estimation error and consistency [34, 31]. ,Rin& case in which the equation
errors are uncorrelated with the regressors, are chaisedely white noise with zero mean
and variance? and the regressors are known without error is investigated.

Bias is found by examining the expected value of the Ieaﬂmsstimates[é]. From Equa-
tion (4.2.7),
E[6] = E[(X"X) ' X7 (B.1.1)

Replacingz with the expression in Equation (4.2.3) leads to,

— E[(X"X) " XT(X6 + €)]
E[(X"X)~ xTxe] +E[(XTX) " XT¢] (B.1.2)
E[6] + E[(X"X) ™' XT¢]

Now, for two independent variablesand B, the expected value of their product is equal to the
product of their individual expected values [34] i.e.,

E[AB]| = E[A]E[B] (B.1.3)
Therefore, as the equation errors are uncorrelated withetiressors,
E[(XTX) ™" XT¢e] = E[(X"X) " XT]E[€] (B.1.4)

Also, E[0] is simply the true value of the unknown parameter veétand, under the outlined
assumptions, the regressors are known without error, forer¢heir expected values are the
same as their actual values, thus Equation (B.1.2) redoges t

E[6] = 6 + (X"X) ™' XTE[¢] (B.1.5)
However, the expected value of the equation errors is zero so

E[0] = 6 (B.1.6)
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In other words, for the given assumptions, the least squestamates are unbiased.

The parameter error covariance matrix, often referred gl as the parameter covariance
matrix, is defined as, ) )
P=E[6—-8)6—06)] (B.1.7)

Expanding the terms in Equation (B.1.7) and using the résuit Equation (B.1.6), it can be
shown that, .
P=E[AO | — 0067 (B.1.8)

Substituting (4.2.7) into (B.1.8) and noting that in matlgebra(AB)"=B7 A,
T
P=E {((XTX)_lez) ((x"x) ™' x2) } — 00"
= E[(X™X) 7 X"22"% (X7X) '] - 06" (8.1.9)
— (X"X) "' XTE[zZ']X (XTX) ™" - 667
The term Bzz!] can be expanded using Equation (4.2.3),
E[zZ"] = E[(X0 + €)(X0 + €)"]
= E[X00"XT 4 €07 X" + XO€e” + €€’ (B.1.10)
= X00"XT 1+ E[€]0" X" + XOE[e”] + Ele€”]

Assuming, again, that the equation errors have zero mean aadariance of Eee’| = oI,
then Equation (B.1.10) becomes,

E[zZ) = X007 X" + 52| (B.1.11)

Substituting Equation (B.1.11) into (B.1.9) gives,

P=(X"X) "' XT(X06"XT + o?1)X (X"X) ™" — 66"

— 060" + 5% (X"X) ' — 667 (B.1.12)
— o (XTX)
It can be shown that the least squares estirfiateith covariance given by Equation (B.1.12)

above, is a minimum variance, or efficient, estimate [123jisTalong with the result of the
estimate being unbiased, is known as the Gauss-Markoveheor

An estimator is said to be consistent if, as the number of daiat used in the analysis in-
creases, the parameter estimates converge on their tuesvalo investigate the consistency
of the least squares estimator, the expression for the gheammovariance matrix in Equation
(B.1.12) is rewritten as [126, 34],

1 1 -1
P=—¢2 | =XTX B.1.13
o ( . ) (B.1.13)
Taking the limit asV — oo,

1 1 !
lim P = lim {NUZ (-xTx> }:0 (B.1.14)

N—oo N—oo N
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where itis assumed that the inverse term exists. Equatidn®) implies that there is no error
in the estimat®, so the least squares estimate is equal to the true paraveeteré.

To summarise, under the assumption that the equation erensncorrelated with the regres-
sors, are characterised by white noise with zero mean anmaheaw? and that the regressors
are known without error, the least squares estimator is &msad, efficient and consistent
estimator.

B.2 Practical Case

In practice, measured variables will always contain errbesice the assumption that the re-
gressors are known without error is likely to be invalid. dfsrin measured signals tend to be
either systematic, such as bias or scale factor errorsnoilora measurement noise. Another
source of error is the effects of atmospheric turbulencachvis modelled as process noise.
Therefore, the properties of the least squares estimal@mmhese errors sources are present,
are investigated next.

Consider the case where measurements of the regressams corrupted by a constant bias
error AX and random measurement noigéhaving zero mean. The true value of the regressor
matrix is,

Xp =X —=AX — vy (B.2.1)

The dependent variableis then modelled as,

y =X7r0 +w

= (X —AX —v)0 +w (B.2.2)

wherew is a vector of white noise with zero mean representing theceffof atmospheric
turbulence. The measurements of the dependent variabésareorrupted by noise,

Z=y+Vy (B.2.3)

wherevy is a white noise process with zero mean. To investigate the d&nd covariance of
the estimates under the above conditions, Equation (Bi )t premultiplied by the term
(XTX)~1XT [126, 34],

(XTX) 7' XTy = (XTX) 7 XT(X — AX —v,)0 + (X7X) ™'

XTw (B.2.4)
Using Equation (B.2.3), Equation (B.2.4) can be rewritten a
(XTX) 7' XT(z=vy) = (XTX) 7 XT(X = AX — v )8 + (XTX) "' X"w (B.2.5)

Next, after substituting (4.2.7) into (B.2.5) and reariagghe resultant expression, the least
squares estimate is given by,

0 =60+ (XTX) " XT[W+ vy — (AX +v,)8] (B.2.6)

The expected value of the estimator is then,

~

EI6] = 0+ E | (X"X) ™ X7 W+ vy — (AX +v,)8]] (B.2.7)
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Remembering, from Equation (B.1.3), that the expectatioth® product of two independent
variables is equal to the product of each variable’s expleatie, and thats andv, are assume
to have zero mean then the expected value of the least sqsieste becomes,

E[6] = 6 — E[(X"X) ™' XT(AX +v,)]6 (B.2.8)

Hence, for the more realistic case accounting for the effetmeasurement errors and atmo-
spheric turbulence, the least squares estimate is shoventiabed. It is also interesting to note

that, under the assumption wfandv, having zero mean, the bias is due entirely to errors in
the knowledge of the regressors.

Focusing now on the parameter covariance matrix, from EouéB.1.8),
P=E[09'] - 067 (B.2.9)

Inserting Equation (B.2.6) into (B.2.9) and again using pineperty of products of expected
values from Equation (B.1.3), it can be shown that [126],

P = E[(X7X) ™ XT (W +vy) (w4 ) "X (XTX) |
1 » (B.2.10)
+E [ (XTX) 7 XT(AX +v,)00T(AX + ) "X (XX) 7|

So, from Equation (B.2.10), it can be concluded that, whike bias of the least squares esti-
mates is due solely to errors in the regressors, the variaraféected by measurement errors
(in both the regressors and the dependent variable) andgsowise.



Appendix C

Standardised Regressors

C.1 Formulation of Standardised Regressors

This section describes the formulation of the standardiegessors used when carrying out a
collinearity diagnostic and biased estimation. Each of#igeessors and the dependent variable
can be scaled to unit length using the following expressions

Xi(i) = MS_XJ i=1,2,...,N; j=1,2,....n (C.1.1)
() = z@S_E (C.1.2)
where,
N —
S = QX0 = X (C.L.3)
z]:Vl
S.. = Z[z(i)—2]2 (C.1.4)

The variablesS;; and S., are known, respectively, as the centred sum of squares doreth
gressors and the centred sum of squares for the dependaitleaMVhen scaled, each of the
standardised regressors has a mean value of zero and a ¢ g,

X* = 0 (C.1.5)

J
N

= D X@Pr=1 (C.1.6)

i=1

X*

J

The standardised dependent variable is then found from,

2%(1) = 07 X7 (i) + 05 X5(0) + ...+ 0 X (i) + €(i) (C.1.7)

whereds, 65, ..., 0} are the standardised parameters. Note that in Equationi7{Ghte offset
term 6 is absent as the regressors were centred during the scabieggs. Iff; is to be
analysed in the collinearity diagnostic then the regressuarst be scaled without centring.
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The least squares estimates of the standardised paramegeistained from,
6 = (XXX Tz (C.1.8)

The values of the original parameter estimates are thenlesdd as follows,

n

~ ~

0; = 2 (C.1.9)

*
J i,
SJ

If the regressors were centred, the estimate of the origifigét parameter is calculated with
the expression,

i=1
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