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ABSTRACT

Most current analytical research on the hydroelastic interaction between water waves and submerged horizontal elastic plates remains within
the scope of linear theory due to the underdevelopment of mathematical methods for solving nonlinear problems. To address this gap, this
work employs an approach that combines computational fluid dynamics (CFD) with computational solid mechanics (CSM) to dynamically
simulate the fully coupled nonlinear hydroelastic interactions between ocean waves and a submerged horizontal plate. This research
highlights the significance of nonlinear point responses of a submerged horizontal plate under focused wave conditions. A phase-based har-
monic separation method (i.e., phase-decomposition method) is used to isolate wave amplitude and force harmonic components in complex
wave scenarios. This approach allows for the clean delineation of individual harmonics from the total wave force by controlling the phase of
incident focused waves and is for the first time applied to the response analysis of elastic structures. This paper successfully used the phase-
decomposition method to separate the individual harmonics of the point displacement of a horizontal elastic plate, directly demonstrating
the significance of nonlinear responses. Additionally, the impact of plate rigidity, which relates to natural frequency, on nonlinear responses
is investigated. The results indicate that plates with a certain dimensionless plate rigidity will exhibit more significant nonlinear responses. By
cleanly separating each individual harmonic response, this study provides new insights into the nonlinear hydroelastic responses of a horizon-
tal plate interacting with water waves and offers a new perspective on fatigue analysis, underscoring the importance of nonlinearity for future
engineering designs.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0246534

I. INTRODUCTION

In recent decades, intensive research has been conducted on the
hydroelastic interaction between water waves and elastic plates in
ocean and polar engineering, driven by both academic interest and
practical applications. Elastic plates, which are envisioned to serve in
applications such as floating airports, artificial islands, breakwaters,
wave energy converters, and other offshore infrastructure, are often
modeled as flexible structures interacting with fluid environments.
These plates are characterized by their significant flexibility and large
horizontal scales relative to their vertical dimensions and characteristic
wavelengths. Consequently, understanding hydroelastic deformation
in response to water waves is crucial for the safe and economical design
and maintenance of such offshore elastic structures. Early studies in

this field mainly focused on the hydroelastic interaction between water
waves and large ice sheets, which were idealized as elastic plates.1

These elastic plates were often assumed to be semi-infinitely long com-
pared to the wavelength of the incident wave.2,3 Comprehensive sum-
maries of early work can be found in several review papers.3–5

However, due to the underdevelopment of mathematical methods for
solving nonlinear problems, most current analytical research on the
hydroelastic interaction between water waves and elastic plates
remains within the scope of linear theory.

This paper specifically investigates a submerged horizontal plate.
Early studies on submerged horizontal plates were mostly analytical.
Heins6 is considered one of the pioneers in studying a semi-infinite
width plate interacting with waves in a finite water depth. Green and
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Heins7 extended the analytical solution to infinite water depth. Burke8

further developed a mathematical method for a submerged finite-
width plate based on the Wiener–Hopf method. Alternative analytical
methods such as matched asymptotic expansions in Refs. 9 and 10 and
the eigenfunction expansion method in Refs. 11–13 have also been
applied to relevant problems. Hassan et al.14 used the eigenfunction
expansion method to examine wave interaction with submerged elastic
plates, focusing on wave reflection, transmission, and the effects of
plate elasticity and submergence depth on wave behavior in both deep
and shallow waters. Mohapatra and Sahoo15 employed the eigenfunc-
tion expansion method to model the linear wave interaction with float-
ing and submerged elastic plate systems, assuming small amplitude
surface waves and structural responses. Porter16 developed a semi-
analytical model using the eigenfunction expansion method to study
linear wave interaction with submerged horizontal plates, emphasizing
wave transmission, reflection, and wave-induced forces in both finite
and infinite water depths.

In recent years, the fully nonlinear computational fluid dynamics
(CFD) method has been extensively used to investigate wave interac-
tions with submerged horizontal plates. Qi and Hou17 modeled the
transmission of nonlinear waves over a submerged horizontal plate
using CFD, demonstrating the method’s capability to simulate nonlin-
ear wave behavior over the plate. Jin et al.18 applied a two-phase CFD
solver to investigate the performance of a rigid and fixed submerged
horizontal plate in waves, finding that a relatively thin plate has better
wave damping performance than a thick one. He et al.19,20 used a CFD
approach based on the smoothed particle hydrodynamics method (a
Lagrangian-based mesh-free method) to study the effect of non-
breaking and breaking waves on a fixed submerged horizontal plate.
He et al.21 and Fu et al.22 performed numerical simulations of waves
interacting with a heaving submerged horizontal plate, finding that a
heaving plate can be more effective than a fixed one in most sub-
merged conditions. Yueh et al.23 proposed a concept of a submerged
wavy plate breakwater, which showed better wave attenuating perfor-
mance in certain situations with proper design, although practical con-
siderations such as manufacturing cost and structural strength need
further investigation.

Despite the capability of CFD to model nonlinear wave effects
and simulate flows with minimal assumptions, previous studies typi-
cally assumed long thin submerged horizontal plates as rigid bodies
because CFD alone does not account for the elasticity of the plates. To
address this gap, Refs. 24–26 introduced a fully coupled hydroelastic
CFD and computational solid mechanics (CSM) approach to simulate
the fluid–structure interaction (FSI) between waves and a submerged
horizontal plate. The present approach is developed in OpenFOAM,
an open-source Cþþ framework for developing CFD-based solvers,
and builds upon the initial finite-volume FSI framework of Refs. 27
and 28. This paper continues to investigate irregular waves (focused
wave groups) interacting with a submerged horizontal plate, focusing
on the nonlinear responses, which have not been previously explored
using the CFDþCSMmethod.29

The hydroelastic responses to waves discussed in this paper will
be crucial for directly determining stress, a key factor in calculating the
fatigue of the submerged horizontal plate. Fatigue damage is a major
concern for offshore structures, drawing significant attention from
researchers and engineers. Cumulative fatigue damage, initially pro-
posed by Palmgren and later developed by Miner, remains a

challenging and unresolved issue.30 Common methods for fatigue
analysis include the spectral method, the deterministic method, and
the time-domain analysis method based on the rainflow counting
rule.31,32

The spectral method is a stochastic approach that assumes linear
load and structural analysis, modeling short-term stress variations as a
random narrow-banded stationary process following the Rayleigh dis-
tribution. However, this method is limited to narrow-band processes
with bandwidth parameters less than 0.5.33 In reality, the stress
response of offshore structures is often wide-banded, leading to con-
servative fatigue damage estimates.34 Researchers like Rice,35

Wirsching and Light,36 Benasciutti and Tovo,37 and Braccesi et al.38

have developed spectral bandwidth correction factors to mitigate this
conservatism, but these formulas are complex and not always effective.
For processes with bandwidth parameters greater than 0.5, the spectral
method tends to overestimate fatigue damage.33 The deterministic
method simplifies the spectral method by characterizing wave-induced
load effects using deterministic wave heights and periods, rather than
stochastic variations.39 While simpler, this method fails to capture the
stochastic nature of sea waves. The time-domain analysis method uses
coupled dynamic analysis to adequately consider nonlinearity in
fatigue damage assessment. This method provides accurate fatigue
damage predictions with the rainflow counting technique,34 but it is
computationally intensive and time-consuming.

These traditional methods have notable limitations. In this paper,
a phase-decomposition method (detailed in Sec. III A) is used to
cleanly separate each individual response harmonic of the plate, poten-
tially overcoming these limitations by obtaining accurate and real har-
monic components of the response.

In summary, this paper aims to fill a critical research gap by
investigating the nonlinear response of submerged elastic plates inter-
acting with waves. The objectives are to demonstrate two novel
applications:

• This is the first numerical investigation of focused irregular wave
interactions with elastic structures using a fully nonlinear
CFDþCSM model.

• Since the method was initially introduced by Zang et al.40 to suc-
cessfully separate hydrodynamic force harmonics on a cylinder,
this study represents the first effort to extend the phase-
decomposition method to cleanly separate structural response
harmonics.

Through these novel applications, the significance of nonlinear
responses is analyzed in relation to various plate rigidities and relative
plate lengths in Sec. IV. Moreover, the clean separation of response
harmonics at specific frequencies from irregular wave interactions
offers the potential for more efficient cumulative fatigue damage
assessments in given sea states. This contribution, detailed in Sec. V,
provides new insights for advancing fatigue analysis methodologies in
offshore engineering applications.

II. METHODOLOGY

This paper uses the CFDþCSM model to solve fully nonlinear
wave–elastic plate interactions. This section introduces the model,
illustrates the numerical wave tank setup, and demonstrates verifica-
tion and validation focusing on the wave-induced responses of a
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horizontal elastic plate to indicate the model’s accuracy, supporting the
following research.

A. Computational model

The present model couples two sub-regions: CFD and CSM. The
fluid sub-region is simulated using the interFOAM solver. Waves are
generated and dissipated via the relaxation-based wave generation
toolbox, waves2Foam, as proposed by Jacobsen et al.41 interFOAM uti-
lizes the Navier–Stokes equations to describe two-phase flow,
expressed through the mass conservation equation and the momen-
tum equation according to Newton’s second law,

@q
@t

þr � ðquÞ ¼ 0; (1)

@ðquÞ
@t

þr � ðquuTÞ ¼ �rP � ðg � xÞrqþr � ðlruÞ þ rtkcrc:

(2)

Here, u ¼ ðu; v;wÞ is the flow velocity vector, q is the fluid density, t
represents time, x ¼ ðx; y; zÞ is the Cartesian coordinate vector, P is
the pressure in excess of the hydrostatic part, g is gravity acceleration,
l is dynamic viscosity, and rt , c, and kc are the surface tension coeffi-
cient, the volume fraction, and surface curvature, respectively. Both
water and air are resolved using these equations.

The volume of fluid (VOF) method tracks the free surface’s shape
and position. The VOF field’s transport equation is

@c
@t

þr � ð~U cÞ ¼ 0; (3)

where c represents the volume fraction: 0 for air, 1 for water, and inter-
mediate values for the interface mixture. An additional convective
term sharpens the interface resolution, expressed as

@c
@t

þr � ð~U cÞ þ r ~U ccð1� cÞ
h i

¼ 0: (4)

Here, ~U c ¼ ~U l � ~U g, with ~U ¼ c~U l þ ð1� cÞ~U g, where ~U l and ~U g

denote the corresponding liquid and gas velocities, respectively. In
simulations, two immiscible fluids are treated as one effective fluid,
with properties like density and dynamic viscosity determined by
weighted averages using c,

/ ¼ c/water þ ð1� cÞ/air : (5)

This method ensures physical properties equate to those of each fluid
in their respective regions and vary only across the interface.

The solid sub-region is governed by the conservation of momen-
tum, with stress described by the nonlinear St. Venant–Kirchhoff hypere-
lastic law as implemented by Cardiff et al.28 The mathematical model in
the total Lagrangian form (reference configuration) is expressed asþ

qsolid
@

@t
@ud
@t

� �
dV ¼

þ
n � ðR � FTÞ � dSþ

þ
qsolidgdV ; (6)

where qsolid is the density of the solid structure, ud is the displacement
vector, n denotes the outward facing normal vector, F ¼ I þ ðrudÞT
is the deformation gradient tensor, I is the second-order identity ten-
sor, and R is the second Piola–Kirchhoff stress tensor. The Cauchy
stress tensor r is related to R by

r ¼ 1
detF

F � R � FT : (7)

The stress–strain relationship for the submerged horizontal plate is
given by

R ¼ 2GSþ KtrðSÞI; (8)

where the Green–Lagrange strain tensor is

S ¼ 1
2

rud þ ðrudÞT þrud � ðrudÞT
h i

: (9)

Here, G and K are the Lam�e’s coefficients, related to Young’s modulus
E and Poisson’s ratio � by

G ¼ E
2ð1þ �Þ ; (10)

K ¼ �E
ð1þ �Þð1� 2�Þ : (11)

The coupling between the CFD and CSM solvers in this study is
achieved using a partitioned scheme, as proposed by Tukovi�c et al.27

In this approach, the fluid and solid solutions are computed alter-
nately, with the kinematic and dynamic conditions at the fluid–solid
interface iteratively matched. Specifically, a Dirichlet–Neumann cou-
pling procedure is employed, in which the velocity and pressure fields
are solved in the fluid domain, with the interface forces transferred to
the solid domain as boundary conditions. The structural displacement
is then computed in the solid domain and used to update the boundary
conditions on the fluid side. These steps are repeated until the kine-
matic and dynamic conditions at the interface are fully satisfied.

To enhance the efficiency of the coupling, the Aitken relaxation
method is implemented, adjusting the relaxation factor (ARF) dynami-
cally based on the residual between the structural interface displace-
ment (SID) and the fluid interface displacement (FID). The ARF is
updated as follows:

ARFiþ1 ¼ ARFi � 1�
PðRes � DResÞPðDRes � DResÞ

� �
: (12)

Here, Res ¼ SID� FID represents the residual displacement at the
interface, and DRes is its change between iterations. This updated ARF
is then used to adjust the fluid mesh according to

FluidMeshiþ1 ¼ FluidMeshi þ ARF� Res: (13)

After updating the mesh, the fluid solver calculates the velocity and
pressure fields, providing the interface forces as inputs to the structural
solver. The structural solver then computes the displacement, which is
used to update the interface residual. This process continues iteratively
within each time step until the residual falls below a specified threshold
(1� 104 m in this study, as recommended by Huang et al.25).

The entire coupling process, summarized in Fig. 1, ensures accu-
rate interaction between the fluid and structural solvers, enabling the
simulation of complex fluid-structure interaction phenomena, includ-
ing nonlinear deformations.

B. Numerical wave tank setup

A rectangular fluid domain is established in a two-dimensional
Cartesian x-y coordinate system, as illustrated in Fig. 2. The
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computational domain is assumed to be two-dimensional (i.e., uni-
form in the spanwise direction) based on the condition that the sub-
merged horizontal plate, acting as a VLFS, is side-mounted and spans
extensively in the profile direction, with incoming waves propagating
uni-directionally along the x-axis.

In the numerical wave tank (Fig. 2), the submerged horizontal
plate is centrally positioned, featuring relaxation zones at both the inlet
and outlet boundaries to effectively manage wave reflections. The inlet
boundary’s relaxation zone is designed to absorb waves reflected from
the plate, while the outlet boundary’s relaxation zone mitigates wave
reflections. Following recommendations by Jacobsen et al.,41 each
relaxation zone extends 1.5� the wavelength of the incident waves to
ensure complete wave attenuation.

The computational domain is two-dimensional, with the front
and back boundaries specified as “empty,” eliminating variations in
the third dimension. The bottom boundary, representing the seabed, is
assigned a “wall” condition, enforcing a no-slip boundary with zero
fluid velocity to simulate interactions between the waves and the sea
floor. The top boundary, representing the atmosphere, is designated as

a “patch,” facilitating accurate modeling of the air–water interface and
capturing free surface interactions.

The plate is submerged beneath the free surface. Similar
dimensions to those used in Ref. 26 on a submerged horizontal plate
breakwater were selected for the present tests. The vertical distance
from the plate to the still water level is 0.108m, with the plate’s
length and thickness being 0.6 and 0.01m, respectively. The density
of the plate is kept at 1000 kg=m3, and Poisson’s ratio is 0.3. The
Young’s modulus, representing the plate’s rigidity, will be varied
and discussed in subsequent sections. The boundary conditions for
the plate are set to ensure accurate modeling of its structural
response. The left and right edges of the plate are clamped, with the
boundary condition in OpenFOAM specified as “fixed displace-
ment.” The top and bottom surfaces of the plate are fully flexible,
with the boundary condition specified as “solid traction.” These
clamped edge conditions provide strong support to maintain the
plate’s position, while the flexible surfaces allow for realistic defor-
mation. This research focuses on the displacement at the center
point of the plate, as highlighted in Fig. 2.

FIG. 1. Flowchart of the fluid–structure
interaction procedure.

FIG. 2. Numerical wave tank. The submerged horizontal plate has the deformable upper and lower boundaries and fixed left and right boundaries as restraints.
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The mesh layout used in the present computational process is
shown in Fig. 3. Both the fluid and solid sub-regions are discretized
into mesh cells. The fluid sub-region is represented by light blue mesh
cells, as typically seen in OpenFOAM test cases, while the solid plate is
represented by yellow mesh cells for the CSM solutions. The mesh size
is determined based on previous mesh convergence tests. According to
Ref. 42, for accurate two-dimensional wave–structure interaction in
OpenFOAM, the horizontal mesh size (x-axis) should be
Dx ¼ Lw=200, where Lw is the incoming wavelength. The vertical
mesh size (y-axis) should be Dy ¼ Hw=10, where Hw is the incoming
wave height. For accurate CSM solutions, the mesh size is defined
based on the convergence test in Ref. 26, with Dx ¼ 0:005m and
Dy ¼ 0:0025m for a plate of the same size.

Focused waves are a short-term type of irregular waves that
swiftly increase in amplitude from a moderate level to a peak, match-
ing the average shape of the largest events in a random time
series.43,44 In this research, we generate and analyze focused wave
groups based on NewWave theory, targeting the center point of the

plate as the focus point. These waves are generated using the
JONSWAP spectrum with an enhancement factor of 3.3. Two peak
wave periods, 1.2 and 1.4 s, are selected for this research, with a water
depth of 0.7m. These wave conditions, scaled at 1/100, are consid-
ered reasonable for sea states.45 The main crest wave amplitude for
both wave periods is 0.05m. Before conducting wave–structure inter-
action tests, the waves are generated in an empty tank to ensure a
proper focused shape and accurate main crest wave amplitude.
Figure 4 shows the free surface elevations of focused waves at the tar-
geted focus location (i.e., the planned center point of the plate) in the
empty tank.

In addition to the wave conditions, the parameters considered in
this study are summarized in Table I. Two incident wave periods are
employed to characterize the relative plate length to wavelength,
denoted as kL, where k is the wave number and L is the plate length.
For each relative plate length, five different Young’s moduli are tested
to represent varying plate rigidities. The dimensionless plate rigidity is
expressed as b ¼ D

qgL4, where D ¼ Eh3
12ð1��2Þ is the flexural rigidity of the

FIG. 3. Mesh layouts of the model around
the left edge of the plate with light blue
denoting fluid mesh and yellow denoting
solid mesh.
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plate, q is the fluid density, g is the gravity acceleration, h is the plate
thickness, and � is the Poisson’s ratio. In total, ten groups of cases are
analyzed in this study, with each group comprising two test cases for
crest- and trough-focused waves.

C. Verification and validation

To support the following investigations of the center point dis-
placement of the plate based on the CFDþCSM model, it is necessary
to validate the numerical model’s predictions of the point displacement
of an elastic plate. Sree et al.46 reported measurements of wave-
induced deformations of a similar horizontal plate, which was free of
restraints at both the left and right edges and placed at the water sur-
face. Therefore, the experiment by Sree et al.46 was reproduced to vali-
date the accuracy of the present computational approach in modeling
plate deformation and point displacement in waves. The experimental
conditions were a wave period of T ¼ 0:7 s and a wave height of
H ¼ 0:017m. The plate was 1m long and 0.01m thick, with rheologi-
cal properties of density q ¼ 910 kg=m3, Young’s modulus
E ¼ 870MPa, and Poisson’s ratio � ¼ 0:3. In this physical experi-
ment, a regular wave was used, and the plate was free to deform with-
out restraints.

In the CFDþCSM simulations, a constant time step is applied to
all test cases. While mesh convergence tests for similar setups have
been conducted in our previous work for both the fluid solver in
CFD42 and the solid solver in CSM,26 time step convergence tests are
necessary to ensure the accuracy of the CFDþCSM simulations. The

mesh configuration used in this study is consistent with the setup
described in Sec. IIB, which was validated in earlier mesh convergence
tests. The time step convergence tests are conducted based on the vali-
dation case setup. Figure 5(a) presents the time histories of displace-
ment for the point located 0.1m away from the left edge of the plate,
simulated using three different time steps: Dt ¼ 0:002, 0.001, and
0.0005 s. The computational time required to simulate a real-time
duration of 8 s for these three time steps is 34.5, 40.2, and 55.7 h,
respectively. The displacement results for a time step of 0.002 s show
noticeable discrepancies in both the crest and trough of the curves
when compared to the results for time steps of 0.001 and 0.0005 s.
However, the results obtained with a time step of 0.001 s converge
closely to those obtained with a time step of 0.0005 s. Considering the
balance between computational accuracy and time efficiency, a con-
stant time step of 0.001 s is employed for all subsequent simulations in
this study.

As shown in Fig. 5(a) for the point 0.1m away from the left edge,
the displacement of points on the plate was linear. Thus, wave-induced
deformations can be represented by the amplitude value of the linear
sinusoidal curve peak. These deformations, in terms of non-
dimensional vibration amplitudes (point displacement amplitude
divided by its thickness), were measured over the plate, as presented in
Fig. 5(b). The present CFDþCSMmodel simulation results show good
agreement with both the experimental data from Ref. 46 and previous
numerical results from Ref. 26. This validation case demonstrates a lin-
ear response due to the small incident wave amplitude and the absence
of restraint. Although nonlinear validation cases are not presented

FIG. 4. Free surface elevations of incident focused wave groups at the focused location in the empty tank: [left panel (a)] for a peak wave period of 1.2 s and [right panel (b)]
for a peak wave period of 1.4 s.

TABLE I. Test conditions including wave periods, relative plate length to wavelength (kL), Young’s modulus, and dimensionless plate rigidity (b).

Case group No. Incident wave period Relative plate length to wavelength (kL) Young’s modulus (MPa) Dimensionless plate rigidity (b)

1

1.4 s 1.344

25 18
2 50 36
3 75 54
4 100 72
5 250 180
6

1.2 s 1.736

25 18
7 50 36
8 75 54
9 100 72
10 250 180
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here, Huang and Li26 successfully employed the CFDþCSM model
under more severe wave–structure interaction conditions, where nonli-
nearities were captured. This provides strong evidence that the model
can reliably simulate the nonlinear interactions explored in the follow-
ing research.

III. SPECTRAL DECOMPOSITION

A phase-decomposition method is introduced in this section to
separate the responses. An example case is used to demonstrate the
separation results.

A. Phase-decomposition method

The interaction under consideration involves the diffraction of a
unidirectional incident focused wave by a structure. According to the
classic Stokes perturbation expansion cited in Ref. 47, the hydrody-
namic load can be formulated as follows:

F ¼ Af11 cosuþ A2ð f20 þ f22 cos 2uÞ þ A3ð f31 cosuþ f33 cos 3uÞ
þ A4ð f42 cos 2uþ f44 cos 4uÞ þ OðA5Þ: (14)

In this formulation, wave loads are decomposed into a fundamental
component that aligns closely with the spectral peak frequency of the
incident waves, along with higher harmonics of this primary fre-
quency. These higher harmonics occur at frequencies close to integer
multiples of the fundamental frequency due to nonlinearity in both the
incident waves and the wave–structure interactions. The load is devel-
oped up to the fourth order in amplitude A, where the coefficients fmn

are wave-to-force transfer functions. The phase of the linear compo-
nent of the incident wave, represented as, u ¼ xut þ u0, includes a
prescribed phase shift u0. To simplify the force expression, the term
fmn cos nu represents ReðfmneinuþiwmnÞ, where wmn is the phase shift of
the force relative to incident wave at a given order and harmonic.

Notably, the terms multiplying the coefficients fmm denote the power
of the amplitude term is the same as the frequency harmonic, while
the terms multiplying coefficients such as fðmðm�2ÞÞ refer to the power
of the amplitude exceeds that of the frequency harmonic by 2.

To investigate the point displacement of the horizontal plate,
focusing on the center point, we consider the individual harmonics.
Each harmonic has a specific frequency, and the point displacement
follows the frequency domain governing equation of motion,

ð�x2ðM þ l0Þ � ixkþ KÞZ ¼ F: (15)

In this equation, x is the angular frequency of vibration, M is the
mass, and l0 is the added mass. The term k denotes the damping coef-
ficient, which is correlated with the displacement Z and can be
expressed as a function kðZÞ. The parameter K represents the buoy-
ancy stiffness, and F is the total external force, including wave radiation
and wave excitation forces.

Although the damping term k varies, it primarily affects the
amplitude rather than the frequency of phase terms. Thus, the dis-
placement response, even under varying damping, can be accurately
modeled using this perturbation expansion. This approach reflects the
complex interplay between the applied force and the resulting vibra-
tory motion of the plate. By applying the Stokes-type expansion to the
displacement, we obtain

Z ¼ Af11 cosuþ A2ðf20 þ f22 cos 2uÞ þ A3ðf31 cosuþ f33 cos 3uÞ
þ A4ðf42 cos 2uþ f44 cos 4uÞ þ OðA5Þ: (16)

Here, fmn are the displacement coefficients corresponding to the force
coefficients fmn. These coefficients represent the transfer functions
from the applied force to the resulting displacement, capturing both
the amplitude and phase of each harmonic component.

Building on the generalized Stokes-type harmonic series, Zang
et al.40 and Chen et al.48 successfully extracted higher force harmonics
in their interactions using a two-phase decomposition method.
Similarly, the displacement Z can be decomposed as follows:

ðZ0 þ Z180Þ
2

¼ Af11 cosuþ A3ðf33 cos 3uþ f31 cosuÞ þ OðA5Þ;
(17)

ðZ0 � Z180Þ
2

¼ A2ðf20 þ f22 cos 2uÞ
þ A4ðf44 cos 4uþ f42 cos 2uÞ þ OðA6Þ: (18)

This method, utilizing the point displacement under crest-focused
waves (Z0) and trough-focused waves (Z180), enables the separation of
odd and even harmonics.

B. Individual point displacement harmonic

The test case with a submerged horizontal plate having a dimen-
sionless plate rigidity, b ¼ 18, and a relative plate length, kL ¼ 1:344,
interacting with focused wave groups, with a peak wave period of 1.4 s
and a main crest amplitude of 0.05m, is used as an example for the
separation of individual point displacement harmonics.

Figure 6(a) shows the time histories of the center point displace-
ment of the plate interacting with crest- and trough-focused waves,
corresponding to Z0 and Z180 in Eq. (15). By utilizing the two-phase
method, the odd and even harmonics can be separated, as shown in

FIG. 5. [Top panel (a)] Convergence test results for the time step of displacement at
the point 0.1 m from the left edge of the plate in time histories. [Bottom panel (b)]
Normalized displacement amplitude along the plate length, comparing experimental
measurements with numerical simulations.
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the amplitude-frequency spectra in Fig. 6(b). This method ensures that
the first-order harmonics, for example, are not influenced by neighbor-
ing harmonics such as the zeroth-order and second-order harmonics.
The inherent overlapping between these harmonics is effectively
separated.

Using the inverse fast Fourier transform (IFFT) for each har-
monic in the frequency domain, individual point displacement har-
monics can be obtained in time histories, as shown in Fig. 7 from the
first to the fifth harmonics. In addition to the time–displacement
curves shown in Fig. 7, the envelopes are also presented to reflect the
correlations between the linear component and nth-order harmonics,
similar to those in Ref. 48 for wave forces. The envelope of the linear
component is directly obtained from the Hilbert transform of the lin-
ear time–displacement curve. The envelopes of nth-order harmonics
from the second-order onward are obtained by raising the fundamen-
tal envelope to the power of n and scaling by a least squares method to
match the maximum value of the nth-order time–displacement curve.
The estimated nth-order harmonic envelopes based on the linear enve-
lope in Fig. 7 well encapsulate the time–displacement curves, indicat-
ing that the displacement harmonics follow specific correlations
between linear and nth-order harmonics, similar to wave forces in Ref.
48 for this example case.

IV. NONLINEAR POINT DISPLACEMENT

The visualizations in Fig. 8 show the deformations of the two-
edge-clamped submerged horizontal plate with b ¼ 36 and kL
¼ 1:344 when the focused wave group in Fig. 4(b) interacts with it
during the numerical simulations. The displacement at the center
point is observed to be the largest deformation and can be used to cal-
culate the critical vertical stress in Secs. IVA–IVC. Therefore, in the
subsequent parts of this section, only the center point will be
discussed.

Using the phase-decomposition method, the time histories of the
center point displacement can be utilized to define the peak displace-
ment amplitude at each individual harmonic. This allows for the dis-
cussion of the significance of the nonlinear components. The influence
of two parameters, plate rigidity and relative plate length, are examined
and discussed.

A. Influence of plate rigidity

Five different dimensionless plate rigidities b are compared, as
shown in Fig. 9. All cases involve interactions with focused waves hav-
ing a wave period of 1.4 s and a main crest wave amplitude of 0.05m.

The time–frequency contour plots in Fig. 9 are obtained by wavelet
transform to show the magnitude of the center point displacement
over time and the ratio of frequency to the incident wave peak fre-
quency ( f =f0, where f =f0 ¼ n refers to the nth harmonic). In these
contour plots, the color bar changes from dark blue to green to dark
red as the magnitude increases from 0 to the peak value. The dark red

FIG. 6. [Left panel (a)] Time histories of center point displacement for crest- and trough-focused waves. [Right panel (b)] Displacement magnitude spectra showing separated
harmonic components using the two-phase method.

FIG. 7. Time histories of each individual displacement harmonic decomposed by
the two-phase method alongside its envelope for a plate with b ¼ 18 and
kL ¼ 1:344.
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areas always occur around the focused time at 10 s and at the linear
components (i.e., first-order harmonics).

As the value b increases from 18 in Fig. 9(a) to 54 in Fig. 9(c), the
higher-order harmonics become dark red, indicating a higher propor-
tion relative to the linear components. However, as the value of b con-
tinues to increase from 54 in Fig. 9(c) to 180 in Fig. 9(e), the colors at
higher-order harmonics turn back to light blue, indicating a decreased
proportion relative to the linear components.

Alongside the time–frequency contour plots, the time histories of
the center point displacement are also plotted as red curves. These
time–displacement curves also reflect the same changes in nonlinear
components. In Fig. 9(a), the time–displacement curves follow the
peak incident wave frequency, indicating that the linear components
dominate the displacement. As the value of b increases, the time–
displacement curves in Figs. 9(b) and 9(c) show significant higher-
frequency wiggles. In the larger plate rigidity cases in Figs. 9(d) and
9(e), these wiggles gradually become smaller.

It is also noted that these nonlinear higher-frequency wiggles
become more significant after the main crest of the curves. In the
time–frequency contour plot, the larger magnitude regions at higher
frequencies do not symmetrically distribute based on the incident
wave focus time at 10 s like linear component, but occur after 10 s.
This suggests that the linear components are mainly induced by the
external waves, while the relatively large higher-order harmonics may
also be influenced by other factors, such as structural resonance.

Using the two-phase decomposition method, the time–displace-
ment curves for each individual harmonic, along with their envelopes,
are obtained as shown in Fig. 10 for b ¼ 36 and 54, and in Fig. 11 for
b ¼ 72 and 180. For the linear components, which are mainly induced
by external waves, the wave-induced center point displacement
monotonously decreases with the increasing Young’s modulus, corre-
sponding to a more rigid plate.

For the nonlinear components (the higher harmonics), unlike the
case with b ¼ 18 in Sec. III B, the wiggles for some higher harmonics
are too broad for their approximated envelope, and the peak displace-
ment does not align well with the peak of the estimated envelope
obtained by raising the linear envelope to the corresponding nth
power. This mismatch is considered to be due to structural resonance
induced by the natural frequencies of the submerged plate. The signifi-
cant nonlinear magnitudes observed in Fig. 9 indicate that structural
resonance occurs at or around the natural frequencies.

The changes in the nonlinear proportion with varying plate rigid-
ities, as observed in Fig. 9, indicate that the case with b ¼ 18 has the
least influence from structural resonance. Consequently, the higher
harmonic time–displacement curves can be well encapsulated by the
envelopes estimated from the linear envelope, indicating similar corre-
lations between linear and higher harmonics as wave forces. In con-
trast, the other cases, affected by structural resonance, do not follow
these correlations. However, for some harmonics less affected by struc-
tural resonance, such as the second harmonics in Figs. 10(b), 11(a),

FIG. 8. Snapshots of the visualized numerical simulations of the deformation of a submerged horizontal plate with Young’s modulus of 50 MPa interacting with the focused
wave group in Fig. 4(b). The time t in these snapshots corresponds to the time point reflected in the time histories presented in Fig. 4(b).
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and 11(b), and the third harmonics in Fig. 11(b), which are mainly
induced by external wave loads, these correlations still hold well.

Additionally, from the observations in Figs. 10 and 11, it is evi-
dent that the influence of structural resonance covers not only a single
harmonic but also a wider range of frequencies. The occurrence fre-
quencies of structural resonance increase with the increase in b, which
theoretically corresponds to the fact that more rigid structures have
higher natural frequencies.

B. Influence of relative plate length

The time–frequency contour plots are shown in Fig. 12 for
dimensionless plate rigidity b of 36 and 54 with the relative plate
length to wavelength kL ¼ 1:344 and 1.736, and in Fig. 13 for b of 72
and 180 with the relative plate length to wavelength kL ¼ 1:344 and
1.736. The magnitude of the center point displacement in Figs. 12 and
13 is obtained over time and frequency using wavelet transform. This
allows for a direct comparison of the occurrence of each individual
harmonic for kL of 1.344 and 1.736 at specific frequencies. The linear
displacement harmonics when kL ¼ 1:736 and 1.344 can be observed
at frequencies of 0.83 and 0.71Hz, respectively. However, the higher-
order harmonics influenced by structural resonance at a specific plate
rigidity do not vary with kL. In Fig. 12, the cases with kL ¼ 1:344

show a larger nonlinear component proportion relative to linear com-
ponents (indicated by darker red around resonance frequencies).
Conversely, when the value of b increases to 72 and 180 in Fig. 13, the
cases with kL ¼ 1:736 show a larger nonlinear component proportion
relative to linear components.

The time–displacement curves in Fig. 14 for b of 54, Fig. 15 for b
of 72, and Fig. 16 for b of 180 when kL ¼ 1:344 and 1.736 are obtained
using the two-phase decomposition method. From the parallel com-
parisons with the same y-axis scale in each figure, linear displacement,
mainly induced by incident waves, shows negligible differences with
the same amplitude. However, higher-order harmonics, influenced not
only by the incident waves but also by resonance, exhibit more notice-
able differences. Figures 12 and 13 indicate that resonance frequencies,
which are due to natural frequencies, occur around a specific frequency
that does not vary with the incident waves. Consequently, the reso-
nance frequency when kL ¼ 1:736 is close to the second-order har-
monics, while it is closer to the third-order harmonics when
kL ¼ 1:344. This results in significantly larger third-order harmonic
displacement in Fig. 14(b). The mismatch between the second-order
harmonics and the second-order envelope is less pronounced than
that in Fig. 14(a). Similarly, the fourth-order and fifth-order harmonics
in Fig. 15 and the fifth-order harmonic in Fig. 16 also show signifi-
cantly larger displacements.

FIG. 9. Contour plots of center point displacement magnitude over frequency (where f0 is the peak incident wave frequency) and time for a plate with dimensionless plate rigid-
ity b of (a) 18, (b) 36, (c) 54, (d) 72, and (e) 180 interacting with waves having a peak wave period of 1.4 s.
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The reduction in the nonlinear component proportion at the res-
onance region in Fig. 13 is due to the influences of resonance in differ-
ent order harmonics. In all the cases when kL ¼ 1:736 and in some
cases when kL ¼ 1:344 but with smaller b value, the enhancement of
the higher-order harmonics amplified by resonance occurs around the
second- and third-order harmonics. However, with larger b value,
when kL ¼ 1:344, the resonance primarily influences the fourth- and
fifth-order harmonics. As the order of the harmonic increases, the dis-
placement induced by resonance decreases. Consequently, in the time–
frequency contour plots in Fig. 13, cases when kL ¼ 1:344 show
smaller values around the resonance region. This trend is more evident
in Fig. 15.

C. Proportion of individual nonlinear point
displacement harmonics

Even though the displacements due to structural resonance do
not always follow the same correlations as wave forces between linear
and higher harmonics, each individual displacement harmonic can be
cleanly separated in the time histories without interference from wig-
gles at other frequencies. This clean separation enables the precise
identification of the peak amplitude from the crest of each individual
harmonic time–displacement curve. To quantitatively assess the

significance of the nonlinear components, we calculate the ratio of the
nth-order harmonic to the linear component, referred to as the
nth-order ratio. These ratios are presented in Table II and visualized in
Fig. 17, showing the proportion of each individual displacement har-
monic relative to the linear component for varying plate rigidities and
relative plate lengths.

Regarding the influence of dimensionless plate rigidity (b) on the
significance of the nonlinear components, Table II indicates that the
second harmonic consistently exhibits a significant proportion across
all plate rigidities, with ratios exceeding 10% of the linear component
when the relative plate length kL is 1.344. For b ¼ 54, structural reso-
nance causes the third harmonic to achieve the largest single-
frequency nonlinear proportion, at 76.63% of the linear component.
As natural frequency increases, when b ¼ 180, the fourth-order har-
monic ratio reaches 21.64%.

Figure 17 compares the proportions of nth-order displacement
harmonics for two relative plate lengths. These results align with the
discussions in Sec. IVB. The discrepancies in proportions between dif-
ferent kL values are attributed to structural resonance. When b ¼ 72
and b ¼ 180, structural resonance occurs at higher-order harmonics,
where the influence of resonance diminishes as the harmonic order
increases. Consequently, the nonlinear proportions remain similar for
the two relative plate lengths. However, when b < 72, structural

FIG. 10. Time histories of each individual displacement harmonic decomposed by the two-phase method alongside its envelope for a plate with dimensionless plate rigidity b of
(a) 36 and (b) 54 interacting with waves having a peak wave period of 1.4 s.
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FIG. 11. Time histories of each individual displacement harmonic decomposed by the two-phase method alongside its envelope for a plate with dimensionless plate rigidity b of
(a) 72 and (b) 180 interacting with waves having a peak wave period of 1.4 s.

FIG. 12. Contour plots of center point displacement magnitude over frequency and time for a plate with dimensionless plate rigidity b of 36 when relative plate length kL of (a)
1.736 and (b) 1.344, and a plate with b of 54 when kL is of (c) 1.736 and (d) 1.344.
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FIG. 13. Contour plots of center point displacement magnitude over frequency and time for a plate with dimensionless plate rigidity b of 72 when relative plate length kL of (a)
1.736 and (b) 1.344, and a plate with b of 180 when kL is of (c) 1.736 and (d) 1.344.

FIG. 14. Time histories of each individual displacement harmonic decomposed by the two-phase method alongside its envelope for a plate with dimensionless plate rigidity b of
54 when relative plate length kL is of (a) 1.736 and (b) 1.344.
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resonance occurs at lower-order harmonics, significantly affecting the
nonlinear proportions. In this case, the differences in proportions due
to varying kL are more pronounced.

When kL ¼ 1:344, the third-, fourth-, and fifth-order ratios are
larger compared to those at kL ¼ 1:736. In contrast, only the second-
order ratio is larger for kL ¼ 1:736. This phenomenon occurs because
larger kL values result in structural resonance at lower-order harmon-
ics. For kL ¼ 1:736, structural resonance aligns closely with the second
harmonic, leading to a larger second-order ratio. Meanwhile, for
kL ¼ 1:344, resonance aligns with the third harmonic, resulting in
higher third-order ratios and beyond.

In summary, parameters such as plate rigidity and relative plate
length significantly influence structural resonance. Structural reso-
nance, in turn, plays a critical role in amplifying nonlinear harmonic
proportions, underscoring its importance in the dynamic behavior of
submerged plates.

V. CUMULATIVE FATIGUE PERSPECTIVE

Efforts have been made in Refs. 49 and 50 to analyze nonlinear
fatigue, but the study focused on rigid structures. As a result, nonlinear
fatigue influence was considered only in terms of stress amplitude,
overlooking the influence of cycle numbers at various frequencies.
There has been a lack of discussion on fatigue analysis for deformable
elastic structures, as pointed out in Refs. 51–53. This section will

connect the significant nonlinear responses of the plate, discussed pre-
viously, to nonlinear stress. It will also demonstrate how the phase-
decomposition method potentially contributes to nonlinear fatigue
analysis.

A. Relationship between displacement and stress

The phase decomposition method has been proven to cleanly
separate each individual point displacement harmonic. This section
will confirm the relationship between stress and the center point dis-
placement to highlight the contributions of nonlinear responses to
cumulative fatigue relevant to stress.

The approximation of the displacement of the center point of the
plate by a quadratic function is a simplification based on the typical
behavior of clamped plates under load.54 Given the boundary condi-
tions for a clamped plate and the assumption of a uniform load or sym-
metrical loading, the displacement xpðxpÞ along the length L of the
plate can be approximated near the center using a quadratic function,

xpðxp; tÞ ¼ xcenter
p ðtÞ 1� 2xp

L
� 1

� �2
 !

: (19)

This approximation satisfies the following conditions: maximum at
the center (xp xp ¼ L

2

� � ¼ xcenter
p ), zero slope at the center

FIG. 15. Time histories of each individual displacement harmonic decomposed by the two-phase method alongside its envelope for a plate with dimensionless plate rigidity b of
72 when relative plate length kL is of (a) 1.736 and (b) 1.344.
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(dxp

dxp
jxp¼L=2 ¼ 0), and zero displacement at clamped edges

(xpð0Þ ¼ xpðLÞ ¼ 0), making the approximation reasonable. In this
way, the second derivative at the center is

@2xp

@x2p
¼ xcenter

p ðtÞ � 8
L2

� �
: (20)

The bending momentMx at the center is

Mx ¼ �D
@2xp

@x2p
¼ 8Dxcenter

p ðtÞ
L2

: (21)

Here, D is the flexure rigidity of the plate, given by D ¼ Eh3
12ð1��2Þ, where

E denotes Young’s modulus, � refers to Poisson’s ratio, and h is the
plate thickness. The vertical stress dzz at the top and bottom surface of
the plate is given by

dzz ¼ Mx

Ip
�6 L

2
; (22)

where Ip denotes the moment of inertia per unit width, Ip ¼ h3
12.

SubstitutingMx and Ip and simplifying, we finally obtain

FIG. 16. Time histories of each individual displacement harmonic decomposed by the two-phase method alongside its envelope for a plate with dimensionless plate rigidity b of
180 when relative plate length kL is of (a) 1.736 and (b) 1.344.

TABLE II. Proportion of the nth-order displacement harmonic to linear component (nth-order ratio¼ nth-order harmonic peak value/first-order harmonic peak value) for various
plate rigidities and relative plate lengths.

Relative plate length (kL) 1.344 1.736

Dimensionless plate rigidity (b) 18 36 54 72 180 18 36 54 72 180

Second-order ratio 14.39% 22.61% 22.85% 25.85% 14.72% 25.78% 38.58% 32.75% 26.27% 15.09%
Third-order ratio 18.64% 49.46% 76.63% 52.85% 16.35% 8.52% 16.58% 32.71% 54.51% 16.52%
Fourth-order ratio 1.80% 4.88% 6.05% 3.58% 21.64% 1.16% 2.49% 3.66% 3.58% 21.67%
Fifth-order ratio 1.25% 3.37% 2.53% 1.68% 1.46% 0.37% 0.67% 1.00% 1.69% 1.48%
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dzz ¼ 6
4Ehxcenter

p ðtÞ
ð1� �2ÞL2 : (23)

In the final formula for dzz , xcenter
p ðtÞ is the only variable on the right-

hand side, indicating that the stress is directly proportional to
xcenter

p ðtÞ. Using Eq. (23), the vertical stress dzz for an example case
with a dimensionless plate rigidity b of 54 and a relative plate length
kL of 1.344 can be derived from the center point displacement. The
time histories of the vertical stress for the plate interacting with crest-
and trough-focused waves are shown in Fig. 18(a). The two-phase
method can be applied here as well, allowing the separation of odd and
even harmonics, as illustrated in the amplitude–frequency spectra in
Fig. 18(b). By applying the IFFT to each harmonic in the frequency
domain, the individual vertical stress harmonics can be obtained as
time histories, as shown in Fig. 19, which exhibit the same waveform
as the individual center point displacement harmonics in Fig. 10(b).

By capturing the peak amplitude from the crest of each individual
harmonic time–stress curve, the ratio of the nth-order vertical stress
harmonic to the linear vertical stress can be determined. This ratio
mirrors that of the center point displacement harmonics, with the
third harmonic reaching the largest nonlinear proportion, at 76.63% of
the linear component, due to structural resonance. The proportion of
each individual vertical stress harmonic corresponds to the same value
in Table II for the corresponding harmonics, as indicated by Eq. (23).

FIG. 17. Proportion of the nth-order displacement harmonic to linear component for
various plate rigidities and relative plate lengths.

FIG. 18. (a) Crest- and trough-focused vertical stress in time histories and (b) vertical stress magnitude spectra of separated harmonic groups by the two-phase method for a
plate with a dimensionless plate rigidity b of 54 and a relative plate length kL of 1.344.

FIG. 19. Time histories of each individual vertical stress harmonic decomposed by
the two-phase method alongside its envelope for a plate with a dimensionless plate
rigidity b of 54 and a relative plate length kL of 1.344.
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Thus, the direct proportionality between stress and center point dis-
placement demonstrates that nonlinear responses significantly contrib-
ute to fatigue. The clean separation of these stress-related responses
provides a novel and effective approach to cumulative fatigue
calculations.

B. Fatigue assessment methods

In fatigue analysis for design, resistance to fatigue damage is rep-
resented by an SN curve. The simplest, conservative form of this curve
is expressed as49

N ¼ as�m; (24)

where N is the number of cycles to failure at a constant stress range s,
and a andm are parameters of the SN curve. Fatigue damage, D, accu-
mulated over a period can be calculated using the Palmgren–Miner
linear cumulative damage rule

D ¼ 1
a

Xn
i¼1

smi ; (25)

where si is the range of the ith stress cycle, and n is the total number of
cycles during the certain period.

To calculate the accumulated fatigue damage, the spectral fatigue
damage assessment method assumes that wave-induced stress varia-
tions in specific sea states are a narrow-band Gaussian process, and the
peak values of the stress follow a Rayleigh distribution. Based on these
assumptions, the stress response spectral density function is obtained,
which is then used to calculate the cumulative fatigue damage in a
given sea state.

However, the assumptions of the spectral method are not suffi-
ciently accurate, especially for the elastic plate with significant nonlin-
ear responses induced by structural resonance, as highlighted in Sec.
IV, which has been shown to be directly proportional to stress in Sec.
IVA. In contrast to the spectral method, the time-domain analysis
method can assess structural fatigue damage through coupled dynamic
analysis and the rainflow counting method. This method uses a time
history of wave kinematics generated from a specific wave spectrum,
applying hydrodynamic loads to the structural model while accounting
for nonlinear effects. Once the stress history is obtained, the rainflow
counting method is used to count the number of cycles corresponding
to each stress range. With the known occurrence probability of a spe-
cific sea state, the fatigue damage caused by that sea state can be calcu-
lated using the Palmgren–Miner Rule. However, time-domain analysis
has disadvantages, including a complicated calculation procedure and
extensive computational time.

This study demonstrates that stress derived from the center point
displacement can be decomposed into a fundamental harmonic that
closely aligns with the spectral peak frequency of the incident waves,
alongside higher-order harmonics that occur at integer multiples of
the fundamental frequency. These higher harmonics result from nonli-
nearities in wave–structure interactions and structural resonance. By
employing the phase-decomposition method, each individual har-
monic of displacement is cleanly separated, enabling accurate stress
calculations for each frequency. These stresses, considered determinis-
tic periodic values, facilitate the estimation of total occurrences and
separated damages at each frequency over a given time duration,

providing a more realistic prediction of cumulative fatigue damage
under specific sea states.

Figure 20 compares the stress cycle numbers estimated by the tra-
ditional spectral method and the phase-decomposition method for the
example case in Sec. IVA. The traditional spectral method, based on
Rayleigh distribution,55 predicts the probability density of stress ampli-
tudes Sa as follows:

pðSaÞ ¼ Sa
M0

exp � S2a
2M0

� �
; (26)

where M0 is the zeroth moment of the power spectral density, calcu-
lated as

M0 ¼
ð1
0
Sð f Þdf : (27)

In this research, the power spectral density is based on the
JONSWAP spectrum used in OpenFOAM,

Sðf Þ ¼ aH2
s f

4
0 f

�5cb exp � 5
4

f0
f

� �4
 !

; (28)

where f0 is the peak frequency of the incident wave group, the scaling
parameter, a ¼ 0:0624

0:230þ0:0336c� 0:185
1:9þc

, the shape parameter, b

¼ exp � ðf�f0Þ2
2r2 f 20

� 	
, the spectral width, r ¼ 0:07 when f < f0 and r

¼ 0:09 when f � f0, and the enhancement factor, c ¼ 3:3. Using this
spectrum, the number of stress cycles during a total exposure time
Ttotal is given by

NðSaÞ ¼ pðSaÞ � Ttotal � f0: (29)

In contrast, the phase-decomposition method derives individual
stress harmonics at specific frequencies, as shown in Fig. 19. Using the
peak value of each harmonic as the deterministic stress amplitude, the
number of stress cycles for the nth harmonic is calculated as

N ¼ Ttotal � nf0: (30)

This study considers harmonics up to the fifth order, though the
phase-decomposition method can extend to higher orders, as shown
in Ref. 56. Figure 20 illustrates the stress cycle numbers for the first to
fifth-order harmonics, showing general agreement with the stress
amplitude range predicted by the spectral method. However, the spec-
tral method predicts stress based solely on wave characteristics,

FIG. 20. Comparison of stress cycle numbers estimated using the spectral method
and the phase-decomposition method.
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ignoring complex wave–structure interactions and structural reso-
nance. In contrast, the results separated by the phase-decomposition
method are directly simulated by the fully nonlinear CFDþCSM
model, demonstrating that stress cycles are scattered rather than con-
stant spectral values.

The phase-decomposition method enables efficient and realistic
calculations of stress cycles at specific frequencies, considering wave–
structure interactions and resonance. Furthermore, Fig. 20 emphasizes
the significant contribution of third-order harmonics in structural
fatigue, which exhibit substantial stress amplitudes and tripled cycle
numbers compared to the linear component. This underscores the
necessity of fully nonlinear models for accurately evaluating the
responses of elastic structures.

In this research, irregular waves in a focused wave format are
investigated. This method can also be applied to random irregular
waves over the long term57 and to different wave spreading condi-
tions,58 which are considered similarly applicable for long-term and
real-sea-state responses. In this way, cumulative fatigue calculations
can widely utilize this method for a certain sea state.

VI. CONCLUSIONS

This paper employs the CFDþCSM model to investigate the
nonlinear hydroelastic responses of a submerged horizontal plate
under focused wave conditions, which is a topic not previously
addressed in the literature. The phase-decomposition method is suc-
cessfully utilized to cleanly separate the individual harmonics of the
nonlinear displacement at the center point of the plate. By demonstrat-
ing that stress is directly proportional to the center point displacement,
a cumulative fatigue damage analysis is discussed. The following key
findings are derived from this study:

• The interaction of focused waves with submerged horizontal
plates of varying plate rigidities reveals that higher-order har-
monics are significantly influenced by structural resonance. The
proportion of these harmonics changes with increasing rigidity,
initially increasing and then decreasing for larger b value. The
clean separation of individual harmonics highlights the complex
interplay between wave-induced displacements and structural
properties.

• The time–frequency contour plots and time–displacement curves
illustrate how different plate rigidities influence the interaction of
focused waves with submerged horizontal plates. Higher-order
harmonics are significantly affected by structural resonance, with
the extent of this influence varying based on plate rigidity and
relative length. As plate rigidity increases, the prominence of
higher-order harmonics shifts, with resonance effects more pro-
nounced at specific frequencies.

• Traditional fatigue assessment methods, such as the spectral and
time-domain analysis methods, have limitations. The spectral
method assumes narrow-band Gaussian processes and Rayleigh-
distributed stress peaks, which is inadequate for elastic plates
with significant nonlinear responses from structural resonance.
The time-domain method, while accurate, is complex and com-
putationally intensive. This research uses a phase-decomposition
method that cleanly separates each displacement harmonic and
accurately derives stress at specific frequencies. By treating these
stresses as deterministic periodic values, this approach potentially
allows for the quick and accurate determination of stress ranges

and cycle counts in various sea states, improving cumulative
fatigue damage assessments for marine industries.

While this study provides valuable insights into the nonlinear
responses and fatigue assessments of submerged horizontal plates, lim-
itations should be noted. This research aims to investigate the interac-
tions under focused wave conditions, and long-term random waves
are not considered in this study. While new methods have been pro-
posed using the phase-decomposition method, no practical long-term
wave regime case studies have been discussed at this stage.
Additionally, the assumption of linear material properties (represented
by dimensionless plate rigidity b) for the plate may not fully capture
the behavior of more complex, nonlinear materials used in real-world
applications. Future work should focus on extending the methodology
to account for these factors, as well as validating the findings against
experimental data.
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