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S UMMARY

An expression is deduced for the wave drag of a
fully tapered swept wing of arbitrary section in the
convenient form of a double integral involving the
variation of wing-surface slope. It is concluded,
in the general case, that the drag may best be computed
by numerical integration, the method for which will be
the subject of a further report.

In certain cases, however, the drag may be deduced
for simple sections by direct integration, notably for
the condition that-Jﬁgzq‘cot Ay is small (where J\;
is the half-chord sweepback). “Some results are quoted
for this condition. Calculations suggest that the
results thus obtained are aporoximately valid for

ng cot A1 < 0.3, and A team_/}.7 > 21, It is shown
that, in thls range, the relative drag of different
wing ssctions, with the same root thickness and the
same sweep on the maximum thickness line, is roughly
that for the infinite wing (which has been deduced
elsewhere); except that there is some rise(or fall)

in the drag with decrease in aspect ratio A, due to the
presénce of a couvex (or concave) curvature aft of the
maximum thickness.

A further result deduced is that the drag of a fully
tavered wing tends to a lower limit than that of an
untapcred wing, as the aspect ratio becomes infinitely
largs.
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List of Symbols

T . -
= kﬁO{? (k). X%t , in Appendix III only.

Coefficients of Fourier expansion for z'(k) - see
equation (18).

Wing root chord.

defined by eyuation (3) of Appeadix I.

defined by equation (12) of Avpendix I.

defined by equation (1) of Appendix I.

defined by equation (12) of Appendix I.

= E,/c, where £ is defined as in Appendix I.

- - sl /[o (1 2)]
cotangent of angle of sween.
cotangent of angle of sweep of spanwise line
which is placed at a fraction % of chord.
maximum thickness position as fraction of chord.
perturbaiion pressure.
= 1pU°
radius of curvature cf wing leading edge at
root section.
wing semi-gspan.
maximum wing thickness (of root section)
upwash perturbation velocity
system of cartesian co-ordinates with origin at
wing apex,; with the onositive x-axis lying down-
stream of avpex along wing root, and the plane of
the wing being z = O.
the wing semi-ordinate at the root section at a
distance x from the apex.
wing aspect ratio (= Ls/c)
wing wave drag at zero 1ift.
=0 if a € 0 =1 if a > 0.
defined by equation (15) of Appendix I.

11(A,K),IZ(A,K) defined by equation (22) of Apvnendix I.

I3 (A,K)
J(n)

M
P(AsK)

defined by equation (3) of main text.
defined by equation (16) of Appendix I.
free-stream Mach Number.
defined by equation (6) of main text.
defined by equation (9) of main text.
'the real part of { }'.
Wling area (= sc)
free-stream velocity
defined by equation (12) of Apvendix I.

1
= e Z(kC)
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Jﬁé ~ sweepback of the spanwise line which is a fraction
a of the chord; = cot'ﬂ[m(ac)].
a = Bs/c

B ﬁJME-1

e used variously for a small quantity, and also
for source plane strength (Appendix )

M = y/s

0 = 005"1(2k # 1)

K = O = K

A = —f

2! = mf

Mg = pm(ac)

3 ~ cosh™ (20-1) in main text, and Appendix IIT;
also used as a variable of integration in
Appendix I, being the distance aft of the wing
apex of the elementary source plane.

o) air density in free-stream

o = s/cm(0)

& = cos™ (2€-1).

Primes denote differentiations with respect to the argunent
of functions.

N.B. Accepted convention of signs and princivnle parts :
7 = 4 iz) | . 1,22 0,

fn(x+iy) = %fn|x2+y2| + i tan‘1(%) , where = g,tan“j(%))tj
i? v 0.

cosh™'x = fn(x +~J;§:?).

0 ccos™ 'x «x if Xl < 1.



Introduction.

At the present time the greatest need in assessing
the theoretical wave drag of swept wings at supersonic
speeds; is for some yardstick by which we may assess the
effect of wing-section upon drag. Numerical results
are available from lirncarized theory for wings of double-
wedge section for a veriety of planforms, and for untapered
wings of biconvex section1. However most of the swept
wings envisaged for supersonic aircraft have round-nosed
sections, and apart from a single solution existing for
wings of infinite Span2; no theoretical information is
available for the drag of wings with such sections. This
solution ig of some value in suggesting the drag of
untapered wings of finite aspect-ratio, because the bulk
of the drag at low supersonic speeds derives from the flow
near the rooty but if applied to tapered wings one cannot
vroperly account for the interaction of the varying effective
angle of sweepback over the section on the total drag.

It is known for instance that for fully-tapered wings
of double-wedge section the drag is reduced at low supersonic
speeds by putting the meximum thickness line forward, so that
it is more highly sweptB. Whilst, of course, such a step
would not be envisaged without taking into account the
effects of such an alteration of the section upon the other
characteristics of the wing, nevertheless it arpears to be

an important consideration in wing design.

However there has as yeu been no method suggested for
computing the drag of tapered wings of other sections than
the double-wedge, except by the rather laborious process
of approximating to the section shape by a polygonu. Our
first concern here is then to formulate the problem and find
the expression for the drag of a tapered wing assuming a
conpletely arbitrary section.

We do this here for a fully-tapered wing, with a
geometrically similar section at each chordwise station
along the span. For the purvoses of the discussion the
slope of the section is assumed continuous; although we
shall afterwards discuss the validity of the results if
the section slope is discontinuous.

/The.l.
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The answer may be written down as a double integral,
involving of course an expression for the variation of
the section slove;, s1.d including parameters which relate
to the wing »nlanform and free-stream Mach Number. The
integrand is a lengthy exvression, and even if the wing
section could be expressed by a simple formula, it seems
doubtful whether in the general case the integrations
could be performed to yield a value for the drag in terms
of known functions of the planform and Mach Number parameters.

In view of this consideration, and in view of the
additional fact that very few wing sections can be
expressed adequately even by means of a complicated formula,
it is desirable to consider a numericel method of integration}
this will be the subject of a later reporc. In two :
particular cases, however. direct integration is possible
for wings with simple section shapes (including some with
bluff noses). One case is that of the wing of infinite
span, and this has already been studied, the other case
is the one which will be considered in some detail here,
and which we shall call the apnlication to 'slender wings'
or, in other words, wings of high sweepback.

To be more precise it is shown in para. 2.4 that if
A is the wing aspect ratio and /), is the half chord
sweepback angle, then for small vglues of the parameter
4 = M2T cot /Ay, the expression for the drag may be
develoned as a pawer series in uz off the form

£.(a tan Ay) + £, (A tan A u® + ..., %
2 =]

where the functions f£_, f,,.... of (A tan_/\;) are bounded
provided the wing tmiling edge is sweptback (i.e. the value
of 4 tannflglexceeds 2% Thus for highly sweot, or
'slender', wings (where cot /S = 0), the expression for
the drag reaches a finite limi%ing value which is a function
of A tan./\;; this limiting value is at least a good
approximatiSn even if u is not zero but merely small. The
same limiting value apparently applies if M =21, but of
course 1t must be borne in mind that the linear theory is
not strietly applicable to this condition. In fact, the
samé kind of restrictions apply to this approximation as
are involved in the development of the well known 'low
aspect ratio' or 'slender wing' theories of the lifting
wing dsveloped by R.T.Jones and others.

/The. ..
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The expression for the drag in this limiting condition
is again a double integral, but is considerably simpler
than the general expression to evaluate; so that a fairly
wide numerical survey of the drag of various wing sections
can reasonsbly be undertaken. The results of this
'slender wing' theory can be used to reach certain conclusions
about the relative drag of various sectiones over a range of
aspect ratio, and provide a check on our results in relation
to data already oublished, as well as enabling subsequently
an assegsment of the accuracy of the processes of numerical
integration tc be made.

The Expression for the Drag.

The details of the mathematical argument will be found
in Appendix I. Briefly the method is first to represent
the wing by a superposition of source planes (reoresenting
one integration) the pressure distribution for which has
then to be integrated over the wing area to give the drag
force (representing two further integrations). By suitable
choice of oblique axes, one of these integrations (representing
the drag of one elémentary source plane on a spanwise line
across the wing) may be conducted without knowledge of the
wing ordinates. The resulting expression for the drag is
then by suitable modification, expressed as a double integral,
the kernel of which includes the expression for the wing slope

7' (k) = 32 42(x)

2
ax E = &) (1)

where ¢ is the root cnord, t the root maximum thickness,

and z(x) is the wing semi-ordinate at the root at a distance
x aft of the wing avex. The remainder of the kernel is a
complicated exnression involving the parameters

5 s =3 e |
'.;-—HAtanAo-—-EAtan %+2
. (2)
and. o = M=~1 cotAO J

which may best be expressed in different ways according to
the position of the Mach lines from the apex on the wing.

In the following paragraphs these various expressions
are written down, and are extracted from the final results
enunciated in the Appendix I. In some particular cases
these expressions are canable of considereble simplification,

/and. ..
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and these cases are noted, and the simplifications conducted,
in the final section of this paragraph.

Both Leading and Trailing Edges Subsonic (CASE T)

This is Case I of the Appendix I, and the relevant
result is obtained from equations (31) and (32) cf that
Appendix. We have from these that

It

2 o1 9 2
5 Dte =~ S dej B (k)Z'(f)'-P(A;K) ¥ P(K,)\)] dk
gt co f\o o A ”

(3)

1l

2 ot
G—j z*(k)zf({)[iv(a,m +Pu<,a)] aad
ovDh

where P(a,b) is a functicn of o, as well as of a and b,
which is given by

1

P(a;b)

= (2a wjb - )] £80 o

(a+Db) . (a=b )\/bz-ci"

2 2 2 i

2 1 S +§ab-2-a BARIRG - il gL g),

(a+b) qﬂi -a~ | a+b a -q m[a-b‘ ﬁ.J
2

b2 2a { b
-az L a+b) (m) (L)

b
oty 1T - S
a -az [ -Jbz-azﬂ (a#b

-+

. 2b__ /
(a+b) 2" g2 kb

and where

(5)

The parameters o and o have been defined in equation (2),

and Z' (k) has been defined in equation (1). It should be
noted in the present case that A and K are both greater

than o over the range of integration.

Both Leading and Trailing Edges Supersonic (CASE II)

This is Case II of Appendix I, and the relevant
result is obtained from equations (33) and (34). Thus
we find that

: . ?
t%zt%,x ) 025 'Lf "‘%J‘ = ‘:‘5 &EE 7' (k)2 (£)a @K )dx
g = " o Wo (6)

/where...



where

Q(AsK) = LAK_ [ e = cos™ (:—é)— --1--__._-_-\ 005'1(5)_{
(A+k)? L/z X b ol 0/}

. ol | A_ 008-1(3._)_1'
(m2—>?)(K+A}p ~4a2—3? i

[

2 2 e
e s 41 K
b —ATH2AK-¥ i S 1( _) . 1)
2 .5 . 2
(0°=) (+a)2 {Ja2- 2 o
is a function of o as well as of A and K, and where
as before
A = O --t 9

Both A and K are in this case less than a.

Leading Edge Subsonic, and Trailing Edge Suvpersonic (CASE III)

This is Case III of the Appendix I, and the relevant
result is obtained from equations (35) and (36). It is
the most complicated case to deal with; since we must divide
the range of integration over the wing surface so as to
isolate the regions of 'subsonic'! and 'supersonic' flow. We
have from the Annendix I that

e : 2 Ot PR -
2 2 ie? Lﬁﬁlﬂ b __g 31&\ zt (§)2" (k)[P(h,K)+P(K?>}\dk
qtgcotgf\o jo_& a _A_ x J, }O 7
2 ¢ i (o g
+ E2 i \.i Z' (k)Q (A, K)dk +V Z' (k)R (h, K)ak| Al
x ) ] l_
0=, MO, 0 =

(8)
Here the functions P and @, and the variables A and K have

been defined before in equations (4), (5) and (7) above; the
function:

RAsK)..
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R(A,K) = 3 iﬂx(rw.»\) o &t 2-<Aﬁl
3 = o]
(A+K) i a {,cf_z S A 1<2_,\’2J
A (e _ KZeaae X2 ] o 1] akeo
y afs 2 B -
PP T R TP 2 (K=-2)
% 2 K 2 e )fn{-lfk
A+0) 2 8- ek 1P -c® o,)
_[kBeoan® | kPookaa®
2
(®-X) K+)?  WP-c?) (A+K)
g A [m{ _ Ceank- 008-1(2«_)
A +K) 2,./ 62A® Laui a.2—,\2 a
+ i 3 ba __________)(;+r2‘>\¥(-.__1’22_' cosh™ (-‘S
()H-K)z K-a® |A+K e a (9)
Some Particular Conditions.

These general formulae are rather too complicated
for integration in terms of known functions, unless
(perhaps) the surfacc shape were expressable in a
narticularly simple manner. However for a few particular
types of planform, or ranges of Mach Number, it is possidble
to develope expressions which vermit integration even for
complicated section shapes. These further cases, which
are arrived at by assigning certain limiting values to
the parameters o and o, will now be distinguished.

Case IV . 0—=00; 90 =u 0, (b <1).

This is a particular examnle of Case I, from (L),
expanding P(A,K) as a series of powers in —15 s

(A5 ) (K=2) 28, |
PA;K) = C,+C.sgn(K=X) + = n

2
1 (2-u5)o-K - 1

Noting that, since Z(0) = 2(1) = 0,

PR AR r1
| at) 2 (e = | 2@z =0
JO (e}

(0]

/We ...



S
we have in the equaiions (3) after substituting from (10) that:

.

= - (11)

Alm

" 2_“.2 1

1

2—u2 & . R 1
e ey~ j [ AN A ({)tn!—-—-ldkd? + o(—)
olo k-¢ c

yix ('T—IJ. )"’2 -

Case V©: g= a0, 0 = 0(1) > 1.

This is a particular example of Case II; and from (7)
expanding Q(\,x) as a series of -&-, we easily establish that
A K) = 0(13) Thus in equation (8) since

({I:otz./&o) tzoz/cr_ % %E—)Qsc 22 -1,:-(-3-)28

where S is the wing vplan area, it follows that

_@r=j1[zt(q)] 2a{ + o(ﬂ (12)
q(?E') 5 Jo o |

Case VIri g9 0002 s

This is & particular example of Case I, again; expanding
P(A;k) about o« = 0, we find from (L) that
= 2(- P\% K
P\ K)= n a+ ——-—'f’nK- . [ b=
(A+K) 3 (A+'<) K-/\
# ~1§- -LK—-—)- 51 +O(a2)
X (k) K=A
so thet
a “if 1¢ Iiodeo 2 y
PAsk)+P (UG A) = -l nK+_§ nh+ . G - o + 0(a”) (13)
A K 5 KE K-)\ AK
Thus in (3)
2 01 R
e 1 j”(k)wm—-?n 1fn _-—1&;
at“eot A, m Jg Vg 3 K=\ |< A=K]  AF

Wie note that as 0 o0, it follows from equation (11)

f
that the error is not merely O(az) but O(ui) = O(g-‘*é-). Also

(6]
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2\
if o is finite and > 1, we may pout O(ag) = O(Qg ; thus
in general we have that &

E‘

2 a1l e \
- D . g 20 g dEj 7' (k)7 () [..i.gfn ]+ —'—-{ln | o --—-]dk+0(u.
at“cot“A % 8 do K=A A=kl AK
2 4 pl
" Q_I J‘ 7t (k)7 ({)l‘—%fn)-i A igfnl l- —-—}dlcd‘f%)(i, ) |
® 040 "\ K"')\ K A-K i
AN 2 Ty “2
- | [ 20 02 @ pte—tsyauaf - [ Bl o6l |
(14)
It is sometimes more convenient to refer to the half
chord sweepback (/\,) rather than that of the leading edge
(j;o); in general i
2 2
cot A, = cot AO(*}—G) (15)

so that in (14) we obtain an expression for D/qt cot%/l by
rep.acing o by (o-%).

The Case of the Section with Discontinuous Surface Slope.

It is unnecessary to examine in detail each stage of the
arguments which lead eventually tc the equations (3) to (14)
if the expression 7'(k) is not continuous as has been assumed.
For the most part, it will be sufficient to show that for the
kind of discontinuities envisaged the integrals involved in
the equations remain convergent.

The integrals are all, in fact, absolutely convergent
if 7' (k) is merely bounded over the region of integration®,
so that the only case in doubt is that in which %' (k) is
somewhere singular. The most commonly occurring case is
that for which Z' (k) has a singularity of half-order at the

/leading. .

xExcept in the case where 0 = 1, ~ = 0, which corresponds to
the delta wing at M = 1. Here the double integrals are
non-convergent unless Z'(k) is zero gt k = 1 (i.e. the trailing
edge is cusped).
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leading-edge . this cbrresponds to a wing section with a
bluff, or radiused, nose such as is common to all conventional
low speed aerofoils. It is easy to show that for such a
condition the integrals remain convergent, unless the line

of the singularity on the wing plan form is 'supersonic!,
(i.e. it lies ahead of the Mach lines); in this case the
eingle integral in equations (6) or (8) is non-couvergent.

One further point does arise in connection with the
evaluation of the drag of such bluff nosed sections : R.T.Jones
has pointed out? thatv the drag of such sections has to be
estimated with care as there is; on the basis of the linearised
theory, an edge force at the nose which is not included by
the usval methods of integrating normal pressures over the
wing to yield the resultant drag. This edge force exactly
cancels a term which occurs in the integrations and which has
the form

o e g

This repeated integral is non-zero if, and only if, the
function Z'(k) is singular in the range of integration; and
the edge force exists if, and only if, the slope (given by
the same function) is infinite at the nose. It will be
noted that in our arguments in Appendix I where Z' (k) is
assumed continuous, and so bounded, a repeated integral of

the form of that given above has been isolated and shown to
vanish; this occurs in the derivation of equation (25) based
on the arguments advanced in Apvendix II. If we are to
consider singularities in 2'(k) it follows that this repeated
integral no longer vanishes . however, as we show in Appendix
IIT, it yields a value which is precisely cancelled by the
inclusion of the appropriate edge force as obtained from
ref.5, so that its neglect is guite justified whether or not
the surface slovpe is anywhere infinite.

Of course, the usual reservations must be made if we
are to consider the drag of round-nosed sections by the
linear theory | but in so far as it has yet to be shown
whether the answer obtained by it is a2t all reasonsble, it
is evidently desirable to have a method of es*imating it.

The Particular Cases for which the Expressions for the Drag

are Simplified.

In the discussion of para.2, we found that in the three
/conditions...
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conditions designated as Cases IV, V and VI, the expression
for D was greatly simplified. We shall consider these one
by one.

Case IV is that of the infinite swept wing with subsonic
edges; or of the highly swep?t wing of finite asnect ratio.
That is, it is the result for the condition

5]

oo 80 j.0., =
: c cot A,

= oo, and u =P cotjﬂo _ I P
which may be interpreted either as

2 3e0 (cot A, finite), B cot A, < 1.

1
cotx&o

or cotA -0 (2 not small), 8 <
Because it holds for the infinite wing, we Ehould expect the
result to agree with that already published for such wings.
A comparison with the result of ref.2 reveals this agreement
with one exception - that a factor (3—M§) is replaced in
(11) by the factor (2hg§).

This discrepancy is at first sight irreconcilable :
however it will be noted that the results for ref.2 were
derived by considering the drag of the infinite wing as the
limit of that for an untapered wing of large s»nan, whereas
here it is the limit of that for a fully tapered wing.

The fact emerges that the limiting values are different,
which may be substantiated by examining the trends in
numerical computations carried out for both types of wing
(tapered and untapered) for plan~-forms of finite aspect
ratio. Pigure 1 shows some results extracted fromref.1,
where it will be seen that for the same root wing section,
Mach Number, and half-chord-line sweepback, the drag of the
fully tapered wing is considerably smaller at high aspect-
ratio than that of the untapered wing. The fact that they
are not the same is understendeble, but {that they do not
tend to approach each other as the aspect ratio increases
is at first sight a surprising result, for the wing plan
forms in the limit would seem to coincide near the root,
where most of the drag is developed.

Yet the spen of the tapered wing is only a half that
of the untapered wing with which it is compared, and its

/area...
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area is only a quarter of that of the untavered wing, and
of course this applies even as the aspect ratio increases
to infinity. For this reason the smaller drag of the
tapered wing does not seem unreasonable. There are, too0,
other properties of wings of infinite span which suggest
that the value of the pronperty depends on the manner in
which one reaches the Limiting answer. Consider, for
example, the aerodynamic centre of a laminar delta wing:
this is (theoretically) ai the % ¢. point of the root-chord
independent of aspect ratio, however large this may be: yet
as we allow the aspect ratio of a straight (rectangular)
wing to increase, on the other hand, its aerodynamic centre
moves aft to the ‘-chord point of the root-chord. In the
limit both delta wing and rectangulsr wing anpear to have
the same planform if the aspect ratio is infinite, and yet
the aerodynamic centre of the wings is at a different
Dosition.

Returning to our consideration of Case IV, since,
apart from the slight modification mentioned - which only
affects the variation of the drag with hgr = the results
of this case have already been discussed in ref.2; we shall
not draw any further conclusions here about the effect of
section shape on the drag of any of the planforms the case
includes.

Nor is Case V of any great interest : this result
(equation (12) ) merely states that if a is sufficiently
large; to a good approximation the drag coefficient of the
wing (based on its vlanarea) is the same as that for the
same wing section in two-dimensional flow at the free-stiream
Mach Number. The conditions for this to be true are that

_ Bs o s >
% = 8 N ¢ =3 cotj\o_o(1)>1'

which implies either that the Mach Number of flight is

very high, or that the aspect ratio is high but the sweepback
is small! in either case the flow is two-dimensional outside
the Mach Cone from the wing apex, and this latter affects
only a negligible portion of the wing. Strictly the two
conditions may be expressed as .

either R = o, (% and cotJQO not smalf)

or 5‘-9009 cotﬁ-o = O(%), (8 not small).

/Thisl . »
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This deduction about the drag coefficient of such planforms
has been noticed before;, of courss.

Of greatest interest to us here is Case VI, where

a-» 0 and o > 1.

As is shown in the discussion of the formulae, it is
sufficient in deriving these results if we assume

uo-# g, and g > 1.

These conditions may be interpreted as meaning that either
the Mach Number is near unity, or that the leading-edge
sweepback is high (provided in either casec the trailing-edge
is swept back. ) The consideration of the limit M -1 is

not strictly Jjustifiable on the basis of the linear theory,
so that we shall restrict our interpretation to the condition
that the wing sweep is high so that

cot J\O -» 0. (8 finite)

Whereas in Case IV, we could also consider such highly

swept wings, but only those of finite aspect ratio, we may
now consider also those of small aspect ratio as weli. For
this reason we shall distinguish Case IV as that of the
'slender wing'; since it conforms with the same kind of
restrictions as the 'slender-body' theory applied to lifting
wing surfaces, developed by R.T.Jones .

The Drag of Slender Wings.

Limits of Applicability.

Equation (14) gives us the expression for the drag of
slender wings, if we interpret these as satisfying the
restrictions noticed zbove. Our first problem is to
ascertain within what limite practical wing shapes are
likely to have approximately the same drag as that found
by this slender-wing theory. The drag of fully-tapered
wings has only been extensively computed for those with
douhle~-wedge sections, and we shall therefore base our
deductions on the results for this wing-section.

For the double-wedge section with a maximum thickness
/at...
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at a fraction n of the chord, it is shown in Avpendix IV that

D 3 232{' £n(p-n) _ fn[o(1—n5] b fn[(o-13§l_} (16)
o

qtzggégjko D T (0=1)n(1-n) (o-n) (0-1)n o (o-n)(1-n) 3

This exoression has been evaluated for n = 0.2(0.1)0.6, and
the results are shown in figure 2, where from (15%

D e Tz 1B anepd
qtzcotdjki 20 qtecot%/\O
2
is shown plotted sgainst

(1/atand ) = 1/(40-2).

It will be seen that over the greater part of the range of
aspect ratio (for AtenA,; € 7), the forward position of the
maximum thickness reduceé the drag, as opoosed to the
conditions existing for very high asnect-ratio wings.

The varietion in drag with
2
o/ M°-1 cotjﬁ1 = u (1 )

for wings of double-wedge section (with maximum thickness

at 0.5 chord) is shown in figure 3, where the results are

taken from ref. 1 with some slight modification near (but

not at)./ﬁgj? cotA,; = 0 to include the fact that Dc:t¢2

near u_ = 3 Tt will be seen that provided Ag_g<\ ¥ 245
the change in drag is under 10/, for values of M°-1 cotJ\1
lying between O and 0.3, so that the slender-wing aoprox1matlon
(uO** 0); is valid over a reasonable range of Mach Number.

This does not apvly to the results of lower aspect ratio.

Moreover the relative drag of the various sections
does not vary greatly with Mach Number. This is shown in
figure L, where the relative drag is shown for_ various
maximum thickness positions as a function of M1 cotJA%,

AT0 o4

*In other respects the agreement of the »resent calculations
with those of ref.6, for M = 1, is excellent.
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for a wing having AtanA ;= 6. These results are again
obtained from ref.1. Wﬁat change there is appears to

emphasise the reduction in drag by »utting the maximum

thickness line forward - which is,; physically, what omne
would expect.

.The Drag of Polygonal Sections.

The drag of polygonal sections may be evaluated quite
easily using the method of Appendix IV. For instance,
using the results of the Anpendix, it mey be shown that if

Z'(k) = By Tor k, X & <k,

for all v = 1,2;...p, where ko = 0y and kp ='1; then

D v=i
qtchtgj\ "0 o %Ej U0 (nv-nv+1)(nu-nu+1) S (kv’{u) (17)
O B =
2
where S(%,k) = s(k,¢€) = ( (:;ﬁ) ) ‘k QI (%‘Q)ﬂnﬁj-k)+(\ )n(o-a,
0= G-

and n__and n are take Zero.
" D+ ken as

This formula is quoted forreference only and nc numerical
examples have been worked : the drag of such sections may of
course quite readily be estimated not only for the condition
. 0, but for other Mach Numbers, using standard methods.

Drag of Wing Sections Expressed as a Fourier Series.

If we suppose that the ordinates of the wing-section
are expressed as a Fourier Series, i.e.

gik) = Z:: a_  sin nd, where k = 13%g§§ (18)

the double integral of (14) is capable of evaluation in
terms of the coefficients an: this is done in Appendix V.

Some of the simpler results may be noted here . for
the ellipse, an=1, 8, = 83 = .00 = 0. From Anpendix V,

>
we may then calculate that,

D
qtecot%f\l_.
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o 3 5 5= 0 cothgg s WwWhere cosh & = 20-1
atTcot” A 4
. (19)
op - D . s (20-1)
atcot A 4 L o(o=1)
]
The Joukowski section is given by
i A
Z(k) = 1 [1{2(1.};) :
35
i. e, 8y = ?ﬁ_ 3 a2 = _«J%— 5 aB = My ws s =0; we then
3{3" 343 "
calculate that
2F .
D 8t {1+ °" -2 "
g, R0 RERSNEG (3“95) (20
at“cot Ny 27 \ 1+e”"
2
where £ is defined in the previous equation.
The 'double-cusped' aerofoil section is given by
p 674
2(k) = 8[‘:{(“—1{)] «
iea—éa-—Oa—la—a— = 05, then
e T 1'-"49 2—3 3—'_“} 14_5_"'_’ o
D 3% ( —-2E 2 -2E
iy = 2 (1467°%)C (22675F) (21)
qtgcotzJ\ 8 :

5
2

Drag of BSections expressed as Polynomials

The drag of sections whose shape is given by polynomial
expressions involves in its evaluation a great deal of
labour; and only the simplest examples are guoted.

For the biconvex section, where

Z(k) = Lk (1-k)

evaluation of the integral (14) reveals that

3 - £(20-1)?[(20-1)tn (—‘2-) ~1-0(0=1) @n__g__)g ] a2)

qtzcotg/\J_ g1

In this integration, the answer is obtained in terms of
/Buler's
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Euler's dilogarithmic integral LQ(X). However, these
terms may be expressed in terms of logarithms; if note is

made of the identities

L, (x) + L,(1-x) = L,(1) _'{n|x|rn|1-x[.
1 x—1
L?()-!-L(‘Ix_—%[e‘

These relations are also used in estimating the drag

of a section such as that given by
7(k) = 222 ¥* (1-k)
2

which has the ‘'conventional' bluff leading edge and angled
trailing edge; calculation reveals that

]

1 i <1\ 3 itk
5 2 5 2?(20 1) (égii)oﬁcoth"102-3 ?—Eljﬁogcoth Yoz
qtTcot /N, 16x o : o) _

(23)

5.5 Drag of Reversed Sections.

The well-known reversed flow theorem applies to the
drag of the slender wingsx: the drag is the same if the
flow direction is reversed. This may easzly be verified
from equation (14b) if the value of (D/qt cot J\ 1) is written
down, and (1-k), (1-f);, and (1-0) are substituted for e
and o respectively! the resulting double integral is then
identical in both cases. The physical interpretation of
this result is that the drag of a sweptforward wing is the
same as that of the reversed (sweptback) wing with a reversed
section shape. As there appears little interest in the
drag of sweptforward wings at the moment, no data on the
drag of such wings with sectionsasymmetrical fore-and-aft
is presented here. For wing-sections with fore-and-aft

/symmetry. ..

xIt is not established; yet; that the reversed flow
theorem may be extended to iaclude the cases where there
are edge forces present (as in the application to the
bluff-nosed wing). The fact that the present work
indicates that the reversed flow theorem does anply in
this psrticular case, lends substance to the belief that
such an extension may be possible. |
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symmetry, the drag is the same, of course, for the reversed
(sweptforward) wing.

Discussion of the Resulis.

The variation of the drag with aspect ratio and
sweepback, of the five sections given by equations (19) -
(23); is illustrated in figure 5. Once again it will be
seen that a reduction of the aspect ratio tends to reduce
the drag of those wings which have a forward position of
the maximum thickness, as is the case with double-wedge
wings. Moreover (particularly as the aspect ratio is
reduced so that the trailing-edge becomes nearly unswept)
we see that the sections with cusped trailing-edges appear
to have least drag.

The mathematical explanation of this latter effect
lies in the fact that the pressure distribution near the
trailing-edge becomes singular as AtanA , = 2. Thus, for
slender wings with a "inite trailing-edgg angle there is
a logarithmic singularity in drag at Atan A; = 2 (and of
coursev/h2—1 cot f/\i= 0) whilst the drag remains finite for
sections with a cugped edge; a bluff edge, as on the
elliptic section, produces a simple singularity at Atan A= 2.
However it is doubtful whether this has much physical -
meaning. the theoretically high drag of delta-like wings
near M = 1 has not been recorded experimentally.

In figure 6 the drag of the various sections investigated
is shown in relation to that of the double-wedge wing (with
maximum thickness at half-chord). The basis of this
comparison is that the root maximum thickness and half-chord-
line sweep is the same for both sections, and the relative
drag is shown as varying with Atan/\;! the comparison serves
further to emphasise the remarks madé previously about the
effect of maximum thickness position and the trailing-edge
shape.

A particularly apt way of accounting for the effect
of the maximum thickness position, is to quote the comparison
as above except that not only the maximum thickness but also
the sweepback of the maximum thickness line (instead of the
half-chord line) is the same for both sections. This is
done in figure 7, whers the relative drag on this basis is

/plotied. ..
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plotted against Atan A, as before . however, we now note
that since A ; is not %he gsame for both wings, the aspect
ratio A will glso Girrer, The effect of this artifice is
to eliminate to a large extent the variation of the relative
drag with the parameter Atan!ﬁl, The only broad tendency
to be observed from figure 7 ig that for sections with
convex curvature aft cf the maximum thickuness there is an
increase in drag as Atan /A4 falls, whilst the opposite is
true if there is a concaveacurvature : the effect ls more
pronounced if the maximum thickness is back at the half-
chord - that is, if the curvature near the rear of the
section is also more pronounced. For sections without

any curvature (i.e. the double wedge sections), the relative
drag; on this basis, is not greatly affected by change in
aspect-ratio.

Some Comments on Future Work.

It will be evident that even in the case of the siender
wing, and where the section shape may be expresgsed in a
closed form, considerable effort is required to obtain an
expression for the drag. There seems no doubt that for
other wing shapes or Mach Number conditions, where the
variation of g must also be taken into account (in which case
the kernel of the double integral is far more complicated),
end where the wing section (if described even by an
approximating closed form of expression) is more involved,
the evaluation and computation of the double integral for
the drag presents a tedious problem.

Bearing this in mind, some work has been done to find
the best method of performing a numerical integration of
the dreg double-integral. This in itself presents a problem
as oroper account has to be taken of the singularities in
the integrand ! if the wing edges are subsonic, which is the
case of main interest, the range of integration is over the
unit rectangle, with a logarithmic singularity across a
diagonal (k =R) and (if the wing is bluff nosed) with a
singularity of half-order along each of the two adjacent
sides. However, the formula for numerical integration,
once set down, is applicable whether or not an expression
for the wing shape is known in a closed form, and the value
of the kernel of the double integral (independent of the
expressions for the surface slope) may quite easily be
assimilated within the weighting factors of the formulae.

P g 1 REN
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This method of computation therefore promises to be easy
to apply, once the fundamental calculations are complete.

The method has something in common with Beane's approach
to the problem of the drag of a tapered biconvex winglL by
using an approximating polygon to the section, but is likely
to be easier to anply, and to be a more azcurate ~nd more
flexible method.

As the problems of the method are peculiar to the
subject of Numerical Integration, it has been thought
desirable to discuss these in a separate report, which it
is hoped will shortly be published.
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Appendix I

Mathematical Formulation of the Expression for the Drag.

A uniform plane distribution of sources in the plane
Z = 0, bounded upstream by ths lines % = + (x=g) for x > &
will produce (in the plane of the sources) a nressure

distribution2 givén by

2 2
?_E_@ QE = (—-L— {c h-1 (X-E)—M (y/m) & cosh""1 e o y/m
% q gg J{:;Q‘ 08 p'x-a—(y/m)l M,X-E+%' |

where H(j) = 1 if j > 0 and H(j) = 0 if j € 0, and where

(N
]

(x-g) - Bly| if u <1 g (1)
(x-g) = (ly}/m) if u> 1

This expression may be written more conveniently as

2 2 o)
@\‘ -.f_ujl_:@ 1cosh"1[(2"p' ) (x-E) -8 'yg&gﬂ(j)

lu® (x-2)°-8%y

il

(2)

g (x=&; ly.|s m), say.

The qguantity € will be termed the source plane strength,
and is, in fact; related to the angular deflection of the
flow normal to the source wnlane : we have that

;Eg w = (sgn z)Ue H[p(x-g)-ly1] (3)

Consider now the following superposition of source-planes :
(i) a source-plane bounded by y = +m(0)x of strength z' (0)
(ii) a distribution of source-planes bounded by y = +m(E) (x-E)
of infinitesimal strength z"(£)dsz, for all 0 € £ € c.
(iii)a source-plane bounded by y = +m(c) (x-c) of strength
2t (&)

Further, we suppose that, if s > 0,

Ber) oM K
m(z) m(0) “8 ™Y &)

Then from (3), using (4), we find that for this field of
flow *

/(sgn 2)...
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Gen )| _ = = @uln©)ris1] +] 2 @)afn(e) (o)1 e
—z" (e)E[m(c) (x-c)~| ]
= z! (O)H[}c-— rﬁ’é—)-]+jzz"(g) [{x— ni—y(é—)-) —6(1— -l-%-l-)] ag

-2' (¢)E [(x- m‘—%)- ‘2(“ _';sz_‘_)]

Performing the integration, we find that, for Yyl £ s
W =0 It Z <_L¥‘ ar Xk Lyl + C
- m(0) m(c

(sgn z)U z'[(x- %(%)/(1- -'-g—'—)] if %(x < % +c

(5)

Hence the superposition of source-planes described above
satisfies the boundary conditions for an arrowhead wing of
semi-span s, with rcot chord ¢, and with swept-back leading
and trailing edges. The leading edge is the lines|yl=m(0)x,
and the wing section is geometrically similar at all spanwise
positions, the surface at the root being given by |zkz(x), and
the surface slope being everywhere continuous.

From (2), the pressure distribution on this wing is
given by

c
%8 &p _

--2-- —q"" A (O)g[x,'y',m(O)] +SOZ”(€)Q[X—E’ ]yl!m(&_‘,)j d-E:
~z' (e)g[x-c; |71, m(e)] | (6)
The drag force on the wing is found to be

D= ua [ avfmley so bamal oo ) (- )] ex )
g -9

For convenience we shall now change the notation and
variables, as detailed below. We put

a = Bs/c; 0 =s/em(0); Zz'(a) = (%)Z'(%‘)? .
(8)

o I

i

3
e

QM
i

O’-]‘*‘("""’l)ﬁ %="19

F
/7where
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where t is chosen as the maximum wing thickness (at the root).
After some calculation we find that

Bm(E) = B%E and 0 > 1, from (4)

(X- mi&j) A f . 2
(1 » %) ey /o -k _

Using the notation of equations (8) and (9), we find
from (7) that

and

2 " o) 4 | { (10
D_ 2 st EO fotéq—) 2t () (1-1)ana )
Again, from (6); in the new notation,
1
B &p _ g [-t-){zf (0Yn (A, o,7) +I 7" (k Yh (A, K, m )dk
2 4q 2 Nie 0

= Z'(1 )h(f\g0—1,2’;) (11:}

§

where, from equations (2), (8) and (9)

gn(x) = SE1(K) e
dk \

A:U—{ i

K= 0~k

hAsKsm) =ﬁ‘} ; 2\(cosh"1X)H(j')E k_

(12)

[ 4 =8
{("2'%2‘ ety <o [ -n] s \ﬁ

X

il

(K-2) + G=a)n 1T K>a
K-A) if K < a.

and j'

]

Substituting (11) in (10), and taking the integration with
respect to n first

2 1 1 y

2 = 2. . 5 s it 2! 5§ T i T 1
a (ﬂ ;@]t jodﬁ IOZ (€) (1 1){? (0)h (A 0’q)+‘[OZ (k)b (A Ko7 ) dk
e 1)1’1(«\90—1,'(])}' dvy. (13)

Consider the repeated integral:

"/j e
0
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1 o~
j dn { 2"(k) (1-n)h(Asx,n)dk.
o Yo

The function Z"(k) (1-v)h(A;K,1) is continuous within the

range of integration except along certain lines, k = constant,

and the integral of it with respect to k between k = 0 and 1
is convergent for all r betwsen O and 1, provided that Z' (k)
is nowhere singular (which is a necessary conditisn for the

apnlicability of the linear theory). Thus we may interchange

the order of integration, and (13) may be written as

1

2 ¢
Dlzz 2;( jo[z'(O)I(A90)+joz"(k)l(mz)dk

m(O

¢ (1)1(;\,0_1)]21 (€ )ae

where .

:
1iie) = IOU-*:)h(AsKﬂi)dﬂ-

IT we put

- =
ey o j cosh_ X (4_yan
K =

then, from (12) in (15), we have that

1owe) =@ 83 (1) - J(O)} - U

=f-R:{_J(1) .-.T(:‘if)l it Al Ka' G

=0 I A % €, K € 4

But, in (16), integrating by narts

-1 2
T ) = Sh(reny? Bosh X L0 )0k

o e I oo B o b

In this expression we may calculate that, from (12),

an.

X . . LL(KQ-—az)KQnEK—(‘I—H)A] »
o a” (1) [ (e=2)+ (4 )] | [k = (1=rIN] P

and also;

A - ?"‘2‘54"‘2'“2‘/&“'(1"‘“)’\']2“@2*52} k= (=) | / |- (1=n) 3P

Thus, since [K-(1-q)x] ) O for the range of values of v, K,

/and. ..

(14)

(15)

(16)

(17)

21
< T
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and A in which we are interested (see equation (17)),
substituting these relations it follows that

(’I—'r,) cosh Tx 1 {(1-1) d
J(‘r = ‘l}_
& 2 Je2- j [k=2)+ (c6dn]  §2

where ~p = (A°-a®)nZ+2A(K-A)n +(K-A)°
2
= an + 2bm + ¢ say.

To effect an integration we first resolve into partial fractions

o) . 2K . . 2K (A =K)
(o +RAN] . KA A7 AeR)P] (=) + (A
C : A=K
= A, + B + s 8ay,; Where n = —
| e, ° K

Upon integration we then have that,

2 -1 \ ’
Jm) = - ('1-n~)_ﬁcosh X +K T - cosh"JI —-534'—3—19——1}
2.!“2--;2‘ G,\I a ja®?

JSo2-ac)
el d
K+A |2

Substituting for 4,B,C, 8,1, ch,w}-, and v, Wwe then find that
- 2K

DR A g
J(n)=-2};-2~:;z~ osh™ i[}(-("—ﬂ))\]g—ﬂz"‘? E

(k+ A (A2=c2) ~/ { A }
. K LK, AgA—K} Al (AP-a®)m+Al=A) |
()\+K)f;*-2-j§ [ .} cosh { | ’

(‘\"'K) )\ -Q Q’!K—Xi B

2 i 2
4 28 sgn(l{__i)m COSh_1{sgn(|c.—A) [(o.d+,\K)n+K(K-A)]}

- Sh—1 (a-qn+‘o In+ (b'qn-pc )}
w=n

(m=n, WoZ-ac J

(A+K) 2/ K2- o [ (k=A)+ (k+A)n ]

In particular, in (17), we require the values of:

J(1)= - K /=g . — l 2, A=A l - .AK—-Q,Q]

(K+A) ()\e—a2) : A+1)./- Ao 0 g

2 g o

2K sgn(ﬁ A) -11 a” +K

+ -— ensh™ sgn(ﬁ_;\) :
(A+|<)ﬁ'2 i i




.

F0) = - KN K [2K A(;\..K)] AES -

(K+A) ()\2-0,2) (A+r{)f>~. et A+K § )\2 it 3

+ fghz{(}\mfg -1] cosh‘1(ﬂ)for K> A
Ko =0 +K <

(20)

and %{J(\*ZJE =0 for A D> KDa. (21)

s\

Substitution of these expressions in (17) will yield the
appropriate form of I(A, K);, which is in general discontinuous
at K=), where it has a logarithmic singularity and at
K= a < A; where there is a simple discontinuity in its
derivative with respect to K. Let us now put

-~

= I(WK) = I, (AK) for K > A
K (22)
i I(sk) = I,(MK) for K < A K£ o)

Then both I1(A,K) and IQ(AsK) have  simple singularities at
K=Aand a discontinuity at x = a. Using these definitions in
(14), we have on integrating by parts with respect to K, and
taking the principle vpart of the improper integrals, that.
2 i-‘l

D 20 ] ARCH 1im[z1({_E)I(h,Aw)-Z'({+G)I(?hs)i~8)
O

q[m(o)] <y* g Vs

=20

i";"' -~
=
£ )T, (AK)dk

~Z"' (0~a)I (}s a=e )*
Aya 0

+2" (0-0)I (X, o4 %
»MNa

1
+j€+8z‘ ()1, (f\,K)d% at (23)

Now, from (17), (19), and (20), if A S o, for sufficiently
small g,

L]

o 1 1 2 (A" g * - 1 tul e\
T eie) %ﬁzﬁw+2j§3?fn & 2A-f1nGJ+®)

I(As cte)

=0(), and T, “f—c)l = 0.,
A> 0 A>CQ

Ir )\ < os; again for sufficiently small e,
I{(hA+e) = = + 0(e)

I(AsA-¢)

il
o

TSk . o
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Thus (23) becomes

q[m(g) By = j %&HGO')@ ({]2@_%

‘l. 1 4
20 g 1 i 7t |
e 3 ()12 LJO Z' (k)1, (Anddk-{»jf*sz ()T, (s k) ak|

o

(24)
Excluding, for the moment, the range of a such that
o2 00X 0-1 (so that I, is discontinuous within the range of
integratioh), the second (repeated) integral in this expression
is capable of simplification. We note that at k=X, both
Iﬂ(AsK) and IQ(AsK) have the same singularity and that 2'(k) is
continuous, so let us put.

e
20 @), 00 Kk) = Ty k) + SR 5 2 T, () = Tp k) + S
A-K A-K

® -
where I1 and I2 are now everywhere continuous except for a

logarithmic singularity, and C is some function of A which
is also continuous. Then

m(f S el g 10 ) - ooy ta(tsf)

€=0 0 A=K L1e e

Also we have that, on first changing the order of integration
and then the symbols

I 7' (8) Fi?} Et I (Am)dk}d{

I

F 7t (§ )“;IE (s K)dk|al

11

10 ok %
j \ioz' €)1, (vwr)at) ax

a7 { =
J ).j z" (k)IQ(Ks?n)dk]d’Q.
070

= Z

1 and 12 for I1 and 12, using the above
identity, and then returning to the original notation:

il

Thus; substituting I

O | A

1 i 1 !
Eoz' ({)Qig[ , 2T k) + jmz'(k)zg(a,x)dkg af

1 E ' --x 11 - L (B : 1_{
: joae. jO[z (), (uk) + 27 ()1, %M]‘ﬂ‘ +) 2 (“C“""?n(T}“3

1 ¢ Jd- pt
i V(5 A -7 ! -
=Sodﬁjoz OAGIE (A,x)jzg(x,,f\)]m{tjodq Y’ ( )c({:x)i (“)C(")Ec

. 1) 4t )
+} OZ ({)G (‘!\){n(—i_) dgj /The. <L (2.J)
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The expression contained within the curly brackets in the
last expression may be shown (see Appendix II) to be identically
zero, so that on substituting from (25) in (24),

D - ! Hia-X [o, 2
N jo yeurd GO B
252 |1 t\ #
# 2] at] 2t ()2 () |14 (k) + 12(149'\)] dic k26)
x %" ¥o : '

where the integrand of the second integral has now only a
logarithmic singularity at K =N To find the values of
I, (A K) and I,(MsK) we require the values of

2 2 2
J (1 - 2
[ K 4 RPN "“—1':0—»*-——2- ké\(-w\% o gk s A K2 ag < 2Egom (Ko
oK A+ 0T 10 o | =0 o AP Ka" | AK
Y 2 e 2
4 — ;‘—_ ==z =14 3 8 "2'2'32_}‘ cosh™" i
A+x) /}\2-@ (A+x) A =-a alk=-al
2 5, -,
2¢sgn (k=) [ 2) K- 41 0“4k
+ —5-2—(—.@)? - cosh™ | sgn (k=A) ——---—--]
(A+K) 4/:2—0. ()H-K Kz—qz) [ 2ak (27)
g 2200 _ [ kP20 220k
£
ok LOP-a®)ken)? | (kZ-aD) (k)
. 2 2
A 1R, MTH2pK- cosh™ A
(h+h)?fhﬁma AR ¥ o § a
;‘{.:ﬁ )\ +2)\K— CO"'\h_-‘I E (28)
(A +K) ,/.( a2 z\+l( (Kz—rn ) | a
Then from equations (22), (17), and (21):
I, (A —E}L{ L) 3“01 (& >H)-
(29)

I, (& K) =&[F%]H(K-—a)l (k < 2)

Using (27) and (28) in (29) to find I, (n k) and I,(A,R), and
substituting for I, (W,K) and I, (K, A) in (26) we may then

write down our general expression for the drag. If czamo-1,
then equation (24) mmst be used in place of (26). We may
conveniently consider the precise form of this expression in
certain particular cases; one by one.

/CASE T...
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CASE I Both Wing Leading and Trailing Edges Subsonic. (c<£ o-1)

In equation (29); we then have that kK= o-k ®» 0-1 > ¢,and
similarly A>as; so that

12(A9|<) ={%1—l}

We also note that 8J(0)/dK may be e xpressed in the form

- 820) = 1 (6N + I (k) (30)
oK

where from (28), we may infer that

2
I A-,:K - K +2K)ﬂ A [
o (3-a) (K+N)° (‘.\+K)2f2 A+K N

a

Thus in (26), putting m(0) = cotj\o9 we have that

g L
2 = 20 S afJ' z' (k)2 (U[P (A5 1) +2 (52 )]dk (518)
qt“cot J\O n 0 0
where
POuK) = 2200 41 (k) . -

oK

It follows immediately, since the integrand is symmetrical in k
and 1 that an alternative expression is

2 01 p1 :
5 - 5 = & [ I z'(x)2'({) P(.«\;K)+P(K9)\)J axaf. (31p)
gt cot Ao % 0 %O

In (32); we may calculate from equations (27) and (30) that

P (AyK) 1 _ ’>>\2 W " 2 KA -
_«*2-@2 (W-a®) A+K)%  (W-a®)B=d? (A+K)Z (k=N 2a?

1l

‘-.u

= . -
(\+k)“ (f\z—az) (A+K) 2\/}\2 o2 L\.ﬂ( Noud®

= J\x’/lf.-é-—c,z YL[,K R I(2+2Kk—>\2 TCOShHJ ?\K-a?f
o

L
(3c>sh"'1 A - —- \( Kz 2)\}{' K/« (32
a ?\+K)2./;g aF\E=a® MK il e

CASE II  Leading and trailing edges supersonic. (g > i0)

In (29), since K= 6 - k < o and similerly A <& a, we have

JSthat. ..

, > >
LK K™ +2AK= X ]cosh_qb.

\

¥
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that I,(AK) = I,(ksA) = 0. Thus in (26), putting
I'I k) = Q(Asﬁ) 88y,

o ¢l

4
D [z '(f)] 2§, 20° . 1 |
qtzcot?jgo j y o af + . I; SOH ()z' ®)Q(,k)ak.  (33)

To find Q (X k) we must find the value of I, (AsK) for ) <« ¢ <o
in doing this we note that in (27),

2 # 2
AK-a” < -1, so that I COSl’l-1 (M = %
alk=x| GQK-M
.and also

-1 a2+ e\l
Iicosh [sgn(x—,\)(———'g—)]}m 0.
: 2aK

Thus we may calculate from the equations (27) and (28) in
(29) that

(X = LAK 1.__._0 1-5—--—1—05'15
2 (k) . [fg 5 cos (a) " (O)}

2 2 .
+ A AREN [ QL, 005“1(5\ -1

(6% 20) (en) ke a
A% 412 MK-K2 -1 /K

$ ___..,cos -~y =1 (34)
(@®-6) (+2)° | 252 (@)

CASE III Leading edge subsonic, and trailing edge supersonic.
(0=1 € g €03)

In this condition we use equation (24) in place of (26)
and since 0 € 0-0 < 1, so that (a-A) is nositive if
1 > 1> 0-0, the first integral in this equation becomes

1 1 s
i H CL:.?\ 71 ﬂ 2d 1Z1 (4
jo e POt - | e a

In the second @ouble) integral, we note that the integrand
is (within the renge of integration) continuous éxcept for
a discontinuity at K= qa. It should be noted that the
individual terms of the expressions for I, (AsK) and I, (Asw)
have simple singularities at A= o or & = ¢ though these
singularities do not occur in I,1 or 12 regarded as a whole.

Now for K € A and also kK « a, it follows from (29)
that T,(Ak) = 0 so that in (24) ’
ol
o



= Bl =
1 : 1
j z' () Slj‘g‘”mz' ()1, (Am)dlc)dt

o]

" e
= j‘z Z'({)de iigjf+ﬁz‘(k)I2(A?K)dk

(]

where Ig(h,k) is now continuous over the range of integration.
Hence, as in deriving (25) of this Apvmendix, changing first
the order of integration and then the symbols, it follows on
using the result of Appendix II that this expression may be
shown to equal

I

T,
j z'(e)da] 7t ()T, (%, 2 ) k.

0 e}

Thus in (24) the second integral becomes

1 .m' —f—aﬂ 1 i
joz* (ﬁ)i.io}fo 2' (&)1, Qo) +jmz ()1, (A, K) | af

=}'0-@z- (g)dszz' (k)[I,] (Ask) + I, (K,}\)] dk

0

1
+I A (Q)a{‘rew (k)T (A, K)aK
(0]

O=0
={[°z (f)aejiz' )[4 (k) + T, (ko)) a
e :

W e

,LZ' [} )at (j:%«pj:_j Z' (x)1, (}.,K)dkf.

In the first integral over the region 0 £ § € 0-0,
0 £k 1, we have that K> A > o, so that as in equation (L)
above; we find that

I (0K) » To06A) = PAK) + PK,X).

Similarly in the region o-a € { €1, 0-0c 2 k {3 we find
that o > x> A: thus as in (33) above, we may put

L (Ask) = Q(AK).

Finally, in the interwediate region, where o-q £ € <1
and 0 = k € 0-g, We have A < o < K3 then we put

I1(A,K) = R(A; &), say.

Thus in (24) we have on summarizing all the above results:

y -
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R s j1 [Z'!fllf-di
2 2 i
at“cot® A, g=g VagPa)E

+ 293 jU_azi(r)dfj Z'(k)[?(h K) + P(Ks A j]

T ('0

e i
+l§ A (f)d?i z' (k)Q (A\sK)dk
C=0, Te=0,
g 2 (E)dﬁ’jo'“w ()R (Asx)dlil - (35)
O=0, [0} )

Note that these expressions are not defined for a = 0-1 or

a = 0, although the value of D for either of these conditions
may be computed as the limiting cases;, for «- o0-1 or o. In
equation (35) we have that P(A,k) and Q(A, k) are given by the
equations (32) and (34) above, and R(A;K) is the value of
I,(AK) for A <o <K: i.e. from (27), (28) and (29)

: 1 KK +3) 2KA A k2-a2
RN K) = S +
(A+|<)f.<2-_-5?[ e =X AtK o Ly
A M 12N ) -1 A=g®
5 @ cos” ——
A+K) 22 [\+n 4 o (K=N)
2
g {2k . X \¢ (5)
<+ - Il
(A+k) o2 a2 ()\+K KQ-CL2) a
_[ L 0 N S Y
(6%=X) (e+X)®  (k®=a®) (A+w)°]
A e xCaonk-321 . A)
- - - cos” (=
(A+K) /a2 3 [)mc g =% | a
2 i
luh R +§,\K.2.|2 CHTE 5) (36)
(A+K)1/ A+K K -a a
Appendix IT
Proof of an Integral Identity
WWe shall here prove the identity
~a k p ;
| ax K f(e? 2Ll ol o _Jaf(Q) {n(ﬂ R (1)
Jo 0 (- k o i ¢

Consider the integral

Fiad. i Sif(f) ?nt’f;*) at . (2)

/Since. ..
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Since
“:a’( a-{ al = (3)
Jo nl 7 ) : 0
it follows that if £(f) is continuous at {= a
¥ ar : ; ﬁ:i ;
I(a) = jolf(f) - f(ﬁ)lEH(C ) a . (4)

Then differentiating

-

ar(a) _ r [f({) =£(8) _ g1 (q) fn(iéﬁ—) af (5)

da (o] a -f

a sufficient condition to allow the differentiation under the
sign of integration being that £({) is continuous at {= a, and
integrable over the range (0,a). From (3) in (5):

ar(a) _ ga[fm -,f(a)] o

da LA s

and so

I(a) -I(O):Sz%k(&ldkziidkjl:ffk:zk at (6)
But, using (3)

1(0) = i_ﬁg I(a) = ;jgl sz(*{) ‘tn(i'—{i)d% (7)

If £(f) is continuous at f: 0 it is easy then to show in (7)
that I(0) = 0, so that from (6) and (1), the identity (1) is
proved: subject to the sufficient conditions that £ ({) is
continuous at ¥= 0 and a, and integrable over (0,a).

Appendix III

The Edge Force

The argument which leads to the neglect of the terms
in the curly brackets in equation (25) of Appendix I is
given in Appendix II, where it is shown that this neglect is
certainly justified if the function f(f) of the Appendix II
is continuous at the end points of the interval of integration
(i.e. at €= 0 and a). Now in equation (25) of Appendix I we
identify this function £({) with Z' (f)C(A), which from its
definition and the use of equations (27), (28) and (29) of

/Apvendix I...
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Appendix I, may be shown to equal
2
[z‘ (f)] /2./)52_0,2 .

This is, in general, continuous at the end points =0 and

f = 1 of the range of integration, provided that the slope of
the aerofoil section is continuous at the nose and the trailing
edge. This is the assumption in Appendix I, and it is this
fact which justifies the use of the results of Appendix II.
However if the slope at either of these end points is infinite,
then the arguments we have used must break down.

Let us suppose, for example, that 2'(k)~ 2 =1 as k>0,
which describes the usual type of singularity associated with
a2 bluff nosed aerofoil. We shall attempt to deduce equation
(26) of Appendix I from equation (24) for this case, where the
previous arguments used no longer apply. Similar reasoning
to the following may be used to discuss what happens if 2' (k)
is singular at k = 1 (i.e. if the wing section has a bluff
trailing edge).

Suppose we subdivide the range of integration of the
repeated integral in equation (24) of Appendix I:

z (’E) g[r 2' ()T, (A )dk + l{wz (£)I, (A K)dk dk| af

i £ 1
- gfg Sézr (f);}_gllrjé-e 72 (k)I, Ak )dk + Jha 2 ()T, (A k) | af

+

) ) 1
2oz @ [ = o, amoad 2 @) [ 2 w0, tvoad e

+

: £-¢ p 5
éfg{[ z* (Q)lim\jo 2" ()1, (AsK)dk +S{+B Z' (k)I, (hK)axjat ¥ (1)

Using arguments similar to those employed in deducing equation
(26) from (24) of Appendix I, we may show that

i 1 1
e j@z' m;}.g[f Z' (k)I, (A,w)ak+j{+e 7' k)1, (A,x)dk] at

: 1 €
= é:g{jédfgbz- )z (1{)[11 AsK) + IQ(K,P\)] dk} (2)

These arguments, including the results of Appendix II, are
justifiable since Z'(k) and 2'({) have no singularities in
the range of integration.

/How. ..
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Now the second limit in the right-hand side of (1) may
be shown to vanish as 6 = 03 also the limit of the integral
on the right hand side of (2) may be shown to exXist, so that
taking this limit and substituting in (1),

-

4
7! (k)Iz(A,K)d.kJ at

o
Iz m;}g*[} @), () +j’{+e

E‘- ¥
=f&jz’&ﬁ'@4}“hK)+Iﬂmﬁqﬂ:+F (3)
o Yo

where

sial PO : -2 S
¥ = éi%ﬂg' £ 3 v [ji 21 (&)1, (Ask)dk *jhf' ()T, (oic ) k| abh(s)

But in this repeated integral (on the right hand side of (4)),
the region of integration is confined to the immediate
neighbourhood of the point { = & ks Thus it is permissible
to replace Z'(k) and 2'({) by 1-and %% respectively; and
further we may replace

1 202-a2

SRR
2402262 (k= A) : 20(0°~a2) 2 ) "‘7‘\%
1

I, (A KJb.v{cq

202—0,2 En

1 o
Iz(A’K)by{ 2 " URBon | 2o(cPal) 2 “"\]‘

where cy and ¢, are finite constants, as may be established
on examination of equations (27) (28) and (29) of Appendix I.
Thus we find that in (4),

2'/02"0‘2-5‘: T1imj® lllim!- { e kb :1_1 w-—dk at =lim S‘Sgcothq YT
a s L0 £7870 1Jo fek® fx 3201Jo1 {
2 X 2 2
. 28 1 -1
1.6 F = m e -~ coth x dx = - —..-.-............_..... (5)
'/02-(1.2‘ g 6 J"JUQ 2‘

Hence in equation (26) of Avpendix I, the expression for the
drag D remains unaltered, except that from (4) and (5) above
there is an additional drag

AD ks qu(o)j2 2,203/ /2 2 (6)

Suppose that the radius of curvature of the wing leading-edge
at the centre-section is r: then we may calculate that

r =a tz/ 2c (7)

so that in (6) we have, after substituting for o and ¢, that
/AD.-I
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wgmgo)sr _ xgs COSJﬁnr 8
Jfﬁ 2(O) /1 M cos</ (8)

However, the corrected equation (25) of Appendix I is
no longer the complete expression for the drag, since it omits
the edge force acting on the wing, which is not included in
the integrations of the pressure over the wing surface. This
edge-~-force is given in reference 5 as a force normal to the
leading edge of amount

2
rq cos“A Ta

per unit length

1—M2c032/\

where r, is the nose radius measured normal to the leading edge.
But from the geometry of the wing section,

2 t2 r
rn — -6-;— (:) sec AOQ - i) =7 sec.ﬁo(‘I - i)

so that the contribution of this edge force to the drag is

AD = 2 cos/ g (Frq RO Aorn) - A
" 9 A -Mlcos’A cosl}o
i “'95 COSAOI' (9)
1 M cos

Comparing (9) with (8) we see that the contribution of this
edge force exactly cancels the additional term arising from
the integrations when the leading edge is rounded. Hence;

we deduce that equation (25) of Appendix I, in the form given
in that Appendix, is the correct expression for the total drag
whether or not the leading edge of the wing section is rounded;
if the leading edge is round, we have seen that the derivation
of this equation leaves out a term which however is equal and
opvosite to that obtained from the edge force, which should
also properly be included.

Appendix IV

Integration of the Expression for the Drag of a Double-iledge

Section

e have to evaluate the integral of equation (39) of thse
Appendix I.

D gé 111 7 2 fnf 2=k : axat (1
am@)]** = Uoz e m{(o-{ﬁ [t Tt

TOF o &



for the condition

' (k) = 1 foro <k < n -2

=il-1—- forn€ k <1 -
1=n
Now,
.j‘Pn ;-:% dk = [(k_o){n(a-k) + (f_k){nlk-t’]]
m MEE )fau}? [x‘n\k e b L e R ]
that .
‘Ijt' ;:? ?idi) [? lk—qﬂn(g k) (h:?)?n]k—f\—(gf%)?n(o-k)+fn(o-fﬂ
+J]1:(k—f;(o—k) e [iiﬁﬂdkd‘ "

We note that

& LI g > . 1 oo
xlo»[oz e (f)[(k—f) (0-k) (k-%)° n(o-i) (o=R) (c-k)] {

: J1jqz'(k)z'(€)[ 2ackelona e - couss fn(ﬂ-ﬂ)] axal= 0 (1)

oYo (k=1) (0-k) (5-%¢) (k~t) o-k

as we may see by interchanging first the order of integration
and then the symbols, which is justifiable since the integrand
is regular over the range of integration.

Using equations (1) to (4), it follows that the drag may
be expressed as

D 202 3 3 ?
aim©) %% = oz-_—.'i 5 ap8qd (pely) (5)

i
Ty 2

= 1 § 1 .
where a1— R a2 = ETT:HT 9 a3
kf=0§k?-n'kf=1;

andff(k ) = n,k-f\t (O‘Q) ){nlk Ql ( )fn(o—k)+en©mn.

[He...



We note that

i(ks'c} =0
and § (1,0 +J(br) = (f-k)° fn\k k\ (_ﬂfn ok )+ L —k\ﬁq(o_‘})
(0=8) (0-k)
= 8 (k%) eay.
Thus in (5),

) -
2 = 2 [swm - 18(0sn) - - S(nn)}/nm-n)

q[m(O)] 213 = n 1-n
- .
- 29 l- ] fn.c + 1Hn(c-1)_ ————m—ﬁn n+ -mnfn O ufn(c—n)
an(1-n)! o-1 o) o(o-n) o=-n o
(1-n) en(1-n)+ —l—ﬁn(o-n)- o 8 En(0—1ﬁ
(0-1) (0-n) o-1 o-n

s

2 202{. fn (0-n) 3 {n[c(1—nﬂ_ » fni(0-1)nl]

o(o=1)n(1-n) (0-n)(6=1)n o (0-n)(1-n)

Appendix V

Integration of the Expression for the Drag of a Wing Section

exXnressed as a Fourier Series.

We have to evaluate the integral of equation (39) of

o[ 222

Appendix I,

i ) S L

qtTcot“ A 4
2
(1)
where ot
c-‘
Z(k) = 2 an sin ng, if k¥ = L2080
n=1 o (2)

and similarlygﬂb

Zz(f) = Z1an sin mg if €= lsoosg (3)

2
and for convenience, we put o = 1i%§§E5 (E > 0) » (4)

To procede with the integration, we note the value of the
following definite integrals:

"sin nbsind
Iocoshz-cosa 49 = mexp(-nf) (n) 0,€ > 0) (5)

Lo »
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i 3] B ..
Pr 2025—100:12 @8 =x cos n@d (> 0) (6)

A

€os nd a6 = & exn (= inl E)

(8 > 0) (7)
jocoshF cose sinh £

4 cos nd nexp (=In) &)
J 5 0 = =Bl L hnlsinhg 4 coshg]

o (cosh&~-cosb) sinh-E

(> 0) (8)
Now, after an integration by parts, since 7Z(0) = 7(1) = 0, and
using equations (2) and (4)

j 7t (k)?nl )dk = Pj;z(k)[;—; . ?%;]dk

j Za sin nesn.net- : - g ]da

o n=1 coshé-cosf cos@cosh

Supposing that term by term integration is permissible; from

(5) and (6),

g ' Lk . =0
JOZ (x)¥n ] dk = =« ;1an[ex_p (-n#&-cos n,ﬁ)’] (9)

Again, from (3) and (9), integrating term by term

jﬁﬂ%“’* k){-nl .1{' ]df——i-lﬂtz 2- rnama E"t(e-nz_cosn@cosm@'dg
(o}

o(o~1f) m=1 n=1 (coshé—‘-—cosﬁ)

i z Z__ma " [j' cos (n+m)@+cos (n-m),@_!dg S -nEj‘ cosmg ng]
o

m=1 n=1 (cosh?f - cosg’) o(coshE-cosp)

Thus;, f‘rom (8)s in (1) we find that

(- [

ﬂCOSh Z ma_a }l.(n+m)sinhk‘+cosh€j] e—(n+m)£—j_

3 ___.‘
sinh E'm‘ln_-

+!-)n-m|sinh E+cosh E} e 'n'mlg’-:-:[m sinh &£+cosh E,la"(n'"m)?é
L o0 0 4
A \ o
‘-:??00151‘125 - L ﬁ"'aimaman kn—m-coth&)e-(n+m)g+(|n m|+cothe)e™ in-m| E-]
m=1 n= |
(10)

Again, from (2) and (7)

J '-i—)-d.k-.-QE naj‘ cosnd 2% < -n¥

a0 =- Z_, na e
o (o-k) AERLaCa sinhf n=1 &
S0 that in (1),

1 (J -(_(—% ) th%g% ?2_,’1 (p~m) (
_-- =%Co N T LT | R
i e BT mpea Y pE). (11)

The results of equations (10) and (11), substituted in (1) give
the reauired anawen.
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RELATIVE DRAG OF VARIOUS WING SECTIONS ON A SLENDER

WING, WITH SAME HALF CHORD SWEEP AND
MAXIMUM  WING THICKNESS
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RELATIVE DRAG OF VARIOUS WING SECTIONS ON A SLENDER
WING WITH SAME SWEEP ON MAX. THICKNESS LINE
AND SAME WING THICKNESS Ar ROOT



