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This paper reviews an almost new method for the design of optimal decision making controllers named
as Human-Behavior learning. This new paradigm is inspired by the complementary learning that differ-
ent areas of the human brain have to improve learning and experience transference. It is shown that inde-
pendent and well identified sources of knowledge can enhance learning and facilitate the design of the
optimal decision making controller. This interaction is modelled as a Markov Decision Process defined
by a tuple of actions, cognitions, and emotions sets. Existing methods of both control and reinforcement
learning theories are reviewed and connected to complete the behavior learning picture for a class of lin-
ear systems.
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1. Introduction

This article gives an overview of a new approach named
human-behavior learning [1] for the design of optimal decision
making controllers [2]. As it is well known, humans are capable
to learn new things and take decisions in accordance to their
observations, experience, and curiosity. There exists several stud-
ies that seek to understand how human learns and which specific
area or areas of the brain are responsible for carrying out the learn-
ing process [3,4]. In [5] is stated that the brain requires two differ-
ent specialized learning and memory systems given by the
hippocampus and the neocortex. On the one hand, the hippocam-
pus is modelled as a sparse and pattern-separated system for fast
learning episodic memories. On the other hand, the neocortex is
modelled as a well distributed pattern-dependent system for effi-
cient generalization that is slow in comparison to the hippocampus
system [6].

There exist a strong connection between reinforcement learning
(RL) and human-behavior learning since both are governed under a
similar philosophy of operation, that is, obtain an optimal control
policy/ optimal decision making control by minimizing a prede-
fined utility function in a discounted or infinite horizon [7,8].
Throughout the paper, the differences between RL and human-
behavior learning will be point out to exhibit the main advantages
that offer the human-behavior learning approach.

Previous work [2] states that human-behavior is modelled as an
interplay of three main sets: actions, cognitions, and emotions. The
main differences between reinforcement learning and human-
behavior learning lie in the cognitive and emotions sets that pro-
vide several tools to incorporate different sources of knowledge
and establish their relation to achieve complex behaviors [2,9]. In
fact, reinforcement learning (RL) is a cognitive model of the
human-behavior approach. This paper aims to provide different
cognitive models and relate them with three specialized learning
systems: the neocortex, the hippocampus, and the striatum.

The emotions [10] set gives feedback of the performance of the
controller in a more complex way than static reward functions due
to its dependence on the cognitions set. However, they will not be
discussed in this paper. Recall that adaptive dynamic programming
(ADP)/RL [11] algorithms connect adaptive control [12] and opti-
mal control [13,14] theories for the design of optimal adaptive con-
trollers [15–18] by adjusting their actions based on reward or
stimuli received from the environment. For sake of simplicity, the
emotions set are constrained as the reward or utility function ADP
and RL problems.

The human neocortex or neocortical system consist of well dis-
tributed, interconnected, and usually bidirectional structures
which executes small updates to the connections among the struc-
tures involved in the learning process so that the activity in one
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region of the brain can give rise to activity in many other regions
[5]. This updates are small in magnitude such that they not gener-
ate good pattern association in the short term. However, in the
long-term the associations become stronger and provide the basis
for correct performance in several tasks (e.g., semantic and episo-
dic). In the context of human-behavior learning, the neocortex
can be modelled as intelligent systems such as neural networks
[19], ADP, and RL architectures [20–22]. These methods are well
known data-dependent techniques that exhibit slow learning
phase but good pattern association, adaptability, and generaliza-
tion. However, the neocortex is not a completely independent
learning system since it is supported by the hippocampus. This fact
will be addressed throughout the article.

The human hippocampus or hippocampal system is referred to
a system that is specialized for the rapid formation of new memo-
ries. There exists an extensive work that address the importance
and functionalities of the hippocampus for decision making prob-
lems [23–26]. Furthermore, some authors [5] have suggested that
the hippocampus is the teacher of the neocortex because provides
of memory and reinstatement of the neocortex activity. There
exists several memory architectures that enhance the performance
of neural networks and ADP/RL algorithms such as: recurrent neu-
ral networks [27], eligibility traces [28], model reference adaptive
controllers [29], and experience replay [2]. Furthermore, previous
knowledge such as dynamical parameters and expert’s data can
be used for experience transference to avoid learning from scratch.

In view of the above, model-based and model-free ADP/RL algo-
rithms show a good interplay between neocortex and hippocam-
pus learning systems. Each ADP/RL method can be model-based
[30] or model-free [31–33]. Temporal difference methods offer a
friendly way to incorporate memory and previous knowledge,
e.g., actor-critic algorithms [34,35], value and policy iteration algo-
rithms, and Q-learning [36]. A complete overview of reinforcement
learning methods can be found [14,29,37].

The use of function approximators [38,39] offer a simple way to
express complex behaviors with a simple set of basis functions and
weights. Convergence of the weights’ of the function approximator
can be achieved under the fulfilment of a persistency of excitation
condition [40,41] which is provided by the hippocampus learning
system. This excitation condition gives information of the perfor-
mance of the system under certain inputs and states. This tech-
nique is equivalent to an exploration strategy [42] that serves to
acquire new information and give more resources for learning [43].

The striatum or corpus striatum is a structure that is responsi-
ble for evaluating sensory inputs and different sources of knowl-
edge for decision making [44]. In general, the striatum mediates
cognition, reinforcement, and reward systems. In this context,
the interaction between the hippocampus, neocortex, and striatum
exhibits complementary learning properties [45,46] that enable
complex behavior. Whilst the neocortex learns distributed repre-
sentations for good generalization, the hippocampus provide of
fast learning memories and skills that support the neocortex via
the striatum. This paper posits that human-behavior learning is a
complementary learning algorithm that enhance learning by com-
bining different semi-independent cognitive models.

Throughout this paper, N;R;Rþ;R
n;Rn�m denote the spaces of

natural numbers, real numbers, positive real numbers, real n-
vectors, and real n�m-matrices, respectively; � denotes the Kro-
necker product; where x 2 Rn;A 2 Rn�n and n;m 2 N.
Fig. 1. Human-behavior learning diagram. It is composed of the three main sets:
actions A, the cognitions C, and the emotions E; which are connected in a
‘‘complex” fashion to achieve complex performances.
2. Human-Behavior Learning Formulation

In the recent work [2] is stated that the human-behavior learn-
ing approach can be modelled as a Markov Decision Process (MDP)
158
composed of a tuple of actions A, cognitions C, and emotions E.
Fig. 1 shows the interplay of the human-behavior sets.

The set of actions A is modelled as any signal that can be mea-
sured, for example, the internal states, the control input, the out-
put, and exogenous disturbances (if possible) of a given system.
The set of cognitions C is one of the central parts of the human-
behavior learning approach since it is inspired in the complemen-
tary learning of the hippocampus, neocortex, and the striatum
learning systems of the human brain [46]. In other words, the set
C contains different and semi-independent sources of knowledge
which enables fast learning, generalization, and experience trans-
ference. The set of emotions E gives feedback about the perfor-
mance of the system in accordance to the actual actions and
cognitive models. Notice that this definition is almost equivalent
to the reward or utility function in reinforcement learning [13].
However, the emotions differ from rewards in the dependence on
the cognitions set C. For sake of simplicity, this paper assumes that
the emotions are equivalent to reward functions such that depen-
dence on the cognitive set is avoided.
2.1. Reinforcement Learning or Human-Behavior Learning?

A close relationship between reinforcement learning and
human-behavior learning can be distinguished. Whilst reinforce-
ment learning seeks the optimal control policy that minimizes a
pre-defined utility function [37], the human-behavior learning
approach seeks the optimal decision making controller (also
known as control policy) that minimizes a pre-defined utility func-
tion by combining different sources of knowledge [2].

For this study the main difference between reinforcement
learning and human-behavior learning relies in the cognitive set.
It is evident that reinforcement learning is a cognitive model of
the human-behavior learning approach. Therefore, human-
behavior learning aims to provide a complete picture of how
human learns and use reinforcement learning as a cognitive model
to support this new perspective.

A cognitive model f i is understood as any method that enables
adaptability and establishes relations or rules based on previous
data or experience, for example, neural networks [40] is a well
known cognitive method that seeks the connection weights of
multiple neurons to estimate/predict the performance of a system.
A skill si is any method that gives useful information that improves
and facilitates the learning activity of the cognitive model, for
example, dynamic knowledge [27] helps the cognitive model not
start from scratch and provides a good direction for updating.
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There can be as many cognitive models f i and skills si in the cogni-
tive set C.

The cognitions set C can be divided in three main subsets: the
neocortex, the hippocampus, and the striatum [5]. Each subset
has specific cognitive models and skills that improves learning
and decision making. Fig. 2 summarizes some of the most relevant
examples of cognitive models and skills of the neocortex, hip-
pocampus, and the striatum learning systems.

It is quite challenging to separate the functionalities of the neo-
cortex, hippocampus, and striatum learning systems since they are
closely related. In the next sections, each learning system is ana-
lyzed and is defined how they complement each other.

2.2. The lack of Adaptability of Dynamic Programming Algorithms: The
Linear Quadratic Regulator case

The following linear system [47] is considered

_x ¼ Axþ Bu; x t0ð Þ ¼ x0: ð1Þ
where A 2 Rn�n and B 2 Rn�m define the dynamics of (1), x 2 Rn

denote the states and u 2 Rm is the control input. Notice that
x; uð Þ 2 A. It is assumed that the pair A;Bð Þ is controllable and
known in advance.

The optimal control objective is to seek a control input that
minimizes the following value function [48]

V xð Þ ¼
Z 1

t
n x;uð Þds; ð2Þ

where n x; uð Þ : Rn � Rm ! R is a predefined utility function (or
reward function) from the emotions set E. For the linear quadratic
regulator (LQR) problem [13], the utility function is set to a quadra-
tic function of the form n x;uð Þ ¼ x>Sxþ u>Ru where
S ¼ S> P 0 2 Rn�n and R ¼ R> > 0 2 Rm�m denote known weight
matrices.

The LQR problem can be regarded as a hippocampus learning
system due to its fast learning and pattern independent, that is,
the optimal control is derived from the solution of the next alge-
braic Riccati equation (ARE) [49]

A>P þ PAþ S� PBR�1B>P ¼ 0; ð3Þ
for some kernel matrix P ¼ P> > 0 2 Rn�n. Then, the optimal control
policy (optimal decision making function) is

u� ¼ �R�1B>Px: ð4Þ
Notice that the ARE (3) does not require measurements of the

states and control input to derive the optimal control law. There-
Fig. 2. Cognition set C elements. The set is divided in three subsets defined by the
neocortex, hippocampus, and the striatum.
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fore, the ARE is the first hippocampus model in the human-
behavior learning perspective. However, the LQR solution has a
poor performance against disturbances or parameter changes
[50,51]. For this reason, other complementary techniques have to
been used to achieve both adaptability and optimality of the final
control policy. These techniques are analyzed in the next sections.

3. Neocortex learning system

The neocortex learning system defines one of the central parts
for behavior learning. This system provides of different tools that
enables learning by interacting with on-line data measured along
the system trajectories [14]. The neocortex slowly learns dis-
tributed associations for efficient knowledge generalization. Some
of the neocortex learning models are given by ADP/RL algorithms
and function approximators [38], which are described below.

Remark 1. In this work, the ADP/RL algorithms are expressed in a
general way and are not categorized as value and policy iteration
algorithms. References are provided to complete the picture of
each approach.
3.1. Function Approximators, Neural Networks, and Fuzzy Systems

Before explaining some of the cognitive models of the neocortex
learning system, it is crucial to introduce function approximators
[52] as the first cognitive skill.

Recall that a skill is a tool that human uses to facilitate learning
by providing simpler relations or functions. So, function approxi-
mators is a skill of the neocortex learning system that provides a
simpler basis of functions that can approximate the performance
of a relatively more complex function [29].

The structure of a value function approximator (VFA) is [53]

V xð Þ ¼ />hþ eV ; ð5Þ
where / ¼ / xð Þ : Rn ! Rp is the vector of basis functions, h 2 Rp is a
vector of unknown parameters, and eV 2 R denote the residual error
of the approximator. Furthermore, the approximator can be written
in terms of the well known action value function Q x; uð Þ [54] as
Q x;uð Þ ¼ w>#þ eQ ; ð6Þ
where w ¼ w x;uð Þ : Rn � Rm ! Rp is the vector of basis functions
that depends of both x and u; # 2 Rp is the parameters vector, and
eQ 2 R is the residual error of the Q-function approximation. How-
ever since the parameters h of (5) and # of (6) are unknown, then
the next value function and action value function approximators
are usedbV xð Þ ¼ />bhbQ x;uð Þ ¼ w> b# ð7Þ

where bh; b# 2 Rp are estimates of h and #, respectively. In the context
of machine learning, there exists a wide variety of basis functions
that can be used for the design of function approximators such
as: local models, radial basis functions (RBFs) [21], Gaussian mix-
ture models (GMMs) [55], neighbors [56,50], linear models [15],
among others. A complete survey and convergence properties of
the approximators are given in [38].

In the context of optimal control, the basis functions are com-
monly quadratic [27], for example, let x ¼ x1; x2½ �>, for some

x1; x2 2 R, then the set of basis functions are / xð Þ ¼ x21; x1x2; x
2
2

� �>.
This operation is generally expressed by the symmetric Kronecker

product x� x 2 R
n nþ1ð Þ

2 . In this case the residual error eV and eQ are
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zero because a complete and exact set of basis-functions are pro-
vided [54].

It should be note that Fig. 2 states that the neocortex learning
system contains function approximators, neural networks[49],
and fuzzy systems [57,58] as separate cognitive skills. It is well
known that both neural networks and fuzzy systems are a special
kind of function approximators. However, the scope of these meth-
ods is deeper, that is, in accordance to theWeierstrass higher-order
approximation theorem [53] there exists a complete independent
basis set that uniformly approximate the value function as
p ! 1, and hence the residual eV ! 0 or eQ ! 0. These kind of
approximators provide a feasible way to introduce adaptability
and robustness in the final decision making function.

3.2. Adaptive Dynamic Programming (ADP)

Adaptive Dynamic Programming is the first cognitive model of
the neocortex learning system and is commonly used if there exists
dynamic knowledge provided by the hippocampus learning sys-
tem. This techniques merge the capabilities of optimal and adap-
tive control theories in a single algorithm to achieve optimal
performances and adaptability in the learning process [14]. In con-
trast with the ARE of previous section, ADP overcomes the instabil-
ity problem and improves the performance of the decision making
controller by adjusting the weights of the value function approxi-
mator. Two different ADP approaches can be distinguished: full
model-based and partially model-based [37].

3.2.1. Full Model-based ADP
Full model-based ADP computes the optimal decision making

controller by solving a Hamilton–Jacobi-Bellman (HJB) equation
in an iterative fashion [22,59]. Let define three different HJB equa-
tions as

H x;uð Þ ¼ x>P Axþ Buð Þ þ Axþ Buð Þ>Pxþ n x; uð Þ ¼ 0; ð8Þ
H x;uð Þ ¼ h>r/ Axþ Buð Þ þ n x;uð Þ ¼ eH; ð9ÞbH x;uð Þ ¼ bh>r/ Axþ Buð Þ þ n x; uð Þ ¼ d1; ð10Þ

where r ¼ @
@x represents the nabla operator, eH 2 R is the residual

error caused by the approximation error eV , and d1 2 R is known
as the temporal difference (TD) error which is an approximation
of the residual error eH . The TD error is inspired in the behaviour
of phasic midbrain dopaminergic neurons which show some rela-
tionship to reward (utility function) and sensory input (action set
A). Although, dopaminergic neurons correspond to less than 1%
of the total number of brains neurons, they innervate including
motor behavior, motivation and working memory, that is, they play
an important role in the reward system that controls the learning of
many human behaviors and enables decision making [60,61].

The HJB Eq. (8) is the neocortex version of the ARE (3) of the
hippocampus learning system, which takes into account measure-
ments of the action space A, that is, x and u. This is a general ver-
sion of the ARE (3) which can be solved on-line by a differential
Ricatti equation (DRE) of the form [49]

� _P ¼ A>P þ PA� PBR�1B>P þ S: ð11Þ
The HJB Eq. (9) is an approximation of (8) using any function

approximator discussed in the previous section. Assume that a
function approximator with estimation error eV is used. Then, the
optimal decision making function is biased by a residual error
eH ¼ �reV Axþ Buð Þ which can be attenuated by improving the
design of the approximator [53].

The HJB Eq. (10) is an approximation of (9) and is used for the
design of the ADP algorithm. The main goal of any ADP algorithm
is to minimize a quadratic cost in terms of the TD error [32], that is,
160
E ¼ 1
2
d21; ð12Þ

such that bh ! h and d1 ! eH as t ! 1. To compute the estimates bh,
we need to use the striatum learning systemwhich provide tools for
updating and decision making. The standard solutions are based on
a batch least-squares (LS) rule [32] and the gradient-descent tech-
nique [49] as

bh ¼ � q1q
>
1

� ��1q1n x;uð Þ; ð13Þ
_bh ¼ �aq1 q>

1
bh þ n x;uð Þ

� �
; ð14Þ

where a 2 Rþ is the learning rate and q1 ¼ r/ Axþ Buð Þ. For the
batch LS rule, it is stored at least l P p samples in order to estimate

the parameter vector bh. The decision making controller is computed
at each iteration as

bu ¼ �R�1B>r>/bh: ð15Þ
Here we can see the advantage of the neocortex over the hip-

pocampal learning system. The weights bh takes into account the
dynamic knowledge of the hippocampus and measurements of
the action set A, this complementary sources of knowledge gives
the controller (15) adaptability to new changes in the system
dynamics (1) and overcome possible instability problems or poor
performances [50]. Despite the hippocampus learning system gives
the ideal optimal controller, it lacks of robustness and may not pre-
sent good performance in presence of exogenous and endogenous
disturbances.
3.2.2. Partially Model-based ADP
Partially model-based ADP can be seen as a first approach for

reinforcement learning [14]. In this case, matrix A is unknown
[53,62]. To overcome this issue the Bellman equation form (also
known as integral reinforcement learning)[63,64] is used in the
value function definition as

0 ¼ x>PxjtþT
t �

Z tþT

t
n x;uð Þds; ð16Þ

eT ¼ h>q2 �
Z tþT

t
n x;uð Þds; ð17Þ

d2 ¼ bh>q2 �
Z tþT

t
n x;uð Þds; ð18Þ

where q2 2 Rp is a set of basis functions in terms of x tð Þ and
x t þ Tð Þ; eT 2 R is the residual error of the function approximator
q>
2 h, and d2 2 R is the TD error of the Bellman equation in terms

of the estimates bh. Notice that the above Bellman equations use
only measurements of the action set A and do not require knowl-
edge of the system dynamics A and B. The batch LS rule (13) and
the gradient descent rule (14) are slightly modified as

bh ¼ q2q
>
2

� ��1q2

Z tþT

t
n x;uð Þds; ð19Þ

_bh ¼ �aq2 q>
2
bh �

Z tþT

t
n x;uð Þds

� 	
; ð20Þ

The optimal decision making controller is computed by (15)
which depends on the knowledge of the input matrix B. There exist
other algorithms in the ADP framework, such as actor-critic algo-
rithms [65] which use either the batch-least square rule or the gra-
dient rule to estimate the value function and another approximator
to compute the decision making controller. However, these tech-
niques are commonly used to avoid a boundedness assumption
in the control input [53].



Table 1
Examples of PE signal m.

Sinusoidal functions Exponential decaying signal Gaussian noisePN
i¼1ai sin xitð Þ PN

i¼1aie
�jt sin xitð Þ � N 0;r2

� �
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3.3. Reinforcement Learning

Reinforcement learning (RL) has become a leading technique in
both machine learning [66–68] and ADP techniques [37]. In con-
trast to ADP techniques, the philosophy of RL is to design com-
pletely model-free algorithms that achieve an adaptive optimal
performance [27]. Traditional RL can be seen as a purely neocortex
cognitive model since they learn from scratch both the optimal
value function and the optimal decision making function. However,
it is well known that RL requires of complementary techniques to
guarantee parameter convergence and achieve the desired optimal
performance.

The most used RL algorithm is Q-learning which uses an action
value function Q x;uð Þ instead of the standard value function V xð Þ.
Here the Q-function satisfies [54]

Q x;uð Þ ¼ V� xð Þ þ H x;uð Þ; ð21Þ
where V� ¼ x>Px is the optimal value function. The Q-function eval-
uated in the optimal decision making controller (4) is equivalent to
the optimal value function, that is, Q x;u�ð Þ ¼ V� xð Þ. The Q-function
has the following structure [48]

Q x;uð Þ ¼ x

u


 �> Qxx Qxu

Q>
xu Quu


 �
x

u


 �
¼ Z>MZ; ð22Þ

where Qxx 2 Rn�n;Qxu 2 Rn�m;Quu 2 Rm�m;M 2 R nþmð Þ� nþmð Þ, and
Z ¼ x>;u>½ �>.

The Bellman equations are written in terms of the Q-function as

0 ¼ Z>MZjtþT
t �

Z tþT

t
n x;uð Þds ð23Þ

eM ¼ #>q3 �
Z tþT

t
n x;uð Þds ð24Þ

d3 ¼ b#>q3 �
Z tþT

t
n x;uð Þds ð25Þ

where q3 is a set of basis functions for Z tð Þ and Z t þ Tð Þ; eM 2 R is the
residual error of the function approximator q>

3 #, and d3 is the TD
error of the Q-function Bellman equation in terms of the estimate

vector b#.
The batch LS update rule (19) and the gradient descent rule (20)

hold for the Q-function approximator. The optimal decision mak-
ing controller is computed as

bu ¼ � bQ �1
uu
bQ >

xux; ð26Þ

where bQuu and bQ xu are estimates of Quu and Qxu which are obtained
from the estimate vector #. In contrast with the partially model-
based ADP, the Q-learning algorithm does not require dynamic
knowledge. However, the learning phase is slow in contrast with
ADP methods.

Another RL approach uses a value function V xð Þ with a batch LS
rule to compute both the optimal value function and the optimal
decision making function [48]. Two key ideas are required: (1)
express the control as u ¼ �Kx, where K ¼ R�1B>P 2 Rm�n is the
stabilizing gain, and (2) initialize the learning with a stabilizing
control gain K. The above conditions are not very restrictive and
are easy to fulfil. The RL algorithm uses a quadratic parametriza-
tion of the Bellman Eq. (16) as

x>PxjtþT
t � 2

Z tþT

t
uþ Kxð Þ>RKxds ¼ �

Z tþT

t
x> Sþ K>RK
� �

xds;

ð27Þ
The above notation for the Bellman equation facilitates the esti-

mation of both P and K using the batch-least squares rule (19). The
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main constraints of this approach are that can only be solved by a
batch LS or a recursive least-squares method, and require an exact
set of quadratic basis function in terms of x and u.

Other reinforcement learning algorithms in the machine learn-
ing framework [11] can also be used to achieve a local optimal
decision making controller. However, they are not in the scope of
the proposed human-behavior learning approach. In the next sec-
tion, the cognitive models and skills of the hippocampus learning
system are briefly described.

4. Hippocampus learning system

The hippocampus learning system provides of fast learning
tools that improves significantly the performance of the neocortex
learning system. Although they are opposites learning systems,
they complement each other to achieve adaptive and optimal deci-
sion making controllers [6]. The hippocampus is directly related
with short-term and long-term memories, that is, it incorporates
previous knowledge and past experiences into the neocortex mod-
els to enhance the learning procedure in gradient update rules.
Some of the hippocampus cognitive models and skills are
described below.

4.1. Exploration/Excitation signals

The exploration/excitation signals are skills that provide
enough information and excitation [69] of the system modes for
accurate parameter estimation. There exists several exploration
techniques in the context of machine learning, for example, e-
greedy exploration [52], Thompson sampling[7], Boltzmann explo-
ration [38], upper confidence bounds, memory-based exploration
[42], among others. A complete survey of these techniques are
given in [42]. However, these techniques are not common in
ADP/RL problems since they require additional assumptions in
the control actions which yields to local optimal solutions that dif-
fer from the optimal control philosophy [50].

In the optimal control context, the exploration/excitation sig-
nals are designed to fulfil a persistency of excitation (PE) condition
[70] to guarantee parameter convergence. The PE condition
requires that the following condition [40] on the regressor matrix
q (either q1; q2; q3) is fulfilled

b0Ip 6
Z tþT

t
qq>ds 6 b1Ip; ð28Þ

for some constants b0;b1 2 Rþ and time constant T 2 Rþ. This con-
dition means that the matrix qq> 2 Rp�p is full rank and its integral
in a time interval t : t þ T½ � is bounded. Some examples of PE signals
m are given in Table 1 where ai andxi denote the amplitude and fre-
quency of the sinusoidal functions, j is the exponential decay fac-
tor, and N 0;r2

� �
denote a Gaussian distribution with mean zero

and variance r2.

4.2. Eligibility traces

The first memory function that is discussed in this section is
known as eligibility traces [7,71]. This technique is a long-short
term memory that corrects the TD error by a change in time of
the value function V xð Þ or action value function Q x;uð Þ [72]. Sup-
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pose that we are analysing the TD error d (either d1; d2, or d3) in a
time t0 2 t;1½ Þ. Then all samples that occur in a time t 6 t0 will
be taken into account by the value function, that is,

ð29Þ

Then a temporal profile W tð Þ of the value function V xð Þ can be
defined as

W tð Þ ¼ 1 if t 6 t0
0 otherwise

�
ð30Þ

Recall that the TD error is linear with respect to the utility func-
tion n x;uð Þ as it is shown in (10), (18), and (25), then the temporal
profile can be modified as

cW tð Þ ¼ d t0ð Þ if t 6 t0
0 otherwise;

�
ð31Þ

The key idea is to update the estimates of the gradient rule by
weighting previous samples with the value of the actual TD-error.

_bh ¼ �a R t0
�1
cW sð Þq sð Þds

¼ �ad t0ð Þ R t0
�1 q sð Þds:

ð32Þ

Notice that the eligibility traces is in fact an integrator system
which satisfies the following dynamic system for any time t

_bh ¼ �adet
_et ¼ q

ð33Þ

The dynamic system (33) is not commonly used in applications
since it is required that the eligibility trace be bounded in every
time step. The classical eligibility traces approach [52] is based
on the following discount value function

V xð Þ ¼
Z 1

t
e�c t�sð Þn x;uð Þds; ð34Þ

where c 2 Rþ is a discount factor. The discounted value function
(34) is used to weight more recent time steps than past ones and
ensure convergence [38]. With this slightly modification, the update
rule (33) is changed to

_bh ¼ �adet
_et ¼ �ket þ q

ð35Þ

where k 2 0; cð � is the trace decay factor [71]. By means of the dis-
count factor, it is possible to add a stable dynamics to the trace such
that it serves as a low pass filter with cutting frequency k [47]. The
eligibility trace dynamics has input-state stability (ISS) [52,73]. The
above result hold for Q-function approximations. Refer to [7,52] for
more details.

4.3. Experience replay

Experience replay [65,74,75] is the second memory function of
the hippocampus learning system. Experience replay [68] also
known as neuronal replay is one of the primary mechanisms
thought to underlie the ability of the hippocampus to teach the
neocortex. Indeed, neocortically and endogenously driven replay,
to and within the hippocampus, may act together for the consoli-
dation of newer memories and the protection of old ones [5].
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Consider that the samples are stored in a memory vector of M
dimension. Define qk and nk as data samples of q and n in a time
instance k. These data are used as additional terms in the gradient
method in order to evaluate multiple TD errors in the same update
rule [65]. The gradient update rule is improved as

_bh ¼ �aq q>bh þ n x;uð Þ
� �

� a
XM
k¼1

qk q>
k
bh þ nk x;uð Þ

� �
: ð36Þ

The experience replay has twomain objectives: (1) add memory
to the gradient update rule to enhance the performance of the neo-
cortex learning system, and (2) reduce the exploration technique
and achieve parameter convergence in less time. Indeed, it can
be seen as an alternative to achieve both excitation and memory
[76].

It is not difficult to prove that closed-loop system trajectories of
the neocortex converges exponentially to zero. The next Lyapunov
equation is considered

W ¼ 1
2
eh>a�1eh; ð37Þ

where eh ¼ bh � h. The time-derivative of W along the trajectories of
(36) is

_W ¼ �eh> qq> þ
XM
k¼1

qkq
>
k

" #eh: ð38Þ

Therefore, the trajectories of the system converges exponentially to
zero under the fulfillment of the PE condition (28). Furthermore, the
experience replay accelerate the convergence of the neocortex algo-
rithm by taking into account previous TD errors in the same update
rule. Refer to [65] for more details.

4.4. Imitation learning

Imitation learning [77] provides a wide number of techniques
that enables the transference of knowledge from an expert to an
apprentice. These techniques are very common in robotic applica-
tions such as learning by demonstrations [55,78] which uses sev-
eral techniques such as Gaussian processes, dynamic time-
warping [1], Lloyd’s algorithm [79,80], among others.

For this review, a simpler approach is considered for the design
of optimal decision making controllers. Assume that we have
access to expert’s trajectories �xe ¼ xe 0ð Þ � � � xe k� 1ð ÞTð Þ½ � 2 Rn�k

and �ue ¼ ue 0ð Þ . . .ue k� 1ð ÞTð � 2 Rm�k�
, where xe 2 Rn and ue 2 Rm

denote the state and control input of the expert’s trajectories in a
time t ¼ kT with sampling period T 2 Rþ and k 2 N. The above data
are obtained in accordance to an expert control policy ue ¼ �Kexe,
where Ke 2 Rm�n is the expert’s stabilizing control gain.

Using the above data it is possible to extract an approximate

expert’s control gain bKe 2 Rm�n as

bKe ¼ ��ue�x>e �xe�x>e
� ��1

: ð39Þ
The above control policy can be used as an initial control policy

for the neocortex learning systems. However, its main advantage
lies in the transference of knowledge in inverse reinforcement
learning applications which is discussed in the next section.

5. Striatum learning system

The striatum learning system is responsible for evaluating dif-
ferent forms of information for decision making [44]. This system
serves as a communication channel between the neocortex and
the hippocampus learning systems. At this point it has been dis-
cussed some cognitive methods that uses the striatum to connect



Fig. 4. Complementary Learning scheme of the IOC/IRL problems.
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the neocortex and the hippocampus, e.g., the batch LS and gradient
rules, the addition of excitation signals in the control input and
memory models in the update rule, the incorporation of dynamic
knowledge to compute the decision making function, etc. As can
be seen, it is difficult to identify the cognitive models and skills
of the striatum because apparently they are part of either the neo-
cortex or the hippocampus learning systems. However, the main
difference is that the hippocampus and neocortex are only sources
of information, meanwhile the striatum is the responsible to relate
those information and make decisions. One interesting property of
the striatum is that enables complementary learning (see Fig. 3) for
experience transference [6,81]. This complementary property can
be achieved by means of inverse optimal control (IOC)([82]) or
inverse reinforcement learning (IRL) [83,77] which are discussed
below.

5.1. Inverse Optimal Control/Inverse Reinforcement Learning

The IOC/IRL [82–84] problems seek the weights of the utility
function n x;uð Þ that are responsible for obtaining an optimal or
expert decision making function. These methods are considered
as a striatum cognitive models because they take cognitive models
of both the neocortex and hippocampus for complementary learn-
ing and experience transference.

The main issue of any inverse problem is that there exists mul-
tiple solutions [85,86] that derive the same optimal decision mak-
ing controller. So, one of the first main assumptions is that the
weight matrix R is known in advance such that the matrix S is
the only weight matrix to be estimated. Fig. 4 shows the comple-
mentary learning scheme of the IOC/IRL problems.

The scheme consists of the hippocampus model (39) that com-

putes an estimation of the expert’s control gain bKe. Assume that
the weight matrix R of the expert is known in advance. The neocor-
tex model uses any ADP/RL method and an initial weight matrix
Si�1; i ¼ 1;2; . . .to compute the control gain Ki and kernel matrix
Pi. Both Ki and Pi are solutions of the optimal control problem for
a weight matrix Si�1. The outputs of the hippocampus and the neo-
cortex models feed the striatum model which gives a new
improved weight matrix Si that will be used by the neocortex
model to derive a new and improved control gain Kiþ1 and kernel
matrix Piþ1. The process continue until the weight matrix con-
verges or satisfy an error tolerance, that is, kSi � Si�1k 6 eS for a
small constant eS 2 Rþ.

The striatum computes a gain error eK 2 Rm�n between the hip-
pocampus and neocortex control gains as

eK ¼ bKe � Ki;

¼ ��ue�x>e �xe�x>e
� ��1 � R�1B>Pi

ð40Þ
Fig. 3. Complementary learning scheme.
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The main goal of the striatum is to minimize the gain error eK .
Define the cost index

E ¼ tr e>K eK

 �

: ð41Þ
Notice that the only degree of freedom (DOF) of (40) is given by

the kernel matrix Pi. So, it is possible to obtain a new kernel matrix
denoted by Pi 2 Rn�n which minimizes (41). The best way to com-
pute the kernel matrix Pi is by means of a gradient update rule
because both Ki and Pi have fixed values in the striatum model.
A one-step gradient rule is used as

Pi ¼ Pi � b @E
@Pi

¼ Pi þ b e>K R
�1B> þ BR�1eK

� �
;

ð42Þ

where b 2 Rþ is the learning rate. Notice that (42) finds a new and
improved kernel matrix Pi which provide a new control gain which
is close to the expert’s control gain. Furthermore, (42) is used for the
IOC problem that requires at least knowledge of matrix B. For the
IRL case (42) is modified as

Pi ¼ Pi þ b e>K KiP
�1
i þ P�1

i K>
i eK

� �
: ð43Þ

A new control gain Ki 2 Rm�n can be computed from the kernel
matrix Pi as

Ki ¼ R�1B>Pi; ð44Þ
or

Ki ¼ KiP
�1
i Pi: ð45Þ

Using the new kernel matrix Pi and the new control gain Ki,
then the new weight matrix Si can be computed using the Bellman
Eq. (27).

We can show that the weight matrix Siþ1 converges
limi!1Siþ1 ¼ Si, by using the fact that the striatum satisfies the next
ARE

�Siþ1 ¼ A>
Pi þPiA�PiBR

�1B>Pi: ð46Þ
and also the neocortex satisfies the following ARE

�Siþ1 ¼ A>bPiþ1 þ bPiþ1A� bPiþ1BR
�1B>bPiþ1: ð47Þ

Substituting (47) and (42) in (46) gives

A>bPiþ1 þ bPiþ1A� bPiþ1BR
�1B>bPiþ1 ¼ A>bPi þ bPiA� bPiBR

�1B>bPi

� b A> @Ei

@bPi

þ @Ei

@bPi

A

 !
þ b bPiBR

�1B> @Ei

@bPi

þ @Ei

@bPi

BR�1B>bPi

 !

� b2 @Ei

@bPi

BR�1B> @Ei

@bPi

: ð48Þ

The gradient descent rule (42) updates the kernel matrix P in
each iteration i such that the error eK is minimized, that is,bK ! bKe, then limi!1

@Ei

@bPi

¼ 0 and limi!1Pi ¼ bPi and hence

limi!1Siþ1 ¼ Si. Refer to [81] for more details.
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Remark 2. The weight matrix Si in most cases will not converge to
the expert’s weight matrix due to lack of constraints. However, the
optimal or near optimal performance is guaranteed.
Fig. 5. Position x1 of the DC Servomechanism.

Fig. 6. Parameter estimates b# convergence.
5.2. Optimization Techniques

The striatum possesses an important skill related to optimiza-
tion of the variables that are independent to the action set A, for
example, hyperparameters [38] (learning rate, discount factor,
number of basis functions, number of iterations, weight matrices,
excitation frequencies, error tolerances, etc.).

The IOC/IRL exhibits an optimization procedure of the weight
matrix S such that the same optimal behavior is obtained. How-
ever, there exists multiple solutions that derive the same perfor-
mance and we require to add some constraints. The most
common approaches to solve optimization problems under con-
straints use a convex optimization algorithm [84] based on linear
or quadratic programming methods [83,50] to obtain the optimal
variable or variables of interest.

Other techniques seeks to optimize the number of operations
that any algorithm possess, for example, zeroing neural networks
[87] which has shown interesting results in optimal control appli-
cations by formulating a set of equations and identify the number
of zeros them.

Nevertheless, the variables of interest are usually hand-crafted
and the optimization procedure has been put aside. This fact gives
a strong area for future research that may improve the human-
behavior learning approach.

6. An illustrative example

In the following example is exemplified the use of a human-
behavior algorithm and the relations with different cognitive mod-
els of the neocortex and the hippocampus via the striatum.

The dynamics of a DC servomechanism [2,88] is described by
the next matrices

A ¼ 0 1
0 �0:1801


 �
;B ¼ 0

139:5


 �
: ð49Þ

The action set A is defined by the input state x ¼ x1; x2½ �> and
the control input voltage u, where x1 and x2 denote the position
and velocity of the DC servomechanism. The main control objective
is to stabilize the states trajectories x at the origin. The weights of
the utility function were set to S ¼ I2 and R ¼ 150. The neocortex
was designed to fulfil the gradient rule (20). The hippocampus
had two cognitive models: an exponential decaying signal and
experience replay memory (36). The striatum was modeled by
the addition of the hippocampus cognitive models in the Q-
learning update rule. The learning rate was set to a ¼ 5 which
exhibited the best estimation results and stable performance, and
the memory replay was set to M ¼ 5.

The optimal M matrix of the Q-function (22) was

M ¼
2:0844 1:1563 12:2474
1:1563 1:2356 13:087
12:2474 13:087 150

264
375:

Fig. 5The performance of the Q-learning algorithm was tested
with (M ¼ 5) and without (M ¼ 0) the experience replay cognitive
model. The algorithm estimates five parameters. The estimatebQuu was not estimated since R is known in advance. The set of basis
functions were

w ¼ x21 x1x2 x22 x1u x2u
� �>

:

Fig. 2 shows the position results of the servomechanism shaft.
The plot shows that the incorporation of the memory cognitive
164
model accelerates the stabilization of the position shaft at the ori-
gin by adding previous TD errors in the same update rule. The time

evolution of the estimates b# are given in Fig. 6.
The estimates converge to the following value

bM ¼
b#1

1
2
b#2

1
2
b#4

1
2
b#2

b#3
1
2
b#5

1
2
b#4

1
2
b#5 R

2664
3775 ¼

2:0739 1:1459 12:2467
1:1459 1:2354 13:0585
12:2467 13:0585 150

264
375:

The Euclidean norm of the estimation error eM ¼ bM �M was
used as performance metric of the accuracy of the human-

behavior algorithm. The result was k bM �Mk ¼ 0:0343 which
shows that near optimal estimates were obtained which can be
improved using optimization techniques in: the learning rate, the
memory size, the frequencies of the excitation signal, and the gra-
dient descent rule.

7. Conclusions

This paper provides a brief overview of different techniques and
methods that involve a new approach named as human-behavior
learning for the design of optimal decision making controllers. This
technique is modeled by three main sets: actions, cognitions, and
emotions. The actions set constitute all sensory inputs such as
states and controls. The emotions set is designed and constrained
to be quadratic in terms of actions set to facilitate the optimal con-
trol design. The cognitive set is described by three main learning
systems: the neocortex, the hippocampus, and the striatum which
have complementary learning properties that achieve adaptability
and optimal performances.

The neocortex is described as a pattern dependent and slow-
learning system that acquire new information by interacting with
the environment, such as ADP and RL algorithms. The hippocam-
pus models a pattern-independent and fast-learning system that
provides previous experiences and memories to the neocortex to
enhance its performance, such as excitation signals, and replay
memory. The striatum offers a communication channel between
the neocortex and the hippocampus such that multiple sources
of information are exploited to improve learning and the final deci-
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sion making function, such as gradient update rules and optimiza-
tion techniques.

Simulation studies show the advantages of the human-behavior
approach by exploiting the complementary learning properties of
the hippocampus, neocortex, and striatum. Further work, includes
the adequate design and explainability of the emotions set to
obtain realistic information that enhance the human-behavior
algorithm. Furthermore, optimization techniques are an open
problem in the context of optimal control theory and their
applications.
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