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" 'SUMMARY |

A new modified maximum strain failure criterion is proposed
to predict the failure of the laminae of laminated fibre-
reinforced composite structures when the laminate is subjected
to combined loadings. The new criterion takes into account
the layer non-linear behaviour which is an important factor
in the fallure prediction operation. The analysis of
laminated structures containing laminae with non-linear
stress~strain response is also studied and a new methed is
proposed for this analysis. The modified failure criterion
introduces two levels of failure. The lower level is
associated with the "yield" of the lamina, or the beginning
of the lamina degradation, above which the lamina will
exhibit irreversible damage, The higher failure level,
however, is associated with the "ultimate" failure of the
lamina, above which the lamina cannot sustain any load.

After the "ultimate" failure of a lamina in a certain
direction, the post-failure model proposed in this study
assumes the failed layer to unload in the failed direction
only following a decreasing exponential function where the
secant modulus decreases gradually to zero.

The theoretical results are compared with experimental
results obtained from tests carried out on tubular composite
specimens under combined loading conditions. Acoustic
emission, C-scanning and photomicrographic tests were also
conducted to examine the damage caused when the linear limit
is exceeded.

The cylindrical specimens used in the experimental investigation
introduced two additional probiems which are also studied

here. These are the design of the tubular test specimens,

and the buckling of cylindrical shells under combined loading.

Comprehensive survey of the previous theories for all the
problems studied in this thesis is presenfed, and where
possible, the results obtained by previous investigators are
compared with the present proposed solutions and commented
on.
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k kth layer in laminated composite
L Longitudinal
m Matrix, mean
n nth increment
0 Qutside, nominal

P Partial
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t Tension, transverse
T Transverse, laminate
u Ultimate
X Property in x-direction
y Property in y-direction, yield properties
Xy Shear property in x-y plane
1 Property in the fibre direction
2 Transverse property
3 Through-the-thilckness property
12 Shear property in 1-2 plane
13 Shear property in 1-3 plane
23 Shear property in 2-3 plane
45 Property in the 45° direction
8 Property in @-direction
s Partial differentiation
Units

SI units and their symbols are used in this thesis
unless otherwise stated. The computer programmes can
be run with any consistent units.
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Chapter 1

- INTRODUCTTON

L.l WHY FIBRE-REINFORCED =~ COMPOSITES?

If engineering materials are classified into the four main
categories; metals, polymers, glasses and ceramics, then
any combination of two (or more) of these materiazls on a
macroscopic scale gives a composite material, Fig. (1.1.1).

The fibrous composites consist of fibres {(which are much
stiffer and stronger than the same material in bulk form)
bonded together in a matrix. The laminated composites
consist of layers of at least two different materials that
are bonded together. Thus, the laminated fibrous composites
are a bybrid class of composites involving both fibrous
composites and lamination techniques. Only this type of
compogites is considered in this thesis.

The human body is one of the first high performance composite
materials, for its bones and muscle tissue form a multi-
directional fibrous laminate, (Ref. 1). Laminated structure
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Fig. .1.1) Concept of composite materials



appeared in the plywood of the ancient Egyptilans, (Ref. 2),
the Mongol bow, the Damascus gun barrels and the. Japanese
ceremonial swords, (Ref. 1). Then in this century, advanced
composite materials were introduced: the fabric-reinforced
phenolic in the 1930's, the glass-fibre reinforced plastics
in the 1940's, the boron and carbon fibres in the 1960's,
the glass-fibre reinforced cement in the mid-1960's, the
carbon-fibre and glass-fibre hybrid reinforced plastics in
the late 1960's, Kevlar fibre in 1973, the Jute-fibre
reinforced plastics in 1973 (Ref. 3), and almost certainly
the hybrid of Kevlar, carbon and glass fibres reinforced
plastics in the 1980's.

What are the properties of fibre-reinforced composites which
make them appealing as structural materials? The concept of
composites is to obtain best qualities of their constituents,
and often some qualities that neither constituent possesses.
High specific stiffness, high specific strength, low thermal
expansion, corrosion resistance, improved fatigue resistance,
improved stress-rupture life time, formability, high damping,
super finishing surface and economy of fabrication can all be
exhibited in composites, though not necessarily at the same
time.

The outcomes of these improved properties are: higher speed
(e.g. aircraft and boats), higher load capacity or range

(e.g., airceraft, missiles and general transportation), fuel
economy (e.g. aircraft and general transportation), longer
1ife time (e.g. aircraft, boats and chemical plants), improved
manoeuverability (e.g. fighter planes, boats, tennis rackets,
and skis), lower fabrication cost (e.g. boats).

To compare the stiffness and strength of composites with
other materials, specific stiffness and specific strength
are used for such comparison. These are the stiffness-to-
density and strength-to-density ratios respectively. In this
way the low weight of composites is accounted for. Many
authors compare the unidirectional properties ' of composites
with the properties of other materials. This is not a fair
comparison, for composites have high properties in the fibre
direction and low properties in the direction perpendicular
to the fibres, and composites are usually used in the form
of laminates which consist of several plies with different
orientations. A fair comparison is to use the so-called
quasi-isotropic laminate which has same properties 1in every
direction and is a symmetric laminate of 0°/90°/£45°,

table (1.1.1) and Fig. (1.1.2).

However, the fact that composite materials possess different
properties in different directions is also an advantage, for
the fibres can be alipgned in the load directions, thus the
designer can make op timum use of the material.

Cost of parts made of composites are in many cases higher
than parts made of conventional materials. In order to
justify the use of composites other savings must be possible,
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like savings in thickness, weight, trimming wastage and
running cost. Many engineering applications of composites
are listed in Refs.(4-15), essentially in road and rail
transportation, aircraft, space vehicles, ocean engineering,
building, chemical, electrical and nuclear industries, tex-
tile machines, measuring tools, mechanical engineering,
bioengineering and sport equipment. Examples of very
recent applications include the F-18 Advanced Fighter,
(Ref. 11), which has composite laminated structures in the
wing skins, vertical and horizontal tails, rudders, speed
brakes, fuselage doors, covers and panels, flaps, and
landing-gear doors. This reduces 1its weight by more than
500 1b. The Boeing 757 and 767 will employ composites in
similar parts, (Ref. 12). All-composite helicopter rotor
blades are in production status for UH60, CH47 and HUY46
helicopters, (Ref. 12). British Rail High Speed Train has
a composite cab, (Ref. 14). The Royal Navy vessel, HMS
Ledbury, is a complete GRP ship, (Ref. 16). And last, but
not least, the revolutionary aircraft of Burt Rutan are
constructed from a combination of plastic foam and G.R.P.,
(Ref. 17).

For the future of composites one can prophesy that these
materials are the materials of the future. Mr. L.N. Phillips
of the Royal Aircraft Establishment, (Ref. 13), concludes:

"It is fairly certain that our children will fly in machines
that are substantially of composite construction. They

will do so, not to humour their dear old Dads, but because

it will be a better way to fly."
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1.2 FAILURE OF @ FIBRE-REINFORCED COMPOSITES

Although composites have been in use in engineering appli-
cations for many years, the rigorous conditions under which
materials have to operate led to the theory of composite
materials, which is still in the development stage. On
the other hand, the improvements in structural efficiency
are the result of lnnovations in design criteria and better
understanding of the behaviour of these new materials.

With more reliable information about the behaviour of
composite materials they will be used in primary structures
and introduced in many other applications. Consequently,
the production rates of composites will be higher which will
result in lower material costs.

The strength of a structure is its ability to sustain a given
load without failure. Failure is, therefore, the limit of
load carrying capacity. Unlike homogeneocus isotropic
materials, laminated fibrous composite materials are non-
homogeneous and anisotropiec, which makes their strength
difficult to determine.

The strength of homogeneous and isotropic materials is
determined by first obtalning the material properties from
simple test conditions (uniaxial tension, compression and
shear), and then by generalising these data for more complex

stress states to cover the entire spectrum of loading. For
the generalisation process there exist various methods,
e.g. Tresca, Von Mises ... etc.

The strength of a composite layer is also determined by first
finding the layer properties from simple test conditions,
though here there are more properties to obtain viz:
longitudinal tension, longitudinal compression, transverse
tension, transverse compression and in-plane shear. Then
these data are generalised for complex states of stress.

This procedure is not a unique one as there are many failure
criteria with varying fallure envelopes.

However, the strength of a liminated composite structure as

a whole is a problem yet to be solved. This thesis is a
contribution towards the strength of multilayered composites.

1.3 SCOPE OF PRESENT INVESTIGATION

The present theoretical and experimental research is meant
to be a comprehensive study for the failure of laminated
fibre-reinforced composite structures under complex stress
states. It is appropriate to study the behaviour of these
structures before any failure occurs in any of the plies of
the multilayered laminate. The non-linear behaviour of
fibrous composites is examined. This is very important in



understanding the failure process of composite materials.

The study is then directed towards the existing failure
criteria which generalise the unidirectional data for the
multidirectional loading state. These criteria produce
dissimilar results. They are first verified against experi-
mental results, and then, through different types of testing
and examining composites, a new modified criteria is

proposed for the failure of a layer in a laminated structure.

Once a particular lamina exceeds its strength, how and what
proportion of its load can it carry, and what proportion of
the load does it transfer to unfailed layers? What are the
new laminate properties? And then what causes the total
failure of the laminated structure as a whole? A1l these
points are studied, and solutions for them are proposed.

An additional problem is imposed on the research programme
and has to be studied. That is the analysis of the gripped
specimen and the influence of the end-effect on the design
of the test specimen in order to obtain uniform stress

state in the characterisation section of the tubular specimen.

During the experimental investigation an instability failure
may occur. This problem is studied to compare the critical
load of instability with the limit load of strength in order
to distinguish the type of failure.

1.4 REVIEW * OF PREVIOUS ' STUDIES

As mentioned above this thesis is an all-embracing study of
the problem of failure of composite structures starting from
the pre-failure behaviour and ending with the post-failure
behaviour of multilayer composites. Thus it is more
appropriate to review previous work on different aspects of
the problem where these matters arise as a comprehensive
study of the subject is not known.

However, in the course of this research, two groups from two
different academic institutions have separately published
papers about their contribution to this important topic.
These are from the University of Liverpool (Refs, 18-19) and
the University of Manchester Institute of Science and

Technology (Refs. 20-21), The methods of analysis, the
theories derived and even objectives to some extent in both
cases are different from those of this study. Non-linear

response of composites is, for instance, ignored in Liverpool
study, whereas the rule of mixtures is used in Manchester
study to obtain the elastic properties of the composite
lamina. Both of these studies are reviewed and compared
with the present study in due course.



1.5 METHOD OF ANALYSIS

There are two methods of analysis of a composite lamina

a) Micromechanical Behaviour
In the micromechanics approach a layer of a laminated
fibre-reinforced composite structure is considered to
be of two different materials: the fibre and the
matrix. In this way it is heterogeneous.

b) Macromechanical Behayiour
In the macromechanics theory a ply of a laminate of
composite structure is assumed homogeneous but
anisotropic. The effects of the constituent
materials, the fibre and the matrix, are allowed for
only in a form of average apparent properties of the
layer. '

Thus, in the micromechanics the lamina properties are
predicted, whereas they are measured by physical means in
the macromechanics approach.

In general, due to the complexity of the microstructure of
composite materials, many assumptions have to be made to
simplify the solutions of various problems. These
assumptions belong to filament shape, uniformity, array,
homogeneity, alignment, continuity, properties of matrix and
voids. Then, the analysis methods vary from strength-of-
materials approach to rigorous three-dimensional theory of
elasticity approach, (Refs., 22-32). In all cases, however,
there is a difference between solutions and experimental
data. Nevertheless, the micromechanics approach is useful
in designing a new composite material to achieve certain
properties,

In this present study the macromechanics approach is
considered where the lamina properties are determined experi-
mentally and then used to predict the laminate properties
using the lamination theory which is itself a macromechanics
analysis. In this way the properties of the lamina are
more realistic and dépendable for subsequent analysis in
predicting the failure of the laminate. This failure of
the laminated structure, according to the present theory,
consists of a series of ply-failures, However, the macro-
mechanics analysis is compared here with microscopic
observations whenever possible.

It is worth mentioning that fthere exist another macromechanics
method of analysis in which the laminate is characterised
experimentally, as one unit, to determine its properties

{(e.g. Ref. 21). This theory does not involve a lamination



theory but necessitates mechanical testing for every
laminate, a procedure to be compared with the lamina~laminate
method in due course.

There is another micromechanics approach which is called
"Netting Analysis", In this analysis, (Refs. 32, 33) the
fibres carry the applied load, whereas the matrix is visualized
as a medium necessary to keep the fibres bonded together and
not as a load carrying agent. When compared with test data,
netting analysis theory appears to be grossly conservative
(Ref. 34}, Such a theory is more appropriate for woven
fabrics since they have no matrix to carry loads to begin
with, (Ref. 2). Indeed, this theory becomes invalid for
fibre-reinforced composites in special cases, e.g. when the
fibre orientation is compatible with the applied loading.

1.6 EXPERIMENTAL TECHNIQUES

As mentioned above, the macromechanics approach of lamina-
laminate theory is adopted in this present investigation.

The first objective of the experimental programme is to

obtain an individual layer properties. These properties

are then used in the analysis of laminated structures, under
combined loading states, where it is assumed that the behaviour
of a single ply in a certain direction is the same as the
behaviour of this ply in that direction when it constitutes
part of a laminated structure.

The second objective for the experimental investigation is
to establish biaxial data for known composite material in
order to verify the theory developed here.

The experimental characterisation of composite materials is
usually more difficult than homogeneous isotropic materials
because, due to macroscopic anisotropic effects, there are

more different kinds of independent data to obtain. On the
other hand, the test specimen in case of composites 1is
designed more carefully. It is not a surprise to see many

conferences devoted completely to testing of composite
materials, (e.g. Refs. 35-39),

Different types of composite specimens have been used by
engineers and scientists to characterise composite materials.
These are

a) Qff-Axis Coupon Specimen

The off-axis coupon, Fig. (1.6.1), has been of interest as
an inexpensive means of obtaining data at a limited number
of biaxial stress conditions. The coupon can be unidirect-
lonal or laminated composites, The problems of this type



of specimens are:; the cut fibres at the edges which cause
premature failure; obtaining homogeneous stress state; end
constraints effects; the biaxial normal stresses are always
of the same sign (first and third gquadrants only)j; and the
problem of limited biaxial loading ratios, (Refs. 40-45).

b) FPlate-Type Specimens

Grimes et al, (Ref. 46), used a plate specimen for biaxial
stress state testing, Fig. (1.6.2), but their specimens
failed at the edges.

Cole et al, (Ref. 40), reported another plate-type biaxial
test specimen which is called the Crossbeam, Fig. (1.6.3).
The specimen consists of two sandwich beams intersecting at
right angles. The composite to be tested is used as a
skin facing on the beam. The beams are subjected to four
point bending which places the test section in pure bending.
A known state of blaxial stress is produced at the point of
intersection of the centre-lines of the beams, point O.

The advantages of this type of specimens are: it can
characterise the behaviour of composites in the four quad-
rants, in a wide range of stress ratios, and the theoretical
analysis uses simple beam theory. The disadvantages are:
the stress concentrations at the intersections of the edges
of the beam skins, and possible effects of the core-to-
facing bond on the strength of the facing.

Bert et al, (Ref. 47), developed a plate-type specimen to
overcome the disadvantages of the Grimes et al specimen,
Their specimen is of reduced-thickness test secticn and
loaded by meang of four bonded loading tabs. However, it
is limited to two bilaxial-stress ratios (1:1 and 1:2), both
in tension only.

¢) Shell-Type Specimens

Circular cylindrical specimens are the most important among
the shell-type specimens because they possess many advantages
over other shells. Among other types of speeimens thin-
walled cylindrical test specimens constitute the most uni-
fied procedure available for characterising the static
mechanical propertiesg of fibre-reinforced composite
materials, (Ref. 48), This is because an approximate state
of uniform stress can be induced in this type of specimen
when subjected to combined loading. As in other types of
specimens, there are some practical problems regarding the
end effects which lead to complicated test rigs. There is
no doubt that cylindrical specimens cost more than any other
type of specimen. But this configuration allows for
complete characterisation from unidirectional laminae to
multidirectional laminates, thus it reduces the cost of test
rigs and equipment, whereas in other types of bilaxial test
specimens mentioned above the undirectional properties have
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to be determined by other techniques, as described in
Refs. (49-53), which means more test costs and another
error source.

Unlike other specimens, the cylindrical specimen represents
end-product structures such as pressure vessels, pipe lines,
rocket motor cases, launcher tubes, storage tanks and any
similar structures. This, of course, does not limit the
applications of tests carried out on tubular specimens only
to these types of structures as the results obtained are
usually general.

In the experimental investigation of the present work circular
cylindrical shell specimens are used. A test rig was designed
to fit the testing machines available in the Aircraft Design
Laboratories. The rig is suitable for uniaxial loading as
well as for combined loadings of axial, internal pressure
and/or torsion. In this way the stated objectives of the
experimental work are catered for in one test rig. The
specimens used were unidirectional, angle-ply and multi-
layered specimens.
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Fibre direction

Fig. (1.6.1) Off-axis Coupon Specimen

Fig. (1.6.2) Plate specimen of Grimes et al

Composite material
‘17under test

Aluminium honey-
comb core

Fig. (1.6.3) Crossbeam specimen
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" CHAPTER = 2

© PRE-FATLURE BEHAVIOUR * OF = LAMINATED = COMPOSITES

2.1 INTRODUCTION

Although the aim of this work is to investigate the progressive
failure of fibre-reinforced composite materials, it is
necessary to know the behaviour of these materials before any
failure occurs. As discussed earlier, the currently popular
idea of considering a composite material, consisting of
oriented fibres in a supporting matrix, fo behave macro-
scopically as a homogeneous, anisotropic material, is used
here, It will be discussed later, in Chapter 3, why 1t is
more appropriate to consider the lamina as the basic building
block in a laminated fibre-reinforced composite rather than
using the laminate as whole to be the basic block in a
laminated structure.

Consequently, a knowledge of the mechanical behaviour of a
lamina is essential to understand the mechanical behaviour
of laminated fibre-reinforced composite structures. In this
Chapter the behaviour of a lamina and then of a laminate is
focused upon. The study will be oriented towards laminated
tubes because tubular specimens are used in the experimental
investigation of the present research.

A tubular specimen is shown schematically in Fig. (2.1.1),
from which it can be seen that there exists discontinuity in
the loading near the ends of the tube. The tube can thus be
considered to have two different regions: the test section
region, and the end region, The test section is located at
sufficient distance from the ends of the tube so that it will
be subjected to membrane loading only when the tube is

Test
’Section' o ————
e

e B B B B S

N\

|
N

Fig. (2.1.1) Schematic drawing of the test specimen
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subjected to combinations of axial load, internal pressure,
and torsion,

In Sec. 2.2 the linear stress analysis in the test section
will be focused upon, whereas the non-linear analysis will

be discussed in Sec. 2.3; and the stress analysis of the tube
near its ends will be studied in Sec. 2.4,

2.2 ELASTIC PROPERTIES OF INFINITELY LONG LAMINATED
COMPOSITE CYLINDRICAL SHELLS

2.2.1 Review of Shell Theories

A laminated composite structure consists of layers of fibre-
reinforced composites bonded together to form one material
capable of bearing load in desired directions. The elastic
properties of this laminated composite are calculated from
the elastic propertles of the individual plies whose fibres
may be aligned in any arbitrary directions chosen by the
designer to resist certain loads. The procedure which
relates the laminate behaviour to the laminae behaviour is
called "lamination theory".

Three-dimensional stress analysis of composites is possible,
(Refs. 54-58), but the experlmental determination of the
"out- of—plane” characteristics is tediocus and necessitates
many assumptions, especially when the non-linear behaviour

is to be considered. Therefore, in all characterization
studies of composite materials "thin" structures are con-
sidered. In this way only the "in-plane" properties are
included in the analysis. The lamination theory for thin
infinite flat laminates subjected to in-plane loading is
well established, (Refs. 1, 2, 59-63). For an infinitely
long circular cylindrical shell the situation is different.
In this type of structures the combination of internal
pressure, axial (tension or compression) and torsional loads,
results in an in-plane stress state in the wall of the
cylinder. But for these stresses to be uniform across the
wall thickness (or approximately so) this wall must be thin,
or the radius-to-thickness ratio must be large. The dlfferent
shell theories to determine stresses in laminated hollow
eylinders are reviewed here briefly.

Sherrer, (Ref. 64), developed a theory which treats the
problem using the micromechanics approach. A mathematical
model for the composite element is necessary. Sherrer used
two different models for the fibres and the way they are
arranged in the resin matrix. The difficulty of determining
the exact properties of the resin made it difficult to assess
the validity of the theoretical model. The numerical calcu~
lations associated with this theory are extremely cumbersome
and chances for error are numerous.
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Franklin, (Ref. 65), determined a membrane solution of
fibre-reinforced corrugated shells of revolution.

Dong et al, (Ref., 66), used the so called Donnell shallow
curvature approximations of isotropic shells, (Ref. 124), to
formulate a small deflection theory for thin laminated
composite shells. Later, Dong R.G. and Dong, S.B. (Ref.
67), used a perturbation method to reduce the system of
anisotropiec shell equations to successive systems of ortho-
tropic shell equations,

Donnell approximations were also used by Pagano et al, (Ref.
68), on unidirectional filament wound tubes, and later by
Whitney et al, (Ref. 69), on multidirectional tubes.

Donnell type shell theory does not predict the minimum
radius-to-thickness ratio which defines "thin-wall tube™,
Solutlons of exact elasticity equations were, therefore,
sought to overcome this difficulty. The study of Rizzo and
Vicario, (Refs. 70, Tl), is a finite element solution which
can deal with the general three-dimensional anisotropic
axisymmetric composite tubes.

Pagano et al, (Refs. 72, T73) developed a procedure to deter-
mine the proper geometry of laminated anisotropic tubes

such that the elastic stress gradients across the wall
thickness can be reduced to a predetermined limit. Their
approach consists of combining a modified plane strain
elasticity solution with shell theory based on Donnell
approximations as discussed in Ref. (66).

Since elastic solutions are lengthy a simple solution would
be desirable provided it gives acceptable results. Whitney
et al, (Refs. 74, 75), applied Vlasov-Ambartsumyan shell
theory, (Refs. 76, 77), to laminated anisotropic cylindrical
shells and developed equations for calculating the stresses
in a composite tube. Results compared well with results
obtained from elasticity solutlons.

Earlier, Cheng and Ho, (Ref,. 78), extended Flugge's theory
of isotropic shells, (Ref. 79), to develop a theory for
laminated cylindrical shells. This study, however, was more
general than Whitney et al study, but same eguations are
obtained when all unwanted terms are dropped. Chao et al,
(Ref. 80), used Cheng and Ho equations to investigate the
optimum fibre orientations in laminated cylindrical shells
under combined loadings.

Widera and Chung, {(Ref. 81), used the method of asymptotic
integration of the elasticity equations to derive a first
approximation theory governing the non-homogeneous aniso-
tropic eylindrical shells. TFor homogeneous isotropic material
the equations derived in this method reduce to the llnearlzed
Donnell equatlons
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Reuter, (Ref. 82), analysed, using Donnell eqautions, angle-
ply cylindrical shells under internal pressure only. This
study 1s limited to balanced-unsymmetric and unbalanced-
symmetric constructions under unidirectional loading.

The problem of bending of laminated anisotropic composite
cylinders was studied by Zien, (Ref. 83), whereas thin
anisotropic shells with arbitrary geometry are analysed by
Bert, (Ref. 84).

Whitney and Sun, (Ref. 85), developed a refined theory for
anisotropic cylinders of moderate radius-to-thickness ratio.
Another technique for thickness correction was also used by
Widera and Logan, (Ref. 86). Bert and Guess, (Ref. 87),

used another refinement technique to allow for materials
whose stiffness matrix is not symmetric, i.e., the reciprocal
relation among the Young's moduli and Poisson's ratios:
vp1/Ep = v1p/Ej does not hold. An example of these materials
is carbon-carbon composite. More about analysis of laminated
composite shells can be found in (Refs, 62, 88).

In this present investigation, Vlasov-Ambartsumyan type shell
theory is adopted for the analysis of laminated composite
tubes. This is because it predicts the stress gradients
across the wall thickness fairly accurately, and is simpler
than the elasticity soclutions.

2.2.2 A Single Orthotropic Layer

The properties of anisotropic materials depend on the direct-
ional orientation. . The generalized Hooke's law is used to
relate stresses to strains for such materials. It is of the
form :

[Ui] ) [Cij] [Ej] | (2.2.1)

where i, j = 1, 2, ... 6.
[Ui ]is column vector representing the stress components
[Ej ]is column vector representing the strain components
[Cij]is squéfe matrix of stiffness coefficients.

For orthotropie layer, Fig. (2.2.1), the stiffness matrix is
(Ref'. 89)
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Fig. (2.2.1) Shell lamina with unidirectional
fibres in the direction of the body

axis
Cll 012 013 0] ] O
022 023 ] 8] 0
033 0 O 0
[c] - cy O o (2.2.2)
C ¢
55

(symmetric) 066

L. -

The stiffness matrix (2.2.2) can be reduced to the state of
generalized plane stress when the layer is sufficiently thin
compared with the radius of the tube. In this case the three
components of stress in the thickness direction are negligible,
i.e.:

g, = 0, =0, t,, =0 (2.2.3)

From equations (2.2.3)

= 0, =0 (2.2.4)
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where the shear stress oy, op and og are denoted by 273
T31 and t3p; and the shear s rains el, es and eg by Y23,

Y31 and Y10+

From above, it can be seen that the normal strain ez is not
zero in general, but it can be expressed in terms o% ey and
e (the first of equations 2.2.4).

Thus, for a thin orthotropic'layer, Fig. (2.2.1), the stress-
strain relations reduce to

o Q17 9 O €
oy |7 12 9 O €5 (2.2.5)
Typ LO 0 We 1 | Y12

where the reduced stiffness coefficients Q'ij are related to
the three-dimensional stiffness coefficients by

Q‘ij = cij - (ci30j3/033) (2.2.6)

The stiffness coefficients discussed above have no direct
meaning for engineers, and the engineering constants are
usually used instead. These are : Young's elastic moduli
El and E2, Poisson's ratios Vio and Vol and shear modulus
G,se These constants are measured in simple tests on uni-
dtfects

onal ply. They can be defined by writing the strains
in terms of the stresses as follows

. 1] 1 /E 1 (o, ]
€ /By “Vo1/E; 0 9y
€5 = --\)12/E:L l/E2 0 | I, (2.2.7)
Y1o 0 0 1/6,, Ty

L - - - L -l

From the symmetry condition

/E2 = vle/El (2.2.8)
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Then, for thin orthotropic layer the four independent

engineering constants are : El’_Ez’ Vis and G.
The matrix
—l/El _v21/E2 0 -
[st] = [-vy,/By 1/E, o (2.2.9)
i 0 0 l/Glg;

is called the compliance matrix, whose inverse is the stiff-
ness matrix Q' :

El/k vglEl/A 0
[Q' ] = vy s/ B,/ 0 (2.2.10)
L O_ 0] ' G12
where : A= 1 - VioVoy (2.2.11)

2.2.3 Lamina of Arbitrary Orientation

It is not always possible to use coordinate directions which
coincide with the principal directions of orthotropy. Rather
it is more convenient to use coordinate directions appropriate
to the particular problem under consideration, e.g. coordinate
directions coineiding with the load directions, Fig. (2.2.2).

In this case the elastic onstants must be referred to the body
axes. The x - y stresses transform to the orthogonal axes
1l -2 by

_ ] ~
91 “x
o, | = [7] oy (2.2.12)
T12 Txy

L J L




- 19 -

+6

Fig. (2.2.2) Shell lamina with unidirectional
fibres aligned at angle 6 from the
direction of the body axis.

Similarly, the strains transform by

r . o 4
€q €y
€, = [T} Ey (2.2.13)
12715 %ny
b - - -
where
- a
m2 n2 =2mn
[T]‘ = n2 m2 2mn (2.2.14)
2 2
mn -mn m--n
m = ¢ogs B, n = sin © (2.2.15)
e is positive in the clockwise direction,

Fig. (2.2.2)

Alternatively, the strain transformation equations can be
written as follows



£y - [T]T

Y12
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(2.2.16)

 where the superscript T denotes the matrix transpose.

Thus, from eqautions (2.2.5), (2.2.12) and (2.2.16) the
stress-strain relations in the x - y coordinate directions

are

L. E

where the transformed elastic coefficients Qs

to the elastic coefficients Q°

@)= [ (][]

When the matrix multiplication of (2.2.18) is performed the

following relations between Qij and Q';

-~ - p

91 m'
Q12 m2n
Q6 ~Im
Q> = |n
Qg ~mn
2
Q66 mn

2

2 2

2m n

m

mn(mz—nz)

4
+n

2 2

2mn

-mn(mg-n2)

2.2

-2m n

ij

of equation

: are
J

(2.2.17)

*42.2.10) by

are related

(2.2.18)

obtained
ltmgn2
~lpn? Q.. ]
5 2 11
2rnn(m~-n")
Ql
y 2 2 12
mn
QI
—2mn(m2-n2) 22
QI
(m2_n2)2 i 66H
(2.2.19)

The stress-strain relations, equation (2.2.,17), can be written

in inverted form as

[s]

(2.2.20)
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where
-1
[s } = [Q] (2.2.21)
is the transformed compliance matrix, whose elements are
related to the compliance coefficients S'ij by
) T [y 2 2 4 2 2 ]
S11 m 2m n n m
512 m2n2 mu+n4 m2n2 -m n2 ra -
3 2 2 3 2 2 11
Sl6 -2m~n 2mn{m“-n") 2mn mn{m ™ =-n")
= St
822 nu 2m2n2 mu m2n2 12
Sf
826 -2mn3 —2mn(m2-n2) 2m3n -mn(mz-nz) 22
Sl
S66 Hmen2 —8m2n2 Mmzn2 (mz-nz)2 L 66-

(2.2.22)

The matrix [S] gives the apparent engineering constants of
the lamina as follows

B, = 1/S;), By = 1/Sy,, G = 1/Sg
Veg TT8127811s Vyy T 78517/85;

(2.2.23)
Mys = 8178110 Hys T 5627820

Hex = S16/ See gy °© S26/866

where the new engineering constants u are similar to Poisson's
ratios v but characterise the shear strains induced by
normal stresses (uyg and u,.) or the normal strains induced

by shear stress (ug, and Ug;)-

If the coefficients 833 are substituted by the apparent
engineering constants %equations 2.2.23), and the coefficients
S';: are substituted by the real engineering constants
(eqaations 2.2.9), then equation (2.2.22) gives the relations
between the apparent and real engineering constants,
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ol A

Fig. (2.2.3) Coordinate directions for laminated
composite tube

2.2.4 Laminated Composite Tubes

The coordinate directions for laminated composite tube are
selected as shwon in Fig. (2.2.3}. The origin is taken to

be in the middle surface of the tube with x, y and z measured
along the longitudinal, circumferential, and radial directions
respectively.

The usual method in analysing multi-layered flat composites

in the plane stress case is to assume that the strains of

the laminate are constant across the thickness of the composite
structures, (Refs. 59, 60). However, the stresses in an
anisotropic tube subjected to combinations of axial load
(tension or compression), internal pressure, and torsion are
uniform across the wall thickness if the tube is sufficiently
thin.

The terminology "thin-walled tube" must be used with consid-
erable care in the case of anisotropic materials, (Ref. T74).

A large radius-to-thickness ratio will be necessary tc obtain
acceptable uniform stress across the wall thickness for highly
anisotropic materials or within each layer for laminated

tube.

However, as shown in (Ref. 75), the necessary radius-to-
thickness ratio depends on the materials of the tube; the
lamination sequence and orientation; and the type of
loading, e.g. for radius-to-thickness ratio (R/h) of 10.5 and
winding angle (6) of 300 in axial loading case the ratio of
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the axial stress in the inner surface (ox)i to that in the outer
surface (ox)g for glass/epoxy tube (with Ej:Es:G1p = 6:2:08)

was 1.016, whereas for graphite/epoxy tube (with E1:E-:Gjip =
20:1:0.6) it was 1.3. Thus, in the graphite/epoxy case

larger R/h ratio is required to attain small gradient or
variation in stress, especially in torsion, though, in this

case the tube becomes highly susceptible to shear buckling.

The stress gradient across the wall thickness can be obtained
from the solutions of the exact elasticity equations. But
these solutions are rather difficult. As mentioned before,
Vlasov-Ambartsumyan shell theory (Refs. 76, 77) can be used
to obtain approximate solutions, which are in good agreement
with the exact solutions. The Vlasov-Ambartsumyan shell
theory for anisotropic laminates is based on Love's first
approximations (Ref. 89) which are

1. +transverse shear and transverse normal strains are

neglected, 1.e. Yyz sz = e, = 0;

2. the thickness of the shell h is small compared with
other dimensions, i.e. terms of the order h/R are
neglected; and

3. only small deflections are considered, i.e. second
and higher order terms are neglected.

These assumptions lead to the following relations for the
strains at any point

-~ - - - r -
£ e
X X Xx
£ = eo + 4 X (2.2.2}4)
y ¥ Yy
o
Yxy Txy Xxy
R R A L

. 1
where EO s are the middle surface strains; ¥x's are the
changes of curvature ; and z is the distance from the reference
surface. These strains and changes of curavture are given
in terms of displacements by, (Ref. 74)

£ u
X s X
o] Q o]
€ = {v . + W /R (2.2.25)
¥ 1 ¥
_YO U.O + VO
Xyd | ,y .’X J



- 24 -

-7 T
e

Xx ,XX

X |=|-w® _ + w°/R® 2.2.26

y (W,yy w /R7) ( )

- (2w° +.uO /R - v° /R

XXV ( 2 XY s 2 X )

L J - y

where

uO, v® and w° are the middle surface displacements

in the x, y and z directions respectively; and (,)

denotes partial differentiation, (e.g. uOX = 3uf/9x).
L]

In the case of cylindrical shell subjected to combinations

of axial load, internal pressure and torsion the displacements
are independent of y variable asg the cylinder is axisymmetri-
cally loaded. Thus, from equations (2.2.25)

o 0
u |- el . x
X
o{ _t o
Vo E gy ¢ ¥ | (2.2.27)
WO e§ R
1L )

Where eg, e§ and Yiy are assumed to be constant along the

test section of infinitely long cylinder,. Then, from
equations (2.2.26)

Xy 0
x. |=| -¢%/R (2.2.28)
y v
O
fxy ny/R

Each layer of the laminated tube is assumed to be orthotropic
with respect to a plane perpendicular to the z-axis and in an
approximate state of plane stress. Thus equations (2.2.17)
are applicable to each layer. Equations (2.2.17), when
integrated across the thickness of the laminated tube, give
the resultant forces acting per unit length of the reference
surface arc



or

N
Xy

where

i]

1]

X = 1,
in the

h/2
'o ]
X
= a
O'y V4
T
Xy
_h/2 b -
- - .
®x Xx
= [y |+ [B]|x (2.2.29)
Q
Yxy Xxy
L . . J
h/2 n
_ (k)
Q.. dz =} Q;i (z - z.)
-3/2 = k=1 14 kLK
(2.2.30)
h/2 n
(k) 2 P
dz = 3y - Q% -
—é/2 QlJ zaz §£=1 QlJ (Zk+l Zk)

s ++e¢3 N, where n is the total number of layers

laminated tube.

Equations (2.2.29), when considering equations (2.2.28), can
be written as follows

- -

N
X

N
¥y

N
Xy

= n [a ], [ (2.2.31)
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where [Q] is the effective stiffness matrix of the laminated
tube and is given by

B B
12 16
By (Byp = ) (Agy + )
B B
1 Byy 26
[Qlp = § |8y (A - 7)) (Bgp + )
B B
Y 66
LA61 (Ao, - x=) (Agg + %~
_

(2.2.32)

Equations (2.2.31) are written in the inverted form as follows:

- o 1 .
8X NX

0 1

ey = 7 [s]T N, (2.2.%3)
Ke)
Txy Nxy
L i J

where [S]p is the compliance matrix of the laminated tube,
il.e.

[s1, = [el;* (2.2.34)

The strains in the kth layer of the tube are given by
equations (2.2.24) or, taking equations (2.2.28) into account,

by

- - C o . -
EX ex 0
o) , 0 .
= + 7 - R 2.2.
. ey K Ey/ ( 35)
0 Q
-ny-k _ny 1 i ny/R‘
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Substituting equations (2.2.33) into equations (2.2.35) yields
the following relations for the strains in the kth layer of
the tube

- v y
o] ( 4O
X X
| S B ) 0
Ey - 4 [s], + _ﬁli [s] Y| % (2.2.36)
TO
_YX:"_ K \ | %]
- 7
where
0 0 0
O - - —am —
[s°ly = (8510 (Sp0)n (Sp6)m
(S6l)T (562)T (566>T
(2.2.37)
and ~ - - “ -
OO ‘NX PX
X b 27RO
N
o |_ _{R .p
g |= —hX = | =55 (2.2.38)
«° ‘ ny T
Xy h 2ﬂR2h
. = e - L. J

where P_, p and T are the axial load, the internal pressure
and the torque respectively.

th

The stresses in the k layer of the tube are given by

equation (2.2.17) or
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% Y |
Z Q
oy _ {Q]k‘ [SJT " T? [So]T > pe (2.2.39)
o o
LTXYJk J “xy

The in-plane engineering constants of the laminated tube are
calculated from the laminate compliance matrix [Sly using
equations (2.2.23).

If the cylinder radius, R, is chosen to be big, then the

above analysis will reduce to plate analysis of infinite
length.

2.2.5 Thermal Stresses

Thermal stresses arise in composites when they operate at
temperatures different from their curing temperatures. The
thermal strains, ET, for single orthotropic layer are given
by, (Refs. 90-92)

el = o, AT | (2.2.40)

where

AT is the temperature difference, and

a; are the coefficients of thermal expansion

These thermal strains are measured from stress-free state,
and they are added to the mechanical strains to give the total
strains,

Equations (2.2.1) becomes :
[Oi] - [Cij:} [iej - o AT} ] . (2.2.41)

and for thin orthotropic layer, equations (2.2.5) become
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—cl X Q 0 €, - a AT
11 12
o = ] q Qr 0 e. - o, AT (2.2.42)
2 12 22 2 e
O3 O 0 Q66 Y12
L . - - - -

i.e. the coefficients of thermal expansion do not affect the
shear strain. These coefficients, ay and a,, are determined
experimentally, (Refs. 93, 94),

The above analysis of orthotropic layer can be extended to
the laminate analysis by including the thermal stresses in
the eqautions of Secs. 2.2.3 and 2.2.4, But is it necessary?

If the macromechanics approach is adopted, then the experi-
mentally characterized lamina properties will include the
thermal expansion effects as the measured strains represent
the total of the mechanical and the thermal strains. These
effects will be included automatically in any further
characterization.

However, if the operating temperature of a composite material
is different from that under which the composite was
characterized, or if the miecromechanics approach was used to
calculate the lamina properties, then, the laminate analysis
of Sec. 2.2.4 must be modified to include the thermal stresses.

In the present research, the experimental investigation was
carried out under a relatively constant temperature, that is
the laboratory temperature, hence, the analysis of thermal
stresses is omitted.

2.2.6 Application of the Theory to the Test Specimens

In the experimental investigation in this work, Chapter 5,
about fifty tubular specimens were tested under different
combinations of axial load (tension/compression), internal
pressure and torsion. These specimens were cut from seven
long GRP tubes of different stacking and orientation whose
data are given in Appendix A.

To ascertain that all specimens are "thin" under whatever
external load they were subjected to, the preceding -~ shell
theory was applied. Numerical results for the stresses and
the strains across the wall thickness were obtained and are
shown in Figs. (2.2.4) - (2.2.10), These results are given
in normalized coordinates defined by
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7 * ='§ (2.2.43)
'ra
o¥ =
X O_O
X
el
o | =| 2 (2.2.44)
Oy
T
T* Xy
Xy ©
L —I - Xy—.
¥ E§
Q
€X
ey | = £y (2.2.45)
EO
y
v* ny
Xy 0
ny
L - L .

The stress distributions across the thickness of a specimen
give an idea about the validity of the "thin-walled shell
theory" when applied to that particular specimen. The strain
distributions, however, give the ratios between the specimen
middle surface strains and the strains at the outer surface
of the specimen. These are needed because in the experimental
programme the strain gauges were bonded on the outer surface
of the tubes, whereas in the analysis the middle surface
strains were considered to represent the laminate strains.

It is worth mentioning that internal strain measurements have
been used by Daniel et al, (Ref. 123), by implementing an
embedded strain gauge technique., The technique was tested
successfully by them and was consequently used to determine
surface and subsurface strains in coupon specimens. In case
of filament-wound tubular specimens the technique would be

much more difficult.
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Figs. (2.2.4) - (2.2.10) show that all test specimens can be
regarded as thin shells because the stress varlatilons across
the wall thickness (for angle-ply laminates) or across each
layer (for multilayered laminates) are small.
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Fig. (2.2.4) Stress and strain distributions in
specimens of tube Bl
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Fig. (2.2.5) Stress and strain distributions in
specimens of tube B2
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Fig. (2.2.6) Stress and strain distributions in
specimens of tube B3
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2.3 ANALYSTS OF NON-LINEAR STRESS-STRAIN BEHAVIOUR

2.3.1 Introduction

Most fibre-reinforced composite materials exhibift non-
linear stress-strain behaviour. Fig. (2.3.1) shows typical
" stress-strain behaviour of most fibre-reinforced composites;
from which it can be seen that in the fibre direction the
lamina behaves linearly even at high stress levels, though
it might have different muduli in tension and compression.
In the direction transverse to the fibres the lamina behaves
linearly to some stress level but the response becomes non-
linear after that level, whereas the shear response is not
linear at all stress levels.

Non-linearity is alsoc observed in Poisson's ratio curve as
shown in Fig, (2.3.2).

The degree of non-linearity varies from composite to composite
and is due mainly to the non-linear behaviour of the matrix
materials, Fig. (2.3.3). From this figure it can be seen
that the rule of mixtures will not give good results in
predicting the lamina strength properties.

In Sec. 2.3%.2 the existing methods for analysing non-linar
behaviour of fibre-reinforced composites are outlined and
commented upon. In 3ec. 2.3.3 a new method is introduced,
and then results of different methods are compared with

test data in Sec. 2.3.L4.

Fig., (2.3.1) Typical stress-strain behaviour of
most fibre-reinforced composite

materials
°14 o4 T1oh /
/. L'}312
/!
(Eq) /
1'¢ P
€1 : Y12
E,)
2'¢
(El)C
[4
/
/
/
(a) in the fibre (¢) transverse to (¢) shear response

direction the fibres
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Fig. (2.3.2) Typical Poisson's Fig. (2.3.3) Typical (o - ¢)
ratic curves curves for the
fibres and the

matrix materials

2.3.2 Previous Methods for Analysing Non-Linear Behaviour

a) Hahn-Tsai Method

Hahn and Tsai, (Ref., 98), used complementary elastic energy
density to derive a stress-strain relation which is linear
in uniaxial loadings in the longitudinal and transverse
directions, but non-linear in shear. In case of a composite
lamina under plane stress, they introduced one additional
fourth~order constant to account for the non-linear shear
behaviour.

For lamina with unidirectional fibres parallel to the body
axis, Fig. (2.2.1), the stress-strain relations are given

by

- . r 1T 1
1 1 .
El Sll 812 6] 01 0
£ = St 3! 0] o + 3 T2 0
2 12 22 2 G666 12
T
Y12 0 O 5661 | 12 12
i o - - L J L A
(203-1)

_ 3
Yio T Sg6 12 * Sge66 Tio (2.3.2)
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where

Se666 > 9 (2.3.3)

The inverse of (2.3.1) can be written as

_ i} - . ) -
oy Qil Qiz 0 €, 0
g, _ i2 Qéz ¢ €5 + f(le) 0
T1o 0 © sl | Y12 Y12
(2.3.4)
where f(yl2) is the real root of the equation
2 S¢6 1 1
T R 22 t 5 I+ =5 = 0 (2.%.5)
S66 Sgg 66066 Y15 %66

Later, Hahn, (Ref. 99) extended the above method of unidirec-
tional laminae to laminated composites.

First the lamina properties are transformed to coordinate
system other than the material coordinates. In order to
make use of the transformation properties of Sec. 2.2,
equation (2.3.1) is written as

V12 Tip (2.%.6)




where N
S11 5o ©
[g] = 81 $3o 0
0 0

2
Sée * See66 T1z

(2.3.7)

‘The stress-strain relation in the x-y coordinates, Fig.

{2.2.2), becomes

' -
I o l-cos 46  1-cos 48 _ sin 46
€x I 8 8 ] Ox
_ 2 l-cos 46 sin 46
v |7 [S] 9 | * Ses66 T12 ] T oy
Lny_ fxy (symmetric) liﬁgi_ﬂﬂ ery
i (2.3.8)
where
2 l-cos He _. 2 _ sin le _ ' 2
T = —g—— (UX Uy) 57— Txy (o.-0_) + L (l+cos 49) Tey
(2.3.9)
cr in the inverted form:
r 7 o . r T T
l-cos 48 l-cos 46 sin 46
Ox “x 2 - 2 - 2 €x
_ l-cos 48 sin 46
Gy - [Q] ey + g(el’€2’712) 2 2 €y
. l+cos 48
| Xy jxyy (symmetric) 2 | jxy_
(2.3%.10)

where g(el,ea, Yiz) is the root of equation (2.3.5) with

2
Eqp replaced by:
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2 _ l-cos 49 . 2 .
1p = —>— (aX ;y) sin 46 ka

(e —¢ );jl+005‘49 2
X ¥

2 Txy

(2.3.11)

Hahn restricted the analysis to laminates of the type
(0©/+02/90°) for which he obtained the following stress-strain

relations
. Lo ,ge(lrcos.ua) ge(l-cos.uu) ) g0(31n.ﬂa)
X X 2 2 2
o . ge(lfcos bo) ‘:go(sin Yo )
N | = {A] el |+ to
¥ ¥ 2 2
t _+t
ol . o 90C
Xy Yy (symmetric) o f(Txy
g (l+cos Ha)
+ o€
2
(2.3.12)
where:
to’ by t90 are the thicknesses of the different laminae
- 1 -
g, = & [Bleys e0s Typs @) +Blegs B0y Yoo o)]
o = & [B(egs £y Yy ) = B(ey, 05 vy —a)]

The above analysis has the following shortcomings

1. It does not account for non-linear response in the
longitudinal and transverse direction.

2. It introduces a new constant, Sgg

determined by test.
could be determined from unidirectional tension test
on *45C¢ laminate.

Hahn,

(Ref.6g§),

which must be
showed that it




- 39 -

3, The analysis will be extremely difficult for a general
laminate, especially for laminated tubes where, as
shown in Sec. 2.2, the stress gradient is of some
importance.

Petit and Waddoups, (Refs. 100, 101), used the lamina
empirical stress-strain curves and the linear laminate
constitutive relations of Sec. 2.2 to obtain the laminate
stress-strain response. Thus, their methed accounts for
non-linear behaviour in the longitudinal and transverse
directions as well as in-plane shear,.

The use of the linear lamina and laminate constitutive
relations in the non-linear analysis of the laminate was
made possible by incrementally applying the average laminate
stresses (0, % and Tgy}, and by using a piecewise linear

representation of the stress-strain curves. That is, an
increment of average laminate stresses (Acg, AU§ and ATgy)

is placed on the laminate, and, by using the initial laminate
compliance matrix, [S]p, the first increment in the laminate
strains is calculated with the assumption that the laminate
behaves linearly over the applied stress increment, i.e.

[AEOJIH‘]. = [sT]n [Ac‘ro]ml (2.3.14)

the increment in the laminate strains, [Ae?], is added to
any previous strains to determine the current total laminate
strains

0 - 0 o -
[E ]n+1 - [E ]n * [AE ]n+l (2.3.15)
These strains are used to determine the lamina strains through
the usual procedure of the linear analysis. As the incre-

mental loading proceeds, the individual lamina strains may

be monitored, and, by referring to the empirical lamina stress-
strain curves the corresponding lamina tangent moduli and
stiffness for the strain levels present can be calculated

from the following
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where, E, ., E22 and G12 are the lamina tangent moduli which

are determined from their respective stress-strain curves at
the current or nth values of lamina strains. The above
lamina stiffness matrix is used to compute the laminate
compliance matrix for the (n + 1)th stress increment,
equation (2.3.14).

The shortcomings of this method are

1. It uses a piecewise linear representation which is not
accurate enough to represent the real stress-strain
curves,

2. It uses the nth values of lamina strain to obtain the

laminate compliance for the next (n + 1) load increment.
This is a predictor technique. A predictor-corrector
technique would be better to give more accurate results.

3. Resulting from the previous point, the laminate stress-
strain curves depend very much on the size of load
increments giving rise to cumulative error.

c¢) Hashin-Bagchi-Rosen Method

Hasin et al., (Ref., 102), used Ramberg-Osgood representation

of the lamina transverse and shear strain curves in conjunction
with deformation theory to describe the resultant laminate
non-linear behaviour.

In this analysis the lamina strains e are split into elastic
strains €' and inelastic strains e". Thus
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. 4 i)
€1 €1 €1
£, = eé + 35 (2.3.17)
1]
Y12 Yio Y12

The elastic strains are given by

¥

€1 9

ey | = [s]]o, (2.3.18)
]

Y12 T2

where S' 1is the linear compliance matrix and given by
equation (2.2.7).

The inelastic strains are given by Ramberg-Osgood form :

"
El Q
S
02 0, 2 . .11"2 2 e
" -— - _= R 4
e} = | g (G') + (?T_ (2.3%3.19)
2 ¥
N - 1
_ 5
T2 | 9.2 T12,2

el s | (=F) + =)

12 2, N T

where
the inelastic longitudinal strain is neglected,

c&, T& are called the nominal yield stresses,

M, N are Ramberg-Osgood parameters for the composite.
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0&, T&, M and N are obtained by curve fitting.

The laminate analysis is rather complicated. It is based

on writing 3n equations for the 3n stresses in a laminate

with n layers. First the layer strains are transformed to

the laminate axes and written in terms of compliances and
stresses. Then the 3n equations are written using the following
conditions which must be satisfied

1) Equilibrium of stresses

g o K)o 4O

k=1 X X

I )

5 s (K)o 4° (2.%.20)
k=1 7 v -

S

k=1 Y *J

2) Traction continuity at laminae interfaces

L) o D)
X X
(k) . (k+1) _
€y = Ey (2.%.21)
(k) _ (k+1)
“xy = Txy
k = 1, 2, ..., 1

The above 2 sets of equations form the required. 3n equations
which are solved numerically by an iteration method.

The above analysis has the following shortcomings
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1. It does not account for non-linear behaviour in the
fibre direction. Some fibre-reinforced composites,
e.g. carbon-carbon, have non-linearities in all
principal material directions. Thus, it is important
for any method to account for these non-linearities.

2. It is based on equal strain through the thickness.
Thus, it is not suitable to calculate the stress
gradient.

3. The convergence in the iteration is not guaranteed.

d) Sandhu Method

e — ———— -

Sandhu, (Refs. 103, 104), introduced a new method which tries
to overcome the shortcomings of Petit-Waddoups method.

First, this method uses piecewise cubic spline funections to
represent the basic stress-strain data. Second, it uses a
predictor-corrector and iteration technigue instead of the
predictor technique used in Petit-Waddoups method. That is,
this method proceeds in the same way described in Petit-
Waddoups method till equation (2.3.14). In Petit-Waddoups
method the elastic properties at the end of the nth load
inerement are used to compute the laminate strain increments
Ae© for the (n+l)th load increment. In this method, however,
the lamina strains obtained are used to determine average
laminate compliance for the same load increment, and a new
set of laminate strains are obtained. This procedure is
repeated until the difference between two consecutive sets

of laminate strains is less than a prescribed value. Thus,
in this method the dependence of laminate stress-strain
curves on the size of load increments is reduced.

The only disadvantage - of this method is that, as in Petit-
Waddoups method, it uses tangent modull which are not easy
to obtain correctly from the test data, thus, giving
possibility to errors to rise.

e) Jones-Nelson—Morgan Method

A e A b Bt Mok b A e R s ik T e -

In this method, (Ref. 105-110), the non-linear mechanical
properties are functions of the strain energy density

C.]
. _ _ i
{(Mechanical Property)i = Ai [1 B, (U/Uoi)

(2.3.22)
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where

U = (olel * 0y, t T12712)/2 (2.3.23)

for a lamina under plane stress, and Ai’ Bi and Ci are the

initial slepe, initial curvature, and change of curvature of
the ith stress-strain curve. The quantity U, is used to
nondimensionalize the strain energy portion of the mechanical
property equation.

It is obvious from equation (2.3.23) that the strain energy
is calculated at a particular point of the stress-strain
curve using the secant modulus, Fig. (2.3.4).

The maximum strain energy, Upax, 1s the 1limit of the defined
data, Fig. (2.3.5). However, Jones and Morgan states that

the actual strain energy can exceed the defined range of the
mecanical property versus straln energy curve because the
non-linear analysis is applied in multiaxial stress states

for which the strain energy is higher than in the uniaxial
stress states in which the mechanical properties are measured.
Thus, Jones and Morgan extrapolate the curves as shown in

Fig, (2.3.6). This is done in a complicated procedure.

The next step in the analysis is to evaluate the non-linear
behaviour. In (Refs. 105-110), however, the method is
applied to single lamina structure under uniaxial loading.
The constants A, B and € of equation (2.3.22) are determined
from the best fit to the data from Fig. (2.3.6), Then an
iteration technique is used to obtain the stress-strain
behaviour. At each lteration of the non-linear procedure, a
linear elastic system with properties determined from the
strain energy of the preceding iteration is analysed.

The elastic properties are usedto start the procedure.

Later, Morgan and Jones, (Ref. 111), extended the above
method to the laminate behaviour using iteration technique
to satisfy the stress-strain relations, stress equilibrium
and strain compatibility throughout the laminate.

This method seems to be comprehensive for the analysis of
non-linear behaviour of fibrous laminated structures, but as
mentioned by Morgan and Jones, (Ref, 111), is quite compli-
cated. This complexity did not prove to produce better
results when compared with the simple method of Hahn-Tsai,
(Refs. 109, 110).
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Fig. (2.3.4) Calculation of strain energy in
Jones-Nelson-Morgan analysis
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Fig. (2.3.5) Limit of measured data for mechanical
property versus strain energy curve
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Fig. (2.3.6) Extended stress-strain curve approach
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f) Amijima-Adachi Method

—— i ——— ) o -

Although appeared recently, (Ref. 112), this method did not
introduce a fundamentally new technique. It is restricted

to shear non-linearity only and this non-linearity is
represented by series of linear lines, i.e. the shear stress-
strain curve is divided properly intoe n small sections where
it is considered as a linear line within each increment as
Tollows

(At )
i 127

) _ .
12 . AYlE = wvariable (2.3.24)
n

In (Ref. 112) only uniaxial loading case is considered, thus
equations between the in-plane principal shear strailn

increment of the lamina, Ayj,, and the stress resultant incre-
ment of the laminate in the %oading direction, AN,, are obtained
easily for both unidirectional and anglie-ply laminates. Then
the laminate strain increments are obtained from equation
similar to equation (2.2.31), and the non-linear stress-strain
curve of the laminate is predicted from these calculated

values.

Laminates of multidirectional configurations are analysed by
superposing the stress-straln responses of the individual
unidirectional or angle-ply laminae.

The limitations of this method are obvious from the foregoing
description.

g) Other Methods-

o —————————

In addition to the preceding macromechanics methods of
analysing the non-linear behaviour of composite structures
there exist some micromechanics methods to predict the effect
of matrix non-linearity on the behaviour of fibrous composite
materials (Refs. 113-121). These methods are not discussed
here as the macromechanics approach is adopted in this thesis.
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" Behaviour

This method is based on the analysis of Sec. 2.2, and is
meant to be simple and easy for computation even by a
calculator.

The aim of the method is to obtain the non-linear behaviour
of a laminate which results from the non-linear behaviour of
its constituent laminae. The stress-strain response of a
unidirectional layer must, therefore, be obtained first.
These are obtained from experiments and presented as shown
in Fig. (2.3.1). All the lamina stress-strain curves are
allowed to be non-linear even with different behaviour in
tension and compression, Fig. (2.3.1).

A curve fitting technique is then employed on the experi-
mental data. Any reliable method can be used for this
procedure. Cubic spline functions are used in the computer
programme which has been developed for this analysis in this
thesis, Appendix C.

Using the lamina "linear" properties the elastic properties
of the laminate are obtained employing the relations of

Sec. 2.2. The external loadings [N] are then applied to the
laminate and the linear laminate strains are obtained from
equations (2.2.33). The stresses and strains in the indivi-
dual layers are computed from equatlons (2.2.36) and (2,2.39)
and then transformed to the layer axls system, equations
(2.2.,12) and (2.2.13).

The above calculations are the start of the iteration
procedure which follows. This procedure is schematically
shown in Fig. (2.3.7). For sake of explanation, Fig. (2.3.7)
shows only the relationship of the laminate response under
uniaxial loading to the shear response of one of its laminae,
though, in the analysis the effects of longitudinal and
transverse (whether in tension or compression) of all layers
of the laminate are allowed for to obtain the behaviour of
the laminate under multi-axial loading state.

0 . . .
The external load UX results in lamina stress T and lamina

strain Y12 when the lamina linear’ propertles arézused The
point (Yl2" ) does not lie on the experimental non-linear
lamina curve. Then the strain Yqo is used to find the
corregsponding lamina stress, Tiz, from the lamina tesgt data.

The point (Y12’ Ti2) is then used to calculate a secant lamina
modulus

-y
.12 ‘
(i) e (2.3.25)
secant 12
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The secant modulus is then used instead of the linear modulus
in all equations of Sec. 2.2. This leads to a new laminate
compliance and produces a new laminate strain e} which, in
turn, gives a new lamina strain y{o which is nearer to the
test curve than yjp. The procedure is repeated with the new
laminate strain y}, and the modification continues until

some convergence %or the lamina strain is achieved. Practi-
cally, the convergence is considered to have taken place
when the difference of two successive values of the laminate
strains is too small (smaller than a desired value).

The whole stress-strain curve for the laminate is obtained

by changing the applied load and employing the above procedure
for each load. One advantage of this method of analysis is
that the technique converges rapidly, but convergence depends
on the value of the applied load, for it is obvious that
higher load will require more iterations than small load.
Arniother advantage of the method is that the response of the
laminate under a single load ratio can be computed without

any need to obtain the complete stress-strain curve as it is
the case in other techniques. '

Convergence for one layer laminate is defined to ocecur when
all the lamina strains converge to their experimental values.
In case of multi-layered laminate convergence is defined to
be achieved when the convergence criterion is simultaneously
satisfied for all layers.

2.3.4 Correlation of Predicted.and Observed Results

The new method described above was included in the general
computer programme which was developed to analyse the behaviour
of laminated composite structures. To verify this new method
it 1s compared here with experimental data and results

obtained from other techniques. Since it is not convenient

to develop a computer programme for all previous methods,

the comparison is made with available data from another
reference. This also helps to ensure that this part of the
analysis of the fallure is checked before any further
development.

Regults from Hahn-Tsai, Petit-Waddoups and Sandhu methods
were found available in (Ref. 104) where they were compared
with experimental data extracted from (Refs. 40, 122),

These data belong to boron-epoxy (type: NARMCO 5505) which
possesses the following elastic properties
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E, = 207.5 x 107 N/m®
E, = 19.8 x 10° N/m°
G, = 6.4 x 10° N/m®
Vip = 0,225

and exhibits non-linear behaviour in transverse and shear
properties as shown in Filgs. (2.3.8) and (2.3.9).

Stress-strain curves unde% uniaxial tensile load for 150,

309, 459, 60° and 75° unidirectional laminates obtained
experimentally (Ref. 40) and analytically are compared in
Figs. (2.%.10) - (2.%.14)!, It can be seen that a similar

or better agreement existis between the experimental results
and the analytical results of the present approach than

those obtained by other analytical technigues. In particular,
Hahn-Tsai method, which allows for shear non-linearity only,
seems to be inadequate especially in the 75° laminate where
the contribution of the transverse response to the response

in the load direction is very high.

Experimental responses offtBOO, iQSO and 60° angle-ply
laminates subjected to uniaxial loads are compared with the
theoretical results of the present method and other techniques
in Figs. (2.3.15) - (2.3.17). Here again good agreement exists
between the experimental data and results of the present
theory.

Regarding the Hashin-Bagchi-Rosen and the Jones-Nelson-Morgan
methods there 1s no available data to be compared with the
present analysis results. However, in (Ref. 102) comparison
was made between the Hashin-Bagchi-Rosen method, Petit-
Waddoups method and experimental data which showed moderately
good agreement. In (Ref., 110) comparison was made between
the Jones-Nelson-Morgan method, the Hahn-Tsai method and
experimental data which showed that agreement was poor in
some cases and good in some cases. The complexity of these
two methods is another factor which should be taken into
"account. ‘

|
Regarding the Amijima-Adachi method there is also no available
data for comparison, but dn (Ref. 112) it is stated that the
analytical results of that technique will fairly fit to the
experimental one. As mentioned earlier this method is
limited.
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2.4 ANALYSIS OF LAMINATED COMPOSITE CYLINDERS OF FINITE
LENGTH

2.4.1 Introduction

In Sec. 2.2 the laminated composite shells of infinite length
were analysed. The study of that section concentrated on the
membrane stress state which exists in any section of infinitely
long laminated tube subjected to combination of internal
pressure, axial and torsional loadings. The tubular specimen
for composite characterization, however, cannot be of infinite
length, DPiscontinuities, therefore, exist at the ends of the
tube (due to the unpressurised overhang) leading to presence
of bending in these regions. Moreover, the specimen is
gripped at its ends (for some test configurations) and the
effects of end constraints must be studied.

It is the purpose of this section to determine the layered
cylinder geometry, namely the length, 1, such that there
exists, in the middle of the cylinder, a region, called the
test section, in which the stress state is membrane,

Fig. (2.1.1). On the other hand, the presence of bending at
the ends of the eylindrical specimen and the clamping
constraints result in stresses and strains in the end regions
higher than their values at the test section. This means
that specimens will faill at sections other than their test
sections preventing full characterization of the tubes. To
overcome this, the ends of the tubular specimens are rein-
forced by tapered tabs of fibre-reinforced composites (or
any other material). This necessitates full analysis to
obtain the tabs geometry which ensures that failure will
occur in the test section. The aim of this section, there-
fore, is to design the laminated cylindrical specimens to
achieve complete characterization of composite structures.

2.4.2 Review of Previous Work

The different theories of laminated composite shells were
reviewed in Sec., 2.2.1., Here, the works related to the
problem of gripped laminated anisotropic tubes of finite
length are reviewed.

Pagano et al, (Ref. 68), were the first to draw the attention
to the influence of end constraints. They demonstrated that
in case of a unidirectional cylinder subjected to uniaxial
tension, the end clamps, owing to the presence of induced
shear, introduced instagbility under a particular value of
the applied tension. They called this phenomenon the
"tension buckling" of anisotropic cylinders. However, in
case of symmetric (about the middle surface) laminate this
phenomenon does not exist. ZLater, Pagano and Whitney,

(Ref. 72), used shell theory based on Donnell approximations
to determine the cylindrical specimen length.



- 57 =

Herrmann and Chan, (Ref. 125), presented analyses in which
they neglected the end effects due to the complexity of
their three-dimensional analysis.

Vicario and Rizzo analysed the problem using shell theory
at first, (Ref. 126), and then they used exact elasticity
equations in developing finite element programme to gain
insight into the effect of the geometry on the response of
laminated tubes in material characterization tests, (Refs.

70, 71).

Flugge's shell theory, (Ref. 79), was used by Whitney et al,
(Ref. 127), to study the effect of end fixity on the strength
of compesite cylindrical specimens. They suggested that more
detailed anglytical techniques would be helpful for predicting
end-tab stresses and strains.

Reuter and Guess, (Ref. 128), used the analysis of (Ref. 82)
which is based on Donnell shell theory to analyse filament
wound composite tubular specimens under internal pressuri-
zation loading. Laplace transform technique was used in
the solution of the differential equations, and the effect
of the material overhang on the magnitude of the strength
was studied.

The interlaminar stresses induced by the end effects were
studied by Waltz and Vinson, (Ref. 129), where they presented
solutions for both two laminae and three laminae shells
subjected to internal pressure with clamped or simply
supported boundary conditions.

Pipes and Whitney, (Ref. 130), analysed the anisotropic
cylinder of finite length using elasticity equations and
finite difference methecd. They compared their results with
results obtained from Flugge's shell theory and found that

the distributions of the in-plane stresses and strains were
similar for both theories, but some differences in prediections
of the through-the-thickness distributions were shown.

Guess and Haizlip, (Ref. 131), studied two different gripping
configurations to determine their affect on stress distri-
butions within the specimen test section. Finite element
analyses were used in this study. The study illustrated the
importance of the end effects on the stress distributions
along the specimen.

Miller, (Ref. 135), presented a method to reduce moment and
shear loads which occur at the end plugs of orthotropic
cylinders subjected to external radial pressure,

Finally, Lemoine, (Ref. 132), used large displacements theory
in the study of filament-wound motor chambers during internal
pressurization. In the cylindrical part of the chamber the
difference in the radial deflection predicted by small
deflection theory and large deflection theory was negligible,
whereas, this difference was significant in the domes of the
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of' the chamber. This means that small deflection shell
theories are suitable for the analysis of the problem.

In this present work, Vliasov-Ambartsumyan type shell theory
used in Sec. 2.2 is used here again for the analysis of
laminated composite tubes of finite length. And because the
wall thickness is varying near the ends of the tube, Fig.
(2.1.1), finite element analysis is employed using "ring"
or "short cylinder" elements to obtain the deflections, the
stresses and the strains along the tube. Since lamination
theory is used at the same time, the stresses and strains
at any point in the wall can be found by making use of the
analysis of Sec. 2.2. This method, in terms of computer
time, is cheaper than the full finite element analysis of
Vicario and Rizzo, (Refs. 70, 71).

2.4.3  Derivation of Governining Equations

Assuming a state of generalized plane stress in each of the
orthotropic layers of the n-layer laminated composite cylinder
the stress-strain relations of Sec¢. 2.2.2 and Sec. 2.2.3 are
still applicable here.

Using the coordinate directions of Fig. (2.2.3) the strains
at any point distant z from the middle surface of the tube are
given by (see equation 2.2.24):

— — . — — —

£ Eo
X X XX
o .
£ = £ + =z 2.4.1
¥y y Xy ( )
0]

where £°'s are the middle surface gstrains; x's are the changes
of curvature, These strains and changes of curvature,
according to Vlasov-Ambartsumyan shell theory, are given in
terms of the middle surface displacements by equations
(2.2.25) and (2.2.26). TFor cylindrical shell subjected to
axisymmetric loading the displacements are independent of y
variable. All the derivatives with respect to y can there-
fore be dropped leading to the following equations for the
middle surface strains and the changes of curvature

_EO- _uo _
% ,X
e® = | w°/R (2.4.,2)
¥
o) o
v
nyj | LX ]



- 59 -

Xx , XX
Xy | = |- w°/R? | (2.4.3)
@]
+ v /R
Xxy . x

where: uo, v® and w° are the middle surface displacements

in the x, y and z directions respectively; and (,)
denotes partial differentiation.

The resultant forces and moments acting per unit length of
the reference surface arc are obtained by integrating the
stresses, equation (2.2.17), across the thlckness of each
iayer and then summing over n plies

S h/?2 . N
X 9%
N = o dz (2.4.4)
Yy y
Nyy Ixy
- -h/2 L
. - h/2
Mx Ox
M = z dz 2.4,
g Oy ( 5)
IVIXy Txy
L. - _h/2 . -
or
- . I~ 0 7] _ _
NX €x Ax
o
N = A £ + B 2.4.6
v [ ) y [ J Xy ( )
0
ﬂny_ _ny_ ‘Xxy_
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- - - O - - -
MX EX XX
_ o
m, | o= [B] |ep | ¢+ [p] Xy (2.4.7)
@]
My Txy Xxy
where
h/2 n (k)
Aij = Qij dz = i—l QlJ (Zk+1 - Zk) (2.4.8)
-h/?2 -
h/2 n
_ _ L (k) 2 2
Bsj = ;29 T 3L 9 (241 = 2y (2.4.9)
wh/2 -
Ih/2 n
D.. = 2 1 (k) 3 3
. - = = .. - 2.4.10
i] o/ Qla 2 dz = 3 i:l QlJ (27,7 = 270 ( )

To establish the differential equations for the displacements
u®, vO and w® which define the deformation of the cylinder

one begins with the equations of eguilibrium of a shell
element cut from the cylinder by two adjacent axlial sections
and by two adjacent sections perpendicular te the axis of

the cylinder, Fig. (2.4.1). The equations of equilibrium were
derived by Timoshenko, (Ref. 133), and for thin shell they

are

X yxX
X * oy O
N SN M aM
y Xy Xy vy .
i + R 5% + T + 57 0 (2.4.11)
52M N BZMX 82MX 3°M
-N_ + R >+ R + R J+p.R=0
y y ax y Dy
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(2.4.1)

Resultant forces and moments on
a cylindrical shell element
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Here also all the derivitives with respect to y are zero
because of the axisymmetric loading condition. The equili-
brium equation therefore becomes

M ) = 0 (2.4.12)

From equations (2.4.2), (2.4.3), (2.4.6), (2.4.7) and (2.4.12)
the differential equations for the displacements u®, v© and
w9 of laminated composite circular cylindriecal shell can be
derived. They are

0 1 o] L 1 o] o] =
Bip Wogx * (Byg ¥ §B1s) Vg ¥ (FRip - E?BIE) Wy T Bpp wexxx

(2.4.13)
(ABI + %le) u?xx + (A33 + %B33 + §§D33) v?xx +
(%A32 - ;}DBE) wfx (B, +'%D31) Wy = O (2.4.14)
_Bll u?xxx * %A21 u?# B (BIB * %DIB) V?xxx ¥
(%A23 * §?B23) V?x * Dyy ?xxxx
(8812 * §Bo1 - ;%D12) W?xx * Fééﬁzz } i?Bzz) W = p

{(2.4.15)
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2.4.4 Solution of the Differential Egquations

To solve the differential equations (2.4.13), (2.4.14) and
(2.4.15) the variablesare first uncoupled. From equation
(2.4.13)

0 _ 0 o 0
Uew T2V oy + b w,X + d W yxx (2.4.16)
where
1 1
a = = == (A + = B._)
All 13 R 713
1 1 1 .
b = - = (Z A - = B..,) (2.4.17)
All R 712 - R2 12
4 . o1
- A
11

when the value of uoxx from equation (2.4.16) is substituted

in equation (2.&.143 the value of voXX is obtained
3

o) _ O o}
V,Xx = e W,x + f W,xxx (2.4.18)
where
‘A32 ) D.32 ! (A +‘B31)(A12 _‘Bl2)
o R R3 All 31 R R R2
B B

e e COMREE D ICPREE o

31y - 51
.. Bll (A31_+ R ygl.(le v £ )
. B B
2 L - 31 _13
A33 + EB33 + E§D33 All (Ajl + & )(A13 + —x )

(2.4.19)
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then equation (2.4.16) becomes

8] _ Q Q
u,XX = f{(ae + b) W,X + (af + d) W,xxx (2.4.20)

From equations (2.4.18) and (2.4.20)

o _ o - o
u,X = (ae + b) w- + (af + 4) wJXX + Ky
u® = (ae + b) [ w® dx + (af + d) w°_ + K.x + K
s ¥ 1 3
o) _ o 0
u,xxx = (ae + b) w,xx + (af + d) W rxx
(2.4.21)
0 _ o o)
v,x = e w =+f W,XX + K2
o _ o) 0
v = e /S w dx + W’X + K2 X + KM (2.4.22)
o _ 0 o
Vixxx = F w,xx tr W xxxx

K K2, K3 and KM are integration constants.

Thus, equation (2.4.15) becomes

W +
» XXXX » XX



where:
: Dy,
g = Dll - Bll (af + d) - T (B13 + ”ﬁ")
A A B D
_ o 23 2%, _ 13
h = ¢~ (af + d) + T (Hﬁ— + __g) e (513 + _ﬁ-)
B12R Byy  DPig
- Bjy(ae + b)) - (¢~ * | - o2 )
A A B A B
q = —%i (ae + b) + e (—%1 + —g%) + (_2% - _2%)
R R R

(2.4.24)

Equation (2.4.23%) is a non-homogeneous fourth-order linear
differential equation with constant coefficients. Its
solution is, (Ref. 134)

o]
+ wp (2.4.25)

wﬁ is the solution of the corresponding homogeneous
equation; and '

w_ is any particular solution of the non-homogeneous

equation.

The particular solution, using the undetermined coefficients
method, is

o _ ' .
wp = P +r Kl + 8 K2 (2.4.26)
where
P = E
q
A
21
= = &= 2.4.2
r 5 ( 7)
B A
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The solution of the corresponding homogeneous eguation is
O = M (2.4.28)

where m is the root of the auxiliary polynomial

g m' + h m + g = O (2.4.29)
To obtain the roots of this polynomial let m2 = n, then
5 ) _
gn +hn+q = 0 (2.4.30)

n = 75 = oy £ iA (2.4.31)

thus
m = vy t i)\ (2-14-32)
or

(2.4.33)

=8
T
i+
"
Q
I+
|_|-
™
o

Where

(o = 1BR) = Y * iA (2.4.34)

The solution (2.4,28) becomes in its general form as follows:

WO - eG.X (C "'O‘.X(

0 cos Bx + 02 sin Bx) + e

C., cos Bx + Cu sin Bx)

1 3

(2.4.35)

where ; Cl’ c C3 and Cu are constants.,

23

However, when a relatively long cylinder is considered the
boundary conditions at one end do not affect the boundary
conditions at the other end. In the middle of the long cylinder
there exist a region of steady state where the deflection w©
equals the value w8, i.e. wf must vanish. This can be

satisfied if the term e%* disappears from the solution
(2.4.35), i.,e. for long cylinder the solution (2.4.35) becomes:
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wg = g 0% (C3 cos Bx + Cu sin Bx) (2.4.36)

2.4.5  Tinite Element Technigue for the Design of Test
- Specimens

The preceding theory is now to be used in designing the

test specimens. The test speecimen, Fig. (2.1.1). is divided
into finite segments as shown in Fig. (2.4.2) where only half
of the cylinder is considered due to the symmetry. Element
(1) represents the parallel part of tube and is taken as

long cylindrical element, whereas the rest of the elements
are short cylindrical elements. For each short element there
are 8 constants to be determined, namely, C,, C,, C3, Cys

Kl, K23
(2.4.22) and (2.4.35)., For the long element only 6 of these
are there, i.e. without C, and C, as shown in equation (2.4.36).

Thus, for the example shown in Fig. (2.4.2), there are 46
constants to be determined which require 46 boundary conditions.
These conditions are

K3 and K;, as it is obvious from equations (2.4.21),

1) at point 1, the middle of the tube, both u and v
deflections are zero due to the symmetry, i.e.

uy T 0

Vi - (2.4.37)
2) at the joint 2-3 the following relationsexist

W =

v e v

wg = wg (2.4,38)

(wfx)2 - (wfx)3

(M) = (M)
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12 1110 9 8 7 6 5 4 3 2 1
QZZ 222: 22;/ ;77/ VAT IE TSNS,
!
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Fig. (2.4.2) The test specimen divided into
finite elements.

2 5
(N_) = (N_)
X", , 3
1 _ 1
<ny "R Mxy)z B (ny "R Mxy)3 (2.4.38)
1 .
where (ny t R Mxy) represents the effective shear and QX

represents the thickness-shearing force

Q = M . (2.”.39)

3) at the joints 4-5, 6-7, 8-9 and 10-11 there exist
relations similar to those of equations (2.4.38).

4) at point 12 there are five different possibilities
according to the clamping conditions

a) for completely free ends (case of internal pressure
only)

1
(M) =4(Q,) =(N) = (N __+=M_) -
*"12 X120 ¥ xy - R Txyly, =0

(2.4.40)
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b) for completely clamped ends without axial or torsional

loadings
o _ o) _ 0 _ .0 _
Wy, F (w,x)12 = Uy, T Vip T 0 (2.4.41)

¢) for clamped ends with axial load only

- o _ _
Wio (W,x)12 vipg = O
(2.4.,42)
N " 2
(N) EX +"|'TRp
X395 2TR
d) for clamped ends with torsional load only:
O _ o _ -
W12 (W,x)12 = Uy = 0
1 T
N + = M = (2.4.4
Mey * R Xy)12 27R® 2

e) for clamped ends with axial and torsional loads

2
(N.) = _XtomRp (2.4.44)

M ) =
Xy 12 2ﬂR2

F
L
= |

where Py, p and T are the axial lcad, the internal
pressure and the torque respectively.
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The above conditions give 46 equations to determine the U6
unknowns. In matrix form they can be written as

(2] [x] = [®r] (2.4.45)

where
[K] is a column matrix representing the constants;

[P_T is a square matrix representing the cocefficients
of the equations; and

[R:] is a column matrix representing the coefficients
which are indepeéndents of the unknowns, (i.e.
the right hand sides of the equations).

The unknowns are then given by

(k] = [2]™* [Rr] (2.4.46)

To establish the matrix [P] , the parameters uo, v° ete.,
must be written in terms of the constants Cl’ 02, ete,

For the general case of short cylinder the following equations
can be obtained (see Appendix D)

=X

W= e cos Bx Cl + e gin Bx 02 + e cos Bx 03
+ e % ginBx ¢, + r K, + 8 K, + P (2.4.47)
i 1 2 te
wOX = %X (o cos Bx - B sin Rx) Cl + e%* (B cos BRx + a sin Bx) 02
3

- e—ax(a cos BX + B sin BX}CS + eax(B cos fx - a sin B}:)CLl

(2.4.48)
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u® = %X [E%iég(u cos Bx+8 sin Bx)+(af+d) cos Bx-R sin Bx)i]cl

a +8
+eux[22122(-8 cos Bx+a sin Rx)+(af+d)(R cos Bx+a sin Bxﬂ 02
+e-ax-:§122(—a cos Bx+B sin Bx)-(af+d)(a cos Bx+R sin &xﬁ
+e—ax”_agizés cos Bx+o sin Bx)+(af+d) (B cos Rx-g sin BX)}CM
+]:(ae+b)r' + l] X Kl + (ae+b) s x K2 + K3 + (ae+b) x P

(2.4.49)

e

0 aX
Vv =
e [ 5
o

ox
te [_ET‘_'
o

b OX

+e‘GX

te r X

é(a cos Bx+B sin Bx)+f{(a cos Bx-R sin Bx)} C1
+B

€ 2(—8 cos Bx+o sin Bx)+f(B cos Bx+a sin BX)J 02

+8

~§9—§(-a cos Bx+B sin Bx)-f(a cos RBx+R sin BRx) 03
o +B |

- 3 2(6 cos Bx+o sin Bx)+f(B cos BRx-a sin Bx) CL1
o +B .

Kl + (e s +1) x K. + KM +ex P (2.4.50)

2

C

p
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= 0% [t cos Bx + t"{(d2—82) cos Bx—EdB sin Bx}] Cl
+e 2% [t sin Rx + t!' {2aB cos B x+(a2—82) sin Bx}] 62
~“axX ‘ 2 .2 .
+e [t cos Bx + t' {(a"-8") cos Bx+2aBR sin Bx}] 03

+e_ux'[t sin Bx + t' {-20B cos Bx + (a°-8%) sin BX}] Cy

+{(t r + Bll)Kl + (t s +B + D

13 13/R)K2 +t P (2.4.51)

= g%¥ [t(u cos Bx-B sin Bx) + t"{(a3- 3&82)005 Bx +
(—3&28+83) sin Bx}] Cy
+eux[}(8 cos Bx+a sin Bx)+t‘{(3a26-83)cos Bx +(a3—3a82)

sin Bx}] 02

+e'ux[}t(u cos Bx+B sin Bx)+t‘{-(33~3a82) cos BX

+(-3a2 +83) sin BX}] C3

+e_ax[t(6 cos Bx-o sin Bx)+t'{(3u28—63) cos Bx

7 2 .
- (a’-3%aB°) sin Bx}] c,

(2.4.53)
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1 - S T3] 2 1
ey ¥R My = (a1 K+ (Ayy v R By + 5 D550 K,
(2.4,54)
where
D . B . D
B} 13 12 12
t = Bj(ae + b) + e (B13 =) + (= ;Fr)
t' = Bi.(af + @) + £ (B, + Eli) - D (2.5.55)
11 13 R 11
For the case of long cylinder C_ = 02 = 0 in all the above
equations. 1

For every element, x is megsured from the left, Fig. (2.4.3).
Therefore, the values of u , vO, etc., at the different
points of Fig. (2.4.2) are obtained by substituting x = O

or x = &, where § represents the length of the element.

Then, upon substiftution in the boundary conditions equations,
the matrix [P] is obtained, hence the unknowns X can be
calculated from equation (2.4.46).

When the constants of the solutions of the differential
equations are obtained the deflections, the moments, the
strains and the stresses along the tube can be calculated.

2.4.6 Application of the Theory to the Test Specimens

The preceding theory was used to design the test specimens
and thelr end reinforcements., The results obtained from

one of the specimens are shown in Figs. (2.4.4) to (2.4.8)-
These figures show the extraneous bending stresses which are
induced at the unreinforced ends of the tubular specimens
and cause premature end fallures preventing full character-
ization of the specimens. The functions in Figs, (2.4.4)

to (2.4.8) are given in normalized forms where the deflection,
the strains and the stresses are divided by their own values
at the test sections, while the bending moment- and the
shearing force are divided by p.h“ and p.h. respectively.
The results were obtained from a computer program developed
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Fig. (2.4.3) Coordinate directions for an element

for this purpose, the details of which are given in Appendix
D.

In the experimental investigation, when testing specimens of
tube Bl (Appendix A), strain gauges were mounted in the centre
of the tube as well as at 50mm from the cntre towards both ends.
The strain measurments, Appendix B, showed the uniformity of the
strains along the test section.
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CHAPTER 3

FATLURE ANALYSTS OF LAMINATED COMPOSITE MATERIALS

3,1 INTRODUCTION

Failure of a material is the limit of its load carrying
capacity. The failure in this way determines the strength

of this material. The strength of a material is an important
property in the design of any structure which uses that
material. Since it is an expensive task to establish strength
characteristics of materials for every complex stress state,
the idea of "failure criterion" has been introduced to

predict the strength of materials under any loading using data
obtained from simple tests. The "failure envelope", which

is established from the failure criterion to cover the entire
spectrum of loading, is a surface (or curve in the case of

two dimensional stresssystem) in the stress space describes
the stress states which the material can sustain without
failure,

Several failure criteria for composite materials have been
proposed., Many of these were developed from the failure
thecories of homogeneous isotropie materials. These theories
for conventicnal materialswhich define yield or ultimate
strengths will be described briefly before the existing
fallure criteria of composite materials are described.

The results obtained from ultrasonic C-scanning test, acoustic
emission test, scanning electron microscope test, and the
main experlmental investigation, are then used to introduce

a "modified failure criterion',

Since the main subject of this Chapter is failure, the

instability failure of the tubular test specimens is also
studied for completion.

3.2 PFAILURE THEORIES OF ISOTROPIC MATERIALS

Before any failure criterion is applied, the applied stresses
Oxs Oy, Oz Txys Tyz and Tyy are transformed to the principal

stresses ¢, 0, and 03 via Mohr's circle,
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3.2.1 Tresca Theory (Maximum Shear Stress Theory)

For ductile materials Tresca proposed the following yeild
criterion
1 1 1 — |
max {§|01 - cgl, §|02 - UBI, §|03 - oll} =Ty (%3.2.1)

where %]ol - 021 etc. represent the maximum values of the shear

stresses, and 1y is the yield 1limit in simple shear which is,
for ductile material, set equal to the shearing stress at yield
in simple tension or compression, i.e.,

_ 1
Ty = §cy (3.2.2)

Thus, equation (3.2.1) becomes

max {[oq = o5, |o, - 03|, ]03 - oy} = oy (3.2.3)

For the special case of plane stress, this equation becomes

max {idl = 02|J Icgls |01|} = Uy (3.2.4)

Fig. (3.2.1) shows a graphical representation of equation
(3.2.4) compared with other criteria. Any stress state out-
side the failure envelope represents non-elastic behaviour.

3.2.2. Von Mises-Hencky Theory (Maximum Distorted Energy
Theory)

The distorsional energy is that part of the strain energy
which remains when the energy due to change of volume is
subtracted. In this theory, a ductile material under a
general stress stafte yields when its shear distortional
energy reaches the value of the shear distortional energy
under simple tension. This gives the following mathematical
expression

(o, - 02) + (02 - o.) + (03 - 0. ) = 20y (3.2.5)

02 - 6.6. + 65 = o (3.2.6)
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Von Mises-Hencky theory
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Fig. (3.2.1) Yield criteria for ductile materials

This equation represents an ellipse enclosing the Tresca
hexagon, Pig. (3.2.1}.

3.2.3 Maximum Normal Stress Theory

In this theory, a brittle material fails when any of the
principal stresses reaches the ultimate value, i.e.,

max {|01|, lo,ls |03|} = 9, (3.2.7)

where oy is the ultimate stress in simple tension or com-
pression depending on the sign of the maximum stress. For
two-dimensional stress state equation (3.,2.7) becomes

max {[oyl, [o,]} = o, (3.2.8)

This equation represents a square which its centre does not
necessarily coincide with the origin of the coordinates as
most brittle materials have dlfferent strengths in tension and
compression, Fig. (3.2.2).

3.2.4 Mohr Theory

This theory is similar to that of Tresca but it is used for
brittle materials with different strengths in tension and
compression. For the plane stress case the equation which
defines the faillure is

‘(“u)c

1[: |02[: [Gl = T_Gj; 02|} = du (3.2.9)
n

max {|o
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Fig. (3.2.2) Pailure criteria for brittle materials

where t denotes tension, c¢ denotes compression, and o, in
the right hand side is elther (cu)t or (ou)c depending on

the sign of the maximum stress, Fig. (3.2.2). When (ou)t =
(ou)c Mohr's strength theory reduces to Tresca theory.

3.2.5 St. Venant Theory (Maximum Principal Strain Theory)

This theory is similar to that of maximum stress theory except
that it places a restriction on the maximum normal strains
rather than maximum normal stresses. In this theory, a
brittle material fails under any stress state when any of the
principal strains reaches an ultimate value obtained from
simple tests, i.e.,

max {lej{, lesl, |53|} = e, (%.2.10)

where €4 represents ultimate strain.
For plane stress state the following relations exist
ep = g (o = vop)
(3.2,11)

£ - = (g, - vo,)
2 E ‘Y2 1
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where v 18 Poisson's ratio and E is Young's modulus.

From simple tests

£ 2.%0 (3-2.12)

Thus, equation (3.2.10) becomes
max {[cl = vo, |, o, - voll} = ¢ (3.2.13)

u

This equation is shown graphically in Fig. (3.2.2).

3.3 EXISTING FATLURE CRITERIA FOR COMPOSITE MATERTALS

2.3.1 G@General Considerations

All the existing failure theories are phenomenological
{(macromechanical) design criteria. The mechanistic (micro-
mechanics) analysis can be used to predict the unidirectional
strength properties from the strength properties of the
constituent materials. These unidirectional strength
properties (i.e. the strength in the fibres direction, the
strength in the direction perpendicular to the fibres direction,
and the shear strength) ean also be obtained experimentally
from simple test conditions,

There are two different approaches to predict the laminate
strength, namely: the ply-for-ply approach, and the whole
laminate approach. In the first approach, the laminate is
considered to be consisting of bonded layers. Each layer is
considered to be homogeneous and orthotropic. The lamination
theory of Sec, 2.2 is used to obtain the stresses and strailns
in each layer. These stresses and strains are transformed to
the layer principal axes before the failure criterion is applied
to each lamina, The fallure envelope for the laminate is
obtained by superimposing the failure envelopes of all the
layers and determining the innermost envelope. In the second
approach, however, the lamination theory is not needed as the
failure criterion is applied directly to the entire laminate
which is considered homogeneous but anisotropic. This
approach requires the strength characterization of each
laminate under consideration, whereas in the first approach
the strength characterization is. carried out on a layer and
then the strength of any laminate under any stress state is
predicted. It should be noted here that, due to the different
assumptions used in these two different procedures, the
criteria derived for one approachare not applicable for the
other.
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Any failure criterion is established elther through empirical
approach or mathematical modelling, In the former procedure
extensive experimental measurements are made in all components
of the stress space. This 1s, of course, a costly approach
both in time and effort in addition to being cumbersome in
application. In the second approach the mathematical model
reduces the required number of experimental measurements.

Some failure criteria, however, are semi-empirical theories.

The lamina failure criteria are either with independent
failure modes (e.g. maximum stress criterion) where the

onset as well as the mode of fallure are predicted, or inter-
action failure criterion (e.g. Azzi-Tsai criterion) where only
the onset of failure 1s predicted., The interaction faillure
criteria are basically empirical curve-fitting techniques,

and lack sound theoretical basis but they are simple to use.

Most of the failure criteria for composite materials are
extension or generalization of the yield or the failure
criteria of the isotropic homogeneous materials discussed in
Sec, 3.2. In what follows in this section a comprehensive
survey of the failure theories of composite materials is
given., It should be mentioned here that incomplete surveys
for some of these criteria exist, (Refs. 136-145).

For isotropic materials, the failure envelope was presented
in the principal stress space (o1, 0p and o) or (o7 and o,)
in the case of plane stress. In the case of composite
materials, however, the situation is different as these
principal stresses are of no use even for a unidirectional
laminate. The failure envelopes for composite materials is
then represented in the laminate six stress component space

(Ox’ oy, Oy s Txy’ Tyz and TZX), or, for a plane stress case,

in the three stress component space (cx, cy and Txy). For
convenience two dimensional faillure envelopes will be presented
here. These are generated for fixed values of the shearing

stress and then projected on the (Ox’ Gy) plane.

In the failure criteria presented below a unified notation
system is used. This implies that the original notations used
by the previous investigators may be different from those used
here.

3,3.2 Maximum Stress Theory

In this theory, a composite layer fails when any of the stress
components in the principal material directions reaches its
corresponding strength value as determined from simple uni-
directional stress experiments. There is no interactilon
between the stresses., PFailure occurs when any of the following
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conditions is not satisfied

- X, <0y < X

v (3.3.1)

T, <8

where:

is the axial tensile strength;
is the axial compressive strength;
is the transverse tensile strength;

o o 0o ot

is the transverse compressive strength; and

O

is the in-plane shear strength (which is
independent of the sign of T1os i.e. it retains

the same value for both pesitive and negative
shear stress components).

The failure envelope for a lamina in the (oy, op) stress space,
as described in the first two of equations %3.3.1), is a
rectangular and schematically shown in Fig. (3.3.1) for a
particular value of T, (|T12|< S). When the lamina loading

axes do not coincide with the material axes the failure

envelope in the cxoy stress space (for a fixed value of TXy)

is represented by six lines given by equations (3.3.1), and
the non-failure region is the inmost envelope, Fig. (3.3.2).

3.3.3 Stowell~Liu Theory

This theory, (Ref. 146), is essentially a maximum stress theory
but tries to take into account the strength of the constituent
materials. In this theory, the failure stress of the fibres

is taken as the limiting strength of the lamina in the fibre
direction, while the limiting transverse and shear stresses

are those of the matrix. Stowell and Liu applied their
criterion to only the case of uniaxial lading at any arbitrary
angle from the fibre axis.
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3.3.4 Kelly-Davies Theory

Kelly and Davies, (Refs, 147-149), have studied the effect of
fibre orientation on a fibre reinforced metal with the metal
matrix in the plastic form. Their strength theory is similar
to that of Stowell-Liu theory except that they allowed for the
fibre-matrix interaction, which is ignored by Stowell-Liu
theory, by using matrix strengths greater than the ultimate
strengths obtained from simple test conditions. The factors
used for this purpose are: 1.15 for the matrix tensile
strength, and 1.5 for the matrix shear strength.

53.3.5 Prager Thecory

This theory, (Ref, 150), is a modification to that of Stowell-
Liu theory. It states that the matrix failure in the trans-
verse direction and in shear are not independent of each other
but interact. Accordingly, Prager derives the failure loads
of a unidirectional laminate under biaxial loading and of
angle-ply laminate under uniaxial tension.

YEROY
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............

Pailure of a layer by this theory occurs when any one of the
strains in the principal material axes reaches its corresponding
ultimate strain values as determined from simple unidirectional
loading conditions. There is no interaction between the

strain components but interaction exists between the stress
components due to the Poisson ratio. The following inequalities
determine the unfailed regions

< E <€l

1 t

€p < Epg (3.3.2)

|Y12| < Yu

where

is the ultimate axial tensile strain;

is the ultimate axial compressive strain;

ot is the ultimate transverse tensile strain;

is the ultimate transverse compressive strain; and
Y is the ultimate in-plane shear strain.

The lamina failure envelope in the space of its principal
stresses is a parallelogram (for a fixed value of 175 with
|Y12| < y,) determined by the first two of equations (3.3.2),

Fig. (3.3.3). For a lamina with fibres aligned at an angle
from the body axis, the failure envelope 1s drawn in the 0,0

stress space and it is determined by the innermost envelope
of the six inteprsecting lines of equations (3.3.2), Fig.
(3.3.4). A graphical method to determine the strength
envelope in the strain space is described in (Ref.151).

Although this theory have an advantage over the maximum stress
theory due to the interaction of the stress components, it
exhibits one difficulty in the application that is the
definition of the ultimate strains due to the non-linear
behaviocur,
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3.3.7 Maximum Shear Stress Theory

There have been many attempts to generalize Tresca maximum
shear stress yleld criterion to composite materials, (Refs.
152-155). The most general theory is that of Lance and
Robinson, (Ref. 154), which states that 2 composite material
will yield when: (1) the shearing stress on planes parallel

to the fibres, and in a direction perpendicular to them;

or (2) the shearing stress on the same planes, but in a
direction parallel to the fibres; or (3) the maximum shear
stress on planes oriented at 450 to the fibre direction;
reaches a critical value of stress associated with the failure
planes. No interaction between these stresses is considered
in this theory. 1In the state of plane stress the above yielding
conditions are given by

1 .
5l (o - 0y) sin 2 @] = S,
1 2 2 )
?lox cos® @ + o, cOs o = S¢
(3.3.3)
.llo cos® @+ o, sin 0] = 3
2 x Ty 8

1
5l (a, - Uy) cos 2 @] = 5
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where
o and cy are the stresses in x and y directions.

0 is the ribre angle with x-axis.
S,s 8y and 3  are the critical values of the shear
stresses assoclated with the above mentioned planes.

3.3.8 Hill Theory

This theory is a generalization of Von Mises-Hencky maximum
distortional energy theory to include anisotropic materials.
It was proposed by Hill, (Ref. 156), and its critical equation
is given by

2 2 2
(G + H) o7 + (F + H) g, + (F + @) 03 - 2H 0495
- 26 0.0, - 2F 0.0, + 2L T, + 2M T°. + ON 1. = 1
L1-3 273 23 13 12
(3.3.4)

where F, G, H, L, M and N are constants characteristic of the
material and can be regarded as fallure strengths as they,
from the failure of simple loading conditions, can be written
as :

2H = ;% + gi - 55

2G = iﬁ + §3 -2 (3.3.5)
oL = iﬁ

oM = 55 (3.3.6)
2N =
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Where X, Y and Z are the strengths in the directions 1, 2 and
3 respectively; and R, S and T are the shear strengths in the
principal planes of orthotropy.

For the plane stress case, equation (3.3.4) becomes

N3

2 2
o e} . L . T
1 ) 1 1 1. 12
+ - (.T:_T-Q-._.._ —-—-2.) g.g + — = 1 (3-3-7)
X Y2 X Y2 P 12 82

Unlike all the previously discussed criteria, this theory
considers "interaction™ between the failure strengths, whereas
in the preceding theories, fallures in different modes are
presumed to occur independently.

This results in a smooth failure envelope rather than the
intersecting straight lines obtained before,

One disadvantage for this criterion is that it does not
consider different strengths for the tensile and compressive
modes, 1l.e. the material has to exhibit the same strength in
tension and compression, Another disadvantage is that the
mode of failure is not predicted, only the onset to failure
is.

3.3.9 Azzi-Tsai Theory

This is & modified Hill criterion where Azzi and Tsai,

(Refs. 157459), assumed the lamina to be transversely isotropic
(i.e. Y = Z) to obtain the following equation for the failure
envelope

g 2 050 g 2 T2
l2 - l.22 ¥ 22 * l§ = 1 (3.3.8)
X X Y S

Furthermore, Tsai et al, (Ref. 25), state this criterion
remains applicable for materials with properties different in
tension and compression. It is only necessary toc use the
principal strengths compatible with the prevailing stress
components, i.e. tensile strength for positive ncrmal stress
and compressive strength for negative normal stress. The
failure envelope is, therefore, piecewise continuous in the
stress space.

When a failure occurs in a lamina, i.e. the stress state
reaches the fallure surface, the mode of failure is then
determined by simple comparison between the stress components
and their corresponding strengths.
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For the three dimensional stress state, Tsai, (Ref. 34),
presents another two equations, similar to equation (3.3.8),
for the other two planes using the appropriate strengths.

Because of its simplicity, this theory is recommended or used
by many authors for quick design checks, (e.g. Refs. 160-164),

3.3.10 Marin Theory

This theory is also a generalization of the Von Mises-Hencky
theory to account for the difference in tensile and compressive
yield strengths and the variation of strength with direction.
Marin, (Ref. 165), limited his theory to principal stresses.
This is an advantage in the case of isotropic material as it
eliminates the shear from the analysis. For anisotropic
materials, however, the concept of principal stresses is of

no use as the mechanical properties depend on the direction

of the applied load, and axes of principal stress are not
always coincident with axes of principal strain.

The mathematical form for Marin's strength criterion is

2

(o —a)2+(02-b) + (o

1

a [(oy - a)(o, - B) + (g, = D)o = ©) * (05 = ) (o) - )]

= 0 (3.3.9)

Where a, b, ¢, g and o can be found from various stress
states, and G1s 05 and O are the principal stresses.

Topping, (Ref. 166), states that this criterion is not only
questionable but untenable, whereas Coleman, {Ref. 167), states
that Topping's comments have helped in determining the
restrictions on the constant q, but did not make equation (3.3.9)
untenable for some cases. He, therefore, suggests that the
fheory should be compared with test results before any final
judgement can be made.

For the case of plane stress the failure envelope is given
by
o 2 4 K, 0.0, + 0O 2 4 K, o, + K_ g = K (3.3.10)
1 1172 2 2 1 3 "2 i et

where the K's are experimentally determined constants, and, in
fterms of the strengths, they are given by
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XX, =8 [X, - X - X, (X /Y) o+ Y]

t ¢
K = 2 -
1 Sz
K, = XC - xt
(3.3.11)
K3 = X (Xt/Yt) - Yt
Ky = ZXpXg

Equation (%.3.10) represents a smooth curve in the principal
stress state.

3.3.11 Franklin Theory

Franklin, (Ref. 137), has modified Marin's criterion to over-
come its shortcoming of using principal stress concept.
Moreover, Franklin includes a biaxial stress condition in
each quadrant such that the failure surface must pass through
three points in each quadrant instead of two at its endpoints.
These modifications result in the following formula :

2 + K, o0, + K 022 + KM oq K5 o, t K6 T§2 =1

Ky09 2 919 3

1

(3.3.12)

The constants K; and Kj are evaluated from uniaxial loading

to failure in l-direction, (i.e. o, = Xt and oy = -Xc), the
constants K3 and K5 from o, = Yt and o, = —Yc, and the
constants K6 from Tp = S, The constants K2 is allowed to

exist as a "floating constant" to be determined from a biaxial
stress failure condition,

Although this criterion seems more accurate than other criteria
due to the floating constant which allows the failure envelope
to have different shapes in each guadrant, it has the dis- '
advantage of requiring four biaxial test data to determine

the four different values of this floating constant in the

four quadrants.
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3.3.12 Stassi-D'Alia Theory

Stassi-D'Alia, (Ref. 168), proposed the following relation for
the case of biaxial princial stresses aligned with the
material symmetry axes

2 2
1 t 0,0 - 050, ¢+ X (XC/Xt - 1)(0l + g

i £ = X

2) ]

(3.3.13)

g

It is assumed here that the shear strength is a function of
Xt and YC/Yt z Xc/Xt. Unfortunately, composite materials do

not generally satisfy these two assumptions.

3.%3.13 Norris Theory

Norris and McKinnon, (Ref. 169), proposed the following inter-
action empirical strength formulsa :

+ + 1 = 1 ‘ (3.3.1”)
S

Later, Norris, (Ref. 170), presented a strength theory, which
is a generalization of Von Mises-Hencky distortional energy
theory, and given by the following set of equations, one for
each plane

2 2 2
9 016 05 T12 . 1
- xw Ytz t—3 ¢
X y s
2 2 2
g g~C e T
- e B (3.3.15)
Y i
2 2 2
03 _ 0361 . 01 . le 3 ]
2 7X 2 2

where the strengths X, Y and Z are either tensile or compres-
sive strengths according to the signs of the stresses 015 Oy

and 03.
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For the case of plane stress state, equations (3.3.15)
become ' B -

. 2 . g 2 . T2
il o B
X Y
2
.0,2
——-2- = 1 (3.3.16)
Y
5 2
% = 1
X

3.3.14 Fischer Theory

The Fischer criterion, (Ref. 171), is a modification of Norris
criterion. The idea is to include different elastic constants
in the failure envelope formula which is

o 2 2
S
2

X

2
T c,0
12 i 2 _
+ E;r-- K 7 = 1 (3.3.17)

o}
AW

Y

where

] Ep (34 vpy) # By (14 vy5) (3.3.18)

P /ElE2 (1 + vlz)(l + vzl)

3.3.15 Yamada=-Sun Theory

Yamada and Sun, (Ref. 172), proposed a failure criterion of
the form

[a®]

"3

=

2
- *12
+ ..——2 = 1 (3'3-19)
X S

PO
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They used this criterion in their statistical analysis to
investigate the probabilistic nature of composite faiure.
The c¢riterion could be regarded as a degenerated form of
many of the preceding criteria.

Yamada and Sun conclude that their proposed equation was

proved simple and effective in predicting failure in both
deterministic and probabilistic sense.

3.%.16 Griffith-Baldwin Theocry

This theory, (Ref. 173), is an extenslon of the distortional
energy theory. Griffith and Baldwin calculated the distort-
ional energy, Ud’ by subtracting the volumetric strain energy
from the total Strain energy. For the case of plane stress
state, U, is given by

d
2 2
. _ Gl (s B 812 +. 813) . 02 (s _ 812 + 523) .
d % 11 2 3 22 2
0102 (25 ) Sll'+ 822_+_813_+ 823) . s 12
3 12 2 6612
(3.3.20)

where: [S] is the compliance matrix.
Failure (yield or fracture) occurs when U, is equal to its

critical value U which is obtained by a “single uniaxial
test.

3.3.17 Chamis Thecry

Chamis theory, (Ref. 174, 175), is also an extension of the
distortional energy theory but it accounts for fabrication
variables such as filament and void content and distribution,
fibre-matrix bonding, residual stresses, etc. The critericn
is expressed as

2 2 2
o] d. T 0.0
12 + 22 . l% - KK! ;YE = 1 (3.3.21)
x Y S

This criterion is similar to that of Fischer, equation
(3.3.17), except that the coefficient K there is replaced
here by a product of two coefficients KK'. The coefficient K
is derived here as
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”(1.+_uy12 - ”13)-E2-*-(1 ).El.

31/2

tvpg)(@ v v

[E1E2 (2 + v + v

12 21 23

(3.3.22)

whereas the coefficient K' is a theory-experiment correlation
coefficient and it accounts for differesnt tensile and
compressive strengths and for variable interaction between stresses.
K' Takes different value in each stress quadrant in order

that calculated and experimental results are in good agreement.
Thus, the fallure envelope consists of four different curves,
cne curve for each quadrant in the 0105 stress space,

The strength X and Y can take the values Xt or Xc and Y_ or

t

and o..

Yc to be consistent with the stresses o4 5

3.3.18 Hoffman Theory

Hoffman, (Ref. 176.), has generalized Hill theory to account
for different strengths in tension and compression. The
failure envelope 1is described by

+ K )2

+ K +

3 (91 = 0, y 91

(3.3.23)

where the nine coefficients Kl’ veos K9 are uniquely determined

by nine basic strength data, namely: the three uniaxial tensile
strengths, the three uniaxial compressive strengths, and the
three pure shear strengths. The following expressions are
cbtained

1 : :
K = 5 ( + - )
1 2 YtYC thc Lk,

T Cq
K = = ( + - )
2 2 "Z.2, XX, Ty,
1y 1
K = = ( + - )
3 2 XtXC Y Y, L.z,
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K, = E‘%, Kq ='-§2-, Ky = -S% (3.3.24)

For transversely isotropic lamina in the plane stress state,
the criterion becomes

2 2 2
cl - cl 0y . _02 +.XC_ "Xt-a +_YC - Yt o T1o -

XtXc Yt C Xt c 1 Yt c 2 3
(3.3.25)

This equation is, in fact, a special case of Franklin criterion

as, if K, =1 in equation (3.3.12), one obtains equation (3.3.25).

3.3.19 Puck-Schneider Theory

In the work of Puck and Schneider the strengths of the constit-
uent materials are taken into account, though interaction
formulae are used, Three types of failure are consisered,
namely: the fracture of the fibre, the yield of the matrix,

and the adhesive failure of the interface, (Refs. 177-180).

The following set of equations represent these three failure

o]
1
= 1
e
g 2 o] 2 O+ C 12
L +—§“‘“%‘le2+ 2 - (3.3.26)
X Y m m
m m
o T2
2 12 .
7o e el 1
1 S
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where f denotes fibre, m denoctes matrix, and i denotes
interface. ' S ‘

Hitter et al, (Ref. 144), state that this theory did not give
satisfactory results when was applied to multilayer laminates.

Later, Schneider and Bardenheier, (Ref. 203), used the

following equation for the matrix failure (for 0y > 0)
C. 2 T 2
2 12 _
(T) + (—g— = 1 (3.3.27)

With more data available about the compressive strength, the
following equation gives better approximations.

2 2
g Y =¥ T
2 c t 12
+ g + = l (3.3.28)
Yth 2 YtYC S2

Equation (3.3.27) was also used by Liverpool University group,
(Ref. 19),.

5.3.20 Haga-Hayashi-Kasuya Theory

This theory, (Ref. 182), is restricted to glass fabric
reinforced plastics under tension, compression and combined
tension-compression loads, Fig. (3.3%.5).

Lf the strengths in L - T coordinate system. are: X (in I -
direction, tensile or compressive, Y (in T-direction, tensile
or compressive), and S (for shear stress TLT), then the

strength (tensile or compressive) in x-direction under uni-
axial loading (tensile or compressive) is given by

XYS
7 - (3.3.29)
b /ﬁ“xgsz + n'xs? m°n°x2y?
where : m = ¢cs8 @ andn = gin 8

For @ = 450, results obtained by equation (3.3.29) deviate
from experimental values, therefore equation (3.3.29) is
replaced by
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Fig. (3.3.5) Coordinate system for glass
fabric reinforced plastic

laminates.
Fg = ;- 5 (3.3.30)
// 2 m n 2mn
m =1 )(;g - §§) + (FE—
5

where Fq5 is the compressive strength for 6 = 450.

In the case of biaxial loading state for combined tension
(in x~direction) and compression (in y-direction) of ratio

GX/Gy = -, failure may occur in any of the following modes
1) When o, or Gy reaches the appropriate FB of eguation
(3.3.30);
2} When the shear stress Te reaches 3, i.e. when
_ 8
UX - O'y = Hﬁ (3-3-31)

or

3) When any of the combined stresses



2
_ 2 2 _ 2 n-
UeL = OL + TLT .= GX m + —2 ,
4
or
c 2 2 m2
O'eT = O'T + TLT = O'X n + ;'é" (3-3-32)

reaches the uniaxial strength of equation (3.3.30).

Failure, then, is predicted from the minimum of o, values
which cause the above failures.

3.3.21  Sandhu Theory

Sandhu has proposed a fallure theory based on total strain
energies to be used in conjunction with his analysis of non-
linear behaviour of composite materials which was discussed
in Sec. 2.3%.2(4), (Refs. 103, 104). Assuming strain energies
as 1ndependent parameters, the failure criterion for ortho-
tropic materials is expressed as

g = ki e, o35 deiJ]mij = (3.3.33)

i=1 j=1

where

N

Eij are the current strain components
m, . are parameters define the shape of the failure
J surrace in the strain-energy space; and

Kij are material characteristics

For the plane stress state and using the notation of this
thesis, equation (3.3.33) becomes

ma

17
K, [jgl g, d Eﬂ + Kg_[jgz o, d 52] +

m]p
+ Ky, [1?12 T, d le] = 1 (3.3.34)

Using the resutls of tests under simple load conditions, the
paraneters K can be written as
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K .., d e (3.3.35)
— 'Y - L]
12 [ Y104 12 12]
where u denotes ultimate (tensilre or compressive). Then the
failure criterion becomes
fp oy de [le 954 ¢ | T4, 12 @ Y12
1 |+ | 52 + 12 _ 1
f o, de [ O, d¢€ i T dy
e, L °F1 €0y 2 2 Y10y 12 12
(3.3.36)

The shape of the faillure surface given by this equation depends
strongly on my, m, and i ,, e.g. for my = m, = my, = 2, it is

spherical, and for m, = My 5 My, = 1, it is a pyramidal surface.
These shape factors Cause inco%venience as they must be
determined from biaxial experimental information.

3.3.22 Gol'denblat-Kopnov Theory

The work of Gol'denblat and Kopnov, (Ref. 183), is the first
attempt towards a general theory of strength for anisotropic
materials. They proposed a general theory of the form :

o 8 ¥
(Fi5 0550 * i 955 %) * Fispimn 945 %1 %mg)

+ ,... = 1 (3.3.37)
where
i, j, k, 1, my n, ... =1, 2, 3

Fiso Fijr1e

are strength tensors of different orders
a, B, v, ... are constants

They also fixed thé.values of:the_éXponents,by requiring that
the criterion be homogeneous in the Euler sense. This gives
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a =1, B =1/2, v = 1/3, ... The simplest form of
equation (3.3.37) is

F.. g.. + (F o] )1/2

ij “ij “ijkl %13 “ra = 1 (3.3.38)

3.%.2%  Ashkenazi Theory

The early work of Ashkenazi suggested a failure criterion
similar to that of Norris, i.e. equation (3.3.16), (Ref. 138).
Later, he developed a fairly complicated strength criterion
for the plane state of stress of highly anisotropic materials
which is expressed in the form of a fourth-order polynomial
as, (Ref. 184)

- (o 0y - T22L2) [01 o, (A +u) + “’1‘2 o 022] +

2 P 2 2
p (Ul 02-112)(01 + 02) - (ol + 0,7 + 0y 0, F T12) =1

(3.3.39)

where A, y and p are coefficients which must be determined from
three biaxial stress states, and X, is the strength for the
direction 45° to the fibre directiog. The strengths, X, Y

and XMB can be replaced by the compressive strengths when

g, + 05 < O, and the constants p, A and ¢ will have different

values in this case. The main drawback of this criterion is the
need to determine these coefficients from experimental data for
biaxial states of stress.

3.%.240 Malmeister Theory

Malmeister theory, (Ref, 185), is a generalization of
Ashkenazi theory and is expressed by
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P13 95 Y Fijin 913 %%t Fijelmn 915 Ok Opp tooer G
(3.3.40)
where
i, §, %k, 1, m n, ... = 1,2, 3; and

are strength tensors of different order.

Fijo Fijras --

Equation (3.3.40) is a special case of equation (3.3.37) with
a =B =y = ... =1, (Ref. 186).

3.3.25 Tsai-Wu Theory

Tsai and Wu, (Ref. 187), have proposed a tensor polynomial
failure criterion and considered it to be the general theory
of strength for anisotropic materials. Wu, (Ref. 188), has
shown that most of the previous criteria are degenerated cases
of this theory. The theory says that a failure surface in

the stress space exists in the form

Fi o; + Fij o Oj = 1 (3.3.41)

where
i, § = 1,2, .u., 6

Fi and Fij are second and fourth order strength tensors.

The non-interaction F terms are related to the engineering
strengths by

1 1

F 2 m— =

1 Xt Xc‘
1 1

F S e = e
2 Yt YC
F. = % - 1 (3.3.42)

3 Zt Zc
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F), =.T3-: ".T'lj

Fy =%;-ﬁlt

Fe = o - g (3.3.43)
. 5.

T T T2 oy Py Tz (3

Fiy ='T+1T_ > Fos ='ﬁl—+]%r_-, Peo = S+ls_ (3.3.45)

where (+) denotes positive shear strength and (-) denotes
rnegative shear strength.

The interaction F terms are determined from biaxial test
conditions. These biaxial tests must be selected with care to
obtain accurate values for these strength tensors, (Refs.

189, 190). The magnitude of these interaction terms are
constrained by the following inequality

2 .

Under plane-stress conditions, the failure criterion becomes
| 2 2
+ F6 Typ * F o+ F22 O, 2F12 01 05

F. o, + P, ¢ 11

11 2 2

2
+ F66 T12 = 1 (3.3.47)

where F16 and F26 vanish due to the orthotropy.

This theory has not yet been applied to the extent of its
potential due to the difficulty associated with the determin-
ation of the terms F4i;, though some applications have appeared,
e.g. the study of the"strength of molded discontinuous fibre
composites, (Ref. 191), and the analysis of fracture modes of
composites, (Ref., 181). On the other hand there have been

some studies to evaluate the critericn, e.g. Collins and

Crane, (Ref. 192), discussed the graphical representation of the
failure surface of equation (3*.3.47); Narayanaswami and Adelman,
(Ref. 193), used the criterion with Fi, = 0 and concluded that

it had been sufficiently accurate for engineering applications;
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Collins and Thomas, (Ref. 194, 195), state that F;, changes
sign from stress quadrant to another stress quadrant; and
finally, Tennyson et al, (Refs. 196, 197), conclude that the
quadratic formulation of equation (3.3.41) is too conservative
and a cuble representation of the form :

1]
-]

(3.3.48)

Fi qi + Fij oi Gj + Fijk Oi oj Gk

is required.

3.3.26 Huang-Kirmser Theory

This theory, (Ref. 198), is more general than that of Tsal-Wu
and it is of the form

+ (F.., o. 0.)8 + (F g. 0. O )Y = 1

i1 ij "i 7] ijk "1 "] "k
(3.3.49)

Huang and Kirmser, however, did not use this criterion in its
comprehensive form., They set o = B = ¥y = 1 and then they
dropped the cubic term which resulted in Tsai-Wu criterion.

3.3.27 Puppo-Evensen Theory

All the failure criteria which have been discussed in the
preceding sections are applicable to unidirectional laminae
of composite materials. This means that the laminated
structures is first analysed to obtain the stresses acting on
each layer whereupon the desired failure criterion is applied
to check the failure in each ply. The theory of Puppo and
Evensen, however, is fundamentdllydifferent as it can be applied
to the laminate as a whele, (Ref. 199). The laminate is
assumed homogeneous and anisotropic but not necessarily ortho-
tropic. Interaction is accounted for through the interaction
factors which are defined by

. 5 - 3R° 392
=y Tx 7 XY

(3.3.50)

where the strengths, X, Y, Z, R, S and T are relative to a
general coordinate system. The failure criterion is then stated
in three gquadratic expressions of the form
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(5] [R)s [0] = 1 (3.3.50)

g 1is the stress vector; and

[R]i are the strength matrices of the form

[R]; = |-—cooddeo_ (3.3.52)

The symmetric submatrices Al’ Az, A3 and B are defined by

1 oy R
X2 B 22°
1
A, = Y (3.3.53)
#h 7 - o
. B
(symmetric) EE
L _
B =
_Yg - Y 1
X Eg? 2Y2
-1 v}
A = = - - (3.3.54)
(2], v° 27,2
: o
(symmetric) : ZE
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r. B _‘ 1 _ 3 I
x° 27,2 2%
AT = s - (3.3.55)
L4135 = po-
(symmetric) 'Fﬁ
Z
[ 1 |
= O 0
Ty
[B] =] o ;% 0 (3.3.56)
"1
O 0 —_—
SE

For a material in a state of plane stress the criterion can be
written in explicit form as follows

a, 2 o a Lo, 2 T 2
() - Y@ v D o=
) ) (3.3.57)
o g g T
q(%?)g -y s @ oD =

These two equations are valid for y ¢ 1. For y > 1, the
following set of equations is valid

g )
(&) + (&) + (FD -2y (D
s op(y) () (Fa+d) = o1 (3.3.58)
 Zgly 5 Tty ¢ 3.3,

where the functions h(y) and g(y) are defined by:
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h(y) = 1-3% 10
13 5 s oyp 11/2
fy) = - (& by + [(; )T == } }
MR%

[3 £/ (e(v) = #) + 1. £(v)

1]
—
pe!

p—

g(y)

(3.3.59)

Although direct laminate failure criteria do not require the
lamination theory to analyse the stresses in the layers, they
are more difficult than the lamina fallure theocries because
they require the strengths X, Y, etc., for every designed
laminate, whereas in the lamina criteria the strengths of a
ply are determined once.

3.3.28 Wu-Scheublein Theory

This theory, (Refs. 200, 201), is also applied directly to

the laminates. It is expressed in terms of a tensor poly-
nomial in the form of Tsai-Wu lamina criterion. The principal
directions of strength are not necessarily orthogonal, hence
the fallure surface may not be ellipsoidal, and higher-order
terms need to be included in the tensor polynomial which takes
the form

Fi o5 + Fij o, Gj + Fijk o Uj Op = 1 (3.3.60)

For a two-directional planar laminated composites the number
of F coefficients is 39, but considerations of symmetry and
redundancy reduce this number. The non-interaction terms are
determined from uniaxial tests, but the interaction terms are
determined by biaxial tests under prescribed optimum stress
ratios. But these ratios depend on the required terms which
means that iteration must be employed. To reduce the number
of iterations required, Wu and Scheublein suggest "hybrid"
analysis which is a combination of lamina failure and laminate
failure analyses. In this way better agreement between the
experimental and the failure envelope is also obtained, but
the analysis is prohibitively expensive.
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3.3.29 Chou~McNamee Theory

This theory, (Ref. 202), can be regarded as a "hybrid"
analysis. It employs Tsai-Wu criterion and takes the form :

Fy oo + Fij g Uj = 1 (3.3,61)
where

ﬁk = FK Uk

i j oJi

Ak k .k .k

ij ~ mn “im “jin (3.3.62)
k _ .k

i35 7 9im Spj

i, j, m’ n = 13 2, 3, . . 6

k denotes the kth layer

Equation (3.3.61) is the failure condition for a laminate with
anisotropic layers caused by failure in the kth layer.

3.3.30 UMIST Theory

Soden et al at the University of Manchester Institute of
Science and Technology (UMIST), (Refs. 20, 21), have proposed
two failure theory. The first theory employs the maximum
stress lamina failure criterion taking into account the non-
linearity in shear. Hahn-Tsal method of non-linear analysis
of Sec., 2.%.2(a) is employed for this purpose. The second
failure theory is a modification of Puppo-Evensen theory, i.e.
it is applied directly to the laminate., The criterion, for
two-dimensional stress system with no shear load, is expressed
by the following set of equations

a, 2 ‘ axo Lo 2
() -t =l
Y ‘
) (3.3%3.63)
g 2 . 0.0 . O
X Xy ¥y o=
Yo ) = vl 72 Y+ (g =1
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where X and Y are the strengths in thé.loading directions x
and y and can either be tensile or compressive according to
the signs of o and oy. The constants Yy and Yo however,

must be determined experimentally under biaxial test conditions.
Their values differ from a stress quadrant to another.

3.3.31 Guess-Gerstle Theory

Guess and Gerstle, (Refs. 230-231), used two laminate failure
criteria. The first is the maximum stress criterion applied
directly a composite laminate. . To include the interacticn
among the stress components, they used a second criterion
again applied directly to the laminate and is similar to that
of Norris lamina criterion. In the absence of shear loading,
their strength equation is

o2 0. O .o 2

() -5 £+ = (3.3.64)

where X and Y are the laminate strengthsin x and y directions.

3.3.32  Summary

The thirty failure criteria described briefly above can be
classified into the following four categories :

a) the limit criteria: failure occurs when a stress (or strain)
parameter reaches 1ts limit. WNo interaction between the
stress components is accounted for (some interaction exists
in the case of maximum strain theory). Unequal tensile and
compressive strengths are usually allowed for. The onset
to failure as well as the falilure mode are predicted. These
features introduce operational simplieity in the analysis.

b) the interaction criteria: these are basically curve-fitting
techniques and lack sound theoretical basis. Pallure occurs
when a simple-to-use quadratic formula of stress is satisfied.
Only the onset to failure is predicted and not the mode of
failure. The use of different tension and compression
strengths 1s gllowed for in some criteria. Some criteria
require biaxial tests to evaluate the interaction terms.

¢) the tensor polynomial criteria: these are also curve-
fitting techniques but more general and more difficult than
the criteria of the previous category. The failure mode is
not predicted, only its onset. Different tension and
compression strengths are accounted for. The evaluation of
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the interaction terms requires biaxial tests which must
be chosen carefully. To have better fitting a cubic
formula has been suggested which means more interaction
parameters to be determined by inconvenient biaxial
tests. '

the direct laminate criteria: these do not involve a
lamination theory nor constitutive assumptions. The mode

of failure is not predicted. . Biaxial tests are required

to evaluate the interaction terms. The most important
shortcoming is that there 1s no generality in these criteria
as the laminate strengths must be determined experimentally
for every new design. The laminate criteria are best used
to verify the failure envelope obtained by ply-to-ply
analysis.
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% .4 A PROPOSED FAILURE CRITERION

3.4.1  Introduction

With so many failure criteria in existence, the cholce of a
reliable and easy-to-use criterion has become a difficult
task. One typical assumption in most of the failure criteria
is that the mechanical behaviour of the lamina is linear-
elastic. As shown in Sec. 2.3 this assumption is far from
reality. Sandhu criterion, however, considers non-linearity
in the stress-strain response, but it is inconvenient as its
shape factors must be determined from biaxial experimental

information.

It is also generally assumed in the described criteria that
fyield" and "Ultimate™ strengths are the same. Although the
stpess—-strain behaviour of a composite material and an iso-
tropic material may look alike, what happens beyond the
linear limits in both cases is absolutely different. The
yeild in metals is associated with dislocations, whereas the
onset to non-linearity in composites is an indication to the
beginning of degradation as cracks, though at micro-level,
commence to initiate. To elaborate this point a series of
ultrasonic C-scanning, acoustic emission, and photomicro-
graphic techniques were conducted. These are basically
non-destructive testing methods and are usually used to
detect damage in structures during the regular inspection
routines, (Refs. 204-213). These tests and the results
obtained from them are given in Appendices E, F and G
respectively. The conclusion obtained from these tests is
that the non-linear characteristic of a composite material
is associated with crack propagation. This can explain the
non-reversible behaviour of the composites when the stress
level exceeds the elastic limit. These observations have led
to propose the following faillure criterion for composite
materials.

Z.4.2 Modified Maximum Strain Criterion

The present criterion is to be used to predict the failure
of & lamina in a composite structure as well as the failure
of the laminate as a whole, i.e., the criterion will be used
to predict the behaviour of a laminated structure after one
of its layers has failled.

The latter part of the criterion, which is referred to as the
post-failure behaviour, is to be discussed in Chapter 4. It
is enough to mention here that the "mode" of failure of the
lamina is needed to predict the post-failure behaviour of the
1aminate. The only two failure criterion which predict the
mode of failure as well as the onset to failure are the
maximum stress criterion and the maximum strain criterion.
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Fig. (3.4.,1) The importance of considering non-
linear behaviour in strength prediction.

The maximum strain criterion has an advantage over the
maximum stress criterion because some interaction exists
between the stress components due to Poisson's ratio.
Another advantage of using "strain" rather than "stress" as
a limit criterion is that the "strain" is a measured
quantity, whereas the "stress" is a calculated quantity.

The maximum strain criterion, as it stands now, always
predict higher failure loads than the experimental lcads,
(Ref. 159). This can easily be explained when one refers
to Fig. (3.4.1). It is obvious that the theoretical linear
stress-strain curve will predict higher strength than the
actual non-linear response, -

The preceding points were taken into account in forming the
present modified maximum strain criterion. Two modifications
are introduced. First, the non-linear stress-strain curves
of the lamina, as analysed in Sec. 2.3.3, are considered
allowing different response for tension and compression.
Second, two levels of failure are proposed: the lower
failure level represents the beginning of the degradation,
i.e., the onset to non-linearity, while the higher failure
level represents the total failure of the lamina in a
particular mode. In this way, both the "yield" as well as
the "ultimate" strengths are predicted. 1In general, these
are not the same, but can be the same in some cases, e.g.,
if the longitudinal stress-strain curve is linear and its
contribution to degradation is high, then the two levels of
failure coincide,
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The designer must judge which level of failure is more
appropriate for the case under consideration bearing in mind
that above the low failure level the lamina will exhibit
irreversible damage as shown in Appendix E, F and G, 1.e.,

the cracks which initiate at the beginning of the degradation
will not close tight during unlilocading.

3.5 ' CORRELATION OF THEORETICAL AND EXPERIMENTAL RESULTS

The new modified maximum strain criterion was included in a
general computer program which calculates the stress and
strength of laminated composites, (Appendix C). Six of the
already existing failure criteris were also included in the
program for comparison purpose. These are the maximum
stress, the maximum strain, Hill-Azzi-Tsal, Hoffman, Tsai-
Wu, and Puppo-Evensen failure criteria. These were chosen
from the avallable failure criteria because they are widely
used by different designers. The criteria were then applied
to the specimens of tubes B2 (£70°) and B3 (+4590), the
experimental data of which are given in Appendix B.

Figs. (3.5.1) to (3.5.6) show the six failure criteria
applied to the specimens of tube B2, and every criterion is
compared with the present modified criterion. The inner
envelope of the modified criterion belongs to the beginning
of degradation, while the outer envelope belongs to the
ultimate failure. The maximum strain criterion predicts high
failure load, while the predictions of the other lamina
criteria are very conservative as they compare fairly well
with the inner envelope of the present criterion. The laminate
failure criterion of Puppo-Evensen agrees as well as the
present modified theory with the experimental results, but
this theory is applied directly to the laminate and does

not give any information about the failure of the layers nor
the mode of failure.

When the new failure criterion is compared with the maximum
strain criterion for #45° tubes, Pig., (3.5.7), the invalidity
of the maximum strain criterion becomes very obvious as the
failure in these laminates is dominated by shear, and non-
linearity here is very important. The other criteria,

Figs. (3.5.8) to (3.5.12), compare well with the inner
envelope, but their predictions are still conservative when
they are compared with the outer envelope.
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3.6 " INSTABILITY FAILURE OF COMPOSITE CYLINDRICAL SPECIMENS

3.6.1 Introduction

It was not intended to study the problem of buckling of
cylindrical shells in this thesis, because this problem is
quite different from the main theme of the present research,
but because "thin" tubular specimens were used in the experi-
mental investigation under combined loadings, the instability
problem of these sgpecimens has imposed itself. This section
describes the method used to estimate the buckling loads of
the test specimens under the approprigte test conditions,

3.6.2  Review of the Theory of Buckling of Composite Shells

Tennyson, (Ref. 232), and Bert, (Ref. 88), have reviewed the
work done on buckling of composite cylindrical shells. In
general, shell theories used for buckling studies are either
Flugge's shell theory, (Ref. 79), Donnell-type stability
theory (Ref. 124), or large deflection shell theory, (Ref.
233). Cheng and Ho, (Refs. 78, 234), and Whitney and Sun,
(Ref. 236), for instance used Fliigge's shell theory, Tsai,
(Ref. 235), and Hirano, (Ref. 237), used Donnell's shell
theory, whereas Chao, (Ref. 238), employed Timoshenko's
buckling equilibrium equations.

Later, Booton and Tennyson, (Ref. 239), studied the buckling
of imperfect anisotropic cylinders under combined loading,
while Jones et al, (Refs. 240-241), studied the effect of
prebuckling deformations and the difference of behaviour in
tension and compression on the buckling of laminated composite
tubes,

There have also been some experimental work in this field.

Most experimental results on composite cylinders under axial
compression seem to be in good agreement with theoretical
predictions. Under torsion, however, there is some discrepancy
(Ref. 242),

In this thesis, Flugge's shell theory is used as it is
consistent with the shell theory used in Sec. 2.2 and 2.4.
Only the equilibrium equations for buckling differ from the
equilibrium equations which are given in See. 2.4. All other
equations (strains, curvatures, resultant forces and moments)
are still the same.
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3,6.3 Governing Differential Equations

The governing buckling differential equations of a circular
cylindrical shell of mean radius R and subjected simultaneously
to combination of axial compression internal pressure, and
torsional loads are given by (Ref. 79)

i .0 i, o _ 1. 0 i 0 -
Ny P Nay,y 0 Wi PNy gy "R W )+ 2Mp ulyy =0
{(3.6.,1)
1 1 i o i, © 10
+ = + + + + + =
Ny + M) o+ (Nt B e T W Voxx PNV gy RV )
i o) lo a
+'2ny(v,xy + 7 ,X) = 0 (3.6.2)
M + 2M + M - l-N + Ni W
X,XX XY, Xy y,¥y Ry X ,XX
i1 1 il _
PR TR,y Y Yy T Mg BV x T Vxy) 7O
(3.6.3)

where Ni, N; and Niy represent the initial or pre-buckling

loads., The superscript (i) is used here to distinguish these
loads from the additional loads which appear when the cylinder
buckles.

Using equations (2.2.24), (2.2.25), (2.,2.26), (2.4.6) and
(2.4.7) the differential equations of buckling can be written
in terms of the mid-surface displacements (u®, v© and w°)

and their derivatives as follows

o i o 1 i
u,xx(All + Nx) + u,xy(AIB + ABl ﬁBlj + szy)
0 1 i o] -1
- =B, + + A, + 3B
¥ u,yy(ABB RB33 Ny) V,xx( 13 " R 13)
o) 1 Q s]
' vsxy(AIE * ABB ¥ ﬁBBB) *Voyy A32 W xxx B11
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w?Xxy(2B13‘+ Byy) - w‘jxyy(B12 + 2Byz) - W?yyy By

W?x‘%(AIE - #B - N;) * W?j %(A32 - %332)

(3.6.4)

31 +‘%831) + u? (Azl + A33 +'%B21 §?D33)
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,ny(2332'+ B23 + ﬁD23) +

1

‘ i

, XXXX Dy - W xxxy (2D13

2D_. + 2D -
,xyyy( 32 23) v vy

N 1
,xx®P12 * ®Bo1 T

1 1 1
,xy 2(®Bsp * ®Bo3 2032

2 1 i 1
W,yy(Rng E?D22 + Ny) + W E?( A22 + EB22)

V,yyy “ez

v’y'%(A22 + Ni)

+ 2D31) - W,xxyy(Dlz +
vy Paz

nk)

+ Niy)

1
(%3.6.6)

D

21

The equations above are coupled partial differential equations

and not easy to solve directly.
suggested by Flligge, (Ref. 69), and Whitney and Sun, (Ref. 236).

Fourier series solution i1s

Whitney and Sun state that this solution is very cumbersome
and advise that for quick estimate of the buckling load the
following solution be used

where

1

g(Ax + ny)

7 gin

V sin %(Ax + ny)

= W cosl%(xx + ny)

U, V and W are constants

N N S S S e N

(3.6.7)

+ 4D

33)
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A== (3.6.8)

m is the number of half-waves along the
length of the cylinder

n is the number of waves in the circumferential
direction

£ 1s the length of the cylinder
R is the mean radius of the cylinder

The solution (3.6.7) is an exact solution for the partial
differential equations (3.6.4), (3.6.5.) and (3.6.6), but it
does not satisfy all boundary conditions. 1In particular,

it does not satisfy the fixed ends conditions. This is not

a problem 1f the length of the cylinder is long encugh to the
extent that the constraints at the ends do not affect much

the critical loads, (Ref. 78). On the other hand, the solution
(3.6.7) yields a more conservative estimate of the buckling
loads than the solution which satisfies the boundary conditions
(Refs. 234, 236).

If the golution (3.6.7) is substituted in the differential
equations the following equation is obtained

Fll - a No F12 F13 + C NO 4]
le F22 - a NO F23 - b NO v = 0
F31 + C NO F32 - b NO F33 - a NO 11 W |
(3.6.9)
where
. _ 42 1 2 _ L
Fip = = A Ay ‘An(Alj + ABl EBIB) n (A33 RB33)
(3.,6,10)
N 2 1 ' 1 -
F12 = = ) (Al3 + ﬁBIB) ‘An(Alg + ABB + §B33) n A32

(3.6.11)
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1.3 1.2 1, 2
ﬁ_x Bll ﬁ_m n(_zBl3 +, 331) ﬁAn (312 + 2335)
13 1 1
R0 Bgy m AAy, - gBip) - onlAg, - gBgs)
(3.6.12)
2 1 1 1
A (A31+ FB31 ~‘An(A21 + A33 + ﬁle - EEDBB)
2 1
n (A23 - E72-1323) (3.6.13)
2 2 1
AAgz + By D33
2 1 1
‘An(AEB t Ay + gBog * BB, * E§D23)
2 1
n (A22 + FB22) (%3.6.14)
1.3 1 1.2 1 2
ﬁk (B31 + ﬁDSl) ﬁx n(B21 + 2533 + RD21 + RDBB)
1,.2 2 1
1 3 1 _ _ 1 _ _ 1
g7 (Bop *+ FDop) - AlAg, EEDsz) n(4y, R2D22)
(3.6.15)
1,3 1.2 1
1,2 2 13 1
A (3.6.16)

2] T It Aoz
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CL3 4l oy - L2 2
Fs, FA0 (B + FDys) - §AN(By, * 2By + Ds3)
2 1 13
- =An (2B32 + B23 + ﬁD23) g n B22
1
- AAyg + gBoy) - 1 Ay (3.6.17)
1y 2.3 1.2.2
F33 = Egk D11 E?A n(D13 + D}l) EEA n (D12 + D21 + HDSB)
3 "1 4
1.2 1 1
= gA (Byp + By = gDy5) - gAn(Bg, + Byg - gDgo)
12 1 1
g0 (2Byy = gPop) = A5 + gBos (3.6.18)

Ny represents a characteristic loading parameter and is defined
by :

N Nt Nt 1
j? : KE : EX : EEZ (3.6.19)
X N Xy

where k_, k_ and k are constants
X2 Uy Xy

Equation (3.6.19) is written in view that only proportiocnal
combined lcoading is used in the experimental investigation.

The parameters a, b and ¢ in equation (3.6.9) are

- 2
a = A k, + 2An kxy +n ky (3.6.20)
b = 22 k + k .6.21
- Xy n Xy (3 )
¢ = Ak (3.6.22)
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Equation (3.6.9) represents a system of three linear
homogeneous equations in three unknowns, hence nontrivial
solutions exist if and only if :

Fll - a No F12 F13 + c NO
F21 F22 - a NO F23 - b NO = 0
FBl + cC NO F32 - b NO F33 - a NO
(3.6.23)
or
3 -
Fl NS + F, No + F3 NO tFy = 0 (3.6.24)
where
F, = - a’ + a(b2 + 02) (3.6.25)
F, = a2(F + T + F_o_) - b2 F - c2 P
2 11 22 33 11 22

- ab(F23 + F32) - bc(F12 + F21) + ac(Fl3 + FBl)

(3.6.20)
F3 = a(- F11F22 - F11F33 - F22F33 + F23F32 + F12F21 + F13F31)
+ D (F Fog + FpyFap = FigFyy = FypFop)
+ c(F21F32 + PioFoy - F31F22 - F13F22) (3.6.27)
By = FyqFppFas + FipFpsFsy + FyiFy5Ps,

- F,,F. ,F (3.6.28)

- FiyFpsFas 21F12F33 ~ F1zF31F0;
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The buckling load is then the' zero of equation (3.6.2%) which
is the characteristic equation of the buckling of a composite
cylinder.

continues
For more accurate results the analysis/by substituting the
buckling load back in equatilion (3.6.9) and solving this
equation for A (which has eight roots). These roots are then
substituted in the solution equations (3.6.7) and then into
the boundary condition equations to obtain finally the
critical length of the cylinder at which the shell buckles
under the critical load of equation (3.6.24)., The complete
analysis is then repeated with a new initial c¢ylinder length
and a new critical length is obtained and so on till a
relation befween the cylinder length and the buckling load
is established, (Ref. 243).

In this thesis, however, the analysis stops at equation
(3.6.24) as the analysis that follows that equation is rigorous
and the buckling load obtained is higher than the critical

load of equation (3.6.24), Bearing in mind that the non-
linear behaviour of composites is not included in the preceding
analysis of buckling, which would result in lower buckling
loads, the present analysis seems to be justified. Non-linear
composite behaviour in buckling has been studied by Morgan

and Jones on cross-ply laminated plates, (Ref. 24l4).

3.6.5 Application to Test Specimens

The solution of Sec. (3.6.4) is coded in a computer program
described in Appendix H. The results obtained from the
program are summarized in table (3.6.1). In this table the
buckling load is given and compared with the fallure load.
It is obvious that none of the specimens has suffered a
buckling failure.
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" 'CHAPTER 4

POST-FATLURE BEHAVIQUR OF LAMINATED
" COMPOSITE STRUCTURES

4,1~ INTRODUCTION

Unlike isotropic homogeneous materials, in laminated composite
structures the failure of one layer in certain direction does
not necessarily imply the failure of this layer in all other
directions, nor does it mean the failure of the whole laminate.
Consequently, it is of interest to study the behaviour of a
laminated structure after the failure of one of its ply to
determine the total lcad carrying capacity. An analogy to
this problem is the problem called "post-buckling" of plates
and shells where these elements can be loaded with load
higher than their buckling load but at a decreased stiffness.

4,2 EXISTING METHODS FOR POST~FAILURE ANALYSIS

4.,2,1 Hahn-Tsai Method

This method, (Refs. 34, 245), considers that any failed
lamina will support its load, which it was carrying when it
has failed, till the total laminate failure. Fig. (4.2.1)
describes this theory for the case of cross-ply laminate,
i.e., (0°/90°) laminate, under uniaxial tesnion.

The laminate after the failure of 90° layer will have a
modulus equal t¢ the modulus of 0° corrected for the area
reduction. This method was applied only to this type of
laminate under uniaxial loading condition.

GZIL UXA

4

> : >
€ Laminate £
2 X
Fig. (4.2.1) Post-failure model in Hahn-Tsai method

Lamina
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Negative tangent
modulus

=

Fig. (4.2.2) Post-Failure model of
Petit-Waddoups

4.2.2 Petit-Waddoups Method

In this method, (Ref, 100), the failed lamina unloads
gradually. Mathematically, this is done by giving the
tangent modulus a relatively high negative value as shown
in Fig. (4.2.2).

4.2.3%3 Chiu Method

Chiu, (Ref. 246), considered the case of instantaneous
unloading for the failed layers as shown in Fig. (4.2.3).
He used his method for two cases only and concluded that
the method's success would depend on its applicability to
the general cases. The fallure criterion used was Hill
criterion, but Chiu determined the mode of failure by
checking the strains in the individual layers. Then the
failed layer unloads in the direction in which the failure
has occured.

h.2.4 MeLaughlin-Rosen Method

This 1s similar to Chiu method as i1t also considers
instantaneous unlcocading for the failed plies in the directilon
of failure. The difference between the two is that
McLaughlin and Rosen, (Ref. 247), used Hashin-Bagchi-Rosen
non-linear technique (Sec. 2.3.2C) in their analysis.
Unloading is performed by changing Ramberg-Osgood parameters
to give essentially zero stress under large strain.
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€o

Fig. (4.2.3) Chiu model for post-failure

4.,2.5 Foye Method

Foye, (Ref. 248), studied the post-ylelding mechanical
behaviour of symmetric laminates. He did not consider. the
behaviour beyond ultimate failure of a lamina. His method
introduced a method to analyse the non-linear behaviour
after yield has occured in any lamina of the laminate.

The conclusion he derived was that more meaningful failure
theory would be required for non-linear analysis.

4,2.6 Sandhu Method

Sandhu, (Refs., 103, 104), used his own failure criterion
(Sec. 3.3.21) to predict the lamina failure. When the
contribution to degradation is dominantly transverse or
shear the lamina is assumed to be capable of sustaining
longitudinal load,

4.,2.7 Brown Method

This method, (Ref. 249), is similar to that of Sandhu but
is more general. In addition to Sandhu's assumption Brown
added another assumption which is: if the contribution to
failure is dominantly longitudinal the lamina is assumed to
be capable of carrying transverse load only.

4.2,8 Chou-Orringer-Rainey Method

This method, (Ref. 250), is similar to Chiu method except
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XM
Actual curve

Approximate curve

€
X

Fig., (4.2.4) Chou-Orringer-Rainey post-failure
model

that it considers the non-linear behaviour, and it uses
maximum stress failure criterion. It is shown schematically
in Fig. (4.2.4).

This method was also used by UMIST Group, (Ref. 20).

4.2.9 Yeow-Brinson Method

Yeow and Brinson, (Ref. 251), introduced a concept different
from all the aforementioned concepts and called it "the
staggered-failure-surface method". The method is best
exglained using an example laminate. Consider a symmetric
(0°/230°/09) laminate, Fig. (4.2.5), under uniaxial tension
in 0© direction.

Failure will occur first in the =30° plies, but the failure
planes do not coincide as failure ocecurs in some critical
locations, i.e., the failure planes for the +30° ply will be
staggered with respect to the -30° ply fallure planes. This
means that the #300 plies can still transfer the load from
ply to ply by shear stress. The method then suggests that
after the failure of +30° plies, all stiffnesses of this
failed laminae are zerced, and only half of thickness of
+30° is subtracted. In the example shown in Fig. (4.2.5)
the thickness of the laminate before failure occurs is 8%,
and becomes 6t after the failure of %30 layers.
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Post-failure model used by
Yeow and Brinson

Fig. (4.2.5)

This method, (Refs. 179, 252), uses Puck-Schneider failure
criterion. Transverse and shear failure are associated

with matrix failure. At resin cracking the lamina transverse
and shear elastic constants do not vanish immediately, but

sink gradually towards zero with increasing strain. The
overexertion factor
o T a
_ 1,2 12 2.2
U —\/(-X-I; o5 + (—Y-) 1 (4.2.1)

is introduced from which the correction factor n is obtained
for each step, Fig. (4.2.6). Then the reduced values
NnEs, n G12 and n vy, are used for the next step calculations.

4,2.11 Liverpool Group Method

Hull et al, (Refs. 18, 19), used Puck's failure criterion
to predict the onset to non-linearity. Beyond the failure
predicted by this criterion "netting" analysis is employed
to predict the total failure, i.e., the resin is assumed not
to transfer any load.
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L |

tension

compression

U

Fig., (4.2.6) Correction factor for
Puck-Forster-Knappe analysis

4,2.12  Summary

There exist at least eleven different methods for the analysis
of' post-failure behaviour of laminated fibre reinforced
composites. The difficulty in assessing these analyses

comes from the obvious contradicting assumptions used by

the investigators, yet they all show fair or even good
agreement between their predictions and experimental results.
One obvious reason for the agreement between theoretical and
experimental results is that some of these techniques were
compared with experimental results obtained from testing of
special laminates (e.g. cross-ply laminate) under uniaxial
loading. This means that some of the discussed methods lack
generality.

The failure criterion chosen to predict the first ply rfailure,
and the non-linearity considerations are important factors
which affect the post-failure behaviour. Hull et al, for
instance, considered the beginning of the degradation of

the lamina to be the ultimate failure for the matrix material,
hence they eliminated the matrix from the analysis above

that level. The lamina in fact can still support load in

the transverse and shear directions above that level even
though degradation has initiated.

Detection of the first ply failure can be made with the use
of acoustic emission technique {(see Appendix F and Ref.
253), or replication technique, (Ref. 254).



- 144 -

4.3 A PROPOSED ANALYSIS FOR POST-FAILURE BEHAVIOUR

Before developing the present model, two of the existing
post-failure methods were tested agalnst the experimental
data of Appendix B. These two methods are: Chui method
and Brown method. These, in fact, represent the rest of
the methods as most of the other methods are special cases
of these two. In Chiu's theory, the failed lamina unloads
in the direction of failure, while in Brown's theory the
failed lamina unloads in two directions, one of them is the
failure direction. Both of these models resulted in a step
in the stress-strain curves whenever a layer failed and
unloaded. But the experimental stress-strain response of
the test spec1mens did not show any such step. Rather the
response in all the specimens was smooth, though non- -linear.

The present theory proposes that the failed layer does not
unload instantanecusly, but gradually following a decreasing
exponential function as shown in Fig. (4.3.1). Furthermore,
this unloading ocecurs only in the failure direction, and

the thickness of the failed layer is not removed from the
laminate because physically it is still there. In this

way, When the applied load increases, and any strain in any
layer reaches its maximum value, the corresponding secant
modulus of this ply decreases gradually to zero when the
layer strain increases to infinity.

The failure criterion, used in this analysis, is the
modified maximum crlterlon which is also proposed in this
the31s, (Sec. 3.4). The reason for choosing this criterion
is very clear here, as the mode of faillure and the non-
linear analysis are needed for the post-failure behaviour,
and this c¢riterion provides them.

After every event of failure, as predicted when any strain
reaches its maximum value, the appropriate ply in which

this failure has just occured unloads as described above,
then the capability of the remaining layers to carry the
load is checked. If the rest part of the laminate cannot
carry the load, then the laminate suffers gross failure.
Mathematlcally, this is taken to be when the laminate stiff-
ness matrix becomes singular, i.e., has no inverse,

4.4 APPLICATION OF THE THEORY TC THE TEST SPECIMENS

The theory proposed above was coded in the form of a computer
program written in FORTRAN, (Appendix I), and was applied

to the multilayered specimens of tubes B4 and B5, (Appendix
A).
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oA
Lamina response
Tmax [T TC T T = unlcoading path
—ae"
= e
9 “max
ey = (e - emax)/em

a is constant

VO

oV

max m

Fig. (Y4.3.1) Proposed post-failure model

In Fig. (4.4.1), the new method, together with Chiu's and
Brown's methods, are shown applled to the test specimen
1B4 which is a laminated tube of (£859/+450/+85°) and was
tested under internal pressure. '

The three methods gave same response with the increasing
load t1ll hoop stress of 1lho MN/m2, It is to be noted here
that non-linear analysis and the modified maximum strain
criterion were employed with both other methods, otherwise,
the use of these methods as given by their investigators
would reveal different response.

At this load, the +459 plies failed in transverse tension
mode. According to Chiu's method the +45° plies unloaded

in this mode instantaneously, and this resulted in steps

in the stress-strain curves. According to Brown's method,
however, the *45° layers unloaded in both transverse

tension and shear loading and resulted in higher decrease

in the stiffness of the laminate. With the use of gradual
unloading (in transverse tension mode) of the present method
the theoretical response was as smooth as the experimental
curve,

According to Brown's method, at hoop stress of 183 MN/mE,

the laminate, being weaker than it actually was, suffered
further failure in the *85° plies (in transverse compression).
This failure did not occur according to the other two methods
until the hoop stress reached 278 MN/me ,

Gross failure of the laminate oeccured according to Brown's
analysis at 297 MN/m? hoop stress, whereas it occured at
353 MN/m2 according to the present method and Chiu's methog.
The failure during the test occured at hoop stress of
340.4 MN/m2, |
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- CHAPTER 5

- EXPERIMENTAT. INVESTIGATION

5.1 OBJECTIVES

The main objective of the experimental investigation is to
obtain experimental data for composite laminates under
combined loading conditions to compare them with the different
theoretical findings, hence to accept or reject the
appropriate theory.

As macromechanical behaviour is adopted in this thesis, the
material properties (elastic and strength properties) of a
single composite layer must be determined experimentally
and not from the properties of the constituents. This is
ancther alm of the experimental research.

Sophisticated test rigs for testing composite cylinders
under biaxial loadings exist at some research establishments
(e.g., Refs. 40, 190, 255-257), but there is a need to
develop a simple test rig, and this is the third aim of the
experimental work of this thesis,

5.2 TEST EQUIPMENT

5.2.1 The Test Rig

The detalls of the test rig are given in Appendix J and
shown in Fig. (5.2.1). Basically, the test rig consists of
two end grips which are inserted inside both ends of the
test tubular specimen. According to the test required, these
grips are either left free so that the cylinder can slide
~over them (for internal pressure test), or they are connected
to the e¢ylinder to transfer the external load from the
testing machine to the specimen. In this latter case, end
fittings are alsc needed to grip the rig to the appropriate
testing machine, Figs. (5.2.2) and (5.2.3). When only
internal pressure loading is applied to the specimen, the
end grips are stopped from moving out by two stiff parallel
surfaces. The surfaces of a compression testing machine
Wwere used in this present programme, Fig. (5.2.4). The
axial compression test is the easiest, as the specimen is
placed without any grip on the test machine, Fig. (5.2.5).
Combined loadings of internal pressure and axial load, or
internal pressure and torsional load are also possible.

The combination of axial and torsional loading was not
possible as the existing torsional machine does not apply
axial load. Only the axiazl load due to internal pressure
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Fig.(5.2.3) Torsion test




Fig.(5.2.4) Internal pressurization test



Fig.(5.2.5) Axial compression test
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was possible to combine with the torsional load. Fig.

(2.5.6) shows a test specimen under load ratio 0yt Oy =

0.5 : 1.0, where the end grips are connected to the specimen,
and the whole unit is free from any external load,

5.2.2 8ealing of the Test Specimen

"Q" rings were used in the test rig for sealing the cylindri-
cal specimens under internal presgure. Some specimens,
however, showed large radial deflection at the "O" ring
position, Fig. (2.4.8), so the "O" rings were not effective.
Polythene sealing cups were cast and placed at the ends of
the tube. These, due to their flexibilitys,opened out with
the inecrease of pressure and prevented any oil leakage.

5.2.3 Lining of the Test Specimen

As mentioned in Sec. 3.4, the degradation in the test
specimens occur well before the ultimate failure. This

is due to cracks in the matrix of the specimens and at
certain load, when these cracks come in one line, the specimen
weeps, This weepage prevents the continuation of the test
due to drop in the internal pressure. To overcome this, the
tubular specimen must be lined. Different types of liners
have been used. Carswell and Gemmell, (Ref. 258), for
instance, used two different types, the first one was a
solution of latex rubber applied to the internal surface

and hardened, and the other type was a thick rubber sleeve.

In the present work, simple and cheap liners were used,

The idea developed from using children's balloon, as a ready
and cheap liner. Two problems were envisaged, first, the
balloon did not have consistant thickness, and second, the
01l of the internal pressure test affected the rubber of the
balloon. Later, a stronger balloon was used. This was a
Durex sheath (used usually as a contraceptive), but the oil
also affected its material.

A neoprene rubber bag was later used. This was not affected
by the o0il, but was not flexible enough, so it was subjected
to some load and failed at its neck.

Polythene bags were then used, but they were very weak at
the bottom due to the seam.

The final liner which proved to be successful was a polythene
sheet which was welded by an electric polythene welder.

Many layers were used and many welding lines were possible

as shown in Fig. (5.2.7) where all the other liners are also
shown.
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5.2.4 Other Equipment

In addition to the test machines and the test rig the
following equipment was also used in the tests

a) hydraulic pump for the internal pressurization tests;
b) pressure gauge (0 to 10,000 psi);

¢) pressure transducer;

d) data logger;

g¢) digital volt meter;

f) stabilised voltage power supply:

g) strain gauge bridge zZero instrument.

These are all shown in PFig. (5.2.4).

5.5 THE TEST SPECIMENS

5.3.1 Details of the Test Specimens

The dimensions, orientation and the stacking of the 50 test
specimens are given in Appendix A. The specimens are all
filament-wound tubes and were supplied by Bristol Aerojet
Limited and Prodorite Limited in the form of long tubes.

5.3.2 Specimen Preparation

The specimens were first cut from the long tubes, then they
were reinforced at their ends. These ends were then drilled
(as appropraite) using a drilling jig, Fig. (5.3.1). The
strain gauges were then bonded as shown in Fig. (B.1).

The test rig was then assembled for every test, as described
in Appendix J, and placed on the appropriate testing machine.
In the case of combined lcading, a loading table was arranged
beforehand so that the loads can be applied simultaneously
from the pump and the external load testing machine,



Jig

Fig.(5.83.1) The drilling
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5.4 THE TEST RESULTS

5.4.1  The Stress-Strain Data

The stress-strain data of all the specimens are given in
Appendix B, As some of these curves do not reach the
ultimate failure point for some reasons given in Appendix B,
the ultimate or the maximum loads are given in Table (5.4.1).
Ultimate load means that failure occured at this load,
whereas the maximum load is the maximum value recorded
during the test before the ultimate load.

Most of the specimens failed at their test sections,

Fig. (5.4.1), but some specimens failed at the end reinforce-
ments, Table (5.4.1). In this latter case the reason for
such fallure was almost the same, that is the end reinforce-
ments were not bonded properly, hence. the interface between
the end reinforcements and the specimen failed first, and
then led to specimen failure at the holes of the bolts near
the ends,

5.4.2 Single Layer Properties

The specimens of tubes Bl and B6 are #85° laminates. They

are as near as possible to the circumferential winding
laminates., They were tested to obtain the single layer
properties of Bristol Aeroject tubes. Regarding Prodorite
tube, the company ceased GRP fabrication and no unidirectional
tubes were supplied by them, hence the single layer properties
were not obtained and the testing of Prodorite specimens did
not continue.

It is t0 be mentioned here that the longitudinal compression
properties were not obtained by test as these require
either tube wound at OO, or external pressure test for
circumferentially wound tubes. Both of these were not
available, and the longitudinal properties were obtained by
comparison with other materials.

The longitudinal (tension and compression) properties were
taken to be linear, while the transverse and the shear prop-
erties were non-linear as shown in Figs. (5.4.2) to (5.4.7).
Table (5.4.2) gives the stiffnesses, the strengths and the
aximum strains as obtained from specimens of tubes Bl and
B6. The properties were obtained by iteration method.

That is, some properties were assumed and applied to the
specimens of #85°, when the calculated properties of 8590
specimens were equal to these of the tests, then the assumed
properties were considered to be the single layer properties
of the glass/epoxy used.
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Fig.(5.4.1) Samples of the failed specimens



- 162 -

The longitudinal strength, X, was not obtained from the
experiments as failure was not reached in this mode. Thus
it was calculated from the following relation

Ve 4 oﬁ . (1 - Vf) (5.4.1)

where

0p is the strength of the fibre

Vf is the volume content of the fibre

0& is the stress in the matrix at the failure.

The stress oé can be neglected when compared with Tpo The

fibre strength was supplied by Bristol Aerojet to be 1,992
MN/m? (average of five NOL ring tests).
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" CHAPTER 6

- CONCLUSTONS

Tubular specimens are the most adequate type of specimens

to characterize laminated composites under combined loading
conditions, With proper design of the test specimens all the
difficulties can be overcome and membrane stress state can
be obtained in the middle of the specimens.

The non-linear behaviour of the composite lamina is a very
important phenomenon to understand both the behaviour of
the laminate and the failure of laminated structures,

A modified maximum strain failure criterion is presented

here for the prediction of the failure of a lamina in a
laminated composite structure, and for the prediction of

the behaviour of this structure after that failure. The

new criterion takes into account the non-linear behaviour

of the lamina and proposes a new method to analyse the laminate
non-linear behaviour using secant modulus technique.

The new failure criterion also introduces two levels cof
failures, The first level is associated with the beginning
of failure, or the yield, and the second level is associated
with the ultimate failure of the lamina.

The failure criterion also proposed that after the failure
of a ply in certain mode, it unloads in this mode only
according to an exponential function. Total failure of the
laminate occurs when the laminate, after the failure of
some of its plies, cannot support the applied load.

Experimental results obtained from testing tubular composite
specimens compared well with the theoretical predictions of
the new failure criterion. Comparison of the new failure
criterion with the previous failure criteria showed that the
maximum strain thecry predicts a higher failure lcad, while
other theories are conservative.

The test rig developed in this work is simple and effective.
The polythene bag used as a liner in the test specimen proved
to be very effective in addition to being very cheap.

Acoustic emission, C-scanning and photomicrographic tests
gave some information about the failure but they were not
very useful as they are only qualitative tests.
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" APPENDIYX _A

DATA OF ' THE '~ TEST ' SPECTIMENS

A.1  TYPES OF SPECTMENS

The specimens for the experimental investigation were supplied
by two different manufacturers, Bristol Aeroject Limited and
Prodorite Limited., In both cases the specimens were circular
cylindrical specimens made on a mandrel by the filament
winding technique, and then post-cured at high temperature.

Bristol Aeroject Limited supplied six long tubes of glass/
epoxy, whereas Prodorite Limited provided one long tube of
glass/polyester. Table (A.l1) gives more details about the
materials of the tubes.

A.2 SPECIMENS ORIENTATION AND STOCKING

Two of Bristol Aercoject tubes were used for unidirectional
characterization of the composites. They were not unidirect-
ional but as near as possible as the winding machines could
not produce hoop winding. Two other tubes were angle-ply
tubes, whereas the last two were multilayered tubes. The
Prodorite tube was angle-ply at *45°, Table (A.2) gives

more details about the orientation and the stacking sequence
of the tubes, where "B" denotes Bristol Aeroject tubes and
"P" denctes Prodorite tube.

The Bristol Aeroject tubes were made on mandrel of constant

diameter. The Prodorite tube was made on a tapered mandrel
which has difference of 1 mm between its ends over 6 m long,

A.3 SPECIMEN DIMENSIONS

The long tubes supplied by the manufacturers were cut into
many specimens for different loading ratios.. The thickness

of the tubes was found tobe varying along the length of the
tube. Thus, it was more appropriate to measure the thickness
of each specimen after cutting it from the tube. The thickness
of each specimen was measured at 24 positions and the average
was calculated. Tables (A.3) - (A.9) give dimensicns of all
specimens as shown in Fig. (A.1l). Each specimen has been
given an identification number which indicates to the tube

it was cut from, e.g., specimen 3B4 is specimen No. 3 of

tube B4, Dimensions of the end reinforcements are also given
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in the Tables.

A.4 SPECIMEN VOLUME FRACTIONS

During the testing of specimens cut from tube Bl and specimens
cut from tube BE the properties obtained were different
although these specimens had the same. orientation. The
differences in properties were considered to be due to
difference in the fibre contents in each composite tube.

To verify this point, the volume fractions of all specimens
were determined. Volume fraction is a measure of the fibre
contents in a composite by volume, i.e., the volume fraction

Vf is given by

v - Volume of fibres (A.1)
f Total volume of composite :
or
v - Volume of fibres = (A.2)
f 7 Volume of fibres + Volume of matrix )
or
Ve
Pr
IR |1
Pr P
where
We is the weight of fibres;
Pp is the density of fibres;
W is the weight of matrix; and
m

o is the density of matrix.

Thus, to obtain Vg the weight of the fibres in a sample
composite must be obtained. This is done by "burn off" test
in which the sample is kept under high temperatiure till the
matrix is burnt and the remaining fibres are weighed.

In this work a "Polymer Burn Off Furnace" was used. This was
a small oven heated electrically. The sample was placed
inside a little crucible which was put on a holder inside the
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furnace. Two crucibles could be positioned at once inside
the furnace allowing the matrix of two samples to burn off
overnight at 480°C,

Since the samples used were small, the weight had to be
determined using precision balance. The balance used was an
Oertling balance with accuracy of within 0.1 mg.

The test procedure was to weigh the crucible first, then the
erucible with the sample, from which the weight of the sample
was calculated. Once the matrix burned off, the furnace

was switched off and the sample was left to cool inside,
otherwise, if the crucible had been removed while hot there
would have been possible error in the after burn off weight
due to condenced mist on the surface of the crucible. The
weight of the fibres and of the matrix were calculated

using the after burn off weight. Then, using eguation

(A.3) the volume fraction was calculated.

Three samples from each tube were cut for this burn off test
and the volume fraction was taken to be the average of the
three, Table (A.10). The densities of the fibres and the
matrix were considered as follows, (Refs. 95-97).

p

Pe 2.56 g/cm

1.19 g/cm3

P

In case of tube Bl and B5 which -are multilayered specimens
there was & need to know the thickness of each layer in the
laminate. This was done after the burn off test by
separating the unbonded fibres of each layer and then
weighing the sample again. In this way it was possible to
know the percentage of the +450 layer in the laminate which
nelped to calculate the thickness of the different layers in
these multilayered laminated tubes, Table (A4.11).



|

n | e —
i € §§§§§§%§%§§= o

— ; el prd e oL L L
h ////{/_/////,9////5//// ///;1

Di

Do
De

S A A A AN Z/’}ff‘z{/fﬁ///,

Fig. (A.l1) Dimension of the test specimen
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“APPENDIX B

EXPERIMENTAL STRESS-STRAIN DATA
~~ FOR THE TEST SPECIMENS =

B.1 THE LOAD MEASUREMENTS

The internal pressure was measured using a pressure transducer
which was calibrated before the tests by means of a standard
dead-weight calibratcor. It behaved linearly giving output of
1 V for every 2,000 psi.

The axial load (tension or compression) and the torsional

load were read directly from the indicators of the appropriate
testing machines as their calibrations did not reveal linear
relations between the input and the output.

The laminate stresses were then calculated from equation
(2.2.38). In the cases of combined loadings of certain ratio

02 : 0; : T;y the ratio P : p : T was established from
equation (2.2.38) and the specimen dimension (Appendix A)
prior to the test. The specimen was then lcaded with these

loads simultaneously.

B.2 THE STRAIN MEASUREMENTS

The strain readings were obtained using strain gauges avail-
able in the workshop of the Aircraft Design Department. The
strain gauges were bonded on the specimens as shown in

Fig. (B.1l), noting that not all the specimens had all these
strain gauges. In fact, the majority of the specimens had
strain gauges at their centres, only few specimens from tube
Bl had additional strain gauges at 50 mm from the centre to
ensure that the strain distribution along the test section

is constant. The strain gauges used had gauge factor ranging
from 2.0 to 2,145,

B.3 EXPERIMENTAL STRESS-STRAIN CURVES

The xperimental stress-strain curves for the test specimens
are shown in Figs., (B.2) to (B.49). It should be noted that
it was not possible to record the strains at the ultimate
failure, In some cases the strain gauges debonded during
the test before reaching the ultimate load. In some other
cases these gauges reached their maximum aliowable strains
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before final failure. What can be concluded from these
remarks is that the stress-straln curves presented here do
not reach ultimate fallure of the test specimens. The
failure loads were, of course, recorded and are given in
Chapter 5.

As shown in the figures, there were sometimes different
readings for the strains from the two strain gauges which
measured the same strain. One may suggest that the average
of the two readings should be plotted, but it was preferred
to plot them as they were obtained to give a true picture of
the tests., There are many reasons, however, for the difference
in the values of strains, some of these reasons are

1. local miasalignment of fibres,

2. local high/low fibre content,

3. local greater/smaller wall thickness,

4, misalignment of strain gauges,

5. gauges not bonded properly.
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direct strain
gauges

shear strain
gauges

Fig.(B.1) Strain gauges arrangement
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" APPENDIX C

STRESS AND STRENGTH CALCULATIONS OF
- LAMINATED COMPOSITE STRUCTURES

C.1 INTRODUCTION

This Appendix describes the general computer program which

was developed to calculate the stress and strength of a
laminated composite structure under combined loadings. The
theoretical background for the linear stress calculations

is that of Sec. 2.2., while the non-linear stress calculations
are based on the analysis of Sec. 2.3.3. The strength
calculations are based on the proposed modified maximum
strain criterion, (see Sect. 3.4). In addition to that there is
an option to calculate the strength according to six

other widely used failure criteria., These are the maximum
stress, the maximum strain, Azzi-Tsai, Hoffman, Tsai-Wu,

and Puppo-Evensen failure criteria, (see Sec., 3%.3). There

is also an option to calculate the strength for one loading
case, or to calculate the strength for the whole loading
spectrum for fixed value of the laminate shear load, and in
this latter case the failure envelope is plotted.

The program can give the stress and strain distributions
across the thickness of the laminate if the user wanted these
distributions. Other intermediate calculations can also be
printed out.

Non-linearity is allowed in all directions of the lamina with
an option to have different non-linear behaviour for tension
and compression. Thus, up to five non-linear stress-strain
data are needed for every material used, viz., the longitudinal
tensile response, the longitudinal compression response, the
transverse tensile response, the transverse compression
response, and the shear response.

C.2 NOTES ABOUT THE STRENGTH CALCULATIONS

¢.2.1 The Limit Criteria

In the cases of maximum stress and maximum strain criteria
the failure load i1s calculated by one of the following methods:

a) for one loading case: the ratios of the strengths to
their corresponding stresses (or strains) are calculated
to find the smallest of these ratios. This smallest
ratio multiplied by the applied load gives the failure
load, (see Subroutine FAIL).
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b) for the whole loading spectrum: the equations of the
six straight lines which defines the failure in the
six different modes are written from equation (2.2.39)
for <the case of maximum stress criterion, or from
equation (2.2.3%6) for the case of maximum strain
criterion. Then these lines are drawn by giving values

to oz and obtaining the corresponding values of 0;,

(see subroutines MAXIFAIL and MAXIMUM)

C.2.2 Other Criteria

When the stresses in lamina 0ys O, and 0y, are obtained under
the loads cg, 0; and oiy, the stresses , and oy are replaced
by a 04 and B 0y respectively. Then, the stress at failure
Oqp is the stress which satisfies the appropriate failure

~equation. Hence, 02f =a . 0qp and Cipp = B . Oyp- The

laminate loads at failure are : Tup 5 Y + Ogs Gyf =Y . c;
- 0 _ .
and Ogyr = ¥ ny where vy = Ulf/ol, {(see subroutine FAILURE)

The above method was used for both the cases of single
loading and whole loading spectrum. In the latter case the
laminate loads are changed at the end of every case to obtain
the failure for a new load case, (see subroutine LOAD RATIO)

C.2.3 The Modified Maximum Strain Criterion

Since this criterion considers the non-linear behaviour of

the composite, incremental load technique is employed. When
any strain component increases its limit, failure occurs.

To determine the exact loading at which failure occurs the
load increment 1s reduced to 1/100 of i%s original value. But
because this is an expensive operation in terms of computing
time, the reduction is made step by step. First the load
inerement is reduced to 1/10 of its original value, then

when the failure is detected it is reduced again to 1/10 of
its new value.

C.3 THE COMPUTER PROGRAM

The computer program which calculates the stress and strength
of laminated composites is written in FORTRAN programming
language and consists of the following segments:



a)

c)

d)

e)

1)

J)

k)

1)

n)

o)
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The MASTER segment form the lamination theory and
calculates the stresses and strains in the individual
plies. It also deals with the non- linear analysis and
the modified maximum strain fallure criterion.

Subroutine TRANSFORMATION transforms the properties of
the layers from their own axes to the laminate axes.

gubroutine FAIL finds the failure load according to maximum

stress and maximum strain criteria in the single loading
case.

Subroutine MAXIFAIL plots the failure envelopes for the
maximum stress and maximum strain criteria.

Subroutine MAXIMUM finds the equations of the failure in
the different modes for maximum stress and maximum strain
criteria.

Subroutine FAILURE calculates and plots the failure

envelopes for Azzi-Tsai, Hoffman, Tsai-Wu and Puppo-Evensen

Criteria.

Subroutine LOAD RATION changes the load ratio to cover
the whole spectrum of lcading.

Function HILL and function AZZI deals with Hill-Tsai-Azzi
failure cirterion.

Subroutine HOFFMAN and function HOFF deals with Hoffman
failure theory.

Subroutine WU and function WUTSAI deals with Tsal-Wu
fallure equation.

Subroutine PUPPO and subroutine EVENSEN deals with Puppo-
Evensen failure theory.

Qubroutine AXES draws the axes for the failure envelopes.

Subroutine NONLINEAR deals with the non-linear data of
the plies.

Subroutine MAXIMUM VALUE finds the biggest number in an
array.

Supporting subroutines: these are standard subroutines
from the different llbrarles at Cranfield Computer
Centre

* CC9%6N, WINDOW, CHASIZ, PICCLE, GRASYM, DASHED, GRAPOL,
MOVTO2, LINBY2, CHAHOL, CHAINT, CHAFIX, SYMBOL, AXTPOS,
A¥XISCA, GRID, and CHAANG are all GINO- F and GINOGRAF
subroutlnes and are used here to plot the failure
envelopes.
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* FMOVE copies an array into another array.

* FPO1AAF ecaglculates the inverse of a matrix.

* FOLCKF calculates the multiplication of two matrices.

* AMIN1 finds the smallest number of a group of numbers.

* EO2BAF computes a least-squares approximation to any
arbitrary set of data points by a cubic spline.

* EOZ2BBF computes a cubic spline from its B-spline
representation,

C.4  DATA INPUT DESCRIPTION

lst data card:

- A A e b e i -

NM NL

NON2C NON12

where : NM

NL

IP

Iw

1z

NON1T

NONL1C

NCN2T

NON2C

(FORMAT: 10I0, 2F0.0)

IW I7Z NONL1T NON1C NONZ2T
R DEF :

the number of different materials used,
(max 2);

the number of layers in the laminate,
{max 10);

1l if the failure envelopes are to be plotted,
otherwise IP = 03

1 if the data i1s to be cutput, otherwise
Iw = 03

1 if the stress and strain distributions
across the thickness are required, otherwise
IZ = O3

1 if the longitudinal tensile response is
ncn-linear, otherwise NON1T = O;

1 if the longitudinal compression response

is non-linear and different from the
longitudinal tensile behaviour. If it is
rnon-linear and similar to that of the tensile
response then NON1C = 2, otherwise NON1C = O;

1 if the f{ransverse tensile response 1s
non-linear, otherwise NON2T = O;

1 if the transverse compression response is
non-linear and different from the transverse
tensile behaviour. If it is non-linear and
similar to that of the tensile response then
NON2C = 2, otherwise NON2C = O;
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NON12 = 1 if the shear response is non-linear,
otherwise NON12 = O
R = the mean radius of the cylinder; and
DEF = +the difference in strain used by the

iteration technigue.

2nd data card: (FORMAT: 6I0)

I1 I2 13 T4 I5 16

These parameters determines which strength criterion is
wanted to predict the failure. Every parameter takes the
value 1 or 0. The value 1 means that this particular
eriterion is wanted to calculate the failure load, otherwise
the value O is used. The parameters are arranged in this
sequence: maximum stress, maximum strain, Azzi-Tsai-Hill,
Hoffman, Tsai-Wu and Puppo-Evensen criteria.

3rd set of cards: (FORMAT: IO, 2F0.0, 2I0)

These are NL cards, a card per layer as follows

L TL THET N3 KIND

NL
cards L TL THET NS KIND
where:
L = layer material number;
TL = thickness of layer;
THET = angle of layer with x-axis (in degree);
NS = number of sub-layers for this layer;
KIND = 2 for angle-ply layer, otherwise
KIND = 1,

N.B. The angle-ply layer is input as two layers, one is
with +6 angle and the other is with -9, then the
program divides each of these two layers into NS
sub~-layers and arranges them in the sequence
+9, -8, +6, -9, +6, -6, ....

4th set of cards: (FORMAT: 248, 4F0.0)

e T A VS D W W

These are NM cards, one card per material as follows
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AA ELL ETT GGLT PLT

where
AA = the material name;
ELL = 1longitudinal Young's modulus;
ETT = <transverse Young's modulus;
GGLT = shear modulus; and
PLT = major Poisson's ratio

5th_set of cards: (FORMAT: 5F0.0)

—— et b bt e ————

These are also NM cards, a card per material

XT XC YT ¥C ST

where
XT = +the longitudinal tensile strength;
XC = the longitudinal compression strength;
YI' = <the transverse tensile strength;
YC = <the transverse compression strength; and
ST = the shear strength

If I1 = I3 = I4 = I5 = O, this set of cards is omitted.

6th set _of cards: (FORMAT: 5F0.0)

These are NM cards, one card per material

EXT EXC EYT EYC EST
where
EXT = the maximum tensile strain in the fibre
direction;
EXC = the maximum compression strain in the

fibre direction;

EYT = the maximum tensile strain in the transverse
direction;
E¥C = the maximum compression strain in the

transverse direction; and
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EST = the maximum shear strain

If I2 = NONIT = NON1C = NON2T = NON2C = NON12 = 0, then
this set of cards is omitted,

7th_set_of cards : (FORMAT: 6F0.0)

e G et A G s — s -

These are also NM cards as follows
P12

where: Fl2 = the interaction strength parameter of
Tsai-Wu failure theory.

If I5 = 0, this set of cards is omitted.

8th set of cards : (FORMAT: 6F0.0)

This is one card for the laminate strengths of Puppo-
Evensen criterion as follows

LLT XLC YLT YLC SLT SLC

where

XLT = the laminate tensile strength in
x~-direction;

XLC = the laminate compression strength in
x-direction;

YLT = the laminate tensile strength in
y-direction;

YILC = the laminate compression strength in

y-directiong
SLT = the positive shear strength; and
SLC = the negative shear strength.

If I6 = O, then this card is omitted.

This is only one card, but the data required follows the
value of IP

If IP = 0, then the data is as follows : (FORMAT: 6F0.0)

SX SY SXY DSX DSY DSXY



where

sX

sY

SXY
DSX
'D3Y

DSXY
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the external
x-direction;

the external
y-direction;

the external

laminate
laminate

laminate

the load increment in

the load increment in

the incremental shear

If IP = 1, then the data is as follows

SXY SXMAX
NX NY

where

SXY

SXMAX
SXMIN
SYMAX
SYMIN
FACT
XL

YL

NX
NY

10th set of cards

o —— e b S ———

SXMIN

SYMAX

SYMIN

load in

load in

shear load;
x-direction;
y-direction; and

load,

(FORMAT: 8F0.0, 2I0)

FACT XL YL

the value of laminate shear load for
which the failure envelope is to be

plotted;

the maximum
the minimum
the maximum
the minimum

is a factor

value of
value of
value of
valué of

to scale

the length of x-axis

the length of y-axis

load on x-axis;
load on x-axis;
load on y-axis;
load on y-axis;
the results;
(in mm);

(in mm), (max. 220);

number of interval on x-axis; and

number of interval on y-axis.

For every non-linear stress-strain curve the following data

are required :



NP NC
X(I) I
Y(I) I
P(I) I
where

NP

NC

X's

Y's
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(FORMAT: .2I0)

NP - (FORMAT: 10F0.0)
NP (FORMAT: 10F0.0)
NC-1 (FORMAT: 10F0.0)

= number of data points;
= number of splines for this curve;
= the values of the strains at the points;

= - the values of the stresses at the points;
and

= the values of the strains at which the
splines intersect.



- 278 -

C.5 THE PROGRAM LISTING

NOAbGMN—=0I00

53

04
39

36
37

L IBRARY ( SUBGROUPCRAN)
LIPRARY { SUBBROUPNAGF )
LIBRARY ( SUBGROUPGRAF )
LIDRARY ( SUBGROUPGIND )
PROGRAN(STIF)

COMPRESS INTEGER AND LOGICAL
EXTENDED DATA

INPUT 1=CRO

OUTPUT 2=LPO

END

NASTER STRESS CALCULATIONS

CONNON/BLOCK1/T13,3),TT(4,4)/BLOCK2/5X,8XY,5Y1,8Y2,8Y3/

*BLOCK3/F (3),5TR(3),UK(33,X7(50),Y7(50) ,F1(2),F2(2),F842),
*F11(2),F22(2) ,F4642) ,F1242) ,XLT,YLT,5LT,XLC, YLC,SLC, YNAX/
sBLOCKA/XT(2),XC(2),YT{2),YC{2),5T{2),5C(2),P(3,3)/
#BLOCKS/EXT(2) ,EXC{2) ,EYT(2) ,EYC(2),EST(2) ,ESC{2),T1{3,3)/
*BLOCKS/SXNAX , SXNIN, STHAX,SYMIN, 1P, XL , YL, NX, NV, NN, CC, DD, FACT
+/BLOCKZ/SPC{3,10)

DINENSION EL(10),ET{10),PLT{2),6LT(10),C(4,1),EK(3,3,10) ,5K(3,3
¢,10),L(10),TL{10) , THETA{10) , TK{3,3,10),TTC(4,1),0K(3,3,10),2(21),
$21(20),22(21) ,H5(20),A(3,3),8¢3,3),0(3,3),5(3,3) ,AA(2,5) , THET(10)
s,STRN(3) ,KIND(10) ,N§{10) ,EP{3) ,STRESE(3,10) ,STRAIN(3, 10)

*,ELL(2) ,ETT(2),66LT(2) ,PP(3,3,10),TTH(3,3,10)
+,P1T(10),C1T(10),P1C{10),C1C(10),P2T(10) ,C2T{10) ,P2C(10),£2C(10),
#P12(10),€12(10)

FORNATS1

FORMAT (1010,2F0.0)

FORNAT (248,4F0.0)

FORNAT(10,2F0.0,210)

FORNAT(8FC.0,210)

FORMAT (4F0.0)

FORNAT(410)

FORMAT (3X,“ANALYS1S OF FILANENT-WOUND TUBE OF R=- ,1PE9.3,” AND’,
13, LAYERS:’//5X, LAYER’ ,4X, LAYER’ ,5X, LAYER’ ,4X, LAYER NATERIAL
+//76X,"N0.” ,3X,* THICKNESS” , 3X , “ANGLE” , 10X, “ND. " /)

FORNAT (6X,12,4X,1PE9.3,2X,0PF4.2, 10X, 12)

FORMAT (/24X ,*NATERIAL PROPERTIES”//SX, N0.*,5X,
+*NATERTAL” , 11X, “EL” , 8%, “ET~, 7%, “BLT,5X, “NULT"* )

FORMAT (5X,12,4X,2A8,3{1PE10.2) ,2X,0PF5,3)

FORNAT(” EX=’,1PE10.2,2X,7EY=*,1PE10.2,2X, "NUXY=",0PF4,.3,2X,
#/NUYX=" ,0PF6.3,2X, " 6XY=", 1PE10,2)

FORNAT(3(1PE10.2))

FORNAT (/5X, 3HNO . , 4%, 1HX,9X, 2HX“ ,8X , THY , 9X, 2HY* , 8, 1HS)



b

37
&0
43
82
a3
84

8%
8é
87
a8
89
90
1

92
3

94
95
97

98
99
100
181
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FORMAT(//5X,“LANINATE STRESSES:,3(1PE12.4)/5%, LANINATE STRAINS ¢
7, 3(1PE12.4})
FORMAT(5X,12,6(1PE10.2))

FORMAT {/5X , 3HNO. , 3X, 3HEU1 , 7X , AHEU1* , 6X, 3HEU2 , 7X , 4HEU2” , 6X , AHEU12)
FORMAT(/5X,“LATER NO. *,12/5% ;" eenunsecnnan”)

FORNAT(//¢ FAILURE BY MAXINUM STRESS CRITERION:”/2X,35(’-"))
FORMAT(//* FAILURE BY NAXINUN STRAIN CRITERION:‘/2X,35¢"-"))
FORMAT(” FACTOR” ,4X, s####aaLAYER STRESSES#+#xnns, 2X,

7 st dsEXTERNAL LOADASRSp44)

FORMAT(//“ FAILURE BY HILL-TSAI-AZZ1 CRITERION:1“/1X,35¢"-*))
FORNAT(//* FAILURE BY HOFFNAN CRITERION:/1X,28("~")) o
FORMAT(//“ FAILURE BY TSA1-WU CRITERION, WITH F12=*,1PE10.2," :*/
$1%,39(*=*))

FORNAT{//* FAILURE BY PUPPO-EVENSEN CRITERION:*/1X,34¢"-")/

+* FACTOR1 FACTOR2  GANA  #+#wasEXTERNAL LOADS##saanss”)
FORMAT{/“ LANINATE STRENGTH:</* XLT=,1PE9.2,” XLC=,1PE9.2,
+7 YLT=,1PE9.2,” YLC=*,1PE9.2,” SLT=/,1PE9.2,” SLC=,1PEY.2)
FORNAT(2X,"S1 EXCEEDS MAX. AT NODE §2 EXCEEDS MAX. AT NODE 512 EXC
SEEDS NAX. AT NODE*)

FORNAT(2X,“E1 EXCEEDS NAX. AT NODE E2 EXCEEDS WAX. AT NODE E12 EXC
*EEDS NAX. AT MODE-)

FORNAT( STRESS”,3(1PE10.2),”STRAIN’,3(1PE10.2})
FORMAT{/5X,“LINEAR ANALYS1S:”/5X,14("=")/5X, LANINATE PROPERTIES:”
%

FORMAT(/5X,“LANINATE PROPERTIES (SECANT NODULI):”)

FORMAT(* LAYER “,12,° FAILED IN MODE 7,12,” AT LOAD:”,3(1PE12.4))
FORMAT{(* STRESSES AND STRAINS IN ANGLE PLY LAYER®/SX,”2/H”,11X,
#°5X7 , 10X, “SY7, 10X, “SXY*, 9%, “EPX , 9%, “EPY , 9X,, “EPXY*)
FORMAT(F12.8,4(1PE12.4))

FORNAT(” LAYER *,12,” 1S SINILAR TO LAVER *,I2,” (ANGLE PLY)*)
FORMAT{/5X,”STRENGTH CALCULATIONS:“/5X,22(°%"))

FORMAT(/5X, “NONLINEAR ANALYSIS:”/5X,19("="))

DATA INPUT:
READ(1,1)NM,NL, 1P, 14,12, NON1T,NONTC,NON2T ,NON2C, NON12,R,, DEF
NON=1

1IF (NON1T.EQ.0.AND . NON1C .EQ.0 . AND . NON2T .EQ. 0, AND . NON2C .ER..0.
+AND .NON12.EQ .0 )NON=0

1F CIW.EQ. 1URITE(2,51)R,NL

READ(1,6)11,12,13,14,15,16

READ(1,3) (L{K),TL(K), THETCK) ,NS(K) ,KIND{K) ,K=1 ,NL)

IF(IN.EQ. 1 IWRITE(2,52) (K, TLLK) , THET{K),L(K) ,K=1,NL)
READ(1,2)¢AAC1,1),AA(2,1),ELL{T),ETT{1) ,G6LT(1},PLT(I), I=1,NH)
IF(IY.EG.1)URITE(2,53)

IF (IN.EQ. 1IURITE(2,54) {1,A4¢1,1) ,AA(2,1),ELL{I),ETT(1),B6LT(T),
*PLT(1),11,NN)
IF(11.EQ.0.AND.13.E0.0.AND.14.EQ.0.AND.15.EG.0)6D TO 30
READ(1,5) (XTI}, XC¢1),¥T(1),YC(1),8T¢1), I=1,NN)

IF {IM.EQ.1)URITE(2,57)

IF (IW.EQ. 1 )URITE(2,59) ¢1,XT(1),XC41),YT{I) ,YECT),STC1), I=1,NM)



Tadi
<

31

48

32

34

33

390

47

"~ IF{12.EQ.0.AND.NON.EQ.0)GO TO 3t
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READ{1,5) (EXT(1),EXC{1) ,EYT{1),EYCL1) ,EST(I),I=1,NH)
IF (14.EQ, 1)URITE(2,60)

IF{IW.EQ. 1URITE(2,59) (1,EXTC(I),EXCCI),EYT{I),EYCIT},ESTCT)
*,1=1,N8)

IF(15.EQ.0)60 TO 48

READ(1,5) (F12(1),1=1,NH)

1F(16.E0.0)60 T0 32

READ{1,5)XLT,XLC,YLT,YLC,8LT,5LC
IFCIW.EQ.1)MRITE(2,89)XLY,XLC,YLT,YLC,5LT,SLE
IF(1P.EG.0)GO TO 34
READ(1,4)8XY,8XMAX, SXNIN, SYNAX ,SYNIN,FACT, XL, YL ,NX, NY

CALL CC936N

CALL WINDOW{2)

CALL CHAS12(2.5,2.5)
YMAX=YT(1)
XMAX2=5XNAX/2 #FACT
XNIN2=ABS (SXNIN) /2, 4FACT
CCa (SXMAX-SXHIN) /NX
DD={SYNAX-SYRIN) /NY
1FR=0

60 70 33
READ(1,5)5X,8Y,8XY,DSX,DSY,DEXY
F(1)=8X

F(2)=8Y

IFR=1

P1a4 #ATAN(T.)

DO 390 I=1,NM
XC{1)=-XCL1)
YC(I)==YC(I)
SC{1)a-§T(I)
EXC(I)=~EXC(I)
EYC(1}=-EYC(T)
ESC(1)=-EST(1)
CONTINUE

WX, uY=1.
DFF=ETT(1)2EYT(1)/3,
P18+P1/8,

P190=P1/2,
P12703P190%3.
P1340=P1#2.

F(3)=8XY

DO 47 K=1,M.
THETA(K) =PI+ THET (K)/180.
CONTINUE

D=0

1DD=9

LFF=0

IURT=0



50

106
204

108

109

107
207

101
210

193

104

102
2N

103
208

13
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'CURVE FITTING FOR NONLINEAR DATA:

IF (NON1T.EQ. 060 TO 106

CALL NONLINEAR(NC1T,X01T,Y01T,X81T,P1T,C1T)
60 TO 206

X017, XNIT=EXT (1)

1IF (NON1C.EQ.0)60 TO 107

IF (NON1C.ER.2)60 T0 108

CALL NONLINEAR(NC1C,X01€,YD1C,XN1C,P1C,C1C)
50 10 207

NCIC=NC1T

X01C=X011

YO1C=Y01T

XN1CaXN1T

DO 109 I=1,10

PAC(I)=P1T{1)}

CHC(II=C1T(T)

CONTINUE

60 TO 207

X01€, XN1C=ABB(EXC(1))

IF (NON2T .EG.0)G0 TG 101

CALL NONLINEAR(NGC2T,X02T,YD27,XN2T,P27,C2T)
60 TO 210

X027, XH2T=EYT(1)

IF (NON2C .EQ.0)G0 TO 102

IF (NON2C.EQ.2)60 TO 103

CALL NONLINEAR{NC2C,X02C,Y02C,XM2C,P2C,0C20)
60 TO 211

NC2CsNC2T

X02C=X027

Y02C=Y02T

XH2C=XN27

DO 104 121,10

P2C(1)aP2T(1)

C2C(1)aC2T(1)

CONTINUE

80 TO 211

X02C, XH2C=ABS(EYC (1))

IF(NON12.EQ.0)G0 TO 105

CALL NONLINEAR(NC12,X012,Y012,XM12,P12,012)
60 TO 208

X012, XN12=EST(1)

CONTINUE

IF (14.EQ.0.AND.15.EG.0)G0 TO 22
D0 13 I=1,NM
F1(1)=1./XT{1)-1./ABS{XC(1))
F2(1)=1./YT¢1)-1./4BS(YC(1))
F&(1)=1./6T(1)-1./ABS(5C({1)}
F11¢1)=1./¢XT{I4ABS(XC(1)))
F22¢1)=1./(YT{I)#ABS(YC(1)))
Fad(1)=1./(ST{I1I#ABS{SCLI) D)
CONTINUE



45

[ ]

[ I ]

I -

DO 45 K=1,ML
LK=L {K)
EL(K)=ELL{LK)
ET(K)=ETT(LK)
GLT(K)=GGLT (LK)
CONTINUE

EP1=Q,

EF2=Q.

EP12=Q,

LoOP=0

LAYER CONPLIANCE MATRIX:

DO 12 K=1,NL
LK=L(K)
SK(1,1,K)=1,/EL{K)
8K(2,2,K)=1./ET(K)
8K(3,3,K)=1,/6LT(K)
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SK(1,2,K),8K(2,1,K)=—PLT (LK) /EL (K)

CALL FMOVE(SK{1,1,K)},T,9)

LAYER STIFFNESS NATRIX:

L A i e vl P -

IFAIL=0

CALL FO1AAF(T,3,3,71,3,UK,IFAIL)

CALL FMOVE(TI,CK(1,1,K),%)

C41,1)2CK(1,1,%)
€42,1)2CK(1,2,K)
£(3,1)=CK(2,2,K)
Ct4,1)=CK(3,3,K)
AN=C0S ( THETA (X))
ANsSIN(THETA{K))

CALL TRANSFORMATION{AM,AN)

CALL FMOVE(T,TK(1,1,K),9)
1FAIL=0

CALL FO1CKRF(TIC,TT,C,4,1,4,UK,3,1,IFAIL)

OK€1,1,K)=TTC{(1,1)

aK(1,2,K),0K82,1,K)=TTC(2,1)
OK(1,3,K) ,0K{3,1,K1=TTC(3,1)

OK(2,2,K)=TTC(4,1)

aK{2,3,K),0K(3,2,K)=TTC(5,1)

QK{3,3,K)=TTC(4,1)
CONTINUE

[
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DG T4 K=1,NL
14 HsH+TL(K)
2(1)=-H/2.
Z201)=2(1 )42
KK=2
B0 15 K=1,NL
NN=KK+NS (K)~1
TLL=TLK) /NS KD
DO 44 H=KK,HN
ZM)=T(N-1)4TLL
12(N)=Z(H)##2
46 CONTINUE
KK=KK+NS (K)
15 CONTINUE
DO 16 K=1,MN-1
Z1CK)I=(ZIKH1)4Z(K) ) /2.
HS (K)2Z2(K+1)~Z2{K)
16 CONTINUE
D0 18 1=1,3
0 18 J=1,3
NN=0Q
=0
LL=0
All,J)20,
B(1,J)=0.
DO 19 K=1,NL
AT, J)=ACT,J040K(T, 0, K)#TLIK)
KKK=KIND(K)
80 TO (121,122),KKK
121 NN=NM+1
HMN
60 T0 123
122 IF(LL.EG.2)60 T0 126
LL=LL+1
NN=NN+1
60 70 127
126  Ll=t
NN+
127 MNSNN424NS (K)~2
123 DO 124 N=NN,NN,2
B{1,0)=B(1,J)4QK(1,J,K)#HS (%)
124 CONTINUE
19 CONTINUE
ALT,J)=A(1,0)/H
B(1,J)=B(1,J)/2./R/H
18 CONTIMUE
0(1,1)=A(1,1)
041,2)=A(1,2)~B(1,2)
¢1,3)3A(1,3)4B¢1,3)
0(2,1)=24(2,1)
@2,2)=4(2,2)-B(2,2)
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042,3)=A{2,3)+B(2,3)
Q{3,1)=A¢3,1)

04(3,2)=A(3,2)-B{3,2)
a(3,3)=4(3,3)48(3,3)

[ B ]

LANINATE COMPLIANCE NATRIX:

c —————— - - ot e v

1FAIL=0

CALL FO1AAF(Q,3,3,5,3,UK,IFAIL)

EX=1./8(1,1)

EY=1./8(2,2)

PXY=-8(1,2)/5(1,1)

PYX=-§(2,1)/§(2,2)

6X¥=1./5(3,3)

IF (IFR.EN.0)60 TO 155

IFAIL=0

CALL FO1CKF(EP,S,F,3,1,3,WK,3,1,IFAIL)

DP1=ABS{EP(1)~EP1)

DP2=ABS{EP (2)~EP2)

DP125ABS(EP(3)-EP12)

IF {DP1.LE.DEF .AND.DP2.LE . DEF . AND. DP12.LE . DEF )LOOP=1

EP1=EP{1)

EP2=EP(2)

EP12=EP(3)

155  IF(IWRT.EQ.0.AND.LOOP.EQ.0)GO TG 151
IF (IURT.EQ.1.AND.LOOP.EQ.1)G0 T0 152
G0 TO 154

191 URITE(2,99)
WRITE(2,55)EX,EY,PXY,PYX,BXY
IF (IFR.ED.1)URITE(2,58)F ,EP

IWR=1
GO TO 154
152  URITE(2,38)F,EP
WRITE(2,%4)
153 URITE(2,55)EX,EY,PXY,PYX,6XY
INR=1
154  CONTINUE
c
c LAYER STRESS/STRAIN CALCULATIONS:
C _____________ - e
NN=Q
M=0
LL=0

B0 27 W=1,NL
IF(IUR.EQ.1.AND.IFR.EQ.1)URITE(2,43)K
1C=0
KKK=KIND(K)
GO TO (141,142),KKK
141 NNaiM+1
MM=NN
G0 TO 143



142

144

147

145
143

21

302
In

950

132
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IF(CCLEN.2)60 T0 146
LL=LL+1

NNaNN+1

60 T0 147

LL=1

NN=NN+1

NM=NN+24NS (K) -2
IF{1Z.EQ.1.AND.IUR.EQ.1)URITE(2,97)

D0 145 1=1,3

D0 145 J=1,10

§PC(I,J)=0.

CONTINUE

IF (IFR.EG.O)NN=1

DO 144 N=NN,MN,2

IR=ZH{N)/R

IH=Z1(M) /H

1C=1C+1

Do 21 J=1,3

B(1,J)a8¢1,J)

B(2,J)=5(2,.)-IR*§(2,J)
B{3,J)25(3,J)+ZR48{3,J)

CONTINVE

CALL FMOVE(GK(1,1,K),T,9)

IFAIL=0

CALL FOVCKF(TI,T,B,3,3,3,WK,3,1,IFAIL)
1F{12.EQ.0)60 TO 50

IF (1UR.EQ.0)GO TO 50

1FAIL=0

CALL FO1CKF(STR,TI,F,3,1,3,UK,3,1,IFAIL)
IFAIL=0

CALL FOICKF(STRN,B,F,3,1,3,UK,3,1,IFAIL)
D0 301 1s1,3

IF{F(1).EQ.0.)6G0 TO 302
STRI)=STR(I)/F (1)

IF (EP(1).EQ.0.)60 T0 301
STRN¢1)=STRN{(I)/EP(1)

CONTINUE

WRITE(2,98)ZH,5TR,STRN

CONTINUE

CALL FNOVE(TK(1,1,K},T,9)

IFAIL=0

CALL FOICKF(P,T,71,3,3,3,WK,3,1,IFAIL)
IF (1FR.EQ.Q)CALL FNOVE(P,PP(1,1,K),9)
IFCIFR.EQ.1)60 TO 132

CALL FMOVE(SK(1,1,K),T,9)

IFAIL=0

CALL FOICKF(TI,T,P,3,3,3,UWK,3,1,1FAIL)
CALL FNOVE(TI,TTI(1,1,K},9)

CONTINUE

IF(IFR.EQ.1)CALL FOICKF(STR,P,F,3,1,3,UK,3,1,IFAIL)
IF (KKK.EQ.1)60 TO 144



144

SO0

140

141

113

142
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IF(IFR.EQ.0)B0 TD 144

CALL FMOVE(STR,SPC(1,1(),3)

CONTINUE

IF(1FR.EQ.0)GO TG 27

1F (KKK.E@.2)CALL NAXINUN VALUE(IC,S5TR)
CALL FMOVE(STR,STRESS(1,K),3)

CALL FNOVE(SK(1,1,K),T,9)

IFAIL=0

CALL FOICKF(STRN,T,8TR,3,1,3,WK,3,1,IFAIL)
IF(IWR.EQ.1)URITE(2,92)STR,STRN

CALL FNOVE(STRN,STRAIN(1,K),3)
CONTINUE

NONLINEAR ANALYSIS:
IF{IFR.E0.0)60 TO 23

IF(LOOP.EQ.1)G0 TD 140

60 TO 141

F111aF(1)

F222=F (2)

F333=F(3)

60 T0 28

IF (NON.EQ.0)GO TO 23

DO 112 K=1,NL :
IF (THET{K) .E@,~THET(K-1) .AND .KIND{K) .EQ.KIND(K-1))60 T0 112
K1aK+1

CALL FNOVE(STRAIN(1,K),STRN,3)
IF(STRN{(1}.LT.0.0)G0 TO 113

IF{STRN(1) .LE.XD1T)GO TO 114

ND=1

IF(STRN(1),6T.XN1TIGO TO 142
STRN{1)=STRN(1}-X01T

IFAIL=0

CALL EQ2BBF(NCYT,P1T,C17,8TRN(1),81T,IFAIL)
STRNCT)=STRN(1)4X01T

§1T=81T+Y017

EL(K)=G1T/STRN(1)

IF (KINDCK) .EQ.2)EL (K1 )=EL(K)

60 TO 114

IF (ABS(STRN(1)) .LE.X01C)G0 TO 114

ND=~1

IF (ABS{STRN(1)) .GT.XN1C)60 TO 142
STRN(1)=ABS(STRN{1))~X01C

1FAIL=0

CALL EO2BBF (NCIC,P1C,CIC,STRN(1),81C, IFAIL)
STRN(1)sSTRN(1)4X01C

§1C=51C+Y01C

EL{K)=81C/STRN(1)

IF {KIND{K) .E@.2)EL (K1 )=EL(K)

60 TO 114

IF(1DD.E0.0.0R.IDD.EQ.1)60 TO 115



114

10

143

m

144

116

113
112
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WRITE(2,95)K,ND;F111,F222,F333

IF (KIND(K) .EQ. 2)WRTTE(2,95)K1,ND,F111,F222,F333
LFFa1

60 10 116

IF(STRN(2).LT.0.0)G0 TO 110

1F (STRN(2) .LE.X02T)60 TD 111

ND=2

IF (STRN(2).GT.XN2T)GO TO 143
STRN(2)=5TRN(2)-X027

IFAIL=0

CALL EO2BBF (NC2T,P2T,C2T,5TRN{(2),52T,IFAIL)
STRN(2)=6TRN(2)4X02T

§27282T+Y027

ET(K)=62T/STRN(2)

IF (KIND(K) .EQ.2)ET(K1)=ET{K)

60 T0 111

IF (ABS (STRN(2) ) JLE.X02C)60 TO 111

ND=-2

TF (ABS (STRN(2)) .6T.XN2CIG0 TO 143
STRN{2)=ABS(STRN(2})~X02C

IFAIL=0

CALL EO2BBF (NC2C,P2C,C2€,5TRN(2),82C,IFAIL)
STRN(2}=6TRN(2) +X02C

§2C252C+Y02C

ET(K)=52C/STRN(2)

IF (KIND(K) .EQ.2)ET(K1)=ET(K)

80 10 114

1F (10D.EG.0.OR.IDD.EQ.1)G0 TO 115
URITE{(2,95)K,NB,F111,F222,F333

IF CKINDCK) LEQ.2)URITE (2,95)K1,ND,F111,F222,F333
LFF=1

60 T0 116

IF (ABS {STRN(3)).LE.X012)60 T0 114

ND=12

IF (ABS{STRN{3)).6T.XN12)60 TO 164
STRN(3)=ABS (STRN(3))~-X012

IFAIL=0

CALL EO2BBF (NC12,P12,C12,5TRN(3),512,1FAIL)
STRN(3)=STRN{3)4X012

§1225124Y012

BLT(K)=812/8TRN(3)

IF (KIND(K) LEQ.2)6LT{K1)=6LT(K)

60 T0 114

1F (10D.E0.0.0R.IDD.EQ.1)G0 TO 115
WRITE(2,95)K,ND,Fi11,F222,F333

1F (KIND(K) .EQ.2)URITE(2,95)K1,ND,F111,F222,F333
LFF=1

CONTINUE

60 T0 112

1D=1

CONTINUE



- 288 -

' IF (IURT.EQ.0.AND.LOOP.ER.0)GG T0 23
117 IWRTs1
N7=0
IF (LFF.EQ.0)G0 TO 144
LFF=0
10D, 1D=0
60 10 119
166  IF(ID.E@.1)60 T0 145
IF (IFR.EQ.1)60 TO 20
60 TO 28
165  DSX=DSX/10.
DSY=DSY/10.
DSXY=DSXY/10.
1DD=1DD+1
100
28 CONTINUE
IF{IFR.EQ.0)GO TO 118
F(1)=F1114D8X
F(2)2F2224D5Y
F(3)=F333+DSXY
60 TO 22
118  IFR=1
CALL PICCLE
NN=7
CALL AXES
F{1),5X=WX
F(2),8Y=0.
DSX=DFF
DSY,DSXY=0.
ANGLE=0.
60 10 22
119 IF(IP.E0.0)G0 TO 39
IF(F111.6T.8XNAX.OR.F111.LT.SXNIN.OR.F222.67.5YMAX.0R.F222.LT.
*SYNIN)GO TO 189
N7=N7+1
X7(N7)=F 111
Y7 (N7)=F222
189  ANGLE=ANGLE+PI8
IF (ANGLE .GE .P1340)G0 TO 188
IF (ANGLE .EQ.P190.0R.ANGLE .EQ.P1270)G0 TO 171
TANA=ABS { TAN(ANGLE) )
F(1)=UY/ { TANA+UY/UX)
F{2)=TANA®F (1)
IF {ANGLE .GT.P190.AND .ANGLE .LT.PI12703F (1)=—F (1)
IF (ANGLE .GT.PT)F (2)=~F(2)
DSX=DFF
IF (ANGLE .6T.P190 .AND . ANGLE .L T.P1270 ) DSX=-DFF
DSY=DEX#F (2)/F (1)
6O TO 172
171 F{1)=0,
. DSX=0.
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F(2)=UY
IF (ANGLE .EQ. P1270)F { 2) =-WY
DSY=DFF
IF (ANGLE .EQ.P1270)DSY=~DFF
172 DSXY=0.
60 TO 22
188 DO 391 I=1,N7
X7(1)=X7(1)/FACT
Y7(1)=Y7{1)/FACT
391 CONTINUE
CALL BRASYN(X7,Y7,N7,4,0)
60 TO 120

STRENGTH CALCULATIONS:

[ e I |

3 IF(11.EQ.0.AND.12.EQ.Q.AND.I3.EQ.0.AND, 14.E0.0.AND. 15.E0.0.AND.
*+14.E2.0)60 TO 205
WRITE(2,100)
YNAX=YT(1)
ANAX2=EXNAX/2 #FACT
ANIN2=ABS (SXMNIN) /2 #FACT

NAXINUN STRESS THEORY:
IF(11.E0.0) GO TO 200
WRITE(2,82)
=1
DO 17 K=1,NL
LK=L (K}
K12K-1
WRITE(2,43)K
IF(THET(K) .EQ.~THET{K1) LAND.KIND (K} .EQ.KIND(K1)}GO TO 154
G0 TO 157
156  WRITE(2,99)K,K1
GO T0 17
157  IF(IP.EQ.1)60 TO 34
CALL FNOVE(STRESS(1,K),8TR,3)
CALL FAIL(XT(LK),YT(LK),ST(LK) ,XCILK),YC(LK),SC(LK),STR,8X,5Y,5XY
*,N)
G0 TO 17
36 WRITE(2,90)
Ni=1
CALL AXES
CALL FNOVE(PP(1,1,K),P,9)
CALL MAXIFAIL(K,N,LK,XNAX2,XMIN2,KIND(K), THET(K))
17 CONTINUE
200  CONTINUE
C

Ly 2R ol )
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NAXINUN STRAIN THEORY:
c - -
IF (12.EQ.0)60 T0 201
WRITE(2,83) ~ ~ -

N=2

DO 190 K=1,ML

LK=L (K)

K1sK~1

URITE{2,63)K

IF(THET(K) .EG.~THET(K1) .AND .KIND(K) .EQ.KIND(K1})60 TO 191

60 TO 192
191 URITE(2,99)K,K1

60 T0 190
192 1F(IP.EQ.1)60 TO 37

CALL FNOVE(STRAIN{1,K),STRN,3)

CALL FAIL(EXT(LK),EYT{LK),EST(LK) ,EXCSLK) ,EYC(LK) ,ESC(LK) ,STRN,

*5X,5Y,5XY,N)

60 T0 190
37 WRITE(2,91)

NN=2

CALL PICCLE

CALL AXES

CALL FMOVE(TTI(1,1,K),TI,9)

CALL MAXIFAILCK,N,LK,XNAX2,XNIN2,KIND(K) , THET(K))
190 CONTINUE
201 CONTINUE

[y}

€ HILL-TSAI-AZZ1 THEORY:
C - - (e — -
IF(13.EQ.0)G0 TO 202
WRITE(2,85)
N=1
DO 193 K=1,MNL
LK=L(K)
K1=K-1
WRITE(2,63)K
IF(THET(K) .EQ.~THET(K1) .AND.KIND(K) .EQ.KIND(K1))GO TO 194
60 T0 195
194 WRITE(2,99)K,K1
60 TO 193
195 URITE(2,84)
IFUIPLEQ.1)60 TO 194
F{1)=8X
F({2)agY
F{3)=8XY
CALL FNOVE(STRESS(1,K),5TR,3)
GO 7O 40
196 CALL FNOVE(PP(1,1,K),P,9)
NN=3
CALL PICCLE
CALL AXES
40 CALL FAILURE(K,N,LK,KIND(K),THET(K))
193 CONTINUE
202 CONTINUE
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€ HOFFNAN THEORY:

IF{14.E€0.0)60 TO 203
WRITE(2,86)
N=2
DO 183 K=1,NL
LK=L (K)
K1aK-1
WRITE(2Z,83)K
IF (THET(K) .EQ.~THET{K1) .AND .KIND(K) .EQ.KIND(K1))GO T0 184
60 TO 185
184  URITE{2,99)K,K1
60 TO 183
185  WRITE{2,84)
FF1=ABS (XC (LK) )=XT(LK)
FF23ABS(YC (LK) )=YT(LK)
IF (1P.EQ.1)60 T0 184
F{1)=8X
F{2)=8Y
F(3)=8XY
CALL FNOVE(STRESS(1,K),STR,3)
60 TO 41
186  CALL FNOVE(PP(1,1,K),P,?)
NN=4
CALL PICCLE
CALL AXES
41 CALL FAILURE(K,N,LK,KIND(K),THET(K))
183 CONTINUE
203 CONTINUE

c TSAI-UU THEORY:

IF(15.EG.0)60 T0 204
WRITE(2,87)F12(LK)
N=3
DO 173 K=1,NL
LK=L (K)
K1=K~1
WRITE(2,43)K
IFCTHET(K) JEQ.~THET (K1), AND.KIND(K) ,EQ.KIND{K1))60 T0 174
60 10 175
174 WRITE(2,99)K,K1
60 T0 173
175 WRITE(2,84)
IF(IP.EQ.1)60 T0 176
F{1)agX
F{2)=5Y
F{3)=5XY
CALL FMOVE(STRESS(1,K),5TR,3)
60 TO 42



176

42
173
204

43

44
205

180
120
39

5
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CALL FNOVE(PP(1,1,K),P,%)
NN=5

CALL PICCLE

CALL AXES

CALL FATLURE (K,N,LK,KIND(K) , THET(K))
CONTINUE

CONTINUE

PUPPO-EVENSEN THEORY:
IF(16.EQ.0)60 TO 205
WRITE(2,88)

N=4

IF{IP.EQ.1)G0 TO 43
F{1)=8X

F{2)=8Y

F(3)=5XY

B0 T0 44

CALL PICCLE

NN=4

CALL AXES

CALL FAILURE{1,N,1,1,1)
CONTINUE

IF (NON.EG.0)60 TO 180
WRITE{(2,181)

60 10 117

IF{IP.EQ.0)GO TO 39
CALL DEVEND

STOP OK

END

-

COMMON/BLOCKY/ T(3,3),T1(4,4)
DO 1 1=1,3

D0 1 J=1,3
T¢(1,J)=0,

D0 2 1=1,6

DO 2 J=1,4
TH(1,J)=0.
AN2=AN+42
AN2=AN®#2
ANI=AN#33
AN3=AN##3
ANA=AN2#42
ANAZAN2#:42
ANAN=AN+AN
ANANZ=2 . »ANAN
AN2AN2=AN2*AN2
ANAN222AN2-AN2



G
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T(1,1),742,2)=A02
T01,2),7(2,1)=AN2
T41,3)=-ANAN2
T42,3)=ANAN2

T{3,1)=AMAN

T(3,2)=-ANAN
T(3,3)=ANAN22
TTC1,1,TT(4,3)=AN4
TTU1,2),TT(4,2)=2, $AN2AN2
TT1,3),TT{4,1)=ANA
TTE1,4), TT(4,4)=4  #AN2AN2
TT(2,1),T7(2,3),TT44,1), TT(4,3) =AN2AN2
TT(2,2)=AN4+ANA
TT(2,4)5~TT(1,4)
TT(3,1)=-ANI+AN
TT(3,2)=ANAN*ANAN22
TT(3,3)=AN+AND
T143,4)52,8T1(3,2)

TS, 1)=-T1(3,3)
T1¢5,2)==T1(3,2)

TS, 3)==T1(3,1)
TT(5,4)==T1(3,4)
T1(4,2)5-TT(1,2)
TT(4,4)=ANAN22#2

RETURN

END

SUBROUTINE FAIL{(XT,YT,ST,XC,YC,SC,3TR,5X,8Y,8XY,N)
DINENSION STR(3)

X=XT

Y=YT

§5=87T

IF(STR(1).LT.0.)X=XC
1F(STR(2).LT.0.)Y=YC
IF(STR(3).LT.0.)88=SC
IF{ABS(STR{1)).LT.1.E-10)STR{1)=1.E~10
IF (ABS{STR(2)).LT.1.E-10)§TR(2)=1.E~10
IF (ABS{STR{(3)).LT.1.E-10)STR(3)=1.E~10
R1=X/STR(1)

R2=Y/STR(2)

R3=55/5TR{3)

RN=ANINT{(R1,R2,R3)

SXF=RM#SX

SYF=RM4SY

SXYF=RN#SXY

IF (RN.EQ.R1IKK=11

IF (RN.EQ.R2)KK=22

IF (RN.EQ .R3IKK=12

60 TOC1,2)N

URITE(2,3)8XF,5YF ,8XYF ,KK
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G0 105 ' S
WRITE(2,4)5XF,5YF,8XYF KK

FORMAT(21H LAYER FAILS AT LOAD:,3(1PE10.2),
#4H AS §,12,14H REACHES MAX.)

FORNAT(21H LAYER FAILS AT LDAD:,3(1PE10.2),
#6H AS E,I2,14H REACHES MAX.)

RETURN

END

SUBROUTINE MAXIFAIL{K,N,LK,XNAX2,XMIN2,KIND, THET)

- - s 100 o, T s

COMNON/BLOCK2/SX,5XY,5Y1,5Y2,5Y3/BLOCKA/XT(2) ,XC12),YT(2) ,YC{2),
*87(2),5C(2),P(3,3)/BLOCKS/SXNAX , SXNIN, SYNAX,SYNIN, IP XL, YL ,NX, NY,
*HN,CC,DD,FACT/BLOCKS/EXT (2) EXC(2) ,EYT{2) ,EYC{2) ,EST(2),ESC(2),
$T1(3,T)

DINENSION X1(5),X2(5),X3(5),X4(5),X5(5),X4(5),Y1(5),¥2(5),
£Y3(5),Y4(5),Y5(5),Y4(5)

N1,N2,N3,N4, N5 ,N6=0

8X=6XNAXHFACT

IF(N.EB.2)G0 TO 111

CALL MAXINUM(P,XT(LK),YTLK),ST(LK),1,2,3)

60 T0 112

CALL NAXINUMCTI,EXT(LK),EYT(LK),EST(LK),1,2,3)

§Y126Y1/FACT

§Y2=8Y2/FACT

8Y325Y3/FACT

IF (SY1.6T.SYMAX.OR.EY1.LT.SYNINIGO TO 101

N1=NT+H

X1(N1)=8X

Y1(N1)=8Y1

IF(5Y2.GT.5YNAX.OR.SY2.LT.SYNINIGO T0 102

N23N2+1

X2(N2)=5X

Y2{N2)=5Y2

IF(SY3.6T.SYNAX.OR.SY3.LT.SYNINIGD TO 103

N3=N3+1

X3 (N3)=5X

Y3{N3)=5Y3

IF (N.E0.2)60 TO 113

CALL MAXINUM(P,XC(LK),YC(LK),SC{LK),=1,~2,~3)

80 70 114

CALL MAXIMUM(TI,EXCILK) ,EVE(LK) ,ESCALK),~1,-2,~3)

8Y1=§Y1/FACT

§Y2=8Y2/FACT

§Y3=8Y3/FACT

IF(SY1.6T.8YNAX.OR.SY1.LT.SYNIN)GO TO 104

NAaNA+1

XA{N4) 28X

YA (N4)=8Y1

1F (8Y2.67.5YNAX .OR.5Y2.LT.SYNINIGO T0 105

N5=N5+1
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Y5(N5)a5Y2

105  IF(SY3.GT.5YNAX.OR.SY3.LT.SYNINIGO TO 104
N&=NA+1
X6 {N&)=SX
Y4(N4)aSY3

104  IF{(SX.LT.0.0)60 TO 107
60 TO 108

107 SX=5X-XMIN2
80 TO 109

108 SX=8X~-XNAX2

109 IF(SX.0E.SXNIN#FACTIGO TO 100
IF(K.EQ.1)60 TO 118
DASH=FLOAT(K)
REP=DASH#2.
CALL DASHED(-1,REP,DASH,0.)
60 T0 119

118 CALL DASHED(0,10.,10.,0.)

119 IF(N1.ED.0)G0 TO 120
DO 201 1=1,5
X1 C1I=X1{1)/FACT
Y1(1)=Y1(1) /FACT

201 CONTINUE
CALL BRASYM{X1,Y1,N1,1,0)
CALL GRAPOL(X1,Y1,N1)

120 IF(N2.EQ.0)GO T0 121
D0 202 1=1,5
X2¢(1)=X2(1)/FACT
Y2(1)=Y2(1) /FACT

202 CONTINUE
CALL GRASYM(X2,Y2,N2,2,0)
CALL GRAPOL(X2,Y2,N2)

121 IF{N3.EQ.0)G0 TO 122
B0 203 1=1,5
X3(1)aX3(1)/FACT
Y3(1)=YI(1)/FACT

203 CONTINUE
CALL GRASYM(X3,Y3,N3,3,0)
CALL GRAPOL(X3,Y3,N3)

122 IF(NA.ER.0)G0 10 123
DO 204 1=1,5
X4{1)=X4(1)/FACT
YA(T)=YA(1)/FACT

204  CONTINUE
CALL GRASYM(X4,Y4,N4,4,0)
CALL GRAPOL(X4,Y4,N4)

123 IF(NS.EQ.0)G0 TO 124
D0 205 I=1,5
XS(1)mX5(1)/FACT
YS(1)=Y5{1)/FACT

205  CONTINUE
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CALL GRASYN(XS,YS,N5,5,0)
CALL GRAPOL(XS,Y5,NS)

124 IF(N6.EQ.0)60 TO 125
D0 206 I=1,5
X6¢1)=X4 (1) /FACT
Yo(1)=Y4(1)/FACT

206  CONTINUE
CALL GRASYM(X4,Y4,Né,6,0)
CALL GRAPOL(X4,Y4,N4)

125  CONTINUE
DOD=YL+6%.+5. K
CALL MOVTOZ2(SS5.,DDD)
CALL LINBY2(20.,0.}
60 TO(131,132),KIND

131 CALL CHAHOL(” LAYER #.")
CALL CHAINT(K,2)
CALL CHAMOL(” ANGLE=  #,7)
CALL CHAFIX(THET,4,2)
60 TO 133

132 CALL CHAWOL(~ LAYER #.”)
CALL CHAINT(K,2)
K1=K+1
CALL CHAHOL(® AND #.°)
CALL CHAINT(K1,2)
CALL CHAHOL(” ANBLE=+/-#,”)
CALL CHAFIX(THET,4,2)

133 RETURN
END

SUBROUTINE MAXINUM(P,X,Y,8,K1,K2,K3)

C [ [P - - ——
DINENSION P(3,3)
CONNON/BLOCK2/SX,SXY,5Y1,8Y2,5Y3
§Yt=(-P¢1,1)38X-P(1,3)48XY4X) /P(1,2)
§Y2=(~P(2,1)98X-P(2,3)36XY4Y) /P(2,2)
§Y3=(-P(3,1)98X-P(3,3)48XY+8)/P(3,2)
WRITE(2,200)8X,5Y1,K1,5X,5Y2,K2,5X,8Y3,K3

200  FORMAT(2{1PE10.2),2X,12,2(1PE10.2),2X,12,2¢1PE10.2),3X,12)

RETURN

END
c

SUBROUTINE FAILURE(K,N,LK,KIND,THET)
C [P [rp—

CONMON/BLOCK3/F<3) ,8TR(3) ,WK(3) ,X7(50),Y7(50) ,F1(2),F2(2),
sF6(2) ,F11(2),F22(2) ,F44(2),F1242) ,XLT,YLT,SLT,XLC, YLC,5LC , YNAX/
*BLOCKA/XT(2),XC(2),YT(2),YC(2),8T(2),5C(2),P(3,3)/
#BLOCK&/SXNAX , SXNIN,SYNAX ,SYMIN, IP, XL, YL ,NX ,NY NN, CC, DB, FACT

IF{IP.EQ.0IG0 TO 14

N7=0

D0 200 1=1,50

X7(1)=0,
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Y7(1)=0.,
200  CONTINUE
F(1)=4.4YHAX
IF(N.EQ.4)F{1)=YLT
F(2)=0.
DF=F(1)/10.
400  IFAIL=0
IF(N.EQ.4)80 TO 14
CALL FOICKF(STR,P,F,3,1,3,WK,3,1,IFAIL)
16 CONTINUE
1F (N.NE.4)G0 T0 18
D0 17 1=1,3
STR(1)=F (1)
17 CONTINUE
18 IF(ABS(STR(1)).LT.1.E~10)STR(1)=1,E-10
ALFaSTR{(2)/8TR¢1)
BET=STR(3)/STR(1)
60 TO (1,2,3,4)N
1 X=XT(LK)
YaYT(LK)
§8e§T (LK)
IF(STRC1).LT.0.0)X=XC (LK)
IF(STR(2).LT.0.0)Y=YCLK)
IF (STR(3).LT.0.0)88=8C{LK)
81F=AZZ1(ALF,BET,X,Y,58)
IF(STR(1).LT.0.0)S1F=-51F
60 TO 10
2 CALL HOFFNANCF11(LK) ,F22(LK),F66{LK) ,FF1,FF2,ALF ,BET,5TR(1),51F)
0 TO 10
3 CALL WUCF14LK),F2(LK),F6SLK) ,F11{LK) ,F22(LK) ,F66(LK) ,F12(LK),
*ALF ,BET,5TR(1) ,§1F)
60 10 10
4 X=XLT
Y=1L7
§S=5L T
IF(STR(1).LT.0.0)X=XLE
IF(STR(2) .L1.0.0)Y=YLC
IF(STR(3).LY.0.0)86=5LC
GANA=3 . #58488/X/Y
CALL PUPPO(ALF ,BET,GAMNA,H,G,X,Y,55,51F)
1F (STR(1),LT.0.0)51F=-G1F
10 S2F=G1F+ALF
S3IFS1F4BET
GAN=S1F/STR(1)
SXF=GANF (1)
SYF=GANAF (2)
SXYF=GANSF (3)
SXaF (1)
§Y=F(2)
SXY=F (3}
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SXFF=SXF/FACT
SYFFaSYF/FACT

SXYFF=GXYF/FACT

IF(N.EQ.4)60 TO 9

F(1)=8XF

F{2)=8YF

F{3)=8XYF

IFAIL=0

CALL FO1CKF(STR,P,F,3,1,3,UK,3,1,IFAIL)

G0 T0(4,7,8)N
FACTOR=HILL(STR{1),5TR{2),8TR(3),X,Y,55)

80 T0 11

FACTOR=HOFF (F114LK) ,F22(LK),F46 (LK) ,FF1,FF2,5TR{1),8TR{2) ,5TR(3))
60 TO 11
FACTOR=WUTSAT¢F1(LK) ,F24LK) ,F4(LK) ,F114LK) ,F22(LK) ,F66 (LK},
$F12(LK),STR¢1),8TR(2),STR(I))
WRITE(2,100)FACTOR,STR,SXF ,SYF ,SXYF

60 TO 12 |

CALL EVENSEN(GAMA,H,G,SXF,SYF,5XYF,X,Y,88,FACTRT ,FACTR2)
WRITE(2,101)FACTRY,FACTR2,GAMA, SXF ,SYF , SXYF
IF(1P.EN.0)G0 TO 103

IF (GXFF .GT.SXMAX . OR. SXFF.LT.SXNIN.OR.SYFF .67 .SYNAX.OR.SYFF.LT.5YNI
«N)GO TO 310

N7=N7+1

X7 (N7 )=SXF

Y7 (N?)aSYF

N77=0

CALL LOAD RATIO(F,SX,SY,DF ,N7,N77)
IFEN77.EQ.1)B60 TO J19

60 TO 400

D0 320 I=1,N7

X7 {1)=X7(1) /FACT

Y241)=Y2{ 1) /FACT

CONTINUE

CALL GRASYN(X?,Y7 ,N7,K,0)

IF (N.EQ.4)60 TO 103

DDD=YL+50.+5 . #K

CALL NOVTO2(55.,DDD)

CALL SYMBOL(CK)

B0 TO4131,132) ,KIND

CALL CHAHOL( LAYER #.”)

CALL CHAINT(K,2)

CALL CHAHOL{” ANGLE=  #.7)

CALL CHAFIX{THET,4,2)

50 T0 103

CALL CHAHOL(’ LAYER #.°)

CALL CHAINT(K,2)

K1=K+1

CALL CHAHOL(“ AND #.°)

CALL CHAINT(K1,2)

CALL CHAHOL(® ANGLE=+/-#,")

CALL CHAFIX{THET,4,2) :
FORMAT{1X,F6.4,2X,8(1PE10.2))
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FORMAT(1X,2(F6.4,2X),4(1PE10.2))
RETURN
END

SUBROUTINE LOAD RATIO(F,SX,SY,DF ,N7,N77)

- e v

DINENSION F(3)
IF(N7.EQ.40)G0 TO 307
IF(8X)311,317,312
IF(8Y}313,313,314
F{1)=8X+DF
F{2)=5Y-DF

RETURN

F(1)=5X-DF
F{2)=5Y-DF

RETURN
IF(5Y)315,318,314
F{1)=5X+DF
F{2)=8Y+DF

RETURN

F{1)=8X-DF
F{2)=5Y+DF

RETURN
IF(5Y)3153,315,314
IF (N7~1)316,314,307
N77=1

RETURN

END

FUNCTION HILL(51,52,512,X,Y,8)

HILL=S1#(81-8§2)/Xuw#24 (82/Y)#22+(512/5)##2
RETURN
END

FUNCTION A2ZI(ALF,BET,X,Y,S)

AZZ13(1,~ALF )/X4%24+ (ALF /Y ) ##24 (BET/G ) #%2
IF(AZZ1.LE.0.0)G0 TO 1
AZZ1=1./(SGRT(AZZ1))

60 T0 3

WRITE(2,2)

FORNAT (5X,20HNO SGRT FOR NEGATIVE)
RETURN

END
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SUBROUTINE HOFFNANCF 11,F22,F46,FFT,FF2,ALF ,BET,STR,S1F)

v e FE Y Yo o i e e e e e e e ey

A=F 1101 . ~ALF ) tF222ALF #4 24F 444BE T#42
B=FF 13F 11+ALF4FF 2#F22

D=B4R+4 .24

IF(D.LT.0.0)G0 TO 3

E=-B/2./4

F=8QRT{D}/2./4

IF(STR.LT.0.0)G0 TO 1

GO 10 2

SiF=E-F

GO 109

81F=E+F

GO TO 5

WRITE(2,4)

FORMAT(5X,20HNO SGRT FOR NEGATIVE)
RETURMN

END

FUNCTION HOFF(F11,F22,F66,FF1,FF2,81,52,53)

= 2 -

HOFF=F 114518 (S1-82) +F 2295292 24F 44+ 53+ 24FF 19F 1155 14FF 29F 22352
RETURN
END

SUBROUTINE WU(F1,F2,F5,F11,F22,F4é,F12,ALF,BET,STR,S1F)

A=F 1 14ALF AR 24F 2242 , $ALF#F 124 BE T 24F 44
B=F 14ALF#F 2+BE T#F6

D=BAB+4 . A

IF(D.LT.0.0)60 T0 3

E=-B/2./A

F=SORT(D)/2./A

IF(STR.LT.0.0)60 T0 1

GO T0 2

§1FaE-F

G0 TO 5§

S1F=E+F

60 TO 5

URITE(2,4)

FORNAT(5X,20HND SORT FOR NEGATIVE)
RETURN

END

FUNCTION WUTSAI(F1,F2,Fé,F11,F22,Fb6,F12,81,52,53)

-

WUTSAI=F 1381 +F 248 24F 43S3+F 1155 1424F 2208254242 , 4F 12451452
*+F 44353852

RETURN

END
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SUBROUTINE PUPPO{ALF ,BET,GANA,H,G,X,Y,S,51F)
X2=X#%2

Y2=Y442

§22G4%2

BET2=BET##2

1F (GAMA.GT.1.0)G0 TO 1

S1F 1=1./X24GANA#ALF * (ALF~1.) /Y2+BET2/82
IF{S1F1.LE.0.0)60 1O 2
$1F1=1./S0RT(SIF1)

S1F2=BANA® (1,~ALF ) /X2+ALF#42/Y24BET2/52
IF (81F2.LE.0.0)60 T0 2
S1F2=1./SORT{(S1F2)

S1F=51F1

IF(S1F2.LT.S1F1)61F=51F2

60 T0 4

A=3./BANA+4.
F=1./10,8({-A+SORT{ARA+240./GANA))
He1.-0.54F
G=SORT(GANA/ 12, )% (3. 24F/ (F-4.)+1 . )}4F
B=1./X24ALF#32/Y24BET2/52-2 , #H+ALF /X/Y
32, #BHBET/S# (1. /X+ALE/Y)

S1F1aB-C

IF(51F1.LE.0.0)60 TO 2
§1F1=1./80RT(S1F1)

S1F2=B+C

IF(S1F2.LE.0.0)60 TO 2
§1F2=1,/50RT(81F2)

S1F=S1F1

IF(§1F2.LT.81F1)81F=61F2

G0 TO 4

WRITE(2,3)

FORMAT (5% ,20HNO SGRT FOR NEGATIVE)
RETURN

END

SUBROUTINE EVENSEN(GANA,H,6,5X,SY,5XY,X,Y,5,FACTRT,FACTR2)

IF (GAMA.GT.1.0)60 TO 1

FACTR1=(SX/X )##x2+0ANA# (~SX#GY/Y##2+ (SY/Y )42 )+ (BXY/E )42
FACTR2=GAMA® ¢ (SX/X) #42~SXREY/X¥42 )+ (SY/Y }#42+(GXY /8 ) #42
Ge TO 2

A= {SX/X)ha2+(GY/Y )42+ (EXY/G)#42-2 , #HAGK2GY/X/Y

B=2. 4G4 (GXY/5)+(SX/X+8Y/Y)

FACTR1=A-B

FACTR2=A+B

RETURN

END
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SUBROUTINE AXES

- CONNON/BLOTKS/SXNAX, BXNTN, BYMAX; SYRTNFIP, XL, YL ; NX; NY ;M5 60 DD FACT
CALL AXIPOS(1,50.,50.,XL,1)

CALL AXIPOS¢1,50.,50.,YL,2)

CALL AXISCA(3,NX,SXNIN,SXNAX,1)

CALL AXISCA(3,NY,SYNIN,SYNAX,2)

CALL GRID(-2,1,1)

CALL HOVT02(70.,40.)

CALL CHANOL(LANINATE LOAD PER UNIT AREA IN X-DIRECTION, SX*.*)
CALL NOYT02¢30.,70.)

CALL CHAANG(90.)

CALL CHAHOL(“LANINATE LOAD PER UNIT AREA IN Y-DIRECTION, S5Y+.°)
CALL CHAANG(O.)

CALL MOVTD2(70.,20.)

GO T0 (1,2,3,4,5,4,7 NN

CALL CHAHOL(“NAXINUM STRESS FAILURE ENVELOPE FOR#.)
50 T0 1

CALL CHAHOL (“NAXINUM STRAIN FAILURE ENVELOPE FOR#.”)
60 10 11

CALL CHAHOL (“HILL-TSAI FAILURE ENVELOPE FOR®.)

50 T0 10

CALL CHAHOL(“HOFFNAN FAILURE ENVELOPE FOR®.”)

60 T0 10

CALL CHAHGL(~TSAI-WU FAILURE ENVELOPE FOR#.”)

G0 TO 10

CALL CHAHOL {“PUPPO-EVENSEN FAILURE ENVELOPE FOR#.")
60 T0 10

CALL CHAHOL(“MODIFIED MAXINUM STRAIN ENVELOPE FOR#.”)
60 T0 10

Y4=YL+65,

Y5=YL+40.

Y6=YL455,

CALL NOVTO2455.,Y4)

CALL SYMBOL (1)

CALL CHAHOL(” LONGITUDINAL TENSION "

CALL SYNBOL(A4)

CALL CHAHOL(” LONGITUDINAL COMPRESSION*.”)

CALL NOVTO2(55.,Y5)

CALL SYMBOL(2)

CALL CHAHOL(® TRANSVERSE TENSION %.7)

CALL SYMBOL(S)

CALL CHAHOL(® TRANSVERSE COMPRESSION#.”)

CALL NOVTO2(55.,Y4)

CALL SYMBOL(3)

CALL CHAHOL{” POSITIVE SHEAR £.")

CALL SYMBOL(4)

CALL CHAHOL(® NEGATIVE SHEAR®,")

RETURN

END
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SUBROUTINE NONLINEAR(NC?,X0,YO0,XH,P,C)
[: ______ - [ —
DIMENSION X(30),Y{30),U(30),P(10),UK{30),URK{4,10),C(10}
READ(1,1)NP,NC
READ{1,2) (X(1),1=1,NP)
READ(1,2)(Y(1),I=1,NP)
NCI=NC+3
NC7=NC+7
IF(NC.EQ.1)60 TO 10
READ(1,2)(P(I),I=5,NC3)
10 CONTINUE
X0=X{1)
Y0=Y(1)
XM=X{NP)
D0 11 I=1,NP
X(D=X(11-X0
Y(D=Y{1)-Y0
W(I)=1,
1t CONTINUE
IFAIL=0
CALL EO2BAF (NP,NC7,X,Y,U,P,UK,URK,C,55,IFAIL)
FORMAT(210)
2 FORMAT (10F0.0)
RETURN
END

-

SUBROUTINE MAXIMUM VALUE(N,STR
c [ —— s e

COMMON/BLOCK?/8PC(3,10)}

DINENSION STR{3)

b0 1 I=1,3

STR(1)=Q.

1 CONTINUE

20 3 1=1,3

D0 2 J=1,N
F=ABS (SPC(1,J) )-ABS(STR(I))
IF(F)4,4,5
STR¢I)=8PC(1,J)
CONTINUE
CONTINUE
CONTINUE
RETURN

END

[ RN g d ]

FINISH



- 304 -

C.6 SAMPLE INPUT

1 2 0 0 0 0 0 0 0 0 39.626e-3 .0000

11 1 1 11

1 J7284E-3 70, g g

. -3 =-70.

‘GLﬁggﬁzgﬂxv 41.88E9 13.08BE9 5.344E? .1774
1232.E4 748.E4 28.5E4 101.Eé 47.E6

2,94E-2 1.79E~2 ,27%E-2 1.5E-2 4.04E-2

o'
33.34E6 111,266 835.E4 DH10.E4 130.E6 135.Eé

100.E6 -50.Eé 0. 20.E6 -10.E6 0.

C.7 SAMPLE OUTPUT

EEE IS S TP PP
LAMINATE PROPERTIES:
EX= 1.28E 10 EY= 3,37E 10 NUXY= 0.150 NUYX= 0.397 GXY=

LANINATE STRESSES: 1.0000E 07 -5.0000E 04 0.0000E 00
LANINATE STRAINS @1 8.4202E-04 -2,4597E-04 -4,8244E-07

LAYER NO. 1

8.39E 09

STRESS -4.24E Q6 9.11E 04 3.82E 04S5TRAIN -1.40E-04 7.14E-04 7.15E-04

LAYER ND. 2

STRESS -4.23E 06 9.11E 06 -3.B2E 04STRAIN -1.40E-04 7.14E-04 -7.14E-04

STRENGTH CALCULATIONS:

NN EETE RIS

FAILURE BY MAXINUM STRESS CRITERION:

S S A S i T W PR S G U S O R S e 44 i Mk P M S o (M D B D S B B

LAYER NO. 1

LAYER FAILS AT LOAD: 3.13E 07 -1.58E 07 0.00E 00 AS 522 REACHES NAX.

LAYER NO. 2

LAYER 2 185 SIMILAR TO LAYER 1 (ANGLE PLY)
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FATILURE BY MAXINUM STRAIN CRITERION:

i ek B B s 4 Ml S b S B L A S S0 B LA A M M M S G Al S i S

LAYER NO. 1

LAYER FAILS AT LOAD: 3.835E 07 -1.93E 07 0.00E 00 AS E22 REACHES MAX.

LAYER ND. 2

LAYER 2 15 SIMILAR TO LAYER 1 (ANGLE PLY}

LAYER NO. 1

FACTOR  ###3ausLAVER STRESSES##wasas  #ubansasEXTERNAL LOAD#+awkt
1,0003  -1.19E 07 2.76E 07 -1.15€ 07 3.03E 07 -1.52E 07 0.00E 00

LAYER NO. 2

LAYER 2 15 SINILAR TO LAYER 1 (ANGLE PLY)

FAILURE BY HOFFMAN CRITERION:

LAYER NO. 1
FACTOR sk bdLAYER STRESSES#:tkkkckr  ckkbkkdsdEXTERNAL LOAD®:S 005
0.9978  ~2.09€ 07 4.84F ¢7 -2,01E 07 5.31E 07 -2.45E 07 0.00E 00

LAYER NOD. 2

S AR IO RARAREND

LAYER 2 IS SINILAR TO LAYER 1 (ANGLE PLY)

FATLURE BY TSAI-WU CRITERION, WITH F12= Q.00E 00 :

b I P . b P T TR T T PRY THR PR T T T P T e P ok ol b b e

LAYER NO. 1

FACTOR sxdarrsLAYER STRESSES##sa4:k+  vbrebkdEXTERNAL LOAD##s24%
0.9994  ~1.17€ 07 2.21E 07 -1,12E 07 2.97E 07 -1.48E 07 C¢.00E {0

LAYER NO. 2

LAYER 2 IS5 SINILAR TO LAYER 1 (ANGLE PLY)

FAILURE BY PUPPO-EVENSEN CRITERION:

FACTOR1 FACTOR2 GANA sk EXTERNAL LOADS b5 50048
1.0000 0.5783 9.89E-01 1.44E 08 -8.20E 07 0.00E 00
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APPENDIX D

" DESIGN OF TEST SPECIMENS

D.1 INTRODUCTION

In this appendix the computer program which was developed to
design the test specimens is described. The mathematical
foundations for the program are those of Sec. 2.4 where the
analysis of laminated composite cylinders of finite length
is presented. Some equations in Sec. 2.4 are given there
without details. Therefore, before describing the computer
program, some mathematical details will be given here using
same notation, ‘

D.2 MATHEMATICAL DETAILS OF SEC. 2.4

The general solution for the displacement w® is, from
equations (2.4.25), (2.4.26) and (2.4.35)

wo = eaX(Cl cos Bx + C, sin Bx) + e ¥ (C3 cos BX
+ CH sin Bx) + P + r Kl + 8 K2 (D.2.1)
o) w° and w° are
From this equation the derivitives w,x’ ~,xx S XXX

w?x = %% [(acl + BCE) cos Bx + (ac2 - Bcl) sin Bx ] +

e 0% [(—ac + Bcu) cos RB¥X - (“Cq + 803) sin Bx]

3

(D.2.2)
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wfxx = %X [{a(acl + BC,) + B(a02 - BCl)} cos Bx +

{a(aC, - B8Cy) - s(dcl + BC,)} sin gx ] +

e-ax [;{G(‘ aC_ + BCM) + B(aCu + BCB)} cos Bx +

3

H{afac, + 303) - B(—ac3 + BCy) sin sx]

(D.2.3)

W?XXX = ¥ [{ae(acl + BC,) + 2aB(a02 - BCl) - 82(u01 + BCE)} cos RX +

1a®(aC, - BCy) - 2aB(aC; + BC,) - 8°(aC, - BC )} sin Bx]+

e"“x[{uE(—ac3 + BCy) + 2aB(aCy + BC5) - 62(—a03 + BC,)}cospx +

{-az(acu + 803) + 20B8(-aC, + BCM) + f32(0tCLl + BCB)}SiH BXJ

3
(D.2.4)
From equation (D.2,1)
Swldx = —§-l~—§ [%ax{(acl - BCZ) cos Bx + (BCl + acg) sin Bx} +
o” + B
e_ax{-—(uc3 +.BCH) cos Bx + (BC3 - &CM) sin BX}} +
Px +r Kl X + 8 K2 X (D.2.5)

Then, from equation (2.4.21)
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N 52 [eax-{(acl - BCZ) cos Bx + (BCl + aCz) sin Bx} +

e_ax{—-(ac3 + BCM) cos Bx + (BC3 - “CM) sin Bx}] +

(af + 4) [eax{(acl + 802) cos Ax + (u02 - BCl) sin Bx} +

(ae

e-ax{(-uc + BCH) s R¥x - (aC4 + 803) sin Bx}] +

3

+ b)Px + (ae + bir + 1 le + (ae + b)s K2x + K3

(D,2.6)
and from equation (2.4.22)
v = & eux{(ac - BC.) cos Bx + (BC, + aC,) sin Bx} +
a2 N BZ 1 2 1 2

f[}ax{(acl + 802) cos Bx + (aC

=ax
e

e P

e_ax{—(aC3 + BCM) cos Rx + (BC3 - acu) sin Bx}] +

5 = BCl) sin Bx} +

{(-0C, + Bcu) cos Bx - (or.CL1 + BCB) sin BX}] +

3

x +er K, x+ {(es + 1)K

1 X+ K4

2
(D.2.7)

From equations (2.4.2), (2.4.3) and (2.4.7)

"1 o] O

1 o 1 - -
PR Bt D) W T Py Y

tE D13) V,x

uy + (B13

(D.2.8)
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when uoX and‘voX are substituted from equations (2.4.21) and
3
(2.4.22) the féllowing equation 1s obtained

_ o r WO . L
MX -t w + t w,XX + Bll Kl + (B + D

(D.2.9)
then from equations (D.2.1) and (D.2.3)
. -0ax .
cos Bx + C2 sin Bx) + e (C3 cos PBx + CM sin Bx)] +

M= t[e“X (Cy

t1e® [{alac, + BC,) + B(aC, - BC;)} cos Bx +
{alaC, +6Cy) - B(aCy + BC,) sin Bx ]+

1 QX
gre”® [-{a(-uc + BCy) + B(aCy + BCB)} cos Bx +

3

‘{a(acu + BCB) - B(-dC3 + BCM)} sin Bx:]+

tP + (tr + Bll) Kl + (ts + B13 t = DlB) K2
{(D.2.10)
Since Qx = Mx,x’ then
_ o} 0
Qx =t w,x + t! w,xxx (D.2.11)

or, from equations (D.2.2) and (D.2.4)



- 310 -

QX =t [eux{(dcl'+ BC?) cos Bx + (dC2 - Bcl) sin Bx} +

e_ax{(—cxc3 + BCM) cos Bx -~ (chu + BCB) sin Bx}] +
£ eaX[}de(aCl + 802) + 2&8(&02 - BCl) - Bg(aCl + BC2)}cos Bx +
2 : 2 .
{a“(aC, - BC;) - 2aB(aC, + BC,) - B (aC, = 8Cy)}sin 6x]+

60 ™% [{a?(~a0, + 8C,) + 208(aC, + 8C5) - B%(-aCy + B0y)}cos Bx+

5 3

‘{'GE(QCM + BCB) + 2aR(=-aC., + BCM) + Bg(acu + BCB)} sin Bx]

3

(D.2.12)

For N_ the following equation is obtained in a similar way
equatfon (D.2.3) was obtained :

Ny = Ay Wy + (Ayg 7 Big) v, + (g Ay - iﬁ Bip) W - By fox
(D.2.13)
or
N, = [All(ae + b)) + e(A13 + % BlB) + (% Ays é% Blg)J w® +
[All(af $ Q)+ T(Ayg + F By - By [ WO,
Ayp Ko o+ (A + % B 5K, (D.2.14)

when a, b, e, d and f are substituted from equations (2.4.17)
and (2.4.19) the following equation obtained :
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) | 1
NX = All Kl + (A13‘+ g BlB) K2 (D.2.15)
Similarly
1 _ 1 2 1
Xy t 5 Mxy = <A31 R BBl)Kl + (A33 g B33 + E§ D33)
(D.2.16)

When the above equations are rearranged equations (2.4.47)
to (2.4.54) are obtained.

The matrix equation (2.4.45) takes then the shape shown in
Fig. (D.2.1).

D.3 THE COMPUTER PROGRAM

The computer program has been written in FORTRAN programming

language and consists of a master segmant and five subroutines.

The master segmant controls the subroutines while all the
calculations are done by the subroutines which are

a) Subroutine LAMINATION: this subroutine deals with the
lamination theory to obtaln the matrices A, B and D, and
then calculates some parameters which are derived from
these matrices.

b) Subroutine TRANSFORMATION: this subroutine finds the
transformation matrices which transform the properties
of the composite material from the principal axes to the
loading axes.

¢) Subroutine COEFFICIENTS: this subroutine sefs up the
matrix equation (2.4.45) and then finds the solution
(2.4.46),

d) Subroutine DEFLECTIONS: this finds the displacements
u®, vO and wC.

e) Subroutine FUNCTIONS: this ecalculates the distribution
of bending moments, shearing forces, stresses and strains
along the specimen.
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f) Supporting subroutines: the following standard subroutines
are used in the program

FMOVE: shifts a matrix into ancther matrix.
FO1lAAF: finds the inverse of a matrix.
FO1CKF: finds the multiplication of two matrices.

FOYAEF: finds the solution of a matrix equation.
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D.4 THE PROGRAM LISTING:

- g N30

13

1

13

16
11

LIBRARY (BUDGROWPNAGF )
PROGRAN(STIF)

CONPRESS INTESER AND LOBICAL
INPUT 1sCRE

QUTPUT 2sLP8

END

MAGTER CYLINDRICAL SHELL ANALYSIS
COHHONIILOCKJIELt3),ET(3),PLT(3),GLT(3)
+/BLOCK2/NE,R,AL(4) ,HF (&) ,AN(3,3,4),BB(3,3,8),DB(3,3,8),F2(6),
sF1(8) ,AEB(S) , AFB(&),R1(4),54(6),83(4),T30(8),AF(6),
SBT(5),ABNCS) ,ABPCA) ,AB(4) ,A3D(4),BIACS) ,PE), ANX, ANXY, ICOND
+/BLOCKA/A(3,3),B(3,3),D(3,3) ,UK(3)
«/BLOCKS/QKIN(3,3),QK0T{3,3),HN, IFUN, ISTRN, ISTRE, FFUN2
*,0KR(3,3,6),ZR(6),NR(4)

DIMEMSION C(44,46) ,CFI(46,48),RHE(46,1),C0F (46) ,URK(46),CFT(44,44)

+, ENDS(4,5)
FORMATS:

FORNAT(210,4F8.8,515)

FORNAT(AFS.8)

FORMAT (1X,4¢1PE12.4))

FORNAT(* ANALYSIS OF COMPOSITE CYLINDER WITK R= /,

*F7.3,” DIVIDED INTO /,12,” ELEMENTS‘/’ LDADED BYs P=‘,1PE9.2,
o, NX=’,1PE9.2,7, NXY=’,1PE9.2,” ,UITH END CONDITIONS:”)
FORMAT(//5K, 7 X", 9%, ¥’ , 9%, NY*, BX, “HX* , BX, “NY* BX, “NXY*,7X, ‘0X")
FORMAT (35X, “X”,6X,”~=~0UTER SURFACE STRAINS----/,2X,
#7---INNER SURFACE STRAINS----/)

FORNAT (5X, X" ,4X,’---OUTER BURFACE STRESSES---/,2X,
#/-~-IMNER SURFACE STRESSES---*)

FORNAT(SX,’X’,éX,’~-~NIBDLE SURFACE STRAIN---*,2X,
8/--—-CHANGES OF CURVATURE----7)

FORMAT (18AR)

FORMAT(// ELENENT/,12// =vwemn-n- )

READC1,1)NN,NE R, PR, ANX, ANXY, NP, ICOND, IFUN, ISTRN, ISTRS, IFUN2
READ(1,2) (ELCI},ETCI),GLTCI),PLTCT), I=1,NN)

BATA ENBS(1,1)/° FREE ENDS

DATA ENDS(1,2)/° CLANPED ENDS-NO DISPLACENENTS

DATA ENDE(1,3)/° CLANPED ENDS-AXIAL DISPLACENENTS ONLY

DATA ENDBS(1,4)/” CLAWPED ENDB-HOOP DISPLACENENTS ONLY

DATA ENDS(1,5)/° CLANPED ENDS-AXIAL AND HOOP DISPLACENENTS
DO 5 K=1,NP
P(K)=PR
CONTINUE

CALL LANINATION
LuBeNE-2

“
/7
“/
‘/
)
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CALL COEFFICIENTS(L,C,CFI,RHS,COF ,URK,CFT)
URITE(2,18)R, NE,PR,ANX ,ARXY
WRITE(2,16)(ENDS(I,ICOND),I=1,4)
IF(IFUN.EQ.1)URITE(2,12)
IF(IFUN2.EQ. 1 JURITE(2,15)
IFCISTRN.EQ.1)URITE(2,13)
IF(ISTRE.EQ.1)URITE(2,14)

ALL=#.

PO 20 Nst,NE

A=NE+1~N

K=L-Be(N-1)

URITE(2,11)M

J=é

X=$,

DX=AL(N) /NF(N)

X0=X+ALL

IF{N.EQ.1)80 TO 21

60 TO 22

CALL DEFLECTIONS(M,$.,8.,COF (K-3),COF (K-4),COF (K-3)},COF (K-2),
*COF(K=13,CO0F (K}, X, X0)

50 7O 23

CALL DEFLECTIONS(M,COF(K~?),L0F(K-6),COF (K-%5),COF(K-4),COF(K-3)
#,COF(K-2),C0F(K-1),COF(X), X, X0)
Ju i

IF(J-NF(K))25,25,24

XaX+PX

60 TO 24

CONTINUE

ALL=ALL+AL(N)

CONTINUE

STOP 0K

END

SUDROUTINE LANINATION

CONNON/BLOCKT/T(3,3),TT(4,4) /BLOCKI/EL(3),ET(3),PLT(3),6LTL3)
#/BLOCK2/NE R, AL(8) , NF (6),AN(3,3,6),08(3,3,8),0D(3,3,8),F2(6),
SF106) ,AER(4) ,AFDLS),R1(8),64(4),83(6),T3(4),AF(4),
sBT(4),ABN(S) ,ABP(4),ABCS) ,AZB(4) ,B3A4),P(&),ANX , ANKY , ICOND
+/BLOCKA/AC3,3),B(3,3),B(3,3),WK(3)
#/BLOCKS/QKIN(3,3),QK0T(3,3),HB, IFUN, ISTRN, ISTRS, IFUN2
s, BKR(3,3,6),ZR(6),NR(4)

- DIMENSION C(4,1),CK(3,3,8),8K(3,3,8),L(8),TL(8),THETA(8),

sTRET(8),TK(3,3,8),TTC(4,1),0K(3,3,8),2(21),22(21),21(28),
*23¢21),HE(28) KL (28, T1{3,3),NS(8) ,KIND(B)

“'."

DO 28 N=1,NE

NR(N) =g

READ(Y, 1)NL, AL (), NF(K)

FORNAT(IS,F0.8,10)

READ(1,3) (LK), TLAK), THET (K, NS(K) ,KIND(K) ,K=1,NL)
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FORNAT(IS,2F0.8,218) ~~ — ————

PIak, sATAN(E,)
IF(N.EQ.1)LAYER=AL

DO 12 K=i,NL

THETA(K) =PI¢THET(K) /188,

LK=L (K}

§KC1,1,K) =t ZELCLK)
8K(2,2,K)=1./ET(LK)
8K(3,3,K)=1./6LT(LK)
BK(1,2,K),8K(2,1,K)e-PLT(LK)/EL (LK)
CALL FNOVE(SK(1,1,K),T,9)
IFAIL=S

CALL F1ANF(T,3,3,T1,3,UK,IFAIL)
CALL FROVE(TI,CK(1,1,K),9)
CO1,1)=CK(1,1,K)

€2, 1)8CK(1,2,K)
C(3,1)5CK(2,2,K)
C(4,1)2CK(3,3,K)
AN=COS(THETA(K))
AN=SIN(THETA(K))

CALL TRANSFORNATIONCAN,AN)

CALL FNOVECT,TK(1,1,K),9)
IFAIL=#

CaLL FRICKF(TIC,TT,C,é,1,4,0K,3,1,1FAIL)
@K(1,1,K)=ITC(1,1)
QK(1,2,K},0K(2,1,K)=TTC(2,1)
OK(1,3,K),@K(3,1,K)=TTC(3, 1)
@K(2,2,K)=TTC(4,1)

0K(2,3,K) ,0K(3,2,K}=TTC(5,1)
@K(3,3,K)=TTC(4,1)

CONTINUE

IF(N.NE.1)6GQ TO 5

B0 99 I=1,3

10 99 Je1,3

AKINCT, ) =0K(T,J,1)

9KeT(1,J)=@K(I,J,NL)
CONTINUE

DO 2 K=1,NL
HB=HB+TL(K)

CONTINUE

HB=HB/2.

2¢1)=~HB

12(1)=1(1) 982
Z3(1)=Z(1)443

CONTINUE

IF (LAYER.EG.NL)GO T0 &
NR(N)=1

20 7 Is1,3

D0 7 J=1,3
QKR(I,J,N)=EK(1,J,NL)
CONTEMUE
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4 CONT INUE
KKs2
DO 15 K1, ML
HNEKK+NS(K) -1
TLLSTL(K) /NS (K)
DO 46 Ne=KN NN
2N =Z{N~1)+TLL

I2(H)=Z(N)}en2

I3(N)=Z(N)m3
A4 CONTINVE

KK=KK+N5 (K)
13 CONTINGE

B0 14 K=1,MM-1
21K =(ZIK+1)+ZCK) ) /2.
N8 (K)=Z2(K+1)-Z2(K)
HCLK)®Z3(K+1)-Z3(K)
16 CONTINUE
ZR(NI=Z1(K)
D0 18 11,3
10 18 J=1,3
NN=#
=g
LL=#
AT, J) 8.
B(I, =4,
DI, J)n8,
DO 19 Kei,NL
ACT, J)=ACT, J)+QKCT, d, KD #TL(K?
KKK=KIND(K)
60 TO(121,122),KKK
121 NNs#H+1
NN
60 TO 123
122 IF(LL.EQ.2)60 TO 126
LLaLL+1
NN=NN+1
60 T0 127
126 LL=y
NN+
127 NMeNN+2#N8(K) =2
123 DO 124 N=MN,HH,2
B(1,0)=BC1,J)4GK(T, J,K) SHE (H)
D(1,J)=B{T,d)4QK(T,J,K)sHCCN)
124 CONTIMUE
19 CONTINUE
B(I, D) =BUI, 00/ 2.
DI, J)eB(I, ) /3.
18 CONTINUE
CALL FNOVE(A,AACT,1,N),9)
CALL FHOVE(B,BB(1,1,M),9)
CALL FHOVE(D,DD(1,1,N),9)
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R2=RsR

RI=R2+R

Als-(ACT,3)+B(1,3)/R}/A(1,1)

Bla-CACT,2)/R-B(1,2}/R2I/7AC1, 1)

D1=B{1,137801,1)
CONS=A(3,3)42.4B(3,3)/R+B(3,3)/R2-(A(3, 1 )4B(3,1)/R)*

: (AC1,3)4BCT,3)/R)/ACT, 1)
F2(M)==(A(3,2)/R-B(3,2)/R3-(A(3,1)4B{3,1)/R)*(A(1,2) /R~

H B(1,2)/R2)/A(1,1))/CONS
FIOD=a—(RO1,1)#(A(3,1)#B(3, 1) /R)/A01,1)-(B{3,1)+D(3,1}/R))/CONS
AER(N)=ATSF2(N)+B1t

AFD{N)=AT1*F1(N)+D1
GU=D(1,1)-BC1,1)%AFD(N)-FI(N}=(B(1,3)+B(1,3)/R)

Hi=AC2, 1) sAFDCN) /R+FL(N) 0 (AC2,3)/R+B(2, D/RD)-F2(N)%(B{1,3)+
H DU1,3)/R)-B(1, 1) AEB(N)-(B(1,2)/R+B(2,1)/R-D(1,2)/R2)
D1sAC2, 1)*AEB(N) /R+F2(N)*(A(2,3) /R+B(2,3)/R2)+(A(2,2)/R2-B(2,2)/
H RY)

RI(N)=-A(2,1)/R/M1

SA(N)=(B(2,3)/R2+A¢2,3)/R)/M

B3(N)=BCI 1) SAER(N)+F2{N)w{B{t,3)4D(1,3)/R)+{B{1,2)/R-D(1,2)/R2)
TI(N) =BT, 1)AFDINI+F1 (NS {B(1,3)4D0¢1, D /RI-D(1, 1)
GANA=-H1/(2.%81)

ALANDA=SQRT(ADS(H1s02~4,261801))/(2,.95G1)
1GL=BRRT(GANA»*2+ALANDAYS2)

TAB=SART(Z6L)

TGL=ATAN2 (ALANDA,GANR)

TAB=TGL/2.

AF(N)=ZAB*COS(TAB)

BT(N)sZABSSIN(TAB)

ABN(N)=AF (N)»22-BT(N)#»2

ABP(N)=AF (N} os2+4BT(N)#%2

AB(N)=2.sAF (N)*BT(N)

AJBCN)SAF (N)en]-3 #AF (H)SBT{N)s22
BIACN)=BT(N) #2233 sAF (N)#s23BT (M)

P(H)I=P(N)/Q1Y

CONTINUE

RETURN

END

SUBROUTINE TRANSFORNATION(AN,AN)
CONMON/BLOCK1/T(3,3),TT(é,4)
20 1 11,3

BO 1 Js1,3

T, )=

B0 2 I=1,

DO 2 J=1,4

T, =6,

AN2=ANI#2

AN2=AN®#2

ANZ=AN#+3
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ANI=ANSET
ANA=ANZ*%2
ANA=ANZ2#$2
ANAN=ANTAN
ANAN2=Z . 2 AMAN
ANZAN2=AN2*AN2
ANAN22=AN2-AN2
T(1,1),142,2)=AM2
7(1,2),T(2,1)*AN2
T(1,3)=-ANAN2
T(2,3)=ANAN2
T(3, 1 y=ANAN
T(3,2)5-ANAN
T(3,3)2ANAN22
TT(1,1),TT(4,3)2ANA
TT(1,2),TT(4,2)52. $AN2AN2
TTC1,3), TT(4,1)=ANA
TTO1,4), TT{4,4)n4. sAN2AN2
TT42,1),T1(2,3),TT(6,1),TT(5,3)=AN2AN2
TT(2,2) sANA+ANA
TT(2,4)=-TTC1,4)
TT(3,1)5-AN3*AN
TT(3,2)=ANANSANANZ2
TT(3,3)ANeANS
TT3,4)%2.8TF(3,2)
T1(8,1)5-T1(3,3)
17(5,2)=-TT(3,2)
TT(5,33"TT (3" )
TT(S,4)=-TT(3,4)
TT(6,2)-TT{1,2)
TT(5,4)5ANAN22¢82
RETURN

END

SUBROUTINE COEFFICIENTS(L,C,CFI,RHS,COF ,URK,CFT)
COMMON/BLOCK2/ME R, AL (&), NF (4} ,AR(3,3,4),BB(3,3,4),DD(3,3,4),
sF2(4),F1(6),AEB(S) AFD(4) ,R1(4),54(4),83(4),TI(),AF(4),
SBT(4),ABK(S) ,ABP (&), AB(4),A3B(4) ,D3A(4),P(4),ANX, ANXY, ICOND
DINENSION C(L,L),CFI{L,L),RHE(L,1),C0F(L,1),URK(L},CFT(L,L)
DO 1 Ist,L

DO 1 Jei,L

C(I, )8,

DO 2 N=1,NE

IF(N.EQ.NE)GO T0 3

BL=BT(N+1)sAL(N+1)

FLEAF (N+1) #AL (N 1)

£8=COS(BL)

SN=SIN(BL)

XP=EXP(FL)

XN=EXP(~FL)
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E1=AF (N+1)0CS-BT(N+1 )80
E2=BT(N+1)eCB+AF (N+1) oSN
E3=AF (N+1)eCS+BT(N+1 o8N
E4zBT{N+1)aCS-AF(N+1) ¢S
ES=ABMIN+1)8CS-AB(N+1 )#8N
E&nAB(N+1)oCS+ABN(N+] ) 28N
EZ=ABN(N+1 )#CE+AB(N+1 08N
EB=AB(N+1 ) eCE-ABMIN+1)#8N
IF(N.EQ.1)60 TO 3

B0 T0 4

COSS=CaS(BT(X)»AL(N))
SINN=SINCBT(N)sAL(N))
EXEXP(-AF (M) #AL(N))

ACOS=AF (N)eL08S
ASINSAF(N)9SINN
BCOS=BT(N)*COSS
PSIN=BT(N)»SINN
CC1,1)=EX*(AEB(N)/ABP (N)# (-ACOS+BSIN) ~AFD(N)»{ACOS+BSIN))
C41,2)=EX®(=AEBC(N) /ABP (N) 2 (BCOS+ASIN) +AFD(N)=(BCOS-ASIN))
COL,3)=(AEB(NI*RT(N)+1,.)®AL(N)
COt,4)=AEB(M)#SA(N)sALCN)
Ci1,5)1,

C(1,8)nd,
RHS(1,1)=-AEB(N)*AL(N)*P(N)
C42,1)=EX®(F2(N}/ABP(N)*(-ACOS+BSIN)-F1(N}+(ACOS+BEIN))
CC(2,2)sEXe(~F2(N)/ABP{N) &« (BCOS+ASIN)+F1(N)*(BCOS-ABIN))
C(2,3)=F2(N)SRI(N)*AL(N)
Ce2,4 =(F2(NIS4(NI+1,)%AL(N}
£(2,5)=8.

C(2,8)=1,
RHG{2,1)=-F2{(N)*AL(N)*P (N)
K=8+N-J

Ksf-4

IF(N.EQ.NE)GO TO 21
IF(N.EG.1)60 TO 31

Cin,K)sl,

CiN,K+1)=8,

C(N,K+2)=1,

C(H,K+3)=4,

CON,K+4)=R1(N)

CN, K+5)=84(N}

C(N,K+4)=8.

C(N,K+7)8,

C(N,K+8)=~XPeCS
COM,K+7)s-XP*SN
C(M,Ke18)=-XN»(S
C(M,K+11)=~XN=SN

C(N, K+12)=-R1(N#1}
C(N,K+13)=-84(N+1)
C{N,K+14)58,

CiN,K+155)=8,
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RHS (M, 1)=PCH41)-P(N)

IF(N.EQ.1)60 TO 32

CON+1,K)=AF (H)

CONe1,KeT)oBT(N)

CONE1,K42) =~ AF (N)

CON1,Ke3)=DT(N)

CONe1,KH4)n8,

CiNtE,KeS)mg,

C(N+Y Ke4) =8,

CiNet Ke7)nd,

CONet K4B) u-XPRET

C(N+1,Ke¥) =-XP4E2

CONe1, K+ 18I 2XURED

CUNH1,Ket1)meXUREA

CiNe1 Ke12) a8,

CONe1,Ke13)ad.

ClH+1 ,KH14) 28,

CON+1, KH15)ed,

RNSCH+1,1)=8,

IF(N.EQ.1.)60 10 33
C{N+2,K)=(AEB(N)/ABP (N} +AFD(N) }2AF (N)
CON2,Ke1)n(~AEBCN) ZABP (N} +AFD(N) JoBT(N)
CAN+2,Ke2) == (AEB(N)/ABP (NI +AFD(N) J*AF (N)
CON#2,K+3)=(~AEB(N)/ABP (M) +AFD(N) ) #BT(N)
C(Ne2,Ke4) 28,

CON+2,K+5) 8,

CINe2,Keb)e1,

CINe2,Ke7)8,

CUN+2,K48)=-XP* (AEB(N+1)/ABP CM+1) SEJ+AFD(N+1)#E1)
CON+2,K+9)a=XP#(~AEB(N+1)/ABP (N+1) EA+AFD(N+1)$E2)
CON#2,Ke18)u-XNs (-AED(N+1) /ABP (N+1)$E1-AFDCN+1)$E3)
COM2, K411 )mXNS(~AEB(N+1)/ABPIN+1)SE2+AFD(N+1)$EA)
COME2,Ke12) =~ (REBCN+1)ORT(N+1141, ) 0ALINT)
CUN+2,K+13)m~AEB(N+1)8S4(N¢1)SAL(N+1)
CON+2,K+14)3-1,

CUN+2,Ke15) g,

RHE(N+2,1)=AEB(N+1)$AL (N+1)3P (N+1)

IF(N.EQ.1)60 TO 34
CCMe3,K)=(F2(N)7ABP (N)+F1 (N} }2AF (N)
CAN+3,K+1)2(-F2(N)/ABP(N)+F1(N) ) $BT(N)
COM+3,K+2)==(F2(N) ZABPCN) +F 1 (N) } 8AF (M)
CON#3,Ke3)m(=F2(NI/ABP (M) +F 1 (N) )% BT (N}
CON+3,Ke4) 8,

CONE3,K+5) =8,

CeNI3, Ke6)=H.

CUNe3,Ke7) =1,
CUN43,K4B)=-XPH(F2(N+1)/ABP(N+1} SEZ+F 1 (N+1)%E1)
CUMe3, K+2)m-XPo(-F2(W+1)/ABP(N+1)$EA+F 1 CH41)9E2)
CONP3, Ke18)a-XNo (~F2(M+1)/ABP (N+1)$E1=F1 (N+1)9ED)
CONPT, K1 1) m-XNO(~F2(N+1)/ABP(N+1)$E24F 1 (N41)4E4)
CON®3, K+12)m=-F2(N+1)R1(N+1)¥AL(H+1)

s i



335

Jé

37

- 322 -

C{N¥3,K13)5= (FTTNS TTHEATR1 )+ T, TRAL (H+1)
CONe3,K+14) 8,

CIN+3,K+15)a~1, .
RHS(H+3,1)9F2(N+1)8AL (N+1 4P (N+1)

IF(N.EG.1)80 TO 35

CONed, KInGI(NI+T(NIRABNIN)

CONtA,KP1)=TI(NI#ABCN)

CONe4,K52) =83 (N)+TI(N) sABN(N)

COMed,K+3)=-TI(N)#AB(N)

CONtA, K+A) =B (NI ORI (NI ¢BB(1,1,N)

COMea, KeSInEI(NI$EA (NI +BB(1,3,N)+0D(1,3,N) /R
COM+4,K+8) 8,

CON+4,Ke7) =8,

CiN+A, K+0)=-XP#(BI(N+1)4CE+TI(N41)9ES)

CON+A, K+9) m=XP#{B3(N+1) sBN+TI(N+1 1 0ES)

CONed, Ko 10)m-XN# (ST (N+1)0CE+TI(N+1)ET)
CON+4,K+11)=-XN#(ET(N+1)9EN-TI(N+1)EB)

CON+4, K+12)%-(SI(N+1)ORT(N+1)+BBCT,1,N¢1))

CONA, KH13)m=CEI(NH1 I eG4 (N+1)+DB(1,3,N+1)4DBD(1,3,N+1)/R)
CIN+A, K+14) 20,

CUNea,K+15)20,

RHS(H+4,1)=83(N+1)9P(N+1)-SI(NI PN

IF(N.ED.1)60 TO 34

CON+S,K)=ST(NIAF (M) +TIINI#AZBCN)
CON+S,K+1)283(XHI$BT(N)~T3(N)*BIAIN)

COMeS, K+2)=- (SN SAF (M) +TI(NI*AZB(N))

CANeS, K+3)=E3 (M) SBT(N)-TI(N)#B3AIN)

CUR+5,K+4) 29,

CN+5,K45) 28,

CONeS,Ke6) g,

CIN+S,Ke7) 8,

CON+S,K+8) a=XPo (ST (N+1 ) SE1+TI(N+1 )4 (AIBIN+1)5CE+BIAIN+1)#5N) )
CAMPS, Ke9)==XPo(ST(N+1)0E24TIINH1) € (~BIACN+1 ) xCS+ATB(N+1)35N) )
CONPS, K 18)m-XNS(-ST(N+1 )EZ+TICN+1) o (~AIB(N+1 }9CS+BIACN+1) #SH) )
COMPS, K1 1)m-XNE(EI(N41) SEA+TI(N+1)8(-B3A(N+1)$CS-AZB(N+1)98N))
C(M+S,Ke12) =8,

CON+S,K+13)=F,

CON+S, Ketd)nd,

CUN+S, K+15)n8,

RHS(H+3,1) =8,

1F(N.EQ.1)80 TO 37

CiNve,K)nb,

CiN+6, k41024,

CiN+E, KH2) 8,

CON+6,K43) =8,

CONtE, K+4)=ARCT, 1, N)

COM+6,K+SI=ARCT,3,N)+BB(1,3,K)/R

CON+E,K+6) =8,

CON+6,Ke7)n8,

CiNes,K48)0,

C(N+6,K+9) a8,
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C(Nve,Ke18)m0,

CiN+&,K¢11)=0.

CN+4,K+12)=-pA(1,1 ,N+1)

COM#&, K13 =~(AACY, 3, N+ ) ¢BB(1, 3, N+1)}/R)
CiNr6, Ketd)=f,

CiN+é6,K+15)=8,

RHS(N+4,1)=0,

IF(N.EQ.1)G0 TO 38

C{Ne7,K)=l,

C{N+7, K41 imE,

CiNe7,Ke2)=@,

C(N+7,K+3)30.
CONe7,Ke4)=AAL3,1,)+BB(3,1,NI/R
CeNe7,K+S)=AA(3,3,M)+2,5BB(3,3, M) /R+BD{3,3,N)/R/R
C(N+7 ,K+4)=8.

C(N+7,Ke7)mb,

C(N¢7,K+B) =8,

CINe7,K49) =8,

C{Ne7,K+18)=8,

Ci{N+7,K+11 )=,
CON7,K+12)m-(AA(T, 1 N+1)+BB(3,1,N#1}/R)
COM+7 ,K+13)m-(AACT, I, N*+1)+2.¢BB(J, 3, N+1)/RtDD(3,3,N+1)/R/R}
COM+7,K+14)=8,

C(N+7,K+13)»8.

RHS(N$7,1)=4.

60 10 4

IF(ICOND.ER.1)80 TO 14

60 T0 Ui

IF(N.ER.1)GD TO 351
CAL-3,L-7)=83(N)+TI(N) sADM(N)
COL-3,L-4)=TI(N)*AB(N)
COL-3,L-3)=8T (M) +TI(N)+ABNIN)
C{L-3,L-4)=-T3(N)*AB(N)
C{L-3,L~3)=BB(Y,1,N)+8T(N}*RT(N)
C(L-3,L-2)=8T(N)sS4(N)+BB(1,3,N)+DB(1,3,0)/R
CEL-3,L-1)=8,

C(L-3,L)=1.

RHS(L-3,1)=-B3(M)sF(N)

IF(N.EQ.1)80 TO 52

C(L-2,L-7)=83(N)sAF (R)+TI(N)*AJB(N)
CL-2,L-8)s8I(N)#BT(H)-TI(NI*BIA(N)
C(L-2,L-5)==(SI(N)*AF (N)+TI{N)*ATB(N) )
COL-2,L-4)=8I(N)BTI(N)-TI{N)*BIA(N)
C(L-2,L-3)=4,

C{L-2,L-2)=8,

C{L-2,L-1)=8,

C(L'Z,L"..

RHS(L-2,1i=4,

IF(N.EQ.1)80 TE 53

C(L~1,L-7)28,

CiL-1,L-4)=d.
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C{t-1,L-5)=4,

CL-1,L-4)ng.

CeL-1,L-3)=AA(1,1,1)
CL-1,L-2)%AACT,3,N)+BB(1,3,N)/R
EAL~1,L-1)=4,

€L 'L)‘.l

RHS(L-1,1)=ANX

IF(N.EQ.1)80 .TO 54

E(L,L-7)=9,

CiL,L-6)a8.

C‘L,L"ﬁ)"-

CLL,L-4)=p,
C(L,L-3)=AA(3,1,N)+43B(3,1,N) /R
C(L,L-2)=AA(3,3,M)+2,%BB(3,3,N) /R+DD(3,3,H)/R/R
CiL,k-1)=8. :
CiL,L)=6.

RHB(L,1)=0.

60 Y0 &

IF(¥.EQ.1)60 TO 35

C(L-3,L-7)=1.,

CiL-3,L-6)=0,

C(L-3,L-5)=1.

CL-3,L-4)=4,

C(L-3,L-3)=R1{N)

CiL-3,L-2)=54(N)

CiL-3,L-1)=4.

C(L-3,L)=d.

RHS(L~3,1)=-P{N)

IF(N.EQ.1)G0 TO 54

CiL~2,L~7)=AF(N)

C(L-2,L-4)=BT(N)

C(L-2,L-5)=-AF(R)

C(L-2,L-4)=BT(N)

C{L-2,L-3)=4.

C(L-2,L-2)=8,

C(L-2,L-1)=d,

C{L-2,L)=8,

RHS(L-2,1)=0.
IFCICOND.EQ.2.0R.ICOND.EQ. )60 TO Y
80 10 72

IF(N.EQ.1)B0 TO §7
CAL-1,L=7)=CAEB{N)/ABP (M) +AFD{N) ) ¢AF (N)
CCL-1,L-6)s(-AEB(N)/ABP (N} +AFD(N) ) *BT(N)
CEL-1,L-5)=-CAEB(N)/ABP{N)+AFDIN) ) #AF (N)
CAL-1,L-4)=C(-AEB(N)/ABP(N) +AFD(N) ) sBT (M)
CiL-1,L-3)28,

CiL-1,L-2)=#.

EeL-1,L~1)=1,

CAL-1,L)=8,

RHS(L-1,1)d.

60 10 73
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IF(¥.£Q,1)60 TO 358

Cit-1,L-7)=d,

CiL-1,L-4)=6.

C{L-1,L-3)=4,

CiL-1,L~4)=d,

CiL-3,L-3)=AA{1,1,N)
CCL-1,L-2)=AACT,3,N)4DB(1,1,N)/R
C(L-1,L~1)=§,

C(L~1,L)=8.

RHS(L~1,1)=ANX
IF(ICOND.EQ.2.0R.1COND.£0.3)60 TO 74
686 T0 73

IF(¥.EQ.1)G0 T0 59
CCL,L=2)=(F2(N}/ABP () +F1(N) )#AF(N)
CCL,L~8)=(~-F2(R)/ABP(N)+F1(N) }4BT(N)
CEL,L=5)m=(F2(N)/ABP(N)+F1(N) }*AF (N)
COL,L-4)=(-F2(N)/ABP(N)+F1(N}))sBT(N)
C(L,L':n'..

(L, L-2) =8,

C{L,L-1}=8.

ciL, L=t

RHS(L,1)=8.

IF{N.EQ.1)G0 TO 48

C(L,L'?)".

ClL,L-6)ud.

C(L,L"’S)'.-

CiL,L-4)ng.
C(L,L-3)=AA(3,1,N)+3B(3,1,N)/R
COL,L-2)=AR(3,3,K)+2.%BB(3,3,N) /R4DD(3,3,N)/R/R
C(L,L-1)ad,

C(L,L)=8,

RHSCL, 1)=ANXY

CONTIMUE

CONTINUE

IFAIL=$

CALL FOAAEF(C,L,RHS,L,L,1,C0F,L,URK,CFI,L,CFT,L,IFAIL)

RETURN
END

BUBROUTINE DEFLECTIONS(M,C1,C2,63,C4,K1,K2,K3,K4,X,X0)
COMMON/BLOCK2/NE R, AL(4) ,NF (&) ,AA(3,3,6),B8(3,3,6),00(3,3,8),
*F2(4),F106) ,AEB(E),AFD(4),R1(4),84(4),83(6),T3(4),AF(4),
sBT(6),ABN(S) ,ABP(6) ,AB(S),A3B(4),BIAL4),P(4),ANX,ANXY, ICOND
REAL K1,K2,K3,K4

E1=EXP(-AF (K)#X)

E2=EXP (AF (M) #X)

E3=COS(BT(N}*X)

EA=SIN(BT(N)&X)

ES=-AF (K)#CI+BTIN)#CA

E6=AF (N)sCA+BT (M) 9C3
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EZ7=AF (MYSCI¥BTIMI¥TZ —

EB=AF(N)sC2-BT{N)»(1

AF2=AF (X)) #52

BT2sBT{N) %32

UP=P(M)+S4 (M) &K2+R1 (M)*K1

UsE2«(CT1eEI+C20E4)+E13(CISEIH+CALEL) +WP

WI=E24 (E7+EI+EBSEA)+E1o(ETEI-ESSES)

W22E2¢ (CAF (W) =E7+BT(M)SEQ) *E3+ (AF (N)*EB-BT (M) *E7)+E4)

H +E18{~(AF (MISES+BT (M) *ES) *EZH{AF (M) *ES-BT{(M)*EJT)*EX)

RISE2¢((AF2¢E7+ABCH) *EB-BT2#E7 ) sEJ+(AF2eEB-AB(N ) $E7-BT2#EB ) #E4)
+E18( (AF2¢ES+AB(N)#E4-BT2¢ES ) sE3+(~AF2#E6+AB (M) SE5+BT25E6 ) E4)

UsF2(M)/ABP (M) *E2% ((AF (M) #C1-BT(N)SC2)#E3+(BT(N) sCT+AF (M)%(2)4EA)
AF2(H)7ABP (M) SE1 8 (—(AF (M)SCI+BT (M) *CAY*ET+(BT(M)*CI-AF (H)+CA) ¢
EA)+F1(K)SE2¢ (E7¢EI4EQ*EA) +F1 (M) *E1 2 (ESHEI-ESSE4)+F2(K)IsR1(M)»
XeKT(F2(N) 884 (M) 41, ) oXeK2+KA+F2{H)oP (M) *X

V1sF2(H)IsM+F1 (NI xU2+4K2 _

U=AEB(N) /ABP (W) SE28( (AF (M) *C1-BT(N)#C2)eEI+(BT(M)*C1+AF (N)sC2)sE4)

H FAEBCN) 7ABP(N)PET#(~(AF (M) #CI+BT(H)sCAISEI+(BT(H)+CI-AF (M) #L4)

H SEA)+AFD(M)SE2# (E7*EI+EBSEA) +AFD(H)SEI S (ESSEI-ESoEA )+ (AEB(N)*

0 RIUDH1 ) sXeK1+AEB (NI 0SA(N) sXoK2+KI+AEB (NI *P (M) &X

Ut=AEB(M)*U+AFD (M) *U2+K]1

CALL FUNRCTIONS(M,UP,u, Ut 42,03,0,01,U,01,X0)

RETURN

"END

SUDROUTINE FUNCTIONS (M, WP,W,U1,W2,U3,V,V1,0,U1,X0)
CONNON/BLOCK2/MNE, R, AL (&) ,NF (4} ,AA(3,3,4),08B(3,3,6),DB(3,3,8),
$F2(6),F1(6),AEB(6) ,AFD(4) ,R1(4),84(4),53(4),T3(8),AF(4),
aBT{4),ABN(S) ,ABP(&),AB(6),A3B(6),BIACA),P(5),ANX, ANXY , TCOND
*+/BLOCKA/A(3,3),B(3,3),D(3,3),UK(3)
+/BLOCKS/OKINC3,3),QK0T(3,3) ,HB, IFUN, ISTRN, ISTRS, IFUN2
*,QKR(3,3,6),ZR(4), NR(4)

REAL NX,NY,NXY,NX,NY,HXY

DINENSION BEF(3),CUR(3),E(D),F(3)
*,EPINC3) ,EPOT(2),8TINC3),8TOT(3),EPR(3),5TR(3)

CALL FNOVE(AA(1,T,N),A,9)

CALL FMOVE(BB(1,1,M),B,9)

CALL FROVE(DD(1,1,K),D,9)

DEF (1)U

DEF(2)=U/R

DEF{3)=V

CUR(1)=~U2

CUR(2)=-¥/R/R

CURC3)=Y1 /R

IFAIL=@

CALL FOICKF(E,A,DEF,3,1,3,uK,3,1,IFAIL)

IFAIL=#

CALL FOICKF(F,8,CUR,3,1,3,UK,3,1,IFAIL)

NX=E(1)+F (1)

NY=E(2)+F(2)
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NXYSE(3)+F(3)

IFAIL=#

CALL FO1CKF(E,B,DEF,3,1,3,WK,3,1,IFAIL)
IFAIL=S

CALL FHICKF(F,D,CUR,3,1,3,WK,3,1,IFAIL)
RX=E(1)+F (1)

KY=E(2)¢F(2)

KXY=E(3)+F(3)

AX=SICN) sU1+TZ (M) U3
EPOT(1)=DEF (1) +HBSCURCH)
EPOT(2) =DEF (2) +HB*CUR( 2)
EPOT(3)=DEF (3) +HB*CUR(3)
EPINC1)=DEF (1) ~HB*CUR(1)

EPIN(2)=DEF (2)~HB*CUR(2)
EPIN(3)=DEF(3)-HB*CUR(3)

IF (NRCH) .EQ, 0060 T0 2

EPR(1)=DEF (1)+ZR(N)*CUR(1)

EPR(2)=BEF (2)+ZR(N) $CUR{2)

EPR(3)=DEF (3)+ZR(N)+CUR(3)

CALL FNOVECQKR(1,1,8),A,9)

IFAIL=#

CALL FOICKF(STR,A,EPR,3,1,3,UK,3,1,IFAIL)
CONTINUE

IFAIL=S

CALL F#1CKF(STOT,OKOT,EPOT,3,1,3,UK,3,1,IFAIL)
IFATL=# -

CALL FS1CKF(STIN,QKIN,EPIN,3,1,3,UK,3,1,IFAIL)
WRITE(2,18)

. FORMAT(/)

IFCIFUN.EQ.1)URITE(2,1)X0, 4, NY, X, NY, HXY, 0X
IF CLFUN2.EQ. 1)URITE(2,1)X0,DEF,CUR
IF(ISTRN.EQ.1)URITE(2,1)X0,EPOT,EPIN
IF(ISTRS.EG.$)VRITE(2,1)X0,5707,5TIN
IF(NR(N),EQ.1.AND,ISTRS.EQ.1)URITE(2,1)XD,STR
FORNAT(7(1PE1#.2))

RETURN

END

FINISH
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D.5  INPUT DATA DESCRIPTION

The data, whether real or integer, is in a free format.

Any consistent unit can be used in the program. There are
some restrictions on some data as described below. The
parameters which start with an integer are input as integers.
Other parameters are real. The data cards must be in the
following order

1lst data card : the problem control card

- —————

NM NE R PR ANX ANXY NP ICOND IFUN ISTRN ISTRS TIFUN2

where
NM = the number of different materials used, (max. 3);
NE = number of finite elements in the tube, (max. 6);
R = mean radius of the cylinder;
PR = the internal pressure;

ANX = the axial load;
ANX¥= the torsional load;
NP = number of elements subjected to internal pressure;
ICON = integer determines the end condition, it takes any
of the following value
1l for free ends;

2 for completely restricted ends;

3 for clamped ends with axial displacement
allowed;

4§ for clamped ends with hoop displacement
allowed;

5 for clamped ends with axial and hoop dis-
placements allowed.

_ . 0
IFUN = 1 if w, Ny’ M s My’ Mxy and Qx are to be output,
otherwise IFUN = O;

ISTRN = 1 if the outer and inner surface strains are
to be output, otherwise ISTRN = O;

ISTRS = 1 if the outer and inner surface stresses are
to be output, otherwise ISTRS = 0; and

IFUNZ2 = 1 if the middle. surface strains and the changes

of curvature are to be output, otherwise IFUNZ =

0.
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2nd set of cards : the materlials properties cards

i kb et . e ———

These are NM cards, a card per material where on each card
the following properties are input

EL ET GLT PLT

where
EL = Young's modulus in the fibre directilon;
ET = Young's modulus in the transverse direction;
GLT = shear medulus; and
PLT = Poisson's ratio
3rd_set_of _cards : the elements data cards

These are NE sets of cards, one set per element as follows

NL AL NF

NI L TL THET N3 KIND

cards{ [ gy,  THET NS KIND

*

where
NL. = number of layers, (max. 8);
AL = 1length of element;
NF = number of finite element for this element;
L = layer material number;
TL = +thickness of layer;
THET = angle of layer with x-axis (in degree);
NS = number of sub-layers for this layer;

KIND = 2 for angle-ply layer, otherwise KIND = 1.

N.B. The angle-ply layer is input as two layers, one is with
6 angle and the other is with -8, then within the program
each of these layers is divided into NS sublayers and
arr anged to be in the sequence +8, -6, +0, -6, +0, -6,
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D.6 SAMPLE INPUT

2 AS.545E-3 I6.E6 6. 4. T 1 1 1 11

1

44.5E7 13.5E9 S5.64E9 ,183
2 124.E-3 12

b 1.663E-3 45, 4 2

v O1.683E-3 -43, 4 2

2 1H.E-3 18

1 1.665E-3 45, 4 2

1 1,465E-3 -45. 4 2

D.7 SAMPLE OUTPUT

" ANALYSIS OF COMPOSITE CYLINDER WITH R=  0.0A1 DIVIBED INTO 2 ELENENTS
LOADED BY: P= 3.00E 07, NX= 0,00E 00, NXY= 0.00E 00,UITH END CONDITIONS:

FREE ENDS

D ke

ELEMENT 2

kv -

0.00E 00
0.00E 00
0.00E 00
0.00E 00

1.00E-03
1.00E-03
1.00E-03
1.00€-03

2.00E-03
2.00E-03
2,00£-03
2.00E-03

3,00E-03
3.00E-03
3.00E-03
3; 005"‘03

4.00E~03
4.00E-03
4.00E-03
4.00E-03

5.00E-03
9.00E-03
35.00E-03
5.00E-03

v

NY

X

——-MIPBLE SURFACE STRAINS-—-
~==0UTER SURFACE STRAINS=-~-
---OUTER SURFACE STRESSES~--

-1.25E-04
1.47E-03
1.41£-03

=1.23£-03

~6.74E~03
7.91E-04
7.13E-04
~F.48E 035

-9 .460E-04

1.13E-04
-4,01E-05
-3.10E 04

4.83E-05
=5.67E-04
~-8.02E-04
~3.43E 04

1.04E-04
-1.29E-03
~1.53E~-03
-6.89E 04

1.64E-04
~1.93E-9Q3
-2.14E-03
-6.43E 06

-1.71E 03
-3.,08E-03
~2.946E~03
-4.92€ 07

~9.21E 04
~1.46E-03
-1.39E-03
-2.720 07

=1.31E 04
-2.37E~04
~2.27E-04
=3.21E 06

46.60E 04
1.19E-03
1.14E-03
1.65E 07

1.43E 05
2.62E-03
2,51E-03
3.84E 07

2.25E 05
4.05E-03
3.89E-03
4.17E 07

-7.34E-10
1,22E-15
1,27E-13

~1.21E 07

-1,78E 00
3.30E-04
3.44E-04

~4.84E 04

-3.84E 00
1.08E-05
1.13E-65

-1.94E 04

-1.02E 01
1.89E-05
1.97E-05
2.91E 06

-1.30E N
2.40E~-03
2.50E-05
B.04E 06

-1.21E 01
2.25E-0%
2.34E-05
1.38E 07

Y

MXY

ax

-—~=-CHANGES OF CURVATURE----
~=~INNER SURFACE STRAINS----
--~INNER SURFACE STRESSE§---

3.89E 00
-3.62E-02
1.33E~03
3.99E-04

1.26E 00
-4 ,467E~02
8.68E-04
7.50E 05

~2.435E 00
~$.A7E-02
2'655-04
3.11E 06

-4.31E 00
-1.42E-01
-3.31E-04

5.44E 06

-7.41E ¢0
-1.67€~01
-9, 70E-04
4.90E 06

-1.08E 01
-1.37E~-01
-1.,70E~03

b.44E 06

~-8.74E 00

?-6°E"02
~3.21E-03
~9.34E 07

-4.72E 00

4.09€-02
-1.73E-03
-2.83E 07

-4 5615‘01

2.83E-03
~2.44E-04
-2.44E 04

J.40E 00
-2.93E~02
1.24E-03
2.31E 07

7.47E 00
~6.46E-02
2.73E-03
4.84E 07

1.15E 01
~9.99E-02
4.22E-03
7.32E 07

3.28E-97
3.01E-14
1. 17613
1.32E ¢7

~3.24E 03
B.14E-03
3.17E~04
6.78E 06

~4.54E 03
2.46E-04
1.04E-05

-1.05E 04

-3.89E 03
4.66E-04
1.81E-0%

~4.86E 06

-1.28E 03
3.92E-04
2.30E-03

-1.34E 07

3.27E 03
5.54E-04
2.15E-05
~1.94E 07
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- APPENDIX E

ULTRASONTIC C-SCAN TEST

E.1 WHBAT IS IT?

When transmitting an ultrasonic beam through a material there
will be energy loss by absorption and dispersion through the
thickness, (Ref. 211). In fibre-reinforced composites, the
presence of voids, cracks and delaminations will cause extra
energy losses which result in a decreasing amplitude of the
received signal. By sacnning the material with an ultrasonic
beam .and simultaneously recording the value of the signal
amplitude an absorption pattern is obtained. This process is
usually called ultrasonic C-scan. The technique should not
be considered as a guantitative analysis. It is only a useful
qualitative test, (Ref. 214). Prakash, (Ref. 215), has
reviewed the different technigues used in the ultrasonic
testing of materials.

E.2 THE TEST EQUIPMENT

The test set-up is shown schematically in Fig. (E.L). The

actual test rig was not photographed for security reason at
the M.0.D. Rocket Propulsion Establishment (Westcott) where
the test was conducted.

Basically, the apparatus consists of the following instruments

1) an ultrasonic pulse generator,

2) two ultrasonic transducers, one acts as transmitter
probe and the other as receiver probe,

3) an amplifier which amplifies the transducer response
signal,

4} an oscilloscope to display the detected waves,
5) a signal processing unit to process the received waves,

6) a scanning unit to rotate the cylindrical specimen and
to move the transmitter-receiver system along the
specimen. In this way the two probes scan the whole
surface of the tubular specimen,

7) an X-Y plotter to record the scanning result on a hard
copy, '

8) a tank of water, where the water acts as a coupling
medium. The energy losses in the water are constant, then
any variation in the received pulses is due to losses in
the specimen.
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E.3 TESTS AND RESULTS

Three test specimens, namely 7B3, 8B3 and 9B3 (see. Appendix

A), were scanned ultrasonically at the M.0.D. Rocket Propulsion
Establishment (Westcott). They were all scanned twice. The
first ultrasonic C-scan test was conducted on the three
specimens in their virgin state, whereas the second scanning
was conducted on the three specimens after they were tested
under internal pressure. The internal pressure test on
specimen 7B3 was carried out at Cranfield, while on the
specimens 8B3 and 9B% it was conducted at Westcott where it was
possible to use the acoustic emission equipment (see Appendix
F). Both of 7B3 and 8B3 specimens were tested under internal
pressure level which was above the linear limit and caused
permanent deflections as well as cracks in the specimens, but
it did not cause total failure. The cracks were detected by
the acoustic emission probes as will be described in Appendix
F. The 9B3 specimen, however, was taken to total failure

level under internal pressure.

The charts obtained from scanning the specimens before the
internal pressure tests are shown in Figs. (E.2) to (E.4),

From these figures the specimens were judged to have internal
defects caused during the winding of the filaments. This was
expected as the tubes were of commercial quality. These
defects, however, did not affect the stiffness and strength
properties of the specimens as these properties were obtained
experimentally and not from the properties of the constituents.
The void patterns seem to run parallel to the fibres which
indicate that the voids exist near the fibre cross-over areas.

The ultrasonic C-scan traces obtained from scanning the
specimens after the internal pressure tests are shown in
Figs. (E.5) to (E.7), from which the cracks were judged to
have propagated from the voids causing internal damage in the
composites even before the total failure has occurred. This
was substantiated by photomicrographs made of samples taken
from both virgin and tested specimens (see Appendix G). Both
the ultrasonic tests and the photomicrographic evaluations
indicated that . damage were evident in the test
specimens which had been tested under a level of internal
pressure higher than the level of the 1limit of the linear
response.



Fig.( E .2)_U1traSonic C-scan trace of specimen 7B3 before internal press'urization test
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" APPENDIX F

ACQUSTIC EMISSTION TEST

F.1 WHAT IS5 TIT?

Acoustic emission is a transient elastic wave generated by

the rapid release of energy within a material, (Ref. 216).

An alternative term is "stress wave emission", (Ref. 217).

In its less conventional forms, acoustic emission can be so
loud that it is audible to the unalded ear, e.g., the creaking
of timber subjected to loads near failure; the sound produced
by the failure of rock, (Ref. 216). Most emission, however,
are either too low in amplitude or too high in frequency to

be detected by the unaided ear, and therefore require the use
of proper detecting equipment, (Ref. 215).

The applications of acoustic emission technique appear unlimited,
(Ref. 216), but there are some limitations associated with the
technique, mainly the problems created by the interpretation

of the recorded emissions, (Ref. 218).

In the composite materials field, for both failure study and
non-destructive evaluation of the integrity of composites,
there have been considerable amount of work reproted, (Refs.
219-228). The conclusions of these reports vary. The
applicability of acoustic emission to detect failure is not
disputed, but there 1s an argument about the validity of the
technique as a quantitative analysis.

.2 THE TEST APPARATUS

A schematic diagram of the test equipment is shown in Fig.
(F.1). Here again no photograph for the test rig was taken
for security reason at Westcott where the test was carried
out.

Essentially, the following units are needed

1) one or more acoustic emission transducers. These are
mounted on the specimen which must be stressed. To
eliminate the effect of any unwanted external noise,
the specimen is tested in a special, insulated test
room. Tests carried out in the laboratory with too
many other equipment surrounding the probes are reported
tc include signals other than those wanted ones, (Ref.
215},

2) a séries of amplifiers and filters to amplify the signal
received from the probes,



341

wo1sAS 1597] UOTISSTWS OT1SNOOE 2yl Jo weadwrp oT1'wayuog (1'd

JRR-AR |

e e N N e e s Sy e T, Sy, S

B T T

N,

WOOH ONISSHOOHd ANV TOYLNOD

vos s mTrd

i

\

B

\

N ID0VD TOULNOD

\ —] dnnd

m TUNSSHYd dnnd M HALVM
N \ .

N ~

\ aquooay | TYNDIS N NOOHY LSHL

m TYNSSHYd TUNSSTII m S

N B

m il

\ 1

\ L YOLVHIANTD | N ]

N TA00 HWIL 3 \ -

N \ \

\ YAINIHA N R

{ \ \

N ) \

\ | SAILVH | | N : 4

N NOISSINE HNORUVH 5 \

% m v Y TR

\ ”

N v

\ | | suminnoo || m

\ NOILVRHAS HJODSOTIIDSO _u THNSSAH
m \ TYNUAINT
) \ YAANA NANIDAAS
m \ TYOIHANITAD
W A B

A UHTHODHY w_

m TAVI DT LANDYN QUAT AT TIRY SUALTIIA HATATTANVIL A

m q7909d

\ NOISSINX
T T T T T N M N Y T N T W T S N N N N T N N N N

0ILSNODV



- 342 -

3) an oscilloscope to disply the detected signals,
4) an earphone to hear the events,

5) a magnetic tape recorder to record the acoustie
emission events,

6) an electronic counter to give the emission rate
and the total emission count,

7) an oscillator to give the time,
8) a printer to give hard copy of the record,

9) any other equipment related to the specimen under
test, e.g., a pressure gauge, etec,

F.3 TESTS AND RESULTS

Two of the test specimens, 8B3 and 9B3 (Appendix A), were
tested under internal pressure loading and acoustic emission
data were obtained during these tests to help understand the
damage that occurs in composite materials when subjected to
incremental load until final failure.

Four transducers were mounted on each specimen, three round
the circumference at the gauge section of the tube, and the
fourth was mounted on the top of the specimen. The probes
were distinguished from the colours of their wires, namely
biue, yellow, red and green, the green probe being on the
top.

The strains induced by the internal pressurization were not
recorded in these tests as that would complicate the tests.
The behaviour of the specimens 8B3 and 9B3 were considered to
be like the behaviour of the specimen 7B3 which is given in
Appendix B. This is ncot far from the reality as all these
specimens were cut originally from same tube and were tested
under similar testing conditions,

The total counts of acoustic emission emanating from the
internal pressurization test of specimen 8B3 are shown in
Figs. (F.2) and (F.3) for the blue and yellow probes respect-
ively. The red and green probes, however, did not record
high counts. This was because of their mounting positions on
the specimen where they were away from the damaged area as
can be seen in the ultrasonic C-scan traces of Fig. (E.6).
The green probe; however, picked the hydraulic noise of the
water. It is to be mentioned here that specimen 8B3 was not
tested to tofal failure. It was pressurized only to a level
sbove the linear limit.
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The 9B3 specimen, however, was pressurized until final failure,
Unfortunately, the pressure unit failled to record the

pressure for this test, so the acoustic emission counts are
shown versus the time in PFigs. (F.4) to (F.6). As expected,
the energy released in the form of stress waves in this test

is much higher than that released by the previous specimen
which was not taken to total failure. It is also noticed

that the red probe, which was located in the failure area,

gave higher response than the blue and the yellow probes

which were relatively away from the damaged place, Fig. (E.7).
The acoustic emission events generally accumulated a relatively
steady rate with increasing load up to the ultimate load, where
the fibre fractures were clearly audible.

The acoustic emission technique and the results cobtained from
the tests are still open for discussion, but for the purpose

of this thesis it is enough to say that the degradation
started in the tested specimens when the non-1linear response
started. This was clear from the acoustic emission charts

of Figs. (F.2) to (F.6) where early acoustic emissions indicate
the beginning of failure or irreversible damage. No emission,
however, means that damage is not occuring and the structure

is safe under the applied loading.

To conclude, it is enough to say that acoustic emission
technique may offer a means to assess the degradation and the
failure of composite materials, but the results obtained from
the technique need interpretation., In addition, although the
test equipment are not complicated, the test itself is
troublesome as a quiet testing room is required to eliminate
the effects of other noise sources.
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" APPENDTX G

'PHOTOMICROGRAPHIC'STUDY"OF’FAILURE

G.1l SCANNING ELECTRON MICROSCOPY

The scanning electron microscope (SME) images topographical
details with maximum contrast and depth of field by the
detection, amplification, and display of secondary electrons,
(Ref. 229). The specimen under examination is scanned by a
small-diameter electron probe which gives rise to secondary-
emission from the specimen. This secondary-emission current
is detected and causes a picture to be projected on a cathode-
ray screen. The instrument has very high resolving power
compared with the optical microscope due to the shorter wave-
length associated with electron waves,.

Because of its great depth of focus, the SEM has proved

particularly useful in the examination of failure of fibre-
reinforced plastics, (Ref. 215).

G.2 SAMPLE PREPARATION

While the surface of the sample is viewed directly in the SEM,
the specimen size is limited by the specimen chamber. This
means that large specimens must be cut into small pieces.
Whether this 1s the case or not, all the samples examined in
this study were sections of tubular specimens taken perpen-
dicular to the surface of the tube in different directions
(axial, hoop and winding directions). This implied that the
SEM samples must be cut from the original fest specimens to
examine a representative damage. Cutting the microscope
samples from the test specimens produces further damage which
confuse the examination of the original damage. When this
problem was discussed with the Materials Department it was
suggested that a special technique needed to be developed to
overcome This difficulty. This suggestion was not appealing
as it would change the direction of the original study and
the concentration would be on a supernumerary matter,

To know the level of damage produced by cutting it was decided
to examine samples cut from both damaged and without damage
specimens. ©On the other hand, two different cutting instruments
were employed. These were namely: the low speed saw and the
ultrasonic cutter. The low speed saw used was ISOMET 11-1180
type, Fig. (G.1), whose cutting tool is a dlamond wafering
circular blade which is immersed in mineral spirits to a level
approximately 6 mm, and its speed ranges from 25-315 r.p.m,

The sample i1s cut when it touches the blade near the top, so a
weight is needed to press the sample down to contact the blade.
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The damaged caused by cutting can be controlled in two ways:
by controlling the cutting weight and/or the rotating speed.
In general, the heavier the weight the greater the surface
damage. Also, faster speeds tend to damage the specimen
surface. The cuttlng of the samples was conducted at low
speed using light welght

The ultrasonic drill is designed to effectively machine hard
and brittle materials. The machine uses very fine abrasive
grains suspended in a liquid, such as water, between the tool
and the workpilece. The tool, which is usually made of brass
or mild steel, oscillates at ultrasonic frequency. The tool
motion is produced by being part of a sound wave energy
transmission line that causes the tool material to change its
normal length by contraction and expansion. This drives the
grit particles into the workpiece to remove the material
according to the pattern which is controlled by the tool shape
and counter., It is the abrasive which does the cutting, so
it should have hardness greater than that of the workpiece
material. Silicon carbide, boren carbide, and diamond are
suitable for this purpose. The soft material of the tool
wears very rapidly, but yields good results. The advantages
of ultrasonic machining include the absence of thermal
stresses, low tooling costs, and high precision work.

When the ultrasonic cutter was used to cut the GRP samples

it was good for the glass but not good for the resin as its
hardness (Rockwell) is only about 80, (Ref. 95). This
resulted in damage in the matrix as will be shown later in the
photomicrograph. Thus, only one sample, sample (U), was

cut using this instrument, whereas the rest of the samples
were cut with the low speed saw which gave better surfaces.

G.3 PHOTOMICROGRAPHS OF THE SAMPLES

Since there was some uncertainity about the damage caused by
cutting, it was decided to cut a smple from a virgin specimen
and another one from a tested specimen to compare the photo-
micrographs of the cross sections of these two samples to see
whether they differ or not. Sample (D) was cut from tube B2
{Appendix A) perpendicular to the surface of the tube in the
axial direction. Sample (E) was cut from a specimen of tube
B3 which was tested under internal pressure. Sample (E) was
also an axial cross section. The photomicrographs of these
two samples are shown in Figs. (G.2) and (G.3) respectively,.

The SEM micrograph of the untested sample (D), Fig. (G.2),
showed that voids existed in the virgin tubes. These voilds
were the centres for cracks propagation as shown in Fig.

(G.3).

Later, sample (F) was cut from untested portion of tube B3 but
the section examined was taken parallel to the winding direction.
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Since tube B3 1s an angle ply tube of +Q5 winding angle, the
CIross sectlon showed fibres petrpendicular and parallel to its
plane, Fig. (G.4). This figure and Fig. (G.5), which is for
the same sample but with greater magnlflcatlon show that
voids appear in the matrix and between the fibres.

After these examinations, samples from specimen 7B3 were cut
from areas damaged by internal pressurization test. These
areas were determined from the ultrasonic C-scan trace of the
specimen, Fig. (E.5). . Four samples of this specimen were

cut: sample (A), in the axial direction; sample (c), in the
circumferential direction; sample (B), 1n the winding direction
and sample (U), also in the winding direction but was cut by
the ultrasonic cutter. The photomicrographs of these cross
sections are shown in Figs. (G.6) - (G.11). From these

figures the cracks in the matrix can be seen in the damaged
areas. Also debonding and delamination exist in some areas.
Figs. (G.10) and (3.11) show the damage caused by the ultra=-
sonic cutter which indicate that it is not suitable for cutting
GRP samples.

weight shaft

cutting weight

counter-balance

weight
‘ sample
start
switch
stop
switch
speed-
control
knob
diamond wafering
circular blade
mineral spirits
tank
Fig.( G.1)

11-1180
ISOMET LOW SPEED SAW.
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Fig.(G.5) SEM micrograpf of sample (F) with greater magnification
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(X1000)

Fig.(G.6) SEM micrograph of sample (A)




Fig.(G.7) SEM micrograph of sample (C)
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(X200)

G.8) SEM micrograph of sample (B), (a cross section cut from specimen 7B3 in the

Fig. (

winding direction)



(X500)

Fig.(G.9) SEM micrograph of sample (B) with greater magnification
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(X200)

Fig.( G .10) SEM micrograph of sample (U), (a cross section of specimen 7B3 cut by the

ultrasonic cutter in the winding direction)



(X500)

Fig.(G.11) SEM micrograph of sample (U) with greater magnification
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- APPENDIX H

CALCULATION OF BUCKLING LOAD
- OF COMPOSITE CYLINDERS

H.1 THE COMPUTER PROGRAM

This computer program was developed in accordance with the
analysis of Sec. 3.6. It is written in FORTRAN programming
language and consists of a master segment and the following
subroutines

a) Subroutine LAMINATION: which uses the lamination theory
to calculate the matrices A, B and D.

b) Subroutine TRANSFORMATION: which deals with the
transformation of the properties of a layer to the
laminate axes.

¢) Subroutine MINI: this subroutine finds the smallest
of the roots of eguation (3.6.24).

d) Subroutine MINIMUM: this subroutine finds the buckling
load which 1s the lowest wvalue of N, taken from the set
of (n.xm) values, where n is the number of waves in the
circumferential direction and m is the number of half-
waves along the length of the cylinder.

e) Standard subroutines

FMOVE : shift an array in another array
FO1AAF: calculates the inverse of a matrix
FOICKF: calculates the multiplication of two matrices

CO2AEF: finds the roots of a real polynomial

XO2AAF: calculates the tolerance required for CO2AEF,

H.2 DATA REQUIRED BY THE PROGRAM

The data cards must be in the following order where all
numbers are in a free format mode
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lst data card

—— e T e e

NL R AL AKX AKY AKXY MM NN

where
NL = number of layers, (max. 8)
R = mean radius of the cylinder
AL = 1ength of the cylinder

AKX, AKY and AKXY are the ratio of loads

MN and NN are the maximum values for m and n.

2nd data card

—— e e s ——

EL ET GLT PLT

where
B, = Young's modulus in the fibre direction
ET = Young's modulus in the transverse direction
GLT = Shear modulus
PLT = Poisson's ratioc

e Sk b v SeS b Vb Sl el M

These are NL cards, one card for each layer

-
Ty,  THET NS KIND
NL

Cards Ty,  THET NS KIND

where
TL = thickness of layer
THET = angle of layer with x-axis (in degree)
NS = number of sub-layer for this layer
KIND = 2 for angle-ply layer, othewise KIND = 1

N.B. See previous Programs for NS and KIND
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H.3 THE PROGRAM LISTING

L IBRARY { SUBGROUPNAGF )
PROGRAM(STIF)

COMPRESS INTEGER AND LOGICAL
INPUT 1=CRQ

QUTPUT 2=LPO

END

COMNON/BLOCK2/P1,NL ,EL ,ET,GLT,PLT,HB,TL(8),THET(8),
*THETA(8),NS(8) ,KIND(8)/BLOCKI/A(3,3),B(3,3),D(3,3),UK(3)}
*/BLOCK4/REMN(21,20)

DIMENSION F{4),RE(4),T(4)

FORNAT{10,5F0.0,210)

FORNAT(4F0.0)

FORNAT(2F0.0,210)

FORMAT(* BUCKLING OF CYLINDER OF R= /,1PE12.4,° H= *,1PE12.4/
s/ AND 7,12, LAYERS OF *,4{0PF5.0,”/"},” DEG.”)

FORMAT(” VITH LOAD RATIO: NX 1 NY 1 NXY = “,0PF4.1,” : *,0PF4.1,
* 1 ¢ OPFA.1/)

FORMAT(/)

FORMAT(/- SPECIMEN WILL BUCKLE AT LOAD NO=-,1PE12.4,
#2 (N= 7,12, M= 12,7 })

FORMAT(/” BUCKLING LOADS:  NX=",1PE12.4,” NY=’,1PE12.4,” NXYs',
+1PE12.4)

FORMAT{/* BUKLING STRESSES: SX=",1PE12.4,” &Y=’ 1PE12.4,
# SXY=',1PE12.4)

READ(1,1)NL,R,AL , AKX, AKY , AKXY , MM, NN
READ(1,2)EL,ET,6LT,PLT

READ(1,3) {TL(K) , THET{K) ,NS(K) ,KIND(K) ,K=1,NL)
Pl=d . 3ATAN(1.)

CALL LAMINATION
MRITE{(2,11)R,HB,NL, {THET(K} ,K=1,NL}
URITE(2,15) AKX, AKY , AKXY

Pi=.1EQ

TOL=X02AAF (P1)

N=1

N=0

NNN=N+1

CONTINUE

B=N+P15R/AL

622646

632G246

GA=G3%G

GN=G#N

G2N=G2oN
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GIN=GI*N

N2=N#N

NI=N2#N

GN2=6+N2

GN3I=GN3

G2N2=624N2

R2=R#R

F11=-824801,1)-GN*(A(1,3)+A(3,1)-B(1,3)/R)-N2%(A(3,3)-B(3,3)/R)

F12=-62+{A(1,3)4B(1,3)/R)-GN#{A(1,2)+A13,3)+B(3,3)/R)-N2*A(3,2)

F13=-G3+B(1,1)/R-G2N/R#(2.#B(1,3)4B(3,1) }-GN2/R*(B(1,2)+2,4B(3,3))
~N3/RABL3,2)-6#(A(1,2)-B(1,2)/R)-N+(A(3,2)-B(3,2)/R)

F21=-G2#(A(3,1)4B(3,1}/R)-GN#{A(2,1)+4(3,3)+B(2,1)/R-D{3,3)/R2)
-N2#(A{2,3)-D{2,3)/R2)

F22=-G23A(3,3)42./R%B(3,3)4B(3,3) /k2)
-GN+ {A(2,3)42, /R4B(2,3)4D(2,3) /R24A(3,2)+B(3,2) /R)
-N2#(A(2,2}4B(2,2)/R)

F23=-G3/R#(B(3,1)4D(3,1)/R)-G2N/R#(B(2,1)+D(2,1)/R+2.4B(3,3)
42 JR4D43,3) ) -GN2/R#{2.4B(2,3)42. /R4D(2,3)+B(3,214D43,2) /R)
~N3/R#(B(2,2)+B(2,2)/R)-G+{A{3,2)-D(3,2)/R2)
-N#(A{2,2)-D(2,2)/R2)

F31=-G3/R*B(1,1)-G2N/R+(B{1,3)-D(1,3)/R+2.2B{3,1))
-GN2/R#(2,#B(3,3)-2./R+D(3,3)4B(2,1))
~N3/R#(B(2,3)-D(3,3)/R)-GHA(2,1)-N+A(2,3)

F322-G3/R#{B(1,3)4D41,3)/R)-GIN/R#(B(1,2)42,4B{3,3)42./R+D(3,3))
~GN2/R#{2.4B(3,2)+4B42,3)+D(2,3)/R)
-NI/R#B{2,2)~G3(A(2,3)4B12,3)/R)-N+A(2,2)

F332-G4/R2%D(1,1)~2, #63N/R2# (D¢ 1,3)4D(3,1))
~G2N2Z/R2#(D(1,2)4D(2,1)+4,4D(3,3))
-2 . %GNI/R2#4D(3,2)4D12,3) ) -NA/R24D(2,2)-62/R+{B{1,2)+B{2,1)-
DC1,2)/R)-2,#6N/R3 (B{3,2) +812,3)-D{3,2) /R)-N2/R#(2.#B(2,2)
-D0{2,2)/R)-A(2,2)48(2,2) /R

AASG2HAKX 42 . AGNAAKXY+N2+AKY

BB=2 . #GHAKXY+NAAKY

CC=GAKY

A2=AAMAA

A3=A2+AA

B2=BB+BB

£2=CCHCC

AB=AAEB

AC=AA*CC

BC=BB#LC

AB2=AA*B2

AC2=AR%C2

F1=-A3+AB24AC2

F2=A24 (F114F224F 33 ) -BCR(F 1 24F 21 ) 4ACH (F 13+F31)~C24F 22
~F112B2-AB* (F234F32)

FI=-AA% (F114F 224F 114F 334F 224F J3-F234F 32-F 134F 31~F 124F 21)
+CCH (F 124F 23+F 214F 32-F 1 34F 22-F 224F 31)
+BB#{~F 124F 31-F214F 1 34F 1 14F 234F 1 14F 32)

FA=F 119F 224F 334F 1 29F 234F 31 4F 214F 1345 32

~F13#F224F 31~F 1 14F 234F 32-F 1 24F 214F 33
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IF (F1.£0.0.0)60 T0 27
L,LL=4

F(1)=F1

F(2)=F2

F(3)=F3

F(4)=F4

60 T0 28

IF (F2.EQ.0.0)G0 T0 29
L,LL=3

F(1)=F2

F{2)=F3

F{3)=F4

F(4)=0,

60 10 28

L,LL=2

F{1)=F3

F2)=F4

F{3)20.

F(4)=0,

CONTINUE

IFAIL=0

CALL CO2AEF (F,LL,RE,T,TOL,IFAIL)
CALL MINI(RE,3,REN(NNN,M))
IF (N.EQ.MM)GO TO 22
N=N+1

60 T0 21

IF (N.EQ.NN)GD TO 23
Net

NsN+1

NNN=N+1

60 TO 21

CONTINUE

CALL MININUM(REM,BUKL,11,JJ)
ANX=BUKL#AKX
ANY=BUKL#AKY
ANXY=BUKLAAKXY
11=11-1
WRITE(2,17)BUKL,11,JJ
WRITE(2, 18)ANX,ANY ,ANXY
SX=ANX/HB

SY=ANY/HB

8XY=ANXY/HB
WRITE(2,19)8X,5Y,5XY
STOP OK

END

SUBROUTINE LAMINATION
CONMON/BLOCK1/T(3,3),TT(4,4)/BLOCK2/PT,NLEL ,ET,6LT,PLT,HB,
*TL(8),THET(8) ,THETA(8) ,NG{8) ,KIND(8)
*!BLOCK3/6(3,3),B(3,3),D(3,3!,UK(3}
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DIMENSION C(4,1),GK(3,3,8),5K(3,3,8),23121),H5(20) ,HC(20),71(3,3),

*;:(gv3!3),115{6,1),GK¢3,3,8),Z¢211,22i21),11(20)
= -

DO 12 K=1,NL
THETA(K)=PI+THET{K)/180.
8K{1,1,K)=1./EL
8K(2,2,K)=1 . /ET
SK(3,3,K)=1./6LT
SK{1,2,K),5K(2,1,K)=-PLT/EL
CALL FNOVE(SK(1,1,K),T,9)
IFAIL=0
CALL FO1AAF(T,3,3,T1,3,uK,IFAIL)
CALL FNOVE(TI,CK(1,1,K),9)
Ce1,1)=CK{1,1,K)
Ct2,112CK(1,2,K)
C{3,1)=CK(2,2,K)
Ct4,1)=CK(3,3,K)
AM=COS { THETA(K))
AN=SIN(THETA(K))

CALL TRANSFORNATION(AN,AN)

CALL FMOVE(T,TK(1,1,K),9)

IFAIL=0

CALL FO1CKF(TTC,TT,C,8,1,4,WK,3,1,IFAIL)
QK(1,1,K)=TTCL1, 1)
QK(1,2,K),0K{2,1,K)=TTC{2,1)
aK(1,3,K),0K(3,1,K)=TTC(3,1)

C0K(2,2,K)=TTC{4,1)
BK{(2,3,K),0K(3,2,K)=TTCLS,1)
0K(3,3,K)=TTC(4,1)

CONTINUE

§0 2 K=1,NL
HB=HB+TL (K)
CONTINUE
2(1)=-HB/2.
2201)=2(1)%2
23(1)=T(1)a43

KK=2

00 15 K=1,NL
NM=KK+NS (K) -1
TLL=TL(K) /NS (K)

DO 46 M=KK,NN
Z4MI=Z(N-1)+TLL
Z2(H)=Z{M)##2
T3{N)I=Z(N)#43
CONTINUE
KK=KK+NS (K)
CONTINUE

D0 16 K=1,MM-1
ZU(K)={Z{K+1)+1LK) ) /2.
HS (K)2Z2{K+1)-22¢K)
HE (K)=23¢K+1)~23{K)
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124

127
123

124
19

18

[

ANANZ=2 . sANAN

CONTINUE

DG 18 1=1,3

Do 18 J=1,3

NN=0

HN=0

LL=0

A(1,J)=0,

B(1,J3=0,

D(I,J)=0.

DO 19 K=1,NL

AT, J)=801,)40K(1,J,K)*TL(K)
KKK=KIND(K)

60 TO(121,122) KKK
NN=NM+1

NM=NN

60 TO 123
IF{LL.EQ.2)60 TO 124
LL=LL+1

NN=NN+1

G0 TO 127

LL=1

NN=NMN+1
KM=NN+24NS (K ) -2

DO 124 N=NN,MNM,2
BCI,J)=B(1,)4QK(1,J,K)#HS ()
D(1,J)=D(1,J)+@K{T,J,K)4HC(H)
CONTINUE

CONTINUE
B(1,J)=B(1,J)/2.
D¢I,0)=D(1,J)/3.
CONTINUE

RETURN

END

SUBROUTINE TRANSFORMATION(AM,AN)

COMMON/BLOCK1/T(3,3),7T(4,4)
D0 1 1=1,3
DO 1 J=1,3
T¢1,J)=0,
D0 2 Is1,6
DO 2 J=1,4
TT¢1,4)=0.
AN2=AN+42
AN2=AN#42
AN3=AN43
AN3=AN+43
AN4=AN2#42
ANA=ANZ#32
ANAN=ANSAN
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ANZAN2=AN2*AN2 I

ANAN22=AN2-AN2
161,1),T(2,2)3AN2
T41,2),T42,1)=AN2
T41,3)=-ANAN2

142,3) =ANAN2

T43,1)=ANAN

T43,2)=-ANAN
T43,3)=ANAN22
TT(1,1),TT(4,3)=AN4
TT¢1,2),TT44,2)=2.5AK2AN2
TT¢1,3),TT(4,1)=ANA
TT(1,4), TT(A,4) =4, AN2AN2
T142,1),T1(2,3),TT(6,1) , TT(4,3} =AN2AN2
TT(2,2)=AN4+AN4
T1(2,4)=-TT(1,4)
TT43,1)=-AN3#AN

T143,2) =ARAN+ANANZ2
TT¢3,3)=AN+AN3
T1¢3,4)52,4T1(3,2)
T1¢5,1)=~11(3,3)
11(5,2)=-TT¢3,2)
T1(5,3)=-T1¢3,1)
TT(5,4)=~TT(3,4)
T144,2)=-TT{1,2)
TT(4,4)=ANANZ2#32

RETURN

END

SUBROUTINE MINI(A,N,X)
DINENSION A(N)

X=1,E50

DO 4 1=1,N

IF (AC1) .LE.0,0)60 TO 3
Y=A(1)-X

IFEY)1,1,3

X=A(I)

CONT INUE

CONTINUE

RETURN

END

SUBROUTINE NININUN(A,X,11,JJ)
CONMON/BLOCK4/REN(21,20)
X=1.E50

DO 4 1=1,21

DO 4 J=1,20
IF(REN{1,J).LE.0.0)60 TO 3
Y=REN(I,J)~X
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IF(Y)1,1,3
1 X=REN(1,.)
11=1
Jd=J
3 CONTINUE
4 CONTINUE
RETURN
END

FINISH

H.4 SAMPLE INPUT

2 39.372E-3 298.E-3 -1.70. 0. 3 3 7
A7236-3 85. 5 2
4723E-3 -85, 5 2

H.5 SAMPLE OUTPUT

- PUCKLING OF CYLINDER OF R= 3.9372E-02 H ?.4440E-04

AND 2 LAYERS OF 85./ -85./
WITH LOAD RATIO: NX ¢ NY & NXY = -1,0 ¢t 0.0 : 0.0
SPECIMEN WILL BUCKLE AT LOAD NO= 1.1998E 05 (N= 3 M= 2 )

BUCKLING LOADS:t  NX= -1,1998E 05 NY

¢.0000E 00 NXY= 0.0000E 00

BUKLING STRESSES: SX= -1.2701E 08 §Y

0.0000E 00 SXY= 0.0000E Q0



- 371 -

 APPENDIX T

ULTIMATE STRENGTH CALCULATIONS
OF LAMINATED COMPOSITE STRUCTURES

I.1 INTRODUCTION

This Appendix describes the computer program which was
developed to predict the progressive failure of laminated
structures to arrive at the ultimate failure of such
structures. The theory used in the program is given in
Sec. 3.0 where a modified maximum strain failure criterion
is proposed for the failure of a lamina in a laminated
structure, and in Sec. 4.% where a method for the post-
failure behaviocur is also proposed.

The linear and non-linear analyses of the program are

those of the computer program of Appendix C. The reason
for not ineluding this program in that of Appendix C is the
size of that program where its core reached about 36K.

I.2 THE COMPUTER PROGRAM

This program is also written in FORTRAN and consists of
the following segments

a) The MASTER segment forms the lamination theory and
caleculates the stress-strain relations in the layers
of the laminate. The non-linear analysis is also dealt
with in this segment.

b) Subroutine TRANSFORMATION transforms the layer properties
to the laminate axes,

¢) Subroutine AXES draws the axes for the laminate stress-
strain curve.

d) Subroutine NONLINEAR calculates the cubic splines for
the non-linear data.

e) Subroutine MAXIMUM VALUE finds the biggest number in
an array.

f) Supporting subroutines: the standard subroutines used
are those lisfted in Appendix C.
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I.3 DATA INPUT DESCRIPTION

lst data card : (FORMAT: 8IO, 2F0Q.0)

i s

NM NL IP NCN1T NON1C NONZ2T NON2C NON12

these are as defined in Appendix C, Sec. C.4, 1lst data card
except that IP = 1 if the laminate stress-strain curve is
to be plotted, otherwise IP = O,

2nd set_of cards : (FORMAT: IO, 2F0.0, 2I0)

This set is similar to the 3rd set of cards in the program
of Appendix C, i.e.,

L TL THET NS KIND

NL P,  THET NS KIND

cards

v ————

3rd set _of _cards: (FORMAT: 248, 4F0.0)

e .

This set is similar to the U4th set of cards in the program
of Appendix C, 1.e.,

AA ELL ETT GGLT PLT

4th set of cards : (FORMAT: 5F0.0Q)

This set is similar to the 6th set of cards of Appendix C
program, i.e.,

EXT EXC EYT EYC EST

— s e

5th set of cards : (FORMAT:: 6F0.0)

A U e et s

This 1s one card describing the external load and the load
inerement, (see 9th card in Appendix C program)

SX SY SXY D3X DSY DSXY
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6th set of cards :

This is two cards desecribing the information needed for the
stress-strain plot, if IP = O, this set is omitted,.

The first card : (FORMAT: T7F0.0, 6I0)

SXMIN  SXMAX  SYMIN  SYMAX XL YL  FACTOR
NX NY NNN @ I1 I2 I3

The second card : (FORMAT: 20A4)
IT
where

SXMIN, SXMAX, SYMIN, SYMAX, XL, YL, NX, NY
are ag defined in Appendix C ;

FACTOR is a factor to scale the stress values;

NNN .

= 1 if the load in x-direction is to be
plotted;
= 2 if the load in y-direction is to be
plotted;
= 3 if the shear load is to be plotted;
I1 = 1 if the strain in x-direction is to be
plotted, otherwise Il = O;
I2 = 1 if the strain in y-direction is to be
plotted, otherwise I2 = O;
I3 = 1 if the shear strain is to be plotted,

otherwise I3 = 03 and

IT is the title for the stress-strain curve.

This is similar to the 10th set of cards of the program of
Appendix C, i.e.,

NP NC (FORMAT: 2I0)
for everyiy(r) 1 =1, NP (FORMAT: 10F0.0)
linear Y(I) I =1, NP (FORMAT: 10F0.0)
curve P(I) I = 1, NC-1 (FORMAT: 10F0.0)
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1.4 THE PROGRAM LISTING

by

NN O~ G bl =0

93

54
55

a4
37
a8

b))
40
63

L IBRARY { SUBGROUPCRAN }
LIBRARY { SUBGROUPNAGF }
LIBRARY { SUBGROUPGRAF }
LIBRARY (SUBGROUPGING)
PROGRAM{STIF)

CONPRESS INTEGER AND LDGICAL
INPUT 1=CRQ

OUTPUT 2=LPQ

END

MASTER STRESS CALCULATIONS
COMMON/BLOCK1/T(3,3),TT(6,4)/BLOCK7/SPC(3,10}/
#BLOCK&/SXNAX , SXHIN,SYNAX ,SYNIN, IP, XL , YL ,NX,NY ,NNN, 1T(20)
DIMENSION EL(10),ET(10),PLT{10),6LT{10),C(4,1),CK(3,3,10),8K(3,3
¥,10),L410),TL{10), THETA(10), TK(3,3,103,TTC(6,1),0K(3,3,10),2(21),
$71420),22(21) ,H§(20) ,A(3,3) ,B{3,3},013,3),5(3,3) ,AA(2,5) , THET(10)
*,STRN(3) ,KIND(10),NS(10) ,EP(3) ,STRESS(3,10),STRAIN(I,10)
2,ELL(2),ETT{2) ,LF(10,3),PPLT(2),P{3,3),T1(3,3),66LT(2),
sP1TC10),C1T(10),P1C{10),C1C(10) ,P2TL10),C2T(10},P2C(10),C2C410),
sP12¢10),C12010),F(3),STR{3),WKL{3),YP{100) ,X1(100) ,X2¢100),X3{100)
£, EXT{2) ,EXC(2) ,EYT(2) ,EYC(2) ,EST(2)
*,PTL(10) ,ANDA(10},JJJ{10)

FORNATS :

FORMAT{810,2F0.0)

FORMAT ( 248,4F0.0)

FORMAT(10,2F0.0,210)

FORNAT(7F0.0,610)

FORMAT {4F0,0)

FORNAT(410)

FORNAT (2044)

FORMAT(SX, ANALYSIS OF FILAMENT-WOUND TUBE OF R= *,1PE9.3,” AND,
13,7 LAYERG:“//5X,“LAYER” ,4X,*LAYER” ,7X, “LAYER* ,4X, "LAYER MATERIAL
7 /6X,”N0.” ,3X, " THICKNESS” ,5X , “ANGLE , 10X, “NO.* /)

FORNAT{6X,12,4X, 1PE9.3,4X,0PF4.2,10X,12)

FORNAT (/26X “NATERIAL PROPERTIES”//5X,”N0.”,5X,
+“MATERIAL" , 11X, “EL” ,8X, ET*,7X, "6LT" ;5X, "NULT)

FORMAT (5X ,12,4X,248,3({1PE10,2) ,2X,0PF5.3)

FORMAT(* EX=",1PE10.2,2X,°EY=",1PE10.2,2X, NUXY=" ,0PF4.3,2X,
£ NUYX=",0PF4.3,2X,“6XY=", 1PE10.2)

FORMAT(3(1PE10.2))

FORMAT(72("~"))

FORNAT(/5X, " LAMINATE STRESSES:”,3(1PE12,4)/5X, LANINATE STRAINS &
*,3(1PE12.4))

FORMAT{5X,12,5(1PE10.2))

FORNAT (/5X, “NO.” ,3X,“EU17 ,7X,4HEU1” ,6X, “EU2” ,7X , AHEU2” , 6X, “EU12")

FORMAT (/5X,“LAYER NO. *,12/5X,12("."})

FORMAT(” STRESS,3(1PE10.2),"STRAIN' ,3(iPE10.2))
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93 FORMAT(/SX,”LINEAR ANALYSIS:/5X,18(“=")/5X, LANINATE PROPERTIES:”
*)

94 FORNAT(/5X,”LANINATE PROPERTIES (SECANT NODULI):?)

95  FORNAT(/‘ LAYER’,12,” FAILED IN MODE *,12,” AT LOAD:’,3(1PE12.4)/
235( %))

97 FORMAT(//* TOTAL LAMINATE FAILURE AT LOAD:”,3(1PE12.43/31("3"))

99 FORNAT(* LAYER *,12,7 IS SIMILAR 70 LAYER ,12, (ANBLE PLY)”)

98 FORMAT(/5X,”NONLINEAR ANALYSIS:*/5X,19("="))

C DATA INPUT:

READ(1,1)NM,NL,IF,NON1T,NON1C,NON2T ,NON2C ,NON12 R , BEF

NON=1

IF (NON1T.EQ.0.AND.NON1C.EQ, 0. AND. NON2T.EQ. 0. AND . NON2C .EQ.O,
*AND .NON12 .EG.0) NON=0

URITE(2,51)R,NL
READ(1,3){L{K}, TLIK) , THET(K) ,NS{K) ,KIND{K) ,K=1,NL)
WRITE(2,52) (K, TL{K), THET(K),L{K) ,K=1,NL}

READ{1,2) (AA{1,1),AA(2, 1} ,ELLIT) ETT(I),66LT(1) ,PPLT{I),1=1 ,NH)
WRITE(2,53)

URITE(2,54) (1,AA(1,1),AA(2,T) ELLLTY,ETT(I),GELT(T),
#PPLT{I1),1=1,NH)

READ(1,5) (EXT{I),EXCII),EYT(I) EYCKI),EST{), =1, NN)
WRITE(2,60)

WRITE(2,59) (1,EXT(1),EXCCT) ,EYT{I},EYC(I),ESTII), I=1,NH)
READ(1,5)5X,5Y,5XY,D8X, BSY, DSXY

IF(1P.EQ.0)GO TO 33
READ(1,4)SXMIN,SXNAX ,SYNIN,SYMAX, XL, YL, FACTOR ,NX, NY , NNN, 11,12,13
READ(1,7)17

EXPN=EXP10{FACTOR)

SYMAX=SYNAX/EXPN

CALL CC934N

CALL CHAS1Z(2.5,2.5)

CALL WINDOW(2)

CALL AXES

YY=YL+50.

YYY=YY42,5

CALL MOUT02(50.,YY)

CALL CHAHOL (“X104.“)

CALL NOVTOZ(S5S5.,YYY)

CALL CHAFIX(FACTOR,3,0)

33 PI=4.4ATAN(T )

F111,F (1)=5X

F222,F (2)=5Y

FI33,F (3)=8XY

DO 47 K=1,ML

THETA(K)=PI4THET(K) /180,

JJJ{K)=0



47

736

104
204

108

109
107
207

1
210

103

104
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CONTINUE
DDSX=DEX
pOSY=DEY
DDSXY=DSXY
ID=¢
1DD=0
LFF=0
IWRT=0
HP=0
YP{1)=0,
X1{1)=0,
X2(1)=0.
X3{1)=0.

CURVE FITTING FOR NONLINEAR DATA:

TF {NON1T.EQ.0)G0 TG 106

CALL NONLINEAR(NCIT,X01T,Y017,XM1T,P1T,C1T)
G0 TO 206

X017, XN1T=EXT{1)

IF(NON1C.EQ.0IGD TO 107

IF (NON1C.EQ.2)G0 TO 108

CALL NONLINEAR(NCIC,X01C,YD1C,XNIC,P1C,CIC)
60 TO 207

NC1C=NC1T

X01C=X01T

YO1C=Y01T

XH1C=XN1T

po 109 1=1,10

P1C(I)=P1TL{1)

C1C(1=CITLT)

CONTINUE

G0 TO 207

X01C, XM1C=ABS(EXC{1))

IF (NON2T.EQ.0)G0 TO 101

CALL NONLINEAR(NC2T,X02T,Y02T,XN2T,P2T,C2T)
60 T0 210

X027, XNZT=EYT(1)

IF(NON2C.EQ.0)GD TO 102

IF (NON2C.EQ.2)60 TO 103

CALL NONLINEAR (NC2C,X02C,YD2C,XM2C,P2C,C2C)
G0 TO 211

NC2C=NC2T

X02C=X02T

YO20=Y02T

XN2C=XN2T

D0 104 I=1,10

P2C(1)=P27(1)

C20(1)=C2T¢(1)

CONTINUE

G0 T0 211



102
211

105

208

14

44

15

13
22

30

3

32
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X02C, XN2C=ARS(EYC(1))

IF(NONT2.EG.02G0 TO 103

CALL NONLINEAR(NC12,X012,YD12,XM12,P12,C12)
GO TO 208

X012,XM12=E8T7(1)

CONTINUE

H=0,
D0 14 K=1,NL

H=H+TL (K)

IKR=H/2./R

(1) =-H/2.
I2(1)=2{1)#22

KK=2

DG 15 K=1,NL

NM=KK+NS (K)~1
TLL=TLAK}/NS (K)

B0 44 N=KK,NM
Z(N)=Z(N~1)+TLL
22(NY=Z (N)##2
CONTINUE

KK=KK+NS (K)

CONTINUE

06 16 K=1,MN~1

UK =(ZIK+1)42(K) ) /2.,
HS(K)=Z2 (K+1)-Z2(K)
CONTINUE

DO 13 I=1,NL
PO 13 J=1

LF(1,0)=0

CONTINUE

D0 45 K=1,NL

LK=L (K}

EL(K)=ELL (LK)
ET(K)=ETT{LK)
BLT(K)=BGLT(LK)
PLT(K)=PPLT{LK)
PTL(K)=ET{K) /EL (K)#PLT(K)
IF(LF(K,1).EQ.01G0 TO 30
EL{K)=0.

PLT{K),PTL(K)=0.

JJIUK)=1
IF{LF(K,2).EQ.0)G0 TO 31
ET{K)=0.,

PLT(K) ,PTLIK)=0.

JJJ(K)I=1

IF (LF{K,3) .ER.C)GO TO 32
BLT(K)=0.

JUHK) =1
AMDA(K)=1,-PLT (K} #PTL{K)

iton

o
)3
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CONTINUE
EPi=0.
EP2=0,
EP12=0,
LOOP=0

LAYER COMPLIANCE MATRIX:

DO 12 K=1,NL

IF (JJJ{K) .EQ.1)60 TO 34
SK(1,1,K)=1./EL{K)
§K(2,2,K)=1./ET(K)
SK(3,3,K)=1./6LT(K)
SK(1,2,K),SK(2,1,K)=~PLT{LK)/EL(K}
CALL FMOVE(SK(1,1,K),T,9)

LAYER STIFFNESS MATRIX:
1FAIL=0

CALL FO1AAF(T,3,3,TI,3,UK,IFAIL)
60 TO 35

TI41,1)=EL (K)/ANDALK)
T101,23,T1¢2,1)=ET(K)+PLT(K)
T142,23=ET{K)/ANDA LK)
TI(3,3)=6LT(K)

CALL FNOVE(TI,CK(1,1,K),9)
C(1,1)=CK(1,1,K)
C(2,1)=CK{1,2,K)
C(3,1)=CK(2,2,K)
C(4,1)=CK(3,3,K)
AN=COS(THETA(K))
AN=SINCTHETA(K))

CALL TRANSFORNATION(AM,AN)
CALL FNOVE(T,TK(1,1,K},9)
IFAIL=0

CALL FOVEKF{(TTC,TT,C,4,1,4,WK,3,1,IFAIL)
OK(1,1,K)=TTC(,1)

QK (1,2,K),0K(2,1,K)=TTC(2,1)
GK (1,3,K),0K(3,1,K)=TTC{3,1)
OK(2,2,K}=TTC(4,1)
@K(2,3,K},0K(3,2,K)=TTC(5,1)
@K (3,3,K)=TTCL4,1)

CONTINUE

LAMINATE STIFFNESS MATRIX:

b e B e S D R i it A Sl b e b ok 4l Y ke bl R D bt b
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LL=0
A(T,J)=0.
B{1,J)=0,
B0 19 K=1,NL
A1, D)=A(1,J)4GKLT,d,K)#TLIK)
KKK=KIND{K)
60 TO (121,122) KKK
121 NN=NM+1
MM=NN
60 TO 123
122 IF{LL.EQ.2)60 T0 124
LL=LL+
NN=NN+1
60 10 127
126 LL=
NN=NM+1
127 MM=NN+2#NS (K)-2
123 DO 124 N=NN,NN,2
BOI,J)=B(1,J0+QK(T,J,K) #HS ()
124 CONTINUE
19 CONTINUE
AT, J)=A(1,0)/H
B(1,J)=B{1,J)/2./R/H
18 CONTINUE
a(1,1)=4t1,1)
@(1,2)=a(1,2)-E(1,2)
@(1,3)=A(1,3)+B(1,3)
8(2,1)24(2,1)
@{2,2)=A12,2)~B(2,2)
@(2,3)=A{2,3)+B(2,3)
@{3,1)=A{3,1)
@43,2)=A43,2)-B(3,2)
@(3,3)=A(3,3)+B(3,3)

[ a1 o

LANINATE COMPLIANCE MATRIX:
1FAIL=1

CALL FO1AAF(Q,3,3,5,3,WK,IFAIL)
IF(IFAIL.EQ.0}GO TO 132
WRITE{2,97)F111,F222,F333

60 TO 120

132 EX=1./8{1,1)

EY=1./5(2,2)

PXY=-8(1,2)/8(1,1)
PYX=-5{2,11/8(2,2)
6XY=1./5({3,3)

IFAIL=0

CALL FO1CKF{EP,5,F,3,1,3,WK,3,1,IFAIL)
EP(2)=EP{2)#{1.~IKR)
EP(3)=EP{3)#(1.+IKR)
DF1=ABS(EP{1)-EP1)

[l
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131

192

133

181
182
183
184

154

5O

141

142

144

147
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BP2=ABS(EP{(2)~EF2)
DP12=ABS(EP(3)-EP12)

IF{BP1.LE.DEF .AND,0P2.LE.DEF.ANB.DP12.LE . DEF)LOCF=1
EP1=EP(1)

EP2=EP{2)

EP12=EP(3)
IF{IURT.EQ.Q.AND.LOOP.EQ.0)GO0 TO 131
IFCIURT.EG.1.AND.LOOP.EQ,1)G0 TO 132
GO TG 154

URITE(2,93)
URITE(2,55)EX,EY,FXY,PYX,GXY
WRITE(2,58)F,EP

IUR=1

G0 TO 134

WRITE(2,98)F ,EP

WRITE{Z,94)
WRITE(2,55)EX,EY,PXY,PYX,GXY

IWR=1

IFCIP.EQ.Q)GO TD 154

NP=NF+1

G0 T0(181,182,183) ,NiN

TP (MP)=ABS(F{1))/EXPN

GO To 184

YP(NP)=ABS(F(2))/EXPN

GO TO 184

YP{MP)=ABS(F{3))/EXPN
IF{I1.EQ.1)X1{NP)=ABRS(EP(1))%100,
1FLI2.EQ.2)X2 (NP }=ABS(EP(2) )*100.
IF(13.EQ.3)X3{MP)=ABS{EP(3))#100.
CONTINUE

LAYER STRESS/STRAIN CALCULATIONS:

o e e il b A A L A AN S S P P VR P PP i b e il O A T i A M O P

LL=0

B0 27 K=1,NL
IF{TUWR.ER.TIURITE(2Z,43)K
IC=(Q

KKK=KIND(K)

60 T0 (141,142),KKK
NN=MH+1

M=NN

GO TO 143
IF(LL.EQ.2)60T0 144
LL=L+1

NN=NN+1

GO TO 147

LL=1

NN=MN+1
MN=NN+24NS(K)}~2
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00 145 I1=1,3
1,10

D0 145 J=
SPC{T,.)=0
CONTINUE
DO 144 N=NN,NM,2

IR=Z1(N) /R

1C=1C4+1

B0 21 J=1,3

B{1,0)=6(1,J)

B(2,J)26(2,1)~IR+§(2,J)
B{3,J)=5(3,J)+IR*5(3,))

CONTINUE

CALL FMOVE(OK{1,1,K),T,9)

IFAIL=0

CALL FOICKF(TI,T,B,3,3,3,WK,3,1,IFAIL)
CALL FNOVE(TK(1,1,K),T,9)

IFAIL=0 .

CALL FOICKF(P,7,T1,3,3,3,UK,3,1,IFAIL)
CALL FO1CKF(STR,P,F,3,1,3,WK,3,1,IFAIL)
IF (KKK.EQ.1)60 TO 144

CALL FMOVE(STR,SPC(1,IC),3)

CONTINUE

IF (KKK.EQ.2)CALL NAXINUM VALUE(IC,STR)
CALL FMOVE(STR,STRESS(1,K),3)

IF(JJJEK) .EQ.1)60 T0 37

CALL FMOVE(SK(1,1,K),T,9)

IFAIL=0

CALL FOICKF(STRN,T,STR,3,1,3,WK,3,1,IFAIL)
60 T0 34

IF(LF(K,1}.EQ.1)G0 TO 38
STRN(1)={STR{1)~PLT(K)#STR(2) ) JEL {K)

G0 TO 40

STRN{(1)=1,E10

IF(LF(K,2).EQ.1)60 TO 41
STRN{(2)=(STR{2)-PTL(K)#8TR{1) ) JET(K)

GO TO 42

STRN(2)=1.E10

IF(LF(K,3).ER.1)G0 TO 43
STRN(3)=8TR(3)/6LT{K)

60 T0 36

STRN{3)=1.E10

IF {IWR.EQ. 1 )WRITE(2,92)5TR, STRN

CALL FMOVE (STRN,STRAIN(1,K),3)

CONT INUE

IF(IWR.EG. 1JURITE(2,57)

NONLINEAR ANALYSIS:

ol b it e ey e e o o A T Y S T P

IF(IWRT.EG.O)URITE(2,98)
IF(LOOP.EQ.1)60 TO 140
60 TO 141
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Fit1=F (1)}
F222=F(2)

FI33=F (3}
GO TO 28

DO 112 K=1,NL

IF(THET(K) JEQ.~THET(K~-1) .AND.KIND(K) .EQ.KIND{K~13)5B0 TO 112

K1=K+1
CALL FNOVE(STRAIN(1,K),STRN,3)
IF(LF(K,1).EQ.1)60 TO 114
IF{STRNC1),LT.0,0)60 TO 113

IF(STRNCT) LLE.XD1T)GO TO 114

ND=1

IF{STRN{1).GT.XN1TIGO TO 144
STRN(1)=STRN(1)-X01T

IFAIL=0

CALL EQ2BBF (NC1T,P1T,C1T,STRN(1),51T,IFAIL)
STRN{1)=5TRN(1)+X01T

§1T=51T+YO1T

EL(K)=S1T/STRN(1)

IFLKIND LK) JEQ.2VEL (K1 )=EL (K)

60 TO 114

IF{ABS(STRN(1)),LE.X0O1CIGO TO 114

ND=-1

IF (ABSCSTRNC1)) LGT. XH1CIGD TO 144
STRN(1)=ABS(STRN{1))=X01C

IFAIL=0

CALL EQ2BBF (NC1C,P1C,C1C,STRN{(1),51C,IFAIL)
STRN(1)=STRN(114X01C

§1C=51C+YDIC

EL(K)=S1C/STRN{1)

IF(KINDAK) JEQ.2)EL (K1) =EL(K)

TF (LF{K,2) .EQ.1)G0 TO 111
IF(STRN(2).LT.0,0)60 TO 110

IF {STRN{2) .LE.X02T)G0 TO 111

ND=2

IE(STRN(2).GT.XN2TIGO TD 144
STRN(2)=6TRN(2)-X027

1FAIL=0

CALL EO2BBF (NC2T,P2T,C27,5TRN(2),82T,IFAIL)
STRN (2)=5TRN(2)+X02T

82T=62T+Y02T

ET{K)=S2T/STRN(2)

IF(KIND(K) JEQ.2)ETLK1)=ET(K)

60 TO 111

1F (ABS(STRN(2)) .LE.X02C)G0 TO 111

ND=-2

IF (ABS(STRN(2)) .GT . XN2C)GO TO 164
STRN(2)=ABS{STRN{2) ) -X02C

IFAIL=0

CALL EOQ2BBF(NC2C,P2C,C2C,5TRN(2),52C,IFAIL)
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STRN(2I=§TRN(®)+X02¢ 7 7
§2C=52C+Y02C
ET{K)=52C/STRN(2)
IFCKINDCK) JEQ.2VET(K1)=ET(K)

111 IF{LF{K,3).EQ.1)G0 TO 114
IF (ABS(STRN(3) .LE.X012)60 TO 114
ND=12
IF (ABS(STRN(3}) .GT.XN12)60 TO 144
STRN(3)=ABS{STRN{3))-X012
IFAIL=0
CALL EQ2BBF (NC12,P12,C12,5TRN{(3),512,IFAIL)
STRN(3)=GTRN(3)+X012
§12=512+Y012
GLT(K}=512/STRN(3)
IF CKIND(K) JEQ.2)BLT(K1)=6LTIK)
60 TO 116

164  IF(IDD.EQ.0.DR.IDD.EQ,.1)60 TO 115
WRITE(2,95)K,ND,F111,F222,F333
IF(KIND(K) .EQ.2)WRTTE(2,95)K1,ND,F111,F222,F333
LFF=1
IF(ND.EQ.1.0R.ND.EQ.~1)LF(K,1)=1
1F{ND.E@.2.0R.ND.EQG.~2)LF(K,2)=1
IF(ND.EQ.12ILF (K, 3)=1
IF(KIND(K).EQ.1)60 TO 114
IF(LF{K,1).EQ.1LF (K1,1)=1
IF(LF{K,2).EQ.1)LF{K1,2)=1
IF(LF(K,3).EQ.1}LF (K1,3)=1

114  CONTINUE
ND=0
60 TO 112

115 1D=1

112 CONTINUE

£
TURT=1
IF (LFF.EQ.0)G0 TO 146
LFF=0
10D, 1D=0
BSX=DDSX
DSY=DDSY
DSXY=DDSXY
F{1)=F111
F(2)=F222
F{3)=F333
60 TO 22

146  IF(ID.EQ.1)GO TO 165
60 TO 20

145 DSX=DSX/10.
DSY=DSY/10.
DSXY=DSXY/10,
10D=1DD+1
1D=0
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28 CONTINUE
F(1)=F111+D8X
F(2)=F222+4D8Y
F{3)=F333+DSXY
GO TO 22

120 IFCIPLEQ.O)GD TO 39
IF{I11.EG.0)G0 TO 118
CALL DASHED(-1,2,,1.,0.)
CALL GRACUR(X1,YF,NF)

118 IF(12.EG.0)G0 T0 119
CALL DASHED(-1,4.,2.,0.)
CALL GRACUR{X2,YP,NP)

119 IF(13.EQ.0)60 TO 120
CALL DASHED(~1,6.,3.,0.)
CALL GRACUR{XJ,YP,MFP)
CALL DEVEND

39 STOP OK
END

SUBROUTINE TRANSFORNATIONCAN,AN)

v v v P P P o P e = i e i b

o]

COMMON/BLOCKTY T(3,3),TT{6,4)
o 1 3=1,3
0 1 4=1,3

1 T{1,J4)=0,
00 2 1=1,4
Do 2 J=1,4

2 T1¢(1,4)=0,
AN2=AN++2
AN2=AN+42
ANI=AN++J
ANI=AN#+3
ANA=AN24%2
ANA=AN2 442
ANAN=AN+AN
ANAN2=2, *AMAN
AN2AN2=ANZ+*AN2
ANAN22=ANZ2-AN2
TC1,1),T(2,2)=AM2
TE1,2),T(2,1)=AK2
T{1,3)=—-ANAN2
T(2,3)=ANAN2
Ti(3,1)=ANAN
T(3,2)=-ANAN
T(3,3)=ANANZ2
TT(1,1),TT{4,3)=AN4
TTU1,2),TT(4,2)=2 . AN2AN2
TT{1,3),TT(4,1)=AN4
TT{1,4),TT{4,4) =4, +ANZAN2Z
TT¢2,1),TT(2,3),TT(4,1),TT{6,31=AN2ANZ
TT{2,2)=AN4-+AN4
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TT42,4)=~TT(1,4)
TT(3,1)=-ANI#AN
TT(3,2) =ANAN+ANANZ2
TT(3,3)=AN+AN3
T1¢3,4)=2.4TT(3,2)
TT(5,1)=~TT(3,3)
TT(5,2)=-TT(3,2)
TT(5,3)==TT(3,1)
TT(5,4)==TT{3,4)
TT¢6,2)=-TT{1,2)
TT(4,4) =ANAN2 2342
RETURN

END

SUBROUTINE AXES

COMMON/BLOCKA/SXMAX, SXMIN,SYNAX ,SYMIN, IP, XL, YL, NX,NY ,NNN,IT(20)

CALL AXIPOS(1,50.,50.,XL,1)
CALL AXIPOS{(1,50.,50.,YL,2)

CALL AXISCA{3,NX,SXMIN,SXNAX,1)

CALL AXISCA(3,NY,SYNIN,SYNAX,2)

CALL SRID(-2,1,1)

CALL NOVT02(70.,40.)

CALL CHAHOL(“LAMINATE STRAIN {AXIAL, HOOF OR SHEAR)
CALL MOVTDZ(30.,70.)

CALL CHAANG(90.)

6O TO(1,2,3),NNN

CALL CHAHOL(‘LAMINATE STRESS (AXIAL), SX#.")

GO TO 4

CALL CHAHOL (“LAMINATE STRESS (HOOP), SY#.*)

GO TO 4

CALL CHAHOL!“LANINATE STRESS (SHEAR), SXY#,”)

CALL CHAANG(0.)

CALL NOYTO2¢(70.,20.)

CALL CHAARR(IT,20,4)

RETURN

END

SUBROUTINE NONLINEAR(NCZ,X0,YO,XH,P,C)

A A 0 U 20 2 D k. ot L i it it e A Lt St i

LXT#.7)

DIMENSION X(30),Y{(30),W{30),F({10),UK(30),URK(4,10),C{10)

REAB(1,1)NP,NC
READ(1,2)(X(1),I=1,NP)
READ(1,2)¢Y{1),I=1,NP)
NC3=NC+3

NC7=NC+7

IF (NC.EQ.1)60 TD 10
READ(1,2) (P(1),I=5,NC3)
CONTINUE

X0=X(1)

Y0=Y(1)
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AN=KTNF) e T
DO 11 I=1,NP
X(11=X{1)-X0
Y=Y {11-Y0
wil)=1,
11 CONTINUE
IFAIL=0
CALL EO2BAF (NP ,NC7,X,Y,W,P,UK,URK,C,55,IFAIL)
FORMAT{210)
2 FORMAT (10F0.0)
RETURN
END

—

SUBROUTINE MAXIMUM VALUE(N,STR)

COMMON/BLOCK?/SPC(3,10)
DINENSION STR(3)
20 1 1=1,3
STR(1)=0.
1 CONTINUE
D0 3 1=1,3
D0 2 J=1,N
F=ABS(SPC(1,J))-ABS{STR(I))
IF (F)4,4,5
STR(1)=8PC(1,J)
CONTINUE
CONTINUE
CONTINUE
RETURN
END

i B e O

FINIGH

I.5 SAMPLE INPUT

1
1
1
1
1
1
1

4 ¢ ¢ 0 t 11
L6583 85, 2 2
JA63E-3 -85, 2 2

+B125E-3  43. 3

.8125E~-3 -45. 5§ 2

.143E-3 85. 2 2

+143E-3 -85. 2 2

40.042E-3 L0001

2

GLASS/EPDXY 44.5E9 13.522E% G5.464E7 .183
2.83E-2 1.72E-2 J198E-2 1.23E-2 4.33E-2
0. 30.E6 0. 0. 3S0.Eé4 0.

¢ 1

0. .00025 0005 .00073 .001 00125 0015 .00175 .00198

0. 3.8Eé 7.E4 10.4E4 13.8E4 14.8E6 19.4ESH 22.Eé& 24.1Eé

0 2

0., 0015 .003 .0045 .006 .0075 .009 .0105 .012 .0125

0. 19.E6 36.3E6 S1.87E4 64.3E6 75.3E6 84.ES 91.E4 94.67ES 9B.ES
0045

17 3

0. .002 .004 .004 .008 .01 .012 .014 .0146 .018

02,024 ,028 .032 .03&6 .04 0420

0. 9.8E6 17.Eé 22.4E6 26.8k4

42.8E6 45.4E4 46.8E4 47.2E6 47.6E4 47.8ES  4B.Eé
.004 .028

J0.4E6 33.6E6 36.8ES 19.2E6 41.2Eé
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I.6 SAMPLE QUTPUT

ANALYSIS OF FILAMENT-WOUND TUBE OF R= 4.004€=-02 AND 6 LAYERS:
LAYER LAYER LAYER LAYER MATERIAL
NC. THICKNESS ANGLE NO.
1 1.650E~04 85.00 1
2 1.650E-04 ~85.00 1
3 8.125€~-04 45.00 1
4 8.1256~04 -45.00 1
5 1.650E-04 85.00 1
6 1.650E=-04 -85.00 1
MATERIAL PROPERTIES
NO . MATERIAL EL ET 6LT NULT
1 GLASS JEPOXY 4L.45E 10 1.35E 10 S5 _64E 09 0.183
NO. EUA EU1® EU2 Eye"* EU12
1 2.83E-02 1.72E-02 1.98E-03 1.25€6-02 & .33p~-02
LINEAR ANALYSI1S:
LAMINATE PROPERTIES:
EX= 1.69E 10 EY= 2.48EFE 10 NUXY= 0.287 NUYX= 0.420 6xY= 1.12E 10
LAMINATE STRESSES: O0.0000¢ 00 s5.000pE 07 0.0000E 00
LAMINATE STRAINS : =-8.4729g-04 1.9606E-03 2.2348E-06
LAYER NO. 1
STRESS 9.02E 07 -6.16E 06 ~2.87E O6STRAIN 2 .05E-03 -8.27&-04 -5.09E-04
LAYER NO. 2
STRESS 9.00E 07 -6.18E 06 2.84E 06STRAIN 2 .0SE-03 -8.27E-04 5.04E-04
LAYER RO. 3
STRESS 2.86E 07 9$.77E 06 -1.64E O?STRAIN 6 .03E-04 6.05E-04 =-2.90E-03
LAYER NO. &
STRESS 2.85E 07 9.68E 0& 1.63FE O?STRAIN 6.01E-04 S5.99E-04 2.89€-03
LAYER NO. §
STRESS B8.58FE 07 -6.42E 06 -2.78E DS6STRAIN 1.9SE~03 -8.27€-04 -4.92E-04
LAYER NO. &
STRESS 8.S6E 07 ~6.43F 06 2.75E O6STRAIN 1.95E-03 ~-8.28E-04 4.87E-04

- —— - S S G A - R T T A D W P W SIS ST IS S S G S S . G W N G W G G A A S S T N v W - e
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NONLINEAR ANALYSIS:

A W A S A e A v S
W o S e U o e e

LAMINATE STRESSES: 0.0000& 00 5.0000E 07 O0.0000E 0O
LAMINATE STRAINS : =1.0574E-03 2.1020E-03 2.3082E-06

LAMINATE PROPERTIES (SECANT MODULI):
EX= 1.55E 10 EgY= 2.31E 10 NUXY= 0.327 NUYX= 0.489 6XY= 1.14E 10

LAYER NO. 1

STRESS 9.63E 07 -8.20¢E (06 =-3.50E CO6STRAIN 2.20E-03 -1.03€-03 -5.72E~-04

LAYER NO. 2

STRESS 9.61E 07 -8.22E 06 3.47E U6GSTRAIN 2.19E-03 -1.03E-03 5.67E-04

LAYER NO. 3

STRESS 2.72E 07 9.67E 06 -1.47E O7STRAIR 5.726-04 5.74E-04 =3.26E-03

LAYER NO. &

STRESS 2.71E 07 9.57E 06 1.47E OQ7STRAIN S5 .70E-04 5.67E-04 3.25E-03

LAYER NO. 5

STRESS 9.16E 07 ~B.46E 06 =3.40FE O6STRAIN 2 .09E-03 -1.03E-03 =-5.54£-04

LAYER NO. &

STRESS 9.14E 07 -8.48E 06 3.37E O06STRAIN 2.09E-03 =1.04E-03 S.48E-0

R W O I Y T G R D A D A A G A A R AN D A Y T - G S R W R W e W e e

LAMINATE STRESSES: (.0000F 00 1.6350e 08 0.000CE 00
LAMINATE STRAINS : =4 .9514E-03 7.9820E-03 9.6352e~06

LAMINATE PROPERTIES (SECANT MODULI):
EX= 1.26E 10 EY= 1.99E 10 NUXY= 0.380 NuYX= 0.603 6XY= 1.0% 10

LAYER NO. 1
STRESS 3.64E 08 =3.80FE 07 =-1.16E O7STRAIN 8 . 34E-03 -4 .B6E~03 -2.33E-03

LAYER NO. 2

STRESS 3.63F 08 -3.81F 07 1.15E O?STRAIN & .33E~03 -4.86E-03 2.31E-03

LAYER NO. 3

STRESS 8.056 07 2.57€ 07 -3.60E O7STRAIN 1_70E-03 1.71€-03 -1.33€e-02

LAYER NO. &

STRESS 8.01E 07 2.54€E 07 3.59E O7STRAIN 1.70E-03 1.69E~03 1.33g-02
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LAYER NO. 5

STRESS 3.46E 08 ~3.89F 07 -1.14E O7STRAIN 7 .94E-03 -4 .B6E-D3 =-2.27E-03
LAYER NO. 6

L XN RE NI RN N

STRESS 3.46E 08 -3.89E 07 1.12E O7STRAIN 7.93E-03 -4.86E-03 2.24£-03

LAYER 3 FAILED IN MODE 2 AT LOAD: (0.0000€ 00 1.6350 08 0_0000E 00

Ak d gk kR A A I kAN Ak h AR AR N R A hh AR

LAYER 4 FAILED IN MODE 2 AT LOAD: ¢.0000E 00 1.6350E 08 0©.0000g 0O

I3 ESEEEXE 222322222 RSl Rl RSB 4

LAMINATE STRESSES: (.0000E 00 3.2950E 08 0.0000E 00
LAMINATE STRAINS : ~1.2801E-02 1.8957E-02 3.7576E-0S

LAMINATE PROPERTIES (SECANT MODULI):
EX= 8.73E 09 EY= 1.6%9E 10 RNuXY= 0.339 NuYX= 0.656 ©6XY= 2.07e 09

LAYER NO. 1

STRESS B8.68E OB —7.06E 07 -2.13E O7STRAIN 1.98E-02 =-1.26E-02 -5.74E-03
LAYER NO. 2

STRESS 8.67E 08 -7.07€ 07 2.10E OTSTRAIN 1.98E-02 -1.26E-02 5.66E-03

LAYER NO. 3

STRESS 1.S56E 08 -3.16E-03 -4.74E O7STRAIN 3.526-03 1.00t 10 -3.27E-02

LAYER NO. &

seesenmacnas

STRESS $.56E 08 -8.99e-04 4.75E O7STRAIN 3.51E-03 1.00E 10 3.26E-02

LAYER NO. 5

----- - e e

STREgs '8.26E 08 -7.20E 07 -2.09E Q7STRAIN 1 .89E~02 -1.26E-02 -5.58€-03

LAYER NO. 6

ssessesssenan

STRESS 8.24E 08 =-7.21E 07 2.06E O7STRAIN 1.88E-02 -1.26E-02 5.50E~03

e e S R W W G e A S — —— e i e S O G e il e S A S S S A S S W S ke G S -

LAYER 1 FAILED IN MODE -2 AT LOAD: 0.0000€ 00 3.2950€ 08 0.0000E 0O

**********************i*******t***

LAYER 2 FAILED IN MODE -2 AT LOAD: (.0000€ 00 3.2950e 08 0.0000g 00

FTTI22822233 33322223 222z22 222 b R 2

LAYER 5 FAILED IN MODE -2 AT LOAD: 0.0000E GO0 3_2950E 08 0.0000E 00

P TS 222322 22223 R 22 R 2 2 R gt h b R 2

LAYER & FATLED IN MGDE =2 AT LOAD: 0.0000E 00 3.2950e 08 0.0000E go

A kARt khAh A hkh kbt bd ik rkdh ks
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- APPENDTX J

DETAILS OF THE TEST RIG

J.1l THE TEST RIG

The test rig was designed to test the two types of tubes
which have different diameter. The components of the rig,
therefore, were designed to serve as much as possible both
types of tubes. Only the components which relateto the
diameter were different, Figs. (J.1) to (J.15). The end
fittings for the tension testing machine are also different
%nmnghose of the torsion %esting machine, Figs. (J.6) and
J.7).

J.2 TEST RIG ASSEMBLY PROCEDURE

The procedure to assemble the test rig is as follows,
the component numbers are those of Fig. (J.1)

1. Put the liner holder (11) in the mouth of the
polythene bag (18), then twist the mouth of the
bag round the holder and place the "O" ring (23)
over the bag.

5. TPlace the sealing cup (12) and its cover (14).

3. Place the "0" rings (26) and (27) (or 25 as appropriate)
in their holiders and insert the bag holder (11) in the
"O" ping holder (9) (or 8 as appropriate).

4, Tighten the nut (19).

5. Insert the "0" ring (28) (or 24) and place the end grip
(3) (or 2) and tighten Allen screws (21) (or 22).

6. Place the sealing cup (13) and its cover (15) over the
end grip (5) (or 4 + 10) and tighten the Allen screw
(29) (or screws 22).

7. Place the appropriate end fitting (6) (or 7) and tighten
the bolts (20).

8. Blow the bag with air and close the 0il inlet.
9. Insert both ends in the specimen (1) and tighten

Allen screws (16), and the specimen is ready for
biaxial test.
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The above procedure can be simplified when the specimen is
to be tested in uniaxial loading. In internal pressure
test, for instance, the end fittings are removed and the
specimen is left free to slide on the ends by removing
Allen screws (16).

To insert the ends easily in the specimen the inside edges

of the specimen are tapered with a file, and then greased
with some oil.
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