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Abstract— The two-stage subtractive clustering Takagi-

Sugeno (2SC-TS) method is proposed which completely replaces 

the established method of inertial navigation with classification 

models. The classifiers are designed by the subtractive 

clustering algorithm, an unsupervised learning method. The 

accuracy of the trajectories is compared against three 

competitive data-driven methods on three independent 

experimental datasets. The results show how 2SC-TS generates 

trajectories with approximately 20% lower positional error 

compared with the single-stage version (SC-TS), and halves the 

error produced by competitive deep learning methods. The 

proposed method may help improve the positioning of people 

and robots carrying low-cost inertial sensors. 
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I. INTRODUCTION 

The need for accurate localization of assets under global 
navigation satellite system (GNSS) denial is in increasing 
demand. By 2050, it is estimated that 68% of people will live 
in urban areas and by 2030, one in eight will live in one of the 
world’s 33 megacities [1]. Positioning in these environments 
can be challenging as multipath and signal attenuation distort 
or completely null range measurements [2]. A lack of accurate 
positioning of emergency responders can be particularly 
serious and, in some cases, fatal [3]. In autonomous systems, 
the vulnerability of GNSS to spoofing and jamming is 
problematic for the use of uninhabited systems used in patrol 
and infrastructure inspection [4], [5]. 

Other technologies offer attractive alternatives to GNSS. 
Signals from ultrawideband (UWB) systems operate close to 
or below the noise floor power and are thus difficult to detect 
and jam [6], however maximum operating ranges are limited 
to a few hundred metres [7]. Additionally, like other systems 
using wireless fidelity (Wi-Fi) [8], radio frequency 
identification (RFID) [9], photodiodes or visible fiducials 
[10], they rely on the pre-deployment of hardware into the 
environment beforehand. This prevents their application in 
situations where ad hoc tracking is required. Although visual 
odometry (VO) systems are capable of tracking natural 
features [11], these features are not always visible in the 
camera frame leading to sudden collapses in tracking. While 
thermal imaging cameras have been used for improving 
situational awareness in extreme conditions, they are 
vulnerable to saturation and sensitive to the presence of gases 
and aerosols which can inhibit the observation of thermal 
gradients [12]. 

In contrast, inertial sensors are autonomous sensors which 
do not require any supporting infrastructure for their operation 
[13]. Such sensors include accelerometers and gyroscopes, 
measuring the specific force and angular velocity of the sensor 
body frame, b, relative to the inertial reference frame, i, 

denoted 𝒇𝑖𝑏𝑏 ∈ ℝ3  and 𝛚𝑖𝑏𝑏  ∈ ℝ3 , respectively. Inertial 
measurement units (IMUs) usually contain triads of mutually 
orthogonal accelerometers and gyroscopes and, thanks to 
micro-electromechanical systems (MEMS) manufacturing, 
low-cost, lightweight, and low power IMUs can be found in 
most modern electronic devices such as smartphones and 
augmented reality (AR) headsets. Unlike GNSS however, 
position cannot be estimated in an absolute sense but relative 
to a known initial position by a process of dead reckoning. 

The conventional method of position estimation, 
strapdown inertial navigation, involves the double integration 
of gravity compensated accelerometer measurements. While 
this method works for high quality optical inertial sensors such 
as in [14], the noise and stability characteristics of low-cost 
IMUs are orders of magnitude worse resulting in rapid error 
accumulation and exponential drift in the estimated position. 
In response to this problem, researchers have used heuristics 
to bound the error growth. The zero-velocity update (ZUPT) 
retroactively corrects for the integral drift in the strapdown 
method however it assumes frequent periods of zero velocity 
are available [15]. For IMUs on aerial or marine robots, inside 
handsets or when travelling relative to a moving platform, 
zero velocity periods may be rare. 

Data-driven methods have been researched to replace 
elements of the established methods with models generated by 
machine learning. Robust IMU Double Integration (RIDI) 
presented a shallow AI method for correcting the low-
frequency errors in the linear acceleration estimates before 
double integration [16]. The method relied on a blend of the 
strapdown-derived estimate and the regressed velocity making 
it potentially vulnerable to environmental factors such as 
changes in sensor temperature. Inertial Odometry Network 
(IONet) presented a recurrent neural network model for 
estimating polar displacement vectors directly from windows 
of IMU data [17]. Deep learning was therefore used to 
completely avoid double integration in the strapdown method 
however input data was expressed in the sensor body frame 
which reduced its generalization ability as shown in [18]. 
Robust Inertial Navigation in the Wild (RoNIN) proposed a 
similar method to IONet but regressed planar velocity vectors 
from IMU measurements projected into the navigation frame 
beforehand [19]. Thus, only the acceleration to velocity stage 
was replaced by the deep learning model. While RoNIN and 
IONet aimed for competitive orientation-agnostic position 
tracking, [20] showed how similar tracking accuracy could be 
achieved with an interpretable model based on subtractive 
clustering and Takagi-Sugeno (SC-TS) fuzzy classification. It 
was also shown how a single model alone was not capable of 
generalizing to all sensor orientations, suggesting an ensemble 
modelling method was needed. This approach was also 
suggested by [16]. 

While Kalman filtering is the widely accepted method of 
fusing data in navigation literature, it cannot be applied to the 
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problem concerned here and in the mentioned works. This is 
because the state variables (position, velocity) are not directly 
observable from a sensor reading. The data-driven methods 
can therefore be considered open loop estimators of the state. 

In this paper, the SC-TS method is enhanced with the 
addition of another classification stage mapping velocity 
changes into displacement changes. The proposed two-stage 
SC-TS method (2SC-TS) thus completely replaces the double 
integration process with TS classification for improved 
positioning accuracy. Section II formulates the problem and 
outlines the original SC-TS method. Section III introduces the 
enhanced two-stage (2SC-TS) version. Results on three 
independent datasets are presented in Section III and 
conclusions in IV. 

II. METHODS – IMPROVED ALGORITHM 

A. Problem Formulation 

The conventional method of estimating position in the 
navigation frame, n, 𝒙𝑛𝑏𝑛 ∈ ℝ3, involves double integration of 
acceleration expressed in the navigation frame, 𝒂𝑛𝑏𝑛 ∈ ℝ3 as 
shown in (1) with 𝒂𝑛𝑏𝑛  defined in (2): 

 𝒙𝑛𝑏𝑛 = ∫ (∫ 𝒂𝑛𝑏𝑛𝑇𝑛𝑇0 d𝑡)𝑇𝑛𝑇0 d𝑡 () 

 𝒂𝑛𝑏𝑛 = 𝐑𝑏𝑛𝒇𝑛𝑏𝑏 + 𝒈𝑛 () 

where 𝑡 ∈ ℝ+  is time, 𝒇𝑛𝑏𝑏 ∈ ℝ3  is a vector of 
accelerometer measurements (under the assumptions of local 
geographic navigation), 𝒈𝑛 ∈ ℝ3 is the gravity vector in the 
navigation frame and 𝐑𝑏𝑛 ∈ 𝐺 is the rotation matrix giving the 
orientation of the sensor body frame relative to the navigation 
frame and 𝐺 = SO(3) is the three-dimensional Lie group. 𝐑𝑏𝑛  
estimates are obtained from orientation filters like those 
described in [21]. In this work, the extended complementary 
filter introduced in [22] was used to estimate orientations. 

As mentioned, the magnitude of errors in low-cost IMU 
measurements prevents the utility of this method and has 
inspired research into data-driven approaches such as the SC-
TS method. 

B. The SC-TS Method 

The original SC-TS method in [20] replaced the first 

integral in (1) with a TS classifier that processed windows of 

IMU data, of length 𝑛𝑤𝑖𝑛 ∈ ℤ+ expressed in the navigation 

frame to planar velocity vectors, 𝒗𝑛𝑏𝑛 ∈ ℝ2. This mapping is 

shown in (3): 

 [𝒇𝑛𝑏𝑛 𝛚𝑛𝑏𝑛 ]𝑛𝑤𝑖𝑛×6 𝑇𝑆1→ [𝒗𝑛𝑏𝑛 ]𝑛𝑤𝑖𝑛×2 () 

Like in RoNIN, an aligning rotation, 𝐑𝑛𝑖𝑛𝑡 ∈ SO(3), was 

first applied to the input features to ensure the navigation 

frame defined by the orientation filter, 𝑛𝑖 , agreed with the 

reference frame of the ground truthing system, 𝑛𝑡. This was 

required because the heading angle defined by the filter was 

dependent on the initialization conditions of each sequence 

(no magnetometer was used in this method). This aligning 

rotation was assumed to be found by solving the constrained 

nonlinear optimization problem in (4) based on the first three 

seconds of motion: 

 argmin𝐑𝑛𝑖𝑛𝑡∈SO(3) 1𝑛∑ (𝒗𝑛𝑡 𝑏𝑡𝑛𝑡 − ∫(𝐑𝑛𝑖𝑛𝑡 𝐑𝑏𝑛)𝒇𝑛𝑏𝑏 + 𝒈𝑛d𝑡)2𝑛𝑖=1  () 

(4) represents the minimization of the mean squared 

velocity error between the ground truth velocities, 𝒗𝑛𝑡 𝑏𝑡𝑛𝑡 ∈ℝ3  and those estimated by taking the first integral of the 

linear accelerations, 𝒗𝑛𝑖 𝑏𝑖𝑛𝑡 ∈ ℝ3, as shown in (5). 

 argmin𝐑𝑛𝑖𝑛𝑡∈SO(3) 1𝑛∑ (𝒗𝑛𝑡 𝑏𝑡𝑛𝑡 − 𝒗𝑛𝑖 𝑏𝑖𝑛𝑡 )2𝑛𝑖=1  () 

The TS classifier was created by the SC algorithm which 

identified clusters in input and output data. Based on the 

mountain clustering method, SC was chosen over other 

clustering methods such as fuzzy c-means clustering (FCM) 

and grid partitioning (GP) as their average trajectory errors 

over the training and test data were found to be larger as 

shown in Table I. The error metrics used were the absolute 

and relative trajectory errors, ATE and RTE respectively, as 

defined in RoNIN. GP was found to be the most expensive 

computationally as only multiple input single output (MISO) 

systems could be generated, thus requiring two models to be 

trained to estimate planar velocity vectors. The better 

performance of SC was likely due to the ability of the method 

to reject outliers in data as shown in [20]. 

 

TABLE I.  AVERAGE TRAJECTORY ERROR FOR DIFFERENT 

CLUSTEIRNG ALGORITHMS. 

 SC FCM GP 

ATE (m): 2.5 2.8 19 

RTE (m): 3.1 3.4 21 

 

Optimal parameters for the SC method were found by a grid 

search. Output data were the low pass filtered first derivative 

of the positions from the ground truth system. During 

inference, a first order Euler discretization created position 

estimates from the estimated velocity vectors. Fig. 1 shows 

how the data was processed in the SC-TS method. 

 

 

Fig. 1. Diagram of the original SC-TS method. 

C. The Two-Stage SC-TS Method (2SC-TS) 

The main improvement in 2SC-TS was the replacement 

of the Euler discretization step, represented by the 1/s block 

in Fig. 1, with the positional change classifier shown in Fig. 

2. 

 

Fig. 2. Diagram of the 2SC-TS method. 



The positional change classifier was another TS model 

created by the SC algorithm. Input data were defined as 

windows of planar velocity estimates from the first classifier, 

the specific force expressed in the navigation frame and the 

L-1 norm of the angular velocities expressed in the navigation 

frame as shown in (7): 

 [𝒇𝑛𝑏𝑛 |𝛚𝑛𝑏𝑛 |]𝑛𝑤𝑖𝑛×4 𝑇𝑆1→ [𝒗𝑛𝑏𝑛 ]𝑛𝑤𝑖𝑛×2 () 

 [𝒗𝑛𝑏𝑛 𝒇𝑛𝑏𝑛 |𝛚𝑛𝑏𝑛 |]𝑛𝑤𝑖𝑛×6 𝑇𝑆2→ [∆𝒙𝑛𝑏𝑛 ]𝑛𝑤𝑖𝑛×2 () 

Comparing (3) and (6), a secondary improvement to the 
method was the replacement of the angular velocities in the 
navigation frame, 𝛚𝑛𝑏𝑛 ∈ ℝ3, with their L-1 norm |𝛚𝑛𝑏𝑛 |. This 
reduced the dimensionality of the inputs to the first classifier 
by a third and the time to generate the model by 35% with no 
observed detriment to the accuracy of the estimated velocities. 

The SC algorithm creating the positional change TS 
classifier used the same optimal parameters found by the grid 
search: 𝑟𝑎  = 0.3, 𝑓𝑠𝑞𝑢𝑎𝑠ℎ  = 1.4, 𝑟𝑎𝑐𝑐𝑒𝑝𝑡  = 0.45 and 𝑟𝑟𝑒𝑗𝑒𝑐𝑡  = 

0.35. 

III. RESULTS 

To evaluate the performance of the proposed 2SC-TS 
method, three independent data sets were used: the two 
subsets from the large-scale folder in the Oxford Inertial 
Odometry Dataset (OxIOD), a subset from the Robust IMU 
Double Integration (RIDI) dataset and our own experimental 
dataset. While the OxIOD and RIDI datasets captured the 
motion of people carrying inertial sensors inside smartphones, 
our experimental dataset captured the motion of a carriage 
travelling around a circuit measuring 1.5x1.5m. Fig. 3 shows 

the laboratory setup used to capture the IMU and ground truth 
data. Table II shows details of the duration of the data used for 
training, their average speeds, 𝜇‖𝒗‖, and respective variances 

in speed, 𝜎‖𝒗‖2 . Table II also shows details of the test sequences 

used to evaluate the performance of the algorithms. 

To demonstrate the advantages of the proposed 2SC-TS 
method, it was compared against IONet, RoNIN and the 
original SC-TS. While 2SC-TS and SC-TS models were 
generated on a desktop PC, the RoNIN and IONet were 
trained using an Nvidia Tesla A100 graphics processing unit. 
For both, training lasted 100 epochs on 80% of each dataset 
with 10% allocated for validation and the remainder for 
testing. 

While the code for RoNIN was publicly available, IONet 
was not so a local implementation was made in MATLAB to 
best of the authors’ knowledge with the details available from 
[23]. Specifically, a two-layer bidirectional LSTM was used 
to generate change in heading and displacement estimates 
from inertial sensor data expressed in the sensor body frame, 𝒇𝑖𝑏𝑏  and 𝛚𝑖𝑏𝑏 . The sequence-to-one regression model therefore 
estimated the kinematic variables based on sliding windows 
of IMU data of length 200 samples with a stride of ten. Min-
max scaling was applied to the input and output data as this 
was found to result in lower validation loss. For training, 
ADAM optimizer was used with initial learning rate of 1e-4. 

To ensure a fair comparison with other methods, the same 
trajectory error metrics used in RoNIN method were also used 
here: ATE and RTE. 

Table III shows the average ATEs and RTEs achieved by 
each method on the test sequences of the three datasets. Fig. 
4(a)-(d) show the trajectories estimated by each algorithm on 
each of the test sequences. 

 

 

 

Fig. 3. Laboratory setup used for the acquisition of our own dataset. 

 



TABLE II.  PROPERTIES OF DATA USED FOR TRAINING AND TESTING THE MODELS. 

Dataset 
No. training 

sequences 

Total duration for 

training (min) 
𝝁‖𝒗‖ (ms-1) 𝝈‖𝒗‖𝟐

 (ms-1) No. test 

sequences 
Total duration 

for testing (min) 

OxIOD 14 35 0.93 1.0e-3 2.0 4.7 

RIDI 12 17 1.1 0.10 1.0 1.9 

Own 15 15 0.20 4.0e-3 1.0 1.2 

 

TABLE III.  ATES AND RTES OF THE ALGORITHMS ON THE TEST TRAJECTORIES. 

 SC-TS 2SC-TS RoNIN IONet 

Dataset ATE (m) RTE (m) ATE (m) RTE (m) ATE (m) RTE (m) ATE (m) RTE (m) 

OxIOD 2.7 3.7 2.5 3.6 4.4 6.7 44 51 

RIDI 5.1 4.9 3.3 3.6 19 12 40 47 

Own 0.17 0.30 0.15 0.18 0.59 0.80 0.77 1.4 

Average: 2.7 3.0 2.0 2.5 8.1 6.5 28 33 

 

 

 

Fig. 4. Estimated trajectories for, (a)-(b) OxIOD largescale test sequences, (c) RIDI test sequence and (d) test sequence from own dataset. 

 

TABLE IV.  AVERAGE MODEL SIZES AND INFERENCE TIMES. 

 SC-TS 2SC-TS RoNIN IONet 

Average model 
size (kb): 

4.0 7.0 53000 2000 

Average inference 

time (s) a: 
0.78 0.85 0.59 6.9 

a.
 Inference time on a sequence of 60s duration.     

 
.



The results from Table III show how 2SC-TS reduced 
the mean ATE and RTE by about 25% and 15% respectively 
compared with the best performing baseline algorithm, the 
original SC-TS method. Compared with RoNIN, 2SC-TS 
halved the mean trajectory errors on the test sequences. 

The trajectories on the first OxIOD test sequence in Fig. 
4(a) show how, although 2SC-TS initially underestimated 
displacement in the y-direction, it retained a more accurate 
heading estimate compared with RoNIN at the end of the 
sequence. The proposed method outperformed the original 
version, SC-TS, as the additional classification stage helped 
correct the predicted velocities of the first. IONet 
consistently underestimated the changes in heading angle 
which caused it to deviate after the first three 90 degree 
turns. This is likely due to the inputs to IONet being 
expressed in the sensor body frame rather than the 
navigation frame as in the other methods, thus making it 
highly sensitive to small deviations from the conditions of 
the training data. 

Fig. 4(b) shows how the 2SC-TS method remained 
closer to the ground truth towards the end of the trajectory 
but less at the start compared with RoNIN. As in Fig. 4(a), 
IONet rapidly deviated from the ground truth although it 
does capture some of the 90 degree turns to form a square 
trajectory. 

Fig. 4(c) shows how 2SC-TS captured the general shape 
of the ground truth trajectory compared with the other 
methods. The heading estimates from 2SC-TS are more 
accurate throughout the trajectory compared with SC-TS. 
However, all performed worst on this data and the 2SC-TS 
trajectory appears to have underestimated displacements 
equally in x and y directions. Referring to the properties of 
the datasets in Table II, this poor performance may be due 
to the greater variation in the speeds featured in the RIDI 
data set (approximately ten times larger than the others). 

The trajectories on our own test data in Fig. 4(d) show 
how 2CS-TS conformed the closest to the ground truth 
throughout the whole sequence and maintained a more 
accurate heading than RoNIN and IONet. While SC-TS 
retained a heading equally as accurate as 2SC-TS, after four 
circuits of the trajectory it drifts into the negative x and y 
directions. 

Table IV shows how the models produced by the SC-TS 
methods were orders of magnitude smaller in size than the 
deep learning models. While RoNIN had the fastest 
inference, the SC-TS methods followed close with IONet 
being the slowest. While it was expected that 2SC-TS would 
take twice as long as SC-TS, the reduction in the velocity 
classifier input dimensions for 2SC-TS meant its inference 
time was only marginally greater than SC-TS. 

IV. CONCLUSION 

Building on previous work in data-driven positioning 
using low-cost IMUs, this paper presented 2SC-TS, a two-
stage classification method. 2SC-TS completely replaces 
the double integration of IMU data with TS models 
generated by the SC algorithm. Compared with the original 
SC-TS method, 2SC-TS improves the positioning accuracy 
by about 25% in ATE. It also reduces the training and 
inference times of the velocity classifier by reducing the 
dimensionality of its inputs by a third. Compared with the 
RoNIN algorithm, 2SC-TS halves the errors on the test 

trajectories, generates a model that is orders of magnitude 
smaller in memory and almost as fast at processing data. The 
method proposed may help localize people or robots 
carrying low-cost IMUs more accurately. 

 Although 2SC-TS presented an improvement compared 
with the other methods, the ability of the method to 
generalize to data containing greater variation in speed, as 
in the RIDI dataset, requires further investigation. Future 
work will explore the use of different inputs to the classifiers 
to achieve lower trajectory errors. The generalization of the 
method may be improved with the creation of an ensemble 
modelling method to adapt to a wider variety of conditions. 
Specifically, it is suggested that the ensemble model 
includes accurate classification of the mode of carriage of 
the sensor on the body and accurate determination of the 
direction of motion after a stationary period. 

During the development of the method, it was found that 
the quality of trajectories was also dependent on the 
accuracy of the aligning rotation described in Section II.B. 
Future investigations intend to analyse the effect this 
rotation has on the inputs to the model, thus enhancing 
conceptual understanding of the method and providing clues 
to how it may be improved further.  
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