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Abstract

This thesis aims to develop an online learning framework for a military fixed-wing aircraft

that can adapt a control policy to unforeseen changes in the airframe’s flight dynamics.

This is an active area of research and a significant challenge for high dimensional non-

linear systems due to the inherent safety risks and computational challenges of solving

exponential time algorithms.

The research achieves this aim by providing an extensive survey of safe online learn-

ing approaches for nonlinear systems by assessing each technique with the aid of key

performance metrics. Two critical performance metrics are the reliability and time com-

plexity of the approach taken. To support the survey a benchmarking study of salient

techniques provides further evidence to support the findings of the literature survey to

identify promising avenues of research.

A generic safe learning process is defined and a convex optimisation learning pipeline

is developed to handle nonlinear system identification and online controller synthesis via

control contraction metrics. The developed pipeline is applied to a longitudinal simulation

of an F-16 aircraft using high-fidelity wind tunnel data. The gap in knowledge around the

application of control contraction metrics to aircraft designed to meet flying qualities

requirements based on linear time invariant theory is bridged.

A novel cascaded two loop algorithm is developed to explicitly place the eigenvalues

of the inner and outer loop of a differential feedback controller. Further a parameterisa-

tion of a robust controller is shown to better optimise the performance relative to flying

qualities specifications. Conditions for a hybrid linear sum of controllers is shown to

provide a stability guarantee for a mixed controller that enables a performance trade-off
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of each approach. The performance of the developed controllers is demonstrated on six

damaged aircraft profiles to assess the robustness and transient characteristics for each

method based on a forty second flight trajectory.

The variation in nonlinear damage profiles illustrates the limitations of a linear ap-

proximating function for three nonlinear deviations. We show that the robust quadratic

regulator controller generates a smoother transient response compared to the exponential

contraction controllers. The two-loop contraction metric controller improves the rise-time

performance compared to a single loop but is less robust to damage variations. The out-

come of the research is a greater understanding of the application of contraction-based

controllers and the effect of tuning parameters for a robust controller with potential for

a reinforcement learning algorithm. Further a method to hybridise control policies is

proposed and a loop shaping method using contraction based linear matrix inequalities

developed with potential application to cascaded systems.

Keywords

Safe Learning; Model Based Reinforcement Learning; Adaptive Control; Nonlinear Sys-

tems; Control Contraction Metrics; Fixed-Wing Control; Convex Optimisation.
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Chapter 1

Introduction

1.1 Background and Context

Adaptive control has been of interest since the 1950s and modern approaches span many

fields of study. In a recent survey by Annaswamy et al. [2] these fields include iterative

learning, reinforcement learning, and linear parameter varying techniques. Adaptive con-

trol traditionally stems from model reference adaptive control (MRAC) and the MIT-rule

in 1958 where a parameterised reference model is updated in real time based on tracking

error dynamics, [2]. Later nonlinear techniques developed since the publication by Krstic

[19] when nonlinear adaptive techniques such as backstepping, passivity [13], feedback

linearisation [15] and tuning functions [28] became more widely researched. The L1

adaptive control approach is a modern extension of MRAC. This method separates model

updates into a robust solution and a faster solution, which is then filtered by a low-pass

filter [14].

Recently reinforcement learning (RL) techniques have become of great interest for on-

line learning for control systems leveraging training data in an offline learning and online

adaptation framework via a safety filter, [12], [3],[5]. This is coupled by the rise in data-

driven adaptive control methods and safe learning for aerospace applications,[16],[25].

Model-based RL presents a more efficient learning approach, especially when compared

1
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to approximate dynamic programming and model-free learning, as discussed by Recht et

al. [22] and Lewis et al. [20].

Despite these advancements, the application of an online learning pipeline in adaptive

control still presents significant challenges. These mainly arise from the need for robust

and reliable learning of expressive and tractable nonlinear functions that can provide effi-

cient, real-time control synthesis solutions [8, 1, 4].

Moreover, the need to adapt the control policy to maintain performance and stability

requirements in highly nonlinear flight envelopes or during mechanical failures adds time-

dependent constraints. This requires a level of robustness for certification and guaranteed

safety measures. Recent research is focused on nonlinear adaptive methods with safety

guarantees [17, 10, 23, 9, 18, 21, 6, 24, 27].

Currently there are no commercially deployed online adaptive control systems for

aircraft other than the use of Nonlinear Dynamic Inversion (NDI) in use with the F-35 as

a control allocation scheme for its fly-by-wire flight control system [11]. While advanced,

NDI is not fully autonomous online adaptive control because the system is not learning

a complex plant model online. NDI requires the precise modeling of the aerodynamics

of the aircraft and the ability to invert the control effectiveness matrix. Higher-order

aerodynamic effects in reality are difficult to accurately model resulting in a mismatch of

the true dynamics and derived controller.

There is also a gap between traditional engineering methods and practical nonlinear

learning approaches which have not yet been accepted by certification agencies like the

FAA [29].

The aim of this research is to develop a learning pipeline for adaptive control, with

the goal of optimising the performance of fixed-wing aircraft within a safe and certifiable

framework. The end goal therefore is a tractable method for safety certification that can

improve aircraft performance subject to nonlinear plant dynamics.
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1.2 Motivation

Modern combat aircraft and unmanned autonomous systems are typically augmented by a

Flight Control System (FCS) computer. This is to reduce the pilot workload and maintain

stable flight conditions or in the autonomous case adapt to varying operating conditions.

The FCS is therefore a safety critical feature of the aircraft. The FCS can respond at a

much higher rate to disturbances in flight than a pilot and can be programmed to match the

changing flight dynamics and sensitivity of the control surfaces to different operating con-

ditions within the flight envelope. The sensitivity of the control surfaces and the aircraft’s

flight dynamics are functions of the shape of the airframe and the operating Mach number,

altitude, and weather conditions. Typically changes in flight dynamics are accounted for

by employing a gain schedule at set operating points as functions of the Mach number

and altitude. These operating points are used to design the FCS actuator gains via wind

tunnel testing, Computational Fluid Dynamics (CFD), and extensive flight testing which

have a very high production cost. The software developed for the FCS is effectively hard

coded and goes through extensive certification procedures to ensure robust and safe con-

trol of the aircraft in all conditions. In service however changes occuring to the payload

or structure of the aircraft due to damage need to be accounted for in the control policy

by re-optimising the control gains to maintain safe flying and handling qualities. Due

to the time and cost associated with re-optimising the FCS systems control policy this is

practically not possible until a repair or design revison is planned in advance. There is

therefore much interest in the use of real-time adaptation and learning in flight to maintain

safe aircraft control policies without the need for offline testing.

Recent advancements in machine learning and control theory are moving towards in-

telligent learning of control via adaptive AI techniques. Many researchers have adopted

model approximations combined with a Gaussian Process learning element that aims to

learn the unknown system dynamics from sample data. The most significant challenge

however is that of computation to provide safety guarantees for greater than 10 dimen-

sional systems, which is currently not possible for highly nonlinear and coupled dynam-
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ics. Adaptive control techniques like model predictive control are also computationally

constrained for real time implementation whereas iterative methods like backstepping and

sliding mode control require accurate models derived offline to be safely used for flight

control systems. Recent studies adopting control contraction metrics and a linear differ-

ential analysis of dynamics offer a broader class of systems that can be characterised in

reasonable online learning time frames.

The gap in the current research is that of proving stability for high dimensional sys-

tems online for more than ten dimensions for a nonlinear system where the dynamics need

to be learned in flight. Current adaptive techniques rely on an accurate model to track the

residual errors in the dynamics or rely on linear approximations. Nonlinear learning for

high dimensional systems typically employ the use of neural networks [26], as in the case

of Reinforcement Learning [12] but require offline training and are not suitable for safety

critical applications. There is a need to learn from data in a safe incremental manner that

is both explainable and reliable for it to be suitable for industry and application to flight

control systems [7].

1.3 Aims and Objectives

1.3.1 Aims

This thesis aims to develop an online learning architecture for a flight controller for a

military aircraft. This has not been done before in the context of safe learning in the

absence of a reference model for an unstable nonlinear system.

1.3.2 Hypothesis

The main hypothesis as a result of the benchmarking analysis is that Control Contraction

Metrics offer a fast and expressive framework for stability certification for adaptive flight

controllers for reasonable online learning timeframes.
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1.3.3 Objectives

The project is broken down into the the following objectives to:

• O1 Review the state of the art in safe learning of nonlinear systems.

• O2 Benchmark safe learning techniques for their suitability for high dimensional

and safety critical applications.

• O3 Develop key metrics to assess the different techniques found within the litera-

ture.

• O4 Develop a realistic testbed simulation for a nonlinear F-16 aircraft.

• O5 Implement a learning algorithm using the CCM technique and convex optimi-

sation.

• O6 Develop an algorithm that can learn the system dynamics in the context of

design limitations from LTI theory.

• O7 Show that the aircraft can achieve increased performance characteristics as a

result of the learning method.

• O8 Show how the developed architecture can handle faults and deviations from the

baseline dynamics of the aircraft to re-learn the optimal control gains.

1.4 Organisation of the Thesis

This thesis is compiled in paper format. Chapters 2 to 5 are based on the papers submitted

or in review. Each chapter therefore contains a self-contained introduction, aims and

overview of the research and literature referenced by the individual paper.

The overall structure of the chapters and the objectives aligned to the relevant papers

are shown in the Fig. 1.1
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Figure 1.1 – Thesis Overview

1.5 Contributions

The following list of contributions made in this thesis has been broken down into major

contributions and secondary contributions respectively.

1.5.1 Major Contributions

• An extensive literature review of the main approaches for safe learning of nonlinear

dynamic systems is provided. The literature review compares the current state-

of-the-art approaches to safe online learning for nonlinear dynamic systems. A

description of a generic safe learning framework for feedback control systems is

described and each technique compared to the generic framework. The learning

pipeline is further broken down into algorithms that are used in each step of the

process of learning to compare key performance metrics. Performance metrics as

an heuristic ranking is given based on the review with proposals developed as a first

look analysis so that the most promising techniques can be investgated for online

learning for nonlinear control systems relevant to aerospace systems.
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• A learning pipeline is developed adopting convex optimisation as an online batch

learning algorithm to learn the system dynamics from trajectory data. The learned

models are used to certify stability via the CCM technique and update the control

policy within a proportional feedback architecture.

• We bridge the gap in the existing literature between nonlinear CCM theory and

LTI theory to explore the practical implemention of aircraft flight controllers by

integrating flying qualities into the design of a CCM controller.

• We develop a novel cascaded two-loop control contraction metric to explicitly op-

timise inner and outer loop contraction properties.

• A study exploring a hybrid LMI approach, which combines robust and exponential

constraints with a mixing parameter, is conducted to assess its efficacy. Conditions

for stability guarantees of a linear sum hybrid control policy are identified under

certain conditions.

1.5.2 Secondary Contributions

• A benchmarking exercise is carried out for some salient techniques to compare the

performance of algorithms on systems up to 10 dimensions. The scaleability in

terms of processing speed is compared for safety certificate optimisations, function

approximations, and control synthesis for a linear quadratic regulator, nonlinear

model predictive controller, convex optimisation using a Lyapunov function and

control contraction metrics. Function approximations compared include, sparse

gaussian processes, neural networks, least squares regressions and convex optimi-

sations. The sensitivity of processing times to polynomial degree and linearity was

also carried out to validate the choice of polynomial functions for different dimen-

sions.
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• A nonlinear longitudinal F-16 simulator is developed and validated with previous

models derived from NASA wind tunnel data. The simulator is constructed so

that the kinematic equations are built as a block diagram so that the model can be

interrogated with lookup tables for aerodynamic coefficients. The model includes

six damaged aerodynamic coefficient profiles that can be automatically activated to

simulate faults or deviations from the baseline.

• We analyse six novel controllers, a CCM, cascaded 2-loop CCM, an RCCM with

scaling and prioritisation parameters, a Hybrid Linear Sum and Hybrid LMI con-

trollers, within the nonlinear simulator with six damaged aircraft profiles to test the

robustness and tracking performance of each controller.

• A comparison to a baseline root locus designed controller and pole placement ap-

proach offers a benchmark for evaluating the efficacy of the new control strategies.

• We explore the application of the developed learning pipeline to the full flight en-

velope and propose a method to adopt a reinforcement style algorithm.

1.6 List of Publications

In the list of publications, entries designated as ’Under Embargo’ have not yet received

publication clearance due to commercial considerations imposed by the sponsoring com-

pany. Consequently, a request is made for a six-month embargo on the thesis to facilitate

the processing of intellectual property rights and patent applications.

C1 – M. Osborne, H.-S. Shin, A. Tsourdos, “A Review of Safe Online Learning Approaches

for Nonlinear Control Systems” – In 2021 International Conference on Unmanned Aircraft Sys-

tems (ICUAS) 2021 Jun 15 (pp. 794-803) IEEE.

J1 - M. Osborne, H.-S. Shin, D. Ignatyev, A. Tsourdos, “A Review of the State-of-the-Art in

Safe Online Learning for Nonlinear Control Systems” – JAE Online (In revision to submit)
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J2 - M. Osborne, H.-S. Shin, D. Ignatyev, A. Tsourdos, “Longitudinal Control Learning via Static

Contraction Based Metric” – 01/2024 (Under Embargo)

J3 - M. Osborne, H.-S. Shin, D. Ignatyev, A. Tsourdos, “Cascaded 2-Loop CCM and Hybrid

RCCM Adaptive Controller Design for Longitudinal Flight Control“ – 01/2024 (Under Embargo)

J4 - M. Osborne, H.-S. Shin, D. Ignatyev, A. Tsourdos, “Performance Evaluation of 2-Loop CCM
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Chapter 2

Safe Online Learning

2.1 Introduction

Intelligent autonomous control systems are of great interest in a wide array of aerospace

applications, from remote space exploration, to operation in highly nonlinear flow fields,

to safety critical assurance cases as shown in Figs.2.1-2.3. With the rise in the use of

machine learning techniques and autonomous systems, there have been great efforts to

develop data driven self certification techniques for full autonomy [44, 43, 103, 23].

Figure 2.1 – NASA’s Insight
Lander, [90]

Figure 2.2 – Lockheed Martin
F-35 Lightning II, [6]

Figure 2.3 – Lillium VTOL
Air Taxi, [40]

The F35 Lightening, Fig.2.2, is a good example of the development of state-of-the

art control systems for safety critical applications. The aircraft developed by Lockheed

Martin has seen the progression from traditional Proportional Integral Derivative (PID)

Gain Scheduling control design to Nonlinear Dynamic Inversion (NDI) flight control sys-

tems that represent feedback linearisable dynamics covering 3 million data points [52].

The design of the system is an example of the complexity and expensive nature of non-

linear aerodynamic challenges in resolving highly complex flight envelopes at high res-

olution for discrete airframe configurations. It is anticipated that the next paradigm of

13
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flight control systems might see the aircraft learning its own dynamics and stable con-

trol policies in flight [37]. Currently however, safe online learning of nonlinear dynamic

systems is a significant challenge [103, 23, 87, 127, 119] and attempts to realise a prac-

tical online learning algorithm are incredibly challenging [17, 54, 46]. To learn by trial

and error, there is the risk of entering unsafe states which is unacceptable for safety crit-

ical systems. Furthermore, traditional analytical techniques like Lyapunov theory used

in the control systems field to guarantee stability become intractable for highly nonlinear

systems which are prevalent in real world dynamics [77, 71]. State-of-the-art learning

frameworks bridge the gap between traditional adaptive and optimal control techniques

and reinforcement learning (RL) within the computer science field [64, 61, 47, 51, 93].

Traditional control theory is model-based whereas RL is classically model-free learning

of discrete state-action spaces arising from dynamic programming and machine learning

techniques. Reinforcement learning techniques [109] are described by a policy, synony-

mous with a controller, and a value function which is typically termed as a cost function

and represents the sum of rewards over a time horizon. The interaction of the system

with the environment and reward structure adapts the control policy over time to op-

timise performance. RL for control systems like the actor-critic network are currently

reliant on offline simulation using high capacity computing resources [121]. RL based

approaches are also dependant upon the skill of the designer in hand crafting a reward

function [42] and there are also no guarantees that trained controllers operating in the

real world will act safely in the presence of unseen system changes or environmental

disturbances [115, 65, 94]. Continuous and high-dimensional spaces in control appli-

cations also lead to exponential growth in state and actions spaces [57] that make real

time computations intractable. Safe learning for nonlinear control systems has predom-

inantly relied on model-based control theoretic proofs for certification of stability. For

dynamic systems certifying stability relies on proofs relating to operation of the system

within its region of attraction (RoA). Nonlinear systems can be analytically or otherwise

sampled for certification of the RoA. This is a region bounded around an equilibrium
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point where all phase plane trajectories converge to the equilibrium point, ensuring safe

operation and control of the system. The computation of the RoA is however a difficult

and computationally expensive process; [89] states that they are typically NP-hard due to

the typically nonconvex and high dimensionality of the systems’ state space dynamics.

Solutions to calculate the safe regions for continuous time systems include polynomial

candidate functions and Sum-of-Squares (SoS) techniques, Continuous Piecewise Affine

(CPA) candidate Lyapunov functions (LFs), sampling, state-space partitions and convex

programming techniques [24]. Fig. 2.4 shows a recent study be Richards et al. [96] that

estimates the RoA via a neural network, LQR and SoS technique that highlights the con-

servative nature of SoS when control saturation is a nonlinear constraint on learning. Safe

regions can also be calculated explicitly via the use of partial differential system equations

(PDEs) and differential game theory as in the case of the Hamilton-Jacobi-Isaacs (HJI)

reachability technique where a grid of the state space is resolved into safe or unsafe reach-

able sets via worst case disturbances. Other library based techniques include LQR-trees

where safe trajectories are computed based on time evolution of safe sets robust to dis-

tubances and CPA parameter varying techniques where optimised linear system equations

are computed over the entire state space grid. One of the biggest challenges, however, for

grid-based or tree-based algorithms such as reachability and funnels has been the curse

of dimensionality for generating state space safety certificates of modelled behaviour and

the tradeoff of conservatism in dynamics modelling vs tractable controller synthesis under

safety constraints [39, 17, 23, 112].

2.2 The Generic Control Learning Framework

The generic safe learning control system framework, subject to environmental distur-

bances is shown in Fig. 2.5. The general control-affine equation is given by:

ẋ = F (x, u, d) = f (x) +B (x)u+Bd (d(x)) (2.1)
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Figure 2.4 – A Phase Plane Diagram of a System’s RoA Approximated by Three Function Classes
(SoS -Yellow, LQR-Blue,NN-Orange) vs the True RoA (Green) from Richards et al. [96]

where the state vector is x ∈ X ⊂ Rn and control input u ∈ U ⊂ Rm, with disturbance

d ∈ D ⊂ Rnd . The functions are mappings, f : X → Rn, and B : X → Rn×m and the

model function approximation is represented as F̂ (x, u, d) = f̂ (x)+B̂ (x)u+B̂d (d(x)).

The main goal of the learning algorithm is to update the feedback control policy, πi(x, t),

where i is the ith policy iteration, via optimisation of a cost function under dynamic

constraints. Data is collected online at discrete time steps k as {xk, x
∗
k, uk, ẋk} where

x∗ is the set point or reference trajectory and model learning is performed on batches of

trajectory data typically online. The system is initialised with an a priori control policy

π0 and the approximation of the system dynamics is improved over time as the system

explores the state space and environmental disturbance bounds. Disturbance bounds are

defined as the magnitude of the maximum L2 norm of exogenous inputs, assumed to arise

from aerodynamic effects such as wind gusts, turbulence or flow fields caused by foreign

bodies.

The disturbance d(x) is unknown, but assumed to be bounded at each state by a compact

set D̂(x) ⊆ D. The disturbances are learned as the system explores the environment.

The system dynamics are subject to constraints defined by a constraint set x ∈ K ⊂ Rn.

Safe limits are those states and actions which keep the system within controllable states

∀x(t), ∀u(t), t ≥ 0. The safe states are stored as the safe set denoted Si which is

grown over time incrementally in i steps as the system learns more about the dynamics
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Figure 2.5 – Generic Safe Online Learning Control System Framework

and disturbance bounds. A key feature of safety critical learning is that under uncertain

conditions or in states and disturbances outside of the safe limits, the system will either

fall back to a previous more cautious safe set or a more cautious policy until confidence

has again been made in the stability of the system. The typical method to determine safe

and unsafe regions of the state-space is via Control Barrier Functions (CBFs), also known

as safety functions, described in [10]. They provide a method for pruning the state space

of unsafe states by defining an acceptable set that is invariant under the control actions

available to the system. CBFs can be added to cost functions to avoid unsafe regions of

the state space as certificates. The certificates define an unsafe set G0 and an initial safe

set as S0 with a function J(x) ≥ 0 , ∀x ∈ S0 and J(x) < 0 , ∀x ∈ G0, Fig. 2.6. Safe

actions are then defined as preserving the inequality J̇(x, u) ≥ −γJ(x), where γ ≥ 0,

by enforcing actions to remain inside the set at the boundary whilst allowing all actions

inside the safe set. This is because outside of the zero level set of J(x) the function

changes sign and forces the gradient J̇(x) to also change sign causing the motion of the

system to go from travelling downhill on the function to uphill on the function returning

to the region of the safe set. Once inside the safe set both positive and negative gradients

are allowed, scaled by the positive factor γ, enabling free exploration. Control barrier
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functions are a generalisation of Control Lyapunov Functions (CLFs), where Lyapunov

functions define level sets for stable trajectories and the function remains positive and

centered at an equilibrium point at x = 0, V̇ (x, u) ≤ −αV (x). Fig. 2.6 shows both

the Lyapunov function and the barrier function definitions in the same plot with a second

iteration of a safe set S2.

Figure 2.6 – Safe Set Iterations and Zero Level Set Barrier Safety Function

In Lyapunov’s direct method for the function V (x), stability is guaranteed if the

derivative V̇ (x) ≤ 0. The system is said to be asymptotically stable if a strict inequal-

ity is found. Typically in control systems however exponential stability is desired with

additional convergence properties as shown by the following conditions [62, 110]:
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V (x) > 0, (2.2a)

∀x ∈ B \ {0}, V (0) = 0

V̇ (x) =
∂V

∂x
F̂ (x, u) ≤ −αV (x), (2.2b)

∀x ∈ B \ {0}

V̇ (0) = 0,

where α > 0

The stable region around the origin is described by a ball of states forming an open

subset of Rn called set B where \ means not included in the set. F̂ (x, u) is the learned

approximation of the system dynamics as a function of the state x and control inputs

u and ∂V
∂x
F̂ (x, u) in the Lie derivative of the Lyapunov function in the direction of the

dynamics. α is an exponential scaling factor greater than zero. Global stability is guaran-

teed if F̂ (x, u) is continuous and V (x) is continuously differentiable, where V (x) → ∞

whenever ∥x∥ → ∞.

2.3 Performance Metrics

Learning systems for safety critical control will require challenging performance mea-

sures to be acceptable as safe for online implementation. It is our intention to aid com-

parisons of techniques to highlight the major implementation challenges and promote the

development of solutions for real world applications. A non exhaustive set of key per-

formance criteria are detailed in the next section. The metrics are initially a qualitative

ranking with the intention of providing quantitative measures in the future. The metrics

provide a first approximation rather than a detailed scientific analysis. Each metric is also

weighted depending upon the perceived criticality of the requirements for safety critical

applications in Table 2.1.
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Table 2.1 Metric Weighting

Metric (s) Attributes (%) Weighting (%)

Scaleability No. of Dimensions possible 15%

Response Time Time to Synthesise control policy 20%

Learning Time Time to Learn a safe policy 15%

Conservatism Limitation of Safe Set 10%

Reliability Solution Guarantees 25%

Explainability Level of Analytical Abstraction 15%

It is important to note that direct comparisons of current research is not the intention

as learning and response times will be dependant upon hardware and implementations

of each approach and are typically not benchmarking exercises. We discuss each perfor-

mance criteria considered in the following:

2.3.1 Scaleability

Scaleability relates to the time complexity of an algorithm in the computer science field

and is a measure of how the number of operations an algorithm must compute, scales

with the number of inputs that must be processed. We approximate complexity to the

highest order where the focus is on the safety certification techniques. If an algorithm

steps through a sequence of N operations by a fixed time per operation, it is termed lin-

ear time in complexity, O(N). If there are nested loops within the algorithm then the

number of operations scale polynomially with the inputO(Dk), where k is the number of

loops. For matrix multiplications an [n×m] matrix times an [m× n] matrix is O(nmn),

n rows of addition by (m elements × n) columns of multiplications. To approximate

complexity for matrix operations in dimension D, this simplifies to O(D3). In the case

of Gaussian Process Regression the Matrix inverse must be found from an (N + I)2 Ma-

trix for each dimension of the state space, resulting in complexity O(D (N + I)3) where
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N is the number of reference points and I the number of inference points in the state

space. Sparse Gaussian Processes reduce the complexity by only sampling the function

at sparse Pseudo points P of complexity O(D (N + I)3). Neural networks are essen-

tially matrix multiplications with the forward inference operation including an activation

function for each element which increases complexity toO(D4). Neural network training

complexity is further complicated by backpropogation with a gradient measure per iter-

ation ε and so has complexity O(εD5) subject to the number of iterations required for

convergence. For a more detailed analysis of neural network complexity refer to, [51].

For algorithms that use a gridded search space, discretised over each input dimension,

the number of operations scales exponentially with complexity, O(kND), where k is a

constant time operation and N is the number of discrete sampling points per dimension.

Convex optimisation can be approximated as a polynomial time algorithm Dk, although

the complexity is dependant upon the chosen algorithm, ellipsoid methods and interior

point methods are commonly used, [116]. For a more recent in depth analysis of convex

optimisation and complexity see [30]. We rank the algorithmic components typical in safe

learning in Table 2.2.

Table 2.2 Time Complexity for common components

Algorithm Complexity Score

Convex Optimisation O(Dk) ••••

Sparse Gaussian Process Training O(DP (N + I)2) •••

Gaussian Process Training O(D (N + I)3) •••

Neural Network Training O(ε(MD)5) ••

Grid Search O((kN)D) •

* N = number of reference points, I = number of inference points, P = number of pseudo

points M = number of hidden nodes, ϵ = number of training iterations, k = a constant, L =

Library dimension D = the dimensionality of the state variables.)
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2.3.2 Response Time

Response time refers to the time taken to synthesise a control policy online, given track-

ing error data and a safety certificate. To process controller updates to maintain stability

and control, response time is a critical feature for highly dynamic systems. For example,

a military aircraft must not have a controller delay of more than 0.1s, [106], as when

combined with a pilot reaction time of approximately 0.2s, a limit of 0.3s is reached

after which Pilot-Induced Oscillation (PIO) becomes problematic, [80]. Given that for

aircraft a response time of less than 0.1 seconds is required we define rankings for algo-

rithm response times above and below this threshold as being in the millisecond range,

10 millisecond range and above the threshold as in the less than 0.5 second range and

as a worst case greater than 0.5 second range. It is important to note that the reported

response times where available are from different hardware systems and with differing

dimensionality constraints so an order of magnitude is reported as a first approximation

for each algorithms performance attributes. Table 2.3 lists some of the salient techniques

for safe online learning with an approximate comparison of processing times where cited

in the literature.

Table 2.3 Response Time Ranking

Time (s) Score

< 0.001 •••••

< 0.01 ••••

< 0.1 •••

< 0.5 ••

> 0.5 •
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2.3.3 Safety Certificate Learning Time

The online learning time required to generate a safety certificate is dependent upon the

time complexity of an algorithm and number of dimensions of a system and also the

hardware used to process the algorithm. In order to estimate the required learning times it

is important to consider the situation in which learning is required and the level of urgency.

For example a pre-determined test flight schedule may last for hours whereas recovery of

the aircraft from loss of control authority due to a change in the system dynamics would

require decisions to be made in seconds. We define therefore these windows of time for

5 scenarios for a military aircraft in table 2.4 and the corresponding ranking for a score

for learning time based on these scenarios. The flight envelope test window refers to the

situation where the dynamics over a section of the flight envelope are sampled during

repeated manoeuvres which may last between 30 seconds and 5 minutes. A mission

flight is proposed as a window of time in which a new environment, airframe loadout or

airframe damage may occur during the limited time of an operation where the dynamics of

the airframe are not critically affected but performance can be improved for the remainder

of the flight.

Table 2.4 Safety Certificate Learning Time Ranking

Scenario Time Frame Score

Recovery Low Altitude 0 ≤ t ≤ 5s •••••

Recovery High Altitude 5s ≤ t ≤ 30s ••••

Flight Envelope Test 30s ≤ t ≤ 5m •••

Mission Flight 5m ≤ t ≤ 30m ••

Test Flight 30m ≤ t •
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2.3.4 Conservatism

Conservatism refers to the extent to which the algorithm explores the true safe set, ST

as opposed to the approximated safe set, Si, determined by a safety certificate function.

Conservatism can be thought of as the volumetric ratio V ol(S0)
V ol(ST )

, where an unconservative

function will tend to one. Although analytical data for conservatism is not usually avail-

able some intuition can be gained from the study by Richards et al. [96]. In the study,

it was shown that a NN function approximation can better represent the true safe set of

a system when compared to LQR and SoS techniques. Although the SoS procedure is

typically similar to the LQR approach as they are both quadratic functions, in [96] the

SoS optimisation had additional control saturation constraints emposed, reducing the safe

region further. For each function approximation the expressiveness is also determined by

the number of basis, features or nodes in the function so comparing different functions

would require an information budget of some description, which we do not propose here

but note that NNs generally express more complex relationships per node and layer due to

the combinations possible between connections. Whereas GPs and other linear techniques

require the nonlinear features to be decided in advance to some extent. SoS techniques

are clearly limited by nature of the geometry arising from ellipses. We therefore rank

techniques approximately in Table 2.5.

Table 2.5 Conservatism Table

Conservatism Score

Neural Networks •••••

Gaussian Processes ••••

Monomial Kernel Methods ••••

Lyapunov LQR •••

Sum of Squares •••

Sparse SoS ••
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2.3.5 Reliability

Reliability is a ranking of whether a solution is guaranteed to exist. To synthesise a con-

trol policy a chain of events must occur, a function regression, the generation of a safety

certificate and the synthesis of the control policy. In this chain of events the reliabil-

ity is dependent on the weakest link in the chain. To compare techniques therefore we

rank reliability for each component and summarise the final rank for algorithms based on

the weakest link, Table 2.6. Some techniques combine steps into one step, for example

NMPC combines safety certification and control synthesis in one optimisation step. The

most reliable analytical proofs are from model based linear approximations which are

guaranteed to generate solutions from any training data although the solution may not be

accurate the fact that a solution is available may be more critical for time dependant deci-

sion making. Convex optimisation is considered a technology [26], and the most reliable

optimisation technique today. A solution is guaranteed to be found accurately or within a

small distance to the global optimum provably. Although expert knowledge is sometimes

required for particularly flat convergence regions where a small uncertainty in a threshold

may produce significant offsets in the solutions. We rank linear search techniques like

Bayesian Optimisation, Bilinear optimisation, and Game Theory third because although

solutions can be found efficiently there are no formal guarantees for these techniques and

solutions potentially diverge or stagnate for some functions. In sparse GP representations

or overly conservative approximations, searching for a desired optimum may suffer from

local maxima or overly conservative results, subject to the acquisition function, hyperpa-

rameters, and kernel function of choice. In general HJI solutions generated over a grid

space require careful tailoring of the toolbox options [85], grid spacing and function ap-

proximations to determine the accuracy of solutions. HJI theory is predominantly aimed

as a pedagogical research tool, [86] and is still the subject of research for tractable closed

form solutions [8]. NMPC we rank 4th because although the online synthesis is highly

dependant upon the choice of time horizon and trajectory complexity there are no formal

guarantees for a stable solution. We then rank Nonlinear Programming and Deep Neural
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Networks 5th, even though they excel at high dimensional function approximations the

reliability can only be certified through extensive training and testing. Research is active

in the area of certifying DNNs for safety critical applications, [125, 128] but currently for

online learning no guarantees can be made for unseen data.

Table 2.6 Reliability Ranking

Technique Ranking

LQR ARE •••••

Convex Optimisation ••••

Bilinear Techniques •••

GP Bayesian Optimisation •••

HJI Differential Game Theory •••

NMPC Multiple Shooting ••

Nonlinear Programming •

Deep Neural Network SGD •

Safety related systems are required to be verifiable, deterministic, and traceable. These

attributes are a requirement for managing and accounting for system failures. Formal

methods provide a way to guarantee performance, but formal approaches can suffer from

over conservatism in maintaining tractable expressions. Where expressive function ap-

proximations are used, the complexity of the mapping of inputs to outputs can reduce

explainability. An overview of the levels of AI explainability is discussed in, [14]. For

this review, Table 2.7 has been used to classify numerical complexity and hence explain-

ability as a result of being interpretable.
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Table 2.7 Explainability Table

Algorithm Structure Explainability Score

Rule Based, Formal Logic Logical Proofs •••••

Linear Systems Tools Analytical ••••

Nonlinear Model Based Moderate Complexity •••

Model-Based Hybrid Techniques ”Grey Box” ••

Deep Learning and Model Free ”Black Box” •

2.4 Approaches to Safe Online Learning of Nonlinear Dy-

namic Systems

In this section we give an overview of the main approaches adopted in safe learning based

on the generic framework and function approximation techniques discussed in the pre-

vious section. Noting that we are not focusing on techniques that arise from dynamic

programming and deep learning but more on learning in the context of traditional control

theory. With this in mind safe learning techniques can broadly be broken down into two

categories:

1. Offline library-based techniques with online uncertainty handling.

2. Online trajectory optimisation techniques with safety filtering.

Table 2.8 provides a subset of recent studies that consider robust learning under distur-

bances. The techniques are typically hybrid models with nominal model-based and affine

model-free learning components. Offline techniques to determine a library of safe states

and actions include explicit Hamilton Jacobi Isaacs (HJI), [43, 33, 124], calcualtions over

a discretised state space or precomputed robust trajectories in the form of funnel libraries,

[74] or linearised CPA techniques that adopt linear quadratic regulator (LQR) parameter

varying controllers, [19]. Online techniques adopt some form of MPC over a time hori-

zon either directly via a nonlinear model and sequential quadratic programming (SQP),
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[49, 97] or as in the case of the Control Contraction Metric (CCM) technique via opti-

misation of a stabilizing control trajectory using a Riemannian metric, [103, 77, 114].

Uncertainty aware (UA) techniques define algorithms that employ Bayesian Optimisation

(BO) for exploration, [23, 43, 55].

Table 2.8 Subset of Safe Learning Techniques

LMPC RCCM HJI UA-BO

Incremental

Online

[49, 97]

[56, 119]

[103, 77]

[113, 114, 71]

-

-

[23, 96]

[59, 56]

Library Based

Offline

[19, 74]

[73]

[104]

-

[43, 33]

[123, 9]

[43, 20]

-

We compare recent studies’ learning times for safety certificates, Fig. 2.7, overlaid on

to two function spaces for exponential time algorithms and polynomial time algorithms.

The figure is not a direct comparison of computation times due to each study being pro-

cessed on separate hardware but is meant to highlight ballpark processing times for low

dimensional systems and the computational challenges due to dimensionality. Also each

technique varies in sophistication, for example in Singh et al. 2019 the algorithm acutally

performs both a regression and safety certificate optimisation as a bilinear problem instead

of just verifying safety of a known function. Also overlaid on the figure is data collected

as part of this papers’ study on benchmarking safety certificates using SoS, LQR, CCM

and SDSoS, DSoS techniques. Data from Ahmadi and Majumdar 2019 study [5] is also

shown. Note that the Yalmip implementation uses the Matlab Timit function as well as the

Optimizer function in Yalmip which removes any high level overheads in the processing,

more closely related to embedded timings, whereas the DSoS/SDSoS is highlevel Matlab

code. For flight controllers a test procedure to optimise control in flight must be certified

in a reasonable time frame to both maximise fuel efficiency and minimise the test flight

envelope. We define approximate time ranges for online processing as less than 0.1s as the

threshold for robotic systems updating control policies. An incremental batch processing
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upper limit is set to 500s as test flights lasting hours would be expected to perform several

learning manoevers in one flight, 500s would allow 7 learning loops to be peformed per

hour as a worst case. Offline learning greater than 500s is where data would be collected

in flight and processed at a ground station before updating the control policy for further

testing. For all algorithms the challenge is to remain within the polynomial time space

but the learning complexity means that they typically lie within the exponential region by

adopting partial gridding or discretisation of the state space in some form.

In the following sections we briefly discuss some of the key approaches in safe learn-

ing. We start with linearisation techniques and then progress onto more complex ex-

tensions of linear techniques such as convex approaches and trajectory validation via

robust tubes. We then discuss non-convexity and nonlinear approaches via neural net-

works and bounded regions of attraction using a Lyapunov function. We futher discuss

online optimisation using nonlinear model predictive control and explicit library based

techniques using HJI reachability before briefly discussing probability based approaches

using Bayesian optimisation.
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Table 2.9 Overview of Salient Techniques in Safe Learning of Control Systems with Key
Attributes

Approach Offline\Online Local \Global Uncertainty Aware Optimisation Technique

NMPC Online Local No NLP Solvers & SDPs

SQP Offline & Online Local & Global No SDP

CCM Offline & Online Local & Global No SDP, Alternation & Gridding

UA Offline & Online Local & Global Yes Bayesian Optimisation

HJI Offline Global No Differential Game Theory

CPA Offline Global No Mixed Integer Programming

LQR-F Offline Local Yes SDP

RL Offline Global No Gradient Descent

IRL Offline Global No Algebraic Riccati Equation

2.4.1 Linearisation Techniques

The fundamental linearised control framework is LQR with feedback control and is used

widely for systems where nonlinearities can be approximated locally by linear equations.

To accomodate approximations over the entire state space parameter varying techniques

are used. Standard techniques to linearise system dynamics include Taylor series ex-

pansion [3] up to a suitable degree of accuracy or taking the Jacobian of the system at

piecewise locations to prove stability via quadratic functions. A standard linear feedback

technique with a CLF safety certificate is shown in Fig. 2.8. Nonlinear dynamics that can

be approximated by linear piecewise varying functions are termed Continuous Piecewise

Affine (CPA) [19, 92, 36]. In CPA techniques the state space is partitioned into polyhe-

dral regions where system constraints and optimal linear approximations are stored as a

lookup table. The solution is generated offline due to the typical scale of the programs

that employ mixed integer programming (MIP). These techniques are extensions of tradi-

tional gain scheduling or linear parameter varying (LPV) techniques. The generic robust
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linear control equation is given by:

ẋ = A(α)x+Bu (2.3)

where A and B are stabilisable and controllable system matrices via the optimal control

action u∗ = −Kx. K is the feedback gain matrix and rearranging ẋ = A(α) + B(−Kx)

forms the closed-loop solution, ẋ = (A(α) − BK)x. The cost or performance function

J(x, u) is quadratic in x and u via postive semi-definite symmetric weighting term Q

and positive definite term R, J(x, u) = 1
2

∫∞
0
(xTQx + uTRu)dt. Linear systems can be

solved in real time via the Algebraic Riccati Equation (ARE), where−Q = PA+ATP −

PBR−1BTP , which generates a positive definite P matrix that certifies the system as

stable over a region of the state space for a bounded uncertainty in α. The gain term

K can then be calculated from the equation K = R−1BTP . The CLF, also termed the

safety function or storage function, V (x, t) is the quadratic state equation weighted by the

ARE P matrix, V (x, t) = xTPx. The linearised equation with uncertainty can also be

converted from a nonconvex problem to a convex one where a congruence transformation

can be used as described in [25].

min
P,K

tr(P )

s.t. (A+BK)TP + P (A+BK) ≺ −Q−KTRK (2.4)

The problem is transformed via Y = P−1, and L = KY , applying a Schur comple-

ment to obtain 2.5.
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max
Y,L

tr(Y )

s.t.


−(AY +BL)T − (AY +BL) Y LT

Y Q−1 0

L 0 R−1

 ≥ 0 (2.5)

Yalmip is used with the Mosek SDP solver to find the optimal P matrix as opposed

to using the standard ARE formulation. Once P is found a gain matrix K is obtained as

before from K = R−1BTP .

Figure 2.8 – Learning Based Control Lyapunov Function Approach

2.5 Convex Optimisation

Convex optimisation makes use of the convex property of functions 2.9, defined by a

connecting line between two points on the function being above their end points at all

intermediate locations, and can be solved efficiently by interior point methods or active

set methods, [26]. The general formulation for a convex optimisation is:



CHAPTER 2. SAFE ONLINE LEARNING 34

min J(x)

s.t. fi(x) ≤ bi, i = 1, ...,m, (2.6)

where J(x) and all fi(x) functions are convex.

Figure 2.9 – A convex optimisation function compared to a nonconvex function. A line segment
connecting two points remains above the function for the convex case but is intersected by the
function in the nonconvex case.

One such function is the SoS polynomial and has become popular for proving positiv-

ity of polynomial systems in control theory [69, 72, 3, 25]. Some recent studies into SOS

convex optimisation are given in Table 2.10. A multivariate polynomial is a SoS if there

are a set of polynomials fi(x), for i = 1, ...,m, such that:

p(x) =
m∑
i=1

f 2
i (x) (2.7)

The standard method involves enforcing symmetric positive definite matrix properties

on Q for the quadratic equation p(x) = xTQx, which is itself a SoS of the state vector

x. The technique is extended to nonlinear systems via the use of monomial functions of

the state vector, p(x) = m(x)TQm(x). The SoS formulation is therefore reduced to a

linear matrix inequality (LMI) problem. Semi-definite programming (SDP) parsers and

solvers such as SOSTOOLS [91], Yalmip/Mosek [68, 12] or SPOT [81] can be used to

find solutions to LMI problems efficiently. In the case where positivity is not possible
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globally, which is typical in systems with constraints, a local relaxation is used via the

Positivestellenzatz or S-procedure whereby an extra polynomial term, L(x) relaxes the

function derivative positivity-constraint, (2.15), [72]. Fig. 2.10 is an example of this

technique adapted from [111]. The optimisation is a SoS formulation, Eqs. 2.8-2.12.

Figure 2.10 – An Example of the Positivestellensatz use of a positive polynomial in one dimension
to discriminate between regions of a function that are stable and maximises the level set ρ of the
safety function V (x).

max
L(x),V (x)

ρ (2.8)

s.t V (x) = x2 (2.9)

xTx(V (x)− ρ)− L(x)V̇ (x) SoS (2.10)

L(x) SoS (2.11)

f(x) = −2x+ 1.2x3 (2.12)

Recently, inner approximations of the SoS matrix equations have been developed [3].

By pruning the matrix equations to prioritise the diagonal entries, a diagonally dominant

algorithm DSoS and scaled diagonally dominant SDSoS algorithm have been shown to

optimise solutions in faster time frames at the expense of more conservatism. DSoS and

SDSoS are faster to process compared to SoS optimisation above 10 dimensions and sig-

nificantly faster above 30 dimensional system optimisation. Currently the implementation
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is available in SPOT, [81]. Pre and post-processing of SoS has also been carried out by

Löfberg, [69] in the Yalmip parser to improve optimisation times. [126] recently devel-

oped a sparse SoS (SSoS) formulation of SoS polynomials, which offers a middle ground

between full SoS formulation and DSoS/SDSoS formulation and in some cases offers

faster computation times as an SDP with less conservatism.

Table 2.10 Recent Studies Using Convex Optimisation Techniques

Author Technique Dim. Safety Cert. Soln Time Solver
[4], (Ahmadi & Majumdar 2019) SDSoS 30D CLF 22.5m Mosek

[3], (Ahmadi & Majumdar 2015) SDSoS 16D CLF 15m Mosek

[105], (Smith et al. 2019) SLS & SoS 4D CLF <5m Mosek

[84], (Meng et al. 2019) SoS & H∞ Cont. - H∞ - -

2.6 LQR-Trees and Funnels

Funnels can be thought of as the forward or backward propagation of RoAs in time. At

discrete points in a state space trajectory, as long as the system is confined to a trajec-

tory within the funnel, the system is verified as stable. Tedrake et al. [112], introduced

the Linear Quadratic Regulator Tree (LQR-Tree) algorithm for feedback motion planning

that computes a tree of LQR stabilised trajectories with verified stable RoAs using SoS

techniques. A diagram of the LQR-Tree library based approach is shown in Fig. 2.11.

The exploration of the state space as a sequence of funnels forms a tree-like structure and

avoids the curse of dimensionality resulting from discrete state exploration techniques

adopted in dynamic programming. The LQR-trees algorithm is limited with respect to

the number of dimensions a system has however, due to the computational requirements

for verification using SoS. Tedrake et al [112], have applied LQR-Trees to systems of up

to five dimensions. For many systems, LQR-Trees are limited to offline computation of

the funnels, but this however makes them unsuitable for unknown environments or time-
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varying conditions as they rely on the a priori model [73]. Majumdar et al [73] propose

a library of funnel systems computed offline that can be adopted online to over come the

computation of large SoS problems. The library can be used for stability and obstacle

avoidance by verifying the geometric overlap of the funnels with trajectory obstacles in

real time. Branicky et al [27], developed a hybrid controller using LQR funnels at each

level of the controller to drive the trajectories towards a goal state within a RoA. Bran-

icky et al. term the LQR, Time-Varying-LQR (TVLQR). A hybrid controller switches

between control policies via an indexing parameter that changes the controller at fixed

regions within the state space or via threshold constraints. In this manner, highly non-

linear systems or robotic systems with discrete behaviour can be controlled more easily

by adopting localised controller behaviour. The switching of controllers however is not

without problems due to the lack of control theoretic proofs for stability and as in the case

of sliding mode control can induce oscillations at the boundary.

Figure 2.11 – LQR-Trees Approach
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2.7 Nonconvex Techniques

Nonconvex techniques are needed for problems with multiple optimisation parameters or

when the system is highly nonlinear. In the first case Lyapunov techniques using SoS

optimisation to find a stabilising controller where the objective includes maximising the

region of attraction are bilinear [72]. The SoS optimisation equations 2.13-2.16 optimise

the region of attraction level set value ρ while searching for the Lyapunov function V (x)

and the condition V̇ (x) = ∂V
∂x
(f(x) + B(x)u(x)), is negative where L(x) is a positive

polynomial enforcing slackness of the constraints on V (x). Eq. 2.15 is linear in the

decision parameters L(x), u(x) when V (x) is fixed and linear in V (x) when L(x), u(x)

are fixed and can solved via 2 convex subproblems, alternating between the two [72],

2.12.

max
ρ,L(x),V (x),u(x)

ρ (2.13)

s.t V (x) SoS (2.14)

−V̇ (x) + L(x)(V (x)− ρ) SoS (2.15)

L(x) SoS (2.16)

step 1− ∂V

∂x
f(x)− ∂V

∂x
B(x)u(x) + L(x)(V (x)− ρ)

step 2− ∂V

∂x
f(x)− ∂V

∂x
B(x)u(x) + L(x)(V (x)− ρ)

Figure 2.12 – Expansion of Eq. 2.15, a bilinear optimisation using alternation between convex
functions [72]. In each step the black functions are fixed, blue functions are fixed decision vari-
ables, red decision variables are found in the optimisation step, and green is the optimisation
objective.

Several authors have adopted bilinear optimisation approaches to solve these types of

problems, [103, 2, 73]. The downside is the loss in efficieny in finding a solution due
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to the increased complexity and that no formal guarantees can be made on the solution.

The techniques also require feasible initialisations to promote convergence to local op-

tima typically via LQR approximations [72]. Nonconvex problems can adopt nonlinear

solvers that use gradient descent methods which are commonly adopted in neural net-

works (NNs). For safety critical applications however, the use of nonlinear solvers is

generally avoided due to both latency and reliability in finding a solution, [110].

2.8 Neural Network Approaches

Neural networks (NN) are popular for their speed in handling high dimensional data as a

universal function approximator and for real time inference. They are also becoming more

prevalent in control systems in research but yet to be considered suitable for safety critical

applications due to their inherent non-determinism, [37]. Richards et al [96], present a NN

method to learn accurate safety certificates for nonlinear, closed-loop dynamical systems.

The NN technique offers the least conservatism over the true safe set when compared to

LQR and SoS techniques. [32, 35] use NNs with 2 steps to both calculate the maxmium

RoA for a CLF and then to verify that the RoA satisfies the Lyapunov conditions. The

solution sets are checked in a falsifier or verifier step with counter examples to verify

the RoA. The NN approaches produce larger regions of attraction compared to SoS and

LQR techniques. The disadvantage of using neural networks is that they typically require

large datasets from which to learn from and the solutions are not explainable in terms of

tractable algebra. Also the bias-variance tradeoff is prone to overfitting without system

expert knowledge. On fast linear model using deep neural networks (DNNs) is explored

in [16] for online learning. The technique uses a Modified Relay Feedback Test (MRFT)

to design controller gains and learns the system dynamics in seconds for a quadcopter

without prior knowledge of the system. Stability is guaranteed by the design of the system

in the identification and control phases. Further work is needed to understand application

to nonlinear controllers as a gain schedule.
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2.9 Lyapunov Based Sampling Techniques

In many systems, the online estimation of a region of attraction is intractable. Research

has been made into sampling-based techniques where the exploration of a region of at-

traction is made by pointwise analysis of the system behaviour to approximate the RoA

for real-time applications [89]. Bobiti et al [24], propose an automated sampling based

Lyapunov technique to define a bounded set of states using multi resolution sampling

and hyper rectangles as basic sampling blocks. They demonstrate the performance via

benchmark examples. [89] proposed a fast sampling technique for the RoA for real-time

applications. The authors exploit the local continuity of sampled points to generalise the

bounds and use patching theorems to bind validated Lyapunov functions to a local func-

tion. Simulation and experimental results showed that the sampling technique quickly

estimated RoAs within seconds for a second-order dynamical system. The limitations

of the sampling based techniques are the lack of formal guarantees on the solution and

that knowledge of the function approximation must be known to choose hyperparameters

suitable for efficient sampling.

2.10 Nonlinear Model Predictive Control Techniques

Nonlinear model predictive control (NMPC) uses an accurate nonlinear system model to

predict trajectories over a time horizon. A diagram of the learning approach is shown in

Fig. 2.13. By using the computation of trajectories constraining the start and end points

of the solutions an optimal control policy can be iterated over by using shooting methods.

NMPC has recently been employed for both trajectory optimisation in learning algorithms

[49], and for safety certification in combination with stochastic uncertainty, [119, 55]. A

recent review of MPC techniques is detailed in [56] and some recent studies are shown in

Table 2.11. The NMPC scheme is based on solving an Optimal Control Problem (OCP)

at every time step and then implementing the first control input iteratively over a time

horizon, T . The cost function also serves as the quadratic Lyapunov function V (x, t) to
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ensure stability asymptotically for each trajectory solution, 2.17. By nature, the NMPC

problem becomes a zero order hold discrete time problem, where x and u are indexed

iteratively by subscripts k so that signals x0, xk, uk are shifted in time at each iteration. A

detailed description can be found in [83].

min
u∈UT (xk)

JT (xk, u) =

∫ tk+T

tk

(
xTQx+ uTRu

)
(2.17)

s.t ẋ = f(x) +B(x)u

∀t ∈ [tk, tk + T ]

x ∈ X ∀t ∈ [tk, tk + T ]

u ∈ U ∀t ∈ [tk, tk + T ]

The advantage of optimisation techniques is that constraints can be included as con-

trol saturation inputs, dynamic constraints, and any state constraints as linear or nonlinear

equality or inequality equations. Stochastic techniques are a significant challenge for con-

trol theory proofs however, due to the nonlinear propagation of Gaussian distributions,

[56]. Recently Grandia et al. [49] have integrated CLFs with MPC for a 4D Segway

robot by either enforcing exponential convergence of the Lyapunov cost function at every

MPC iteration or by restricting each iteration to a Lyapunov level set. The algorithm uses

SQP with a modified Hessian. They show that compared to NMPC no tuning parame-

ters are required and the algorithm performs smoothly to set point changes, whereas a

myopic CLF-QP solver causes abrupt changes in control for changes to set point com-

mands. Rosolia et al. [97] implement a Learning Model Predictive Controller (LMPC)

that linearises the dynamics locally and uses quadratic programming to minimise the lap

time of a racing car. A finite time OCP is solved in 10ms with a sampling time of 10Hz

and time horizon of 12s. [119] use MPC as a safety filter. [83] show how a relaxed Lya-

punov asymptotic stability criteria can be used with NMPC for a holonomic 2 wheeled

robot to ensure trajectory tracking to a set point. The multiple shooting algorithm is able



CHAPTER 2. SAFE ONLINE LEARNING 42

to sythesize a controller for a prediction horizon of 2 or 3 seconds and 10 Hz sampling

time for a reasonable accuracy. [38] implement a NMPC technique via the use of Re-

current Neural Networks (NMPC/RNN) to synthesize a controller at up to 30Hz for a

model helicopter autorotation maneuver. Although there are no stability certifcates the

technique uses quadratic cost functions amenable to Lyapunov analysis. The technique

updates the controller after a suitable number of epochs have evolved from the RNN. The

possibly nonconvex optimisation is augmented with random sampling to increase con-

vergence guarantees. Speed of optimisation is also achieved via parallel computation of

algorithm equations.

Wang et al. [122] compute control actions for a problem with 12 states and 3 controls

with a time horizon of 30 time steps in around 5 ms by using convex optimisation and QP

for a linear system. It is thought that the algorithm using Newton descent and line search

techniques could be extended to nonlinear systems, either via linearisastion at each time

step or larger numbers of iterations.

[50] design a fault-tolerant control 6-degrees of freedom (6-DOF) scheme based on a

fast NMPC for real-time implementation for extreme maneuvers. Using a direct multiple-

shooting approach and the ACADO Toolkit with SQP. Control synthesis times of 30 ms

were achieved for two examples of extreme maneuvers.

[1] use a linear internal model with a reduced number of prediction points that are

not evenly distributed along the prediction horizon. Trajectory tracking control was val-

idated through both simulation and experimental testing with the Qball-X4 UAV with

reduced onboard computing capcity a standard MPC algorithm failed whereas the opti-

mised algorithm was successful although only for simple trajectories and without stability

gaurantees.

NMPC has the potential to optimise control policies most effectively if the require-

ments are met that the model represents the system acurately enough over the time horizon

and that the control policy has an adequate response time for the dynamics problem be-

ing solved. For highly dynamic and high dimensional systems this approach continues to
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pose real time computational constraints that may become less problematic as technology

evolves in the future.

Table 2.11 Recent Studies Using NMPC Techniques

Author Technique Dim. Synth. Time Solver
[83], (Mehrez 2020) Multiple Shooting 3D 10s CasADi

[67], (Leung 2017) Multiple Shooting 3D 8.8s ACADO

[122], ( Wang & Boyd 2010) Convex Opt 12D 5ms -

[38], (Dalamagkidis 2011) RNN 6D 30Hz -

[50], (Gros 2012) Multiple Shooting 6D 30ms ACADO

[97], (Rosolia 2019) Linear QP 2D 10ms OSQP

[55], (Hewing 2019) Sparse Sampling GP 2D 20ms FORCESPro

Figure 2.13 – Learning Based - NMPC Approach

2.11 Contraction Theory Based Techniques

Contraction theory has been developed as a differential dynamics extension of the more

established CLF techniques, which exploit linear eigenvalue analysis [70]. A detailed

description of a contraction metric formulation using sum-of-squares techniques is given

in [15] and its extension to CCMs is described in [75]. A diagram of the appraoch is
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shown in Fig. 2.15. Contraction metrics refer to the vector field differential, δx(t) =

(x(t) − x∗(t)) of the system trajectories under the control action u(x, t). A CCM forms

a safety certificate for stability in the sense of a differential Lyapunov function, V (x, δx),

to ensure convergence of system trajectories to an equilibrium state via online controller

synthesis. A metric is computed offline or incrementally online from sample data by

learning the system dynamics.

The solution is computed in two stages, first the computation offline of the solution to

an LMI, to derive the metric inverse W (x, t) = M(x, t)−1 and a closed loop gain function

ρ(x, t) that will be used as an input for the feedback control synthesis. Then an online

control policy is calculated using the Metric to find a minimising geodesic between the

current state and a reference state on a Riemannian manifold. The technique bridges the

gap between conservative but fast linearisation methods like LQR and computationally

expensive but explicit NMPC techniques [67].

M(x, t) is a Riemannian metric commonly used in robotics and high dimensional con-

trol problems. The metric defines a vector field as a manifold in the state space where the

tangent space describes the flow of the system trajectories. The length
√

δxTM(x, t)δx

provides a local distance measurement and notion of orthogonality.

In contraction theory, an initial virtual displacement, δx0, of a pair of flow lines or

trajectories, Fig. 2.14, is measured downstream, δxt, over the time derivative, dt.

Figure 2.14 – Contraction theory diagram, Adapted from [70].

The squared distance between two trajectories can be defined as δxT δx. Where the

rate of change of the distance can be expressed as:
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d

dt
(δx

T δx) = 2δx
T δ̇x = 2δx

T ∂f

∂x
δx (2.18)

The largest eigenvalue of the symmetric part of the Jacobian ∂f
∂x

, the largest eigenvalue

of 1
2

(
∂f
∂x

+ ∂f
∂x

T
)

, can be substituted to give a scalar form of the squared rate of change in

displacement:

d

dt
(δx

T δx) = 2λmaxδx
T δx (2.19)

As a result, if the largest eigenvalue, λmax, of the differential dynamics, remains negative

by a certain threshold amount−β, for all x and t then stability can be inferred, 2.20, [70].

∥δx∥ = ∥δx0∥ e
∫ t
0 λmax(x,t)dt (2.20)

Furthermore, if a system’s local set of trajectories can be shown to be contracting, then

the system is said to be locally dynamically stable over the time horizon t. An important

generalisation of the virtual displacement vector to an eigenvector basis via a transforma-

tion, δz = Θδx, gives a generalised distance framework via a Metric function M(x, t),

(i.e. δzT δz = δxTΘTΘδx = δxTMδx ). Where M(x, t) is a symmetric and continu-

ously differentiable metric and positive definite for exponential convergence of the sys-

tem, [70]. M(x, t) is a Riemannian metric commonly used in robotics and high dimen-

sional control problems. The metric defines a manifold in high dimensional space with an

associated tangent space of the inner product δxTM(x, t)δx. This provides local length

and orthogonality. A smooth curve γ : [0, 1] → Rn with ∂γ
∂s
̸= 0 ∀s ∈ [0, 1]. Define

e(s, γ) = γT
s (s)M(γ(s))γs(s) where γs = ∂γ

∂s
. Description taken from [67]. The length

of the curve with the end points at γ(0) and γ(1) is defined as:

l(γ) =

∫ 1

0

√
e(s, γ)ds (2.21)

The shortest path between two points on a manifold is called the geodesic. This is
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the infimum of curves defined l(γ). The squared length is termed the energy E(γ) and is

more conveniently computed by:

argmin
γ∈c[0,1]

∫ 1

0

e(s, γ)ds (2.22)

γ(0) = x∗(t), γ(1) = x(t)

The solution to the CCM is found from a Linear Matrix Inequality (LMI).

−Ẇ +WAT + AW − ρBBT < −2λW (2.23)

where A is the system Jacobian and B is the control matrix. The inequality is a convex

optimisation in W (x, t) and ρ(x, t), where the contraction rate, λ, is either fixed or opti-

mised using bisection. W and ρ are approximated by choosing suitable basis functions

and then enforcing the constraints by gridding over a region of the state space [102]. The

solution is also found when it is possible to structure the dynamics function as a sum-

of-squares to certify Lyapunov stability under the control constraints [78]. The resulting

W (x) and ρ(x) form the stabilising differential control equation:

u(t)− u∗(t) = −K(x(t)− x∗(t)) (2.24)

where K = −1

2
ρ(x)BTW (x)−1 (2.25)

In [71], the authors extend the use of CCMs to a direct adaptive control approach for

stabilisable nonlinear systems with parametric matched or extended matched uncertainty.

The authors in [77], extend the use of CCMs to Robust control (RCCM) using an L2 gain

bound and quadratic cost where set invariance is enforced in the LMI via the use of La-

garange multipliers. An LMI is solved for a 2-dimensional Moore-Greitzer system in 1.3s

using Yalmip and Mosek. Singh et al. [103] use a CCM approach to learn stabilisable
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dynamics by regularising a dynamics optimisation problem online from demonstration

data. The dynamics and metric subproblems are solved simultaneously via alternation

over the biconvex problem formulation using semidefinite programming, line search, and

localised gridding over a number of training samples. In [102] an online solution to a 6-

state planar quadrotor trajectory optimisation is found using a robust CCM with gridding

over 4 state space constraints taking 60s offline to solve. The online controller optimisa-

tion is performed via pseudospectral collocation using the SNOPT solver in around 4ms,

adequate for a 1s resolve time online. [71] use a control contraction metric technique

using SoS optimisation in Yalmip for the Moore-Greitzer jet engine system. The metric

was computed in under 0.45s for up to degree 6 polynomials. They highlight the global

solution properties as being favourable over LQR solutions.

Figure 2.15 – Learning Based - RCCM

The advantage of the CCM technique is that the online controller synthesis MPC

problem is simpler than full NMPC problems due to the lack of dynamics constraints

and reduced dimensionionality if partial contraction is adequate to verify stability. The

only downsides to CCM techniques are the use of SoS techniques that can be limited in

scaleability and omit areas of the state space that could be explored safely. The topology

of the manifold for rotational systems may also mean that control synthesis is limited to
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regions within a cut locus boundary without a tailored approach.

For simple problems the Metric is flat (independant of the state space) and the geodesic

is a straight line [76] creating a linear feedback solution. For complex problems however

the geodesic can be calcuated by both direct optimisation and indirect methods such as

Euler-Lagrange two point boundary equations, phase flow, fast marching or graph cuts

[78, 67].

Indirect methods are generally intractable though and strictly offline algorithms or

require tailored approaches for most nonlinear systems. Direct optimisation methods in-

clude shooting methods, quasi-Newton descent and collocation techniques.

In [67] it was shown that the pseudospectral technique using Chebyshev polynomials

and Clenshaw-Curtis quadrature is optimal compared to Legendre polynomials and stan-

dard Gaussian quadrature but online predetermination of polynomial degree and number

of nodes is required to ensure sufficient accuracy of the solution. Recently Finsler man-

ifolds have been combined with the CCM framework to generate controller paths not

requiring minimising geodesics [31, 45]. The Finsler framework offers a larger class

of metrics to be used and may be an alternative for complex systems where minimising

geodesics are too expensive to be compute [31]. Tsukamoto and Chung [113] use a Neu-

ral Contraction Metric (NCM) approach for robust estimation and control that uses deep

LSTM-RNN network for global approximation of an optimal contraction metric.

2.11.1 Hamilton-Jacobi-Isaacs (HJI) Reachability Techniques

The HJI Reachability technique in the context of control systems refers to a partial dif-

ferential equation which explicitly defines the controlled systems behaviour in all states.

From this equation trajectories of the system can be calculated to map sets within the state

space that define reachable states. Reachability analysis seeks to prove that system trajec-

tories from an initial set subject to all possible inputs and disturbances remain within safe

bounds. Figure 2.16 shows the library based feedback control framework using offline

differential game theory for the safe operating envelope. ẋe in the diagram represents the
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tracking error dynamics used in the framework by [43]. The tracking error dynamics is

used to measure the uncertainty in the model due to disturbances affecting the system by

which a safe policy is chosen. An overview of Reachability techniques is provided in

[18]. Table 2.12 is a list of recent research using reachability based techniques for safety

certification. The offline-computation times shown are not meant for direct comparison

just an indication of the range of values found in research. For nonlinear systems reach-

ability techniques rely on the solutions of the Hamilton-Jacobi-Isaacs (HJI) equations to

compute the safe set of states and actions. The safe, reachable set S is affected by the

system input values U and a disturbance set D. The goal is to limit the control inputs to

remain within the safe set over a given time horizon [7]. The reachability equations for

dynamic systems stem from optimal control theory and dynamic programming, where the

dynamics function is augmented with a disturbance, d(s), (2.26).

ẋ = F (x) +B(x)u+Bd(d(x)) (2.26)

The optimal control is found from the Hamiltonian equation using differential game

theory, where one player, d, is trying to maximise the function and the other, u, is trying

to minimise the function.

H(x, ∂V (x,t)
∂x

) = min
u

max
d

(
∂V (x,t)

∂x
.f(x, u, d) + c(x, u, d)

)
(2.27)

Reachability using HJI computations is typically done offline over a grid of the state

space and is subject to the curse of dimensionality. The discretisation of the grid also

needs to meet the accuracy of the dynamics problem at hand [33].

Gillula et al. [48], adopt machine learning techniques to increase computational effi-

ciency. The technique adopts optimal control actions only when approaching the border of

the unsafe set. At all other times, the freedom to explore actions meant a better dynamics

model could be learned. In [43], the authors extend their work to create a unified treat-

ment of model learning and guarantee validation and propose a general safety framework
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Figure 2.16 – Hamilton-Jacobi-Isaacs Reachability with Gaussian Process Learning Based Safety
Function

for learning-based control using reachability analysis to reason online about the validity

of computed guarantees. The authors found that it was necessary within the framework

to not only ensure safety when a threshold is detected but to also ensure safety when

the model assumptions become unreliable. This they term local model reliability. [123]

use a NN-Reach tubes technique for a 2D system to create safe sets in 0.383s. Further

progress has been made in decomposing higher dimensional systems into subsystems us-

ing the Jordan form highlighted in [17, 54]. By solving projections of the dynamics in

lower dimensional space and reconstructing higher dimensional envelopes bounded by the

projections, a faster computation of reachable sets is achieved, reducing the complexity

in the decomposed state dimension vector. Sensitivity to initialisation of the HJI solu-

tions is explored in [54] and a novel technique, FaSTrack (Fast and Safe Tracking) speeds

up learning by adopting a coarse model approximation for early planning and tracking

model uncertainty to verify that the system is within safe bounds [53]. FaSTrack exploits

the convergence properties of model approximations to the true dynamics of the system

by updating the planner with the best available knowledge at the earliest possible time.
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Occupation Measures Using Reachability

Recent studies into occupation measures as an alterntive to binary classification of safety

have looked at a relaxation of unsafe trajectories, [74, 34]. [74] show that by measuring

the time a trajectory enters an unsafe region a less conservative safe set can be adopted if

a maximum exposure time can be adopted as a safety protocol. They also show that the

convex problem is faster to solve than alternation methods using CLF functions. A 4D

cart pole system is solved in 15.8s whereas an 8D uBot is solved in 27m in Mosek. Al-

though uncertainty and disturbances are not yet considered for this technique and scaling

to higher dimensions is limited due to the computational complexity.

Table 2.12 Recent Studies Using Reachability Techniques

Author Method Sys Dim Offline Comp. Time Software

[9], (Althoff et al. 2008) Linearised Zonotopes 30D 704s/746s -

[53], (Herbert et al. 2018) HJI-Grid 4D 1542s ToolboxLS/helperOC

[33], (Chen et al. 2018) HJI-Grid 6D/10D 30s/2.8hrs ToolboxLS/helperOC

[43], (Fisac et al. 2019) HJI-Grid & GP 2D - ToolboxLS/helperOC

[123], (Xiang et al. 2018) NN-Reach Tubes 2D 0.062s-0.383s NN

[41], (Fedorov & Candelieri 2018) Fwd Euler App & GP 2D 10s - 200s Matlab GPML toolbox

[74], (Majumdar et al 2016) Occupation Measures 4D 15.8s Mosek

[74], (Majumdar et al 2016) Occupation Measures 8D 27m Mosek

2.11.2 Uncertainty Aware Bayesian Optimisation

Uncertainty aware (UA) based techniques promote intelligent exploration via BO and

active learning, Table 2.13. For a detailed description of BO, Brochu et al. provide an

excellent overview [28]. An overview of active learning can be found in [100]. Fig.

2.17 shows the structure of a control systems that employs a probabilistic guarantee for

control policies learned from a regression model. The benefit of active learning is that

model uncertainty can be used to speed up training by prioritising exploration within
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regions of high uncertainty or high value and can be used to distinguish safe bounds within

state constraints. Safe Active Learning (SAL) and Safe Bayesian Optimisation (SBO) are

extensions of these techniques to safety critical domains [99]. The techniques share the

aim of exploration, determined by an acquisition function which trades off uncertainty for

optimisation of an objective function, whilst also keeping the system within safe bounds.

Uncertainty provides additional information about a function approximation in the form

of a variance parameter about a mean distribution as a function of the state, this is typically

achieved via Gaussian process regression.

Figure 2.17 – Uncertainty Aware Bayesian Optimisation Safe Learning Framework

In SAL the goal is to optimise a nonlinear objective function J(x), via exploration of

the state space, subject to system safety constraints. For example, in [43] the objective

was to learn the optimum gains for motor controllers during a quadcopter ascent and

descent constrained by a safe distance to the ground subject to disturbances. BO relies

on a priori estimates of the model probability distribution [28]. An acquisition function

trades off between exploration and exploitation.

At each time step, the function estimate, the uncertainty bounds and the current best-

sampled function value, termed the incumbent, f(x+), are updated so that the process
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Figure 2.18 – Bayesian optimisation over three iterations. The plots show the mean and confi-
dence intervals estimated with a probabilistic model of the objective function. The acquisition
function is high where the model predicts a high objective (exploitation) and where the prediction
uncertainty is high (exploration), [27].

of exploration continues via the acquisition function. The acquisition function is ideally

high where the highest potential function values will be found.

There are three main improvement based acquisition functions:

1. Probability of Improvement (PI)

2. Expected Improvement (EI)

3. Lower or Upper Confidence Bound (LCB),(UCB).

The SBO approach uses LCB from a Gaussian Process function approximation to

decide where to sample new points in the exploration of the system domain.

LCB(x) = µf∗(x)− κσf∗(x) (2.28)
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Here κ is a weighting factor to decide between exploration and exploitation [99]. SBO

simultaneously targets a region of minimum loss function for the controller updates.

A program called SafeOpt employs SBO, developed by Berkenkamp and Sui [21,

107].

In Fisac et al. [43], a probability limit is used to switch the control policy to a safe

controller when the unsafe reachable set can be reached statistically beyond the safe lim-

its. Once the safety function and safety policy have been computed, they are stored as

look-up tables. Uncertainties arise from both the system model and from the uncertainty

in environmental disturbances. Kahn et al [59], use an uncertainty-aware collision predic-

tion model. To overcome the risk of exploring collision states, the speed of the robot is

reduced when there is high uncertainty. In practice, a balance between safety and optimi-

sation is difficult to find. Recent attempts to reduce computational loads for GPs include

combinations of GPs with a nominal controller to only learn nonlinearities [55, 97]. The

aim is to reduce sampling times, to be in the millisecond range. Hewing et al, use sparse

GPs by selecting just 10 inducing inputs per time step heuristically along the approxi-

mate state input trajectory to maintain sampling times to 20ms. Further efficiencies could

be made by selectively updating the most important parameters while using less critical

parameters from the previous time step to update the dynamics model. Wabersich [120]

uses a linear quadratic control Lyapunov function from sampled data points and convex

optimisation within a safety framework. The sampled data is further enhanced by adopt-

ing the use of a GP model to provide a priori uncertainty. Experiments show safe set

computation in 0.2s. It is not thought however that BO [17] based methods are practical

above 30-40 dimensions due to computational loads.

2.12 Function Approximation Techniques

In this section we give a brief overview of a non-exhaustive list of function approximation

techniques found in recent studies on learning for control systems applications. Online
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Table 2.13 Recent Studies Using Uncertainty Aware Based Techniques

Author Method Sys Dim Stability Cert.

[21], (Berkenkamp et al. 2016) BO with GPs 2D Multi-Safety Func.

[23], (Berkenkamp et al. 2017) Safe MB RL + BO 1D LQR Lyap. Func.

[63], (Kirschner et al. 2019) 1D-Subspaces LINEBO 40D -

[59], (Kahn et al. 2017) Safe RL Col. Avoid. 3D speed cost

[97], (Rosolia et al. 2019) Safe RL for Racing Car 3D K-NN convex set

[99], (Schillinger et al. 2017) PI-Control SAL 1D discriminating func.

[108], (Sui et al. 2018) Stagewise-Safe BO G 2D 1-step decrease cond.

[120], (Wabersich et al. 2018) Safe RL Pred. Safety Filter 2D two convex optims.

[118], (Wabersich et al. 2019) Safe Prob. MPC 6D nom. MPC safety cert.

learning of control systems requires at least one approximation of a mapping function for

the system. Either the full first order dynamics under control or a learned control policy

as a function of the state of the system, [117, 95]. We focus on the case where the full

dynamics function is approximated in this review, where a controlled system is defined by

inputs, u, states, x, and the resultant change in state, ẋ by a function derived empirically

through observation or expertly through prior knowledge of the physics of the system.

The true function, F (.), is therefore approximated as accurately as possible by, F̂ (.), us-

ing regression techniques of the observed data. For dynamic systems, the function can

be approximated by a continuous or discrete function for changes of state given input

commands over n observations as a dataset, Ω{xi, ui, ẋi | i = 1...n}. A function approx-

imated by a model is termed model-based, but state-of-the-art techniques also include

model-free methods when a function is approximated using training data from the system

with high dimensional universal function approximators. These models include Gaussian

Processes, Neural Networks, Approximate Dynamic Programming and stochastic search
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techniques. A list of key techniques adopted for function approximation is shown in Table

2.14, including some of the advantages and disadvantags of each approach. Combinations

of approaches have also been used, termed hybrid techniques. Hybrid techniques bene-

fit from the efficiency of model-based learning as well as the flexibility of model-free

approximations. We review the state-of-the-art techniques in the following section.

2.12.1 Recursive Least Squares

Parametric techniques can be used when the dynamics of a system are known to be well

approximated by a set of parametrised features or monomial functions that require regres-

sion techniques to fit the functions to the data. This is typically achieved via least squares

regression or traditional methods employing gradient regularisation such as Ridge Re-

gression and Least Absolute Shrinkage and Selection Operator (LASSO) techniques. The

parameterised models seek to reduce the error between empirical system data and the

model approximation, 2.29. In reference to the affine function approximation described

in 2.1 for the dynamics of a system the following regression approaches are adopted.

In the case of the LASSO technique the regression minimisation uses a regularisation

term λθ that minimises the L1 norm of the function parameter vector θ and the p in 2.29

is replaced by 1. Minimising the L1 norm promotes sparsity of the learned parameters

whereas traditional ridge regression uses the L2 norm which minimises all parameters in

the function approximation evenly, [88].

argmin
θ

n∑
i=1

∥F̂ (xi, ui)− ẋi∥22 + λθ∥θ∥2p (2.29)

State space models can be sparsely parameterised and have been developed recently

for nonlinear system identification using libraries of basis features [60, 103]. Kaiser et al.

[60] propose SINDY (System Identification of Nonlinear Dynamic Systems) and compare

its performance to neural networks and linear techniques using extended dynamic mode

decomposition. They show how SINDY with control for MPC of a number of nonlinear
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systems outperforms neural networks and dynamic mode decomposition in speed and

accuracy. Fundamental to the success of the algorithm is enforcing sparsity using the L1

norm regularisation and a library of features Φ(x, u) that adequately describe the system

dynamics. A diagram of the RLS SINDYc algorithm is shown in Fig. 2.19, where θ is the

2D weighting matrix or parameters and Φ(x, u) is the library of nonlinear basis features.

Figure 2.19 – Sparse Identification of Nonlinear Dynamics with Control SINDYc, Kaiser et al.
[60]

argmin
θi

∥ẋi − θiΦ
T (x, u)∥22 + λ∥θk∥1 (2.30)

2.12.2 Neural Networks

Neural networks are becoming increasingly common in machine learning applications

where high-dimensional input spaces can be iteratively optimised over a network of fea-

ture combinations [96, 23]. The number of abstractions in the form of feature layers and

the nonlinear optimisation of features via activation functions provide a flexible frame-

work for universal function approximation. The choice of network and method of op-

timisation must be carefully chosen to avoid overfitting of data so that the function can

generalise well to all environments. Deep Neural Networks tend not to generalise well

for predictions on unseen data for new environments and can give unpredictable results

for outliers within the test data [125]. Heyer et al. 2020, [57], use a single-hidden-layer,

fully-connected neural network as parametric structures for an actor-critic, and target-
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critic reinforcement learning algorithm. The benefits are high dimensionality with low

computational cost and guaranteed differentiable features. However, [127] noted that

neural networks may add two sources of errors in applications as flight controllers. One

is due to lacking adequate computing power when performing a least-squares approxi-

mation of a desired cost-to-go function. The other is the need for offline learning in a

simulated environment that may not fully represent the real world. [98] also noted that

possible sources of error can arise from reporting practices in the case of training data and

from poor model choice which can introduce bias. Nevertheless, their expressiveness and

efficiency are desirable attributes if guarantees can be made over their implementation in

safety critical systems of which research is ongoing to improve and verify via certification

techniques [58, 125]. A single hidden layer neural network is shown in Fig.2.20 without

the bias terms included. The NN has a three dimensional input X and two dimensional

output Y with four hidden nodes. The general expression for a single layer network,

2.31, is the sum of weighted nonlinear activations
∑m

i=0 ω
(2)
i ϕi of a weighted input vec-

tor (ω(1)
i )Tx plus a constant bias b. The activation function determines when the node is

switched on and to what degree, magnitude or sign depending upon the activation func-

tion chosen, ie. ϕ(·) := Sigmoid(·), Tanh(·), and ReLu(·) activation functions have the

respective output ranges [0, 1], [−1, 1], and [0, x]. Each layer is a newly weighted dimen-

sion of the previous layer and can be rewritten as 2.32. The activation functions create

nonlinearities in the neural network but the network without activations would be linear

combinations of the input features. There are parallels of neural network topology with

polynomials. The maximum number of hidden nodes needed to express a k dimensional

polynomial of degree d is kd although typically fewer nodes are required as functions are

typically sparse in nature. Fig. 2.20 shows a neural network with two inputs x and y and

the downstream combinations of inputs at each layer for a 2 hidden layer network. In

general the hidden layers determine the polynomial degree of monomial terms although

a single layer with an infinite number of nodes can approximate any degree polynomial

it is less efficient in the use of network connections. A linear function of basis features
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can be used instead of a neural network if a library of features is known to be a good

representation of the function, as shown in 2.33.

Figure 2.20 – A 3D input, 2D output, neural network with one hidden layer. With activation
functions a1, a2, a3 and layer weights w1, w2. The bias terms are ommited for clarity.

y(x) =
m∑
i=0

ω
(2)
i ϕ((ω

(1)
i )Tx+ b) (2.31)

y(x) =
m∑
i=1

αiϕ(ω
T
i x) (2.32)

Figure 2.21 – Illustrative representation of a 2D neural network’s inputs expanded as monomial
terms after two fully connected layers into the output function approximation.
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y(x) =
m∑
i=1

αiϕi(x) (2.33)

e.g. ϕ(x) = [x y xy x2 y2 x2y xy2 x2y2]

α = [α1, ..., αm]

2.12.3 Kernel Methods

The extension of linear combinations of features as functions is the linear combination of

kernels as functions, 2.34. A kernel κ(x, x′) takes two input values from the independent

variable state space and creates a real valued output. When one input value is fixed on an

example sampled from observations and is used to construct a function approximation it

is termed a support vector. The properties of Kernels being a function of two inputs of the

same space mean that they have a reproducing property and symmetry obeying Mercer’s

Theorem for positive defintite covariant matrices. An overview of Reproducing Kernel

Hilbert Spaces (RKHS) is presented in [13] and a comparison of techniques is shown in

[88]. As an illustrative example in one dimension, the function k(x, x′) =
√
(x− x′)2

is fixed on one co-ordinate of the input space to define a positive function over an infinte

range of the second co-ordinate. A weighted sum as a vector of these functions can

be used to define a function approximation of the independent variable x, 2.34. Figure

2.22 shows four such kernel functions fixed on four support vectors. In the example the

support vectors are just one dimension and two function approximations, f1, f2, are shown

as weighted sums of the basis kernels. In this way more complicated nonlinear functions

can be created to approximate data.

RKHS have been employed in recent studies [79, 23, 103]. The use of RKHS is one

technique that makes computation much more efficient for searching function spaces and

minimisation tasks. However [104] notes that full matrix-valued expansions grow rapidly

with the number of constraint points and state dimensionality which slows computation.
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Figure 2.22 – Illustrative example of a 1D Kernel with 4 support vectors defining two function
approximations

f(x) =
m∑
i=1

αiκ(xi, x) (2.34)

The kernel function is typically a stationary or shift invariant function or inner product,

a real valued function of two input values or vectors, k : X ×X ′ −→ R . The functions can

be defined both as linear combinations of kernels or as inner products in a feature space,

2.35.

f(x) =
n∑

i=1

αiκ(xi, x) ≡ < w, ϕ(x) > (2.35)

where w is a scalar weighting vector. The inner product of two functions, f and g, given

by:

< f, g >=
n∑

i=1

n∑
j=1

αiβjκ(x, xi) · κ(x, xj) (2.36)

can be written as the norm in a Reproducing Kernel Hilbert Space, Hκ via a mapping

ϕ(x) : X −→ Hκ.

κ(x, x′) = ϕ(x)Tϕ(x′) (2.37)
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κ(x, x′) is typically easier to compute than ϕ(x)Tϕ(x′) and a function can be con-

structed using the Gram matrix, 2.38, as a linear model for a determined maximum num-

ber of data points.

K =


κ(x1, x1) · · · κ(x1, xN)

... . . . ...

κ(xN , x1) · · · κ(xN , xN)

 (2.38)

In dynamics learning, we are interested in vector-valued basis and so the feature map-

pings used in Kernels become higher dimensional function classes. See Sindhwani et al

[101] for a more complete description of vector valued RKHS. A stochastic search algo-

rithm can reduce the computation time and has been used with matrix-valued kernels to

find approximation functions in RKHSs (Minh 2016, Brault et al 2016), [103]. Marinho

et al., [79], demonstrate efficient motion planning using inherent smooth trajectories by

regularising the norm in an RKHS that minimises the velocity, acceleration, jerk and snap.

The benefit of the algorithm is that it can approximate function trajectories smoothly using

sparse data.

2.12.4 Gaussian Processes

Gaussian Processes (GPs) are kernel methods that exploit the use of the Gaussian Kernel

to provide a powerful nonparametric framework to learn approximations of functions from

sample data. A Gaussian Process is a random field of values over a vector space X , which

is described by a mean function µ : Rn → R and a positive semi-definite covariance

kernel function κ : Rn × Rn → R.

f(x) ∼ GP(µ(x), κ(x, x′)) (2.39)

The interpolation technique is also known as Kriging and is known to be the best

linear unbiased prediction of the intermediate function values [88, 47].

The Gaussian kernel, also termed squared exponential or Radial Basis Function (RBF)
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is given by:

κ(x, x′) = σ2
f exp(−

1

2l2
(x− x′)2) (2.40)

where l determines the horizontal length scale over which the function varies, and σ2
f

controls the vertical variation or variance. The kernel defines a measure of similarity

between data points and the Gram matrix is a covariance matrix for the Gaussian Process

function. Noise free data has diagonal entries all equal to 1. Noisey measurements have

diagonal entries with an additional variance term, (K + σ2I) where σ is the standard

deviation and I the identity matrix.

Figure 2.23 – Example of a Gaussian process function approximation with 7 sample points. The
blue envelope represents the uncertainty bound of the distribution and the black line the mean
function approximation.

A GP is given a prior probability distribution over function values and for a finite set of

points, the process defines a joint Gaussian 2.41.

p(f |X) = N (f |µ,K) (2.41)

where p(f |X) is the probability distribution of f conditioned on X and has the prop-

erties of a normal distribution N with mean µ and covariance K.

Upon collecting a sample set of data Ω = {(x∗i , f∗i)} for i = 1 to N samples, where
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f∗i = f∗(x∗i), are the observations of the sample points evaluated at x∗i . A joint Gaussian

is formed to determine interpolated function estimates based on the sampled distributions.

f

f∗

 ∼ N

 µ

µ∗

 ,

K K∗

KT
∗K∗∗


 (2.42)

Where K = κ(x, x) is N×N , K∗ = κ(x, x∗) is N×N∗, and K∗∗ = κ(x∗, x∗) is N∗×N∗.

The posterior Gaussian Process distribution is defined by 2.43. To make predictions using

noise free observations, interpolated points have a mean µ(x) determined by 2.44 and a

posterior covariance kernel Σ∗ determined via 2.45.

p(f∗|x∗, x, f) = N (f∗|µ∗,Σ∗) (2.43)

µ∗ = µ(x) +K∗K−1
∗∗ (f − µ) (2.44)

Σ∗ = K∗∗ −KT
∗K−1K∗ (2.45)

Gaussian processes only become problematic if the state space is high dimensional

due to the processing required to generate a mean and variance of the function via ma-

trix computations. [109] state that the computation is exponential in the number of di-

mensions, meaning that practically only 10s of dimensions can be used and there is no

way to reduce the exponential computation by reducing dimensional dependencies after

declaring them. Although their use has become popular for model-free and hybrid use

[21, 55, 103], a number of techniques have been used to reduce the computational load

by introducing sparsity of basis features [103] representer points, [55] and state intervals,

[21].
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2.13 Benchmarking Evaluation of Approaches

To gain some insight into the performance, scaleability and challenges of each learning

approach we carry out benchmarking tests on nonlinear systems of up to 10 dimensions to

compare safety certificate techniques, function approximating algorithms and control syn-

thesis approaches. We test sparse 4th order polynomials designed to be stable to ensure

full time history generation of sample trajectories. We compare safety certificate learning

times using a Lyapunov convex optimisation in Yalmip and the SDP solver Mosek com-

pared to the MATLAB ARE algorithm and the CCM technique using SoS polynomials.

For both the LQR controller and the Lyapunov optimisation the system is linearised at

x = 0. Controller synthesis is compared for the CCM technique, LQR technique and

NMPC using multiple shooting in CasADi. We also compare function approximation

techniques in the form of MATLAB’s native Sparse Gaussian Process Regression gprfit

and a single layer neural network compared to the nonlinear recursive least squares algo-

rithm SINDYc, [60]. All computations were carried out on a Laptop with a 2.6 GHz Intel

Core i7 CPU and 16GB of RAM.

The 2D nonlinear system dynamics tested is given in 2.46. The systems are used to

generate trajectory data via an ode45 solver over a 20 second time interval at 1000Hz,

(2.46). The trajectory data is then sampled at varying time intervals for learning the

function approximations.

ẋ1

ẋ2

 =

−1.47x1 − 0.574x2 − 0.2x1x2

−0.760x2 − x4
2

+

0
1

u (2.46)

2.13.1 Function Approximations

This section details the function approximations used for benchmarking. All three tech-

niques have a Gaussian noise applied to the nominal trajectory data with a Sigma of 0.005.

However the RLS approach was particulary sensitive to the addition of noise and to com-

pare processing times noise was removed to allow the algorithm to converge. In generat-
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ing trajectories with learned coefficients, if the coefficients make the system unstable this

was a particular problem in generating prediction trajectories.

SINDYc Recursive Least Squares

The SINDYc algorithm [29], uses the L1 norm recursive least squares regression of the

function approximation from a library of state features evolving in the time vector. The

library must be pre-determined before the regression. In the case of the polynomial regres-

sion, the basis features are chosen as monomials of up to degree 4 in the state dimensions

as well as the control input. The baseline code relies on a forcing function to generate

forced trajectories. However for this simple study an unforced trajectory was sufficient

to make accurate predictions. Parameters must be chosen ahead of time for the sampling

frequency, 100Hz, polynomial degree and number of system dimensions.

Sparse Gaussian Process Regression

The native Matlab Sparse Gaussian Process Regression function ’fitrgp’ is used to process

the training data in batches. The only settings varied for the study were the number

of observation points of 20, 50 and 20000 points, by sampling the training data over

varying intervals; and the batch sizes used for the regression as an active set of 10 and 50

points. The Sparse Greedy Matrix Approximation is used for the Active Set method and

Fully Independant Conditional (FIC) where individual function dimensions are regressed

separately as independant functions. A Sigma and lengthscale of 1 is used for the squared

exponential function kernel.

Single Hidden Layer Neural Networks

For the single layer neural network the Matlab ’network’ function is used with Levenberg-

Marquardt backpropagation as the training algorithm. The number of hidden layers is

varied to test the sensitivity of the network accuracy using, 3,5,6,8 and 16 nodes as the

polynomial degree in the training data is a maximum degree 4 polynomial and a 2D



Figure 2.24 – Sparse Gaussian Process Regression with 50 Observations Top and 400 Observa-
tions Bottom

68
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system therefore requires a maximum of 24 hidden nodes.

Figure 2.25 – Neural Network with 2 Hidden Nodes Trained on 100 data points Top and 1000
data points Bottom

2.13.2 Safety Certificates

This section compares safety certificate learning times using a Lyapunov convex optimi-

sation in Yalmip and the SDP solver Mosek compared to the MATLAB ARE algorithm

and the CCM technique using SoS polynomials. For both the LQR controller and the
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Lyapunov optimisation the system is linearised at x = 0.

Linearised Lyapunov Convex Optimisation

For the optimisation using linearised feedback control the system equation is linearised

around the origin. Linearisation is not possible for some systems, as described in [67],

which restricts the technique to certain classes of functions. The linearised function is a

nonconvex problem, 2.5, where a congruence transformation can be used as described in

Section 2.4.1 to form a convex problem.

Yalmip is used with the Mosek SDP solver to find the optimal P matrix as opposed to

using the standard ARE formulation.

2.13.3 Controller Synthesis

This section describes the controller synthesis benchmark test for the NMPC technique,

LQR technique and CCM Chebyshev Pseudospectral technique.

NMPC in Casadi

With reference to the study in [67], we chose 100 segments as the tradeoff between speed

and accuracy with a 10s time horizon for the multiple shooting algorithm in CasAdi tool-

box [11] via nonlinear programming, interior point method, IPOPT solver [82]. For the

2D system the steady state error is in the order of 0.01 whereas at higher dimensions the

errors increase by orders of magnitude, 2.15. Even at these error scales the solution times

to generate a controller were between 6 and 14s.

CCM Geodesic Controller Synthesis

We employ the same Chebychev Pseudospectral technique used in [67], to optimise the

controller from any given displacement in the state space. The technique adopts Cheb-

shev polynomials as basis functions as opposed to Lagrange polynomials for speed and
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Table 2.15 NMPC Synthesis Times and Errors

Dim X0 Synth Time (s) SS Error
2 1,1 11.71 0.097

2 9,9 10.38 0.098

4 1,1,1,1 9.5 0.727

4 9,9,9,9 8.87 0.721

6 1,1,..1 8.67 0.168

6 9,9,..9 11.66 1.386

8 1,1,..1 10.8 0.371

8 9,9,..9 13.67 10.2

accuracy improvements. The caveat to the technique is that the polynomial degree and

number of nodes used must be optimised ahead of time, either via offline optimisation or

from expert knowledge. In this study the a value is fixed at 4, where the number of nodes,

N = deg+a. The values for the quasi-Newton descent algorithm are given in Table 2.16.

Table 2.16 Chebyshev Pseudospectral Newton Descent Hyperparameters

Parameter value Parameter value
a 4 deg 4
N 4 alph0 1
c 0.1 tau 0.1
sparse eps 1e−20 rel tol 1e−7

repetition 100 - -

LQR Control Synthesis

LQR control synthesis was carried out using the standard Matlab ARE routines to generate

a P matrix from a linearised function matrix equation ẋ = Ax+Bu and Q and R matrices

from the LQR cost function where both Q and R are set to unity.
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2.13.4 Results of Benchmarking Tests

In this section we compare the results of the benchmark tests for safety certificate learning

times, controller syntheis times and function approximation times for each technique.

Safety Certificate Times

Fig. 2.26 shows the computation times for systems of up to 8 dimensions, for all nonlin-

ear controller safety certificates compared to a neural network grid search approximation.

The DSoS, SDSoS and SoS solutions using the SPOTless algorithm are not directly com-

parable to the Yalmip implementation of the Lyapunov and CCM SoS techniques due to

not being able to use an optimizer and timeit function to enable embedded timings without

overhead processing times. Comparing the SPOTless SDSoS, DSoS and SoS algorithms

the SDSoS scales slightly better than the SoS implementation but the DSoS algorithm is

slightly slower at 6 and 8 dimensions. The authors in [73] find however that the merits of

using DSOS and SDSOS techniques are most beneficial above 30 dimensions. Fig. 2.27

just shows the CCM, LQR and Lyapunov Convex Optimisation techniques. The CCM

solution using SoS is exponential but provides a nonlinear solution globally whereas the

LQR solution is the fastest linear approach using the ARE compared to the Lyapunov

technique in Yalmip/Mosek via convex optimisation. Although the Lyapunov Convex

Optimisation is only slightly slower than LQR it does allow for additional optimisation

constraints.

Controller Synthesis Times

Fig.2.28 shows the results for the synthesis times for the LQR technique, NMPC tech-

nique and the CCM geodesic calculation using the Chebyshev Pseudospectral technique.

Clearly the LQR approach is the faster approach as it exploits the use of simple linear

algebraic techniques and matrix multiplications with a fixed response time of just less

than 10−5 seconds. The CCM technique is the middle ground using Pseudospectral collo-

cation with a response time of between 10−1 and 10−2 for dimensions up to 6D. The 8D



Figure 2.26 – Safety Certificate Learning Times Comparison

Figure 2.27 – Safety Cerificate Learning Times - Focusing on the LQR, Lyapunov and CCM
Curves
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Figure 2.28 – Controller Synthesis Times

result for the CCM technique is omitted due to the high number of polynomial coefficents

required to produce a Metric which would have required further automation of the coding

using to generate the Metric. The NMPC technique using 100 segments was consistently

just slower than 101 seconds for all dimensions tested. It is worth noting that the CCM

response times have the most variation in the times for each dimension tested which may

be less desirable in terms of reliability. This is also related to the fact that the polynomial

degree chosen to find a geodesic is dependant upon the shape of the manifold and the

computation times involve more complexity than simple LQR calculations.

Function Approximation Times

Fig. 2.29 shows the solution times for a single layer neural network with 3,5,6,8 and 16

hidden nodes compared to a sparse GPR fit using batch sampling of 10 and 50 samples

and regression points numbering 20, 50 and 20,000 (abbreviated 2e1r,5e1r and 2e4r re-

spectively). These are compared to a RLS solution using the SINDYc algorithm. It can

be seen that the SGPR training times are fairly smoothly increasing as an exponential in

the dimension whereas the NN times vary more indeterminately for a given number of

hidden nodes with the dimension. This may be because NNs in general learn via more



Figure 2.29 – Function Approximation Learning Times

Figure 2.30 – Function Approximation Mean Squared Errors
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complex non smooth manifolds that may vary more indeterminately depending upon the

combinations of basis features present in the nodal structure paired with the basis present

in the dimensionality of the system. It must be noted that due to the nonlinear systems

being handcrafted with a unique sparse basis set this trend may average out over a more

comprehensive random basis selection study. In contrast to the relatively flat NN and

SGPR curves the RLS has a steeper exponential learning time in the dimensionality of

the systems which offsets its advantage of being the faster algorithm at 2 dimensions.

Comapring the NNs and the SPGRs we see that the 20,and 50 inference point regressions

are able to learn the functions as fast as the 10 dimensional RLS algorithm and approx-

imately the NNs above 6 hidden nodes. Fig. 2.30 compares the MSEs of each function

approximation. The NNs are all tightly overlaid showing that they are accurate indepen-

dant of the hidden node structures. This may highlight the fact that the systems are not

complex enough to show the full expressiveness of the polynomial degree. The MSE is

also slowly rising for the NN whereas for the RLS and SGPRs the errors are constant

for the 20000 inference point approximations whereas the 20 and 50 inference point so-

lutions are at least 3 orders of magnitude less accurate and less consistent. This shows

how the accuracy of the function approximation is sensitive to the number of inference

points and likely the smoothness of the function and number of turning points. Clearly

with increasing numbers of inference points the accuracy increases although the optimum

number may require iterative approaches to analyse convergence properties. It must be

pointed out that although the RLS algorithm has the best accuracy the basis library was

chosen to have the polynomial basis present in the system and so in real world dynamics

this may not be the case.

2.14 Comparison of Techniques

In this section we summarise some of the benefits and limitations for each of the tech-

niques discussed.
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Table 2.17 highlights some of the key advantages and disadvantages of the main ap-

proaches. A summary of salient techniques is given in Table 2.18 with approximations of

the safety certification and response times for systems of approximately between 3 to 6

dimensions. Table 2.19 highlights a qualitative comparison of the key metrics discussed

for the main approaches presented.

Table 2.17 Overview of Advantages and Disadvantages

Technique Advantages Disadvantages

HJI + GPs

Explicit global safety certificate

Robust to worst case disturbances

Least restrictive high probability guarantees

Strictly offline safety certificate

Requires prior probability assumptions

Limited in dimensionality <∼ 6D

LB-NMPC

Implicit Safety certificate with dynamic constraints

Robust to worst case disturbances

Provides accurate real time planning

Online computation is typically too expensive

Accuracy limited by time horizon and time step

Not suitable for stiff systems

Requires an accurate model

Requires tuning for optimal control

LB-RCCM

Explicit local or global SC,

Decomposable, modular safety certificate

Can handle constraints in real time

Faster online control synthesis vs NMPC

Conservatism bound to FA

Complex mathematical theory

SoS coefficients exponential in polynomial degree

Most problems are bi-convex

UA-BO

Incremental online safety certificate

High probability guarantees on safety certificate

Exploration driven by uncertainty

Limited in dimensionality <∼ 6D

Relies on prior probability estimates

Assumes smooth function approximation

LQR-Trees

Stable Path planning safety certificate

Robust to worst case disturbances

Online multi-step trajectory optimisation

Strictly offline library based technique

Relies on linearised local trajectory dynamics

More for obstacle avoidance and path planning

Robust Linear CPA

Explicit global safety certificate

Robust to worst case disturbances

Fast online controller synthesis

Relies on local linear approximations

Once setup cannot adapt dynamics online easily

LB-CLFs

Explicit global safety certificate

Robust to worst case disturbances

Flexible function approximation

Limited by function classes for direct solution

Function classes are typically conservative

SoS techniques are exponential in polynomial degree

LB-MPC + GPs

Implicit local safety certificate

Robust to uncertainty

Provides uncertainty bound on safety

Requires a nominal linear model

GP functions limited in dimensionality

Requires estimates for hyperparameters of GP

HJI techniques are really offline techniques for nonlinear problems especially above

4 or 5 dimensions where processing times are in the 104 seconds. They provide one of

the most accurate and tractable solutions through the use of barrier functions and provide
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Table 2.18 Summary of Learning and Response Times for Salient Techniques

Attributes/Criteria HJI CPA CCM NMPC MPC+SGPs SBO

Learning Time (s) 104 104 101 - 101 101

Response Time (s) 10−2 10−3 10−2 10−1 10−2 10−1

* Times are approximate for systems of between 3-6 dimensions on a standard desktop PC.

Table 2.19 Summary of Techniques

Attributes/Criteria HJI CPA CCM NMPC MPC+SGPs SBO

Scaleability • •••• ••• •• •• ••

Reliability •••• ••••• ••• •• •• ••

Conservatism ••••• •• •••• ••••• •• ••••

Learning Time • • ••• •••• •••• •••

Response Time •••• •••• •••• • ••• •••

Explainability •••• •••• ••• •••• •• ••

a useful benchmark for the research of other online techniques. If the model is accurate

HJI techniques would provide a reliable library of safe states as long as the resolution of

the grid is sufficient with only uncertainty to handle in real time. The expressive PDE

approach would potentially be non-conservative but there is no guarantee that a PDE

accurate for the system can be formed as a tractable Hamiltonian equation. Response

times are only limited by the speed of the library lookup and reachability techniques with

game theory are tractable analytical techniques providing transparency and explainability.

CPA techniques adopting QP solvers have recently been optimised for embedded ap-

plications [36] with sub-millisecond solver times. For nonlinear systems however, multi-

variable semi-infinite optimisation tasks are a significant challenge. The CPA techniques

are generally scaleable as they are offline libraries but limited by memory constraints.

Linear techniques are the most reliable in terms of producing a solution for a policy the

problem arises if the model is not accurate enough to represent the nonlinearities in the
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system for this reason we would rank reliability high but conservatism low. The learning

time is also ranked lowest due to the offline library generation. Response times are again

only limited by lookup times and explainability is high because of the well established

linear theory.

NMPC offers attractive performance and safety verification properties by validating

trajectories online but at the expense of slower response times unsuitable for highly dy-

namic, high dimensional or stiff systems. They also require tuning typically of the hy-

perparameters to determine the most accurate controllers online. For this reason we rank

NMPC as less reliable than other techniques due to the tradeoff of model accuracy versus

real time computational constraints. In practice optimising hyperparameters in real time is

not be possible and response times in the order of 101s not practical for real-time systems.

If the computational challenges are met then NMPC would offer a non-conservative so-

lution assuming that the model was accurate. Learning times and explainability are only

constrained by the function approximation used and so we also rank NMPC highly for

these metrics.

By adopting a linear differential analysis of control systems dynamics in the form of

CCMs, a broader class of systems can be characterised in reasonable online learning time

frames via a pointwise LMI over a grid or via bi-convex optimisation and line searching,

[103]. Learning time frames in the order of 100s to 102s with controller synthesis re-

sponse times in the 10−3s to 10−1s time range. In terms of scaleability CCM techniques

are a middle ground between linear techniques and nonlinear MPC solutions. A few

drawbacks to CCM techniques are that SoS techniques create an exponential increase in

coefficients for increasing dimensionality and polynomial degree and in general research

has shown that some dynamical systems do not admit polynomial Lyapunov functions of

any degree [32]. CCM control synthesis is also a non-trivial optimisation and requires a

higher level of abstraction and mathematical understanding of the problem formulation

using topological vector spaces.

Uncertainty aware based techniques provide probability guarantees for exploration but
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limit the scaleability of algorithms using GP techniques and also rely on an understanding

of the model priors. SAL is an active area of research for the trade off of exploration and

explotation of the policy function. Uncertainty will always increase the computation of

any technique by introducing additional parameters and hyperparameters and so expert

judgement must be used to maximise performance.

Hybrid approaches using a nominal model and a sparse GP learning function have

been the most successsful in recent research for both online optimisation and uncertainty

handling. Sparse Gaussian process techniques are proving to be competitive when com-

bined with fast linear MPC or SQP implementations of nominal model behaviour with

response times and online learning reported in sub 20ms times. The limitation for this

approach is the expressiveness of a sparse GP limited to 10 inducing points may not be

expressive enough for more challenging function approximations so we would rank con-

servatism lower than other techniques as well as scaleability to meet the real time response

times. Explainability is a middle ground because hybrid approaches are tractable mod-

els combined with model free approximations and even though GPs are well understood

they are still dependent upon the choice of lengthscale, uncertainty and inducing points to

accurately represent the residual dynamics.

In the BO approach, GPs are the limiting process in terms of scaleability. For relia-

bility SAL is still an active area of research but fundamentally a nonlinear programming

approach which is less reliable than convex optimisation where a global optimum is guar-

anteed. Learning time is limited by the dimensionality of the system and the discretisation

of the search space to validate a safety certificate and explainability is ranked higher than

a fully hybrid approach. In theory GPs are nonconservative but the assumption and hy-

perparameters limit the expressiveness to certain classes of smooth functions.

In safety critical online learning, it is not only necessary to produce solutions in fast

time frames but also to have guarantees on the quality of the solutions. For this reason

model-based control theory may be better suited to the task than sampling based, model-

free or neural network approaches that do not lend themselves to analytical proofs or
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reliable convergence properties arising from numerous localised minima. That said the

speed of NNs and sampling based techniques makes them attractive for research and

practical implementations.

Hybrid techniques using model-based and model-free learning are a promising future

research direction. Parallelisation and decomposition of systems offer engineers opportu-

nities to overcome the challenges of state space explosion.

2.15 Gaps and Challenges

There is currently much research into the efficient calcualtion of safety certificates for

higher dimensional systems. Specifically the use of distributed optimisation algorithms

like the Alternating Direction Method of Multipliers (ADMM) [103], sparse representa-

tion of function classes as used in the random Fourier basis technique, [95] or the sparse

SoS techniques, [73], however the fundamental challenge of searching an optimum feasi-

ble solution in high dimensions remains. This poses a problem for real time programming

due to the size of the solution spaces generated from state space explosion. There may

be smarter ways to address these challenges by localising searches and exploiting domain

knowledge to prune the hypothesis space, [112]. Further the isolation of system depen-

decies and decomposition of large scale problems to one of a more manageable size has

been investigated by many researchers, [53].

A fundamental challenge in safe learning is the treatment of uncertainty in the certi-

fication process. Currently assumptions must be made based on prior estimates of uncer-

tainty in order to predict future behaviour, [22]. This forms the basis of robust control

techniques where a threshold is projected around a certified policy but can only be up-

dated based on collected data, [43]. The other challenge related to robust control is that

of too conservative a policy if the threshold for safety is the worst case disturbance for

example it means that the system is always operating at the worst performance attributes

to maintain the strict guarantees, [119]. Research has addressed these limitations however
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the treatment of uncertainty will remain some what of an art and heuristic by nature of the

problem.

Neural network approaches to learning remain an attractive general function approx-

imation tool for high dimensional regression problems, [96] and as the number of de-

pendencies increase NN architectures are attractive for performance reasons but the non-

deterministic nature of the input and output mappings means that some doubt will always

remain over their role in safety critical applications. Linear frameworks that adopt non-

linear basis may be the best middle ground for generalism of function classes and several

recent studies use these approaches in the form of RKHS [23], GPs [55], RLS techniques,

[29], but they still require a choice of discrete basis either in the selection of inducing

points or in the choice of a library of features. The challenge of choosing these basis

remains, to effectively capture the function class being sampled and to remain computa-

tionally efficient in the generation of the model.

We have proposed that the reliability of solutions be the most important characteristic

in generating polices online from data but the reality of nonlinear solutions is that they are

often non-convex problems which poses a fundamental challenge in guarenteeing that a

solution can be found accurately for every iteration of the algorithm. Research has investi-

gated the non-convex problems in the form of Bilinear techniques, sampling techniques or

gradient based techniques but for safety critical applications a more robust solution may

be required for long term deployment. The trade off of reliability with the performance

of function classes is an interesting area of investigation.

2.16 Future Work

Based on our survey of approaches we have identified two of the most promising tech-

niques for extension to online learning problems. Namely the CCM technique and hybrid

MPC techniques with residual dynamics learning. These two approaches have gained the

most interest and success in real world testing and warrant further investigation. We also
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plan to address the following key challenges:

1. In order to build architectures for higher dimensional systems the limitations in

scaleability owing to the choice of optimisation technique and function classes will

be investigated. The growing interest into Sparse Gaussian Process techniques and

Random Fourier Basis is of interest for purely data driven learning and greater gen-

eralism whilst also providing tractable and explainable training processes. Convex

optimisation is also a growing area of interest for high reliability and speed of pro-

cessing high dimensional problems where new techniques to handle multivariable

problems offer interesting avenues for research.

2. Model reduction, parallelisation or other decomposition techniques are also of in-

terest for the development of efficient learning algorithms that can address the is-

sues of high dimensionality in the generation of safety certificates. By breaking

down problems into efficient decision chains to optimise online processing, effi-

cient model exploration will be investigated.

3. Function approximations will be further investigated for sensitivity to system noise

and the model-gap between nominal and off-nominal system behaviour considered

with respect to the choice of function classes.

4. The reliability of any approaches researched must be compared against engineering

standards for certification. The certification of techniques may need to be consid-

ered prior to designing a system to reduce the number of infeasible architectures

considered.

5. The challenge of developing techniques that are easily implemented in a modular

architecture for integration with established engineering practices is also of interest.

It is thought that adoption of new techniques will be an incremental process and

require layers of oversight and tractable testing procedures where modularity will

play an important role.

6. Further the development of algorithm performance metrics and system performance
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metrics to compare techniques quantitatively will allow more in depth analysis of

different approaches.

2.17 Conclusion

In this review we have compared state-of-the-art safe online learning algorithms for online

nonlinear dynamic systems. We highlight some of the challenges in terms of performance

and reliability and the most promising developments and future directions have been dis-

cussed. This paper is intended to provide a useful introduction to the subject, an overview

of the current avenues of research and the potential challenges posed by each. The re-

search is aimed to help progress autonomous real-time learning for nonlinear dynamic

control systems.
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[89] E. Najafi, R. Babuška, and G. A. Lopes. A fast sampling method for estimating the

domain of attraction. Nonlinear Dynamics, 86(2):823–834, 2016.

[90] NASA/JPL-Caltech. Nasa’s insight lander, 2018. [Online; accessed April 16,

2021].

[91] A. Papachristodoulou, J. Anderson, G. Valmorbida, S. Prajna, P. Seiler, and P. Par-

rilo. Sostools version 3.00 sum of squares optimization toolbox for matlab. arXiv,

2013.



REFERENCES 95

[92] P. Patrinos and A. Bemporad. An accelerated dual gradient-projection algorithm for

embedded linear model predictive control. IEEE Trans. Automat. Contr., 59(1):18–

33, 2014.

[93] A. S. Polydoros and L. Nalpantidis. Survey of model-based reinforcement learning:

Applications on robotics. Journal of Intelligent and Robotic Systems: Theory and

Applications, 86(2):153–173, 2017.

[94] A. Ray, J. Achiam, and D. Amodei. Benchmarking safe exploration in deep rein-

forcement learning. SemanticScholar, 2019.

[95] B. Recht. A tour of reinforcement learning: The view from continuous control. An-

nual Review of Control, Robotics, and Autonomous Systems, 2(1):253–279, 2018.

[96] S. M. Richards, F. Berkenkamp, and A. Krause. The lyapunov neural network:

Adaptive stability certification for safe learning of dynamical systems. In Confer-

ence on Robot Learning, pages 466–476. PMLR, 2018.

[97] U. Rosolia and F. Borrelli. Learning how to autonomously race a car: A predictive

control approach. IEEE Transactions on Control Systems Technology, 28(6):2713–

2719, 2020.

[98] S. Saria and A. Subbaswamy. Tutorial: Safe and reliable machine learning. 2019.

[99] M. Schillinger, B. Hartmann, P. Skalecki, M. Meister, D. Nguyen-Tuong, and

O. Nelles. Safe active learning and safe bayesian optimization for tuning a pi-

controller. IFAC-PapersOnLine, 50(1):5967–5972, 2017.

[100] B. Settles. Active Learning Literature Survey. Technical Report 26 January, Uni-

versity of Wisconsin-Madison, 2010.

[101] V. Sindhwani, S. Tu, and M. Khansari. Learning Contracting Vector Fields For

Stable Imitation Learning. arXiv e-prints, 2018.



REFERENCES 96

[102] S. Singh, A. Majumdar, J. J. Slotine, and M. Pavone. Robust online motion plan-

ning via contraction theory and convex optimization. Proc. - IEEE Int. Conf. Robot.

Autom., pages 5883–5890, 2017.

[103] S. Singh, S. M. Richards, V. Sindhwani, J.-J. E. Slotine, and M. Pavone. Learning

stabilizable nonlinear dynamics with contraction-based regularization. The Inter-

national Journal of Robotics Research, 2020.

[104] S. Singh, V. Sindhwani, J.-J. E. Slotine, and M. Pavone. Learning Stabiliz-

able Dynamical Systems via Control Contraction Metrics. arXiv e-prints, page

arXiv:1808.00113, July 2018.

[105] S. W. Smith, H. Yin, and M. Arcak. Continuous abstraction of nonlinear systems

using sum-of-squares programming. pages 8093–8098, 2019.

[106] U. M. Specs. Mil-f-8785c: Flying qualities of piloted airplanes. Technical Report

November 1980, 1980.

[107] Y. Sui, A. Gotovos, J. W. Burdick, and A. Krause. Safe exploration for optimization

with gaussian processes. 32nd International Conference of Machine Learning,

ICML 2015, 2:997–1005, 2015.

[108] Y. Sui, vincent Zhuang, J. Burdick, and Y. Yue. Stagewise safe Bayesian optimiza-

tion with Gaussian processes. Proceedings of the 35th International Conference

on Machine Learning, 80:4781–4789, 10–15 Jul 2018.

[109] R. S. Sutton and A. G. Barto. Reinforcement learning: An introduction. MIT press,

2018.

[110] R. Tedrake. Underactuated robotics: Algorithms for walking, running, swimming,

flying, and manipulation (course notes for mit 6.832).

[111] R. Tedrake. Underactuated Robotics. 2022.



REFERENCES 97

[112] R. Tedrake, I. R. Manchester, M. Tobenkin, and J. W. Roberts. LQR-trees:

Feedback motion planning via sums-of-squares verification. Int. J. Rob. Res.,

29(8):1038–1052, 2010.

[113] H. Tsukamoto and S. Chung. Neural contraction metrics for robust estimation and

control: A convex optimization approach. IEEE Control Systems Letters, 5(1):211–

216, 2021.

[114] H. Tsukamoto and S. J. Chung. Robust controller design for stochastic nonlinear

systems via convex optimization. IEEE Transactions on Automatic Control, pages

1–1, 2020.

[115] H. van Hasselt, Y. Doron, F. Strub, M. Hessel, N. Sonnerat, and J. Modayil. Deep

reinforcement learning and the deadly triad. arXiv e-prints, 2018.

[116] L. Vandenberghe and S. Boyd. Semidefinite programming. SIAM review, 38(1):49–

95, 1996.

[117] D. Vrabie, O. Pastravanu, M. Abu-Khalaf, and F. L. Lewis. Adaptive optimal

control for continuous-time linear systems based on policy iteration. Automatica,

45(2):477–484, 2009.

[118] K. P. Wabersich, L. Hewing, A. Carron, and M. N. Zeilinger. Probabilistic model

predictive safety certification for learning-based control. pages 1–11, 2019.

[119] K. P. Wabersich and M. N. Zeilinger. Safe exploration of nonlinear dynamical

systems: A predictive safety filter for reinforcement learning. arXiv, 2018.

[120] K. P. Wabersich and M. N. Zeilinger. Scalable synthesis of safety certificates from

data with application to learning-based control. 2018 Eur. Control Conf. ECC 2018,

pages 1691–1697, 2018.

[121] D. Wang, H. He, and D. Liu. Adaptive critic nonlinear robust control: A survey.

IEEE Transactions on Cybernetics, 47(10):3429–3451, 2017.



REFERENCES 98

[122] Y. Wang and S. Boyd. Fast Model Predictive Control Using Online Optimization.

IEEE Trans. Control Syst. Technol., 18(2):267–278, 2010.

[123] W. Xiang and T. T. Johnson. Reachability analysis and safety verification for neural

network control systems. arXiv, pages 1–21, 2018.

[124] W. Xiang, P. Musau, A. A. Wild, D. M. Lopez, N. Hamilton, X. Yang, J. Rosen-

feld, and T. T. Johnson. Verification for machine learning, autonomy, and neural

networks survey. arXiv, pages 1–51, 2018.

[125] X. Zhao, A. Banks, J. Sharp, V. Robu, D. Flynn, M. Fisher, and X. Huang. A

safety framework for critical systems utilising deep neural networks. pages 244–

259, 2020.

[126] Y. Zheng, G. Fantuzzi, and A. Papachristodoulou. Sparse sum-of-squares ( SOS )

optimization : A bridge between DSOS/SDSOS and SOS optimization for sparse

polynomials. In 2019 Am. Control Conf., pages 5513–5518, 2019.

[127] Y. Zhou, E.-J. Van Kampen, and Q. Chu. Incremental model based heuristic dy-

namic programming for nonlinear adaptive flight control. Proceedings of the inter-

national micro air vehicles conference and competition (IMAV), 2016.

[128] G. Zhu, J. Du, J. Li, and Y. Kao. Robust adaptive nn tracking control for mimo

uncertain nonlinear systems with completely unknown control gains under input

saturations. Neurocomputing, 365:125–136, 2019.



Chapter 3

Safe Control Learning Pipeline via
Static Control Contraction Metric

3.1 Introduction

There is an increased interest in learning techniques for aircraft control systems that can

adapt to changes in the environment or changes in an aircrafts’ dynamics in real time

[13, 47, 21, 25]. For safety critical systems this approach introduces the risks associated

with the uncertainty in the system response by generating control actions which may be

unsafe [3, 11, 9]. Safety constraints are typically stability requirements or navigational

constraints though in this work we focus on stability. Modern control techniques have

approached the problem of control adaptation by testing an airframe in mutliple config-

urations in simulation and flight tests [24] and then, by inspection, designing controllers

that are either robust or that adapt to changes at specified operating points [54, 7]. Robust

techniques however, introduce conservative control policies that are not ideal for maneu-

vrable aircraft and adaptive techniques like gain scheduling are expensive to develop and

inflexible to airframe modifcations or mission damage. Adaptive control techniques such

as backstepping [19, 26, 40, 49], sliding mode control (SMC) [57, 45], nonlinear dynamic

inversion (NDI) [4, 2] require accurate dynamics models that may not have formal guar-

antees for stability and changes in the dynamics are limited to be within approximations

close to the original design of the aircraft. Recently incremental safe learning approaches

have been introduced that offer guarantees on stability whilst learning more about the
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flight envelope to update a control policy online. This iterative learning process via a re-

inforcement of learned policies via rewards ensures the optimal performance is achieved

whilst remaining within controlled bounds, [10, 22]. Stability certifcation for nonlinear

systems has traditionally been in the form of control Lyapunov functions (CLFs) where

the system equations require a certain structure as an energy like function. For highly

nonlinear function classes the Lyapunov candidate functions are not easy to find however

or may be intractable, [35]. Therefore the use of CLFs limits the complexity and the

scope of the types of learning problems that can be automated without offline inspection.

Nonlinear model predictive control techniques have typically been limited by computa-

tional constraints for online control synthesis for high dimensional systems or long time

horizons and also require accurate models over an undetermined time horizon to safely

predict future behaviour [55, 39, 23, 20]. The use of convex optimisation, if a problem

can be posed as one, offers greater computational efficiency in deriving solutions in real

time whilst also remaining tractable [36, 53, 12, 30]. This paper explores the use of a

control contraction metric (CCM) for a longitudinal dynamics learning problem for an

F-16 aircraft. The aim is to compare the learning technique to traditional approaches like

linear quadratic regulator (LQR) control and gain scheduling. LQR control is the most

widely adopted optimal control technique over an infinite horizon to minimise a weighted

sum of squares for the state and control inputs of a system. For linear systems this op-

timisation can be solved as a linear matrix inequality (LMI) or by solving the algebraic

Ricatti equation (ARE). The solutions however are only valid for local approximations

of nonlinear systems where the dynamics function must first be linearised at equilibrium

points. In this paper we compare the numerical techniques requried for both approaches

as well as the increase in utility, robustness and uncertainty handling capabilities of the

CCM technique.
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3.1.1 Related Works

This paper is inspired by the recent works in the field of safe model-based reinforc-

ment learning. The key theme of the work includes learning control policies from tra-

jectory data with stability certificates [47, 10, 11], incremental safe learning from data

[18, 8, 21], and the recent works in contraction theory [35, 36, 47, 56, 53, 51]. In learn-

ing control policies from data the work by [47] uses a control theoretic regularisation

technique to both learn a convex solution for the dynamics approximation while also en-

suring that the learned function is one that is stabilisable using alternation between two

optimisation problems. The results showed that learning from a small number of expert

trajectories the control theoretic regularised model outperformed standard ridge regres-

sion techniques that have no inherent stability certification guarantees. In [10] the control

system is resticted to a safe set while learning probability guarantees on stability via a

Lyapunov function using Gaussian process regression on the training data. In this man-

ner the safe set is incrementally increased in size as more confidence is gained in the

approximation of the true dynamics of the system. In [11] instead of trying to certify a

closed form solution of the dynamics function, certificates for stability are derived from

sampled trajectories by checking the Lie derivative of a function V is negative along the

trajectories. The approach is shown to efficiently certify systems empirically as an alter-

native for safe adaptive control. In [18] control sythesis for a system both excites and

regulates the dynamics to be within safe bounds for an unknown linear system by using

tools from system level synthesis (SLS). SLS is a framework that utilizes the closed loop

transfer function to enforce input and output constraints on the system. In [21] a safety

framework is adopted using Hamilton-Jacobi Isaacs reachability techniques to guaran-

tee safe bounds on the dynamics of the system with wind disturbances. The framework

provides probabilistic guarantees using Gaussian process regression on the uncertain dy-

namics that triggers changes in the control policy to remain within a safe envelope. The

recent works in control contraction theory extend Lyapunov theory to the differential dy-

namics of a system by exploiting linear eigenvalue analysis of the Jacobian [31]. Since
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the theory’s first introduction [32] it has since been developed as a control contraction

metric CCM, [35], for ensuring stabilisable control. The technique offers a computational

middle ground between linear methods like LQR control and the more computationally

expensive nonlinear model predictive control (NMPC) techniques that are impractical for

complex systems [27]. The convex properties of CCM linear matrix inequalities (LMIs)

have also been exploited for efficient learning with the use of neural neworks in [53] and

using sum of squares (SOS) techniques [46, 37] which make them attracive for real time

learning. The global function properties have also been shown to solve the linear param-

eter varying stability uncertainty problem due to the coupling of unknown interpolation

dynamics with that of the unknown true system dynamics by way a virtual control con-

traction metrics [56]. Previous work related to adaptive control approaches such as sliding

mode control includes [57, 45, 19, 26], and linear parameter varying techniques such as

[1, 58, 54, 15]. For prior work related to the simulation and testing of control policies for

the F-16 the reader may find useful [41, 49, 44, 28].

3.1.2 Contributions

The main contributions are:

1. We propose an online learning pipeline for a flight controller that can certify stabil-

ity of non-minimum phase systems using the CCM technique.

2. We compare a static metric optimisation to the optimisation of an LQR controller

with proportional gains. A review of the two techniques and the connections to

the Algebraic Ricatti formula is discussed to highlight the parallels in the two ap-

proaches. Further we show how two similar controllers can be found by optimisa-

tions in the two approaches and variations thereof based on a choice of cost func-

tion.

3. We propose a new objective function following on from the work in [46] to tailor

the condition number of a metric to the dynamics problem to design a controller
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relevant to aircraft design specifications.

4. The chapter also offers an insight into the use of metrics via an illustrative example

of a static formulation of a metric.

The rest of the paper is structured as follows. Section 5.2 describes longitudinal mod-

elling and simulation of the F-16 based on NASA wind tunnel data [42], section III

details the 2D short period mode approximation for our learning problem, section IV a

review of LQR theory, section V control contraction metric theory and LTI theory, section

V I discusses the results of our study and section V II a conclusion and future work.

3.2 Overview

The aim of this paper is to explore an online learning pipeline for a nonlinear system

based on the CCM technique with a focus on explainability, learning speed and safety. To

effectively design a learning pipeline that fulfills all of the above requirements typically

means a tradeoff must be made between the conservatism of the resulting controller or a

black box model free learning solution that is difficult to both certify and explain in terms

of the system dynamics. The learning pipeline in this paper consists of trajectory data

collection and regression of the full state dynamics, optimisation of a control contraction

metric (CCM) and online control synthesis of the learned feedback controller. The CCM

guarantees exponential convergence of all pairwise trajectories due to any disturbance,

where the maximum disturbance is bound by control saturation and handling constraints.

This paper does not develop a full nonlinear control policy as a function of the state space

but first looks at a static time invariant metric for a short period pitching mode of the

aircraft to explore the use of convex learning methods. The stages of the learning pipeline

have been labelled for easier navigation as functions with codes which are listed in Table

3.1.
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Table 3.1 Stages of the Learning Pipeline

Stage Procedure

F00 - Batch Online Data Collection

F01 - Quadratic Programme (QP) Online Regression

F02 - CCM Optimisation Problem

F03 - Online Controller Synthesis

1. F00 The first part of the learning process is the collection of trajectory data without

feedback control and an excitation via a sinusoidal stick input. Data is collected

over a 40s time horizon. In practice the aircraft FCS remains a closed loop system

for safety but for this initial study the data collection and control synthesis are

separated as open and closed loop simulations. The collection of open vs closed

loop data is thought to be part of a separate study in system identification and so is

not considered for this analysis.

2. F01 The second stage of learning is a regression on the collected flight data as a

quadratic program with linear constraints of regressors and coefficients. For the

quadratic programme we use YALMIP [29] a linear matrix and symbolic parser of

semi-definite programming (SDP) variables and Mosek [5] as the convex optimisa-

tion solver. The L1 norm1 is used as a minimising objective as well as the function

approximation error (F̂ (x, u) − ẋ) and the function coefficient norm. Minimising

the L1 norm promotes sparsity of learned regressors and minimising the coefficient

norm promotes optimal dynamics. The function can also be broken down into sep-

arate affine blocks based on a regularisation weighting to favour expert knowledge

about the systems dynamics if learning a nonlinear model. The learning problem in

this paper uses a linear model of nonlinear functions or monomials termed, features

in machine learning, as a convex optimisation. Sparsity of features as adopted in the
1The Euclidean norm is defined as ∥x∥ :=

√
x2
1 + · · ·+ x2

n also called the L2 norm whereas the L1

norm is defined as ∥x∥1 :=
∑n

i=1 ∥xi∥ is the sum of the absolute values of the columns of the input vector
x.
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work by [13] means that the control decisions can be interrogated and understood

more easily which is benficial for safety critical systems.

3. F02 The learned dynamics function and the system constraints are then used to

search for an optimal CCM for the system. Where a positive definite matrix W

and a contraction rate λ is found from a linear matrix inequality that both certify

stability for the system and minimise the overshoot of the controlled response and

maximise the contraction rate to improve response time as a higher-level objective.

In this study we search for a static metric for specified operating points, similar to

gain scheduling for LQR control.

4. F03 The final part of the pipeline is the generation of a controller via the learned

policy. For state varying metrics this would be a geodesic found via optimisation

over smooth paths joining the state tracking differential but for a static metric this

is more simplified and only requires a straight line formulation which is a linear

matrix transform of the tracking differential. For parameter varying techniques the

metric varies with the operating points. In state varying metrics the optimisation as

an LMI also adopts a state varying gain term ρ(x) but is not necessary in the linear

case.

3.2.1 The CCM Controller Learning Framework and Full State Feed-

back Control

The CCM learning framework is shown in Fig. 3.1 and consists of a two state feedback

controller with a learning component that samples trajectory data and control inputs on-

line; a CCM metric optimisation component that accepts the function approximation F̂

and learned parameters θf , θb; and a control synthesis function that accepts the learned

metric M and control effectiveness parameters B to determine the feedback gains for the

system. The CCM controller is comparable to a full state feedback controller in pitch rate

and angle of attack as shown in Fig. 3.2, [16]. The full state feedback controller can be
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designed using pole placement or LQR gains and the controller acts as a full state regula-

tor in pitch. The simplification of the controller to two states means that control in pitch

is set by the pilots commands via the stick and steady state errors can be reduced for the

alpha channel by varying the input gain block Kr.

Figure 3.1 – CCM Learning Framework

Figure 3.2 – Benchmark 2-Loop Proportional Feedback Controller
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3.3 The Learning Problem

3.3.1 Control Affine Approximation

The learning algorithm presented in this work relies on a general control-affine equation

of the form in Eq. 3.1:

ẋ(t) = f (x(t)) +B (x(t))u(t) + d(t) (3.1)

where the state vector is x ∈ X ⊆ Rn and the control input u ∈ U ⊆ Rm, with distur-

bance d ∈ D ⊆ Rnd . The functions are mappings, f : X → Rn, and B : X → Rn×m

in general but for this study there is only one input the elevator and so the B matrix

is a single column. The model function approximation is represented as F̂ (x, u, d) =

f̂ (x)+ B̂ (x)u+ d̂(t). A learning algorithm updates the feedback control policy, πi(x, t)

via optimisation of a cost function under dynamic constraints as data is collected online

in batches over a time horizon T as {(xi, x
∗
i , ui, ẋi)}Ti=0 where x∗ is the set point or track-

ing reference signal. The system is initialised with an a priori control policy π0 and the

approximation of the system dynamics is improved over time as the system explores the

state space. The disturbance d(t) is assumed to be bound by a compact set D̂ ⊆ D. The

true function, F (.), is approximated by, F̂ (.), using a quadratic programme optimisation,

Eq. 3.2, of the observed data {(ẋi, xi, ui)}. The disturbance term is omitted in the re-

gression to begin with. Where µθp is the regularisation term of the model parameters,

minimised over the L1 norm in the optimisation, and subscript p is the dimension α or q.

For this study we learn the dynamics independently of the introduction of disturbances to

simplify the analysis.

min
θ

n∑
i=1

∥f̂(xi) + B̂(xi)ui − ẋi∥2 + µθp∥θp∥1 (3.2)
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3.3.2 Longitudinal 2D Short Period Approximation

The proposed structure for the learning algorithm simplifies the 3 DOF longitudinal dy-

namics to two state equations in α and q with a linear parameterisation. In this section we

show that this approximation and simplification under certain constraints is valid for the

short period mode dynamics.

Longitudinal Nonlinear Dynamics in α and q

The full nonlinear equations of motion for the aircraft longitudinal motion where lateral

and directional dynamics are negelcted are given by eq. 3.3, [42].

u̇ = −qw − g sin θ +
q̄S

m
CXt(α, q, δh) +

FT

m

ẇ = qu+ g cos θ +
q̄S

m
CZt(α, q, δh)

θ̇ = q (3.3)

V̇T =
(uu̇+ wẇ)

VT

α̇ =
uẇ − wu̇

u2 + w2

q̇ =
Cmt(α, q, δh)q̄Sc̄

Iyy

where u,w, θ, VT , α and q are the aircraft’s body x-axis velocity, body z-axis velocity,

pitch angle, total velocity, angle-of-attack and pitch-rate respectively. FT is the single

engine thrust force. m is the mass of the aircraft and Iyy the moment of inertia about the

y-axis. q̄ is the dynamic pressure which is equal to 1
2
ρV 2

T . S is the wing area and c̄ is the

mean aerodynamic chord.

To derive the expression for α̇, we can substitute the expressions for u̇ and ẇ from the

body acceleration equations:
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α̇ =
u(qu+ g cos(θ) + q̄S

m
CZt(α, q, δh))− w(−qw − g sin(θ) + q̄S

m
CXt(α, q, δh) +

FT

m
)

u2 + w2

(3.4)

Assuming small angles of attack for α, implies sin(α) ≈ α and cos(α) ≈ 1, and

considering steady flight where θ ≈ α and VT =
√
u2 + w2 ≈ u (since w << u in small

angle approximations), the equation simplifies to:

α̇ = q +
g

V
cos(α) +

q̄S

mV
(CXt(α, q, δh) sin(α)− CZt(α, q, δh) cos(α)) (3.5)

Where the q̇ dynamics remain the same:

q̇ =
Cmt(α, q, δh)q̄Sc̄

Iyy
(3.6)

These equations provide a direct relationship between the rate of change of angle of

attack and the pitch rate, gravitational forces, and aerodynamic coefficients, under the

assumptions of small angle of attack and steady, level flight where CXt , CZt , and Cmt are

aerodynamic coefficient functions of the system. These coefficients are parameterized as

follows, [42]:

CXt(α, q, δh) = CX0(δh) + CX1(δh)α +
c̄q

2V
CXq , (3.7)

CZt(α, q, δh) = CZ0(δh) + CZ1(δh)α +
c̄q

2V
CZq , (3.8)

Cmt(α, q, δh) = Cm0(δh) + CZt(xnp − xcg) +
c̄q

2V
Cmq , (3.9)

with CXq , CZq , and Cmq approximately constant for the short period mode dynamics.
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3.3.3 Parameterisation and Expert Analysis

The aerodynamic coefficient equations are then parameterised as a set of linear functions

in θ for nonlinear features of the input variables (α, q, δh). Inspection of the lookup tables

over a range of α between 0 and 20◦ produces an expert sparse model of the function

approximation that informs the features required in the regression function. It can be seen

that the input control term δh in this system is nonlinear with monomial terms of up to

4th order, Eq. 3.10. Due to the assumptions in the class of functions used to find a CCM

however a simplification must first be made on the regression function to only include

linear terms of δh. An assumption which can be investigated for accuracy later on.

CX0(δh) = θT1 ϕ1(δh) = θ10 + θ11δh + θ12δ
2
h

CZ0(δh) = θT2 ϕ2(δh) = θ20 + θ21δh

Cm0(δh) = θT3 ϕ3(δh) = θ30 + θ31δh + θ32δ
2
h

CX1(δh) = θT4 ϕ4(δh) = θ40 + θ41δh

CZ1(δh) = θT5 ϕ5(δh) = θ50 + θ51δh + θ52δ
2
h + θ53δ

3
h + θ54δ

4
h

Cm1(δh) = θT6 ϕ6(δh) = θ60 + θ61δh + θ62δ
2
h (3.10)

Small Perturbation Theory and Short Period Mode Decoupling

Typically for aircraft modelling the system dynamics are represented as a linear set of

equations that represent the dynamics sensitivity to small perturbations from a trimmed

state over a limited range from the state of equilibrium where the linear assumptions

still hold. Small perturbation theory simplifies the analysis of an aircraft’s dynamics by

considering small deviations from the trim condition, allowing for the linearization of

aerodynamic coefficients [16, 50].

To derive the 2D state space reduced order model we first look at the typical longitu-

dinal 4th order model, 3.11.
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The 4D state space model for an aircraft’s longitudinal dynamics is given by:



u̇

ẇ

q̇

θ̇


=



Xu Xw Xq Xθ

Zu Zw Zq Zθ

Mu Mw Mq Mθ

0 0 1 0





u

w

q

θ


+



Xδh

Zδh

Mδh

0


δh (3.11)

The variables u, w, q, and δh represent the body x-axis velocity, body z-axis velocity,

pitch rate, and pitch angle, respectively. The control input δh corresponds to the elevator

deflection.

The characteristic polynomial defining the system’s dynamics and stability properties

factors into two distinct modes: the Phugoid and Short Period modes. It is expressed as:

∆(s) = (s2 + 2ζpωps+ ω2
p)(s

2 + 2ζsωss+ ω2
s) = 0 (3.12)

To focus on the short-period dynamics and simplify the analysis, we consider the

relationship between the angle of attack α and the body velocities u and w. For small

angle approximations, α is related to u and w by α ≈ w
u

, and its derivative by α̇ ≈
ẇu−wu̇

u2 . This approximation allows us to express α and its dynamics in terms of u and w,

facilitating the reduction of the 4D model to a 2D model focusing on α and q.

Implementing these changes into the original 4D state space model, we derive the 2D

reduced-order model for the short-period dynamics as follows:

α̇
q̇

 =

Zα Zq

Mα Mq


α
q

+

Bα

Bq

 δh (3.13)

In this reduced-order model, Zα, Zq, Mα, and Mq are coefficients of the aerodynamic

and control effects on the angle of attack and pitch rate dynamics, respectively. This

model reduces the state space and dynamics to two dimensions relevant to the short-period

mode.

To arrive at the 2D state space model we make two key assumptions. First, we as-
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sume that the velocity (V ), altitude, and thrust are constant, which is reasonable for the

short period mode where changes in these variables are relatively slow compared to the

dynamics of α and q. Under this assumption, we can neglect the changes in the axial force

equation related to acceleration and focus on the rotational dynamics.

Second, we assume that the aircraft operates within a specific angle of attack range,

from -5 to 15 degrees, which typically encapsulates the short period mode. Within this

range, we can linearise the aerodynamic coefficients around a trim condition and consider

them to be functions of α, q, and control surface deflection δh. These simplifications give

a reduced-order nonlinear model to describe the aircraft’s short-period response and are

valid for the specific flight regime and are not appropriate for manoeuvers that involve

large changes in velocity, altitude, or thrust, or when considering the effects of high angle

of attack where nonlinearities become more significant.

3.3.4 Validation of the Decoupled Short Period Dynamics

The validity of the simplified state-space model, which focuses on the linearized short-

period mode dynamics represented by angle of attack (α) and pitch rate (q), is confirmed

by approximating these dynamics as a 2D linear function. The effectiveness of this sim-

plification is assessed by comparing the response of the simplified model with that of a

nonlinear simulation incorporating the full set of coupled equations of motion for both

Phugoid and Short Period modes, as detailed in Section 5.5.

In Section 3.8, we present a linear-to-nonlinear comparison of simulated trajectories,

depicted in Fig. 3.10, subject to sinusoidal input disturbances within the flight envelope

designated for short period mode analysis. This comparison is conducted over a time

horizon of 40 seconds. The results demonstrate that the linearised 2D model provides a

close approximation to the behavior captured by the full 4th order dynamics simulation

over the selected timeframe so that a control policy derived from the approximation will

provide control strategies effective for the aircraft within the specified flight conditions

for the baseline case.
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3.4 The Learning Pipeline

In this section we describe in more detail the stages of the learning approach adopted in

this paper.

3.4.1 F00 - Exploration and Data Processing of Trajectory Data

The first stage of the learning pipeline is the collection of trajectory data under control

but as an open loop with a nominal control policy to ensure stability over a limited range

of motion or states within the state space. It is envisaged that maneuvers and commands

from the pilots stick have a conservative feedback policy, ie a high gain, when the tracking

errors deviate by a threshold amount or when the aircraft approaches the limits of the

safe operating envelope to remain within a range of angle of attack, pitch rate and pitch

acceleration. For the experiment a 40s time horizon T is used to collect trajectory data as

training data {(ẋ, x∗, x, u)}Tt=0. The data collected online is batch processed as an array

into a Library Φ, a column list of regressor functions forming a row history depending

upon the sampling rate which for this study is set at 0.01s.

3.4.2 F01 - Online Regression QP Problem

The online regression problem is posed as a quadratic programme (QP) in Yalmip using

the convex solver Mosek. A generic QP problem, 3.14, is the minimisation of a function

f(x) with linear qTx and quadratic 1
2
xTQx terms. The minimisation is typically con-

strained by linear constraints as equality 3.15 and inequality 3.16, 3.17 conditions on the

state variable x.
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min f(x) = qTx+
1

2
xTQx (3.14)

s.t. Ax = a (3.15)

Bx ≤ b (3.16)

x ≥ 0 (3.17)

The quadratic equation minimises the error term of the dynamics, a least squares prob-

lem, and an additional regularisation term is added to the optimisation to promote sparsity

by penalising the L1 norm of the θ parameters defining the function approximation. It is

important to note that this is not possible using a standard ordinary least squares approach

and requires a convex solver. The optimisation can also be embedded for speed by utilis-

ing the Yalmip optimizer functionality which produces solutions in sub-millisecond time

frames.

min
θ

n∑
i=1

(∥exi
∥1 + eTxi

exi
) + µ∥θ∥1 (3.18)

s.t. exi
= Φθx − ẋ (3.19)

θx[i] = 0,∀i ∈ Ix = 0 (3.20)

(3.21)

The error term exi
is the error representing the 2D state in α and q. The parameters

θx for each equation are constrained to equal zero using an index vector Ix that contains

manually selected coefficient terms for the model selection of monomials in the library

matrix Φx. The regularisation term can be further expanded into an affine set of pro-

gressive models where the regularisation term represents the probability weighting of the

model. By assigning a higher regularization value to higher-order models or those that

are less likely, the preference for sparse, lower-order models within an acceptable accu-
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Table 3.2 Index for Library Regressors for the Polynomial Model functions

Model #1 #2 #3 #4

Index ΦPoly α q α q α q α q

0 1 1 1 1 1 1 1 1 1

1 α 1 1 1 1 1 1 1 1

2 q 1 1 1 1 1 1 1 1

3 δh 1 1 1 1 1 1 1 1

4 α2 0 0 1 1 1 1 1 1

5 αq 0 0 1 1 1 1 1 1

6 q2 0 0 1 1 1 1 1 1

7 αδh 0 0 1 1 1 1 1 1

8 qδh 0 0 1 1 1 1 1 1

9 δ2h 0 0 0 0 0 0 0 0

10 α3 0 0 0 0 1 1 1 1

11 α2q 0 0 0 0 1 1 1 1

12 αq2 0 0 0 0 1 1 1 1

13 q3 0 0 0 0 1 1 1 1

14 α2δh 0 0 0 0 0 0 0 0

15 αqδh 0 0 0 0 0 0 0 0

16 q2δh 0 0 0 0 0 0 0 0

17 αδ2h 0 0 0 0 0 0 0 0

18 qδ2h 0 0 0 0 0 0 0 0

19 α4 0 0 0 0 0 0 1 1

20 α3q 0 0 0 0 0 0 1 1

21 α2q2 0 0 0 0 0 0 1 1

22 αq3 0 0 0 0 0 0 1 1

23 q4 0 0 0 0 0 0 1 1

racy threshold for the dynamics regression problem is encouraged. This promotes the use

of simpler models that can capture the system’s behavior while minimizing the function

complexity.

min
θ

n∑
i=1

(eTxi
exi

)+µ1∥θ1∥+ µ2∥θ2∥+ µ3∥θ3∥ (3.22)

Table 3.2 gives the Library regressor vector Φpoly and α and q equation index vectors

for constraints imposed on the QP problem to enforce the use of only certain regressors

from the library as part of the model approximation.
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3.4.3 F02 - Optimisation Problem

The linear approximation for the dynamics determines the Jacobian matrix and B matrix

terms for the search for a CCM dual metric W as a semi-definite programme (SDP). We

use the software Yalmip, see [29] and Mosek [5] as a solver and we reference the work

by [46] in determining an optimisation strategy for manipulating the constraints on the

Eigenvalues of the metric. The standard CCM optimisation is similar to a Lyapunov opti-

misation to find a decay rate and P matrix but in the CCM optimisation, 4.5, a dual metric

W is used and a maximisation of the trace adopted. The Eigenvalues are constrained to

be greater than zero instead of one because the dual metric seeks values that once inverted

become the limit of the positive Eigenvalues in the metric M . In this way the magni-

tude of the upper limit in metric is the smallest fraction in the dual metric. There is also

the addition of the derivative constraint which contains the additional control matrix and

exponential constraint terms parameterised by the contraction rate λ.

min
{w11w22}∈R>0

(−w11 − w22) (3.23)

s.t. W ≥ 0 (3.24)

−(AW +WAT −BBT + 2λW ) ≥ 0 (3.25)

where
¯
βI2 ≤ W ≤ β̄I2 (3.26)

W =

w11 w12

w12 w22

 (3.27)

M = W−1 (3.28)

¯
σ(M) =

1

β̄
(W ), σ̄(M) =

1

¯
β
(W ), (3.29)
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3.4.4 Optimisation Algorithm A002

The first algorithm to find a CCM and contraction rate is adapted from [33], with mod-

ifications to suit the specific requirements of the CCM LMI. A lower and upper bound

for the contraction rate λ is defined based on a reasonable estimate for the bounds of the

specifications for the systems performance limits. The metric is then optimised with a

bisection over λ to find the largest λ feasible while the trace of the metric is minimised.

Algorithm 1: CCM Optimisation A002
1 Input: A and B matrix coefficients of the learned dynamics equation linear

approximation.
2 Initialize: λmin ← 0.1 λmax ← 3
3 tol← 0.01
4 λworks ← λlower

5 while λupper − λlower > 0.01 do
6 λloop ← (λupper + λlower) /2
7 W ← {w11, w12, w22} ← CCM
8 if (Wfeas == true) then
9 λupper = λloop

10 else
11 λlower = λloop

12 λworks = λloop

3.4.5 Optimisation Algorithm A005

In the next algorithm instead of using a bisection over λ, a range of values is searched over

with performance parameters found for each iteration. The metric and contraction rate is

optimised based on the performance parameters ζ and ωn. Three conditions are used in

the choice of the metric and contraction rate. The first, 3.30 is a cost function as adopted

in [48] where the condition number divided by the square of the contraction rate. This has

the effect of minimising the gains of the controller whilst maximising the decay rate for a

certified stable system. The second condition, 3.31 is to find the minimum distance to a

design goal for the damping ratio and natural frequency and to select the closest feasible
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decay rate. The third condition, 3.32 is to maximise λ over the search space to produce

the most aggressive controller.

Criteria 1:

min

(
cond(M)

λ2

)
(3.30)

Criteria 2:

min

(
λ

ζωn

− 1

)2

(3.31)

Criteria 3:

max(λ) (3.32)

Algorithm 2: CCM Optimisation A005
13 Input: A and B matrix coefficients of the learned dynamics equation linear

approximation.
14 for i = 1:50 do
15 ∆λ = i× 0.05
16 λ = 0.1 + ∆λ
17 W ← {w11, w12, w22} ← CCM
18 if (Wfeas == true) then
19 M = W−1

20 CondN = σ̄/
¯
σ

21 Cost← CondN/λ2

22 ratio← λ/(ζωn)

23 else
24 M ← I2
25 CondN ← 1
26 Cost← 0
27 ratio← 0

28 Output: W for (minCost|ratio|maxλ)
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3.4.6 F03 - Control Synthesis Policy

Once a metric M = W−1 is found an online controller uses the following formula to

generate a control feedback signal from the tracking error, where u∗ is a nominal open

loop input.

u(t) = u∗(t)− 0.5ρBTM(x∗(t)− x(t)) (3.33)

3.5 F-16 Longitudinal Modelling and Simulation

The F-16, Fig. 3.3 is a highly maneuverable aircraft and thus can be characterised by a

highly nonlinear dynamic system in general over the full flight envelope. In order to have

high maneuvrability the center of pressure is forward of the centre of gravity so that the

horizontal stabiliser corrects for pitch up rotation by a positive lift command at the tail.

This design also improves endurance because the lift to drag ratio is higher. Because of

the inherent instability with the onset of increased angle of attack the aircraft requires a

flight control system (FCS) that automatically corrects the alpha offset with a feedback

controller to reduce the pilot workload and maintain the aircraft within safe operating and

handling limits. The feedback gains therefore determine a tradeoff between an augmented

closed loop stability and the maneuvrability of the aircraft. The tradeoff is determined

by an acceptable pilot workload, expected pertubations, and the design responsiveness

of the airframe. The aircraft also utilises several actuators to maintain controlled flight

including leading edge flaps (LEFs) for high-alpha flow control, ailerons, symmetric split

rear stabilisers, a rudder, speed-brakes and a thrust vectoring single engine. For this study

however we limit the aircraft simulation to the longitudinal axis and only use the rear

stabiliser as a pitch controller. The LEFs are effectively removed, the engine dynamics

ignored and the thrust is set to equal drag at a cruising altitude so that the short period

mode dynamics are simplified. In the real aircraft the aerodynamic force and moment
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coefficients are functions of the payload, actuator deflections, structural deformations or

damage incurred in flight as well as the Mach number, altitude, and weather conditions.

Typically the changes in aerodynamic coefficents are accounted for using a gain schedule

depending upon the Mach number and altitude which is developed via wind tunnel testing

and extensive flight testing. When the aircraft is in service however changes occuring to

the payload or structure of the aircraft need to be accounted for in the control policy

by re-optimising the control gains to maintain safe flying and handling qualities. This

initial study proposes an online method by which the system dynamics can be re-learned

in-flight and a certified control policy iteratively updated by the FCS.

Figure 3.3 – F-16 Aircraft

3.5.1 The F-16 Reference Axis, Forces and Moments

Fig. 3.4 describes the longitudinal axis, forces, moments, and velocity vectors. The body

axis components are in black and the wind axis components are shown in blue. The thrust

T and elevator angle δh are control inputs and are shown in red, although the thrust is

assumed constant. The aircraft motion is described by the body axis velocities in the axial

direction u and in the normal direction w with the total velocity vector in the wind axis

VT . The weight of the aircraft mg acts at an angle θ towards the center of the Earth. The

angle of attack α gives the body angle relative to the wind axis and the glide slope γ is the

angle of motion of the aircraft relative to the Earth’s horizontal axis. The pitch rate q and

pitching moment M act positive nose up. The Aerodynamic forces are the lift L and drag
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D in the wind axis and the Z̄ body normal force and axial force X̄ with the coefficients

terms, CM , CL, CD, CZ , CX , respectfully.

Figure 3.4 – The 3-DOF F-16 Reference Axes, Force and Moment Vectors for the Longitudinal
Dynamics

3.5.2 The F-16 3-DOF Simulator

For this study we use a nonlinear 3 degrees-of-freedom (3-DOF) simulation of an F-16

aircraft derived from NASA wind tunnel data from the study by [42]. The model is con-

structed in reference to the work by, [44, 43] and the equations of motion are derived

from, [50, 49, 42]. The simulator 3.5 is constructed with actuator dynamics for the ele-

vator but a constant thrust input for trimmed steady level flight. A stick input includes

pre-programmed test inputs. The learning component processes batches of trajectory data

through an online convex optimization, which in turn provides parameters to the CCM

optimization certificate. The certificate ensures a stable policy is passed to the adaptive

controller. The full nonlinear equations of motion for the simulator were previously dis-

cussed Eq. (5.1) with aircraft properties for the model shown in Table 5.2.2.
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Figure 3.5 – F-16 Longitudinal Dynamics Learning Simulator

Table 3.3 Aircraft Properties

Parameter Symbol Value Units

Mass m 9295.44 kg

Wing Area S 27.87 m2

Mean Aerodynamic Chord c̄ 3.45 m

Moment of Inertia Iyy 75673.6 kg.m2

Neutral Point Location xp 0.35c̄ m

CG location xcg 0.3c̄ m

The aerodynamic force coefficients in the body axis are CZt , CXt and the aerodynamic

moment coefficient is Cmt . All coefficients are functions of the states α and q and the

elevator deflection angle δh. Values for the coefficents are taken from the high-fidelity

model tables listed in [42].

CXt(α, q, δh) = CX(α, q, δh) +
c̄q

2V
CXq

CZt(α, q, δh) = CZ(α, q, δh)
c̄q

2V
CZq (3.34)

Cmt(α, q, δh) = Cm(α, q, δh) + CZt(xcgr − xcg) +
c̄q

2V
Cmq
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The aerodynamic force coefficents CZ , CX and pitching moment coefficient CM are

functions of the the states α, q where higher order terms, α̇, q̇, are neglected. The simula-

tion also calculates the coefficients as a nonlinear function of the control input from the

elevator δh. Implemented into the model are lookup tables with breakpoints taken from the

NASA wind tunnel study in α and δh. Figure 3.6 gives the nonlinear coefficient data for

the high-fidelity model for the full angle of attack range from -20 degrees to 90 degrees.

It can be seen that from 0 to 20 degrees the aerodynamic derivatives are almost linear

and we can expect the approximating model to fit the dynamics equations well unless an

aerodynamic modification is made to the lookup tables. The lookup tables interpolate

linearly between breakpoints and can be directly manipulated in the system model more

easily than the original C-program developed by [44]. Initiation of the simulated model

uses the trim settings shown in Table 5.2.3.

Figure 3.6 – Aerodynamic force coefficient wind tunnel data as a function of angle of attack and
elevator deflection angle
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Table 3.4 Simulation Trim Settings

Parameter Symbol Value Units

Altitude h 4572 (15, 000) m (ft)

Velocity VT 152.4 (500) m/s (ft/s)

Elevator Trim δhtr −4.55 deg

AoA Trim αtr 4.47 deg

Pitch Rate Trim qtr 0 deg/s

Thrust Trim FT 9433 N

The control surface limits are given in the Table 3.5 for minimum and maximum ele-

vator deflection and rate limits. Figure 3.7 shows the modified aerodynamic coefficients

to represent arbitrary damage to an upper surface of the aircraft wings causing an increase

in drag between 0 and 20 degrees of angle of attack. The increase in drag causes a neg-

ative pitching moment and a decrease in lift generated by the wings. It is envisaged that

many configurations can be tested in future experiments but this first analysis is a proof

of concept.

Table 3.5 Control Limits

Control units Min Max rate limits

Elevator deg -25 25 +- 60 deg/s

Thrust N 4448 85000 -

3.5.3 Controller Design Specification Derived from MIL-STD-C-F-

8785C

The F-16 falls under the Class-IV category for military specifications for high maneuver-

ability aircraft. For this study, we consider the aircraft to be in cruising or mission flight

phases classified as CAT A - Precision Combat or CAT B - Non-Precision Cruise but

stable and gradual flight. The Flying Qualities are then further broken down into levels

depending on the capability of the handling and maneuverability. Level 1 being mission-
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Figure 3.7 – Aerodynamic force coefficient data modified to simulate damage as a function of
angle of attack and elevator deflection angle

level precision flying, Level 2 being an increased pilot workload but still able to carry out

a mission, and Level 3 which has an excessive workload with some loss in performance

but still safe to fly. We use Requirements 3.2.2.1.1 and 3.2.2.1.2 relating to the angle of

attack response for controls free and controls fixed flying at a constant speed. For this

study we use simple bounding box limits to specify the required damping ratio and nat-

ural frequency for Level 1 flying qualities, Table 3.6. Since natural frequency limits are

defined also by

Table 3.6 CAT A Level 1 Flying Qualitites for Class IV Aircraft

Parameter Lower limit Upper Limit
ω2
nsp

(n
α
)−1 (rad/s) 0.28 3.6

ωn,
n
α
= 14 (rad−1) 2 7
ζsp (-) 0.35 1.3
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3.6 LQR technique

For a linear system given by Eqn. 3.35, where the system is time invariant.

ẋ(t) = Ax(t) +Bu(t) x(0) = x0 (3.35)

A cost function is defined as a quadratic sum of a weighted squared term in the state

variable and a weighted squared term in the control input over an infinite time horizon.

The weighting matrices Q and R respectively give the relative importance of the input

and state dimensions with the default values being the identity matrix.

min
u,x

J(u) =

∫ +∞

0

(xT (t)Qx(t) + uT (t)Ru(t))dt (3.36)

The minimum of the cost function is given by the quadratic initial state solution

weighted by the optimal P matrix, Eqn. 3.37

Jopt = x0
TPx0 (3.37)

Where the solution to the P matrix is found from the Algebraic Ricatti Equation,

Eqn.3.38

ATP + PA+Q− PBR−1BTP = 0 (3.38)

The optimal control gain is given by Eqn. 3.39

K = R−1BTP (3.39)

The optimal control input is a state feedback controller of the following form, Eqn.

3.40.

u(t) = −Kx(t) (3.40)

The Q and R matrices must be tuned to find the optimal feedback control policy. For



CHAPTER 3. SAFE CONTROL LEARNING PIPELINE VIA STATIC CCM 127

this study we fixed the R value to 1 and adjust the diagonal elements of the Q matrix

to find a weighting that most closely matches the design condition for the closed loop

reference model.

3.7 The CCM Technique

In contraction theory, the evolution of an initial virtual displacement, δx0 , of a pair of flow

lines or trajectories, Figure 3.8, is certified to be contracting exponentially by analysing

the negative definitness of the Jacobian of the system by way of a metric tensor M(x, t).

If a metric is found for the system then the system is provably incrementally stable by the

contraction of all pairwise trajectories.

Figure 3.8 – Contraction theory diagram, Adapted from [32].

The theory has been developed into a Control Contraction Metric (CCM) for control

affine systems in [35] where a differential control input is added as in Eqn. 3.41.

δẋ = A(x, u, t)δx+B(x, t)δu (3.41)

The A matrix is given as: A := ∂f
∂x

+
∑m

i=1
∂bi
∂x
ui,

A Metric M(x, t) is a CCM if there is a controller u(x, x∗, u∗) for all δx for a given

λ ≥ 0 if the following inequality holds:

d

dt
(δTxM(x)δx) ≤ −2λδTxM(x)δx (3.42)
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This proves that an initial displacement in x will converge exponentially to have zero

tracking error as time tends to infinity:

∥x(t)− x∗(t)∥ ≤ ∥x(0)− x∗(0)∥e−λt (3.43)

The inequality can be expressed as a matrix inequality:

Ṁ + ̂M(A+BK) + 2λM ≺ 0 (3.44)

Where K = ∂u
∂x

and Ṁ =
∑n

i=1
∂M
∂xi ẋ

i,

A key result in contraction theory is the fundamental theorem that if the following

conditions exist:

BT
⊥

(
−∂fW (x) +

̂∂f(x)

∂x
W (x) + 2λW (x)

)
B⊥ ≺ 0 (3.45)

BT
⊥

(
∂bjW (x)−

̂∂bj(x)

∂x
W (x)

)
B⊥ = 0, j = 1, ...,m, (3.46)

where BT
⊥ is an annihilator matrix of B(x) satisfying BTB = 0, and W (x) = M(x)−1

is the dual metric, then there exists a differential tracking controller k(x, x∗, u∗) that sta-

bilises the closed loop system with a contraction rate λ under the metric M(x). The

solution to the CCM can also be found from the alternative form using the dual metric

and a scalar valued gain function ρ(x) as a Linear Matrix Inequality (LMI).

−∂fW (x) +
̂∂f(x)

∂x
W (x)− ρ(x)B(x)B(x)T + 2λW (x) ≺ 0 (3.47)

Or in the more concise notation as 3.48.

−Ẇ +WAT + AW − ρBBT < −2λW (3.48)
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The inequality is a convex optimisation in W (x, t) and ρ(x, t).

The LMI is an infinite dimensional problem and can be made finite-dimensional by

a suitable approximating function, enforcing constraints by gridding over a region of the

state space or as a sum-of-squares optimisation problem [38]. A description of contraction

metrics using the sum-of-squares technique is descirbed in Aylward et al. [6].

The resulting W (x) and ρ(x) form the stabilising differential control equation:

u(t)− u∗(t) = −K(x(t)− x∗(t)) (3.49)

where K = −1

2
ρ(x)BTW (x)−1 (3.50)

3.7.1 Linear Time Invariant Control Contraction Metric

The definition of the CCM can be alternatively defined as a differential control Lyapunov

function (dCLF), 3.51 defining incremental stability. Where the quadratic function is

weighted by the positive definite symmetric matrix M and the derivative is described in

3.52 and 3.53.

V (δx) = δTxMδx (3.51)

V̇ (δx) =
d

dt
(δxTMδx) =

d(δxT )

dt
Mδx+ δxTM

d(δx)

dt
(3.52)

= (Aδx+Bδu)TMδx+ δxTM(Aδx+Bδu) (3.53)
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Which can be re-arranged as 3.54

= δxT (ATM +MA)δx+ δuTBTMδx+ δxTMBδu (3.54)

And introducing a differential feedback gain term for δu = Kδx we get 3.55.

= δxT (ATM +MA)δx+ δxTKTBTMδx+ δxTMBKδx (3.55)

Then re-arranging for left and right factors of δx we have 3.56.

= δxT (ATM +MA+KTBTM +MBK)δx (3.56)

This can be expressed as an LMI, where if the LMI is negative definite it proves the

system stable 3.57. But the LMI is non-convex because the decision variables in M and

K are factored together creating a bi-linear equation.

ATM +KTBTM +MA+MBK ≺ 0 (3.57)

To make the decision variables linearly independant first we multiply both sides by W

the dual metric of M , 3.58.

WAT +WKTBT + AW +BKW ≺ 0 (3.58)

Then substituting KW = L the LMI becomes 3.59.
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WAT + AW + LTBT +BL ≺ 0 (3.59)

This form of LMI is shown to be equivalent to 3.60 via Finsler’s Lemma 3.A. Where

ρ is a positive scalar.

WAT + AW − ρBBT ≺ 0 (3.60)

Another equivalent form of the LMI is also given 3.61. Where for any B⊥, the orthog-

onal complement of B, of maximum rank such that BT
⊥B⊥ = 0.

B⊥
(
WAT + AW

)
B⊥ ≺ 0 (3.61)

Equation 3.60 is exponentially stable in λ if the inequality is made strict by being

more negative definite than −2λW , 5.3.

AW +WAT − ρBBT + 2λW ≺ 0 (3.62)

Since the equation is linear in W the ρ term can also be absorbed into the decision

variables of W . It was also shown in [34] that by adding diagonal weighting matrices R

and Q into the LMI, 3.60, the Riccati inequality is recovered, 3.63.

AW +WAT −BR−1BT +WQW = 0 (3.63)

And by multiplying either side of the equation by M = W−1 the exact form of the

Riccati equation is found as in the LQR formulation, Equation 3.64.
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ATM +MA+Q−MBR−1BTM = 0 (3.64)

The optimal control input found using the metric in the LQR formula is a state feed-

back controller of the following form, Eqn. 3.65.

u(t) = −R−1BTMx(t) (3.65)

In the CCM formulation where a static metric is found for a given contraction rate λ,

the control input is of the form, Eq. 5.4.

u(t) = −0.5ρBTW−1δx(t) (3.66)

Which is equivalent to a differential feedback controller with static gain matrix K:

u(t) = −Kδx(t) (3.67)

From which the relation between metric and feedback gain matrix becomes:

K =
1

2
BTW−1 =

1

2
BTM (3.68)

3.7.2 Robustness of a CCM Controller

If the disturbance d(t) is bound by ∥d(t)∥ ≤ d̄ and the tracking controller under a metric

is bound by
¯
mI ≤ M(x) ≤ m̄I then the trajectory tracking error can be shown to have a

worst case theoretical bound given by:

∥x(t)− x∗(t)∥ ≤ R0√
¯
m
e−λt +

√
m̄

¯
m

d̄

λ
(1− e−λt) (3.69)

where, R0 =
∫ x∗(0)

x(0)

√
δTxM(x)δx.
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R0 is the initial displacement, defined by a geodesic in the metric between two tra-

jectories. For a static metric the displacement is a straight line in Euclidean space,

R0 =
√

(x(0)− x∗(0))TM(x(0)− x∗(0)). A tradeoff of the contraction rate λ and the

condition number was briefly studied in Manchester et al, [35]. The tracking error con-

verges to a steady-state value defined by the maximum disturbance term, the square root

of the condition number, divided by the contraction rate. The exponential bound on the

tracking error effectively creates a robustness tube, [52], Figure 3.9. A smaller condition

number or a larger decay rate will lead to a smaller steady-state tracking error, or a more

robust controller that is less affected by disturbances. From the definition of the tracking

error bound, it can be seen that an appropriate cost function for the tracking error yields

the condition number divided by the square of the contraction rate. This cost function

represents a quadratic cost over a time horizon of the disturbances, which will be utilized

later. Additionally, the equation demonstrates that the initial displacement, normalized by

the square root of the minimum eigenvalue of the metric, is exponentially forgotten as a

worst-case scenario and provides a conservative estimate of the tracking error.

Figure 3.9 – Example of Worst Case Robustness Tube Bounds for:(
d̄ = 1, m̄ = 3,m = 2, R0 = 10

)
and (λ = 0.5, 1, 2)
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3.7.3 CCM Illustrative Example

A simple second order system in one degree of freedom can be represented in differential

dynamics form as 3.70

δ̇x1

δ̇x2

 =

 0 1

−ω2
n −2ζωn


δx1

δx2

+

 0

−ω2
n

[δu] (3.70)

Where the closed loop dynamics are given by 3.71:

δ̇x1

δ̇x2

 =

 0 1

−ω2
n − ω2

nK1δx2 −2ζωn − ω2
nK2δx2


δx1

δx2

+

 0

−ω2
n

[δv] (3.71)

In the closed-loop dynamics, the feedback gain terms K1 and K2 are derived from the

certified control contraction metric (CCM). The term δv represents an exogenous input or

disturbance. The natural contraction of the system is determined by the eigenvalues of the

Jacobian matrix associated with the drift dynamics. If the drift dynamics do not exhibit

natural contraction, a control input must be applied to enforce negative definiteness of

the closed-loop eigenvalues, thereby guaranteeing stability. In a recent publication by

Manchester et al. [38], it was demonstrated that a two-dimensional metric for a second-

order system can be analytically constructed with an infinite number of values for the

elements of a static dual metric, provided they satisfy the condition for a scalar metric as

shown in Eqn. 3.72.

w12 < −λw11 (3.72)
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Where the dual metric is defined as a positive definite symmetric matrix with elements:

W =

w11 w12

w12 w22

 (3.73)

And the LMI condition to prove exponential stability is given as:

AW +WAT −BBT ≺ −2λW (3.74)

Since w11 is positive w12 must be negative. The metric M = W−1 must have all

positive entries due to the inverse properties of matrices. To illustrate the use of the

metric and the contraction rate in the CCM technique we provide some examples for a

2D dual metric W = [1 − 0.3;−0.3 1]. The metric gives the primary axis and scaling

of contraction as a transformation of the state coordinates. The contraction rate λ then

defines the exponential change in the systems flow field vectors in the metric.


 0 1

−1 −1


 1 −0.3

−0.3 1

+

 1 −0.3

−0.3 1


 0 −1

1 −1

−

 0 0

0 1


 ≤ −2λ

 1 −0.3

−0.3 1


(3.75)

And reduces to:


−0.6 0.3

0.3 −2.4

 ≤ −λ
 2 −0.6

−0.6 2


 (3.76)

Where subtracting the right hand side on the left and taking the determinant yields

the characteristic equation in λ, 1.35 − 5.64λ + 3.64λ2 with real roots λ1 = 1.25 and

λ2 = 0.29. Since we are interested in the worst case bound, the slowest decay rate for the

system, the metric certifies the system as stable and contracting in λ = 0.295.

Certification of the CCM for a given contraction rate, λ, establishes that the system’s

contraction, facilitated by closed-loop feedback, exceeds the rate of contraction due to
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Drift Dyn Eigs Closed Loop Eigs M Eigs Feedback Gains

Ex λ eig1 eig2 eig1 eig2 CondN eig1 eig2 K1 K2

1 2.15 −2.1 + 2.14i −2.1 − 2.14i −2.15 −2.15 20.67 0.09 1.95 −0.21 −0.10

2 0.55 −0.5 + 1.94i −0.5 − 1.94i −0.55 + 1.94i −0.55 − 1.94i 15.18 0.18 0.83 −0.055 −0.1

3 2.05 1 −2 −2.05 −2.05 44.27 0.18 33.02 −6.36 −3.1

Table 3.7 Examples of Metric Lower Bound Certification and Feedback Parameters

the natural drift dynamics. If a system is already contracting, the contraction rate defines

the minimum bound. To emphasize this property, Table 3.7 presents examples of systems

where a metric and a contraction rate have been identified to certify a feedback gain matrix

where the example system dynamics are given in 3.77.

Ex 1 A1 =

[
0 1
−9 −4.2

]
, B1 =

[
0
−1

]
, W1 =

[
0.06 −0.14
−0.14 0.49

]
, M1 =

[
74.93 21.84
21.84 8.40

]
Ex 2 A2 =

[
0 1
−4 −1

]
, B2 =

[
0
−1

]
, W2 =

[
0.10 −0.269
−0.27 1.19

]
, M2 =

[
23.2 5.2
5.2 2

]
Ex 3 A3 =

[
0 1
2 −1

]
, B3 =

[
0
−1

]
, W3 =

[
0.02 −0.04
−0.04 0.22

]
, M3 =

[
125.3 21.8
21.8 8.4

]
(3.77)

In the table 3.7 it can be seen that the closed loop certified contraction rate is the same

as that of the the closed loop eigenvalues as a complex pole pair due to the system being

underdamped for the contraction rate defined. For systems that are already contracting and

hence exhibit natural stability, examples 1 and 2, the eigenvalues of the drift dynamics are

negative by the real part of the complex pole pair slightly less than the certified minimum

contraction under control inputs, certified by feedback in the metric. This is because the

CCM explicitly certifies contraction for feedback control so natural contraction becomes

the minimum bound.

3.7.4 Linear Time Invariant Analysis

In this analysis, we describe the linearized dynamics of an aircraft in terms of the state-

space representation, as well as the closed-loop control system for the aircraft’s pitch

dynamics. The equations of motion, state-space representation, and transfer functions

are derived to characterize the aircraft’s short period mode. The stability and handling
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qualities of the short period mode can be described by the natural frequency and time

constant, which are used as design criteria.

State Space to Transfer Function Formulas

The linearized dynamics of the aircraft where the outputs are assumed equal in magnitude

to the states, ie. the C matrix is identity and D matrix zero, are given by:

ẋ = Ax+Bu

Where u = v−Kx describes a nominal control input v and feedback term−Kx with

feedback matrix K. The system can be written as:

ẋ = Ax+B(v −Kx)

And then converting into the Laplace frequency domain the following formulas can

be used to convert the system into a transfer function:

sX(s) =

[
A−BK

]
X(s) +BV (s)

X(s) =

[
Is− A+BK

]−1

BV (s)

Algebraic form of the state space to transfer function

The state-space representation of the aircraft’s pitch dynamics is given as:

α̇
q̇

 =

Zα Zq

Mα Mq


α
q

+

Bα

Bq

u (3.78)
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Where Zα, Zq,Mα,Mq are the aerodynamic force and moment coefficients. The con-

trol input u is derived from the feedback law:

u = δh −
[
Kα Kq

]α
q

 (3.79)

The closed-loop dynamics can then be written as:

α̇
q̇

 =

Zα −BαKα Zq −BαKq

Mα −BqKα Mq −BqKq


α
q

+

Bα

Bq

 δh (3.80)

The corresponding Laplace transform can be expressed as:

s

α(s)
q(s)

 =

Zα −BαKα Zq −BαKq

Mα −BqKα Mq −BqKq


α(s)
q(s)

+

Bα

Bq

 δh(s) (3.81)

The transfer function relating the states to the control input is given by:

α(s)
q(s)

 =

s− Zα +BαKα −Zq +BαKq

−Mα +BqKα s−Mq +BqKq


α(s)
q(s)


−1 Bα

Bq

 δh(s) (3.82)

To obtain the individual transfer functions for the pitch angle and pitch rate, we can

derive the following expressions:

1

s2 + s(BαKα +BqKq − Zα −Mq) +Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq
·

·

s−Mq +BqKq Zq −BαKq

Mα −BqKα s− Zα +BαKα


Bα

Bq

 δh
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For the short period mode, we can represent the transfer functions as:

α(s)

δh(s)
=

Bα(s−Mq +BqKq) +Bq(Zq −BαKq)

s2 + s(BαKα +BqKq − Zα −Mq) +Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq

q(s)

δh(s)
=

Bq(s− Zα +BαKα) +Bα(Mα −BqKα)

s2 + s(BαKα +BqKq − Zα −Mq) +Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq

The two transfer functions represent a second order characteristic for angle of attack

and pitch rate responses to elevator inputs given by:

α(s)

δh(s)
=

Kα(s+
1
Tα
)

s2 + s(2ζωn) + ω2
n

q(s)

δh(s)
=

Kq(s+
1

Tθ2
)

s2 + s(2ζωn) + ω2
n

Where the stability and handling qualities for the short period mode can be described

by ωn and Tθ2 and used as design criteria. ωn is the short period natural frequency and

represents the oscillation rate of the aircraft. It is a measure of how quickly the aircraft

responds to a disturbance in pitch. A higher ωn indicates a faster response, while a lower

ωn indicates a slower response. The time constant Tθ2 is associated with the damping

of the short period mode. It represents the time it takes for the pitch rate to decay to

approximately 37% of its initial value in response to a disturbance. A smaller Tθ2 indicates

faster damping of the short period mode.

The equations for damping ratio and the natural frequency from the characteristic

equation becomes:
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2ζωn = BαKα +BqKq − Zα −Mq

ω2
n = Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq

Looking at the design parameters the only control variables are the gain terms where

the other parameters are fixed for an operating point. We have therefore:

ζ =
C1Kα + C2Kq − C3

2ωn

ω2
n = KαC4 +KqC5 + C6

The solutions of the characteristic equation are the poles for the system transfer func-

tion and can be found using the general quadratic solution:

p1,2 = −ζωn ±
√
(2ζωn)2 − 4(ω2

n)

2
(3.83)

If ω2
n > (ζωn)

2, the discriminant inside the square root is negative, and the roots are

complex conjugates. In this case, the system exhibits underdamped behavior, character-

ized by oscillations around the equilibrium point with decreasing amplitude. The system

poles are described by 3.84.

p1 = −ζωn + jωn

√
1− ζ2 (3.84)

p2 = −ζωn − jωn

√
1− ζ2 (3.85)

The optimum underdamped system has a damping ratio of 1√
(2)

= 0.707 or approx-

imately 0.7 where the overshoot is minimised and the response is non-oscillatory. If
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ω2
n ≤ (ζωn)

2, the roots are real, and the system is either overdamped or critically damped.

The poles for each case are:

Critically damped (ζ = 1):

p1 = −ωn (3.86)

p2 = −ωn (3.87)

Overdamped (ζ > 1):

p1 = −ζωn + ωn

√
ζ2 − 1 (3.88)

p2 = −ζωn − ωn

√
ζ2 − 1 (3.89)

In both critically damped and overdamped cases, the system converges to the equi-

librium point without oscillations, but the rate of convergence is faster in the critically

damped case compared to the overdamped case.

For our design condition of ζ = 0.7 and ωn = 3 the poles become the pair:

p1 = −2.1 + j2.142 (3.90)

p2 = −2.1− j2.142 (3.91)

For second order systems there are also analytical solutions for the overshoot, rise

time, settling time

3.8 Results and Discussion

In this section we give results for the linear model approximations learned from the simu-

lation for the baseline and damaged cases. We then examine the feedback gains employed
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by each control optimization method. To compare the performance of each controller for

the baseline and damaged aircraft, we conduct an analysis of the longitudinal dynamics in

response to an initial disturbance. Since the contraction metric’s performance is measured

by its ability to return the state trajectory back to a nominal controlled trajectory follow-

ing a disturbance, an initial impulse disturbance of 5 degrees in pitch and 5 degrees per

second in pitch rate is selected as the test input. This choice represents a sensible range

for the dynamics of the short period mode.

3.8.1 The Linear Regression

The linear model approximation was trained on a 40-second time horizon using a sinu-

soidal stick input to simulate a pilot’s command. The magnitude of the angle of attack (α)

and pitch rate (q) were constrained within the intervals [-5, 15] and [-10, 10], respectively.

The time history was sampled at 0.01-second intervals, yielding a total of 4,000 training

examples. The learned parameters for θ, which represent the linear approximations in this

study, are shown in Table 3.8. The following results show the performance of the linear

model approximation when trained over the specified time horizon and input constraints.

Table 3.8 Learned Parameters for Library Regressors for the Polynomial Model Approximation
of the Short Period Dynamics for the Baseline and Damaged Airframe

Baseline Aircraft Damaged Aircraft
Θ ΦPoly α̇ q̇ ΦPoly α̇ q̇

1 α -0.7266 -1.3476 α -0.584 -1.595
2 q 0.9678 -0.7799 q 0.588 0.137
3 δh -0.0895 -6.0169 δh -0.5515 -3.285

In order to assess the performance of the linear dynamics approximation for the given

system, we utilised four sinusoidal tracking trajectories as test data, as depicted in Fig.

3.10. These trajectories were excited within a nonlinear simulation of the F-16, and the

resulting data was compared against the integration using the Runge-Kutta (4,5) method
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for solving ordinary differential equations (ODEs) in Matlab, employing both the learned

model and the forcing function utilised during the simulation. Root mean square errors

were analyzed for each trajectory and can be found in Table 3.9.

While the trajectory sample size is insufficient for a robust statistical analysis, it can be

seen that the short-period mode is well-approximated for the majority of the time horizon.

The most significant deviations are observed during instances of substantial change in

angle of attack (alpha). This discrepancy may be attributed to the linear model’s inability

to fully capture higher-order and trigonometric terms in alpha. In the trajectory plots,

solid lines represent the actual alpha and pitch rate (q) trajectories from flight data, while

dotted lines indicate the model predictions.

It is important to note that noise, a considerable factor influencing model approxima-

tion success, has not been incorporated into the training data. Specifically, for the baseline

and damaged aircraft scenarios considered in this study, process and measurement noise

have not been taken into account, and they are deemed outside the scope of this work. As

estimation, averaging, and filtering are not the primary focus of this study, they have been

excluded from this initial pipeline development. Furthermore, while the L1-norm-based

regression technique is recognised for its noise handling capabilities due to promoting

sparse features in regression, its relevance to the study is limited at this stage, as linear

approximations are the primary focus.

Table 3.9 Percentage Errors of Learned Model Tracking Tests

Testing B L* B NL T1 L** T1 NL T2 L T2 NL T3 L T3 NL T4 L T4 NL

α (rmse) /10% 1% 1% 7% 8% 17% 13% 2% 1% 4% 3%

q (rmse) /10% 2% 1% 6% 7% 16% 13% 2% 1% 5% 5%

* B is the baseline trajectory, T# is the test trajectory number.

** L is the linear model approximation and NL the nonlinear approximation.

In general, the errors for the linear model approximation are comparable to those for

the nonlinear approximation. The linear model approximation exhibits slightly higher

percentage errors for regions of the test trajectories with greater changes in amplitude,
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especially T2 and T4. This indicates that the learned linear model provides a reasonable

approximation of the system behaviour for the four trajectories although the frequency

and amplitudes tested are fairly uniform.

3.8.2 Learned Gains and Equivalent CCM Gains Comparisons

Figures 3.11 and 3.12 show the values for Kα and Kq found via each controller optimi-

sation technique. The results are also listed in Table 3.10. A closed loop damping ratio

and natural frequency is also listed to give the theoretical linear performance parameters

for the gains adopted. From the two gain plots we can see that the pole placement tech-

nique for both the baseline dynamics and the damaged aircraft puts a controller in the

same location relative to design specifications for damping ratio and natural frequency

described by the limits of the bounding red box. In the damaged case however the pole

placement generates a controller with a much higher gain for Kα. The tradeoff therefore

of having a design goal and a limit on the controller gains must be understood to optimise

the control choice. The LQR technique using the identity weighting for both baseline

and damaged aircraft places the gains outside the design limits in the damaged case but a

suitably weighted Q matrix found via iteration produces gains at the design condition for

both the baseline but quite far outside the design limits for the damaged case. This poses

the question of how to tune the Q weighting for the adaptive case to maintain perfor-

mance requirements. The first CCM algorithm, A002 finds the largest feasible condition

number which increases the norm of the K matrix resulting in large Kα gains. While the

controller may be stable for the closed loop system, the large gains may become unsta-

ble when introducing uncertainty into the dynamics creating a non-robust solution. The

CCM A005 algorithm maximising the contraction rate finds a feasible solution for both

damaged and baseline dynamics but is also a more aggressive controller compared to the

nominal design condition. The minimising cost CCM A005 algorithm is outside the de-

sign specifications for both cases being too conservative. Both the CCM solutions that

optimise for a minimum distance to a design ratio of the negative pole provide solutions
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close to the pole placement technique and within the design specifications.

Table 3.10 Gains Optimised for the Baseline and Damaged Aircraft for Each Technique

Alg. Test # Description Aircraft Condition Kα Kq ζcl ωncl

MATLAB Pole Placement Baseline -0.90 -0.43 0.70 3.00

MATLAB LQR Q 1 1 Baseline -0.29 -0.92 1.29 2.74

MATLAB LQR Q 2 002 Baseline -0.84 -0.41 0.69 2.93

A002 Bisection Lambda Baseline -3.05 -1.07 0.83 4.94

A005 Max Lambda Baseline -1.07 -0.56 0.77 3.26

A005 Min Cost Baseline -0.06 -0.13 0.69 1.67

A005 Min Ratio Dist Baseline -0.64 -0.44 0.77 2.74

Grid Search Optimum Tracking Error Baseline -0.5 -0.24 0.62 2.42

MATLAB Pole Placement Damaged -4.14 -0.45 0.70 3.00

MATLAB LQR Q 1 1 Damaged -0.23 -0.97 1.24 1.51

MATLAB LQR Q 2 002 Damaged -0.80 -0.40 0.66 1.66

A002 Bisection Lambda Damaged -22.12 -0.50 0.85 6.43

A005 Max Lambda Damaged -5.91 -0.39 0.71 3.50

A005 Low Cost Damaged -0.63 -0.37 0.64 1.55

A005 Min Ratio Dist Damaged -3.98 -0.47 0.71 2.96

Grid Search Optimum Tracking Error Damaged -0.375 -0.3 0.60 1.37

3.8.3 Optimum Gains via Grid Search and Reference Model

Figure 3.13 show grid searches for 0 ≥ Kα ≥ −2.5 and 0 ≥ Kq ≥ −1.2 overlaid with

the reference model response and the closest response to the reference model in terms of

tracking distance. The responses are all initiated with a disturbance of 5 degrees angle

of attack or 5 degrees per second for the pitch rate responses respectively. The upper



Figure 3.10 – Flight Trajectory Data Compared to Learned Model Estimated Trajectories from
Input Excitations

Figure 3.11 – Baseline Optimised Gains Compared to Design Specification Limits Using Pole
Placements

Figure 3.12 – Optimised Gains for the Damaged Aircraft Compared to Design Specification Lim-
its Using Pole Placements
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row of plots in Fig. 3.13, are for the baseline aircraft model and the lower row plots

are for the damaged aircraft model. The damaged grid search expanded the search space

to include the range found for the pole placement solution so that 0 ≥ Kα ≥ −5 and

0 ≥ Kq ≥ −1.2. The first thing to note is that the damaged aircraft is actually more sta-

ble in the low range gains and unstable in the high gain ranges in angle of attack whereas

all responses are stable but underdamped for the baseline aircraft. The damaged aircraft

is therefore less maneuvrable as a result of the damage. It is important to highlight that

using tracking error to optimize gains, even with a reference model, leads to a different

optimum solution compared to the pole placement technique. This difference arises be-

cause the cost function has a vast solution space, or flat minimum, where steady-state

errors consistently exhibit a nominal offset as well as nonlinear response variations.

3.8.4 Controller Response Comparisons for Initial Displacements in

AoA and Pitch Rate

Figures 3.14 and 3.15 present the angle of attack and pitch rate responses for each con-

troller. Figure 3.14 illustrates the responses obtained from a nonlinear simulation, which

employs controllers derived from a linear approximation of the aircraft’s dynamics. It

is important to note that these control policies are tested against a nonlinear dynamics

model of the aircraft for both baseline and damaged profiles. Conversely, Figure 3.15

shows responses from a linear model simulation, where both the approximation of the dy-

namics and the derivation of each control policy are derived from linear models for both

the baseline and the damaged aircraft dynamics. The comparison between these figures is

not merely an evaluation of the baseline control policies’ robustness across different con-

trollers but rather an assessment of each controller’s adaptability as an adaptive control

policy. This adaptability is highlighted when the control policies, formulated based on a

linear model approximation of the dynamics, are applied to both the nonlinear system and

a simplified linear model simulation. The key takeaway is that the nonlinear simulation

reveals instabilities not apparent in the linear model simulation. This difference under-
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scores the nonlinear model’s capacity to introduce additional uncertainties that might be

stable in a linear model but create instability in the nonlinear framework. From the plots

we can see that the controllers that fail for the damaged adaptive control responses are

controllers that met the design goal or pole placement or were more aggressive in design-

ing the controller gains. So the CCM A002 bisection controller became unstable as well

as the CCM A005 maximum lambda, and the CCM A005 minimum distance to the de-

sired poles as well as the standard pole placment technique where a specific damping and

natural frequency is designed for. It can also be seen that the controllers that failed in the

nonlinear simulation were stable in the linear model approximation which highlights the

fact that they were non-robust in some uncertainty in the nonlinear model. This is some-

thing that can be explored further in designing a more robust adaptive controller. Looking

at the LQR solutions the naive weighted LQR controller with the identity weightings is

less aggressive than the optimised LQR solution but both seem to be robust to the un-

certainties in the damaged case. There is a tradeoff between the performance desired by

the controller and the robustness in the LQR responses because the optimum controller

responses are within a middle ground of the two approaches. Where the LQR controllers

succeed in remaining stable there is some loss in performance in the linear approximations

in terms of response times. It can also be seen that the CCM controller that minimises the

cost function is stable in all cases and seems to find a middle ground in robustness and

performance but lacks performance in the baseline case. This means that minimising the

cost may in some sense be a conservative but robust solution should a more aggressive

controller fail to meet the stability requirements. Apart from the reference model all con-

trollers have a small steady state error due to being proportional feedback controllers with

an estimated input gain which makes it more difficult to compare to the reference model

in terms of tracking errors.
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3.8.5 Cummulative tracking errors compared to the Reference Model

The right hand plots in Fig. 3.13 show how the tracking errors are used to define the

optimum controller via a grid search over a range of Kα and Kq values. The individual

controller tracking errors for the baseline and damaged aircraft are shown in Figs. 3.14

and 3.15 for the linear approximation. It can be seen that the tracking errors optimise

for a single set of gains based on the distance to a reference signal but the distance is

still significant due to the grid search resolution, large solution space and due to steady

state errors. In this sense the tracking error of a reference model only provides limited

information about the suitability of a controller but provides a useful guide. In the nonlin-

ear simulation for the damaged aircraft the controllers that followed the reference model

most closely were the CCM A005 minimum cost controller and the two LQR solutions

whereas in the baseline case all controllers except for the CCM A002 bisection controller

were fairly closely bunched together offset by the steady state error accumulation. In the

linear model approximations the minimum expected tracking errors were from the con-

trollers optimised to the design conditions, namely the CCM A005 min ratio distance,

pole placement, and the CCM A005 maximum lambda controllers. The gap between the

linear approximation and the nonlinear uncertainty is where the optimum controller must

be found.

3.9 Conclusion

We have developed an initial study for an online learning framework for an F-16 which

utilizes convex optimisation as a linear regression of monomial basis features and cer-

tifies a control policy via a static control contraction metric. The learning pipeline is

implemented as a simulation in Simulink on a 3-DOF nonlinear model and the learning

technique is compared to LQR control optimisation of a two dimensional full state feed-

back control scheme. The control policy is demonstrated via disturbance rejection and

tracking of a reference model for the short period mode approximation of the dynamics.



Figure 3.13 – Grid Search Disturbance Rejection Optimisation for Baseline vs Damaged Aircraft
from Initial Offset of 5 deg Angle of Attack and 5 deg/s Pitch Rate

Figure 3.14 – Disturbance Rejection of the Nonlinear Baseline vs Damaged Aircraft from Initial
Offset of 5 deg Angle of Attack and 5 deg/s Pitch Rate
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Figure 3.15 – Disturbance Rejection of a Linear Model Approximation for Baseline vs Damaged
Aircraft from Initial Offset of 5 deg Angle of Attack and 5 deg/s Pitch Rate
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The technique provides an insight into the use and optimisation of control contraction

metrics for greater understanding and development of the control policy for the wider

envelope and a route into the nonlinear case either as a gain scheduling policy or via non-

linear convex optimisation techniques such as sum-of-squares programming. It is thought

that the use of expert knowledge of the system and pre-determined physics models will be

the best approach for learning models in flight. Future work will expand upon the types of

faults introduced and explore the robustness of the control policy while considering inner

and outer loop optimisation.



Appendix

3.A Finsler’s Lemma

Lemma 3.A.1 (Finsler’s Lemma). Given w ∈ Rnx , L ∈ Rnx×nx , and B ∈ Rmx×nx , with

rank B < nxeB⊥ a basis for the null space of B (i.e., BB⊥ = 0). Then the following

conditions are equivalent [14]:

1) wTLw < 0,∀w ̸= 0: Bw = 0

2) BT
⊥LB⊥ < 0

3) ∃µ ∈ R : L − µBBT < 0

4) ∃X ∈ Rnx×mx : L+ XB + BTX T < 0

Proof. Finsler’s lemma proof can be found in [17].
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Chapter 4

Cascaded 2-Loop CCM and Hybrid
RCCM Adaptive Controller Design for
Longitudinal Flight Control

4.1 Introduction

Adaptive control systems to enhance safety, efficiency, and performance of aircraft are

of great interest. Progress in data-driven learning, speed of computation and a desire

to reduce the costs of testing and servicing of aircraft have increased the amount of re-

search in the field. In this work we study the use of static Control Contraction Met-

rics (CCMs) within a Linear Matrix Inequality (LMI) framework. LMIs are known for

their uncertainty handling capabilities and a convex formulation of a safety certificate of-

fers a flexible framework for approximating functions. The main advantage of the CCM

framework is the two stage certification and synthesis of a controller online for nonlin-

ear systems, which is more efficient than nonlinear model predictive control (NMPC).

This study serves as an initial exploration of the use of CCMs for linear approximations

and their relationships to conventional methodologies such as pole placement, the Lin-

ear Quadratic Regulator (LQR), and the root locus method. CCMs are a mathematical

framework first proposed by Manchester and Slotine (2014) [8] and have gained attention

recently for nonlinear control problems for various applications, including robotics and

UAV control [17],[11]. The key idea behind CCMs is to leverage linear analysis tools to

161
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certify contraction in a generalised co-ordinate space by using set invariance tools like

convex optimisation and then to solve a less computationally expensive control synthesis

problem as an integration of a geodesic between tracking offsets. In the case of linear

time invariant systems the geodesic is just a straight line and can be easily solved using

linear matrix multiplications.

4.1.1 Problem Statement

Although a powerful technique, currently the use of CCMs for control systems is focused

on nonlinear control theory and there is currently a gap between linear and nonlinear de-

sign for control systems. The nonlinear CCM approaches bound the upper and lower

eigenvalues of the metric to define the closed loop performance of the resulting system.

For nonlinear systems a robustness tube is typically adopted because the dynamics are

inherently more complex. For linear systems however robustness can be guaranteed by

adopting an optimal control policy via LQR controllers. The problem of adopting the

LQR technique is that of finding weighting matrices using trial and error which can be

time consuming due to the need to optimise over a number of set points. It is also de-

sirable to find weighting matrices that meet eigenstructure requirements for Linear Time

Invariant (LTI) design specifications based on second order dynamics. For aerospace

applications there are also LTI based performance specifications such as the military stan-

dards for flying qualities. In order to leverage new control synthesis approaches such as

CCMs an understanding how these two approaches can work together is desirable for real

world application. Current convex optimization techniques adopted for the optimisation

of CCMs bound the upper and lower eigenvalues of a metric and lack an explicit design

of the placement of poles specifically in reference to second-order reference models and

the analysis of LTI theory. Further there is often a trade-off between robustness and per-

formance defined by the use of different control synthesis approaches that are certified

via formal methods. The adoption or trade-off of these formal methods to certify a mixed

performance is often not possible due to non-convex solution spaces. We explore these
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formal mixed methods under certain conditions to provide guarantees on performance

and open up the opportunity to parameterise key performance metrics. This work there-

fore aims to address the gaps in knowledge on the application of the CCM technique and

convex optimisation to work towards a framework and technology applicable within the

aerospace industry and to propose learning parameters suitable for online adaptive control

to improve aircraft performance from trajectory data.

4.1.2 Approach Overview

In this research, we present a framework for aircraft control optimization using CCMs,

with a focus on longitudinal control. The work continues the study of a learning pipeline

for a longitudinal aircraft controller using convex optimisation and an approximation of

the aircraft dynamics from trajectory data. In this work we explore the use of CCMs in

higher dimensions and the challenges in creating a robust controller subject to deviations

and faults in the nonlinear aircraft dynamics approximated as a linear estimate for the

short period mode. The 6 damaged aircraft profiles relate to safe controllable deviations

from the baseline dynamics taking the aircraft out the nominal Level 1 flying qualtities to

show how the performance of the aircraft can be improved without the need for recovery

or control allocation techniques. Our approach aims to provide a methodology that can

be tailored to other fixed wing aircraft.

4.1.3 Statement of Contributions

The main contributions are:

1. The integration of flying qualities into the design of a CCM controller.

2. Developed a novel cascaded two-loop control contraction metric to explicitly opti-

mise state contraction properties.

3. A study of a hybrid LMI approach that combines robust and exponential constraints

with a mixing parameter.
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4. Conditions for stability guarantees of a linear sum hybrid control policy and simu-

lated verfication.

4.1.4 Related Work

There have been many recent works in control contraction metrics for aerospace appli-

cations in research, [22, 14, 25]. Mostly for nonlinear control problems adopting convex

optimisation either via the sum-of-squares technique, [14] or more recently a convex neu-

ral network approach, [25] or via kernel methods, [16] for function approximation. The

control synthesis however for nonlinear control problems using the CCM technique is

non-trivial, [9] and requires knowledge of differential geometry and the use of geodesic

mathematics on manifolds. Similarly the complexity of processing a controller is numer-

ical challenging, typical methods being the use of a Pseudospectral collocation technique

or grid based search techniques [4, 14]. Whereas for linear systems the solutions are

trivial straight line calculations. The CCM framework has been extended to H∞ and

nonlinear LQR like frameworks using L2 gain bounds and incremental L2 gain bounds

in [10]. Robust techniques for control systems are limited in predicting flying qualities

for aircraft. A number of researchers have explored techniques to place eigenvalues via

optimisation of the weights of an LQR structure, [20], [12]. The authors in [20] adopted

a multi-loop algorithm to generate Q-matrix diagonal terms by transforming the desired

closed loop system to a canonical form and then generating a set of Q matrix iterations

that are summed together to create the final weighting matrix. The resulting controller

achieved convergence charactersitics to meet damping and settling time requirements. A

step by step analytical approach with a trial weighting parameter ρ is adopted by [12] in

a simultaneous LQR and Eigenvalue Assignment (EA) algorithm. They show that with

a design set of eigenvalues and eigenvectors the weighting parameters for the Q and R

matrices in the LQR controller achieves both a robust and desired eigenstructure for the

system. Their approach is validated on an F-16 longitudinal flight path and pitch attitude

tracking simulation. In [23] a Control Anticipation Parameter (CAP) is formulated in
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an LMI that ensures a certain flying quality for the closed loop system adopting an H∞

control structure. The controller achieves both the robustness of the H∞ bound and eigen-

value constraints imposed by the CAP constraints. The solution is also solved as a convex

problem. However the CAP constraints are upper and lower bounded so an explicit so-

lution was not the design goal rather a guarantee on the flying quality limits. In [18] a

Multi-Objective Genetic Algorithm (MOGA) searches for solutions for the weights of an

LQR controller generating mulitple solutions on a pareto front. The objectives are based

on multiple design criteria such as pitch rate, drop back, control effort, comfort and rise

time for a civil transport aircraft. The current literature explores the use of CCMs but the

focus is on their application to nonlinear control problems. Our work explores a practical

implementation of CCMS with the aim to bridge the gap between the nonlinear theory

and the certification of linear controllers. We focus on the synthesis of a controller that

meets desired flying qualities and robustness constraints in the context of LTI systems.

4.1.5 Layout of the paper

The rest of this paper is structured as follows: Section 5.2 describes the attitude hold

longitudinal control architecture; Section 5.3 reviews the CCM technique for static met-

rics compared to traditional LTI approaches; Section 5.4 describes the inclusion of flying

qualities in the CCM optimisation and proposes a loop shaping approach as well as a hy-

brid Robust CCM approach; Section 5.5 studies a traditional root locus design approach;

Section 5.6 describes the step response analysis used to compare the controller designs;

Section 4.7 details the results of the study; Section 4.8 concludes the study and proposes

future work.
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4.2 Definition of the Aircraft Longitudinal Attitude Hold

Controller

In this section we describe a three state attitude hold proportional feedback control struc-

ture for the aircraft simulator. The controller is composed of an inner loop full state

feedback in angle of attack and pitch rate with feedback gains in the feedback loop as in a

regulator control structure. The outer loop is a negative feedback in θ to control the pitch

angle of the aircraft for a short period mode. Since the feedback in the outer loop is in the

forward loop and the θ state is the integral of the pitch rate it ensures that the closed loop

controller in pitch rate has a steady state error of zero. The three gain terms arbitrarily

decide the closed loop poles for the system and so is fully controllable and stabilisable. It

must be noted that typically the angle of attack is not included in pitch attitude controllers

because the state is not easily measured practically but for this study it is used as an ex-

ample of a controller using higher dimensions in a two loop layout to understand the use

of contraction metrics.

The full state proportional feedback controller for the short period is shown in Fig.

5.2.2. The cascade framework is applicable to any control problem in higher dimensions

or with a higher number of loops. The state feedback can also be augmented with inte-

gral, error or derivative terms to be similar in design to standard PID or other feedback

techniques.

4.3 Review of Control Contraction Metrics (CCM)

In this section, we briefly outline the control contraction method to define a stability

certificate for a linear time-invariant system with dynamics described by:

ẋ = Ax+Bu
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Figure 4.2.1 – Two-Loop 3rd Order Full State Proportional Feedback Controller

where A is an n× n matrix, B is an n×m matrix, and x is a vector of states (x ∈ Rn) u

is a vector of control input (u ∈ Rm).

Full state feedback with a control input including nominal inputs such as a pilot stick

input or disturbances is given as:

u = v −Kδx

ẋ = Ax+B(v −Kδx) = (A−BK)δx+Bv

In the modified control input, u = v−Kδx, where v is an exogenous input. The CCM

method incorporates trajectory differentials to define the feedback inputs δx = (x∗ − x)

where x∗ is a reference trajectory. The CCM technique was developed by Manchester

and Slotine [7] for nonlinear systems to certify contraction of pairwise trajectories for a

system by searching for metric and contraction rate that validates an LMI similar to the

established Control Lyapunov Functions (CLFs). In this study the work considers the

use of such a metric for LTI dynamics as a first approximation with the view that the

architecture and techniques may be extended to nonlinear dynamics for which CCMs are

most attractive.
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4.3.1 Conditions for stability for a valid CCM

The search for a static metric for linear dyanamics in the CCM technique reduces to an

LMI that can be solved as a semi-definite programme to obtain the coefficients of the

matrix W satisfying:

min − trace(W ) (4.1)

s.t. W ≥ 0 (4.2)

AW +WAT −BBT ≤ −2λW (4.3)

where A is the systems linear dynamics and B is the control effectiveness matrix. The op-

timisation involves searching for a dual-metric W = M−1, a positive definite symmetric

matrix, scaled by a positive coefficient lambda that signifies the rate of contraction, where

the metric W measures the negative definite properties of the closed loop dynamics. If

the closed loop dynamics in the metric are negative definite by more than 2λW then the

system is said to be exponentially stable with a contraction rate of λ in the metric. The

metric further defines the closed loop feedback gains for the system by inverting back to

the original co-ordinate space, K = 1
2
BTM .

In the CCM formulation where a static metric is found for a given contraction rate λ,

the control input is of the form in Eqn. (5.4), a differential feedback controller with static

gain matrix K.

u(t) = −1

2
BTW−1δx(t) = −Kδx(t) (4.4)

4.3.2 Standard CCM Optimisation

The standard CCM optimisation is similar to a Lyapunov optimisation to find a decay rate,

[6], but in the CCM optimisation, Eqn. (4.5), a dual metric W is used and a maximisation

of the trace adopted, [7]. The derivative constraint, Eqn. (4.7) contains an additonal
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control matrix and exponential constraint terms parameterised by the contraction rate λ

where λ ∈ R>0.

min
{w11w22}∈R>0

− trace(W ) (4.5)

s.t. W ≥ 0 (4.6)

−(AW +WAT −BBT + 2λW ) ≥ 0 (4.7)

W =

w11 w12

w12 w22

 (4.8)

M = W−1 (4.9)

where
¯
βI2 ≤ W ≤ β̄I2 (4.10)

¯
σ(M) =

1

β̄
(W ), σ̄(M) =

1

¯
β
(W ),

where the upper and lower eigenvalues of W are β̄ and
¯
β are the reciprical eigenvalues of

M represented as σ̄ and
¯
σ respectively, so that the constraints on W , Eqn. 4.10 limit the

condition number and norm of W and by definition M−1. Even though the LMI is convex

it is bilinear in the decision variables for W and the decay rate λ. A typical approach

to find an optimal decay rate is to use a lower and upper bound for the contraction rate

λ, λlower,λupper based on a reasonable estimate for the eigenvalues for the system. The

metric is then optimised with a bisection over λ to find the largest λ feasible while the

trace of the dual metric W is maximised, Algorithm 3.
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Algorithm 3: CCM Optimisation Using Bisection Algorithm
29 Input: A and B matrix coefficients of the learned dynamics equation linear

approximation.
30 Initialize: λlower, λupper

31 tol← ∆λ
32 λworks ← λlower

33 while λupper − λlower > tol do
34 λloop ← (λupper + λlower) /2
35 W ← {w11, w12, w22} ← CCM
36 if (Wfeas == true) then
37 λupper = λloop

38 else
39 λlower = λloop

40 λworks = λloop

4.4 Solution Methodology for CCM Loop Shaping and

Hybrid Approaches

To be more explicit in the placement of the inner and outer loop poles and to retain a

negative set of feedback gains a new approach that combines traditional loop shaping

with the CCM technique is explored. In this section we detail the novel approach to the

optimisation technique as a series of two loops optimising the CCM controller for desired

contraction rates.

4.4.1 CCM Optimisation Specifying Contraction Rate to Meet Fly-

ing Qualities

For a static metric M and LTI dynamics the damping ratio and natural frequency of a

second order system define the closed loop pole locations. The real part of the poles

determines the desired contraction rate λ.

The general solution for an underdamped 2nd order system transfer function is de-

scibed by:
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α(s)

δh(s)
=

Bα(s−Mq +BqKq) +Bq(Zq −BαKq)

s2 + s(BαKα +BqKq − Zα −Mq) +Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq

(4.15)

q(s)

δh(s)
=

Bq(s− Zα +BαKα) +Bα(Mα −BqKα)

s2 + s(BαKα +BqKq − Zα −Mq) +Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq

(4.16)

G(s) =
kω2

n

s2 + 2ζωns+ ω2
n

(4.11)

where the characteristic equation is given by:

∆(s) = s2 + 2ζωns+ ω2
n (4.12)

The roots are determined by the general quadratic solution. So if 4ω2
n > (2ζωn)

2 or

ζ2 < 1 then the roots are complex with poles:

p1 = −ζωn + jωn

√
1− ζ2 (4.13)

p2 = −ζωn − jωn

√
1− ζ2 (4.14)

Given state space matrices for the longitudinal short period dynamics as:

A =

Zα Zq

Mα Mq

 , B =

Bα

Bq


and a full state feedback matrix K = [Kα, Kq] where K ∈ Rm. The two state output

transfer functions are defined as Eqns. 4.15 and 4.16.

The transfer functions represent second order characteristic equations with zeros in the

numerator given by Eqns. (4.18) and (4.19), [2]. The time constants Tα and Tθ2 determine
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the angle of attack and incidence lag of the short period mode. Because Bα << Bq

the incidence lag is largely determined by 1
Zα

and is critical in determining the handling

qualities of the aircraft, [2], and the manoeuvrability and controllability of the aircraft is

measured by the CAP and the Eqn. (4.17).

CAP =
−gω2

n

ZαUe

(4.17)

where g is gravitational acceleraltion, Ue is the equilibrium velocity. A high CAP means

the aircraft is less responsive to control inputs whereas a smaller CAP means the aircraft

”feels” lighter and more responsive.

α(s)

δh(s)
=

Kα(s+
1
Tα
)

s2 + s(2ζωn) + ω2
n

(4.18)

q(s)

δh(s)
=

Kq(s+
1

Tθ2
)

s2 + s(2ζωn) + ω2
n

(4.19)

The equations for the damping ratio and the natural frequency can be defined from:

2ζωn = BαKα +BqKq − Zα −Mq (4.20)

ω2
n = Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq (4.21)

From which a relation between the Metric M and ζ and ωn can be derived.

Also noting that:

K =
1

2
BTM (4.22)

We derive an expression for ωn as follows:
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ω2
n = ZαMq − ZαBqKq −BαKαMq −MαZq (4.23)

This can also be written as:

ω2
n = KαC1 +KqC2 + det(A) (4.24)

Upon rearranging, we get:

ωn =

√
1

2
BTMC + det(A) (4.25)

Here:

C =

[
C1 C2

]T
(4.26)

with:

C1 = ZqBq −MqBα; C2 = BαMα − ZαBq (4.27)

Noting that:

KB = BαKα +BqKq =

[
Kα Kq

] [
Bα Bq

]T
(4.28)

Leading to:

KB =
1

2
BTMB (4.29)

=
1

2

Bα

Bq


T m11 m12

m12 m22


Bα

Bq

 (4.30)

For second order dynamics and a linear approximation therefore a metric and contrac-

tion rate can be used to determine the performance parameters ζ and ωn.
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4.4.2 Overview of the MIL-STD flying qualities definitions and key

metrics

The flying qualities of military aircraft are categorised according to classes of aircraft,

mission phases, and the required quality levels for each mission. These classifications are

detailed in [19] and summarised in Table 4.4.1.

Table 4.4.1 Definitions - Flying Qualities Specifications [21]

Airplane Classes
Class I Small, light airplanes.
Class II Medium weight, low-to-medium-

maneuverability airplanes.
Class III Large, heavy, low-to-medium-

maneuverability airplanes.
Class IV High-maneuverability airplanes.

Flight Phases
Category A Nonterminal flight phases generally re-

quiring rapid maneuvering.
Category B Nonterminal flight phases normally ac-

complished using gradual maneuvers
without precision tracking, although
accurate flight-path control may be re-
quired.

Category C Terminal flight phases normally ac-
complished using gradual maneuvers
and usually requiring accurate flight-
path control.

Flying Qualities Levels
Level 1 Flying qualities adequate for the mis-

sion flight phase.
Level 2 Flying qualities adequate to accom-

plish the mission flight phase, but some
increase in pilot workload or degrada-
tion in mission effectiveness exists.

Level 3 Flying qualities such that the airplane
can be controlled safely, but pilot work-
load is excessive, or mission effective-
ness is inadequate, or both.
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For this study we use a simple bounding box to specify the required damping ratio and

natural frequency limits for Level 1 flying qualities in Category A flight phase for a Class

IV aircraft. Specifications for flying qualities for the F-16 can be found in MIL-F-8785C

[19]. Table 4.4.2 describes the damping ratio and natural frequency limits for the set point

of interest in this study where n
α

has a value of 14. Gain and phase margins are described

in [24]. A detailed specification for time domain tracking performance can also be found

in [13], Fig. 4.4.1. The time domain tracking performance described includes a ratio of

the overshoot ∆q1 to undershoot ∆q2, a rise time ∆t defined by the gradient intercept

t1, and set point intercept t2 where t1 also determines the delay time. The specification

limits parameterised by velocity V is shown in Table 4.4.3. We use the time domain

template to derive performance metrics that depicts Level 1,2 and 3 characteristics for the

overshoot, undershoot and rise time at an altitude of 15,000 ft and velocity of 500 ft/s. The

performance specifications for the three levels of flying qualities are shown in Table 4.4.4,

we assume a 3s settling time within a 5% margin of the command for the requirement for

Level 1 flying qualities.

Table 4.4.2 Short-Period Damping Ratio and Natural Frequency Limits for Class IV Aircraft,
Cat A flight phases [21]

Level
ζ ωn, (n

α
= 14)

Min. Max. Min. Max.
1 0.35 1.30 2.0 7
2 0.25 2.00 1.5 11.8
3 0.10 No limit 1.5 No limit
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Figure 4.4.1 – MIL-STD Time Domain Tracking Performance Parameters, [13]

Table 4.4.3 MIL-STD Time Domain Tracking Performance Parameters, [13]

Parameter Specification
t1 t1max ≤ 0.12 second
∆t g

V
≥ ∆ ≤ 500

V
∆q2
∆q1

∆q2
∆q1
≤ 0.3

Parameter Level 1 Level 2 Level 3
t1 max 0.12s 0.17s 0.21s
∆q2/∆q1 max 0.3 0.6 0.85
∆t max 1s 3.2s -
∆t min 0.018s 0.0064 -
OS % 30 60 -
US % 9 36 -

Table 4.4.4 MIL-STD Time Domain Tracking Specifications at 15,000 ft and 500 ft/s Airspeed

4.4.3 A Double Loop CCM - Optimisation Problem

In the double loop CCM a linear approximation for the dynamics and control effectiveness

matrix are first input into the optimisation and in the proposed algorithm the decay rate is

chosen as a design condition based on second order flying qualities. If the chosen design
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decay rate is infeasible the condition is then relaxed via iterations a distance from the

design. Once an inner loop metric is found the inner loop gains are saved and the inner

closed loop state space matrix is augmented with the outer loop state space representation

of the plant dynamics. The outer loop optimisation then searches for a second CCM

dual metric W as a convex Semi-Definite Programme (SDP) and optimises the decision

variables to find a solution for the contraction rate a minimum distance to the reference

contraction rate. The outer loop gains are then combined with the saved inner loop gains

to create the final controller solution. This is an extension of the technique described

in works by [5] using the software Yalmip a Linear Matrix Inequality Parser and Mosek

[1] an optimisation solver but is generic to most LMI solvers. The technique is also

closely related to the works by [15, 11, 25] in determining an optimisation strategy for

manipulating the constraints on the Eigenvalues of the W metric.

Let W be a positive definite symmetric matrix with components w11, w12, and w22, let

M be the inverse of W , and let λ be the product of the damping ratio ζd and the natural

frequency ωnd
. The objective of the optimization problem is to maximise the sum of w11

and w22, subject to the constraints that W is positive semi-definite, AW +WAT−BBT +

2λW is negative semi-definite, and the eigenvalues values of M are bounded by 1/β̄ and

1/
¯
β. The optimization problem is formulated as follows:

min
w11w22∈R>0

(−w11 − w22) (4.31)

s.t. W ≥ 0 (4.32)
λ = ζdωnd

(4.33)

− (AW +WAT −BBT + 2λW ) ≥ 0 (4.34)

W =

[
w11 w12

w12 w22

]
(4.35)

M = W−1 (4.36)

¯
σ(M) =

1

β̄
(W ), σ̄(M) =

1

¯
β
(W ), (4.37)
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Algorithm 4: Convex Loop Shaping with CCM
41 Input: Ainner and Binner matrix coefficients of the learned dynamics for the inner

loop.
42 λ← ζdωnd

Set the decay rate to design condition
43 for ζdiωndi

do
44 if (Wfeas == true) then
45 W ← {w11, w12, w22} ← CCMInnerLoop

46 ωni
← ωn(W,A,B)

47 if ωnmin ≤ ωni
≤ ωnmax then

48 KOPTinner = 0.5BT (W )−1

49 ACLinner ← (Ainner −BinnerKOPTinner)

50 continue
51 else
52 λ← ζdi+1

ωndi+1

53 Input: Aclosed-loopinner
, Aouter and Bouter

54 Aouter ← ACLinner

55 for i = 1 : 50 do
56 ∆λ = i× 0.05
57 λ = 0.1 + ∆λ
58 W ← {w13, w23, w33} ← CCMOuterLoop

59 if (Wfeas == true) then
60 M = W−1

61 ratio← λ/(ζdωnd
)

62 else
63 M ← I2
64 ratio← 0
65 continue

66 Output: W for min |ratio− 1|
67 KOPTouter = 0.5BT (W )−1

68 KOPTouter ← KOPTinner

69 Output: KOPTouter

4.4.4 Robust CCM and Connections to LQR LTI Controllers

It was shown in [10] that an L2 gain bound can be defined as a quadratic regulator in

combination with the standard formulation of the exponential guarantee for stability of

a CCM controller. In this formulation the input output gain is bound via a dissipation

inequality. In the most simplified formulation of the nonlinear certification technique as

we propose in this study where the outputs are measurable and output disturbances are
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treated as inputs to the system dynamics the LTI LMI resembles the LQR architecture

for regulating the dynamics. We make a distinction between the RCCM formulation and

the LQR formulation by introducing a scaling matrix and a prioritisation matrix for the

outputs of the system. Further we test the viability of a novel method for creating a hybrid

controller which certifies stability as in the previously proposed RCCM architecture but

more explicitly as an LMI combination with mixing parameters. We highlight the short

commings of the LMI based approach and the advantage of a linear sum of controllers un-

der certain conditions as a benefit of this approach in offering greater degrees of freedom

for the controller while offering a degree of performance with tuning parameters.

Theorem 4.4.1 (Hybrid LMI Controller). Let A ∈ Rn×n be the state matrix, B ∈ Rn×m

be the input matrix, W ∈ Rn×n a positive definite symmetric matrix and Q ∈ Rn×n a

diagonal matrix with positive entries and invertible. Let λ ∈ R>0 be a positive scalar and

a ∈ [0, 1] be a scalar. If the linear matrix inequality

WAT + AW −BBT + 2λW (1− a)
√
aW T

√
aW Q−1

 < 0

holds, then the hybrid controller designed based on this inequality guarantees asymptotic

stability of the closed-loop system in the when 0 < a < 1 and exponential stability when

a is equal to zero.

Proof. Considering two cases for the value of a:

1. Case 0 > a ≤ 1: In this case, we have W̄AT + AW̄ − BBT < −2λW̄ (1 − a) −

aW̄QW̄ . Since the inequality W̄AT + AW̄ − BBT < W̄QW̄ guarantees asymptotic

stability and −2λW̄ (1 − a) − aW̄QW̄ < −aW̄QW̄ , it follows that the system remains

at least asymptotically stable for 0 < a ≤ 1.

2. Case a = 0: In this case, the inequality becomes WAT + AW − BBT < −2λW ,

which guarantees exponential stability. Therefore, the system is exponentially stable for

a = 0.
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Hence, the hybrid controller, governed by the parameter a, guarantees both asymptotic

stability (0 < a ≤ 1) and exponential stability when (a = 0).

Remark. In the case where Q is a diagonal matrix with positive entries, WQW results

in a positive definite matrix and all eigenvalues are positive. However, these eigenvalues

can approach zero if certain elements in Q are small or if the eigenvectors of W align in

certain directions. This can lead to poor scaling of the smallest eigenvalues. So while the

positivity of the eigenvalues ensures stability only asymptotic stability is guaranteed.

The hybrid approach’s mixed constraints necessitate a hybrid formulation for the feed-

back gain matrix K. This formulation involves replacing the 0.5 factor in the conventional

expression K = −0.5BTM , formerly used in the CCM technique, with the parameter p.

This new parameter varies between values of 0.5 in the limit that the LMI tends to the

standard CCM case and 1 in the limit that the LMI tends to the RCCM case as the param-

eter a varies between 0 and 1.

p = a+
(1− a)

2
(4.38)

u = v − pBTMδx (4.39)

4.4.5 Scaling and Prioritisation of Output Dimensions

In the standard linear LQR technique the Q matrix accepts arbitrary weightings based on

an iterative trial and error testing approach. In the RCCM technique the output matrix

C is used to define Q as the square root, Q = CTC. We propose a variation on the

standard output matrix by considering the scale and range of the states and a prioritisation

matrix to better explain the associated L2 gain cost function. For the scaling matrix S the

range ri divided by the sensitivity si of the state is proposed as the scaling factor which is

normalised to keep the largest scaled dimension equal to 1. For the longitudinal controller

the α state has a range of 50, being limited to ±25 degrees and the pitch rate has a range
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of 120 being limited to a pitching velocity of ±60 degrees/s. The sensitivity of the states

is given by the B matrix parameters and so the normalised scaling matrix becomes:

S =

( r1s1 )( s1r1 ) 0

0 ( r2
s2
)( s1

r1
)

 (4.40)

=

( r1
B1
)(B1

r1
) 0

0 ( r2
B2
)(B1

r1
)

 (4.41)

A prioritisation matrix P with a myopic weighting of the identity matrix is given the

parameters, Pi.

P =

P1 0

0 P2

 (4.42)

The square of the scaling matrix and prioritisation matrix is then equal to the standard

LTI Q matrix in the LQR formulation.

Q = P ′S ′SP (4.43)

The RCCM LMI optimisation is then modified to account for the new parameterisation

matrices:

WAT + AW −BBT + 2λW (1− a)
√
aW TP TST

√
aSPW I

 < 0 (4.44)

Figures 4.4.2 to 4.4.5 show the results of a set of control optimisation outputs for a

grid of parameters for P1 and P2 and varying hybrid parameter a between 0 and 1 for

three different contraction rates in lambda. In our study we fix the prioritisation factors

for P1 between values of 1 and 3 and values of P2 between values of 1 and 19 with a step

size of 1 in both parameters. Although the values have been found via comparison to the
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resulting gains associated with a red bounding box for the damping ratio and natural fre-

quency associated with the design constraints, the range of prioritsation values varies with

contraction rate and in proportion to the priority of feedback gains for damping coefficient

control with pitch rate feedback and natural frequency control with angle of attack feed-

back. This can be seen in the grid pattern associated with the LQR like control extreme

shown in Fig. 4.4.2. The values therefore for the P matrix offer a more sensible scale

compared to the standard Q weighting in LQR control. In the figures the red diamonds

represent the controller gains associated with three contraction rates. The grid patterns

show the span of the prioritisation values tested for different mixing values of a. It is

also possible that the hybrid parameters once data is collected regarding the performance

of the controller can be incrementally improved in directions associated with the relevant

direction of improvement in performance. For example, a controller suffering from oscil-

lations due to disturbance inputs may incrementally improve robustness by increasing the

value of a, and increasing the value of P2 while decreasing the value of P1. In this man-

ner an iterative learning approach could be adopted within the architecture and algorithm

framework.

Figure 4.4.2 – Hybrid Controller with a = 1
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Figure 4.4.3 – Hybrid Controller with a = 0.8

Figure 4.4.4 – Hybrid Controller with a = 0.5

4.4.6 A Hybrid Double Loop

So far we have proposed optimisation of the dual-metric W as a single 3D optimisation us-

ing either RCCM LMIs or the standard CCM LMI. We also proposed a two loop solution

that better placed the eigenvalues according to an explicit contraction rate in each dimen-

sion. A further extension to this approach therefore is to combine the hybrid approach

into the double loop formulation to understand how the LMIs might interact together. For

this first analysis the hybrid algorithms adopt a weighting a = 0.5. The scaling matrix is

fixed as S = [1 0; 0 0.04] or S = [1 0 0; 0 0.04 0; 0 0 1] in the three state case. The prioriti-
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Figure 4.4.5 – Hybrid Controller with a = 0.2

sation matrix is equal to the identity matrix and both optimisation loops adpopt the hybrid

RCCM and CCM LMI as in Eqn. 4.44.

4.4.7 A Hybrid Linear Sum

To trade-off performance between two stabilising controllers with different performance

objectives an obvious and more attractive combination of controllers to adopt is a linear

sum of controllers with a weighting parameter a between 0 and 1:

KHLinSum
= aKlqr + (1− a)KCCM (4.45)

It is well known that for linear systems and two stable controllers that there are no

guarantees about the stability for a linear combination of the two, due to the fact that the

set of stable matrices is non-convex. For example consider the following case with two

2x2 matrices:

A =

−1 4

0 −1

 , B =

−1 0

4 −1


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For matrix A, the eigenvalues are:

λ1 = −1 + 2i, λ2 = −1− 2i

For matrix B, the eigenvalues are:

λ1 = −1 + 4i, λ2 = −1− 4i

The linear sum of the two matrices, denoted as C:

C = A+B =

−2 4

4 −2


Where the eigenvalues for matrix C, are:

λ1 = 2, λ2 = −6

The eigenvalues of matrix C have a positive real part and is unstable, whereas the

eigenvalues of matrices A and B individually have negative real parts, indicating stability.

4.4.8 Conditions for certifying stability for a linear sum of controllers

We propose under certain conditions that a linear sum of stable controllers is stable for

all combinations when the B matrix is negative and the gain matrix K is negative and

the system is a single input and hence B and K are both 1-D vectors certifying negative

feedback loops. For the conditions specified the case where two stable matrices with

off-diagonal terms of opposing magnitude is not possible. Formerly:

Proof. For any two controllers, K1 and K2, which are negative vectors, and a negative

vector B. For matrices A−BK1 and A−BK2, where A is any full rank square matrix.

If G1 = A − BK1 is a non-symmetric matrix, hence if there exists at least one pair
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of distinct indices i and j such that gij ̸= gji, where gij represents the element in the i-th

row and j-th column of matrix G1.

G1 =



∗ g12 · · · g1n

g21 ∗ · · · g2n
...

... . . . ...

gn1 gn2 · · · ∗


where the diagonal elements (gii) can be any value and G2 = A − BK2. It follows that

G1 ̸= GT
2 since K1 is not equal to K2. The elements of B and K1 contribute to the

asymmetry of A−BK1, making it distinct from its transpose.

Therefore, under the condition that A−BK1 is non-symmetric and all elements of B

and K1 are negative, it can be concluded that (A−BK1) ̸= (A−BK2)
T for different K1

and K2. This proves that under these conditions a linear sum between two controllers K1

and K2 will not create a closed loop matrix that lies outside of a convex subset of stable

matrices.

4.4.9 Proof by Inspection of the Linear Sum of Controllers

Since we only provide a partial proof for the stability of the linear sum we further display

the properties of the linear sum of two negative controllers via a randomised trial for

matrices with the aforementioned properties. Namely a matrix A is randomised with

values between -5 and 5, and a B matrix is randomised with values between -0.1 and -5

and two controllers K1 and K2 are randomised with values between -0.1 and -5. A third

controller that represents the linear sum K3 = (K1 + K2)/2 is then designed from the

first two. The closed loop eigenvalues for each system is displayed in Fig. 4.4.6. It can

be seen in the figure that for all closed loop stable solutions for controllers K1 and K2

the linear sum controller K3 produces poles on their convex hull that are also negative

and stable. We trialed over 10,000 instances of randomised matrices with no observed

exceptions to the rule. This proof by inspection could be extended to other dimensions or
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ranges of state but is left for future work.

Figure 4.4.6 – Negative Feedback Poles for a Linear Sum Controller vs Controllers K1 and K2

4.5 System Analysis Using the Root Locus Technique

In this section we take a traditional SISO analysis using the root locus technique and trans-

fer functions to create a controller by observing the step response, frequency response and

pole locations for a given set of inner loop second order characteristics. The main aims

are to:

• Find the maximum outer loop gain to maintain phase margin (PM) and gain margin

(GM) limits of 45 degrees and 6 dB, respectively.

• Limit the outer loop gain for a given set of inner loop gains to maintain Level 1

flying qualities with a 30% overshoot and 1-second rise time.

• Investigate the limitations of the 3-state proportional-integral (PI) feedback con-

troller in the absence of using a lead compensator.
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G2(s) =
Bq(s− Zα +BαKα) +Bα(Mα −BqKα)

s2 + s(BαKα +BqKq − Zα −Mq) +Kα(ZqBq −MqBα) +Kq(BαMα − ZαBq) + ZαMq −MαZq

(4.46)

To investigate the system properties an inner loop two state transfer function is created

for angle of attack and pitch rate dynamics which is then analysed using root locus tech-

niques in MATLAB. Figure 4.5.2 shows the system outer loop controller with actuator

dynamics and inner loop transfer functions. The inner loop pitch rate transfer function is

derived from the system matrices as follows:

Given the system matrices:

A =

Zα Zq

Mα Mq

 , B =

Bα

Bq


And the transfer function for the elevator actuator:

E(s) =
20.2

s+ 20.2

Compute the desired closed-loop poles:

p1 = −ζωn + ωn

√
ζ2 − 1, p2 = −ζωn − ωn

√
ζ2 − 1

A solution for the feedback gain matrix K is found using pole placement and the

transfer function for the pitch rate dynamics G2(s) = q(s)
qc(s)

can be generated from Eqn.

4.46.

The gain Kθ is found by checking that the gain margin is a minimum of 6 dB and

the phase margin is a minimum of 45 degrees, the overshoot is less than 30% and the

rise time is within 1s. The resulting closed loop transfer function is found from Eqn.

4.47. We analyse set points for the natural frequency and damping ratio characteristics

using the military standards range for Level 1 flying qualities. Damping ratio is set to
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Figure 4.5.1 – Diagram for Root Locus Analysis of Transfer Functions

0.35, 0.5, 0.7, 0.95, 1.3 and natural frequency is set to 2, 2.5, 3, 3.6 rad/s. The upper range

for the natural frequency is used because of the rise time requirement of 1s.

θ(s)

θc(s)
=

KθE(s)G2(s)

1 + Kθ

s
E(s)G2(s)

(4.47)

4.5.1 Results of the Root Locus Analysis

We show a single inner loop pole location and outer loop root locus plot, Fig. 4.5.2 for a

damping ratio of 0.7 and natural frequency of 3 rad/s. The locus has been highlighted for

the limiting case between overshoot and natural frequency which happens to be the limit

of 3.6 rad/s for the natural frequency, giving an outer loop gain of 1.96. Also shown in

Fig. 4.5.3 is the bode plot for all inner loop gains tested of the plant model to show the

phase margin and gain margin criteria being met for a given choice of outer loop gain.

In this example the outer loop gain was set to -3. The step responses are also shown for

three different feedback gains for a range of damping ratios and natural frequencies in

Figs. 4.5.6,4.5.7. The first figure has an outer loop pole placed at -3 and the second figure

a pole at -6. Increasing the outer loop pole reduces the rise time of the step response and

the response tends towards the characteristic second order dynamics defined by the inner

loop gains. This is more clearly seen in Fig. 4.5.5 for outer loop poles increasing up to a

magnitude of -50. The solid green line indicating that a pole of -3 meets the Level 1 rise

time criteria of 1s. The results of the root locus analysis are shown in Fig. 4.5.4. The outer

loop gain is the maximum gain achievable to meet the phase margin of 45 degrees for each
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damping ratio and natural frequency chosen for the inner loop gains. This gives an idea

of the limits that might be expected for a controller optimisation using an optimisation

technique. By analysing a range of responses against the Level 1 flying qualitites a table

can be constructed to identify the optimal operating range for the inner loop and outer

loop pole location, Table 4.5.1. From the pass/fail criteria of overshoot and rise time the

range of optimum natural frequency and damping ratios for the inner loop is between 0.35

and 0.7 for the damping ratio and between 2.5 and 3.6 for the natural frequency. As the

damping ratio increases it becomes increasingly more difficult to achieve the 1s rise time

in the absence of additional controller complexity by adding a lead compensator. As the

natural frequency reduces it also becomes harder to meet the 1s rise time but the overshoot

requirement is easily met until the outer loop pole reaches -10 for a lower damping ratio

of 0.35.

4.5.2 Root Locus Controller Design

From the analysis of the pole locations and the root locus feedback gain limits we choose

a set of optimal natural frequencies and damping ratios for the aircraft and set of resulting

gain designs as shown in Table 4.5.2. From a linear analysis the controllers meet the

design criteria but a full nonlinear simulation is required to assess performance as well as

a comparison to LQR optimal controller designs and CCM designs which we will explore

next.

4.6 Step Response Analysis of Controller Performance

In this study, a nonlinear 3-DOF simulation of an F-16 aircraft, based on NASA wind

tunnel data from the study by Nguyen (1979), is utilised to gather trajectory data under

various aerodynamic coefficient deviations, as detailed in Appendix 4.A. For each of the

controller optimisation methods developed a control policy based on the linear approx-



Table 4.5.1 Analysis of Level 1 Flying Qualities Pass/Fail Criteria for the Inner Loop Damping Ratio
and Natural Frequency and Outer Loop Pole Placment

p3 -2, ζ 0.35 p3 -3, ζ 0.35 p3 -4, ζ 0.35 p3 -6, ζ 0.35 p3 -10, ζ 0.35 p3 -20, ζ 0.35
ωn RT OS RT OS RT OS RT OS RT OS RT OS
2

2.5
3

3.6
p3 -2, ζ 0.5 p3 -3, ζ 0.5 p3 -4, ζ 0.5 p3 -6, ζ 0.5 p3 -10, ζ 0.5 p3 -20, ζ 0.5

ωn RT OS RT OS RT OS RT OS RT OS RT OS
2

2.5
3

3.6
p3 -2, ζ 0.7 p3 -3, ζ 0.7 p3 -4, ζ 0.7 p3 -6, ζ 0.7 p3 -10, ζ 0.7 p3 -20, ζ 0.7

ωn RT OS RT OS RT OS RT OS RT OS RT OS
2

2.5
3

3.6

Pass
Fail

p3 - Simple Pole, ζ - Damping Ratio, ωn - Natural Frequency, RT - Rise Time, OS - Overshoot.

Table 4.5.2 Root Locus Design Options for Controller Gains

ωn ζ Kα Kq Kθ

3.6 0.7 -1.47 -0.57 -3.21
3.6 0.5 -1.65 -0.32 -1.69
3 0.7 -0.89 -0.43 -2.29
3 0.5 -1.04 -0.23 -1.21

191
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Figure 4.5.2 – Root Locus Analysis of Theta Feedback Gain

Figure 4.5.3 – Bode Plots for Varying Inner Loop feedback Gains in Ka and Kq

imation of the aircrafts dynamics subject to damage is derived. This policy, expressed

as a feedback gain matrix, informs the definition of a transfer function and step response

characteristics required for outer loop analysis. Unlike previous studies that concentrated

on the inner loop’s disturbance rejection capabilities to address short period dynamics,

this study employs a step response for the theta command in the outer loop. The step

input is a 5-degree theta command, chosen to be large enough to excite the short period
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Figure 4.5.4 – Magnitude of Theta Feedback Gain to Meet Gain and Phase Margin Requirements
Using a Root Locus Technique. (Error bars indicate that exact PM limits were not used but were
within a few degrees of error to sample the Kt values)

mode dynamics, yet small enough to ensure that Phugoid mode dynamics are negligible

in the response. This choice also ensures that the dynamics approximation remains valid

within the flight envelope used for creating the model approximation and is commensu-

rate with similar studies involing the F-16 short period dynamics, [26, 3]. The output step

responses have been normalized to facilitate the assessment of flying qualities. This ap-

proach is consistent with flying qualities performance metrics, which are assessed based

on step response characteristics. The effectiveness of the outer loop’s theta command

performance hinges on the precise tracking of attitude commands, which is a direct result

of the inner loop’s response to short period dynamics. The step responses are evaluated

against level 1 and level 2 flying qualities standards. The aircraft test cases considered are

detailed in Table 4.6.1.

4.6.1 Analysis of the 6 damaged profiles

The learned state space dynamics from the trajectory data is listed in Appendix 4.B for

the seven configurations. The dynamics were derived from a monomial regression using

an online convex optimization with L1 regularisation, isolating the linear terms.

The nonlinear simulation with the nominal root locus designed baseline controller is



Figure 4.5.5 – Step Response Effect of Increasing Outer Loop Pole Magnitude

Figure 4.5.6 – Inner Loop Damping Analysis p3 = -3

194
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Figure 4.5.7 – Inner Loop Damping Analysis p3 = -6

Aircraft Case Offset Type (Stability)
Baseline No changes to coefficients

Damage 1 Nonlinear offset (more stable)
Damage 2 Nonlinear offset (less stable)
Damage 3 Constant offset (more stable)
Damage 4 Constant offset (less stable)
Damage 5 Ramp offset (more stable)
Damage 6 Ramp offset (less stable)

Table 4.6.1 Summary of the Aircraft Aerodynamic Coefficient Modifications between 0 and 20
degrees alpha

used to analyse a step response with the aerodynamic coefficients modified to the damage

profiles to show the effect on the proportional feedback controllers response. Figure 4.6.1

shows the step responses for each damaged cases compared to the baseline and Level

1 and Level 2 flying qualities. The baseline step response does not meet the rise time

requirement due to the nonlinear dynamics of the system whereas the linear analysis of

the response met the requirement adequately. There is also an oscillation after the intial

response which means there is a mixed mode in the feedback that could be improved.

Looking at the damaged profiles that are more stable all the responses overshoot the set

point whereas all the less stable profiles undershoot the set point although the responses

have a similar transient dynamics. Although the more stable damaged profiles, (3 and

4), meet the initial rise time and overshoot requirements, all of the damaged profiles lie
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outside of the Level 1 flying qualities in terms of a settling time of 3s to be within 5% of

the command set point.

Figure 4.6.1 – Root Locus Controller Subject to Damaged Aircraft Simulation for a Step Size of
5 degrees

4.7 Results

The controller designs are shown in Table 4.7.1 for the baseline case and with the Tables

in the Appendix 4.C(4.C.1) to 4.C(4.C.6) for each damaged aircraft case. It can be seen

that the CCM double loop controllers have all negative values for the gains which is

desirable from a robust point of view that no feedback channel will be contributing to

unstable behaviour. The RCCM controllers are also all negative terms whereas the pole

placement solution and the single loop optimisation for the CCM controller have positive

terms for the alpha feedback. The RCCM theta gain terms directly equal the prioritisation

weighting used in the LMI which defines the saturation bound on the elevator actuation.

The pole placement gain for theta has the largest gain magnitude out of all controllers.

The root locus baseline design being [−0.89, −0.43, −2.29] correlates most closely with

the hybrid linear sum controller.
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4.7.1 Linear Approximation Step Responses

Figure 4.7.1 shows the baseline step responses for each controller design. The appendix

figures 4.D(a) to 4.D(f) show the step responses for the learned linear dynamics in off-

nominal conditions. The step responses are derived using a transfer function from the

linear dynamics approximation from trajectory data. The responses are compared to the

Level 1 and Level 2 flying qualities rise time and overshoot time domain requirements. It

can be seen that the controllers all lie within the Level 1 flying qualities requirements ex-

cept for the CCM Double Loop and Hybrid Double Loop optimisations that have too large

an undershoot due to the oscillatory transient response for the baseline and damaged case

1. Whereas the RCCM controllers are all smooth the nominal RCCM control policy with

identity prioritisation matrix has too slow a rise time to meet the level 1 flying qualtities

condition. The pole placement controller consistently produces an overshoot consistent

with the reference design. The single loop CCM controller has a similar overshoot to the

pole placement controller but a slower rise time. Whereas the double loop CCM con-

troller has a similar rise time to the single loop CCM controller but a larger overshoot and

undershoot. The hybrid double loop controller has a faster response than the CCM single

or double controllers but the overshoot is sometimes greater than the CCM double con-

trollers response and sometimes less than the overshoot of the CCM double controller.

The RCCM controllers are both smooth with the optimum controller being the RCCM

controller with a theta prioritisation weighting of 4. The RCCM unity controller fails to

meet the Level 1 rise time response. It’s important to note that although the controllers

may appear to perform optimally in the linear case the controller saturation and nonlinear

effects must also be taken into consideration to assess the robustness and suitability of

each design which is proposed as future work.
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Table 4.7.1 Baseline

Test Ka Kq Kt
RCCM 1 0.0016 16 0.111 -1.015 -4.000
RCCM 1 0.0016 1 -0.108 -0.487 -1.000
CCM Single λ = 1.5 1.134 -0.514 -2.240
CCM Double λ = 1.5 -0.178 -0.229 -1.478
Hybrid Double λ = 1.5 -0.394 -0.294 -2.218
LIN Hybrid λ = 1.5 λ = 1.5 -0.033 -0.622 -2.739
CCM Single λ = 2.1 3.85 -0.85 -6.51
CCM Double λ = 2.1 -0.55 -0.41 -3.80
Place 2.430 -0.833 -4.442

Figure 4.7.1 – Controller Step Responses for the Baseline Case

4.8 Conclusions and Future Work

In this study a set of damaged aircraft coefficient profiles for an F-16 aircraft have been de-

veloped and a linear regression performed to approximate the short period mode dynamics

as inputs for a control policy optimisation. Six novel control optimisation techniques have

been developed and compared to Level 1 and Level 2 flying qualities for 7 different linear

approximations of the aircraft dyanamics. The CCM controllers place the poles of the

system in a similar arrangement to standard pole placement techniques but the resulting

controller has a large overshoot compared to optimal controllers or root locus designs.
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The CCM controller also has a positive feedback alpha gain which is undesirable from a

robustness perspective. The double loop CCM controller explicitly places both the inner

and outer loop poles based on a contraction rate and creates all negative feedback terms

but the controller still has a large overshoot and natural frequency which is non-optimal.

Robust CCM techniques based on the LQR framework offer smooth transient responses

with guarantees on gain and phase margins although are only certified for asymptotic sta-

bility a weaker form of stability compared to the exponential stability offered by the CCM

controllers. A hybrid LMI framework that trades-off the performance of both RCCM and

CCM controllers provides no transient response guarantees for the mixed cases although

stability is certifiable the performance is not suitable for flying qualities guarantees. A

linear sum hybrid controller under the condition that the B matrix and K matrix are both

negative has been certified as stable in mixing an RCCM and CCM controller design.

The linear hybrid case therefore provides an effective trade-off of robust performance and

exponential stability. Further a parameterisation of the RCCM framework provides for

improved scaling in the output dimensions and has been shown to offer greater degrees of

freedom in optimisation of the closed loop poles. The extensions and future developments

of this baseline approach are:

1. The controllers will be tested with the nonlinear simulation for disturbance inputs

to analyse the performance and robustness of each design approach.

2. In the parameterised RCCM formulation updating the prioritisation matrix with

feedback data in a reinforcement style loop could be implemented to adapt the

controller to in flight data gathering.
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Appendix

4.A Aerodynamic Coefficient Deviations from Baseline
Dynamics

(a) Baseline Cz vs AoA (b) Baseline Cx vs AoA (c) Baseline Cm vs AoA

(a) D1 Nonlinear ∆Cz, Cz vs AoA (b) D1 Nonlinear ∆Cx, Cx vs AoA (c) D1 Nonlinear ∆Cm, Cm vs AoA

(a) D2 Nonlinear ∆Cz, Cz vs AoA (b) D2 Nonlinear Cx vs AoA (c) D2 Nonlinear Cm vs AoA

Figure 4.A.1 – Pitching Moment and Axial Aerodynamic Force Coefficients for Varying An-
gles of Attack (AoA) and Varying Elevator Deflection Angles. Baseline Dynamics and Damage
Profiles Baseline to D2

200
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(a) D3 Constant ∆Cz, Cz vs AoA (b) D3 Constant ∆Cx, Cx vs AoA (c) D3 Constant ∆Cm, Cm vs AoA

(a) D4 Constant ∆Cz, Cz (b) D4 Constant ∆Cx, Cx (c) D4 Constant ∆Cm, Cm

(a) D5 Linear ∆Cz, Cz (b) D5 Linear ∆Cx, Cx (c) D5 Linear ∆Cm, Cm

(a) D6 Linear ∆Cz, Cz (b) D6 Linear ∆Cx, Cx (c) D6 Linear ∆Cm, Cm

Figure 4.A.2 – Pitching Moment, and Axial Aerodynamic Force Coefficients for Varying An-
gles of Attack (AoA) and Varying Elevator Deflection Angles. Baseline Dynamics and Damage
Profiles D3 to D6
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4.B Linear Approximations for The Short Period Dy-
namics

Baseline Aircraft:

A1 =

−0.727 0.968 0
−1.348 −0.779 0

0 1 0

 , B1 =

−0.090−6.017
0

 (4.48)

Damaged Aircraft Case 1:

A2 =

−0.580 0.916 0
−2.414 −1.164 0

0 1 0

 , B2 =

−0.153−9.605
0

 (4.49)

Damaged Aircraft Case 2:

A3 =

−0.712 0.918 0
−1.861 −0.777 0

0 1 0

 , B3 =

−0.099−4.970
0

 (4.50)

Damaged Aircraft Case 3:

A4 =

−0.618 0.928 0
−0.755 −0.913 0

0 1 0

 , B4 =

−0.076−5.976
0

 (4.51)

Damaged Aircraft Case 4:

A5 =

−0.631 0.923 0
−0.422 −0.847 0

0 1 0

 , B5 =

−0.104−5.699
0

 (4.52)

Damaged Aircraft Case 5:

A6 =

−0.671 0.933 0
−1.248 −1.187 0

0 1 0

 , B6 =

−0.084−9.023
0

 (4.53)

Damaged Aircraft Case 6:

A7 =

−0.801 0.917 0
−0.097 −0.961 0

0 1 0

 , B7 =

−0.115−7.142
0

 (4.54)
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4.C Comparison of Feedback Gain Matrices for Each
Controller Design for Each Aircraft Condition

Table 4.C.1 Damage Case 1

Test Ka Kq Kt
RCCM 1 0.0016 16 0.137 -0.785 -4.000
RCCM 1 0.0016 1 -0.107 -0.369 -1.000
CCM Single λ = 1.5 1.313 -0.308 -1.921
CCM Double λ = 1.5 -0.118 -0.118 -1.403
Hybrid Double λ = 1.5 -0.420 -0.206 -2.105
LIN Hybrid λ = 1.5 0.009 -0.452 -2.702
CCM Single λ = 2.1 3.89 -0.54 -5.33
CCM Double λ = 2.1 -0.37 -0.23 -3.33
Place 2.526 -0.515 -3.636

Table 4.C.2 Damage Case 2

Test Ka Kq Kt
RCCM 1 0.0016 16 0.251 -1.084 -4.000
RCCM 1 0.0016 1 0.013 -0.489 -1.000
CCM Single λ = 1.5 1.771 -0.641 -3.038
CCM Double λ = 1.5 -0.239 -0.279 -2.060
Hybrid Double λ = 1.5 -0.335 -0.286 -3.091
LIN Hybrid λ = 1.5 0.006 -0.682 -3.030
CCM Single λ = 2.1 5.58 -1.08 -8.54
CCM Double λ = 2.1 -0.73 -0.49 -5.09
Place 3.431 -1.036 -5.633

Table 4.C.3 Damage Case 3

Test Ka Kq Kt
RCCM 1 0.0016 16 0.022 -1.011 -4.000
RCCM 1 0.0016 1 -0.186 -0.490 -1.000
CCM Single λ = 1.5 1.236 -0.512 -2.340
CCM Double λ = 1.5 -0.207 -0.226 -1.465
Hybrid Double λ = 1.5 -0.485 -0.307 -2.197
LIN Hybrid λ = 1.5 -0.092 -0.619 -2.732
CCM Single λ = 2.1 4.66 -0.86 -7.20
CCM Double λ = 2.1 -0.62 -0.41 -4.07
Place 3.126 -0.838 -5.197

Table 4.C.4 Damage Case 4

Test Ka Kq Kt
RCCM 1 0.0016 16 -0.027 -1.048 -4.000
RCCM 1 0.0016 1 -0.227 -0.516 -1.000
CCM Single λ = 1.5 1.142 -0.551 -2.319
CCM Double λ = 1.5 -0.223 -0.246 -1.388
Hybrid Double λ = 1.5 -0.515 -0.329 -2.081
LIN Hybrid λ = 1.5 -0.125 -0.647 -2.694
CCM Single λ = 2.1 4.62 -0.93 -7.31
CCM Double λ = 2.1 -0.66 -0.43 -4.03
Place 3.110 -0.903 -5.320

Table 4.C.5 Damage Case 5

Test Ka Kq Kt
RCCM 1 0.0016 16 0.032 -0.816 -4.000
RCCM 1 0.0016 1 -0.186 -0.394 -1.000
CCM Single λ = 1.5 0.718 -0.299 -1.358
CCM Double λ = 1.5 -0.097 -0.115 -0.951
Hybrid Double λ = 1.5 -0.455 -0.226 -1.427
LIN Hybrid λ = 1.5 -0.033 -0.465 -2.476
CCM Single λ = 2.1 2.58 -0.52 -4.16
CCM Double λ = 2.1 -0.34 -0.23 -2.50
Place 1.860 -0.510 -3.177

Table 4.C.6 Damage Case 6

Test Ka Kq Kt
RCCM 1 0.0016 16 -0.082 -0.941 -4.000
RCCM 1 0.0016 1 -0.266 -0.468 -1.000
CCM Single λ = 1.5 0.388 -0.390 -1.200
CCM Double λ = 1.5 -0.113 -0.157 -0.737
Hybrid Double λ = 1.5 -0.496 -0.278 -1.106
LIN Hybrid λ = 1.5 -0.097 -0.549 -2.369
CCM Single λ = 2.1 2.09 -0.67 -4.08
CCM Double λ = 2.1 -0.41 -0.31 -2.27
Place 1.567 -0.661 -3.308
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4.D Step Responses for Each Controller Design for the 6
Damaged Aircraft Linear Approximations

(a) Controller Step Responses for the Dam-
aged Case 1

(b) Controller Step Responses for the Dam-
aged Case 2

(c) Controller Step Responses for the Dam-
aged Case 3

(d) Controller Step Responses for the Dam-
aged Case 4

(e) Controller Step Responses for the Dam-
aged Case 5

(f) Controller Step Responses for the Dam-
aged Case 6
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Chapter 5

Performance Evaluation of 2-Loop
CCM and Hybrid RCCM Adaptive
Controller

5.1 Introduction

Optimising controllers online for high dimensional systems is inherent to aerospace ap-

plications where complex interactions and multivariable system dynamics occur. One

modern approach that has guarantees on the feasiblity of solutions and speed of compu-

tation is the use of convex optimisation. It is thought that convex optimisation control

policies are ”the PID controllers of the 21st century” [14]. The benefits of convex solvers

are that the solutions are interpretable, the optimisation can incorporate constraints on

the system either as invariant sets, inequalities or cost functions, any uncertainties in the

dynamics or inputs can be added easily to the optimisation, and the solutions are deter-

ministic. One recent method that exploits these traits in nonlinear control design is the

use of control contraction metrics that leverage the use of convex optimisation to generate

control certificates. In previous work we developed a learning pipeline adopting a control

contraction metric as a certification for stability via convex solvers. We further developed

a novel algorithm to explicitly place the closed loop feedback poles of the system relative

to flying qualities specifications using a Control Contraction Metric (CCM) optimisation.

A method to certify stability adopting a hybrid controller was also explored that traded

208



CHAPTER 5. LONGITUDINAL CONTROLLER PERFORMANCE 209

off robust control via a Linear Quadratic Regulator (LQR) like framework and exponen-

tial control via the CCM controller. In this work we continue the study of the designed

controllers by applying them to a nonlinear simulation of an F-16 longitudinal model with

6 different aerodynamic profiles simulating faults to the aircraft. The nonlinear analysis

is intended to identify the robustness of each controller design as well as performance

in tracking a doublet command and comparison to flying qualities characterstics. In the

previous paper we found that a 2-loop CCM controller produced all negative feedback

terms whereas a single loop CCM controller created a positive alpha feedback similar to

a full state pole placement design. We showed that an LQR like Robust CCM (RCCM)

formulation provided more degrees of freedom in optimisation of the control policy via

prioritisation weighting of the systems states. A hybrid linear sum controller was also

certified as stable under certain conditions on the B matrix and feedback Gain matrix

such that a trade-off of robust control and exponential control could be adopted. In this

paper we compare the new controllers to a baseline root locus approach and a pole place-

ment technique. The intention is to show the mechanism for controller design from first

principles rather than to compare performance with advanced controller techniques. The

CCM techniques offer a middle ground in nonlinear control optimisations between LQR

techniques and Nonlinear Model Predicitve Control (NMPC) techniques, [7]. The Robust

CCM technique is closely related to LQR control and H∞ control as described in [10].

5.1.1 Approach Overview

In this work a nonlinear F-16 Longitudinal simulator is used to test the adaptive controllers

developed subject to deviations from the baseline dynamics. The learning pipeline con-

sists of a batch of 40s of trajectory data excited by a sinusoidal stick input from which a

linear approximation of the flight dynamics is formed. The linear approximation is then

used to optimise a control policy certified by the CCM controller. A doublet input is used

to assess the nonlinear performance of the controller designs. The simulator is based on

a previous study by Nguyen at al. [11] that measured the aerodynamic coefficients of an
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F-16 from wind tunnel data. The 6 damaged aircraft profiles relate to safe controllable

deviations from the baseline aerodynamic coefficients, taking the aircraft out the nominal

Level 1 flying qualtities. The deviations are intended to show how the performance of the

aircraft can be improved without the need for recovery or control allocation techniques.

Our approach aims to provide a methodology that can be tailored to other fixed wing

aircraft.

5.1.2 Related Work

Prior research most aligned to this study is that of [6] where the authors use adaptive back-

stepping for a longitudinal controller and ensure adequate short period mode properties

by selection of model parameters via a performance specification model. The approach

covers a wide range of the flight envelope and the authors cite that the adaptive control

law is much simpler and easier to construct compared to other approaches. Backstep-

ping is also adopted by Sonneveldt et al. [12] to update control laws via B-Spline neural

networks scheduled at different flight conditions. The authors demonstrate the robust-

ness and handling qualities of their approach in the presence of uncertain aerodynamic

parameters. Previous work that separates adaptive control for the inner and outer loop

of a helicopter attitude and trajectory was carried out by Johnson et al. [5]. A Pseudo

Control Hedging technique is used in the inner loop to avoid incorrect adaptation when

control limits are reached. The approach also considers the correct placement of poles

and the mitigation of inner and outer loop interactions. Pole placement using LMIs was

proposed by Chilali et al. [2] as complex set constraints to bound the stability properties

of dynamic systems. The pole constraints ensure that guarantees are met for transient

response characteristics. The approach also provides robust pole placements as LMI op-

timisations. A useful reference for static feedback LMI strucutres and definitions is the

work of Boyd et al. [1] and an extensive overview of convex optimisation applications in-

cluding the SpaceX rocket landing guidance and other trajectory optimisation use cases is

presented in [8]. Static feedback controllers for nonlinear systems have been explored in
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recent work adopting state dependent Ricatti Equations (SDRE). The technique is thought

to outperform nonlinear control techniques and is an active area of research for nonlinear

control problems [3]. The authors in [4] compare LQR and SDRE for a high performance

aircraft in longitudinal flight at high angles of attack where nonlinearities start to occur.

They showed that the SDRE control was able to return to safe flight conditions where the

LQR controller failed. Previous work on control contraction metrics relevant to this study

include the works by Manchester et al. [9],[10] and Tsukamoto et al. [13].

5.1.3 Statement of Contributions

The CCM controllers offer exponential control policies for rise time performance whereas

the Robust CCM framwork is an optimal control policy that uses a quadratic cost on the

states of the system that can be weighted to achieve certain transient performance proper-

ties more so than the CCM controller. The hybrid controllers offer a trade-off between the

two controllers to chose to prioritise performance over robustness. The aim is to see how

the controllers respond in a nonlinear scenario with variations in the nonlinear deviations

but using a linear approximating function to derive the controllers. The controllers that

best reduce steady state errors, tracking errors and maintain stability in all test conditions

are the most suitable.

5.1.4 Statement of Contributions

The main contributions are:

1. An analysis of the robustness properties of six novel controllers adopting a CCM,

RCCM and a Linear Sum and Hybrid LMI framework. Our analysis fills a gap in

the existing literature by examining six novel controllers under varying nonlinear

scenarios.

2. A comparison of two Hybrid approaches in mixing CCM optimisation with RCCM

controllers. For each approach an iteration of the mixing parameter in 10 intervals
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is compared with the mid-point and bounds highlighted to provide an insight into

the mixed transient performance properties for each approach.

3. A comparison to a baseline root locus designed controller and pole placement ap-

proach offers a benchmark for evaluating the efficacy of new control strategies.

5.1.5 Layout of the paper

The rest of this paper is structured as follows: Section 5.2 provides a description of the

nonlinear simulation and the test methodology to analyse the controllers, Section 5.3 is

a review of the algorithms and LMIs used for each controller, Section 5.4 presents the

results of the study, Section 5.5 is a discussion and Section 5.6 is the conclusions and

proposed future work.

5.2 Testing Methodology Damage Profiles and Simula-

tion Technique

For this study a nonlinear 3-DOF simulation of an F-16 aircraft, created using NASA wind

tunnel data from the study by [11] is used to test the adaptive controllers. This work adopts

a new input test cases in the form of a 5 degree pitch attitude doublet disturbance where the

doublet rise time reduces from ∆t = 2s in the first period to an impulse step in the second

period. The impulse duration represents both a pilot input and a sudden atmospheric

distubance to test the control saturation limits. The simulator includes actuator dynamics

for the elevator and operates under a constant thrust input for steady level flight. For

this study the learning pipeline is reduced to a hard-coded set of linear approximations

manually activated and derived from 40 seconds of flight data under 7 different aircraft

aerodynamic profiles described in the Appendix 4.A. The damaged profiles are deviations

of the baseline aerodynamic coefficients between 0 and 20 degreees angle of attack where

the nominal coefficients exhibit fairly linear behaviour. The deviations simulate damage
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that would result in three types of behaviour, a constant offset, a ramped offset and a

nonlinear offset in with an inflection point maximum at the mid range. The offsets are then

both positive and negative to create profiles that cause the aircraft to be more dynamically

stable and less dynamically stable in the open loop dynamics respectively. The rationale

behind the damage profiles is to create varying degrees of dynamics complexity that takes

the aircraft out of the level 1 flying qualities at low angles of attack to assess the learning

algorithms ability to modify the control policy to maintain performance during the short

period mode oscillations. We list the 7 aircraft test cases summarised here in Table 5.2.1.

Aircraft Case Offset Type (Stability)
Baseline No changes to coefficients

Damage 1 Nonlinear offset (more stable)
Damage 2 Nonlinear offset (less stable)
Damage 3 Constant offset (more stable)
Damage 4 Constant offset (less stable)
Damage 5 Ramp offset (more stable)
Damage 6 Ramp offset (less stable)

Table 5.2.1 Summary of the Aircraft Aerodynamic Coefficient Modifications between 0 and 20
degrees alpha

The equations of motion for the longitudinal aircraft dynamics are:

u̇ = −qw − g sin θ +
q̄S

m
CXt(α, q, δh) +

FT

m

ẇ = qu+ g cos θ +
q̄S

m
CZt(α, q, δh)

θ̇ = q (5.1)

V̇T =
(uu̇+ wẇ)

VT

α̇ =
uẇ − wu̇

u2 + w2

q̇ =
Cmt(α, q, δh)q̄Sc̄

Iyy

where u,w, θ, VT , α and q are the aircraft’s body x-axis velocity, body z-axis velocity,

pitch angle, total velocity, angle-of-attack and pitch-rate respectively. FT is the single
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engine thrust force. m is the mass of the aircraft and Iyy the moment of inertia about the

y-axis. q̄ is the dynamic pressure which is equal to 1
2
ρV 2

T . S is the wing area and c̄ is the

mean aerodynamic chord.

Table 5.2.2 Aircraft Properties

Parameter Symbol Value Units

Mass m 9295.44 kg

Wing Area S 27.87 m2

Mean Aerodynamic Chord c̄ 3.45 m

Moment of Inertia Iyy 75673.6 kg.m2

Ref CG location xcgr 0.35c̄ m

CG location xcg 0.3c̄ m

The aerodynamic force coefficients in the body axis are CZt , CXt and the aerodynamic

moment coefficient is Cmt . All coefficients are functions of the states α and q and the

elevator deflection angle δh. Values for the coefficents are taken from the high-fidelity

model tables listed in [11].

CXt(α, q, δh) = CX(α, q, δh) +
c̄q

2V
CXq

CZt(α, q, δh) = CZ(α, q, δh)
c̄q

2V
CZq (5.2)

Cmt(α, q, δh) = Cm(α, q, δh) + CZt(xcgr − xcg) +
c̄q

2V
Cmq

The aerodynamic force coefficents CZ , CX and pitching moment coefficient CM are

functions of the the states α, q where higher order terms, α̇, q̇, are neglected. The simula-

tion also calculates the coefficients as a nonlinear function of the control input from the

elevator δh. Implemented into the model are lookup tables with breakpoints taken from

the NASA wind tunnel study in α and δh so that the test case damage profiles can be

switched programmatically in the tests.
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The simulator passes the learned dynamics parameters to the CCM optimization cer-

tificate. This certificate assures that a stable policy is passed onto the adaptive controller

Fig. 5.2.1.

Figure 5.2.1 – Simulator Block Diagram

The adaptive controllers pass learned controller gains to a memory store that updates

the proportinal feedback attitude hold controller depicted in Fig. 5.2.2.

5.3 CCM and RCCM Linear Matrix Inequality Optimi-

sation and Algorithmic Controller Designs

There are a total of six designs tested for the control policies adopting variations of the

CCM LMI using the parameters shown in Table 5.3.1. The first two controllers are the

Robust CCM controllers with quadratic weightings. The first with a weighting of 4 for

Table 5.2.3 Simulation Trim Settings

Parameter Symbol Value Units

Altitude h 4572 (15, 000) m (ft)

Velocity VT 152.4 (500) m/s (ft/s)

Elevator Trim δhtr −4.55 deg

AoA Trim αtr 4.47 deg

Pitch Rate Trim qtr 0 deg/s

Thrust Trim FT 9433 N
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Figure 5.2.2 – Two-Loop Attitude Hold Feedback Controller in Simulator Setup with Trim Cor-
rection

the theta channel and the second with unity weighting for all states but both controllers

are scaled by a scaling matrix S. The second two controllers tested are the CCM con-

trollers that certify exponential decay of the tracking offset. The single loop as bounds

on all states and the double loop explicitly for the inner and outer loops via the feedback

gains. The hybrid controllers are tested to understand how a mixed controller between

the robust and exponential designs performs depending upon the optimisation. The hy-

brid LMI controller mixes the linear sum as constraints directly in the LMI optimisation

whereas the linear sum mixes the controller gain outputs from separate designs under cer-

tain constraints. The hybrid LMI is also designed with both the single loop solution CCM

and double loop solutions but the single loop solution is not presented in this paper. The

output controller gains for each aircraft test case are listed in Appendix 4.B.

We describe the structure of each linear matrix optimisation here. The algorithms used

to optimise the controller gains for this study are derived from the standard static CCM

LMI formulation, Equation (5.3).
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Table 5.3.1 Parameters Used in Controller Designs

Controller λ S P a

RCCM 1 0016 16 -



1 0 0

0 0.04 0

0 0 1





1 0 0

0 1 0

0 0 4


-

RCCM 1 0016 1 -



1 0 0

0 0.04 0

0 0 1





1 0 0

0 1 0

0 0 1


-

CCM Single 1.5 - - -

CCM Double 1.5 - - -

Hybrid Single 1.5



1 0 0

0 0.04 0

0 0 1





1 0 0

0 1 0

0 0 1


0.5

Hybrid Double 1.5



1 0 0

0 0.04 0

0 0 1





1 0 0

0 1 0

0 0 4


0.5

LIN Hybrid 1.5



1 0 0

0 0.04 0

0 0 1





1 0 0

0 1 0

0 0 1


0.5

min
wij∈Rnxn

>0

−trace(W )

s.t. W ≥ 0 (5.3)

AW +WAT −BBT ≤ −2λW

where A is the Jacobian of the linear dynamics of the system and B is the control effective-

ness matrix. The optimisation involves searching for a dual-metric W = M−1, a positive

definite symmetric matrix, scaled by a positive coefficient lambda that signifies the rate of

contraction, where the metric W measures the negative definite properties of the closed
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loop dynamics. If the closed loop dynamics in the metric are negative definite by more

than 2λW then the system is said to be exponentially stable with a contraction rate of λ in

the metric. Closed loop feedback gains for the system are found from K = 1
2
BTM . The

controller creates a differential feedback with static gain matrix K:

u(t) = −Kδx(t) (5.4)

The RCCM LMI derived from [10] used in this study is modified from Eqn. (5.5):

 W (CW +DY )T

(CW +DY ) I

 ≤ 0 (5.5)

whereW = −Ẇ +WAT + AW +BY +BTY T + 1
α2HHT

where the C ∈ Rp×n matrix represents the state space output matrix, D ∈ Rp×m the

feedforward matrix and Y ∈ Rm×n a gain matrix for the system, where x(t) ∈ Rn,

u(t) ∈ Rm and y(t) ∈ Rp. Since H = 0, D = 0 and by Finsler’s lemma the BY +Y TBT

becomes ρBBT . The ρ term can be absorbed into the W metric since for static time

invariant metrics Ẇ is zero, the inequality becomes Eqn. (5.6):

WAT + AW −BBT W TCT

CW I

 < 0 (5.6)

where equating C to SP we have:

WAT + AW −BBT W TP TST

SPW I

 < 0 (5.7)

A mixed constraint hybrid LMI also tested includes a linear weighting parameter a

scaled between 0 and 1, Eqn. (5.8):
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WAT + AW −BBT + 2λW (1− a)
√
aW TP TST

√
aSPW I

 < 0 (5.8)

In the hybrid LMI the gain matrix is also modified with a parameter p scaled by the

mixing parameter a.

p = a+
(1− a)

2
(5.9)

u = −pKδx(t) (5.10)

The single loop CCM controller is described by Algorithm 5. In the single loop the

three state A and B matrix values are input to the optimisation along with the first iteration

of the contraction rate λ. If a feasible dual-metric W is found and the natural frequency

is within bounds then a controller gain is stored and indexed in a table lookup along with

a ratio qualifying the distance the controller is from a designated design condition. For

a given range of λ the algorithm outputs the controller for the indexed ratio closest to

the design goal. In the double loop algorithm, described in Algorithm (6), the inner loop

A and B matrices are first passed to a two state optiisation for the metric W and the

resulting gains saved as the inner loop values. Then the closed loop inner system derived

from Aclosedloopinner
= Ainner −BinnerKOPTinner

is passed to a second CCM optimisation

for the outer loop metric. The outer loop gain for the third state is combined with the

gains for the inner loop states to create the final controller.
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Algorithm 5: Single Loop Optimisation CCM
70 Input: A and B matrix coefficients of the learned dynamics; ζdωnd

the decay rate
design condition

71 for λi = (ζω)min : ∆λ : (ζω)max do
72 if (Wfeas == true) then
73 W ← {w11, w12, w22} ← CCM
74 ωni

← ωn(W,A,B)
75 if ωnmin ≤ ωni

≤ ωnmax then

76 KOPTi
= 0.5BT (W )−1

77 ratioi ← λi/(ζdωnd
)

78 else
79 λi ← λi+1

80 else
81 λi ← λi+1

82 Output: KOPTi
for i min |ratioi − 1|

5.4 Results

5.4.1 Nonlinear Simulation Doublet Responses

In the nonlinear simulation the controllers are first compared in the baseline aircraft con-

dition to compare the performance to the root locus design Fig. 5.4.1. With the CCM

controller contraction rate of 2.1 the baseline tracking performance has a smaller error

for the double loop but the single loop has a small overshoot for the first more gradual

doublet. When the CCM controller is subject to an impulse step, however the gains are

too high and the elevator becomes saturated causing an unstable oscillation. For the re-

maining CCM controllers therefore the contraction rate is reduced from a value of 2.1 to

1.5.

Figure 5.4.2 compares the CCM controllers with a contraction rate of 1.5. Here we

are just looking at the performance of the CCM techniques compared to the RCCM tech-

niques with the two prioritisation weightings. Although the CCM controllers outperform

the RCCM unity weighting controller for rise time they both exhibit an undesirable mixed

modal response that oscillates at the set point. The Double CCM controller has less over-
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Algorithm 6: Double Loop Optimisation CCM
83 Input: Ainner and Binner matrix coefficients of the learned dynamics for the inner

loop; ζdωnd
the decay rate design condition

84 for λi = (ζω)min : ∆λ : (ζω)max do
85 if (Wfeas == true) then
86 W ← {w11, w12, w22} ← CCMInnerLoop

87 ωni
← ωn(W,A,B)

88 if ωnmin ≤ ωni
≤ ωnmax then

89 KOPTinner = 0.5BT (W )−1

90 ACLinner ← (Ainner −BinnerKOPTinner)

91 continue
92 else
93 λi ← λi+1

94 Input: Aclosed-loopinner
, Aouter and Bouter

95 Aouter ← ACLinner

96 for λi = (ζω)min : ∆λ : (ζω)max do
97 W ← {w13, w23, w33} ← CCMOuterLoop

98 if (Wfeas == true) then
99 M = W−1

100 ratioi ← λi/(ζdωnd
)

101 KOPTi
= 0.5BT (W )−1

102 ratioi ← λi/(ζdωnd
)

103 else
104 λi ← λi+1

105 Output: KOPTouteri

106 KOPTouteri ← KOPTinneri

107 Output: KOPTouteri for i min |ratioi − 1|

shoot on the negative step input compared to the Single CCM controller but oscillates

more at the impulse step command compared to the Single CCM controller. Both RCCM

controllers have smooth transitions with the highest weighted RCCM controller following

the command input precisely. The root locus design performs somewhere inbetween the

performance of both RCCM controllers with some multimodal characteritics also similar

to the more extreme case of the double CCM controller.

In Figure 5.4.3 we have highlighted the effect of increasing the contraction rate used

in the optimisation of the CCM controllers from a value of 0.8 to 2 in 0.2 increments.

This highlights the sensitivity in the single loop CCM to excitation of the modal response
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whereas the double loop CCM is less sensitive and follows the command signal with

less tracking error. This validates somewhat the benefits of a more explicit eigenvalue

constraint per loop in the optimisation, although the oscillation is still not as smooth as

the RCCM controllers.

In Figure 5.4.4 we have applied the root locus controller design to the airframe and

then simulated each aircraft damaged condition with no adaptation in the controller gains.

This shows the situation where the aircraft would benefit from controller redesign to better

tune the controller gains to match the changing dynamics and sensisivity of the actuator.

The dotted lines are all damaged profiles that reduce the stability of the airframe whereas

the dashed lines are damage profiles that increase the stability of the airframe. Because the

controller is robust enough to maintain stable flight the effect of the damage just causes

a steady state error in the responses in the most extreme cases by up to a few degrees

in pitch. These responses form a baseline deviation from the command by which the

adaptive controller responses can be compared.

Figure 5.4.5 shows the unstable responses of the controller designed using the pole

placement technique. In the linear approximation case the controller performed well but

with the nonlinear dynamics and actuator dynamics included in the simulation there is

instability due to the positive alpha gain and the large theta gain terms. The choice and

location of poles therefore requires some trial and error testing or expert knowledge to

remain stable under all operating conditions.

In the next figures, Fig. 5.4.6 and Fig. 5.4.7, we apply the CCM Single and Double

loop controllers to all damaged configurations to see how well they adapt to the changing

dynamics. The single loop controller improves the tracking error compared to the baseline

root locus performance but exhibits a larger overshoot especially for the baseline case for

a contraction rate of 1.5.

Figures 5.4.8 and 5.4.9 show the effect of reducing the contraction rate to 1.2 from 1.5

in the previous graphs. Although the overshoot is reduced for both the double and single

loop CCM controllers there are larger tracking errors for the damaged cases 5 and 6, the
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ramp offsets. It highlights an issue with taking a linear approximation for a nonlinear

change in the dynamics that the uncertainty in the approximation and the uncertainty due

to the controller design can cause larger deviations from the the optimal controller design.

The double loop CCM also seems to be more susceptible to this nonlinear uncertainty

than the single loop CCM controller as more of the damaged profiles have a tracking

error furhter from the command. It also highlights the need to choose a contraction rate

that balances performance for tracking error reduction that also does not overshoot or

oscillate severely.

The RCCM controllers for all damaged conditions are shown in Figures 5.4.10 and

5.4.11. These controllers being based on optimal quadratic regulator design are much

smoother in their transient responses. The steady state errors are larger in the unity

weighting controller. The error appears to be due to the linear approximation errors in

the dynamics being different to the physical nonlinear dynamics of the system because

the baseline controller has more precise tracking. The priority weighting of 4 for the

theta feedback appears to be optimal for this system because the rise time and tracking

error is small and there is no significant overshoot. It poses the question of whether an

exponential controller or an asymptotic controller can or needs to be traded off in terms

of performance if the asymptotic controller can be certified as both robust and optimal in

performance it appears to be the better choice for flying qualities and reliability.

The next set of figures explore the concept of mixing controllers that were previously

defined. Figure 5.4.12 shows a hybrid controller that combines the linear sum of a double

loop CCM controller and a unity weighting RCCM controller with a mixing parameter

a = 0.5. The mixed responses show both characteristics of the RCCM, the smoother

transient responses and the smaller overshoot of the CCM controller while having a faster

rise time for the RCCM unity controller. The combination of the two controllers therefore

provides some benefit of each while also inhibiting to some extent the shortcomings.

Figure 5.4.13 shows the baseline responses for a set of hybrid controllers varying between

0 and 1 for the LMI version of the controller. The blue and red solid lines represent the
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extremes of the mixing at a = 1 when the controller is a unity RCCM controller and

a = 0 when the controller is a double loop CCM controller. The mid-point in the mixing

is highlighted as a magenta line that shows a non-linear transition between responses.

Whereas if we look at 5.4.14, where the linear sum of controllers is shown the mid-

point is in the middle of the two extremes and so provides a greater guarantee on the

performance of the mixed controller. This trend can also be observed in the most extreme

case in the damaged case 6 for the LMI mixed controller, Figure 5.4.15 and the linear sum

mixed controller 5.4.16, where the LMI controller responses lie outside of the two mixed

extremes offering no guarantees on the performance whereas the linear sum controller is

bound by the two extremes with a linear transition between the two and hence provides

a guarantee at least of the performance based on the performances of the two controllers

that are mixed.

Figure 5.4.1 – Baseline Controllers with CCM contraction rate of 2.1 saturating actuator

5.5 Discussion

We tested 4 new approaches using the CCM technique and the RCCM technique with

different parameterisations. We found that the CCM single loop controller provides bet-

ter performance in terms of rise time than a myopic RCCM controller or an off-nominal



Figure 5.4.2 – Baseline Controllers with CCM contraction rate of 1.5

Figure 5.4.3 – Baseline CCM Double and Single increasing lambda

Figure 5.4.4 – Root Locus Baseline Controller for All Damaged Profiles
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Figure 5.4.5 – Pole Placement Controller for All Damaged Profiles

Figure 5.4.6 – CCM Single Loop with λ = 1.5 Controller for All Damaged Profiles

Figure 5.4.7 – CCM Double Loop with λ = 1.5 Controller for All Damaged Profiles
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Figure 5.4.8 – CCM Single Loop Controller with λ = 1.2 for All Damaged Profiles

Figure 5.4.9 – CCM Double Loop Controller with λ = 1.2 for All Damaged Profiles

Figure 5.4.10 – RCCM [1 0016 1] Controller for All Damaged Profiles
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Figure 5.4.11 – RCCM [1 0016 16] Controller for All Damaged Profiles

Figure 5.4.12 – Hybrid Linear Sum for All Damaged Profiles

Figure 5.4.13 – Baseline Hybrid CCM Double Loop and RCCM with mixing parameter
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Figure 5.4.14 – Baseline Hybrid Linear Sum CCM Double Loop and RCCM with mixing param-
eter

Figure 5.4.15 – Damaged Case 6 Hybrid CCM Double Loop and RCCM with mixing parameter

Figure 5.4.16 – Damaged Case 6 Hybrid Linear Sum CCM Double Loop and RCCM with mixing
parameter

229



CHAPTER 5. LONGITUDINAL CONTROLLER PERFORMANCE 230

baseline controller but it lacks robustness in the definition of the feedback gains and suf-

fers from too high a natural frequency and overshoot with multi-modal behaviour. This

behaviour is somewhat alleviated by the double loop CCM controller that more explicitly

defines the contraction rate for each state feedback and generates negative feedback for

all states. This in turn means that some tracking performance is improved via the CCM

double loop but some multi-modal behaviour remains. This is most noticeable when the

contraction rate is reduced and tested over mutliple damaged test configurations where

larger tracking errors are observed compared to the other controllers. The RCCM tech-

nique is by nature an optimal control technique with a bound on the L2 gain of the states.

These controllers are much smoother in their transient responses and with the correct

weighting can match or better the rise times of the CCM controllers and are hence opti-

mal. A further benefit of the RCCM controllers is that they provide a tuning framework

in which a performance for the aircraft can be improved in more degrees of freedom than

the CCM technique. By tuning the correct weights, the controller can improve natural

frequency or rise time and damping ratio in reference to a 2nd order characteristic. We

also compared the root locus design approach and found a controller gain limit that de-

fines a norm bound for the optimisation of the controller metric. The root locus technique

provides a good benchmark for controller design but can be improved by the use of an

RCCM controller with optimal weighting as the root locus technique can only consider

SISO systems, one loop at a time, the inner loop could be further optimised with more

iterations.

5.5.1 Advantages and limitations of the presented methods

The CCM single loop controller demonstrates better rise time performance compared to

myopic LQR and off-nominal baseline controllers. This suggests that CCM-based con-

trollers can enhance the responsiveness of aircraft control systems, leading to improved

maneuverability and agility. However, it is important to note that the CCM single loop

controller lacks robustness in defining feedback gains and exhibits high natural frequency
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and overshoot, accompanied by multi-modal behavior. This limitation highlights the need

for further refinement in the design and tuning of CCM controllers to ensure stability and

optimal performance across different flight scenarios.

• CCM Single Loop Controller:

Advantages:

– Improved rise time performance compared to a myopic RCCM or off-nominal

baseline controller.

Limitations:

– Lack of robustness in feedback gain definition.

– High natural frequency and overshoot.

– Multi-modal behavior.

– Reduced tracking performance under damaged test configurations.

• CCM Double Loop Controller:

Advantages:

– Alleviation of multi-modal behavior compared to the single loop controller.

– Improved tracking performance.

Limitations:

– Some residual multi-modal behavior persists, especially with reduced contrac-

tion rate.

– Larger tracking errors observed compared to other controllers under certain

conditions.

• RCCM Technique (Optimal Control):

Advantages:
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– Smoother transient responses compared to CCM controllers.

– Ability to match or exceed the rise time of CCM controllers with appropriate

weighting.

– Tuning framework for improving multiple performance characteristics, in-

cluding natural frequency, rise time, and damping ratio based on second-order

characteristics.

– Provides more degrees of freedom for performance improvement compared to

CCM technique.

– Certifiability of stability for a linear sum of controllers if both contributing

controllers are stable, opening new avenues for controller synthesis.

• Root Locus Design Approach:

Advantages:

– Serves as a benchmark for comparison.

Limitations:

– One-loop-at-a-time consideration limits optimization capability.

– Can be outperformed by RCCM controllers with optimal weighting.

5.5.2 Implications for aircraft control design

Overall, the study shows that control learning for aircraft remains an iterative process that

involves collecting performance data, re-tuning parameters, and evaluating improvements

in flight characteristics. Certification of the control policy and learned model is vital to

ensure safety and optimality. The key step in the process is certifying a policy as safe

and that also involves the certification of the learned model as well as the control policy.

A badly learned model or nonlinearities not present in the linear model will mean the

controller is non-optimal and can only be certified if robust to all nonlinearities.
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5.6 Conclusions and Future Work

A novel 2-loop solution using the CCM technique has been proposed which allows for

a more explicit assignment of the eigenvalues for all states of the system and has shown

improvements to the single loop design in robustness and reduction in cross coupling of

system modes. We showed the connection of the LQR technique in the LTI case to an ex-

isting RCCM technique that adopts an L2 gain bound on performance parameters for the

system and defined a normalisation and prioritisation matrix approach to optimise perfor-

mance. We also showed that a trade-off can be made between controller techniques both

as an LMI optimisation and a linear combination of controllers to trade off robust control

with performance based controllers. The design of the system was further explored as a

SISO using the root locus technique where the inner loop 2nd order model was iterated to

find the optimal outer loop gain solution as a full state proportional feedback controller.

In this study we compared six novel approaches to controller design developed in pre-

vious studies. We found that the CCM single loop controller surpasses a myopic RCCM

and off-nominal baseline controller in terms of rise time performance. However, it ex-

hibits limitations, including lack of robustness in defining feedback gains and a higher

natural frequency with multi-modal behavior. Some of these limitations are mitigated

by the double loop CCM controller, which more precisely defines the contraction rate

for each state feedback, resulting in enhanced tracking performance. Yet, multi-modal

behavior persists, especially under multiple damaged test configurations. The RCCM

technique, an optimal control approach with a bound on the L2 gain of the states, offers

smoother transient responses. With proper weighting, RCCM controllers can meet or ex-

ceed the rise times of CCM controllers and provide a framework for performance tuning

that is more flexible than the CCM technique.

5.6.1 Future work

The extensions and future developments of this baseline approach are:
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1. Since the performance of the CCM controllers exhibits multi-modal behaviour the

structure of the feedback could be improved to isolate the angle or attack from the

inner loop to prevent coupling with the theta response.

2. In the parameterised RCCM formulation updating the prioritisation matrix with

feedback data in a reinforcement style loop could be implemented to adapt the

controller to in flight data gathering.

3. The state feedback can also be augmented with integral states or derivatives to be

similar in design to standard PID optimisation techniques.

4. The use of a hybrid linear sum of two controllers could be further tested to show

the trade-off in performance of each control policy based on mission requirements

or safety margins.

5. It is also possible to include uncertaity in the model approximation to give a ro-

bustness to the solution to find a minimum decay rate for all given uncertainty

parameters.

6. constraints on the condition number of the metric relative to disturbance bounds

could be explored to trade-off controller saturation points with rise time perfor-

mance.

7. the architechture and techniques may be extended for nonlinear dynamics for which

CCMs are most attractive.
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Chapter 6

Discussion on Learning via CCMs

In this chapter the work developed in Chapters 3 to 5 will be discussed for the application

of the online learning algorithm to the full flight envelope. This includes an exploration

of how uncertainties are addressed within the optimization framework of the controller,

particularly through an enhanced LMI formulation. A key aspect of this discussion is the

focus on the challenges encountered in the transition from a scheduled controller to a fully

nonlinear one, highlighting the complexity involved in developing more sophisticated

control mechanisms. Consequently, this chapter provides a comprehensive discussion on

aspects of the research that, while not enclosed within the thesis’s core scope, significantly

contribute to the practical deployment of the learning pipeline. It is important to note that

these discussions are distinct from the future work highlighted in the subsequent chapter,

as they pertain to considerations beyond the immediate focus of the current study.

6.1 Uncertainty Handling for Polytopic Uncertainty

In Chapter 4, we presented the linear approximations for a set of damaged aircraft profiles,

which yielded a range of possible values for the A and B matrices. For the linear Eqn. 6.1

to 6.3, this range forms a convex combination of matrices for both A and B, resulting in a

bilinear optimization problem.
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ẋ = Ax+Bu (6.1)

where A =
∑
i

βiAi, B =
∑
j

ηjBj and βi, ηj > 0, ∀i, j (6.2)

with
∑
i

βi = 1,
∑
j

ηj = 1 (6.3)

However, this can be solved as a set of LMIs to find a convex set of control gains Ki,j ,

which stabilise the system as shown in Eqn. 6.4.

min
W∈Rd×d,W>0

trace(W ) (6.4)

s.t. − (AiW +WAT
i +BjB

T
j + 2λW ) ≥ 0, ∀Ai ∈ A, Bj ∈ B (6.5)

Here, Ai and Bj are the vertex matrices of the polytopes that represent the possible

values of A and B. The control gains can then be computed as Ki,j =
1
2
BT

j W
−1
i , forming

an n×m× d array. The dimensions n and m correspond to the number of vertices in the

polytopes for A and B, respectively, while d refers to the dimensionality of the system

state. The specific Ki,j to be used depends on the region of A and B selected. For a worst-

case bound, an extremum is chosen and for a robust solution an average of the polytopic

matrices can be used.

6.2 Nonlinear control synthesis

The mathematics involved in the full nonlinear controller optimisation and synthesis is

non-trival. A full description is given for the pseudospectral collocation approach adopted

by [2],[5] and a nonlinear convex optimisation approaches discussed in [3]. A neural
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network convex approach is discussed in [7]. A nonlinear controller provides a feedback

gain of the form in Eqn. 6.6, where the function can be any nonlinear function of the state

x and is commonly represented as a polynomial.

K(x) =
1

2
ρ(x)B(x)TM(X) (6.6)

The state dependency however in this formulation can also be scheduled as before.

The function approximation chosen is also important to represent the shape of the con-

troller in reference to state parameter variations. For example it was observed that in the

case of a sum-of-squares representation of the metric M(x) a second or fourth order poly-

nomial in K(x) means that the policy can suffer from instability when the set points are

out of a nominal range due to the exponential nature of the function. A second point about

nonlinear controllers is that of blending regions of the state-space together if batches of

data are used to learn a control policy for a region of the flight envelope then transitions

between these control policies becomes difficult because there are no constraints on func-

tion boundaries. These problems have been addressed in other studies such as [6] but is an

active area of research. An important limitation we found with polynomial approximat-

ing functions like SoS is that the scaleability of the functions is limited by the exponential

increase in combinations of monomials. Similarly the degree of the polynomials is typi-

cally limited to degree 4 for numerically stable solutions. A study by Morelli [4] found

that subsonic wind tunnel data for an F-16 could be approximated by multi-variate func-

tions of up to 4th order in the monomials of the states. This shows some promise for the

application of low order models at least for a large proportion of the flight envelope. The

regions within the flight envelope that pose the most challenge are where discontinuities

such as high angle separations occur or transonic flows where shock wave drag becomes

problematic. Another issue with these regions within the flight envelope is the stochastic

nature of the onset of flow changes. To fully accomodate all adpative control scenarios
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a multi-sensing, tracking, and policy selection is most likely to provide a robust solution

for aerospace applications.

6.3 Full Flight Envelope Scheduling

The static metric can be learned at any desired operating point in the flight envelope by

using the relevant training data and allocation of the metric to a state dependent function

for each operating set point, 6.3.1. We propose the technique adopted in the recent work

by [1], in which a linear quadratic integral policy is scheduled via a Continuous Multi-

Surface Gain (CMSG) schedule, where the CCM or RCCM gains will be interpolated

linearly between each scheduling point to form a hypersurface of gains. This approach

means that a lookup table is incorporated into the the controller that depends upon the

scheduled parameters, altitude and Mach number. The multi-surface approach comes

from further scheduling the gains on angle of attack for greater fidelity. The proposed

controller block diagram is shown in Fig. 6.3.2. The numder of scheduling parameters

depends upon the sensitivity of the dynamics to the parameter in question but could also

include actuator surfaces like the leading edge flaps. In our approach because there are

also additional tuning parameters available it is also possible to create surfaces for a ro-

bustness tradeoff that could be used as a mission critical flight mode dependent upon flight

phase requirements. Due to the rise in computing resources available today it is thought

that a data rich scheduling policy is more feasible for modern aircraft. The benefits of the

hybrid linear sum controller is that the gain matrix can be directly scheduled given the

contraints on the feedback structure to certify stability.

6.4 Controller Augmentation

The controller CCM framework can be improved to include integral errors, feedforward

terms or more complex compensators to correct for steady state errors phase lag or delays.

This means that the system state space representation must be augmented to include the



CHAPTER 6. DISCUSSION ON LEARNING VIA CCMS 241

Figure 6.3.1 – Example of an F-16 flight envelope and controller scheduling points. Red points
show updated scheduling parameters learned from a flight trajectory.

additional states for consideration. Here we propose an additional integral theta tracking

error term as an extension to the basic controller framework to show how this affects the A

and B matrix representations. An addititional state
∫
δθ and gain K∫

δθ include in Figure

6.4.1 using the same underlying framework as before.

To optimise the new gain term, a new A and B matrix for the attitude hold controller,

as shown in Eqn. 6.7, must be used to derive the CCM LMI. Here the additional state∫
δθ has been added and the corresponding integral gain K∫

δθ has also been factored in.

This augmentation allows enhanced system performance, stability and robustness in the

presence of disturbances and uncertainties.

The updated Figure 6.4.1 shows the expanded framework and how the integral error

and its corresponding gain factor can be integrated into the controller CCM framework.

Augmenting the controller with an integral error term will lead to a more versatile and

adaptive control system, capable of dealing with steady-state errors, phase lag, and delays
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Figure 6.3.2 – Longitudinal Controller CCM Scheduling Example

Figure 6.4.1 – Theta integral error controller augmentation

more efficiently.
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

δ̇α

δ̇q

δ̇θ∫
δθ


=



Zα Zq 0 0

Mα Mq 0 0

0 1 0 0

0 0 1 0
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(6.7)
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Chapter 7

Conclusions and Future Works

This thesis successfully provides an online learning architecture for a flight control system

for a fixed wing aircraft based on control contraction metrics and convex optimisation

solvers. An in depth analysis into the control synthesis technique for stability certification

has been made and the gap in knowledge around linear time invariant flight performance

characteristics bridged to allow for integration and application to real world systems. The

conclusions to the original objecives in summary are:

• O1 - A Review of Safe Learning Techniques We reviewed the state of the art

in safe learning of nonlinear systems in chapter 2 with an extensive survey of the

state-of-the-art techniques. The survey highlighted the most applicable learning

frameworks for high-dimensional and safety critical systems and we made recom-

mendations based on a set of key performance criteria. Based on our survey of ap-

proaches we identified two of the most promising techniques, the CCM technique

and a hybrid MPC technique with residual dynamics learning.

• O2 - Benchmarking of safe learning algorithms A benchmarking exercise of

safe learning techniques was carried out for the most suitable techniques for on-

line learning. Safety certificate optimisation, function approximations and control

synthesis techniques were compared in up to 10 dimensions.

• O3 - Development of key performance metrics Key metrics were developed as an

245
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heuristic exercise in the analysis of learning proposals for six attributes, scaleabil-

ity, response time, learning time, conservatism, reliability and explainabiliy. The

metrics were used to rank techniques with a weighted score to identifiy the most

promising avenues for research.

• O4 - Develop a realistic aircraft testbed simulator A 3-DOF testbed simulation

for a nonlinear F-16 aircraft with lookup tables for aerodynamic coefficients mod-

ifications based on damage profiles was developed where the kinematic equations

were constructed as a block diagram instead of an embedded C program. Embed-

ded convex optimisation and batch learning components with a memory store for

the controllers enables online learning. The simulator provides an excellent tool for

experimentation and validation of learning techniques for future research.

• O5 - Develop novel algorithms to learn aircraft dynamics in the context of

design specifications Two novel adaptations to the current CCM techniques us-

ing convex optimisation were developed to explicitly define the eigenvalues of the

closed loop system. A 2-loop optimisation improves robustness in the standard

technique and a hybrid approach was certified as stable under certain conditions

whereby a trade-off between performance and robustness can be adopted.

• O6 - Develop an algorithm to generate controllers in relation to flying qualities

specifications An algorithm that can learn improvements to the system dynamics in

terms of damping ratio and natural frequency was proposed via a parameterisation

of a robust CCM controller to provide a mechanism for reinforcement learning

algorithm.

• O7- Show an improvement in aircraft performance using the new approach

Compared to a traditional root locus baseline controller a set of control policies that

adapt to deviations in the baseline dynamics increased the aircrafts performance

to meet level 1 flying qualities. It was also found that the quality of the linear

approximation had a significant impact on the success of the control policy.
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• O8 - Demonstrate the use of an adaptive controller subject to faults or devia-

tions from baseline Six damaged aircraft profiles were tested as deviations from

the baseline to highlight the challenge in learning 3 different nonlinear functions.

The updated controller gains adapted to the change in dynamics to maintain Level

1 flying characteristics and the robustness of each design was compared based on

the ability of the control policy to adapt to each of the six damage scenarios.

7.1 Conclusion on original hypothesis

The main hypothesis as a result of the benchmarking analysis was that Control Contrac-

tion Metrics offer a fast and more expressive framework for stability certification for adap-

tive flight controllers for reasonable online learning timeframes compared to NMPC or

LQR techniques. To answer this question a comparison of learning times was conducted

in chapter 1. Learning time frames for up to 8 dimensions in 4 techniques for online

learning and safety certificate generation was carried out with offline methods discounted

for analysis based on prior studies. We showed that full nonlinear control synthesis using

a Pseudospectral technique was slower than LQR calculations or RCCM calcultions in

the case of nonlinear functions by an order of magnitude but acceptable for online learn-

ing time frames and significantly faster than NMPC. In terms of expressiveness a convex

function of nonlinear monomials has been demonstrated to learn the short period mode

dynamics. The method of learning is only limited by the choice of monomials selected

by the designer and can be based on expert knowledge of the physics of the control sys-

tem. We demonstrated a 40s trajectory for the training examples of a linear approximation

and showed that the quality of the model is highly dependent upon the type of damage

and nonlinearities present in the dynamics. The standard CCM optimisation is not well

structured to allow for the explicit design of the poles of the system and we proposed a

novel variation that alleviates these limitations but still observed multi-modal transient re-

sponses in comparison to robust or optimal control techniques such as an LQR or RCCM
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controller that adopt a quadratic cost function. Moreover we showed that the RCCM tech-

nique architecture provides more degrees of freedom in designing the controller to meet

flying qualities constraints and a parameterisation of such a controller could be used as an

iterative learning approach in the style of a reinforcment learning algorithm.

7.2 Future Works

• The implementation of a reinforcement algorithm based on the parametrisation of

the RCCM and Hybrid controllers will be explored whereby performance data from

both the linear approximate models and inflight trajectory data will be usde to in-

form the direction of adaptation in the control policy.

• Uncertainty estimates for the system model will be incorporated into the LMI op-

timsations to compare robust control limitations on learning performance.

• Learning of the full flight envelope subject to faults will be explored to understand

the limitations of the regression model and synthesis of the controller gains. This

will inform the number of set points for a gain scheduling approach subject to air-

craft performance.

• More advanced control architectures will be explored to improve the tracking per-

formance of the controllers to reduce steady state errors and modal interactions.

• This intial study focused on the control certification but an important part of the

learning pipeline is the certification of the learned model. A study into the valida-

tion of trajectory data and model fitting based on the selection of monomials is of

interest to understand how confidence can be assured in the updated control policy.
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