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Abstract—For the problem of fault tolerant trajectory
tracking control for a large Flying-Wing (FW) aircraft with
Linear Parameter-Varying (LPV) model, a gain scheduled
H,, controller is designed by dynamic output feedback.
Robust synthesis of this gain scheduled H,, control is carried
out by an affine Parameter Dependent Lyapunov Function
(PDLF). The problem of trajectory tracking control for the
LPYV plant is transformed into solving an infinite number of
linear matrix inequalities by the PDLF design, and the
linear matrix inequalities are solved by convex optimization
techniques. To overcome model uncertainties due to
linearization and external disturbances, a radial basis
function neural network disturbance observer is proposed,
and to estimate actuator faults, an LPV fault estimator is
designed. Furthermore, a composite controller is proposed
to realize fault tolerant trajectory tracking control, which
combines the LPV control with the fault estimator and
disturbance observer, as well as an active-set based control
allocation to avoiding actuator saturation. The approach is
tested by simulation of two scenarios that show responses of
the altitude, speed and heading angle to (i) unknown
disturbances and (ii) actuator faults. The results show that
the proposed neural network observer based LPV control
has better performances for both disturbance rejecting and
fault-tolerant trajectory tracking.

Index Terms—Flying-wing aircraft; linear
parameter-varying system; neural network; disturbance
observer; fault tolerant control

[. INTRODUCTION

HE flying-wing aircraft configuration has been proposed
as a creative design for next generation aircraft [1].
Compared to the conventional configuration, the flying-wing
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has potential to meet future needs because of its capabilities
for lower fuel consumption, smaller noise, carbon emission
reduction and broader passenger cabin. Modeling and
control methods of flying-wing aircrafts have been actively
studied recent years [1, 2]. However, since there is no tail
wing, there is a short pitch motion arm such that pitch
balance of the airplane is very hard with potential for lose of
control in landing; yaw control is also difficult[3]. Therefore,
the question of how to control flying-wing aircraft is a
particular challenge [4]. A feedback flight controller is
required is to reduce pilot workload, particularly during
abnormal conditions.

Because the aircraft nonlinear dynamics are changing with
the flight conditions, gain-scheduling is a common appraoch.
Although this is easily implemented in the engineering
applications, it does not guarantee the overall closed-loop
system robustness and nominal stability. A more systematic
approach to deal with system uncertainty and nonlinearity is
Linear Parameter-Varying (LPV) control [5, 6]. For example,
Atoui et al. proposed LPV-based autonomous vehicle lateral
controllers [5]. Damon proposed a Luenberger LPV observer
to estimate lateral motorcycle dynamics and the rider action
[6]. To realize a lane keeping system, Quan et al. proposed
LPV model based gain-scheduling control with parameter
reduction[7]. Liu and Sang studied a polytopic model for
robust model predictive control of an airship with winds and
state time-delay [8]. Fleps-Dezasse proposed an active fault
tolerant LPV control to compensate for damper forces that
may be lost after a failure [9]. It has been shown that stability
and robustness of the closed-loop system is theoretically
guaranteed by the LPV controllers[10].

It is known that the control performance of gain
scheduling depends heavily on an accurate model. But
flying-wing aircrafts are subject to a varying center of
gravity, unknown faults, and other uncertainties.
Furthermore, due to the short moment arm, they are more
sensitive to center of gravity changes and to turbulence and
gusts [4].

Robust control techniques, especially H~, have been
proposed to handle such external disturbances and
uncertainties. There are two well-known gain-scheduled H--
control method, this being the Single Quadratic Lyapunov
Function (SQLF) [11] and the Parameter-Dependent
Lyapunov Function (PDLF) [12, 13]. Compare with the
SQLF design, the PDLF method is less conservative when
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the parameters are changing slowly [14, 15], hence the
PDLF based LPV design is applied for flight control of the
flying-wing aircraft.

The aim here is implement fault-tolerant trajectory
tracking control for the FW aircraft under gust disturbances
and unknown actuator faults, and so reduce gust and fault
sensitiveness for the FW aircraft in a complex operation
environment. This paper advocates a composite Fault
Tolerant Trajectory Tracking Control (FTTTC) by using
Neural Networks Disturbance Observer (NNs-DO)
combined with a fault estimator.

NNs-DO has been used to estimate unknown bounded
disturbances in the control process [16 17], and the control
system can actively compensate for them. The advantage of
the Disturbance observer based Control (DOBC) is that the
original performances by baseline control are preserved and
the observable disturbances are compensated without
resorting to different control strategies [18]. Li et al.
proposed an adaptive neural network output feedback
optimized control design for a class of strict-feedback
nonlinear systems that contain unknown internal dynamics
and the states that are not measurable by means of barrier
Lyapunov functions [19].

Hence, an NNs-DO based PDLF controller is proposed
to fault tolerant control a flying-wing aircraft. This method is
used to design the NNs observers to observe disturbances
and estimate the actuator faults, and to integrate the faults
and disturbance information into the LPV control scheme to
reduce their influences. The main contributions of this study
are listed as follows.

1) The LPV system of the flying-wing aircraft, under
unknown disturbance and actuator faults, is robustly
stabilized using the NNs-DO-PDLF LPV fault control. An
H,, index is included in the NNs-DO-PDLF LPV design to
reject environment disturbances. The FTTTC design
problem of the LPV system with the H,, index and wind
disturbances can be interpreted as an affine parameter
dependent Lyapunov function. Compare to a single
quadratic Lyapunov function (SQLF) design proposed in
[16], the PDLF method can reduce the conservatism of
the designed LPV controller.

2) An RBF-NN disturbance observer is proposed in
order to approximate model uncertainties and reject
external disturbances. Unlike [16, 17], the RBF-NN is
introduced into the DO, thus the disturbance observer
improves adaptiveness and precision by the RBF
neural-network approximation. Meanwhile, An LPV fault
estimator is proposed to compensate the influence of
unknown actuator faults.

3) The flying-wing aircraft has fifteen control surfaces and
three thrusters (see Fig.1). Hence a further challenge is how
to efficiently allocate these control effectors. An active set
based weight square least method is suggested for this
problem. The fault tolerant control objective can be
implemented in practice and actuator saturation is reduced.

The reminder of this paper is organized as follows. In
Section II, an LPV dynamics model of a flying-wing aircraft

is established. Section III proposes a NNs-DO PDLF based
fault tolerant trajectory tracking control design. Section IV
presents the simulation results as well as the discussions on
the proposed method. Finally, the conclusion is drawn in
Section V.

II. DyYNAMICS MODELING

A. dynamics modeling of flying-wing aircrafts

The flying-wing aircraft configuration is shown in Fig.1,
whose wing span 80m and length is 50.8m, and there are
fifteen flaps for control, and it is assumed that the body is
rigid. By using the Jacobian linearizing method a linear time
invariant model [2] and the associated LPV model can be
obtained.
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Fig. 1. Basic structure and control surfaces of a flying-wing aircraft

The LPV model is given by
{)'c(t ) = A(p)x()+B(p)u(?)
¥(6) = C(p)x(O)y+D(pu(t)’
where A(-), B(-), C(*), and D(-) are given functions of
0, (t)]Tis
scheduled parameters meeting pi(t)e[/_)i,ﬁi], P, s P

()

scheduled parameters of p, p:[ p) p,(1)

denote upper and downer bound of p;, =1, 2, ..., n.
x(2) € R” is the state vector, u(¢) € R™ is the control input
vector, y(t) € R?” is the measurement output vector.

Since gust disturbances and faults often occur during
flight for the FW aircraft, then the aircraft LPV model with
disturbances and faults are described as

x(t) = A(p)x(t) + B,(p)o(t) + (B, (p) (u(t)*f, (t)) + B,d (1))
z(t) = C(p)x(1) + Dy, (p)ext) + Dy, (p)u(r)
¥(@) = Cyx(0) + D, (p)(t)

()
where A(*), Bi(*), By(*), Ci(*), D1i(*), Dio(*) and Dy () are

given functions of p. w(t) e RY is the L,-norm bounded

input disturbance, d(zr) € R™ denotes the unknown

bounded disturbance, B; is effective matrix of the
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disturbance, f,(f) is actuator fault with bounded rate.
z(t) € R" is the controlled variable or error vector.

To simplify the model and reduce computing load, assume
that (B,, Cy, D>, D)) are parameter independent, (4(p), B,)
is quadratically stabilizable, and (4(p), C,) is detectable over
the parameter space @. Then the model (2) is rewritten as

() = A(p)x() + B, (p)ax(t) + B, (u()1f, (1)) +B,d (1)
2(t) = G (p)x(t) + Dy (p)at) + Dy,u(t) )
y(t)=C,x(t)+ Dy o(t)

Set B,=B,to match the disturbances from the control inputs,

and the external disturbance can be generated by

{é(r>=Wd§(z>
d(t)=V,E(0)
where ¢ is internal auxiliary variable, W, and Vy are known

suitable dimensional matrices. A PDLF based nominal
controller is designed for the affine system (3),

{xk ()= A4,(p, p)x, (1) + B, (p)y(?)
Uy (1) =C,(p)x, 1)+ D, (0)¥(0)

4)

(5a)

and

(A4(p.p) B(p)) < _[ 4 B,
Ko )_( C(p) Dk(p)]‘;“"K”K"_[ck‘ DJ

(Sb)
where x; (¢) denotes the controller state, and 4,, B,,C, , D,
denote the controller gain matrices.

Denote xJ; = [xT x,{] _ if the disturbance d(7) and faults

fa(t) are neglected, then the closed-loop system, (2) and (5),
is presented as follows,

{xd} _| Aalp) By, (p) {xd} ©
z G, (P) Dy, (P @
where
AP+ By D (p)Cy B C(p) | & -

A, 5 = . = el s

t(£:) { B, (p)Cy Ak(p,p)} Z‘a l

| Bi(@)+BaDp(P)Dyy | A
By, (p)= { B (p)Dy; } - ;aini ,

,

G, (P) =[G (P)+ DDy (P)C, - DG (p)]=2 e C
i1

Fli + By Dy, D21]

Ai + Bszi CZ Bzcki
4 By, Dy

s cl:

! BL.C Ay, :
Co; :|:Cl,~ + DDy, G Dlzck,l’
Dyy, ()= Dy1(p)+ Dia Dy (p)Dyy (7

B.  Problem formulation
To solve bounded disturbances and unknown faults, we

are now ready to present the fault tolerant trajectory tracking
control problem: Find an LPV fault tolerant control such
that the closed-loop LPV system, (2) and (5), meets:

(a) robust stablity under conditions of bounded
disturbances d and unknown faults f,.

(b) rejection disturbance w with He index so that
[0, <7lel, ®

for all nonzero w(¢) € £,[0,), and

12
EG) ., —{ j:’ P (t)z(t)dt} , ©)
where y is a given positive H- index, |||| 0 denotes L,- norm

operator.

III. FAULT TOLERANT TRAJECTORY TRACKING CONTROL DESIGN

A. Control synthesis based on PDLF

The objective is to derive sufficient conditions driving the
closed-loop system (6) meeting requirements of (a) and (b).
First recall the definition of the asymptotically state invariant
ellipsoids.

Lemma 1 [I5] A given symmetric matrix polytope,

,

N(p) e R”*P | for which N(p)=Zal~Ni , meets N(0) <0
i=l1

forVpe®,ifand only if N; <0,i=1,2,...,m, where¢; is

calculated by using (19) and (20)(defined later in this

subsection), where ©® = [21"51}<[22’/32}X"'X[£n’5"] >
P, and p; denote the upper and lower bound of p;

respectively. n is the total number of p(?).
The system state matrix A(p), B;(p) , C;(p) and D{(p)

in (3) can be written as a convex combination of the matrix
vertex, 1.€.,

Ap) B B, |4 B B
G(p) Di(p) Dy |=2|C, Dy, Dp|(10)
G Dy 0) "7 ¢, Dy o0

where r = 2", 4., éli ,CN‘Ii and blli are the associated

matrices at each vertex. By expanding the bounded real
lemma [20] to LPV systems, we get the following conclusion;
if there exists a positive definite symmetric matrix P such
that

A" (p)P+PA(p) PB(p) C'(p)
B’ (p)P -yI  D'(p)[<0  (11)

C(p) D(p) -yl

holds for all admissible parameter trajectories, then the
system (1) is quadratic stable and guarantees the requirement

[z, <70l t201,

Consider the LPV system y=4(p)x , by using Lyapunov
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stability theory it can be seen that the LPV system is
parameter-dependent stable if and only if there exists a

positive definite symmetric matrix P( p)=PT (,0) such that

AT (p)P(p)+ P(p) A(p)+P(p) < 0,¥(p,p) e Ox D (12)

where
=0, ]<[0,.5 ]«

0. and 51 denote the upper and lower bound of ; meeting

16,6, ], (13)

6. = p; , respectively. P(p)and P(p) depend affinely on the
parameters p as[12],
P(p)=RytpiR+--+p, B, =y R+ay Py +--+a, B r =2
(14)
P(pY=pR++p By = BR+PoPs +-+B.E (15)
where P and f; are intermediate variants. Substituting (10),

1

(14) and (15) into (12) yields

Zza“ﬁk(

R
i=lk=1

=1 r r L )
23 X zaiajﬂk(E(AiTPj +Pin+A]TPI. +PiAj+2Pk)j<0

i=l j=i+1k=1
(P, p) eOXD (16)
where

r r
a2 €[0], oya; B €[0,0.5] Z =1,> B =1,

i=1 i=1

0]

ror -1 r r
SN B2y D D e fi=l. (18)
i=1k=1 i=l j=i+1k=1

To calculate a;or B, , the normalized co-ordinate is computed
as

_pi—pi(0) ;
Pi= P

1

a =1,2,,n (19)

Pi

Then the associated polytopic co-ordinates for each vertex
are computed by[21].

n ., if p. is a co-ordinate of ®j
- . ; i
a.f:Hapi ’api = 1 if o i dinate of ® ’

il —a,,, if p; is a co-ordinate of ® ;
j=12,...,r, (20)
According to Lemma 1, if positive definite symmetric
matrices 131 are done at all vertices, then the inequality of (16)
is solved. Therefore, if the existence of a positive definite

matrix P, >0,i=1,2,..., rsatisfies the following LMIs
ATB+BA4+P, <0,P >0 @21)
AP+ P 4+ 4] B+ BA;+2B, <0 (22)

(L,k=12,.,rand 1<i<j<r),
then the system x=4(p)x is parameter-dependent stable.

By using the PDLF ofV(x)=xTP(p)x , we get that an
LPV controller K(p) stabilizes the closed-loop system (6),
and ensures the H- index ||Z(t)||é2 < 7/||(o(t)||2 if and only if

there exists P( p)=PT (p) satisfying
P(p)>0 ,%(xTP(p)x)+sz—ya)Ta) <0,

Y(p,p)eOxD, (23)

then a scaled bounded real lemma inequality is got from
inequality (23) [12]

A+P(p) P(P)B,(p) € (p)
Dj, (p)|<0  (24)
* * _}/[

* _7/1

where A, =A% (p, P)P(P)+ P(p) A () . * denotes a

symmetric matrix block,
Since the matrices of

P(p), 4 (p, £), B (p), Ci (), Dy (p) ,
41(p.P). By, (P1.Ci,, (9). Dy, (p) do not depend affinely
on parameters p, for facilitating the LPV control design, the
intermediate variables ;lk (p), Ek (», ék (p)and Dy (p)

are set to depend affinely on the parameters p as following
[12]

A (P, 1A+ Ay, = al‘akl + 0‘21:1/(2 teet arlek,
By (p)=By, +p1 By, +
G (py=Cry 1 Cyy
Dy (p)=Dy, +\ Dy, ++++p, Dy, = ay Dy +ay Dy, ++++a, Dy,

s (25)
then we obtain

-~-+pann :alBkl +0!sz2 +~-~+0{err

+---+pan” = alel +a2Ck2 +---+aerr

A (p.p) = N*l(p)(R(p)Sw) +N(p)M" (p)+ 4 (p)
~R(p)(A(p)~ By D (p)C3) S(p)
=B (P)C2Sk ()~ R(P)B,Cr (@) M T (p)  (26)
By (p)= N"'(p)(Bi(p) - R(P)B, D (p)).

Ce(P)=(Ci ()= Dr(PC2S(P)M T (p), (27)

where
N(p)=-R(p)+S"(p).,
N(p)=-R(p)- S (p)S(p)S~ (p), M(p)=S(p),

M(p)=S(p). (28)
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The positive definite symmetric matrix pair of (R(p0), S(0) ) /:IiT ﬁj i ﬁj A+ Iék y Rj Bli éliT
comes from the parameter-dependent Lyapunov variable of . ~ 7 oA . <7
P(p) as LPC[I.. _ AlS] + SJA, - Sk Bli SjNCli
! * * vl Dy,
R(p) ~(R(p)-57'(0) . . S
wr (R -570)  R()-5"'(p) ol
—\&p) - P P)— P Alm n»
i 0=[C Dy O(pigyeq |- (35)
- = 5T T
iR R(p) {S(m I, } 00 By =[B" Opumyyam D2 |- (36)
= ., , A R
Opxp _(R(p)_S (,0)) S(p) Opxp B ] 0 B Aki Bk[
B B= 5 Ki = . n . (3 7)
0 BZ,SW Ckz‘ Dki

where R(p)—S_l(p) >0, and rank (R(p)—S_l(p)) <p.

Eqgs(26)~(28) show that the controller matrices of 4; (p, o),
B, (p) , C,(p) do not depend affinely on the scheduled
parameters p. For convenience, denote ( R(p), S(p) ) to
depend affinely on the parameters p as
S(P)=Sy+p, S+ +p,S, =S| + S, +---+a,8S,, (30)

R(p) = p1R1+"'+:ban = 181]%1 +hRy++ R,

S(P) = ASi+e 0,8y = BSi + PoSy ++-+ B,S, . (1)
where R; and S; is mapped into R ; and S ' respectively as
(14),j=1, ..., r,i=1, ... ,n. Substituting (14), (25)~(31) into
(24) yields

> y T T T T
AR)+R(p) A (p)+ 4" (p)+Cy Dy (p)By

* A(S)-S(p)

R(p)B(p)+ B (p)Dy; [ (p)+C3 Df (p)D],
Bi(p)+ByDy(p)Dyy SO (0)+CL (0D | _
-yl D\ (p)+D3,Df (p)Df;
* _}/1

(32)
where

AR)=R(p)A(p) + By (p)Cy + AT (P)R(p)+C3 B (p)
A(S)=A(p)S(p)+ ByC(p) +S(p) A" (p)+CL (p)BS .
Substituting (25), (30) and (31) into (32), we get [14]

ror

ATeTp . pl 7
2.2 aify (‘Pcl,» tO K; By +Fy Kig
i=1k=1

=1 r r

1 S

2%, 3 Saiah5(va, ORI
i=1 j=i+1k=1

+1_’51€i§+‘11dﬁ +QTIEJT}_>C, +I_’§1§jé)) <0 (33

where

By Lemma 1, the LMIs (33) are sufficiently validated at all
vertices. If 1%1. (i=1,2,...,r) has been obtained by the LMIs
(33), then the dynamic controller of (5) can be computed
on-line by using Eqs (26) ~ (28) with instantaneous
measurement values of p and p .

Remark 1 The parameter derivatives p are sometimes

unavailable during flight [12]. To overcome this, R(p) or S(p)
can be constrained to depend affinely on p. This yields

kp)S(p)+ MM (p)==(R(p)S(p)+ NI (p)) =0

(38)
Then Eq.(26) is rewritten as

A (p.p)=N 71(,0)(;1]{ ()= R(p)(A(p)— ByDy (p)C2) S(p)
B (P)C3 S ()~ R(P)B,Cr(0) )M (p) . (39)

B. DO and fault estimator based fault tolerant control

As disturbances and faults may occur at unknown time
and intensity, an accurate model is impossible to achieve.
Hence a disturbance observer and a fault one are introduced
into LPV control. A DO-based FTC is proposed for this
purpose. The disturbance observer and the fault estimator are
designed to separately estimate the unknown observable
disturbances and actuator faults.

Furthermore, considering some model uncertainties
except for external disturbances, such as Jacobian
linearization error, a radial basis function neural network
(RBF-NN) is approximate to this model uncertainty. The
structure of the RBF-NN is three layers, first is the input

T
: : T T
layer, the mnet input is x,, = |:e é } , Where
e=x—-x,,é=%X—x,, x4 denotes the desired state variant.

Second is the hidden layer, each node performs a
membership function, whose basis function is presented as
following Gaussian function

By () = exp(—||xNN o[ 1(28 )) (40)

where b; is the Gaussian function width, c ; is the centre value,

j denotes the node number of the hidden layer. The third is
the output layer, whose output is



This article has been accepted for publication in IEEE Transactions on Intelligent Vehicles. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/T1V.2023.3337863

Vv :WTh(xNN) 41)
where I is the best weight vector, whose update law is
W =yye h(xy,) - (42)

where y,, denotes learn rate gain. The model error can be
presented as
AS=W"h(xy)+&(xu) (43)

where & denotes approximation error, W is the optimal
weight matrix.

Furthermore, a disturbance observer with an RBF
neural-network approximation is designed to improve
trajectory tracking precision [17].

g =Wy —Ly(x)BsVy)é
~ Ly A(p)x + By (T hx)+ By (0) )

E=zy+L;(x)x
d=V,¢

(44)

where d is disturbance estimation, z, is the internal state,
and Ly, (x) is the observer gains to be designed, W is the best

estimation of the RBF-NN weight vector, f and f”a are
estimation of ¢ and fault f;,. The disturbance estimation error

is denoted by ez = 5—92 , by Egs (2)-(3) and Eq.(44) the
derivative ¢ is

ez (1) =(Wy —Lg(x)BsVy ) e (t) - By (p)a. (45)
where the term of —B;(p)w can be stabilized by the LPV

controller.

Provided that the observer dynamics change fast relative
to the disturbances, select the observer gain L,(x) is selected
so that W; —L;(x)BsV; is Hurwitz, then the disturbance

estimation error, Eq. (45), is exponentially stable.
The fault diagnosis estimator is proposed as follows

Ju®) = (@O (0)x(0)
£(O==L;(0)By(p) (£ (O+Ly (0)x(2)) (46)
~ Ly (0 A()x(0) + By (p)u()+ Byd 1))
where fa (¢) is the estimation of fault f(7), Ly (x)is the
estimator gain and £'(¢) is the internal auxiliary variable. The
fault estimation error is er = Jfa —fa , by (2)-(3), (44) and
Eq.(46) the derivative e ¢ 18 given as
6 (0) = fou— fu =—LyBye s (1)~ BV yes (1)~ B+ (1)
(47)

Usually £,(¢) persists only for a limited time, until the fault
has been diagnosed and the system is reconfigured [22], so
the fault derivative is assumed to be bounded. To this end,

the composite fault tolerant controller with the dynamic
output feedback (5) is proposed as

V(t) =y () +u, () tu(F) (48)
and
U,y =C(p)x, )+ D (p)y(), (49)
u; = Kd‘; . (50)
where
K,=-B.B,. (51)
u (t=—f (52)

ur is the fault tolerant control designed by the fault

estimator, + denotes Moore-Penrose inversion. We attempt
to find appropriate disturbance observer gain L; (x) and fault

estimation gain L ¢ (x) to construct a composite controller,

thus the external disturbances can be reduced and faults is
compensated, finally, the input of the LPV controller is
reduced.

C. The FTTTC design

The controller structure including the longitude and lateral
motions is proposed as in Fig.2,where e =refo,—[u, h]",
elat:reflat_[v: l/’]T ylonz[urqu’ ah]T’ Yiat™ [V:p’ r, ¢’ V/]T xTNNs:
[xTref’sz ka] 9Zy10n=[Zu9Zh]9 Zy1at=[Zv9Zt//] ’ Z(Slonzlzr)'e»z(ip]s
Zs1.=Z54,Z5/]- In this scheme the PDLF approach is applied
to reduce the LPV design conservatism. The trajectory
tracking task is implemented by the LPV controller with
guarantee H.- index. Disturbance and actuator faults are
estimated by the NN-DO and a fault estimator. Control
allocation is used to realize virtual control by practical
control surfaces. A pre-filter is introduced to suppress high
frequency signal inputs. The next section will present the
LPV controller design.

Lemma 2 [ Finsler's lemma][23] the following statements
are equivalent

—uB"B<0
(i) qucr: 97 , (53)
0-ucTc<o0
and given the inequality
(ii) o+BTxTc+cxB <o, (54)
is solvable for X e R™™ if and only if
BTOB, <0,cloc, <0 (55)

where 0 e R™" is a symmetric matrix. B| and C, are

matrices whose columns from bases of the null spaces of B
and C respectively.
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Fig.2Block diagram of the designed fault tolerant trajectory tracking control
Lemma 3 [24] Consider the nonlinear system x = f(x, &) is

continuously differentiable and the Jacobian matrices satisfy

I (x.) <7 and I(x) <7, ||x|| for all (x,6)eExI,
ox o¢

=2 {xe R [|x] < r} , el c R, I'is real number subset.
Let kAr, be positive constant with r,< 1’k and define

o é{x eRr" |||x||< ”0} . Assume that the system trajectory

meets ||x|| < k"x(O)"e_ﬂt,‘v’x(O) €Ey,6€l,t>0. Then there is

a function V: Z( xI' = R such that the inequalities:

& 3P <V (oe) < cp |- (56)
oV
gf(x,g) < —C3 ")C”2 . (57)
oV oV
<2<l o9

hold, where ¢; (i=1,2,..5) is positive constant. Moreover, if all
the assumptions hold globally (in x), then V'(x,¢) is defined and
meets the above conditions on R X T

Lemma 4 [26]. Assume that Al) d(0)=0; A2)
A(p), B, (p),d,0d/0Ox are all continuously differentiable; A3)
x(1)=A(p)x(t) + B, (p)u(t) is exponentially stable. Provide that
Al)~ A3) are met, then the closed-loop system (3), (44) and (46)

under the proposed controller (5) with (48)~(52) is
exponentially stable if the observer gain L,(x) is selected such

that e'§ )= (—)/de (x)B3V, ) ez (t) is exponentially stable for
allx € B, ={x| || x || <r}, where y, is a given sufficiently large
positive value.

By using Lemma 3 and 4, we can get following conclusion.

Theorem 1 The existence composite controller of (48)~(52),
with a NN observer (44) and a fault estimator (46), assures the
closed-loop system (2) and (5), satisfying desired

performances of (a) and (b), if the observer gain L,(x) and L(x)
are appropriately determined such that W, — L, (x)B;V,; and

—L(x)B,are Hurwitz respectively, and the following LMI

conditions hold for a pair of positive definite symmetric
matrices (R(p), S(p))

NpEpNg <0, (59)
Ng'2gNg <0 (60)
Np'23Ng <0 (61)
Ng'24Ns <0 (62)
[15" SIJ>0 fori=1,...r. (63)
rank (R(p)~57' () < p (64)

_ (N 0) - (Ng
where NR: 0 I ,NS: 0

bases of the null spaces of [C2,D21] and [BzT,DlTZJ ,

0
J , Ngx and Ng denote

respectively.
Th B dah pp AT
;" Ry + RiA4+R, RiB. C
- AT
Ep= * -yl Dli ,
* * —yI
o a~T A AAT =
;Si+ 8547 =S §,G, B,
Es= * -7l Dy,
* * _7/1

* denotes a symmetric matrix element,
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TI(R)+2R, kb +RBy, T +GT
- ~T ~T
Ep= * 271 D11i+D“j ,
* * 291
(e & AT & AT 5 5
H(S)—ZSk l'lj- +SjC1i B1i+Blj
ES,: * —2]/] Dlli+D~llj .
* * 2y1
OR)=A"R, +R. 4+ A R +R A, (65)
1 Y J J N 14%j >
NS e 3T. 3. eaT
T(S)=4;S; + S, 4" +4;S; + ;4" . (66)

Proof: The proof of Theorem 1 is shown in Appendix A.

A general design procedure of the FTTTC is summarized as
follows:

Step 1) Design a baseline PDLF LPV controller u,,, for the
nominal system (3) without consideration of disturbances and
faults to obtain satisfactory tracking performances and H-
index.

Step 2) Design a NN-DO to observe the disturbances online

by selecting the desired gain L,(x) and weight matrix W ofthe
NNs.

Step 3) Develop a fault estimator to estimate the faults online
through choosing the estimator gain L(x).

Step 4) Combine the baseline PDLF LPV control with the
disturbance compensation and the fault tolerant control raised
by the disturbance observer and fault estimator to formulate the
composite control law.

Now consider the trajectory tracking control problem shown
in Fig.2. A mixed-sensitivity loop-shaping method is applied to
achieve small tracking error and suppress disturbance effect on
output, and the mixed-sensitivity criterion is

w,S
w,KS
where performance weighting function #, and robustness
weighting function W, are hand-tuned until the desired

objectives of the closed-loop system are achieved. K is the
control gain, S denotes the system sensitivity function, The

prefilter Wy, fiyer in Fig.2 is parameterized as

<1 (67)

o0

W e piter (5) =— 21—, (68)
pre— filter S+Tf

where 1/7; denotes time constant of the filter.

After the affine LPV model, as Eq.(10), is augmented with
the weighting functions, shown in (67)~(68), a pair of positive
definite symmetric matrices (R(p),S(p)) can be achieved by the
PDLF design using Theorem 1.

D. Control allocation

Assumption 2. The input distribution matrix is assumed to
be factorized as

B,(p)=B,B,(p), (69)
where B, e R"is a constant matrix with full column rank, and
the time varying matrix B, (p) € R™". Assume rank( B,(p) )=/
<mforall pe®.In the nominal mode,

BZ (p)u:Bv Bu (p)uact = B v (70)
(R —

According to the flying-wing aircraft configuration, see Fig.1,
there are fifteen control surfaces of u,, to be allocated which

meet
fC
v= { } =B, (p)u,, (71)
C dox1
[0 Bfo Bxf} B)qfl} Bxf14 0 ]
B, 0 0 B, 0 - B, 0 0 B,
B = 0 szz B;/s Bz/l3 B;/14 0
" | By, 0 0 B, 0 - By, 0 0 By;
0 B, B, B,s B, 0
| B 0 0 B8, 0 - B, 0 0 B, |
(72)

where f. and 7. are virtual control forces and moments, see
Fig.2, B, denotes control effect parameter of the ™ flap, i=x, y,

z I, m, n. To get each control surface and thruster input of the
practical engineering, a control allocation is suggested to solve
(71) with following constraints:

max(u,,, (t—T)+u, T,u, )=u<u, <u

‘min act —

=min(u,,(t-T)+u

act

T, ) (73)

max

Where Upin, Upax 11, @nd 3 denote lower and upper bounds

min

of the actuator position and rotating rate, respectively. # and

u are lower and upper bounds of the actuator inputs. 7 denotes
sample period.

An Active Set (AS) based Weight Least Square (WLS)
allocation method (see Fig.3) is studied to the above control
allocation problem of (71) and (73) [25].

_ Active set > O
Composite |V Control based X
control law cffective matrix p{  WLS > 0P

Eq.(48) Bi(p) (Eq.(70)) control N
allocation [ ™ ons
afBp,CG

Fig. 3. Control allocation of the flying-wing aircraft

First find feasible solution set of the optimization problem
VVV (Buuu(‘r - V)"z (74)

u, :Q:argmin|
u<u<u

Second find the optimal solution that approaches the desired
value uy

(75)

W, (te =1ty

where W, ,W, are the weighting matrix for prioritization of
actuators and virtual control respectively. The 2-norm is

u" =arg min|
ueQ)
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T u . Q denotes a feasible set. So the control

act " act

uacf 2 =u
allocation scheme of the FW aircraft is presented in Fig.3

By using the AS control allocation algorithm, the optimal
inputs u™ are solved and each control allocation component is

achieved and incorporated into the FTTTC scheme.

IV. RESULTS AND DISCUSS

To validate the proposed algorithm, a Cranfield University
flying-wing aircraft is studied. The LPV model is derived by a
small perturbation linearization method [2],where linearization
is very simply accomplished by constraining the motion of the
aeroplane to small perturbations about the trim condition. The
considered model is a large flying-wing aircraft [16]. The initial
state is as follows

£,=10,0,0]"(m), ¥, =[192 m/s, 0, 0],

70=10, 0.1, 0] "(rad), and w,= [0, 0, 0]",
where P, is position, V) is body velocity, 7, is attitude and wy is
angular rate. Flight range is within
(u,h) € ([167,218])x([0,3048]) (m/s, m). The actuator
constraints are J, 5,, 8, € [—0.436, 0.436] (rad), and 5, [0, 1].

The state is xjo,.=[u w g 0 h]T, Xa=[vpr @ w] T the control is
Z"lonz[ae 5p] T’ and ulat:[aa 51’] T'

The LPV model as (1) , where

A(p) = Ay +ud, +hdy,, (76)
B(p) =By +uB, +hB),. (717)
0.0022 24.1137 —-0.3993 9.7010 0
~0.0056 —0.4853 0.7759 0 0
Ayjar =| ~0.0019  —0.5035 0.0269 0 0],
0 1.0000 0.1808 0 0
0 0 10108 0 0
~0.0004 —0.0538 —1.0138 0.0004 0
~0.0000 —0.0201 0.0002 0 0
A, a=| 0.0000 0.0013 -0.0009 0 0],
0 0  —00006 0 0
0 0  —0.0000 0 0
0.0060 1.0744 02473 —0.0070 0
0.0006 03561 —0.0375 0 0
Apja=1xe7>[ -0.0001 0.0008 0.0142 0 o,
0 0  0.0053 0 0
00052 0  0.0004 0 0
0.3066 —1.6270 ~0.0038  0.0200
09725 —0.3432 ~0.0120  0.0042
By =| —0.0145  0.1193 |, B, 1,=| 0.0002 -0.0015 |,
0 0 0 0
0 0 0 0

9
0.0339  -0.1797
0.1074  —0.0379
Bjia=1xe7| -0.0016  0.0132 |;
0 0
0 0

To achieve desired performances, the weight functions are
chosen as follows,

_0.1(0.55+0.1827)
Py 64+0.001x0.1827 ~ v

_0.7(0.55+0.1827)
s+0.001x0.1827 °

and

_ 2(s+0.1827/2)
“a  0.001s+0.1827 ° Hor

_ 4(s+0.1827/2)
0.001s+0.1827°
500 500

W, o () = diag(———, — .
pre-fleer (8) = diag (o0 7000

The longitudinal motion parameters 4 jon > 4y 1on > Ahlon >

BO,lon > By Jon » Bh,lon and weight functions WPu W o w, 5p°

W, are the same as [16] .

Scenario I: trajectory tracking control for an LPV system
under bounded disturbances d(7).
Suppose the unknown harmonic disturbance vector d is as

d(t)= [0.05 sin(0.05¢)(rad) 0.1c0s(0.05t)] T , (78)
T
where d(t) denotes d;,, = [d§€ da‘p } or

T . Lo
diy = [d[;a ds, J . The weight matrices in Eq.(4) are

yo_[ 0 00s] 35 0] [004 0
4712005 o | Wm0 7| T o 2]

The observer gains in (44) are designed as follows by section
3.B,

Laton(xion)=[0 0 e-4 0 0; 0.8¢-4 00 0 0];
Laa(ia)=[0 01200 0; 0 0 0.012 0 0].

And the neural network parameters are selected as
c=[-3-2-1123;-3-2-1123; -3-2-1123;-3-2-1123;
-3-2-112 3;]; h(0)=[0.01,0.01,0.01,0.01,0.01,0.01]". yw=
1/0.1, b= 1.

To show the advantages of the proposed algorithm, an LPV
synthesis control designed by Andrés Marcos et al. [11] is
used for comparison, where the weight functions are chosen as
follows

1

Wideaty, = Wideat, = maVVidealv il Wideal, ~ 05571
_s/14+04 _s/1.3+07 _, _s/13+0.1

PH  540.004 = P 540007 TP P 5401
57.3 _s+04 (1234

W5e:W5a :WngZ—,W5 =1 5 W,

5 » noise; m



This article has been accepted for publication in IEEE Transactions on Intelligent Vehicles. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/T1V.2023.3337863

for each output),

and the Ipvsyn function from MATLAB LPV Tools is used to
obtain the LPV controller. The minimize index y for the
velocity, altitude and head angle tracking task by the LPV
controller are achieved as follows
7=0.7727, 7;~0.8836, y,~0.9989,

To meet coordination turn requirement, $~0, and the head
angle tracking control is realized by using roll angle tracking
control with y ~ gsing/V;, g is the gravity acceleration.
The tracking responses by the LPV synthesis are Fig.4~ Fig.6.

Now according to theorem 1, the PDLF LPV design gain K
(i =1, 2, 3, 4) are achieved, and then the dynamic output
feedback control of (5) is online calculated by using the convex
combination (10) of the matrix vertices, and the performances
obtained through the NNs-DO- PDLF approach are y;,,= 1.01
and yp, = 2.36. By using the proposed controller, the forward
velocity, altitude and head angle tracking responses of the
flying-wing aircraft are given in Fig.4~ Fig.6.

T
e LpySyn
........ DO-Alloc

NNs-Alloc
== == NNs-DO-Alloc
Ref

0 200 400 600 800 1000
time (s)
Fig.4. Forward velocity tracking responses under bounded disturbances

- LpVSyn
2500 ' TN e DO-Alloc
NNs-alloc
2000 — — — -NNs-DO-alloc
1500 | Ref
R 2460
E 1000}
T 2440
500 :
24201 =
0 / : -
2401(1)98 500 502 504
-500 L L I L
0 200 400 600 800 1000
time (s)
Fig. 5 Altitude tracking responses under bounded disturbances
150 T T T T T T T T T
N~
of R |
S0t /g 3 _
,:?) 7.l .
o £ =y =N
s 0 [N
> /’
=50 | == LpvSyn ﬁ a B
. * DO-Alloc . 74
~100 NNs-alloc i
== == +NNs-DO-alloc y
_150 Ref L ! L L ! I
0 100 200 300 400 500 600 700 800 900 1000

time (s)
Fig. 6 Head angle tracking responses under bounded disturbances

10

Figs 4~6 show that the commanded forward velocity,
altitude and head angle have been accurately tracked by the
NNs-DO-PDLF LPV control. Compared with the conventional
LPV synthesis design [11], DO — PDLF and NNs PDLF, there
are smaller steady errors and lower overshoots than those for
the NNs-DO-PDLF LPV design in speed and head angle
tracking responses; Furthermore, there are some oscillations of
LPV synthesis control in forward velocity and yaw angle
tracking, which show that its tracking performances will
deteriorate when large amplitude motion occurs following large
disturbances, so the LPV synthesis has a bit vulnerability.
Furthermore, there is large oscillation in altitude tracking
response for the DO-PDLF with control allocation, but the
response by the NNs-DO-PDLF control is quickly stable, this
shows that the NNs- DO-PDLF design can reduce effect of
observable disturbances and make their tracking responses
more precise.

By the neural network observer the bounded observable
disturbances are estimated as following.

Ture

== == 1 Estimation

~ 0.05
i=)
e
"’g 0
o°
-0.05 I L L
0 100 200 300 400 500 600 700 800 900 1000
0.1
g 0
©
-0.1 | . . | h .
0 100 200 300 400 500 600 700 800 900 1000
0.05 \
=)
e
~ 0
S
o°
-0.05 h L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
01 T T T T T T T T
)
S
= o 4
=5
-0.1

100 200 300 400 500 600 700 800 900 1000
time(s)

Fig. 7 Unknown observable disturbance estimation without control allocation

Fig.7 shows that estimation values of the disturbances
approach to the true ones, but there is small deviation from the

actual value, this is because the disturbance estimation d or f

depends on the state as in (44), so it is easy affected by the state.
But the small estimation errors are within the admissible range.
Meanwhile, estimations of the harmonic frequency are the
same as the original disturbances.

To show the effect of the weight vector of the RBF-NN in
(42), we chose y,, =1, 7, =10 and y,, =100 for comparison, and
the simulation results are shown as follows
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Fig. 8 Head angle tracking responses under different y,,
From Fig.8 it can be seen that the head angle tracking precise
will improve when the p, increases, but it will produce
overshoot when y,, is over large, so selecting suitable learning
rate is important.

Scenario II: Fault tolerant tracking control for an LPV
system with actuator faults.

Suppose the disturbance vector d is the same as Scenario I,
and the unknown actuator fault vector f; is

[-0.0002: 0.001]", <100

1000

Ja) = (79)

[-0.02 0.1, £>100
T
whete £, are fuuon (O =| fi, f3, | Suia®=[1s, S5 |

(rad). The gains of the fault observer (46) are obtained after
several design iterations as follows,

Lyon(x)=[0 0 1.333¢-4 0 0; 1.065¢-4 0 0 0 0];
Lyu(x)=[00.0150 00;000.035 00].

According to theorem 1, the fault tolerant control gain K; (i
=1, 2, 3,4) and the associated dynamic controller are achieved.
The output tracking responses are given as follows by using the
proposed controller,
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0 100 200 300 400 500 600 700 800 900 1000

T T
a0l
=
é 20 i
z
° !
0 100 200 300 400 500 600 700 800 900 1000
time(s)

Fig. 9 Speed tracking output under actuator faults and disturbances
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Fig.10 Position tracking output under actuator faults and disturbances

20
20
=
©-20
L4 ‘J
-40 1 1 L 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
5
()
E
5=
10 L L . . L . . . .
0 100 200 300 400 500 600 |======:NoFTC-alloc
FTC-Alloc
100F o = = +NNs-DO-FTC-Alloc
-
a '/4 - --------.Ref
s 0
=
_100_ 1 1 1 1 1 1 1 1 i
0 100 200 300 400 500 600 700 800 900 1000
time (s)

Fig.11 Attitude output responses under actuator faults and disturbances
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Fig.12 Angular rate output responses under actuator faults and disturbances

Figs 9~11 show that the reference signals of s, firer and Wyer
are precisely tracked by the NNs-DO-FTC design. Compared
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with PDLF control without fault tolerance, the FTTTC design
has smaller steady errors and lower overshoots in the output
responses of forward velocity, altitude and head angle. For the
only PDLF control without FTC, there are big oscillations in
the responses of speed, attitude and angular rates, which show
worse control performances of the only PDLF at high altitude.
This demonstrates the NNs-DO-PDLF LPV control not only
has robustness in disturbance rejection, but also has strong fault
tolerant capability. Comparison DO-PDLF FTC without NNs
compensation, the tracking responses by the proposed
NNs-DO-FTC are more approximate to the desired values, but
this advantage is not obvious. The associated responses of the
angular rates and control inputs are as in Fig.12 and Fig.13.
Fig.12 shows that larger oscillations happen in the responses by
the PDLF design without fault estimation than by the proposed
FTC and NNs-FTC design. This is because the FTTTC
compensates the fault effect by fault estimator. The control
inputs of flaps 4, 12, left and right rudders are shown in Fig.13,
the deflections of other flaps aren’t listed here.
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g r
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Fig.13 Inputs of flaps 4, 12 and rudders under Scenario II

From Figs 13, it can be seen that flaps 4, 12, left and right
rudders are driven by the FTTTC with control allocation, which
drives each control surface to improve control effectiveness
and reduces saturation of each control surface.

The faults have been observed via fault estimation as in Figs
14, and the disturbances have also been observed via DOs,
which are consistent with Fig.7.
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Fig.14 Unknown fault estimation with control allocation

Fig.14 shows that the estimations of actuator faults are
asymptotically convergent to the true values, although some
errors occur in the transition stage; this is because the fault
estimation is changing with the associated states as (46).

V. CONCLUSION

This study achieves the fault tolerant trajectory tracking for a
flying-wing aircraft with bounded disturbances and unknown
actuator faults. A composite control scheme of the
NNs-DO-PDLF LPV design is proposed. The trajectory
tracking control for the LPV system is designed by a
mixed-sensitivity loop-shaping method, thus the robust and
tracking performance can be achieved simultaneously. To
reduce conservatism of the LPV design, a PDLF LPV control is
presented, and it can be easily obtained by the LMI technique.

To reduce the external disturbances an RBF neural network
based observer is proposed and the disturbance rejection
capabilities are improved. An LPV fault estimator is developed
to estimate the actuator faults, and which is embedded into the
composite controller to provide a fault tolerant function. Finally
an active set based weight least square allocation method is
presented to implement control allocation under actuator
saturations. Simulation results of forward speed, altitude and
head angle tracking control of the flying-wing aircraft validate
the effectiveness of the proposed FTTTC design. It’s shown
that the FTTTC is able to accurately tracking the input
commands even in with bounded disturbances and unknown
faults. The problem that how to realize trajectory tracking
under ice and other extreme condition is a new challenge for the
FW aircraft, physics-informed data-based LPV modeling [28]
and model-based reinforcement learning control [29] are
promising methods for future work.

APPENDIX A

PROOF OF THEOREM 1

Proof: First the unknown disturbance d(7) and actuator fault
fa(t) are not considered. By Lemma 2, LMIs (33) are solvable

for K ; if and only if there exist a pair of positive definite
symmetric matrices (R(p), S(p)) defined in (30) satisfying
ror =1 r r
—r = —r =
ZZaialﬂk (NR:‘RNR)+Z z Zaiajﬂk (NR:‘]%NR) <0
i=1 k=1 i=1 j=i+lk=1
(A1)

r—1

r _ _ r
Zaialﬂk (Nggst)'Fz Z
J=itlk

1 k=1 i=1

<

r

1

aiajﬂk (N§: ”]\_ls) <0
1
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(A2)

ro (R
Za{[ SJ>0, (A3)

i=1
Note that (A3) ensures R;, S;>0 and (Rl- —S,-_I)ZO. By

Lemma 1, (A1) ~ (A3) are sufficiently validated at all vertices
if (59)~(64) are met. Furthermore, the lowest quadratic H-
index y is achieved for both the (R(p), S) and (R, S(p)) cases.
Hence, the LPV controller u;py can stabilize the closed-loop
system (6) by using the parameter dependent Lyapunov
function V(x)=x"P(p)x.

In order to stabilize the system for any disturbance d(¢) and
any actuator fault f,(f), a part of the control effort, v(x, d, f.),
shall linearly depend on the disturbance d and fault f;. Thus, the
control law can be divided into

v(x,d, f,) =u,p () + K, (x)d (01K (x) £, (1) (A4)
Substituting (A4) into the system (3) yields
(1) = A(p)x(t) + B, (p)oo(t)
+B, (t,y (6)+ K, (x)d (6, (1)) +B,d(t)  (AS)

Under condition that B,=B,, K,(x)=-1, and K (x)=-1, the

closed-loop system reduces to
x(t) = A(p)x(0) + B (p)ax(0) + Byuypy (1)

which is global exponentially stable under an appropriately
designed controller (5). Since the external disturbance d and
actuator fault f, are unavailable, they are estimated by the
disturbance observer (44) and fault estimator (46). Furthermore,
because the observer gain L,(x) and L(x) are appropriately

determined such that W;—L;(x)BsV,; and —L;(x)B, are

(A6)

Hurwitz respectively, the disturbance converges globally
exponentially, and the fault estimator is globally exponentially
stable [26]. After replacing the disturbance d and fault £, by
their estimations in the control law (A4), the closed-loop
system (AS5) becomes

i(t) = A(P)x(t)+ B, (p)a(t) + Bty (1)
+8,(d()-d(0)+B,(£,0)- )
Augmenting (A7) with the observer error dynamics (45) and

(47) gives the closed-loop system under the composite
controller, as

(A7)

x(t) = A(p)x(1) + B/ (p)axt) + B, (u,,, (1)) +B,e, + B,e,
e ()= (W, —L,(x)B}V,) e.()- B (p)o
6(0)= J,~ f, ==L (0)Boe, ()= BV e.(0)~ B(P)r+ . 1)
(A8)
wheree, =V,e. e, = fa(t)—f(t). Because the system (A6) is

exponentially stable, it implies that there exists the parameter
dependent Lyapunov function

V.(x)=x! P(p)x .P(p)>0. (A9)

13

If there are positive definite symmetric matrix solutions ( R(p),
S(p) ) of the LMIs of (59)-(64), then we get
%(VC)HTz—waaK 0,V,(x)<—z z+y0’ @, (A10)

and [z], <7]o

5 and Vc (x) < 0. For the error dynamics of the

disturbance observer, construct a Lyapunov function
Voleg) = egPeé , then by using Lyapunov theory and it further

follows from Theorem 1 in Ref.[16], we get

. N (2
o< 2| & 1)

o'y 0 ]
0 &, +PB(p)Bl (p)P

Therefore, the closed-loop system of (A8) with the NN-DO
is exponentially stable, which implies that for an initial state x

and ¢ meeting || x(0)[[< X, , | £(0) [|< f_o , and lim x(¢) >0 ,
t—0©

(All)

where A, :{

lim eg(#) > 0 ,where x; and EO are given scalars.
t—

Similarly, for the error dynamics of the fault estimation, we

can obtain
T
S ey S es >

where V', (e f) = eJCPe s a Lyapunov function candidate, A r

(A12)

is a small positive scalar as in ;\d in (A11).

For the nominal system of (A6) (without consideration of
disturbance d and fault £;), if the system is exponentially stable,
then there exists a Lyapunov function V(x) such that (56)~(58)
are feasible for all x e Ero , 1< r[ 24]. Furthermore, when there
exist disturbance d and fault f,, since the observer gains Ly(x)
and L(x) are appropriately chosen such that W, — L, (x)B;V,

and —L 7 (x)B, are Hurwitz respectively, that is, the exponential

stability of the disturbance observer and the fault estimator
regardless of x, it implies that there exists a k > 0 and A > 0

such that the trajectory of the observer error dynamic system
satisfies

lec(t)]|< Kllex(0)]le ™, Ve(0) EZo, xel', £ =0, (Al3)
where Ho ={e; € R", | |le|| <co} with 6o <o/k. It follows from
Lemma 3 that there exist function W, (ez,x) and Wy(ey,x):

Zo XI'—>R such that

b ||€gz "2 <w, (eé ,X)< by ||e§ "2
oW,

St <blef @19
ow, ow,
e <lesl 2] <
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for all e €E, . Define a Lyapunov function candidate

Ve (x,eg) for the closed-loop system (A8) without faults as

O(x,ez) = V. (x)+ W, (eg,x) (A15)

Taking the derivative of V.(x,ez) along the trajectory of the

closed-loop system (A8), one can obtain
Ve i+ WMo 1 Moy,
ox Ox 865

d)(x, €§) =

ox ox ox

fo()= A(p)x(O)+ B(p)at) + Byuypy (1) . By 2
max||B(p)| . B, 2 max||B,|. In addition, based on Egs.
X€&, X€E,

ov, oW, ow,
< —C3 ")C"2 +[ ¢ + 0 szeéz + o f; —b3 ||€§ ||2 (A16)

where

(56)~(58), and (A 14), we can obtain the following inequalities.

[%ﬁavzoj%%g[ uAN A J"Bz"."%"

Ox ox

— 3 _
<y |1 B, "eé ||+b5 "eg || By (A17)
oW, oW, 2
pat ASE] s RVACHELS e Bl a8
where /3 = max M . Substituting (A17) ~ (A18) into (A16)
X€E, Ox

yields
D(x.ez) < —c3 x] e || B e

bieel’ Ba bl 1y el -t e

blee| Il < Jec 1l

(A19)

For all e €8,

b ez B < e[ By , where
Iy =bs-15, ib =100, 65 =bs0y , then (A19) satisfies
(x.ez) < —e5 x| +(cB + 1, eI + (BB 3 e

<= ol (b 5By s e (A20)

— -2
where c5:(c432 +Ib) /(2c3) . This implies that the
exponential stability of the closed-loop system under the
proposed controller is guaranteed by choosing a sufficiently
large b; such that
by —bsBy —c5 >0 (A21)
Consider disturbances with simultaneous actuator faults,
define the Lyapunov function candidate for the closed-loop
system of (A8) as

O(x,ez,ep) =V (x)+W,(eg,x)+Wr(er,x) (A22)

one has

14
i W ow ow
D(x,ez,er) = Cx+aW"x d >+ S i —1 ér
: Ox Oeg ox Oey -
> (ov. ow, oWy
<ol G G T e

e fmfeef + L g e
< s of” v | Ba e e | Ba e | s e | s
|5 = e+ as e [ B + as e 1= e |
<=y | +{caBs +1y e[
#(caBy oy e |-l + (BsBo =3 e +(asBa —as ey |

< s o+ s fee [+ (55> ) e

2

2 B 2
+ 2w e |+ (a5Bz as e |

= (b3 —bsBy —cs ) e ||2 ~ (a3 —asB, —cg) |les ||2 (A23)

where a; (i =1,2,..., 5), as and ibf are positive constants
defined the same as b; , 155 and le in (A14),

— ~ \2
C6:(C4B2 +be) /(203) . (A24)

This means that selecting a sufficiently large b3 and a3 such that

b3 —5552 —C5 >0, as —5552 —Ce >0 (A25)

then the exponential stability of the closed-loop system under
the proposed controller is guaranteed. Hence, we can conclude
that all the state, disturbance and fault estimate errors from a
possible arbitrarily large set converges to the origin as t—<°,
Therefore the results are achieved. Ul
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