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Summary

B> o 2

In fubture managers will depend more on mumerical information in
making decisions, and this information will be more readily available
with the extensicn of the use of computers.

Some of the decisions made by management are of necessity based on
information which, although expressed numerically is usually doubtful to
a greater or lesser extent. The theory of probability provides a means
of quantifying the degree of doubt in mathematical terms.

The basic concepts of gampling technigues are described and although
a manager does hotnecessarily have to be thoroughly acquainted with the
mathematical and statietical content, he should at least know what
techniques are available and how they should be used. The measgurements
of central tendency and dispersion are described, together with th
Normal and Negative exponential distributions.

The measurements of the standard error of the means for both small
and large samples are given and exemplified. A method of determining
the number of observations required in a Time Study is introduced. The

general theory of sgignificance tests 1s described and illustrated with
examples.

t and X° tests are described and the corresponding tables are appended.

i

The use of single and bivariate proportionate sampling techniques 1g
gnective

illustrated, and the modifications required when the costs of the re
strata gamples are incorporated.

The significance of symmetrical and asymmetrical confidence reglons
hown. Examples are given of the application of statistical quality
rol and also of Sequential Analysis.
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Some of the decisions made by management are of necesgity based on
information which, although expressed numerically is usually doubtf
to a greater or lesger extent. The theory of probability provides a
means of cuantifying the degree of doubt in mathematical terms. The
rigorous development of probability theory requires logical and mathe-
matical difficulties of high order but it is assumed that the reader has
an elementary knowledge of mathematics and statistics. However, the main
concepts will be explained and their applications illustrated with
examples.

A knowledge of sampling technicues is of paramount importance in
market research, and it is also useful for scientific research, production
and work study. It ig considered essgential that management should at
least know what techniques are available and what information they can
provide to assist in making decisions.

2.  Probability and frequency distribution

The information on which management decisions are based is sometimes
guite trustworthy and may take the form of direct relationship between the
variables concerned making it possible to provide mrecise mmerical information.

It of'ten happens, however, that the information available, though
expressed in the form of numbers, the numbers and the decisiong based on
them are usually doubtful to a greater or lesser extent. The theory of

probability furnishes a means of er zpressing the degree of doubt in
mathematiczl terms.

Probability and the binomlal expansion
As shown in texte on statist ics, the measure of the probability of an
event occurring or not occurring is given by the terms of the expansion

N ~ -2 2  nln-1 Vnmg N n
(p+a)” = p" + mp" q+n(nl)n q “”"ii)i‘”‘lp °C it g

vhere p represgents the probability that an event will occur, and ¢ the

B

probability that it will not occur, p + ¢ being equal to unity.

For ekamnle, if p represents the probability that a man aged 20 will die
before he ig 4O years of age, and ¢ the probability that he will live, and n
the number of men under consideration, then the probability that all will
die before they are 40 is p™ and the following probabilities Follow:~-

o . . ne~l
n -1 will die and 1 live is np ¢

ni{nel n-2 2
Q”V“l P g

s

e

=

n - 2 will die and 2 live



A1l will live to be L0 is g

n - 1 will live and 1 die is npg™™*

(A D
n - 2 will live and 2 die is Eingl pgqp =

IT p is the probability of an event and n is the number of cascs in a
sample then the number of times the event happens in the sample is np. In
N camples it will happen npN times and the mean of the sgample will be np.

Trequency distributions

Management ig often confronted with observed results of a variable
the analysis of which requires the use of the observed results in the form
of a frequency distribution; in graphical form this means the plotting of
the ordinates against the number of times such ordinates occur for each of
the varying abgcissae.

In practice this is usually effected by grouping the observed data
into a small number of frequency classes or clasg intervals, 10 to 20 being
the usual practice. This is done not only to avoid the excessive paper
work involved in recording each observed value of the variable, but also to
obtain a hetter understanding of the general distribution of the values.

An example of a frequency distribution is given in Fig. 1, which shows the
variation in operating time to failure of incandescent lamps. The latter
curve 1s seen to be symmetrical about the z = 1080 axis, but in many cases
the curve may be skewed as chown in Fig. 2 in which is shown the numbers

of Australian marriages arranged according to the ages of the bridegroom
in 3 years groups, and in which is seen a positive gkew, the longer tail of
vhich is in the positive direction of x.

Another form of distribution is that known as the negative exponential
or Poisson distribution which ig based on the relationship

£(x) = L .

This curve ig illustrated in Fig. 3, and is used in solving problems in
gueveing.

Moments of a frequency distribution
0 o e 1550 0 5 0 e e e 0 e B o o
Freguency distribution may be described and differentiated according

to characteriscics of their own, and one of the most commonly employed are
moments., The moment of a frequency distribution is its descriptive constants
and measures its average value, selective scatter of the observations, its
gymmetry, and other characteristics. In practice the first four moments

Iy, N fyE N I, N Iyt

Sl il i

usually provide an adequate description of a frequency distribution.
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Ag defined above, the moments of distributions would be computed
about the point ¥ = O, but they may be computed about any arbitrary origin,
in practice it ig generally most convenient to compute the moments about
the most frequently occurring value (as class interval of ¥) or abou% the
average value of the distribution (¥) if the latter is readily available.

Moments are not the only means of describing a frequency distribution,
as a large number of auxiliary procedures and formulae exists for the

game purpose.

leasures of Central Tendency

R Gk e o o o o0 W Wb s G e WS e S Nk N2 B D W D D P D Bt K

The arithmetic mean of a frequency distribution is its first moment
. Iy .
viz - z{;ﬁi'where N ie the total number of frequencies. If the frequency
FA

digtribution is in the class interval unity, as is usually the case, the
value of ¥ for any class interval is taken as the average of all the
frequencies in that particular class interval.

When no other information is available the averages of the higher and
lower limits in the class intervals are used.

When the origin 1s translated to the mean, the first moment becomes

LN - Y . .
zero, that is = = 0 and this is one of the most usefuvl properties of
3 £

N

the mean and permits many valuable computational simplifications to be made
in statistical analysis. Another useful property of the mean isg that the
sunt of the squares of the deviation from the mean does not exceed the sum
of the squares of the deviatlion from any cther value, a property which is
used to derive many statistical formulae.

Although the arithmetic mean iz the nost frequently used measure of
central tendency, 1t has its limitations as it is strongly influenced uy
_extremely high values and consequently may yield an abnormally high mean
for the entire distribution. Furthermore the mean cannot be computed if
the distribution contains open~-ended intervals unless reasonably accurate
estimates of the mid-points of guch intervals are possible.

]

The mode is another neasure of central tendency and is the valve in a

seriles of observations occurring with the greatest Trequency. It is the
most meaningful measure in the cases of strongly skewed distributions but
it is not used very frequently in practice except for extremely skewed or

multi-model distributions.

Meagure of Dispersion

The measurcment of dispersion, i.e. the manner in which the observations
are digpersed throughout the distribution ie important because it enables the
evaluation of the reliability of a measure of central tending to be made ag a

W o



true measure of concentration.

Widely used are two measures of dispersion:-

standard deviation; and coefficient of variation.

2

. . X= . - , -
Variance ig expressed as §~ vhere X = (x~-X) and where X represents
T S

the mean, and the standard deviation is the square root of this quantity.

= =2
Standard deviation = @ =ﬁ[—x"x (1)

It chould be noted that it iz expressed in terms of
can be defined as the gqguare root of the mean of th
from the mean.

the original units and
sd

e uvares of the deviation

The coefficient of variation is a measure by which various distributions
can be compared, and is expressed as:-

Coefficient of variation = and so ¢ and the mean are expressed

mean
units the coefficlent of variation becomes an absolute measure,
no dimensions.

in the seme
i.e. it ha

n ()

e

Measure of Skewness

The absolute measurement of skewness is the third moment, but cannot
be used to compare the skewness of different distributions, is usually
referred to as O

4

A

0w = oYd noment, about the mean
3 = UB

In general distributions are not considered to be very skewed unless the
abgolute value of Os ig at least 2,

Types of Frequency Distribusion

——_uu—m———~«~m-~uu s - o~ T ot 1 . 2

If in the binomial expansion

n n Nl n{ nel Nee
(pra)” =p + np — + =r g%+ ...,

p be given values between O and 1 and p+tq = 1 the numerical coefficients
when plotted give a series of frequency polygons of different shapes and
one of them hag the e“UQthﬂ of the Torm

-X
Vo= yO@ /(‘.

This form will be dis cusqed in some detail as it is the one usually described
ag the Normal curve, and it is the one on wh icb many of the solutions to
a ad.

sampling problems are bage
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Distributions of natural characterist
or nearly so and when the nature of a distribut
8 that it is normal;
g is extremely useful

hypothesis must be made it is usual to as
congequently a knowledge of its propertie

The Normal Curve

Apart from the straight line and the conic sectlons, no regular
mathematical function occurs so widely as the Normal curve, the usual
designation nowadays for which is also known as the Normal Probability
Density function; the Maxwell Distribution, the Gaussian. On the
Continent it was once evocatively termed la courbe de chapeau de gendarme.
Its graceful symmetry comforts theoretical physicists and emboldens
sociologists.

Trancis Galton described it nearly 80 years ago:-

"I know of scarcely anything so apt to impress the imagination as the
wonderful form of cosmic order expressed by the 'Law of the Freguency of
Error!. The law would have been personified and diefied by the Greeks if
they had known it. It reigne with serenity and in complete self-effacement
effacement amidst the wildest confusion. The huger the mob, and the

greater the apparent anarchy, the more perfect is its sway oot

"Whenever a large sample of chaotic elementsg are taken in hand and marshalled
in the order of magnitudes an Lnaxpncted and most beautiful form of regularity
proves to have been latent all along'.

The historic mainstay of the curve has been its claim to be a distribution
£ errors, yet the link with errors was forged many years after the discovery
of the curve. The Normal curve was first described in a brochure dated
12th November, 1733 by the 66 year-old De Moivre, an outstanding Anglo-French
mathematician and a specialist in the theory of probability.

o]

The curve is seen fitted to data concerning the life of electric
mps in Fig. 1 and the curve is also illustrated in Fig. Y, By its use
es giving in numerical terms the probability of the distribution of errors

in rgndom samples taken from populations which are normally distributed and
such a table is given in Fig. 6.

la
ta

In modern notation the equation of the Normal curve ig

m

Y = g/ CXP (203> | (2)

N

where N is the total frequency and 0 the standard deviation. The curve is
continuous and symumetrical about the ordimate y_, the area between the curve
and the axis of abscissae is N; yo which is the mode ordinate

N
= ng;. If the total frequency be expressed ag unity (i.e. N = l}



o B

the equation becomes:-~

1 "XQ/ 202

Y= oo © (3)

Probability Integrals

- . o ot S g G A S W D G T S S . $00)

1
2 13
x and the smaller part (tail) of the curve, then =5 is the area of the

Referring to Fig. 5 let be tne area included by y; the axis of

rest, and the area from the ordinate Yo to the ordinate y; is O6/.2.

For example:

vhen x = O l—,fﬁ = 0.159 Q@ = 0.622 v = 0.2420
10
vhen x = 20 £ = 0.0228 & = 0.954% ¥ = 0.05k0
e/
vhen x = 30 -3-“—2- = 0.0015 & = 0.997k y = .00k

The probability integral table given in Fig. 6 is based on the
equation (3), and in the case of a total frequency of N the actual value
of ¥y given in the tavle must be multiplied by 5

Therefore if N = 1000 and ¢ = 10 then

1600

10 = 2h.,9

when x

i

oy = .24 x

when x = 30 v = 0.4

i

1

and when x = 0, ¥ = 39.89.

As an example if the mean stature of 1000 men be 67.5 inches and their
standard deviation 2.6 in. and the distribution normal.

- .
The area of the tail ;Ew is 0.159 when x = 0 and concgequently there will

be 0.159 x 1000 that is 159 who are taller than 67.5 + 2.6, that is 70.1 ins.
and there will be 159 who are shorter than 67.5 - 2.6 that is, than 64.9:
there will be 682 between 64.9 and 70.1 in. Since ;SZ = 023 when x = 20

there will be 23 above 67.5 + 2(2.6), that is above 72.7 inches and 23

below 62.3 ins.

It will be noted from the table Fig. & that the area of the curve
enclosed between two ordinates y, and yo can be easily detemined, and that
this area gives the probability that an observatjon taken at random will be

between x; and xp. For example, when xj = 0 l§~ = ,841; and when xp = 1.50
140 - . . : .

== .93%, therefore in the foregoing erample where 0 = 2.6 in. and 1.50

= 3.9 in., the number of men whose stature is between 67.5 + 2.6 and 67.5 +
3.9 in., that is between 70.1 and T1.4 in. will be 1000 (.933 -~ .8k1) that
is 92.

S—
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The Significance of a Mean

Let the mean stature of all men in the U K be x and the mean
of a large sample drawn at random be X13 then Al will be equal to or
very nearly equel to x. The difference X - Al is the sampling error.

o

T a large mumber of other samples of the same Trequency be teken each
independent of each other, that is, the Tirst gample is put back before
the second is taken and so on, all being drawn at random; then the sampling
errors are distributed in a curve which is normal or nearly sgo, even if the
statures of the whole population is somewhat skewed.
a
The standard deviation of the curve 1s 7% where O is the standard

deviation of the whole population and N is the number in the sample that
is:

Qe == “‘\: (h')

where o= is the standard deviation of the means of the samples.

. For example the stature of the adult population in the U.K. is 67.5
incheg and its standard deviation about 2.6 inches.

The standard deviation (standard error) of sanples of 400 is vz;o( 0.15

0

In practical problems it is not poseible to know the mean of the standard
deviation of the whole population from the direct measurement of each
individual. These values have to be estimated from samples by reasoning
backwards from the above conclusions.

Suprose in a random sample of 400, it is required to know the probability
of the mean being within certain ranges. :

g o]
T iation of nea £ the s le = 7= = ——
The standard deviation of the mean of the sample JhOO 50
and the probability that the mean lies between +50ﬂ'and —56 " ag ghown
in the table Fig. 6. Tt is mractically certain that the true nean lies

X.J.. ol ln Blel
RS

Again from the probability integral table in TFig. 6 geen that
ig abs

g iEGm is taken as the range then the nrooaalllty

it can be
it 1 in 20

Hence from the mean of the gample and its standard deviation, an
estimate can be made of the standard ervror of the mean and the odds that the
true mean will be within any specified dlstance from the mean of the sample.
For example if the average height of 8,500 men in the U.K. is 67.46 inches
and the standard deviation of this sanple was 2.57 inches, the standard

2.57
deviation of the mean is 75—— or .0279.
deviation o ¥ 78,500 79



When g =1.0 = 0.6826 (from table Fig. 6) and therefore the

chances are 683 in 1000 that the true mean lies between 67.L16 * 0.0279
that is between 67.488 and 67.432.

X
When = = 3.0 o = .997 (from Fig. 6) and therefore the chances are
997 in 1000 that the true mean lies between 67.46 * 3 (.0279) i.e.
between 67.54k and 67.376 inches.

Standard Errors and Confidence Intervals

" 1 —— " " O 7T 370 s S0 O3 oo -

Standard error is the estimated value of the standard deviation of
the dample mean in the population, i.e. estimated from the sample data.
For example if one sample had been taken from data having a reasonably
normal distribution there would be a 68% probability of being correct if
it were stated that a true mean lies within an interval of 1 standard
error of the mean. This interval is known as the confidence interval
and the associated probability known as the confidence coefficient
expressed either as a decimal or as a percentage e.g. (.68 or 68%).

A Reasgonably Nowmal Distribution

e s o s o~ cn oy - v

Since statistical analyses are based on reasonably normal distributions
some attempt must be made to define what is meant by reasonably normal.
Some points are nov evident, it must be unimodel and the percentages of
observations falling within 1 standard error of the mean might be giipulated
to be at least 60 to 75%; the corresponding percentages being 90 to 99 of
the observations fall within 2 standard deviations. Another stipulation
would be that the absolute value of Cs (the measure of skewness) is less
than 2.

Parameters Defining a Complete Normal Distribution

Whenever a variable may be ascumed to have a normal distribution, a
knowledge of only two parameters, the mean and the standard deviation ig
sufficient to specify the entire distribution.

When the distribution is known it is then possible to meke probabili ty
statements about the degree to which observed statistics approximate to the
true unknown parameters. Tor example if it can be assumed that the age of
motor carg can be normally distributed and the average age of a sample of cars
was found to be L yvears with a standard deviation of 2.0 years, then it ie
possible to determine the precentage of care outstanding betlween any two
age limits.

3, Basic Concept and Rules for Random Sampling (Unrestricted Sampling)

. oo ot - - D s W s - O S s

The basic concept of random sampling is that the analysis of a small
carefullv zelected segment of a population will yield information about that
population almost as accurate as 1f the whole population had been studied;
what ig needed iz a repregsentative sample and not necessgarily a large saﬁgleo




In random sampling each unit correctly included in the population
semple ghould have exactly the same chance of being included in the final
sample as any other unit in the population. ‘

It can be eaid that the bagis of sampling rests on two quite simple
statistical rules.

P
(=3
e

The rule of statistical regularity states that any group of objects
taken from a much larger group will tend to have the same characteristics
ag that of the larger group.

(1i) The rule of large numbers states that large groups are statistically
more sgtable than small groups.

The standard error expressed as a percentage gives the extent to which
any data estimated from the sample will vary from the true value of the
population from which the sample has been drawn; for examples ~

1 standard error of the mean
2 standard errors of the mean
% gtandard errors of the mean.

68% of the uni
95% of the un
9% of the uni

will be within
will be within
will be within

e
H M

t
1
|9
1
L

mmwn

Random {(Unrestricted Sampling) (or simple sampling)

The two most common measures in business research are the mean and the
percentage; the mean vhere variables are being investigated and the perceniage
when atbributes are under observation.

The variance of the mean of _ Variance of the mopulation
an unrestricted sample N

where N is the number of observations in the sample.

the

In practice the square root of the variance of the mean, that is
itative

ctanderd error of the mean (dencted by ¢=) is employed as the quant

measure of dispersion G; is the estimate from the sample of the standard

error of the mean.

- o in R
The gtandard error of the mean % - g
of an unrestricted sample J

=la

bl |

As seen from the table in Fig. 6, there are 68 chanceg in a hundred
that a range of semple mean 1 standard error will contain the population
value.

The standard deviation can be convenlently calculated by using the
relationship

—

IZX2 o

o = 7T - d
0



where d 1sg the difference between fthe true and the arbitrary mean.

Let X be the variable mcasured from the arbitrary mean; and x ibts

value when measured from the true mean.
Then X = x + 4

and X% = x= + a2 + 2x4d.

L B(XB) = 2x2 4+ 242 4+ 2dZx

Zx2 + nd?

H

for Z(x) = O being the sum of deviations from the mean

2 2
B §§~ = é%— + 3% =02 + a2
T2
UEEM}I%“ndz

It is often convenient to take the arbitrary origin at zero (or to

assume that the mean is zero) and in this case
~r 2 oy s .
ZX= = gum of the squares of the variables

d the mean of the variables

il

Zx2
and the formula 0o = Nj*ﬁf - 32 can be stated as

The souare of the standard deviation is egual to the mean of the sqguares

of the variablesg minus the gguare of their mean,

or can be expressed as:

2 Fve 3% 2
O= , /i\;- = __,é____ il ‘2&;)
e
and tlie standard error of the mean = “g - | zg&i
UL 4 ~ 5 o ) AN Wil LLall = _1/1\}‘ -_ ;\ N L I‘T bl

The variance of an unrestricted sample in the proportional method

given by:=-

2 8
0% = :IRg

(6)

is



where p is the proportion of the samplem possesging given attributes,

and g ig the proportion not having the given atiributees. For example

in a survey among 971 English school»chlldren revealed that 24% expected

to take up teaching. Assuming this to be an unrestricted representative
ample of all English school-children what is the true percentage if a

confiaence coefficient of 0.95 ie desired?

—_
| |\ 76
The standard deviation of the population = , 29 or (al)(.76

N 9N 971
= .0137 or 1.3T%.

From the table (Fig. 6) it is seen that .0228 of the area lies between
the mean and £ 2. OG hence with a confidence coefficient of 0.95 the range
would be 2% % 2 x 1.37 or between 26.7h and 21.26%.

When the sample size is small (less than 30) the standard error
formula must be modified to correct for the natural tendency of the standar rd
deviation of a small sample to underestimate the true standard deviation.
The necessary correction factor is the substitution of N-1 for N.

1 [=x2 __ (V:&:)"”
NI Y

"

Then G— =

(7)

and in the proportional form

- = 29
Gx N N--1 (8)

The Correction Factor when the Sample is Large in Relation to the Population
The standard deviation of any statistic is affected not only by th

absolute size of the sample but by the relative size of the gample to the

population. Tl s for a large sample the correct expression is: -

U“ i
0=" = (1~)vrcr ﬂ\/lu

S

!l

where 02 ig the estimated variance of the population

N is the size of the sample

P ig the size of the population

’ N ) .
the adjustment factor is \/(1 - 5) which however may be neglected, in

general, if the sample constitutes lese than 4% of the population. If iv

ie willing to accept an error as hi ﬁh as 5% of the standard error edtlmate)
the adjustment term may be neglecte ed providing the sample is less than igg)
but where the sample comprises TCT or nore of the population the adau“tmenu

term should certainly be employed.
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For example if the variance of a population ig known to be 70 %
standard error of a random sample of 280 Ffamilies would be:

70 ——
o= \/280 .25 = .5
As the sample comprised 25% of the population then the true standard

error would be:

= /.25(.75) = 0.433 |

a difference of 13.4% in the standard error computations. |

An example of the use of the foregolng relationships and the use of
the Normal distribution curve will now be given.

Twenty observations on the heights in inches of boys taken at random
from a given age group are:

63.0 66.4 60.3 63.7 61.0
65.1 63.8 65.6 61.2 70.3
69.3 60.1 63.9 63.6 62.5
61.6 64.9 67.7 70.1 64.9

If the estimate of the average height of all boys in the age group
is to have a 95% chance of being correct %o ilf it ie required to determine
how many observations will be necessary. The first step is to determine
x the average of the sample
-~ Ix 1294
F=Eo2=2 gy,
N 26 7

The next step is to compute an unbiased estimate of the variance
Trom the relationship

o(x) = 2 (x-x)2

N1

o

The value of Z(x-x)? is computed as shown in the following table: -



X X-IE (Xu}?)g
63.0 ~1.7 2.89
65.1 +0.k 0.16
69.3 +4.6 21.16
61.6 -3 ,1 9.61
66.1 +1.7 2.89
63.8 -0.9 0.81
60.1 1.6 21.16
6L .9 +0.2 0.0k
60 “3 "'li' LI' 19'36
5.6 +0.9 0.81
63.9 -0.3 0.6k
87.7 +3.,0 9.00
68.7 +4.0 16.00
61.2 -3.5 12.25
63.6 -1.1 1.21
70.1 +5.4 29.16
61.0 ~3.7 13.69
70.3 +5.6 31.36
62.5 2.2 L.84

4.9 +0.2 0.0k

TOTALS| 1294.0 197.08

The unblaced egtinate of the variance

el

2 Z(x-x)® 297.08
il 19

c

if

10.37

i1

Estimated standard deviation =7 10,37 = 3.22

It is now assumed that the heights of all the boys in the age group are



P

distributed with a standard deviation of %.22 inches but with an unknown
ean. From the table given in Fig. 6 it is seen that 95% of a normal
istribution lies within * twice the standard deviation of the mean.

o i

Since it is required in this example that there is to be a 95%
. . . ) .
chance of the sample mean being within &' of the population mean, the

ol
value of N can now be determined

20 - ?
7= = permissible error |
VN 5
2 X 5.22 _ 1w .

T R 2

"+ N = 166 observations. f

/i

4. The Determination of the Number of Observatbions required in a Time Study

A similar method could be used to establish the number of observations
required in a Time Study for a specific permissible error from the recorded
actual times; the greater the variation in the observed times the greater
will be the number of observations reguired to maintain a given order of
accuracy,

Another more rapid methiod is based on the range, i.e. the difference
between the highest and lowest value recorded; the relationship between the
values of ¢ and the range w are given by the expression:

o = kw (9)

and the various valueg of k for different numbers of observations in the
gample are given below.

I k N k
Number of observations
in sample.

2 886 9. 337 |
3 «50L 10. 325 |
L 486 i2. 307
5 130 k. .29k
6 <395 16. .283
7 .370 18. .27
3 351 20. .268
The estimate of ¢ from the range is more efficient when N < § and the
nethod is shown in graphical form in Fig. 7 for samples of L units.

approximate

This provides a rapid means for the detemination of the
required for a given range and accuracy regquired.

8

m

number of observatlions
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For example the four successive actual times taken in a Time Study
are: -

13 secs,.
10 secs.
11 secs.
14 secs,
48 zecs,
. .o= 48
From which x = “E = 12 secs,
Range = 14 - 10 = L sece.
Range L

}‘Z = 3-2 = '55

From the graph in Fig. 7 for a permissible error of 5% the number
of obgervations required would be approximately 45.

Calculation of ¢ and di

R o it S . O, S o R 28 e T B W B B W S

Ry

o = [El=2)2

Y -1
The use of N-1 in the denomination, as explained before, is to offset the
bias due to small samples 0= is the standard deviation of the means of
cample of size N drawn from,th§ population which is estimated to have a
standard deviation of 0, the two quantities being related as follows:

5= &
x y
This relationship is based on an important theorem of statistics that

for any populaoio regardless of distribution, if it hag a finite variance
g= the variance of the means of samples of gize N drawn from the population
will be equal to the population variance divided by the gample size or:

202

x N

The proof of this theorem can be found in fexte on the theory of
staticstics. A second important theorem is the central-limit theorem which
atates that if a powulation has a finite variance 02 and a mean K then the
digtribution of means of camples of size N drawn from the population approaches

the normal distribution with a mean and a variance of

0'2
ﬁ“"

These two theorems permit the calculation of the estimated standard deviation
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of the mean from the esgiimated standay
pernit the aﬁpllcatLOH of the t distribut
of the distributions of the populations f

*d deviation of the sample, and
ion to the sample mean regardlesg
rort which the =sanple was drawn.

The Testing of Hypothesis
Sampling surveys may be designed to estimate a population characteristic,

ut also may be used in conjunction with a device to test the validity of
gome supposition or hypothesis concerning the povuﬂa*ﬂon. Testing a
statistical hypothesis comprises the evaluvation of the significance of one
r more related values prescribed by some hypothegis or theory. The
problem in ite original form is usually non-statistical in character but
te solution depends on statistical analysis.

e 3

For example the question whether an 8# difference in average consumer
purchases of a certain product between two cities as revealed by a sample
survey indicates a real difference between the average purchases of the
product or ig due to sampling variations. In order to answer this question
the problem must be reformulated in more statistical terms with the hypothesis
stated as follows:

the & difference is due entirely to the chance element in the sample
selected.

In this nu71, or negative hypothesis the originel problem is restricted
in the form of an hypotreaim allecging that any observed or apparent differences
are not significant but are due solely to random sampling fluctuations.
The appropriate test of szgnlilcance is then applied to yield results that
will either support or contradict the hypothesis, and it is on this basgis
T these resulte that the hypothesis ig either accepted or rejected. It

should be noted that the results of a gignificance tec* do not definitely
prove or disprove an hypothesis, they just lend support or cast doubt upon
it.
5. The General Theory of Significance Tes

It is frﬂquently necesgary to determine the significance of a sample
relative to iteelf or with respect to a value drawn from another sample.
Also 1t is often dc ired to know whether the results of a sample survey do
or do not contradict the theory that the true value is some specified value
other than the sample value, or whethesy a sarple could

ol d concelvably been
drawn from a certain population as indicated by the gignificance of the
difference between certain representative valueg and the population values.
One of the most recurrent problems in market analysis ig the significance of
the difference between tw sample gsurveyg, taken cither at the same time, or

at different times.

In order to detemmine the sipgnificance of any difference it must be
calculated what part of that difference is attributable to random sampling
fluctuationsg, the universal measure of sampling fluctuations being the standard
erTor



Thusg, _givnn 2 mean value of a normally distributed population it
ig known that the mean value of random samples drawn from this population
will dlffﬁr from the true value, (dve to random sampling opfratxonq) by
more than 1 standard error dpnroxlmatelj 32 times out of 100, or by 2

standard errors of the mean 45 times out of 1,000. The table in Fig. 6
indicates that roughly 60p 01 the area oT the normal curve lieg between
+ 1 standard deviation of the mean, and it follows that 32% of the area

will be outside thig range.

If a sample statistic were found to be, say, 3.5 standard errors,
then the membership in this population would be serwously que"tloncd v
becauge the extreme rarity of such an cccurrence (l time in 2 OOO} nakes
it unlikely that the sample could have been drawn from that populaclon.

Tt is because of this elim possib il'ty, incidentally that a
statistical hypothesis cannot be confirmed definitely or denied.

The significance of a sample difference can readlly be evaluated Dy.
firet caleculating the difference between the sample value and the other
(population or sample) value in terms of standard errors. Thig is effected
by dividing the difference between the two statistics by the standard error
of the difference between the two statistics as estimated from the sample.
The probability of the difference is then determined from an appropriate
distribution table.

If the probability is high it indicates that there is little relative
difference between the two samples and the difference consequently might
casily be due to random sampling, the difference being tage ag being
non-gignificant . '

The preset level of probability is known as the significance level,
and for most business purposes it is usually set at 0.05. The hypoth021s
device is used for the normal distribution, the t, and X° distributions
subsequently described.

"The t Test

> 10 - - - - Ot

t can be defined as the difference between the mean of a sample and
the true mean of the popqlation from which it was drawn, divided by the
estimated standard deviation of the mean.

Thue if p represents the mean of the population
L om T 10
o (10)
b _
The t distribution is not a normal distribution, although it approaches

the normal under cerbain conditions.
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It is an independent mathematical function which depends on the
number of measurements involved in the computation of Ui“

If N is the number in the sample, ranging from 2 to®, t has a
different distribution for each value of N, becoming equivalent to a
normal distribution when N becomea infinite.

n, the number of degrees of freedom in the t test is teken as N - 1.
For example, referring to table Fig. 8 which lists the values of t for various
values of n, with 5 degrees of freedom (n = 5) there is only a 0.05
probability that t will be lavger than 2.57, and if a t valuc is observed
to be 2.90 then with a .05 chance of being wrong it would be considered
that the null hypothesis is false; since an occurrence of a t value of
2.9 is an event which has less than .05 chance of happening if the hypothesis
were true.

The level at vhich probability becomes significant

A probability level of 0.05 (confidence coefficient of .95) is used
by many as the dividing line, and means that with a confidence coefficient
of 0.95, in 95 cases out of a 100 the mean of a large sample will fall
within 1.96 standard errors of the true mean when the sample is drawn from
the same population.

If the difference could have occurred 1 time in 20 it is concluded
that the difference is too large to be attributed to chance variations and
is therefore significant. The probability level of 0.0l (confidence
coefficient 0,99) is sometimes used by others who claim that if this
difference could have arisen 1 time in 100 then it could be considered that
Tactors other than chance could have caused this dif ference.

Standard Errors and Small-Sized Samples

2 - . o o Bt 200 A PR D £ D S SN RN T L S T G v P 45 T A ('S5 S e

The standard error of a statistic is modified by the size of the
sample, because if the samp i ively small there will be insufficient
members to counteract the play of erratic sampling conditions, resulting

f=d

e
in a sampling distribution somevhat different from the normal distribution.

The means of small-sized samples arce distributed according to the &
distribution which is shown tabulated in Fig. 8. As the size of the zample
decreases it is seen that the t distribution diverges more and more from
the normal distribution with increasing dispersion.

Thv< awthough there is a 0.95 confidence coefficient that the sample
mean £ 1.96 standard errors will contain the true population value for very
large values of N, the allowable error is increased to 2.06 standard errors
when the size of the sample is reduced to 25, and for samples of 3 the limits

ecome the sample mean £ %,182 standard errors.
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In general, if the sample size exceeds 30 the t distribution
approaches the normal distribution, but for less than 7’~O members the ©
distribution should be used, the degree of freedom (n) is taken as one
lege than the gize of the sample, i.e. N - 1.

Degrees of Freedou

The degree of freedom in the t test is the number of indepedent
measurements that are available for the calculation of the estimated
standard deviation. If the standard deviation is known or assumed to be
known from large amounte of previous data then there is no restriction of
the standard deviation computation and consequently t values hased on degrees
of freedom of © may be employed.

In the usual test when the standard deviation is estimated from N
values, it 1s necessary to calculate the deviation from the sample mean where
n the rmumber of degrees of freedom ig equal to N - 1.

The values of t for different degrees of freedom are given in the
table Fig. 8; for example, with geven degrees of freedom there is only a
0.05 probubility of observing t greater than 2.345 or smaller than - 2.365.
Estimate of True Mean

Suppose Qeveral measuremnents were made X3, Xp, ...., X_ and their mean
x is calculated, X belng the estimate of the true population maan M.

For example, if in the analysis of a batch of material a mean of 17.14%
nickel was found while the specification calls for 17.0% nickel, does the
material meet the specification? The null hypothesis for a test of this

nature is that the true mean B iz equal to the specified value B, or

=

is
if

Hyp. 9 ::HQ

=

o
To test the hypothesis it is necessary to estimate both K and JW’ the best

stimates of these two quantities ere x

&)

e
nd Gi respectively.

The difference between two meansg

Tt - - O 3 S 1 T s St Tl B TS D S i 45 B G B WO d S, B L Tt B

If ¥%; and X» are two separate means and the numbers in the samples are
respectively N; and N, the hypothesis is stated as By = Hs.

There are available two estimates for the sgtandard deviation.

Q
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i
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These estimates are of the same thing and therefore can be pooled
to give a better estimate.

The pooled estimate of the standard deviation is calculated from
the following equation

/ Z(XL:gl)g + (Xp"ia)g

O we == A
j22:8

This relationechip is equivalent to weighting each estimated variance by
the number of degrees of freedom available for ite calculation. The
expression to test the difference between two means ig:=-

F. - %o
[T 1

gp"z N Ny * N

11)

x

where 0_=- ig the pooled estimate of the standard deviation from both sets

of data.

The last term in the denomination in equation

1.1 . . .
O = w-+t %~ is to adjust the value of the pooled estimated standard
px N Np No :
deviation to be the estimated standard deviation of the difference between
two means being equivalent to

o - o -
PX . DX
/Iy /N,

Two numericel examples will now be given illustrating the use of the
L s de
o UEeET.

Suppose the corresponding values of two characteristics obtained from
small samples are as shown in the following tables; and it is required to
know il the difference between the means is significant at the 0.05 level.

!

i I Group A _ Group B -

oo IR =1 i - ! sl

X3 Ky o~ Xy (Xl - X1/ Xz (Xa - Xz) (Xz - d)
12 1 1 9 0.6 0.%36
13 2 I 8 -0k 0.16
11 0 0 8 -0.54 0.16
o -2 b 9 0.6 0.36
10 1 1 8 -0 L 0.16
55 10 Lo 1.20




- 55 . - s ) )
In group 1 Xy =-§2 = 115 2(xy-%q )= = 10 Ny = 5.
- Lo = \2
In group 2 Xp = 7= = 8.h Z(xp-¥y)® = 1.2 Mo = 5.
Py

z(kl <] \"“‘ -+ Z(}\_E..'\,D)‘?‘
.Ul + .Na - 2

e
(A0 + .2 _ Jil.2 . oo
::\54_5_.2 “"r\/ 8 —-l-l\.)/

The pooled value of 0 - = RJ

e W o /
Difference of meang 11 -84 —eo 2.6 18
its gtandard deviation N}+H - [10° .77 = 7
1T £ a4 o} g ) 1.185 % ;;ﬂg 7177

TT{ \4 i\TlN

Pr m the table Fig. 8 the tabulated value of & Tor n = 3 at the 0.05 level
06 and as the calculated value is 3.48, the difference of the means
icated as significant.

is

2.3
ind

‘.a-

=
[

In the second example, a plant is
having en octane number of 90.0. The
PP} Ie}

nine daily analysis with a mean of 89. 53
this couldarise from a population with a mean of 90.0

&
ct g
ko]
Q
[}
D
jo N
o+
O
~
]
}..J
Ou
A G]
i3
6]
o
H
- O
!—_J
®
S
=
7 g
- 5
o
jo ]
o
(@]
ct

Ppose J
ata given in the fo‘lo*vu;r:vT ta le are
it required to know whether
at a 0.05 probability

level.

The null hypothesis is set as B = 90.0 and th glgnificant level at
0.05. To determine t it is necessary to estimate B and J and for these X,
and the estimated standard deviation of the means are ;Ciused.

x X =% (x ~ x)2
91.1 1.6 2.56
83.9 -0.6 .56
89.7 +0.2 o
9¢.9 +1.4 1.96
88.6 ~0.9 1
89.3 ~0.2 .04
83.6 ~0.9 Bl
39.5 0.0 0]
83.9 -0.6 .36

TOTALS | 805.5 6.94




N=9 Zx = 805.5 X = §g¥§¥i 89.5
Z(x-x)2 .

02 = éﬂlk) 689h = 0.8675
a2 o

Assuming the hypothesis to be true, i.e. that M =

Since there are 9 oocevvatlﬁn», there are 8 degrees of freedom and
the corresponding values of t at the .05 level and .10 levels are respectively
from the table in Fig. 8, 2.3006 and 1.06. The calculated value of t does
not exceed the tabulated value, so that pending further data the plant is
providing trol with an octane muber of 90.0 although the mean of the
analysis ig 89.5.

ch
L]
6]

6. One-sided Tests (Asymmetrical Confidence Regiong)

The accepbance 1limit so far has been taken as .05 probability level
to include 0.025 of the area of the normal curve above the mean value and
.025 of the area of the normal curve below the mean value constituting the
range of a statistic * 1.96 times ite standard error (For small sized
gamples where the t distribution is applicable the mult,f le will be 2.20 for
samples of 12 and 2. 06 for semples of 25 as given in the table Flg. 8.
Hovever, depending on the character of the problem a given probability level,
or contidence coefficient neced not necessarily be symmetrical.

()

When an asymuetrical confidence region is selected the signilicance or
non-significance depends on the direction of the differences ag weil as on
its magnitude. Thus if a2 1% above and a 5% below normal probability is
used, a sample statistic would have to exceed the population value by more
than 2.33 standard errors before the difference would be taken as significant,
but it would only need 1.065 standard errors less than the population value
for the same decision to be reached as can be seen from the table Fig. 6.

N

As an ampl suppese that it is known from past records that the
readerehip of a particular jJournal was “% of the families in a given
locality, but aftc a vigorous sales campalign conducted in the lova11ty it
wag found in an unrestricted sample of 195 familieg approximately 26% were
now reading the Journal
the facts indicate the

i

A decision must be reached as to vheth
expenditure of funds to conduct the szme seles campaign on a nation wide



gscales; and consequently the publishers are anxious to evaluate the
ffectivenese of the cales campaign.

The standard error is

Using the gymmetrical confidence region of O. O; nrovablility the region of
acceptance is computed as 20% £ 1,96 x 1.34 or an interval between 32.1k
and 19.86.

e value of 20% is within this region of acceptance

difference 1s concluded to be due to sampling fluctuations
and is not significant with the inference that the promotional campaign was
not success ful But in this problem the exclusive interest is in the
gignificance of the sample values above that of the population or the
gymmetrical confidence region of 0.05 probability stipulated in this

problem includes .025 above and .025 below the mean.

Tt ig of no interest whether the samples are less than 20% because

LY

then it would be obvious that the promotional cammawgn had favled to increase
the readership above the previous level; the entire interest in this problenm
ig to aveilid an erroneous decision.

From the probability integral table Fig. 6_1

t is seen that the area
corresponding to + .05 probability is given by = OF 1,6%%, g0 that the
a:vmm trical confidence coefficient of .05 rpoug ts in the acceptance interval

o6% = 1.6L5 x 3.1k or 31.16 and 20.84.  The oaserwcd percentage is now
outeide the range of acceptance thereby inferring that the publisher would
be advisged to extend the sales compalgn.

Tn common with the normal distribution the t distribution is symmetrical
and the % values like those of the normal distribution measure the positive
or negative values, At value of 2.228 for 0.05 probability for 10 degrees
of frecdo“ meanes that there ig a 0.025 probability of observing a t value

reater than 2 228 and a 0.025 pr ooaol‘lhy of obgerving a t value lese than

»2._cu vhere X is drawn from a population with a mean M and t is calculate

from the relationship in eguation (10). VWhen a % test ig arranged to check

whether a measured mean can be equal to some theoretical mean it is considere
Py

that there is a significant difference bebtween the two if the measured mean
is either greater or less than the critical value as computed by the equation

(11).

There are many occasions however, when the interest is in establishing
whether a measured value is either greater or less, but not both, than some
eritical valve. For exangle, the purchaser of a substance which ig specified
to be, say, 99.3% pure might be interested in detemining whether the mean
value of a sample is significantly less than this purity, but not particularly

interested if the purity is higher.

(:




The hypothesis now becomes thalt the true mean is
gpecified value, ori-

not lege than a

Hyp. =K >}

The corresponding relationship for t hecoming

If the alternative hypothesis is required, that the true mean is not greater
than a specified value. the null hypothesis may be written:

hyp. & € Pg and the corresponding t equation
x—us

T -
X

kX

The critical values of t for these one~gided tests are those at the
probability levels corresponding to twice the significant levelg present.
If a 0.05 gignificant level hag been present the hypothesis 1s to be
rejected if the calculated t value exceeds the 0.10 level becausge the

0.05 level corresponds to the probability for deviations of equal magnitude
on either side of the mean.

The goodness of it between observed frequencies and the frequencies
in a normal distribut
squared), computed from the relationship: -

(f - f).)g
X2 =32 ————:—-”—- (12)

4
LU

where £ is the observed fregquency and f, the theoretical or expected frequency;
X2 measures the difference between the fotal actual and the totel theoretical
frequencies and tables are available which show the probability that any
given value of X2 will occur by chance; thus giving the probability of a
relationship (or difference) between two sets of variation.

In using the X% test certain cautions are necessary; the total frequency
must be the same in both the theoretical and the observed distributions; the
number of groups should be the same and no group should contain less than ten
individuals, all the individual members of the samp,e must be independent.
Pearson the eminent mathematician recommends that small frequencies such as
occur at the ends of a distribution should be grouped together.
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As an example of the usge of the X% test consider a company ueing
a large nurber of small transformers 30% of type A and 0% of type B, both
typesof the same rating. After a certain periocd there has been 452
burned out, 74 transformers of type A and 378 of type B.

PNy

Is there any evidence of a difference between the two types?

IT there is no difference between the too types the expected cr
theoretical number burnt out would be in the same proportion as the
numbers used.

Type A .3 x Ls2
Type B .7 z bs2

1
b3
W
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i
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|
1
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0

2 _ypo_ e _(Th-136)2 (378 - 316)2
- | 316

318

th

(62)2  (62)=
12 Tl 40.5

. -

Since there are only two categories comprising the total there is
only one degree of freedom (n = 1) and from the table Fig. 9 there is only
a .0001 prohebility that %% is larser than 10.827 o that the hypothesis
that the two types are equal as regards burning out must therefore be
rejected.

Degrees of Freedom and X2 evaluation

Bt D 0 A U0 b > 308 Vo G2 > o M e T R SR R A

When an observed distribution is compared with a theoretical distribution,
the sum totsl of the discrepancieg bebween them will depend partly on the

muiber oF sub-groups.

If in forming the theoretical distribution it has been made to confornm
partially with the observations by using constants of the latter, then the
freedom of comparison has been to some extent limited and allowance must be

made for this.

IT there are N groups in each di
degrees of freedom from n must be sub

str

tracted the number of degrees used in

the obgerved data in finding the theoret
e

ical dietribution. If totals have
also have been made equal it is
N2,
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8. Other Methods of Seampling

So far only the simple unrestricted random sampling has been
considered, buft in many cases other methods are preferable, and these
other methods can be classified es i) single proportionate sample, ii)
Bivariate proportionate sampling.

1) Single proportionate sampling

Often a better and cheaper method of taking samples ls to divide
the population into sections or strata and to take samples from each
stratum. These stratified samples are of such a size that the relative
size of each sample stratum is proportional to the relative size of the
corresponding stratum in the population. In the case of the gingle
proportionate sempling this is the only condition and the relationshlp
can be expressed as

N, _ Mo i} .
Py Py 'ttt P (13)

where N; N, are the numbers in the sample strata and Py Pp are the
corresponding prcportions in the population. This single proporticonmate
method is often used in practice but it is not theoretically valid unless
the respective standard deviation in the various strata are equal, 1.e.
that the strata are homogeneous. To take heterogeneity into account, the
proportions are modified by the respective standard deviations to produce
a bi-variate proportional sampling method.

ii) Bi-variate proportionate sampling
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The bi-variate proportionate sanpling method can be expre ssed as

] N N -
—_—1 o 22 . = I
Pljl 920'2 e Po (l )

8

P, )° 9%
The sampling variance of the mean in any single stratum is 5‘) 8T

therefore the sampling variance of the entire samples is a weighted avefage
of individual variances, the weight of each stratum being the square of its
relative size in the population. The relationship can be expressed as

Sampling variance

B p. 2 g2 2 g2 -2 g2
of the biuproportioﬂate'j = (34) 21 + (%2) 9z . (%J) =3

ey iy N> T
P20
=R "H
s o=
=21 X'Jii\?j; (15)

P
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' each respective stratum in the population, there
being s strata.
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P = size of total population

W, = relative gize of each stratum in the population
= B
TP

N, = number of sample mewbers in each stratum

e

v

Gi = varlance of each stratum.

In the case of the mean, the formula becomes: -

N,
1
o > 2 - 2
S 02 =T W2 i—l<xi§ - %)
é = & i 2 = = 2 — o -
or= VLW T ik N2 ] (16)
1:::1. 1

= Z 42
s We. o s We,o
11 1 2i 21
Os =0= = [ I —==—=4+ 32 (17)
X1 Xo . N, i=1  Np
) i=1
\
where Wi: and ng re the proporitions of the population in each of the strata
4 Pt
and Gii and 62{ are the varlances in the various gtrata. The expression

within the square root sign 1s the sum of the different sample variance
corresponding to the unrestri L sanple formula.,

(o
=
b
«
b
[§]
(1]

For instance, if the bivariate sample formula given above hag not been
stratified, the relationship would be as for an unrestricted sample viz: -

£

Y S

G’Q G‘ﬂ_
Ton o0 Tom = »/ :‘l + ":“2
X1 Ko \Y Nl N,__f:»



9. Cost Considerations and Optimum Allocation

The sample formulae given previously assume that a sample member
from any stratum costs the same, but it frequently happens that the cost
of selecting sample members varies between strata.

Much less expense is incurred in selecting members from, say,
large~sized citieg than from rural areas; in such cases optimum allccation
can be obtained by taking differential sampling costs into account. The
expressions used in such cases are just modifications of equation (1L); if
C1y; Czy C354... Cp dencte the cost of selecting members from the first,
second, third, etc. strata respectively, the number drawn from each stratum
ghould be such as to satisfy the following expression:-

N Np  _ _Ia N (18)
Plgl/_/:,.;; PEGE/”@ PBUB/'/CB PSGS T/_C-;

Use of tables of Random numbers

A siuple und rapid method of choosing a sample from a series of data
is to number the data serially then select those particular numbers which
are given in published tables of random numbers.

One such publication is the 'Statistical Tables for Biological, Agricultural,
and Melical Research' by Fisher and Yates published by Oliver and Boyd Ltd.

10. Statistical GQuality Control

D oy N T

Use of Sampling Methods for Control Purposes

Sampling methods are very frequently used to control a characteristic
of a process. Such a characteristic may often be the physical dimensions
of a machined component, or the hardnese of a grinding wheel, etc.

The main principle of the control is to fix the required mean values
and to determine the ranges, positive or negative which can arise in the
particular process due to random fluctuatione. Sampling then continues at
appropriate intervals and if the values of such samples lle inbetwcen the two
determined ranges, no action is necessary. When, however the values of the
samples exceed the ranges set, the existence of an assigned cause is indicated,
and the process stopped to remadgu&t the process so that subsegquent sample
values lie between the two ranges. This method of sampling for control
purposes when applied to dimensions in production is also known as gtatistical
quality control and will be describe

QJ

o

The spread of values for the control limites for sample average

3{1—-‘

>

times the production characteri

eristic between the stability limit X * BG”where
N is the sample size. TFig. 10

a) shows the method of control Tor a component

0



= /qu + 0.00
3/8 - 0.20
control limits are shown by dotted lines.

the drawing limit being represented by thick lines, and the

From samples taken the average of the mean values X is taken to be
the average of the population, x; and the average of the observed ranges
(i.e. the difference between the highest and lowest values in the samples)
is ernresced as w. The control limits are set from these averages in the
from X * Aw, where A is a constant depending on the size of the sample.

Fig. 10(2a) shows a side view of the normal distribution and the
relationship between the control limits and the drawing limits.

Fig. 10(b) shows an actual control chart of a component where dimensions
+ 0.0

are 3/8" — o 28 and the averages of L samples in 1 hour intervals are shown
as pointe on the chart. The chart indicates that at the 30th sample average
the values commenced to rise beyond the upper control limit but a re-
adjustment of the process restored the values well within the control limits.
Charts are often prepared for the separate control of the deviations from
the average, and the deviations of the ranges. This use of sampling control
is gquite widely used in industry, and in some cases has actually replaced
100% incpection of the products.

11. Sequential Analysis

Mosgt of the statistical material so far discussed has been concerned
with the total data available from which conclusgions are drawn. It can be
compared with a football match or a tennis tournament where the winner is
decided after the whole game has been played.

[ )

In spite of one team being far shead at the beginning the winner is
not decided until all the data are available at the end.

Hovwever, there is aﬂotqcr type of test in statistics for specific
cases in which each item of data is considered as received and judgment
is made on the receipt of each new observation. As soon as a significant
result is obtained, no more data are needed and no more observations are
taken.

This method is termed sequentiel analysis, and it is based on the
stablishment of a hypothepks sbout a ponulaulon from which samples are taken.
statistic is calculated from the sample and on this statistic the hypothesis
ig either accepted or rejected. On commencement of the data being accumulated
each new observation is checked against the hypothesis which gives rise to
one of three possibilities; the hypothesis iz rejected with a preset chance
& of error, the hJ@othe51s is accepted with a preset chance B of error, or

no decision is made and another observation is made.

The advantage of this method is that usually an average of less than a



half to a third as much data as are required for similar results by
other methods. In most engineering work problems do not readily lend
themselves to sequential analysis and the method is more applicable to
inspection sampling.

The procedure is to plot some cumulative function of the data as
against the number of observations as abscissae as shown in Fig. 1l. Two
parallel lines are drawn depending on the particular test being conducted
and the probability levels preset.

The two parallel lines divide the area into three sections, one for
rejection of the hypothesis, one for acceptance of the hypothesis, and
the portion between the lines for no decision and continued testing.

When the plot of the cumulative function of the data crosses either of

the parallel limit lines, the indicated decision is made. As long as

the plot stays within the parallel lines, no decision is indicated without
a greater probability of error than was originally preset.

Tt is not essential to actually plot the data as the values of the
two ordinates corresponding to the limit lines can bz calculated for each
consecubive onservation and these values can be tabulated together with
the actual cumulated value from the data. When the observed data exceeds
one or becomes less than the other, the indicated decision is made.

As an example of a single test-binomial distribution, in a system
where a variable can have one of two possible values (a sample is either
good or bad) a student either passes or fails the probability of an event
occurring can be denoted by p and the alternative of the event not occurring
is 1 - p.

It is necessary to establish the value of p for the population being
sampled within some tolerable limits and with an acceptable chance of error.
Suppose in a simple sampling problem it is wished to accept material with
1% defectives or less and that a 5% limit to the chance of rejecting material
that meets this standard. Suppose also it is desired to reject material
that has 5% or more defectives and a 1% 1imit to the chance of accepting
material with this many defectives. The one hypotheesis is that p € 0.01
and set an & value of 0.05 for a false rejection of this hypothesis.

The alternative hypothesis is that » < .05 and a value of B of 0.01 for

a Talse acceptance of this hypothesis. In general an acceptable limit to
p € p; with an @ maximum risk of false rejection is set and an unacceptable
1limit p * ps with a B meximum of false acceptance.

For the sequential test take one iten at a time and plot the number of
defectives as ordinate against the number of items inspected as abscissae.

Two control limit lines are drawn on the inspection chart: the upper one:-

= 1 )
Lu lu + mlN (19)
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and the lower one

— 1
Ly =1 + nN (20)
loglo ;‘&'“'B"
where 1 = = T
u )

logio L92f1~nl

Pl(l“Pz)J

10
- 1og1s —E~

1L = ,
pa(l-p1)]

loglO[Pl(l—Pe)J

(1-p1)
(ljpz) i
FEQL%:ELZJ

logig

lo
gloipl(l"Pa)

N = number of observations

As an example of the use of this method, suppose that in an inspection
programme the desired quality is 2% defective and a meximum of 5% rejecting
material that has 2% or less defectives.

The poorest guality that can be tolerated is W% defective and a maximun
of 2% chance of shipping material with 4% or more defectives.

P11 = .02 o = .05
P = .O:—l 5 = ,02
.98
logig %;3 logig —%5 logis 19.6 _ 1.2923 ~ 1.8
1 = = : = log 2.04 .3096 :
u -p, _(}.""{)3) - -98
logig.s “5To-t logig 2 X
Tet0p; 1-pa "o = 96
1.0 .05
L - - logio “:é“ ~ logig "6‘5 ~ - logig 47.5 - 1.6767 5.
Lo jgp,o B2 fl=m) ™o, 293 T logye 2.0k 2096 ~ T ¢
°9 py (1epz =to .96
oo LDy =98
. o810 1o, %810 758 1egi.ce _ 0086 | g
n = Lo ne (1-p1) Tog 2 ;gg logip 2.04 ~ .3096
S0 py (1-pa2) .90

The two 1imit lines corresponding to this example are shown in Fig. 12.
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Frequency distribution. (Electric lamps)
Skewed distribution.

Poisson distribution (negative exponential)
Normal distribution

Probability integrals

Probability integrals (table of values)

Number of observations required in a Time Study
t distribution

xZ (table of values)

Statistical Quality Control

Sequential Analysis (with plotted observation points)

Sequential Analysis (determination of limit lines)
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NO. OF AUSTRALIAN MARRIAGES, ARRANGED ACCORDING TO THE AGE OF

BRIDEGROOM IN 3 YEAR GROUPS.

FREQUENCY

AGE OF BRIDEGROOM

NO. OF MARRIAGES

AGE OF BRIDEGROOM

16-5 294 55-5 1,655
19.5 10.995 58-5 1. 100
225 61,001 &1 5 8IC
25-5 73054 6458 649
28-5 56.501 67 -5 487
31-5 33-478 705 326
34 -5 20569 73-5% 2
37 -8 {4. 581 765 19
40 -5 9.320 795 73
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49 .5 3.620 B88.5 3
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e 1= e 1-& 10
g 2 2 T+ o y
0.0 .5 .50 1.0 0 30659
2 602 5398 8524 11.5540 3970
.2 Jeor 5793 L7263 5.508% 3910
3 P L3821 6179 6184 3.2k035 381k
o 3446 6554 5257 2.2171 3683
.5 3085 L6915 RIS 1.611% 3521
.6 2743 7257 3779 1.2149 2332
.7 2420 . 7580 L3192 277 3122
.8 .2119 L7881 L2688 7352 .2897
.9 .18 8159 L2256 5826 2661
1.0 .1587 841% .1886 LeLS 2420
1.1 L1357 8645 L1570 372k 2179
1.2 L1151 .88L9 .1300 2089 .19k2
1.3 .0963 L9032 .1072 2Lo1 171k
1.4 .0808 L9192 .C879 1926 1497
1.5 L0668 .9%32 L0716 1542 1295
1.6 L0548 .9Ls2 .0580 1231 1109
1.7 NoITS L9554 .OL66 .097 L0940
1.8 .0359 9641 L0373 Nowarent .0790
1.9 L0287 L9713 .0296 .0609 .0656
2.0 .0228 L9772 .02%3 No)lrard L0540
2.1 .0179 L9821 .0182 0371 oLko
2.2 L0139 L9961 L01h1 0286 0%55
2.3 .0107 .939% .0108 .0219 .0265
2.h L0082 .9918 .0083 0167 L0220k
2.5 .0062 .9938 0062 0126 OL75
2.6 L0047 L9953 L0047 0094 0136
2.7 .0035 .9965 L0035 0070 010k
2.8 .0026 L9977k .0026 0051 007
2.9 .001% .9981 .0019 0033 . 0060
5.0 .0013 287 .001k 0027 .00k
3.1 .0010 .9990 .0010 0019 .00%3
3.2 .0007 .999% .0007 NeloaRia L0024
3.3 .0005 .9995 .0005 0010 L0017
R .0003 .9997 L0003 .0007 0012
3.5 .0002 L9908 .0002 .000% 0009

- . - -

Reproduced by kind permission

Ltd. from the 'Introduction to the Computation of Statistics’ by §

Dawson.
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DISTRIBUTION OF ¢

Provability
n .9 8 .7 b .5 nn .5 .2 .1 .05 02
1 L1530 325 .10 L7277 1.000 6 12.706  #1.321
2 ke 286 ks 617 .16 51 1. 5.30%  6.965
) W37 277 b2k LsBL 0 Lvés 731, ; 22 )5k
i 15 ;3 RN 1 R ' £ 4 g .7h 101 2.1%2 7l
5 32 .267  Lh08 .559 727 o 1. 2.015 3,245
6 L1313 .265  .hok 553 .718 .906 1. 1.943 2447 %143
7 L1300 .263% ko2 .5h9 LTI .896 1. 1.795 2.7265  2.993 % Lo
8 30 262 L399 .5k6 L7068 839 1.1 1.860 2.306 2.396 %.%55 5.0h1
9 129 .261 398 L5430 L703 885 1. 1.833 2,262 2.821  3.250 731
10 129 .260 397 .5k2 0 700 B79 1 1.812 2.228  2.76%  3.169 .53
11 129 .260 .396 .5k0 .697 B 1,088 1.363  1.796 2.201  2.718  3.106 b by
12 L1280 .259 .395  .5%9  .695 873 1.087 1.356 1.782 2.179  2.631  3.05% h.3518
13 28 .259 .39k 538 694 870 1.079 1.3%0 1.771 2.160 2.650  %.012 b.221
1h 128 .58 L39% 0 L537  .692 868 1,076 1.345 1.761 2.14%5  2.62Lh  2.977 L.1k0
15 128 L2588 .39%  .536 L69L 866 1.07h 1.351 1.753 2.131  2.602 2.947 4,073
16 128 L2580 392 .57 .690 865 1.071 1.337 1.746 2.120 =2 2.921 k.015
17 .128  .257  .392 5% 689 863 1,069 1.33%  1.740 2.110 2 2.59% 3.9645
18 127 .e57 L3925 L6538 B62 0 1.067 1.330 1.73h 2,101 2 2.378 %.922
1 127 257 J391 5%% 683 361 1.066 1.328 1.729 2.09%3 2 2.961 %.39%
20 .127 .57 391 .53% 687 860 1,064 1.325 1.725 2.0% 2 2.545 3.850
21, 127 .es7 391 .5%2 0 L686 859 1,063 1.323 1.721 2.0 2.5183 2.331 3
22 127 L2566 .390  .532  .686 858 1.061 1.321 1.717 2.07%  2.503 2.819 3.
2% J127  .256  .390 .53%2 .685 .858 1.060 1.319 1.71k 2.069 2.500 2.807 3,
2k 127 286 U390 .531 .685 B57  1.059 1.318 1.711 2,064 2,492  2.797 %
25 J127  .256 390 .531 6Bk 856 1.058 1.%:16 1.708 2.060 2.485 2.787 3,
26 127 .256 L3090 531 654 856 1.058 1.315 1.706 2.086  2.479  2.779 %707
27 127 .256 389 .531L .63k 855 1.057 1.31h 1.703 2.052  2.473  2.77 %.690
2§ J127 .56 389 530 .633 855 1.056 1.%31% 1.701 2.048  2.467 2,763 3.67h
29 127 .e%6 389 .530 .683 B85k 1,055 1.311 1.699 2.0k  2.462  2.756 3.659
%0 127 .e256 L3899 530 .683 854k 1.055 1.310 1.697 2.0h2  2.457 2,750 3,646
40 126 .255 L3880 529 681 851 1.050 1.30% 1.68L 2.021 2.k23  2.70k %.551
60 126 .25k 387 527 679 B8L8 1.0k6 1.296 1.671 2.000 2.390 2.660 3. 460
120 126 .25k 386 L5260 677 Bhs 1.0k 1.289 1.658 1.980 2.3%58 2.617 3,373
= 106 .53 .385 .52k 6Tk B2 1.036 1.282 1.64k5 1.960 2.326 2.576 %.291

Reproduced by kind permicsion of the publishers. Oliver and Boyd from 'Statistical Tahles for
Binlogical Agricultural and Medical Research’ by Fisher and Yates.

FIG.8.



DISTRISBUTION OF %2

Probability
n .99 .93 .95 .90 .80 .70 .50 .20 .20 .10 05 .02 .01 001
1 .03157 .0%6253  .00393  .0153 0642 R 455 1.07k 1,642 2,706 %841 5.h12 5.635 10.827
2 L0201 .0Lok .103 211 46 LT3 1.386 2.40%3 3.219 4,605 5.991 7,304 9.210 1%.915
3 115 155 252 534 1.005 1.h2k 2.365 %.665 4.6L2 6.251 7.815 9.53%7  11.3h5 156.263
i .297 29 L7111 1.064 1.649 2.195 3.357 5.878 5.9% 77T 9,453  11.663 . 13.277 13,465
5 .55% 752 1.1435 1.610 2.343 %.000 +.351 6.064 7.2%9 9.276  11.070  1%.333  15.93% 20.517
5 372 1.13% 1.835 2.20k4 3.070 3.823 5.343 7.2%1 3.553 10.645  12.592 15.03%3 22.1457
71 1.229 1.56% 2.157 2.333 3.822 L.671 6.346 8.383 9.803 12,017  1h.087  16.622 24,222
31 1.646 2.032 2.7%% 3,490 4.594 5.527 7.344 9.524  11.030 3,362  15.307  18.183 26.125
91 2.083 2.532 3.525 4,163 5.330 6.393% 8.343 10.656 12.242 14,634 156.919 19.679 27,37
104 2.353 3.059 3.940 4,365 6.179 7.267 9.342 11.731  15.4k2 15.937  15.307 21.161 29,543
11 | 3.03% 2 505 4.573 5.573 6.939 3.143  10.3h41 12.399  1L.631 17.275 19.675  22.618 21,264
12 3.571 4,173 5,226 £.30k 7.807 9.03%  11.3hk0 14,011 15.812 13.549 21.06  2k.05L %2.909
13 1 %.107 4.755 5.502 7.042 3.634 9.926 12.340 15.119 16.935 19.312  23.362  25.472 34,523
18§ 4.880 5,353 5.571 7.790 9.487  10.821 13.339 15.222  18.151 21.064 23,685  26.873 56.123%
15 | 5.229 5.933 7.26) 3,547 10.307  1l.721 1k.339 17.%322 19.311 22.307 24,996 23.259 27,697
16| 5.812 6.614 7.962 9.312 11.152 12.62k  15.338 13.413  20.465 23,5k 26,295  29.633 35,252
17 | 6.403 7.233 3.6 10.035 12.002  15.531  16.338 19.511 21.615 2h, 769  27.587  30.995 10,790
131 7.015 7,906 9.390 10.385 12.357  14.340  17.338 20.601 22.760 25.939 29.369 22,346 L2212
19 | 7.833 3,567 1¢.117 11.631 13.716  15.352  18.338 21.639 23.900 27.20h  30.14kk 33,637 42,320
201 3.250 9.237 10.351 12.kbh3 14,578 16.266 19.337 22.775 25.033 29,512 31.410  36.020 45,315
21 | 3.397 9.915 11.591 13.2%0 15.4h5  17.182  20.337 2%.853 26.171 29.€17 22,67 36.343 45,797
22 | 9.5%2 10.600 12.333 1h.041 16.31% 18.100 21.337 2k.9%9  27.301 20.%1% © 33.92h  27T.639 13 268
= 110,194 11.293  13.091  1h.243 17.187  19.021  22.337 26.01% 23.L29 2,007 35.172 28,963 19,723
ok 110.3%%  11.992 12.343  15.639 18.062  19.943  23.337 27.095  29.353 73,196 6.515  40.270 51.179
25 l11.528  12.697 1k.611  16.473 18.9%0 20.867  24.3%37 28.172  30.675 5h.332 57,652 k1.565 hh.31h 52.620
26 112.193 13.409  15.379  17.292 19.820 21.792 25.336 29.2k6 31,795 35,563 b3 6h2 sh.052
27 112.379  1bk.12:  16.151  15.11k 20.70% 22.719 26.335 320.319  32.912 36,741 hE,94% 55,474
23 11%.565  1k.3%7  16.925  13.939 21.588 23%.6k7  27.336 31.391 3k.027 327,916 13,272 56,493
29 |1h.256 15.57F  17.703 19.763 22.475 24,577 23.336 32,461 %5.13%9 39.037 19,533 52,302
30 {14.953 15.308 3.493 20.599 2%.36h 5,503  29.336 3%.530  36.250 10,2354 50.892 59,703

For larger values of n, the expression VQXE - ¥2n.1 may be used as a normal deviate with unit variance, remem-ering that the

probavility for xa corresponds with that of a single tail of the normal curve.

Reproduced oy kxind permission of the pudlishers Oliver and Boyd of

Research' by

FIG.9.

Fisher and Yates.
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