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Comparative Analysis of Sum-of-Squares Optimization and Neural
Network Lyapunov functions for Region of Attraction Estimation

Sorachat Chuenwongaroon', Argyrios Zolotas> and Dmitry Ignatyev?

Abstract— Region of Attraction (ROA) estimation with ac-
curacy is crucial for effective control design in nonlinear
dynamical systems. Sum-of-squares (SOS) optimization refines
Lyapunov function representations and expands ROA estima-
tion for polynomial dynamical systems. However, traditional
SOS methods tend to be overly conservative. In contrast, deep
learning has emerged as a powerful tool in robotics, enabling
data-driven ROA estimation. While deep learning offers strong
empirical performance, its lack of stability guarantees remains
challenging in safety-critical applications. This paper compares
two ROA estimation methods: Sum-of-squares (SOS) optimiza-
tion and Neural Network Lyapunov Functions (NLFs). We ex-
amine their effectiveness in approximating Lyapunov functions
for stability assessment, highlighting their strengths, limitations,
and practical relevance. Using the Van der Pol oscillator as
a benchmark, we conduct detailed simulations to evaluate
each method’s performance. We provide a comprehensive com-
parison, considering computational efficiency, accuracy, and
scalability, offering insights into their applicability in real-world
aerospace systems.

I. INTRODUCTION

Safety-critical applications like aerospace, robotics, and
power systems require stability analysis. Establishing a sys-
tem’s region of attraction (ROA) around a stable equilibrium
can ensure the system returns to equilibrium even after
disturbances. The Lyapunov function is a crucial core theory
invented more than a hundred years ago [1] that certifies
stability and estimates the region of attraction (ROA). There
have been many attempts to develop methods to create
Lyapunov functions. First, starting with Lyapunov’s direct
linear system method works well. However, when it comes
to nonlinear systems, a more advanced method is required
to create Lyapunov functions.

Sum-of-squares is the method that gets much attention and
can approximate Lyapunov functions as polynomials. This
method for constructing Lyapunov functions is a relatively
modern development in control theory and optimization. It
emerged in the late 1990s and early 2000s [2] [3] primarily
due to advances in computational tools and the application
of semidefinite programming (SDP) to solve polynomial
optimization problems. The Sum-of-Squares (SOS) opti-
mization approach [4]-[6] leverages polynomial Lyapunov
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function candidates and semidefinite programming (SDP) to
automate stability proofs. Despite its elegance and strong
theoretical guarantees, SOS can become computationally
intractable for higher-dimensional systems or when high-
degree polynomials are required. Moreover, the resulting
ROA estimates might be overly conservative due to polyno-
mial function restrictions. Extending the region of attraction
can be achieved by integrating a tailored shape function
within the estimated stability region. However, systematically
selecting such functions beyond conventional choices like
norm-based [7] or quadratic formulations [8] remains an
open challenge.

The Al revolution has propelled machine learning-driven
innovations in recent years. New machine learning-based
approaches for constructing Lyapunov functions use Neural
Network Lyapunov functions (NLFs) [9]-[15]. This tech-
nique uses data-driven training to approximate more general
classes of Lyapunov functions. Such approaches may enlarge
the estimated ROA and reduce modeling biases. NLFs have
emerged to overcome some limitations of polynomial-based
methods. One can capture more complex or non-polynomial
behaviors by training a network on sampled states to en-
force approximate Lyapunov conditions. However, a critical
challenge is post-training verification. Often, the verification
step via solvers (e.g., Satisfiability Modulo Theories (SMT),
Mixed-Integer Programming (MIP)) exceeds the training
time, casting doubt on the method’s applicability in real-
time systems without further optimization or specialized
tools. Neural networks approximate Lyapunov functions with
trainable parameters. The training phase enforces Lyapunov
conditions on oversampled states, often via penalty terms
in the loss function. After training, a verification phase
uses solvers (SMT, MIP, or interval-based) to ensure these
conditions hold for all in the domain. This extra step can be
computationally significant, which is a key drawback com-
pared to SOS. For a recent development, LyZNet [15] is a
lightweight Python tool that exemplifies recent advancements
in efficiently learning and verifying Lyapunov functions and
regions of attraction (ROA). It streamlines the verification
process by utilizing physics-informed neural networks to
solve the associated partial differential equations (PDEs) and
enhances computational efficiency. Creating Lyapunov func-
tions that deal with nonlinearities and uncertainties is a big
leap in this area. But using neural networks introduces new
challenges. For starters, checking if the learned Lyapunov
function satisfies all stability requirements can take much
time, sometimes even longer than the initial training. Next,
guaranteeing safety for safety-critical applications remains a
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significant obstacle without a robust certification process.

This paper presents a comparison between SOS optimiza-
tion and Neural Network Lyapunov functions. Specifically,
we address the following questions:

1) Can Neural Network Lyapunov functions outperform
classical SOS regarding ROA estimation?

2) What are the computational overheads associated with
each method, including the cost of verification for
Neural Network approaches?

3) Can Neural Network-based methods be safely de-
ployed in real-world, safety-critical settings, or is SOS
currently more reliable despite its conservatism?

The rest of this paper is organized as follows. Section II
covers background and preliminary concepts, including an
overview of ROA and classical Lyapunov stability. Section
IIT & IV proposes an analytical framework detailing Sum-of-
Squares (SOS) optimization and Neural Network Lyapunov
approaches, respectively. Section V provides a comparative
analysis illustrated by the Van der Pol oscillator. We conclude
in Section VI with key takeaways and directions for future
work.

II. BACKGROUND AND PRELIMINARIES
A. Region of Attraction (ROA)

Region of Attraction (ROA) represents the initial condi-
tions from which the system trajectories converge to a stable
equilibrium [16]. For a nonlinear system:

x=f(x), x(0)=xo, (D
ROA is mathematically defined as
Ry={x€D:¢(t;x) and lim [|¢ (#:) || = 0}, @

where D C R" is a domain containing the equilibrium point,
f:D—R" is locally Lipschitz, and ¢(z,x) is the solution to
the system.

B. Lyapunov Local Stability

Lyapunov functions provide an indispensable tool for
stability analysis and ROA estimates (sometimes called their
Lie derivative):

V(x) > 0,¥x #0and V(0) =0, 3)
) dv
V(x):= E-f(x) <0,Vx#0, “4)

where any such function and any positive constant ¢ > 0, the
sublevel set x € R : V(x) < ¢ is a region of attraction in 2,
provided that the set is contained in D.

Local stability analysis using quadratic Lyapunov func-
tions is fairly standard [17]. Suppose that x = 0 is an
exponentially stable equilibrium point for (1); i.e, f(0) =0
and the Jacobian Matrix A = Df(0) = Z—{C| x=0 is a Hurwitz
matrix i.e., all eigenvalues of A have negative real parts which
can rewritten as

i=Ax+g(x), 5)

where g(x) = f(x) — Ax satisfies lim, H(SIII(XJEI)H = 0. Lyapunov

equations are:

V(x)=x"Px, P>0, (6)
PA+ATP=—-0Q (7)

where P is a unique solution to the Lyapunov equation, and
Q € R¥" is any symmetric positive definite real matrix.

V(x) = xT (PA+ATP)x +2x" Pg(x),
= —x"Ox+2x" Pg(x),
< —AlJ* + 24" Pg(x),
= —e|lx]> + (22" Pg(x) = r|lx[|?),

where we set r = A — & > 0 for some sufficiently small € >0
and A is the minimum eigenvalue of Q. The goal of this local
stability analysis is to determine the largest number ¢; such
that:

xeP=2x"Pg(z) < rlx|?, 8)
where P is a sublevel set of quadratic Lyapunov functions.

C. Case Study: Van der Pol Oscillator

A widely cited nonlinear benchmark is the Van der Pol
oscillator,

X1 = X2,
Xy = —xl—l—,u(l—x%)xz, 9

where 1 > 0 controls the nonlinearity. It features a stable
limit cycle for certain parameter ranges and poses challenges
for polynomial-based methods due to its nonlinear term (1 —
x%) Neural networks can, in principle, approximate more
intricate Lyapunov functions for this system, but verifying
them involves lengthy computations.

ITI. SUM-OF-SQUARES (SOS) OPTIMIZATION

Sum-of-Squares (SOS) optimization is a convex optimiza-
tion framework that enables stability certification and Region
of Attraction (ROA) estimation for polynomial dynamical
systems. It extends Lyapunov stability analysis by represent-
ing the Lyapunov function V(x) as an SOS polynomial and
optimizing its level sets to estimate a larger ROA [18].

1) Problem Setup: Consider a nonlinear polynomial dy-
namical system in (1).

2) Candidate Lyapunov Function: Define a polynomial
candidate Lyapunov function:

Vi) =Y 2, (10)
=1

where ¢;(x) are polynomials in R,. The set of SOS
polynomials in n variables is defined as:

1
So={peR|p=) /7 ficR}.  AD
i=1

If p(x) € X,, then p(x) > 0 for all x € R", ensuring
positivity.



3) Shape Functions and Union Theorem: A shape func-
tion (SF) is a positive definite function used in SOS opti-
mization to improve ROA estimation. It guides the expansion
of the Lyapunov function V(x) by increasing the enclosed
area. If its center is at the origin, it is called an ordinary
SF; otherwise, it is a shifted SF. The optimization problem
maximizes the ROA using SFs:

maxf3  subject to {x:p(x) <P} C{x:V(x) <y} (12)

Where p(x) is the shape function, 8 is the scaling factor
that determines the expansion of p(x), ¥ is the level set of
V(x) defining the estimated ROA.

To refine the ROA estimate using multiple SFs, the Union
Theorem is applied:

—(V =)+ (pi— Bi)si(x)(€ Ly,

Where s;(x) are SOS multiplier polynomials ensuring the
inclusion constraints hold.

Thus, the union of the regions defined by all shape
functions is enclosed by V(x) < 7.

4) V-S Iteration Algorithm [18]: The SOS optimization
iteratively enlarges the ROA by alternating between 4.1),
4.2), and 4.3) steps:

4.1) y-Step: Solve for the SOS multiplier so(x) and the
optimal bound y* for a given V(x) and a fixed stability
margin polynomial /5 (x)(x):

13)

i=1,...,n

Y = max y

SeEL,

st — {g‘;f%-lz(x)] + (V=950 €Zp. (14)

where Ip(x) is a fixed positive definite polynomial that
ensures strict negativity of V(x).

4.2) B-Step: Solve for the SOS multipliers s,s2, ...,s, and
the optimal shape function bounds S}, B5,..., B, using the
obtained y*:

[ﬁf‘,ﬁz",...,ﬁﬂ:sh&fﬁﬁe Bi,Bas.s By sit.:
—(V=y)4+(pi—B)si(x) €%y, i=1,..,n.

15)

where s;(x) are SOS polynomials ensuring that each shape
function region is contained in the ROA estimate.

4.3) V-Step: Solve for a new Lyapunov function V(x) that
satisfies:

V-l ek, (16)
av

- | Grnw]+ v -rmer, a7

(V1) (P B)si) €5y i=Loon. (18

where [ (x) is a positive definite polynomial ensuring V (x)
is strictly positive everywhere except at x = 0.
4.4) Scaling V: Normalize V (x) after each iteration:

V(x) @

. 19
v (19)

This step ensures numerical stability and prevents V (x) from
growing unbounded.

4.5) Repeat steps 1-4 until the final feasible Lyapunov
function V*(x) is obtained, defining the estimated ROA:

Ry=Q" :={xeR":V*(x) <1} (20)

IV. NEURAL NETWORK LYAPUNOV FUNCTIONS (NLFSs)

This section presents two algorithms for Neural Network
methods: one derived from [13] and the other from [15].

A. Neural Network Lyapunov Functions with Stability Guar-
antees (NLFG)

This approach employs two neural networks: one to ap-
proximate the unknown system dynamics and another to
learn a Lyapunov function.

1) Learning the Unknown Dynamics: Parameters are

given that
e [®-() <8 Vrandy
. ‘;‘; <M Note: V is the output of a neural network

o a: maximum of the 2-norm loss of all known data
samples
Then, the generalization error of approximated dynamics ¢
is bounded by

1F )=o) < IfF () = fFDI+FG) = oW
+f ) = FWI+ o) — o)l
< Kf5+OZ+K¢5
<[\% 21

where Ky, K, are the Lipschitz constants of f and ¢ respec-
tively.

The unknown system dynamics are approximated by a
neural network (])(x) with a mean square loss:

Zl\fxt )2,

2) Lyapunov Function Learning: After learning the un-
known dynamics using ¢(x), the second neural network is
designed to learn a neural Lyapunov function V(x). The
training utilizes data generated from the learned system dy-
namics, which introduces approximation errors. To account
for these errors, the standard Lyapunov conditions in 3 and
4 are reformulated as:

Vx e D\ {0},V(x) > 0,

Layn (¢ (22)

V(0) =0, VoV (x) < —B.

Here, B is a positive real number that can be determined
through an error-bound analysis.

3) Error-Bound Analysis: Given an unsampled state (x)
and its nearest sampled state (y), let > 0 be the bound such
that:

[1(x) -

Define M > 0 as an upper bound on the gradient norm of
V(x):

Wl<s. (23)

%] <m. ween (4



Let a be the maximum 2-norm loss across all known
samples in the training or test dataset. The bound on the
generalization error can then be expressed as:

7)ol <KpsratKs< b9

where Ky and Ky are Lipschitz constants for f and ¢,
respectively.
From this, we derive the inequality:

V) -veve < |5 H 1769~ 6ol

<M-—=8.

M = (26)

Thus, we conclude:
ViV(x) <VyV(x)+B<—-B+B=0, VxeD\{0}.
The Lyapunov function is trained using:
Li(0) = ZmaX(O, Vo (x:)),
i
Lr(0) = ZmaX(O,Vg (x;)),

L3 - ||V6 ’

L(O) =ML+ lsz(x) 4+ A3Ls + A4ly.

Total loss function:
27

4) Falsification Process: To verify the Lyapunov func-
tion’s validity, we encode the Lyapunov conditions as falsi-
fication constraints using an SMT solver [19] [13]:

n
= inzZs: A
i=1

Where € is a numerical error parameter used to control
sensitivity around the origin; if the SMT solver returns
"UNSAT, it confirms that the Lyapunov conditions hold.
Otherwise, a counterexample is generated and added to the
training set.

5) Theoretical Guarantees: We provide theoretical guar-
antees on the stability of the unknown system under the
learned controller. Using bounds on the Lipschitz constants
and neural network error estimates, we show that:

V(x) SOVVeV(x) > —B), (28)

V,V(x) <0, VxeD\{0},

which ensures that the origin remains in an asymptotically
stable equilibrium.

B. Physics-Informed Neural Network Lyapunov Functions
(PINNs)

This algorithm integrates Physics-Informed Neural Net-
work Lyapunov Functions (PINNs) and Zubov’s equation to
improve the ROA estimation [15] [20].

1) Assumptions: The framework verifies four sets

e P A local Region of Attraction (ROA) verified by
linearization where Vp(x) < ¢ b

o P»: The set of initial conditions that reach P; using a
quadratic Lyapunov function where Vp(x) < ca,.

o V|: A target invariant set contained in P, verified using
a neural Lyapunov function where Vy(x) <c¢j,.

e V5. An invariant set from which solutions reach Vi,
defining the verified ROA where Vy(x) < ¢y, .

These sets satisfy the following inclusions:

PCP, ViCP, and Vi CV,.

2) Local Stability Analysis with Quadratic Lyapunov
Functions: A quadratic Lyapunov function is obtained by
solving the Lyapunov equations in Section II-B.

3) Learning via Zubov’s Equation: It uses Physics-
Informed Neural Networks (PINNs) to solve Zubov’s Partial
Differential Equation (PDE) for the Lyapunov function.

VW (x)- f(x) = =¥(x) (1 -W(x))
where W (x) is a positive definite function to be solved, and
Y(x) =—o(l+W(x))o(x)

It is also a positive definite function that can be chosen, with
a > 0 being a parameter. The loss function consists of:

(29)

(30)

N

LS (VW (0 0) £ () + ) (1 — Wiy (11:6))?

Liesiqual =
N i=1

where x; are collocation points sampled from the system
state and 6 represents the trainable parameters of the neural
network.

2
Z (WN (xﬁf) — Waarget (xﬁi)>
i€f
where xg are boundary points of the domain, and Warget(x)

defines the expected values: Wy(0) =0 (at equilibrium) and
Wy (x) =1 (outside the domain).

Lboundary =

Ny

LS (W (i:0) — W(30))?

d =]

Lgata =

y; are points obtained from simulated system trajectories,
W (y;) is the computed Lyapunov function value using numer-
ical integration, and N, is the number of simulation training
points.

The total loss function minimizes the PDE residuals:

L(G) = Lresidual + Lboundary + Lgata (32)

An SMT solver (dReal) is used to verify the Lyapunov
conditions:

(c1 <Wy<e)A(xeX) iWN(X) <-—£
(Wy <ci)A(xeX)=Vp(x) <

(33)
(34)
where € > 0, ¢ > c¢; > 0. If counterexamples are found,

the Region of Attraction (ROA) size is reduced iteratively,
ensuring formal verification of the learned ROA.



== Valid region

(a) Polynomial Lyapunov function

(SOS) with a 6" degree polynomial. function.

(b) The Neural Network Lyapunov func-
tion with stability guarantees (NLFG)
features a single hidden layer with 6
neurons and utilizes the Tanh activation

— = Valid region

== Valid region

(c) The Physics-Informed Neural Net-
work Lyapunov function (PINN) em-
ploys a two-layer neural network with
30 neurons per layer and utilizes the
Tanh activation function

Fig. 1: Experimental Results for the Van der Pol system (u = 1).

TABLE I: Comparison of Sum-of-Squares (SOS) Optimiza-
tion and Neural Network Lyapunov functions (NLFs)

Criteria SOS Optimization NLFs

Cost for training | Medium (SDP solving) | High

Conservatism Conservative No conservative
Scalability Limited Scalable

Guarantees Direct certification Requires verification
Practicality Mature tools available Parameter tuning

V. COMPARATIVE ANALYSIS

In this section, we present the experimental results in
the form of Lyapunov functions for both the SOS and
NLF methods, as illustrated in Figure 1, and perform a
comparative analysis based on the Region of Attraction
(ROA), shown in Figure 2. We achieve results as in Table II.
All simulations were conducted on a system with a 13th
Gen Intel® Core™ i7-13700H processor (2.40 GHz) and an
NVIDIA RTX A2000 GPU.

A. Comparative Criteria

We define five key metrics to compare Sum-of-Squares
(SOS) and Neural Network Lyapunov Function (NLF) meth-
ods:

1) Computational Complexity: Compares SOS (SDP solv-
ing) with NLF (data generation, training, and verifica-
tion).

2) ROA Conservatism: Evaluates the certified ROA size
while ensuring stability.

3) Scalability: Assesses performance as system complex-
ity increases.

4) Safety Guarantees: Compares SOS’s direct certification
with NLF’s separate verification.

5) Implementation Practicality: Examines tool availability
and parameter tuning ease.

[ PINN - U5 NLFG

3 LeR

~71 sos

Fig. 2: Comparison of the Regions of Attraction (ROA) for
Quadratic (LQR), Sum-of-Squares (SOS), Neural Lyapunov
Function with stability guarantees (NLFG), and Physics-
informed Neural Lyapunov Function (PINN) methods

TABLE II: Parameters and verification results for a Van der
Pol Oscillator (4 =1 & cpax = 0.94025)

Method Comp. Time ROA Corverage
Quadratic 32 secs 19.42%
SOS 518 secs 94.16%
NLFG 2274 secs 36.76%
PINN 780 secs 93.58%

B. Discussion

Applying these criteria from Section V-A to the Van der
Pol oscillator case study (Section II-C), we can summarize
the comparative analysis in Table 1.

1) Neural Network vs. SOS in ROA Estimation: As
discussed in Section 1, our findings indicate that Neural
Network Lyapunov Functions (NLFs) do not yet outperform
SOS in estimating the ROA. While Neural Network offers
greater flexibility in function approximation, their ROA es-
timate from NLFG is generally smaller than those obtained
through SOS optimization with multiple shape functions, as



shown in Figure 2. Moreover, SOS provides robust formal
certification, whereas the NLFs require additional verification
procedures. From Figure 2 and Table II, it is evident that
PINN and SOS estimate the ROA more accurately, closely
matching the actual ROA. In contrast, NLFG estimates a
smaller ROA but provides stability guarantees by determin-
ing Lipschitz constants, as discussed in Section IV-A.5. SOS
and NLFs (NLFG and PINN) also estimate a larger ROA than
quadratic Lyapunov functions (LQR). Thus, these methods
effectively optimize ROA estimation, leveraging advanced
optimization techniques to improve performance.

2) Computational Overheads: Regarding computational
efficiency (Section 2), NLF methods require significantly
higher computational resources due to data generation, train-
ing, and verification. In particular, the verification stage
necessitates counterexample searches using SMT (Satisfiabil-
ity Modulo Theories) or MIP (Mixed-Integer Programming)
solvers, as employed in this study. In contrast, SOS relies on
convex optimization, which, while computationally intensive,
does not require separate verification.

3) Safety Considerations: As highlighted in Section 3, at
this point, NLFs are not considered safe for deployment in
real-world, safety-critical applications. While the NLFs have
advantages, such as handling high dimensionality, nonlinear-
ity, and uncertainty, which SOS cannot address as effectively,
there is a significant drawback. A primary concern is the
lack of safety guarantees and solid certification for NLFs.
Verification processes for Neural Networks still need further
development since finding counterexamples may require ex-
tensive test data, and undiscovered counterexamples within
the NLFs remain possible.

VI. CONCLUSION

In conclusion, this paper compares the strengths and
weaknesses of sum-of-squares (SOS) methods and Neural
Network Lyapunov functions (NLFs) for ensuring stability in
complex nonlinear systems. SOS methods provide stability
guarantees through polynomial constraints [18], but they
often restrict the Region of Attraction (ROA) estimates. In
contrast, NLFs offer greater flexibility in high-dimensional
spaces and can adapt to complex systems; however, they face
significant challenges in verifying stability.

There are still substantial challenges to address, partic-
ularly the need for robust verification methods to support
the validation of learned Neural Lyapunov functions. Ad-
ditionally, Physics-Informed Neural Networks (PINNs) [20]
depend on accurate mathematical models, which can limit
their applicability in uncertain or poorly understood systems.

Future research should prioritize the development of strong
verification methods for NLFs, as ensuring their reliability
in real-world applications is critical. Furthermore, combining
the strengths of Sum-of-Squares (SOS) Optimization and
Neural Network approaches warrants further investigation.
Finally, ensuring safety should also be prioritized, using
barrier functions [20].
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