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SUMMARY

If over the 'outer region' of the boundary layer, where the mean
velocity varies but little from its value outside the shear layer, a virtual
eddy viscosity is defined, which is constant over the outer region but
varies in the direction of the mainstream, a solution of the turbulent
boundary layer equations can be found which satisfies the appropriate
boundary conditions. The solution leads to a compatibilily condition
for the virtual eddy viscosity in terms of the wall shear stress, tne
boundary layer momentum thickness and the mainstreamn velocity, at
least for the case of a constant external velocity. This compatibility
condition, which can be expressed as

u_ 6
p

for moderate to high Feynolds numbers, where u_ is the shear velocity,
8 is the boundary layer thickness and v.. is the virtual eddy (kinematic)
viscosity, is just the condition Townsend r([‘1956) found for the equilibrium
of the large eddies. The numerical value of the constant derived by
Townsend agrees with curs for Reynolds numbers(based on x) of about 107,
With this relation for v, an equation, analoguous to the momentum integral
equation solution, can be found for P?a, as a function of U (x), where I:nz

[
s

constant

is the Feynolds number based on momentum thickness and U, is the local
freesiream velocity, with one disposable parameter, Drovuied that this



Summary (Continued)

parameter is suitably chosen the present method gives results in a
negative pressure gradient which are in fair agreement with similar
results obtained from the well known methods of Spence and Maskell.,
It is shown however that the compatibility condition for Y~ does not
apply in the case of an adverse pressure gradient approaching
separation. It is shown that this case requires rather different
treatment for whercas the relation for v found from zero pressure
gradient conditions would show a decrease as separation is approached
it is known experimentally that just the opposite is true.

The method is extended to compressible flow, and with relatively
minor assumptions gives values of the ratio of the oompressible to the
incompressible skin friction coefficient in approximate agreement with
that predicted by Mager, for the case of zero pressure gradicent and
zero heat transfer,

* TPaper presented in part at the British Theoretical Mechanics Collogquium,
April 1960,
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NOTATICN

A function of p, constant in the law of the wall
a, a speed of sound

C = To-u/o1 B

C1, C, constanis

Cp pressure coefficient

Ce local skin friction coefficient
CF overall skin friction coefficient
C5 ; C'5 Power law constants

G shear stress function

h mean specific enthalpy

h., recovery enthalpy

ha mean stagnation enthalpy

h wall enthalpy

K Von-Karman constant

kT eddy conductivity

L length of plate

M Mach number

m velocity profile index

n shear siress index

P pressure, Laplace Transform operator
‘.]w rate of heat transfer at the wall

q index



Notation (Continued)

=l | o
<1

=R
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i

BT #e
Eeynolds number based on chord ¢ and velocity Ug
local T eynolds number based on momentum thickness
local Feynolds numbcer based on x
independent variable
index
1 - hs/ 1131
mean velocity components in compressible flow
external velocity in compressible flow
mean velocity components in incompressible flow
external velocity in incompressible flow
Reynolds slresses in incompressible flow
Keynolds stress in compressible flow
shear velocity
shear velocity in pscudo incompressibile
co~-ordinates in the pscudo incompressible flow
independent variable

Pl .
% (Incompressibie flow)
u? - U
(1 +n)G
index
boundary layer thickness

momentum thickness



Notation (Continued)

M

«

Suffices

o

viscosity

kinen-atic viscosity

cddy viscosity

(kinematic) eddy viscosity

density in incompressible flow

mean density in compressible flow
Prandtl numbeoer

turbulent Prandil number

constant in the log law velocity formula
stream function

wall shear stress

independent variable, local shear stress
viscosity-temperature index

Uplu,

Other symbols are defined in the text where they

denotes incompressible
denotes compressible
denotes freestream conditions

denotos constant freegtream conditions

An asterisk denotes an 'intermediate! value

occur



1. Introduction

Townsend (1958) has shown that the 'outer region' of the boundary
layer is dominated by a group of large eddies, similar to those that
exist in wake flow. He shows that, on the assumption that the virtual
eddy viscosity is constant across the 'outer region', the equilibrium
condition for these eddies is given by

urﬁ

-p-}- = constant

Although the more recent work of Townsend (1957) and Grant (1958)
has suggested an improved structure to the big eddies, nevertheless a
similar equilibrium condition could be found. The refinement imposed
by the assumption that V. is only constant over a region where the fluid
is fully turbulent, and is otherwise multiplied by an intermittency factor,
would hardly affect the conclusions drawn from the analysis given below.

The present method of attack follows on somewhat similar lines to
that used by Lighthill (1950) in his approximate solution of the laminar
boundary layer equations with arbitrary pressure gradient. This method
has the advantage over the many other methods of solving the laminar
boundary layer problem in that it provides a rapid solution when the
external flow is such, that similar velocity profiles do not exist, and
only the relation between the wall shear stress and the external velocity
are required. The main assumption used by Lighthill was to apply the
Fage-Falkner approximation U ~y near the wall. The resultinglinearised
equation of motion was then solved by operational methods.

In our problem the Fage-~Falkner approximation docs not apply,

except in the viscous laminar sub-layer. However in the 'outer region'
the change in mean velocity is relatively small and in a first approx-
imation to a turbulent boundary layer solution, can be neglected.
Such an approximation has already been used by Liepmann (1958) and
Lilley (1960) for solving approximately the heat transfer for fluids of
small Prandtl number where the velocity boundary layer thickness is
many times that of the temperature boundary layer thickness.

With this assumption and the further one that a virtual eddy viscosity
can be spccified locally constant over the 'outer region' the turbulent
boundary layer equations can be solved if the boundary conditions are
chonsen appropriately. The solution then leads to a compatibility
condition for the virtual eddy viscosity, v, comparable with the
equilibrium condition deduced by Townsend and this is the main result
of the present paper.



The present paper does not attempt to review the very extensive
literature dealing with mcthods for solving the overall characticristics
of the turbulent boundary layer. In addition a detailed comparison

ctween the resulis quoted below and those obtained by other authors
is not given although sufficient is said to indicate when such agreement
is likely and when it is not,

2. The incompressible turbulent boundary laycr

The steady boundary layer equations of motion and continuity for
an incompressible turbulent flow are

) "
aU - -
au 4 alv _ L+ 2 Ho 00U | & ) (1)
ox oy ' ax 0y \Po 9y /
U L. 3V = o (2)
and dx 6]

where Po and u, are the constant density and viscosity respectively.

Equation (2) shows that if y i5 the stream function

= g._!l&_ = - a 2
o U Ty and P V —53&‘; (3)
If the Reynolds siress - % uv is given by
= our . . | s
- Pouv = Hog g , where Vi .uTI Po is the virtual eddy

viscosity, which is a function of x only, at least in the outer region,
then throughout that region equation (1) can be written in terms of von
Mises! variables (x, v ), if

Hrlx) Y oplx)
I‘(J() L T-—— - 7 (4)
(o] 0
and z = 11: (x) - U° (x, v ),
B 3% ., o o (rx)+1) UL (5)
ax o o a v

with the boundary conditions % * 90 as v » «and as x =+ 0,



But in the 'outer region' U ~U, and 4p/ig >> 1 so that an
approximation to (5) is™

7 : 2
_____.%*J = Pp Hy T(x) Ulx) 22 (6)
X gy

4 P ES Ed ”
at leaet in the region ¢v < ¢y € « , where ¢y -is the value of y
roughly defining the inner limit of the 'outer region’.

If we let
X
t = oy H T (2) Ul2) dz (7)
E (o]
then from (6)
04 _ 3%
ot w2 (8)

which is the standard diffusion equation,

Since Z » 0 as t{x) - 0 the Laplace Transform of (8) is

- 2
pZ 2 (9)
al{:’z oo
where Ay; p) = _{f e Pt 2 (v, t) dt .
o

The solution of (9) which satisfies the boundary condition at ¢ = « is

= 1
Z = A(p) expl- p2 ) (10)

< This simple cquation does not seem to have been considered previously
by authors writing on turbulent boundary layers, including the recent

extensive account by Ferrari (1959),



where the unknown function A(p) has to be determined from the
application of appropriate boundary conditions. One obvious method
would be to find a solution to the velocity distribution over the inner
region and then patch the solution at the junction to both regions by
suitably choosing A(p). However this approach has the disadvantage
that the turbulent structure of the 'inner layer' must then be specified.
We prefer however to use as a boundary condition the momentum
integral equation found by integrating the exact transformed equation
of motion

%7

+ 2U 92 pg UV (11)

% U
£2 = p_ o

over the boundary layer, leading to

r V8 g
] 8;.; y -
, /Udv = 2 Tw(x) (12)

o]

since uv = 0 at both vy= Oand y= &, and ¢ =ygcorresponds to

o

Y=

Now it can be shown that only a small error is introduced if U is
put equal to U, in (12) throughout the entire boundary layer and
we find therefore that™

f Z dy = 20U T (13)

since Z = 0 when vy » ¢

* From the definition of momentum 1:hi<:l~:nese,s,82 , it can be shown that
equ.(13) is approximately given by

d 3. .
d(20,0;8,) = 20, 7y

or 4% 4 35 dUydx . Tw
ax 27U, b U

Thus (13) is consistent with the momentum integral equation when H=0(1)
which is certainly the case for zero pressure gradient at least.



But from (7)

d oo r(x) Ulx) 4d_
ax °° 1 at
so that i
d j el _ % T ()
dt - ‘OO gol"m
P D:- 9 r" o B T (t)
or P / Z(;p)dv = ~— j g Bt W (15)
i PoHo 5 r(t)
If we now substitute for 7 irom (10)
rm
1 2 i -nt Tw(t)
2 Alp) = P ,oe 8 A @ (16)
oS bo bo d Ty
1
.- ¢ oo - T t 3 ) _..- i
then ZAvip) = - ‘i!- f,f e Pt (‘1")) at SBLRTH 4y
erad r e
and ; 4 () vp Lol
. 21 Vo W exp (-v°[4(t -1)) d
Zle,t) —— - T (18)
Polo {7 T

Although we have specified above that Z(y, t) can only apply to the
region ¥ < ¢y <5 where v¥* /vs is a small quantity compared with unity,
we note that (18) describes values for 7(y, t) ~ Z(0,t). If we thercfore
put ¥ =0in(18)

“ X 7 (x') U(x!) dx!
L. — [ hid : g, (19)
1 Bo lig Vo X 4 o, K 2
( ! r(z) U(z) dz )
I /
) g ri‘x B(x') U, (x') dx' ; -
Voo | 2

Fo. & 2
Jo ( If U’I'(Z) U1(z)dz \

x!

* It should be noted that equ. 18 cannot strictly apply at vy = 0 because

from (18) 0y - : s
R S P GRS
";(z{) yY::(]

a relation which only applies at separation.




. ul
2 . . e S " ]" "y r{ﬂ
since u(x) V’-TW(X) o and r(x) = - o
o] 0
If we put
P
Y(x) = _{ vT(z) dz (20)
o
and we consider the special case U1 = const = Uo’
*[2 Y(x)
; ax! dv(x!)
% v, - j ol ey e I
5 Y(x) - Y(x')

which is Abel's integral equation.

It has the solution

3/,

U
2 dx N 1 0 &
u{x) dy(x) o Vir VY(x) (22)

so that if we integrate over a lengi.h L, of the plate

f u (x) dx = —2 J vp (x) dx {23)

o

Now by definition the overall value of skin friction coefficient is
I

CF = -1-/ cfdx = -—22— u?.(x) dx
L 7o v L "o
(0]
2 f I"I.ﬂ
- = || Vo ax (24)
Vir LU s

by virtue of equation (23). This relation between Cy and the integrated
value of v,, effectively displays the rclation between the overall skin
friction and the Reynolds stresses. A meore significant relation is
found from (22) by noting that

¥ .  v(x)
dx T



3
/2 (x)
U vrd X
: 3 o 1 5
i y  s— e 5
giving ugr (x) o Vi | e (25)
N [ valz) dz
\ Jo

which shows that the local shear stress depends not only on the local
value of the eddy viscosity but also on its past values. This is another
way of saying that local shear stress depends on both the local
characteristics of the turbulent structure and the past history of the
turbulence., This is more or less a significant departure from the
older mixing length theories which relate only the local structure of
the turbulence to the mean characteristics of the flow in the boundary
layer. Our equation (25) agrees qualitatively with the physical
description of the transpori processes existing in the outer region as
described by Townsend (1956). Although this state of affairs is

highly satisfactory, we note that we cannot proceed without knowing the
numerical values for vp(x).

3. The momentum integral equation in zero pressure gradient.

If the momentum thickness is defined by

~ W

U
= | E (-
‘o 1

Y "
g /Y Ve

then the momentum integral equation becomes when U = const = U
*

9..532 = Tw

27)
dx T (
"oYo
or 24 Bﬁa
e = cf(x) (28)
d Ry
Ub U x 2 ui(x)
where Qs ; o T
Py = : R, = e cdx) B ——
Yo v X v f( Uf)

The integral of (28) over the length L. of the plate is

2

CF 2 —-[_;_}_,'" I"az (L) (29)
(o]
(=)

where R\Sa([‘) is the value of the Reynolds number based on the momentum
thickness at x = L.,




4. The compatibility condition for vy

If we now eliminate CF hetween equations (24) and (29) we see

that RAL)
g oR Ur 5§ g
R(L)® = i ] 0% o d Tgfx) (30)
2 v 2
. o ulx)
since Uodx - 'Uzo .
o SR L
Vo u‘:lx) 2

Now (30) can only be satisfied if

VT(X) Uzo

o & () 2 Fp,(x) (31)

provided that Raz(o) = 0,
Thus the compatibility condition on vT(x) is given by

U - (32)
v p(x) 2 7 ux)

u(x) 8(x) U

where the right hand side is a slowly varying function of x.

This result is new for the only previous suggestion for the value
of Vip is that given by Townsend (1956) who showed that from considerations
of the equilibrium of the large eddies

u_r(x) & (x)
——;;;E;:)—" =  constant (33)

* A somewhat different relation, obtained on dimensional grounds,
was suggested by Clauser (1956).



A check on Townsend's constant in equation (33) can be found by
using Coles! relations between u, , 0 and 8,

Thus S U
T, T exp (KZ - A) (34)

where ¢ = UOIuT and K is the von-Karman constant, and
Rs, =(C, - C,/ 2 exp(Kzs - A) (35)

or 6,06 = = (C -CJZ) (36)

0]

From equations (34), (36) and (32) we find that

-

O
G
2

(37)

If we use Coles! values for the constants C1 and C2 (i.e. C1 = 4,05 ;
C2/C1 = 7,16) then

ud 00,0393 x2
T 20800 2. (38)

whereas Townsend suggests that at moderately high Reynolds numbers
u.d
¥

Vg & 55,

Table 1 and Fig. 1 give values of u;0 /vT for a wide range of
Reynolds numbers and shows that around B # 107 our relation ic
in good agreement with that of Townsend. Howcver at higher Reynolds

numbers our relation gives higher, and at lower Ecynolds numbers
lower than Townsend's valucs.
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TABLE 1

B EEEE N —

R,

1.02 x 10%
4.07 x 104
3.64 x 10°
3.55 x 107

1.52 x 1010

u. O fvm

18.0
21.6
29.0
51.0

93.5



o 1 -

5. Flow with a pressure gradicnt

If we now make the assurmption that our relation (32) should hold
locally in a self-preserving flow having a pressure gradient we have
that

cix) = — Tl o (39)

This would indicate that in a region or adverse pressure gradient
the virtual eddy viscosity falls in the downstream direction. This
cannot however apply to a non self preserving flow in a region of
adverse pressure gradient when separation is approached as will be
shown in Section 9. If now we eliminate Ve between cquations (39)
and (19')

i 'Y uT? 2 T.'S »
) = L ’,f.._ .l JU, . U, dx 4
1 T Al Vo o - 1
0 ( } us \2
| B, — . Udsz )
J ! 02 U1 1
An approximate inversion of (40) can be found by putting
2
u )
By L. B = o (41)
2 2
U‘I
; fl
so that from (40), withy = x
u, v
i , e= . & dy!
) y U 1
U3 (y) = —1— — ? ~ _/ : (42)
1 T o Lo(p’+ 1) " 1 E/z(ﬁﬂ‘/)___ _
K = 4
R{;E F X .Y'
Equation (42) gives on inversion
5
POR—— - 2
u, U/2 1 ’ v (A+1) | Uf(o) v dU (y")
——a —— = | P i T (4‘5)
U 7}: P/ 2 A, 2] o+ 5 mHecitonifed
v B x I2 = ‘o Ty-¥

X

where the latter integral is a Stieltjes integral.
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The determination of g

When U, = const. = U equation (43) becomes

2
U, P‘ﬁz 2 R’x
— = - (44)
us (p+ 1)
= EI.-Q.}..{. and Re = UO 52
Uz Uo

where Ry =
o
If we use the empirical power law variation of the velocity
distribution
2 2 -n -
where G is a function of n only.

From (44) and (45) we obtain
1/14n e
n
B, =( AL ) Ry (46)

L £+ 1
Now it can be shown that if n = 2m/1+m
uz C5
UE = 2in/14+m (47)
0 Fﬁa
and RE C
LF) % 5‘ _/3 +1 (48)
R, RXL‘m m

where Cs, C‘.6 are constants, so that

2
L & Ry Cs N m+1 \3 241
(\ Smt1/ 7 )

=z T T Sm+1
Uy By -
CS
giving § o
B = S sm (50)
(501)

l-n
1+n
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From (46) and (50?) we find

\ll}ﬂ-n
R(Sz = (G(l + !'1) RX / (51)
and if

Ry = (C - C, /%) exp (K&~ K¢(1)) (52)

then from (44) with (50')

R, = EL_ (‘éz— Eg_r:’\ exp(K;;-—Kg&(l)) (53)
1 +m Oy / \

which agrees moderately well with Coles (1954) relation.

If following Young (1953) we choose m = l/9 then g = 2,
and in table II below we see that the error in our relation (44)
compared with the more exact formula of Coles is quite small at
moderately large Reynolds numbers,

TABLE II

Coles Equ.(44)
103 Cg Rx 103 cp = —‘g— :g-il . 103 Error %
8 1.02 x 10° 8.6 +17.5
6 4.07 x 10* 6.35 +8
4 3.64 x 10° 4,10 +2.5
2 3.55 x 107 1.95 .
1 1.52 x 101° 0.93 -
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7. The equation for Razand a comparison with Spence's (1956) method

2
If in equation (43) we put u‘; /U1 = ..GT as found at zero
Rg,
pressure gradient from the power law relation (equ. 45), with
_ p+1
y = (x/c)
- ErITE
Lon 2a R, x U{(X)
- *
R (%) = Shrd 5 O (54)
= 4U 2
o Vy-7
0 g
compared with Spence's formula N
. l4n aR >
Rygi) "« Lle [ T(z)" dz (55)
U(x)
o

where in both (54) and (55)

a = (1+n)G

U.c
}“cw .—-—0_
Vo
U, = U, /U,
x = %lc

* If —ﬁ1(;)7) is constant up to ; = 371 and then varies with ;,_:che lower
limit of integration in the integral in the denominator is y, in
place of zero.
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If as an example we put fI1(§-) = ;q, with 51( o) = 0, i.e.
g >0 we can obtain a numerical comparison between equations
(54) and (55). In this case (54) reducesto (s = 2q - 1)

F+1
1+
. o (1 +5)
- q+1 »
aR x (m)( f L.X.)
(-9
’5, 2
= ’fr(1+n)(1+15’) 29_\r (56)
1+5
while (55) reduces to
1+n
__Rf’ﬂ_.. sadi (57)

- gtl T 4q+l
aR X

It is important in (56) to choose a suitable value for . As noted
above (see equ.41)

2
Rf)a uT]Uf" Uy ~ xﬁ

which with upy? = G/Rg, , gives
1

2g+l -n
1+n

B (58)

Thus equations (56) and (57) reduce to a comparison between

'(9(1-!11) il
1 and 1 __ 1+9 2)
4q + 1 m(q+1) (g(l +n))

1 +4q

These values are tabulated in table III below for n = 0,2, the value
used by Spence, The agreement between our two results is in
this case reasonable.



0.2

0.4

0.6

0.8

1:0

1.2

1.4

1.6

1.8

2.0

3.0

4.0

4q+1

0.556
0.385
0.294
0.238
0.2G0
0.172
0.152
0.135
0.122
0.111
0.077

0.059

= i =

TABLE III

o
a(q+1)

{

79 - 5
10(1+q)

1t

|

0.530
0.358
0.270
0.216
0.180
0.155
0.135
0.120
0.108
0.099
0.068

0.052

6
5(1+q)

__q__]f,
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8. Conditions near separation

From equation (43) separation occurs (u, = 0) when

. £ ;
U, (o) = -J y f (59)
! o
_ B+1
where y = X and £ must be suitably chosen.
If ﬁ1 (x) = 1 -x, with _fL (o) = 1, then from (59), writing
Xsep as the distance to separation,
1 %
1+8 ]l dy ¥ +'9d§
x X y s =2
5 Xsep 7 Xsep / =
@ _1+5/~"_ 0 \ll-y
T LEE
(=2 Ly}
or ii..(.._l.i___'__' - 2% {w(1+ﬁ). +1=0
R T e N On  %
p 1+ﬁ 2 3 l+ﬁ . 2> .
ooooo (60)

Approaching separation it can be shown that £ & 0 and with this
value for g equation (60) becomes

8
having the roots ;{sep = 0.317 and 1.183, where only the smaller
root can have a physical significance. With the value of X = 0,317

. S€p
we find that

(I_I) = 1-0.317 = 0.683
sep
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Although at first sight this result seems not unreasonable it
can be shown to be fundamentally incorrect. In the first place it
cannot strictly be compared with the experimental results of
Schubauer and Klebanoff (1950) for in our case the boundary layer
thickness is zero at the commencement of the region of adverse
pressure gradient. In the experimental set up of Schubauer and
Klebanoff there existed about a 17ft length of boundary layer having
approximately zero pressure gradient upstream of the region of
adverse pressure gradient. If these conditions are inserted into
our equations we find the results are nonsensical, The reason for
this discrepancy is not hard to find. In deriving the equations for
a pressure gradient we have used the compatibility condition on v
which was derived for the case of zero pressure gradient and
can possibly be justified to hold also in a region of self-preserving
turbulent flow. However if we look closely at this relation we see
that the eddy viscosity decreases in an adverse pressure gradient,
which is certainly not the case when separation is approached. We
must therefore seek a new relation for the eddy viscosity in a region
of adverse pressure gradient if the flow is not self-preserving,
This case is explored rather tentative}y in Appendix B. It is shown
that if the eddy viscosity varies as X the position of separation and
the variation of skin friction coefficient with distance are in fair
agreement with the results of Schubauer and Klebanoff. However
more comparisons with other experimental data are necessary before
the derived relations can be taken to apply to general positive
pressure gradients.

9. The compressible turbulent boundary layer

The steady boundary layer equations of motion, continuity and
energy for a compressible turbulent flow are

9u or

s 4z,

pu H+(‘p?+p'vf)g-g=5_ o +_y (62)
o= zr-g—g - p uv' (63)
;if?:.(ﬁ-_+ %(5?4-5’7) = 0 (64)
h igi+(p;+plv')%—§§-=a_y[% %(HS +{o'—1)g-2>
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where hg =h + u®/2 is the stagnation enthalpy, h is the specific
enthalpy, o is the Prandtl number and

v! h's ~ vih! (66)
In this section (u, v) denote the mean velocities, (u', v') the fluctuating

velocities and (7, p') are the mean and fluctuating densities respectively.
Equation (64) shows that if y is the stream function

P U . 3
o dy

.
»

;\7 + pt V! R (67)
o

where P is the stagnation density.

The compressible flow equations above can be transformed into
pseudo-incompressible flow equations by use of a modified Stewartson-
Illingworth transformation. The essential features of such a transform-
ation are that by a stretching of the physical co-ordinates the variable
density in the inertia terms can be eliminated. If in the pseudo-
incompressible system (X, Y) the stagnation pressure and enthalpy
arc the same as in the compressible flow (x, y) and the stream function,
which determines the rate of mass flow, is unchanged in the transformation,
the transformation formulae are (where the suffix (o) denotes quantities
evaluated at stagnation conditions in the physical flow)

y
X = jx A M%H ax ;Y =[ 27 4y (68)
pO ’UO g g aopo

Equations (62) and (65) then become

U ou _ hg dy, ) (- oU
—_— 4 S Vi R PR B C —
U " VR hg Y 3 ° 3 oY
1 ;
) : (69)
- 2@ VD
oy 1 i
and .
UEIE.+Vahs Yo 8.1 5.8 {4 (10‘>af_U2
0X Y o 3YL oY 5 a ag
8 (FEo%o 1 — {i0)
- —\7a = Vhy
oY \ #1341
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where U = a, _ﬁ/a1 3 U1 =a, Gila1
k (71)
g . L
N o . a’ o, u
el - B o v')comp = - pg (] vi')inc. ﬁfﬁ (72)

o O O

The last relation assumes that the turbulent mixing processes
are not changed by compressibility effects. Thus following Mager (1958)
we assume that the turbulent stress acting on each elemental mass of
fluid is unchanged by the transformatmn. This leads to equation (72)
which reclates the Reynolds stress - p u'v! in the compressible flow to
-0 u'i vi in the pseudo-incompressible flow., This relation can only
be justified by performing the appropriate experiments, but since data of
this kind are not yet available all we can do is to compare the corresponding
skin friction coefficient ratio cf, /Cf , as evaluated according to the above
assumption, with experiment.

It is interesting to note that an alternative form of (72) is

-F (Wvkomp., ., -Po{ul ¥ )ipc,

z (721)

i

showing the dependence of the Reynolds stress on the ratio of p, u{ Po Ho-
If further we transform equations (69) and (70) from (X, Y

co-ordinates to (X, vy ) co-ordinates using von Mises transformation

we obtain respectively

puﬁz .GHU

2
az' = 9.....[21._ 9 (_ 7) ..a_ i 1
53-{ S ax +U0 U—a— 3 + 20 uiVi
(73)
and a_ssi";’...@_[UE_a_< ( cr> 2]
oX o oy oy 2 azoﬁs

=

H_a -
$ ai< ° 2 EE’.. Vi hg)(u)

where Z =(U; - U andS = (1 -hg/hg).
1
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Now we will require later the integral forms of these equations
as boundary conditions for our velocity and stagnation enthalpy solutions
in the outer region, Thus on integrating (73) and (74) respectively with
respect to v from 0 tovg{corresponding to y = 6 in the physical co-
ordinates (x,y)),

vy v
3z ] dXx au? f S = T
e AR = 1 == dy F 26, —=
j;, U v X 4, U - o Po (75)

3 S
- = — 1 1 = =
where T Ho ( a:g and ui vi 0 at Y = o,
‘ Y=0
¥

and ] ? 5 gy = - M (76)
B X ;:ac)hs1
where Elw il ('g%) and ["" ody = - . %“-N‘]?— dX
=0 o o .8

since S = 0 at X = 0 for all values of v,

The value of C_ in equations (75) and (76) is very significant
as will be shown later. According to equation (71)

= P K
C =WW

w o, Hy {18)

but because C changes most in the inner region, including the viscous
layer, we migﬁt expect, by comparison with the solution of the compressible
laminar boundary layer problem, that it is morc appropriate to assume

in (73) and (74) that C 1is a constant evaluated at some 'intermediatc’
enthalpy conditions. If we denote these latter values by starred quantities
then

C* - g% ¥ (79)

It is shown later that using Eckert's formula for the 'intermediate' enthalpy
the ratio of cfclcf_ as evaluated by our method agrees moderatey well
i

with the available experimental data for the case of zero pressure gradient
and both insulated and slighily cooled walls.



On the other hand Eckert's formula (based on the laminar flow analysis)
seems singularly inappropriate for the highly cooled wall case.™

In equation (75) a suitable approximation to the first term is
found by replacing U by U, so that

d - 92U ¢ X du, /m S dv
_ = R 4 0
ax | 2 dy » (rwcw 00U 5% | =% (80)

[C:J o
where the additional approximation ._1_] Sdy ’*’;{ 5 d.'.!r
U Lo

may be adequate in some cases.

This completes our formal presentation of the transformed
equations and we are now in a position to attempt a solution of these
equations in the outer region of the boundary layer on similar lines to
the corresponding solution in the incompressible case given in section
3 above.

In the outer region let us assume that a virtual eddy viscosity, P
and a virtual eddy thermal conductivity, k,,, ¢xist such that in the

compressible flow E
= = U 5313.;1"_'
} (81)
e kT ahs
- p V! h's = ET') Ty

*For the special case of zero pressure gradient when the wall is highly
cooled it would seem more appropriate to base the reference conditions,

in the Stewartson-Illingworth transformation, on the freestrcam conditions
rather than on stagnation conditions, since nowhere in the layer does the
enthalpy approach stagnation conditions as it will for the case of zero heat
transfer. This leads to a diffcrent result for the skin friction (see para. 11).



In this region we have also that h, ¥ h_ , the constant external
stagnation enthalpy, » ~ o, U #U , and py s>ty s koo >> ko I pep
and k., are assumed to be functions of % only then the transformed
equations (73) and (74) reduce to

9Z o 8%z
ix T Vo U Cr T 2
J (82)
and 38 . oy & &
X O'T 1 L By?
by C
where op = z is the turbulent Prandtl number and is

T
assumed to be a constant, and E’T = uT/u1 .

These equations are uncoupled because we have put S = 0, in
the equation of motion, corresponding to the assumption that h, ® h,
throughout the outer region. If we retain this term in the first of
(82) then we must first solve the second of (82) using (77) as one of
the boundary conditions, and afterwards solve the first of (82) using
(80) as one of the boundary conditions.

1

Thus the relations between the wall shear stress, rate of heat
transfer and pressure gradient in the pseudo-incompressible flow
can be obtained. The equations however simplify considerably in the
case of zero pressure gradient and this case will be fully treated in
the next section,
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10 The relation between the wall shear siress in incompressible

and compressible turbulent flow «

When U, = const = U cquation (82) becomes

ge =¥ U, T *Z
X o "o "1

with the boundary conditions
Z+ 0 as ¢ »

and from (80) .

.q._... j Z dy = i
dX e
(o]

fab]
>
@
[}
~

4 =3

ot ay?

having the solution

I 1
Z(v;p) = Alp) exp(-p? v)

%
(83)

(84)

0l

(85)

(86)

(87)

as in incompressible flow. But from (84) and (87) we easily find that

~ oo

1 2
p? Alp) = T
0 %o

. -pt Cw Twit)

CT (t)

(88)

3 ; ; ; - ;
An alternative treatment is given in Appendix A,

l,

"(*Equations (83) and (84) can be put into an incompressible form by

introducing a new variable x in place of X, wherec

X
X =
(0]

¢ ;
= dX', and rcplacing C,11 by
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giving [ 4
R A R L I
Ay, = - -
U PR < ¥ VELT
..... (89)
But in the inner part of the outer region Z( W*, t) »7(0,t) so that
3/, s (X G Bxn ¥'/a v(x)d vx")
Uy = f - R (90)
Valvg J YY(x) - v(X)
where . X
Up = 7,/P5 and Y(X) = f Cr d(x') (91)
o
(and is not the pseudo-incompressible normal co-ordinate).
Equation (90) has the solution
= 2 dX 1 uk v
R - (92)
dy 2V Vy
and since dY . ¢
T -G
Usfzwfv C
a 0 a T
U (X) = = T s (93)
Cy 21[11'!; (_,T dX
N\

( see equation (25) )

Alternatively from (92) on integrating over the length L of the
plate L) : el

. ]‘I“J e 2 UOE V-UO L -
[ Gueax - —& \/ J[ Cp{X) dx (94)

o 0]
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But by definition, in the pseudo-incompressible flow,

X
Cp = f Dao ax (95)
F T
U 'e
and the transformed (X, Y) equation of motion gives on integration
2
U U
d T o
e B BN PO T (96)
3]
ax 2 U2 U,
where R, = &, Uglv, is the Reynolds number based on the

momentum thickness in the pseudo-incompressible flow.

Thus

U, /vo L. _ )

Bll) = ——= C U dX (97)
U W
o
and when combined with (94), we obtain

2 B (L) C. U
Bg (L) = =+ f f — = dRgx (98)

(o} CW UT

But this equation can onlybe true if
2w 3B & (99)

— 2

L ST

giving the compatibility condition in the outer region of the pseudo-
incompressible flow (of density » : and kinematic viscosity v o )

Lok i (100)
Ko 29 p* ,u* UT
_ a4 ¥
where we have put C‘I‘ = ,uT/u1 and C, = -TO— . Now 3§,

in equation (100) is given by

U U
E ] — G =6 1 1
5, U, (1 Uo) W *ee 2p
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where &, is the momentum thickness in the compressible flow.
Also in that equation o Up = Twj Hence the corresponding

compressible compatibility relation can be written in the form

T H u
TR . R I (101)
e 1,0’ w u 8 T
z P4, Py 1% 'u1R6gc

since in (100) p.. is the eddy viscosity in the compressible flow.
The corresponding result in incompressible flow (see equation (32))
is

Vi [
cp = = B o b (102)

Equations (101) and (102) show that similar relations exist
between the skin friction coefficient, the Reynolds number based on
momentum thickness and the eddy viscosity in both incompressible
and compressible flows.

Now from the transformation formulae the ratio of the wall shear
stress in the compressible to that in the pseudo-incompressible flow is

T Hw (—“‘gﬁ> Do M a?

08 pedgl o MW ol (103)
y u aU P H ao

Wl o) -a—fw o) (8]

where T+i is. the wall shear stress in the pseudo-incompressible flow
and : :

1 = =2 . i
T ,5 p,u p ] AR Y
i L (100
4- 1 —

Ls o H
TWllpo (8] p‘l ,U1 ©

But this neglects the fact that the level of the wall shear siress is set
by the Reynolds stress in the outer region. Now the ratio of the eddy
viscosities in the compressible and pseudo-incompressible flows is

”Tc/“Ti ) o
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and it follows that

A T % %

e - L2 : <_.___._9 u ) f‘j_ (1041)
+ 1 —

Twi /po Uo My s

In gencral the ratio betwecn the skin friction cocfficients in
compressible and incompressible flow is required at the same Reynolds
number, But it can easily be shown that the values of Tw, and T‘;i

in (104') correspond to R,. and R;i respectively**, where

p U XCW
- = i o_0
E.XC = '01 u1 X and I{XI = “0 and
1
2
+ Ho 1
R, RXi<H__> - (105)
1 W

if the wall enthalpy is constant.

Now it was shown in Section 7 that in incompressible flow
when m = 1/7

_1/5
cg ™ RX' , and therefore from (105) and (1047)
i
i
c 12_5 r % &4 , 3
fe ®e (o > (m) : (106)
1 /5 P H 'U le)
Cfi RXl 171

Hence at the same Reynolds number (in the range where m = 1/7)

4
c %« x . Is 3
e =(ﬁ 2\ (111\5 (107)
CHi SN / Ko/

This result is of the form given by many authors™.

** In the pseudo-incompressible flow the effective length scale is X 6“,
(sce footnote to equation 83).

Cf ( .6
* For instance Mager (1958) finds that, in our notation, ;—E— = \'u‘/;x >)
B

Cs.
when 1~ Ry,
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Alternatively we can writc

-

J W

= <h1 )U*w) = (108)
i = o o 10
Ce: L h, >

if it is assumed yu ~ hw. and h*, the'intermediate! enthalpy, is
given by Eckert's relation, which for y =1.4 is,

%k
-2_ = 1+ 0.5<hw"h1> +0.23<13£h_‘_}h> (109)

1 4 1

where hy and h, are thc wall and recovery enthalpies respectively.
h1 and hy are the freestream and stagnation enthalpics respectively.

For the special case of zero heat transfer, hw = hr' and

I - 1 A
T - ( 1+ XL o M) (110)
h 2 4

q

Thus Eckert's intermediate enthalpy rclation becomes

sk 0,72 L
Wyp = 1+ == o M (111)
1
and if 4] = 0,8
C
fc ™, 1
Ce. c T I 2 90.16 |- (0,48
fi oy =n, 1+0.144 o° M, | |_1 + Mf,svl
(112

which is plotted in Fig. 2, togcther with some experimental data.

It is scen that there is fair agreement between theory and experiment
for this special case of zcro heat transfer (insulated walls). The theory
should also apply to the cases of slightly heated or cooled walls,

As stated above Eckert's intermediate enthalpy relation is
inapplicable to the highly cooled wall case, since nowhere in the
boundary layer does the enthalpy rise above the freestream value,
The case of the highly cooled wall is discussed in Appendix 3. Since
in this case the enthalpy in the boundary layer docs not risc above its



frecstream value it is suggested that the reference conditions in the
Stewartson-Illingworth transformation are more likely to be appropriate
to freestream rather than stagnation conditions. This leads finally to
the approximate relation

s, ( 1 +<h1/hw >‘1* jfs

°f; 2

(113)

a result independent of Mach number,.

c
This shows that for values of (h/h,) less than unity fC/cfi
will have values close to unity.

This conclusion was previously suggestced by Rose, Probstein
and Adams (1958) for the case of a partially dissociated boundary layer.
However they based their conclusions on the assumed fact that the
density was approximatcely constant over the entire boundary layer
outside the sub layer, whercas our result does not depend on such an
assumption.

11. Conclusions

1 On the assumption that a virtual eddy viscosity exists in the
outer re ion of the boundary layer, it is shown that the turbulent
boundary layer equations can be solved approximately to give the
velocity distribution in the outer region.

2. For the case of zero pressure gradient it is shown that a
compatibility condition for the eddy viscosity exists, which
for moderate to high Reynolds numbers takes the form
ur 5,

T

™ constant. This relation is just Townsend's equilibrium

condition for the large eddies in the outer region.

8, If it is assumed that the compatibility condition for v .., also
applies to the case with negative pressure gradient or at least
in a self-preserving flow, an  equation, analoguous to the
momentum cquation, is found giving Ky as a function of U, (x).
This equation gives results comparable with those obtained by
Spcnee and Maskell's method.
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When the pressure gradient is adverse and separation is
approached the compatibility condition on v is found to be
inapplicable. A revised analysis shows how this case can be
dealt with and it is shown that if v, ~ x* approaching
scparation the calculated skin friction distribution agrces
qualitatively with the mecasured results of Schubauer and
Klebanoff.

The method is extended to compressible flow by making use

of the Stewartson-Illingworth transtormation, which transforms
the compressible flow equations to pseudo-incompressible flow
equations. One result that is obtained is the ratio of the skin
friction cocfficients in compressible and incompressible flow.
This ratio is of a form analoguous to that found by other workers
in the field and in particular that of Mager for the case of zero
pressure gradient and zero heat transfer.
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APPENDIX A

The Compressible Turbulent Boundary Layer in Zero Pressure Gradient

The compatibility condition for u.» found in equation (103) can be
derived without recourse to the Stewartson-Illingworth transformation.

The equations of motion and continuity are

N om T au a7
= + (TTF +01 = Al
p U Fx (P v v') Ty Ty ¢ )
and _
8hu_ 4 B (TV+ p' V) = 0. (A.2)
x oy

In the outer region of the boundary layer we will assume that

o Mo du (A.3)

where U, is the virtual eddy viscosity and Hp >> K. If we define
the stream function ¢ by

e ny —_ Tt ay
pu = a—% and (p V +pty!) = - ‘af';f (A.4)

then on application of von Mises transformation to equation A.1 we find
that

N (ab)
3

07

d

=uaw(ou

where = - ue,

But in the outer region we can put p . as a function of x
only if both quantities are cvaluated at some suitable intermediate
value, If therefore we put

oMy F p* (x) ui‘r(x) (A.6)
then )
- - e i 2
92 = wp W ZE (A.7)

v
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If we also assume that in this region u w~ ﬁ: equation (A.7)
reduces to the incompressible form given by equation (6) with
Po Ho r{x) replacing il From the solution to (6) we can thercfore
find the solution to (A.7). "In the region near the wall we then find that

Bhoo2 [T orglx)  ax
u,z = %’.f WX 71; (f‘s.,S)
o sl e
(f p(z) uT(z) dz>
X,

which on inversion gives

3
— I
dx 1
x) == = = 9 (A.9)
W G o Vi(x)
& e %
where t =-f p(z) uT(z) dz .
o

If we integratc (A.9) over a length L of the plate

L 7 (x) 2 :]-‘:"*—--w--;—.‘....‘
f ‘f.. o dX = {7;;- 5 _\/‘ﬁ1‘\ { .0* urr - (A‘lo)
o % o, uf i .
1 L
put Cp = "Ljf cylx) dx
o
2 L RS
C Vi \./ of 4t ax (8115

by virtue of equation (A, 10).
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The corresponding relation obtained from the momentum
integral equation is

2 B52(L)
Ly = === (A.12)
Py uy L
U
1
where dB52 i T . ,31' z_i" N f_‘f__ (A.13)
dx ——
ﬂ‘u1 !..[1 u" Hi
Hence from A.11, A.12 and A,13,
1 -RE)-SL) *[i* -
2 1 = p u
Ré (L) = — f T ¥ d Rg (~.14)
2 o U T ‘2
o 4 w
which can only be satisfied if
p* u* o
< T M « 2g (A.15)
T T T Oz
i w
Thus -
) 62.‘!7'. 0 £ —
el ki N ’ % (A.15")
ES 2 ar ;j_ r-.: |
o 1 wilp

is the compatibility condition for pu
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Alternatively we can write *

7 ,O* .U*
1
w 1 T 1
Cf(X) - 1—:_-—;—2- - ar _5 “ ¥ 5 (A.IS)
Bl D1 1.1‘l 3 ! 62

This is the generalised relation for a compressible turbulent
boundary layer corresnonding to

) =+ T (A.17)

in incompressible flow.

Thus the ratio of the compressible to the incompressible skin
friction coefficient is

s ot “%:r/u ¢
- 0
cf, - " R = (A.18)
1 W i
e, #, Tilu 82
and at the same Reynolds number o) - o _]3 ;
5 = same a n 2 p
v o U
1
o
! o uij:w
“r, j ] ¢ d¥,
= ? B, B -
Cp f i where x = x/ L, (A.18)
i 4 [ i’
Ti X
ho

o

and suffixes (i) and (c) refer to incompressible and compressible flow
conditions respectively.

* This relation is similar to that given in equ. (103) except that in the

latter equation we have put ¢ = 7,
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However we cannot p;‘oceed further without knowing the
o
relation between Iy and ,UTC . We note that in order to keep our

various approximations consistent we should put o* and i equal
to p and “, respectively in equations (A.18 and (A.19), but this does
not help us find the desired relation between e and Cy, «

Thus we see that the formal compressible flow analysis, without
recourse to the Stewartson-Illingworth transformation, is necessarily
incomplete and justifies the more elaboraie treatment given in Sections
10 and 11.
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APDENDIX B

The incompressible turbulent boundary layer in an adverse
pressure gradient

The compatibility condition for the eddy viscosity as derived
in equation (32) is true only in the case of zero pressure gradient and
possibly in self preserving flow. It is not a priori justified in a
turbulent boundary layer approaching separation. Indeed (32) suggests
that the eddy viscosity falls in value in a region of adverse pressure
gradient whereas experiments suggest that it increases rapidly as
separation is approached. The rapid increase in the form parameter
H near separation is analoguous to this corresponding variation in the
eddy viscosity. It would therefore seem desirable to rederive our
equations to see, if with this variation in eddy viscosity, the position
of separation can be predicted in agreement with measured results,

The equations of motion and continuity are respectively, for an
incompressible flow in a turbulent boundary layer,

aue . euv ., . 1 8, g, 8. 8 T . 8w
X oy Py OX o 8 y? 9y ox
LU T (Bll)
1 op V=2
0 = -po & - '—"*—ay (B.2)
oU + 3V = o (B.3)
ax dy

From (B.2) we see that p + p . v2 is a function of x only and
we can therefore rewrite (13.1) as

pU? L aUV ., y a4 |, 23U _3 W - 2 (W -V

8 x dy 'odx © 3y2 Oy 9 x

. (B.4)
If we define the stream function in terms of
g 0w W vV = - o¢ (B.5)

0 ay Po 0x

then on transformation from (x,y) co-ordinates to (x, v ) equation B. 4
becemes

8% Uz S P 3 78 _Tw®
S g & X, b 2EAd -7
ax °o dy? ¢ 0t W Th )

=8 v%(if‘” 5 WE) (B.6)



- 40 =

But because V «<U and '1-1;, 7*", uZare all of the same order
of magnitude we can neglect V 3 _ (u? - V%) compared with
A
o — v
U gy uv. With this approximation (B.6) becomes

] o of? _ o2 - 8% 8 == =
g{'(d 2(u v?) ) g Ho -a-;-g + ZpoU-é-‘-{;-uv (B.7)

The integral of this equation over the boundary layer is

[ _8_(3-2(? -?)T}La 2 7 (B. 8)

W
Jo ox

where the wall shear stress 7, =( u 20 = p . u U Lo :
o ay o ~o oy
w y=0
Eguations (B. 7) and (B. 8) are exact according to normal
boundary layer approximations.

In the outer region we assume an eddy viscosity, Vs exists
given by

s U _ Po VT o2z

where v, is a function of x only. Also if structural similarity cof the
turbulence exists in the outer region - W/ 2 2 is roughly constant
and so

=
ﬂj_ (B.10)
- v

where g is a numerical constant of order 2.5. Hence in the outer
region equation (B. 7) becomes, if the viscous term is neglected,

o7 82 7 5 ( a:z)

°L 2 p_pum U wg B (e 2% ,

= o HT 5 B T 73 (B.11)
where Hp ® Pp Up
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But in the outer region U is approximately constant and if
the average value is U+, we find on applying the further transformation

X
t = [ Po “T U dxt! (B.12)
0
that
82 , 883 a(u 07
5t e BT \NTY FH (B:18)

with the boundary conditions Z ~0 as ¢ * » and as t{x) » O.
(This assumes that the turbulent boundary layer commences from
x = 0. If a region of laminar flow exists upstream of the turbulent
boundary layer the analysis needs a simall modification. )

If a similar approximation is applied to the integral form of the
momentum equation (B. 8) we can by suitable choice of Ut put

co

2T
-g:— Z dl,ﬂ' = w + g—;(ﬂrlm Uz ) (8.14)
> g Fo llp
o]
since - —2_ 2 ~ P " 2
‘]0 2u-v)dy aH, 410 -a uTU1 ;

The last term in (B. 14) arises from the inclusion of the Reynolds
stresses Py uw and & VvZ in the equations of motion. An order

of magnitude analysis shows that it can be neglected in (B. 14) except
near to separation, and then only when the wall shear stress is

vanishingly small.

For convenience in what follows we will write

27T
T(t) = — +a g— (“T Uf) (B.15)
Po M t
so that —_—
d [
a‘z‘f Zdy = T(t) (B.16)
‘o

and its Laplace Transform is

oo

p[ Z(y; p) dy = j e Pt T(t) at (B.17)
(0] (o]
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If we now return to equation (B. 13) we can show that the
inclusion of the last term, since it is of smaller order than the
remaining terms, does not materially change the form of Z as a
function of ¢y and t. We will therefore omit it, although still
retaining it in the boundary condition B. 16 or B.17. The solution
of the modified R. 13 then follows from equation (10) in Section 3
and is

\
t \
2y, t) = vl?f T(t!) e"p(""zf'“t -t)) g
o Vo

If we now assume that (B. 19) holds for values just in the
inner region also, where y =» 0, then approximately

t i) at

1
2 = e
oo « & [0 Zue

/o

If now T{t) is a continuous function of t then on inversion

1 [ U (o) A aurn
™) = ;._ PV - w e '
o
| Vi o Yt-t
3

where, as above, t = / ?0 ,u,[,(x') utx') dx'.
o

Now as explained above, except very close to separation,
we can put T(t) = 2 Tw(t) and so

p o k(D)
2 t 2 |
cdt) = fr | Dl [ du, (e
U Var -rt ‘5 '\/-t :t' )

(B.18)

(B.19)

(B. 20)

(B.21)
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As an example let us consider the case where in the range
0< x< x, U =Uf(o0) and U, = U(x) for x >x . If we now write

U - .
R, » H9% . - ylue ;E =x/x,
v
0 —
- ) X 5’-, - o+ 7+
Vo va/vo and t = —"'1‘_ U, -I-J- dx' with k 1%-
& UT(]_) U‘l 1
then for x > x,
U U _JF AT ()
cf(x) = S 149t f e (B.22)
U, [7R t - A}t -t
N (1) L
T
. = 1 _ i
with ¢ (x,) = _— e (B.23),
A swR 1 Tl gt =
EXNEAT
o\ v J
UT( 1) o VT( 1) [1( o)
since x = 1, and U1(x1)/U1(0) a 1,
-2
du,
If we assume that —=— is constant in the region of adverse
dt

pressure gradient then from (B. 22), the skin friction distribution is
(with UH/U, =1)

- 2 T d*t dacC s g
d® = = f—-———— — . P Yy _j (B. 24)
TN 7 R, dx dx 1
]

where C_ is the pressure coefficient given by Cp =1 - ﬁf and

dCE

5 is positive.



Equation (B. 24) is in a convenient form to compare with the
experimental results of Schubauer and Klebanoff {1950), and so enables
us to determine empirically the varlatxon of v, with (x). In effect
we want to know how the eddy viscosity "stret Ihes the transformed
co-ordinate T. Of course (B. 24) is only an approximate form of (B. 22)
but unless de/dt is known with great accuracy little advantage is
gained in usmg the latter equation. (In fact the use of inaccurate
values of dU 7dt in (B. 22) usually leads tc misleading results).

Tquation (B. 24) is most important for it shows how the local
skin friction coefficient depends on the local external conditions
(the external velocity and the external pressure gradient), the local
conditions in the boundary layer (the eddy viscosity in the outer region)
and the past history of the boundary layer (the integral of the eddy
viscosity up to the local position). It does not depend on some assumed
relation between skin friction and momentum thickness, and apart from
the relatively minor approximations in the analysis, the only major
assumption made is that the Reynolds stress ~uv can be defined in
terms of a virtual eddy viscosity.

It must be stressed that it is only applicable to the flow in a
region of adverse pressure gradient approaching separation following
a region of near zero pressure gradient, which is just the case treated
experimentally by Schubauer and Klebanoff.

In the evaluation of (B. 24) R, is put equal to 18 x 10°, and ;T(l),
from the above results for zero pressure gradient, has a value of
about 125. This gives a value for c{1) of about 0.0023 compared with
an experimental value of about 0.0022 as deduced from the measured
velocity profiles.

It would be inappropriate at this stage to gloss over the difficulty
in determining the required relation between t and x from a comparison
between (B. 24) and the experimental results. Also the relation as
determined may be special to this pressure distribution and so at the
best the results that follow are only very tentative. Since we are
therefore interested only in an order of magnitude result we will make
the rather bold assumption that the integrand in the evaluation of t
is proportional to v - right from x = 0. With k = 1 the integrand has
the value of unity at x = 1 for all values of 3. From our previous
analysis we would expect £ to take on different values in the region of
nearzero pressure gradient from those in the region of adverse pressure
gradient. However to include this variation would appear to be an
unnecessary elaboration at this stage, apart from making the final
results most unwieldy.
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v, - B
oo % we find

T
TIT(I) !
that (B. 24) reduces to

RS — sl
(B+1) veu(1) " dc BG+1 2
. J T [ X %’— : —xp-(x -1) \

Thus with

=

Cf(X) ¥, e

w R (p+1) d
N = e (B.25)
and with £ = 3
(T .
o - 2 l.‘f_T__ | . -
clx 1: N 7R 1--2?-3%- (x4- 1) B. 26)
leading to
c{x) - 1
f o - 5
T " = 1 e d—f-‘t’-’ (x*-1)° (B.27)
f(1 U’ 2x dx
1

dC
If we take ._E_ as equal to the mean slope between x and

x = 1 for each value of x (noting that ——-E— must equal zero at x = 1)
dx

we find that the following values fit the experimental results for both
the pressure gradient and skin friction coefficient exactly.

Ny x/x, dCp/dx efx)fc 1)
18 1.0 0 1.0
19.8 1.1 1.44 .82
21.6 1.2 1.6 .605
23.4 1.3 1.66 .38
25.2 1.4 1.62 .10
25.8 1.43 1.60 0

dC

(Note the tabulated values of __P are not the local values but the
dx

average values between X = 1 and the local value of x).
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We note also that the separation position is predicted exactly,
but this is probably fortuitous, and in view of the approximations
made in leading up to equation B. 27, we cannot claim more than an
order of magnitude agreement.

Since in the region of the positive pressure gradient U1 ~ é

i
we see that in the same region v, ~x* , that is its value increases
fourfold in its passage from x ="1 to separation. This result is also
qualitatively in agreement with the variation in the measured values
of the Reynolds stress - uv over the same region.

In conclusion it is again necessary to stress the tentative nature
of our results especially the rather arbitrary choice of the value g = 3.
However the present results are sufficiently promising for us to continue
with more detailed comparisons with other known experimental data,
and this work is in hand.
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APPENDIX C

The compressible turbulent boundary layer in zero pressure gradient
when the wall is highly cooled

When the walls are highly cooled the enthalpy across the
boundary layer does not rise above its freestream value. It is
therefore more appropriate to use freestream conditions, as reference
conditions in the Stewartson-Illingworth transformation, rather than
stagnation conditions as used under nearly zero heat transfer. In this
case the transformation formulae are

X =x and Y = fy f._..(_%_zt_)dy {C.1)
1
o
with U = u and U = u, (C.2)

where capitals denote transformed values while small letters refer
to the conditions in the compressible flow. In the transformed flow
the constant density and viscosity are P, and “, respectively.

The transformed equation of motion in Von Mises form becomes

3Z " 3 (—- aZ) 0 —
% U1U'é-‘; [ "a—l; * 2U-é—; u; V; {C.3)

where Z = U? - U® ; C = 2 ; pul v %, uy

If we replace C by a suitable average value™ C and put

X* = [R 8‘ dX! , equation (C. 3) reduces to the incompressible flow equation
o

97 827 s f 0%
-!_J - Cd q
= v, UZZ 4+ 2u aw( - ) (C.4)

* the average should be taken over the viscous sub-layer.
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Its integral form is

e ) e
SZf g™ Tw
T e d’l’l = 2 - 2]
j T - 12.5)
(o] 1
s /au .
where T = [ K— is the wall shear stress in the transformed
W 1 aY -

incompressible like flow. In a highly cooled wall case C* will be
greater or equal to unity. Thus we see tnat, according to our trans-
formation, cooling a wall reduces the effective Reynolds stress and
increases the length scale of the boundary layer.

The solution of these incoinpressible flow equations has been obtained
above. The result for the ratio of the skin friction coefficients in
compressible and incompressible flow at the same Reynolds number,

...1/5

it °f; ~R_. ° , is
Xi

e e y
# x EQ‘ = (h‘l,h*) (C-s)

if w = . If now we put, failing comparable experimental data,

sk fol + 0. U
R (c.n)
- & 1 _415
then cfc _ 1 +(hi/hw>z L
Cfi 2

a result independent of Mach number,

Even if the relation (C. 7) is found in practice to be far from
accurate we will always find that the relation ch/cf' has values near
1

unity when h""*’/h1 is less than unity, i.e. the highly cooled wall case.

This conclusion that the skin coefficient in a compressible flow having

a highly cooled wall is roughly equal to the incompressible skin friction
coefficient was suggested by Rose, Probstein and Adams (1958) at

least for the case of a partly dissociated boundary layer. However they
based their conclusion on the assumed fact that the density was approximately
constant over the entire boundary layer outside the laminar sub-layer,
whereas our result does not depend on such an assumption,



