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Abstract
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In Merchant's modified shear angle solution it is assumed following

Bridgman that the shear strength of the work material is a function of the

ﬁozogcy

hydrostatic stress. though Merchant's experimental results confirm the
assumed relation subsequent workers have failed to obtain such agreement.
In this paper it is shown that Merchant's results can be explained
independently of the Bridgman effect by considering the variable flow stress

properties of the work material, which are strain-rate dependent.

¥e College of Aeronautics, Cranfield, Bedford, England.



Introductlon

In orthogonal cutting the tool cutti ing edge is parallel to the
newly machined surface and perpendicular to the cutting direction. If
the depth of cut (t in Fig. 1) is small compared withuthe width of cut,
then the removed chip is formed under approximately plane strain conditions.
If the chip is iormed by plastic flow without fracture and there is no
build-up of work material on the cutting tool, then the process is
approximately a steady state process.

By taking cine films through a mlcroscope of the side of cut while
cutting it has been shown that under the above conditions the chip is formed
in a plastic zone of the sha@e shown in Fig. 1. The chip is curled and
only contécts the tool over a short length before curling away from the
tool face. If there are no forces on the clearance face of the tool, then
the tool-work force system can be represented as in Fig. 2. The resultant
cutting force is transmitted across the tool-chip interface, through the
plastic zone and into the work and can conveniently be resolved into various
sets of components. Considering the tool-chip interface, the components
shown represent the friction force F and normal force N acting between the
chip and tool. It is usuel to represent the frictional condition at the

tool-chip interface by a mean friction angle A (Fig. 2) where M is given by

han A = % o (1)

For the plastic zone the resultant can be resolved into shear and normal
components cn a plane such as AB (Fig. 2). The resultant can also be

resolved 1nto components in the di rectlon of cutting F, and normal to this




direction Ft' These are the forces normally measured in cutting tests

and can be used to calculate A from the relationship

F,

tan (A -~ Q) = EE' _ (2)
c

where ¢ (Fig. 1) is the tool rake angle.
In analysing orthogohal cutting it is usual to assume that
chip formation can be represented as shown in Fig. 3, with the chip

formed by Simple shear across a single shear plané AB. The velocity

‘gradient across the chip and the resulting chip curl are neglected. For

a given depth of cut t and reke angle @ the geometry of Fig. 3 is not
compietely defined unless either the chip thickness T or the shear angle

¢ (i.e. the angle between the shear plaﬁe AB and the direction of cutting)
is known. A number of eQuétions for predicting ¢ have been proposed

and probably the best known of these is that due to Merchant (1), namely

v=F+%-2 )
Merchant obtained this equation by expressing the force in the direction
of cutting F, (Fig. 2) in terms of ¢, @, M and t and the shear strength
of the work material, which he ascumed was constant, and then selecting
¢ to make F, a minimum. He carried out a series of cutting tests to
check equetion (3) vsing experimental cutting forces and equation (2) to

calculate M and experimental chip thickness ratios (%) and the equation

_Tt cos O
tan ¢ = T (l#)

1 -= sin X
T '

to calculate . These results are reproduced in Fig. 4 and it can be seen
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that equation (3) overestimates ®. This lack of agreement led Merchant
to propose that the shear strengthof the work material (i.e. shear stress
along shear plane) would not be constant as assumed in deriving equation
(3) but would be a function of the normal (hydrostatic) stress on the
shear plane. Thus following the work of Bridgman he introduced the

linear relationship

k= ko + npa (5)
where k is the shear stress along the shear plane and 18 is the average
normal (hydrostatic) stress on the shear plane. Introducing equation

(5) into the analysis and again selecting ¢ to meke F, a minimum he

obtained the equation
26 = cot *n + Q& - A : ‘ (6)

where n is the slope in equation (5). In checking equation (6) Merchant
did not measure n by an independent test e.g. combined torsion-axial
compression test, but instead calculated k and Py from his cutting results.
These are reproduced in Fig. 5 and it can be .seen that the experimental
points follow a linear relationship fairly closely with n approximately
equal to 0.23. The corresponding shear angle equation (20 = 77 + & = ))
is shown in Fig. 4 and can be seen to be in good agreement with the
experimental results.

Subseyuent work (2) on different materials has not shown the same
degree of agreement between cutting results and equations (5) and (6).
Independent measurements (3) of equation (5) suggest that the values of n

needed to satisfy cutting data are too large. This lack of agreement
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‘between Merchant's modified theory and experiment is all the more
disappointing when it is realized that this is one of the very few
cutting theories in which account is taken of work material properties.
In this paper Merchant's results sre reanalysed using a theory
recently introduced by the authérs (4) in which account is taken of
the variable flow stress properties of the work material which are
strain-rate dependent. The normal stress is shown to vary along the
shear plane and the apparent relationship (in Merchant's results) |
between the average value of this stress and the shear stress is seen

to result not from a Bridgman effect but from the variable flow utress'oropertles.

Varigble Flow Stress Theory

————————--——— - T G - o

Let us assume: (1) that the work material is an isotropic, ﬁlastié-
rigid material in which the flow stress can vary with strain-rate, strain-
hardening, etc.; (2) that the removed chip is continuous without built-up
edge and is formed.under approximately plane strain conditions; (3) that
the ¢hip is formed inh.a shear zone which has straight parallel sides as
shown in Fig. 6, with AB, CD and EF representing shear lines, i.e.
directions of maximum shear stress and maximum shear strain-rate. It
is implicit in this last assumption that the chip is straight and not
curled and that the shear strain and shear stress are cons tant along‘eadh
of the shear lines AB, CD and EF.

For a perfectly sharp tool the shear line AB (Fig. 6) will transmit
the restltant cutting force and to satisfy equilibrium the resultant
across AB must be equal in magnitude and must act along the same line as

the resultant transmitted by the tool-chip<interface. The stresses along



AB can be expressed in terms of the cutting conditions, material
properties and ¢ (the ‘angle made by AB with the direction of cutting).
From a geometi'ical viewpoint AB can be considered a shear plane, as in
the Merchant (1) analysis, with ¢ the shear angle. That is, experimentél
values of ¢ can be calculated from equation (4).

For plane strain conditions the shear stress on AB is the shear flow
stress k and the normal stress is the hydrostatic stress p. Cons ider
the equilibrium of the small element of the shear zone shown in Fig. 7.
As the material passes through the shear zone its shear flow stress. will
change, as a result of strain-héi‘dening, temperéture, ete. Therefore,
let the shear flow stress along CD (i.e. initial shear flow stress at

zero plastic strain) be k - 2k ond let the shead flow stress along EF

2 E
be k + ;& ~ The total change in shear flow stress 1s then Ak. Resolving
forces parallel to AB gives
JAV S , ‘
Ap = T ASZ : . (7)

Dsy
where Ap is the change in hydrostatic stress across the element, Asy is
the width of the shear zone and As, is measured along AB.  According to
this evqua’cion the hydroétatic stress é;LOng AB‘ must vary for a material
whose shear flow étress chaligeé during cutting. Applying this equation

between A and B and noting that %—IS{— is constant along AB we obtain
1

Ak t
o =P8 "As; " sin® ; | (8)
or

B N
Pg = Pp " As, sin 0
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where Py is the hydrostatic stress at A (i.e. normal stress on AB at A)

and py is the hydrostatic stress at B (i.e. normal stress on AB at B).

For a constant value of-%%?: along AB the variation in hydrostatic stress along
AR will be lincar and the tobal normal force per unit width acting On‘AB will be

p, + ,
At Pt |
=T 2 sine (9)

The corresponding shear force on AB will be

(10)

If then the angle made by the resultant cutting force with AB is C
(Fig. 6) we have

P, + P
A B
=2 (11)

=

Ty
FS

tan @ =

In a'detailed;analysis (5) of the plastic zone it was found that
the hydrostatié stress in the region of Afcéuld'be calculated most
reliably from the free surface conditﬁon in the work material be tween
C and A (Fig. 6), the free surface becoming cracked and therefore
irregular between A and E. Conside: a shear line ALAZASBI adjacent to

AB as shown in Fig. 8, with AsBy parallel to AB. In order to satisfy
equilibrium A;AgAgBl as a line of maﬁimum.shear_stress must meet the free
surface at 45° and the hydrostatic_stress in the triangular zone A AAz
must be equal to the shear flow stress in this region. From physical

considerations this hydrostatic stress will be compressive. can now

PA
be found by considering the equilibrium of the element A ApAsz. Taking

moments about A gives

p, = k(1 + 2(s/k - ¢)) (12)



If p, is known, then equation (8) can be used to calculate pg-
In this equation Ak is the change of shear flow stress occurring in the
shear zone. 1T we idealize the shear flow stressfsgear strain curve
of the work material as shown in Fig. 9 then1 .7 |

= [ ¢ 55

where m is the slope of the plastic stress-strain curve at the corresponding
mean shear strain rate in the shear zone and 7 is the shear strain along
EF (Fig. 6). Before this equation can be used it is necessary to know.
the mean shéar strain rate in the shear zone 7mean and also the shear
strain 7.

The makimum shear strain rate 7max (i.e. the shear strain rate in the
direction of the shear lines AB, CD, and EF) can be expressed in the

usual wey in terms of the velocitiés of flow, that is,

;. au ) /au\2 | | (18)

max

vhere u and v are the velocities in the x and y directions respectively
(Fig. 10). To calculate the mean (maximum) shear strain rdte in the
shear zone we can consider a single finite step and measure Au, Ov, Ax

and Ay as shown in Fig. 10, that is,

- U.cos & cos ¢

S )
Ucosasint ; | | -
Aw.f cos(¢ - &) ‘ ~ N , : (15)

Ax = Asyfsin ¢

Ay = Asl/cos ] 4




where As; is the width of the shear zone and U is the work velocity.

Substituting these values in equation (1L) gives

e Ucoso . :
"nean = Asy cos(d -~ Q) (16)

or if U is in f.p.m. and As; is in in.

_ 0.2U cos
mean = As; cos(d - &)

7 . per sec. . « (17)
The shear strain along EF can be found by multiplying the mean shear

strain’yé%e'by the time a particle takes to cross the shear zone. This

gives

cos ¢ ‘ | R
7 TSm0 cos(e - a) (18)

It is now possible’ to calculate the stress distribution along AB
ard hence 9 (Fig. 6) for any valué of ¢ provided that certain work material
properties (e.g. slope m) and the sizewpfltheashear zone are known.
The'angle @ can also be expressed‘iﬂ tefmS«of thé_frictional condition
along the tool chip-interface and if we.-follow the usual practice and .
represent this frictibﬁalhéénditign by a mean angle of friction A, then

(see Fig. 2)
B =3¢ + X -O (19)

Before the above equations can be used some assumption mﬁst be made
about the size of the shear zone. From the eXperimentaliwork of Kececioglu (6)
end Nakayamé (7) at relatively high cutting speeds and of Enahoro (8) and
Palmer and Oxley (5) at low cutting speeds it appears that the ratio of the
length to mean width of the shear zone (t/Asy sin ¢) lies between 6 and 12

for a range of cutting conditions and work materials. Although this work



is far from conclusive, it would suggest that as a first step this
ratio can be assumed constant. For the purpose of our calculations
we will assume that

]
Asy sin ¢

=10 (20)

For the work material the relation‘between the slope m and the éhear
strain rate, andlbetween the initiél shear flow stress and shear strain
rate must be known. Although theée are apparently fundamgntal work material
properties and measurements of the variation of initial shear flow stress
with strain rate have been made, ﬁhe.authors‘are not aware of similar
measurements of the slope m over the required range of shear strain. In
view of this curves of m ana initial shear flow stress obtained by Oxley (9)
from an analysis of Kececioglu's cutting results (6) were used by thé |
authors in a previous paper (h) to calculate &. These are given in Figs.
(11) and (12) and it can be seen thatléhe slope m decréases with increase
in shear strain rate while the initial éhear flow stress increases. For
steel these afe the eXpécted trends.

In making calculétions it was found most convenieﬁt to aésume particular
values of ¢, for given conditions ¢f rake angle, depth of cut and cutting
speed, and then to work through the equations‘to.fiﬁd‘the corresponding> |
vaiués of ﬁean frieticr angle k; (A specimen calculation is given in an
Appendik at the end of this paper.) Graphs of ¢ against A = & can then be
plotted in the usual way as shown in fig. 13. It can be seen (Pig. 15)'
that the present theory is speed (stréih-rate) sensitive and, for example,
it is predicted that, for given cutting conditions, a decrease in speed

will lead to a decrease in ¢. It is well known that experiments confirm /¢ A

X
4%

this trend. :
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Results and Discussion

Curves of slope m and initial shéar filow stress for Merchant's
work material (N.E.9445 steel) are shown dotted in Figs. 11 and 12.

These were obtained by analysing cutting data by the method described
by Oxley (9). The curves are very similar to those for Kececioglu's
work material (SAE 1015), shown by the full lines in Figs. 11 and 12,
the main difference being the higher values of shear flow stress for
Merchant®s material.

The #ariable flow stress theory has been used to calculate ¢ for
Merchant's ﬁutting_conditions (including expefimental values of 1) and
although there is some slight variation of ¢ with depth of cut and cutting
speed the result of these calculations can be represented by a sirgle line
as shown in Fig. 14%. The experimental values of ¢ given.in Fig. 14 show
good agreement'between theory and experiment.

Fig. 15 gives the values of P, the average normal (hydrostatic) stress
on AB (i.e.‘pa = E‘-‘-x'--;-——li?‘-),au:md k, the shear flow stress on AB calculated
from the variable flow stress theory for Merchant's cutting conditﬂsns"
(including experimental values of A). The agreement between Fig. 15 and
Merchant's resu’ts (Fig. 5) can be seen-to be remarkably good. It is
important to note that Fig. 15 is derived from the curves of m and initial
shear flow stress and does not result from a Bridgman type relationship.
There is no appafent reason why work materials should have variable flow
stress properties which yield a similar linear relation between pa and k and

indeed cutting experiments (2) on different materials do not show such a

relationship. It can also be expected from the varisble flow stress theory
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that had Merchant's tests covered a wider range of cutting conditions
and, for ex ample, included slow cutting speed tests then the linear
relation of Fig. 5 would have no longer applied.

The variatle flow stress theory can be criticised on the grounds
that the m and initial shear flow‘stress curves are obtained Ey analysing
cutting data and therefore that the agreement shown between theory and
experiment (Flo. 14) is not surprLSLng. Although agreelng that 1ndependent
measuremnents of these curves are desirdble we would argue that it is hlghly
significant that a materiall’s cutting characteristics can be described
so affectively by two apparently fundamental curves which show the same
trends, Where comparison is pOSSlble as shown by 1ndependent measurements.
It is also worth pointing out that when one considers de51cn1ng an
independent test for measuring these curves at the relevant strain-rates
and temperatures it seems qﬁite possible that a carefully conducted cutting
test (or very similar test) might be the only practical solution.

Tn conclusion it is of interest to calculate, using the variable
flow stress theory, the specific cutting pressure for Merchant's cutting
condit ions; Merchant's results showing a marked size effect il.e. increase
of specific cutting pressure with decrease in depth of cut. The specific
cutting pressure is defined as the force in the direction of cutting

(FC in Fig. 2) divided by the area of cut and is given by

) _ Xk cos(™ - o)
specific cutting pressure SIn® cos(é + X

=) (21)

Fig. 16 gives the results of these calculations together with Merchant's

experimental values. The increase in specific cutting pressure results from
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two main.causes (a) the decrease iﬁ‘shear angle ¢ with decrease in

dgth and (b) the increase in shear strain rate (see equétions (20) and (17)),
which increases the shear flow stress (Fig. 12), with decrease in depth.

It is usual to associate this size effecf with the natural nose radius of

the tool cutting edge which tends to reducevthe effective tool rake angle
with decrease in depth. . The above analysis suggests that a size effect

can be expected even with a 'perfectly’ sharpitool.
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Appendix - Specimen Calculation

L - R - e R L L L T R )

Consider the following cutting conditions:
reke angle O = 10°

depth of cut t = 0,008 in.

cutting speed U = 100 f.p.m.
Assume ¢ = 25°
from Egn. (20) Asy = 0.0019 in.

From EQﬁ}.(l7) 7 = 10700 per sec.

referring to Figs. 11 and 12

m = 1.8 tons/in® and the initial shear flow stress

(x - gﬁ) = 29.0 tons/in®
From Eqn. (18) 7 = 2.4
From Egn. (13) Ak = 4.35 tons/in®

the shear flow stress, k, on AB is given by

(. Bk\, Ok
k = \k -3 + >
= 31.2 tons/in®

From Eqn. (12) Pa/x = 1.7

From Eqn. (8) (pA - pB)/k = 1.4
hence pB/k = .3

from Eqn. (11) € = 45°

from Eqn. (19) )\ - o = 20°

For & = 10°, A = 30°, we can now say that the analysis gives ¢ = 25°.
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Plastic Zone in Orthogonal Cutting

(a) cutting speed = & in/min.

(b) cutting speed - 50 ft/min.

Force Diagram.

Shear Plane Model of Chip Formation.
Merchant!s Equations and Experimental Results.

Merchant's Values for Shear Flow Stress and Hydrostatic Stress
Calculated from Cutting Results.

Shear Zone Model of Chip Formation.

Shear Zone Element.

Free Surface Element.

Idealized Stress-Strain Curve

Hodograph Showing Velocity Changes Across Shear Zone.
Slope m - Shear Strain Rate Relation

— Kececioglu's work material (SAE 1015)
m=m=ee-w== =~ Merchant's work material (NE 94k5)

Initial Shear Flow Stress = Shear Strain Rate Relation
— Kececioglu's work material (SAE 1015)
~===wmewe=  Merchant's work material (NE 9LL5)
Variable Flow Stress Shear Angle Relations for Kececioglu's Work
Material

1 in/min.
----------- 1000 ft/min.

Variable Flow Stress Shear Angle Relation For Merchant's Work
Material and Cutting Conditions, with Experimental Results.

Variable Flow Stress Values for Shear Flow Stress and Hydrostatic
Stress for Merchant's Work Material and Cutting Conditions.

Specific Cutting Pressure

(a) Calculated from Varigble Flow Stress Theory =====-C = + 10°
Q= =~ 10°
(b) Experimental Results ¢ O =+ 10°
o O =« 10°
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