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Abstract

This thesis develops methods for the analysis and elimination of non-linearities,
defined as errors in the measured displacement that are periodic with some har-
monic of the illuminating wavelength, in homodyne displacement measuring optical
interferometers. A particular focus is placed on phase-quadrature coating based
interferometers.

A novel modelling technique is described, allowing the effects of cavity forma-
tion within networks of polarising optics to be analysed. This modelling technique
is applied to investigate the sources higher order non-linearities introduced by un-
wanted cavity formation within the optics of the NPL plane plane mirror differential
interferometer. Some non-linearities may be eliminated through improved optical
design, however, this is not always possible, or practical. Three novel correction
algorithms are therefore proposed, aiming to correct for non-linearities in situations
where existing correction algorithms fail. The first, the two-wavelength non-linearity
correction aims to correct for higher order non-linearities in cases where the displace-
ment covers several optical fringes. Compared to a standard Heydemann ellipse fit-
ting correction, the two-wavelength approach is shown to reduce estimated residual
non-linearity amplitude from 84 pm to 11 pm. The second algorithm, the multiple
intensity reference correction, aims to correct for non-linearities in cases where the
displacement covers a small portion of the optical fringe. This algorithm is shown
to reduce the amplitude of elliptical non-linearity harmonics to below the 10 pm
level. Finally, the measurement arm normalisation correction also aims to correct
for certain sources of higher order non-linearities, but reduced optical, electrical and
data processing complexity as compared to the two-wavelength correction. Based on
the findings of modelling work in combination with experimental non-linearity mea-
surements, an improvement to an existing NPL interferometer design, utilising the
measurement arm normalisation correction, is developed and tested. Peak-to-peak
residual non-linearities of (23.0± 0.6) pm are achieved, reduced from (56.8± 0.4) pm
by application of the measurement arm normalisation algorithm.
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Chapter 1

Introduction

1.1 Displacement measuring optical interferometry

Traceable displacement measurement is of vital importance to many manufacturing
processes and research tasks, with traceability back to the SI definition of the metre
[1] required for any meaningful comparison of measurements to be made. This is
no less true of nanoscale measurements than of those made at the more familiar
macroscopic scales, and an increasing demand for dimensional metrology at the
nanoscale has been predicted [2–5]. This increasing demand for nanoscale metrology
is driven both by the requirement to measure the form of nanoscale structures [5],
and by the need to characterise and calibrate nanopositioning devices [6].

A range of technologies are capable of traceable measurements with sub-
nanometre uncertainties, however, all are ultimately traceable back to the wave-
length of light and therefore, with the exception of large area grating period mea-
surement, to displacement measuring optical interferometry [7]. A secondary real-
isation of the metre standard has been added to the mise en pratique [7], through
the well characterised lattice parameter of silicon [8]. This secondary realisation is
particularly well suited to sub-nanometre metrology, however, the lattice parameter
of silicon is again ultimately traceable to measurements made with optical inter-
ferometry [9, 10]. Improved displacement measuring optical interferometers have
therefore been identified as a key enabling technology for the advancement of the
field of nanotechnology [4, 11].

At the nanoscale, as will be demonstrated in chapter 3, the measurement un-
certainty of displacement measuring optical interferometers may be dominated by
non-linearities, defined throughout this thesis as errors in the measured phase (and
therefore displacement) that are periodic with harmonics of the wavelength of the
illuminating light. The basic operating principle of a homodyne interferometer is
illustrated in figure 1.1, along with the origins of non-linearities, which in homo-
dyne interferometry are introduced by distortions of the ideally sinusoidal outputs
of the interferometer. As the measurement retroreflector (RRmes) is displaced rel-
ative to the fixed reference retroreflector (RRref) (A), sinusoidal intensity changes
are observed at outputs x and y. Plotting these outputs against each other forms
a Lissajous figure, with the instantaneous interferometric phase ϕ being measured
by observing the angle of an individual data point in polar coordinates (figure 1.1
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B). In the ideal case, x and y take the form of sine and cosine signals, resulting in a
circular Lissajous. When the outputs deviate from this ideal form, the Lissajous is
distorted, and a non-linearity error is present in the measured displacement (figure
1.1 C). The operating principle of homodyne interferometry is explained in more
detail in section 2.2.1.

Commercial interferometers currently achieve non-linearities of 1 – 0.1 nm, with
some state-of-the-art interferometer designs reaching 10 pm peak-to-peak non-
linearities under ideal circumstances [11]. As will be discussed in chapter 2, all
interferometer designs currently capable of achieving these low non-linearities have
limitations, in measurement range, cost, or optical complexity, and whether such
low non-linearities can be achieved without careful optimisation referenced against
a highly linear X-ray interferometer [12] remains unclear. Existing interferometer
designs that are capable of picometre non-linearities are therefore poorly suited to
many practical displacement measurement tasks, in particular the characterisation
and calibration of the next generation of nanopositioning devices.

RRref

RRmesx

A B y

ϕ

y

x

E
rr
or

0 π 2π

ϕ

C

Figure 1.1: Illustration of the basic operating principle of a homodyne displacement
measuring interferometer.

A research gap therefore exists for the investigation of improved displacement
measuring optical interferometer designs capable of achieving picometre level non-
linearities over the displacement ranges typically encountered when calibrating or
characterising nanopositioning stages. Phase-quadrature coating-based homodyne
(single optical frequency) interferometers, which introduce the phase change between
quadrature signals required for bi-directional fringe counting by using an absorbing
thin film coating, have been developed previously, however, such designs currently
suffer from non-linearities introduced by parasitic reflections and unwanted forma-
tion of weak optical cavities. Phase-quadrature coating interferometer designs have
well understood non-linearity sources in comparison to heterodyne systems and can
be significantly simpler in design than comparable polarisation-based quadrature
interferometers, reducing the potential for non-linearities to be introduced. The de-
velopment of such designs is the focus of this thesis. A tool kit of novel techniques
for the analysis, elimination, and correction, of non-linearities in phase-quadrature
coating-based interferometers are developed, and the application to the development
of improved phase-quadrature coating-based interferometry is demonstrated. Many
of these techniques are equally applicable to other interferometer designs.
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1.2 Aims and objectives

The overall aim of this PhD is to produce a tool-kit of techniques that allow ho-
modyne displacement measuring interferometers to be constructed with repeatable
non-linearities in the range of tens of picometres or less.

This will be achieved through the follow research objectives:

• Investigate the design and fabrication of phase-quadrature coatings.

• Develop a modelling technique capable of analysing higher order non-linearities
in homodyne interferometers.

• Research novel approaches to the correction of higher order non-linearities in
homodyne interferometers.

• Develop and test a phase-quadrature coating-based interferometer design that
is capable of repeatably matching or exceeding the performance of existing
state-of-the-art precision displacement measuring interferometers.

1.3 Thesis contents

This work begins with a brief overview of the fundamental principles of optical
interferometry as applied to the problem of displacement measurement, focussing
on the most commonly employed optical techniques within this field: homodyne,
heterodyne and Fabry-Perot interferometry. Following this overview is a review of
the current state-of-the-art as of the publication date of this thesis, again broken
down into the four most commonly employed optical techniques.

Sources of uncertainty in homodyne interferometry, the technique employed
throughout this work, are then discussed, primarily with reference to existing lit-
erature where possible, along with new derivations where required. Uncertainty
sources are discussed from the viewpoint of precession interferometry with target
uncertainties in the sub-nanometre range. The goal of this discussion is the cre-
ation of a summary of uncertainty sources that can be used to guide the creation of
uncertainty budgets for individual interferometer systems, rather than to create an
uncertainty budget for a specific interferometer. To conclude this chapter the dom-
inant uncertainty sources under various conditions are discussed, with the results of
this discussion guiding the remainder of the thesis.

Throughout this thesis, the focus is upon phase-quadrature coating-based inter-
ferometry, and the fourth chapter of this thesis discusses the properties, design and
fabrication of such coatings. The fundamental limits of phase-quadrature coating-
based interferometers are described. The thin film modelling techniques required
to design such a coating are then detailed, followed by a discussion of the coating
design process. The experimental fabrication of this coating design is then covered,
along with experimental measurements of the coating properties, and the empirical
optimisation process required to account for deviations from the ideal model.
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The fifth chapter of this thesis deals with a novel modelling technique developed
in the course of this work, with the primary goal of describing the effects of un-
wanted multiple reflections, sometimes termed ghost reflections, within interferom-
eter optics. The theory behind this modelling technique is described and examples
of the matrices employed by the technique to model various optical components
commonly found in displacement measuring interferometers are given. The applica-
tion of this modelling technique to a polarisation-based homodyne interferometer is
demonstrated, and compared to an exact analytic solution.

Whilst in some cases non-linearities in homodyne interferometers may be elimi-
nated through improved optical design, in other cases such improvements are either
not possible, or not practical. As such it is desirable to correct for non-linearities in
interferometric displacement measurements where they do occur. This is the topic
of the sixth chapter of this thesis. Firstly, a review of non-linearity correction tech-
niques proposed in the literature is carried out. This review of existing techniques is
followed by a discussion of three novel non-linearity correction techniques developed
in the course of this work. Finally, a summary is presented of both the techniques
proposed in the literature, and those developed in this work, and the circumstances
under which each technique is best applied are highlighted.

Combining the foundations laid in the previous chapters, the seventh chapter of
this thesis describes the development of a plane mirror differential interferometer
design, based upon an existing National Physical Laboratory (NPL) design. The
modelling technique described in chapter 5 is combined with a novel non-linearity
correction approach described in chapter 6 to identify non-linearity sources in the
existing NPL design, and develop an improved design. The non-linearities of the
improved design are evaluated against the NPL X-ray Interferometry (XRI) facility.

The conclusions of this work form the final chapter, along with suggestions for
future research avenues within the field.
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Chapter 2

Review of displacement measuring
interferometry

2.1 Introduction

Optical interferometry finds a wide range of applications, a review of which may
be found in, for example, [13]. This thesis is concerned only with displacement
measuring interferometer designs, specifically those that are capable of measuring
displacements over ranges of millimetres or greater, with sub-nanometre uncertain-
ties, although measurements at the nanoscale are also of interest. Displacement
measuring interferometer designs fulfilling the above criteria fall into two main cat-
egories: homodyne designs, employing a single optical frequency, and heterodyne
designs, where beams having different optical frequencies are interfered. This chap-
ter will first outline the basic operating principles of homodyne and heterodyne
displacement measuring interferometers. Other displacement measuring interferom-
eter approaches that are less commonly employed for measurements in this regime
will then be briefly discussed.

Following this overview of the working principles of displacement measuring op-
tical interferometry, the current state-of-the-art will be reviewed in section 2.3. Sec-
tion 2.3 will focus on describing the performance and key features of state-of-the-art
optical interferometer designs, with detailed comparison reserved for section 2.4.
As will be elaborated upon in chapter 3, many of the uncertainty sources affecting
interferometric measurements of displacement will affect all interferometer designs
approximately equally if operated under similar conditions, for example, optical
wavelength uncertainty. One important uncertainty contribution, particularly when
sub-nanometre uncertainties are required, that is highly dependent on the exact
design of an interferometer system is the non-linearity in the measurement of the
change in the interferometric phase. As such, the focus will be upon comparing
the non-linearity of state-of-the-art displacement measuring interferometers, with
the review primarily restricted to interferometer designs that have been shown to
achieve residual non-linearities, after the application of any non-linearity correction
algorithm, of less than 100 pm. Wider ranging discussion of uncertainty sources in
homodyne interferometry is reserved for chapter 3.

Only interferometer designs with publicly available non-linearity specifications
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will be discussed, with the result that this review is restricted to interferometers de-
veloped in universities and national measurement institutes. Commercial displace-
ment measuring interferometers are also available, however, in many cases these
interferometers are intended for calibration tasks, for example of machining equip-
ment, where sub-nanometre uncertainty is not required. Many commercial interfer-
ometers therefore exhibit non-linearities in the range of hundreds of picometres to
nanometres [14–17], and as such are outside the scope of this review. Commercial
interferometers targeting higher accuracy applications are also available, for example
the SIOS Meßtechnik SP 5000 DI, with a manufacturer quoted displacement resolu-
tion of 5 pm [18], however, due to the lack of published non-linearity specifications,
it is not possible to meaningfully review the performance of these interferometers
here.

Finally, the strengths and weaknesses of the reviewed interferometer designs will
be discussed, along with the strengths and weaknesses of the various approaches to
displacement measurement with optical interferometry. Key properties of leading
interferometer designs will be identified, so that these properties may be incorpo-
rated into future designs. Research areas where the literature suggests significant
performance improvements are possible will also be identified.

2.2 Basic principles of optical interferometry

2.2.1 Homodyne

Homodyne interferometry is the simplest of the techniques considered here. Beams of
nominally identical optical frequency are interfered, and the intensity of the resulting
interference pattern measured directly. A Michelson interferometer configuration
[19] is depicted in figure 2.1, in which the source beam from the laser is split into
measurement and reference arms by a beam splitter. Each arm is terminated by
a plane mirror, with the reflected beams being recombined at the beam splitter,
producing a single output with intensity I, and a back reflection into the laser
which will not be considered here. Similarly, the arms of the interferometer may be
terminated by cube corner retroreflectors.

Taking the simplest possible case of a beam splitter with a 50:50 power split-
ting ratio, assuming unity refractive index throughout the interferometer, quasi-
monochromatic light [20], and neglecting the vector nature of the electric field, with
the result that all polarisation effects are also neglected, the electric field magnitude
of the measurement and reference beams at the output is given by [13]

Emes =
1√
(2)

cos (2kxmes − ωmest)E0, (2.1)

Eref =
1√
(2)

cos (2kxref − ωmest)E0, (2.2)

where xmes and xref are the distances from the beam splitter to the measurement
and reference mirrors respectively (as indicated in figure 2.1), k is the wavenumber,
ωmes and ωref are the optical frequencies in the reference and measurement arms
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Figure 2.1: Schematic of plane mirror Michelson interferometer.

of the interferometer respectively, t is time, and E0 is the electric field amplitude
at the input to the interferometer. In the homodyne case, ωmes = ωref = ω. The
wavenumber is defined in this work as [20]

k =
2π

λ
, (2.3)

where λ is the optical wavelength. The total electric field magnitude at the output is
given through the principle of superposition [20] by the sum of these two magnitudes,
and the resulting intensity is proportional to the square of this sum as

I ∝ (Emes + Eref)
2 , (2.4)

∝ (cos (2kxmes − ωt) + cos (2kxref − ωt))2 . (2.5)

Expanding and applying the trigonometric identity

cos(x) cos(y) =
1

2
(cos(x− y) + cos(x+ y)) (2.6)

results in

I ∝ cos2 (2kxmes − ωt) + cos2 (2kxref − ωt)
+ cos (2k (xmes − xref)) + cos (2k (xmes + xref)− 2ωt) . (2.7)

Three of these terms are at the optical frequency or higher, and will therefore be
averaged out when detected electronically, resulting in the observed intensity

Iobs ∝
1

2π

∫ 2π

0

I d (ωt) , (2.8)

∝ 1 + cos (2k (xmes − xref)) , (2.9)
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where the integral serves to average over one period of the optical frequency.

ϕ

I2

I1

Figure 2.2: Illustration of phase measurement from quadrature signals, as described
in equation 2.13

From this relationship it can be seen that the output intensity of the homodyne
Michelson interferometer will vary sinusoidally as one of the mirrors is displaced,
however, due to the symmetry of the cosine function about the extrema, the direction
of the displacement cannot be determined. In order to determine the direction of
displacement, a second signal must be introduced that is phase shifted relative to
the first. Ignoring for the moment the specifics of how such a second phase shifted
signal may be produced or separated from the first signal, in the ideal case the
second signal is generated with a 90° phase shift relative to the first, such that the
two signals are in quadrature, resulting in two observed intensity outputs

I1 ∝ 1 + cos (2k (xmes − xref)) , (2.10)
I2 ∝ 1 + sin (2k (xmes − xref)) . (2.11)

The instantaneous interferometric phase, ϕ, defined as

ϕ = 2k (xmes − xref) modulo 2π, (2.12)

may then be recovered from the measured intensities by first centring the measured
signals on zero, and then applying the four-quadrant arctangent function. In the
ideal case, neglecting the constant of proportionality, this may be accomplished in
this idealised case with [21]

ϕ = atan2

(
I2 − 1

I1 − 1

)
, (2.13)

as illustrated in figure 2.2, where ϕ is in the interval (−π/2, π/2]. The instantaneous
phase (described as such in this work on time-scales significantly larger than the op-
tical period) as recovered by the four-quadrant arctangent function is only known

8



to a multiple of 2π, and therefore the absolute path length difference xmes − xref

is not known. Consequently, homodyne interferometers measure a change in the
interferometric phase, corresponding to a displacement of the measurement target,
as opposed to an absolute position. To measure changes in the interferometric phase
over a range greater than 2π the number and direction of crossings of the disconti-
nuity in the four-quadrant arctangent function, from −π/2 to π/2 and vice versa,
must be tracked. This is commonly referred to as fringe counting, or phase un-
wrapping [22], with the directional number of integer multiples of 2π covered by the
interferometer counted. The phase change between two measurement points, ∆ϕ, is
then calculated from the sum of the difference between the instantaneous phase mea-
surements at each point, and the difference between the integer fringe counts at each
point. The displacement, assuming the wavenumber remains constant throughout
the measurement, may then be recovered by dividing the change in interferomet-
ric phase by twice the wavenumber, again assuming a Michelson configuration as
depicted in figure 2.1. Where the optical wavelength, and therefore wavenumber,
is not constant, other effects must be accounted for. Discussion of these effects is
reserved for chapter 3.

In real world interferometers, the offsets of the quadrature signals from zero
are not known, the amplitudes of the two quadrature signals may not be equal,
and the quadrature phase shift between the two signals may not be exactly 90°.
Additionally, unwanted harmonics may also be present in the quadrature signals.
All of these effects will, if uncorrected, introduce a periodic error into the measured
instantaneous interferometric phase, ϕ, with the error being periodic with some
harmonic of the illuminating wavelength. In this work, these periodic errors are
defined as non-linearities, and the reduction of these error sources is the focus of
this thesis. A number of other factors also affect the displacement measurement,
primarily as a result of the wavenumber not remaining constant during measurement.
Error sources in homodyne interferometry are discussed in detail in chapter 3.

Several optical techniques exist to introduce the required quadrature phase shift
in homodyne interferometry. Most common in the field of displacement measuring
optical interferometry, is a polarisation-based approach, in which orthogonal po-
larisations propagate in each arm of the interferometer, and the phase retardance
properties of optical waveplates or Fresnel rhomb like constructions [23] are used to
introduce a phase shift between the arms of the interferometer for one of the two out-
puts. An alternative approach employs absorbing thin film coatings to produce the
required phase shift [24,25]. A final method, rarely employed in the field of precision
optical interferometry, involves introducing a wedge angle between the interfering
wavefronts, and spatially separating the detectors. A more detailed analysis of the
polarisation and thin film coating based methods of achieving phase quadrature is
presented in section 4.2.

2.2.2 Heterodyne

Heterodyne interferometers, as the name suggests, utilise interference between beams
of light having differing optical frequencies. The resulting beat frequency is then
detected, and the interferometric phase deduced. Returning to equation 2.7, and
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including the effects of different optical frequencies propagating in each arm of the
interferometer, results in

I ∝ cos2 (2kmesxmes − ωmest) + cos2 (2krefxref − ωreft)

+ cos (2 (kmesxmes − krefxref)− (ωmes − ωref) t)

+ cos (2 (kmesxmes − krefxref)− (ωmes + ωref) t) , (2.14)

where the optical frequency of the light propagating in the reference arm of the
interferometer is ωref and the optical frequency of the light incident to the measure-
ment arm of the interferometer is ωmes, and the respective wavenumbers are kref and
kmes. Making the assumption that the optical frequencies are closely spaced, with
heterodyne frequencies of MHz to tens of MHz typical [26–28], such that

ωmes � |ωmes − ωref| , (2.15)
ωref � |ωmes − ωref| , (2.16)

the first, second, and fourth terms of equation 2.14 will be at optical frequencies,
and will be averaged out by electronic detection. Averaging out each term over
the appropriate period, as was done in the homodyne case, results in an observed
intensity given by

Iobs ∝ 1 + cos (2 (kmesxmes − krefxref)− (ωmes − ωref) t) . (2.17)

In the case that the measurement target is stationary, equation 2.17 describes
a time varying sinusoidal signal with a frequency given by the heterodyne beat
frequency, the difference between the measurement and reference arm frequencies.
When the measurement target is in motion, the frequency of the output is shifted
[29], with the frequency reaching zero when

d
dt

(2 (kmesxmes − krefxref)) =
d
dt

((ωmes − ωref) t) . (2.18)

Assuming the reference arm length remains fixed, and only the measurement tar-
get is in motion, this results in a zero frequency output when the velocity of the
measurement target is given by

dxmes

dt
=
ωmes − ωref

2kmes
. (2.19)

The maximum target velocity that can be measured is therefore limited not only
by the bandwidth of the measurement electronics, as in the homodyne case, but
also by the heterodyne frequency. In practice, the electronics used in heterodyne
detection have a finite bandwidth centred on the heterodyne frequency, that does
not reach zero, and as such the actual velocity limit is more stringent than suggested
by equation 2.19.

For velocities resulting in a frequency within the pass band of the detection
electronics, the electrical output of a heterodyne interferometer takes the form of a
continuous sinusoidal signal. The interferometric phase may therefore be measured
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with phase-sensitive detection, allowing the effects of 1/f noise in the electronics to
be minimised [30]. Typically, a phase and frequency reference output is provided
by heterodyne interferometers, with a portion of the measurement and reference
arm beams being interfered prior to passing through the interferometer arms. This
reference output may then be utilised as the reference input to a lock-in amplifier,
which is used to measure the interferometric phase [26]. Having obtained a mea-
surement of a change in the interferometric phase between two measurement points,
the displacement may be calculated as in the homodyne case, with the caveat that
the small difference in wavelength between the two heterodyne frequencies must be
accounted for.

The heterodyne frequency shift may be introduced by a number of methods. His-
torically, the most common approach [26] has been to utilise Zeeman split Helium-
Neon (HeNe) lasers, which produce two orthogonally polarised components with
optical frequencies separated by a heterodyne frequency shift of the order of mega-
hertz [27]. Alternative approaches include frequency shifting a portion of the laser
beam using acousto-optic modulation [28], and more advanced alternatives to Zee-
man splitting that introduce birefringent materials to the laser cavity [31], resulting
in a greater heterodyne frequency shift. Discussion of the benefits of the various
methods of introducing the heterodyne frequency shift is reserved for section 2.4.

2.2.3 Other approaches

Although the previously described homodyne and heterodyne two-beam interferom-
eter designs are the most commonly employed where displacements must be mea-
sured over ranges of millimetres or greater with sub-nanometre uncertainty, other
approaches are possible.

Frequency modulation

In addition to the heterodyne approach previously discussed, approaches relying
upon the modulation of the optical frequency have also been described in the lit-
erature, where the interferometer is illuminated with a optical frequency modu-
lated laser source, as opposed to two discrete frequencies [32]. Both linear [32] and
sinusoidal frequency modulations [33, 34] have been explored. These approaches
rely upon the fact that a modulated illuminating optical frequency will introduce
a modulation in the phase at the output of the interferometer that is dependent
on both the frequency modulation profile and the path length difference between
the interfering beams. A range of methods of recovering the interferometric phase
exist [32,33,35,36], and the exact signal processing methodology depends on the op-
tical frequency modulation profile employed. A significant benefit of this approach
is that the absolute length difference between the arms of the interferometer can be
calculated, although this measurement has a significantly higher uncertainty than
the displacement measurement. Multiple interferometers can also be interrogated by
some approaches [33, 37], as long as the optical path lengths of the interferometers
are sufficiently different, with a minimum difference in optical path length of 5 mm
quoted for one implementation [37]. Whilst such approaches have been employed
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for precision displacement measurement [37], further work is required to verify the
uncertainties in applications where sub-nanometre uncertainties are required.

Fabry-Perot

I0

I

Measurement mirror

Beam splitter

xmes

Partial mirror

Figure 2.3: Schematic of Fabry-Perot interferometer operated in reflection.

Moving beyond two-beam interference, displacements may also be measured with
interferometers operating in a Fabry-Perot configuration. Some of the interferom-
eter designs previously considered, that make use of measurement and reference
mirrors that are both parallel and coaxial [33], could be thought of as operating
in a Fabry-Perot configuration, however, the operating principle of the multi-beam
Fabry-Perot interferometers considered here is fundamentally different to that of
the interferometer systems considered up to this point. Multi-beam Fabry-Perot
interferometers consist of an optical cavity, which in displacement measuring appli-
cations typically consists of one fully and one partially reflecting mirror, with the
cavity being interrogated in reflection [38–43] as shown in figure 2.3. Fabry-Perot
cavities constructed in this manner have a reflectivity that is dependent on both
the length of the cavity, and the illuminating wavelength, with the reflectivity of
the cavity following an Airy function with respect to wavelength and length [20].
Rather than illuminating the interferometer with a single, or two closely spaced op-
tical frequencies, displacement measuring Fabry-Perot interferometers are instead
illuminated with a tunable laser source, with the frequency of the laser source being
tuned so as to maximise the reflectivity of the cavity [38], for example using the
Pound-Drever-Hall technique [44]. By interfering the output of the tuned laser with
a second laser of known optical frequency, the optical frequency of the tuned laser
may then be measured by recording the beat frequency that arises as a result of
the heterodyne interference [38]. Alternatively, two tunable lasers may be locked to
two separate cavities, and the optical frequency difference between the two tuned
lasers measured with the same technique [42]. This approach has the advantage that
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differential measurements may be made between two separate cavities, rather than
only between ends of a single cavity.

Multiple reflection

I0

I

Beam splitter

Measurement mirror

Reference mirror

Figure 2.4: Schematic illustrating the operating principle of the multiple reflection
path length multiplication interferometer.

A final approach that has been proposed in the literature with the goal of ob-
taining sub-nanometre interferometric displacement uncertainties is to amplify the
displacement sensitivity of a conventional homodyne or heterodyne interferometer
by increasing the number of times the measurement arm beam is reflected from the
measurement mirror [45, 46], as illustrated in figure 2.4. This approach results in a
very sensitive instrument, however, the measurement is also very sensitive to angular
deviations of the measurement mirror, and has a limited displacement range, with
a maximum range of 100 µm reported [47].

2.3 The state-of-the-art in displacement measuring
interferometry

2.3.1 Homodyne

The first optical interferometers worked on the homodyne principle [19], and as such
homodyne interferometry has been extensively studied for over a century. A number
of homodyne interferometer designs have been described in the literature that are
capable of achieving non-linearities in the range of tens of picometres or less, and
these will be reviewed here.

The smallest reported traceably measured non-linearity for a homodyne inter-
ferometer to date has been achieved by a single pass (fringe period λ/2) differential
two-wavelength system developed by the Czech Metrology Institute (CMI) [48], a
schematic representation of which is shown in figure 2.5. Although this interfer-
ometer makes use of two wavelengths (633 nm and 532 nm), each wavelength is
operated as a separate interferometer, with polarisation-based homodyne detection
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employed. The two displacement measurements, made at different wavelengths, are
then used to provide drift compensation [48]. This interferometer has been found
to have 10 pm of non-linearity, measured as a peak-to-peak value [11]. The use of
very high extinction ratio (100000:1) calcite polarising beam displacers to separate
and recombine the polarisation states in the measurement and reference arms of the
interferometer is identified as a key factor in achieving this low non-linearity, with
the high extinction ratio minimising polarisation mixing between the interferometer
arms [11]. By employing a differential design, with the measurement and reference
beam paths closely spaced (6 mm separation, increased to 14 mm for non-linearity
measurement [11]), the effects of air turbulence are reduced compared to a 90°
Michelson configuration, where the reference and measurement arms pass through
entirely different regions of the optical medium. This configuration also permits the
dead path [49] to the minimised, the importance of which will be demonstrated in
chapter 3.

Mmes

Mref

From 633 nm source

From 532 nm source

To 633 nm detectors

To 532 nm detectors

DBS

DBS

BS PBD PBD

Figure 2.5: Schematic representation of the two-wavelength common path homodyne
interferometer described in [48]. The homodyne detection system is not described
in [48], and therefore is not shown. DBS, dichroic beam splitter; BS, beam splitter;
PBD, polarising beam displacer.

Another differential polarisation-based homodyne interferometer design, devel-
oped by the National Institute of Advanced Industrial Science and Technology
(AIST), and shown in figure 2.6, has reported non-linearities of 10 pm in ampli-
tude [50], corresponding to a 20 pm peak-to-peak value. This interferometer again
employs a stabilised HeNe laser operating at approximately 633 nm for illumina-
tion. Non-linearities were estimated based upon the amplitude deviations of the
quadrature signal Lissajous figure from the ideally circular state. This approach to
non-linearity measurement is shown in section 3.3.3 to underestimate non-linearity.
The interferometer design makes use of four separate outputs, separated by 90°
quadrature phase differences, minimising lost light, and allowing for offsets in the
quadrature signals to be partially compensated for [50]. The measurement and refer-
ence beams are also closely spaced, described as a quasi-common path arrangement,
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reducing the effects of air turbulence [50]. In contrast to the CMI system [48], this
interferometer operates in a double pass configuration, resulting in a fringe period
of λ/4.

PBS QWP Mref

Mmes

RR

Mref

BS

HWP

HWPHWP

BS PBS

PBS

PBS

PBS

PD1

PD2

PD3

PD4

Figure 2.6: Schematic representation of the AIST plane mirror differential homodyne
interferometer described in [50]. The measures taken to ensure beam paths in air
and glass are equal are shown. PBS, polarising beam splitter; BS, beam splitter;
QWP, quarter waveplate; RR, retroreflector; HWP, half waveplate; PD, photodiode.

A final differential polarisation-based homodyne interferometer design, shown in
figure 2.7, and developed by the Institute of Scientific Instruments of the Czech
Academy of Sciences (ISI) has been found to achieve non-linearities of 55 pm, re-
ported in this case as a standard deviation [51]. Assuming the non-linearities follow
a sinusoidal error distribution, this corresponds to a peak-to-peak non-linearity of
156 pm [52], as calculated with equation 3.62. The authors of [51] note that this is a
preliminary result, and further improvements to the optical configuration and data
processing are required to reduce the non-linearity. Illumination is in this case pro-
vided by an iodine-stabilised 633 nm diode laser [53]. This system, in common with
that described in [50], makes use of a quasi-common path double pass (fringe period
λ/4) differential configuration, and four quadrature outputs with 90° phase differ-
ences. In addition to displacement measurement, this interferometer incorporates a
four-quadrant position-sensitive detector, with the optical configuration of the inter-
ferometer arranged such that changes in the beam position on the position-sensitive
detector are correlated to changes in the tip and tilt angle of the measurement mir-
ror [51]. Due to the optical configuration of the interferometer, which employs corner
cube retroreflectors for beam steering, angular deviations of the target mirrors result
only in translations of the reference and measurement beams in the detector plane,
with the angle of incidence of the beams on the detector remaining unchanged [51].
This property, although not described by the authors, is shared by the previously
discussed AIST interferometer [50]. In addition to simplifying the implementation of
tilt sensing, this property of the optical configuration also avoids fringes appearing
across the beams on the detectors due to wavefront misalignment, which depending
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on the beam diameters, and detector sizes, may reduce the sensitivity of the fringe
contrast to angular deviations.

Figure 2.7: Schematic representation of the ISI plane mirror differential homo-
dyne interferometer described in [51]. Reproduced from [51] (https://doi.org/
10.1016/j.optlaseng.2021.106568) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND 4.0)
licence.

In addition to polarisation-based designs, a phase-quadrature coating [25] based
homodyne interferometer developed by NPL has also been shown to be capable
of achieving non-linearities in the range of tens of picometres. A schematic rep-
resentation of this interferometer is shown in figure 2.8. Reported non-linearities
vary with illuminating laser source, with a minimum peak-to-peak non-linearity of
40 pm reported when employing a stabilised HeNe laser source operating at approxi-
mately 633 nm [54]. In common with the previously described interferometer designs,
this interferometer operates with closely spaced parallel measurement and reference
beams. A double pass (fringe period λ/4) configuration is again employed. This in-
terferometer design has been utilised in a range of metrological instruments [6,55,56],
and is further discussed in chapter 7.
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Figure 2.8: Schematic representation of the NPL plane mirror differential homodyne
interferometer described in [54]. PQBS, phase-quadrature beam splitter; PBS, po-
larising beam splitter; QWP, quarter waveplate; RR, retroreflector; QWP, quarter
waveplate; Px and Py, quadrature outputs; Pref, intensity reference output.

2.3.2 Heterodyne

Although a relatively modern development compared to homodyne interferometry,
heterodyne interferometry has been employed for precision displacement measure-
ment for over 50 years [27], at the time of writing. The primary factor driving the
development of heterodyne detection has historically been the comparative ease of
measuring phase changes of Alternating Current (AC) signals, as opposed to the
Direct Current (DC) alternative. By measuring an AC signal, it is also possible
to avoid the effects of 1/f noise, which is often a factor limiting the precision of
low frequency electronics [30]. As such, even very early heterodyne interferometers
were able to resolve displacements of 60 pm [27]. Resolution should not, however, be
confused with accuracy, and whilst heterodyne interferometers may have a high pre-
cision, heterodyne designs are also affected by non-linearities in the phase measure-
ment [57], with non-linearities in the range of 1 nm to 4 nm typical [58] for the classic
heterodyne interferometer design employing a Zeeman split laser, as described in, for
example [27]. Whilst non-linearities of the order of single digit nanometres may be
sufficient for some applications, more recent developments, driven by an improved
understanding of the sources of non-linearity in heterodyne interferometers [59–61],
have lead to the development of heterodyne interferometers with non-linearities in
the range of tens of picometres or less. Such designs will be reviewed here.

Beginning once again with the lowest reported traceably measured non-linearity,
a heterodyne interferometer design developed by Physikalisch Technische Bunde-
sanstalt (PTB) has been shown to achieve non-linearities with a peak-to-peak value
of less than 10 pm [11,28]. This interferometer, a schematic representation of which
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is shown in figure 2.9, employs an iodine-stabilised frequency doubled Nd:YAG laser,
operating at approximately 532 nm as the primary light source, with the heterodyne
frequency separation introduced by a pair of acousto-optic modulators, one oper-
ating at 80 MHz and the other operating at 78.4375 MHz resulting in a heterodyne
beat frequency of 1.5625 MHz [28]. By producing each frequency separately, and
maintaining spatial separation of the two frequencies until interference occurs, as
first proposed in [62], the potential for frequency mixing, a cause of non-linearity in
heterodyne interferometry [59], is eliminated. For additional non-linearity mitiga-
tion, all optical surfaces in the interferometer are wedged, minimising the potential
for back reflections, another source of non-linearity [61]. The spatial separation of
the two heterodyne frequencies, which in this interferometer design are fibre fed
to the interferometer through separate fibres, introduced the potential for phase
changes to occur between the two frequencies, for example due to mechanical stress
in the fibre. To compensate the for this effect, the interferometer is effectively imple-
mented as two separate interferometers measuring the same displacement, with the
measurement and reference arm frequencies reversed for the second interferometer.
The interferometric phase change is then measured as the phase change between the
outputs of the two interferometers. This configuration acts to effectively half the
fringe period of the interferometer, and cancels out the effects of any disturbances
common to both interferometers, as would be introduced, for example, by varying
fibre stress [28]. A further benefit of this configuration is that the interferometer is
truly differential; neglecting the effects of refractive index variations across the beam
paths, a displacement of the measurement or reference mirror by the same distance
will result in an identical change in the measured interferometric phase, with the
fringe period being determined by the average of the two heterodyne frequencies. In
contrast, if each heterodyne frequency were to propagate in a separate arm of the
interferometer, the fringe period resulting from a movement of the measurement arm
mirror would differ slightly from that produced by a displacement of the reference
arm mirror.

An earlier interferometer design utilising a similar separation of the heterodyne
frequencies, shown in figure 2.10, developed by National Institute of Standards and
Technology (NIST), has been estimated to have non-linearities of 7.4 pm RMS [15],
corresponding to a peak-to-peak non-linearity of approximately 22 pm, assuming
sinusoidal non-linearity. In this work, the authors separate non-linearities with op-
tical and electronic origins, and including the observed non-linearity in the phase
measurement electronics increases the RMS non-linearity to 12.2 pm, equivalent to a
34.5 pm peak-to-peak non-linearity. The two heterodyne frequencies are again pro-
duced by a pair of acousto-optic modulators, acting in this case on the measurement
and reference arms separately. To avoid the previously described problem of differ-
ent optical frequencies propagating in each arm of the interferometer preventing true
differential measurement, polarisation sensitive acousto-optic modulators are used,
and the polarisation is rotated by 90° after reflecting from the target mirrors by
means of a double pass through a Quarter Waveplate (QWP). The acousto-optic
modulators are aligned relative to the input polarisation to the interferometer such
that no frequency shift is imparted to the outgoing beams, with the heterodyne
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Figure 2.9: Schematic representation of the PTB plane mirror differential hetero-
dyne interferometer described in [28]. BS, beam splitter; PBS, polarising beam
splitter; QWP, quarter waveplate; HWP, half waveplate; Pol., polariser. Angles and
optic sizes are not shown to scale. Beam conditioning and heterodyne frequency
generation optics are not shown.

shift instead being introduced into the return beams from each arm of the interfer-
ometer. In this case, the acousto-optic modulators were driven at 39.98 MHz and
40 MHz, resulting in a heterodyne beat frequency of 40 kHz [15]. This interferometer
is operated in a single pass configuration, with a fringe period of λ/2, and an illumi-
nating wavelength of 632.8 nm provided by a polarisation stabilised HeNe laser. The
sources of non-linearity in this interferometer design were not conclusively identified,
however, the authors suggest parasitic reflections and optical feedback back into the
laser as two possible causes [15]. This system is a further development of the inter-
ferometer described in [63], with the interferometer described in [63] having 40 pm
peak-to-peak non-linearities, which were again attributed to parasitic reflections.

A third interferometer incorporating spatially separated heterodyne frequency
generation has been developed by Delft University of Technology [64]. This inter-
ferometer design has been shown to have non-linearities below the measurement
noise floor of 20 pm in amplitude, corresponding to peak-to-peak non-linearity be-
low 40 pm. In common with the interferometer described in [28], both heterodyne
frequencies propagate in each arm of the interferometer, however each frequency
undergoes a double pass, resulting in a fringe period of λ/4. A corner cube based
90° Michelson configuration is also presented, with a fringe period of λ/4, with the
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Figure 2.10: Schematic representation of the NIST plane mirror differential het-
erodyne interferometer described in [15]. BS, beam splitter; AOM, acousto-optic
modulator; QWP, quarter waveplate. AOMs are polarisation dependent, diffracting
only the return beams.

amplitude of any non-linearity again below the 20 pm noise floor. The experimen-
tally realised interferometer design does not operate in a differential configuration,
with the reference arm instead being internal to the interferometer, however a pro-
posed design is presented for a differential plane mirror interferometer [64]. This
interferometer is a further development to the design presented in [65], with the in-
terferometer presented in [65] having peak-to-peak non-linearities of approximately
150 pm, attributed to frequency mixing in the Zeeman split HeNe laser used as the
source of the heterodyne frequencies, demonstrating the importance of separating
the heterodyne frequency generation. Further development of the work presented
in [65] and [64] resulted in a fibre fed interferometer, allowing the laser and acousto-
optic modulators to be separated from the metrology environment [66]. A fourth
interferometer design operating on similar principles has been published [17], with
the key difference that the interferometer described in [17] operates in a single pass
differential configuration, with one frequency propagating in both the measurement
and reference arms of the interferometer. The second heterodyne frequency propa-
gates through a third, fixed, beam path, and is interfered with the measurement and
reference arm return beams separately, resulting a measurement following the same
concept as [15]. Non-linearities were again below the measurement noise floor, with
the noise floor in this case at an amplitude of approximately 200 pm, corresponding
to an upper limit on the peak-to-peak non-linearity of 400 pm.

Spatially separated heterodyne frequency generation was again employed for the
single pass 90° Michelson interferometer design presented in [67], shown in figure
2.12. This interferometer operates with an illuminating wavelength of 632.8 nm,
with a heterodyne beat frequency of 400 kHz. In this case the non-linearity mea-
surement technique also described in [67] was used to measure the non-linearity of
the interferometer, allowing the alignment of the polarisation components making
up the interferometer to be optimised, and the non-linearity to be minimised. A
first harmonic (spatial period λ/2) non-linearity amplitude of 44 pm was achieved,
corresponding to a peak-to-peak non-linearity of 88 pm. An additional non-linearity
term was present at a spatial period of λ/4, however, no numeric value for this
component was given.
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Figure 2.11: Schematic representation of the Delft University of Technology plane
mirror heterodyne interferometer described in [64]. BS, beam splitter; RAP, acousto-
optic modulator; PBS, polarising beam splitter; QWP, quarter waveplate; RR,
retroreflector; PD, photodiode. Heterodyne frequency generation optics are not
shown. Reproduced from [64] (https://doi.org/10.1364/OE.18.001159) under
the terms of the Optica Publishing Group Open Access Publishing Agreement.

A final heterodyne design combining a heterodyne optical interferometer with a
non-linearity of 300 pm with a capacitance sensor has been proposed [68], with lin-
earisation based upon the capacitance sensor shown to reduce the RMS errors rela-
tive to displacement measurements made with an x-ray interferometer to 14 pm [11],
although it is not clear whether these residual errors are a result of non-linearities, or
other non-periodic error terms. A schematic representation of this interferometer de-
sign is shown in figure 2.13. The 300 pm residual non-linearities are corrected by fit-
ting a truncated Fourier series to the difference between the displacement measured
by the heterodyne interferometer and the capacitance sensor, with Fourier compo-
nents corresponding to spatial harmonics of the illuminating wavelength (632.8 nm,
provided by a commercial heterodyne HeNe laser source) fitted [68]. This approach
is limited to the displacement range of the capacitance sensor, in this case limiting
the working range to 20 µm 300 µm. A related technique developed for the correction
of higher order non-linearity effects is described in section 6.3 and [69].
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Figure 2.12: Schematic representation of the McRae plane mirror heterodyne inter-
ferometer described in [67]. PBS, polarising beam splitter; Pol., polariser; HWP,
half waveplate.
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Figure 2.13: Schematic representation of the MIKES plane mirror differential het-
erodyne interferometer described in [68]. BS, beam splitter; PBS, polarising beam
splitter; QWP, quarter waveplate; Pol., polariser; HWP, half waveplate.

2.3.3 Other approaches

In addition to the homodyne and heterodyne interferometer designs previously dis-
cussed, a number of other interferometer designs have also been developed that
target displacement measurements that are linear to tens of picometres. Frequency
modulated approaches, as previously described, whilst having a number of advan-
tages, are generally aimed at lower accuracy applications. Phase modulation tech-
niques have been developed for extremely precise measurement of displacements cov-
ering an integer number of optical fringes [9,70,71], however, as these approaches are
restricted to integer fringe counting, or monitoring of very small (tens of picometres)
perturbations around a locked fringe, they will not be discussed in detail here. Fabry-
Perot interferometers that are capable of highly linear displacement measurements
over ranges of millimetres or greater have, however, been described in the literature,
and these will be reviewed here. Some Fabry-Perot systems that are restricted to
ranges of the order of micrometres will also be discussed to provide further context
for the state-of-the-art of Fabry-Perot interferometry. Although fibre Fabry-Perot
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interferometers, with the cavity formed between a fibre tip and a reflecting surface,
have been developed with picometre sensitivities [43,72], and applied as an alterna-
tive to beam deflection in Atomic Force Microscopy (AFM) systems [73–75], such
interferometers are limited to extremely short stand off distances and displacement
ranges, and as such will also not be considered here. As discussed in section 2.2.3,
the operating principle of Fabry-Perot interferometers is fundamentally different to
that of two-beam interferometers. Therefore, rather than restricting discussion to
periodic non-linearities, the displacement uncertainty of Fabry-Perot designs will be
considered. When comparing the uncertainties discussed to the non-linearities dis-
cussed for the homodyne and heterodyne interferometers, it should be noted that the
non-linearity is only one component of the uncertainty in a homodyne or heterodyne
displacement measurement.

A Fabry-Perot interferometer developed by AIST, based upon a wavelength,
rather than frequency, locked laser source, has been reported to achieve sub-picometre
resolutions for measurements made in air [76], demonstrating the high displacement
resolution potential of Fabry-Perot interferometry. A schematic of both the inter-
ferometer, and the wavelength stabilisation scheme, is shown in figure 2.14. Wave-
length stabilisation is achieved by locking a tunable Nd:YAG ring laser to a fixed
length Fabry-Perot cavity, consisting of two low thermal expansion glass (Ohara
Inc. CLEARCERAM-Z) mirrors optically contacted to a low thermal expansion
glass block [76]. A second Fabry-Perot interferometer is then employed for displace-
ment measurement, with a tunable (50 GHz tuning range) continuous-wave fibre
laser locked to the second cavity, one mirror of which may be displaced. To al-
low measurement of the wavelength difference between the two Fabry-Perot cavity
locked lasers at >10 GHz beat frequencies, a femtosecond frequency comb is locked
to the wavelength stabilised laser, and the wavelength of the fibre laser locked to the
second Fabry-Perot cavity is measured relative to this comb, operating as a tunable
single wavelength generator as described in [77], resulting in a wavelength accuracy
of 10 am over a wavelength tuning range of 0.2 nm. Displacement measurement
uncertainties have been calculated to be less than 1 pm over a measurement range
of 10 µm, with the uncertainty dominated by uncertainty in the determination of
the free spectral range of the Fabry-Perot cavity, which determines the relationship
between cavity length and resonant optical wavelength [76].

A series of Fabry-Perot interferometer designs have also been developed by NIST
for the purposes of high accuracy displacement measurement [38,40,41,78,79]. Ulti-
mately, the Gouy phase, the phase difference that accumulates between focused light
in a Fabry-Perot cavity employing curved mirrors, and the plane wave case, has been
identified as the limiting uncertainty source for displacement measurements made
with Fabry-Perot interferometers where displacement measurements must be made
over ranges of millimetres under vacuum [79]. Measurements of the Gouy phase have
been made for a Fabry-Perot cavity with sufficient accuracy to allow 5 pm uncer-
tainties over a displacement range of 50 mm [79]. As the Gouy phase is dependent
on mirror curvature and astigmatism [79], this method must be repeated for each
Fabry-Perot cavity. For measurements made in air, as is the case for two-beam inter-
ferometry (discussed in chapter 3), refractive index uncertainty dominates over the
effects of wavefront curvature [80,81]. A number of frequency reference sources have
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Figure 2.14: Schematic representation of the AIST Fabry-Perot interferometer de-
scribed in [76]. Wavelength stabilisation and interferometer systems are shown.
AOM, acousto-optic modulator; EOM, electro-optic modulator; PBS, polarising
beam splitter; FP, Fabry-Perot cavity; PDH, Pound-Drever-Hall; λ/4, quarter wave-
plate; MISER, Monolithic Isolated Single-mode End-pumped Ring oscillator. Re-
produced from [76] (https://doi.org/10.1364/OE.14.005984) under the terms of
the Optica Publishing Group Open Access Publishing Agreement.

been suggested, including single frequency stabilised lasers [38] and frequency comb
based approaches [41], with comb based approaches considered preferable for long
range (tens of millimetres) measurements [41]. Displacement uncertainties of 10 pm
have been achieved in vacuum over displacement ranges of up to 50 mm [78, 81].

The Fabry-Perot interferometers discussed up to this point measure the change
in length of a Fabry-Perot cavity. Whilst the length change of a Fabry-Perot cavity
could be considered as a differential measurement, differential measurement between
two mirrors that are separate from the interferometer body is often desirable, and
a Fabry-Perot interferometer capable of measuring the differential displacement be-
tween two planar mirrors has been proposed in the literature [42]. This system,
shown in figure 2.15 is based upon two Fabry-Perot cavities, each consisting of one
spherical mirror (75 mm radius of curvature) and one planar mirror, and two ex-
tended cavity diode lasers. Each laser is locked to one of the cavities using the PD1
and PD2 outputs in figure 2.15. Separate beams picked off from each laser are also in-
terfered. The resulting beat frequency is measured at the frequency counter output,
yielding the frequency difference between the two lasers. In order to give an absolute
frequency reference, the lasers are switched between locking to the Fabry-Perot cavi-
ties, and to a rubidium vapour cell, locking to the Rubidium D2 absorption line in the
latter case, resulting in a reference wavelength of 780.24 nm [42]. Some non-linearity
(with the term used here in the literal sense, not to refer exclusively to the periodic
errors that occur in two-beam interferometry, as is the case elsewhere in this thesis)
in the displacement measurements made with this interferometer was observed in
comparison with x-ray interferometer measurements, with the non-linearity having
a standard deviation of 2.84 pm over a 160 nm displacement [11]. The authors note
that the non-linearity appears to have a periodic component, with a peak-to-peak
value of approximately 4 pm. The source of this periodic non-linearity could not
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be conclusively identified, however, mechanical effects are suggested as a cause [42].
This interferometer has a maximum measurement range of 1 µm [11].

ECDL-2

PD2Frequency counter Mmes

Mref

BSBS

ECDL-1

PD1

BS

Figure 2.15: Schematic representation of the dual Fabry-Perot interferometer de-
scribed in [42]. ECDL, external cavity diode laser; BS, beam splitter, PD, photodi-
ode.

2.4 Discussion and comparison of techniques

The interferometers reviewed in this chapter are summarised in table 2.1. One imme-
diately apparent conclusion is that Fabry-Perot based systems are able to achieve the
lowest measurement uncertainties, as compared to two-beam interferometry, with
sub-picometre displacement uncertainties reported for two such systems [76,79].

Fabry-Perot based interferometers do, however, have some disadvantages that
may limit the wide spread application of such devices in metrological applications.
The most readily apparent limitation of Fabry-Perot interferometry is the lim-
ited displacement range. Two-beam interferometry may operate over displacement
ranges that are limited only by the coherence length of the laser source, whereas
Fabry-Perot interferometers, if continuous displacements must be monitored, are
limited by both the tuning range of the illuminating laser, and the cavity geom-
etry [38]. In some cases the displacement range of Fabry-Perot interferometers is
restricted to the order of micrometres [42,76], although Fabry-Perot interferometers
that are capable of measuring displacements over ranges of tens of millimetres have
also been demonstrated [78,79]. A second limitation is the requirement to accurately
track the optical frequency of a tunable laser source, with spectroscopic frequency
references [40–42,78] or frequency combs [39,76] typically required in high accuracy
applications. This requirement significantly increases both the cost and physical size
of the associated optics and electronics. The required bandwidth of the measurement
electronics is often also significantly increased relative to two-beam interferometry,
with the required bandwidth increasing with displacement range for Fabry-Perot
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Table 2.1: Comparison of state-of-the-art displacement measuring interferometer
designs. Non-linearities are quoted as peak-to-peak values, converted from the pub-
lished figures assuming a sinusoidal error distribution when required. Similar inter-
ferometer designs developed within the same research group have been grouped, and
the year at which the quoted (minimum) non-linearity was reached is given. Entries
are sorted by non-linearity first, and year second.

Reference Year Approach Schematic Non-linearity Range

[76] 2006 Fabry-Perot 2.14 <1 pm1 10 µm

[38, 40,41,78,79] 2012 Fabry-Perot Not shown <1 pm1 50 mm

[11, 42] 2012 Fabry-Perot 2.15 4 pm2 1 µm

[11, 48] 2009 Homodyne 2.5 10 pm >cm

[11, 28] 2012 Heterodyne 2.9 10 pm >cm

[50] 2018 Homodyne 2.6 20 pm3 >cm

[15, 63] 2000 Heterodyne 2.10 22 pm >cm

[17, 64–66] 2010 Heterodyne 2.11 <40 pm >cm

[54] 2000 Homodyne 2.8 40 pm >cm

[11, 68] 2011 Heterodyne 2.13 40 pm 280 µm

[67] 2012 Heterodyne 2.12 >88 pm4 >cm

[51] 2021 Homodyne 2.7 156 pm >cm
1 Estimated displacement uncertainties are quoted, rather than non-linearity.
2 Peak-to-peak value of observed periodic error.
3 Non-linearities are evaluated based on Lissajous figure radius errors, which
may underestimate the non-linearity error.

4 Non-linearities are only measured at a single spatial period. Non-linearities
are visible in the results at other spatial periods.

interferometry, as opposed to with maximum target velocity for two-beam interfer-
ometry. In some cases Fabry-Perot interferometers are also limited by the cavity
being interrogated in transmission [78, 79], requiring optical access to the back side
of both mirrors, although this may be overcome by interrogating the cavity in re-
flection [39,40,42,76]. A related limitation is that many Fabry-Perot interferometer
systems measure changes in the length of a single cavity [38,40,41,76,78,79], which
may limit the applicability of such systems where differential measurement is re-
quired. Differential measurement with Fabry-Perot interferometry has been realised
by employing two cavities [39,42], however, this again increases the size and cost of
the associated electronics and optics. A final limitation of Fabry-Perot interferome-
try that is related, but not identical, to the limited displacement range, is that the
stand off distance is limited to the cavity length. Quasi-common path two-beam
interferometer designs allow the interferometer optics to be located some distance
from the measurement and reference mirrors, whilst remaining relatively insensitive
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to refractive index fluctuations in the space between the interferometer optics and
the mirrors [50], and only small access ports are required for the beams to pass
through. An equivalent Fabry-Perot implementation would require two cavities op-
erating differentially, with the associated increase optical and electronic complexity,
size and cost, and significantly larger optical access ports would be required. Ad-
ditionally, in the Fabry-Perot case the cavity must be designed specifically for the
required stand off distance. Precision interferometers are often integrated into larger
instruments, for example scanning probe microscopes or stage calibration systems,
and having the ability to separate the interferometer optics from the measurement
target may simplify the instrument design process.

As a result of these limitations, it is desirable to develop two-beam interfer-
ometers that are able to match the accuracy of Fabry-Perot interferometers, but
with increased measurement range, and reduced physical size, optical and electronic
complexity, and cost.

Considering the possible implementations of two-beam interferometry, it can
be seen from table 2.1 that both homodyne and heterodyne interferometers have
achieved traceably measured peak-to-peak non-linearities of 10 pm [28, 48], with a
number of other homodyne and heterodyne interferometers achieving non-linearities
in the sub-100 pm range. There is therefore no clear performance advantage to
either state-of-the-art heterodyne or homodyne interferometry with regards to non-
linearity.

In the heterodyne case, unwanted mixing of the two heterodyne frequencies be-
tween the arms of heterodyne interferometers has been identified as a key cause of
non-linearity [59, 82]. This frequency mixing effect has been minimised in low non-
linearity heterodyne interferometer designs, as first proposed in [62], by spatially
separating the generation of the two heterodyne frequencies, rather than relying on
orthogonal polarisation states to separate the frequencies [15, 17, 28, 63, 64, 66], al-
though this approach may add significant complexity to the design. In cases where
polarisation-based separation of the heterodyne frequencies was employed, the use of
high extinction ratio polarising optics, along with careful alignment, was required to
achieve sub-100 pm non-linearities [65,67]. Residual non-linearities after minimising
frequency mixing are attributed to unwanted back reflections in one case [63]. In
other cases the importance of minimising unwanted back reflections are discussed,
and mitigation for back reflections is built into the interferometer design [15, 28].
Faraday isolators have been used to minimise the effects of free space back reflec-
tions in the laser cavity [15]. Tilted optical surfaces have been used to reduce the
effects of back reflections within the interferometer optics, and quarter wave plates
and polarisers have been used to reduce the effects of back reflections of photodiode
detectors [28].

In the homodyne case polarisation mixing between the arms of the interferom-
eter has also been identified as a cause of non-linearity [83], and high extinction
ratio optics have again been employed to minimise this effect [48]. Beyond the
use of high extinction ratio polarising optics, few design choices explicitly aimed at
reducing non-linearities in homodyne interferometry are apparent from the litera-
ture. One general trend that is apparent is that non-linearities appear to increase
with increasing optical complexity, with the single pass interferometer design of [48]
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achieving the lowest reported non-linearities, and more complex double pass designs
having larger non-linearities [50,51,54]. Given the relatively small number of inter-
ferometer designs that are capable of achieving sub-100 pm non-linearities, however,
this trend cannot be stated with certainty. The potential for unwanted back reflec-
tions to introduce non-linearities in homodyne interferometry has been established
in the literature [84,85], and further reinforces the conclusion that, without specific
measures being taken to misalign back reflections, increasing the number of optical
surfaces that may introduce reflections is likely to increase non-linearity.

A common factor between the majority of two-beam interferometer designs re-
viewed here is that they are operated in a differential configuration, with the refer-
ence and measurement arm beam paths parallel and closely spaced [15,17,28,48,50,
51, 54, 63, 68]. This design choice is not directly related to the non-linearity of the
interferometer, however, where measurements are to be made in air, a differential
quasi-common path configuration does reduce the sensitivity of the interferometer
to air turbulence effects [50], an important consideration in precision interferome-
try [86]. An additional factor common to all interferometer designs reviewed here is
the use of stabilised laser sources, again critical if displacements are to be measured
with sub-nanometre uncertainties, as will be established in chapter 3.

Considering research areas where the sub-nanometre performance of displace-
ment measuring two-beam interferometers may be improved, sources of residual non-
linearity in the leading heterodyne interferometer design could not identified [28].
In contrast, sources of residual non-linearity in homodyne interferometry are rel-
atively well understood, with unwanted back reflections [84, 85], or weak optical
cavities forming through networks of polarising optics [85], likely to be the cause of
non-linearities that cannot be eliminated by the commonly employed Heydemann
correction [87]. Further discussion of the Heydemann correction may be found in sec-
tions 3.3 and 6.2.1. Homodyne interferometry may introduce the quadrature phase
shift that is required for directional fringe counting through either polarisation, as
in [48, 50, 51], or absorbing thin film coating, as in [54], based approaches. The
two approaches may be most readily compared when considering the interferometer
designs described in [50] and [54], both of which are double pass differential ho-
modyne interferometers. Taking the number of discrete optical components (beam
splitters, waveplates, steering mirrors and prisms) included in the design as an indi-
cator of the optical complexity, and thus susceptibility to parasitic reflections, the
polarisation-based interferometer consists of 15 optical components [50], whereas
the absorbing thin film based interferometer consists of 4 optical components [54].
Phase-quadrature coating based homodyne interferometers therefore appear to be
a promising candidate for further research, with scope for the 40 pm peak-to-peak
best case non-linearity of the existing design [54] to be improved upon.

2.5 Summary

The two primary methods of measuring displacement with two-beam optical inter-
ferometry, the homodyne and heterodyne approaches, have been described. Other
methods of making displacement measurements with sub-nanometre uncertainties
using optical interferometry have also been discussed. Interferometers described
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in the literature that are capable of measuring displacement with sub-100 pm non-
linearities have been reviewed, and are summarised in table 2.1.

Fabry-Perot interferometers currently offer the lowest displacement measurement
uncertainties [42, 76, 79], however, the Fabry-Perot approach is limited by displace-
ment range, stand off distance, and optical and electronic complexity, size, and cost.
As a result of these limitations, improved two-beam interferometry is desirable.

Comparing the homodyne and heterodyne approaches, both approaches have
been shown in the literature to be capable of reaching 10 pm peak-to-peak non-
linearities [28, 48]. Sources of residual non-linearities in homodyne interferometry
are well understood [83–85], whereas sources of residual non-linearity in leading
heterodyne interferometer designs could not be identified [28]. The homodyne ap-
proach is therefore a good candidate for further research into highly linear two-beam
interferometry.

Within the field of homodyne interferometry, two techniques for introducing the
quadrature phase shift required for directional fringe counting are represented in
the reviewed interferometer systems: polarisation-based [48, 50, 51], and absorbing
thin film based [54] approaches. The absorbing thin film based approach requires
significantly fewer optical components compared to the polarisation-based approach.
Furthermore, the absorbing thin film based approach avoids any potential for leakage
between the interferometer arms; the beam is either reflected or transmitted, with
no difference in polarisation between the light propagating in either arm of the
interferometer. Parasitic reflections have been identified as a key source of non-
linearity in homodyne interferometers [84, 85], and therefore the reduced optical
complexity of absorbing thin film based homodyne interferometers suggests further
research into this interferometer design may yield reduced non-linearity. The relative
benefits of the polarisation and absorbing thin film based approaches are further
compared in chapter 4.
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Chapter 3

Uncertainty sources in homodyne
interferometry

3.1 Introduction

A wide range of uncertainty sources contribute to the overall uncertainty in displace-
ment measurements made with homodyne optical interferometers, many of which
have been well studied (see for example [26] for a wide ranging overview) in the
literature. This chapter aims primarily to review known uncertainty contributions,
with the ultimate goal of identifying factors limiting the performance of homodyne
displacement measuring interferometry.

Contributions to the uncertainty in displacement measurements made with ho-
modyne interferometry may be broken down into two broad groups: firstly, uncer-
tainties in the measurement of a change in the optical phase, and secondly, uncer-
tainties in the conversion of this measured phase change to a displacement. This
chapter first reviews uncertainty contributions that affect the displacement mea-
surement directly, and then moves on to review contributions to the phase change
measurement uncertainty. This distinction is made as in some circumstances it may
be desirable to consider uncertainties in the phase and displacement separately. In
particular, in cases where displacement measurements are made over large ranges,
or in unstable environments, the uncertainty in the phase measurement may be a
minor contribution to the displacement measurement uncertainty, and a detailed
evaluation of the phase uncertainty may not be warranted. Alternatively, the phase
measurement may be converted to a displacement through non-standard methods,
for example multi-wavelength approaches [88], and the displacement measurement
uncertainty calculations presented in this work may not be applicable, whilst the
phase measurement uncertainty calculations remain valid. In order to provide a
clear overview of uncertainty contributions these reviews will be laid out in the form
of two uncertainty budgets: one for the displacement measurement process, and one
for the phase measurement process. The uncertainty budgets will follow the guide-
lines described in Joint Commitee for Guides in Metrology (JCGM) 100:2008 [89]
(commonly referred to as the Guide to the expression of Uncertainty in Measurement
(GUM)) with an equation modelling the measurement process being formed, and
analysed. With further development to account for specific interferometer systems,
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this work may form the basis of an experimental uncertainty budget.
Following the two uncertainty budgets, which focus on practical methods for the

estimation of measurement uncertainties, the effects of shot noise, which establish
the ultimate performance limit for homodyne interferometry operating with a given
bandwidth and optical power, will be considered. Whilst the theoretical findings
have limited practical application when producing an uncertainty budget for an
experimental measurement, where direct measurement of the experimental noise
levels is preferred, an analysis of the theoretical noise limit is beneficial to identify
performance limits, and to provide a baseline noise level and distribution for further
discussion throughout this thesis.

The dominant uncertainty sources in both the phase and displacement measure-
ments will then be discussed, aiming to identify limiting factors, with a particular
emphasis on factors that may limit the performance of homodyne interferometry at
the nanoscale. Monte Carlo simulations will be employed both to verify the validity
of the expressions for the uncertainty due to the shot noise derived in section 3.4,
and to investigate limiting factors in the optical design of phase quadrature coating
based interferometers.

Throughout this chapter, several assumptions will be made. Firstly a homodyne
interferometer design including an intensity reference output will be assumed, such
that fluctuations in the laser source power are compensated for by normalising the
quadrature outputs to the intensity reference. The interfering light will be assumed
to be quasi-monochromatic, coherent and fully polarised. The interfering beams
will be taken to be detected by photodiodes operating in photovoltaic mode (with
no bias voltage applied), in order to minimise dark currents. Measurements will be
assumed to take place in air, under environmental conditions suitable for precision
displacements measurements, at approximately 20 °C following ISO 1 [90], although
small fluctuations in environmental parameters around this point will be considered.
Additionally, a differential plane mirror interferometer measuring a mirror that is
displaced along a single axis will be assumed, and therefore the effects of out of plane
motion of the target mirror and the mechanical stability of the reference mirror will
not be considered. Finally, only static measurements will be considered, that is
measurements in which a displacement is measured between two static locations of
the measurement mirror. As a result, data age uncertainties will not be considered.

3.2 Displacement measurement uncertainty budget

3.2.1 The measurement problem

Displacement measuring optical interferometry first measures a change in interfer-
ometric phase, as will be described in section 3.3, then converts this phase change
to a displacement with, accounting for the dead path correction, but neglecting
wavefront errors, the following equation [49]:

∆x =
λ1

2πNpass
∆ϕ+

λ1 − λ0

λ0

x0, (3.1)
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where λ0 and λ1 are the optical wavelengths at the start and end of the measurement
respectively, Npass is the pass number of the interferometer, equal to two for a
standard Michelson configuration, and x0 is the dead path, the difference in length
between the measurement and reference arms of the interferometer at the start of
the measurement. It should be noted that following this definition the dead path, x0,
is independent of the pass number of the interferometer, and is instead the distance
that would be measured with a ruler between the reference and measurement mirrors
of a differential plane mirror interferometer, assuming balanced paths within the
interferometer optics. For the purposes of uncertainty propagation, it is helpful to
expand λ0 and λ1 into optical frequency and refractive index components, leading
to

∆x =
c

2πNpassn1f 1

∆ϕ+

(
n0f 0

n1f 1

− 1

)
x0, (3.2)

where n0 and n1 are the average refractive indices in the beam paths at the start
and end of the measurement respectively, and similarly f 0 and f 1 are the optical
frequencies at the start and end of the measurement.

Equation 3.2 assumes the interfering wavefronts take the form of plane waves,
with the wavelength being constant throughout space for a fixed refractive index
value. In reality, interferometers have finite beam sizes, and therefore non-planar
wavefronts. This deviation from the plane wave case will introduce an error into
the measured displacement if the plane wave phase-displacement relation given by
equation 3.2 is applied [58,91]. In many practical cases, as will be described in more
detail in section 3.2.3, the effects of non-planar wavefronts can be accounted for by
introducing a small (positive) wavefront correction factor Fλ ≈ 0 [91], the form of
which is elaborated upon in section 3.2.3, resulting in

∆x =
(1 + Fλ) c

2πNpassn1f 1

∆ϕ+

(
n0f 0

n1f 1

− 1

)
x0. (3.3)

In addition to the effects of refractive index, optical frequency, dead path and
wavefront curvature described by equation 3.3, the geometry of the measurement
system must be considered in experimental work. The interferometer will measure
the change in length of the beam path, whereas the desired measurand is the dis-
placement of a physical object. Whilst in the ideal case of a laser beam reflecting
from a perfectly flat mirror that remains perfectly perpendicular to the beam axis,
and displaces only along the beam axis, the two are equivalent, any angular or off
axis motion of the measurement target may introduce a measurement error. As
geometrical errors are not unique to interferometric measurement, and are highly
dependent on a specific optical configuration and measurement set up, only the sim-
ple cases of isolated cosine and Abbé errors will be considered here, with the aim
being to allow the order of magnitude of such errors to be estimated, in order to
establish if a more detailed analysis is required on a case-by-case basis. Geometrical
errors will therefore not be included in the measurement equation.
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3.2.2 Mathematical model

The measured displacement will be determined from a modified version of equation
3.3. In most practical applications, the optical frequency will not be measured
during the measurement, and will instead be considered to take a single value at
the start and end of the measurement, with an associated uncertainty. As such, the
measured displacement will be calculated as

∆x =
(1 + Fλ) c

2πNpassn1f
∆ϕ+

(
n0

n1

− 1

)
x0. (3.4)

The measurand ∆x therefore has the following input quantities:

• ∆ϕ, the measured change in the interferometric phase,

• n0, the average refractive index in the dead path at the start of the measure-
ment,

• n1, the average refractive index in the dead path, plus the additional path
length introduced by the displacement (which may be negative), at the end of
the measurement,

• f , the optical frequency,

• x0, the dead path,

• Fλ, the wavefront correction factor,

• Npass, the interferometer pass number,

• c, the free space speed of light in the vacuum,

of which all but Npass and c have associated uncertainties.

3.2.3 Contributory variances

Whilst equation 3.4 is used to calculate the displacement, for the purposes of un-
certainty propagation equation 3.3 must be used to model the effects of interactions
between the optical frequency uncertainty and the dead path. Propagating uncer-
tainties through equation 3.3 using the partial derivative uncertainty propagation
technique [89] and then setting f = f 0 = f 1 and σf = σf0 = σf1 results in an
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expression for the variance of the displacement, given by
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. (3.5)

Further simplifications may be made by solving equation 3.4 for ∆ϕ and substituting
this result into equation 3.5, yielding
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σ2
n1

+

(
n1 (∆x+ x0)− n0x0

(1 + Fλ)n1

)2

σ2
Fλ
, (3.6)

where the first four terms are independent of displacement, and the final four terms
are displacement dependant. Equation 3.6 will be used in this chapter to calculate
displacement measurement uncertainties.

Phase uncertainty

The uncertainty in the measured change in interferometric phase may be estimated
using the methods that will be described in section 3.3. In cases where the phase
uncertainty is not a dominant uncertainty source, the phase dependent uncertainty
calculation presented in section 3.3 may not be warranted, and in such cases the
procedures described in section 3.3 can instead be utilised to identify the upper
limit of the phase uncertainty, which may then be used as a fixed value in equation
3.6. Further discussion of the uncertainty in the measured change in interferometric
phase is reserved for section 3.3.

Refractive index uncertainty

The uncertainty in the measured displacement will be affected by the uncertainty
in the refractive index both at the start and end of the measurement process for
each displacement point measured. The refractive index depends on both the optical
frequency and environmental parameters, with the sensitivity of the refractive index
to key environmental parameters at 633 nm under standard atmospheric conditions
as given in [7] presented in table 3.1. It should be noted when interpreting table 3.1
that the practical influence of each parameter on the refractive index is determined
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Table 3.1: Standard values of atmospheric parameters and corresponding refractive
index sensitivities evaluated at 633 nm, as given in [7].

Influence parameter Value at standard
conditions

Refractive index
sensitivity coefficient

Temperature 20 °C −9.2× 10−7 K−1

Pressure 101 325 Pa +2.7× 10−9 Pa−1

CO2 content 400 ppm +1.4× 10−10 (ppm)−1

Relative humidity 50 % −8.7× 10−9 (%RH)−1

Dew point 9.27 °C −1.5× 10−8 K−1

Water vapour pressure 1168 Pa −1.8× 10−10 Pa−1

not only by the sensitivity coefficient, but also by the stability of each environmen-
tal parameter, and therefore in the temperature stabilised environments typically
employed for precision dimensional metrology, variations in the air pressure may
be the largest influence upon the refractive index. Most commonly in the field of
precision interferometry, refractive index is calculated using modern improvements
to the Edlén equations [92], a number of which have been published [93–97].

The most recent equations for the refractive index of air [97] suggest uncertain-
ties of 1× 10−8 are possible under ideal conditions, although the authors note that
such low uncertainties may not be realised in practical measurements where envi-
ronmental parameters may be measured with lower accuracy. In addition, localised
variations in the environmental parameters due to air turbulence may be a limiting
factor as environmental parameters are measured at a finite number of locations.
Uncertainties in the environmental parameters may be propagated through the re-
fractive index correction [97], however, the possibility of localised variations in the
refractive index, and the uncertainties in the fitted numerical values used in the
correction equations must also be taken into account on a case-by-case basis.

Alternative approaches to refractive index measurement include refractometry
[98] and multiple wavelength [88] based approaches, however these are less commonly
employed, and are beyond the scope of this work.

In addition to changes in the refractive index of air, optical path length changes
in the portion of the beam path that propagates within the interferometer optics may
take place, primarily due to thermal changes. Precision interferometry will generally
take place in thermally stable environments, however, it is still desirable to design
the interferometer optics such that the path lengths in each material used in the
interferometer optics are balanced between the measurement and reference arms,
minimising the effect of any thermal drifts, which may otherwise be challenging
to quantify. If path lengths in glass are not balanced between the arms of the
interferometer, this must be accounted for where calculating the refractive index,
which, following the definitions used in this work, is averaged across the dead path,
which may include materials other than air.
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Optical frequency uncertainty

In precision interferometry the frequency uncertainty will typically be determined
from the calibration certificate of the stabilised laser employed. Alternatively, stan-
dard values and suggested uncertainties are provided by the International Bureau of
Weights and Measures (BIPM) [7] for a number of laser sources commonly employed
in displacement measurement.

Relative standard uncertainties of 2.1× 10−11 are achieved by iodine stabilised
HeNe lasers operating at 632.8 nm [7], with the more commonly encountered polar-
isation stabilised HeNe lasers achieving uncertainties parts in 109 [99].

Dead path uncertainty

The dead path, defined here as the difference in length between the measurement and
reference arms of the interferometer, such that the pass number of the interferometer
does not alter the dead path, will contribute to the measurement uncertainty by
increasing the sensitivity of the instrument to changes in refractive index and optical
frequency.

In addition to this effect, the uncertainty in the dead path length will also di-
rectly contribute to the measurement uncertainty as described by the second term of
equation 3.6. The magnitude of this contribution will depend on the relative change
in refractive index over the course of the measurement, with the significant implica-
tion that even if the refractive index is known exactly, if there is any uncertainty in
the dead path length any changes in refractive index will increase the measurement
uncertainty.

Wavefront uncertainty

If the interfering wavefronts in the interferometer are assumed to take the form of
plane waves, an error will be introduced into the displacement measurement [58,91].
If this error is not corrected, it will contribute to the measurement uncertainty,
however, in the majority of cases a straight forward correction as applied in equation
3.6 is sufficient. The wavefront correction can be treated as an effective correction
to the wavelength, with a fractional error in the effective wavelength introduced by
wavefront effects for interference between Gaussian TEM00 beams given by [91]∣∣∣∣∆λλ

∣∣∣∣ =

(
λ

2πw0

)2

, (3.7)

where w0 is the beam waist radius, defined as the distance from the beam centre
at which the intensity falls to 1/e2 of the maximum value, and assuming that the
interfering beams have travelled approximately equal distances from the beam waist,
and that the full beam area collected by the detector. This result has been confirmed
a number of times [100–107]. For a wavelength of 632.8 nm and a beam waist radius
of 1 mm wavefront effects will therefore, in the case of ideal TEM00 beams, introduce
a fractional error in the measured displacement of 1× 10−8 if uncorrected. This
constitutes an error of the same order of magnitude as refractive index uncertainty
when applying an Edlén style refractive index correction [97]. As already proposed
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in equation 3.3, to correct for this effect the wavelengths in equation 3.1 may be
replaced with corrected effective wavelengths given by [91]

λef. =
λ

1−
(

λ
2πw0

)2 , (3.8)

with the validity of this correction restricted to the case

∆x� πw2
0

λ
, (3.9)

a displacement range of approximately 5 m for a wavelength of 632.8 nm and a beam
waist radius of 1 mm. This restriction is satisfied for all interferometric measure-
ments presented in this thesis. Equation 3.8 again assumes that the interfering
beams have travelled equal distances from the beam waist, implying the interferom-
eter starts measurement with no dead path, however, the equation remains valid for
small deviations from this case. This may be demonstrated by applying the full form
of equations derived in [91], accounting for the interfering beams having travelled
different distances from the beam waist. Using the equations of [91], it can be shown
that a fractional error of 9× 10−12 is introduced into the effective wavelength by ap-
plying equation 3.8 with a 1 m path length imbalance. In cases where extremely
large path length imbalances are present the exact equations may be applied [91],
however, as will be discussed later in this chapter, in the presence of such large dead
paths, refractive index uncertainty is likely to dominate over wavefront effects for
measurements made in air.

Wavefront distortions from the ideal Gaussian TEM00 mode will also alter the
effective wavelength. Where higher order TEM modes are present the divergence of
the interfering beams can be used to estimate the effective wavelength [106], although
this has been shown to give an overestimate [107]. Fully correcting for wavefront
effects requires the wavefront profiles of both interfering beams to be known, and as
such it has been suggested that in precision interferometry well aligned TEM00 mode
beams should be ensured, for example by spatial filtering [107]. Where possible,
relatively small increases in beam radius can minimise the effects of errors in the
wavefront correction by reducing the scale of the correction required, for example by
increasing the beam waist radius to 1.5 mm the fractional error introduced can be
reduced to 4.5× 10−9 for a wavelength of 632.8 nm, and any errors in the correction
introduced by small deviations from the ideal TEM00 mode will also be at the parts
in 109 level.

As previously described, updating equation 3.1 to include the effective wave-
length given by equation 3.8 results in equation 3.3, where the wavefront correction
factor Fλ is given by

Fλ =
1

1−
(

λ1
2πw0

)2 − 1, (3.10)

=
c2

(2πn1fw0)2 − c2
. (3.11)
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Whilst numerical uncertainties in the beam waist radius, optical frequency and
refractive index could be propagated through equation 3.11, uncertainties in the
deviations from the ideal TEM00 wavefronts assumed by equation 3.11 are likely to
dominate [105]. As such, the fractional uncertainty in Fλ will be large unless precise
measurements of the interfering wavefronts are made, with a fractional uncertainty
of 15 % assigned even when careful wavefront measurements were made [105]. As
the change in refractive index approaches zero, the final term of equation 3.6 will
approximate ∆x, and therefore a 50 % fractional uncertainty in Fλ will contribute a
fractional uncertainty of approximately 5× 10−9 to the measured displacement for
a wavelength of 632.8 nm and a beam waist radius of 1 mm.

Angular misalignments and shearing between the beams are an additional source
of wavefront errors. In general, in precision interferometry, angular misalignments
between the beams will be minimised, as will beam shear. Where significant angular
misalignments between the interfering beams are present, or where beam shearing is
unavoidable, exact solutions for the effect on the phase of the integrated interference
pattern are available [104], with the restriction that the full beams must be detected.
The authors suggest detectors three times larger than the beam radii are required
for this condition to be fulfilled [104].

Geometrical uncertainty

Geometrical cosine and Abbé errors are not directly related to the topic of interfer-
ometry, however, where practical displacement measurements are to be made, they
must be considered.

Cosine errors occur where there is a misalignment between the measurement
axis and the axis along which the displacement is intended to be measured, and,
in the simple case considered in figure 3.1 A, introduce an error into the measured
displacement of

∆xcos = (1− cos (θ)) ∆x, (3.12)

where ∆x is the measured displacement and θ is the angular misalignment be-
tween the measurement and displacement axes. The exact form of cosine errors in
displacement measurements made with optical interferometry will depend on the
optical configuration employed, for example, whether the interferometer employs a
plane mirror or corner cube retroreflector as the measurement target. In the plane
mirror case, two potential sources of cosine error must be considered: misalignments
between the laser beam axis and the mirror normal, and misalignments between the
intended measurement axis and the mirror normal.

Abbé errors arise where there is a spatial offset between the measurement and
displacement axes, and where rotations take place about a point on the displace-
ment axes, as may be the case if for example a displacement stage pitches during a
measurement of a target placed on top of the stage. The Abbé error is given by

∆xAbbé = d tan (α) , (3.13)

for an Abbé offset d and rotation error α.
These two forms of geometrical errors are compared in figure 3.1, where it can
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be seen that for equal angular errors the Abbé error may be significantly larger in
magnitude where an Abbé offset exists. As a result, the Abbé error may often be
the largest uncertainty contribution in dimensional metrology, unless extreme care
is taken to eliminate them [108].

θ

xt

xmA
∆xcos

α
d

xm
B

∆xAbbé

xt

Displacement
axis

axis
Measurement

Displacement
axis

axis
Measure

ment

Figure 3.1: Geometric representation of cosine (A) and Abbé (B) errors. In both
cases the mirror is displaced a distance xt along the displacement axis and a dis-
placement xm is measured along the measurement axis. Angles θ and α are equal
for comparison. The effects of reflection from the mirror at non-normal incidence
are neglected here for ease of comparison.

Methods for minimising both cosine [109] and Abbé errors in interferometry have
been described in the literature [108], and should be employed where equations 3.12
and 3.13 indicate the magnitude of these error sources may be significant relative to
the desired measurement uncertainty.

A final source of errors that will be grouped with geometrical errors in this
work are errors due to mechanical drift or vibration in the reference arm of the
interferometer, which are indistinguishable in interferometric measurements from
displacements in the measurement arm. These are grouped with cosine and Abbé
error terms here as they do not represent an error in the interferometric displacement
measurements but an error in the relationship between that measurement and the
desired displacement measurement. In precision applications such problems can
be avoided with the use of differential interferometer designs (see, for example,
[50, 54]). In many cases it is possible to design the measurement system such that
the measurand is the differential displacement between two mirrors, eliminating
errors due to unwanted motion of the reference mirror. Where this is not possible,
the mechanical stability of the reference arm of the interferometer must be greater
than the desired measurement accuracy.

3.2.4 Combined standard uncertainty

The combined standard uncertainty can be calculated from the square root of the
variance of the displacement, which may be calculated, neglecting geometrical errors,
using equation 3.6. Geometrical errors must be calculated on a case-by-case basis,
however, equations for estimating the magnitude of such errors are given in the
previous section, intended only to provide an indication of whether a more in depth
analysis of the geometrical errors is warranted.
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Although some contributory variances may follow a non-Gaussian distribution,
notably the uncertainty in the measured change in interferometric phase in cases
where significant non-linearities are present, due to the large number of contributory
variances the distribution of errors in the measured displacement will approximate
the Gaussian due to the Central Limit Theorem [89]. As such, expanded uncertain-
ties may be calculated with standard techniques, with expanded uncertainties with
a 95 % level of confidence being given by multiplying the standard uncertainty by a
coverage factor of 1.960 [89].

3.3 Phase measurement uncertainty budget

3.3.1 The measurement problem

This section will outline the phase measurement process for homodyne interferome-
try. Some information that will be presented in section 3.4 is repeated here to permit
the uncertainty budget to be utilised in isolation, and to place the work presented
in sections 3.4 in context.

Homodyne optical interferometers aim to measure a change in interferometric
phase, however, the phase is not measured directly. Instead, the interferometer,
under the assumptions considered in this work, produces three optical outputs: two
quadrature signals (P x and P y), and an intensity reference signal P r. Ideally the
quadrature outputs will take the form of sinusoids with equal amplitudes, minima
of 0 W, and a 90° phase difference. The reference output P r will ideally be a fixed
percentage of the input optical power.

These optical outputs, following the assumptions made in this chapter, are in-
cident on photodiode detectors, which produce photocurrents (ix, iy and ir). The
photocurrents are then amplified and converted to voltages (V x, V y and V r), which
are digitised, and recorded.

In order to minimise the effects of fluctuations in the output power of the illu-
minating source, the quadrature voltage signals V x and V y are normalised to V r.
For this normalisation process to be effective, any offsets in the voltage signals that
are present in the absence of laser illumination (dark offsets) must be eliminated.
Throughout this chapter dark offsets, the voltage offsets that are present in the
absence of deliberate illumination, in the voltage signals are assumed to have been
eliminated by measuring the voltage signals with the illuminating source blocked,
and subtracting the measured dark voltages from the voltage signals. Normalising
by V r then yields the normalised quadrature signals Sx and Sy, given by

Sx =
V x

V r
, (3.14)

Sy =
V y

V r
. (3.15)

The normalised quadrature signals Sx and Sy will be offset from the origin as a
result of both the dark offset subtraction process, and any offset in the optical sig-
nals due to imperfect fringe contrast. The quadrature phase difference between the
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signals may also deviate from the ideal case, and the amplitudes of the normalised
quadrature signals may not be identical. Such deviations will, if uncorrected, in-
troduce errors into the measured interferometric phase [21]. The ideally sinusoidal
quadrature signals may also be distorted by the presence of unwanted harmonics
due to multiple reflections, polarisation leakage within the optics of the interferom-
eter [85], and electronic effects, which will introduce further errors into the phase
measurement. All these error sources are periodic in nature; the error will repeat
with some harmonic of the illuminating wavelength if the source of the error remains
constant. As a result, these error sources do not accumulate with displacement. Such
errors are commonly described as non-linearities, and the term non-linearities will
be considered in this work to refer only to errors in the measured phase that are
periodic with some harmonic of the wavelength.

The effects of non-ideal amplitudes, offsets and quadrature phase difference in
the normalised quadrature signals may be corrected for with an ellipse fitting non-
linearity correction [21, 87], commonly termed the Heydemann correction. The ef-
fects of harmonic distortions, in contrast, could not be corrected for in a purely
optical interferometric system prior to the work presented in chapter 6 of this the-
sis. Such corrections are beyond the scope of this uncertainty budget, and discussion
of these techniques is reserved for chapter 6.

The application of an ellipse fitting Heydemann correction will, however, be
considered here, and this is achieved by fitting a conic section of the form [21,87]

AS2
x +BS2

y + CSxSy +DSx + ESy = 1 (3.16)

to the normalised quadrature signals, where A to E are the ellipse fit coefficients, as
discussed in detail in section 6.2.1. Denoting, for clarity, individual data points of
the quadrature signals Sx and Sy as xi and yi, for i in the range 0 to N , equation
3.16 may be written in matrix form as


x2

0 y2
0 x0y0 x0 y0

x2
1 y2

1 x1y1 x1 y1
...

...
...

...
...

x2
N y2

N xNyN xN yN



A
B
C
D
E

 =


1
1
...
1

 , (3.17)

where the matrix equation may be solved for the fit coefficients. Left multiply-
ing both sides of equation 3.17 by the transpose of the quadrature signal matrix,
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following the ordinary least squares technique, results in
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HM


A
B
C
D
E

 = HV (3.20)

where the sums are over all data points to be fitted. Equivalently, the sums may
be replaced by averages of the products of powers of the quadrature signals. The
vector of fit coefficients may then be solved for with standard matrix techniques.
Estimates of offsets in the quadrature signals, the gain ratio between the quadrature
signals and the quadrature phase may then be calculated from the fitted coefficients.
These signal parameters are given by [87]

αx =
2BD − EC
C2 − 4AB

, (3.21)

αy =
2AE −DC
C2 − 4AB

, (3.22)

Gxy =

√
B

A
, (3.23)

δ = cos−1

(
C√
4AB

)
− π, (3.24)

where αx and αy are the offsets of Sx and Sy respectively, Gxy is the amplitude ratio
of Sx to Sy, and δ is the quadrature phase shift between the signals. The quadrature
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phase error, the deviation from the ideal 90° value, is given by

δ′ = sin−1

(
C√
4AB

)
. (3.25)

Following the original methodology of [87], corrected signals Cx and Cy are then
given by

Cx = Sx − αx, (3.26)

Cy =
1

cos (δ′)

(
(Sx − αx) sin

(
δ′
)

+Gxy

(
Sy − αy

))
, (3.27)

with the instantaneous interferometric phase calculated from the corrected signals
using the four quadrant arctangent function as

ϕ = atan2

(
Cy

Cx

)
. (3.28)

Alternatively, following the methodology of [110], the phase may be calculated di-
rectly from the fit coefficients as

ϕ = atan2

(√
4AB − C2

(
E + CSx + 2BSy

)
2B (D + 2ASx)− C (E + CSx)

)
, (3.29)

where in this case the fractional representation of the four quadrant arctangent
function has been employed for convenience of notation. The methodology of [110]
will ultimately be followed here, permitting uncertainties in the interferometric phase
to be calculated directly, without the need to evaluate the covariance between the
corrected quadrature signals.

The four quadrant arctangent function produces an instantaneous phase value
in the interval (−π/2, π/2], and therefore in order to measure phase changes over a
range greater than 2π, fringes must be ‘counted’, commonly referred to as phase un-
wrapping [22]. Fringe counting in achieved by tracking the integer number of fringes
(2π periods) covered, incrementing the total count NF each time the instantaneous
phase crosses from −π/2 to π/2, and decrementing NF on each crossing from π/2
to −π/2. As long as the spatial sampling rate of the interferometer is sufficiently
high for no phase change of greater than π to take place between two measurement
points, no additional uncertainty is introduced by this counting process.

Finally, in order to measure a phase change, the difference between two interfer-
ometric phase values recorded at positions NF,0 + ϕ0 and NF,1 + ϕ1 must be taken,
resulting in final measured phase change of

∆ϕ = NF,1 + ϕ1 −NF,0 − ϕ0. (3.30)

3.3.2 Mathematical model

For the purposes of uncertainty propagation, as no uncertainty is associated with
the integer fringe count, NF,0 and NF,1 may be neglected. Uncertainties in the
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ellipse fit coefficients will also not be considered here. Instead, uncertainty arising
from residual non-linearities will be included in the phase measurement uncertainty
as a separate term accounting for both elliptical and higher order non-linearity
effects, with a fixed value of the peak-to-peak non-linearity established through a
combination of experimental measurement and consideration of the interferometer
design. Additionally, it will be assumed that the uncertainties in the normalised
quadrature signals at different displacements are uncorrelated.

Following these assumptions, the uncertainties in individual instantaneous phase
measurements are uncorrelated, and the uncertainty in a phase difference measure-
ment is determined by

σ∆ϕ =
√
σ2
ϕ0

+ σ2
ϕ1
. (3.31)

As a result, this uncertainty budget will consider the uncertainty in an individual
measurement of the instantaneous phase, ϕ, determined by

ϕ = atan2

(√
4AB − C2

(
E + CSx + 2BSy

)
2B (D + 2ASx)− C (E + CSx)

)
+ eNL, (3.32)

where

Sx =
V x

V r
, (3.33)

Sy =
V y

V r
, (3.34)

and eNL is a dummy error variable introduced to represent the uncertainty contribu-
tion of the non-linearity, and has a mean value of zero. The measurand ϕ therefore
has the following input quantities:

• V x, the cosine output voltage measurement,

• V y, the sine output voltage measurement,

• V r, the intensity reference voltage measurement,

• eNL, the peak-to-peak phase non-linearity,

• A to E, the ellipse fit coefficients,

with all input values other than the ellipse fit coefficients contributing to the mea-
surement uncertainty.

3.3.3 Contributory variances

The uncertainty in a measurement of the instantaneous interferometric phase may
be considered to have two components: a statistical uncertainty, arising from noise
in the voltage signals (having a number of both optical and electronic origins), and
an additional uncertainty term arising as a result of uncorrected (systematic) non-
linearity errors. For the estimation of the statistical uncertainty, two cases will be
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considered here. Firstly, the case where repeated phase measurements may be made,
and a type A [89] uncertainty estimate calculated, and secondly, the case where re-
peat measurement is not possible, and the phase uncertainty in a single data point
must be evaluated using type B techniques [89]. In general, the type A approach is
preferable [89], and in many metrological applications where an uncertainty budget
is required repeat measurement is possible, for example, when calibrating a nanopo-
sitioning stage. As such, this is the approach that this work will focus upon. In
cases where repeat measurement is not possible, techniques for propagating statis-
tical uncertainties in the voltage signals to an uncertainty in the measurand, the
instantaneous interferometric phase, will be considered. The equations derived in
the type B case will also be used later in this chapter to investigate the ultimate
performance limits of homodyne interferometry in the shot noise limited case.

In the type A case, the statistical variance in the instantaneous phase measure-
ment may be calculated from repeated measurements using standard techniques [89].
The variance of the interferometric phase may then be calculated as

σ2
ϕ = σ2

ϕ,Stat. + σ2
NL, (3.35)

where σ2
ϕ,Stat. is the statistical variance in the measured instantaneous phase, and

σ2
NL is the estimate variance in the instantaneous phase due to residual non-linearity

errors.
In the type B case, variances and covariances in the measured voltage signals

must be estimated, and propagated through the mathematical model of the measure-
ment. As the input quantities V x, V y and V r are not employed directly in equation
3.32, but are instead used to calculate Sx and Sy through equations 3.33 and 3.34,
expressions for variances and covariances in Sx and Sy, in terms of variances and
covariances in the voltage signals, will be derived. Following equation 3.32, the vari-
ance in the instantaneous phase measurement, including the effects of variances in
and covariances between the ellipse fit coefficients, is derived in appendix B. The
propagation of non-linearities through equation 3.32 is not new, having previously
been described in [110, 111]; it is repeated in this work for consistency of notation.
Neglecting the uncertainty due to the fit coefficients, and including an additional
term (σ2

NL) to account for the variance introduced by residual non-linearities, results
in the expression for the variance in the instantaneous phase measurement that will
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be used in the type B case:

σ2
ϕ =

(
4AB − C2

) (
σ2
ϕ

∣∣
Sx,Sx

σ2
Sx + σ2

ϕ

∣∣
Sy ,Sy

σ2
Sy+

σ2
ϕ

∣∣
Sx,Sy

σSx,Sy

)/
4

(
4AB2S2

y

+B
(

4ASy(CSx + E) + (2ASx +D)2 − C2S2
y

)
−(CSx + E)(C(ASx + CSy +D)− AE)

)2

+ σ2
NL, (3.36)

σ2
ϕ

∣∣
Sx,Sx

= (C(CSy +D)− 2A(2BSy + E))2, (3.37)

σ2
ϕ

∣∣
Sy ,Sy

= (C(CSx + E)− 2B(2ASx +D))2, (3.38)

σ2
ϕ

∣∣
Sx,Sy

= −2(2B(2ASx +D)− C(CSx + E))

(2A(2BSy + E)− C(CSy +D)). (3.39)

Equivalently, uncertainties may be propagated through equations 3.26, 3.27 and
3.28. The variances and covariance of the corrected quadrature signals are given
in terms of the signal parameters, whilst neglecting the uncertainty in the signal
parameters, by

σ2
Cx = σ2

x, (3.40)

σ2
Cy = tan2

(
δ′
)
σ2
x +

G2
xy

cos2 (δ′)
σ2
y + 2Gxy

sin (δ′)

cos2 (δ′)
σx,y, (3.41)

σCx,Cy = tan
(
δ′
)
σ2
x +

Gxy

cos (δ′)
σx,y. (3.42)

Equations 3.40 and 3.41 were again derived with the partial derivative method [89].
Equation 3.42 was derived by applying the definition of the covariance [112] and
evaluating expectation values of Cx, Cy, and the product of Cx and Cy, assuming a
bivariate Gaussian distribution [52] for Sx and Sy. This derivation is presented in
appendix A. The corresponding variance in the instantaneous phase measurement
is then given, again following the partial derivative technique [89], by

σ2
ϕ = σ2

Cx

(
∂ϕ

∂Cx

)2

+ σ2
Cy

(
∂ϕ

∂Cy

)2

+ 2σCx,Cy
∂ϕ

∂Cx

∂ϕ

∂Cy
+ σ2

NL

(
∂ϕ

∂eNL

)2

(3.43)

=
σ2
Cx
C2
y + σ2

Cy
C2
x − 2σCx,CyCxCy(

C2
x + C2

y

)2 + σ2
NL. (3.44)

Equations 3.36 to 3.39 will be employed in this work to avoid the intermediate
calculation of the variances and covariances in the corrected quadrature signals,
however, equations 3.40 to 3.42, along with equation 3.44, are also reported here as
they are beneficial when investigating the scaling effects of the signal parameters
Gxy and δ′ on the phase uncertainty.

This section will first consider the estimation of the statistical variance in the
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instantaneous phase, with the discussion broken down into type A and type B ap-
proaches. Following this, methods for estimating the variance due to uncorrected
non-linearity errors will be discussed.

Statistical uncertainty

Type A evaluation

In the type A case the statistical variance in the instantaneous phase is evaluated
using standard techniques [89], from repeated measurements of the instantaneous
phase. By evaluating the statistical variance in this manner, the effects of mechanical
vibrations and air turbulence will also be included in the uncertainty estimate. The
type A approach is particularly appropriate when the outputs of two displacement
measuring sensors with differing bandwidths must be compared, or where two sensors
must be compared and synchronous measurement is not possible.

Type B evaluation

Uncertainties in the measured voltage signals will arise as a result of statistical noise,
quantisation errors introduced by the finite resolution of analogue to digital convert-
ers, and non-linearity in the photodiode response, current to voltage amplification,
and digitisation electronics. In a well designed measurement system quantisation
errors will be below the noise floor, and as such this effect will not be considered
here. Non-linearity in the measurement electronics will contribute to the overall
phase measurement non-linearity, therefore these effects will also not be considered.
Scale errors will not result in phase measurement uncertainty, as any such errors will
be compensated for by the Heydemann correction. Any offsets in the voltage mea-
surement will be eliminated by the dark voltage measurement subtraction process,
as previously described in the phase measurement assumptions. As a result, only
uncertainties arising from noise in the quadrature signals will be considered here.

In experimental work, it is desirable to measure the variances in, and covariances
between, the three voltage signals (V x, V y and V r) directly, without attempting to
separate optical and electronic noise sources. The variances and covariance of the
voltage signals may be separated from interference effects by blocking either the
measurement or reference arm of the interferometer, such that each output of the
interferometer measures a constant optical power. If the input optical power to
the interferometer is then stepped through a range of values, the variances and co-
variances of the three channels can be evaluated directly at each power level. This
approach is, however, limited, as by blocking one arm of the interferometer, the max-
imum optical power at the output is reduced. Additionally, the ratios between the
three outputs will remain fixed whilst varying the input optical power, and therefore
covariances are only measured for limited combinations of voltage values. If some
assumptions can be made about the form of the uncertainties in the voltage signals,
it may be possible to extrapolate the voltage dependent variances and covariances
from variance and covariance measurements made in this manner, however, the exact
form the voltage signal uncertainties will be highly dependent on the measurement
electronics, and is therefore beyond the scope of this uncertainty budget.
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Assuming variances and covariances in the voltage signals can be estimated for a
given interferometer system, the variances of the normalised quadrature signals Sx
and Sy can be calculated from equations 3.33 and 3.34 with the partial derivative
technique [89], including the effects of the covariance, as

σ2
Sx =

(
1

V r

)2

σ2
V x +

(
V x

V 2
r

)2

σ2
V r − 2

V x

V 3
r

σV x,V r , (3.45)

σ2
Sy =

(
1

V r

)2

σ2
V y +

(
V y

V 2
r

)2

σ2
V r − 2

V y

V 3
r

σV y ,V r . (3.46)

The covariance between Sx and Sy can be approximated applying the definition of
the covariance [112], and evaluating (approximate) expectation values. This deriva-
tion is presented in appendix C and, assuming a multivariate Gaussian [52], distri-
bution results in

σSx,Sy =
1

V 6
r

(
V 4
rσV x,V y − V 3

r(V xσV y ,V r + V yσV x,V r)

+V 2
r

(
σ2
V r(V xV y + 3σV x,V y) + 5σV x,V rσV y ,V r

)
−5V rσ

2
V r(V xσV y ,V r + V yσV x,V r) + σ4

V r(2V xV y + 3σV x,V y)

+12σ2
V rσV x,V rσV y ,V r

)
. (3.47)

It should be noted that as a result of equation 3.47 being derived based upon the
assumption that V x, V y and V r follow a trivariate Gaussian distribution, the analysis
is limited to the case V r � 0, as Sx and Sy are asymptotic as the reference voltage
approaches zero. As an additional consequence of this assumption, the results may
be invalid in cases where the V x or V y approach zero, and the voltage noise is
shot noise limited, as shot noise follows a Poisson distribution [113]. In practical
measurement, this is unlikely to be a limitation, as for small voltage signals the noise
floor of the detection and amplification electronics is likely to dominate, and due to
the large number of contributing sources to this noise floor, it is likely to follow a
Gaussian distribution.

Non-linearity uncertainty

This section will consider the non-linearity of homodyne interferometers from three
perspectives. Firstly, the effects of elliptical non-linearities, which are introduced
by the previously described quadrature phase, DC offset and gain ratio errors, will
be considered. This group of non-linearities distort the Lissajous figure formed by
the two quadrature signals from the ideal origin centred circular form to an ellipse,
or an offset circle [21]. Secondly, higher order non-linearities, introduced by the
presence of unwanted harmonics [85] will be considered. Finally, methods for the
practical evaluation of non-linearities will be discussed, along with the distribution
of non-linearity errors, so as to allow the discussed effects to be included in the phase
measurement uncertainty budget.
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Elliptical non-linearities

Elliptical non-linearities are corrected for by the Heydemann correction [87], a sub-
ject area that has been extensively studied in the literature [21,83,87,111], and that
is discussed in detail in section 6.2.1 of this thesis. Such non-linearities will therefore
not typically directly affect the measurement uncertainty. Instead, the uncertainty
implications of ellipse fitting corrections will be considered from the perspective of
the scaling effect of the correction on the existing noise in the quadrature signals, and
from the perspective of the additional uncertainty contribution from the uncertain-
ties in the fit coefficients. As previously stated, it is often preferable to neglect the
uncertainty in the ellipse fit coefficients, as if higher order non-linearities are present
a measurement of residual non-linearity must be included in the uncertainty budget.
If both a measurement of residual non-linearities and the uncertainties in the ellipse
fit coefficients are included in the phase measurement uncertainty calculation, the
contribution of the uncertainty in the ellipse fit coefficients will be accounted for
twice. Nevertheless, as the effects of uncertainties in the ellipse fit coefficients are
discussed in the literature [110,111], this contribution will be reviewed briefly here.

The scaling of uncertainties in the quadrature signals by the Heydemann correc-
tion may be observed by inspecting equations 3.40 to 3.42. The first conclusion that
may be drawn is that even if the quadrature signals were uncorrelated, if there is a
quadrature phase error to be corrected for, the corrected quadrature signals will be
correlated to an extent. This provides further evidence that the covariance of the
quadrature signals in homodyne interferometry should not be neglected. Secondly,
it can be seen from equations 3.40 to 3.42 that the signal offsets do not affect the
measurement uncertainty if an ellipse fitting correction is applied. Similarly, the
absolute values of the amplitudes of each signal do not directly effect the measure-
ment uncertainty after applying an ellipse fitting correction, although the ratio of
the amplitudes does have a scaling effect. It is important to note that whilst the
signal offsets do not appear in equations 3.40 to 3.42, optical offsets introduced by
poor fringe contrast have the effect of reducing the signal to noise ratios of the mea-
sured quadrature signals, an effect that is in this case already accounted for in the
uncertainty in the normalised quadrature signals.

If an interferometer design can be guaranteed not to be affected by higher order
non-linearities, it may be desirable to estimate residual non-linearity based upon
fit coefficient uncertainties. Variances and covariances in the fit coefficients may be
estimated according to [110] as

σA,A σA,B σA,C σA,D σA,E
σA,B σB,B σB,C σB,D σB,E
σA,C σB,C σC,C σC,D σC,E
σA,D σB,D σC,D σD,D σD,E
σA,E σB,E σC,E σD,E σE,E

 =

Σ
(
Ax2

i +By2
i + Cxiyi +Dxi + Eyi − 1

)2

n− 5
H−1

M , (3.48)

where the sum gives the sum of the squares of the fit residuals. Equation 3.48 is an
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approximation that does not account for uncertainties in the quadrature signals, and
in cases where only a small number of points are included in the fit, equation 3.48
may not correctly describe the variances and covariances of the ellipse fit parameters.
In such cases, a more rigorous ellipse fitting approach may be required. Ellipse
fitting, and the propagation of uncertainty through ellipse fitting algorithms is a
complex subject area, with a variety of methodologies possible. Discussion of these
techniques is therefore reserved for chapter 6.2.1, where a comparison of a range
of approaches proposed in the literature is made, considering both the performance
of the fitting algorithm, and the accuracy of any proposed uncertainty propagation
methodology.

However they are estimated, variances and covariances in the fit coefficients A
to E, given by equation 3.48, along with the quadrature signals Sx and Sy may
be propagated through equation 3.32 using the equations presented in appendix B.
As an alternative to the equations presented in appendix B, an approximation for
calculating the phase uncertainty whilst accounting for the uncertainty in the ellipse
fit coefficients has also been proposed in the literature [110]. This approximation
is valid for quadrature signals with equal amplitudes and equal uncertainties. In
homodyne interferometry, the uncertainties in the quadrature signals are phase de-
pendent, and the amplitudes of the quadrature signals may not be equal, therefore
this approximation is not used in this work.

Higher order non-linearities

Higher order non-linearities are not corrected for by ellipse fitting corrections, and
will therefore effect the phase uncertainty directly [85]. Such non-linearities are
highly variable in form, often arising as a result of unwanted reflections within the in-
terferometer optics, the alignment of which may change with both time and displace-
ment. Higher order non-linearities may also arise from distortion introduced by the
measurement electronics, although with a detection, amplification and digitisation
system that is well matched to the desired accuracy of the interferometer system this
should not be a significant uncertainty source. As a result of the displacement and
time sensitivity of such non-linearities, a general analysis is not possible, although
sources can be identified for individual interferometers [59–61, 63, 65, 84, 114, 115],
and a modelling technique is developed in chapter 5 designed to analyse the sources
of higher order non-linearities when designing interferometers [85].

Whilst a general analysis is not possible, one important point that has not pre-
viously been realised in the literature should be addressed; where higher order non-
linearities are present, phase distortions can occur without a corresponding radial
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distortion to the Lissajous figure. This may be demonstrated with simulated quadra-
ture signals of the form

Sx =
∞∑
i=0

1

4i
cos ((i+ 1)ϕ) , (3.49)

=
30

17− 8 cos (ϕ)
− 2, (3.50)

Sy =
∞∑
i=0

1

4i
sin ((i+ 1)ϕ) , (3.51)

=
16 sin (ϕ)

17− 8 cos (ϕ)
. (3.52)

Maxima and minima may be found by differentiation, and occur at

max (Sx) = +
4

3
, (3.53)

min (Sx) = −4

5
, (3.54)

max
(
Sy
)

= +
16

15
, (3.55)

min
(
Sy
)

= −16

15
. (3.56)

Zero centred ±1 normalised signals can then be obtained as

Cx =
8− 17 cos (ϕ)

8 cos (ϕ)− 17
, (3.57)

Cy =
15 sin (ϕ)

17− 8 cos (ϕ)
. (3.58)

In polar coordinates Cx and Cy can be seen to describe a unit radius circle as

C2
x + C2

y = 1, (3.59)

with the phase given by

atan2

(
17 cos (ϕ)− 8

15 sin (ϕ)

)
6= ϕ. (3.60)

This effect is demonstrated for equations 3.57 and 3.58 in figure 3.2, where the
distortion introduced by the presence of higher order terms can clearly be seen
when Cx and Cy are plotted against ϕ , whilst the Lissajous figure remains circular.
The loss constant of 4 used in this demonstration was selected to give a clearly
visible effect in figure 3.2, however similar results may be found for larger values,
corresponding to more strongly attenuated higher order terms.

An important consequence of this effect is that higher order non-linearities can-
not be corrected for based only upon the measured quadrature signals, as the signals
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shown in figure 3.2 are indistinguishable from undistorted quadrature signals follow-
ing a non-linear phase profile introduced by a non-linear displacement profile. This
result also demonstrates that higher order non-linearities can not be evaluated by
considering the radial magnitudes of the quadrature signals alone, an approach that
has previously been proposed in the literature [50].
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Figure 3.2: Demonstration of phase non-linearities introduced by higher order non-
linearities without radial distortion. Cx and Cy are plotted as calculated with equa-
tions 3.57 and 3.58.

Evaluation of non-linearity

After applying an ellipse fitting correction, residual non-linearities will often still
be present in the interferometric phase measurement, introduced both by errors
in the fitting process, and by higher order distortions to the Lissajous figure that
arise as a result of the presence of unwanted harmonics in the quadrature signals.
Such higher order harmonics will tend to be highly sensitive to the alignment of
the interferometer optics, and therefore some caution must used when applying an
individual measurement of residual non-linearities to the same interferometer at a
later date. An additional factor that must be considered when evaluating residual
non-linearity is that the performance of the ellipse fitting correction is dependent on
the number of points included in the ellipse fit. The number of points required to
reach a given uncertainty will be dependent on the noise in the quadrature signals,
and the ellipse fitting algorithm employed, as demonstrated in section 6.2.1, however,
in general several hundred data point in the fit have been suggested to be sufficient
for the ellipse fitting algorithm not to introduce significant additional uncertainty
[110]. Any measurement of the residual non-linearity may therefore only be valid for
cases where the number of points included in the fit, and the spatial sampling rate,
are similar to those employed during the displacement measurement. As a result,
in-situ non-linearity analysis is desirable, both to provide a check of residual non-
linearity after first aligning an interferometer, and to ensure non-linearities do not
unexpectedly increasing over time due to drift in the alignment of an interferometer
set up.

One method of in-situ non-linearity analysis proposed in the literature involves
analysing the radial error in the Lissajous figure, and making use of the fact that
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for ideally sinusoidal quadrature signals, the Fourier components of the phase error
and the radial error divided by the average of the radius vector around the Lissajous
figure are equal in magnitude [50]. This technique relies upon the quadrature signals
being pure sinusoids, with no harmonic content, and fails to detect higher order
non-linearities. As a result, this technique should not be relied upon to estimate
non-linearities.

An alternative approach that is capable of resolving non-elliptical non-linearities
is to directly compare the measured interferometric displacement to another quantity
related to the displacement with a different spatial-frequency space error distribu-
tion. This approach has been demonstrated for the evaluation (and correction) of
non-linearities by measuring the same displacement with two interferometer operat-
ing at two separate wavelengths [69], however, the technique is not restricted to two
interferometric measurements. Where the task is to evaluate, rather than correct,
for non-linearity errors, the secondary displacement measurement can, for example,
be a stage position read out, or the voltage supplied to a piezoelectric element.
Whilst such displacement measurements will have a lower accuracy than the inter-
ferometric measurement, and may themselves be non-linear or hysteretic relative to
displacement, non-linearities in the interferometric measurement can often be re-
solved by taking the Fourier transform of the difference between the interferometric
displacement and the secondary displacement measurement, and identifying peaks
at harmonics off the illuminating wavelength, as any errors in the non-optical second
displacement measurement are unlikely to be periodic with harmonics of the interfer-
ometer wavelength. By taking the sum of the Fourier amplitudes of each identified
peak, an upper limit can be placed on the amplitude of the non-linearities. This sum
gives an upper limit as it is implicitly assumed that the harmonic components of
the non-linearity add constructively, which may not be the case. Alternatively, the
Fourier transform can be windowed around the non-linearity harmonics as described
in [69], and the windowed transform inverted in order to recover an estimate of
the non-linearities that accounts for the phase-dependent value of the non-linearity.
Some care must be taken when evaluating non-linearities with Fourier techniques as
non-linearity components that are highly variable with time or displacement may
not be resolved if the amplitude and phase of the non-linearity component change
significantly during the measurement. As such, the results of in-situ techniques
should be compared to more reliable direct non-linearity measurements where pos-
sible, to build up a detailed picture of the non-linearity of a given interferometer
system.

Direct measurements of non-linearities may be made against a more linear dis-
placement measure. Following the recent adoption of the lattice parameter of silicon
as a secondary realisation of the metre [8], traceable non-linearity measurements
may be made by comparing optical interferometer and X-ray interferometer mea-
surements [54]. In some cases non-linearities can be reduced by iteratively adjusting
the optical alignment, however such processes should be avoided when measuring
non-linearities for the purpose of creating an uncertainty budget for a given inter-
ferometer design. Instead, a fixed alignment routine should be followed, and if vari-
ations in the non-linearity magnitudes that cannot be explained by deviations from
the fixed alignment routine are observed, the maximum value of the non-linearities
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should be taken as the performance limit. Comparison to a more linear interfer-
ometer is also possible, however when exploring the performance limits of optical
interferometry, a more linear system may not be available.

Having obtained a measurement of the peak-to-peak non-linearity, this must then
be related to the interferometric phase uncertainty. A sinusoidal error will follow an
arcsine distribution, a special case of the beta distribution [52], with a probability
density function given in this case by

f(eNL) =
1

π

√(
∆ϕNL

2

)2

− eNL

, (3.61)

where eNL is the non-linearity error in the instantaneous phase and ∆ϕNL is the
peak-to-peak non-linearity error. Where non-linearities at multiple spatial periods
are present, assuming an arcsine distribution based upon the peak-to-peak non-
linearity will tend to overestimate the measurement uncertainty, as the peak-to-peak
non-linearity will be dominated by the largest amplitude harmonic present, and the
presence of smaller amplitude terms will weight the probability distribution towards
the centre (zero error). For the exact distribution of the errors to be known, the
non-linearity at each phase value must be known exactly, in which case they would
be corrected for, and as such an arcsine distribution will be assumed here as a
compromise.

Assuming an arcsine distribution as described by equation 3.61, the variance
arising from a non-linearity error with an unknown form, but a known peak-to-peak
value of ∆ϕNL is given by [52]

σ2
NL =

∆ϕNL
2

8
. (3.62)

It should be noted that by assuming that only the peak-to-peak non-linearity is
known, and the form is not, the periodic nature of the non-linearity is not exploited.
For measurements of a phase difference corresponding to an integer number of wave-
lengths, the non-linearity error is zero if the non-linearities remain fixed over the
course of the measurement. The restriction to phase differences covering an integer
number of wavelengths, as opposed to an integer number of optical fringes, arises
as a result of the potential for non-linearities with a once every other fringe period
to arise in double pass interferometer designs. Exploiting the periodic nature of the
non-linearity to reduce measurement uncertainty may be beneficial in cases where
a spatial resolution of one optical fringe, typically greater than 100 nm, is sufficient.
As previously discussed, however, non-linearities arising a result of higher order ef-
fects can be highly sensitive to the exact alignment of the interferometer optics,
and may therefore change in both phase and amplitude whilst measuring a phase
difference. In this case, the non-linearity error for a phase difference measurement
corresponding to an integer number of wavelengths is not zero, and as such the sta-
bility of the non-linearities of individual interferometer designs must be considered
on a case-by-case basis when exploiting the periodic nature of the non-linearity.
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3.3.4 Combined standard uncertainty

In summary, two approaches to estimating the variance in an instantaneous phase
measurement have been described: a type A statistical approach, and a type B
approach based on propagation of uncertainties in the measured voltage signals
through to an uncertainty in the calculated change in the interferometric phase.
In the type A case, the statistical variance in the instantaneous interferometric
phase is estimated from repeat measurements following standard techniques. In
the type B case, variances and covariance in the measured voltage signals must
be obtained. Possible approaches for determining variances and covariance in the
measured voltage signals have been discussed, however, the exact methods required
will be dependent on the measurement electronics employed. Having obtained the
required variances and covariances in the voltage signals, variances and covariances
in the normalised quadrature signals Sx and Sy may be calculated using equations
3.45 to 3.47. Equations 3.36 to 3.39 may then be used to calculate the statistical
variance in the instantaneous interferometric phase.

In both the type A and type B cases, the statistical variance must be combined
with the estimated variance due to the phase non-linearity, which may be calculated
from a measurement of the peak-to-peak non-linearity using equation 3.62. Hav-
ing obtained the variance in the instantaneous phase measurement, the standard
deviation in a measurement of the interferometric phase change ∆ϕ can then be
calculated from the sum of two such variances, following equation 3.31.

In general, the probability distribution of the error in the phase difference mea-
surement will not be Gaussian, due to the arcsine distribution of the non-linearity
errors. In principle it is possible to calculate the form of the resulting probability
distribution by convolving the Gaussian distribution of the statistical uncertainty
contributions with the arsine distribution of the non-linearity contributions for each
of the instantaneous phase points to be compared [89], and then convolving the
resulting distributions of the errors in each instantaneous phase measurement with
each other. As the arcsine distribution of the non-linearity error is only approxi-
mate, with non-linearities commonly consisting of multiple harmonics, the Central
Limit Theorem will instead be used in this work to estimate coverage factors for
expanded uncertainties, and the associated levels of confidence, following the sug-
gestions of [89]. In particular, when considering the displacement uncertainty, rather
than the phase difference uncertainty in isolation, the large number of contributory
variances suggest that approximations made with the Central Limit Theorem are
valid. As the uncertainty in a measurement of the phase difference will rarely be
employed in isolation, a detailed analysis of the expanded uncertainty will not be
performed here, with the standard deviation being sufficient to allow uncertainties
in quantities calculated from the phase difference to be estimated.

3.4 Shot noise limited homodyne interferometry

In this section, the sources and form of shot noise in photovoltaic homodyne detec-
tion will be discussed. This will be followed by an analysis of the effects of shot
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noise on the intensity normalisation process. Finally, equations describing the vari-
ances and covariance of the normalised quadrature signals Sx and Sy in terms of the
optical properties of a homodyne interferometer will be derived.

Whilst in practical applications the shot noise may not be a limiting factor, with,
even in the case of an ideal optical interferometer, a number of other noise sources
arising from the measurement electronics [30], it does provide a fundamental limit
to the performance of displacement measuring interferometry at a given optical
power and measurement bandwidth. As such, an exploration of the shot noise
limit is beneficial to provide a performance baseline when considering other aspects
of an interferometer design. The limits derived in this section will also be used
throughout this thesis to provide non-arbitrary levels of noise when modelling the
outputs of homodyne interferometers, with physically valid covariances. In contrast
to the approach employed in section 3.3, where the goal was to allow a practical
uncertainty budget to be produced, the goal of this section is to provide equations
that may be used to guide the optical design of homodyne interferometers.

3.4.1 Detection noise

In order to measure displacements with optical interferometry optical intensities
must be measured. One of the most fundamental limits on interferometric measure-
ments is therefore shot noise, arising from the quantisation of light into photons. In
cases where displacements are confined to sufficiently small fractions of a fringe, of
order of nanometres or less, squeezed state techniques may be employed to reduce
the shot limit [116], however such conditions will usually prove too restrictive for
displacement measuring interferometry and as such are beyond the scope of this
work.

Assuming conventional laser illumination is used, the shot noise in the detected
interferograms will follow the Poisson distribution, as will the shot noise in the
photocurrent produced by the photodiode. The Root Mean Squared (RMS) noise
introduced by shot noise is therefore determined purely by the number of electrons
in the photocurrent [113] in a time window determined by the inverse of the mea-
surement bandwidth ∆f , given by

N electron =
χλP + idark

q∆f
, (3.63)

where idark is the dark current produced by the photodiode in the absence of any
illumination, q is the charge on an electron, P is the illuminating optical power and
χλ is the responsivity of the photodiode at the illuminating wavelength, defined as
the ratio of the photocurrent to the illuminating optical power. Alternatively the
responsivity may be defined in terms of the quantum efficiency of the photodiode
as

χλ =
hc

λq
QEλ, (3.64)

where the quantum efficiency is the fraction of incident photons that are detected,
allowing the responsivity of an ideal photodiode (QEλ = 1) to be calculated. Al-
though photon statistics follow the Poisson distribution, in the large N limit, as
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will typically be the case at the optical powers used in optical interferometry, the
Poisson distribution approximates the Gaussian [52]. The ratio of the mean of the
photocurrent, µi, to the standard deviation (due to the shot noise), σi,shot, is then
given by [113]

µi
σi,shot

=
√
N electron, (3.65)

resulting in a shot noise standard deviation approximated by

σi,shot =
√
q∆f (χλP + idark). (3.66)

Thermal, or Johnson, noise also arises in photodiodes as a result of the shunt
resistance of real-world diodes. This noise contribution is temperature dependant,
and the resulting standard deviation is given by [117]

σi,thermal =

√
4kBT∆f

Rshunt
(3.67)

where kB is the Boltzmann constant, T is temperature (in Kelvin) and Rshunt is the
shunt resistance of the diode.

The total detection noise resulting from these contributions is given by

σi,detection =

√
q∆f (χλP + idark) +

4kBT∆f

Rshunt
. (3.68)

3.4.2 Intensity normalisation

All optical sources will have a degree of noise in the intensity of the output, along
with a degree of longer term drift, with the noise in real world laser sources being
significantly higher than the shot noise limit [118]. As previously stated, for the
purposes of this work it will be assumed that an optical intensity reference output
will be used to minimise the effects of both longer term drifts and noise in the
illuminating optical intensity. In order for this process to be effective, the reference
and signal intensities must be detected synchronously and in phase, and the detected
signals must be suitably low pass filtered so as to avoid aliasing effects. Whilst in
practice this normalisation process may not completely eliminate the effects of laser
noise, the ideal shot noise limited case will be considered here.

Even in the ideal case, some correlated noise will remain in the normalised
quadrature signals due to the presence of noise in the reference signal. As this
normalisation process will take place after the signals have been detected and am-
plified, a general form of the quadrature and reference optical signals will be used
to analyse the effects of the normalisation process, given by

P x = P 0 (αx + βx cos (ϕ)) , (3.69)
P y = P 0

(
αy + βy cos (ϕ+ δ)

)
, (3.70)

P r = P 0βr, (3.71)
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for

0 ≤ αx/y ≤ βx/y, (3.72)
0 ≤ βr, (3.73)

where the offsets α, gain coefficients β and quadrature phase shift δ will be deter-
mined by the optical design of the interferometer. In the ideal case

αx = βx = αy = βy, (3.74)
δ = 90°. (3.75)

The optical powers will then be detected as voltage signals taking the form

V x = Gx

(
P x + γs,x

√
P x + γd,x

)
, (3.76)

V y = Gy

(
P y + γs,y

√
P y + γd,y

)
, (3.77)

V r = Gr

(
P r + γs,y

√
P y + γd,y

)
, (3.78)

where Gx/y/r are gain coefficients and the noise coefficients γs/d,x/y/r are uncorrelated
random variables with mean zero and are introduced to model the effects of shot
and dark noise terms. As previously discussed, it is assumed that a measurement of
the dark level has been made, and subtracted from the signals such that when no
laser illumination is present the quadrature and reference voltage signals are centred
on zero. Following the derivations of section 3.4.1 and assuming noise introduced by
the amplification and digitisation electronics is negligible relative to the detection
noise, the standard deviations of the noise coefficients will be given by

σγs,x/y/r =
√
q∆f, (3.79)

σγd,x/y/r =

√
1

χλ

(
q∆fidark +

4kBT∆f

Rshunt

)
, (3.80)

where the responsivity has been absorbed into the optical power to voltage gain as
implied by equations 3.76 to 3.78.

Dividing by V r gives the normalised quadrature signals following equations 3.33
and 3.34. Variances and covariances in the normalised signals may then be deter-
mined from the definition of the variance and covariance [112] as

σ2
Sx =

〈
S2
x

〉
− 〈Sx〉2 , (3.81)

σ2
Sy =

〈
S2
y

〉
−
〈
Sy
〉2
, (3.82)

σSx,Sy =
〈
SxSy

〉
− 〈Sx〉

〈
Sy
〉
, (3.83)

where angle brackets denote the expectation value of the contained expression. Ex-
pectation values can be calculated by integrating the product of the expression and
the joint probability distribution of the random variables contained in the expres-
sion, with respect to each of the random variables [119]. In the case of the normalised
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signals, the random variables are the source power P 0, shot noise coefficients γs,x/y/r

and dark noise coefficients γd,x/y/r, and all can be assumed to be independent, such
that the joint probability distribution is given by the product of the probability
distributions of the individual variables [52]. Taking the first quadrature signal as
an example,

Sx =
Gx

(
P 0S

′
x + γs,x

√
P 0S ′x + γd,x

)
Gr

(
P 0βr + γs,r

√
P 0βr + γd,r

) , (3.84)

where
S ′x = (αx + βx cos (ϕ)) , (3.85)

and correspondingly
S ′y =

(
αy + βy cos (ϕ+ δ)

)
. (3.86)

The expectation value of Sx is then given by

〈Sx〉 =

∫
Sx f

(
γs,x
)
f
(
γs,r
)
f
(
γd,x
)
f
(
γd,r
)
f (P 0) dγs,xdγs,rdγd,xdγd,rdP 0, (3.87)

where the integral with respect to each random variable is over the full range that
variable may take. Although in the case of the source power only positive values are
possible, a Gaussian distribution will be assumed, given by [52]

f (x) =
1√

2πσx
e
− 1

2

(
x−µx
σx

)2

, (3.88)

for all variables, limiting this analysis to the case

σP 0 � µP 0 . (3.89)

For the variables γs,x and γd,x this integral may be evaluated analytically, however,
for the other terms this is not possible. As noise contributions are likely to be small,
a series expansion around the mean value is appropriate, and taking second order
Taylor expansions about µP0 for P 0, and about zero for γs,r and γd,r and integrating
results in

〈Sx〉 =
Gx

Gr

(
β3
rµ

5
P0

+ β2
rµ

2
P0
σ2
γs,r

(
µ2
P0

+ σ2
P0

)
+βrµP0σ

2
γd,r

(
µ2
P0

+ 3σ2
P0

)
+ 6σ2

γd,r
σ2
γs,r

(
µ2
P0

+ 6σ2
P0

)) S ′x
β4
rµ

5
P0

. (3.90)

A further simplification may be made by eliminating terms where the combined
exponent of the standard deviation terms is greater than two, once again assuming
that the noise terms are small, resulting in

〈Sx〉 =
Gx

Gr

βrµP0

(
βrµP0 + σ2

γs,r

)
+ σ2

γd,r

β3
rµ

2
P0

S ′x. (3.91)
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Applying the same techniques, approximate expressions may also be found for the
expectation values of the second quadrature signal along with the squares and prod-
uct of the quadrature signals, given by

〈
Sy
〉

=
Gy

Gr

βrµP0

(
βrµP0 + σ2

γs,r

)
+ σ2

γd,r

β3
rµ

2
P0

S ′y, (3.92)

〈
S2
x

〉
=
G2
x

G2
r

β2
r

(
σ2
γd,x

+ µP0S
′
x

(
µP0S

′
x + σ2

γs,x

))
+ 3βrµP0S

′2
x σ

2
γs,r + 3σ2

γd,r
S ′2x

β4
rµ

2
P0

,

(3.93)

〈
S2
y

〉
=
G2
y

G2
r

S ′2y

(
βrµP0

(
βrµP0 + 3σ2

γs,r

)
+ 3σ2

γd,r

)
+ S ′yβ

2
rµP0σ

2
γs,y + β2

rσ
2
γd,y

β4
rµ

2
P0

,

(3.94)

〈
SxSy

〉
=
GxGy

G2
r

βrµP0

(
βrµP0 + 3σ2

γs,r

)
+ 3σ2

γd,r

β4
rµ

2
P0

S ′xS
′
y. (3.95)

(3.96)

Substituting these expressions into equations 3.81 to 3.83 and again eliminating
combined exponents greater than two yields

σ2
Sx =

G2
x

G2
r

1

β4
rµ

2
P0

(
β2
rσ

2
γd,x

+ β2
rµP0σ

2
γs,xS

′
x +

(
βrµP0σ

2
γs,r + σ2

γd,r

)
S ′2x

)
, (3.97)

σ2
Sy =

G2
y

G2
r

1

β4
rµ

2
P0

(
β2
rσ

2
γd,y

+ β2
rµP0σ

2
γs,yS

′
y +

(
βrµP0σ

2
γs,r + σ2

γd,r

)
S ′2y

)
, (3.98)

σSx,Sy =
GxGy

G2
r

1

β4
rµ

2
P0

(
βrµP0σ

2
γs,r + σ2

γd,r

)
S ′yS

′
x. (3.99)

These equations approximate the variances and covariance of the quadrature signals
in the case that the noise contributions are small, as should be the case in precision
optical interferometry.

Table 3.2: Properties of a Hamamatsu S2386-18K/L photodiode, taken as an ex-
ample of a typical photodiode, required to calculate the standard deviation of the
photocurrent, as given in the manufacturer data sheet [120].

Parameter Value Notes

632.8 nm responsivity 0.43 A W−1

Dark current 0.6 pA Estimated at 20 °C.
Shunt resistance 100 GΩ Typical value.
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3.4.3 Monte-Carlo simulation

In order to test the validity of the approximations made in equations 3.97 to 3.99
Monte-Carlo simulations [121] were employed. Monte-Carlo simulations allow ran-
dom uncertainties to be propagated through the measurement model through re-
peated random sampling, without the need for analytical uncertainty propagation
techniques. Monte-Carlo simulations were carried out withM = 10000 Monte-Carlo
repeats and N = 1000 phase points. M×N random laser powers P 0 were generated
following a Gaussian distribution [52] with a 1 mW mean and 0.01 mW standard
deviation, corresponding to 1 % relative intensity noise. Idealised outputs P x, P y

and P r were then generated modelling a phase-quadrature interferometer according
to a modified version of equations 4.8 and 4.9, a derivation of which is given in
appendix D. Modifying these equation to include a lossless intensity reference pick
off with a reflectivity βr results in

P x = (1− βr)P 02RT(1 + cos(ϕ)), (3.100)
P y = (1− βr)P 0(R2 + T2 + 2RT cos(ϕ+ δ)), (3.101)
P r =βrP 0, (3.102)

where R and T are the power reflectivity and transmissivity of the phase quadrature
coating, as explained in detail in section 4.2. The optical signals were calculated
taking βr = 0.1, R = T = 0.3, and δ = 90° (corresponding approximately to values
found for NPL interferometers [54]), with phase values ϕ uniformly distributed in the
range [0, 2π] in N = 1000 steps. Voltages were then calculated using equations 3.76
to 3.78 with Gaussian noise added according to equations 3.79 and 3.80 using nu-
merical values from table 3.2 for the photodiode properties, and assuming a 100 kHz
bandwidth. Signal gains were set to give each modelled voltage output a maximum
value of 1 V, with the maximum calculated across all phase values and Monte-Carlo
repeats. Sx and Sy were then calculated according to equations 3.33 and 3.34, and
variances and covariances determined from from the M = 10000 Monte-Carlo re-
peats. The resulting variances and covariances are presented in figure 3.3, along
with analytic solutions calculated using equations 3.79, 3.80 and 3.97 to 3.99. Good
agreement can be seen between the Monte-Carlo simulation results and the analyti-
cal approximation. More accurate approximations may be found if the higher order
terms are not eliminated, however, as these equations are only likely to be used to
guide the design of interferometric systems, rather than to produce estimates of the
uncertainty in practice, the shortened form is preferred here.
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Figure 3.3: Variances (A and B) and covariance (C) of the quadrature signals
for shot and dark noise coefficients calculated with equations 3.68 and 3.67 using
numerical values from table 3.2 as described in the text. Values have been calculated
both with equations 3.97 to 3.99 and with a Monte Carlo approach using equations
3.69 to 3.78 for 10000 repeats, as described in the text.

3.5 Discussion and comparison of limiting factors

This section aims to identify factors that limit the performance of homodyne inter-
ferometry, with a particular focus on performance in the nanoscale regime. Limiting
factors for displacement measurement, other than the interferometric phase change
uncertainty, will first be discussed. Transition points between the dominant un-
certainty contributions for short range measurements, where fixed uncertainty con-
tributions dominate, and long range measurements, where displacement dependent
uncertainty sources dominate, will be identified. Following this, the factors that
limit the uncertainty in the measurement of an interferometric phase change will be
considered. A particular focus will be placed on the properties of phase quadrature
coating based interferometers, which are the focus of this thesis.

3.5.1 Displacement measurement uncertainty

The variance in an interferometric measurement of displacement is given, according
to equation 3.6, by

σ2
∆x =

(
(1 + Fλ) c

2πNpassn1f

)2

σ2
∆ϕ +

(
1− n0

n1

)2

σ2
x0

+

(
x0

n1

)2

σ2
n0

+

(
n0x0

n1f

)2

σ2
f

+

(
∆x+ x0

f

)2

σ2
f +

(
∆x+ x0

n1

)2

σ2
n1

+

(
n1 (∆x+ x0)− n0x0

(1 + Fλ)n1

)2

σ2
Fλ
. (3.6)
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Table 3.3: Typical values for parameters affecting interferometer uncertainties as-
suming a thermally stabilised single frequency HeNe operating at 632.8 nm with a
beam waist radius of 1 mm. The values given are approximate, and are intended
only to be used to give rough estimates of the measurement uncertainty.

Influence parameter Symbol Value Standard uncertainty Fractional uncertainty

Optical frequency f 473.6 THz 3 MHz 6× 10−9

Refractive index n 1.00027 1× 10−8 1× 10−8

Wavefront correction Fλ 1× 10−8 5× 10−9 0.5

From equation 3.6 it is apparent that for short range displacements the first four
terms will tend to dominate the measurement uncertainty, with the last three dis-
placement dependent terms becoming dominant over larger displacement ranges,
although this distinction can be blurred in the case of large dead paths. The point
of transition between these groups of uncertainty contributions will be dependant
on the exact configuration and operating environment of the interferometer system
in question, however, some general conclusions can be drawn. Some typical val-
ues for an interferometer used for precision displacement measurements are given
in table 3.3, assuming a thermally stabilised HeNe laser operating at approximately
632.8 nm, a beam waist radius of 1 mm and environmental parameters as given in
table 3.1. A single refractive index value is given in table 3.3, however, depending on
both environmental stability and measurement time, the refractive index will gen-
erally vary during measurement. Assuming a temperature change of −0.1 °C, an air
pressure change of 1 hPa a relative humidity change of −1 % and constant CO2 con-
tent, with initial values as given in table 3.1, where signs have been chosen such that
the changes act constructively, the refractive index will change by approximately
1× 10−6. Substituting these values into equation 3.6, taking the initial refractive
index to be unity and Fλ to be zero for simplicity, and assuming a double pass inter-
ferometer with Npass = 4, results in the uncertainty contributions given in table 3.4,
which, when added in quadrature, result in the total uncertainty in the displacement
measurement in this simplified case. The same limits are shown graphically in figure
3.4, with the limits imposed by a number of commonly employed laser stabilisation
methods shown, along with the effects of various peak-to-peak non-linearities and
dead path uncertainties.

For the conditions assumed here, it can be seen from table 3.4 and figure 3.4
that in the large displacement limit the refractive index uncertainty will dominate
for measurements made in air where stabilised HeNe lasers are employed. As a re-
sult, even when the refractive index can be determined up to the accuracy of the
improved Edlén equations [97], which may not always be the case, the frequency
stability of polarisation stabilised HeNe lasers is sufficient for interferometry in air,
and the reduced frequency uncertainty of iodine stabilisation is not required. For
interferometers operating in the vacuum, greater frequency stability would be bene-
ficial. A further implication is that the large fractional uncertainty associated with
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Table 3.4: Approximate uncertainty contributions to the measured displacement
assuming an initial refractive index of unity, a change in refractive index during the
measurement of 1× 10−6, a wavefront correction factor of zero, and other parameters
as defined in table 3.3.

Uncertainty source Symbol Uncertainty contribution

Interferometric phase ∆ϕ
(
3× 10−8

)
σ∆ϕ

Dead path x0

(
1× 10−6

)
σx0

Refractive index n
(
1× 10−8

)√
(∆x+ x0)2 + x2

0

Optical frequency f
(
6× 10−9

)√
(∆x+ x0)2 + x2

0

Wavefront correction Fλ
(
5× 10−9

)
∆x

the wavefront correction factor, resulting from the simplified assumption of Gaus-
sian beam interference, is not a limiting factor, and for measurements in air, more
advanced wavefront corrections are also not required.

In the small displacement limit, uncertainties may be dominated by phase uncer-
tainty, dead path uncertainty, or again by the refractive index uncertainty. Taking a
typical value of the interferometric phase uncertainty to be 4× 10−4 rad, equivalent
to a displacement of approximately 10 pm, the phase uncertainty will dominate if
the uncertainty in the dead path is below approximately 12 µm, and the dead path
is below approximately 1 mm. Larger changes in refractive index (corresponding to
larger changes in environmental parameters) during the measurement would require
a lower uncertainty in the dead path, and where measurements are made in unstable
environments, or over longer time scales, this may become a limiting factor, even if
the refractive index is measured accurately.

From table 3.4 it can also be seen that, if the previous restriction on the dead
path uncertainty is met, and assuming zero dead path, a 10 pm equivalent phase
uncertainty will dominate over the refractive index uncertainty for displacements of
less than 1.2 mm, a condition that is often fulfilled in dimensional nanometrology,
for example when characterising a nanopositioning stage [8], or carrying out AFM
measurements.

3.5.2 Phase measurement uncertainty

Phase measurement uncertainties will be introduced both by noise and non-linearities
in homodyne interferometers. The fundamental limit in the phase uncertainty for
a given bandwidth and optical power is given by the shot noise, as described in
section 3.4, and this limit will be considered first. For ease of comparison, uncer-
tainties in the change in interferometric phase will be converted to displacements in
this section, assuming zero dead path, unity refractive index, a wavefront correction
factor of zero, a wavelength of exactly 632.8 nm, and a double pass interferometer
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Figure 3.4: Graphical illustration of uncertainty limits in homodyne interferometry.
The limits imposed by a number of laser frequency stabilisation methods, dead path
standard uncertainties (σx0) and peak-to-peak non-linearities (∆ϕNL) are shown,
along with the refractive index limit imposed for measurements in air by the uncer-
tainty in the improved Edlén equations. Uncertainties are calculated based upon
the parameter values given in table 3.3, with a change in refractive index of 1× 10−6

over the course of the measurement, and zero dead path.

configuration with Npass = 4, using the following equation:

σx =
632.8× 10−9

8π
σ∆ϕ. (3.103)

Taking the shot noise limited current uncertainty, given by equation 3.68, and
propagating this through the quadrature and reference channels using the analytical
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expressions derived in sections 3.4 and 3.3 allows a lower limit to be placed on dis-
placement measurement uncertainties with a given homodyne interferometer design.
This thesis focusses on phase-quadrature coating based interferometers, a topic that
will be discussed in detail in later chapters, and as such the phase uncertainties in
a typical phase-quadrature interferometer will, as an example, be considered here.

The output powers of a phase-quadrature based interferometer are given by equa-
tions 3.100 to 3.102. The uncertainty in the displacement arising from an interferom-
eter following these equations may be calculated both with the analytic expressions
presented in section 3.3, and with an extension of the Monte-Carlo simulation process
described in section 3.4.3. In order to validate the analytic expressions, a Monte-
Carlo simulation was once again carried out following the procedure described in
section 3.4.3 to produce simulated normalised quadrature signals Sx and Sy with
M = 10000 Monte-Carlo repeats and N = 1000 phase steps. A Heydemann correc-
tion was then applied to each Monte-Carlo repeat separately, fitting equation 3.16.
The instantaneous interferometric phase was calculated with equation 3.32, and a
fringe counting algorithm as described in section 3.3 applied. Analytic uncertainties
were also calculated by applying equations 3.36 to 3.39 to the analytic uncertainties
in the normalised quadrature signals calculated in section 3.4.3. The results of this
process are shown in figure 3.5 A. The Monte-Carlo process described in section
3.4.3 was then modified to simulate interferometers with R = T = 0.3 and δ = 110°,
and R = 0.4, T = 0.2 and δ = 90°, and the process repeated with these non-ideal
parameters. The modified results are shown in figure 3.5 B and C respectively. In
all cases the uncertainty plotted is for a displacement starting at an instantaneous
phase of zero, with Sx at a maxima, and Sy at midscale for the zero quadrature
phase error case.
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Figure 3.5: Displacement uncertainties in an idealised shot noise limited phase-
quadrature interferometer calculated with both a Monte-Carlo approach as described
in the text, and analytical expressions, for three different conditions. A shows
results from an interferometer with R = T = 0.3 and δ = 90°. B shows results
from an interferometer with R = T = 0.3 and δ = 110°. C shows results from an
interferometer with R = 0.4, T = 0.2 and δ = 90°.
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Good agreement between the Monte-Carlo simulation and analytic expressions
can be seen for all results presented in figure 3.5. This result validates both the
analytical expressions given in section 3.3, and the statement that where large
numbers of points are included in the ellipse fit, the fit coefficient uncertainty is
negligible [110]. The analytical expressions derived in section 3.4 are also further
validated.

Following the same conditions as for figure 3.5 A, but varying the measurement
bandwidth and illuminating optical powers allows the fundamental performance
limits of homodyne interferometry to be explored. Figure 3.6 shows the variation in
displacement uncertainty (evaluated at the maximum within a fringe) for a range of
bandwidths and illuminating powers, with the 1 pm contour indicated.
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Figure 3.6: Variation of the maximum displacement uncertainty with measurement
bandwidth and illuminating optical power for an interferometer with parameters as
described in the text. The 1 pm contour line is indicated.

Whilst the 10 % intensity reference pick off reflectivity used in 3.5 has been
commonly employed in NPL interferometers, the analytical expressions can be used
to identify an optimal value in a shot noise limited interferometer with R = T = 0.3
and δ = 90°, as shown in figure 3.7. A minima occurs at βr = 0.33, although for
small deviations around this point the increase in uncertainty is relatively minor.
This minima arises as noise in the reference channel is coupled into the normalised
sine and cosine channels by the normalisation process, and as such small reference
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intensities (which will have higher noise levels relative to the signal magnitude) result
in higher noise levels in the phase measurement. Similarly, very weak sine and cosine
signals cause by an excessively large reference pick off reflectivity will have higher
noise levels, relative to the signal amplitudes. The precise location of this minima
will be dependant on the noise distribution in an individual interferometer system,
however, in general equalising the average optical powers at the reference, sine and
cosine channels will give good performance.
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Figure 3.7: Variation of the maximum displacement uncertainty with the intensity
reference pick off reflectivity βr under conditions as described in the text

The analytical expressions can also be used to test the effects of varying optical
parameters on the interferometer performance, where throughout this subsection it
will be assumed that the non-linearities introduced by any non-ideal optical param-
eters have been fully corrected for. The effects of varying the quadrature phase for
an interferometer with βr = 0.1 and other parameters as described for figure 3.7
are shown in figure 3.8, where an idealised ellipse fitting style correction has again
been applied using the known ellipse parameters. In this case, a minima occurs at
a quadrature phase shift of approximately 70°, a result that may be surprising as
a 90° quadrature phase shift is generally considered ideal. This deviation of the
uncertainty minima from 90° can be explained as a result of the scaling effects of
the ellipse fitting correction; at some points on the ellipse the correction stretches
the phase spread of any intensity noise distribution, whereas at other points it is
compressed. This effect is demonstrated for an extreme example in figure 3.9. In
figure 3.9 A the phase-distribution for each data point can be seen to be approxi-
mately equal for all data points, whereas in 3.9 C the phase distribution can be seen
to vary depending on the location on the Lissajous figure. The sharp corner seen at
the minima of figure 3.8 can also be explained as a result of the stretching and com-
pressing effects of the ellipse fitting correction; the minima arises as a result of the
intersection between the phase uncertainties at the compressed and stretched points
on the Lissajous figure. This effect will be highly dependent on noise distribution,
but in general small increases in noise level may be achieved with quadrature phase
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shifts other than 90°. The uncertainty scaling effects of the quadrature phase shift
can however been seen in figure 3.8 to be relatively minor compared to the non-
linearities present in even high performance interferometer designs [11], indicating
that the exact value of the quadrature phase shift is not a critical parameter in
interferometer design.
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Figure 3.8: Variation of the maximum displacement uncertainty with quadrature
phase shift δ under conditions as described in the text.

A B C

Figure 3.9: Demonstration of the phase distribution scaling effects of ellipse fitting
corrections - radial lines indicate 95 % confidence limits for the phase distribution
of each data point. A shows data with a 90° quadrature phase shift. B shows data
with identical intensity noise to A, but a 50° phase shift. C shows the result of
applying an ellipse fitting correction to B.

Similarly, the effect of varying reflectivity to transmission ratio of the quadrature
coating on the measurement uncertainty can be investigated. The results of varying
the reflectivity to transmission ratio for a constant absorption of 0.4, and reflectivi-
ties varying from 0.1 to 0.5 are shown in figure 3.10. In this case the minima occurs
at a reflectivity to transmission ratio of unity, and this remains the case for any noise
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distribution likely to be encountered in a real device. Exceptions may occur where
significant noise is introduced into one channel electronically, however this situation
should not be encountered in practical measurements.
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Figure 3.10: Variation of the maximum displacement uncertainty with reflectivity
to transmission ratio under conditions as described in the text.

The effects of non-linearities that cannot be corrected for are more challenging to
make general statements about than noise sources affecting the phase measurement,
however, from the review of existing interferometer designs presented in chapter 2, it
is apparent that uncorrected non-linearities will generally have magnitudes greater
than 10 pm unless extreme care is taken to eliminate them. The effects of uncorrected
non-linearities must be evaluated on a system by system basis when constructing an
uncertainty budget for a given optical interferometer, as described in section 3.3. A
general conclusion that can be drawn, however, is that considering non-linearities
of the orders of tens of picometres as typical for a precision interferometer, non-
linearities will typically dominate over phase uncertainties introduced by noise in
the quadrature signals if the shot noise limit is approached, unless only very low
optical powers are available, or very high bandwidths are required (see figure 3.6 for
limiting cases).

3.6 Summary

In this chapter, general uncertainty budgets have been presented both for displace-
ment measurements made with homodyne interferometry, and for the measurement
of a change in the interferometric phase. These uncertainty budgets are intended to
give a clear overview of potential uncertainty sources in homodyne interferometry,
rather than to be directly applicable to a specific interferometer system. In addition
to the uncertainty budgets, in order to provide a performance limit to target when
considering other uncertainty sources, the shot noise limit in homodyne interferom-
etry has been explored. This limit has then been used to investigate the effects of
various key parameters in phase-quadrature coating based homodyne interferome-
try, although the results are equally applicable to other homodyne interferometer
results.
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Limiting factors in homodyne interferometry have been identified, and are shown
graphically in figure 3.4, and are tabulated under typical conditions in table 3.4. For
short range measurements, either non-linearity or dead path uncertainty have been
shown to limit the displacement measurement uncertainty, with a dead path uncer-
tainty of less than 12 µm required to reach a displacement measurement uncertainty
of 10 pm, assuming zero dead path, and a change in the refractive index of 1× 10−6

during the measurement. In the long range case, for measurements made in air with
stabilised HeNe lasers, the refractive index uncertainty has been shown to be the
dominant uncertainty contribution, with the displacement uncertainty contributed
by the refractive index uncertainty reaching 10 pm for a displacement of 1.2 mm,
assuming zero dead path.

Whilst this chapter has primarily reviewed uncertainty sources already discussed
in the literature, some new results have been presented. A key conclusion of this
chapter, demonstrated in figure 3.2, is that higher order non-linearities cannot be
corrected for based upon the quadrature signals alone, as it is possible to produce
a circular Lissajous figure with a non-linear phase change. This result has not pre-
viously been demonstrated in the literature, and has significant implications, both
for the correction, and for the measurement of non-linearities in homodyne interfer-
ometers. Non-linearity estimation based upon the amplitude deviations of Lissajous
figure formed by the quadrature signals from the ideal circular form has been pro-
posed in the literature [50]. The work presented here has demonstrated that this
technique may underestimate non-linearity where higher order effects are present.
As higher order effects are almost exclusively responsible for the non-linearities that
remain after applying a Heydemann correction, the likelihood of underestimating
residual non-linearities with the amplitude deviation technique is extremely high,
and this technique should therefore not be employed. When considering possible
non-linearity correction approaches, this finding has the significant implication that
more informations is required to characterise and correct for higher order effects,
with this conclusion driving much of the work presented in chapter 6.

Another novel result is the fact that a 90° quadrature phase shift may not be
ideal (assuming an ellipse fitting correction is applied), as demonstrated in figure 3.8.
The mechanism responsible for this effect has also been demonstrated in figure 3.9.
Whilst the 90° quadrature phase shift commonly employed in homodyne interferom-
etry has been shown to be non-optimal, with the optimal value dependent on the
noise distribution in the quadrature signals, a more practical conclusion of section
3.5.2 is that the exact values of the quadrature phase shift and reflectivity to trans-
mission ratio in a phase-quadrature coating based interferometer are not critical to
the interferometer performance, as non-linearities are likely to dominate the phase-
measurement uncertainty relative to the noise scaling effects of non-ideal quadrature
phase shift and reflectivity to transmission ratio values. Although demonstrated in
this chapter for an idealised non-linearity correction using known parameters, this
conclusion is further reinforced in section 6.2.1, where the effects of varying reflectiv-
ity to transmission ratio and quadrature phase shift on the performance of various
ellipse fitting algorithms are investigated, and found to be in agreement with the
results presented here.
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Chapter 4

Phase-quadrature coatings for
homodyne interferometry

4.1 Introduction

Two primary methods have emerged for introducing the required 90° quadrature
phase shift in homodyne interferometry. The first and more commonly employed
technique involves the use of polarising optics as detailed in section 2.2.1. The sec-
ond, and the focus of this chapter, makes use of necessarily lossy (as demonstrated
in section 4.2) thin film optical coatings designed such that suitable phase changes
are introduced upon reflection from and transmission through the phase-quadrature
coating. This approach was first demonstrated in 1953 [24] with single layer alu-
minium coatings, and has been further refined for plate [122] and cube [123] beam
splitters with a single layer metallic coating, and for plate beam splitters with multi-
layer metallic coatings [25]. The fabrication of multi-layer metallic coatings for cube
beam splitters, however, has not previously been described in the literature.

Interferometers employing phase-quadrature coatings are designed such that at
each of the two quadrature outputs the interfering beams from the measurement and
reference arms of the interferometer have undertaken different numbers of reflections
and transmissions through the phase-quadrature coating [24]. The principle of oper-
ation of a phase-quadrature coating based interferometer is demonstrated in figure
4.1, with the total phase change at outputs a and b being given by

ϕa = (ϕt + ϕr)− (ϕr + ϕt) (4.1)
=0 (4.2)

ϕb = (ϕt + ϕt)− (ϕr + ϕr) (4.3)
=2 (ϕt − ϕr) , (4.4)

where ϕr and ϕt are the phase changes upon reflection from (figure 4.1 B) and
transmission through (figure 4.1 A) the phase-quadrature coating respectively, and
a symmetrical coating design has been assumed. From these equations it can be
seen that by designing the phase-quadrature coating to produce appropriate values
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of ϕr and ϕt the quadrature condition can be achieved, that is

2 (ϕt − ϕr) = 90°. (4.5)

I0

ϕt + ϕr

ϕt + ϕt

PQBS I0

ϕr + ϕt

ϕr + ϕr

PQBS I0

(ϕt + ϕr)− (ϕr + ϕt)

(ϕt + ϕt)

− (ϕr + ϕr)

PQBS

a

b

a

b

a

b

A - transmission B - reflection C- combined

Figure 4.1: Demonstration of the principle of operation of phase-quadrature coat-
ings. I0 represents optical source intensity, PQBS the phase-quadrature beam split-
ter. ϕr and ϕt are the phase changes introduced by reflection from and transmission
through the phase-quadrature coating respectively, and the resulting phase differ-
ences at the outputs a and b are indicated on the schematic.

The values of the phase changes ϕr and ϕt are determined by the complex ar-
gument of the amplitude reflectivity and transmissivity coefficients of the phase-
quadrature coating, given via the four quadrant arctangent function by

ϕr = atan2 (Im (r) ,Re (r)) , (4.6)
ϕt = atan2 (Im (t) ,Re (t)) , (4.7)

and are therefore coupled to the intensity reflectivity and transmissivity coefficients
given by the complex magnitude of r and t (the amplitude reflectivity and trans-
missivity coefficients). As a unity intensity reflectivity to transmissivity ratio is
desirable for phase-quadrature coatings employed in interferometry, this places a
further constraint on the design of such a coating. In addition to this, the phase
coefficients exhibit dependencies on both the polarisation and angle of incidence of
the illuminating light.

The following sections detail the theoretical limits of phase-quadrature coatings,
along with a design methodology for achieving the desired 90° phase shift and unity
intensity reflectivity to transmissivity ratio. Practical considerations and techniques
required to fabricate such coatings are then discussed, along with methods of veri-
fying the properties of the fabricated coating.

4.2 Conservation of energy considerations

Considering the restrictions placed upon the outputs of quadrature homodyne inter-
ferometers by the principle of conservation of energy allows some general limits to
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Figure 4.2: Schematic of three possible corner cube retro-reflector based Michel-
son interferometers employing phase-quadrature coatings (A), two output polarisa-
tion based quadrature detection (B) and four output polarisation based quadrature
detection (C). I0, input intensity; PQBS, phase-quadrature beam splitter; PBS,
polarising beamsplitter; BS, non-polarising beamsplitter; QWP, quarter waveplate;
HWP, half waveplate; P, polariser; Ia, Ib, Ic and Id output intensities.

be placed upon the performance of any phase-quadrature coating, without a more
detailed assessment of the coating design being made. Although the general forms
of the outputs of a quadrature homodyne interferometer are well known (see, for
example, [21]), physical quantities are often absorbed into constants of proportion-
ality, clouding any analysis of conservation of energy. As such, a re-derivation of the
outputs of a quadrature homodyne interferometer is given in appendix D, from first
principles.

Three possible morphologies for Michelson interferometers employing corner cube
retro-reflectors are presented in figure 4.2: a phase-quadrature interferometer (A),
along with two (B) and four (C) output polarisation based homodyne interferome-
ters for comparison. In order to apply conservation of energy principles, the outputs
Ia and Ib, and in the case of the four output interferometer Ic and Id, must be found
in terms of the input intensity I0.

Taking first the phase-quadrature coating based interferometer (figure 4.2 A),
the outputs, as derived in appendix D, are given by

Ia =2RTI0(1 + cos(ϕ)), (4.8)
Ib =I0(R2 + T2 + 2RT cos(ϕ+ δ)), (4.9)

where R and T are the power reflectivity and transmission coefficients of the phase
quadrature coating, ϕ is the interferometric phase, and δ is the quadrature phase
shift introduced by the phase-quadrature coating.
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For an ideal quadrature interferometer δ is 90°, and the reflectivity to trans-
missivity ratio is unity, giving outputs that vary as sine and cosine with changing
interferometric phase ϕ, with the maximum possible signal amplitudes for a given
input intensity

I ideal
a =2R2I0(1 + cos(ϕ)), (4.10)
I ideal
b =2R2I0(1 + sin(ϕ)). (4.11)

For the two output polarisation based quadrature interferometer (figure 4.2 B),
the outputs will be of a similar form. With ideal alignment of the polarisation axes
of the various components the effective value of R and T will be

R = T =

√
1

8
, (4.12)

accounting for the 50 % intensity loss taking place at the 45° orientated output po-
larisers. The quarter waveplate in the path of the Ib output introduces the quadra-
ture phase shift, resulting in the ideal case in

I ideal
a =

1

4
I0(1 + cos(ϕ)), (4.13)

I ideal
b =

1

4
I0(1 + sin(ϕ)). (4.14)

Applying conservation of energy considerations to a two output quadrature inter-
ferometer, and accounting for losses on transmission through the phase-quadrature
beamsplitter coating or output polarisers, the sum of the outputs must be less than
the input intensity

Ia + Ib ≤ I0. (4.15)

Taking the sum of the output intensities to be

Itotal = Ia + Ib (4.16)

this total intensity is given by

Itotal =
(

(R + T)2 + 2RT (cos(ϕ) + cos(ϕ+ δ))
)
I0, (4.17)

for the phase-quadrature interferometer. Extrema of this total will occur when

dItotal

dϕ
=0, (4.18)

⇒ sin(ϕ) = − sin(ϕ+ δ). (4.19)

The quadrature phase δ can be restricted to the range −π to π with no loss of
generality, and applying this restriction leads to values of ϕ at the extrema of Itotal

of
ϕ = ±δ

2
+ 2πn (4.20)
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for integers n. As the intensity is periodic in ϕ with period 2π, the value of n is
arbitrary. Maxima will occur where the previous extrema condition is met, and

d2Itotal

dϕ2
< 0. (4.21)

Maxima in the sum of the output intensities therefore occur at

ϕ = 2πn− δ

2
. (4.22)

Evaluating the sum of the output intensities at the maximal point yields

Itotal|max =

(
(R + T)2 + 4RT cos

(
δ

2

))
I0, (4.23)

and therefore the conservation of energy restriction implies

(R + T)2 + 4RT cos

(
δ

2

)
≤1, (4.24)

cos

(
δ

2

)
≤1− (R + T)2

4RT
. (4.25)

For an interferometer with a unity reflectivity to transmissivity ratio this restricts the
maximum value of the intensity reflectivity (and therefore transmissivity) coefficient
to the range

0 < R ≤ 1

2

(
1 + cos

(
δ

2

))− 1
2

, (4.26)

or evaluated numerically at quadrature

0 < R . 0.38. (4.27)

In the four output case (figure 4.2 C) two pairs of outputs are produced, with
the 50 % losses at the output polarisers of the two output instead redirected to
additional detectors. An additional phase difference ∆ will be present between the
pairs of outputs, in the ideal case of 180°, resulting in

I ideal
a =

1

4
I0(1 + cos(ϕ)), (4.28)

I ideal
b =

1

4
I0(1 + sin(ϕ)), (4.29)

I ideal
c =

1

4
I0(1− cos(ϕ)), (4.30)

I ideal
d =

1

4
I0(1− sin(ϕ)). (4.31)

76



Imposing conservation of energy considerations results in

Ia + Ib + Ic + Id ≤ I0. (4.32)

Taking the sum of the output intensities to be

Itotal,4 = Ia + Ib + Ic + Id, (4.33)

yields, for an interferometer with an effective reflectivity of R and a unity effective
R to T ratio,

Itotal,4 = 2R2I0 (4 + cos(ϕ) + cos(ϕ+ δ) + cos(ϕ+ ∆) + cos(ϕ+ δ + ∆)) . (4.34)

Due to the lossless nature of the four output design, at least in the case of idealised
optics as considered here, IT,4 is constrained by conservation of energy to be equal
to the input intensity. Evaluating this equality at the quadrature point (δ = π/2)
for an ideal effective reflectivity of

R =

√
1

8
(4.35)

results in

Itotal =
1

4
I0(4 + cos(ϕ) + sin(ϕ) + cos(ϕ+ ∆) + sin(ϕ+ ∆)), (4.36)

a condition that is only satisfied for all values of ϕ by a 180° secondary phase differ-
ence ∆. Selecting this value for ∆ permits any value of R satisfying the restriction

R ≤
√

1

8
(4.37)

to satisfy conservation of energy requirements.
An important consequence of the limit imposed by equation 4.26 is that the

commonly employed two output polarisation based quadrature interferometer design
(figure 4.2 B) does not maximise the intensity outputs of the interferometer due
to the 50 % losses imposed by the 45° orientation of the output polarisers. This
limitation is removed by employing Polarising Beam Splitter (PBS) rather than
polarisers at the outputs, and utilising both the reflected and transmitted output
beams, as is done for the four output interferometer (figure 4.2 C), however, this is
at the cost of introducing a significant number of additional optical components. In
principle, it may be possible to design a phase-quadrature coating that does reach
the limits imposed by conservation of energy, and therefore exceeds the output
intensities of a polarisation based two output quadrature interferometer, resulting
in an increase in signal to noise ratio. An additional implication of equation 4.26 is
that a phase-quadrature coating exhibiting an ideal unity R to T ratio must always
be absorbing.

The effects of the increased losses in the phase-quadrature coating based and two
output polarisation based interferometer designs may be investigated by applying
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Table 4.1: Displacement uncertainty due to shot noise contributions for the inter-
ferometer designs described in section 4.2 assuming an illuminating power of 1 mW
at 633 nm with idealised unity quantum efficiency photodiodes and a 1 MHz mea-
surement bandwidth.

Interferometer design Displacement uncertainty

Two output polarising ±3.30 pm
Four output polarising ±2.33 pm
Ideal phase-quadrature (R = 0.38) ±3.05 pm
Existing phase-quadrature (R = 0.29) ±4.02 pm

the equations derived in chapter 3. The output powers of the phase-quadrature in-
terferometer may be modelled with equations 4.8 and 4.9, the two output polarising
interferometer with equations 4.13 and 4.14 and the four output polarising inter-
ferometer with equations 4.28 to 4.31. Applying equation 3.68 to each output with
an illuminating power of 1 mW, a wavelength of 633 nm, idealised unity quantum
efficiency photodiodes and a 1 MHz measurement, followed by applying equation
3.44 directly to the resulting signals and uncertainties results in the maximum dis-
placement uncertainties given in table 4.1. The maximum uncertainties have been
calculated by multiplying the maximum uncertainty, within a fringe, in the instan-
taneous phase by

√
2, equivalent to a displacement from the highest noise location

on a fringe, to the same location on the next fringe, therefore giving the worst case
value.

4.3 Thin film modelling

In order to design a phase-quadrature coating a modelling approach capable of
handling the effects of absorbing optical materials must be employed. Transfer
matrix methods are widely utilised in thin film modelling [20,124–129], and a transfer
matrix modelling methodology based upon that of Yeh [130] was employed in this
work. The goal of the transfer matrix modelling approach is to construct a transfer
matrix that links the electric field on one side of a multi-layer thin film stack to
the other. This is achieved by assuming the electric field at any point in the multi-
layer stack may be described as the sum of forward and backward propagating
plane waves at that point, where the backward propagating component is a result
of back reflections of the forward propagating wave from the layer interfaces, as
shown in figure 4.3 for a stack consisting of N layers. As transfer matrix modelling
is a well understood technique the details of the implementation used in this work
are given in appendix E, with the only major differences from the implementation
described in [130] being the explicit treatment of complex refractive indices that
arise in absorbing media, without the use of non-physical complex valued angles,
and the extension to a 4×4 matrix to allow simultaneous modelling of orthogonal
polarisation components.

Following the derivation given in appendix E a global transfer matrix T from
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Figure 4.3: Geometry of the thin film transfer matrix modelling methodology. Light
is incident from the left hand side, with material layers m labelled 0 to N , layer
thicknesses dm and complex refractive indices ñm. For clarity, only first order reflec-
tions are shown.

layer N to layer 0 may be defined in terms of the individual transfer matrices for
each layer m, Pm, and propagation matrices between layers m and m+ 1, Tm,m+1,
as 

Ẽ
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F (0)

Ẽ
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B (0)

Ẽ
(P )
F (0)

Ẽ
(P )
B (0)

 = T 0,1
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

Ẽ
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Ẽ
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Ẽ
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F (N)

Ẽ
(P )
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 , (4.38)

= T


Ẽ

(S)
F (N)

Ẽ
(S)
B (N)

Ẽ
(P )
F (N)

Ẽ
(P )
B (N)

 , (4.39)

where the complex electric field component values in the zeroth and N th layers, Ẽ(0)
and Ẽ(N) respectively, have polarisations indicated by superscripts and forward or
backward directions indicated by subscripts.

Whilst in some cases obtaining the global transfer matrix is the goal, as may be
the case if the multi-layer stack is to be included as part of a larger model (as is the
case for the modelling technique presented in chapter 5), more commonly reflectivity
and transmission coefficients of the stack are desired. Amplitude reflectivity and
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transmission coefficients defined for light incident in the positive and negative z
directions are given by

r
(S)
+ =

T 10

T 00

,

t
(S)
+ =

1

T 00

,

r
(S)
− =− T 10

T 00

,

t
(S)
− =T 11 −

T 10T 01

T 00

,

r
(P )
+ =

T 32

T 22

,

t
(P )
+ =

1

T 22

,

r
(P )
− =− T 32

T 22

,

t
(P )
− =T 33 −

T 32T 23

T 22

,

(4.40)

where T ij is the matrix element in the ith row and jth column. The corresponding
intensity coefficients are then given by

R
(S/P )
+ =

∣∣∣r(S/P )
+

∣∣∣2 , (4.41)

T
(S/P )
+ =Re

(
kz,N
kz,0

)∣∣∣t(S/P )
+

∣∣∣2 , (4.42)

R
(S/P )
− =

∣∣∣r(S/P )
−

∣∣∣2 , (4.43)

T
(S/P )
− =Re

(
kz,0
kz,N

)∣∣∣t(S/P )
−

∣∣∣2 , (4.44)

where in the case that layer N is absorbing, the power transmission values are valid
only for intensities defined on the high z side of the N − 1 to N interface. Finally,
the phase changes upon reflection and transmission are given [20] by

ϕr
(S/P )
± =Arg

(
r
(S/P )
±

)
, (4.45)

ϕt
(S/P )
± =Arg

(
t
(S/P )
±

)
. (4.46)

These forward and backward reflectivity, transmission and phase coefficients may
then be applied, as described in the following section, to design the desired coating.

4.4 Phase-quadrature coating design

Previous work at the NPL has identified a three layer chromium-gold-chromium
coating [25] as a suitable phase-quadrature coating design, capable of attaining a
unity reflectivity to transmission ratio and a quadrature phase difference whilst
keeping absorption losses acceptably low and being resistant to oxidation of the
coating materials. This existing design consists of a 16 nm layer of gold between
two 4 nm layers of chromium, and is optimised for use with plate beam splitters at
632.8 nm.
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Table 4.2: Literature values of refractive index of materials used in phase-quadrature
coatings at 632.8 nm.

Material Real component (n) Imaginary component (κ) Source

Chromium (Cr) 3.1395 3.3152 [131]
Gold (Au) 0.183 44 3.4332 [132]
Schott N-BK7 1.5151 0.0000 [133]

In order to utilise a phase-quadrature coating in a more flexible cube beam split-
ter design, with glass on both sides of the coating, this design must be modified.
The response of a chromium-gold-chromium coating fully encased by glass to vary-
ing layer thickness is shown in figure 4.4, modelled with the previously described
transfer matrix technique. Literature values of the refractive index have been used
for each material, and are given in table 4.2. Intersections between the lines of ideal
quadrature angle and reflectivity to transmission ratio occur at the chromium and
gold layer thicknesses presented in table 4.3. From these values, it can be seen that
the ideal losses are lower in the S polarised case.

The sensitivity of these ideal coating designs to changes in angle of incidence
are shown in figure 4.5. From figure 4.5 it can be seen that for S polarised light
the quadrature response is insensitive to changes in angle (figure 4.5 A), whereas
the variation in reflectivity to transmission ratio with respect to angle of incidence
(figure 4.5 B) is greater than for P polarised light. The sensitivity of the designs to
changes in the complex refractive index of the metallic layers is shown in figure 4.6,
with minimal difference in the magnitude of the sensitivity for the S and P polarised
designs.

Sensitivities to all modelled coating parameters are summarised in figure 4.7,
with similar sensitivities found in most cases for S and P polarisations. A signifi-
cant difference between polarisations can be seen in the sensitivity to non-uniform
refractive indices of the incident and transmitted media. As glass-coating-glass
phase-quadrature beam splitters are deposited onto one glass surface, and cemented
to another, this may present a problem in the S polarised case if the refractive index
of the optical cement varies significantly from that of the glass. Due to the lower
absorption of the S polarised coating design, leading to a higher signal to noise ratio,
and generally comparable sensitivities to coating parameters, the S polarised design
was selected for fabrication.

The literature values used for the metallic materials were gathered from ther-
mally evaporated films with thicknesses of 40.3 nm and 50.9 nm for chromium [131]
and 30.4 nm and 37.5 nm for gold [132], combined with additional measurements
made with opaque films, and aim to give a bulk value for the refractive index. Due
to the extremely thin nature of the metallic films required for phase-quadrature
coatings, with thicknesses of the order of a few atomic lattice spacings, some devia-
tion from the bulk values may be expected. In particular, island formation in thin
gold films has been reported in the literature [134,135], and literature values for the
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Figure 4.4: The effects of varying layer thicknesses on symmetrical chromium-gold-
chromium phase-quadrature coating properties. Marked contours show lines of ideal
quadrature angle (red) and reflectivity to transmission ratio (white). A N-BK7
medium is assumed on both sides of the coating, with a 45° angle of incidence.

Table 4.3: Ideal thicknesses of chromium and gold layers and resulting absorption co-
efficients in a phase-quadrature coating operating at 632.8 nm, using literature values
of refractive index, as calculated with the previously described thin film modelling
technique.

Polarisation Cr thickness (nm) Au thickness (nm) Absorption

S 3.09 9.54 0.42
P 5.52 15.11 0.48
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Figure 4.5: Angular sensitivity of quadrature angle (A) and reflectivity to transmis-
sion ratio (B) for an ideal chromium-gold-chromium phase-quadrature coating for
both S and P polarisations.
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Figure 4.6: The effects of varying complex refractive index on symmetrical
chromium-gold-chromium phase-quadrature coating properties. A N-BK7 medium
is assumed on both sides of the coating, with a 45° angle of incidence. Changes in
refractive index are given fractionally, relative to the literature values presented in
table 4.2

refractive index of thin gold films [126, 136, 137], shown in figure 4.8, display an in-
crease in the real component of the refractive index, and decrease in the imaginary
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Figure 4.7: Sensitivity coefficients of phase-quadrature coating properties with re-
spect to varying layer thickness, complex refractive index, and incident and trans-
mitted media refractive index. Sensitivities are expressed as the magnitude of the
percentage change in the parameter from the ideal (rows) resulting from a 1 % change
in relevant variable (columns). Coatings following the designs given in table 4.3 are
assumed. Sensitivities have been calculated from partial derivatives approximated
with a forward finite difference method. Colour shading is provided as a visual aid,
with the colour scale running linearly across the range of values present.

component, as would be expected for a discontinuous gold film in a non-metallic
medium. As reported refractive indices for thin gold films are dependant on the
substrate, the presence of any adhesion layers, and the deposition conditions, the
literature value for bulk gold was used as a starting point, with the expectation that
further refinement of the design would be required experimentally.
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Figure 4.8: Literature values of the real (A) and imaginary (B) components of the
complex refractive index of thin gold films as reported by Yakubovsky [126,136] and
Rosenblatt [137].

4.5 Coating fabrication

Substrate

Shutter

Cruicible

Tungsten filament

Material

Electron beam

Evaporated material
A B 40 mm

Figure 4.9: Schematic demonstrating the principle of operation of an E-beam gun
for thermal evaporation (A) and photograph of the Telemark Industries Model 271
E-beam gun used in this work (B).

Thin metallic films may be produced by a variety of methods falling into two
broad categories, chemical and physical deposition [138]. Chemical deposition meth-
ods may again be broken down into processes taking place in the liquid and gaseous
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phases, and are generally defined as deposition processes in which the primary mech-
anism of film growth is chemical or electrochemical in nature. Physical methods in-
volve the deposition of a vapour onto the surface to be coated by mechanical means,
and as such typically take place under vacuum. The most commonly encountered
physical deposition techniques for optical coatings are thermal and sputtering based
techniques, with thermal techniques involving evaporation of the source material
which then condenses onto the substrate, whereas sputtering relies upon the ejec-
tion of particles of the coating material from a solid mass by energetic plasma or
gas.

Many coating techniques discussed in the literature [138,139] are suitable for the
deposition of nanometre scale layers of chromium and gold, however, due to availabil-
ity of equipment, thermal evaporation, specifically E-beam deposition, was selected
for the fabrication of phase-quadrature coatings. E-beam deposition employs an
electron beam to heat the material to be evaporated, with the evaporated material
being deposited on the substrate via a line of sight process, as outlined in figure 4.9.
A Telemark Industries Model 271 E-beam gun installed in a Nordiko 5050 vacuum
coating plant was used to produce the coatings used in this work. This E-beam
gun employs a magnetic field transverse to the plane of propagation of the electron
beam in figure 4.9 to steer the beam through 270°, preventing contamination of the
evaporation material or substrate by filament material. Additional electromagnets
act to scan the beam over the material surface, allowing uniform heating over the
crucible area. Four crucible pockets allow for deposition of four different materials
in a multi-layer design without breaking vacuum.

The deposition process was monitored by a INFICON Quartz Crystal Monitor
(QCM) and controlled by a Telemark model 861 thin film deposition controller. This
system monitors the change in resonant frequency of the QCM crystal [127] and cal-
culates an estimate of the deposited layer thickness from user programmed acoustic
properties of the deposition material. The current supplied to the E-beam gun
was regulated by the deposition controller based on a PID loop driven by feedback
from the QCM, to control the rate of deposition, along with use of the mechanical
shutter shown in figure 4.9 to start and stop the deposition process. This quartz
crystal monitor system allowed the deposition process to be controlled to a nominal
layer thickness resolution of 0.1 nm. Each layer (chromium, gold, chromium) was
deposited sequentially without vacuum being broken.

An oil free scroll pump (Scrollvac SC 60 D) was used for rough evacuation of
the vacuum chamber, with a CTI Cryo-Torr 8 cryogenic pump used for pumping
the chamber to high vacuum. The coating plant used has been in operation at
the NPL since 1991, and there is therefore significant build up of coating material
on the chamber walls, limiting pump down speed and ultimate vacuum pressure.
Ultimately the chamber pressure was found to reach approximately 1× 10−7 Torr
(approximately 0.01 mPa) after 48 hours of pumping with the cryo pump.

Deposition of phase-quadrature coatings took place at room temperature, and
at a target chamber pressure of 2× 10−5 Torr (approximately 2.67 mPa). For test-
ing purposes, coatings were deposited on 25 mm N-BK7 90° prisms. The substrate
surfaces were cleaned with water and detergent followed by acetone and isopropyl
alcohol. As a final cleaning step a radio frequency glow discharge was produced in
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the vacuum chamber during the pump down process at a pressure of 5× 10−2 Torr
(approximately 6.67 Pa) for 2 minutes. For initial optimisation of the coating design
coated prisms were oiled to a second prism with index matched microscope immer-
sion oil, forming a cube beam splitter. This configuration allowed for evaluation
of the coating properties in a Michelson interferometer configuration as discussed
in the following section. In order to minimise the number of prisms required, the
phase-quadrature coatings were removed from the prism surface with chrome etch
prior to reuse following the previously described cleaning process. Once the optimi-
sation process was complete, cube beam splitters that were to be used for practical
measurements were cemented together with Norland number 65 Ultraviolet (UV)
cured optical cement, with a cured refractive index of 1.52 and good adhesion to
both glass and metal surfaces.

4.6 Coating optimisation and evaluation

Due to the previously discussed uncertainty in the refractive index of the thin metal-
lic films used in the phase-quadrature coating design, along with the expected non-
planar nature of the gold films, the phase-quadrature coating design was optimised
experimentally. In order to optimise the optical properties of the coating, namely
reflectivity, transmission and induced quadrature phase shift, these properties must
first be measured.

4.6.1 Quadrature phase measurement

HeNe laser

Test optic

QWP

Polariser
Retro-reflectors

SineCosineReference

Pick offs

Stage

Figure 4.10: Schematic representation of the Michelson interferometer used for
quadrature phase angle measurement of phase-quadrature coatings. The moving
corner cube retro-reflector in the measurement arm is indicated with arrows. Laser
output and QWP aligned to produce circular polarisation at the polariser, allowing
rotation of the input polarisation state with minimal intensity fluctuations.

The quadrature phase shift introduced by the phase-quadrature coating was mea-
sured by constructing a corner cube based Michelson interferometer, a schematic of
which is shown in figure 4.10, with the assembled phase-quadrature beam splitter
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cube to be tested. Silvered corner cube retro-reflectors were employed in both inter-
ferometer arms in order to minimise the change in polarisation upon reflection. A
calibrated Queensgate X-15A nano-positioning stage was used to scan the measure-
ment arm of the interferometer through multiple fringes with nanometric precision.
Polarisation was controlled by rotating a Glan-Thompson polariser in the beam with
a ThorLabs K10CR1/M rotation stage.

The phase difference between the two interferometer outputs was calculated
through two separate techniques. Firstly, an ellipse was fitted to the Lissajous
figure formed by the interferometer outputs using a least squares technique [87]. In
the ideal case of a 90° quadrature phase shift the Lissajous will take the form of an
ellipse with the major and minor axes of the ellipse aligned with the x and y axes
of the plot. Any deviation of the quadrature phase will result in distortion of this
ellipse, and from the coefficients of the fitted ellipse such deviations can be calcu-
lated [87]. Secondly, a Fast Fourier Transform (FFT) was taken of both the sine and
cosine outputs with respect to displacement, and the phase difference between the
frequency bins corresponding to a period of one half of the illumination wavelength
calculated. The Fourier approach has the advantage that higher order harmonics
introduced by unwanted reflections from the phase-quadrature beamsplitter surfaces
do not effect the measured phase difference, however, this technique was found to
be more sensitive to drift in the optical path length difference of the interferometer
during a measurement, and was therefore used only as a check on the ellipse fitting
technique. Where the two techniques were in disagreement the measurement was
repeated, with care taken to eliminate unwanted back reflections where possible.

0 100 200 300 400
Polarisation angle (°)

75

80

85

90

95

Q
ua

dr
at
ur
e
ph

as
e
(°
)

0 100 200 300 400
Polarisation angle (°)

75

80

85

90

95

Q
ua

dr
at
ur
e
ph

as
e
(°
)

A B

Figure 4.11: Examples of a quadrature phase measurements with (A) and without
(B) the unexpected difference between polariser angles separated by 180°, as dis-
cussed in the text.

Initially imperfections in the silver coated solid glass corner cube retro-reflectors
were found to introduce unexpected differences in the measured quadrature phase
shift for polariser rotation angles separated by 180°. An example of this effect is
shown in 4.11. A slight wedge in the rotating polariser caused the input beam
to the interferometer to precess as the polariser rotated, moving the interfering
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beams over the detector area. The 5′′ manufacturer specified tolerance (Edmund
optics #48-606) on the parallelism of the beam reflected from the retro-reflector
introduced up to 10′′ of misalignment between the interfering beams at the detectors,
calculated to cause up to approximately 0.23 of an optical fringe to appear across
the 3 mm (1/e2 diameter) beam. The combination of the beams moving over the
detector area with this angular misalignment resulted in an apparent change in the
quadrature phase if the detectors were not identically located with respect to the
beam axes. This problem was solved by employing larger area detectors, and using
lenses to focus the beams onto the centre of the detector area. Whilst a relatively
trivial problem to solve for the interferometer considered here, this effect does have
some important implications for interferometers that are required to measure at
higher speeds, requiring small area detectors, or for plane mirror interferometers
where larger angular deviations of the returned beam may occur. Changes in the
quadrature phase that occur within an optical fringe cannot be corrected for by
ellipse fitting Heydemann style corrections, and may therefore present a significant
uncertainty contribution if this effect is not considered in the interferometer design.
The effect may be mitigated by focusing the beams onto the detectors, either with
separate lenses as employed here, or using ‘bug-eye’ detectors with integrated lenses.
Where angular deviations in the return beams are expected, minimising the lens focal
length, whilst ensuring the lens aperture remains sufficiently large to fully capture
the beams, will minimise the movement of the beams in the focal plane, and will
therefore also minimise any apparent changes in quadrature phase shift.

When making measurements of the quadrature phase shift both displacement and
angular scans through the full 360° range of input polarisation angles were repeated
and averaged in order to reduce the effects of noise on the measurement. In order
to extrapolate the quadrature phase for the S and P polarised states, sinusoids were
fitted to the measured data. Due to the previously described difference between
measurements at polariser angles separated by 180°, four separate fits were made,
each localised to a range of ±25° around the observed extrema in the quadrature
phase verses polariser angle data. Averages of the two fitted maxima and minima
were taken as the S and P polarised quadrature phase respectively. An expanded
uncertainty in the quadrature phase at the extrema was calculated by taking the
standard error in the mean of the fitted maxima and minima, and multiplying by
12.71 (derived from the student t distribution with one degree of freedom [89]) to give
a 95 % level of confidence. The student t distribution was employed in this case as
only two data points were available, to account for the uncertainty in the deviation
of the sample mean from the population mean [89]. Whilst uncertainties in the
fitted maxima and minima could also be calculated, these values give uncertainties
in the fit coefficients of the best fit of a sinusoid to the measured data, and are
therefore poor indicators of the uncertainty in the quadrature phase in this case
as systematic errors due to the beam precession are present, and the data is not
perfectly sinusoidal in nature.
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Figure 4.12: Schematic representation of the bench top reflectometer used for re-
flectivity and transmission measurements of phase-quadrature coatings.

4.6.2 Reflectivity and transmission measurement

Measurement of the reflectivity and transmission properties of the coatings was
achieved with the reflectometer shown in figure 4.12, utilising a mechanical chopper
and lock-in amplifier to minimise the effects of background lighting on the mea-
surements. This reflectometer had been constructed at NPL prior to this PhD.
Reflectivity and transmissivity were measured at 632.8 nm using HeNe laser illumi-
nation for both S and P polarisation states, with the polarisation set by rotating
a polymer sheet polariser in the incident beam. The polarisation of the incident
beam was orientated at approximately 45° to the S and P axes of the test optic. In
this application, the goniometer table was used purely to position the integrating
sphere in the transmitted and reflected beam paths. An iris at the entrance to the
integrating sphere was used to centre the sphere entrance aperture on the relevant
beam in an attempt to minimise any effects introduced by the beams taking different
paths through the integrating sphere.

In order to measure the absolute reflectivity and transmissivity of the phase-
quadrature beam splitter cube, measurements were normalised to the measured laser
intensity with no cube in the beam path. Reflectivity and transmission measure-
ments were repeated a minimum of three times, with laser intensity measurements
taken before each repeat. Means and standard errors in the means were calculated,
along with the corresponding expanded uncertainties. Expanded uncertainties were
calculated at the 95 % confidence level, again using the student t distribution with
the appropriate number of degrees of freedom [89] due to the relatively small number
of repeats.

4.6.3 Optimisation

As can be seen from figure 4.4, for changes in layer thickness on the scales plotted
both the quadrature phase and reflectivity to transmission ratios vary smoothly. As
a result, the dependence of the quadrature phase and reflectivity to transmission
ratio on small changes in layer thickness may be expected to be approximately
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linear. This approximation was exploited to optimise the performance of phase-
quadrature coatings by repeating coatings with slightly varying layer thicknesses,
and fitting planes to the resulting quadrature phases and reflectivity to transmission
ratios. Ideal values of the layer thicknesses were then calculated based upon the
point at which the fitted planes intercepted the planes of ideal phase-quadrature
and reflectivity to transmission ratio. Additional coatings were fabricated at these
calculated layer thicknesses, and the process repeated with the measured properties
of the new coating included.

Figure 4.13: Optimisation plane fits to quadrature and reflectivity to transmission
ratio measurements for small changes in layer thickness. Phase and reflectivity
to transmission ratio data has been plotted against layer thicknesses as measured
during deposition with a QCM. In the case of the ideally identical chromium layers,
the average thickness of the two layers has been used. A progression of the S
polarised data is presented in figure 4.14, with the left most data point corresponding
to the first coating in all graphs in this figure.

The final plane fit resulting from this optimisation process is shown in figure
4.13, with the progress of the optimisation process from coating to coating shown in
figure 4.14. As can be seen from figures 4.13 and 4.14, this optimisation approach
was successful, resulting a coating with the desired 90° phase-quadrature angle and
a 1:1 reflectivity to transmission ratio.

Seven phase-quadrature beam splitter cubes were fabricated based upon this
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Figure 4.14: Progress of the phase-quadrature coating optimisation process for test
optics assembled using microscope immersion oil (optimisation) and repeatability
tests assembled using UV cured optical cement (separate coating and batch coat-
ing). Separate coatings had phase-quadrature coatings applied in separate coat-
ing runs with nominally identical parameters, batch coatings had phase-quadrature
coatings applied in the same coating run. Error bars show 95 % confidence limits.
Corresponding optimisation plane fits are presented in figure 4.13 for immersion
oil measurements. RT ratio data is not shown for coating 22 due to a failed anti-
reflection coating.

optimised coating design, with the index matched immersion oil used for the op-
timisation process replaced with UV cured cement as previously described. These
are shown in figure 4.15. Each phase-quadrature coating was applied in a separate
coating run to test the repeatability of the coating process. Anti-reflection coatings
were applied simultaneously to all beam splitter cubes. Some variation in the prop-
erties of the cemented beam splitter cubes was observed, and can be seen for the
separate coating data in figure 4.14. In order to investigate whether this lack of re-
peatability arose from the coating process or the cementing process, a second group
of phase-quadrature beam splitter cubes were fabricated with the phase quadrature
coatings applied to all prisms to be coated in a single coating run. Anti-reflection
coatings were again applied simultaneously to all beam splitter cubes. The data for
this batch coated group is also shown in figure 4.14. RT ratio data is not plotted
for coating 22 due to a failure in the anti-reflection coating process. The failed
anti-reflection coating did not effect the quadrature phase measurement.

The average values of the quadrature phase shift introduced by the coatings for
S polarised light, along with the average reflectivity to transmission ratio, for both
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Figure 4.15: Photograph showing a number of the phase-quadrature beam splitter
cubes fabricate in the course of this PhD, for applications across the NPL.

the separately coated and batch coated groups are given in table 4.4. Table 4.4 also
contains the ranges of quadrature phase shifts and reflectivity to transmission ratios
that 95 % of coatings are expected to fall in for each group, to give an indication
of the spread of values. The 95 % ranges were calculated assuming a student t
distribution with 6 degrees of freedom for the separate coating group, with 7 degrees
of freedom for the quadrature phase shift values for the batch coated group, and
with 6 degrees of freedom for the reflectivity to transmission ratio values for the
batch coated group. The student t distribution was once again employed in this
case to calculate the 95 % ranges due to the small sample size, accounting for the
uncertainty in the difference between the sample and population means [89].

Table 4.4: Average values and the mean-centred range of values in which 95 % of
coatings are expected to fall for the separately and batch coated phase-quadrature
cube beam splitter measurements presented in figure 4.14. The range in which 95 %
of coatings are expected to fall has been calculated assuming a student t distribution,
as described in the text. All values are given for S polarised light.

Coating group Quadrature phase RT ratio
Average 95 % range Average 95 % range

Separate 91.5° (91.5± 11.7)° 1.02 1.02± 0.19
Batch 97.3° (97.3± 4.1)° 0.97 0.97± 0.13
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The spread of quadrature phase shift values is smaller for the batch coated group
than the separately coated group, indicating that the variability in coating proper-
ties is introduced by the coating process, rather than the cementing process. Due to
time constraints, the cause of this variability was not investigated. Several poten-
tial causes exist, including variable purity of the coating materials, varying coating
microstructure, and higher than expected uncertainties in the QCM system. The
next step to identify the cause of the coating variability would be to measure the
physical thicknesses of the coating layers, for example with AFM measurements.
AFM measurements would also give information about the coating microstructure.

For comparison, a survey of existing NPL plane mirror differential interferometers
found an average quadrature phase shift of 91.2°, with 95 % of coatings expected to
fall in the range (91.2± 13.2)°. This suggests a small improvement has been made
in coating repeatability, however coatings with unacceptably large quadrature phase
shift errors or reflectivity to transmission ratio errors may have been rejected in the
past, so a direct comparison is not possible.

4.7 Discussion

For the coating design developed in this work, following the described optimisation
process, 95 % of coatings are expected to introduce quadrature phase shifts in the
range (91.5± 11.7)° and to have reflectivity to transmission ratios in the range
1.02± 0.13. This shows a slight improvement in repeatability compared to previous
NPL designed interferometers, which were found to introduce quadrature phase
shifts in the range (91.2± 13.2)°. Previous NPL phase-quadrature coatings with
undesirable properties may have been rejected, so a direct comparison is not possible.
The range of coating properties is relatively large, and no clear cause of the variation
between coatings has been identified.

Through further research, it may be possible to improve the repeatability of the
coating process, however, the conclusions of chapter 3 indicate that in most practical
cases non-linearities are likely to form a significantly larger uncertainty contribution
than the additional displacement uncertainty introduced by non-optimal values of
quadrature phase shift and reflectivity to transmission ratio. In practical application,
the additional uncertainty contribution due to such non-idealities in the quadrature
coating is therefore not expected to limit the interferometer performance.

The ultimate performance of phase-quadrature coating based interferometers is
limited by the requirement for absorbing optics, and it has been shown that by
making use of four optical outputs it is possible for polarisation based quadrature
interferometers to achieve higher signal to noise ratios, at the cost of introducing
additional optical and electronic complexity. As can be seen from table 4.1, in
the shot noise limit the phase-quadrature coating design presented here has higher
measurement uncertainties than both polarising interferometer designs, however,
these differences, in the range of single digit picometres, are again unlikely to be the
limiting factor in practical measurements, where non-linearities will dominate.

The main strength of phase-quadrature coating based interferometry is the small
number of optical components required to achieve quadrature outputs. At a mini-
mum, a laser, a phase-quadrature beam splitter, and two corner cube retro-reflectors
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are required. This reduces costs, simplifies production and alignment, and most im-
portantly reduces the number of optical surfaces producing unwanted reflections,
and therefore potentially introducing higher order non-linearities. As discussed in
section 3.3.3, unwanted back reflections may introduce significant non-linearities,
typically in the range of tens to hundreds of picometres, and in most practical cases
the uncertainty introduced by the presence of such non-linearities will be more sig-
nificant than the picometre level reductions in displacement uncertainty that are
possible with four output polarising interferometers.

As a result of the conclusion of chapter 3, that phase uncertainties will, for the
coating designs developed here, be limited by non-linearities rather than signal to
noise ratio, the coating design developed following the optimisation process was
deemed to be sufficient for the purposes of this work.

4.8 Summary

An overview of the principles behind phase-quadrature coating based interferometry
has been given, along with an analysis of the fundamental limits imposed upon the
performance of any phase-quadrature coating based interferometer by conservation
of energy. In addition, by applying conservation of energy considerations it has
been demonstrated that phase-quadrature coatings must be absorbing. A modelling
technique has been described that is suitable for designing phase-quadrature coatings
made up of such absorbing materials, and the application of this model to the
design of a three layer chromium-gold-chromium phase-quadrature coating has been
demonstrated.

The methods used to fabricate phase-quadrature coatings have been detailed,
along with the optimisation process required to account for experimental deviations
from the ideal model, and the measurement approaches used to characterise coating
performance. The lack of repeatability in the coating properties has been found
not to be a limiting factor in the performance of phase quadrature interferometers.
As such, the coating design discussed in this chapter has been used for a variety
of applications, and further information of the design and application of phase-
quadrature coating based interferometry is given in chapters 7 and 8.

Finally, the consequences of the absorbing nature of phase-quadrature coatings
have been investigated. Although four output polarisation based homodyne inter-
ferometers maximise signal to noise ratio, the benefits of the reduced number of
optical surfaces in phase-quadrature interferometers compared to the polarisation
based alternatives appear to outweigh the reduced signal to noise ratio in practical
applications, where non-linearities commonly dominate the interferometric phase
uncertainty.
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Chapter 5

Modelling displacement measuring
interferometers

5.1 Introduction

As has already been established, optical interferometers suffer from non-linearities,
errors in the measured displacement that are periodic with the wavelength of the
illuminating light, introduced by a variety of sources [11], many of which can be
corrected using a Heydemann style ellipse fitting correction [21,87]. Non-linearities
that cannot be corrected with ellipse fitting techniques are introduced by the for-
mation of weakly resonant cavities within the optics of interferometer designs [84],
breaking the two beam interference assumption typically made when considering
displacement measuring interferometer designs. Modelling such cavity formation is
therefore desirable if the sources of residual non-linearities in optical interferometers
are to be identified, and the development of a model capable of this task is the focus
of this thesis chapter.

Complex networks of interconnected cavities may be introduced within the optics
of interferometers either by back reflections at material interfaces, or by polarisation
leakage in polarising beam splitters, combined with imperfections in other polaris-
ing optics. Many displacement measuring interferometer designs [11, 15, 28, 50, 54,
63,140–144] include polarising beam splitters, and such designs are particularly vul-
nerable to multiple pass effects due to the combined contributions of polarisation
leakage and unwanted back reflections. Polarisation aberrations can be particu-
larly complex to analyse as they may be introduced not only by imperfections in
the polarising optics but also by reflections, often from multi-layer or metallic op-
tical coatings, at non-normal angles of incidence, for example within corner cube
retro-reflectors [145].

Modelling the effects of these complex networks of cavities with existing tech-
niques commonly employed for interferometer design can be challenging. Jones
calculus [146–152], for example, is often applied to modelling optical systems made
up of planar polarising optics. Jones calculus models polarising optics by prop-
agating a unidirectional electrical plane wave through a defined series of optical
components. Due to this unidirectional treatment all possible optical paths must
be modelled separately, with the final electric field amplitudes being combined to
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determine the outputs of an optical network. For optical networks containing many
interconnected cavities tracing all possible optical paths is an error prone process,
and multiple passes must be handled iteratively, with some cut off imposed. An
alternative technique is employed by the FINESSE software [153, 154], aimed pri-
marily at gravitation wave detector design where optical cavities are a desired fea-
ture [155], in which the optical network is considered as a network of nodes, with
counter-propagating electric fields coupled together at each node in a similar man-
ner to that employed in thin film transfer matrix modelling techniques [130]. This
approach is better suited to the assessment of networks of interconnected cavities
(both intentional and unintentional in nature), however the FINESSE software does
not account for the effects of polarising optics, and cannot model the effects of re-
flection from, or transmission through, optically absorbing materials or coatings.
As a result of these limitations FINESSE is of limited applicability to displacement
measuring interferometer design. Alternative approaches to modelling the effects
of multiple passes through optical networks include finite element analysis and ray
tracing [156,157] models. Finite element analysis requires a careful mesh design and
even then can be impractically computationally intensive as nanoscale resolutions
are required over the macroscopic size of the optics to be modelled. Ray tracing
approaches must be iterated many times to take into account the effect of cavity
formation, and may not produce reliable results, with the effects of cavities of various
strengths and optical path lengths being artificially amplified relative to each other
depending on the cut-off point imposed on ray propagation. Both ray tracing and
finite element analysis approaches require a model of the morphology of the optical
components to be constructed, rather than dealing with a relatively simple ‘list’ of
optical components as is the case for Jones calculus and FINESSE. Whilst further
complexity is added to the model, defining the morphology of the optical compo-
nents does give finite element analysis and ray tracing techniques the advantage
that free-form optical surfaces can be modelled, and finite element techniques have
the additional advantage of being able to model diffraction effects. This approach,
incorporating orthogonal polarisation states, has, to the knowledge of the author,
not previously been described in the literature.

A modelling technique is presented in this chapter that aims to allow the effects of
the formation of weakly resonant cavities within networks of planar optical surfaces
to be analysed. This approach extends the transfer matrix methodology commonly
applied to thin film modelling [20, 130, 158] to model multiple port devices and the
effects of polarisation, combining transfer and scattering matrices to describe an
optical network in a manner similar to that of the FINESSE software [153]. This
allows the bidirectional propagation of polarised light to be modelled, along with the
effects of reflection from and transmission through absorbing (metallic) materials.
This is achieved by coupling together pairs of counter-propagating electrical plane
waves at nodes in an optical network. By modelling coupled networks of polarising
optical components in this way, the effects of polarisation aberrations and unwanted
back reflections within the optics of displacement measuring interferometers can be
assessed, and used to inform improved interferometer designs.

In this chapter the theoretical background to the technique will be presented
first, followed by examples of the scattering and transfer matrices required to model
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a range of commonly encountered optical components. The model will then be ap-
plied the simple case of a single back reflection in a polarisation based homodyne
interferometer, and compared with an exact analytical solution. A software imple-
mentation of this modelling technique, along with much of the work contained in
this chapter has already been published [85, 159]. Although an example of the ap-
plication of this modelling approach will be given in this chapter, the application of
the combined scattering and transfer matrix model to the analysis of non-linearity
sources in the phase-quadrature coating based interferometers that are the focus of
this thesis is reserved for chapter 7, where the results of the modelling process are
discussed alongside the optical design of the interferometer, and are used to drive
design improvements.

5.2 Theory of the combined scattering and transfer
matrix model

The methodology presented here describes a system of optical components with a
network of interconnected nodes, with a node at each input/output port of individual
optical components, as is the case for the FINESSE software [153]. A complex
valued electric field is defined as the sum of two counter-propagating complex valued
electrical plane waves travelling along the positive and negative ẑ direction [130] at
each node m, following the same methodology as the transfer matrix modelling
technique described in section 4.3, as

Ẽm = ÃF e
i(kz−ωt+ϕ) + ABe

i(−kz−ωt+ϕ) (5.1)

where ÃF and ÃB are the complex amplitudes of the forward and backward propa-
gating components, k is the wavenumber, ω is the angular frequency, t is time and ϕ
is a phase offset. The physical potential of the electrical field at a given time is given
by the real component of equation 5.1. These forward and backward propagating
components can be further decomposed into orthogonally polarised (along the x̂ and
ŷ directions) counter-propagating components

ẼF,x,m = ÃF,x,me
i(kz−ωt+ϕ), (5.2)

ẼF,y,m = ÃF,y,me
i(kz−ωt+ϕ), (5.3)

ẼB,x,m = ÃB,x,me
i(−kz−ωt+ϕ), (5.4)

ẼB,y,m = ÃB,y,me
i(−kz−ωt+ϕ). (5.5)

By making the assumption that we are interested only in steady state (on timescales
of the speed of light) solutions, the temporal component of equations 5.2 to 5.5 may
be neglected, as any steady state solution must be valid at time zero. The choice
of absolute phase is also arbitrary in this case, allowing the phase offset ϕ to be
set to zero. For a given steady state solution the spatial position of each node
m is constant, allowing the remaining exponential term to be absorbed into the
complex amplitude. A coordinate system may then be chosen such that polarisation
components along the x̂ and ŷ directions represent S and P polarisation states for

98



any material boundaries at node m, and the ‘forward’ and ‘backward’ components
may be denoted as a and b components of the electric field for the sake of brevity
of notation. Equations 5.2 to 5.5 can then be rewritten as

a(S)
n = ẼF,x,m, (5.6)

a(P)
n = ẼF,y,m, (5.7)

b(S)
n = ẼB,x,m, (5.8)

b(P)
n = ẼB,y,m. (5.9)

The choice of S and P basis states is made for convenience, an arbitrary polarisation
state may be decomposed into any orthogonal pair of basis states, and in some
cases left and right hand circularly polarised states may be preferable. Following
this approach, the vector of electric field components at each node of the model
effectively forms a pair of Jones vectors [146], where multiplication of the a or b
components by a real valued scalar will change the described power, multiplication
by a complex valued scalar will change the phase and power, and multiplication by
a complex valued vector may modify the power, phase and polarisation state.

These assumptions along with the choice of coordinate system have several im-
portant consequences to the application of the modelling technique. Firstly, by
considering only plane wave forms, all optical interfaces are taken to be planar
and infinite in extent. As such the effects of diffraction [160] and wavefront cur-
vature [106] cannot be modelled. Secondly by neglecting the temporal component,
the model is restricted to monochromatic light, although the results may be readily
applied to physical quasi-monochromatic light [20]. An additional result of the plane
wave assumption is that all beams are also assumed to be infinite in extent, and as
such losses due to misalignment and higher order multiple passes ‘missing’ detectors
cannot be modelled. As misalignment cannot be modelled, the results when applied
to optical interferometry will tend to give a worst case estimate of non-linearities,
which remains useful both as a design tool, and as an indicator of non-linearities
that may occur if near perfect alignment is reached. Finally, in order to maintain
the physical meaning of the S and P polarised components, changes of coordinate
system must take place between optical components where the S and P polarisation
states of the material interface planes do not align.

In order to model networks of optical components, the electric field components
defined at each node must be linked together. This is achieved in this modelling
methodology with a series of scattering and transfer matrix equations. The system
of linear equations formed by these scattering and transfer matrix equations is then
rewritten in the form of a single network matrix equation, which can be solved to
find the values of the electric field components for a given set of boundary conditions.

A scattering matrix is defined here as a matrix linking all outputs of an optical
device to all inputs of the same device, which may be generalised to optical devices
with any number of ports. A port refers to an input or output of a device; for
example, a planar interface between two materials with light normally incident is a
two port device and a freespace beam splitter is a four port device. A device with
a port number Np is described by an 2Np × 2Np scattering matrix Q, linking input
and output S and P polarised components for each port. As such, the scattering
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matrix representation of the freespace beam splitter depicted in figure 5.1 is

b(S)
0

b(P)
0

b(S)
1

b(P)
1

b(S)
2

b(P)
2

b(S)
3

b(P)
3


= Q



a(S)
0

a(P)
0

a(S)
1

a(P)
1

a(S)
2

a(P)
2

a(S)
3

a(P)
3


, (5.10)

where Q is an 8 × 8 scattering matrix, and the components a(S)
i , a(P)

i , b(S)
i and b(P)

i

represent the S and P polarised input and output fields respectively, at the ith port.

a0

b0

b1a1

a2

b2

a3b3

Figure 5.1: Schematic of the electric field components at a four port beam splitter.

Transfer matrices, in contrast to the previously described scattering matrices,
are limited to two port devices. A transfer matrix is defined here as the matrix
which links the incident and exident fields a(S)

i , a(P)
i , b(S)

i and b(P)
i at one port of a

two port device to the equivalent fields a(S)
j , a(P)

j , b(S)
j and b(P)

j at the second port.
Transfer matrix modelling is a commonly employed technique for multilayer thin film
design [20,130], with transfer matrices used to describe interfaces between materials
and propagation matrices to link field components across a single material. For the
interfaces depicted in figure 5.2 transfer matrices link the field components through
the equations 

a(S)
4

a(P)
4

b(S)
4

b(P)
4

 = T 4,5


a(S)

5

a(P)
5

b(S)
5

b(P)
5

 (5.11)

and 
a(S)

6

a(P)
6

b(S)
6

b(P)
6

 = T 6,7


a(S)

7

a(P)
7

b(S)
7

b(P)
7

 . (5.12)

A special case of the transfer matrix, the propagation matrix, describes the field on
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either side of a region made up of a single material with no interfaces. In figure 5.2
a propagation matrix P links the field amplitudes a5 and b5 with a6 and b6 as

a(S)
6

a(P)
6

b(S)
6

b(P)
6

 = P 5,6


a(S)

5

a(P)
5

b(S)
5

b(P)
5

 . (5.13)

b5

a5

b4

a4

b7

a7

b6

a6

Figure 5.2: Schematic of the electric field components across two plane parallel
interfaces.

Given a set of plane parallel interfaces a global transfer matrix may be calculated
from a series of transfer and propagation matrices, relating the incident and excident
field amplitudes at each side of the stack of layers. As such the field components
a(S)

4 , a(P)
4 , b(S)

4 and b(P)
4 may be linked to a(S)

7 , a(P)
7 , b(S)

7 and b(P)
7 in figure 5.2 by a

global transfer matrix T as
a(S)

4

a(P)
4

b(S)
4

b(P)
4

 = T 4,7


a(S)

7

a(P)
7

b(S)
7

b(P)
7

 , (5.14)

= T 4,5P 5,6T 6,7


a(S)

7

a(P)
7

b(S)
7

b(P)
7

 . (5.15)

The forms of the matrices in equations 5.11 to 5.13 are described in the following
section, and a more detailed treatment of this technique may be found in section
4.3.

A set of scattering and transfer matrix equations linking together a network of
nodes, together with equations defining the inputs to the network, form a set of
linear equations that may be written as a single matrix equation. By solving this
system using standard numerical techniques the values of the electric fields at various
points within the network may be found.

5.3 Matrices of common optical components

The transfer or scattering matrices for a range of optical components commonly em-
ployed in interferometry are presented here in order to demonstrate the utility of the
modelling methodology. This selection of optical components is sufficient to model a
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wide range of optical systems, however it is not an exhaustive list, and the technique
is widely applicable to modelling linear optical components. All optical components
described here are available in the accompanying software implementation [85].

5.3.1 Free space propagation

The simplest possible transfer matrix describes the propagation of light through free
space. For propagation between node 0 and node 1 the transfer matrix equation is
given by 

a(P)
1

b(P)
1

a(S)
1

b(S)
1

 =


eikzd 0 0 0

0 e−ikzd 0 0
0 0 eikzd 0
0 0 0 e−ikzd



a(P)

0

b(P)
0

a(S)
0

b(S)
0

 , (5.16)

where kz is the component of the wavevector normal to the optical interface planes
and d is the distance between the interfaces. The above equation assumes an op-
tically homogeneous and isotropic medium, propagation in birefringent media will
introduce non-diagonal terms into the propagation matrix. For absorbing media the
wavevector will be complex valued, and hence introduce an exponential amplitude
decay with propagation distance as expected for negative imaginary components of
the complex index when following the sign conventions in this work.

5.3.2 Material interface

The interface between two materials may also be represented as a transfer matrix.
Extending the transfer matrix formalism commonly employed in thin film modelling
[130] to handle both S and P polarisations [158, 161, 162], as previously described
in section 4.3, the transfer matrix equation from the zeroth to the first node may
be written in terms of the S and P polarised amplitude reflection and transmission
coefficients r(S), r(P), t(S) and t(P) as

a(P)
1

b(P)
1

a(S)
1

b(S)
1

 =


1

t(P)
r(P)

t(P) 0 0
r(P)

t(P)
1

t(P) 0 0

0 0 1
t(S)

r(S)

t(S)

0 0 r(S)

t(S)
1

t(S)



a(P)

0

b(P)
0

a(S)
0

b(S)
0

 . (5.17)

This transfer matrix may be used in combination with the previously described
transfer matrix for free space propagation to construct optical paths passing through
several materials, and by taking the product of several such matrices propagation
through multiple layers of materials may be modelled with a single transfer matrix
[130]. For further details of this approach see section 4.3.

5.3.3 Linear polariser

A non-ideal linear polariser is described here by three properties: rotation angle
(θ), extinction coefficient (ρex) and loss (α). The rotation angle here is measured

102



clockwise from the S polarised axis looking from the zeroth node to the first although
the physical meaning of this rotation will depend on the orientation in which the
scattering matrix is coupled into the optical network. The extinction coefficient
is defined as the intensity ratio of transmitted light polarised perpendicular to the
transmission axis of the polariser, to the intensity of transmitted light polarised
parallel to the transmission axis. Loss is similarly defined as the intensity ratio of
transmitted light polarised parallel to the transmission axis to the intensity of the
component of the incident light polarised along that axis. As such an ideal polariser
has an extinction coefficient and loss of zero.

Whilst a linear polariser is a two port device, it is more readily represented as a
scattering matrix. Using the above definitions the scattering matrix equation of a
polariser aligned to the S polarisation axis is given by

b(P)
0

b(S)
0

b(P)
1

b(S)
1

 =


0 0

√
ρex(1− α) 0

0 0 0
√

1− α√
ρex(1− α) 0 0 0

0
√

1− α 0 0



a(P)

0

a(S)
0

a(P)
1

a(S)
1

 ,

= Q(S)
pol


a(P)

0

a(S)
0

a(P)
1

a(S)
1

 . (5.18)

The scattering matrix of a rotated polariser may be found by applying the rotation
matrix

R(θ) =


cos(θ) − sin(θ) 0 0
sin(θ) cos(θ) 0 0

0 0 cos(θ) − sin(θ)
0 0 sin(θ) cos(θ)

 , (5.19)

to the vector of incident field components, effectively a rotation of the coordinate
frame, then rotating back into the frame of the model. As such the scattering matrix
of a rotated polariser is given by

Q(θ)
pol = R(−θ)Q(S)

polR(θ). (5.20)

5.3.4 Waveplate

A waveplate introducing a phase difference η between the S and P polarised beams,
orientated with the fast axis along the S polarised direction may be represented by
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the scattering matrix equation
b(P)

0

b(S)
0

b(P)
1

b(S)
1

 =


0 0 e−

iη
2 0

0 0 0 e
iη
2

e−
iη
2 0 0 0

0 e
iη
2 0 0



a(P)

0

a(S)
0

a(P)
1

a(S)
1

 ,

= Q(S)
wp


a(P)

0

a(S)
0

a(P)
1

a(S)
1

 . (5.21)

This matrix can be seen to be closely related to the corresponding Jones matrix
for an optical retarder [146], and Jones matrices can in general be easily rewritten
as scattering matrices. In the same manner as previously discussed for a linear
polariser, the scattering matrix of a rotated waveplate is given by

Q(θ)
wp = R(−θ)Q(S)

wpR(θ), (5.22)

where rotation is again measured clockwise from the S polarised axis looking from
the zeroth node to the first.

5.3.5 Faraday rotator

Faraday rotators are commonly employed as optical isolators. Whilst the scattering
matrix of an ideal optical isolator could be defined trivially, in some cases it may be
of interest to model the effects of multiple reflections through a non-ideal isolator.
Such a device may be modelled using the previously described equations for a linear
polariser, in combination with a Faraday rotator.

The scattering matrix of a Faraday rotator with loss α as previously defined is
given by

Q(ψ)
fr =

√
1− α


0 0 cos(ψ) − sin(ψ)
0 0 sin(ψ) cos(ψ)

cos(ψ) − sin(ψ) 0 0
sin(ψ) cos(ψ) 0 0

 , (5.23)

where ψ is the angle of the polarisation rotation introduced by the polariser, with
rotation measured clockwise looking from the zeroth node to the first.

5.3.6 Non-polarising beam splitter

The properties of an ideal lossless non-polarising beam splitter may be defined by
the ratio of reflected intensity to transmitted intensity, ζ. For a set value of ζ, the
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amplitude reflectivity r and transmission t coefficients are given by

r =

√
ζ

ζ + 1
(5.24)

and

t =

√
1

ζ + 1
. (5.25)

Referring back to figure 5.1, the scattering matrix equation linking the four nodes
is given by 
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b(P)
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b(S)
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b(P)
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b(S)
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
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. (5.26)

From this equation it is clear that the coupling between individual nodes and polar-
isations can be readily changed. Realistic beam splitter coatings can be modelled if
desired by calculating the amplitude reflection and transmission coefficients for each
polarisation (the Fresnel coefficients) using transfer matrix modelling techniques
from the layer structure of the beam splitter coating.

5.3.7 Polarising beam splitter

A polarising beam splitter can be defined by a set of coefficients similar to those
used previously to define a linear polariser. Extinction coefficients must be defined
separately for the reflected and transmitted beams as ρex,R, ρex,T, and similarly loss
coefficients for each polarisation as α(S) and α(P). This distinction is necessary as for
commonly available thin film based polarising beam splitters, the extinction coeffi-
cient of the reflected beam is often significantly poorer than that of the transmitted
beam, due to the reliance on Brewster’s angle reflections. A polarising beam splitter
aligned such that S polarised light is reflected and P polarised light transmitted may
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be described with the scattering matrix equation
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
. (5.27)

Defining the reflected and transmitted extinction coefficients as

ρex,R =
|r(P)|2

|r(S)|2
(5.28)

and

ρex,T =
|t(S)|2

|t(P)|2
(5.29)

and the S and P polarised loss coefficients as

α(S) =
∣∣r(S)

∣∣2 +
∣∣t(S)

∣∣2 (5.30)

and
α(P) =

∣∣r(P)
∣∣2 +

∣∣t(P)
∣∣2 (5.31)

leads to ∣∣r(S)
∣∣2 =

α(S) − α(P)ρex,T

1− ρex,Tρex,R
, (5.32)

∣∣r(P)
∣∣2 =

ρex,R
(
α(S) − α(P)ρex,T

)
1− ρex,Tρex,R

, (5.33)∣∣t(S)
∣∣2 =

α(P)ρex,T − α(S)ρex,Tρex,R

1− ρex,Tρex,R
(5.34)
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and ∣∣t(P)
∣∣2 =

α(P) − α(S)ρex,R

1− ρex,Tρex,R
. (5.35)

Some care must be taken to ensure that the intensity reflectivity and transmission
coefficients remain physical (in the interval [0, 1]) when applying these equations,
however for real world values of

α(P)/(S) ≈ 1 (5.36)

and

ρexR/T ≈ 0 (5.37)

equations 5.32 to 5.35 remain valid.
The polarising beam splitter may be rotated about two axes; the axis of trans-

mission from node zero to node two (θ0) and the axis of transmission from node
one to node three (θ1). As with previously defined rotation angles, these rotations
are defined clockwise from the S polarised axis, looking from the zeroth node to the
second, and from the first node to the third. This may be accomplished with the
block diagonal 8× 8 rotation matrix

R(θ0, θ1) =


U(θ0) 0 . . . 0

0 U(θ1) . . . 0
...

... U(θ0)
...

0 0 . . . U(θ1)

 , (5.38)

where the sub-matrices are given by

U(θi) =

(
cos(θi) − sin(θi)
sin(θi) cos(θi))

)
, (5.39)

such that the scattering matrix of the rotated polarising beam splitter is given by

Q(θ0, θ1)
pbs = R(−θ0,−θ1)QpbsR(θ0, θ1). (5.40)

5.3.8 Mirror

Mirrors may be modelled in two ways: firstly, by simply setting the incident and
exident components to be equal for each polarisation state at a port of another
optical component, for example a region of free space propagation. Alternatively,
the mirror can be modelled as a material interface, accounting for the lossy properties
of metallic mirrors. If this is done, the field amplitude incident on the back surface
of the mirror must be fixed, in most practical applications at zero.
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5.4 Modelling a polarisation splitting homodyne in-
terferometer

To demonstrate the applications of the model, a homodyne interferometer with
polarisation based quadrature fringe counting will be modelled. A schematic of this
interferometer is shown in figure 5.3, with the field pairs at each node (0 through
21) shown.

Light is input into this interferometer polarised at 45° to the vertical axis, and
is then split into two arms by a polarising beam splitter (PBS). A double pass
through a quarter wave plate (QWP) in each arm then switches the polarisation
allowing the previously reflected beam to transmit through the PBS and vice versa.
In order to perform directional fringe counting two signals are required with a phase
difference between them, ideally of 90° (quadrature). To achieve this, the output of
the PBS is split with a non-polarising beam splitter (NPBS). For one output, the
polarisations are mixed with a polariser at 45° degrees to the vertical, then detected
at photodiode one (PD1). For the second output (PD2) a QWP with the fast
axis vertical is used before the mixing polariser to introduce a 90° phase difference
between the measurement and reference beams.

5.4.1 Model construction

The field components may be linked together with transfer and scattering matrices as
previously described. For the interferometer depicted in figure 5.3 the first equation
needed is the input, given by (

a(P)
0

a(S)
0

)
=

(
1√
2

1√
2

)
(5.41)

in the ideal case. The equation of the polarising beam splitter is then given by
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
= Qpbs
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
, (5.42)
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Figure 5.3: Schematic of the electric field components throughout a homodyne
Michelson interferometer with polarising quadrature detection. Counter propagat-
ing field components are denoted by an and bn, with the direction of propagation
indicated by the corresponding arrows. QWP, quarter wave plate; PBS, polarising
beam splitter; NPBS, non-polarising beam splitter; Pol, polariser; PD, photodiode;
Mref and Mmes, reference and measurement mirrors.

and the reference arm quarter wave plate by
b(P)

5

b(S)
5

b(P)
6

b(S)
6

 = Q(45°)
wp


a(P)

5

a(S)
5

a(P)
6

a(S)
6

 . (5.43)

Similar equations follow for the other quarter wave plates, polarisers and the non-
polarising beam splitter, leaving only the mirrors and photodiodes. Ideal mirrors
may be modelled as previously discussed by setting the incident and exident beams
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to be equal, for example (
b(P)

7

b(S)
7

)
=

(
a(P)

7

a(S)
7

)
(5.44)

for the reference mirror. The field component incident from the back surface of
the photodiodes must be set to zero (or another known value) for the model to be
solvable. Back reflections from the photodiodes could be modelled as a material
interface if desired, although if the photodiodes are to be angled, as is common to
avoid back reflections in experimental work, fixing the incident field at zero may
produce more applicable results.

Each component must then be linked together. Some care is needed to ensure
that the outputs and inputs to each component are coupled correctly when mixing
transfer and scattering matrices; for scattering matrices the ‘a’ component is always
the input, for transfer matrices this is only the case for one side of the stack of
materials described by the transfer matrix. In practise this problem can be solved
by ensuring all components are linked by transfer matrices, with no scattering ma-
trix to scattering matrix connections, and then checking the directions of the field
components linked to each end of the transfer stack. In this case the laser may be
connected to the beam splitter with the transfer matrix equation

a(P)
0

a(S)
0

b(P)
0

b(S)
0

 = T 0,1


a(P)

1

a(S)
1

b(P)
1

b(S)
1

 (5.45)

whereas the polarising beam splitter and reference arm quarter wave plate are linked
by the equation 

b(P)
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b(S)
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a(P)
2

a(S)
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 = T 2,5


a(P)

5

a(S)
5

b(P)
5

b(S)
5

 . (5.46)

Note that the order of the ‘a’ and ‘b’ components has been switched in the above
equation. Together, these scattering and matrix equations form a system of linear
equations that may be written in the form of a single 88 × 88 network matrix
equation,

110
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. (5.47)

For small systems it may be possible to find an analytical solution to this network
equation, however in the vast majority of practical applications it is preferable to
find a numerical solution.

5.4.2 Model results

Applying the previously described modelling methodology to the interferometer de-
picted in figure 5.3 results, in the ideal case with the polarisation axes of all compo-
nents perfectly aligned and no unwanted back reflections present, in the outputs (for
nodes 18 and 21) shown in figure 5.4. As expected, the model produces sinusoidal
signals with a phase difference of 90°, resulting in a circular Lissajous.
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Figure 5.4: Ideal outputs of interferometer depicted in figure 5.3. Intensities are
normalised to the input intensity.

Non-ideal behaviour may be introduced into the modelled signals by misaligning
the waveplate in the PD2 output arm of the interferometer. Introducing a large
rotational misalignment of 20° into the model results in the outputs shown in figure
5.5. This rotation of the output quarter wave plate introduces both an error in the
phase difference between the output signals, and a reduction in the amplitude of the
PD2 signal. Such effects would introduce errors if the interferometer outputs were
to be used for displacement measurement [21].
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Figure 5.5: Outputs of interferometer depicted in figure 5.3 with the PD2 output
quarter waveplate rotated by 20°. Intensities are relative to input intensity.

So far, the results shown are identical to those that could have been reached
through Jones matrix calculation, and show only sinusoidal errors (that is to say,
errors that result in a distortion of the output signals to a different sinusoid) that
could be corrected for in a displacement measuring interferometer with a Heyde-
mann style correction [87]. Of more interest with respect to the benefits of the
proposed modelling approach are the effects of multiple reflections on the interfer-
ometer outputs, which in general result in the distortion of the output signals to
a non-sinusoidal form. Finding an analytical form for the interferometer outputs
with the presence of back reflections is challenging, indeed that is the problem that
motivated the development of this model. In the simplified case of a single back
reflection in the measurement arm of an otherwise ideal interferometer however, the
analytical form is relatively simple and can be calculated for comparison with the
modelled results. For an ideal polarising beam splitter and perfectly aligned wave-
plates, if a reflection at an air glass interface takes place between nodes 3 and 8 in
figure 5.3 the amplitudes of the electric field components b(P)

4 and b(S)
4 are given by

b(P)
4 = Ã(S)eik2dref (5.48)

and

b(S)
4 = Ã(P)tg→ata→g

(
eik2dmes +

∞∑
n=0

r2n+2
a→g e

ik(4n+6)dmes

)
(5.49)

= Ã(P)tg→ata→g

(
eik2dmes −

r2
a→ge

ik6dmes

r2
a→ge

ik4dmes − 1

)
(5.50)

where Ã(S) and Ã(P) are the S and P polarised amplitudes of the incident light, dref
and dmes are the lengths of the reference and measurement arms respectively, ra→g,
tg→a and ta→g are the amplitude air to glass reflectivity, glass to air transmission and
air to glass transmission coefficients, and k is the wavevector. From these amplitudes,
the detected intensity at PD1 and PD2 may be calculated. If a refractive index of
1.515 is taken for the glass and 1 for the air, and the reference arm length is taken
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to be an exact multiple of the wavelength, equations 5.48 and 5.50 along with the
model result in the signals shown in figure 5.6. The model produces the expected
result, with the combination of the quarter waveplate and polarising beam splitter
preventing alternate multiple reflections from reaching the detector. If such signals
were to be used for displacement measurement, even if a Heydemann style correction
were to be applied, errors in the measured displacement would still be present.
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Figure 5.6: Outputs of interferometer depicted in figure 5.3 with a reflection for a
glass-air interface between nodes 2 and 5, as calculated by both the described model
and an exact analytical approach. A displacement offset has been added to the
analytic signals in the left hand graph for clarity. Intensities are relative to input
intensity.

The non-circular nature of the Lissajous figure, and the presence of additional
frequencies, can be more clearly seen in figure 5.7, where the refractive index of
the glass has been increased to 3 to produce a particularly extreme example of the
effects of back reflections. The results of a first order application of equation 5.49
are also shown in figure 5.7, the same result that would arise from applying a second
order (the first order would be eliminated by the polarising beam splitter) Jones
matrix model.
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Figure 5.7: Outputs of interferometer depicted in figure 5.3 with a reflection for a
glass-air interface between nodes 2 and 5, as calculated by both the described model
and a first order analytical approximation. Intensities are relative to input intensity.

5.5 Discussion

The capability of the combined scattering and transfer matrix modelling approach to
model the effects of cavity formation within the optics of homodyne interferometers
has been demonstrated. In the case of the polarisation based quadrature inter-
ferometer cavity effects introduced by a single source of unwanted reflection have
been compared for both the described modelling technique and an exact analytical
solution, and agreement has been found.

In addition to the demonstrated ability to evaluate the outputs of an interferom-
eter, the model also allows the electric field at other points within the interferometer
optics to be investigated without having to re-derive the possible beam paths, for
example back reflections into the laser source.

This modelling approach does however have some important caveats that must
be considered when analysing the model results. Firstly, the outputs of the model
place an upper limit on the effects of multiple passes within the interferometer optics
on the output signals; in reality the optical surfaces will not be perfectly aligned, and
this misalignment will result in an attenuation of higher order multiple passes for
finite diameter beams. Additional sources of round trip loss are likely to be present
in real world interferometer designs, some of which can be included in this model.
For example, non-ideal mirrors may be included based on known properties of the
optical components. More complex loss sources, in particular losses introduced by
small misalignments that preferentially attenuate higher order reflections, cannot be
fully modelled with the techniques described here.

Secondly, ideal lossless cavities cannot be modelled, as such cavities will result
in a singular network matrix. Singular network matrices can also be introduced by
cavities containing components with optical gain. Whilst this is an unlikely case to
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be implemented intentionally, gain may be introduced by errors in the implemen-
tation of transmission through absorbing materials if sign conventions for complex
refractive indices are not kept consistent.

Finally, when considering multiple coupled cavities the relative phases of multi-
ple light paths can have a significant effect on the resulting output. This can present
a problem when considering macroscopic optical elements, as the exact spacing be-
tween surfaces may not be known. In this case the model can be used to find the
maximum and minimum distortions to the desired ideal signals. Similar techniques
can be used to identify the combined effect of polarisation aberrations arising from
multiple optical components based upon the specifications of the various compo-
nents.

Taking these caveats into account, the modelling approach is most valuable when
combined with experimental measurements. In particular, the model may be used to
identify the spatial period of non-linearities arising from a range of sources, allowing
the sources of non-linearities found in experimental measurements to be located,
and if possible eliminated. The model may also be used to place upper limits on the
non-linearities that may arise in a proposed interferometer design, and to identify
which optical components are critical to the performance of the system.

5.6 Summary

A modelling approach has been developed that permits the effects of multiple re-
flections though arbitrary networks of planar optical interfaces, including polarising
components, to be modelled, extending prior comparable approaches [153] that can-
not describe the effects of polarisation. Scattering or transfer matrices for a range
of commonly used optical components have been described. The application of this
modelling technique to a polarisation splitting homodyne interferometer has been
demonstrated, and agreement between the model and an exact analytical solution
has been found under simplified conditions.

The modelling methodology presented here is well suited to computational im-
plementation, and software has been developed [85,159] to automate the generation
and solving of a network matrix equation from a list of optical components cou-
pled at nodes. This software has been published as an open source python module,
backed by a transfer matrix modelling library implemented in C.

The work presented here focuses on the application of the described modelling
technique to displacement measuring interferometers, however the method is widely
applicable to any network of planar optical components. Future work may extend
the modelling technique to include the treatment of birefringent optics from first
principles, integrating existing transfer matrix methodologies for anisotropic lay-
ers [158, 161, 162]. Although fundamentally a homodyne technique, another avenue
for future work is the application of the model to heterodyne interferometers by con-
sidering the sum of the amplitude outputs of two or more homodyne interferometers
operating at differing optical frequencies. The combined scattering and transfer ma-
trix modelling technique is applied to a more complex optical system in chapter 7,
where the model is applied to identifying complex non-linearity sources in the NPL
plane mirror differential interferometer design.
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Chapter 6

Correction of non-linearities in
homodyne interferometry

6.1 Introduction

Non-linearities, defined in this work as errors in the measured interferometric phase
that are periodic with some harmonic of the illuminating wavelength, affect almost
all interferometric measurements of displacement. As discussed in chapter 3, non-
linearity may be the dominant uncertainty source for short range measurements,
before refractive index uncertainties begin to dominate, for measurements made in
air. As such significant effort has been invested in the correction of non-linearities
in homodyne interferometry, starting with the ellipse fitting Heydemann correction
[87], a number of variations of which have been proposed in the literature [21, 83,
111,163–166]. In addition to ellipse fitting corrections, other non-linearity correction
algorithms have been proposed in the literature aiming specifically at making real
time corrections in cases where non-linearities may vary on a fringe by fringe basis
[167–170]. Some of these correction methodologies are aimed specifically at the
correction of displacements covering less than one full optical fringe [163, 169]. A
final class of ellipse fitting corrections aim to correct for higher order non-linearities
in homodyne interferometers, with one such method previously proposed in the
literature [68].

This chapter will first review existing non-linearity correction algorithms, with
a focus on techniques that are suitable for precision interferometry applications.
A detailed comparison of existing ellipse fitting correction algorithms will be made,
considering the performance of the algorithms, both for displacements covering mul-
tiple optical fringes, and for sub-fringe displacements. Although in most cases ex-
perimental measurements of non-linearity are preferable, as discussed in chapter 3,
the ability to propagate uncertainties through the correction algorithms will also
be considered. A brief review of algorithms suitable for real time application will
also be presented, although these algorithms will not be compared in detail as exist-
ing approaches are designed for higher speed, lower precision applications, and are
therefore not within the direct scope of this thesis.

Following the review of existing techniques, three new methodologies are pro-
posed, each aiming to fill a specific gap in the performance of existing corrections:
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1. Two-wavelength non-linearity correction.

2. Multiple intensity reference non-linearity correction.

3. Measurement arm normalisation non-linearity correction.

The first employs two-wavelength interferometry to correct for harmonic distor-
tion in the quadrature signals, therefore correcting for higher order non-linearities,
which cannot be corrected by the Heydemann correction. The second makes use
of intensity reference signals taken from the return beams in each arm of the in-
terferometer separately, allowing the offsets, and in some cases the gain ratio, of
the quadrature signals to be corrected for before a constrained ellipse fit is made,
and is aimed specifically at reducing non-linearities in cases where the displacement
covers a small portion of an optical fringe, an area where traditional ellipse fitting
corrections leave significant residual non-linearities, as will be demonstrated in sec-
tion 6.2.1. The final methodology also makes use of intensity references taken from
the return beams in each arm of the interferometer, but instead focusses upon using
the partial information about unwanted higher order effects contained within these
intensity references to correct for higher order non-linearities. This final method-
ology is also employed by the interferometer described in chapter 7, and therefore
although the methodology is introduced here, detailed discussion of the performance
and limitations in practical application, along with the presentation of experimental
data, is reserved for chapter 7. The novel non-linearity correction methodologies
presented in this chapter have previously been published [69], or submitted to a
journal [171,172], in the course of this PhD, and such much of the text presented in
the corresponding sections of this chapter is reproduced from those publications.

Finally, the various non-linearity correction methodologies proposed both in the
literature, and in this work, are summarised, and the most appropriate methodology
for different measurement challenges identified.

6.2 Review of existing techniques

6.2.1 Ellipse-fitting algorithm comparison

Ellipse fitting for the purposes of non-linearity correction was first proposed by Hey-
demann [87], and was later applied to precision optical interferometry by Birch [21]
and later authors [83]. Whilst the basic principle of the ellipse fitting correction
(as introduced in section 3.3) is relatively simple, with either the quadrature signals
being corrected using equation 3.26 and 3.27, or the phase measurement being cor-
rected directly with equation 3.29, the quality of the ellipse fit, and therefore the
choice of fitting algorithm, may have a significant effect on residual non-linearities.

Numerous ellipse fitting algorithms have been proposed in the literature [173–
177] that go beyond the least squares conic fit outlined in section 3.3, with many de-
veloped for applications within the field of computer vision. Several such algorithms
have been applied to optical interferometry [163–165]. Additionally, algorithms have
been developed specifically for optical interferometry [111, 166, 178]. This section
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Table 6.1: Ellipse fitting algorithms included in the comparison.

Algorithm Year Abbreviation Reference

Least-squares 1981 LS [87]
Bias-corrected direct ellipse fit 2008 DEF [175]
Best linear unbiased estimator minimisation 2014 BLUE [111]
Orthogonal distance regression 1989 ODR [179]

aims to review a number of ellipse algorithms that form a representative sample of
those proposed in the literature.

Algorithm selection

For the purposes of this work the algorithms given in table 6.1 will be consid-
ered. Due to the large number of algorithms proposed in the literature not all
possible algorithms are compared, with the included algorithms selected based on
promising performance in the field of precision interferometry. In particular, algo-
rithms designed for application to particularly noisy data, for example [176], were
not considered due to the low noise requirements in the quadrature signals where
sub-nanometre performance is required. The dynamic algorithm proposed in [166]
was also excluded for the comparison, despite being developed specifically for op-
tical interferometry, due to the assumption that the interferometric phase varies
smoothly, which, depending on the spatial sampling rate and displacement profile,
may not be the case.

The Least Squares (LS), Direct Ellipse Fit (DEF) and Best Linear Unbiased
Estimator (BLUE) algorithms were selected as these algorithms have previously
been applied to optical interferometry in [21], [163] and [111]. The DEF algorithm
does not provide a method for uncertainty propagation, however, this algorithm was
still of interest as it guarantees the fitted conic section is an ellipse or circle. If an
ellipse specific fit was found to have benefits, it is possible that additional work could
yield a method for uncertainty propagation.

Considering algorithms that have not yet been applied to interferometry in the
literature, only algorithms that account for non-homogeneous and non-isotropic
noise in the fitted data were considered. In homodyne interferometry, as was demon-
strated in chapter 3, the noise in the quadrature signals will be strongly correlated,
either due to optical intensity noise, or due to noise in the intensity noise normali-
sation process being coupled into both quadrature signals, leading to non-isotropic
noise, and the noise will also vary with position on the Lissajous figure, resulting
in non-homogeneous noise. As a result of the strong noise correlation, accounting
for the covariance in the fitting process is important both for uncertainty propa-
gation, and for the fitting process, where the non-isotropic nature of the covariant
noise may be used by some algorithms to improve the fit accuracy. For this reason
the ODRPACK implementation of the Orthogonal Distance Regression (ODR) algo-
rithm [179] was included in the comparison. The Approximate Maximum Likelyhood
(AML) implementation of Szpak [177] was also considered, however the algorithm
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was found to occasionally diverge, and preliminary testing showed no improvements
over the ODR method, so the AML algorithm was excluded from the comparison.

Algorithm implementation

Of the selected algorithms, the LS [87] fit has the simplest implementation, and is the
most widely employed in homodyne interferometry. This algorithm was implemented
as previously described in section 3.3, fitting a conic section of the form

Ax2 +By2 + Cxy +Dx+ Ey = 1, (6.1)

with covariances estimated using equation 3.48. The LS algorithm does not account
for uncertainties in the data points.

The DEF [175] fit aims to improve upon the LS fit by guaranteeing that the
fitted conic section is an ellipse or circle, rather than a parabola or hyperbola,
with the implementation employed here also correcting for bias in the fit present
in the original implementation [174]. This algorithm was implemented as described
in [175] for an ellipse specific fit. This implementation of the DEF algorithm fits a
conic section of the form

A′x2 +B′xy + C ′y2 +D′x+ E ′y + F ′ = 0, (6.2)

and for the purposes of this work the coefficients used in the uncertainty propagation
equations derived in chapter 3 were calculated from those used in equation 6.2 as

A = −A
′

F ′
, (6.3)

B = −C
′

F ′
, (6.4)

C = −B
′

F ′
, (6.5)

D = −D
′

F ′
, (6.6)

E = −E
′

F ′
. (6.7)

No covariance estimation is provided by the DEF algorithm, and the algorithm does
not account for uncertainties in the data points.

Both the LS and DEF algorithms attempt to minimise the sum of the squared
algebraic distances between the data points to be fitted and the fitted curve, that is
for a conic section given by equation 6.1 the algorithms minimise the quantity given
by ∑

i

(
Ax2

i +By2
i + Cxiyi +Dxi + Eyi − 1

)2
, (6.8)

where the sum is over all data points (xi, yi) included in the fit.
The BLUE [111] and ODR [179] algorithms instead aim to minimise the geo-

metric distance from each data point to the fitted curve, although in the case of the
BLUE and AML algorithms this process is approximate. The geometric distance
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is the distance between a data point and the closest point on the fitted curve, as
opposed to the point on the curve defined by equation 6.1 corresponding to the same
x and y coordinates.

The BLUE algorithm was modified from the form given in [111] to fit a conic
section of the form given by equation 6.1, as opposed to the form

x2 +B†y2 + C†xy +D†x+ F †y +G† = 0 (6.9)

used in [111]. The modification to the implementation of [111] required only straight
forward changes to the derivative matrices used in the BLUE algorithm, and is not
anticipated to significantly effect the performance of the algorithm.

The ODRPACK [179] implementation of the ODR algorithm was used to fit of
equation 6.1 directly, using the implicit fit capability of ODRPACK, with the LS
algorithm used to generate the initial fit coefficients. It should be noted that using
the ODR algorithm in this way does not guarantee an elliptical fit, however this
was not found to be a severe limitation, as in cases where a parabola or hyperbola
resulted from the fitting process, the ellipses fitted by algorithms that guarantee an
elliptical result were such poor fits as to be unusable for precision interferometry.
The ODR algorithm can also make use of covariance matrices in each data point, and
again these were provided. An estimated covariance matrix for the fit coefficients is
produced by the algorithm.

Monte-Carlo simulation procedure

In order to compare the algorithms presented in table 6.1 Monte-Carlo simulations
were carried out following the measurement model described in section 3.3. Op-
tical power signals were generated for the quadrature and reference outputs using
equations 3.100 to 3.102 at N phase points for an interferometer with an operat-
ing wavelength of 632.8 nm, an intensity pick off ratio of 10 %, R = T = 0.3, and
initially a 90° quadrature phase shift and an input power of 1 mW.

These optical powers were then used to generate shot noise limited voltage sig-
nals according to equations 3.76 to 3.78, 3.79 and 3.80 for photodiode detectors as
described in table 3.2, with a bandwidth of 100 kHz. For the purposes of the Monte-
Carlo simulation, random noise was generated with standard deviations as described
by equations 3.79 to 3.80 for M Monte-Carlo repeats. Normalised quadrature sig-
nals were then calculated from the voltage signals according to equations 3.33 and
3.34 for each repeat, with the signal gains set to give a peak voltage of unity.

In all cases signals were generated for interferometric phases in the range [0, 2π)
(representing the half open interval 0 ≤ ϕ < 2π) with N = 1000 phase steps (equiv-
alent to a 158 pm displacement spacing for a double pass interferometer operating at
632.8 nm) and M = 10000 Monte-Carlo repeats. For each repeat, the desired num-
ber of fit points uniformly distributed throughout the desired fit range were selected
from the N phase points, with a randomly generated offset, different for each repeat,
in the range [0, N) applied such that any effects introduced by the location of the se-
lected phase points within the fringe were averaged out. Where this process resulted
in phase point indexes greater than N , the indexes were rolled over to begin again
from zero. This approach was chosen as for simulations considering partial fringes
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the performance of the algorithms may be dependent on the location of the data
within a fringe, something that cannot generally be freely chosen in experimental
work. Additionally, the uncertainty in the change in the interferometric phase for
a given displacement length is dependent on the initial value of the instantaneous
phase, which again cannot be freely chosen in experimental work.

Each ellipse fitting algorithm was applied to the selected data points separately
for each of the M repeats, and the interferometric phase ϕcalc and the change in
the interferometric phase ∆ϕcalc were calculated from the resulting fit coefficients
using equations 3.29 and 3.31 for the full range of phase points. Uncertainties in the
resulting changes in the interferometric phase were estimated as

σ∆ϕ =

√√√√ 1

M − 1

M∑
m=0

(
∆ϕcalc,m −∆ϕm

)2
, (6.10)

where the known value of the change in the interferometric phase is used rather than
the average of the calculated phases so as to account for both noise and residual
non-linearities in the calculated interferometric phase. A 95 % confidence interval
was calculated for each estimate of ∆σϕ using the chi squared distribution, with the
confidence interval given by [180]√M − 1

χ2
0.025

σ∆ϕ,

√
M − 1

χ2
0.975)

σ∆ϕ

 , (6.11)

where χ2
α is the inverse of the cumulative distribution function for the chi squared

distribution evaluated for M − 1 degrees of freedom at a probability α. Such confi-
dence intervals are shown by the error bars throughout this section.

For ease of interpretation and comparison, the interferometric phase uncertainty
estimates and corresponding confidence intervals were converted to displacement
uncertainties using equation 3.103 with zero dead path, Npass = 4 and a constant
wavelength of 632.8 nm assumed, neglecting all other uncertainty sources. For the
purposes of residual non-linearity comparison, the maximum estimated displacement
uncertainty within the fringe was taken for comparison.

To assess the accuracy of the covariance estimates provided by the algorithms,
equation B.2 was used to calculate uncertainty estimates in the interferometric
phase, with the estimates provided by the algorithms used for the fit coefficient
variances and covariances. Variances and covariances in the normalised quadrature
signals were estimated directly from the Monte-Carlo repeats. In addition to the fit
coefficient variance and covariance estimates provided by the algorithms, covariance
matrices in the fit coefficients were also calculated directly from the Monte-Carlo
process to allow to validity of equation B.2 to be tested.

For comparison, uncertainties were also calculated using the analytic equations
derived in section 3.3, excluding the effects of uncertainties in the fit parameters.
Analytic variances were also calculated with a randomly generated offset in the range
[0, N) applied for M = 10000 repeats, again in order to average the effect of varying
the starting and ending instantaneous phase. The calculated analytic variances were
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then averaged across the M repeats, and the standard uncertainty calculated from
the square root of the variance. Any increase above the uncertainty limit indicated
by the analytic solution shows the increase in measurement uncertainty introduced
by the uncertainty in the ellipse fit coefficients.

Residual non-linearity comparison

First, the performance of the algorithms when fitting a full ellipse was examined.
The described Monte-Carlo procedure was used to generate quadrature signals with
a varying number of phase points. The results of the Monte-Carlo simulation are
shown in figure 6.1. The performance of the LS, DEF and BLUE algorithms can
be seen to be approximately equal, with any differences within the uncertainty in-
troduced by the relatively low number of repeats included in the Monte-Carlo sim-
ulation as a result of the computational complexity of the geometric fit algorithms.
A small improvement in performance can be seen for the ODR algorithm, with the
benefits increasing where a smaller number of points are included in the fit. This
process was repeated for a higher noise level by reducing the illuminating power used
in the Monte-Carlo simulation to 0.1 mW, with a similar result, as shown in figure
6.2. The performance differences between the algorithms can be seen to decrease as
the number of points included in the fit increases, and as such the simulation was
not continued past 100 fit points.
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Figure 6.1: Estimated displacement uncertainty for varying numbers of fit points
after applying the algorithms given in table 6.1 evaluated at the maximum error
point within a fringe for an illuminating power of 1 mW, with noise in the quadrature
signals simulated as described in the text. Error bars show a 95 % confidence interval.

The sensitivity of the algorithms to varying quadrature phase shift and phase
quadrature coating reflectivity to transmission ratio was also investigated for the
full fringe case with 100 phase points included in the fit. As shown in figures 6.3
and 6.4, the results are in agreement with figures 3.8 and 3.10 with a small increase
in uncertainty due to the uncertainty in the fit coefficients. No significant differ-
ences between the algorithms are visible, and the locations of the optimum coating
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Figure 6.2: Estimated displacement uncertainty for varying numbers of fit points
after applying the algorithms given in table 6.1 evaluated at the maximum error
point within a fringe for an illuminating power of 0.1 mW, with noise in the quadra-
ture signals simulated as described in the text. Error bars show a 95 % confidence
interval.

properties are not changed.
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Figure 6.3: Estimated displacement uncertainty for varying quadrature phase shifts
after applying the algorithms given in table 6.1 evaluated at the maximum error
point within a fringe for an illuminating power of 1 mW, with noise in the quadrature
signals simulated as described in the text. Error bars show a 95 % confidence interval.

The algorithms were then tested on data covering less than a full ellipse, for a
constant phase spacing of 250 steps per fringe, equivalent to a 0.633 nm displace-
ment spacing for a double pass interferometer at 632.8 nm. This test was again
repeated for two illuminating power levels (1 mW, shown in figure 6.5 and 0.1 mW,
shown in figure 6.6), corresponding to two noise levels. In both cases the residual
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Figure 6.4: Estimated displacement uncertainty for varying phase quadrature coat-
ing reflectivity to transmission ratio after applying the algorithms given in table 6.1
evaluated at the maximum error point within a fringe for an illuminating power
of 1 mW, with noise in the quadrature signals simulated as described in the text.
Reflectivity to transmission ratios are shown for a fixed coating absorption of 40 %.
Error bars show a 95 % confidence interval.

displacement errors can be seen to increase as the fit range is reduced for all algo-
rithms. Although the performance of the algorithms is broadly comparable, some
differences are apparent. For small fringe fractions, corresponding to displacement
ranges of less than approximately 50 nm for a double pass interferometer operating
at 632.8 nm, the benefits of the guaranteed ellipse fit provided by the DEF algorithm
can be seen, with this being the only algorithm to return a valid fit in some cases.
The elliptical nature of the fitted conic sections was not checked directly, however, in
cases where any of the repeats returned fit coefficients resulting in a negative square
root value in equation 3.29 no data is plotted, as the fit was considered invalid.
The BLUE algorithm can also be seen to outperform the LS and ODR algorithms
for small fringe fractions, although this algorithm also failed to return elliptical fits
for extremely small fringe fractions. For displacement ranges greater than 100 nm
the ODR algorithm was found to give a small performance improvement over the
other algorithms under the conditions tested here, although the improvement in per-
formance was negligible for displacement ranges approaching a full optical fringe,
as would be expected from figures 6.1 and 6.2. This may be more clearly seen in
figure 6.7, where the simulation has been restricted to fringe fractions correspond-
ing to displacements greater than 50 nm, and a linear ordinate axis scale has been
employed.

The previous tests of varying quadrature phase and phase quadrature coating
reflectivity to transmission ratio shown in figures 6.3 and 6.4 were also repeated for
one half of an optical fringe with 100 data points included in the fit, the results of
which are shown in figures 6.8 and 6.9, where the benefits of the ODR algorithm can
be clearly seen, as would be expected from figure 6.7. As in the full fringe case, there
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Figure 6.5: Estimated displacement uncertainty after applying the algorithms given
in table 6.1 evaluated at the maximum error point within a fringe for an illuminating
power of 1 mW for sub-fringe displacements, with noise in the quadrature signals
simulated as described in the text. Error bars show a 95 % confidence interval.
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Figure 6.6: Estimated displacement uncertainty after applying the algorithms given
in table 6.1 evaluated at the maximum error point within a fringe for an illuminating
power of 0.1 mW for sub-fringe displacements, with noise in the quadrature signals
simulated as described in the text. Error bars show a 95 % confidence interval.

is no change in the optimal value of the quadrature phase shift, or the reflectivity
to transmission ratio, relative to the idealised analytic solution.
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Figure 6.7: Repeat of the simulation shown in figure 6.5, restricted to larger fit
ranges, and with a non-logarithmic scale. Error bars show a 95 % confidence interval.
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Figure 6.8: Average magnitude of displacement errors for varying quadrature phase
shifts when fitting one half of an optical fringe after applying the algorithms given in
table 6.1 evaluated at the maximum error point within a fringe for an illuminating
power of 1 mW, with noise in the quadrature signals simulated as described in the
text. Error bars show the standard error in the mean.
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Figure 6.9: Average magnitude of displacement errors for varying phase quadrature
coating reflectivity to transmission ratio when fitting one half of an optical fringe
after applying the algorithms given in table 6.1 evaluated at the maximum error
point within a fringe for an illuminating power of 1 mW, with noise in the quadrature
signals simulated as described in the text. Error bars show the standard error in
the mean.
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Uncertainty propagation comparison

In addition to the capabilities of an ellipse fitting algorithm to minimise residual
non-linearities, the ability of an algorithm to estimate a covariance matrix may be
of interest, if fit coefficient uncertainties are to be used to estimate displacement
uncertainties. For the algorithms compared in this work, established methods exist
to estimate the fit coefficient covariance matrix for the LS, ODR and BLUE algo-
rithms. No covariance estimate is provided for the DEF algorithm, and as such this
algorithm will not be included in this part of the comparison.

In order to compare the accuracy of the covariance estimates provided by the
algorithms, Monte-Carlo simulations were again employed using the previously de-
scribed methodology, comparing uncertainties calculated directly from the Monte-
Carlo results (‘Monte-Carlo’), uncertainties calculated from the covariances pro-
duced by the algorithms (‘Algorithm covariance’), and uncertainties calculated from
equation B.2 using covariances in the fit coefficients estimated from the Monte-Carlo
repeat results (‘Monte-Carlo covariance’). Uncertainties were again also calculated
with the analytic expression derived in equations 3.3 to indicate the baseline uncer-
tainty that would arise if no additional uncertainty was introduced by the correction
process.

First, the uncertainty propagation properties of the algorithms were tested on
a full fringe. Results for fits including 100 data points are shown in figure 6.10,
where all algorithms can be seen to be in reasonable agreement with the Monte-
Carlo result, although some deviations around the minima and maxima can be seen.
Reducing the number of points included in the fit to 20 demonstrates the greater
accuracy of the covariance estimates produced by the ODR algorithm as compared
to the LS and BLUE algorithms, as can be seen in figure 6.11, where the algorithm
covariance and Monte-Carlo covariance lines can be seen to be in agreement for the
ODR algorithm. All algorithms, however, fail to match the Monte-Carlo result, even
when the fit coefficient covariance estimate is accurate, as in the ODR case.

This finding suggests that the assumption that the uncertainties in individual
instantaneous phase measurements are uncorrelated, made in section 3.3, is not
accurate when the ellipse fit coefficients contribute significantly to the measurement
uncertainty. Errors in the fit coefficients, however, contribute only to the non-
linearity error, not to the statistical uncertainty, as no additional ‘noise’ is added by
the use of erroneous fit coefficients. As a result, the uncertainty budget presented
in section 3.3 remains accurate if, as suggested in section 3.3, experimental non-
linearity measurements are made under the same conditions, including the number
of points in the ellipse fit, as the displacement measurement.

The results of applying the algorithms to one half of a full fringe with 100 data
points included in the fits are shown in figure 6.12. In all cases the algorithms
underestimate the uncertainty. Even larger underestimates are seen in figure 6.13,
where the results of repeating the test with one quarter of a full optical fringe are
shown. This further validates the statement that it is preferable to measure resid-
ual non-linearities experimentally, rather than to rely upon uncertainties estimated
based upon fit coefficient uncertainties. Making use of the Monte-Carlo estimates of
the fit coefficient uncertainties provides a better approximation, as least of the max-
imum uncertainty value, however, significant deviations from the full Monte-Carlo
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Figure 6.10: Displacement uncertainties calculated with the described Monte-Carlo
methodology for the LS, ODR and BLUE algorithms for full fringe fits including
100 data points.
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Figure 6.11: Displacement uncertainties calculated with the described Monte-Carlo
methodology for the LS, ODR and BLUE algorithms for full fringe fits including 20
data points.

case are still present. These deviations are again attributed to the assumption that
the uncertainties in individual instantaneous phase measurements are uncorrelated.
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Figure 6.12: Displacement uncertainties calculated with the described Monte-Carlo
methodology for the LS, ODR and BLUE algorithms for half fringe fits including
100 data points.
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Figure 6.13: Displacement uncertainties calculated with the described Monte-Carlo
methodology for the LS, ODR and BLUE algorithms for quarter fringe fits including
100 data points.

Summary of ellipse fitting algorithms

The results of this comparison suggest that, for the algorithms given in table 6.1,
where a full ellipse is to be fitted, with a large number of data points included in the
fit relative to the noise level, any differences between the performance of the ellipse
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fitting algorithms are negligible, as indicated by the trends shown in figures 6.1 and
6.2. This is in agreement with the findings of [110]. Additional uncertainty in the dis-
placement measurement is introduced by application of ellipse fitting non-linearity
corrections due to the uncertainties in the fit coefficients, with the additional uncer-
tainty introduced being reduced by including a greater number of data points in the
fit, an effect that can be observed as the deviation from the analytic solution shown
by all algorithms in figures 6.1 and 6.2. Beyond the uncertainty scaling effects intro-
duced by the stretching effects of the ellipse fitting non-linearity correction, figures
6.3 and 6.4 demonstrate that no significant additional uncertainties are introduced
when correcting data with non-ideal quadrature phase shifts or phase quadrature
coating reflectivity to transmission ratios.

Differences between the algorithms begin to appear as the number of points in-
cluded in the fit is reduced, with figures 6.1 and 6.2 showing that the ODR algorithm
becomes preferable in this case. Differences also arise when displacements covering
less than a full optical fringe (corresponding to a full ellipse) are to be corrected. For
displacement ranges of approximately 50 nm and upwards the ODR algorithm again
has small benefits over the other algorithms considered, shown most clearly in figure
6.7. As shown in figures 6.5 and 6.6, for smaller displacement ranges, the DEF
and BLUE algorithms out perform the LS and ODR algorithms. For very small
fringe fractions the DEF algorithm was the only algorithm tested to consistently
return valid ellipse fits, however, in this regime the ellipse fits returned result in
non-linearities of hundreds of picometres, which in many cases may be impractically
large for precision interferometry applications.

Of the algorithms that provide variance and covariance estimates in the fit co-
efficients (the LS, BLUE and ODR algorithms), the ODR algorithm was found to
produce the most accurate variance and covariance estimates, as shown in particular
by figure 6.11, although with large numbers of points included in the fit the differ-
ences between the algorithms again become minor. For displacements covering less
than a full optical fringe all algorithms were found to significantly underestimate
the fit coefficient variances and covariances, resulting in the significant underes-
timates of the maximum displacement uncertainty shown in figures 6.12 and 6.13.
Furthermore, the previously stated assumption that uncertainties in individual mea-
surements of the instantaneous phase was found to be inaccurate where significant
uncertainty is contributed by the fit coefficients. When estimating measurement
uncertainties following the procedure described in section 3.3 this is not a problem,
as this additional uncertainty is accounted for in the non-linearity measurement.
If uncertainties in the fit coefficients were to be used for uncertainty estimation,
however, an expression for the uncertainty in the measured phase difference, rather
than the instantaneous phase value as presented in appendix B, accounting for the
covariance between the fit coefficients would need to be derived.

The ODR algorithm was found to be preferable in all cases involving displace-
ments greater than 50 nm in this comparison, with the small fringe fraction per-
formance likely to be limited by the non-ellipse specific nature of the fit in the
implementation applied in this work. Further work may develop an ellipse spe-
cific fit using the ODR algorithm, potentially extending the performance benefits of
this algorithm to the small fringe fraction case. The computational complexity of
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the algorithms has not been considered in this comparison, as for post processing
corrections none of the algorithms presented in table 6.1 present a computational
challenge on modern hardware. Where the algorithms are to be employed as a
pseudo-real time correction (discussed briefly in the following section) this may give
an advantage to the simpler LS and DEF algorithms, with previous work in the
field indicating the DEF algorithm is preferable [163] with a minimal performance
penalty.

6.2.2 Non-ellipse fitting algorithms

In addition to the ellipse fitting algorithms discussed in the previous section, non-
linearity correction algorithms have been proposed that do not rely upon ellipse
fitting. Such algorithms are in general more diverse than the ellipse fitting tech-
niques previously considered, and are in many cases developed to perform in a
specific measurement regime, for example at high speed, or for very small sub-fringe
displacements. A meaningful direct comparison is therefore more challenging, and
this section will aim to give a general overview of the non-ellipse fitting algorithms
proposed in the literature, without making a detailed comparison of the performance
limits of the algorithms.

For applications where real time updates to the non-linearity correction are re-
quired, for example where the interferometer displacement is to be used as a control
signal, algorithms have been proposed that are suitable for implementation on a
Field Programmable Gate Array (FPGA). The simplest such algorithm is a Peak
Finding (PF) algorithm developed in [167] that detects maxima and minima of both
quadrature signals and uses this information to normalise the quadrature signals to
the range ±1. The sum and difference of the normalised signals are then taken to
correct for any quadrature phase error, and the peak finding and normalisation pro-
cess is repeated to renormalise the sum and difference signals. The interferometric
phase is then calculated with equation 3.28. In the published implementation, this
correction was applied with update rates of up to 10 MHz.

Another algorithm [168] designed for real time applications, which will be termed
the Low Error Point (LEP) algorithm in this work, exploits the fact that at inter-
ferometric phases of

ϕ =
mπ

4
, (6.12)

for m = 0, 1, ...7 the errors due to elliptical distortions to the Lissajous figure are
minimised, with the error due to the offset in the x quadrature signal minimised at
m = 0 and 4, the error due to the offset in the y quadrature signal minimised at
m = 2 and 6, the error due to a gain ratio error minimised at m = 0, 2, 4 and 6,
and the error due to quadrature phase shift error minimised at m = 1, 3, 5 and 7.
The phase at the π/4 points therefore approximates the error free phase, and the
quadrature signal values at the π/4 points can be used to recover the offsets, gain
ratio and quadrature phase error required to correct the quadrature signals. Where
multiple error sources occur, for example both an offset error and a gain ratio error,
the phase error minimisation at the π/4 points is only approximate, however, if the
algorithm is applied iteratively, with the quadrature signal values at the π/4 points
updated each time a π/4 point is reached, the algorithm will approach the correct
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values.
A final real time algorithm, the Kalman Filter (KF) algorithm, aims to estimate

the conic section coefficients produced by ellipse fitting algorithms with an extended
Kalman filter algorithm [170], a technique that is described as more suitable for
real time implementation that the matrix based ellipse fitting techniques described
previously. This approach has been shown to be capable of updating the correction
coefficients at 1 MHz whilst applying the non-linearity correction at 50 MHz.

The most important aspect of the algorithms to be considered is the residual
non-linearity after correction. In all cases values are provided by the authors, how-
ever, as the performance of the algorithms is likely to be dependent on the optical
interferometer they are paired with, a direct comparison should be treated with
caution. Nonetheless, for reference, the PF algorithm was shown to reduce peak-to-
peak errors from 40 nm to 0.6 nm [167], the LEP algorithm from 4 nm to 1 nm [168]
and the KF algorithm from 40 nm to 4 nm [170].

An additional aspect that must be considered is the fact that all three real time
algorithms considered here will have some convergence displacement; the displace-
ment range that must be covered for the ultimate performance of the algorithm to
be reached. For the PF algorithm the authors indicate approximately 1.8 fringes
are required for convergence [167], the LEP algorithm requires approximately 2.6
fringes [168] and the KF algorithm requires approximately one fringe [170]. In all
cases the required convergence displacement may be dependent on the noise in the
quadrature signals, although this has only been demonstrated explicitly for the KF
approach [170].

Considering the possible performance limits of the algorithms, the PF [167] and
LEP [168] algorithms both make use of the value of the quadrature signals at a
relatively small number of points to make the correction. As such, they will be more
sensitive to noise than the ellipse fitting approach, as the ellipse fitting approach
effectively averages the noise around the ellipse when making the fit. The KF ap-
proach [170] does not suffer this limitation, and may therefore be more suitable in
cases where high speed correction is required for relatively noisy quadrature signals.
A related limitation of the PF [167] and LEP [168] algorithms is the required sam-
pling rate. As data from fixed points of the ellipse is used to apply the correction,
in cases where few data points are recorded for each fringe, which may be the case
for example where high velocities must be measured, the accuracy of the algorithms
may be severely impacted. The KF approach [170] is again anticipated to be less
sensitive to this effect.

Comparing the three algorithms, the PF algorithm has significant advantages
in ease of implementation, and due to the relatively simplicity of the algorithm it
may be possible to implement the algorithm on lower cost hardware, or alternatively
at higher speeds on equivalent hardware. The experimental data presented by the
authors also indicates the algorithm may be capable of greater non-linearity error
reductions that the LEP algorithm, although without comparing both algorithms on
the same optical interferometer system this cannot be stated for certain. The KF al-
gorithm is significantly more complex, and as such may require higher cost hardware.
The experimental data presented in [170] demonstrates a lower performance than
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the experimental implementation of the PF algorithm, however the performance ap-
pears to be limited primarily by noise, and as such may be improved for a lower noise
system. In particular, it seems likely the KF algorithm may have significant advan-
tages where relatively few data points are available for each optical fringe. Further
work on the KF algorithm is required to fully explore the performance limits.

Another possible pseudo-real time correction methodology is to apply one of the
previously considered ellipse fitting algorithms at a lower frequency, with the ellipse
fit being performed for example on a microprocessor, whilst applying non-linearity
correction through equation 3.29 at the full measurement frequency, for example on
a FPGA. In cases where the ellipse fit coefficients are relatively stable, this approach
may be sufficient for real time measurement.

Two non-ellipse fitting algorithms have not been considered in this section. The
first relies upon linearisation of the measured displacement to a second displace-
ment measurement made with a capacitive sensor [68] in a manor analogous to that
employed by the two-wavelength non-linearity correction proposed in section 6.3.
The second uses shutters in the measurement and reference arms to normalise the
Lissajous signal to a unit circle [169]. A further development of this approach is pre-
sented in section 6.4. The benefits and limitations of these corrections are discussed
in sections 6.3 and 6.4.

6.3 Two-wavelength non-linearity correction

6.3.1 Introduction

Unwanted cavity formation within interferometer optics, either due to polarisation
leakage or unwanted back reflections (ghost reflections) has been identified as a
source of non-linearities in a number of homodyne and heterodyne interferometer
designs [60,61,63,65,84,114,115]. Whilst analyses of such non-linearity sources have
been made [59,60,84,85,114,115], and in some cases the effects of these non-linearities
can be reduced through improved optical design or alignment [28,115,181], complete
elimination is often impossible. As a result, residual non-linearity errors that are
highly dependant on the exact alignment of the interferometer optics, and that range
from tens to hundreds of picometres in magnitude, may remain in interferometer
systems

As previously discussed in this chapter, a wide range of non-linearity correction
algorithms have been proposed in the literature, many following the ellipse fitting
technique developed by Heydemann [87] for ultrasonic instruments, and first applied
to optical interferometry by Birch [21]. A number of improvements to the Heyde-
mann correction have been proposed, applying differing ellipse fitting algorithms to
the problem, as discussed in section 6.2.1, however all are ultimately limited to the
correction of elliptical non-linearities, and as such are unable to correct for higher
order non-linearities that result in a non-elliptical Lissajous figure [84,85].

Alternative non-linearity correction methodologies aiming to compensate only
for quadrature phase differences, relative gains and offsets have also been proposed
based on peak detection [167] and identification of low error points on the ellipse
[168]. These approaches allow certain non-linearities to be corrected for in real time,
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but are also limited to the correction of elliptical non-linearities.
One correction approach has been proposed in the literature [68] that is capa-

ble of the correction of non-elliptical non-linearities, based upon fitting a sum of
sinusoidal non-linearity harmonics with variable phase and amplitude to the differ-
ence between a measured interferometric displacement and the same displacement
measured with a capacitance sensor. This approach is limited to applications in
which attaching a capacitance sensor to the target to be measured is possible, and
to displacement ranges suitable for capacitive measurement, although the authors do
suggest alternative secondary displacement measures. In addition to this, fixed am-
plitude and phase non-linearity terms are fitted in [68]. Higher order non-linearity
terms are highly sensitive to the optical alignment, and therefore may vary with
both displacement and time, limiting the performance of the capacitive correction
where non-linearities vary on a fringe to fringe basis.

Two-wavelength interferometer designs have previously been developed for re-
fractive index compensation [88, 182, 183], absolute length measurement [184], and
non-linearity evaluation [11,48]. The possibility of exploiting the periodic nature of
non-linearity errors to evaluate residual non-linearities, by observing the magnitude
of the difference between displacement measurements made at two wavelengths has
previously been recognised [11,48], however, the correction of non-linearities through
two-wavelength interferometry has not previously been demonstrated.

In this section a non-linearity correction algorithm is proposed, implemented as
a post-processing technique, that makes use of two coaxial optical interferometers
operating along the same beam path but at differing wavelengths. The difference
between the measured displacements is calculated, and, through Fourier analysis,
non-linearity terms at spatial harmonics of each wavelength are separated. The
non-linearity errors in each interferometer are then subtracted from the measured
displacements, resulting in a corrected displacement measurement. In contrast to the
commonly employed Heydemann style ellipse fitting correction, this technique allows
for the correction of higher order non-linearity terms that produce non-sinusoidal
quadrature signals and non-elliptical Lissajous figures. In this section the basic
principle of the proposed correction algorithm is outlined, followed by a discussion of
the data processing techniques required to minimise edge effects and spectral leakage
arising from the Fourier approach. The correction algorithm is then demonstrated
in a proof of concept experiment for a variety of displacement profiles. As this is a
proof of concept work, potential improvements to the technique and required future
work are discussed.

The work presented in this section has been previously published in the course
of this PhD [69].

6.3.2 Theory and data processing methods

In order to describe the two-wavelength non-linearity correction methodology, a
basic introduction to the principles of the technique will first be given, followed by a
discussion of the limits of the Fourier approach and the data processing techniques
required to mitigate these limits.
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Figure 6.14: Basic principles of the two-wavelength non-linearity correction method-
ology, illustrated here for the simple case of a linear movement, as applied to mod-
elled data for λa = 633 nm and λb = 785 nm. A - displacement is measured with
interferometer ‘a’, operating at λa. B - displacement is measured simultaneously
with interferometer ‘b’, operating at λb. C - the difference between the ‘a’ and ‘b’
displacements is calculated. D - a Fourier transform is applied to the displacement
difference and windowed around spatial harmonics of λa. E - estimated non-linearity
errors in the λa displacement are recovered by inverting the windowed Fourier trans-
form of the displacement difference. F - estimated non-linearity errors are subtracted
from displacement a, resulting in a displacement measurement with reduced non-
linearity. Edge effects are visible, resulting from a non-integer number of periods
being included in the Fourier transform.
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Principles of the two-wavelength non-linearity correction

Defining non-linearities as errors in the measured interferometric displacement that
are periodic with harmonics of the illuminating wavelength, and neglecting all other
error sources, the measured interferometric displacement at a wavelength λa may be
written as

xa = x+

jmax∑
j=1

Aa,j cos

(
4π

j

λa
x+ φa,j

)
, (6.13)

where x is the true displacement and Aa,j and φa,j are amplitude and phase coeffi-
cients at the jth harmonic respectively. An optical configuration resulting in only
even harmonics being present in the measured displacement is assumed in this work.
This is the case for the majority of displacement measuring interferometer designs,
which operate almost universally in a two or four pass configuration, with one op-
tical fringe corresponding to one half or one quarter of the illuminating wavelength
in displacement.

The true displacement x cannot in general be recovered from xa, as, although
the error is known to be periodic, it is periodic with x, which is unknown. x could
be recovered from xa if the sample spacing was known to be uniform in x, however
uniform sample spacing would require a constant velocity, and therefore severely
limit the applicability of the technique.

In this two-wavelength interferometry technique displacement is measured si-
multaneously with two interferometers operating at different wavelengths along a
common beam path. A second displacement measurement is therefore introduced,
given by

xb = x+

jmax∑
j=1

Ab,j cos

(
4π

j

λb
x+ φb,j

)
. (6.14)

The shortest spatial period harmonic that can be resolved will be determined in
the case of uniform sample spacing by the Nyquist frequency, and will therefore be
given, for a sample spacing ∆x, by

jmax =

⌊
min (λa, λb)

4∆x

⌋
. (6.15)

Higher order harmonics will tend to be strongly attenuated by losses and minor
misalignments within the interferometer optics, and as a result of this in many cases
jmax will be limited by the optical design of the interferometer, rather than the
spatial sampling rate. Typically harmonics of up to four times the fringe period of
the interferometer are observed.

The basic principles of the non-linearity correction methodology are shown in
figure 6.14, with figure 6.14 A and B showing xa and xb as defined in equations 6.13
and 6.14. Comparing equations 6.13 and 6.14, it can be seen that if the harmonic
coefficients Aa/b,j or φa/b,j can be determined, the true displacement can be recovered
from the displacement measurement at either wavelength. Taking the difference
between the two displacement measurements yields a combined sum over both sets
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of harmonics as

d = xa − xb, (6.16)

=

jmax∑
j=1

(
Aa,j cos

(
4π

j

λa
x+ φa,j

)

−Ab,j cos

(
4π

j

λb
x+ φb,j

))
, (6.17)

shown in figure 6.14 C.
The problem then becomes one of separating harmonics of differing spatial peri-

ods, pointing naturally towards a Fourier approach. The amplitudes of the Discrete
Fourier Transform (DFT) of the displacement difference are presented in figure 6.14
D, where in order to separate the non-linearity harmonics a rectangular window
function has been applied around the first three even harmonics of λa, in this case
corresponding to spatial periods of 316.5 nm, 158.25 nm and 105.5 nm. The width
of the window around each non-linearity harmonic is set in this work to twice the
frequency resolution of the DFT. Having applied this window function, the DFT is
then inverted, resulting in an estimate of the non-linearity error in the measured
displacement xa, shown in figure 6.14 E, that approximates the non-linearity error
as

ea ≈
jmax∑
j=1

Aa,j cos

(
2π

j

λa
x+ φa,j

)
. (6.18)

This error estimate is then subtracted from the measured displacement, resulting in
a displacement measurement with reduced non-linearities, given by

xa,c = xa − ea, (6.19)

as shown in 6.14 F. Whilst in this example the correction has been applied to xa

only, the same approach may also be applied to xb.
The spatial period windowing approach adopted here restricts this technique to

cases where the non-linearity harmonics do not overlap, a condition that is depen-
dant on the choices of λa and λb, the displacement range covered, and the stability of
the non-linearities. Assuming uniform spatial sampling, ideally stable wavelengths,
and non-linearities that remain stable in both amplitude and phase throughout the
measurement such that no peak broadening takes place, the frequency spacing be-
tween non-linearity terms must remain greater than the frequency resolution of the
DFT, given by the inverse of the displacement range covered. In this work, wave-
lengths of 632.8 nm and 785 nm were adopted, with the first closely spaced spatial
harmonics occurring at 79.1 nm (the 8th harmonic of 632.8 nm) and 78.5 nm (the
10th harmonic of 785 nm). Separating these harmonics under ideal conditions would
require a displacement range of 10.3 µm, with a sample spacing of less than 39.25 nm.
As previously discussed, higher order harmonics are likely to be strongly attenuated
by the interferometer optics, and as such this restriction is not anticipated to limit
the performance of the correction. If the harmonics present in the interferometer
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outputs are known, λa and λb may be chosen to avoid overlaps.

Spatial resampling

For a (spatially) uniformly sampled displacement measurement, the described ap-
proach may prove sufficient, however many real world measurements will not be uni-
formly spatially sampled due to non-linear displacement paths. Further problems
arise with the methodology proposed in figure 6.14 due to the finite sample length
and non-integer number of periods contained in the sample. The results of this are
apparent in 6.14D where the amplitude peaks in the DFT are broadened, and in fig-
ure 6.14 E and F as a low frequency modulation in the estimated non-linearity error
amplitude where none exists in the modelled data. In addition to these problems,
the measured displacement, either xa or xb, chosen to form the ‘timebase’ of the
DFT contains the non-linearity errors, and the effects of this timebase modulation
must be considered.
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Figure 6.15: Demonstration of the effect of multiple displacement values at each
displacement point on the interpolation process for a measurement including a linear
50 pm drift over the full measurement period between the λa and λb displacement
measurements.

To counter first the problem of non-uniform sampling, the calculated displace-
ment differences d must be interpolated onto a linear displacement basis, resulting
in

da,L =

jmax∑
j=1

(
A′a,j cos

(
4π

j

λa
xa,L + φ′a,j

)

−A′b,j cos

(
4π

j

λb
xa,L + φ′b,j

))
(6.20)
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and

db,L =

jmax∑
j=1

(
A′a,j cos

(
4π

j

λa
xb,L + φ′a,j

)

−A′b,j cos

(
4π

j

λb
xb,L + φ′b,j

))
(6.21)

for interpolations carried out with respect to the xa and xb measurements respec-
tively, where xa,L and xb,L are the linearly spaced displacements and the primed
amplitude and phase coefficients indicate that these coefficients are not identical to
those in equation 6.16 due to the aforementioned timebase modulation. A nearest
neighbour interpolation algorithm is applied here, chosen to avoid biasing the results
with an interpolation algorithm more closely matched to the physical displacements
generated in the experimental work. In the case of displacement profiles that are
self-overlapping, this interpolation process will, in the case of nearest neighbour
interpolation, introduce some high frequency fluctuations between the multiple dis-
placement values if drift between the two interferometers occurs, as demonstrated
in figure 6.15. These high frequency fluctuations will be filtered out by the Fourier
transform and windowing process, and as such will not affect the corrected displace-
ment.

The effects of a non-integer number of periods within the finite sample length
are mitigated by first clipping da,L and db,L to an integer number of fringes for each
wavelength respectively, then tiling the clipped data onto the start and end of the
data set. Separate interpolations of the displacement difference are carried out for
the xa and xb displacements as due to the periodicity of the non-linearities, the errors
due to the non-linearities at harmonics of each wavelength are zero at multiples of
that wavelength. The use of separate interpolations therefore allows the data to be
clipped to an integer number of fringes as precisely as possible for each wavelength.
For the experimental results gathered here this approach was found to be successful,
however, it should be noted that by tiling the data the implicit assumption is made
that non-linearity errors at the start and end of the displacement range are similar.
Displacement differences falling outside of an integer number of fringes are therefore,
as a consequence of the tiling, corrected based on the errors at the opposite end of
the integer fringe range. This extrapolation is only appropriate where the previously
stated assumption holds.

Following the frequency space windowing and DFT inversion the recovered non-
linearity estimates ea,L and eb,L must then be interpolated back onto the measured
displacements xa and xb before subtracting to give the corrected measurements. In
this work a nearest neighbour interpolation approach was once again used for the
back interpolation step.

6.3.3 Experimental methods

In order to demonstrate the two-wavelength non-linearity methodology experimen-
tally, a homodyne Michelson interferometer was constructed making use of a phase-
quadrature beam splitter (PQBS) [25] cube designed originally for use at 633 nm.
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Figure 6.16: Schematic of the two-wavelength interferometer. RR, retro-reflector;
PQBS, phase-quadrature beam splitter; 90:10 BS, reference pick off beam splitter;
Ref, intensity reference photodiode; Sin, sine quadrature photodiode; Cos, cosine
quadrature photodiode.

A schematic of the interferometer is shown in figure 6.16. The external faces of
the PQBS and the front surfaces of the solid glass corner cube retroreflectors were
deliberately aligned to introduce higher order non-linearities. λa was provided by a
thermally stabilised Helium-Neon (HeNe) laser operating at approximately 632.8 nm
(REO 32734) and λb was provided by a 785 nm diode laser (Schäfter + Kirchhoff
51nano-S-785-12-Q06-P-5-2-18-0-150). The choice of wavelengths in this case was
primarily determined by availability of equipment, however, a number of factors may
influence the suitability of pairs of wavelengths; this is discussed further in section
6.3.5. The two wavelengths were multiplexed together with a MEMS fibre optic
switch (Sercalo SN-1x2-4-N) using a switching frequency of approximately 30 Hz.
By fibre coupling both laser sources into the same fibre, coaxial propagation of the
two interferometers is ensured. A mirror collimator was employed to ensure beams
at both wavelengths were collimated. ThorLabs SM600 fibre was used from the fibre
switch to the collimator, with a cut off wavelength between 500 nm and 600 nm. At a
wavelength of 785 nm this fibre may exhibit some undesirable bend losses; the effect
of any varying losses were minimised by normalisation to an intensity reference out-
put. The reference, sine and cosine photodiode outputs shown in figure 6.16 were
amplified and digitised simultaneously with electronics developed in house at the
National Physical Laboratory (NPL). Demultiplexing of the two wavelengths was
carried out in software based on rising edges in the reference channel signal, with the
sine and cosine channels normalised relative to the demultiplexed reference for each
wavelength in order to minimise the effects of longer term drift in the laser powers. A
further normalisation based upon a Gaussian envelope fitted to maxima and minima
of the sine and cosine fringes was carried out for the λb fringes. This normalisation
was required to compensate for the low coherence length (approximately 300 µm) of
the 785 nm laser.

A Heydemann correction [21, 87] was applied to both sets of fringes prior to
applying the two-wavelength correction. The Heydemann correction fits an ellipse to

141



the Lissajous figure formed by plotting the two quadrature outputs of a homodyne
interferometer against each other, and uses the resulting ellipse fit coefficients to
transform the Lissajous figure to the ideal origin centred circular form. As a result,
any quadrature phase errors, signal offsets and gain ratio errors are minimised.

Whilst applying the Heydemann correction in this case was not strictly necessary,
as the two-wavelength correction may also be employed to correct for the effects of
elliptical distortions to the quadrature signals, some offset must be applied to the
measured optical powers in order to ensure the origin falls within the approximately
elliptical Lissajous figure, in order to allow fringe counting to take place. As the
Heydemann correction has no disadvantages in this case, with the restrictions to
displacements of greater than one optical fringe and non-real time correction shared
with the two-wavelength approach, the Heydemann correction was employed as a
pre-processing step.

The interferometric phase was then calculated through a four-quadrant arctan-
gent function, and unwrapped at discontinuities of greater than π. For this proof
of concept experiment no environmental parameters were recorded, and therefore
no Edlén style wavelength corrections [92] were applied and the laser wavelengths
were assumed constant. The small scaling errors introduced by this assumption
do not affect the ability of the system to distinguish the presence of non-linearity
harmonics, and any error in the estimated amplitude of the non-linearity harmonics
introduced by this fixed wavelength assumption is estimated to be less than 1 pm.
As no wavelength changes were measured, and the interferometer was operated with
a path length difference of the order of micrometres, displacements for the λa inter-
ferometer were calculated without a dead path correction term [49] as

xa =
λa

4π
∆ϕa, (6.22)

where ϕa is the unwrapped interferometric phase for the λa interferometer, based
on a wavelength of 632.8 nm. λb displacements were calculated from the unwrapped
interferometric phase at λb, ϕb, as

xb =
max (xa)−min (xa)

max (ϕb)−min (ϕb)
∆ϕb, (6.23)

negating any requirement for precise knowledge of the wavelength λb.
Test displacements were generated with a Queensgate Instruments NPS-X15A

nanopositioning stage, and non-linearities before and after correction were estimated
from a DFT of the displacement error relative to the stage position, permitting non-
linearities to be separated from higher frequency noise and lower frequency drift
terms.

This system, whilst non-optimal for precision interferometry, proved sufficient to
serve as a proof of concept of the two-wavelength methodology. The limitations of
this system are considered in the discussion section, along with suggested improve-
ments for a system suitable for practical application.

Three displacement scan profiles were used to demonstrate the two-wavelength
correction: a unidirectional linear scan, a mirrored linear scan and a sinusoidal
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Figure 6.17: Stages of the two-wavelength non-linearity correction process for three
displacement profiles (A, B and C) as applied to correction of the λa displacement
measurement. Offsets have been applied to the displacement profiles in A, B and
C for clarity. D, E and F show the difference between the λa and λb interferometer
displacement measurements. G, H and I show the DFT of the displacement differ-
ence following the interpolation, clipping and tiling process described in the text,
with interpolation performed relative to the λa displacements. J, K and L show
the errors in the λa displacement measurements, relative to the stage position, for
the three displacement profiles, and for both Heydemann corrected and Heydemann
and two-wavelength corrected data. M, N and O show DFTs of the data presented
in J, K and L, the error harmonics relative to the stage position.
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scan, as shown in figure 6.17 A, B and C. In all cases the stage was moved in 1000
steps through a 15 µm range, allowing both the effects of non-uniform spacing (in
the case of the sinusoidal scan) and multiple displacement difference values at each
displacement point (in the case of the mirrored linear scan) to be tested.

6.3.4 Results

Considering first the linear displacement profile (figure 6.17 A), the calculated dis-
placement difference between the two interferometers at each stage position in shown
in figure 6.17 D. Due to the relatively large amount of drift between the interfer-
ometers, introduced by a combination of drift in λb, refractive index fluctuations
and thermal fluctuations over the course of the measurement, non-linearities are not
clearly visible. The combined effects of refractive index fluctuations (including dis-
persion between the two wavelengths) and thermal drifts can also be seen in figure
6.17 E, F, J, K and L. These effects are non-repeatable. The DFT of the interpo-
lated displacement differences is shown for the linear displacement profile in figure
6.17 G, with peaks apparent at spatial periods of λa/2, λa/4 and λa/6. Figure 6.17
J shows the results of the correction made based upon the windowed DFT shown
in figure 6.17 G, with displacement errors shown relative to the stage position for
interferometric displacement measurements made at λa following the application of
both a Heydemann correction, and a combined Heydemann and two-wavelength
correction. DFTs of the λa displacement errors relative to the stage positions are
shown for Heydemann corrected and Heydemann and two-wavelength corrected dis-
placements in figure 6.17 M, with the estimated non-linearity amplitude, calculated
as the sum of the λa/2, λa/4 and λa/6 DFT peaks, reduced from 84 pm to 11 pm.

Corresponding results are also shown in figure 6.17 for the mirrored linear dis-
placement profile (B, E, H, K and N) and sinusoidal displacement profile (C, F,
I, L and O). Non-linearities, again estimated as the sum of the first three even
harmonics of λa, were reduced from 86 pm to 18 pm for the mirrored linear displace-
ment profile. For the the sinusoidal displacement profile estimated non-linearities
were reduced from 89 pm to 26 pm. It should be noted that as non-linearities were
estimated with a Fourier technique, the estimates may be less accurate for the non-
uniform mirrored linear and sinusoidal displacement profiles, as interpolation onto
a linear displacement basis was required prior to applying the DFT. The increased
magnitude of errors with spatial periods above 300 nm present in figure 6.17 J are
responsible for the increased noise floor in figure 6.17 M as compared to figure 6.17
N and O. These fluctuations are again attributed to air turbulence effects.

In order to investigate the effects of reduced displacement scan ranges on the
correction, data from the linear displacement scan shown in figure 6.17 was taken
in segments covering 100 displacement ranges of 1 µm to 7.5 µm with randomly
generated offsets from the starting displacement in the range 0 µm to 7.5 µm applied.
Non-linearity amplitudes in the λa interferometer were then estimated from the sum
of the displacement error DFT peaks for the first three even harmonics. This process
was repeated with 1000 randomly generated offsets, and means and standard errors
in the means calculated, as plotted in figure 6.18. As may be expected from a Fourier
technique the non-linearity correction can be seen to be more effective where a

144



larger displacement range is available, however some non-linearity reduction remains
possible down to a displacement range of 1 µm. Oscillations in the two-wavelength
corrected non-linearity are introduced by the varying number of fringes contained
in the displacement range. It should be noted that for smaller displacement ranges
the Fourier estimation of non-linearity amplitudes becomes less reliable.
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Figure 6.18: Variation of the non-linearity amplitude, estimated from the sum of the
displacement error DFT peaks for the first three even harmonics, with displacement
range.

6.3.5 Discussion

The results presented here demonstrate the capability of the two-wavelength non-
linearity correction methodology to improve upon the non-linearities achieved by
application of the commonly employed Heydemann style [21,87] ellipse fitting correc-
tion. In particular, non-linearities introduced by unwanted cavity formation within
the optics, present in many interferometer designs due to back reflections (as is
the case in this work) or polarisation leakage, may be corrected for with the two-
wavelength methodology, a correction that to the knowledge of the authors has not
previously been possible with a purely optical instrument. Additionally, the required
precision of the ellipse fitting correction is reduced, as residual non-linearities after
the ellipse fitting correction are corrected by the two-wavelength correction. Whilst
a homodyne interferometer design has been demonstrated in this case, the technique
is anticipated to be equally applicable to heterodyne systems.

Residual non-linearities have been estimated in this work using a Fourier tech-
nique. As such, there is some uncertainty associated with the residual non-linearity
estimates. Non-linearities that vary with displacement may be underestimated by
Fourier techniques, as the amplitudes of peaks in the Fourier transform are based on
the assumption of ideally periodic signal components. In this proof of concept work,
a clear reduction in the observed peaks in the Fourier transform of the displacement
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error has been demonstrated, however, further work measuring the non-linearity er-
rors directly in a more stable system, for example against an X-ray interferometer
as in [11], is needed before the performance of the two-wavelength technique can be
stated conclusively. For this reason, the term ‘estimated residual non-linearity’ is
used throughout this work when discussing the achieved results.

The remainder of this discussion will be broken into sub-sections focussing on
several key aspects of the two-wavelength non-linearity correction. First, experi-
mental considerations that are not explored in this proof of concept work will be
discussed. Following this, the existing limitations of, and potential improvements
to, the proposed processing algorithm will be considered. A qualitative discussion of
uncertainty contributions will then be made. Finally, potential avenues for further
work will be proposed.

Experimental considerations

Several aspects of the two-wavelength correction methodology are sensitive to exper-
imental conditions that are not explored in this work. Firstly the choice of λa and
λb must be considered. In this case a HeNe laser operating at 633 nm was selected
for λa due to the widespread use of this wavelength for metrological applications.
The choice of λb was primarily determined by equipment availability, however it is
anticipated that in practice a lower cost unstabilised laser is likely to be employed
as the second wavelength, for example a diode laser, or a HeNe lasing at a different
wavelength. The use of unstabilised lasers is possible as exact knowledge of λb is
not required as a result of the rescaling of the λb displacements based upon the
λa displacements. Several restrictions are placed on λb and the associated laser
source. Any non-linearity harmonics present in the interferometer must not overlap
between the two wavelengths, with the acceptable frequency spacing between har-
monics determined by the frequency resolution of the displacement difference DFT
(and therefore the displacement range covered and spatial sampling rate), the wave-
length stability of the source laser and the stability of the non-linearities themselves.
As alluded to by the previous restriction, λb must remain sufficiently stable for the
duration of the measurement such that non-linearity harmonics can be separated in
the DFT, with the required stability determined by the duration of the measure-
ment, the non-linearity harmonics present in the interferometer, and the spacing of
the wavelength harmonics. The λb source laser must also have a sufficient coherence
length to cover the desired measurement range. In addition to these more funda-
mental restrictions, further restrictions may be imposed on λb if λa and λb are to
be fibre coupled, due to the finite single mode wavelength range of commonly avail-
able optical fibres, necessitating the use of more expensive photonic-crystal fibres if
the spacing between λa and λb is large. If both wavelengths are to be detected by
the same detector, as is the case in this work, the availability detectors suitable for
operation at both λa and λb must also be considered.

Along with the stability of the laser wavelengths, the stability of the non-
linearities themselves may affect the correction. Residual non-linearities after ap-
plying a Heydemann style correction are likely to be higher order effects, existing
due to unwanted cavity formation within the interferometer optics, with the cav-
ity necessarily including a reflection from the moving mirror or retro-reflector for
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a non-linearity to be produced. As such the non-linearities targeted with the two-
wavelength correction may be highly sensitive to the alignment of the interferometer
optics with respect to the moving mirror or retro-reflector, an alignment that is prone
to vary with both displacement and time. Variation in the amplitudes of the non-
linearity harmonics manifests as broadened or split DFT peaks, and as such a wider
frequency domain window will be required, again placing limits on the frequency
spacing of harmonics of λa and λb in systems where non-linearities are prone to
drift.

In this work combination and separation of the two wavelengths was achieved
by multiplexing the fibre coupled laser sources together with a fibre switch at a rel-
atively low switching frequency of 30 Hz. This approach, whilst adequate as a proof
of concept, severely limits the measurement speed of the system and increases the
effect of mechanical vibrations at higher frequencies than the switching speed on the
displacement difference signal due to aliasing effects. As such alternatives would be
preferable in practical application. Several approaches are possible, including spa-
tially separating the two interferometers, modulation and lock-in amplification at
different frequencies for each wavelength, separation with dichroic beam splitters or
diffraction gratings, and separation via orthogonal polarisation. Of these techniques,
modulation and lock-in amplification would be particularly well suited to heterodyne
interferometer designs as such a modulation is already present. Most heterodyne
interferometer designs are however reliant upon polarising optics, and finding polar-
ising optics with suitable performance at both wavelengths may prove restrictive.
Spatially separating the two interferometers would allow use of often lower cost
and higher performing monochromatic optical components in both heterodyne and
homodyne interferometer designs, and Abbe and cosine errors introduced by small
misalignments between the optical axes of the two interferometers would, over suf-
ficiently small measurement ranges, be compensated for by the rescaling effect of
equation 6.23. Dichroic beam splitters offer a relatively straightforward implemen-
tation of the two-wavelength technique, however imperfect dichroic separation may
result in the presence of λb harmonics in the λa displacement and visa versa. Leak-
age between the wavelengths of this sort would result in non-linearities common to
both interferometers, which would not appear in the displacement difference and
would therefore remain uncorrected. Leakage between the two wavelengths is also
likely to prove problematic with diffraction grating or polarisation based separation.

A final experimental consideration is the required spatial sampling rate and dis-
placement range. The minimum sampling rate is determined by the highest order
non-linearity harmonic present in the interferometer, and as such will be highly de-
pendant on the optical design of the interferometer. For the interferometer presented
in this work higher order non-linearities are introduced by ghost reflections from the
external surfaces of the phase-quadrature beam splitter cube and the stage mounted
retro-reflector, and as such are attenuated by both the anti-reflection coating op-
tics and by small misalignments between the optical surfaces. As such the highest
order non-linearity observed occurs at a spatial period of approximately 105.5 nm
(λa/6), requiring a spatial sampling period of 52.75 nm to resolve. Shorter wave-
lengths and the presence of higher order non-linearities will both serve to increase
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the required spatial sampling rate. The required displacement range for the cor-
rection to prove effective is related to the choice of wavelengths and spacing of the
extant non-linearity harmonics as previously discussed, however as can be seen from
figure 6.18 under the experimental conditions in this work, increased displacement
range led to reduced residual non-linearities, with small increases in performance
where the displacement range covered an integer number cycles of a non-linearity
harmonic. This relationship may not hold true where non-linearities are highly vari-
able with displacement, and in such cases over larger displacement ranges a moving
overlapped DFT approach may prove preferable.

Data processing considerations

In addition to the experimental considerations, the performance of the correction
may be sensitive to the data processing methods applied, in particular the displace-
ment difference interpolation and tiling, and the frequency spacing windowing steps.
Where the measured displacement profile is self overlapping, as is the case for both
the mirrored linear and sinusoidal displacement profiles examined in this work, mul-
tiple displacement difference values exist at each measured displacement point. The
effect of this on the interpolation process can be observed in figure 6.17 H and I
where peaks are present at short spatial periods due to the nearest neighbour inter-
polation algorithm switching between displacement differences measured at similar
displacement values at differing time points. These short spatial period artefacts did
not negatively affect the results as they occurred at spatial periods shorter than the
highest order non-linearity harmonic present, and due to the highest resolved non-
linearity harmonic being limited by the spatial sampling rate, this should remain the
case in all systems. In this proof of concept experiment non-linearities are not the
dominant uncertainty source, however, it should be noted that in practical applica-
tion the two-wavelength correction is only beneficial in cases where the repeatability
of the measurement is better than the Heydemann corrected non-linearities.

Both the choice of frequency space windowing function and frequency space win-
dow width have the potential to affect the correction process. In this work, possibly
due to the relatively large amounts of both noise and drift present in the displace-
ment measurements, the window function employed was not found to affect the
residual non-linearities after correction, as such a simple rectangular window func-
tion was applied. In a more sensitive instrument, the ringing effects introduced by
a rectangular frequency space window may become apparent, and alternative win-
dow functions may be required. The widths of the windows were found to strongly
affect the results, with a window width determined in this work from the frequency
resolution of the DFT. Increased window widths may be beneficial under some cir-
cumstances, for example where large variations in the non-linearities take place
during the measurement process, leading to broadened DFT peaks.

Uncertainty

Uncertainties in the corrected displacements will be determined by the uncertainties
in the displacement measurements at both wavelengths, and will in general be in-
creased relative to the uncorrected uncertainty to a degree determined by the width
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of the frequency space window function. Non-linearities that vary with displace-
ment, or wavelengths that vary over the course of the measurement will therefore
increase the uncertainty in the corrected result due to the requirement for wider win-
dow functions. The frequency space windowing process will also introduce a degree
of statistical correlation between individual corrected displacement measurements,
and this may need to be considered if the corrected displacement values are to be
further processed.

An additional uncertainty contribution arises from the fact that the displacement
difference is sampled on a displacement basis that is itself non-linear, and this effect
limits the ultimate performance of the correction. For the typically sub-nanometre
non-linearity values encountered in precision displacement measuring interferometry,
the effects of this ‘timebase’ modulation will be small. Higher order non-linearities
will have a stronger timebase modulation effect as the ratio of the amplitude to the
period of the distortion is increased, all else being equal.

Uncertainties in the values of the two wavelengths will also have an effect on
the measurement uncertainty, with contributions arising from both uncertainty in
the laser frequency, and uncertainty in the refractive index in the beam path. The
λb wavelength is not used in the correction as implemented here, with the λb dis-
placement scaled relative to the λa displacements, with the effective uncertainty in
the average value of λb over the course of the measurement therefore determined by
the uncertainty in the interferometric phase measurements made at λb (which are
not affected by wavelength), and the uncertainty in λa. λa uncertainties in this case
were dominated by the uncertainty in the refractive index as no Edlén correction
was performed.

In this proof of concept work uncertainties in the measured displacements were
dominated by longer period drift terms, rather than statistical uncertainties in indi-
vidual measurement points or non-linearities, and as such a detailed assessment of
the measurement uncertainty has not been made here.

Further work

As previously discussed, the Fourier technique employed in this work to estimate
residual non-linearities has the potential to underestimate the residual non-linearity.
As such, before the two-wavelength correction can be employed in rigorous metrolog-
ical applications, a more accurate assessment of the residual non-linearities should
be made. Direct traceable measurement of picometre scale non-linearities is possible
through X-ray interferometry [8, 11].

In addition to verification of the performance of the correction, an uncertainty
budget would be required for the displacement measurement in metrological applica-
tions. Uncertainties have not been assessed quantitatively in this work as it is clear
from the results presented in figure 6.17 J, K and L that non-linearities are not
the dominant uncertainty source, and therefore any assessment of the uncertainty
resulting from the two-wavelength correction could not be verified experimentally.
Future work may develop an uncertainty budget, and this could again be verified
with X-ray interferometry [11].
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In addition to the reduction in residual non-linearities, two-wavelength inter-
ferometry also has the potential to allow for improved refractive index compensa-
tion [88], and this may be an avenue for future work. Further work may also inves-
tigate the application of the Fourier algorithm developed here to other differently
non-linear b displacement measures, for example capacitive sensors as suggested
in [68]. Conversely, the harmonic fitting approach proposed in [68] could be applied
to two-wavelength interferometry, and may prove preferable to the Fourier approach
in cases where noise levels are low and non-linearities are stable with respect to both
displacement and time over the ranges covered.

6.3.6 Conclusions

The two-wavelength non-linearity correction methodology has been shown to be ca-
pable of correcting for residual non-linearity errors that remain after application of
Heydemann style [21, 87] ellipse fitting corrections. Residual non-linearities after
Heydemann correction may be caused by polarisation leakage or unwanted back
reflections (ghost reflections) within the interferometer optics, and affect both ho-
modyne [84] and heterodyne [60, 61, 63, 65] interferometers. The two-wavelength
correction is not dependant on a particular interferometer detection regime, and as
such is anticipated to be applicable to both homodyne and heterodyne designs. In
the best case a reduction in estimated non-linearity from 84 pm to 11 pm as compared
to Heydemann corrected displacements was demonstrated for a linear displacement
profile. In the worst case this reduction was from 89 pm to 26 pm for a sinusoidal
displacement profile. This work is intended as a proof of concept, and as such the
results presented here are not anticipated to represent the performance limits of the
two-wavelength technique. Equally, as this is a proof of concept, further work is
needed to quantify the uncertainties associated with the two-wavelength technique.

The proposed correction is implemented in post processing, and future work
may implement the two-wavelength correction in a psuedo-real time manor, with
rolling overlapping Fourier transforms. Additional future work could combine the
two-wavelength non-linearity correction with two-wavelength refractive index com-
pensation [88].

6.4 Multiple intensity reference non-linearity cor-
rection

6.4.1 Introduction

As previously discussed within this chapter, a wide variety of methods have been
described in the literature to correct for non-linearities in homodyne interferom-
etry [21, 83, 87, 111, 163, 169], including methods designed for sub-fringe displace-
ments [163, 169]. Existing sub-fringe correction methods proposed in the literature
are however limited to residual non-linearities of approximately 1 nm where displace-
ments of less than one half of an optical fringe are to be corrected [163, 169], far
in excess of the tens of picometre non-linearities that can be achieved by optical

150



interferometry in the multi-fringe case [11], although the performance limits may be
expected to be dependent on the exact interferometer system to which the correction
is applied.

A non-linearity correction methodology is presented in this work that is capable
of correction of non-linearities in homodyne optical interferometers for sub-fringe
displacements, outperforming the Heydemann correction for displacements of less
than approximately 120 nm. Two closely related techniques are proposed, both
based upon measurement of the optical power returned from each arm of the inter-
ferometer, following a related methodology to that of [169] with the goal of reducing
residual non-linearities to tens of picometres. First, the theory behind the method-
ology will be presented, along with the theory behind the calibration procedure
developed in this work. The methodologies used to investigate the performance of
the correction will then be described, followed by experimental results validating the
correction. The limitations and benefits of the correction will then be considered
and compared with the Heydemann [87] and beam shuttering [169] techniques.

6.4.2 Theory

Quadrature fringe counting in homodyne displacement measuring interferometry
relies upon the interferometer producing two signals, separated by a 90° phase dif-
ference in the ideal case [21]. A phase quadrature coating [25] based interferometer is
depicted in figure 6.19 with quadrature outputs Isin and Icos, and intensity reference
outputs Imes and Iref. Two closely related non-linearity correction methodologies are
presented in this section, an overview of which is given in figure 6.20.

Icos

Isin

Imes

Iref

PQBSPol

RRmes

RRref

BS

BS

FC

Figure 6.19: Schematic of the phase quadrature coating based homodyne interfer-
ometer. FC, fibre collimator; PQBS, phase quadrature beam splitter; Pol, polariser;
BS, 50:50 beam splitter; RRmes and RRref, measurement and reference retroreflec-
tors; Imes, measurement beam reference intensity; Iref, reference beam reference
intensity; Isin, sine quadrature output; Icos, cosine quadrature output.
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Assuming an optical intensity after the polariser of I0, the optical intensity
signals at the four outputs will be given by

Icos = RQTQTP

(
Tmes + Tref

+2
√

TmesTref cos (ϕ)
)
I0, (6.24)

Isin = TP

(
TrefR

2
Q + TmesT

2
Q

+2RQTQ

√
TmesTref sin

(
ϕ+ δ′

))
I0, (6.25)

Iref = TrefRQRPI0, (6.26)
Imes = TmesTQRPI0, (6.27)

where RQ and TQ are the power reflectivity and transmissivity coefficients of the
phase-quadrature beam splitter (PQBS) coating, RP and TP are the power reflec-
tivity and transmissivity coefficients of the non-polarising beam splitter (BS) coat-
ings, Tref and Tmes are the power transmissivity coefficients of the reference and
measurement arm beam paths, ϕ is the interferometric phase, determined by the
illuminating wavelength, refractive index, and relative path lengths of the reference
and measurement arms of the interferometer, and δ′ is the quadrature phase error.

Equations 6.24 and 6.25 assume perfect interference between the beams returned
from the reference and measurement arms, however in reality wavefront or polarisa-
tion aberrations may result in a reduction in fringe contrast at the sine and cosine
outputs, without affecting the intensity measured at the reference and measurement
intensity outputs. Such effects will alter the amplitude of the measured quadrature
signals, but will not affect the offsets of the quadrature signals, a fact that will be
exploited later in the correction process.

The optical intensity signals are not measured directly, and are instead commonly
detected and amplified to give a voltage signal with a generally unknown gain and
offset for each signal, resulting in

V cos = GcosIcos +Dcos, (6.28)
V sin = GsinIsin +Dsin, (6.29)
V ref = GrefIref +Dref, (6.30)
V mes = GmesImes +Dmes, (6.31)

where the coefficients G represent (positive) gain, and the coefficients D represent
the voltage offset that is present in the absence of laser illumination, introduced by
both background illumination and electronic effects. For simplicity of notation in
the following equations, offset free voltage signals will be introduced as

V ′cos = V cos −Dcos, (6.32)
V ′sin = V cos −Dsin, (6.33)
V ′ref = V ref −Dref, (6.34)
V ′mes = V mes −Dmes. (6.35)
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MIR CH

ϕ

A B C

Figure 6.20: Flowchart demonstrating the MIR and constrained Heydemann (CH)
non-linearity correction methodologies. First, the input beams are blocked and
dark voltages measured (A). The reference (B) and measurement (C) arms are
then blocked in turn, and calibration measurements taken. Following calibration,
a displacement measurement is taken (D), and equations 6.38 and 6.39 are applied
to centre the quadrature signals, and to attempt to correct the signal amplitudes.
For the MIR approach, the sum and difference of the centred signals are taken,
and an ellipse fit is made, centred on the origin, and with the ellipse axes aligned
to the data axes (MIR). For the CH approach, the centred signals are fitted with
an ellipse again constrained to be centred on the origin, but free to rotate about
the origin (CH). Finally for both approaches the fit coefficients are used to correct
the quadrature signals, and the phase is recovered from the now circular Lissajous
figure.
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This system of equations may be solved for the zero centred and equal amplitude
quadrature signals Scos and Ssin, independently of illumination intensity and losses
in the interferometer arms, as

Scos = cos (ϕ) ,

= −

GrefGcosTPRQV
′
mes

+GmesGcosTPTQV
′
ref

−GmesGrefRPV
′
cos

2GcosTp
√
GmesGrefRQTQV ′mesV

′
ref

, (6.36)

Ssin = sin
(
ϕ+ δ′

)
,

=

GrefGsinTPTQV
′
mes

+GmesGsinTPRQV
′
ref

−GmesGrefRPV
′
sin

2GsinTp
√
GmesGrefRQTQV ′mesV

′
ref

, (6.37)

however this form requires the optical and electronic properties of the interferometer
system to be measured directly.

Considering equations 6.36 and 6.37, some simplifications can be made. Ho-
modyne interferometers recover the interferometric phase using the four quadrant
arctangent function [21], which is insensitive to scaling factors common to both
quadrature signals. As a consequence, the signals can be arbitrary scaled by a
common factor, allowing equations 6.36 and 6.37 to be written in terms of gain ra-
tios, rather than absolute gains, and reflectivity to transmission ratios, rather than
absolute reflectivity and transmission coefficients. The cosine signal may also be
inverted without affecting the relative phase measurement, allowing both signals
to be rewritten with common signs for each component. Combining these changes
results in

S ′cos = ΓQV
′
mes +Gm,rV

′
ref −Gm,cΓ

′
PV
′
cos, (6.38)

S ′sin = V ′mes +Gm,rΓQV
′
ref −Gm,sΓ

′
PV
′
sin, (6.39)

where

Gm,r =
Gmes

Gref
, (6.40)

Gm,c =
Gmes

Gcos
, (6.41)

Gm,s =
Gmes

Gsin
, (6.42)

ΓQ =
RQ

TQ
, (6.43)

Γ′P =
RP

TPTQ
. (6.44)
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Calibration procedure

In order to recover S ′cos and S ′sin the gain and reflectivity to transmission ratios must
be measured. Whilst direct measurement would be possible, it is desirable to perform
this calculation in-situ, as a calibration step. This may be achieved through beam
blocking techniques, in a method related to that proposed in [169]. First, the dark
voltage coefficients required to calculate the offset free voltage signals V ′ from the
measured voltage signals V may be measured directly by blocking the input beam
to the interferometer. By blocking first the reference, and then the measurement
beam, separately, eight voltages may be recorded, some of which can be used to
calibrate the required ratios. Blocking the reference beam results in voltages

V (R)
cos = GcosRQTQTPTmesI0, (6.45)

V
(R)
sin = GsinT

2
QTPTmesI0, (6.46)

V
(R)
ref = 0, (6.47)

V (R)
mes = GmesTQRPTmesI0. (6.48)

Similarly, blocking the measurement beam results in voltages

V (M)
cos = GcosRQTQTPTrefI0, (6.49)

V
(M)
sin = GsinR

2
QTPTrefI0, (6.50)

V
(M)
ref = GrefRQRPTrefI0, (6.51)

V (M)
mes = 0. (6.52)

From equations 6.45 to 6.52 the required ratios and products of ratios may then be
determined as

Gm,r =
V

(R)
mes

V
(M)
ref

√√√√V
(M)
sin V

(M)
cos

V
(R)
sin V

(R)
cos

, (6.53)

ΓQ =

√√√√V
(M)
sin V

(R)
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V
(M)
cos V
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, (6.54)

Gm,cΓ
′
P =

V
(R)
mes

V
(R)
cos

ΓQ, (6.55)

Gm,sΓ
′
P =

V
(R)
mes

V
(R)
sin

. (6.56)

From equations 6.38 and 6.39 and 6.53 to 6.56 equal amplitude zero centred
quadrature signals can be calculated, however the quadrature phase error, δ′ is still
present. Two approaches are possible to correct for the quadrature error, which will
be outlined in the following subsections.
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Multiple intensity reference technique

The first approach, termed in this work the multiple intensity reference (MIR) tech-
nique, assumes the signals have ideally equal amplitudes, and takes the sum and
difference of the quadrature signals, yielding

Sc+s = S ′cos + S ′sin, (6.57)

= 2 cos

(
1

2
δ′
)

cos

(
ϕ+

1

2
δ′
)
, (6.58)

Sc-s = S ′cos − S ′sin, (6.59)

= 2 sin

(
1

2
δ′
)

sin

(
ϕ+

1

2
δ′
)
, (6.60)

where the quadrature error has been eliminated at the cost of reintroducing a dif-
ference between the amplitudes of the signals. A constrained ellipse fit may then
be employed to fit an ellipse centred on the origin, with the major and minor axes
aligned with the data axes, in order to correct for the amplitude difference intro-
duced by the sum and difference process. This approach is however vulnerable to
differences in the signal amplitudes before taking the sum and difference.

An ellipse fit constrained as described may be made by applying least squares
fit of the form

1 = cos2
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1

2
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)

+ sin2
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2
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, (6.61)
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, (6.62)

= AS2
c+s +BS2

c-s. (6.63)

Equation 6.63 may be written in matrix form as

M±

(
A
B

)
=

 1
...
1

 , (6.64)

where M± is the 2×N data matrix

M± =

(
S2

c+s,0 S2
c+s,1 . . . S2

c+s,N
S2

c-s,0 S2
c-s,1 . . . S2

c-s,N

)
(6.65)

and the right hand side is a N × 1 vector of ones for a fit made to N data points.
Solving this matrix equation following the ordinary least squares method results in
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closed form solutions for the fit coefficients A and B given by
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) (∑
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) , (6.66)
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) , (6.67)

where the index of sums, which is not shown for clarity of notation, runs over the
full range of the data points to be included in the fit. Equivalently, the sums may be
replaced with averages, for example to avoid fixed point overflows, or with moving
averages covering a fixed displacement length where the technique is to be applied to
displacements covering multiple fringes. Both fit coefficients have a common divisor,
which may be neglected as the absolute radius of the ellipse does not effect the phase
measurement process, and as a result the fit coefficients may be expressed as

A′ =
(∑

S2
s+c

)(∑
S4

s-c

)
(6.68)

−
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2
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)
, (6.69)

B′ =
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)(∑
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s+c

)
(6.70)

−
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s+c

)(∑
S2

s-cS
2
s+c

)
. (6.71)

The sum and difference signals may then be corrected as

Cs+c =
√
A′Ss+c, (6.72)

Cs-c =
√
B′Ss-c. (6.73)

Constrained Heydemann technique

The second possible quadrature phase correction approach, termed here the CH
technique, deals with the unequal amplitude problem by again making a constrained
ellipse fit, fitting an ellipse with variable signal amplitudes and quadrature phase
errors, but constrained to be centred on the origin.

The CH approach makes a least squares fit of the form

1 = CS2
cos + ES2

sin + FScosSsin. (6.74)

The form of equation 6.74 may be derived following the same approach as for equa-
tion 6.63, solving

Scos = α cos (ϕ) , (6.75)
Ssin = β sin

(
ϕ+ δ′

)
, (6.76)

for the sine and cosine of ϕ, and taking the sum of the square of sine and cosine
to be equal to one. Coefficients α and β have been introduced to account for the
non-ideal signal amplitudes.
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Closed form solutions may also be found for the fit coefficients in this case,
however the form is more complex and will not be described here. Instead, the
fit coefficients C, E and F will be calculated following the ordinary least squares
method as  C

E
F

 =
(
MTM

)−1

MT

 1
...
1

 , (6.77)

where

M =

(
S2

cos,0 S2
cos,1 . . . S2

cos,N
S2

sin,0 S2
sin,1 . . . S2

sin,N
Scos,0Ssin,0 Scos,1Ssin,1 . . . Scos,NSsin,N

)
. (6.78)

Following the methodology of Heydemann [87] whilst accounting for the fact that
the signals are now constrained to be centred on the origin, the amplitude ratio of
the quadrature signals and the sine and tangent of the quadrature phase error may
be calculated from the fit coefficients as

Gxy =

√
E

C
, (6.79)

tan
(
δ′
)

=
−F√

4CE − F 2
, (6.80)

sin
(
δ′
)

=
−2
√
CE√

4CE − F 2
, (6.81)

and the corrected quadrature signals may be recovered as

Ccos = Scos, (6.82)
Csin = Gxy sin

(
δ′
)
Ssin + tan

(
δ′
)
Scos. (6.83)

6.4.3 Experimental methods

In order to test both the MIR and CH techniques, an interferometer was constructed
following the schematic representation shown in figure 6.19. Laser illumination was
provided by a fibre coupled frequency stabilised helium neon (HeNe) laser (REO
Model 32734) operating at approximately 632.8 nm. The fibre coupled laser was
then collimated and polarised with a Glan-Thompson polariser (extinction ratio
100000:1), ensuring a stable polarisation state at the input to the interferometer.
A custom phase-quadrature beam splitter (PQBS) [25] cube formed the core of the
interferometer, splitting the beam into the measurement and reference arms of the in-
terferometer, and introducing an approximately 90° quadrature phase shift between
the interferometer outputs. The quadrature phase shift introduced by the PQBS
is polarisation dependent, and as sub-fringe fluctuations in the quadrature phase
shift are not corrected for with the techniques described here, the high extinction
ratio input polariser is required to minimise non-linearities in the interferometer.
Solid glass cube corner retroreflectors were employed in both arms of the interfer-
ometer, with the arm lengths approximately balanced to within millimetres. The
measurement arm retroreflector, RRmes, was mounted on a Queensgate Instruments
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NPS-X-15A nanopositioning stage, with a manufacturer quoted position noise of
50 pm RMS, allowing precise path length changes to be generated. Plate beam
splitters were used in both the reference and measurement arms, with a 50:50 re-
flectivity to transmission ratio, and beam splitters marked as being from the same
coating batch were selected as both the MIR and CH techniques assume identical
beam splitter properties in each arm of the interferometer. All optical components
with planar optical surfaces were tilted slightly to minimise any multiple reflection
effects, whilst maintaining parallelism between the measurement arm beams and
stage displacement axis. In order to ensure consistent power collection at each of
the four detectors, the output beams of the interferometer were focused onto the
photodiode detectors (Hamamatsu S2386-18K/L) with 40 mm focal length lenses
(not shown in figure 6.19). Apertures were placed before each lens set to a diameter
that did not visible clip the beams in order to minimise the detection of stray light.
The photodiodes were operated in photovoltaic mode to minimise dark currents,
with the photocurrent amplified by custom electronics. The amplified signals were
digitised with 16 bit analogue to digital converters (National Instruments NI7833R)
operating at a sampling frequency of 200 kHz, and, for the purposes of this work,
were logged for post processing.

For both the MIR and CH corrections identical calibration steps are required.
These were performed in three steps. First, a beam block was placed between the
input polariser and PQBS, and the dark voltage signals (Dcos, Dsin, Dref and Dmes)
recorded. The beam block was then moved to between the reference retroreflec-
tor (RRref) and the reference arm beam splitter, and the reference blocked voltage
signals (V (R)

cos , V (R)
sin , V

(R)
ref and V

(R)
mes) were recorded. Finally, the beam block was

moved to between the measurement arm retroreflector and the measurement arm
beam splitter, and the measurement blocked voltage signals (V (M)

cos , V (M)
sin , V (M)

ref and
V

(M)
mes) were recorded. For each calibration step 100000 data points were recorded

synchronously for all four signals. Ratios and products of ratios were then calculated
according to equations 6.53 to 6.56 using the full 100000 data points. Averages were
then taken for each ratio, and the averaged ratios used to correct the measured sig-
nals following equations 6.38 and 6.39. By taking averages only after the ratios were
calculated, the calibration process was made insensitive to laser power fluctuations
between each calibration step, and any bias introduced by taking ratios of averaged
random variables was eliminated.

At this point, the two proposed techniques diverge. Considering first the MIR
technique, sum and difference signals were calculated from equations 6.57 and 6.60.
Fit coefficients were then calculated according to equations 6.68 and 6.71, and the
sum and difference signals were corrected using equations 6.72 and 6.73. In the case
of the CH technique, fit coefficients C, E and F were calculated from equation 6.77,
and the correction was applied following equations 6.79 to 6.83.

Following signal correction, the interferometric phase was, for both techniques,
calculated using the four quadrant arctangent function as

ϕCH = atan2 (Csin, Ccos) (6.84)
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and
ϕMIR = atan2 (Cs+c, Cs-c) (6.85)

for the CH and MIR corrections respectively. The corresponding displacement was
then calculated for both techniques from a change in the interferometric phase as

x =
λ

4π
∆ϕ. (6.86)

For the purposes of this work any dead path effects [49] introduced by path length im-
balances at the start of the measurement were not considered, as path length imbal-
ances were minimal, and any dead path effects present do not affect the non-linearity
of the interferometer, which is the focus of this work. Additionally, the effects of re-
fractive index fluctuations [92], were not considered, as such effects do not affect the
ability of the interferometer system described here to resolve non-linearities, instead
having only a negligible scaling effect on the observed non-linearity.

In order to test the correction techniques, the stage was stepped through the full
15 µm closed loop range in uniform steps. At each stage position V cos, V sin, V ref and
V mes were recorded, with a 100 point moving average applied to reduce the effects
of noise and higher frequency mechanical vibrations. Residual non-linearities were
evaluated by comparison to the stage set position, with the displacement calculated
from the stage set positions scaled to cover the same range as the interferometric dis-
placement measurements, minimising the effects of angular misalignments between
the stage and interferometer measurement axes on the non-linearity measurement.
The differences between the interferometer displacements and the stage displace-
ments were then calculated. In order to separate residual non-linearities of tens
of picometres from the combined effects of air turbulence, mechanical noise, and
electrical noise, a Fourier transform of the calculated displacement differences was
employed. The calculated displacement differences were windowed with a Hann
window function [185] to reduce spectral leakage, and zero padded, with a number
of zeros equal to the number of data points adjoined to each end of the data. To
compensate for the amplitude scaling effects of the window function, the amplitudes
resulting from the Fourier transform were multiplied by a scaling factor calculated
as the number of displacement difference data points divided by the sum over all
values in the window function. For comparison, displacements corrected with the
Heydemann correction [87] as implemented by Birch [21] were also calculated, along
with displacements corrected with the optical shuttering technique of [169] in some
cases. In order to minimise the impact of laser intensity fluctuations the quadrature
signals were normalised to reference arm intensity reference signal before applying
the Heydemann correction.

6.4.4 Results

Full-fringe case

First, the full-fringe case (the case for which a full ellipse of data is available for
correction) was considered, for a displacement covering a range of 15 µm in 15 nm
steps. A comparison of the Heydemann [87], beam shuttering [169], MIR and CH
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algorithms is shown in figure 6.21. Residual twice per fringe non-linearities (having
a spatial period of 158 nm) can be seen for the MIR algorithm, with an amplitude
of approximately 9 pm. For both the MIR and CH algorithms a small improvement
in performance can be seen over the Heydemann algorithm at a spatial period of
316.4 nm. This effect appears to be a result of the correction for variable in-arm losses
made for both corrections, whereas the Heydemann correction can only compensate
for laser intensity fluctuations affecting both arms. The beam shuttering technique
[169] yields residual twice per fringe non-linearities with an amplitude of 65 pm for
the interferometer used in this work. These residual non-linearities are in this case a
result of the shuttering technique not correcting for quadrature phase shifts. A small
non-linearity component with an amplitude of 8 pm can be seen at a spatial period
of 105.5 nm for all algorithms, corresponding to λ/6, which in this interferometer
system appears to be introduced by internal reflections within the solid glass corner
cube retroreflector. Smaller higher order harmonics are also likely to be present due
to this multiple reflection effect, however they cannot be separated from the noise
floor in this system.
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Figure 6.21: Comparison of the full-fringe performance of the Heydemann [87], beam
shuttering [169], multiple intensity reference (MIR) and constrained Heydemann
(CH) non-linearity correction algorithms when applied to a displacement covering
15 µm with a sample spacing of 15 nm. Inset shows region of interest. The Hey-
demann, MIR, and CH techniques overlap almost exactly away from harmonics of
632.8 nm.

The effects of wavefront distortions on the MIR algorithm, motivating the devel-
opment of the CH algorithm, are demonstrated in figures 6.22 and 6.23. In this case
some clipping was introduced into the reference arm of the interferometer, with the
reference beam falling on a joint between the reflecting surfaces in the reference arm
corner cube retroreflector. The high sensitivity of the beam shuttering technique
to wavefront distortions can be seen. The large non-linearities seen in this case
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may also be a result of the sensitivity of the beam shuttering technique to changes
in laser intensity between shuttering steps, and between the shuttering steps and
measurement taking place. For this reason, the beam shuttering technique is not
included in further comparisons. A non-linearity term can also be seen to arise with
a spatial period of 158 nm and an amplitude of approximately 50 pm for the MIR al-
gorithm, resulting from imperfect amplitude correction by equations 6.38 and 6.39.
Similar increases in non-linearity were regularly observed whilst testing the MIR
algorithm in cases where wavefront distortions were introduced in either arm of the
interferometer before recombination of the beams.
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Figure 6.22: Comparison of the full-fringe performance of the Heydemann [87], beam
shuttering [169], multiple intensity reference (MIR) and constrained Heydemann
(CH) non-linearity correction algorithms in the presence of wavefront distortion,
when applied to a displacement covering 15 µm with a sample spacing of 15 nm. All
techniques plotted overlap almost exactly away from harmonics of 632.8 nm.

The full-fringe case was also utilised to investigate the stability of the calibration
process. A single set of calibration measurements were made followed by a series of
15 µm displacements, again made in 15 nm steps, with the displacement measure-
ment repeated every 2.5 min. The previously described Fourier method was then
applied, and the values of the Fourier amplitudes at spatial periods of 316.4 nm and
158.2 nm (corresponding to λ/2 and λ/4) added for the Heydemann, MIR and CH
techniques at each time point. The amplitude sums were then doubled to give an
estimate of the peak-to-peak non-linearity, assuming perfect constructive interfer-
ence between the amplitude terms, with the results shown in figure 6.24, along with
a 1 h moving average of the resulting non-linearity estimates. Moving averages were
calculated based upon a 1 h window centred on the plot time point, with any portion
of the window falling outside of the data set neglected.

Sub-fringe case

The development of the MIR and CH algorithms was driven by the desire for im-
proved non-linearity corrections in the case where displacements cover less than a full

162



0 100 200 300 400 500 600
Spatial period (nm)

0

10

20

30

40

50

E
rr
or

am
pl
it
ud

e
(p
m
)

Heydemann MIR CH

100 200 300 400
0.0

2.5

5.0

7.5

10.0

Figure 6.23: Comparison of the full-fringe performance of the Heydemann [87],
multiple intensity reference (MIR) and constrained Heydemann (CH) non-linearity
correction algorithms in the presence of wavefront distortion, when applied to a
displacement covering 15 µm with a sample spacing of 15 nm. Inset shows region
of interest. All techniques plotted overlap almost exactly away from harmonics of
632.8 nm.
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Figure 6.24: Time stability of MIR and CH calibration process, compared to the
Heydemann correction in the full-fringe case. Both individual measurements taken
every 2.5 min and 1 h moving averages are shown. Estimated peak to peak non-
linearities are plotted, considering only non-linearity components with spatial peri-
ods of 316.4 nm and 158.2 nm. The laboratory remained within (20± 1) °C through-
out the measurements.

optical fringe. As such, the sub-fringe performance of the MIR and CH algorithms
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was compared to that of the Heydemann correction. To test the sub-fringe perfor-
mance, a displacement through a 15 µm range was performed in steps of 1.5 nm. A
number of data points corresponding to the displacement range indicated on the
x axis of figure 6.25 were taken from the start of the full 15 µm range, and the
correction coefficients (A and B for the MIR algorithm; C, E and F for the CH
algorithm and the full ellipse fit for the Heydemann algorithm) calculated based on
this restricted data set. The full 15 µm displacement was then corrected based upon
the calculated coefficients, and the previously described Fourier technique used to
estimate non-linearities, as for figure 6.24. This process was then repeated 100 times,
with randomly generated offsets applied to the restricted data sets for each repeat
such that the restricted data sets were taken from different parts of the full displace-
ment range. Averages and standard errors were then calculated for each fit range,
with the results plotted in figure 6.25. This approach was required as the Fourier
technique used to measure non-linearities in this work requires multiple fringes to
give reliable results, and cannot be applied to sub-fringe measurements directly. An
important consequence of this approach is that the stability of the non-linearities is
also implicitly measured, along with the performance of the algorithms.
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Figure 6.25: Sub-fringe performance of the Heydemann, MIR and CH algorithms.
Estimated peak to peak non-linearities are shown, considering only non-linearity
components with spatial periods of 316.4 nm and 158.2 nm calculated as described
in the text. Error bars indicate standard uncertainties.

It should be noted that the data presented in figure 6.25 shows a higher large
displacement non-linearity limit for all three algorithms than may be expected from
figure 6.21. This is a consequence of two effects. Firstly, the decreased displacement
step size required, which, in combination with the poor mechanical stability of this
proof of concept interferometer, and the Fourier non-linearity measurement tech-
nique, resulted in a higher ‘noise floor’, introduced primarily by mechanical drifts.
Secondly, the stability of the ellipse fit parameters across the full displacement range
also influences the measured residual non-linearity.
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6.4.5 Discussion

In this work, the MIR and CH algorithms have been compared to the commonly
employed ellipse fitting Heydemann correction for both full-fringe and sub-fringe
displacements. Considering first the full fringe results, figure 6.21 demonstrates
that the CH algorithm is capable of reaching the same non-linearity performance as
the Heydemann correction, with a small increase in performance for once per fringe
non-linearities possible. The MIR algorithm has been shown to have residual non-
linearities with a twice per fringe spatial period, in this case having an amplitude of
9 pm. As demonstrated in figure 6.23, the MIR algorithm is highly sensitive to any
effect that results in incomplete interference between the beams returned from each
arm, with twice per fringe non-linearities rising to 50 pm in the presence of wave-
front distortions from a solid glass corner cube seam. This sensitivity to incomplete
interference is a result of the assumption made by the MIR technique that the am-
plitudes of the quadrature signals may be determined from the intensity reference
outputs, an assumption that is only valid in the ideal case of identical wavefronts
being returned by each interferometer arm, with identical polarisation states, and
with both beams being fully coherent. As a result, some residual non-linearities
are likely to be present after applying the MIR correction in most practical inter-
ferometer designs, where incomplete interference may be introduced by wavefront
distortions in the optics, misalignment between the interfering beams, or polarisa-
tion aberrations. In the interferometer described in this work the residual twice per
fringe non-linearities after applying the MIR algorithm seen in figure 6.21 are likely
to be a result of the cumulative effect of small angular alignment errors between
the interfering beams introduced by imperfect cube corner retroreflectors, and po-
larisation aberrations introduced by reflections from the silver coated surfaces of
the retroreflectors. Whilst in this case residual non-linearities introduced by imper-
fect interference were reduced to 9 pm in amplitude through careful alignment, this
may not be possible in a system where non-linearities cannot be evaluated in-situ,
and as a result, these highly sensitive residual non-linearity sources motivated the
development of the CH approach.

Whilst figure 6.21 demonstrates the best case performance achieved with this
system, with the displacement measurement made immediately after calibration, the
stability of the calibration process is also important if the MIR or CH techniques
are to be used in practical applications. From figure 6.24 it can be seen that the
calibration remained stable over time scales of a few hours, with the residual non-
linearities beginning to increase for both the MIR and CH algorithms after 35 h.
Some caution should be employed when drawing general conclusions from the data
presented in figure 6.24, as the stability of the calibration is dependent on a range
of factors that may vary between interferometer systems, and between laboratories.
The first effect to be considered is the mechanical stability of the optical system.
Whilst variable losses in each arm of the interferometer are accounted for by both
the MIR and CH algorithms, variable losses between the pick off beam splitters
and intensity reference detectors, or between the phase-quadrature beam splitter
and the quadrature detectors are not corrected. In part, this may be compensated
by ensuring the optical path lengths from the fibre collimator to the four detectors
are equalised, however changes in optical alignment that affect only one detector
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will still result in an increase in residual non-linearities. The interferometer used
in this work was assembled as a proof of concept, and as such greater mechanical
stability may be expected from an interferometer designed for practical measurement
tasks. Mechanical stability will also be influenced by the thermal stability of the
environment. In this case the temperature remained within ±0.25 °C over the course
of the measurements presented in figure 6.24. In addition to the mechanical stability
of the system, the stability of the amplification electronics may affect the residual
non-linearities. In particular, both the MIR and CH algorithms assume the voltage
offsets in the absence of laser illumination are constant, and changes to these offsets,
or changes in the amplifier gains, will result in increased residual non-linearities.
The intensity stability of the laser source is not critical for either the MIR or CH
algorithms, as both algorithms correct for any change in source intensity.

In comparison to the beam shuttering technique previously proposed in the lit-
erature [169] both the MIR and CH techniques have been demonstrated in figure
6.22 to be less sensitive to incomplete interference effects. Additionally, the beam
shuttering technique does not correct for quadrature phase shift errors, limiting the
ultimate performance for the interferometer system described in this work, as shown
in figure 6.21. The beam shuttering technique as described in [169] also does not
include an intensity reference, and if implemented in this manner the correction
is sensitive to changes in the laser intensity, both with regards to high frequency
fluctuations and low frequency drift.

The main advantage of the MIR and CH algorithms over the Heydemann cor-
rection is demonstrated in figure 6.25; for displacements ranges of less than ap-
proximately 120 nm (for a single pass interferometer operating at 632.8 nm) residual
non-linearities are reduced. In this work, an ordinary least squares fit following the
methodology described in [21] was employed by the Heydemann correction, which
may not be optimal for fitting small portions of an ellipse [163], however, even where
enhanced ellipse fitting algorithms are employed, residual non-linearities in excess
of 100 pm have been shown to arise for displacements covering less than one half
of an optical fringe [163]. Similarly, ordinary least squares fits were used by both
the MIR and CH algorithms when making constrained ellipse fits, and performance
improvements may be possible with more advanced fitting algorithms.

Whilst in this work the CH algorithm has been demonstrated to be more robust
than the MIR algorithm, in applications where near complete interference can be
guaranteed, it can be seen from figure 6.25 that the MIR algorithm outperforms
the CH algorithm for displacements of less than approximately 25 nm. This cross
over point is likely to be highly dependent on noise levels in the interferometer
system, however in general, for applications where displacements cover only a few
nanometres, the MIR algorithm is likely to outperform both the CH and Heydemann
algorithms. The relative computation simplicity of the fit coefficient calculations in
the case of the MIR algorithm is also a significant advantage, and future work may
investigate the possibility of implementing this algorithm in real time on a field
programmable gate array (FPGA) device.
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6.4.6 Conclusion

Two novel non-linearity correction algorithms have been proposed, both aiming to
compensate for non-linearities where homodyne interferometers are applied to dis-
placements covering less than one full optical fringe. The first, the MIR technique, is
relatively mathematically simple, and may be suitable for real time implementation,
however the performance has been shown to be limited in cases where incomplete
interference occurs. The second approach, the CH technique, was developed for
applications where incomplete interference does occur, and has been demonstrated
to be capable of achieving residual non-linearities comparable to that of the Hey-
demann correction, whilst remaining effective down to small fractions of an optical
fringe, in this work outperforming the Heydemann correction for displacements of
less than approximately 120 nm. For the interferometer described here, non-linearity
peaks at all harmonics of the illuminating wavelength (632.8 nm) were reduced to
below 10 pm in amplitude by both techniques under ideal conditions.

Both the MIR and CH techniques have been compared to a beam shuttering
technique previously described in the literature [169], and have been found to be
less sensitive to incomplete interference and quadrature phase shift errors. The
MIR and CH techniques do however require additional optical components and
detection electronics as compared to the beam shuttering approach, and this may
be a disadvantage in cost sensitive applications.

Future work may implement the MIR technique in real time on an FPGA de-
vice, and explore the potential for the CH algorithm to be applied to atomic force
microscope cantilever measurements. Further work may also compare the perfor-
mance of the algorithms to the NPL X-ray interferometer [54], permitting sub-fringe
non-linearities to be evaluated directly, without recourse to a Fourier technique.

6.5 Measurement arm intensity reference normali-
sation

A simple non-linearity compensation approach is presented in this section, based
upon normalisation of the quadrature outputs to an intensity reference taken from
the return path of the measurement beam of the interferometer. This approach
allows for the partial correction of non-linearities introduced by higher order har-
monics, with complete correction possible under certain conditions. This section
describes the implementation of the measurement arm normalisation technique for
the modified NPL plane mirror differential interferometer design shown in figure
6.26. This interferometer design is analysed in chapter 7, and as such more detailed
discussion of the performance of the interferometer design, including the perfor-
mance of the measurement arm normalisation technique, is reserved for chapter 7.

As previously discussed, non-linearities introduced by errors in the quadrature
phase difference, DC offset and gain ratio of the quadrature outputs produced by
homodyne interferometers can be corrected for with the ellipse fitting Heydemann
correction [21, 87], however, non-linearities introduced by the presence of higher
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Figure 6.26: Schematic of NPL plane mirror differential interferometer design with
added intensity references. PQBS, phase-quadrature beam splitter; PBS, polarising
beam splitter; QWP, quarter waveplate; Mref, reference mirror; Mmes, measurement
mirror.

order harmonics in the quadrature outputs are not corrected for by the Heyde-
mann correction. Such higher order harmonics may arise in the quadrature outputs
through polarisation leakage or unwanted back reflections within the interferome-
ter optics [84, 85]. Interferometers with single digit picometre level non-linearities
have been demonstrated [11], however, as higher order non-linearities are strongly
dependant on the exact alignment, or misalignment, of the interferometer optics,
guaranteeing such performance for a given interferometer design is challenging [8].
Higher order non-linearities may be corrected with the two-wavelength technique
described in section 6.3 [2WL], however, the two-wavelength approach introduces
significant additional electronic and optical complexity, and requires a displacement
range of greater than one optical fringe to be effective. Other approaches for the
correction of higher order non-linearities are therefore desirable.

As demonstrated in section 3.3.3, higher order non-linearities cannot be corrected
based only on the quadrature signal outputs of a homodyne interferometer. Such
a correction is not possible, as an interferometer having higher order non-linearities
may produce quadrature signals that form a perfectly circular Lissajous figure. This
Lissajous figure, arising from a linear displacement, would be indistinguishable from
that produced by a linear displacement measured with a non-linearity free inter-
ferometer. Some additional information is therefore required to correct for higher
order non-linearities in homodyne interferometry. In the two-wavelength case, this
additional information comes in the form of a second displacement measurement. In
the case of the measurement arm normalisation technique described in this section,
the additional information instead comes in the form of an intensity reference taken
from the return path of the measurement arm of a homodyne interferometer.

In homodyne interferometry, normalisation of the quadrature signals to a laser
intensity reference is desirable to minimise the effects of fluctuations and drift in
the illuminating intensity, which may be present due to intensity instability in the
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laser source or fibre coupling system, if the interferometer is fibre fed. Typically,
this intensity reference is taken at the input to the interferometer, before the beam
is split into the interferometer arms, however, in figure 6.26, two intensity references
are taken separately from the measurement (Pmes) and reference (P ref) arms of
the interferometer. Any unwanted harmonics that affect the interferometric phase
measurement must involve a reflection from the moving measurement mirror, and
as such will appear in Pmes as a term interfering with the desired measurement arm
beam. Only information regarding interference between the measurement arm beam
and the unwanted harmonics is captured, with the results of interference between the
unwanted harmonics and the reference arm beam being lost, and therefore in general
a full correction cannot be expected. The effectiveness of the measurement arm
intensity normalisation process may be investigated for individual interferometer
designs with the combined scattering and transfer matrix modelling technique [85].

In order to normalise the quadrature signals the amplified voltage signals from
each detector V x, V y, V mes and V ref, corresponding to outputs P x, P y, Pmes and
P ref, were taken, along with measurements of the dark voltages introduced by the
detection and amplification electronics in the absence of laser illumination Dx, Dy,
Dmes and Dref. The dark voltages were then subtracted from each voltage signal,
and the quadrature voltage signals normalised as

Sx,mes =
V x −Dx

V mes −Dmes
, (6.87)

Sy,mes =
V y −Dy

V mes −Dmes
. (6.88)

For the purposes of comparison, reference arm normalised signals were also calcu-
lated as

Sx,ref =
V x −Dx

V ref −Dref
, (6.89)

Sy,ref =
V y −Dy

V ref −Dref
. (6.90)

Whilst the dark voltage subtraction is included here for completeness, in the ex-
perimental work presented in this section the dark voltages were of the order of
millivolts, performing, or not performing, the subtraction had no measurable effect
on the non-linearity.

Following normalisation, a Heydemann correction [21, 87] was applied to com-
pensate for offset, gain ratio and quadrature phase shift errors, resulting in corrected
signals Cx,mes and Cy,mes, and Cx,ref and Cy,ref. The instantaneous interferometric
phase was then calculated with the four quadrant arctangent function as

ϕmes = atan2
(
Cy,mes, Cx,mes

)
, (6.91)

ϕref = atan2
(
Cy,ref, Cx,ref

)
. (6.92)

In both the measurement arm and reference arm normalised cases the phase was
unwrapped at discontinuities of greater than π [22], and the corresponding displace-
ment between two points was calculated from the change in phase between two
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points (∆ϕmes and ∆ϕref) as

xmes =
λ

8π
∆ϕmes, (6.93)

xref =
λ

8π
∆ϕref, (6.94)

for a wavelength λ of 632.8 nm.
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Figure 6.27: Non-linearity resulting from introducing a λ/300 retardance error in
the QWP, combined with a 1000:1 extinction ratio in the PBS, of the interferometer
depicted in figure 6.26, for an illuminating wavelength of 632.8 nm, after applying a
Heydemann correction.

The non-linearity resulting from a λ/300 retardance error in the quarter wave-
plate, a common retardance specification for commercially available optics, com-
bined with a 1000:1 extinction ratio in the PBS, as modelled with the combined
scattering and transfer matrix modelling technique [85], is shown in figure 6.27 for
both the measurement (xmes) and reference (xref) arm intensity reference normalised
cases, relative to the true displacement x. Whilst the combined scattering and
transfer matrix model will tend to overestimate non-linearities, as perfect align-
ment of higher order reflections is assumed, the 50 pm peak-to-peak non-linearity
error shown in figure 6.27 in the reference arm normalised case is a significant error
source compared to the sub 10 pm non-linearities achieved by leading interferome-
ter designs [11]. This non-linearity can be seen to be completely eliminated in the
measurement arm normalised case. Non-linearities arising from QWP errors are not
corrected by the Heydemann correction, and as such, reducing these non-linearities
using previously published techniques requires either a more advanced correction
methodology [69], introducing significant additional optical and electronic complex-
ity, or improving the QWP retardance accuracy. Increasing QWP retardance accu-
racy increases the cost of the system, in particular for the large aperture waveplate
required by this interferometer design.

As can be seen in figure 6.28, the measurement arm normalisation technique
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cannot correct for all higher order non-linearity sources. In this case, 0.04 % back
reflections have been introduced at the mirror facing surface of the QWP, and at
the PBS facing surface of the QWP in the return path of both the measurement and
reference arms of the interferometer. 0.28 % back reflections have been introduced
at the P y, Pmes and P ref interferometer outputs, modelling the effects of reflection
from the photodiodes, with this particular combination of back reflections selected
in an attempt to model experimental results. Non-linearity errors for this case are
shown in spatial frequency space in figure 6.28 B, where it can be seen that in this
case, the measurement arm normalisation technique increases the amplitude of the
non-linearity component with a spatial period of 316.4 nm, demonstrating that some
care must be taken when employing the measurement arm normalisation technique
to an individual interferometer design, although an overall reduction in non-linearity
is still achieved.
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Figure 6.28: Modelled reference and measurement arm normalised non-linearities
in displacement (A) and spatial frequency (B) space, calculated relative to true
displacement x, including the effects of unwanted back reflections as described in
the text.

The sensitivity of the measurement arm normalisation technique to unwanted
back reflections is further demonstrated in figure 6.29, where back reflections 0.01 %
from the four detectors are modelled, with all other conditions identical to those
described for figure 6.27. Whilst non-linearities are again reduced relative to the
reference arm normalised case, 11 pm peak-to-peak non-linearities are still present,
highlighting the fact that even small back reflections, as may take place from an
anti-reflection coated surface, may be a significant error source if they occur at
some locations.

For comparison, the effects of a 0.01 % back reflection at the input to the interfer-
ometer were also modelled, with the results presented in figure 6.30. As can be seen
from figure 6.30, this results in a significantly smaller non-linearity than a reflec-
tion of the same magnitude from the interferometer output, with the peak-to-peak
non-linearity reduced to 0.03 pm.
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Figure 6.29: Modelled reference and measurement arm normalised non-linearities
in displacement (A) and spatial frequency (B) space, calculated relative to true
displacement x, including the effects of 0.01 % back reflections from all four detectors,
with other conditions as described for figure 6.27.
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Figure 6.30: Modelled reference and measurement arm normalised non-linearities,
calculated relative to true displacement x, including the effects of a 0.01 % back
reflection from the interferometer input, with other conditions as described for figure
6.27. B shows the same data as A, with the ordinate axis magnified around the
region of interest.
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In this section, the measurement arm normalisation technique has been shown
to be capable, in theory, of completely compensating for certain higher order non-
linearity sources in homodyne interferometry. Whilst the measurement arm normal-
isation technique does have limitations, in particular the vulnerability to unwanted
back reflections demonstrated in figure 6.28, the technique still provides an alter-
native to the two-wavelength non-linearity correction [69], that, in cases where the
measurement arm normalisation technique is applicable, may be implemented with
fewer additional optical and electronic components, and with reduced data process-
ing complexity. Further work is needed to quantify the conditions under which a
complete correction of higher order non-linearities is possible. A final consideration
when applying the measurement arm intensity reference correction technique is that
the symmetry between the reference and measurement arms of the interferometer
is broken. Further work is therefore also required to characterise the implications
of this break of symmetry, and to investigate whether the displacement measure-
ment is still truly differential. Experimental results gathered with an interferometer
specifically designed to utilise this technique are presented in chapter 7.

6.6 Summary

Within this chapter, four classes of non-linearity correction algorithms have been
discussed in detail. The various implementations of the Heydemann correction [87]
have been compared, followed by three novel corrections, all aiming to fill weaknesses
in the Heydemann technique. Of these new approaches, the two-wavelength [69] and
measurement arm intensity reference normalisation [172] corrections both make use
of the Heydemann correction as a correction step, and the multiple intensity refer-
ence correction [69] makes use of closely related constrained ellipse fitting algorithms,
demonstrating the importance of considering the benefits of different ellipse fitting
algorithms.

Table 6.2: Summary of the non-linearity correction techniques discussed in this
chapter. Displacement ranges are approximate, given to the nearest order of mag-
nitude, and assume a single pass interferometer operating at 632.8 nm. It should
be noted that the minimum displacement range is not a sharp cut off, and that the
short range performance of all algorithms considered will be dependent on optical
wavelength, interferometer pass number, and noise levels.

Correction technique Higher order Displacement range

Heydemann [87] No & 100 nm

Two-wavelength [69] Yes & 1 µm

Multiple intensity reference [171] No & 10 nm

Measurement arm normalisation [172] Partial Unlimited

Where a full fringe is available for correction, the ODR algorithm has been found
to outperform the other algorithms compared in this work (presented in table 6.1),
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although performance differences were found to become negligible as the number
of points included in the fit increased. In the sub-fringe case, the DEF and BLUE
algorithms were found to offer increased performance, although it is possible that
an ellipse specific implementation of the ODR fit may improve performance in this
regime. The ODR algorithm was found to provide the most accurate variance and
covariance estimates of the algorithms compared in the full fringe case, however, the
previously stated assumption that uncertainties in individual measurements of the
instantaneous interferometric phase are uncorrelated was found to be incorrect. As
such, the uncertainties calculated by all algorithms were found to become inaccurate
as the fit coefficient uncertainty becomes a significant contribution. When following
the uncertainty estimation approach described in section 3.3 this is not a problem,
as the uncertainty introduced by the fit coefficients is accounted for in the exper-
imental non-linearity measurement. In the sub-fringe case all the algorithms that
were compared were found to produce inaccurate variance and covariance estimates,
further demonstrating the requirement for experimental non-linearity measurement.

The first major weakness of the Heydemann correction is that, regardless of the
ellipse fitting algorithms employed, Heydemann style corrections cannot correct for
higher order non-linearities. Two algorithms that are capable of correcting for higher
order non-linearities have been presented in this chapter, of which the measurement
arm normalisation technique is the most straight forward to implement, requiring
only that the intensity reference often already present in homodyne interferometer
designs be moved to the measurement arm return path. This technique has been
shown to theoretically offer a complete compensation for some higher order non-
linearity sources, although notably the effects of back reflections cannot be fully
corrected for. As such, in cases where modelling suggests measurement arm nor-
malisation may offer a reduction in non-linearities, it may be implemented with few
disadvantages. As an additional benefit, the measurement arm normalisation tech-
nique provides an indication of the presence of higher order non-linearities via the
presence of a displacement dependent modulation in the measurement arm intensity
reference output, however further work is required to quantify this effect. Further
work is also required to identify the exact conditions under which the measure-
ment arm normalisation technique produces a complete correction of higher order
non-linearities.

Higher order non-linearities that cannot be compensated for by measurement arm
normalisation may be corrected for using the two-wavelength non-linearity correc-
tion [69] in cases where the displacement covers multiple fringes. This technique has
been shown to be effective for the correction of higher order non-linearities regardless
of the optical source of the non-linearities, however implementing the two-wavelength
correction requires introducing significant additional optical, electronic and data pro-
cessing complexity. Beyond non-linearity correction, the two-wavelength correction
also has some additional benefits that may be explored in future work. It may be
possible to estimate some errors, including residual non-linearities, in the displace-
ment measurement by observing the difference between the corrected displacement
measurements for each wavelength. Additionally, two-wavelength refractive index
compensation techniques may be applied [88].

The second weakness of the Heydemann correction is that when the quadrature
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signal data available for correction covers less than a full ellipse, the accuracy of
ellipse fitting algorithms is reduced. This limitation has been discussed with respect
to the effects of the choice of ellipse fitting algorithm, however as established in figure
6.5, residual non-linearity errors increase with reduced fit range, regardless of the
algorithm employed. The final new correction presented in this chapter aims to fill
this performance gap in homodyne displacement measuring optical interferometry
by constraining the centre point of the ellipse fit, and in some case the quadrature
signal amplitudes. This approach has been shown to be capable of extending the
performance of homodyne interferometry down to approximately 50 nm displace-
ments, for an interferometer with a fringe period of 316 nm. The multiple intensity
reference and constrained Heydemann algorithms have also been shown to be capa-
ble of correcting non-linearities to the sub 10 pm level. Further work in this area may
explore the impact of constraining the ellipse fit on the displacement measurement
uncertainty, and consider the benefits of applying more advanced fitting algorithms.

In conclusion, the algorithms presented in this chapter are not directly com-
parable, with novel algorithms developed specifically to fill different gaps in the
performance of existing corrections. The Heydemann correction continues to be the
best available first step when correcting homodyne interferometer measurements
covering a displacement greater than one fringe period. In cases where higher order
non-linearities cannot be eliminated through improved optical design, the applica-
bility of the measurement arm normalisation technique should first be considered.
Where this technique does not provide a complete correction, and non-linearities
remain unacceptably high for the application, the two-wavelength approach may
be employed. If the available displacement range covers less than one full optical
fringe, the multiple intensity reference, and closely related constrained Heydemann,
algorithms offer the potential for order of magnitude level reductions in residual
non-linearities, depending on noise levels and the exact displacement range avail-
able. Where real time correction of interferometric measurements is required some
approaches have been outlined, however, as this is not the focus of this thesis, an in
depth comparison has not been made.
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Chapter 7

Displacement measuring
phase-quadrature coating based
interferometry

7.1 Introduction

The NPL plane mirror differential interferometer is a well studied [11,54] interferom-
eter with an optical design shown in figure 7.1. This interferometer design makes use
of a Jamin interferometer [13] style PQBS block to produce and recombine parallel
reference and measurement beams. A PBS, QWP and cube corner retro-reflector
are employed to allow these beams to be interfered in a differential plane mirror con-
figuration with no optical dead path when the reference and measurement mirror
surfaces are co-planar, and with balanced beam paths in air and glass. The use of
a cube corner retro-reflector ensures that changes in angle of the measurement and
reference mirrors do not result in changes in the relative angle between the measure-
ment and reference beams at the sine and cosine outputs of the interferometer, with
any angular motion resulting only in translation of the reference and measurement
beams in the detector plane. Additionally, the closely spaced measurement and ref-
erence beam paths reduce the sensitivity of the interferometer to air turbulence or
thermal gradient effects. As a result of the potential for zero dead path operation,
and the reduced sensitivity to angular motion and air turbulence, this interferometer
design is well suited to precision displacement measurement.

Although the general design of the interferometer is well suited to precision dis-
placement measurement, as a result of non-idealities in the polarising optics used
for beam steering in this interferometer design, non-linearities can arise [54]. Addi-
tionally, the anti-reflection coated planar optical surfaces perpendicular to the beam
propagation direction introduced by the QWP, PBS and solid glass cube corner
retroreflector may introduce small back reflections, which also result in higher order
non-linearities. Previous measurements of the non-linearity of this interferometer
design have revealed peak-to-peak non-linearities of 40 pm [54].

Interactions between these various non-linearity sources can be complex in na-
ture, and as such in this chapter they will be examined firstly with the modelling
technique proposed in chapter 5 [85], before moving onto experimental work. As
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Figure 7.1: Schematic of NPL plane mirror differential interferometer with nodes
(as used by the combined scattering and transfer matrix model [85]) and key opti-
cal components labelled. PQBS, phase quadrature beam splitter; PBS, polarising
beam splitter; QWP, quarter wave plate; Mref, reference mirror; Mmes, measurement
mirror; RR, retro-reflector. Sine and cosine outputs are indicated.

demonstrated in chapter 6, where an ellipse fitting Heydemann style correction is
applied the effects of gain ratio, offset and quadrature phase errors in the quadrature
signals are negligible where large numbers of points are included in the fit, and the
displacement covers ranges of greater than one optical fringe (approximately 158 nm
for this interferometer design), and as a result the analysis of non-linearities will
focus on higher order effects. Following this investigation into non-linearity sources,
an improved design will be described, based upon the NPL plane mirror interferom-
eter, aiming to reduce the effects of the identified non-linearity sources. The effects
of these design improvements will be tested experimentally to investigate the robust-
ness of the non-linearity mitigation methods. Finally, the performance of the final
improved design will then be tested against against the NPL X-ray interferometer,
allowing traceable measurements of the residual non-linearities to be made.

7.2 Modelling the NPL plane mirror differential in-
terferometer

A number of potential non-linearity sources exist in the NPL plane mirror differential
interferometer design. In this section, these non-linearity sources will be analysed,
both individually, and in combination.

The first non-linearity source to be considered is the polarisation based beam
steering assembly, which is vulnerable to imperfections in the polarising optics. In
particular, misalignments or imperfect retardance values of the QWP introduce a
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complex cavity that would be challenging to model with conventional techniques.
Following the path of the measurement beam through figure 7.1, light incident to
the interferometer at node 0 is split into measurement and reference beams at nodes
4 and 5. The measurement beam then passes through the QWP (nodes 15 and 16),
is reflected from the measurement mirror at node 17 and passes back through the
QWP. The PBS and retro-reflector then steer the beam back to the measurement
mirror via the QWP a second time at node 26. In the ideal case, the beam is the
transmitted through the PBS coating from node 44 to 46, however, if there are im-
perfections in the QWP a portion of the beam will instead be reflected and return to
the measurement mirror a third time, repeating the latter part of the measurement
beam path before finally transmitting through the PBS to the PQBS and detectors.
This first order unwanted reflection travels twice the distance travelled in the in-
terferometer measurement arm by the desired zeroth order signal, and higher order
passes will also be present. The modelled effects of this non-linearity path on post
Heydemann correction non-linearities are demonstrated in figure 7.2 in both dis-
placement and spatial frequency space for a 1° QWP retardance error, and in figure
7.3 for varying QWP retardance and rotation angle for an otherwise ideal interfer-
ometer system. Non-linearities arising from imperfections in the QWP alignment or
retardance were found to have a period of one optical fringe (approximately 158 nm)
after applying a Heydemann correction.
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Figure 7.2: Effects of a 1° QWP retardance error on the non-linearity of a NPL
plane mirror differential interferometer as modelled with the combined transfer and
scattering matrix model for an otherwise ideal interferometer.

In addition to the QWP, the PBS may also introduce non-linearities if the ex-
tinction ratio is non-ideal. The beam path resulting in such non-linearities is similar
to the previously described QWP non-linearity path, with light that for an ideal
PBS would be transmitted from node 21 to 23 instead being reflected from 21 to 20.
A significant difference is that the reflected light is in this case P polarised, whereas
in the case of QWP induced non-linearities, the light is S polarised. Due to this po-
larisation mismatch relative to the design beam propagating between nodes 20 and
14 (with the design beam being S polarised) non-linearities introduced by non-ideal
PBS extinction ratio may be eliminated in principle by placing a polariser between
the PBS and retroreflector, although some residual non-linearities would remain in
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Figure 7.3: Effects of QWP rotation angle and retardance on the peak-to-peak
non-linearity of a NPL plane mirror differential interferometer as modelled with the
combined transfer and scattering matrix model for an otherwise ideal interferometer.

reality, due to the finite extinction ratio of real world polarisers. In the absence
of a polariser, the resulting non-linearities take the same form as those introduced
by the QWP with a once per fringe period after applying a Heydemann correction.
As these non-linearities are introduced by non-ideal reflection from the PBS (with
transmission of light of the incorrect polarisation not introducing non-linearity) the
commonly specified transmission extinction ratio for thin film based PBS cannot be
used to estimate non-linearities, as the extinction ratio of thin film based PBS in
reflection is typically significantly worse than in transmission [186,187]. The effects
of varying PBS reflection extinction ratio are shown in figure 7.4, with extinction
ratios of approximately 10000:1 required to achieve non-linearities of 1 pm in the ab-
sence of a polariser. For comparison, transmission extinction ratios of typical broad-
band thin film coating based PBS cubes are approximately 1000:1 (ThorLabs part
number PBS251 [188]), monochromatic PBS cubes 3000:1 (ThorLabs part number
PBS25-633 [189]), and monochromatic plate PBS 10000:1 (ThorLabs part number
PBSW-633 [190]).

Unwanted reflections, for example, from the external surfaces of the PBS and
QWP, may also introduce non-linearities into the interferometer design. Although
all optical surfaces are anti-reflection coated, with reflections typically below 0.5 %,
even these small reflections can have significant effects on the non-linearities of the
interferometer. Numerous unwanted reflections are possible, with a wide range of
interactions between the various reflection sources and polarisation errors. As an
example, the effects of such an unwanted reflection with a power reflectivity of 0.1 %
are shown in figure 7.5 in both displacement and frequency space, with harmonics
visible at approximately 158 nm (λ/4), 79 nm (λ/8) and 53 nm (λ/12).

To demonstrate the interactions that can arise as a result of combined reflection
and polarisation effects, the simulation presented in figure 7.5 is repeated with a 1°
QWP retardance error also modelled in figure 7.6. Harmonics can be seen to arise
in the non-linearities that are not present in either figure 7.2 or figure 7.5, further
demonstrating the capability of the combined scatter and transfer matrix model to
identify complex interactions between non-linearity sources. Due to the extremely
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Figure 7.4: Effects of varying PBS reflection extinction ratio on the peak-to-peak
non-linearity of a NPL plane mirror differential interferometer as modelled with the
combined transfer and scattering matrix model for an otherwise ideal interferometer.
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Figure 7.5: Effects of a 0.1 % reflection from the front surface of the PBS (between
nodes 13 and 15, 21 and 24, 36 and 48, and 44 and 47) on the peak-to-peak non-
linearity of a NPL plane mirror differential interferometer as modelled with the
combined transfer and scattering matrix model for an otherwise ideal interferometer.

large numbers of possible back reflection sources, and interactions, not all can be
analysed here. The simulations presented here do, however, serve to demonstrate the
relatively large non-linearities that can be introduced even by small back reflections
(although it should be noted that this model assumes perfect alignment as previously
discussed, and therefore places an upper limit on non-linearities), and the conclusion
can be drawn that that even anti-reflection coated surfaces should not be aligned
to be exactly perpendicular to the beam propagation direction if picometre level
non-linearities are to be achieved.
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Figure 7.6: Effects of a 0.1 % reflection from the front surface of the PBS (between
nodes 13 and 15, 21 and 24, 36 and 48, and 44 and 47) combined with a 1° QWP
retardance error on the peak-to-peak non-linearity of a NPL plane mirror differential
interferometer as modelled with the combined transfer and scattering matrix model
for an otherwise ideal interferometer.

7.3 Survey of existing interferometers

From the previously presented modelling work, it is apparent that a number of po-
tential non-linearity sources exist in the NPL plane mirror differential interferometer
design. This design has been in use for a number of years, with interferometers fol-
lowing this design built into a number of metrological instruments [6,55,56,74]. Ten
NPL plane mirror differential interferometers were available for measurement, and
these were tested both in order to determine a baseline level of non-linearity error,
and to verify the non-linearity sources predicted by the modelling work.

In order to test the interferometers, each interferometer in turn was set up with
the reference mirror mounted on a Queensgate Instruments X15-A nanopositioning
stage. The interferometers were fibre fed with a fibre coupled polarisation stabilised
HeNe laser (REO Model 32734) operating at approximately 632.8 nm, using po-
larisation maintaining fibre. The interferometer outputs were amplified with NPL
designed transimpedance amplifiers, with a bandwidth of 100 kHz, and recorded.
Each test interferometer was mounted in a cradle allowing the interferometer body
to be rotated about all three axes, and each interferometer was aligned first to
the measurement mirror by blocking the reference arm beams, and adjusting the
tip and tilt of the interferometer body to maximise the quadrature signal outputs.
The reference arm of the interferometer was then unblocked, and the amplitudes of
the quadrature signals were maximised by adjusting the alignment of the reference
mirror, whilst displacing the measurement mirror such that fringes were produced.
This follows the alignment procedure generally used in practice, although it does
not guarantee that the reference and measurement mirror are parallel if the internal
optics of the interferometer are misaligned.

To measure non-linearities, the stage was displaced through the full 15 µm range
in 1000 steps of 15 nm. To reduce the effects of both electrical noise and mechan-
ical vibration, 100 values of the sine, cosine and intensity reference outputs were
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recorded at each step, and averages were calculated. The interferometric phase was
calculated from these outputs following the approach described in section 3.3, and
the interferometric displacement was calculated following the approach described
in section 3.2, assuming a constant optical wavelength of 632.8 nm, and therefore
implicitly assuming fixed optical frequency and refractive index. The wavefront
correction factor was also neglected. Assuming a fixed value for the wavelength
without accounting for refractive index fluctuations may introduce a small scaling
error, estimated to be of the order of parts in 106 in the ±1 °C temperature sta-
bilised laboratory in which the measurements were carried out, however, for the
purposes of non-linearity estimation this is not significant. The difference between
the interferometric displacement and the stage set position was then calculated for
each stage position, and a Fourier transform of this difference was calculated. Be-
fore calculating the Fourier transform, a Hann window [185] was applied to reduce
spectral leakage and edge effects, and the data was zero padded, with a number
of zeros equal to the number of unpadded data points adjoined to each end of the
data. The non-linearity measurement was repeated a minimum of three times for
each interferometer tested, and the Fourier amplitude spectra were averaged. Aver-
aging was performed on the amplitude spectra, rather than displacement data, so as
to avoid averaging out any non-linearities that may have drifted in phase between
measurements. Measurements were in some cases taken over time periods of several
days, and therefore in this case the potential for phase drifts in the non-linearity
was large. To compensate for the amplitude scaling effects of the Hann window
function [185], the amplitudes resulting from the Fourier transform were multiplied
by a scaling factor calculated as the number of displacement difference data points
divided by the sum over all values in the window function. Along with the averages,
standard deviations were also calculated, as were expanded uncertainties at a 95 %
level of confidence, with coverage factors calculated based upon the student-t distri-
bution and the number of repeats, as described in [89]. Averaged amplitude spectra
and uncertainties are presented for each interferometer tested in figure 7.7.

From the averaged amplitude spectra, peak-to-peak non-linearities were esti-
mated as twice the sum of the Fourier amplitudes at the 2nd, 4th, 6th, 8th and 10th

spatial harmonics of 632.8 nm, corresponding to spatial periods of approximately
316.4 nm, 158.2 nm, 105.5 nm, 79.1 nm and 63.3 nm. Amplitude values at each har-
monic were taken as the amplitude of the nearest peak to the spatial period of the
harmonic, to avoid underestimating non-linearities where peaks may have shifted
slightly due to drift effects, with a peak defined as any amplitude value higher than
both neighbouring values. Estimated peak-to-peak non-linearities for each interfer-
ometer tested are presented in figure 7.8.

It should be noted that by estimating the non-linearity in this manner, an up-
per limit is placed on the non-linearity, which is likely to be an overestimate when
non-linearities are small (tens of picometres). The estimate yields an upper limit for
two reasons. Firstly, the estimate assumes all spatial harmonics add constructively,
which may not be the case. Secondly, even if no non-linearity was present at a
given spatial period, the noise floor of the Fourier amplitude spectrum would still
be included in the estimate. The noise floor in this case is the result of the combined
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Figure 7.7: Results of a survey of the peak-to-peak non-linearity of ten NPL plane
mirror differential interferometers (1 to 10). Non-linearity error amplitudes are
shown in frequency space, calculated as described in the text. Shaded regions in-
dicate expanded uncertainties at a 95 % level of confidence. Corresponding total
non-linearity estimates are presented in figure 7.8.
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Figure 7.8: Results of a survey of the peak-to-peak non-linearity of ten NPL plane
mirror differential interferometers. Non-linearities estimated as described in the
text. Error bars shown expanded uncertainties at a 95 % level of confidence. B
shows the same data as A, but with an adjusted ordinate axis scale.

effects of optical and electronic noise in the quadrature signals, air turbulence in-
troducing refractive index fluctuations, and mechanical vibrations, and is therefore
frequency dependent, generally increasing at longer spatial periods. As shown in
figure 7.7, for the measurements presented here, the noise floor generally remained
lower than 10 pm in amplitude within the region of interest (spatial periods of less
than one optical wavelength). This overestimate effect should be accounted for when
interpreting figure 7.8.

Significant variability was found in non-linearity between the interferometer bod-
ies tested, as can be seen in figures 7.7 and 7.8. One clear outlier is present; inter-
ferometer body 1 was found to have significantly larger non-linearities than the
other interferometers tested. This was attributed to a failed anti-reflection coating
on the QWP, causing a relatively large back reflection, possibly combined with a
stress induced QWP retardance error, with mounting induced stresses in the QWP
hypothesised to have caused the observed failure of the anti-reflection coating.

Non-linearities in the other interferometers tested are attributed to a variety
of causes. Higher order harmonics introduced by multiple reflections, as predicted
in figure 7.5, are clearly visible in figure 7.7 for interferometer bodies 2, 3, 5, 8
and 9. Weak higher order harmonics are also visible for interferometer body 10,
at periods of λ/6 and λ/8. Interferometer bodies 1, 8 and 9 very clearly show the
combined effects of multiple reflections and polarisation errors, with a non-linearity
component present at λ/2, as predicted in figure 7.6. Once per fringe errors arising
from polarisation errors, predicted in figures 7.2, 7.3 and 7.4, are visible in all but
one interferometer tested, with interferometer body 7 showing no non-linearities
above the noise floor, although it should be noted that small non-linearities may be
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masked by the noise floor.
Considered as a whole, the observed non-linearities are in line with previous mea-

surements of the non-linearity of this interferometer design [54]. The lack of visible
non-linearity for interferometer body 7, along with the very small non-linearities
of interferometer bodies 4 and 10, demonstrate the potential of this interferometer
design where unwanted back reflections are absent, or misaligned, and the polaris-
ing optics are close to ideal. The significant variability, however, demonstrates that
further development is needed if the performance of state of the art interferome-
ter designs is to be matched, or exceeded, consistently. Whilst the observed non-
linearity, when present, is likely to be a combination of QWP errors, PBS leakage,
and unwanted back reflections, with the total non-linearity being reduced compared
to the model predictions as a result of small misalignments truncating higher order
effects, the presence of a once-per-fringe non-linearity error in all but one of the
tested interferometers does suggest that the polarisation based beam steering optics
are a key weakness of this interferometer design. If residual non-linearities are to
be reduced, this should therefore be a focus area, with a combination of improved
optics and a novel non-linearity correction approach required.

7.4 Improved optical design

A number of non-linearity sources in the existing NPL plane mirror differential
interferometer design have been identified through modelling with the combined
scattering and transfer matrix model. These findings have been confirmed with
experimental measurements of existing interferometers. An improved design is pre-
sented in figure 7.9, aiming to eliminate these non-linearity sources.

The improved design introduces a small tilt angle to all optical components (as
shown in the schematic representation of figure 7.9), with components tilted by
differing angles to minimise the number of parallel optical surfaces. Tilting the
PBS has the potential to degrade the performance of the beam splitter. As thin
film based PBS rely upon a series of near Brewster angle reflections to separate
S and P polarisations [186], the change in extinction ratio may be expected to be
asymmetric around the 45° design angle of incidence when operating at a given
wavelength. As such, tilt angles either side of 45° were tested experimentally to
determine the optimal tilt direction, with the extinction ratio monitored visually
by observing the intensity of reflected light whilst illuminating the cube with an P
polarised beam. A decreased angle of incidence, as shown in figure 7.9, was found
to maximise the extinction ratio for the PBS used in this work. QWP performance
may also be degraded at non-normal incidence, however, this was not tested, with
any resultant errors intended to be corrected by the measurement arm normalisation
technique.

In addition to tilting optical components, a non-polarising beam splitter has
been added in the return path of both the measurement and reference arms allow-
ing the non-linearity correction methodologies developed in sections 6.4 and 6.5 to
be applied, with the measurement arm normalisation methodology of section 6.5
intended to minimise non-linearities introduced by the imperfect performance of the
QWP and PBS. As the measurement arm normalisation methodology was found
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Figure 7.9: Schematic of the improved NPL plane mirror differential interferometer
with key optical components labelled. PQBS, phase quadrature beam splitter; PBS,
polarising beam splitter; QWP, quarter wave plate; Mref, reference mirror; Mmes,
measurement mirror; RR, solid glass retro-reflector; BS, 50:50 non-polarising beam
splitter. Arrows indicate direction of propagation. Tilt angles of the optics are
shown to scale.

to compensate for the effects of non-ideal PBS extinction ratio, and due to space
constraints, no polariser was introduced between the PBS and retro-reflector.

A prototype interferometer following this design was constructed. The inter-
ferometer was assembled using spare optics for the existing NPL plane mirror dif-
ferential interferometer stock, with the exception of the 50:50 non-polarising beam
splitter (Edmund Optics #48-902). In order to ensure repeatable misalignment of
back reflections, the interferometer was assembled on a custom machined aluminium
baseplate, as shown in figure 7.10, with locating features for the optics. The base
plate was mounted on a 6 degrees of freedom stage, allowing the interferometer base
plate to be aligned relative to the reference and measurement mirrors.

The PQBS, PBS, QWP and Beam Splitter (BS) were located against steel dowels,
setting the angle and position of the optics. Optics were fixed to the steel dowels with
Norland 107 UV curing optical adhesive. In the case of the PBS, only two locating
dowels were used as shown in figure 7.10, fixing the angle of the PBS, but allowing
the PBS to be translated across the face of the corner cube retroreflector. This
adjustment was used to account for manufacturing tolerances, permitting the spacing
between the upper and lower beam pairs in figure 7.9 to be set to the desired 25.4 mm
outer beam spacing. The outer and inner beams in this interferometer design are
spaced by 10 mm, with the spacing set by the PQBS thickness, resulting in an inner
beam spacing of 5.4 mm. The corner cube retroreflector was located in a V groove,
with shims used to adjust the height of the corner cube, ensuring all four output
beams of the interferometer remained in the same plane. The interferometer was
illuminated using a fibre coupled HeNe laser operating at approximately 632.8 nm,
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Figure 7.10: Photograph of improved NPL plane mirror differential interferometer
prototype with key components labelled, as in figure 7.9. 3D printed beam baffles
as discussed in the text (yellow in colour) are also visible. The Glan-Thompson
polariser mounting coaxially with the fibre optic collimator in this photograph was
later removed, and was not used when gathering the data presented in this work.

with the fibre collimator again located in a V groove.
During assembly of the interferometer, the reference mirror, which had a 10 mm

hole trepanned in the centre allowing the measurement beams to pass through
(shown to the right of figure 7.10), was mounted on a kinematic mirror mount.
The reference mirror was positioned approximately 60 mm in front of the measure-
ment mirror, which was mounted on a Queensgate X15-A nanopositioning stage,
resulting in an approximately 60 mm dead path. Whilst this dead path increased
the sensitivity of the instrument to changes in refractive index, non-linearities could
still be resolved in the thermally stabilised (±1 °C) laboratory environment. Before
beginning the assembly process, the reference and measurement mirrors were first
aligned to be parallel using a visual angle dekkor, with the mirrors estimated to be
parallel to within one minute of arc.

Initially, all optical components were installed in their nominal positions. To
align the various optical components, the reference mirror was initially blocked.

187



The interferometer base plate was first aligned to the measurement mirror by re-
moving the QWP, and ensuring the back reflected beam was centred on the fibre
collimator. The QWP was then replaced, and the PBS roughly aligned to give
the desired 5.4 mm spacing between the inner beams. The retroreflector was then
shimmed to ensure the return beam passed over the base plate at the same height
as the outgoing beam. Having set the return beam height, the reference mirror was
unblocked, and a final adjustment of the PBS was made by maximising the am-
plitudes of the outputs of the sine and cosine detectors whilst displacing the stage
through multiple fringes, before cementing the PBS in place. This process was de-
signed to ensure the interferometer would produce the maximised sine and cosine
outputs when the reference and measurement mirrors were parallel, when aligned
in the future. The rotation of the QWP was then aligned by adjusting set screws
located under each end of the QWP mount, aiming to minimise the modulation of
the measurement arm reference output whilst displacing the stage. As the QWP
had to be removed to adjust these screws, the alignment was iterative, and only
approximate, with residual alignment errors compensated for with the measurement
arm normalisation correction. A zero order mica QWP was employed, designed for
operation at 632.8 nm.

In order to reduce the potential for the many misaligned back reflections intro-
duced by the tilted optical surfaces to reach the detectors, 3D printed beam baffles
(Polylactic Acid (PLA) plastic) were included as shown in figure 7.10, with 4 mm
apertures around each beam path to avoid clipping the 1.2 mm 1/e2 diameter beams.
A 3D printed cover (PLA plastic, not pictured) was also placed over the interfer-
ometer as a whole during measurements in order to shield the beam paths from air
turbulence.

The output beams of the interferometer were detected with Centronic OSD 5-
5TB photodiodes, with integrated ‘bug eye’ condensing lenses. The photodiodes
were operated in photovoltaic mode (with no applied bias current) to minimise
dark currents, and were amplified with NPL developed electronics. The resulting
voltage signals were then digitised at 200 kHz with the 16-bit ADCs of a National
Instruments 7833R FPGA card, and recorded for further processing, with no data
processing performed on the FPGA. The interferometer outputs were processed as
described in sections 3.3 and 3.2, with a Heydemann correction applied, and either
the reference arm intensity reference or measurement arm intensity reference used,
separately, as described in section 6.5, with the reference arm intensity reference
used only to provide a baseline non-linearity for comparison.

7.5 Non-linearity evaluation

In order to evaluate the non-linearities of the prototype improved plane mirror dif-
ferential interferometer, two sets of measurements were carried out. Preliminary
measurements were made against a Queensgate X15-A nanopositioning stage. More
accurate, and lower noise, measurements were then made using the NPL XRI facility.
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7.5.1 Methods

Nanopositioning stage methods

Non-linearities were first measured against the Queensgate Instruments X15-A nanopo-
sitioning stage used during assembly of the interferometer, with the interferometer
alignment unchanged after assembly. To evaluate non-linearities, the stage was
stepped through the full 15 µm range in 2000 7.5 nm steps, with 1000 data points
being recorded at the full 200 kHz bandwidth at each stage position. As all four
channels were detected synchronously, normalisation to the reference channels as
described in section 6.5 was carried out prior to averaging at each stage position,
so that any laser intensity fluctuations within the detection bandwidth were elim-
inated by the normalisation process. Displacements were calculated assuming a
fixed wavelength of 632.8 nm as environmental parameters were not recorded. As
discussed for previous measurements, whilst this may introduce a small scaling error
(estimated to be parts in 106 in the ±1 °C temperature stabilised laboratory these
measurement were carried out in), a scaling error of this magnitude is insignificant
when considering non-linearities of tens of picometres, corresponding to an error of
tens of attometres in the non-linearity measurement. The displacement scan was
repeated 30 times for each dataset, and the average calculated for both the reference
and measurement arm normalised displacements at each stage position, in order to
reduce the influence of mechanical vibrations and air turbulence.

Table 7.1: Key properties of Queensgate Instruments X15-A nanopositioning stage
[191]. Parameters are quoted across the full closed loop range of the stage, in the
’slow’ control loop pre-set employed in this work.

Parameter Value

Closed loop range 15 µm

Scale factor error 0.1 % (to one standard deviation)

Position noise 0.05 nm (RMS)

Linearity error (peak) 0.005 %

It is important to note that by averaging repeated displacement measurements, it
is possible for non-linearities to be averaged out if the length of the reference arm of
the interferometer drifts between repeat measurements. This effect was minimised in
this work by allowing the interferometer to thermalise before taking measurements,
and by working inside an enclosure, in a thermally stabilised (±1 °C) laboratory.

X-ray interferometer methods

Non-linearities were also measured against the NPL XRI facility, allowing for highly
linear measurement in terms of the well-defined lattice parameter of silicon [8]. All
XRI measurements were carried out by Dr. Andrew Yacoot, using measurement
software written by Dr. Andrew Yacoot, with the unprocessed data being provided
to the author for analysis.
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The operation of the NPL XRI, along with the application to the measurement
of non-linearities in optical interferometers, is described in detail in [11,54]. In brief,
the XRI consists of a flexure stage machined from a single crystal of silicon, with
displacement of the stage generated by a Piezoelectric Transducer (PZT). Three
silicon lamellae are machined into the XRI, each operating as a x-ray diffraction
grating, with the final lamella machined on the moving portion of the flexure stage.
The operating principle of the XRI is shown in figure 7.11. The first lamella diffracts
the incident x-ray beam from the (220) lattice planes of the silicon, forming two
beams. These beams are then incident on the second lamella, where they are again
diffracted, each forming two additional beams. The inner beams are recombined on
the third, moving, lamella, where they are again diffracted, forming a Moiré pattern
between the third lamella, and the interference pattern produced by the beams
incident on the third lamella. As a result, the output beams vary sinusoidally in
intensity as the third lamella is displaced, with a spatial period equal to the (220)
lattice plane spacing, approximately 192 pm [8]. One output beam of the XRI is
detected, and the resulting intensity measurement is used to lock the XRI flexure
stage to the midpoint of an x-ray fringe, on the linear portion of the sinusoidal
output [12]. The XRI can be stepped between adjacent fringes, allowing highly
linear motion to be produced in steps of 192 pm.

Fixed lamellae Moving lamella

Figure 7.11: Principle of operation of the NPL XRI facility. The x-ray beam is
incident from the left, and diffracted at the first and second (fixed), and third
(moving) lamellae. The resulting output beams (right) are detected, as described in
the text. Not to scale.

To allow for comparison with optical interferometers, three gold coated mirrors
are present on the XRI, as shown in figure 7.12. The outer pair of mirrors are fixed,
whereas the inner mirror forms part of the flexure stage, and moves with the third
lamella. The interferometer was aligned against the XRI mirrors by first blocking
the reference arm of the interferometer, and then maximising the outputs of the sine
and cosine channels.
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Figure 7.12: Photograph of the prototype improved plane mirror differential inter-
ferometer is operation against the NPL XRI facility.

In order to measure non-linearities, the XRI was stepped through 1651 x-ray
fringes, corresponding to a displacement of 317 nm, or just over two optical fringes
for the double pass plane mirror interferometer design. At each step, a number
of data points were recorded, with the x-ray fringe number being recorded, along
with the four interferometer outputs. The number of data points recorded at each
step was determined by approximate software timing, with nominally 100 ms of data
recorded, resulting in an average of 616 data points being recorded at each XRI step.

The interferometer output signals were processed as previously described, with
processing conducted separately for the measurement arm intensity reference nor-
malised and reference arm intensity reference normalised cases. Each recorded data
point was propagated through to the calculation of the change in interferometric
phase without averaging. Having calculated the phase change, relative to the first
data point, for each data point, the phase changes were then averaged for each
XRI step, and standard errors in the mean were calculated. XRI displacements
were calculated from the XRI fringe number by multiplying the fringe number by
192.015 571 4 pm, the (220) lattice spacing of silicon [8]. The optical wavelength was
calculated based on the XRI displacement and the measurement arm normalised
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phase change averages as

λ = 8π
max (xXRI)−min (xXRI)

max (∆ϕmes)−min (∆ϕmes)
, (7.1)

where xXRI is the XRI displacement, and the dead path was assumed to be zero,
again implicitly assuming a fixed refractive index throughout the measurement.

7.5.2 Results

Nanopositioning stage results

Experimental measurements of the non-linearity are shown in figures 7.13 and 7.14.
Non-linearities errors are shown, relative to the scaled stage displacement (x), in
both displacement (A and B) and spatial frequency (C) space in both cases. In
order to clearly visualise the non-linearity in displacement space, the displacement
space data was processed in two ways. Figures 7.14A and 7.13A show displacement
errors relative to the stage position, with a fifth order polynomial subtracted, with
the polynomial subtraction intended to minimise the effects of stage and wavelength
errors on the plotted data, allowing non-linearities to be visualised. Figures 7.14
B and 7.13 B show the non-linearity error averaged over a range of two fringes.
In order to show this, the 15 µm displacement range was broken up into 632.8 nm
sections, by taking the modulo of the stage displacement with a divisor of 632.8 nm.
Due to the non-integer number of data points per fringe, each successive section was
slightly offset from the last. A linear fit was then made to the non-linearity errors
for each 632.8 nm section, and fitted lines subtracted to minimise the effects of
longer spatial period drifts introduced by air turbulence and mechanical instability.
Individual data points in figures 7.14 B and 7.13 B show all of the 632.8 nm sections
superposed, with a 50 point moving average applied to visualise the average non-
linearity error across the displacement range. Figures 7.14 C and 7.13 C show
Fourier transforms of the difference in displacement between the interferometer and
stage displacements. A Hann window [185] was again applied to limit spectral
leakage and edge effects, and the data was zero padded with a number of zeros
equal to the number of unpadded data points adjoined to each end of the data
in order to allow individual peaks to be visually distinguished more clearly, before
taking the Fourier transform. The plotted amplitude data has been corrected for
the scaling effects of the Hann window function [185].

Preliminary results, shown in figure 7.13, showed unexpectedly large residual
non-linearities in the measurement arm normalised case, with a peak-to-peak value
of approximately 44 pm. The photodiode detectors were then deliberately tilted
in an attempt to reduce the effects of any back reflections from the photodiodes,
resulting in the reduced non-linearities shown in figure 7.14. As non-linearities are, in
the measurement arm normalised case, approaching the noise floor, it is not possible
to state a value of the peak-to-peak non-linearity with a high degree of certainty.
The statement of a peak-to-peak non-linearity will therefore instead be based upon
the x-ray interferometry measurements, presented in the following section.
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Figure 7.13: Experimental measurement of reference and measurement arm nor-
malised non-linearities, in the presence of back reflections, calculated relative to the
stage displacement x, for a 15 µm displacement made in 7.5 nm steps. A shows er-
rors relative to the stage position, with a fifth order polynomial subtracted to reduce
the effects of stage and wavelength errors, allowing non-linearity errors to be seen
clearly. Non-linearities are also shown in displacement (B) and spatial frequency
(C) space, processed as described in the text.
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Figure 7.14: Experimental measurement of reference and measurement arm nor-
malised non-linearities, calculated relative to the stage displacement x, for a 15 µm
displacement made in 7.5 nm steps. A shows errors relative to the stage position,
with a fifth order polynomial subtracted to reduce the effects of stage and wave-
length errors, allowing non-linearity errors to be seen clearly. Non-linearities are
also shown in displacement (B) and spatial frequency (C) space, processed as de-
scribed in the text.

194



In order to investigate the source of the residual non-linearities in both cases,
Fourier transforms of the four voltage signals produced by the interferometer, V x,
V y, V ref V mes, were calculated. Each voltage signal was normalised to its maximum
value, a Hann window was applied [185], and the data was once again zero padded
with a number of zeros equal to the number of unpadded data points adjoined to
each end of the data. As previously, the amplitude data was corrected for the scaling
effects of the Hann window function [185]. The results of this process are plotted
in figures 7.15 and 7.16, corresponding to the minimised back reflection, and back
reflection, cases respectively.

0 200 400 600
Spatial period (nm)

10−9

10−6

10−3

100

A
m
pl
it
ud

e
(A

.U
.)

Vx

0 200 400 600
Spatial period (nm)

10−9

10−6

10−3

100

A
m
pl
it
ud

e
(A

.U
.)

Vy

0 200 400 600
Spatial period (nm)

10−9

10−6

10−3

100

A
m
pl
it
ud

e
(A

.U
.)

Vref

0 200 400 600
Spatial period (nm)

10−9

10−6

10−3

100

A
m
pl
it
ud

e
(A

.U
.)

Vmes

Figure 7.15: Fourier transforms of the four output voltage signals of the prototype
interferometer, with back reflections present, calculated as described in the text.
Corresponding non-linearities are presented in figure 7.13.

In both cases, peaks can be seen in the V ref signal at harmonics of 632.8 nm.
This effect has two possible causes. The first is cross talk between the channels
within the electronics. This cause may be excluded, as the same electronics were
used to gather the data presented in section 6.4 and [171], where no such effect was
seen. The effect must therefore be a result of light from the measurement arm path
of the interferometer being coupled into the reference arm. In this interferometer
design, this may only take place at two locations: the input fibre collimator, and the
output detectors. Considering figures 6.29 and 6.30, it can be seen that the same
magnitude of back reflection has a significantly smaller effect on the non-linearity
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Figure 7.16: Fourier transforms of the four output voltage signals of the prototype
interferometer, with back reflections minimised, calculated as described in the text.
Corresponding non-linearities are presented in figure 7.14.

when it occurs at the input, therefore reflections from the photodiode detectors are
suggested as the cause of the observed effect in both cases.

X-ray interferometer results

Following the nanopositioning stage measurements, the interferometer was set up
against the NPL XRI, and measurements were carried out as described in section
7.5.1. The resulting non-linearity measurement is shown in figure 7.17. 7.17 A
shows the displacement profile of the XRI in integer fringe steps. 7.17 B shows the
error in the interferometer displacement, calculated relative the XRI displacement.
Error bars show expanded uncertainties with k = 2, corresponding to a confidence
interval of approximately 95 %.

In order to give a quantitative estimate of the peak-to-peak non-linearity, a
sum of sinusoids was fitted to the errors (relative to the XRI displacement) plotted
in figure 7.17 B, in both the reference and measurement arm intensity reference
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Figure 7.17: Non-linearity errors in the prototype improved plane mirror differential
interferometer, measured against the NPL XRI facility. A shows the XRI displace-
ment in integer x-ray fringes, with one fringe equal to approximately 192 pm. B
shows the error in the interferometric displacement in both the reference arm inten-
sity reference normalised (‘ref’) and measurement arm intensity reference normalised
(‘mes’) cases. Fitted lines are also plotted, calculated as described in the text.

normalised cases. The function

f (xXRI) = e0 +
6∑
i=1

Ai sin

(
2π

2i

λ
xXRI + φi

)
(7.2)

was fitted in each case, where the coefficients Ai set the amplitude of the various
fitted harmonics, φi the phase, and e0 applies an offset, required as the non-linearity
errors are not centred on zero. Only even spatial harmonics are fitted, as the in-
terferometer operates in reflection, and therefore non-linearities are odd spatial har-
monics cannot be present. Fitting was performed using the trust region reflective
algorithm [192] as implemented within the SciPy software [193]. In order to estimate
uncertainties in the fitted curves, the fit process was repeated 1000 times following a
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bootstrapping method. For each repeat, a randomly generated offset was added to
each error value, with the offsets following a Gaussian distribution, with the standard
deviation determined by the standard uncertainty separately for each data point.
Averages (plotted as the fitted lines in figure 7.17 B) and standard deviations in the
fitted curves (rather than the fit coefficients) were calculated across the 1000 boot-
strap repeats. Uncertainty estimates in the fitted lines are not plotted, as they would
not be visible. In addition, averages and standard deviations of the peak-to-peak
values of the fitted lines were calculated across the 1000 bootstrap repeats, provid-
ing estimates of the peak-to-peak non-linearity. In the reference arm normalised
case peak-to-peak non-linearities were estimated to be (56.8± 0.4) pm. In the mea-
surement arm intensity reference normalised case peak-to-peak non-linearities were
estimated to be (23.0± 0.6) pm. In both cases expanded uncertainties are reported
with k = 2, corresponding to a confidence interval of approximately 95 %.

7.6 Discussion

Modelling work has identified a number of potential sources of non-linearity in the
existing NPL plane mirror differential interferometer design. The existence of non-
linearity in this interferometer design has been confirmed by previous work in the
literature [54], a finding that has been reinforced by the work presented in this
chapter. Experimental measurements of the non-linearity of ten existing NPL plane
mirror differential interferometers, presented in figures 7.7 and 7.8, have found non-
linearities arising from a number of sources, as predicted in section 7.2. Non-linearity
errors have been found to be introduced primarily by unwanted back reflections
at air-glass interfaces, and by non-ideal polarising optical components. Complex
interactions between these effects may occur, making the magnitude of any non-
linearities challenging to predict, and leading to the wide range of variation in non-
linearity shown in figures 7.7 and 7.8. As a result, no attempt has been made to
state an average, or maximum, non-linearity for the existing design.

These findings have driven the development of an improved interferometer, de-
signed specifically to make use of the measurement arm normalisation non-linearity
correction methodology introduced in section 6.5. The improved design attempts
to minimise the effects of unwanted back reflections by tilting all optical surfaces
by a differing amount, ensuring any multiple reflections remain misaligned relative
to the primary beam path. The design attempts to eliminate the effects of non-
idealities in the polarising optics by employing the measurement arm normalisation
technique, which, as discussed in section 6.5, in the absence of unwanted back reflec-
tions theoretically offers a complete correction for higher non-linearities introduced
by non-idealities in the QWP and PBS.

Although in theory a complete correction of higher order non-linearities intro-
duced by non-idealities in the QWP and PBS is possible, as demonstrated in sec-
tion 6.5, unwanted back reflections will still result in non-linearities. A key source
of potential back reflections that was not considered in the design process for this
interferometer is the photodiode detectors, with the difference made by tilting the
photodiode detectors clear in the reduction in non-linearity from figure 7.13 to 7.14.
The prototype interferometer was constructed using photodiodes with integrated
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condensing lenses, and as such a small portion of the back reflected light may be
expected to have been scattered from the uncoated lens surfaces, back along the
beam path. Photodiode back reflections do not, however, in isolation introduce the
non-linearities with a once-per-fringe period seen in figure 7.14 in this interferometer
design, as demonstrated in figure 6.29. The presence of photodiode back reflections,
even with the detectors tilted, is confirmed by figure 7.16, with a small peak visible
for in V ref at a spatial period of λ/2. These findings indicate that the once-per-
fringe non-linearity observed in figure 7.14 is likely to be the result of interactions
between some combination of photodiode back reflections and some additional back
reflection source.

In order to further investigate the non-linearities seen in figure 7.14, and to al-
low the peak-to-peak non-linearity to be quantified in a lower noise environment,
the non-linearity of the prototype improved plane mirror differential interferometer
design was also measured against the NPL XRI facility. The results of this mea-
surement are shown in figure 7.17. The measurement arm normalisation corrected
was found in this case to reduce peak-to-peak non-linearities from (56.8± 0.4) pm to
(23.0± 0.6) pm. When interpreting these results, it should be noted that the quoted
uncertainties only given an estimate of uncertainty in the best fit of equation 7.2
to the available data; they do not describe how appropriate the fit is, and therefore
the effects of other systematic errors, beyond non-linearity, are not accounted for,
and may bias the result. Furthermore, these uncertainties are based upon a single
alignment of the interferometer, and therefore do not quantify the repeatability of
the non-linearities when the interferometer is moved, or realigned.

The effects of other systematic errors on the XRI measurement were minimised by
calculating the optical wavelength based upon the XRI displacement. This process
eliminates any linear errors between the x-ray and optical interferometers, and masks
the effect of any geometrical cosine error that may be present. Optical wavelength
fluctuations that occur within the measurement time period, along with position
dependent angular errors in the XRI flexure stage, may, however, still influence the
result. The data presented in figure 7.17 B shows a trace and retrace through the
same set of XRI positions, as shown by figure 7.17 A. Trace and retrace errors can
be seen to be effectively superposed, demonstrating that any wavelength fluctua-
tions, or angular motions, were small, and had a minimal effect on the non-linearity
measurement.

Quantifying the repeatability of non-linearities with realignment of the interfer-
ometer is more challenging, in particular when the exact source of the non-linearities
is not known. The alignment procedure described for this interferometer, first max-
imising the outputs of the sine and cosine signals with the reference arm blocked, is
expected to introduce a degree of repeatability, however, the accuracy of the align-
ment cannot be quantified, and variability between set ups, and operators, is there-
fore possible. This suggests that including the potential for angle measurement, as
in [51], may be beneficial in displacement measuring optical interferometer designs,
not only for the measurement of angular motion, but also to ensure repeatability of
alignment.

Due to the restricted displacement range measured with the XRI, the (spatial)
spectral content of the reference signals could not be analysed, however, the form
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of the non-linearities observed in figure 7.17 is comparable to those seen in figure
7.14, and therefore the source of the non-linearities is hypothesised to be the same;
a combination of back reflections from the photodiodes and scattered light or higher
order back reflections from other optical components.

Back reflections from the photodiodes may be reduced in future iterations of
this interferometer design by using photodiodes with flat windows, and tilting the
photodiodes, such that any back reflections are misaligned. One interferometer
design described in the literature [28] made use of QWP and polarisers in front of
the photodiodes, acting as an optical isolator for first order back reflections, and this
may also be a possible approach. In the prototype interferometer, the angle of the
photodiodes is not constrained by the design. Any future design should ensure the
photodiode angles are fixed, so as to ensure back reflection effects are minimised,
and to ensure the performance of different interferometers built to the same design
is repeatable.

Identifying the sources of the other suspected back reflection, or back reflections,
is more challenging, as both the relative phase and location of any back reflections,
along with the interactions between multiple back reflection sources, all influence
the observed non-linearity. Back reflections from the QWP are able to introduce, in
combination with the photodiode back reflections, the once-per-fringe non-linearity
observed in figure 7.13, along with the increase in non-linearity at a spatial period
of λ/2 relative to the reference arm normalised case, as demonstrated in figure 6.28.
QWP back reflections therefore appear to be a possible candidate, however, the
QWP was deliberately tilted, and therefore any back reflections from the QWP
should not reach the detector. One possible explanation is that, although first order
back reflections were misaligned, some combination of higher order reflections may
reach the detectors. Baffles were included in the design to attempt to minimise
the possibility of this occurring, however, the baffles had relatively large apertures
(4 mm) relative to the 1/e2 beam diameter (1.2 mm). Misaligned back reflections
cannot be modelled with the combined scattering and transfer matrix modelling
technique [85], and therefore further experimental work is required to identify if this
is the cause of the residual non-linearities observed in figure 7.14, with the next step
being to place smaller apertures in front of each detector.

The work presented here has demonstrated both the strengths, and the weak-
nesses, of the measurement arm normalisation non-linearity correction approach
described in section 6.5. The sensitivity to back reflections predicted by the mod-
elling work has been demonstrated experimentally, and has been found to limit the
performance of the interferometer, however, even in the presence of significant back
reflections, a reduction in non-linearity was still achieved relative to the reference
arm normalised case. An additional benefit, not previously considered, is the addi-
tional diagnostic information provided by having access to both measurement and
reference arm intensity references. Frequency space representations of these out-
puts, as shown in figures 7.15 and 7.16, provide significant additional information
about the performance of the interferometer. In this work, this information permit-
ted the presence of back reflections from the photodiodes to be confirmed. With
further development of the technique it may be possible to use these additional
outputs to place an upper limit on the magnitude of any residual non-linearities,
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even in cases where correction is not possible, and this would have significant bene-
fits when estimating uncertainties in interferometric measurements of displacement.
The importance of in-situ estimates of residual non-linearities, previously discussed
in chapter 3, are further reinforced by the findings of the survey of existing NPL
interferometers, presented in figures 7.7 and 7.8, where the lack of repeatability of
the non-linearity can be clearly seen.

7.7 Summary

Sources of non-linearity errors in the NPL plane mirror differential interferometer
design have been identified through a combination of modelling work, employing the
combined scattering and transfer matrix model developed in chapter 5, and experi-
mental measurement. Non-idealities in polarising optical components, and unwanted
back reflections, have been identified as the main cause of non-linearities in this in-
terferometer design. Based upon these findings, an improved optical design has been
developed and tested, with measurements made using both a nanopositioning stage
and the NPL XRI facility.

Measurements of the non-linearity of ten existing NPL plane mirror differential
interferometers have revealed variation in the non-linearity between individual in-
terferometers built to the same design. This variation has been attributed to back
reflections from optical surfaces that are nominally perpendicular to the axis of beam
propagation, but that in reality are slightly misaligned to varying degrees. This has
been mitigated in the improved design by introducing deliberate and repeatable tilt
angles to all optical components.

By tilting polarising optical components, the performance is likely to have been
degraded. To compensate for this, along with pre-existing non-idealities in real world
polarising optical components, the improved interferometer design incorporates the
measurement arm normalisation non-linearity correction technique described in sec-
tion 6.5. In principle, this technique allows for the complete correction of non-
linearities introduced by non-ideal polarising optics in this interferometer design, in
the absence of other error sources. Where other error sources, for example unwanted
back reflections, are present, only a partial correction can be expected.

A prototype improved plane mirror differential interferometer has been con-
structed, and found to have peak-to-peak non-linearities of (23.0± 0.6) pm when
employing the measurement arm normalisation non-linearity correction, reduced
from (56.8± 0.4) pm when this correction is not employed. The exact source of
these non-linearities could not be conclusively identified, however, the presence of
back reflections from the photodiode detectors has been confirmed by the presence
of a component in the reference arm intensity reference output that is periodic with
harmonics of the illuminating wavelength. Photodiode back reflections alone do
not fully explain the observed non-linearity. Some additional error source must be
present, and scattered light or higher order misaligned reflections entering the de-
tectors is suggested as a cause. Further work is required to verify this suggestion,
which may be investigated by placing apertures in front of the photodiodes.

The work presented here has verified the potential of the measurement arm
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normalisation non-linearity correction, both for the correction of higher order non-
linearities, and for diagnostic purposes. The additional intensity references allowed
the presence of back reflections from the photodiode detectors to be conclusively
confirmed. Picking off intensity references from each arm of the interferometer is
therefore suggested not only as a correction technique, but also as an approach for
investigating the source of non-linearities in homodyne interferometry, even if the
pick off beam splitter is only temporarily installed for diagnostic purposes.

Future work may focus both on identifying the source of the residual non-linearity
in the prototype improved plane mirror differential interferometer design, and on
further exploring the potential of the measurement arm normalisation technique.
Two key aspects of this technique require further investigation. Firstly, the condi-
tions under which the technique is effective should be identified. Modelling work
has been used here to explore possible applications for one interferometer design,
however, more general guidelines are desirable. Secondly, the potential to place
an upper limit on peak-to-peak non-linearity by observing the periodic content of
the intensity references should be researched. In-situ non-linearity analysis is desir-
able, as demonstrated by the variations observed in figure 7.7, but often challenging
with existing techniques, and if the intensity references could be used to estimate
non-linearities, this would allow uncertainties to be placed on nanoscale displace-
ment measurements made with homodyne interferometers with a greater degree of
confidence.
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Chapter 8

Conclusions and future work

8.1 Conclusions

This thesis has explored the performance limits of homodyne displacement mea-
suring optical interferometry, with the goal of developing techniques to reduce the
measurement uncertainty of homodyne interferometers at the nanoscale.

In the course of this exploration, existing precision interferometer designs have
been reviewed, and the key strengths and weaknesses of leading designs identified.
Sources of uncertainty in displacement measurements made with homodyne interfer-
ometry have also been reviewed. At the nanoscale (for measurements made in air),
non-linearities may dominate the measurement uncertainty if the dead path is small,
and measured accurately. For measurements made in the vacuum, non-linearities
may dominate over larger length scales.

Based on the findings of the review of existing interferometer designs, phase-
quadrature coating based interferometers were selected as a promising candidate for
further research. As such, the design and fabrication of phase-quadrature coatings
was investigated, and the design of such a coating was optimised.

Another key finding of the review process was that residual non-linearities in
homodyne interferometers are dominated by higher order effects. Such higher order
effects, arising as a result of the formation of weak optical cavities within the inter-
ferometer optics, are challenging to model with existing techniques, and this drove
the development of a novel technique for modelling higher order non-linearities in
homodyne interferometers, the combined scattering and transfer matrix model. This
model has been developed and published [85] alongside an associated open source
software implementation [159]. The results gathered with this model have led to the
identification of previously unknown non-linearity sources in the NPL plane mirror
differential interferometer design.

Even when non-linearity sources are identified, it is not always possible to elimi-
nate them completely, and as a result, three novel non-linearity correction method-
ologies have also been developed in the course of this PhD: the two-wavelength [69]
(section 6.3), multiple intensity reference [171] (section 6.4) and measurement arm
normalisation [172] (section 6.5) approaches, each aiming to fill a specific weakness
in the existing ellipse fitting Heydemann correction [87]. Existing non-linearity cor-
rections have also been reviewed, with a focus on comparing the performance of the
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various ellipse fitting algorithms that may be used to implement the Heydemann
correction [87].

Finally, by combining the measurement arm normalisation approach to the cor-
rection of higher order non-linearities, with design improvements driven by modelling
work, an improved plane mirror differential interferometer design has been devel-
oped, based upon an existing NPL design, and the non-linearities of this improved
design have been investigated. XRI measurement revealed a residual non-linearity
of (23.0± 0.6) pm when the measurement arm normalisation technique was applied,
reduced from 40 pm for the existing NPL design [54]. Further improvements are
expected to be possible in the future, with measures taken to reduce the effects of
scattered light.

Reviewing existing interferometer designs, it is apparent that although Fabry-
Perot designs currently achieve the lowest measurement uncertainties, they are lim-
ited in practical metrological application by limited working range, optical and elec-
tronic complexity, and cost. Of the other approaches to precision displacement
measuring interferometry at the nanoscale, both state of the art homodyne and
heterodyne interferometers currently achieve similar performance with regards to
non-linearity. Non-linearity sources in homodyne interferometry are, however, bet-
ter understood, and homodyne interferometers, particularly where phase-quadrature
coatings are employed, are optically simpler. A theme that runs throughout the liter-
ature, is that in general, optically simpler designs, with fewer polarising components
and optical surfaces, tend to have lower non-linearities. This statement should be
cautioned with the fact that there are very few interferometer designs published that
are capable of achieving non-linearities in the tens of picometre range, where higher
order effects begin to become significant, and therefore the sample size is small. Un-
wanted back reflections and polarisation leakage have, however, been suggested as
causes of the residual non-linearities in a number of cases, for both homodyne and
heterodyne interferometers [15, 28, 59–61, 63, 82, 84, 85], and this reinforces the idea
that simpler optical designs are likely to achieve lower non-linearities, all else being
equal. This conclusion is also backed up by the data presented in section 6.4 of this
thesis, where in a simple corner cube based phase-quadrature Michelson interferome-
ter, non-linearities, in the full fringe case, were reduced below the 7.5 pm noise floor.
As non-linearities are not the only uncertainty source, such simple interferometers
are, however, often impractical, with plane mirror differential designs required to
reduce the effects of air turbulence and mechanical vibrations on the displacement
measurement, minimise the dead path, and reduce the influence of thermal drifts.
As phase-quadrature coating based interferometers have a simple optical design, and
well understood non-linearity sources, as compared to polarisation based homodyne
interferometers, this interferometer design was selected as the target for the research
presented in this thesis.

A key, and novel, finding of the review of uncertainty sources in homodyne
interferometry was that where higher order non-linearities occur, non-linearities can
neither be corrected, or measured, based only upon the quadrature signals produced
by the interferometer. The presence of higher order harmonics permit the formation
of quadrature signals that, when plotted against each other, form a perfectly circular
Lissajous figure, despite having a distorted phase. This is a particularly important
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finding to highlight, as amplitude deviations of the Lissajous figure from the ideal
circular form have previously been used to estimate residual non-linearities [50], a
technique that this finding demonstrates will underestimate the non-linearity where
higher order effects are present.

A less novel, but important to state, conclusion of this review was that at the
nanoscale, non-linearities may dominate the measurement uncertainty, with the tens
of picometres of non-linearity achieved by leading interferometer designs still in ex-
cess of the shot noise limit derived in section 3.4 at the optical powers and band-
widths typically encountered in precision interferometry. A final conclusion of this
review was that although optimal values for the quadrature phase shift, and re-
flectivity to transmission ratio of phase-quadrature coatings exist, the additional
uncertainty introduced by deviations from these ideal values is small, and does not
currently limit interferometer performance. As a result, the residual variability in
the phase-quadrature coating parameters discussed in chapter 4 also does not limit
interferometer performance.

Following the identification of non-linearities as a factor limiting the nanoscale
performance of homodyne interferometry, and before non-linearities can be elimi-
nated, the sources of non-linearity must be identified. Although, as already dis-
cussed, the general sources of non-linearity in homodyne interferometry are well
established in the literature, the specific sources for an individual design are more
challenging to characterise. As discussed in chapter 3, higher order non-linearities of-
ten dominate the non-linearity in cases where a Heydemann correction is employed,
and these higher order non-linearity sources are challenging to model with exist-
ing approaches. The combined scattering and transfer matrix model was developed
specifically to model higher order non-linearities in homodyne displacement measur-
ing optical interferometers. The novelty of this approach, over a related approach
implemented in the FINESSE [153] software, is the ability to model the effects of
cavity formation within polarising optics. By simultaneously modelling the prop-
agation of light in two orthogonal polarisation states, chosen to be the S and P
states relative to the optical components in the published implementation, coupling
between the two polarisation states may be modelled. This ability proved crucial to
the identification of the sources of residual non-linearity in the NPL plane mirror
differential interferometer design, where complex interactions between non-idealities
in various polarising optical components occur.

Some non-linearity sources identified with the combined scattering and trans-
fer matrix model may be eliminated through improved optical design, however, in
cases where this is not possible, non-linearity correction algorithms are required.
The existing Heydemann correction [87] is widely used in the field of homodyne
interferometry, and corrects for elliptical non-linearities introduced by errors in the
signal offsets, gain ratios and quadrature phase error. This correction relies up el-
lipse fitting, raising the questions as to whether the specific ellipse fitting algorithm
employed affects the performance of the correction. A selection of ellipse fitting
algorithms were compared in section 6.2.1. The ODR algorithm was found to of-
fer marginally better performance than the other algorithms considered in the full
fringe case, however, performance improvements were minor, and negligible com-
pared to typical levels of higher order non-linearities. Ellipse fitting corrections, as
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demonstrated in section 3.3.3, cannot correct for higher order non-linearities, and
therefore alternative approaches are required.

The novel two-wavelength non-linearity correction technique [69] described in
this thesis represents the first technique capable of correcting for higher order non-
linearities in a purely optical instrument. The two-wavelength correction is appli-
cable to any interferometer that suffers from periodic non-linearity errors. In this
work the two-wavelength correction has been demonstrated at a proof-of-concept
level, however, the approach is in principle applicable to any interferometer that
suffers from periodic non-linearity errors, and as such it is anticipated that the
application of this correction to state of the art interferometer designs may allow
non-linearities to be reduced below the 10 pm peak-to-peak level. Beyond non-
linearity correction, two-wavelength interferometry may have additional benefits for
refractive index compensation [88], and therefore the development of two-wavelength
interferometer designs is a promising avenue for future work.

The two-wavelength correction adds significant additional cost and complexity
to the interferometer, both in terms of optical and electronic design, and data pro-
cessing. Displacement ranges of several optical fringes are also required to reach the
maximum performance of the correction. Alternative approaches are therefore still
desirable. The measurement arm normalisation approach described in section 6.5,
and applied in chapter 7, is one such approach. This novel approach allows for the
correction of some higher order non-linearities. Non-linearities that are suitable for
correction with this approach may be identified through application of the combined
scattering and transfer matrix model [85]. Simply requiring moving the existing in-
tensity reference commonly used in homodyne interferometry to a different location
within the interferometer, the measurement arm normalisation approach adds no ad-
ditional optical or data processing complexity, and therefore may be implemented,
where applicable, with few disadvantages. As highlighted in chapter 7, the real-
world performance of this approach may be limited by unwanted back reflections,
and therefore in some cases the two-wavelength correction [69] may still be required.

In addition to the inability to correct for higher order non-linearities, the Heyde-
mann correction has another key weakness; where the displacement covers a range of
less than one full optical fringe, corresponding to a full ellipse when plotted as a Lis-
sajous figure, the performance of ellipse fitting algorithms in severely degraded. This
effect was investigated in section 6.2.1, with the conclusion that even when ellipse
specific fitting algorithms, designed for the sub-fringe case, were employed, perfor-
mance was still poor. Specific figures are dependent on noise levels in the quadrature
signals. Under the conditions tested (shot noise limited, 1 mW illuminating power,
100 kHz bandwidth), non-linearities increased above 10 pm for displacements cov-
ering less than approximately 40 nm for a double pass interferometer. Precision
sub-fringe displacement measurement has a number of applications, including the
out of plane axis of metrological atomic force microscopes [55], and monitoring the
out of plane motion of nanopositioning stages [6], and in these cases, measurement
uncertainties may be limited by the poor sub-fringe performance of the Heydemann
correction. To fill this performance gap in the Heydemann correction, and therefore
extend the performance envelope of precision homodyne interferometry further into
the nanoscale, another novel non-linearity correction methodology was developed,
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the multiple intensity reference correction [171]. This correction was found in exper-
imental work to outperform the Heydemann correction for displacements covering
less than approximately 120 nm when applied to a single pass interferometer configu-
ration operating at approximately 632.8 nm. Non-linearities remained below 100 pm
for displacement ranges greater than approximately 25 nm, again for a single pass
configuration, representing a significant increase in the dynamic range of precision
homodyne interferometry.

Having developed novel techniques for the identification and correction of non-
linearity in homodyne interferometry, the final piece of work presented in this thesis
focussed on the development of an improved plane mirror differential interferometer
design, based upon an existing NPL design. Through a combination of modelling
work, utilising the combined scattering and transfer matrix model [85], and ex-
perimental measurement, non-linearity sources in the existing NPL plane mirror
differential interferometer design were identified. The key sources on non-linearity
were found to be the unwanted back reflections, and non-idealities in the polarising
optical components, both introducing higher order non-linearities, typically in the
range of tens of picometres. These findings were in line with previous measurements
of this interferometer design, which found peak-to-peak non-linearities of 40 pm.
Significant variability was found between the individual interferometers tested, and
this further reinforces the conclusion that in-situ non-linearity evaluation is desir-
able. Based on these findings, the improved design tilted all optical surfaces that
were previously perpendicular to the beam axis by differing amounts, aiming to
misalign back reflections. A beam splitter was also added to the return paths of the
measurement and reference arms of the interferometer, allowing the the measure-
ment arm normalisation non-linearity correction approach described in section 6.5
to be utilised, with modelling work indicating that in this case, the measurement
arm normalisation approach should allow for the complete correction of non-linearity
introduced by non-ideal performance of the QWP and PBS. A secondary benefit of
this additional beam splitter is that the multiple intensity reference correction tech-
nique [69] could also be applied for sub-fringe displacements, although this was not
tested. The non-linearity of the improved design was investigated, and found to be
limited by back reflections from the photodiodes, an error source that had not been
considered during the design process. Tilting the photodiodes to reduce the effect
of any back reflections allowed the non-linearity to be reduced. Non-linearities were
measured against the NPL XRI, and found to be (23.0± 0.6) pm when the measure-
ment arm normalisation algorithm was applied. Without applying this correction,
non-linearities rose to (56.8± 0.4) pm. The sources of the residual non-linearity
could not be confirmed conclusively, however, the continued presence of weak back
reflections from the photodiodes was confirmed. This, in combination with scattered
light from higher order reflections reaching the detectors, is suggested as the cause
of the residual non-linearity.

Summarising, this PhD has made a number of novel contributions to the field
of homodyne interferometry, two of which have been published [69, 85], and one of
which has been submitted to a journal [171]. A novel modelling technique has been
developed and published [85, 159], that permits higher order non-linearities to be
analysed. Three novel non-linearity corrections have been developed. Two of these,
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the two-wavelength [69] and measurement arm normalisation corrections, allow for
the correction of higher order non-linearities, something that was not possible with
a purely optical instrument prior to this PhD. The third correction technique, the
multiple intensity reference correction [171], fills an important gap in the perfor-
mance of existing non-linearity correction algorithms, extending the performance of
precision homodyne interferometry in the sub-fringe displacement case. Combined,
these contributions form a tool kit for the development of precision homodyne dis-
placement measuring interferometers.

8.2 Future work

A number of aspects of this thesis suggest the potential for future work, and these
are outlined in this section.

8.2.1 Phase-quadrature coatings

Although the performance of the phase-quadrature coatings used in NPL interfer-
ometer designs does not currently limit the performance of the interferometers, this
may become the case in the future if non-linearities are further reduced. Improv-
ing the repeatability of the phase-quadrature coating process is therefore desirable.
Modifying the existing design for use at wavelengths other than 632.8 nm is also de-
sirable, and improved repeatability would simplify the re-design and re-optimisation
process.

8.2.2 Uncertainties

In chapter 3, the importance of measuring the dead path with a low uncertainty for
measurements made in air was highlighted. Accurate dead path measurement is of-
ten challenging in practice. In some cases mechanical measurement of the separation
of the measurement and reference mirrors may be sufficient, however, particularly
in less stable environments, or over longer time periods, where the refractive index
is likely to vary more, and hence the dead path uncertainty is a larger contributing
factor, optical techniques may be required. This is essentially an absolute distance
measurement problem, and may be accomplished optically through a number of
methods, including frequency scanning interferometry [194], frequency modulated
interferometry [32,33], and synthetic wavelength approaches [184]. The application
of these techniques to the measurement of dead path in displacement measuring
interferometry should be considered in future work. Where the dead path may
be controlled, and can be set to zero, simplified frequency scanning or modulating
approaches may be possible, and these should also be investigated.

8.2.3 Two-wavelength non-linearity correction

In this thesis the two-wavelength non-linearity correction [69] has been applied only
as a proof of concept, with the corrected non-linearities deliberately introduced into
a simple corner cube base Michelson interferometer. A number of improvements
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could be made to the implementation. Firstly, the two-wavelengths were multiplexed
together in the time domain, limiting the sampling rate of the interferometer, and
increasing the complexity of data processing. Future work could instead spatially
multiplex the two-interferometers. As one wavelength sets the displacement scale,
any small misalignments between the measurement axes of the two interferometers
are not critical, and therefore, at the cost of doubling the required detection channels,
truly simultaneous sampling could be achieved between the two interferometers, with
no risk of cross talk as could occur with polarisation or dichroic based separation
approaches.

Secondly, the corner cube Michelson configuration may be impractical for many
metrological applications, where plane mirror differential configurations are often
preferred. Taking the NPL plane mirror differential interferometer as an example,
the wavelength dependence of the PBS and QWP present challenges. Achromatic
and QWP are commercially available, however, as are QWP designed for operation
at two specific wavelengths. PBS designed for broadband operation are also avail-
able, however, the extinction ratio is likely to be degraded. As discussed in section
6.5, errors in both the QWP and PBS may be compensated with the measurement
arm normalisation technique. This approach could therefore be combined with the
two-wavelength correction in future work to correct residual non-linearities in fur-
ther developments of the NPL plane mirror differential interferometer design. A
schematic of a proposed spatially separated two-wavelength interferometer, follow-
ing the improved NPL plane mirror differential interferometer design, is shown in
figure 8.1.

PQBS
PBS QWP Mref

Mmes

RR

Py

Mref

BS

Px

Pmes

Pref

λb

λa

Figure 8.1: Proposed spatially separated two-wavelength interferometer, following
the improved NPL plane mirror differential interferometer design.

Finally, the two-wavelength non-linearity correction may compliment the appli-
cation of multiple wavelength refractive index compensation methods. Both two [88]
and three [195] wavelength based refractive index compensation methods have been
proposed in the literature, and both would be compatible with the two-wavelength
non-linearity correction. The main factor limiting the practical application of these
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techniques is the scaling of the interferometric phase change uncertainty by a large
factor determined by the wavelength spacing [195]. Combining high precision in-
terferometers employing the two-wavelength non-linearity correction, which have
the potential for very low non-linearities, and therefore phase uncertainties, with
multiple wavelength refractive index compensation methods may therefore lead to
improved refractive index compensation.

Relating back to the previously discussed dead path uncertainty problem, the
potential application of multiple wavelength interferometry for non-linearity correc-
tion [69], refractive index compensation [88, 195] and dead path measurement [184]
has been discussed. The development of a metrological light source having a high
degree of frequency stability, as required for precision interferometry, whilst also
generating multiple wavelengths, potentially with a degree of frequency tunability,
is therefore suggested.

8.2.4 Measurement arm normalisation non-linearity correc-
tion

The second higher order non-linearity correction technique proposed in this thesis,
the measurement arm normalisation technique, also suggests further work. Cur-
rently, although specific scenarios may be tested with the combined scattering and
transfer matrix model [85], no general guidelines have been developed for when
the measurement arm normalisation non-linearity correction may offer a complete
correction. The development of such guidelines is an important target for future
work.

An additional aspect of the measurement arm normalisation non-linearity cor-
rection that is of interest for future work is the diagnostic application of intensity
references taken separately from each arm of the interferometer. The utility of this
approach was demonstrated in chapter 7, where the presence of components that
were periodic with harmonics of the illuminating wavelength in the reference output
of the interferometer allowed the presence of back reflections from the photodiodes
to be confirmed. In combination with the combined scattering and transfer matrix
model, with further research, similar effects may provide a useful diagnostic tool for
identifying non-linearity sources in homodyne interferometry.

In addition to diagnostic applications, it may be possible to place an upper limit
on non-linearities based upon the intensity references. If this were to be the case,
the ability to place limits on the non-linearity of the interferometer would provide an
approach to in-situ non-linearity analysis, the importance of which has been noted
throughout this thesis.

8.2.5 Improved NPL plane mirror differential interferometer

Residual non-linearities are still present in the improved NPL plane mirror differ-
ential interferometer prototype described in chapter 7. Future work should identify
the source of these non-linearities, and attempt to eliminate them.

Notably, the presence of residual back reflections from the photodiodes has been
confirmed, and these should be eliminated by moving to use photodiodes with flat
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windows, and ensuring the photodiodes remain tilted, such that any back reflections
are misaligned. Another likely source of residual non-linearity is scattered light.
Whilst, due to the tilted optics, first order back reflections from the various optical
surfaces cannot reach the detectors, is it possible higher order reflections may do.
This problem could be eliminated by placing apertures comparable in size to the
beam diameter in front of each photodiode, and by reducing the size of the aper-
tures in the beam baffles currently installed in the interferometer in an attempt the
minimise scattered light.

Other improvements to the design are possible, including the use of a hollow
cube corner retroreflector, as opposed to the current solid glass retroreflector. Al-
though silver coated, polarisation rotation still occurs during propagation through
the retroreflector, and this should be reduced for a hollow retroreflector. Addi-
tionally, a possible source of back reflections, the front surface of the retroreflector,
would be eliminated. The addition of angle measurement, as in [51], may also be
beneficial, for direct angle measurement, for repeatability of alignment, and for the
minimisation or quantification of geometric errors.
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Appendix A

Derivation of the covariance of
Heydemann corrected
quadrature signals

The covariance between the Heydemann corrected quadrature signals, as defined by
equations 3.26 and 3.27 may be calculated from the definition of the covariance [112]
as

σCx,Cy =
〈
CxCy

〉
− 〈Cx〉

〈
Cy
〉
, (A.1)

where angle brackets denote the expectation value of the contained expression. Eval-
uating the expectation values making use of the law of the unconscious statisti-
cian [119] results in

〈Cx〉 =

∫
(Sx − αx) f

(
Sx, Sy

)
dSxdSy,

= µx − αx, (A.2)〈
Cy
〉

=
1

cos (δ′)

∫ (
(Sx − αx) sin

(
δ′
)

+Gxy

(
Sy − αy

))
f
(
Sx, Sy

)
dSxdSy,

=
1

cos (δ′)

(
(µx − αx) sin

(
δ′
)

+Gxy

(
µy − αy

))
, (A.3)
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〈
CxCy

〉
=

1

cos (δ′)

∫
(Sx − αx)

(
(Sx − αx) sin

(
δ′
)

+Gxy

(
Sy − αy

))
f
(
Sx, Sy

)
dSxdSy,

, (A.4)

=
1

cos (δ′)

(
α2
x sin

(
δ′
)

+ αxαyGxy + sin
(
δ′
) 〈
S2
x

〉
−
(

2αx sin
(
δ′
)

+ αyGxy

)
〈Sx〉 − αxGxy

〈
Sy
〉

+Gxy

∫
SxSyf

(
Sx, Sy

)
dSxdSy

) , (A.5)

=
1

cos (δ′)

(
α2
x sin

(
δ′
)

+ αxαyGxy + sin
(
δ′
) (
µ2
x + σ2

x

)
−
(

2αx sin
(
δ′
)

+ αyGxy

)
µx − αxGxyµy

+Gxy

(
µxµy + σx,y

)) , (A.6)

=
Gxy

cos (δ′)

(
(αx − µx)

(
αy − µy

)
+ σx,y

)
+
(

(αx − µx)2 + σ2
x

)
tan
(
δ′
)
,

(A.7)

where a bivariate Gaussian distribution [52] has been assumed such that

f(Sx, Sy) =
1

2πσxσy
√

1− σx,y
σxσy

exp

− 1

2
(

1− σx,y
σxσy

) ((Sx − µx)2

σ2
x

+

(
Sy − µy

)2

σ2
y

−
2σx,y (Sx − µx)

(
Sy − µy

)
σ2
xσ

2
y


 ,

(A.8)

and the definition of the variance has been used to establish〈
S2
x

〉
= 〈Sx〉2 + σ2

x, (A.9)
= µ2

x + σ2
x. (A.10)

Finally, equations A.1 to A.8 yield a covariance between the corrected quadrature
signals of

σCx,Cy =
Gxy

cos (δ′)
σx,y + tan

(
δ′
)
σ2
x. (A.11)
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Appendix B

Phase uncertainty propagation
calculations

The elliptical non-linearity corrected phase of a quadrature interferometer may be
evaluated directly from the ellipse fit coefficients A to E and the quadrature signals
Sx and Sy as

ϕ = tan−1

(√
4AB − C2

(
E + CSx + 2BSy

)
2B (D + 2ASx)− C (E + CSx)

)
+ eNL. (B.1)

Propagating uncertainties through this equation using standard partial derivative
techniques [89], neglecting covariances between the quadrature signals and the fit
coefficients, results in an expression for the variance in the interferometric phase,
given by

σϕ,ϕ =

(
σϕ,ϕ

∣∣
Sx,Sx

σSx,Sx + σϕ,ϕ
∣∣
Sy ,Sy

σSy ,Sy + σϕ,ϕ
∣∣
Sx,Sy

σSx,Sy

+ σϕ,ϕ
∣∣
A,A

σA,A + σϕ,ϕ
∣∣
A,B

σA,B + σϕ,ϕ
∣∣
A,C

σA,C + σϕ,ϕ
∣∣
A,D

σA,D

+ σϕ,ϕ
∣∣
A,E

σA,E + σϕ,ϕ
∣∣
B,B

σB,B + σϕ,ϕ
∣∣
B,C

σB,C + σϕ,ϕ
∣∣
B,D

σB,D

+ σϕ,ϕ
∣∣
B,E

σB,E + σϕ,ϕ
∣∣
C,C

σC,C + σϕ,ϕ
∣∣
C,D

σC,D + σϕ,ϕ
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C,E

σC,E

+ σϕ,ϕ
∣∣
D,D

σD,D + σϕ,ϕ
∣∣
D,E

σD,E + σϕ,ϕ
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E,E

σE,E

)
/(

64B4
(
4AB − C2

)(
− 4AB2S2

y +B
(
− 4ASy(CSx + E)− (2ASx +D)2

+ C2S2
y

)
+ (CSx + E)(C(ASx + CSy +D)− AE)

)4
)

+ σNL,NL, (B.2)

where σϕ,ϕ
∣∣
i,j

is the numerator component of the coefficient of σi,j. The forms of
these coefficients are given in the following equations:
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σϕ,ϕ
∣∣
Sx,Sx

= B2
(
C2 − 4AB

)2
(C(CSy +D)− 2A(2BSy + E))2

( (
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Appendix C

Derivation of the covariance of the
normalised
quadrature signals

The normalised quadrature signals Sx and Sy are given in terms of the measure
quadrature and reference voltages by

Sx =
V x

V r

, (C.1)

Sy =
V y

V r

. (C.2)

(C.3)

Assuming V x, V x and V x follow a trivariate Gaussian distribution with a probability
density function given by [52]

f
(
V x, V y, V r

)
=

1√
8π3|Σ|

e−
1
2

(V −µ)TΣ−1(V −µ), (C.4)

where
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V x

V y
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 , (C.5)

µ =

µV xµV y
µV r

 , (C.6)

Σ =

σV x,V x σV x,V y σV x,V r
σV x,V y σV y ,V y σV y ,V r
σV x,V r σV y ,V r σV r,V r

 , (C.7)
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and |Σ| is the matrix determinant of Σ, the covariance matrix, the expectation
values required to calculate the covariance [112] are given by

〈Sx〉 =

∫
Sxf

(
V x, V y, V r

)
, (C.8)

=

∫
V x

V r

f
(
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)
, (C.9)〈
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〉
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∫
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)
, (C.10)

=
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)
, (C.11)〈

SxSy
〉

=

∫
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)
, (C.12)

=

∫
V xV y

V 2
r

f
(
V x, V y, V r

)
. (C.13)

The integrals in equations C.8 to C.13 cannot be evaluated due to the non-
physical (but approximately valid) assumption of a Gaussian distribution for the
reference voltage, which would permit the voltage, and therefore (with the previously
made assumption that a dark voltage measurement has been made, and subtracted)
optical power to cross zero and become negative, whilst having a non-zero probability
density at zero, leading to a division by zero in the integral. Making the assumption
that noise contributions will be small, second order Taylor expansions may be made
around the point V r = µV r , resulting in

Sx ≈ V x

(
1

µV r
− (V r − µV r)

µ2
V r

+
(V r − µV r)

2

µ3
V r

)
, (C.14)

Sy ≈ V y

(
1

µV r
− (V r − µV r)

µ2
V r

+
(V r − µV r)

2

µ3
V r

)
. (C.15)

Using these approximations, the integrals in equations C.8 to C.13 can be eval-
uated to calculate the expectation values, resulting in

〈Sx〉 =
µV x

(
µ2
V r

+ σV r,V r
)
− µV rσV x,V r

µV r
, (C.16)

〈
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V r(µV xσV y ,V r + µV yσV x,V r)

+3µ2
V r(σV r,V r(µV xµV y + σV x,V y) + 2σV x,V rσV y ,V r)

−6µV rσV r,V r(µV xσV y ,V r + µV yσV x,V r)

+3σ2
V r,V r(µV xµV y + σV x,V y) + 12σV r,V rσV x,V rσV y ,V r

)
. (C.18)

Equations C.16 to C.18 can be combined to calculate the covariance of Sx and
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Sy as [112]

σSx,Sy =
〈
SxSy

〉
− 〈Sx〉

〈
Sy
〉
, (C.19)

=
1

V 6
r

(
V 4
rσV x,V y − V 3

r(V xσV y ,V r + V yσV x,V r)

+V 2
r

(
σV r,V r(V xV y + 3σV x,V y) + 5σV x,V rσV y ,V r

)
−5V rσV r,V r(V xσV y ,V r + V yσV x,V r) + σ2

V r,V r(2V xV y + 3σV x,V y)

+12σV r,V rσV x,V rσV y ,V r
)
, (C.20)

where mean values µV x , µV y and µV r have been replaced with the measured voltages
V x, V y and V r to allow equation C.20 to be used for uncertainty estimation in
experimental work.
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Appendix D

Derivation of the outputs of a
phase-quadrature coating based
homodyne interferometer

Three homodyne quadrature interferometer designs are presented in figure 4.2. In
order to apply conservation of energy principles the optical intensity at the inter-
ferometer outputs must be found in terms of the intensity at the laser source. The
amplitude of the electric field vector at the source, assuming unity refractive index
for simplicity, may be written in terms of source intensity as

A0 =

√
2

cε0
I0. (D.1)

Making the plane wave assumption, the corresponding electric field vector is then
given by

E0 = A0 cos (k · r − ωt) Ê0, (D.2)

where k is the wavevector, r is a position vector, ω is the optical angular frequency
and Ê is a unit vector orthogonal to k describing the polarisation direction, and in
general may be a function of t. Working in a coordinate system where the beam
always propagates along the x axis, the electric field vector may be rewritten as

E0 = A0 cos (kx− ωt) Ê0, (D.3)

where k is the wavenumber. Taking the phase-quadrature coating interferometer
schematic (figure 4.2 A), two beams, one from the right hand retro-reflector in figure
4.2 (beam 1) and one from the upper retro-reflector (beam 2), are superposed at the
outputs Ia and Ib and the corresponding electric field vectors are given, neglecting
phase changes upon reflection and transmission, for a Michelson beam splitter with
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intensity reflection and transmission coefficients R and T, by

Ea,1 =

√
2RT

cε0
I0 cos (kx1 − ωt) Ê0, (D.4)

Ea,2 =

√
2RT

cε0
I0 cos (kx2 − ωt) Ê0, (D.5)

Eb,1 =T

√
2

cε0
I0 cos (kx1 − ωt) Ê0, (D.6)

Eb,2 =R

√
2

cε0
I0 cos (kx2 − ωt) Ê0, (D.7)

(D.8)

where x1 and x2 are the path lengths of the first and second beam paths respectively.
Electric field vectors at detectors a and b are therefore given by

Ea =Ea,1 +Ea,2, (D.9)

=

√
2RT

cε0
I0 (cos (kx1 − ωt) + cos (kx2 − ωt)) Ê0, (D.10)

Eb =Eb,1 +Eb,2, (D.11)

=

√
2

cε0
I0 (T cos (kx1 − ωt) + R cos (kx2 − ωt)) Ê0. (D.12)

The corresponding Poynting vector at each output is then given by

Sa =
1

µ0

Ea ×Ba, (D.13)

=
1

cµ0

|Ea|2 x̂, (D.14)

=2RTI0

(
cos2(kx1 − ωt) + cos2 (kx2 − ωt)

+ cos (k (x1 − x2)) + cos (k (x1 + x2)− 2ωt)
)
x̂,

(D.15)

S
b

=
1

µ0

Eb ×Bb, (D.16)

=
1

cµ0

|Eb|2 x̂, (D.17)

=2I0

(
T2 cos2(kx1 − ωt) + R2 cos2(kx2 − ωt)
+RT(cos(k(x1 − x2)) + cos(k(x1 + x2)− 2ωt))

)
x̂,

(D.18)

where in the beam following coordinate system the Poynting vector lies along the
respective x axis of the coordinate system of each beam for both outputs, and the
trigonometric identity

cos(x) cos(y) =
1

2
(cos(x− y) + cos (x+ y)) (D.19)
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has been applied. The detected, time averaged, optical intensity may then be found
from the magnitude of the Poynting vector by integrating over one full temporal
period and normalising as

Ia =
1

2π

∫ 2π

0

|Sa| d(ωt), (D.20)

=2RTI0 (1 + cos (k (x1 − x2))) , (D.21)

Ib =
1

2π

∫ 2π

0

∣∣S
b

∣∣ d(ωt), (D.22)

=I0

(
R2 + T2 + 2RT cos (k (x1 − x2))

)
. (D.23)

Phase differences between the outputs have up to this point been neglected. For
the phase-quadrature beamsplitter based interferometer design, phase changes take
place upon reflection and transmission from the phase-quadrature beamsplitter. As
the interfering beams at output Ia have each reflected and transmitted from the
coating once, no relative phase change will take place, however at output Ib a phase
difference between the interfering beams equal to twice the sum of the phase change
upon reflection and transmission is present. Introducing this phase difference as δ
results in

Ia =2RTI0(1 + cos(ϕ)), (D.24)
Ib =I0(R2 + T2 + 2RT cos(ϕ+ δ)), (D.25)

where the interferometric phase

ϕ = k(x1 − x2). (D.26)
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Appendix E

Outline of the thin film transfer
matrix model

A transfer matrix modelling methodology based upon that of Yeh, [130] with the
required adjustments for absorbing materials given explicitly, will be outlined here,
with the aim of constructing a transfer matrix that links the electric field on one
side of a multi-layer thin film stack to the other.

The fundamental assumption of the transfer matrix methodology is that the
electric field at any point in the multi-layer structure may be described as the sum of
forward and backward propagating plane waves at that point, where the backward
propagating wave is a result of back reflections of the forward propagating wave.
Considering a multi-layer structure consisting of optically isotropic materials, as
shown in figure 4.3, that is homogeneous in the x-y plane, with all material interfaces
therefore falling in this plane, a coordinate system may be chosen such that the
wavevector, and therefore the direction of propagation, falls in the x-z plane, without
loss of generality. Applying these conditions, the electric field vector may be written
as

E = AF cos (kxx+ kzz − ωt) + AB cos (kxx− kzz − ωt) , (E.1)

where AF and AB are the amplitudes of the forward and backward propagating
fields respectively, kx and kz are the x and z components of the wavevector and
ω is the angular optical frequency. As the backward propagating wave is a result
of reflections of the forward propagating wave from material interfaces lying in the
x-y plane, the z component of the wavevector of the backward propagating wave
has been reversed. Rewriting equation E.1 in complex exponential form in order to
allow phase changes to be applied with linear operations for computational simplicity
yields

E =
1

2
AF

(
ei(kxx+kzz−ωt) + e−i(kxx+kzz−ωt)

)
+

1

2
AB

(
ei(kxx−kzz−ωt) + e−i(kxx−kzz−ωt)

)
, (E.2)
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which may alternatively be written

Ẽ = ÃF

(
ei(kxx+kzz−ωt)

)
+ ÃB

(
ei(kxx−kzz−ωt)

)
, (E.3)

where Ẽ and Ã represent complex valued electric field and electric field amplitude
vectors. The physical electric field is recovered by taking the real part of equation
E.3

E = Re
(
Ẽ
)
. (E.4)

Finally the electric field may be decomposed into S and P polarised components,
projecting Ẽ onto the ŷ and x̂ directions respectively

Ẽ(S) =Ã
(S)
F ei(kxx+kzz−ωt) + Ã

(S)
B ei(kxx−kzz−ωt), (E.5)

Ẽ(P ) =Ã
(P )
F ei(kxx+kzz−ωt) + Ã

(P )
B ei(kxx−kzz−ωt). (E.6)

Returning to figure 4.3, it can be seen that in order for the electric field to be
continuous over the layer boundaries, kx must remain constant between layers, and
therefore must remain constant throughout the multi-layer structure. Due to the
previously stated constraint that be beam must propagate in in the x-z plane

ky = 0, (E.7)

permitting the z component of the wavevector in layer m to be calculated as

kz,m =

√
k̃2
m − k2

x, (E.8)

where the complex wavevector magnitude k̃m is given in terms of the complex re-
fractive index ñm by

k̃m =
2π

λ0

ñm. (E.9)

Applying the complex valued kz to equations E.5 and E.6 results in

Ẽ(S) =Ã
(S)
F ei(kxx+Re(kz)z−ωt)e−Im(kz)z + Ã

(S)
B ei(kxx−Re(kz)z−ωt)eIm(kz)z, (E.10)

Ẽ(P ) =Ã
(P )
F ei(kxx+Re(kz)z−ωt)e−Im(kz)z + Ã

(P )
B ei(kxx−Re(kz)z−ωt)eIm(kz)z, (E.11)

introducing an exponential decay with increasing z for the forward propagating
field component for positive values of the imaginary component of the refractive
index, and vise versa for the backward propagating field component. The complex
refractive index is therefore defined as

ñ = n+ iκ, (E.12)

where n is the real valued refractive index, and κ is a loss or gain coefficient, positive
for lossy (metallic) optical media.

The required wavevector components may now be calculated throughout the
multi-layer structure, however before the electric field components can be evaluated
the behaviour at the layer boundaries must be described. For brevity of notation,
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equations E.5 and E.6 may be rewritten in terms of forward and backward propa-
gating electric field components as functions of z

Ẽ(S) =Ẽ
(S)
F (z) + Ẽ

(S)
B (z), (E.13)

Ẽ(P ) =Ẽ
(P )
F (z) + Ẽ

(P )
B (z), (E.14)

making the implicit assumption that the temporal component may be considered
constant throughout the multi-layer structure. This assumption restricts the transfer
matrix methodology described here to steady state solutions on optical timescales.
Considering these forward and backward propagating field components on the low
z (z−m) and high z (z+

m) sides of the layer boundary between layers m− 1 and m, a
system of simultaneous equations arises, given by

Ẽ
(S/P )
F

(
z+
m

)
=t

(S/P )
+ Ẽ

(S/P )
F

(
z−m
)

+ r
(S/P )
− Ẽ

(S/P )
B

(
z+
m

)
, (E.15)

Ẽ
(S/P )
B

(
z−m
)

=r
(S/P )
+ Ẽ

(S/P )
F

(
z−m
)

+ t
(S/P )
− Ẽ

(S/P )
B

(
z+
m

)
, (E.16)

where the superscript (S/P ) represents S or P polarisation and r
(S/P )
± and t

(S/P )
± are

the amplitude reflectivity and transmission coefficients in the positive and negative
z directions respectively for each polarisation.

In order to avoid equations involving complex angles, the amplitude reflectivity
and transmission coefficients may be rewritten in terms of wavevector components.
The classical form of the amplitude (Fresnel) coefficients is

r
(S)
+ =

ñm−1 cos (θm−1)− ñm cos (θm)

ñm−1 cos (θm−1) + ñm cos (θm)
, (E.17)

t
(S)
+ =

2ñm−1 cos (θm−1)

ñm−1 cos (θm−1) + ñm cos (θm)
, (E.18)

r
(P )
+ =

ñm cos (θm−1)− ñm−1 cos (θm)

ñm cos (θm−1) + ñm−1 cos (θm)
, (E.19)

t
(P )
+ =

2ñm−1 cos (θm−1)

ñm cos (θm−1) + ñm−1 cos (θm)
, (E.20)

where θm−1 and θm are in non-absorbing materials the angles of incidence and ex-
idence respectively on the low z and high z sides of layer boundary. For plane
waves propagating in absorbing media the planes of constant phase and planes of
constant amplitude are no long aligned, and therefore the direction of propagation
and resulting angle of incidence at a layer boundary are ill defined. Returning to
non-absorbing materials, the cosine of the angle of propagation in layer m may be
written in terms of wavevector components as

cos (θm) =
kz,mλ0

2πñm
(E.21)

by application of trigonometry. Substituting equation E.21 into equations E.17 to

228



E.20 results in the wavevector forms of the forward amplitude reflectivity coefficients,

r
(S)
+ =

kz,m−1 − kz,m
kz,m−1 + kz,m

, (E.22)

r
(P )
+ =

ñ2
m−1kz,m − ñ2

mkz,m−1

ñ2
m−1kz,m + ñ2

mkz,m−1

, (E.23)

and by observing that

t
(S)
+ =1 + r

(S)
+ , (E.24)

t
(P )
+ =

ñm−1

ñm

(
1 + r

(P )
+

)
, (E.25)

the required forward amplitude coefficients can now be calculated in terms of wavevec-
tor components and complex refractive indices. The backward coefficients are then
given in terms of the forward coefficients by

r
(S)
− =

kz,m − kz,m−1

kz,m−1 + kz,m
, (E.26)

=− r
(S)
+ , (E.27)

r
(P )
− =

ñ2
mkz,m−1 − ñ2

m−1kz,m
ñ2
m−1kz,m + ñ2

mkz,m−1

, (E.28)

=− r
(P )
+ , (E.29)

t
(S)
− =2− t

(S)
+ , (E.30)

t
(P )
− =2

nm−1

nm
− t

(P )
+ . (E.31)

Substituting these equations back into equations E.15 and E.16 and rearranging,
expressions for the low z field components in terms of the high z field components
and forward amplitude coefficients may be found, resulting in

Ẽ
(S/P )
F

(
z−m
)

=
1

t
(S/P )
+

Ẽ
(S/P )
F

(
z+
m

)
+

r
(S/P )
+

t
(S/P )
+

Ẽ
(S/P )
B

(
z+
m

)
, (E.32)

Ẽ
(S/P )
B

(
z−m
)

=
r
(S/P )
+

t
(S/P )
+

Ẽ
(S/P )
F

(
z+
m

)
+

1

t
(S/P )
+

Ẽ
(S/P )
B

(
z+
m

)
, (E.33)
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or alternatively in matrix form

Ẽ
(S)
F

(
z−m
)

Ẽ
(S)
B

(
z−m
)

Ẽ
(P )
F

(
z−m
)

Ẽ
(P )
B

(
z−m
)


=



1

t
(S)
+

r
(S)
+

t
(S)
+

0 0

r
(S)
+

t
(S)
+

1

t
(S)
+

0 0

0 0 1

t
(P )
+

r
(P )
+

t
(P )
+

0 0
r
(P )
+

t
(P )
+

1

t
(P )
+





Ẽ
(S)
F

(
z+
m

)
Ẽ

(S)
B

(
z+
m

)
Ẽ

(P )
F

(
z+
m

)
Ẽ

(P )
B

(
z+
m

)


, (E.34)


Ẽ

(S)
F

(
z−m
)

Ẽ
(S)
B

(
z−m
)

Ẽ
(P )
F

(
z−m
)

Ẽ
(P )
B

(
z−m
)
 =Tm−1,m


Ẽ

(S)
F

(
z+
m

)
Ẽ

(S)
B

(
z+
m

)
Ẽ

(P )
F

(
z+
m

)
Ẽ

(P )
B

(
z+
m

)
 , (E.35)

where Tm,m−1 is a transfer matrix from layer m to m− 1.
In order to link the electric field components across a layer m, an expression for

the field at z+
m−1 in terms of z−m is required. This may be achieved with a propagation

matrix applying a phase change given by the product of the z component of the
wavevector and the layer thickness in the appropriate direction for the forward and
backward propagating beams, resulting in

Ẽ
(S)
F

(
z+
m−1

)
Ẽ

(S)
B

(
z+
m−1

)
Ẽ

(P )
F

(
z+
m−1

)
Ẽ

(P )
B

(
z+
m−1

)
 =


e−ikz,1dm 0 0 0

0 eikz,1dm 0 0

0 0 e−ikz,1dm 0

0 0 0 eikz,1dm



Ẽ

(S)
F

(
z−m
)

Ẽ
(S)
B

(
z−m
)

Ẽ
(P )
F

(
z−m
)

Ẽ
(P )
B

(
z−m
)
 , (E.36)


Ẽ

(S)
F

(
z+
m−1

)
Ẽ

(S)
B

(
z+
m−1

)
Ẽ

(P )
F

(
z+
m−1

)
Ẽ

(P )
B

(
z+
m−1

)
 =Pm


Ẽ

(S)
F

(
z−m
)

Ẽ
(S)
B

(
z−m
)

Ẽ
(P )
F

(
z−m
)

Ẽ
(P )
B

(
z−m
)
 , (E.37)

where Pm is a propagation matrix across layer m.
A global transfer matrix T from layer N to layer 0 may now be defined in terms
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of the individual transfer and propagation matrices as
Ẽ

(S)
F (0)

Ẽ
(S)
B (0)

Ẽ
(P )
F (0)

Ẽ
(P )
B (0)

 = T 0,1

N−1∏
m=1

PmTm,m+1



Ẽ

(S)
F (N)

Ẽ
(S)
B (N)

Ẽ
(P )
F (N)

Ẽ
(P )
B (N)

 , (E.38)

= T


Ẽ

(S)
F (N)

Ẽ
(S)
B (N)

Ẽ
(P )
F (N)

Ẽ
(P )
B (N)

 . (E.39)
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