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Abstract

Proliferation of low-cost, lightweight, and power efficient sensors and advances in
networked systems enable the employment of multiple sensors. Distributed esti-
mation provides a scalable and fault-robust fusion framework with a peer-to-peer
communication architecture. This thesis investigates the problem of distributed
target(s) tracking over a low-cost sensor network and proposes several efficient and
reliable algorithms to address the aforementioned problem.

The primary issue of using low-cost sensors in distributed target tracking is how
to balance between communication cost and convergence performance. To over-
come this difficulty, we develop a new sample greedy gossip distributed Kalman
filter for distributed single-target tracking over a low-cost sensor network. The pro-
posed algorithm leverages the information weighted fusion concept and a new sample
greedy gossip process. Instead of finding the optimal path of each node in a greedy
manner, the proposed approach utilises a suboptimal communication path by per-
forming greedy selection among randomly selected active sensor nodes. Theoretical
convergence analysis and uniform boundedness are also performed to support the
proposed algorithm. The main feature of the new algorithm is that it provides fast
convergence rate with relatively low communication overload.

In distributed multi-target tracking, each sensor node runs a local multi-target track-
ing filter for multi-target state and identity estimation. The issue of current multi-
target tracking algorithms is that they usually suffer from exponential complexity
and require prior knowledge on the environment, e.g., target detection probability
and clutter rate. This hinders the application of low-cost sensors in multi-target
tracking as these sensors usually have limited computational capability and offline
calibration is also not cost-effective. To address these sensor-related practical is-
sues, we propose a polynomial-time joint probabilistic data association filter using
stochastic Gibbs sampling technique and incorporate it with a multi-Bernoulli filter
to accommodate the unknown environmental parameters. It is theoretically proved
that the proposed solution provides a performance-guaranteed approximation and
is demonstrated to show promising performance in a dynamic environment.

We then consider the problem of accurate Gaussian mixture approximation for im-
plementing joint probabilistic data association filter when targets are moving closely
and propose a novel information-driven approach to tackle this problem. The pro-
posed information-driven joint probabilistic data association algorithm is obtained
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from the minimisation of a weighted Kullback-Leibler divergence to approximate
the posterior Gaussian mixture probability density function. The resulting approx-
imation approach turns out to show similar structure as the generalised covariance
intersection in sensor fusion. Theoretical analysis reveals that the proposed approach
with ideal detection probability guarantees boundedness of the error covariance and
yields unbiased estimation.

Different from single-target tracking, local multi-target estimations contain data as-
sociation uncertainty and therefore this issue requires careful adjustment in sensor
fusion. Through an equivalent information form, we extend conventional fusion
strategies, i.e., consensus on measurement and consensus on information, to multi-
target tracking scenarios using joint probabilistic data association filter. This means
that data association uncertainty and sensor fusion problems are solved simultane-
ously. Motivated by the complementary characteristics of these two different fusion
approaches, a novel distributed multi-target tracking algorithm using a hybrid fusion
strategy, e.g., a mix between consensus on measurement and consensus on informa-
tion, is proposed. A distributed counting algorithm is incorporated into the tracker
to provide the knowledge of the total number of sensor nodes. The new algorithm
developed shows advantages in preserving boundedness of local estimates, guaran-
teeing global convergence to the optimal centralised version and being implemented
without requiring global information, compared with other fusion approaches.

To support the implementation of distributed multi-target tracking, we finally in-
vestigate the problem of practical implementation of multi-dimensional assignment.
To address this problem, we propose two efficient implementation algorithms us-
ing Tabu search and Gibbs sampling. As the first step, we formulate the problem
of generating the best global hypothesis in multi-dimensional assignment as the
problem of finding a maximum weighted independent set of a weighted undirected
graph. Then, the meta-heuristic Tabu search with two basic movements is designed
to find the global optimal solution of the problem formulated. To improve the
computational efficiency, we also develop a sampling based algorithm using Gibbs
sampling. The problem formulated for the Tabu search based algorithm is refor-
mulated as a max product problem to enable implementation of Gibbs sampling.
The detailed algorithm is then designed and the convergence is also theoretically
analysed. The performance of the two algorithms proposed are verified through nu-
merical simulations and compared with that of a mainstream Lagrangian relaxation
implementation algorithm.
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Chapter 1

Introduction

1.1 Background and Motivation

There has been an ever-increasing interest in utilising wireless sensor networks for
target(s) tracking or estimation in recent decades, driven by its versatility and di-
verse range of recent applications, including environmental monitoring [4], habitat
monitoring [5], airborne target tracking [6], space situation awareness [7], spacecraft
navigation [8], etc. The availability of low-cost sensors has enabled the employment
of multiple sensor nodes to cooperatively perform large-scale sensing tasks, which
are otherwise difficult to accomplish by individually operating these sensing devices.
The challenge of operating low-cost sensors, e.g., visual camera, infrared /laser range
finder, acoustic sensor, etc, is that they are likely to contain some degree of uncer-
tainties and usually have limited spatial coverage, communication and computation
capabilities. Combined with the inherent uncertainties and complexity of the prob-
lem, the poor performance issue with these sensors could be significantly exacerbated

in target tracking, especially in multi-target tracking (MTT).

It is known that leveraging proper fusion algorithms over the sensor network could
synergistically merge the redundant information and effectively complement the de-
ficiencies of each sensor node, hence providing the possibility to improve the tracking
and perception performance. Multi-sensor information fusion in wireless sensor net-
works generally refers to the process of combining sensory data, e.g., range, bearing
angle, time of arrival, etc, from several local sensor nodes, such that the resulting
perception is in some sense better than when these sensors are used individually for

sensing. For example, when operating an autonomous vehicle, see Fig. 1.1 (a) for
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example, in an uncertain or unknown dynamic environment, it is necessary to fuse
the data from a variety of different sensors, e.g., camera, range finder, so that an
accurate estimation of the landmarks and obstacles can be obtained to assist safe
and reliable navigation [9]. In situation awareness, the swarm of heterogeneous au-
tonomous robots, capable of communicating with each other, are usually leveraged
to cooperatively localise and track targets of interest in an attempt to improve the

perception performance, see Fig. 1.1 (b)! for example.

Surround View displayed in
infotainment system

Blind Spot Detection
radar with visual

Front Radar for adaptive
cruise control and
distance warning

A e gFol
mvmow .
SENSOR Nl

/ /m '\/f\\«( 1))
T ¥ 3

«»
‘%7—“ ‘e

ON-TARGET
SENSOR

Driver Monitoring with

Front Camera with visual

or haptic warning acoustic or haptic

WartifiE Scenario definition h D <chsor
(a) (b)

Figure 1.1: Examples of recent applications of low-cost sensor networks in dis-
tributed estimation. (a) An autonomous vehicle utilises multi-sensor fusion for
navigation. (b) A swarm of heterogeneous autonomous robots cooperatively track
targets of interest.

Generally, multi-sensor information fusion can be categorised into three architec-
tures: centralised, decentralised and distributed [10, 11, 12, 13]. Examples of differ-
ent fusion architectures are shown in Fig. 1.2. In the centralised fusion architecture,
all sensors broadcast their local measurements to a fusion centre via single-hop or
multi-hop communications. The fusion centre simultaneously processes the mea-
surements provided by all sensors to update the estimate. Unlike centralised fusion,
the decentralised architecture utilises several fusion centres, capable of communi-
cating with their neighbours, as backups in data integration, thus showing less
vulnerable against system failure. The sensors are allocated to these fusion cen-
tres either statically or dynamically depending on the application scenarios [14].
Although multi-sensor fusion through a fusion centre is ideally Bayesian optimal
in terms of tracking performance, this architecture normally requires very reliable
sensors, which are generally very expensive, and is not scalable. Furthermore, the
fusion centre cannot effectively communicate with all sensors for large-scale sensor

networks because of physical constraints, e.g., communication delay, limiting com-

!This application scenario is taken from our previous project EuroSwarm. Detailed descrip-
tions of this project can be found at: https://www.cranfield.ac.uk/research-projects/euroswarm-
developing-technology-for-uav.



Introduction 3

munication bandwidth. Each sensor node in the distributed architecture performs
fusion using the information only obtained from locally connected neighbours. This
could provide enhanced built-in redundancy, which can improve robustness against
sensor failure, compared with the other two types of architectures. The distributed
fusion architecture can also lower the processing load and communication burden
since data is not required to be transmitted to the processing centre and is fused
in a distributed way over multiple local nodes. Unlike centralised architecture, the
distributed fusion only requires the network to be partially connected and therefore

N \/ \?/'<
R KK A

. Local sensor node Fusion centre

Figure 1.2: Examples of different multi-sensor fusion architectures. The circle de-
notes the local sensor node and the solid lines refer to the communication between
one local sensor and the fusion centre or two sensors. (a) Centralised fusion archi-
tecture: all sensor nodes are connected the fusion centre. (b) Decentralised fusion
architecture: sensor nodes are allocated to several fusion centres either statically or
dynamically. (c) Distributed fusion architecture: sensor nodes only communicate
with their neighbours in a peer-to-peer fashion.

Distributed target(s) tracking is usually composed of two stages: (1) local target(s)
tracking; and (2) distributed fusion. Each sensor node runs a proper local target(s)
tracking algorithm to estimate the state of target(s) from its own noisy measure-
ments. The locally-connected sensor nodes cooperatively communicate with each
other by broadcasting their local estimates. Each sensor node then has the possibil-
ity of producing higher quality of target(s) estimations by fusing available informa-

tion from its neighbours through a proper fusion strategy.

1.2 Aim and Objectives

This thesis focuses on distributed target tracking over a low-cost sensor network.

As will be discussed in details in Chapter 2, there exist some research challenges
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and gaps which need to be addressed. The aim of the thesis is to advance the state-
of-the-art distributed target tracking algorithms over a low-cost sensor network by
resolving some of the key research challenges and gaps. The main research challenges

and gaps to be addressed can be classified into the following four categories:

e Communication issue;
e Data association issue;
e Practical implementation issue;

e Distributed fusion issue.

Responding to the aim to deliver, the following objectives are defined:

¢ Reducing the communication overload in distributed fusion: It is
known that iterative communication is usually required to improve the esti-
mation performance in distributed fusion. However, low-cost sensors usually
have limited communication ability due to their physical constraints and there-
fore reducing the communication burden of each local sensor node with limited
tracking performance loss is the primary foundation of applying low-cost sen-

sors in distributed estimation.

¢ Reducing the time complexity of data association in MTT: Data as-
sociation is widely-accepted technique in finding the origins of measurements
and local estimates in distributed MTT. However, the Bayesian optimal solu-
tions of typical probabilistic data association problems suffer from exponential
complexity and different approximations, depending on the type of data as-
sociation, are required for practical implementation. For this reason, it is of
paramount importance to suggest a unified approach to reduce the time com-
plexity of distributed MTT to enable practical application of low-cost sensors

in a cooperative estimation mission.

e Relaxing the assumption on the full knowledge of environment-
dependent parameters in MTT: The implementation of typical MTT algo-
rithms require the information on target detection probability and clutter rate.
However, these two parameters actually depend on the mission scenarios and
are not cost-effective to be offline calibrated for low-cost sensors. It is, there-
fore, meaningful to develop practical MTT algorithms that can accommodate

this practical issue.
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e Addressing the issue related to closely-spaced targets in MTT: For
some scenarios where targets move closely, the tracking performance of typical
MTT algorithms will degrade due to the nature of approximation made by soft
decisions in data association. Therefore, developing efficient MTT algorithms
that can mitigate this target-related issue will bring significant benefits for

MTT in a complex scenario.

e Considering data association uncertainty in distributed MTT: It is
known that local MTT estimates usually contain data association uncertainty,
which is resulted from the unknown mappings between targets and measure-
ments. This issue becomes more severe for low-cost sensors as these devices
are usually subject to low target detection probability and high clutter rate.
For this reason, how to properly adjust this uncertainty when fusing local

estimates is an important issue for distributed MTT.

1.3 Contributions

This thesis investigates the problem of distributed target tracking over a low-cost
sensor network. The key contribution of the thesis is that we address the main
research challenges and gaps discussed in Chapter 2 by developing efficient and

reliable algorithms. The detailed contributions are summarised as below:

e Sample greedy gossip distributed Kalman filter (SGG-DKF): An al-
gorithm for distributed single-target tracking (STT) over a low-cost sensor
network is proposed. The promising feature of the proposed SGG-DKF algo-
rithm lies in that it provides great flexibility and balance the communication
cost and tracking performance: it provides a relatively fast convergence speed,
compared to randomised gossip (RG), with low communication burden, com-
pared to greedy gossip (GG). Another advantage of this new algorithm is that
it guarantees local consistency and asymptotic convergence to the Bayesian
optimal centralised Kalman filter (CKF).

e Developing a unified data association approach for distributed MTT:
We propose a unified sampling-based approach for implementing data asso-
ciation in both local MTT phase, i.e., marginalisation in joint probabilistic
data association (JPDA), and multi-sensor fusion stage, i.e., multi-dimensional

assignment (MDA) in track-to-track association. Specifically, the stochastic
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Gibbs sampling is leveraged to generate enough samples of association hypoth-
esis and then the data association problem can be solved by accountable ap-
proximations. This new algorithm provides polynomial-time and performance-
guaranteed solutions of the original NP-hard data association problem and this

enables the employment of low-cost sensors in distributed MTT.

e Implementation of JPDA without environmental parameters: We
propose a practical implementation algorithm for JPDA without full knowl-
edge of detection probability and clutter rate. The proposed algorithm is
derived by integrating a sampling-based JPDA filter and a multi-Bernoulli
filter. This new algorithm utilises a closed feedback loop structure based on
the property of the posterior of the JPDA estimations and is demonstrated to
has comparable performance with ideal JPDA that is assumed to have perfect

knowledge of detection probability and clutter rate.

e Information-theoretic joint probabilistic data association: A new vari-
ant of JPDA algorithm for local MTT is proposed to improve the performance
of original JPDA when targets are moving closely. The proposed approach
leverages a weighted inverse Kullback-Leibler divergence (KLD) to approxi-
mate the posterior Gaussian mixture probability density function (PDF). This
provides stable and unbiased estimation that alleviates the multi-modal issue

while providing a certain level of robustness against clutters.

e Distributed joint probabilistic data association with hybrid fusion:
We propose a fully distributed MTT algorithm that automatically considers
data association uncertainty in the fusion process. The new algorithm devel-
oped shows advantages in preserving boundedness of local estimates, guar-
anteeing global convergence to the optimal centralised version and being im-
plemented without requiring global information, compared with other fusion

approaches.

1.4 Organisation

The rest of thesis is organised as follows. In Chapter 2, we provide a comprehensive
review of state-of-the-art solutions for distributed estimation over a low-cost sensor
network. In Chapter 3, a distributed STT algorithm, termed as SGG-DKF, is

proposed and its convergence performance is theoretically analysed. In Chapter 4,
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we introduce the proposed sampling-based JPDA and multi-Bernoulli JPDA (MB-
JPDA) for efficient and performance-guaranteed implementation of JPDA under a
dynamic environment. In Chapter 5, an information-theoretic JPDA is proposed
for local MTT when targets are moving closely. In Chapter 6, we develop a fully
distributed algorithm for MTT over a large-scale sensor network, consisting of low-
cost sensors. In Chapter 7, the problem of practical implementation of MDA with
performance-guaranteed approximation is addressed by both heuristic and stochastic
sampling approaches. Chapter 8 offers conclusions reached in the thesis and provides
several potential directions for future work. The relationships and links between

chapters are summarised in Fig. 1.3.
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Figure 1.3: Relationships and links between chapters.
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Chapter 2

Literature Review

2.1 Introduction

The problem of distributed estimation over a sensor network has been approached
by numerous contributions proposed in the past years. The state-of-the-arts are
broad and rich, but quite fragmented. Each approach has its own performance
advantages and disadvantages depending on the application scenarios. This chapter
is an endeavour to review the state-of-the-art solutions of distributed estimation
over a low-cost sensor network. For better readability, the review presented in this
chapter is split into two parts: (1) distributed STT; and (2) distributed MTT.

2.2 Distributed Single Target Tracking

Distributed STT aims to find the trajectory of a target of interest by using a partially
connected sensor network, i.e., a local sensor node can only receive the information
from its connected nodes. In STT, it is generally assumed that each sensor node
has a unity probability of target detection with zero false alarm rate to simplify the
design and analysis. A general distributed STT algorithm usually consists of two
components: (1) local Kalman filter or its related algorithms, e.g., extended Kalman
filter (EKF), unscented Kalman filter (UKF); and (2) distributed fusion strategy.
As local Kalman filter is a well-known and widely-used technique in estimating the
current state of a target, this subsection only focuses on the review of distributed

fusion strategy.
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An optimal fusion strategy and benchmark for performance evaluation of distributed
state estimation algorithms is the CKF', which processes all sensors’ measurements
simultaneously through a fusion centre. It is known that the information form of
Kalman filter is a suitable formula to address multi-sensor data fusion problem in
a distributed manner. This information-form variant is functionally identical to
the original Kalman filter, but has computational advantages for high-dimensional
data. Based on the property of estimators with information form, incorporating
additional information from other sensors could be achieved by summation of the
corresponding information terms. This implies that the update procedure of the

Bayesian optimal CKF for a network with N sensors can be formulated as [12]

N
PixXus = Poi_xue1 + > HE Ry 1z
i—1
N (2.1)
-1 -1 T p—1
P =Prpa + Z H, R, Hg;
=1

where Xp,_1 (respectively, xj;) denotes the prediction (respectively, update) of
target state at time instant & and Py (respectively, Py;) is the corresponding
error dynamics. The vector z;; represents the measurement obtained from the ith
sensor. The matrices Hy ; and Ry, ;, respectively, stand for the measurement matrix

and the covariance of measurement noise of the 7th sensor.

It is clear that centralised estimation (2.1) requires full information of all sensors.
Considering the fact that each sensor usually can only communicate with its neigh-
bours due to communication limit, CKF is generally not applicable in practical
low-cost sensor networks. However, the Bayesian optimal centralised solution will
be utilised as a benchmark for the performance comparison and evaluation of the

distributed STT fusion algorithms discussed in the following subsections.

As there is no processing centre in the distributed fusion architecture, the funda-
mental problem naturally arises: how to effectively perform information fusion using
only neighbours’ information? Depending on how the local sensor nodes commu-
nicate with their neighbours, three representative distributed fusion strategies have
been proposed in the existing literature: consensus protocol, gossip process and
diffusion strategy. More specifically, consensus-based fusion rule utilises the control-
theoretic consensus algorithm to achieve agreement on local estimates among the
sensor nodes; gossip process also achieves consensus on local information, but in a

randomised or deterministic way; diffusion strategy aims to provide a convex com-
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bination of local information to improve the estimation accuracy. Based on these
facts, the reviews and discussions of distributed STT estimation algorithms will be

carried out by considering these three different fusion strategies.

Consensus-Based Algorithms

With the development of network theory, the control-theoretic consensus algorithm
[15, 16, 17, 18] was found to be a powerful tool in designing distributed estimation
filters that guarantee global convergence. This can be attributed to the fact that
this algorithm enables performing network-wide computation tasks, such as averag-
ing of quantities and functions. Olfati-Saber [19] suggested a distributed algorithm,
termed as Kalman consensus filter (KCF'), by performing average consensus on local
estimates. This work seems to be the pioneer work in the domain of globally dis-
tributed estimation over a sensor network. The stability and performance bounds
of KCF were theoretically analysed later in [20]. The fused estimate at the Ith

consensus iteration step provided by the ith sensor is given as

Xk|kz Z T ka‘k] (2.2)
JEN;

where N; denotes the connected local neighbours of sensor ¢; the consensus gain
Tk4; > 0is normally chosen based on the degree of the network graph [21]. Maximum-
degree weights and metropolis weights are two widely-used suboptimal consensus
gains to achieve average consensus [22]. For simplicity, we will use the operator
U (), instead of the weighted summation form (2.2) as the average consensus pro-

tocol in the following discussions.

The limitation of KCF lies in that it weights all local neighbours’ prior states equally
and thus the performance degrades drastically when some sensors cannot detect the
target due to limited field-of-view. The limited sensing range, together with sparse
communication network topologies, will have a profound effect on the transient be-
haviour of KCF and even result in divergent estimation. To mitigate this issue, the
authors of [23] proposed a generalised KCF (GKCF) via weighting neighbours’ prior
states by their corresponding prior covariance matrices. Although GKCF outper-
forms KCF in terms of estimation accuracy, it cannot guarantee global optimality,

e., its accuracy does not converge to that of the centralised filter (2.1) even with
infinite number of consensus iterations. The reason is that GKCF never utilises the

useful local posterior covariance information in sensor fusion. Mainly due to this
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fact, both KCF and GKCF are suboptimal.

In order to guarantee global convergence to the centralised estimation, Olfati-Saber
[24] utilised the concept of consensus on measurement (CM) in Kalman filter (CMKF).
The idea of CMKF is to compute the information terms ZZ]\LI H;‘flR,;iz;“ and
Z@'JL HfleiH;” in a distributed manner through average consensus to match with
the CKF. By exchanging the local information vector HZZR,;%Z;“ and information
matrix H{lR,;}H;”, the update rule of CMKF is given by

1 _ p-1 ‘ T p-1,
Pk|k,z‘xk|k7i = Pk|k—1,ixk|k—1,z + NW (Hk,ij,jZk‘J)

Pfl

_ B , (2.3)
klki — Pk|i—1,i + NV (Hz,ijéHk,j) , JEN;

The advantage of CMKF is that it is asymptotically optimal at each time instant
provided that the priors are converged. However, since only finite number of con-
sensus iterations is tractable in practice, convergence will not be fully achieved.
Therefore, all local estimates are auto-correlated during the fusion phase and thus
CMKF suffers from the well-known auto-correlation problem. As CMKF never ex-
ploits the prior information in fusion, it constrains the posterior estimates as the
prior estimates if the sensor and its neighbours cannot detect the target within al-
lowable number of consensus iterations due to limited field-of-view. Also note from
Eq. (2.3) that CMKF weights the local prior estimate using its own prior covari-
ance matrix, which means it cannot preserve the consistency of local estimates since
the observability condition of local sensor can only be ensured with enough num-
ber of iterations. Apparently, this issue becomes more severe for sparse networks.
Therefore, the performance of CMKF with small number of consensus iterations will
degrade significantly. To solve the associated problems of CMKF, the authors of
[25, 26] presented a distributed consensus on information (CI) Kalman filter (CIKF)
based on the concept of generalised CI [27] as

Plai,ixklkﬂ' =V <Plz|ifl,jxk|k*1’j + Hg,le;j‘sz) (2.4)

Pfl

1 T -1 .
klki — v <Pk|k—1,j + Hk,ij:,ij,j) . JEN;

The CIKF was proven to generate unbiased local estimates and to be equivalent to
perform consensus on the Kullback-Leibler average of local PDFs in [28]. Due to the
nature of the CI fusion rule, Cl-based distributed estimators ensure the consistency
of local estimate and hence generally shows better performance than CMKF when
the number of consensus iterations is limited. But, unfortunately, CIKF is not

globally optimal as it underweights the information related terms ZZN:1 H{ZR,;}Z;“
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and Zf\il HgZRﬁH,ﬂ This will generate the so-called local redundancy issue.
Although Ellipsoid CI [29] and inverse CI [30] have great potentials to reduce the
conservativeness of CI, these two fusion rules currently can only be implemented in

a sequential way for multiple sensors.

Comparing CMKF and CIKF, we can observe that these two algorithms have com-
plementary properties: CMKF is asymptotically optimal but its performance de-
grades significantly when the number of consensus iterations is small; CIKF is
beneficial for ensuring the consistency of fused estimates but cannot recover the
performance of centralised estimator. Motivated by these observations, the authors
of [31, 32| proposed a new distributed estimation algorithm, termed as information

consensus filter (ICF). The fusion rule of this filter is given by

_ 1. )
Pk|}c,ixk|kvi =NV (NPkl}c—l,ijlk—l,j + H;}F,ij,}Zk,j)
1 (2.5)
Pl =NU (NPki_Lj + H{JR,%;.H,{J) L JEN,

The ICF algorithm is able to converge asymptotically to the centralised filter (2.1).
However, it requires some global information, e.g., degree of the sensor network and
network size, in implementation. To partially relax this assumption, Yao et al. [33]
suggested an average ICF (AICF), which, however, essentially coincides with the
original CIKF [25, 26]. A generalised consensus fusion framework that encompasses
CMKF, CIKF and ICF was presented in [34] via a parallel CM and CI (P-CMCI)

as

-1 _ -1 A , T -1,
Pk“k,ixklkvi =v (Pk|k—1,jxk|k—lu) + w,; ¥ (Hk,ij,jzk,J)

(2.6)
Piki = (Pyh 1) +wn® (HLRHL,), jEN;

where the normalisation factor wy; > 0 is a design parameter to tune the filter
performance. Similar to ICF, P-CMCI handles the redundancy of the priors and
thus has possibility of global convergence to the centralised solution by setting the
normalisation factor as the network size, i.e., wi; = N, but requires double commu-
nication cost due to the inherent parallel consensus process. The main promising
feature of P-CMCI filter is that it has been proved to be able to guarantee stability
for any choice of the normalisation weights wy; and for any number of consensus

steps.
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Gossip-Based Algorithms

Instead of average consensus, Ma et al. [35] developed a gossip DKF (GDKF) by
performing RG process to local state estimate. At every round of gossip iteration,
each sensor using GDKF randomly selects a locally-connected neighbour node and
performs averaging on these two local state estimations. The main positive feature
of GDKF is that it has relatively low communication burden since each sensor only
needs to communicate with one connected sensor node during one gossip iteration.
Compared to GDKF, a sensor node running KCF receives information from all its
locally-connected neighbours and hence generates better estimation performance in
terms of accuracy at the price of high communication cost. Notice that both KCF
and GKCF only utilise local state estimates in the fusion process. This means
that GDKEF also cannot recover the performance of centralised estimation even with
infinite number of gossip iterations. Another benefit of utilising gossip process in dis-
tributed estimation is that gossip-based algorithms are applicable to asynchronous
fusion. However, gossip-based estimators under asynchronous condition show much

slower convergence speed than the synchronous mode [36].

Another gossip-based DKF, termed as as gossip interactive Kalman filter (GIKF),
was developed in [37]. The fundamental difference between GIKF and other DKF's
is that GIKF runs the consensus and observation updates at the same time scale. At
a random time instant, a local sensor node i randomly selects a neighbour 7 € N to
swap their prior estimates and the corresponding error covariances for measurement

update as

Xl = Xpji—17 + Kii (2 — HeiXgpe-17)

(2.7)
Pk\k,i = Pk\k—l,i - Kk,in,iPmk—l,i

which guarantees probabilistically global convergence. Li et al. [38] developed a
modified GIKF (M-GIKF) to improve the performance of GIKF by adding one

additional observation mixing step.

Different from [37, 38|, Qin et al. [39] developed a RG-based measurement vector
fusion (RG-MVF) algorithm that leverages the RG process in information fusion
by replacing the average consensus in CMKF with the RG algorithm. Theoreti-
cal analysis reveals that the utilisation of randomised protocols helps to avoid the
need of cumbersome communication, thus reducing the need of time to perform sen-
sor fusion. Although the randomised gossip process is proved to guarantee average

agreement among all sensor nodes with infinite number of iterations [36], the perfor-
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mance of RG-MVF degrades drastically due to its slow convergence, compared to the
original CMKF. To address this problem, a deterministic communication strategy
using GG was suggested in [40] to develop a new DKF, termed as GG-MVF, that
can improve the convergence rate of the gossip process. The idea behind GG-MVF
is that it finds the local sensor node for communication that provides the largest
information gain via a greedy manner. However, GG-MVF requires each sensor
node to communicate with all its connected neighbours to find an optimal path and
therefore exhibits higher communication burden than RG-MVEF.

Diffusion-Based Algorithms

Unlike consensus and gossip based DKFs, the diffusion strategy does not require
the information on the network size and has low communication burden by using
single communication step [41, 42]. The authors of [42] first suggested a DKF for
a sensor network using diffusion strategy. Unlike KCF and GKCF, the diffusion
DKF (DDKF) utilised a single-step convex combination of the estimates of local

neighbours as

Xp|ki = E Cheyij Xk |k.j (2.8)
JEN;

Comparing Eqs. (2.2) and (2.8), it can be noted that diffusion is a special case of
consensus with one iteration only. It follows from Eq. (2.8) that the fused estimate
at every sensor node provided by the diffusion strategy is a linear combination of the
estimates available from the connected neighbours. This observation reveals that

the scalar weights c;, ;; pose significant impact on the fusion performance.

Since the original DDKF only utilised local estimates in information fusion, it has
similar drawbacks as KCF. To address this problem, the authors of [43, 44] lever-
aged covariance intersection to improve the local estimation performance before the
diffusion step and therefore the resulting algorithm is termed as CI-DDKF. An-
other improvement over [44] was reported in [45], where the authors developed a
distributed hybrid information fusion (DHIF) filter. This algorithm is composed
of two main steps: the first step utilises the batch covariance intersection to fuse
local priors, in a similar way as [44], and the second step applies optimal fusion
(2.1) to local sensors to update the state estimates. Note that the DHIF can be
considered as a special version of P-CMCI [34] with single consensus iteration. The
major drawback of diffusion-based algorithms is that the property of asymptotic

convergence to the centralised solution is lost.
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Summary of Existing Estimation Algorithms

The main characteristics of the aforementioned distributed STT estimators are sum-
marised in Table 2.1. The advantages and disadvantages of the discussed distributed

estimation algorithms are compared with respect to different metrics:

e Global optimality': the algorithm is able to converge to the Bayesian-optimal

centralised solution asymptotically;

e Local consistency: the fused estimate can preserve local consistency, i.e., the

actual local covariance is always bounded by the fused covariance;

e Fully distributed: the fusion algorithm requires no global information, e.g.,

network size, node number;

e Communication burden: the number of communication rounds during the

fusion process.

As CMKF [24] and its related variants [39, 40] cannot preserve the local consis-
tency, these algorithms are not preferred if the communication capacity is limited
as the performance of these algorithms degrades drastically with small number of
consensus or gossip iterations. Since ICF-based approaches [32, 33, 34] are proved
to be able to guarantee stability for any number of consensus steps, these algorithms
are applicable for generic scenarios with limited communication resource. Another
alternative choice to reduce the communication burden is the one-iteration-only
diffusion-based methods [42, 44, 43], which can be viewed as special cases of the
consensus-based algorithms. Although diffusion-based approaches have low commu-
nication cost, consensus or gossip based DKFs usually provide better performance
in terms of tracking accuracy, if multiple rounds of communications are allowed in

the applications.

From the previous discussions, we can conclude that there is a significant conflict
between the fusion performance and communication requirement, as a higher esti-
mation accuracy normally requires more communication resources, either more com-
munication iterations or higher communication bandwidth which are usually limited
for low-cost sensors. For this reason, one fundamental question of distributed esti-
mation over a low-cost sensor network is how to well balance between communication

overload and tracking performance.

!Note that when we discuss about the possibility of global convergence or global optimality
for a specific distributed estimation algorithm, we assume that the sensor network is connected
(undirected graph) or strongly connected (directed graph). However, this does not mean this
algorithm requires the network to be connected or strongly connected in implementation.
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2.3 Distributed Multi-Target Tracking

Unlike STT, the primary objective of MTT is to simultaneously estimate target
trajectories and the number of targets. Generally, a distributed MTT algorithm
contains two main stages: the local multi-target tracker for each sensor node to
obtain local estimates and the distributed information fusion algorithm for locally
connected sensors to fuse local estimates. A general information flow of distributed
MTT is shown in Fig. 2.1. Compared to distributed STT, distributed MTT intro-

duces extra difficulties in both stages:
e Measurement origin uncertainty in local filtering;
e Data association and track origin uncertainty in distributed fusion.

This subsection will present a review of state-of-the-art distributed MTT algorithms

that address these challenge issues and discuss their corresponding limitations.

.........................

:I Measurement- ‘: :' Track- \
Current _)E to-Track , ] to-Track E
Measurements ! Association ' : Association | ; " -
! ! ! ' Estimation
. E_): Y :_) Outputs
Prior L Local Track , : Track- E
Estimates ' Update ' 'l to-Track ]
A B — S '\ Fusion '
Local MTT Distributed Fusion

Figure 2.1: General information flow of distributed MTT.

2.3.1 Local Multi-Target Tracking

In a general MTT mission, the relationship between targets and measurements is
unknown and the number of targets is also a random variable. Each target can
appear and disappear at any place and any time. Also, it is known that low-
cost sensors are generally subject to certain degree of uncertainties, meaning that
the data quality from such sensing hardware is mainly characterised by reduced
accuracy and reliability. For this reason, the utilisation of low-cost sensors often
encounters with several challenging issues, including miss detection and false alarms
or clutters. This means that the usual assumption on the unity probability of

target detection and zero false alarm rate in STT is not valid. This facts makes the
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problem of measurement origin more complicated and challenging. Fig. 2.2 gives a
general description of measurement origin uncertainty. In this example, there are
two confirmed tracks denoted by coloured diamonds and rectangles. The black cross
out symbols refer to the observations get from one sensor at the current time instant.
Without the knowledge of the relationship between targets and measurements, it is

impossible to carry out measurement update using typical filtering techniques.

Target 1 ‘

. T
‘--- . ><
. L)

Target 2 .“"‘ Observations

Figure 2.2: An example of measurement origin uncertainty. The coloured diamonds
and rectangles refer to two confirmed tracks. The black cross out represents the
observation get from one sensor at current time instant.

Data association is a widely-accepted and plausible solution to resolve the problem
of measurement origin uncertainty. This technique discerns target-generated mea-
surements from clutters and finds the mappings between targets and measurements,
and therefore is the key of local MTT. Depending on the types of decisions, data
association can be generally categorised into two main classes: hard decision and
soft decision. Hard decision utilises only one specific measurement for updating each
track while soft decision considers all possible measurements for each target in track
update. The representatives of hard decision are global nearest neighbour (GNN)
filter and multiple hypothesis tracking (MHT). As for the soft decision, JPDA is one

of the most popular approach for data association.

Global Nearest Neighbour Filter

The most fundamental and conventional data association for MTT is the GNN filter
[49, 50]. GNN makes a hard decision and aims to find the observation nearest to

each target in terms of Mahalanobis distance, among all observations in the target
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validation region?. In the GNN filter, all possible associations within the gates are
taken into account and GNN finds the best joint association hypothesis that provides
the highest probability. Consider an example shown in Fig. 2.3, where the coloured
circles represent the predicted measurements based on the confirmed targets and
the black ‘x’ symbols stand for measurements. The coloured ellipses denote the
validation regions of the corresponding targets. According to the principle of GNN,

measurements z;, z2 will be assigned to target 1 and 2, respectively.

In practical application, the 2D assignment problem formulated by GNN can be
efficiently solved by the well-known Hungarian or auction algorithm [50]. To con-
firm a new track and delete an existing track, GNN leverages a simple heuristic
M/N logic®. The GNN filter is computationally efficient and is easy for real imple-
mentation. Nonetheless, as this approach prunes all other feasible joint association
hypotheses from the association, its performance degrades drastically for nontrivial
scenarios, i.e., low the target detection probability or high false alarm rate. For this

reason, it is, therefore, more desirable to conduct data association using a proba-

™

7

4

bilistic or Bayesian decision process.

Figure 2.3: An example of data association. The coloured circles represent the
predicted measurements based on the confirmed targets and the black ‘x’ symbols
stand for measurements. The coloured ellipses denote the validation regions of the
corresponding targets.

2Gating is a practical technique to remove the most unlikely measurements to form a target
validation region for each track. Only those measurements that are within the validation region
are considered for the update of confirmed tracks. Gating usually utilises the x? test and a typical

. . T 6o . .
ellipsoidal gate is defined as (zj — 22|k—1) (Si) ! (zfﬁ - 2£|k—1> <~ [50], where Z}),—, denotes
the predicted measurement of the ith target and Si is the covariance of the innovation term
z), — i};l 4_1- 7 is the maximum Mahalanobis distance that controls the volume of the gate.

3During the last N updates, at least M measurements must have been associated with the
tentative track.
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Joint Probabilistic Data Association

The most well-known one-scan probabilistic data association approach for MTT is
the JPDA filter [51]. Unlike GNN, JPDA utilises a Bayesian inference approach
to make a soft decision in data association and allows for the possibility that each
measurement can come from different target candidates. For example, in the scenario
shown in Fig. 2.3, measurements z;, z; and z; have possibility to originate from
target 1. Based on the principle of JPDA, it will find the marginal association
probability of each possible target-measurement pair, i.e., z; — z;, z; — z; and
z; — Z;, and utilise the marginal association probabilities as the weights to combine

these three different individual updates.

The JPDA filter is also mathematically proved to be a Bayesian optimal estimator
in the sense of minimum mean square error (MMSE) performance [52]. Since JPDA
forms tracks out of the marginal measurement-to-track association distributions,
it is known as a track-oriented approach. The original JPDA paradigm assumes
the number of targets is known a priori for data association and also leverages the
heuristic M /N logic for track management. More recently, target existence models
are incorporated in JPDA for Bayesian inference of target confirmation and deletion,
as in joint integrated probabilistic data association (JIPDA) [53, 54, 55].

Even though JPDA is demonstrated to be robust against undesirable environmental
disturbances, implementing JPDA requires to enumerate all feasible joint association
hypotheses to find the marginal association probability. Note that the marginal
probabilities are used as weights to update each track from its possible measurement
candidates. It is known that computing the marginal probabilities itself is #P-
complete, and the time complexity increases exponentially with the increase of the
number of targets. This precludes the application of JPDA in low-cost sensors
as these devices are generally battery-powered with limited computational ability.
To reduce the computational cost of the JPDA, many ad hoc formulations and
approximations of JPDA, such as cheap JPDA [1], exact nearest neighbourhood
JPDA (ENNJPDA) [1], modified cheap JPDA [2], suboptimal JPDA [3] and m-best
JPDA [56] were developed in the past few years. The issue with these approximations
is that the performance is not guaranteed theoretically, i.e., most of them provide

reasonable computational load reduction by sacrificing the tracking performance.

Due to the nature of the soft decision, the posterior distribution provided by JPDA
is a Gaussian mixture PDF with each Gaussian term representing one possible

measurement-to-target association. Since the propagation of Gaussian mixture is
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computationally intractable in the implementation, JPDA approximates the pos-
terior Gaussian mixture by a single Gaussian using simple moment-preserving ap-
proach. Clearly, this simple Gaussian mixture reduction method can be utilised
to approximate the posterior as long as the targets are well-spaced. If targets are
moving closely or in a highly cluttered environment, the posterior Gaussian mixture
will be highly bimodal (or multi-modal) and therefore the single Gaussian approxi-
mation made by JPDA is not accurate enough to represent the real posterior PDF
[57]. This fact means that the JPDA filter tend to ignore the interactions between
those closely-spaced targets and the estimation performance will degrade. Instead of
considering all possible feasible measurements, the ENNJPDA [1] only picks up the
one with the highest marginal association probability for track update. This drastic
pruning strategy shows remarkable performance when targets are moving closely,
but results in significant information loss as only one measurement is allocated to a
track. This means that the ENNJPDA is sensitive to the clutter rate and therefore
is not preferred for low-cost sensors. An adjusted version of the JPDA filter, termed
as the Set JPDA filter [58], is proved to be an effective way to preserve the multi-
modality of the posterior Gaussian mixture PDF. However, this algorithm assumes
the number of targets is known a priori and cannot preserve the target identity. By
introducing a novel measurement-driven JPDA [59], the multi-modality issue can be
directly avoided in track update. The measurement-driven JPDA, however, cannot
preserve the track identity and is shown to be sensitive to the measurement noise.
Using Bayesian variational approach, the authors in [60] proposed another JPDA to
approximate the posterior PDF, but this approach requires an iterative optimisa-
tion loop for the implementation and therefore is computationally expensive. From
extensive numerical studies, we also found that the performance of this variational
JPDA degrades drastically when the measurement is nonlinear with respect to the

system state.

Multiple Hypothesis Tracking

Recent dramatic advance in computational capabilities has led to another widely-
used data association approach, namely MHT. Unlike GNN and JPDA, MHT utilises
several consecutive scans of measurements to solve the data association problem by
a delayed logic. Once enough information is available, MHT makes a hard decision
using probabilistic inference and this approach is known as a Bayesian optimal
maximum a posterior (MAP) estimator. Another benefit of MHT is that it exploits

track quality and leverages Bayesian inference in track confirmation and deletion.
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From this point of view, MHT is considered to have a fundamental advantage over
classical heuristic track maintenance approaches. Another benefit of using multiple
scans of measurements in data association is that it can partially solve the ID switch

problem when targets’ trajectories cross with each other.

Generally, MHT can be categorised into two main types: (1) hypothesis-oriented;
and (2) track-oriented. The hypothesis-oriented MHT, originally proposed by Reid
[61], forms and expands a large number of hypotheses scan to scan for data asso-
ciation. On the other hand, the track-oriented MHT [62] maintains track trees for
incompatible tracks and discards all the unreliable tree branches (track hypotheses)
formed on last scans based on the best global hypothesis. In both categories, how to
generate the best global hypotheses is a key part for the implementation. The naive
brute force enumeration of all hypotheses is impractical for the real-time application
as the number of hypotheses exponentially increases. This is the major drawback of
MHT for practical applications. In case of the hypothesis-oriented MHT, Cox [63]
proposed an efficient method by considering only m—best hypotheses using Murty’s
ranking algorithm [64]. As to track-oriented MHT, MDA formulation [65, 66, 67] is
the mainstream for the implementation. The MDA problem with scan depth of more
than two is known to be NP-hard. Solutions of this problem are generally obtained
by an approximate algorithm such as Lagrangian relaxation approach [65], m—best
assignment [68], and linear programming [69]. Note that the linear programming so-
lution requires problem relaxation by allowing non-integer value for the association
event and therefore the integrality of the solution is not ensured. This brings up
the question of how to deal with the fractional assignments. In [69], the Lagrangian
relaxation solution was shown to be better than the m—best assignment and linear

programming implementations.

Recently, the MDA formulation of MHT was proven to be equivalent to the one
finding the MWIS of a weighted undirected graph [70]. The MWIS formulation
of MHT is easier not only to understand, but also to implement. However, the
MWIS problem is still an NP-hard problem. To make it computationally tractable,
one needs to seek to heuristic approaches or countable approximations. In [71],
the authors utilised the MWIS formulation of MHT in the task of multi pedestrian
tracking, where the MWIS problem was solved by a line search method. However,
the quality of line search is highly dependent on the initial guess and hence easy
to be trapped in a local optimum. Another MWIS implementation algorithm of
MHT can be found in [72], where the exact solution [73] was sought at the price of

increased computational demands. A better solution, in terms of the computational
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power, to address the MWIS problem is the evolutionary algorithm [74] or heuristic
approach [75].

Random Finite Set Filters

In the past few years, the random finite set (RFS) theory was found to be mathe-
matically rigorous in formulating Bayesian MTT. The basic idea of RFS filters is to
model target states and measurements as two RFSs and directly apply the Bayesian
recursion to these set-valued random variables for track update. This process di-
rectly avoids data association and therefore RFS-based MTT algorithms usually are

computationally efficient.

Typical examples of tractable RFS-based MTT algorithms are the probability hy-
pothesis density (PHD) filter [76, 77, 78|, the cardinalized probability hypothesis
density (CPHD) filter [79], and the multi-target multi-Bernoulli filter [80]. The PHD
(respectively, the CPHD) filter propagates the first moment of the multi-target den-
sity (respectively, both first and second moment). The limitation of the PHD filter is
that its performance degrades drastically when the detection probability is low. As a
comparison, the multi-target multi-Bernoulli filter directly approximates the multi-
target probability density function by a multi-Bernoulli distribution. Although these
RFS filters have great potentials in computational efficiency, they cannot infer the
identity of each target and therefore have limited range of applications. For sce-
narios that target identification is not important, e.g., track-before-detect, the RFS
filter is a wise option. The recently-proposed labelled RFS [81, 82] can handle the
target identity problem, but the implementation requires a similar way as shown in

classical data association approaches.

Summary of Existing Algorithms

The main characteristics of the aforementioned local MTT algorithms are sum-
marised in Table 2.2. The advantages and disadvantages of the discussed distributed

estimation algorithms are compared with respect to different metrics

e Robustness: the algorithm is robust against the environmental disturbances,

e.g., clutter rate;

e Data association: whether or not the algorithm assessed requires data associ-

ation in track update;
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e Time complexity: the computational complexity of the algorithm;

e Target identification: whether or not the algorithm evaluated can provide the

information on target identity.

In general, the performance of single-scan hard decision approaches, e.g., GNN;, is
not acceptable for scenarios with high clutter rate. For this reason, these approaches
are not recommended for the applications using low-cost sensors. Since RFS filters
have polynomial-time complexity and shows strong robustness against environmen-
tal disturbances, these filters have great potentials for low-cost sensors provided
that the target identity is not important. When target identification is required
for the considered missions, JPDA, MHT and labelled RFS are suitable choices.
Among them, MHT provides the best performance if enough computational source
is available. However, MHT runs in a sliding window and hence it is not a really
real-time target tracking algorithm. Compared to MHT, both JPDA and labelled

RF'S provide reasonable performance with reduced computational overload.

Table 2.2: Characteristics of different local multi-target estimators.

. Target
Algorithm Robustness D?ta. Time . identifica-
association | complexity )
tion
NN [49], GNN [50] Weak Yes POI};?ICI):ML Yes
JPDA [51, 53, 54, 55] Strong Yes #P-complete Yes
MHT [61, 68, 63, 72] Strong Yes NP-hard Yes
RFS [78, 79, 80] Strong No Polynomial- No
time
Labelled RFS [81, 82] Strong Yes #P-complete Yes

Note that practical implementation of most MTT algorithms requires the full knowl-
edge on the environment, i.e., target detection probability and clutter rate. Gener-
ally, the overall tracking performance is highly dependent on these two important
parameters and they are usually empirically set in most applications. Significant
mismatches of these two key parameters could result in unsatisfactory and even
erroneous tracking results. Although the detection probability, dependent on the
sensors and the scenarios, can be calibrated via offline experiments, it might not
be cost-effective and they are typically unavailable for low-cost sensors. Addition-
ally, sensors drift from their initial factory calibration during the lifetime or due
to environmental changes, e.g., temperature, humidity, etc. Under dynamic envi-
ronmental conditions or with different target detection approaches, the clutter rate

generated by the same sensor might also change in a great deal: for example, in
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image-based target tracking, measurements are extracted from various detection
algorithms, ranging from simple background subtraction [83] to complicated deep
learning approach [84]. Obviously, the clutter rate and detection probability are dif-
ferent for different detection methods. Therefore, how to accommodate the unknown
detection probability and clutter rate is of critical importance in practice. Typical
treatment of this problem is to decouple target detection probability or clutter rate
estimation from the multi-target state estimation [85, 86, 87, 88]. These approaches
utilise two separate filters and therefore cannot fully exploit the synergistic effect
between. Recently, this issue is also tackled in RF'S filters [89, 80], but they cannot

preserve the labels of the targets and thus might have limited applications.

2.3.2 Distributed Multi-Target Fusion

After obtaining local MTT estimates from each sensor node, distributed MTT fusion
can be performed to synergistically merge the redundant information and effectively
complement the limitations of each sensor node by sharing information among locally
connected sensors, hence improving the overall estimation quality. Unlike STT,

distributed MTT requires two separate steps in the fusion stage:

e Track-to-track association to address the problem of target origin uncertainty;

e Information fusion considering data association uncertainty.

In a general distributed MTT mission, each sensor node orders its own local es-
timates and this information is unavailable to other sensors. In other words, the
mappings of local estimates from two different sensors is unknown. Under this con-
dition, track-to-track association is required to find the common source origin of
local estimates that come from different sensors. Basically, track-to-track associa-
tion is conceptually similar to measurement-to-track association in local MHT. For
example, if we consider the first sensor as a reference sensor node, local estimates
provided by other sensors can then be considered as virtual measurements that will
be assigned to the local estimates generated by the first sensor node. With this
mind, it can be concluded that the data association algorithms developed for MHT

can be directly applied to address the problem of target origin uncertainty.

Since hard decision data association approaches, e.g., GNN and MHT, find the most
likely measurement to update each target, the measurement update can be carried
out using typical Kalman filter and its related algorithms, e.g., EKF, UKF, as long as

the data association process is finished. This means that these local MTT algorithms
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in updating one specific target share similar structure as traditional information-
form Kalman filter. Therefore, the fusion strategies discussed in distributed STT
can be applied to fuse local estimates after resolving the target origin uncertainty
issue in track-to-track association. An example of this type of distributed MTT
algorithm was reported in [90, 91], where the local MTT utilises GNN in data

association and the fusion strategy is based on CMKF.

Unlike hard decision, utilising soft decision, i.e., JPDA, in local MTT introduces
additional terms related to data association uncertainty in the fusion statge. By

analysing the effect of data association uncertainty, the authors of [92] revealed that
the centralised JPDA (CJPDA) for the ith target becomes

-1

(P2|k) X?qk = (P;'c|k:—l)71 Xﬁc\k—l + Z 8k,

(7§c|k)_1 = k|k 1 - +ZH Hk,l (2.9)

( i:lk) = k:|k 1) "’Zle

The difference between Eq. (2.9) and Eq. (2.1) is resulted from the measurement
origin uncertainty. This is reflected by the two information-related terms gj; and
Gy Note that the centralised estimation (2.9) reduces to the original one, i.e., Eq.

(2.1), if there is no data association uncertainty.

Following similar concept as KCF [19, 20], a distributed JPDA was developed in
[93], which considers data association uncertainties when broadcasting information
to local neighbours. This method, however, has similar drawbacks as KCF, i.e.,
requiring every sensor node and its neighbours have joint observability or at least
detectability about the target of interest. Improved results were reported in [23,
94, 95] by combining JPDA filter with consensus on information weighted local
estimates. For real implementation, this algorithm requires the global information
on the network size, i.e., total number of sensors. In practice, an unexpected sensor
failure will inevitably change the total number of nodes, leading to performance

degradation if the original value of network size is used.

By incorporating consensus algorithm with RFS filters, e.g., PHD filter [96], CPHD
filter [97, 98], distributed MTT algorithms were proposed without data association.
These approaches, however, cannot preserve track continuity, e.g., no target identity

information.
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Apart from consensus, another mainstream in distributed multi-target tracking is
sequentially fuse the information between two connected sensors [99, 100, 101]. Al-
though this strategy is scalable, it requires each sensor’s field-of-view to cover the

entire surveillance region, which is not practical [100].

2.4 Conclusions

This chapter presents a critical and comprehensive review of several existing and
recently-developed distributed fusion algorithms and compares their characteristics
and performance in terms of different metrics. This provides readers deeper un-
derstanding about how to speedup capturing a given algorithm then comprehensive
characterisations of that algorithm, how it complements other approaches, and how

it can be integrated with them.



Chapter 3

Sample Greedy (Gossip Distributed

Kalman Filter

3.1 Introduction

It is known that leveraging proper sensor fusion algorithms over a sensor network
can synergistically merge the redundant information and effectively complement the
limitations of each sensor node, thus providing the possibility to improve the quality
of local estimations beyond their current status [10, 102]. However, it follows from
the discussions, presented in Chaper 2, that there is a strong tradeoff between com-
munication cost and overall tracking performance. Therefore, the key of performing
distributed estimation over a low-cost sensor network is how to well balance the
communication overload and the estimation performance since low-cost sensors are

generally battery powered with limited communication and computation abilities.

This chapter investigates the problem of distributed STT over a low-cost sensor
network and proposes a new SGG-DKF algorithm to address this problem. The
development of this new algorithm is motivated by the complementary characteris-
tics of RG [36] and GG[103]. Specifically, RG has lower computational burden but
its convergence rate is relatively slow because of the randomised nature. On the
other hand, GG enjoys faster convergence to the average value at expense of higher
communication burden. This can be attributed to the fact that GG requires each
sensor node to communicate with all its connected neighbours to find an optimal
path. Based on these observations, this chapter suggests a new variant of gossip-
based DKF to exhibit positive features of both RG and GG. The promising feature
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of the proposed SGG-DKF is that it offers great flexibility and well balance between
communication cost and tracking accuracy. The main contributions of this chapter

are twofold:

e A new SGG algorithm is proposed for distributed network-wide average com-
putation. Unlike the RG, SGG takes the advantage of GG by applying the
greedy node selection strategy to a randomly active sensor node set. As the
expected size of the active node set is smaller than the number of locally-
connected neighbours, SGG can reduce the communication overload in the
average sense. Theoretical analysis reveals that the proposed SGG algorithm
guarantees asymptotic convergence to the average state. The effect of the
stochastic sampling strategy on the convergence rate of the proposed SGG al-
gorithm is also theoretically analysed to demonstrate the tradeoff performance
of SGG. To provide better insights into SGG, we derive the upper bound of its
convergence rate, which relates the convergence performance of SGG to that
of RG and GG.

e A new SGG-DKF is proposed for distributed target tracking over a large sensor
network. The proposed SGG-DKF leverages the information weighted fusion
rule while the previous gossip approaches utilised the concept of measure-
ment vector fusion [39, 40]. This enables the algorithm developed to preserve
the consistency in local estimates unlike the previous gossip algorithms. As
the proposed SGG guarantees asymptotic convergence, the SGG-DKF ensures
global convergence to the Bayesian optimal CKF'. For realistic application with
finite number of gossip iterations, we also theoretically prove that the fused

covariance matrix is uniformly bounded.

3.2 Sample Greedy Gossip Algorithm

This section will propose a new SGG algorithm by exploiting the benefits of both
RG [36] and GG [103]. We consider a network of N sensors and model the network
topology as an undirected graph G = (V, &), where V = {1,2,--- , N} represents
the sensor node set and £ C V x V denotes the edge set. If sensor nodes s and t can
directly communicate with each other, then (s,t) € £. We assume that the sensor

network is connected, e.g., any two sensor nodes can communicate with each other
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through a multi-hop path!. Denote a, as the available information from the sth
sensor and is initialised as as(0). The objective of gossip algorithm is to enforce all
local sensor nodes to make an agreement on the initial average value SV a, (0)

using only local information available from the connected neighbours.

At the lth round of the RG iterations, a node s € V is randomly selected for
communication. This can be accomplished by using an asynchronous time mode?,
as described in [36]. Then, node s randomly selects a neighbour node ¢ € N, where
N, represents the connected sensor nodes of the sth sensor (not including s), and
performs information average as

as(l—1)4+a, (1 —-1)

as (1) = a; (1) = 5 (3.1)

For connected sensor network, it was shown in [36] that the RG algorithm guarantees
asymptotic convergence to the initial average value as lim;_, as (1) = % Zivzl as (0).
The main positive feature of RG is that it has relatively low communication burden
since each sensor only needs to randomly communicate with one connected sensor
node during one iteration round. However, the RG algorithm usually suffers from low
convergence speed because of the randomised communication strategy, compared to
the optimised deterministic communication path. For this reason, a GG algorithm
was proposed in [103] to accelerate the convergence rate, i.e., reducing the number
of required gossip iterations to make an agreement across the sensor nodes. The GG
algorithm employs a deterministic procedure to select the communication nodes,
e.g., active sensors. More specifically, at the [th round of the gossip iterations, the
sth sensor selects a sensor node t* € N, that has the largest information discrepancy

as

t* = max [a, (1) — a; (1)) (3.2)

teNs
After finding t*, the two sensors perform information averaging using Eq. (3.1).
Compared with the original RG process, the GG algorithm is proved to provide
improved convergence speed. However, this strategy requires each sensor node to
communicate all connected sensor nodes to find the optimal communication path

and therefore, might increase the communication overhead.

Motivated by the complementary properties of these two different gossip algorithms,

this chapter develops a new variant of gossip algorithm, called SGG. The proposed

!Note that this condition is required in guaranteeing the asymptotic convergence of gossip
algorithms. However, gossip algorithms are also applicable to partially-connected sensor networks.

2Each node has a Poisson time clock with rate 1. At every gossip iteration, only one node is
randomly picked up to communicate with one of its neighbours by clock ticking.



34 Sample Greedy Gossip Distributed Kalman Filter

Algorithm 3.1 Sample greedy gossip

Input: Initial local information a,(0), maximum iteration step L, sensor activation
probability p

Output: Fused information a,(L)

1: Randomly selects a sensor node s from the sensor network
2: for/=1:L do
3: A, =10 > Initialise the active sensor node set A,

4: fori=1:|N;| do

5: Sensor Sn(i) generates a sample ¢; ~ U (0,1)

6: if g > 1 —p then

7: Sensor Sn(i) decides to actively communicate with sensor s

8: A = Ay U Sn(i) > Update the active sensor node set A,
9: end if

10: end for
11: if A, # () then

12: = max las(I—1) —a, (1 —1)) > Greedy node selection from Ay
13: as (1) = ap (1) = % las (I — 1) + ap (I — 1)]

14: else

15: Randomly selects a sensor node ¢ from N, > Perform randomised gossip
16: as () =a; (1) =3 [as (1 — 1) + a; (I — 1)]

17: end if

18: end for

gossip algorithm enjoys the advantages of both RG and GG: relatively faster con-
vergence speed and lower communication burden. The basic idea of SGG is to
apply the greedy node selection strategy to a randomly active sensor node set A,
which is a subset of N, i.e., A, € N,. For notation convenience, we define N 2
{Sn(1),Sn(2),---,Sn(|N;|)} with Sn(i) € {1,2,--- , N} foralli € {1,2,--- | |N|},
where |N| stands for the cardinality of set N,. The active sensor node set Ay is
generated by randomly selecting sensors from N, for communication based on a
stochastic uniform sampling procedure. More specifically, all sensors in N generate
a sample, i.e., ¢; for all i € {1,2,...,|N;|}, from uniform distribution ¢ (0, 1). Each
sensor from Nj is then activated with probability p € [0,1]: if ¢; > 1 — p, sensor
Sn(i) decides to actively communicate with node s. If no sensor has been activated
by the sampling strategy, i.e., A; = (), we perform RG for update. The pseudo code
of the proposed SGG algorithm is summarised in Algorithm 3.1.

Remark 3.1. It can be clearly noted that the proposed algorithm only utilises a
random subset of N to perform greedy sensor node selection. The communication
burden, therefore, depends on the sensor activation probability p, which determines
the size of A,. For example, if the node activation probability p is chosen asp = 0.5,

the communication burden is half in average sense at every gossip iteration, compared
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with the GG. Therefore, the proposed SGG can be viewed as a generalised version
of the gossip algorithm that can trade-off between RG and GG: the proposed SGG
becomes GG with p =1 and reduces to RG with p = 0.

3.3 Analysis of Sample Greedy (Gossip

In this section, we provide detailed theoretical analysis of the proposed SGG algo-
rithm, demonstrating its convergence performance and comparing its convergence
rate with that of RG and GG. Note that the analysis carried out in this section
is based on the asynchronous time mode. However, the extension to synchronous
time model? is straightforward and the qualitative as well as quantitative results are
unaffected by the type of time model [104, 105, 36].

3.3.1 Asymptotic Convergence Analysis

This subsection analyses the asymptotic convergence of the proposed SGG algo-
rithm. For notation convenience, we denote a(l) = [a1(1),as(l),--- ,an(l)]" and
define @ as a column vector with each element being + Zf\il a; (0). The main re-

sults are presented in the following theorem.

Theorem 3.1. The proposed SGG algorithm guarantees asymptotic convergence to

the average state a.

Proof. Assume that the sth and the tth sensors perform gossip at the [th iteration
of SGG, then the recursive update of SGG can be obtained as

a(l) = a(l 1) — ;) (3.3)

where g(l) € RY is a column vector with its elements being

as(l —1) —a, (1 — 1), fori=s
g(l)=<¢ —(as(l—1)—a;(l—1)), fori=t (3.4)
0, otherwise

3Unlike asynchronous time model, all nodes in every gossip iteration communicate simultane-
ously with one of their neighbour.
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Based on Eq. (3.3), the recursive update of the squared error is determined as
2

all 1)~ sg() - a

= lla(l —1) —a|* - [a(l — 1) —a]" g(I) + ;L||g(l)||2 (3.5)

= flat = 1)~ & ~ 5 las(t 1) — i ~ D

Ja)) - &> =

Note that both s and ¢ are random in the proposed SGG. For this reason, we will
examine the expected squared error, i.e., E[||a(l) — @||%], in the following analysis.

Taking the expectation on [as(l — 1) — a;(I — 1)]° gives

E {[as(I — 1) — a,(I — 1))’}

N |Ns|
NS'
=Sy > mex o (- 1) —a (- 1)
s=1 m=1 Nom€{Nom} s,m (36)
Z |Ns Z as . —ay (l . 1)]2

s=1 te/\/

where N, denotes a set of m sensor nodes, randomly drawn from N and {N;,}
stands for the set that includes all possible Nj,.

Note that the first term on the right hand side of Eq. (3.6) refers to 1 < m < |Nj|
sensors from N, determine to communicate with the sth sensor, and the second term
stands for no sensor has been activated by the sampling procedure. As stated in
Algorithm 3.1, if no sensor decides to communicate with node s during the sam-
pling phase, we perform the RG for update. From Eq. (3.6), it is clear that
E{las(l —1) — a;(l - 1)]2} > 0, where the equality holds if and only if a(l—1) = a
This means that, unless all nodes make agreement on the average state a, the pro-
posed SGG algorithm will make progress in expectation towards the average state
a. Moreover, by repeatedly applying recursion (3.6) and taking the expectation, we

have

E[lla(l) —al’] =E [[la(l - 1) —a]*] - %E {las(1 = 1) — a1 = 1)}
L , (3.7)
=E [Ja(0) —al’} -5 ZE {lasti = 1) —a,(i = 1)]"}
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Since E[||a(l) —al|?] > 0, we have

l
— 1 : :
E [Ja(0) ~ %] > £ B {fani — 1) — auli ~ 1) (35)
i=1
which implies that E {[a,(I — 1) — a;(I — 1)]2} — 0 as I — oo. As the solution
a(l) = a is the only stationary point of stochastic recursion (3.5), the proposed

SGG algorithm guarantees asymptotic convergence to the average state a. O

3.3.2 Convergence Rate Analysis

This subsection analyses convergence rate of the proposed SGG algorithm. We first
investigates the effect of sensor activation probability p on the convergence speed

and then derive the convergence bound.

Effect of Sensor Activation Probability

The tradeoff performance of the proposed SGG algorithm highly depends on the
sensor activation probability p. For this reason, we will theoretically analyse the
effect of sensor activation probability p and the result is presented in the following

theorem.

Theorem 3.2. The convergence rate of the proposed SGG algorithm increases with

higher sensor activation probability.

Proof. Define

NG|

o) =D p @ =p)™ 3 max fa, (1= 1) = e (1= 1)
m=1 Nem€{Nem} (3.9)
+ (1 — N||N|Zas —1)—a; (I - 1)

teNs

From Eqs. (3.7) and (3.6), it is clear that the expected reduction of the square is
given by

E [lla(l — 1) —a*] - E [[la(l) —a]*] = — > fp) (3.10)
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Taking the derivative of fs(p) with respect to p gives

NG IN|—m
afs Z ) Z Joax las (1= 1) —a; (1 — 1))
= . Nom€No,m} (3.11)
o1 —p)™ 1 2
e W|t§[ s(1=1)—a (1-1)]

For a specific m, the number of possible N, is given by

m N !
C = Sar A =) (312)
Now let us define m* = [|N;|p|. Then, it is trivial that
2
(m—INilp) 3 max fa,(1=1) —a(l=1)]
Ns,me{Ns m}
om (3.13)
Vs | _1) — —1)?
> (m = IN:l P) g > e fa (-1 —a(-1)
‘ S| Ns,m*e{Ns,m*}
S las(l=1)—a, (1 - 1)
teNs
(3.14)
< max [a, (I —1) —a; (I = 1)

m*

teEN, m*
N, sm
‘ S|Ns,m*€{Ns,m*}

Substituting Eqgs. (3.13) and (3.14) into Eq. (3.11) yields

||
afs m— Ns|—m— Cle
P23 g =
x> max fag (I —=1) —a (I - ]
Nopre{Nome}
-1 _p)\/\/sl—l |N;| max [as (I —1) —a; (1 — 1)]2

tEN, o *
|NS| Né m*e{Ns,m*} ‘

Cm
=S - R §n max [a, (I —1) —a, (1 —1))?

— p(1 = p)Cly, N D) tEN,
NG| com
—Zw|p ) M — G Jmax [a (1= 1) = a, (1= D]’

(1-p)Cr o

NI e €{ N e }
(3.15)
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Based on the property of binomial distribution, it can be concluded that

|Ns]
m .m Ns|—m
ZmCWslp (1 —P)l = Wl p

m=0
i (3.16)

Z C|7_/r\k|pm(1 _p)\Ns\—m —1

m=0

Then, evaluating Eq. (3.15) using Eq. (3.16) gives

dfs(p)
dp

>0 (3.17)

where the equality holds if and only if a(l — 1) = a. From Egs. (3.10) and (3.17),

we have

OE[lal —1) —a|*] —E[fa(l) —al?]) _ 1 =~ 0f(p)
dp 2N op

>0 (3.18)

s=1

where the equality again holds if and only if a(l — 1) = a. H

Remark 3.2. Theorem 3.2 demonstrates that the proposed SGG algorithm provides
faster convergence rate with higher sensor activation probability. This clearly reveals
that SGG is a tradeoff between RG (p = 0) and GG (p =1). In viewing of this fact,
it can be concluded that the proposed SGG algorithm provides great flexibility and
well balance between communication cost and convergence performance. If enough
resource s available for communication, then a higher sensor activation probability
can be chosen to increase the convergence rate; otherwise, a relatively small value of

p s desirable.

Convergence Bound

To show the tradeoff convergence performance of the proposed SGG algorithm,
we assume that the sensor activation probability satisfies p € (0,1) in the following
analysis. To analyse the bound on the convergence rate, we will first derive the lower
and upper convergence bounds of each SGG iteration. The result is established in

the following lemma.

Lemma 3.1. The expected reduction of the square error of each SGG iteration is
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lower and upper bounded by

E(lla(l—1) —al*] - E [Ha(l) - EHQ}

Proof. Note that the probability that N, contains one specific sensor node ¢ € Nj
is

Pr(t e N,UN, ) = (3.21)

m
NG|
Let M{,, be the number of occurrences of one specific sensor node ¢ € N that

appears in {N,,}*, which is given by

M;f,m =Pr(t e NyUN, ) Cin,|
(M- (3.22)
~ (m =N = m)!

Using Eq. (3.22), we obtain

> max a1 —a (- 1F
> Z —Z las (1 —1) —a; (1 — 1)

Ns,me{Ns,m}
Ns mE{Ns,m} teNs,m

(3.23)
= Z 1) —a (-1
tGNs
|N’CW‘Z@S — 1) —a (-1

teNs

“Here, we provide an example to explain the notation M!, . Consider Ny = {1,2,3,4}
and m = 2. From the definition of Nj,,, it can be concluded that Njo in this example
has 042 = 6 possibilities, ie., {1,2}, {1,3}, {1,4}, {2,3}, {2,4}, {3,4}. Therefore, we have
{Ns2} = {{1,2},{1,3},{1, 4} .{2,3},{2,4},{3,4}} and the number of occurrences of each sensor
index in {N; 2} is given by M1, = M2, = M3, = M, = 2C} = 3.
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Substituting Eq. (3.23) into Eq. (3.6) yields

E{[as(l — 1) — a;(l — 1)]*}

N |Ns|

1
> 2. Clup™(1—») e Zas 1) —a (I-1)
s=1 m=1 tGN
+ (1 —p)°! as (1—1) —a, (1— 1)
NZ WL%; ' (3.24)
1 N 1 2|J\fs\ "
- — Jl-1)—a (-1 cme pm(1 — p)Ael-m

1. 1 2
:NZ’M| [as(l_1>_at(l_1)]

where the equality holds if and only if a(l — 1) = a.

Also, E {{a,(l — 1) — a,(l — 1)]2} can be upper bounded by

E {[as(l — 1) — a,(l — 1)]*}

N N5
1
< 52> O™ (1= p)™ " maxa (1= 1) —a, (L= P
s=1 m=1 s
1 N
R _ ‘./\/'5‘ . o . 2
v 2 (P e (= 1) —a (= 1) .
1 X NG| N
=¥ max [a, (I = 1) = a (I = 1)] mzoqmp (1-p)
N
- L las(1—1) —a, (1 —1))
TN Zaen t

where the equality holds if and only if a(l — 1) = a. Combining the preceding two
equations leads to the proof. O]

Remark 3.3. Note that the right hand side of inequality (3.19) is the expected
reduction of square error of RG and the right hand side of inequality (3.20) is the
expected reduction of square error of GG. Lemma 3.1 relates the performance of the
proposed SGG to that of RG and GG. From Lemma 3.1, it is clear that the expected
reduction of the square error of the proposed SGG algorithm is lower bounded by the
RG and upper bounded by the GG. With this in mind, it can be concluded that the
convergence rate of SGG is faster than the RG but slower than the GG in expectation.
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Now, let us directly examine the convergence speed of the proposed SGG algorithm

in terms of the e-average time [36],

Tove(€) = sup inf {l . Pr (”‘%‘L:;n > e) < e} (3.26)

a(0)£0 |a(0)

For notation convenience, let WS¢ (1) be the update transition matrix of imple-
menting SGG at the [th iteration of SGG, e.g., a(l) = WY (I)a(l — 1), and
WSCE (1:1) = H L W5 () be the successive application of I SGG updates.
Likewise, we denote the one-step update matrices of RG as WY (1); and define
the application of [ successive RG updates as WY (1:1) = H;Zl WEC (5). We
further denote W = E [WRG (l)] as the expected value of the RG one-step update
matrix, and let A\, (W) be the second largest eigenvalue of W. The following theo-
rem establishes the theoretical upper bound of e-average time of the proposed SGG

algorithm.

Theorem 3.3. The e-average time of the proposed SGG algorithm is upper bounded
by
3loge!
- )
log (/\2(W> — min {Bi})
i€

TSGG( ) <

ave

(3.27)

where

i > 0 (3.28)

h=g [[WSGG(1: 1= 1)a(0) —a|’] =

with n; = 0 if a(l — 1) = a, and otherwise,

N N5
W\ _1) — A
m= QNE > " p™ > maxfa(I=1)—a (l-1)
s=1 m=1 Ns,mE{Ns,nL}

—NZ W‘N‘Zas —D—a (l—1)] (3.29)

teNs
n

1 2
NZ Z — 1) —a(l - 1))

=1 teNs

Proof. The recursive reduction of the expected square error of RG satisfies [36]
E [me<1 a(0) - a’| =E [HWRG(l 1= 1)a(0) ~al|’

Z Z - _at(l_ 1))
teN;

=1

(3.30)
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and is upper bounded by

E [||WRG(1 : )a(0) —a\ﬂ < M (W)E [HWR% .1 - 1)a(0) —a\ﬂ (3.31)

By implementing one step RG after applying [ — 1 steps of SGG updates and using
the relationship of Egs. (3.30) and (3.31), we have

E || W (kWS (1 21— 1)a(0) - &[] =B |[[WSC(1 11~ 1)a(0) &

_ %;Wll 3 (a,(l — 1) — as(l - 1))?

teNs
< M(WE [[ WS (1 21 = 1)a(0) 3]
(3.32)

Using Eq. (3.32), the convergence of the proposed SGG can be obtained as

E|[W5(1: a(0) - ]

12 1 1 2
=B [[WS(1 11— 1)a(0) - a]|'] - > W2 (as(l = 1) = ay(1 = 1))
T || N 9
- SN -y max [a; (1= 1) —a; (I —1)]
s=1 m=1 Nom€{Ns,m} o
1 : 2
_W;(l_p)w\ slteN las (I —1) —a; (1 —1)]
1 — 1 2
C ; A tGZNS (as(l — 1) —a;(1 — 1))
2 | 5
_E [HWSGG(l .1 —1)a(0) —a } ~ v 2 W > (a(l=1) —a(l = 1)* =

Sl teN,
(3.33)

According to Lemma 3.1, it is clear that 7, > 0 and the equality holds if and only

if a(l — 1) = a. With this in mind, substituting Eq. (3.32) into Eq. (3.33) gives the

convergence bound of the proposed SGG as
E|[W5(1: a(0) - al ]

< (W) - B]E [HWSGG(l .1 — 1)a(0) — aﬂ
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Repeatedly using Eq. (3.34) yields

where the equality holds if and only if a(l — 1) = a.

Using Eq. (3.35) with the help of Markov’s inequality, we have

(I ) (G b
E [[[W5¢C(1 : )a(0) — al|?]
- ¢[la(0) —

<2 ()\Q(W) — min {5i})l

(3.36)

1€l

Based on Eq. (3.26), one can imply that the e-averaging time for SGG is upper

bounded by
3log et

log (MW) - i {@-}) R

which completes the proof. O]

TSGG (6) S

ave

(3.37)

Remark 3.4. Theorem 3.3 provides a theoretical upper bound for the e-averaging
time of the proposed SGG algorithm. Note from Eqs. (3.9) and (5.29) that n;, and
fs(p) have the same monotonicity with respect to p. With this in mind, it can be
easily verified that the upper bound of the e-averaging time becomes smaller with

higher sensor activation probability.

3.3.3 Convergence Rate Comparison

This subsection will characterise the upper bound of e-averaging time of SGG al-
gorithm with respect to other gossip algorithms to provide better understandings
and insights of the proposed algorithm. Similar to previous subsection, we denote
the one-step update matrices of GG as WY (I); and define the application of
successive GG updates as W (1:1) = Hé’:l WCY (j). The main results of this

subsection are provided in the following theorem.
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Theorem 3.4. The upper bound of e-average time, denoted asU(e€), of the proposed
SGG algorithm is smaller than that of the RG, but larger than that of the GG, i.e.,

UGg(G) < Usgg<€) < Z/{Rg(E) (3.38)

Proof. Similarly, by implementing one step SGG after applying [ — 1 steps of GG
updates and using Eq. (3.34), we have

Emwﬂ””“ﬁqkl—DM®—5W}:Ew“ﬁ%tl—nam—af

L pyAal-m

2
CONWEIEEED S MR
s=1 m=1 No,m€{Ns,m} (339)

1 «— 1
N > I > (a1 —1) —a(l—1))?
s=1 S teN,
< [Xa(W) — A E [[WO4(1: 1 - 1)a(0) - &[]
Note that the recursive reduction of the expected square error of GG satisfies [103]

E|[WE(1: a(0) - a*| = E [|[We(1:1-1)a(0) - a]’]
[N (3.40)

N . ggaf[as(l—l) —a (=1

which is equvalen to

E [[WE(1: Da(0) —a]*] =B [[We(1: 1 1)a(0) —a]]

1 N N5 " ,
o 2 2 Pt Y T max fau (1= 1) —a (1 - 1)]
s=1 m=1 Nsm€{Ns,m} '
1 N
s> (=M= e (1= 1) e (1= 1))
2N s=1 ’N ’ teN;
N N5
INS 2
OB IL > s fan- 1) o= 1)
s=1 m=1 Ns,mE{Ns,m}
1 N
INg 2
+ W ( Z Cls — — Q¢ (l — 1)]
s=1 tEN
N
= S e (= 1) —a (1= 1)
2N — teNs - o !

(3.41)
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Substituting Eq. (3.41) into Egs. (3.39) and (3.40) gives the convergence bound of
GG as

E |[WS¢(1: Da(0) - &’

(3.42)
< (W) — 6 - &) B [W(1: 1 = 1)a(0) - a’
where
Ly -1 [— 1))
N3N 152%[@5( —1) —a (1—1)]
N N
ZZP P YT max fa (= 1) —a (I = D (3.43)
s=1 m=1 Nom€Nom} ENs,m
1 - INs I — 1)
Tt w%; w1
& = n (3.44)

E [|[WEE(1:1—1)a(0) — 5||2]
It follows from Lemma 3.1 that & > 0 and the equality holds if and only if a(l—1) =
a. Repeatedly using Eq. (3.42) gives

l

E |[WO4(1: Da(0) - a]|*| < lja(0) ~ &l TT ((W) - 5 - &)

i=1

< a(0) ~ al?* (3o(W) - mip (5] - mm{@})l

S SU

(3.45)
Using Eq. (3.45) with the help of Markov’s inequality, we have
GG(1 . = GG(1 . _ =2
pe (U000 281, ) _p (W0 0000) 3, )
la(0) — al la(0) —al
E [||WGG(1 :1)a(0) — 5||2] (3.46)
¢*[|la(0) —a]f? '
!
-2 (AQ(W) min {f;} — min {fl})
1€]l] 1€]l]
which means that the e-averaging time for GG is upper bounded by
-1
TS (e) < 3loge (3.47)

g (Xo(W) i 3} - mm{fz}>1

€ll] €ll]
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Recall that the upper bound for the e-averaging time of RG is given by [36]

3loge!
THO() < 2285 (3.48)
log Ao(W)~1
Combining Egs. (3.37), (3.47) and (3.48), it is easy to verify Eq. (3.38), which

completes the proof. O

Remark 3.5. Note that Theorem 3.1 only provides theoretical comparison of the
upper bound of e-averaging time for different gossip algorithms. However, exten-
sive numerical analysis shows that the proposed algorithm achieves very comparable

performance to that of the GG with significantly reduced communication burden.

3.4 Distributed Kalman Filter Design and Anal-

ysis

This section first develops a DKF using the proposed SGG algorithm based on a
synchronous time model. The boundedness of the estimation error covariance matrix

with finite number of gossip iterations will then be presented.

3.4.1 Filter Development

This chapter considers a linear stochastic discrete-time system with N sensors as:

Xk = Fka + Wy,
o (3.49)
Zp; = Hpixp + v, ¢0=1,2,--- N

where x;, € R" denotes the system state vector at time instant k; z,; € R™ repre-
sents the measurement vector of the ¢th sensor at time instant k. Matrices F;, € R™**"
and Hj; € R™*" stand for the system transition and measurement matrices, respec-
tively. wj, € R" and v;; € R™ are uncorrelated white noises with zero mean and
variances Qj € R™" and Ry; € R™*™. For simplicity, it is usually assumed that

the measurement noise is uncorrelated across the sensor nodes.

At time instant k, every local sensor node predict the target state based on previous
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estimate and available mode information as

Xklk—145 — Fkxk—1|k—1,i

(3.50)
Pup—1; = FeoaProip—1,Fr_ | + Qus

where X x—1,; and X, respectively, represent the state prediction and update at

time instant & from sensor ¢ with corresponding error covariances Py,_1; and Py ;.

After obtaining the one-step prediction by local Kalman filter, we are now inter-
ested in updating the local prediction via fusing information from locally-connected
neighbours. As the information weighted fusion rule or the so-called parallel fusion
has advantages of preserving local estimate consistency and guaranteed global con-
vergence to the centralised solution [32, 106], this fusion rule is leveraged in this
chapter to fuse the local estimates. That is, the information to be shared between

two local sensor nodes is defined as

1. _
Ug; = NPMLMXW—M + ngRkizkz

. o (3.51)
Uy, = ﬁPk\kq,i + szszsz

Note that the key of implementing SGG in sensor fusion is to define a proper criterion
to evaluate the similarity between two local estimates. For this reason, a statistical
distance to quantify the similarity between (ug;, Ug;) and (uy j, Uy ;) will be defined
first. Notice that the residual of uy; is give by

. | _
Ug; = _NP’C|}€—1J' (Xk|k—1,i - Xk) + Halej (Zk,i — Hk,z'Xk>
(3.52)

1
—1 T -1
= =P (Xnjp—15 — xi) + Hp ;R Vi

N klk—1,i

Assume that xjx_;; is unbiased, i.e., E [Xklk—l,i} = X;. Then, it is straightforward

to verify that the covariance of 1y ; is determined as
E [t,04 ;] = Uy, (3.53)

Based on Eq. (3.53), the statistical difference between (., Uy,;) and (Uy,;, Uy ;)

can then be quantified by the well-known Mahalanobis distance
dij = (Wi — k)" (Ups + Upy) ™ (T — ) (3.54)

The issue of utilising the Mahalanobis distance d; ; as the similarity measure is that
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the information on true target state x; is not available in practice. To address this
problem, we assume that the previous time instant achieves fully average consensus,
i.e., Xp_1k—1i = Xp—1jk—1,j and Pr_yp_1; = Pr_1jp—1,, Vi # j. Note that this is a
typical assumption in developing DKF's for sensor networks [32]. With this in mind,
Eq. (3.54) reduces to

di,j = (uk,i — uk,j)T (Ukﬂ + UkJ)_l (u;m» — u;w») (355)

By exploiting the Mahalanobis distance d; ; as a similarity measure between two local
estimates, we can then implement the proposed SGG algorithm to find a suboptimal
communication path for every local sensor node to fuse (uy;, U ;). After L iterations

of the gossip process, the measurement update of the proposed DKF is then given
by

Xpjki = [Upy (L)) g (L)
P, .= NU; (L)

klk,i

(3.56)

The complete pseudo code of the proposed SGG-DKF is summarised in Algorithm
3.2.

Remark 3.6. Define yii = Py Xip1i Yiio = Pipy ari = HE R 7
and Q; = H}CFZR,jH;“ As the proposed SGG algorithm developed guarantees

asymptotic convergence, it is straightforward to verify that

WE

, 1
e ) =y

7

N
yri (0) 1 ‘

Yi(0) 1 &
’ Y
N +Ni:1 ki (0)

Il
—

(3.57)

NE

_ 1
M Uk =y 2

As gossip on priors guarantees that all local sensors have the same priori estimates,
e.g., Yei = % Zf\il Vii(0) and Yy, = % Zi\; Y. (0), it is immediate to see that
the proposed DKF with infinite number of iterations can recover the performance of
centralised estimation by substituting Eq. (3.57) into the measurement update step
i Algorithm 3.2.

Remark 3.7. Compared to previously-developed gossip-based DKFs [39, 40], the
following two improvements are made in the proposed approach: (1) a new SSG al-
gorithm is utilised to exploit the benefits of both RG and GG; and (2) the information

weighted fusion rule is leveraged in the proposed algorithm while [39, 40] utilised the
concept of MVF.
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Remark 3.8. Note that the proposed SGG-DKF is developed based on assump-
tion that the previous local estimates are converged. In real applications, however,
only finite number of gossip iterations are acceptable, which means that Xy_1x—1,; 7#
Xp—1jk—1,; and Pr_yp—1; # Pr_1x—1;. Therefore, all local estimates are auto-correlated
during the fusion phase and thus SGG-DKF also suffers from the well-known auto-
correlation problem. However, as the information weighted consensus concept incor-
porates CI, which is proved to be highly robust against the auto-correlation among

local estimates. This issue, therefore, can also be alleviated by the proposed SGG-
DKF.

3.4.2 Boundedness Analysis

Although the proposed SGG-DKF algorithm is shown to be asymptotically optimal,
only limited number of gossip iterations is available in real applications. For this
reason, this subsection analyses the boundedness of the proposed algorithm with
finite number of gossip iterations. Before giving the main results, the following two

general assumptions are made.
Assumption 3.1. The system matriz ¥y, is invertible.

Assumption 3.2. The sensor network is collectively observable, e.g., the pair (Fy, Hy)

- _ gqr wyr T 1T
is observable, where Hj, = [H,cjl,HM, e ,HkyN} .

Note that not all sensor nodes can detect the target in reality due to limited sensing
capability. This means that it is unreasonable to assume the local observability,
e.g., the pair (Fy, Hy;) is observable. For this reason, the collective observability
is utilised to define the observability of the sensor network. It is clear that the
network is collectively observable if and only if the network is connected, e.g., any
two sensors are direct (one-hop) or indirect connected (multi-hop). The result of
the boundedness of the fused covariance matrices is now presented in the following

theorem.

Theorem 3.5. Assume that Pj_i,_1,; is positive-definite and under Assumptions
3.1 and 3.2, there exists an time instant b and a positive scalar o such that the fused

covariance is uniformly bounded in average sense as
E [Pk+b\k+b,i} S OéIn (358)

where the expectation is over all possible network connections.
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Algorithm 3.2 Sample greedy gossip distributed Kalman filter at the ith node

Input: Previous target estimation {xk_1|k_17i,Pk_1|k_17i}, received measurements
Z

Output: Current estimation {Xk|k7i,Pk‘k’i}

(1) Prediction:

Xklk—1,4 — Fkxk—1|k—1,z’
T
Pup—1i = Fe 1 Proip-1Fr_ + Qe

(2) Compute the information terms:

1
_ -1 T -1
Wi = P iXuk—1i + Hi Ry 2
1
_ -1 T p-111.
U/m‘ - NPk\k—l,i + Hk,iRk,inﬂ

(3) forl=0,1,--- ,L do

Compute the Mahalanobis distance d; ;

Use Algorithm algo:sggl to find a local neighbour j* which has the largest
value of d, j« (I) among the active sensor nodes as

f:{%%%ﬂW 7Y

A
randomly picking from N;, A, =0

After finding j*, perform information averaging

s (1) = 5 [ (1= 1)+ wee (1= 1)

Upi () = 5 [Uki (1= 1) 4+ Usye (1= 1)

(4) Measurement update:

Xpii = [Upi (L)) g (L)
P, .=NU; (L)

klki
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Proof. According to the propagation of the prediction step in Kalman filter, we have

-1
Pk|i 1,i (Fk—lpkfl\kfliF;}F—lﬂLQk—l)

T (3.59)
(Fk 1) [Pk 1|k—1,i +Fk 1Qk 1( k— 1) ] F,

Since the covariance of the process noise is bounded, there exists a positive scalar
£ > 0 such that

Fil Qi (Fy, ) < BPr—1jp-1, (3.60)

By choosing v = (1+ )", Eq. (3.59) can be reformulated as

P 1

Ty _
Kk—1 = v(Fily) Pk—11|k—1,iFk—11 (3.61)

After performing L steps of gossip iterations, we have

Pl = ZwL P, +N Z whHL R T Hy, (3.62)

where w/; denotes the (,7)th element of matrix W¢ (1: L).

Substituting Eq. (3.61) into Eq. (3.62) gives

N
-1 L T -1
k|kz = VZU’ ,g F,.- 1 P 1|1<;—1,ij71 + Nzwi,ij,ij,ijJ (3.63)
j=1

Applying the preceding inequality to P; ! for b steps repeatedly yields

k+b|k+bi

N
1 b bL 1 b
Pk+b\k+bz 27 Zw (F ) P, 1)k— WL
j=1
N b -
+ NN At (Fe ) B ROHFR (3.64)

2y}
7=1 m=1
N b
b—m, (b—m+1)L m—b\T 117 -1 m—b
ZNE : § :7 Wi (kal) H, R, H ; Fi
=1 m=1

Denote the diameter of the undirected graph G as D(G). Then, there exists a path
no longer than D(G) that any two nodes are connected for a connected network.
Also note that the proposed SGG process ensures the possibility that each local

sensor node can communicate with all its connected neighbours. This means that if
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the number of gossip iterations satisfies L > D(G), we have

E [w(b m*”ﬂ >0 (3.65)

7]
Therefore, it can be concluded that there exist positive constants ; ; such that

2y}

E [l ™| 2 my >0 (3.66)
Substituting Eq. (3.66) into Eq. (3.64) gives

N b
b—m m—b\T - m—>b

E [Pkib|k+bz] 2 Z Z T T (Fk—l) H;%F,ijij,ijq

(3.67)

where 7; min = min; {7, ;}. Since the sensor network is collectively observable, there
exists b > 0 such that the Grammian matrix satisfies anzl (FZ”__lb)T Hg,ijﬁjFZL__lb >
0 for all j. Additionally, noting that the covariance matrix of the measurement noise

is always positive-definite and bounded, we have
N
SN (FEY) HIR I HFR Y > 01, > 0 (3.68)

where o > 0. This subsequently indicates that there exists a positive scalar o such
that the fused covariance is uniformly bounded in the average sense as [Pk+b\ k+b7i} <

b—1

al, where a = (V"7 1 ino) 1t O

3.5 Numerical Simulations

This section presents a performance evaluation of the proposed SGG-DKF algorithm

with comparisons to other approaches using Monte-Carlo simulations.
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Figure 3.1: Examples of two different network topologies. The red circles denote the
sensor locations and the blue lines refer to the connections between sensor nodes.
(a) with 30 sensors being randomly placed inside the surveillance region and two
sensors being connected if their relative distance is less than 300m. (b) with 25
sensors being placed as a grid shape inside the surveillance region.

3.5.1 Simulation Setup

The target in the considered scenario randomly moves in a 500m x 500m rectangu-
lar surveillance area. For performance evaluation, we consider two different types of
network topologies: random geometric network with 30 sensors, and deterministic
grid network with 25 sensors. Note that these two types of topologies are widely
utilised in analysing the performance of distributed network-wide computation al-
gorithms [103]. For the random geometric network, each sensor is randomly placed
inside the surveillance region. Two sensors are connected if their relative distance is
less than 300m in our simulations. Examples of these two different sensor topologies

are presented Fig. 3.1.

Each target’s state is represented by a 4-D vector, with 2-D position and 2-D velocity
components. In estimation update, the system equation is assumed to be the well-

known constant velocity (CV) model, e.g.,

Fj, = (3.69)

o o o
o o = o
o ~ o H
= o 3 o

with T, = 1s being the sampling time. The variance of process noise of the consid-
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ered constant velocity model is determined as

10 0 00
0 10 0 0

_ 3.70

Qi 0 0 10 (3.70)
0 0 0 1

Each sensor collects position measurements at regular time instants t, = kT, k €

{1,2,---,100}, as
10 00
Hy; = [ 010 0 ] (3.71)

The measurement noise is subject to a Gaussian white noise as vy,; ~ N (+;0, Ry ;)
with Ry; = diag (02,02), 0, = 10m. For initialisation, the covariance matrix of
the target at sensor node 4 is chosen as Py, = diag (100,100, 10,10). The initial
state estimates are generated from a Gaussian distribution around the true target
state with the covariance Py ;. The starting point of the target is also randomly

generated inside the surveillance region at every Monte-Carlo run.

3.5.2 Performance Metric

Let Xilk’i denote the estimated state of the target at sensor node i at time instant
k of the jth Monte Carlo run and xj, represent the true target state at time instant
k of the jth Monte Carlo run. The mean error (ME) of position estimation and
root-mean-square error (RMSE) of position estimation at time instant k, averaged

over M Monte-Carlo runs and N sensors, is defined as

| DM
pos __ J J
ME,™ = MN;; ‘ Pyk,i — Pk
, (3.72)
‘ 1 N M ) A
RMSE}™ = (—MNZZ iy — i )
i—1 j=1

where p], = xJ, (1:2) and pi“w = xi“w (1:2) are true and estimated positions of
the jth target.

For performance evaluation of the proposed algorithm, the time averaged ME and
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RMSE are utilised. These two metrics are computed as

avg ~

T
1
MEP® — - Z MEP®®
k=t (3.73)

avg ~

T
1
RMSEL; = — > RMSE}”
k=1

where T" = 100 is the total number of time instants during the tracking period.

3.5.3 Comparison with Different Gossip Algorithms

This subsection investigates performance of the proposed SGG-DKF algorithm, com-
pared with randomised gossip DKF (RG-DKF) and greedy gossip DKF (GG-DKF).
The main objective of the performance comparison in this subsection is to validate
the theoretical analysis results of the proposed SGG algorithm. For fair comparison,
RG-DKF and GG-DKF algorithms are obtained by replacing the SGG process with
RG and GG in SGG-DKF. The detailed pseudo codes of these two algorithms are
presented in Appendix A. Note that these two DKFs are also new algorithms that
have never been proposed in the existing literatures. To better demonstrate the
characteristics of different gossip algorithms, it is assumed that each sensor node

has unlimited sensing range in this subsection.

In gossip-based distributed estimation, information transmission via multiple rounds
of communication among locally-connected sensors are required and the performance
highly depends on the number of iterations, i.e., L. In order to investigate the
effect of the parameter L on the fusion performance, Monte-Carlo comparisons of
different gossip-based DKF's are carried out with respect to different number of
iterations L = 1,2,--- ,10. In the simulations, the sensor activation probability for
implementing SGG is set as p = 0.5. The simulation results of ME of target position
estimation and RMSE of target position estimation obtained from 500 Monte-Carlo
runs are depicted in Fig. 3.2. As shown in the figure, it can be noted that all
tested DKF's asymptotically converge to the Bayesian optimal CKF. From Fig. 3.2,
it can be noted that RG-DKF has the lowest convergence speed among these three
different gossip-based DKFs. As GG-DKF picks up the optimal communication
path for every local sensor node at each gossip iteration, it exhibits the fastest
convergence rate at the expense of high communication burden. The proposed

SGG-DKF only leverages a suboptimal communication path, e.g., performing greedy
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Figure 3.2: Monte-Carlo comparison results with respect to different number of gos-
sip iterations. (a) ME comparison results for random geometric sensor network. (b)
RMSE comparison results for random geometric sensor network. (¢) ME compari-
son results for deterministic grid sensor network. (d) RMSE comparison results for
deterministic grid sensor network.

sensor selection within a set of randomly-chosen active sensor nodes. Therefore,
the SGG-DKF provides tradeoff convergence performance between RG-DKF and
GG-DKF. As the probability threshold in selecting the active node is p = 0.5, the
proposed algorithm only requires half communication burden in the average sense at
each iteration, compared to the GG-DKF'. These results conform with the analytic
findings presented in Sec. 3.3. Interestingly, the performance of SGG-DKF is very
comparable to that of the GG-DKF and its convergence rate is much faster than
that of the RG-DKF for the random geometric sensor network topology even with
p = 0.5.

Now, let us investigate the effect of the sensor activation probability on the tracking

performance. For this purpose, the number of gossip iterations in each Monte-Carlo
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Figure 3.3: Monte-Carlo comparison results with respect to different sensor activa-
tion probabilities. (a) ME comparison results for random geometric sensor network.
(b) RMSE comparison results for random geometric sensor network. (¢) ME com-
parison results for deterministic grid sensor network. (d) RMSE comparison results
for deterministic grid sensor network.

run is set as L = 1. Fig. 3.3 presents the comparison results of target position
estimation ME and RMSE for different gossip-based DKF's with different sensor ac-
tivation probabilities p = 0,0.1,--- ,1 obtained from 500 Monte-Carlo runs. From
this figure, it can be observed that GG-DKF provides the best estimation perfor-
mance among all the tested algorithms. This can be attributed to the fact that
GG-DKEF finds the optimal local sensor node for fusion. However, as stated before,
this achievement requires each local sensor to communicate with all its connected
neighbours at each iteration. As a comparison, the proposed SGG-DKF offers great
flexibility and well balance between communication cost and convergence perfor-
mance introduced by the stochastic sampling strategy. With the increasing of sen-
sor activation probability, SGG-DKF provides improved estimation performance and

converges to that of GG-DKF when p = 1. If the local sensor node cannot provide
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enough bandwidth for communication, a relatively small sensor activation proba-
bility can be selected to save the communication cost. When p = 0, the proposed
algorithm becomes identical to RG-DKF. The results confirm that the proposed
SGG algorithm is a generalised version of the randomised and greedy gossip algo-

rithms.

3.5.4 Comparison with Previous Gossip-Based Distributed

Estimators

This subsection evaluates the advantage of the proposed SGG-DKF when the sensing
ability is limited, which is the case in practice. For rigorous evaluation, we perform
Monte-Carlo comparisons with previous gossip-based DKFs, i.e., RG-MVF [39] and
GG-MVF [40]. Each sensor node is assumed to be able to detect the target if the
relative distance between the target and the sensor node is less than 100m. In all
simulations, the sensor activation probability for implementing SGG-DKF is set as

p = 0.5.

The simulation results of target position estimation ME and RMSE obtained from
500 Monte-Carlo runs are depicted in Fig. 3.4. It follows from Fig. 3.4 that the
SGG-DKF still significantly outperforms both RG-MVF and GG-MVF, especially
for the grid sensor network. This can be attributed to the fact that the proposed
SGG-DKF utilises the information weighted fusion concept while RG-MVF and GG-
MVF only leverage MVF in the fusion process. If one sensor cannot detect the target
due to limited sensing range, the sensor node can only use target state prediction
or the so-called prior estimation as the local state estimation, which generally has
certain amount of estimation errors. Since RG-MVF and GG-MVF never utilise local
prior knowledge in the fusion process, these two algorithms constrain the posterior
estimates as the prior estimates if the sensor and its neighbours cannot detect the
target due to limited gossip iterations. As a comparison, the prior estimation of
each sensor node is weighted by the inverse of the corresponding error covariance in
the proposed SGG-DKF during fusion. This handles the issue of naive sensors, e.g.,
target is outside of the sensor’s field-of-view, by placing less weight when receiving
the information from a naive neighbour sensor. Therefore, the proposed SGG-DKF
is helpful in ensuring the consistency of local estimates and is demonstrated to

generate better tracking performance when the number of gossip iterations is small.
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Figure 3.4: Monte-Carlo comparison results of different gossip DKFs. (a) ME com-
parison results for random geometric sensor network. (b) RMSE comparison results
for random geometric sensor network. (¢) ME comparison results for deterministic
grid sensor network. (d) RMSE comparison results for deterministic grid sensor
network.

3.6 Conclusions

This chapter proposes a distributed SGG-DKF for target tracking over a sensor net-
work. The proposed algorithm utilises the concept of information weighted fusion in
conjunction with a new SGG process. Rigorous convergence analysis of the proposed
SGG algorithm is carried out to support its applications. Theoretical analysis reveals
that the proposed DKF guarantees asymptotic convergence to the optimal CKF'. The
empirical investigation demonstrates the validity of the theoretical analysis results.
Also, theoretical and numerical analyses indicate that the proposed algorithm can
be viewed as a generalised version of the RG and GG algorithms. The prominent

feature of the proposed algorithm lies in that it allows tradeoff between convergence
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speed and communication burden: our algorithm shows faster convergence speed,
compared to the RG-DKF and requires less communication burden, compared to

the GG-DKF'.



Chapter 4

Practical Implementation of Joint

Probabilistic Data Association

4.1 Introduction

JPDA is one of the most widely-accepted MTT paradigms and is proved to gener-
ate MMSE estimates [52]. The advantage of utilising JPDA for MTT lies in that
it considers all possible measurement-to-target associations in track update. This
property makes JPDA strongly robust against the clutters and other undesired envi-
ronmental disturbances. However, practical implementation of JPDA using low-cost

sensors requires careful adjustment of the following two sensor-related issues:

e Computational complexity;

e Prior knowledge on detection probability and clutter rate.

Compared to the powerful MHT, JPDA can achieve reasonable results with lower
computational burden. However, implementing JPDA still requires to enumerate
all feasible joint association hypotheses to find the marginal association probability.
Note that the marginal probability is then used to perform moment matching to
merge the posterior Gaussian mixture into a single Gaussian form. Computing the
marginal probabilities itself is known as a #P-complete problem [107, 108], thereby
leading to the intractability for a large-scale tracking problem. Note that reducing
the computational burden of JPDA is of paramount importance for low-cost sensors

as they are generally battery-powered with limited computational capability.

Except for the computational issue, the JPDA filter, similar to most MTT algo-
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rithms, requires the knowledge of detection probability and clutter rate in implemen-
tation. These two parameters are of great importance for the JPDA filter as they
determine the final estimation performance. Significant mismatches of these two
key parameters could result in erroneous tracking outputs. Although the detection
probability, dependent on the sensors and the scenarios, can be tested via extensive
offline experiments, it might not be cost-effective and it is typically unavailable for
low-cost sensors. Furthermore, under dynamic environmental conditions or different
target detection approaches, the clutter rate generated by the same sensor might
change in a great deal: for example, in image-based target tracking, measurements
are extracted from various detection algorithms, ranging from simple background
subtraction [83] to complicated deep learning approach [84]. Obviously, the clutter
rate and detection probability are different for different detection methods. There-
fore, how to accommodate the unknown detection probability and clutter rate is of

critical importance in practice.

This chapter investigates the problem of practical implementation of JPDA using
low-cost sensors and suggests new variants of JPDA to address this problem. The

main contributions of this chapter are twofold:

e For practical feasibility, this chapter suggests an efficient marginalisation algo-
rithm using stochastic sampling techniques. The key idea is to consider each
joint association hypothesis as a random variable, which is subject to a sta-
tionary distribution. Based on this concept, a Gibbs sampler is constructed
to draw the joint association hypothesis samples and hence the marginal asso-
ciation probability can be easily approximated by the event occurrence. This
provides polynomial-time approximation and makes it feasible to implement
JPDA for large-scale tracking scenarios. Unlike previous ad hoc approxima-
tions [109, 110, 56, 2], the proposed Gibbs-JPDA is theoretically proved to
guarantee global convergence and the upper bound on the convergence rate
is also derived to support its application. This means that the Gibbs-JPDA
ensures guaranteed performance, which is different from heuristic approxima-

tions.

e To relax the usual assumption on the full knowledge of detection probability
and clutter rate, this chapter proposes a new variant of JPDA, termed as MB-
JPDA, with capability of dynamic estimation of detection probability and
clutter rate. The proposed MB-JPDA algorithm is derived by integrating a
Gibbs-JPDA filter and a multi-Bernoulli filter. This new algorithm utilises a
closed feedback loop structure based on the property of the posterior of the
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JPDA estimations. More specifically, the multi-target JPDA filter leverages
the information of estimated detection probability and clutter rate provided
by the multi-Bernoulli filter. In the meantime, the multi-Bernoulli filter uses
the estimation outputs of the main JPDA tracker since the posterior of JPDA

estimations can be modelled by a multi-Bernoulli RFS.

4.2 System Models

This section provides necessary preliminaries of several important mathematical

models to facilitate the analysis in the following sections.

4.2.1 Multi-Target State and Measurement Model

The sets of target states and measurements received at scan k are, respectively,
defined as

Xk:{x}c,---,ka’“}, Zk:{zg,z}g,---,zy’“} (4.1)

where N}, denotes the number of targets at scan k, xi € R" the ith target state at
scan k, M, the number of measurements received at scan k, zi € R™ with 7 # 0
the jth measurement received at scan k, z) € R™ the dummy measurement for
convenient representation of miss detection. For convenience, we make the following

general assumptions, which are widely-accepted in MTT problems.

Assumption 4.1. Fach target can generate at most one measurement and each
measurement can originate from at most one target. Fach target-generated mea-
surement is independent of each other and is detected with probability Pp with mea-

surement likelihood p(z |x).

Assumption 4.2. The clutter distribution is assumed to be unknown a priori and
is thus considered as Poisson distribution. Clutters or false alarms are modelled by
a local Poisson point process (PPP) with intensity Apa(z) = Npa/V with Npa being

the average number of clutters of one scan and V' being the sensor volume.

4.2.2 Target Existence Model

In MTT, there is no prior information on the source of received measurements. That

is, each measurement may be spurious, i.e., false alarm, or from one existing/new
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target. For this reason, both true tracks, representing real targets, and false tracks
are generated and updated. The number of targets at time instant k is also a random
variable N, in a MTT problem: one target might suddenly disappear or appear in
the sensor’s field-of-view. Due to these facts, a track confirmation and deletion logic
is essential in M'TT to confirm the majority of true tracks and terminates most false

tracks.

For simplicity, many MTT algorithms assume the number of targets is known a
priori for data association and leverages a simple heuristic M/N logic for track
management. This approach is straightforward, but requires extensive parameter
tunings for different scenarios since it never considers the track quality. Hence,
dynamical target management is more beneficial and easier to adapt to different
tracking tasks. For this reason, we utilise a PPP model with intensity Ag(x), similar
to [59], for target birth and perform track confirmation/deletion by the existence
probability thresholding approach [54]. Within this framework, measurements that
originate from extraneous source, either new targets or false alarms, can be modelled
by a PPP with intensity Ag = Ag(x3)p(z|%s) Pp + Ara (z), where x; denotes
the possible state vector of birth targets. For target birth, the following general

assumption is utilised in this chapter.

Assumption 4.3. The number of new targets is assumed to be unknown a priori
and is thus considered as Poisson distribution. New targets are modeled by a local
Poisson point process with intensity \g = N /V with Np being the average number

of new targets.

Let x4 represent the event of the ith target existence. If p(xi|Z) is larger than
a upper threshold «a;, then the ith track is confirmed; once p (Y% |Z) is below a
certain lower bound s, the ith track is immediately deleted. For the case where
as < p(xL|Z2k) < aq, the ith track is tentative and requires more information to
confirm or delete. The prediction or time evolution of X} can be formulated by the
Markov Chain One model [54] as

p (X 1Ze-1) = Psp (X1 | Z-1) (4.2)
where Ps denotes the target survival probability.

Remark 4.1. Note that the utilisation of PPP birth model for target existence es-
timation is similar to the idea of JIPDA [5], 55]. However, the difference lies

in that the JIPDA filter assumes a stationary or constant intensity of extraneous
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sources, which only include false alarms, i.e., A\g = Apa(z), while the proposed
JPDA with PPP birth model dynamically estimate this intensity. Clearly, leveraging
the PPP birth model is beneficial and more realistic in initialisation and calculating

the marginal association probability.

4.3 Joint Probabilistic Data Association Filter

JPDA forms tracks out of the marginal measurement-to-track association distribu-
tions, and thus is a track-oriented approach. This section will first briefly introduce
the basic concepts of JPDA and the issues associated with practical implementations

will then be analysed.

4.3.1 Track Update of JPDA

JPDA aims to calculate the marginalised association probability for estimation up-
date by enumerating all possible joint hypotheses. A feasible joint hypothesis in

JPDA is defined as one possible measurement-to-target mapping such that:

e Each measurement (except for the dummy one) is assigned to at most one

target;
e Each target is uniquely assigned to a measurement.

Let vector 0;, = {HQ}T, i€{l1,2,...,Ny_1 + My}, denote the joint association hy-
pothesis. For each pre-existed target i € {1,2,..., N;_1}, define 6% € {0,1,..., M}
as the association hypothesis, and let 6 = j denote the event that the jth measure-
ment is originated from the ith target with 6! = 0 representing miss-detection event.
We create a new track for each measurement j € {1,2,..., My} at scan k, and the as-
sociation events for these new targets are defined by 9,]:’“’1“ €{Nk_1+1,..., Ne_1 + M}
That is, if target N,_; + j is associated with the jth measurement, then QIJCV’“*H =
Ni_1+ 7. Under the assumption that that each single association event is indepen-

dent, the posterior of each target can be modelled by a mixture term as

P (X Xk Z0) = D p (X |01 Xk Z2) 2 (0 | X 2i) (4.3)
0%

Generally, the number of mixture terms increases exponentially due to the data

association uncertainty. Since every mixture term requires a Kalman filter for its
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propagation, it is necessary to control the number of mixture terms from the compu-
tational burden standpoint. The standard JPDA simply approximates the posterior
mixture PDF by a single distribution through moment-preserving method. More
specifically, the state correction X}i' . of the ith target and its corresponding covari-

ance P?d ., are obtained as

My,

i )
Xk —Z XKk

J=0

(4.4)

, M o . , - \T

b =205, {Pz’k + (it =) (i = i) }

§=0

where X;ﬁk denotes the target estimation by associating the jth measurement to the
1th target, Pz‘Jk the corresponding covariance, ﬁ; =p (0, = j|xi, Zx) the existence-
conditioned marginal association probability that the jth measurement is associated
with the ith target.

Note that {x;fk : P;cfk

filter algorithm based on association event 0 = j and the existence-conditioned

can be extracted from p(x: |xt, Z;) by standard Kalman
k IXk

marginal association probability p (6% |x%, Zi) can be calculated using Bayesian rule
as
i p (05 X | 2)
p (0], |Xp Bi) = — o 22
b 2) = =00 20
_ (X3 1Ok, Zk) p (04 | 2
p (X, | 2k)

(4.5)

where the posterior probability of target existence p (x% |Z2x) is determined by the
law of total probability as

p(Xil2e) = p (0 Xk 12k) (4.6)
0%

The hypothesis-conditioned existence probability p (x4 [0%, Zx) is given by [54]

( p(Xi.12k-1) (1 = Pp) 0 — 0
1—p (x5 12Zk-1) +p (X4 | Ze-1) (L= Pp)’ g
p (X |05 Zx) ox S L, Or=1J
Pp) 7l |x 4
D Bp< k| ;’) , 01]ch71+] — Nkfl +]
( Apa+ PpApp (2, |%s)
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Now, the remaining part for track update is how to obtain the marginal association
probability p (6% | Z;). Theoretically, the marginal association probability p (6% | Z})

can be calculated by finding all the feasible joint association hypotheses as

(0, =7l2k) = Z p (O |2k) (4.8)

0i (€6x)=j

where the posterior distribution of the joint association hypothesis p (8. | 2% ) is given
by

Ng-1
01z (1T 200) | TT o () (19
(i,4)EE

where ¢ (%) denotes the un-normalised probability distribution of single association

hypothesis 6% given by

1_PDp(XZ‘Zk71)7 2:
@ (01) o< § Pop (Xi [Zk-1) p (2] [Xhp1 ) » 0 = (4.10)
)\FA+PD)\BP (Z?g |Xb), H,i:Nk_l +j
and ' )
P 0, =0, >0
soc( k70k> = ' (4.11)
1, otherwise
E ={(,1) |3 € [Ny_1],7 € [Ny_1] ,i # '} (4.12)

which ensure that one measurement (except for the dummy measurement) can only

be allocated to one target.

Algorithm 4.1 Joint Probabilistic Data Association Filter

Predict Nj_; existing targets using target dynamics

Update each track with all possible measurements by Kalman filter

Calculate the marginal probability p (6% |Z;)

Calculate the posterior existence probability p (x% | Z)

Calculate the existence-conditioned marginal probability p (6% |x%, Z)

Use the moment matching (4.4) to update Ny_; existing targets

Generate M new targets (one for each measurement)

Perform track confirmation and deletion based using the existence probability

p(Xi | 2k)

The implementation details of the JPDA filter is summarised in Algorithm 4.1.
The outputs of JPDA at each time instant are the posterior existence probability
p (X% |Z2x) and posterior state estimate (Xz\k7P£|k> extracted from p (x% x4, Zx ).

Note that the number of targets can be easily estimated by counting the confirmed
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tracks. Therefore, JPDA provides a complete framework for MTT and track man-

agement.

4.3.2 Implementation Issues
Computational Complexity

Note from Eq. (4.8) that finding the exact marginal association probability p (6% |2}, )
requires full enumeration of all possible joint associate hypotheses. This means
that the complexity of JPDA is proportional to the number of joint association
hypotheses, which is a function of the number of targets and measurements. In the
worst case, i.e., without gating, the total number of joint association hypotheses

given M) measurements and Ny_; targets is

min{ My, N1}
N1 M, .
N = !
joint — . . \Z —
; 2 ? .
=0 , . Assign the measurements
~ -~ ——
Sum over the number Choose which targets Choose which measurements to the targets

of targets observed are observed aren’t clutter
min{My,Np_1}

_ Y Ny_1 ! M,
B il (Np_1 — i) (My —4)

1=0

!

~~
a;

(4.13)

Notice that _ ,
Ait1 _ (_Z+Nk—1) (_Z+Mk) (4 14)

The total number of joint association hypotheses Njqint can be determined in terms

of a hypergeometric function as
Njoint = 2Fo (—Ng—1, —Mj; 1) (4.15)

Table 4.1 summarises the total number of joint association hypotheses given different
number of measurements and targets for some small-scale problems. Even though
the gating technique can be utilised to split large-scale association problems into
several small-scale sub-problems, it can be noted from Table 4.1 that finding all
possible joint association hypotheses becomes prohibitive even for some small-scale
problems (M) = 5 and Nj_; = 5 for example). Therefore, exact brute force solution

through full enumeration (4.8) is computationally intractable except for a few simple



70 Practical Implementation of Joint Probabilistic Data Association

cases because of the combinatorial nature. Fig. 4.1 shows the mean average running
time of standard JPDA for a typical scenario. From this figure, it can be noted that
the time complexity of JPDA increases exponentially with the increasing of the
number of targets. This prohibits the application of JPDA using low-cost sensors
and motivates us to develop an alternative way to calculate the marginal association

probability p (6% |Z;) in a tractable manner.
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Figure 4.1: Mean average running time of standard JPDA for a typical scenario.

Table 4.1: Total number of joint association hypotheses.

M,
N, 1 2 3 4 5 6
1 1 2 3 4 5 6
2 1 3 7 13 21 31
3 1 4 13 34 73 136
4 1 5) 21 73 209 501
5 1 6 31 136 501 1546

Prior Knowledge on Pp and Apyu

It follows from Eq. (4.10) that the implementation of JPDA requires the knowledge
on detection probability Pp and clutter rate Ap4. Significant mismatches of these
two key parameters could result in erroneous tracking outputs. To see this, we

reformulate Eq. (4.9) as
p<0k|Zk)O<meftXfe (4].6)
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where f,,, f; and f, refer to the terms related to miss-detection, confirmed targets

and external sources (false alarms and new targets), respectively, as

fmoc [T [t = Pop (xi|2k-1)] (4.17)
i€[Nj_1],01=0
fi H [PDp (X}Lc | 211 ) P (ch ‘X;dk—l )} (4.18)
i€[Ng—1],0,=j
fo o 1T Ara (21) + ) Podp (x3)p (21 1x;) (4.19)
9Nk71+j=Nk,1+j s=1
k

where 7 denotes sth possible state vector of new birth targets and N}, represents the
total number of possible initialisations for new targets. Since, under any association
hypothesis, a measurement will either be associated to an existing target or an

external source, Eq. (4.16) can be reformulated as

P (Ok|Zk) < fr X fa (4.20)

where

Pop (i1 211)p (4

e ] )

- (4.21)
. b .
i€[Nk—1].0i=i | Apa (zi) + ; PpAp (x3)p (zi |x§)

The effect of the detection probability Pp on the estimation are two folds. On the
one hand, it follows from Eqs. (4.17) and (4.21) that the detection probability Pp
influences the relative ratio or weighting between the target miss detection f,, and
target detection fy terms. Therefore, artificially lower detection probability will give
more penalty on the target-absence f,,, leading to the delayed track maintenance.
However, lower detection probability might be useful in holding targets through
temporary fades. On the other hand, the spatial density of the external source
term, i.e., Ap = S0t Ap (x5) p (2 |x}) Pp + Apa (2), also reveals that the detection
probability also affects the track initialisation process. Lower detection probability
will force longer tentative tracks before a confirmation or deletion decision is made
based on the score logic. This, in turn, will increase the workload of the tracking
filter as more tracks remain tentative, which is especially severe in a high-clutter

scenario.

From Eq. (4.21), one can note that the clutter rate Ap4 also plays an important role

in the JPDA algorithm. Higher clutter rate will give more penalty on the external
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source term, i.e., false alarms or new targets, Apa (zi) + Zﬁl PpAp (x5)p (zfC x; )
than the target-detection term p (x4 | 21 ) p (Z?C |X;€) Pp. Therefore, artificially higher
clutter rate provides an estimation result that more tracks will be considered as
false alarms by the tracking system. Similarly, lower clutter rate usually generates

overestimation of the real targets.

Consequently, significant mismatch of either detection probability Pp or clutter rate
Ar4 will result in highly biased estimation. However, both Pp and Mg, are difficult
or not cost-effective to obtain in practice, especially for low-cost sensors. Therefore,
it is imperative to design an improved JPDA algorithm that can accommodate this

1ssue.

4.4 Approximated Marginalisation by Stochastic
Gibbs Sampling

This section will propose a stochastic sampling approach to approximate the marginal

association probability for efficient implementation of JPDA.

4.4.1 Sampling Joint Association Hypotheses

The key idea that this chapter proposes is to consider each joint association hypoth-
esis @y as a random variable that satisfies a distribution 7 (6;). To this end, we
construct a Markov chain whose state space is the set of all feasible joint association
hypotheses with stationary distribution as the posterior distribution of joint associa-
tion hypothesis, i.e., p (6y |2, ). To ensure that the joint association hypothesis with
higher probability are more easily to be sampled, it is natural to construct the sam-
pling proposal 7 (6) proportional to its corresponding joint posterior probability,
ie.,

N1

"8, o (H m@)) [T (o.60) (422

i=1 (i,i")€E
Using the sampling proposal 7 (8y), we could generate sufficiently enough samples
of 8. From the samples, it is straightforward to approximate the marginal joint
association probability by the sample occurrence. The issue is that direct sampling
from proposal distribution (4.22) is very difficult as enumerating all possible joint

association hypotheses is impossible for real-time applications. Therefore, we de-
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velop a sampling-based marginalisation algorithm using Gibbs sampling, similar to
[111]. Gibbs sampling is a stochastic method for Bayesian inference to approximate
the posterior multivariate probability distribution in a polynomial time [112]. Gibbs
sampler is a special case of the Metropolis-Hastings algorithm with an acceptance
probability of one. The main advantage is that it is simpler to recursively sample
from a conditional distribution than to sample directly from the joint distribution
itself. More specifically, the transition kernel from one joint association hypothesis
0, [9 o QN’“ 1]T to another one 8, = [9}, o ,Qin‘l}T is given by

Nk_1

7 (0,161, = H o (076}

...,9’;1—1,9;%1,...,9,@“*1) (4.23)

where 7, can be obtained from Eq. (4.22) using Bayesian rule as

Tm (9_2”

Nl am—1 pm4+1 Ni—1
g, ottt )
N1 n m+1 Np_1
w(ek,...,egy,ek A )
N1l omm—1 gm+1 Ni_1
w(ek,...,ek o) )

> (é,i, LA e ,eff’“*1> (4.24)
=lem I soc( ?ﬂ%) [Tew) I soc( 27192>
(myi')erE i#Fm (i3)EEi#m

o ¢ (97) H %( o)

(m
where 9% =0 i€ {1,... . m}, 9. =0l iec{m+1,..., Ny}

For a valid joint association hypothesis, we have . ( 4R 9};) = 1. Substituting this
expression into Eq. (4.24) yields

Tm (9_2”

‘Proportion to” in Eq. (4.25) highlights the dependence of individual conditional

gt et e,iVH) o @ () (4.25)

distribution on ¥}, while rest parts are formed as the normalisation constant. Given

the joint association hypothesis 8y, another hypothesis ) can then be obtained by
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recursive sampling according to the following individual conditional distributions

g~ (9’; \e,z, 5 e,fj)

g~ (ékm

g, ot e ,efjkfl) (4.26)

ANL_1 ANk—1
ek ~ TN_1 (ek

O 007

Once an enough number of samples generated, the marginal association probability
is approximated by occurrence. The detailed pseudo code of the proposed Gibbs
sampling-based marginalisation algorithm is summarised in Algorithm 4.2. Notice
that samples generated at early iterations, known as the burn-in phase, usually

cannot represent the target distribution and need to be discarded.

Algorithm 4.2 Marginalisation by Gibbs sampling

Input: Previous target estimation, received measurements, allowable samples
Ngivps, burn-in samples Nyypn—in

Output: Marginal association probability p (6% |x%, Z.)

1: qter < 1 > set the initial iteration counter as one
2: NG;_ «—0,7€{1,2,..., Ny_1 + My} > set the event counter as zero
3: 0,9) «— Oy, _, > set the initial state for the Gibbs sampler
4: while iter < Ng;ps do

5: iter < iter + 1

6: for m=1: N,_; do

7: Recursive sampling according to Eq. (4.26)

8: end for .

9: B,Efter) = [9,%, . ,9,]:’“’1 > one Gibbs sample
10: if iter > Nyyrn—in then
11: if # = j then
12: Ng; < Ng; +1

13: end if

14: end if

15: end while
16: p (02 = .] |X7ic’ Zk) - NH;/ (Ngibbs - Nburn—in)
17: return p (0 = j x4, Zx)

Remark 4.2. Similar to Metropolis-Hastings sampling, the Gibbs sampling might
become inefficient in exploring the space with high dimensionality, i.e., extremely
large number of targets, because of the random-walk behaviour [118]. Under this

condition, the Hamiltonian Monte Carlo sampling could be utilised as an alterna-
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tive way to obtain the samples in a more efficient way. Compared to Gibbs sam-
pling, the Hamiltonian Monte Carlo sampling has faster convergence speed for high-

dimensional target distribution, although the price of single iteration is higher [113].

Remark 4.3. From Algorithm 4.2, it can be noted that the time complexity of the
Gibbs sampler is proportional to the number of samples Ngypps. Given fized number
of Gibbs samples, the complexity of the proposed Gibbs sampling-based marginalisa-
tion is proportional to the number of targets, since the size of one joint association
hypothesis 0y, is Ny_1. This means that the computational complexity of the proposed

approach is linear with respect to the problem size and therefore it is scalable.

4.4.2 Convergence of Gibbs Sampler

After constructing the Markov chain, it is necessary to prove that the generated
Markov chain asymptotically converges to its invariant distribution and this property

is established in the following Theorem.

Theorem 4.1. Given any initial feasible joint event, the distribution of Gibbs sam-
ples (4.23) asymptotically converges to the target distribution (4.22) with an expo-

nential rate as

where w" (H_k ]0k) denotes the nth power of transition kernel w (ék |9k), i.e., the
transition probability from 0y to Oy via n steps, f = rréilmr2 (ék |0k) € (0,0.5] the
k

least likely two-step transition probability.

Proof. In general, the convergence of finite-state Markov chain is guaranteed by its
irreducibility and regularity. The irreducibility of a Markov chain is quantified in
terms of the possibility that one state has capability to transfer to another state
within finite step. And the regularity of a Markov chain can be checked by the

positivity of the entries of some finite power of its transition matrix.

Since every target can share the dummy measurement, i.e., . (0,6%) = 1, it follows
from Eq. (4.24) that

N1

T (O, [6x) < J] ¢ (0) >0
m=l (4.28)

Ni_1

m (65 |0n, ) o< [ 9 (67) >0

m=1
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Then, the two-step transition kernel from any 6y to any ), satisfies

7 (0k[6k) = Y 7 (6 1¢) 7 (C16k)
¢ (4.29)
> (ék ‘ON;C) 71'(0]\[]C |9k) >0

This implies that the Markov chain {0,(:)} generated by the Gibbs sampler is irre-
t=1

ducible and recurrent, and therefore the Markov chain will asymptotically converge

to its invariant distribution, e.g., the posterior of the joint association hypothesis,

by the ergodic theorem [114]. Next, applying Lemma B.2, presented in Appendix
B, to 72 (ék |0k) gives

nbzxﬁ” (61 16:) — r%iknw% (0 16) < (1—28)" o)
lim max 72" (B_k |0k) = lim min 7" (O_k ]0k) >5>0 .
n—oo

n—oo O 0y

Since Lemma B.1, presented in Appendix B, states that max " (ék |0k) is non-
k

increasing and ng)in " (O_k |0k) is non-decreasing in n, Eq. (4.30) can be reformulated
k

as

megan (61,16:) — r%in 7™ (01 16r) < (1 - 23)/2! .
iy e (6416¢) = Jim syin=” (6416:) > 0

Due to the asymptotic convergence property of the proposed Markov chain, we have

T (Qk) — nh—>r20 n};ix " (ék \Bk) = nh—>Holo Héin " (ék \9;.3) (4.32)
Since 7 (ék) lies between the minimum and maximum 7" (O_k |0k) for any given state
0y, Eq. (4.27) can be directly ensured. O

Remark 4.4. Theorem 4.1 reveals that the convergence error of the proposed Gibbs
sampler is upper bounded by a known constant. This means that the approximation
by Gibbs sampling is performance-guaranteed regardless of the setting of the number
of the burn-in samples. This is a main difference between Gibbs-JPDA and other
heuristic approximations [109, 110, 56, 2].

Remark 4.5. Typically, there is no rule-of-thumb or analytically way to set the
number of burn-in phase samples. However, due to the exponential convergence
rate, the burn-in phase of the proposed Gibbs sampler is short. Fven though the

number of burn-in samples is empirically set, its influence on the marginalisation is
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ignorable since the generated Gibbs samples are not used for inference the stationary

distribution. This will be empirically analysed in the simulation part.

Remark 4.6. Theorem 4.1 shows that, given any feasible joint association hypoth-
esis as the initial state 9,(:), the generated Markov chain {0,(:)};): exponentially
converges to the posterior of the joint association hypothesis. Due to the conver-
gence property, one can easily select a feasible joint association hypothesis as the
initial state for Gibbs sampler. For example, one can choose the trivial joint associ-
ation hypothesis that all targets are assumed to be miss-detected as the initial state

of the Gibbs sampler, e.g., 0,(;) =0y, ,-

4.5 JPDA with Unknown Detection Probability
and Clutter Rate

This section proposes a new variant of JPDA filter to adjust the unknown detection

probability and clutter rate by leveraging the multi-Bernoulli filter, thus termed as
MB-JPDA.

4.5.1 Detection Probability and Clutter Rate Estimation

The recently proposed multi-Bernoulli filter [115, 79, 80] utilises the RFS theory
to recursively propagate the posterior of multi-target state. This filter is known
as a parametrised approximation of the Bayesian multi-target recursion. At each
time instant k, the posterior PDF of the multi-target state is characterised as a
multi-Bernoulli RFS. More specifically, each target is modelled as a single Bernoulli
RFS, which is fully described by the existence probability ri = p (x4 |Z:) and the
probability density p(x%). A Bernoulli RFS is an empty set with probability 1 —r},
and has only one element, whose distribution is described by p(x.), with probability
rt. The multi-Bernoulli RFS is a simple union of N}, single independent Bernoulli
RFSs and thus can be completely characterised by the parameter set {7, p (x}) j\f:;cl_

The recursive multi-Bernoulli filter is given by two steps as [115, 79]:

e Prediction. If the posterior multi-target density at time k—1 is characterised
. ) Ni—1

as a multi-Bernoulli RFS as mj,_j,—1 = {7”12@71\1@71 s Dh—1lk—1 (Xﬁcq)} , then,

1

1=



78 Practical Implementation of Joint Probabilistic Data Association

the prediction of the multi-target density is also a multi-Bernoulli as

Thik—1 = {75 > DBk (XZ)}f'lk U {Tkjk—1,i, Prfk—1 (Xzfl)}j\f{l (4.33)

where the first part denotes the multi-Bernoulli REF'S of the birth model and

the second part represents the prediction of existing targets with

rlic|k71 = 7’/271\1@71 <pk—1|k—1 (Xi,l) ,Ps> (4.34)

Dhell—1 (Xi ) — <f (Xﬁc |Xi:—1) y Pk—1[k—1 (XZ_I) PS>
k-1 (Xg—1 <pk71\k71 (X;c—l) 7PS>

(4.35)

where (a, 3) = [ a(x) 8 (x) dx.

e Update. If the predicted multi-target density at time k is characterised as
) o) Ne—
a multi-Bernoulli RFS as 7y, = {le“gil  Dklk—1 (Xz)} 1, then, the update

of the multi-target density is also a multi-Bernoulli as

i i\ \ Ve
T = {TL,kapL,k (Xk:) }Z:Icl ‘U {TUJC (Z) y PUK ('7 Z)}zezk (436)
where the legacy (miss detection) component {rf . prx (x}c)}j\f{ ' is given by
7,1' _ 7,,1' 1— <pk|k_1 (X?ﬂ—l) 7PD> (4 37)
Lk — '"klk—1 i i :
- Tklk—1 <pk|k*1 (Xk—l) ’PD>
; ; 1—-Pp
DLk (Xk) = Pklk—1 (Xk) = <pk\k =) PD> (4.38)
1 (%),
and the measurement updated component is given by
Nfl Phpea (1 =rhge ) (oo (k) (2] ) Po)
. . 2
i=1 (1—7"k pe1 (Prjp—1 (xz),PD))
TUk (Z) = N ‘_ - - (439)
Ara () + 7 ez (Pt () (el ) o)
= 1—7”2“6,1 <pk\k—1 (X%)7PD>
Ne—1 i P ) )
1’1‘];?1 Dpk:|k—1 (x3.)p(z]x},)
i i=1 klk—1
pu (X4.2) = N (4.40)
"k|k—1 iy p
~ 1_r2k\k71 <pk|k71 (Xk)’ D>

The advantage of the multi-Bernoulli filter is that it utilises the mathematically

sound RFS theory and thus directly avoids the data association process in multi-



Practical Implementation of Joint Probabilistic Data Association 79

target tracking, leading to computational efficiency. However, the target identity or
the target label cannot be maintained during the filtering recursion. This means that
the multi-Bernoulli filter cannot be used to support the target label management.
Therefore, if the label information is required for practice, the application of multi-
Bernoulli filter is limited. Fortunately, as our aim is to estimate the clutter rate as
well as the detection probability using the multi-Bernoulli filter, there is no need to

manage the clutter identity.

To apply the multi-Bernoulli filter to estimate the clutter rate, we consider each
false alarm as a target with its own transition model, birth model and death model
[80]. This consideration is motivated by the fact that the target and the clutter have
totally different dynamics and thus can be treated separately in estimation. The
true targets and clutters in recursive filtering are therefore labelled by a discrete
space Z = {0, 1}, where 1 is the label of real targets and 0 is for clutters. To further
accommodate the detection probability estimation, we augment the state space as
X, = PxX xZI, where P denotes the space of detection probability and is defined on
the continuous domain [0, 1]. Here, the notation x represents the Cartesian product.
In Bayesian filtering, both prediction and update steps require the integration over
the state space. Note that the new state space is discrete due to the introduced
labelling space Z, the integration on this space can then be split into two different

parts. Define X, = P x X, then the integration over space X, can be obtained as
/ F (xa) dxq = / fo (%) dxp + / f1 (%) dx, (4.41)

where f; and fy, respectively, refer to the models of targets and clutters.

In reality, the detection probability is related to the target state. This fact makes the
system state propagation/prediction of the augmented system intractable. To ad-
dress this problem, we further assume that the detection probability is independent

of the target state, i.e.,
(4.42)

Substituting this expression into Eq. (4.41) gives

[recaxe= [ [ foro) fidroix+ [ [ i(Po) s dppdx (443)

X P X P
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In general, the clutter dynamics and detection probability are highly dependent on
the types of sensors. If we have some prior information regarding the sensors, we
can utilise such information to build the clutter dynamics and detection probability
model. Otherwise, general models can be leveraged, e.g., Gaussian distribution and
random walk. By substituting the augmented state space into the original multi-
Bernoulli filter, we can readily estimate the number of clutters at one scan Npa by
the summation of all confirmed targets with label 0 and the clutter rate estimation
S\FA is then given by XFA = NFA/V. As Pp is part of the system states, it can be

directly obtained by the state estimation of multi-Bernoulli filter.

Remark 4.7. Note that the target detection probability used in JPDA 1is typically
piecewise constant and thus the independence assumption is reasonable in filter de-
sign. Furthermore, the validation presented in the following section reveals that the

proposed algorithm works well in the presence of time-varying detection probability.

Remark 4.8. Note that one can also apply the augmented system into JPDA to
adapt to unknown detection probability and clutter rate. However, the inherent data

association process of JPDA will make practical implementation intractable.

4.5.2 MB-JPDA Algorithm

The general information flow of the proposed MB-JPDA algorithm is shown in Fig.
4.2. At every time instant, we utilise the proposed Gibbs-JPDA as the main tracker
to provide the multi-target state and identity estimation. The required detection
probability and clutter rate are obtained from an one-step multi-Bernoulli filter. By
incorporating the PPP model into JPDA, the posterior of JPDA estimation can
be modelled as a multi-Bernoulli RFS and thus the estimated output of the JPDA
provides feedback to the multi-Bernoulli filter for its initialisation at every time
instant. The advantage of the proposed parallel filtering scheme is that one can fully
exploit the strengths of both approaches: using the JPDA for track management
and obtaining fast estimation of detection probability as well as clutter rate by the
multi-Bernoulli filter. This property is different from some previous works, where the

clutter rate estimation is decoupled from the multi-object estimation [85, 86, 87, 88].

Remark 4.9. Since additional multi-Bernoulli filter is utilised for detection prob-
ability and clutter rate estimation, the computational complexity of MB-JPDA is
higher than that of the Gibbs-JPDA. However, the RFS-based multi-Bernoulli filter
directly avoids the typical data association procedure and therefore MB-JPDA also

runs in a polynomial time by using Gibbs sampling for marginalisation.
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Figure 4.2: General information flow of MB-JPDA.

4.6 Numerical Simulations

In this section, the effectiveness of the proposed JPDA filtering algorithms is inves-

tigated through numerical simulations in a cluttered environment.

4.6.1 Simulation Setup

Our experiments explore a scenario, involving ten manoeuvring targets with different

birth time. The state vector contains planar position and velocity. We use the well-

known coordinated-turning (CT) model for target prediction. The CT model is

defined as

with

>
o o o =

Xk - FCTXk;—l + ka‘—l

sin (wlicTs )
—_—
Wi

cos (wiTy)

1fcos(w2Ts)

1
W

sin (wiTy)

0
0
1
0

1—Cos(w]i€Ts)

7
Wk

— sin (w;T)
sin(w}iTS) )
—i

cos (wiTy)

A

G

(4.44)
T2/2
T
(4.45)
T2/2
T

where T, = 1s denotes the sampling period, and wi ~ N (-;0,02) the Gaussian

process noise with o, = 15m/s*. The turning rate w! is modelled by a random walk
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as
Wy, = Wiy + Ty (4.46)
where 7, ~ N (+;0,02) is the Gaussian process noise with o,, = 3°/s.

It is assumed that we use a radar for multiple targets tracking. The nonlinear range

and bearing measurements are generated with detection probability Pp = 0.9 as

. 2 . 2
2 _|_ ? .

1 __
Z, =

i
x,k

where (pft’k,p;k) denotes the 2D inertial position of the ith target, v, ~ N (-;0,R})
the Gaussian measurement noise with R} = diag (¢2, 07) with o, = 5m and o4 = 1°.
The clutter is assumed to be uniformly distributed in the surveillance region with
its number being Poisson with Nz4 = 10 average returns at each scan. Snapshots of
one sample trajectory for each target and 'transformed’ measurements are depicted
in Fig. 4.3. Note that the term ’transformed’ measurements here means the non-

linear range and angle measurements are transformed into Cartesian coordinate for

depiction only.
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Figure 4.3: Snapshots of the considered scenario. (a) Ground truth with ’circle’
being birth point and ’triangle’ being death point. (b) One-dimensional target
position and measurements with grey 'x’ being ’transformed’ measurements and
colour lines being targets.

Tentative track is confirmed if the existence probability satisfies p (x4 | Z;) > 0.8 and
a confirmed track is deleted immediately once p (x4 |Zx) < 0.1. For implementing
Gibbs sampling, the number of burn-in samples is set as Nyyn_in = 5 and the

number of Gibbs samples is chosen as Ny, = 30.
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In order to evaluate the performance of the proposed algorithms with different con-
ditions, one parameter is varied while others are set as their aforementioned default
values. The simulations are obtained over 500 Monte Carlo runs for each parameter

setting.

4.6.2 Performance Metric

The optimal sub-pattern assignment (OSPA) distance metric [116] is considered
here for overall performance evaluation, namely, cardinality and position estimation
errors. Let X 2 {x1, - ,Xm} and Y 2 {y1, -+ ,¥n} be the position estimation set
and true target position set, respectively. The cardinality of these two sets are m
and n, respectively. Then, for ¢ > 0 and 1 < p < oo, the OSPA distance d;, (X, ))
is defined as [116]

m 1/p
1 P
— | min d°(Xi, Yri)) + (n—m , m<n
d, (X,Y) E [n (wel'ln P ( Y ()) ( ))] (4.48)
d, (Y, X), m>n
where II, denotes the set of all permutations on {1,2,...,n} for any positive

integer n. d° (xi,yﬂ(i)) is the cut-off Euclidean distance between two vectors as
d° (xi, yw(i)) = min (d (xi, yw(i)) ,c) with d (Xi, yﬂ(i)) being the Euclidean distance.
The order parameter p determines the sensitivity of d; (X,)) in penalizing estima-
tion outliers, while the cut-off parameter ¢ determines the relative weighting of the
penalties allocated to cardinality and localisation errors. In all simulations, these

two parameters are set as p =1, ¢ = 100.

4.6.3 Performance of Gibbs-JPDA
Scalability and Robustness of Gibbs-JPDA

As can be noted from Eq. (4.13), the time complexity of standard JPDA is not
scalable with respect to the problem size, i.e., number of targets and number of
measurements. To show the scalability of using Gibbs sampling in marginalisation,

Monte-Carlo simulations are performed with respect different number of targets
Nigrget = 5,6,7,8,9,10 and clutters Npy = 10,20, 30,40 and the results are pro-
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vided in Figs. 4.4 and 4.5'. Tables 4.2 and 4.3 summarise the corresponding time
averaged mean OSPA distance and running time. From Figs. 4.4 (b) and 4.5 (b), it
can be noted that the time complexity of the proposed Gibbs-JPDA is linear with
respect to the number of targets and the number of measurements. This confirm
that the proposed algorithm runs in polynomial time and therefore is scalable. Un-
surprisingly, the tracking performance of JPDA degrades with more targets. The
reason is that the chance of data association failure rises with the increase in the
number of targets, which has an adverse effect on the tracking accuracy. However,
the discrepancy of mean OSPA distance does not differ much for different number
of targets. This means that the proposed algorithm is capable of handling large
tracking scenarios. High clutter rate is a typical characteristic of low-cost sensors,
which would have adverse effect on the tracking performance. Intuitively, the in-
crease of clutter rate will give rise to high possibility of data association failure, thus
the degradation in tracking performance. This can be clear observed in Fig. 4.5 (a),
but the Gibbs-JPDA shows strongly robustness even against a high clutter rate,
e.g., Npa = 40. With the increasing of the average number of clutters per scan, the
variation in the number of measurements also increases. This, in turn, results in the

increase of the variation of processing time, as can be confirmed by Fig. 4.5 (b).
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Figure 4.4: Monte-Carlo comparison results with respect to different number of
targets. (a) Mean OSPA distance. (b) Running time.

It follows from Algorithm 4.2 that the time complexity of Gibbs sampler is also pro-

portional to the number of samples and Theorem 4.1 reveals that the distribution

In plotting the running time, we leverage the boxplot to display the distribution of recorded
data. The red line inside the blue box refers to the median value and the blue box stands for
the 25%-75% region of record data. The upper and low black lines stand for the most extreme
data points not considered as outliers, and the outliers are plotted individually using the red '+’
symbol.
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Table 4.2: Mean OSPA distance and running time w.r.t. number of targets.
Niarget 5 6 7 8 9 10

OSPA distance | 13.9488 13.5404 13.7047 14.2330 14.2979 14.5011

Running time | 1.7180s 2.0437s 2.2723s 2.5540s 2.7468s 2.9646s
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Figure 4.5: Monte-Carlo comparison results with respect to different number of
clutters. (a) Mean OSPA distance. (b) Running time.

of Gibbs samples will asymptotically converge to the target distribution of joint
association hypothesis. In order to investigate the effect of the parameter Ngps
on tracking performance, Monte Carlo simulations are performed with respect to
different numbers of Gibbs samples Ngps = 10,20,30,40. The simulation results
of OSPA distance and running time are depicted in Fig. 4.6 and the corresponding
time-averaged performance is summarised in Table 4.4. From Fig. 4.6 and Table
4.4, it can be observed that increasing the number of samples generate better track-
ing performance in terms of OSPA distance at the sacrifice of computational time.
This conforms with statement made in Theorem 4.1. However, when the number of
samples is larger than a certain threshold, e.g., Ny > 20 in the considered sce-
nario, the performance improvement induced by the increasing of Ny is not very
obvious since enough samples are generated to represent the association hypotheses.
Furthermore, Fig. 4.6 (b) also reveals that running time of Gibbs-JPDA increases

linearly with respect to the number of samples.

As mentioned before, there is no rule-of-thumb to select the number of the burn-in
samples is empirically set in the simulations. Fig. 4.7 studies the impact of number
of burn-in samples on the performance of the proposed tracking algorithm and Table

4.5 summarises the time averaged mean OSPA distance and running time. From
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Table 4.3: Mean OSPA distance and running time w.r.t. number of clutters.
Npa 10 20 30 40
OSPA distance | 14.6057 17.1644 19.4571 21.9547
Running time | 2.9835s 4.8216s 6.9206s 9.2290s
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Figure 4.6: Monte-Carlo comparison results with respect to different number of
Gibbs samples. (a) Mean OSPA distance. (b) Running time.

this table, it is clear that Nyym—in = 5 achieves the best performance in terms of
estimation accuracy, but the tracking performance in terms of the OSPA distance
under all considered conditions is comparable, as can be confirmed by Fig. 4.7 (a).
This means that the proposed algorithm is robust against the variation of number
of burn-in samples. Also, Fig. 4.7 (b) reveals that increasing the number of burn-in
samples can slightly reduce the computational time. This can be attributed to the
fact that less samples have been processed during the marginalisation. However,
the discrepancy of running time among all tested cases is very small and can be

ignorable.

Comparison with Other Approximated Marginalisation Algorithms

To further validate the proposed Gibbs-JPDA, simulations are performed with com-
parison to other approximated marginalisation algorithms. More specifically, the

following four different algorithms are considered in the comparison:
e Algorithm 1: ENNJPDA [1];
e Algorithm 2: Modified cheap JPDA [2];
e Algorithm 3: Suboptimal JPDA [3];
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Table 4.4: Mean OSPA distance and running time w.r.t. number of Gibbs samples.
Nyivbs 10 20 30 40
OSPA distance | 16.3298 15.0163 14.8542 14.6621
Running time | 2.5389s 2.7412s 2.9085s 3.0745s
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Figure 4.7: Monte-Carlo comparison results with respect to different number of
burn-in samples. (a) Mean OSPA distance. (b) Running time.

e Algorithm 4: Gibbs JPDA.

The details of Algorithms 1-3 are summarised in Appendix D. The comparisons
are carried out for three different cases Nigrger = 10,40,80. The Monte-Carlo sim-
ulation results for these three different cases are presented in Figs. 4.8-4.10. The
corresponding time-averaged mean OSPA distance and execution time are sum-
marised in Table 4.6. From Fig. 4.8 (a), it can be observed that Algorithms 3 and
4 have comparable performance and outperform the other two algorithms in terms
of tracking accuracy for the scenario with 10 targets. However, Algorithm 4 has
slightly higher time complexity than that of Algorithm 3, as demonstrated by Fig.
4.8 (b). With the increase the number of targets, the tracking accuracy of the pro-
posed Gibbs-JPDA, i.e., Algorithm 4, significantly outperforms other algorithms,
as confirmed by Figs. 4.9 (a) and 4.10 (a). This reveals that the proposed Gibbs-
JPDA has strong robustness against the variation of the problem size. Although
Algorithms 2-4 have similar level of time complexity for scenarios Nygrger = 40 and
Niarget = 80, the proposed Gibbs-JPDA has the smallest variation in execution time
the lowest time complexity among all the tested algorithms, as shown in Figs. 4.9
(b) and 4.10 (b). These results clearly demonstrate that the proposed Gibbs-JPDA
provides an efficient approximation of marginalisation with guaranteed performance

for implementing JPDA.
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Table 4.5: Mean OSPA distance and running time w.r.t. number of burn-in samples.
Nowrn—in 0 5 10 15
OSPA distance | 14.9362 14.5761 14.7741 14.8525
Running time | 3.0756s 3.0159s 2.9876s 2.9602s
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Figure 4.8: Monte-Carlo comparison results for a scenario with 10 targets. (a) Mean
OSPA distance. (b) Running time.

4.6.4 Performance of MB-JPDA

In order to verify the effectiveness of the proposed MB-JPDA algorithm, the follow-

ing two cases are considered in the simulations:

e Case 1 (stationary scenario): Pp = 0.9, Npa = 10;

e Case 2 (dynamic scenario): Pp peaks at the sensor origin with Pp = 0.95
and exponentially decreases to 0.8 at the boundary of the sensing field-of-
view. The average number of clutters is given by a time-varying profile as
Npa =10+ 5sin(0.1¢).

For the purpose of comparison, we also perform the ideal JPDA filter with perfect
knowledge of detection probability as well as clutter rate and the following four
non-ideal JPDA filters:

e Non-JPDA 1: ideal Pp, Npy = 1/10N7%!:
e Non-JPDA 2: ideal Pp = 0.9, Npy = 10N5<¢;
e Non-JPDA 3: Pp = 0.6, ideal Npy;

e Non-JPDA 4: Pp = 0.3, ideal Npy4.
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Figure 4.9: Monte-Carlo comparison results for a scenario with 40 targets. (a) Mean
OSPA distance. (b) Running time.
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Figure 4.10: Monte-Carlo comparison results for a scenario with 80 targets. (a)
Mean OSPA distance. (b) Running time.

where NF! denotes the real average number of clutters per scan that is utilised

in generate the scenario and Np, refers to the average number of clutters per scan

utilised in the JPDA.

The results of OSPA distance and cardinality estimation obtained by Monte-Carlo
runs are shown in Figs. 4.11 and 4.12. The time-averaged mean OSPA distance
obtained from different JPDAs in the simulations are summarised in Table 4.7. The
peaks of mean OSPA distance in Fig. 4.11 are resulted from track confirmation for
target birth. If the clutter rate is set lower than the real value, the JPDA filter
overestimate the multi-target state and thus generating more ’confirmed’ targets,
leading to larger OSPA distance (e.g., non-ideal JPDA filter 1). If the clutter rate
is set higher than the real value, the JPDA filter gives an underestimation the
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Table 4.6: Comparison results of different approximated marginalisation algorithms.

Ntarget Metric Algorithm 1  Algorithm 2 Algorithm 3 Algorithm 4
10 OPSA distance 23.8797 22.6854 14.7758 14.6997
Running time 4.1091s 3.8458s 3.2116s 3.3219s
40 OPSA distance 50.4952 48.7055 20.0683 14.9097
Running time 62.3473s 37.9775s 31.1418s 25.2442s
30 OPSA distance 67.3621 49.2299 29.3754 16.5069
Running time 280.9620s 97.8728s 107.5799s 89.9069s
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Figure 4.11: Monte-Carlo comparison results of mean OSPA distance for different
cases. (a) Case 1. (b) Case 2.

multi-target state (e.g., non-ideal JPDA filter 2). Although the results, shown in
Fig. 4.11, reveal that the JPDA filter is somewhat robust against the detection
probability (e.g., non-ideal JPDA filter 3), low detection probability gives a delayed
confirmation, as we stated earlier. Moreover, when the detection probability is
highly mismatched with its real value (e.g., non-ideal JPDA filter 4), the estimation
is unreliable. As a comparison, the results clearly verify that the proposed MB-
JPDA filter has comparable performance as the ideal JPDA filter by utilising the

multi-Bernoulli estimator in a feedback loop.

4.7 Conclusions

This chapter addresses the sensor-related implementation issues for practical appli-
cation of the JPDA filter using low-cost sensors. Two main problems are considered
in this chapter: (1) reducing the time complexity of finding the marginal association

probability; and (2) alleviating the assumption on the full knowledge of detection
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Table 4.7: Mean OSPA distance for different cases.

Ideal Non-ideal Non-ideal Non-ideal Non-ideal

JPDA JPDA 1 JPDA 2 JPDA 3 JPDA 4 MB-JPDA
Case 1 | 24.0646 30.4442 55.1231 24.2637 27.9943 24.8453
Case 2 | 24.0454 30.7092 60.5923 24.4553 32.5549 25.0797

probability and clutter rate.

For the first issue, an efficient marginalisation approach is proposed by utilising
stochastic Gibbs sampling. Each possible joint association hypothesis is considered
as a random variable that can be drawn by stochastic Gibbs sampling and hence
the marginal association probability can be easily approximated by the sample oc-
currence. This polynomial-time approximation makes it feasible to apply JPDA for
multi-target tracking using low-cost sensors. Performance evaluation with extensive
empirical simulations show that the proposed Gibbs-JPDA provides scalable and
performance-guaranteed approximation, i.e., insensitive to the clutter rate and the

variation of problem size, in marginalisation.

For the second issue, a new variant of JPDA, called MB-JPDA, is developed by in-
corporating with the multi-Bernoulli filter to accommodate the unknown detection
probability and clutter rate. Based on the PPP birth model, the multi-target esti-
mation output of Gibbs-JPDA can be characterised as a multi-Bernoulli RF'S. This
enables the application of the multi-Bernoulli filter in a feedback loop to estimate

the unknown detection probability and clutter rate. Simulation results confirm that
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the proposed algorithm exhibits the advantages of the Gibbs-JPDA filter and can
correct the biased estimations induced by the unknown detection probability and
clutter rate. Under the condition where detection probability and clutter rate are
difficult to be obtained, the MB-JPDA filter can be a practical solution, providing
performance comparable to the ideal JPDA filter.



Chapter 5

Information-Theoretic Joint

Probabilistic Data Association

5.1 Introduction

It is known that the JPDA filter makes a soft decision in data association, i.e.,
finding the marginal association probability for track update. Due to the nature of
the soft decision, the posterior of the ith target provided by JPDA can be modelled

by a mixture term as

P (X Xk Z6) = D p (X |0 Xk Z6) 2 (0 | Xk 2i) (5.1)
0%

Generally, the number of mixture terms increases exponentially due to the data
association uncertainty. Since every mixture term requires a Kalman filter for its
propagation, it is necessary to control the number of mixture terms from the compu-
tational burden standpoint. The standard JPDA simply approximates the posterior
mixture PDF by a single distribution through moment-preserving method. More
specifically, the state correction x§;| . of the ith target and its corresponding covari-

ance P?ﬂk are obtained as

My,

i Y]
Xkle = E ﬁjxk|k

Jj=0

M, .
i i ) i i i i i
klk = E B5; {Pkk + (Xk|k Xk:|k> (Xk\k Xk\k) }
Jj=0

(5.2)
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As stated in [57], the simple moment-preserving approximation is accurate enough
provided that the distance between Gaussian terms is far enough. If two targets are
not well-spaced or in a highly cluttered environment (see Fig. 5.1 for example), the
resulting Gaussian mixture exhibits multi-modality and therefore this approximation

may destroy valuable information.

4

J
&
&
&
>

Moving closely o

4

0
-~ *
] 1
Target 1 dpreesseees dPerennnsfodpipnses™™
1 1
) [
‘ll“----‘-‘.,,......ll.
‘. ~. '....

4

Target 2 -'

Figure 5.1: An example of closely-moving targets. The coloured diamonds and
rectangles refer to the positions of two different targets at regular time instants.

To improve the approximation performance of Gaussian mixture approximation in
JPDA, this chapter suggests a new information-theoretic JPDA algorithm that ap-
proximates the Gaussian mixture PDF in a more accurate way to improve the overall
tracking performance of the JPDA filter through an information-theoretic approach.

The main contribution of this chapter is:

e An information-theoretic approach is proposed to approximate the posterior
Gaussian mixture PDF. This approximation is obtained by the minimisation
of an information-theoretic metric, i.e., a weighted KLD. The uniqueness of the
proposed algorithm is in choosing the weights for the mixture as the marginal
association probabilities over the basic reverse KLD mixture model. Leverag-
ing the weighted KLD enables the resultant PDF to approach the mode with
the most probable association pair without completely pruning other informa-
tion. Another benefit of using a weighted KLD as the cost function is that it
enables a simple closed-loop solution, which largely resembles the concept of

generalised CI and therefore provides robustness against cross-correlations.

e Under the condition of unity probability of target detection, it is proved that
the proposed information-theoretic JPDA provides unbiased estimation. The
lower and upper bounds on the estimation covariance are also analytically

derived to support the validity of the proposed approach.
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5.2 Information-Thoeretic JPDA

This section will propose a novel information-theoretic JPDA by replacing the orig-
inal moment-preserving mixture reduction method with an information-theoretic

approach.

5.2.1 Information-Theoretic Mixture Approximation

Instead of simple moment-matching, we will propose an information-theoretic ap-
proach for Gaussian mixture reduction in JPDA. In general, there are many ways
to quantify the proximity of two PDFs. Among them, the most widely-accepted
metric, from the information-theoretic point of view, is the KLD or cross entropy
[117]. Give two PDFs p(x), ¢(x), the KLD is defined as

p(x)
Dkr(pllg) = / p(x)In dx 5.3
bl = [pem (53)
which reveals that Dk (p|lq) > 0 with equality if and only if p(x) = ¢(x). There-
fore, the KLD can be viewed as a pseudo distance between two PDFs in a simi-
lar way as Euclidean distance between two points in an inertial frame. The rea-

son why we call it a pseudo distance lies in its unsymmetrical property, that is,
Dir (pllg) # D (qllp).

As the KLD quantities how close a PDF is to a candidate PDF. One can find a
best approximation of a specific PDF in the sense of minimisation of KLD. Let p(x)
be the original PDF and ¢(x) the candidate PDF that approximates the original
one. In information theory, there are two different kinds of KLDs, forward KLD

and reverse KLD, that we can seek to minimise them to obtain our solution ¢(x).
These two different KLDs are defined as [117]

. o m P g
Forward KLD: Dgy (p||q)_/p( )1 q(x)d -
. = X HQ(X) X .
Reverse KLD: Dy (qu)—/q( )1 p(x>d

The solution of min D (p ||¢) is known as moment projection, which finds the mean of
q

p(x) and overestimates the support of p(x). In [118], the authors proposed a Gaus-
sian mixture reduction method on the basis of the forward KLD, which was proved

to only consider the merging operation for mixture reduction [119]. As a comparison,
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minimisation of the reverse KLD results in a mode selection approximation [119].
In other words, this solution only keeps the strongest mode and prunes the mixture
terms with low weightings. In JPDA filter, if several targets are moving closely,
the Gaussian mixture terms tend to exhibit much higher multi-modality and thus
the mode seeking property of the reverse KLD to prune the unreliable terms will
generate improved estimation performance. This is also the reason why the drastic
pruning method, ENNJPDA, shows remarkable ability in closely-spaced scenarios.
However, this drastic pruning also prunes some useful information and therefore is
sensitive to clutter rate. In order to obtain improved estimation performance, we
will seek to minimise the KLD to derive an overall optimal solution. Unfortunately,
as stated in [119], the analytical solution of the problem of the minimisation of
the reverse KLLD for mixture distributions is intractable and one needs to resort to
time-consuming numerical optimisation methods. Hence, numerical methods might
not be suitable for online implementation of target tracking algorithm, especially
for low-cost sensors. To maintain the feasibility, we will propose a weighted KLD

that can be used to derive analytical solutions.

Similar to standard JPDA, our aim is to find an approximation of the Gaussian
mixture by a single Gaussian PDF. To realise this, define the weighted KL.D for the
1th target as

> 8P (0" [[p5) (5.5)

where p} (x') = N (x“,x;fk,Pka> denotes the PDF representing the relationship
between the ith target and the jth measurement, p’ the candidate approximated
posterior PDF of the ith target. Then, our solution of Gaussian mixture approxi-

mation is given by the optimisation problem as

My,
pl = argmin Z BiDkr (v ||p}) (5.6)
p* =0

Since the marginal association probability B; quantifies the confidence level that the
jth measurement comes from the ith target, B; is leveraged as the weight /penalty
for the difference between the candidate PDF p; and the single association Gaussian
term pé (x%). This implies that the proposed cost function also considers matching
with the strongest Gaussian mode, i.e., with the highest marginal association proba-
bility, to resolve the multi-modality issue when targets are moving very closely. The

mathematical relationship between the original reverse KLD and the proposed cost
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function is established in the following proposition.

Proposition 5.1. The reverse KLD provides the lower bound of the proposed cost

Dk, (Pi

where the equality holds if and only if pl, = p}, Vi’ # j.

function, 1.e.,

M, M,
zﬁ;p;i) <3 5D (0 1) 657
=0

J=0

Proof. According to the log-sum inequality, we have

- (pi ZB}pj-) = [ @)
£ o @)

< /Z a;p’ (xl) In %dm”
i M
= ;aj /pi (:c’) In ]]j; ((z% dz' + Z a; In 2 E

—ZCLJDKL P’ Hp] +Zajln—

(5.8)

where 0 < a; <1 and S M iZ0a; = 1, and the equality holds if and only if

app’ (¢') _ap' (@) .,
o~ iy Y7
ﬁj/pj’ (2*) ijj (z*)

(5.9)

Then, Proposition 5.1 can be proved by choosing a; = ﬁ’ O

Remark 5.1. Proposition 5.1 indicates that the proposed cost function reduces to
the reverse KLD once all Gaussian terms have the same mean and covariance. Fig.
5.2 provides a comparison example of different Gaussian mixture approximation ap-
proaches, where the solution of minimising the reverse KLD is obtained via numerical
algorithms. From Fig. 5.2 (a), it can be clearly noted that minimising the reverse
KLD and the proposed weighted KLD generate the same solution if all Gaussian
terms have the same distribution. Comparing to the moment matching, i.e., min-
imising the forward KLD, optimising the reverse KLD provides the opportunity of
mode selection and therefore can directly resolve the issue of multi-modality in JPDA.
As an approzimation of the reverse KLD, the proposed cost function provides the

solution with approrimate mode selection, as confirmed by Fig. 5.2.



98

Information-Theoretic Joint Probabilistic Data Association

4

04 0.8 L
=unns Gaussian 1 =ssns Gaussian 1 .'. -'.
035t == = Gaussian 2 0.7  |mm == Gaussian 2 3 ':
Gaussian Mixture Gaussian Mixture _'. ;‘ H
03k == = Forward KLD 06 == = Forward KLD H :' H
== == Reverse KLD === Reverse KLD :. M :.
vasl vevus Weighted KLD 05 |*r==* Weighted KLD : HEaH
2 02 \
=

0.15

011

0.05

(a) p(x) = 0.5N (z;-2,1) + 0.5N (z;-2,1) (b) p(z) = 0.8N (z;2,0.5) + 0.2N (z;—2,1)

0.8 T T T T T T T T
=sxss Gaussian 1 ”\‘
07| |====Gaussian 2 ,' \ 1
Gaussian Mixture Fas L ]
0l |= =Forward KLD N b ‘I |
: === Reverse KLD oy 1
== === Weighted KLD ; 'I. [
05 =B \) ]
H I [
L; 0.4 P | 1

(¢) p(z) = 0.3N (x;—2,1) + 0.7N (z;3,0.5)

Figure 5.2: Comparison of different Gaussian mixture approximations.
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Proposition 5.2. The closed-form solution of optimisation problem (5.6) is given
by
pi =N (Xi;XZ\k7PZ|k) (5.10)

where

My, 1
) _ 7 7 1,] Za]
X = P E :5 <Pk|k> Xk

J=0

1 (5.11)
Z\k = Zﬁl (P;q]k) ]
Proof. Based on the definition of KLD, it can be deduced that
S P
5ZDKL ﬁz/ (x')In = - dx’
]Z% Z pj (x7)
NESPRIEY
:/pl(xl)[26;1 1(2)]dl
=0 J
" P (x')
= /p’ (x') In Vi -dx’
§=0
i (i P
frem
= /pZ (XZ) In i: E):;)) dx’ lmc/pZ (XZ) dx’
= Dkr (p }pi) Inc
where
v =11 )]° (5.13)
§=0

with ¢ = [ H =0 [p] )}ﬂ; dx" being a normalisation constant.
Note that Dgr, (p'||pl) > 0 and the equality holds if and only if p* = p’. Then, the
solution of the minimisation of the weighted KLD ZM’“ B’:DKL (p’ Hp;) is p' = pt.

Since the PDF p!(x’) takes Gaussian distribution N (X Xk| s P;ljk>, it follows from
the property of Gaussian products [120] that

! (x)] = [J\/ <x xk|k,PZJk>]5§ x /\/<x X5 P, /@;‘.) (5.14)
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and
[17 (<) = [TV (xxii. P
§=0 §=0
7 i N My N .
xexpd =2 [ ()Y (Pk) X - (Z (Pi) x;fk) X!
=0 =0 (5.15)
7 i N
-()"Y (Pi) x:fk] }
5=0
1 A T iy—1 % A
ocexp | =5 (x' —p') (2) - (x' = )
where
W= (PH) xi
§=0
s N (5.16)
== (L))
§=0
Then, we have
- g M N8
po= T [ 6] o TT A (s P )|
=0 =0
MZ ’ (5.17)
x HN(XZ;XZ;‘]]C,Pka/ﬁ;> o< N (%' X, P )
§=0
Therefore, the optimal PDF p’ can be formulated as
i1 i i i
p,=—N (X ;ch|k7Pk\k) (5.18)

1
where ¢; is a normalisation constant.

Since [ pi (x')dx’ = 1, and [N (xi;x;;'k,P;;‘k)dxi — 1, it follows from (5.18) that
ci=1and pl =N (xi;x};‘k,P}ak). O

Remark 5.2. Proposition 5.2 reveals that the optimal solution is the weighted ge-
ometric mean of all PDFs, which coincides with the generalised CI in information
fusion [27, 121]. This means that the proposed algorithm holds similar property as

generalised CI. That is, the proposed method is robust against the unknown corre-



Information-Theoretic Joint Probabilistic Data Association 101

Table 5.1: Computational complexity comparison.

Algorithm Computation term | Computational complexity
Computing x}'€|k O((Mr+1)n)
Computing P}, O (Mg + 1) (3n* +n))
Computing x;, | O (Mg +1) (n° +2n°) +n?)
Computing PZ\k O (Mg + 1) (n® +n?) +n?3)

Moment-preserving (5.1)

Proposed approach (5.11)

lations among the information sources. Therefore, one can safely predict that the

proposed JPDA exhibits improved performance when targets are moving closely.

Remark 5.3. By using the computational complexity of the related matriz manip-
ulations [122], the computational complexity comparisons of the proposed Gaussian
mixture approximation and the simple moment-preserving approach of the original
JPDA are presented in Table 5.1. From this table, one can note that the proposed
approach has higher computational complexity than the simple moment-matching
method due to the inversion operation of PZ‘Jk However, the computational com-

plexities of both algorithms are scalable with respect to the number of measurements.

5.2.2 Implementation of Information-Theoretic JPDA

Similar to the standard JPDA, the proposed information-theoretic JPDA algorithm
also forms tracks out of the marginal measurement-to-track association distributions,
and thus is a track-oriented approach. The implementation of this new algorithm
is the same as the Gibbs-JPDA, discussed in Chapter 4, except for the mixture ap-
proximation step. The complete pseudo code of the proposed information-theoretic
JPDA is summarised in Algorithm 5.1.

Algorithm 5.1 Information-Theoretic Joint Probabilistic Data Association Filter
Predict the existing targets using target dynamics

Update each track with all possible measurements by Kalman filter

Calculate the marginal probability p (6 |Z;)

Calculate the posterior existence probability p (xi |2 )

Calculate the existence-conditioned marginal probability p (6% |4, Z)

Use the results shown in Proposition 5.2 to update Nj_; existing targets
Generate M new targets (one for each measurement)

Perform track confirmation and deletion based using the existence probability

p (X |21)
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5.3 Performance Analysis

In this subsection, the performance of the proposed information-driven mixture ap-
proximation is analysed. Intuitively, continuous miss detection results in significant
information loss, leading to the divergence of the estimation filter. Therefore, the
performance is analysed under the condition Pp = 1 in this subsection, while the
effect of Pp on the estimation performance will be empirically studied in the simu-
lation parts. We first analyse the mean performance of the proposed estimator and

then derive a lower bound and an upper bound of the error covariance.

Theorem 5.1. (Mean Performance) Under the condition Pp = 1, the proposed
Gaussian mizture approximation, given by (5.11), yields unbiased estimation if every

hypothesis leads an unbiased estimate, i.e., E m;djk =1,

. . -1 . ) -1
Proof. Define Yo = <P2lk> as the information matrix and Vi = (P}dk) Xk

as the information contribution. Then, Eq. (5.11) can be rewritten as

Mk Mk .
Vi = 2OV Yie = D BY (5.19)
=0 j=0

which reveals that the proposed mixture reduction algorithm can be viewed as a

weighted sum of information terms.

The remaining proof is given by mathematical induction. Consider the case that

the ith target has two valid measurements, e.g., j = 1,2. Then, (5.19) reduces to

Yir = Oy + (1= 81) vi (5.20)
k\k 51Y2|1k (1 B 51) lec|2k

Applying the matrix inversion lemma, we have
% 1,2 w7t 1
1Yk\k + o 51) Yk|k} (ﬁlYk\k>

|
(vt (e o)
I, (ﬁZY;dlk) A

~1,-B

(Y;qk)il <ﬁiY;|lk)

(5.21)
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where
A i~isl -1 i i,2 -1
A2 (Bivy) +|0-8) Y] .
A i~,1 -1 -1 ( )
B = (51Y1£|k> A
Note that
iYi,Q iYi,l -1 I z’Yi,2 z’Yi,l -1
(1_51) k\k(ﬁl k|k> + n:(l_ﬁl) k\k( 1 k|k>
Yi,2 -1
klk (5.23)

+(1-8) Y

=(1-5) YA

1-p

) . L -1 L L —1
Lo+ (1= 8) i (6ivi) = (v (v
. , . . -1
+(1-8) Y (8Yin) (5.24)
i il |
= Yk (51Yk’|k>

Combining (5.23) and (5.24) yields
i \~1 AR il ) A -
( klk) (1 - 51) Yk\zk = (51Yk\1k> AT'=B (5.25)

Based on (5.21) and (5.25), it is straightforward to evaluate the expectation E [Xi;m]
as
i [~ V1
E [Xk|k] =E _(Yk|k) Yk|k]

=E[(v) " (A + (- 8) Vil )]

—E |(L, — B)x}j, + B}, | (5.26)

= (I, - B)E [x,| + BE [x;7|
= Xk
since £ [X;CH =x! and E [XZH = x! according to the property of Kalman filter.

At the inductive step, assume that the ith target has M, — 1 valid measurements,

e.g.,j=1,2 ..., M;—1 and the proposed Gaussian approximation approach yields
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unbiased estimation

M —1 Mp—1
ie = 2 Bk Yig = Y BY (5.27)
Jj=1 j=1

Following similar procedures, shown in (5.20)-(5.26), it is easy to verify that, if the
ith target has M), valid measurements, e.g., j = 1,2, ..., M}, the proposed Gaussian
approximation approach yields unbiased estimation. Then, the proof is completed

by mathematical induction. O

Remark 5.4. Notice that the expectation E [%\k] 15 evaluated based on the posterior
p (24 |xL, Z1), which is a function of x given current measurements Zy. Since data
association only depends on the target dynamics model and current measurements
Zy., the marginal probability 5;- is determined once the association process is finished

and therefore B; 1s considered as a known constant in the analysis of Theorem 5.1.

Remark 5.5. The establishment of Theorem 5.1 requires the assumption that every
hypothesis leads an unbiased estimate. Notice that each single association hypoth-
esis is updated by classical linear Kalman filter, which provides unbiased estimate
provided that the noises are Gaussian. For this reason, we utilise the unbiased as-

sumption of each hypothesis in the analysis.

Theorem 5.1 reveals that, if the original estimator for single association pair update
is unbiased, the proposed algorithm yields unbiased estimation. Now, let us investi-
gate the error covariance performance, which quantifies the estimation accuracy, of
the propose information-theoretic approach. To derive the bound on the covariance
matrix le . » we consider the following linear system for the ith target
xp =F_ X + Wiy (5.28)
zi = Hix. + v}
where Fi_| € R™™ and Hi € R™*" correspond to the system matrix and obser-
vation matrix, respectively. The signals wi € R" and vi € R™ are process noise

and measurement noise, which are assumed to be zero-mean Gaussian process with

covariances Qi € R™*™ and R} € R™ ™, respectively.

Theorem 5.2. (Error Covariance Performance) Suppose Pp = 1 and the linear
system (5.28) is uniformly controllable and uniformly observable. If the initial error
covariance Pé’fb > 0, then the estimation error given by (5.11) is asymptotically

bounded in a mean square sense and the corresponding error covariance is uniformly
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bounded from below and from above as
P <P, <P (5.29)

where P and P are positive matrices.

Proof. According to JPDA, the error covariance update of each association pair

0; = 7 is obtained by standard Kalman filter as

i\ ij ! i\T p-1yyi
(Pk]k) = <P1$|k—1) + (Hy) Ry Hj
i i i \T i ! iNT 1 —117i
= <Fk—1 k—1]k—1 (Fk—l) +Qk—1> + (Hk) R, H,
Me L] -
> 8(P s )
j=1

= | Fi (Fi) + Qi |+ (H) R'H;

(5.30)

Note that the previous equation is derived based on the information form of Kalman
filter. According to Lemma C.1 in Appendix C, the hypothesis-conditioned error

covariance is uniformly bounded from below and from above as
I <P, (5.31)

where P, and P; are positive matrices.

Based on (5.31), we can choose matrices P,g‘k and Pﬁk at each scan as

7;,U é i7 ’max i, 'max 7;7 j N
Pk = {Pkfk Pue™ — P =205 € [Mk]} (5.32)
izL é ’L'7 .min ’L'7 ‘min 2'7‘ N '
Py = {Pkfk Pk|jk - Pkfk <0,j€ [Mk]}
where [M;] ={1,2,..., M}.
Then, one can imply that
Me o -1 Mk _ _
Soa(Ph) =X a(Pik) = (Pi)
= = (5.33)

My, ] My, 1 —1

i (i i (iU iU
Z 53' <Pk|jk> > Z ﬁj (Pk|k) = (Pk|k)
=1 j=1
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Substituting (5.33) into (5.30) yields
pii ’1< Fi piL(Fi )\ i\ i\T p-1gri
( k\k) —< 1P (Fioa) +Qk—1> + (Hy) Ry H,

1 1 (5.34)
i,j i WU (i \T i
(Pk\k> > (Fk—1Pk|k (Fi1) + qu)

+ (H))" R, 'Hi,

Note that the right hand sides of (5.34) can be considered as two standard Kalman

filter error covariance updates as

i e
Pl = Vs (‘I’k—l e (‘1’1 (P0|0> )) 5.35
ke = FR A TELTTELTL o )

where the operator Wy () is defined as

-1
A i i \T i B i\ o —1y7i

Uy (P) = [(Fk—lp (Fio1) +Qk—1> + (H}) Rlek:| (5.36)

Consequently, the estimation error given by (5.11) is asymptotically bounded in a

mean square sense and the corresponding error covariance is uniformly bounded

from below and from above by using Lemma C.1. O]

5.4 Simulation Studies

In this section, the effectiveness of the proposed MTT algorithm is demonstrated

through extensive empirical numerical simulations.

5.4.1 Simulation Setup

Our experiments explore a very challenging scenario, involving ten closely moving
targets. These ten targets appear at time step from ¢t = Os to t = 90s at every 10s
interval. The state vector contains planar position and velocity. We assume that all
targets share the same motion model and use the well-known CV model for target
prediction. The CV model is defined as

xi = Foyxi_, + Guw,_, (5.37)
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Figure 5.3: Sample ground truth and measurements (grey 'x’ for measurements and
colour lines for targets).

with
TSQ/Q
A 1 T A T
Foy 2L, ® g2 5.38
VTR0 T2/2 (5.38)
T

where Ty = 1s is the sampling period, and w} ~ N (-;0,02) the Gaussian process

noise with o, = 0.1m/s%.
The linear position measurements, generated with Pp = 0.9, are modelled by

7

i px,k’
Z, = :
7

Dy

+ v} (5.39)

where (pf, ., p ;) denotes the 2D inertial position of the ith target, vj ~ N (-0, R})
the Gaussian measurement noise with R: = o2diag([1,1]). The clutter is assumed
to be uniformly distributed in the surveillance region with its number being Poisson
with 10 average returns at each scan. Snapshots of one sample trajectory for each

target and ’transformed’ measurements are depicted in Fig. 5.3.

In order to cover the entire region of interest, the target birth model is Ap (x) =
AN (x; %, Py) with Ap = 0.05, x, = [0,0,0,0]", P, = diag([100%,1,100%,1]). A
tentative track is confirmed if the existence probability satisfies p (x} |Zx) > 0.8 and
a confirmed track is deleted immediately once p (x% |Z;) < 0.1. The OSPA distance
with p = 1, ¢ = 10 is utilised in this chapter to evaluate the performance of the

proposed algorithm.
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5.4.2 Performance Evaluation

We compare the proposed JPDA filter with standard JPDA and measurement-driven
JPDA [59] for these three different cases. Note that the measure-driven JPDA can
avoid the multi-modality issue but cannot provide the information on target label.
In order to make fair comparisons, the Gibbs sampling-aided marginalisation is also

utilised in other two algorithms.

The results of mean OSPA distance obtained by 100 Monte-Carlo runs are shown
in Fig. 5.4. The peaks of mean OSPA distance before 100s in this figure are re-
sulted from track confirmation for target birth. Since all targets cross each other
at around 100s, all filters cannot correctly assign measurements to targets, which in
turn results in performance degradation. Although the measurement-driven JPDA
can also mitigate the multi-modality issue in Gaussian mixture approximation, the
resultant solution is sensitive to measurement noise, as confirmed by Fig. 5.4. It is
clear from Fig. 5.4 that the proposed information-theoretic JPDA outperforms other
two algorithms in terms of tracking accuracy and shows strong robustness against
the variation of measurement noise in all cases. The reason is that minimising the
proposed KLD provides approximate mode selection in Gaussian mixture reduction
for updating JPDA and therefore can alleviate the multi-modality issue when tar-
gets are moving closely around 100s. Therefore, the proposed information-theoretic
approach is a competitive alternative to the original JPDA and can be expected to

address the Gaussian mixture approximation problem in related methods.

5.5 Conclusions

This chapter proposes a new information-theoretic JPDA filter for tracking unknown
number of closely-moving targets in a cluttered environment. The proposed JPDA
filter is derived through the minimisation of a weighted reverse KLD to approximate
the posterior Gaussian mixture PDF. The resultant approximation approach turns
out to show similar structure as the generalised covariance intersection in sensor
fusion. Theoretical analysis of mean performance and error covariance performance
with ideal detection probability is presented to provide better insights of the pro-
posed approach. Extensive empirical simulations are undertaken to validate the

performance of the proposed MTT algorithm.



Information-Theoretic Joint Probabilistic Data Association 109

10 T T T T T 10 T T T T T T T T
s Standard JPDA Standard JPDA

9 = = = Measurement-Driven JPDA | | 9 = = = Measurement-Driven JPDA | |

s =ssus Proposed JPDA s =ssss Proposed JPDA |
g 7
z =
L6 &
(=] =)
£ aﬂ
w0 wn
o o
g g
< =
=1 =1

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

Time (s) Time (s)
(a) o, = 0.3162 (b) o, =1

10 T T T T T T T T T
Standard JPDA

o == = = Measurement-Driven JPDA | |
=ssss Proposed JPDA

Mean OSPA Distance
@

0 20 40 60 80 100 120 140 160 180 200
Time (s)

(c) 0. = 2.2361

Figure 5.4: Mean OSPA distance of 100 Monte-Carlo simulations.
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Chapter 6

Distributed Joint Probabilistic
Data Association Filter with
Hybrid Fusion

6.1 Introduction

Generally, a distributed M'T'T algorithm contains two main components: local multi-
target tracker for each sensor node and distributed information fusion algorithm
for locally connected sensors. The previous two chapters address the problem of
local MTT. In the fusion stage, each sensor node communicates with its neighbours
through a network topology to perform track-to-track association to find the source
origin of local estimates that come from different sensors. After discriminating the
origins of the tracks with different sensor labels, proper fusion strategies can be
exploited to fuse local estimates. Note that although distributed multi-sensor target
tracking for single target is well-established, its direct extension to the MTT scenario
is not straightforward due to the measurement origin uncertainty and hence requires

careful adjustment. This is the main concern of this chapter.

This chapter develops distributed MTT algorithms by exploiting different fusion
strategies: distributed JPDA with consensus on measurement (DJPDA-CM), dis-
tributed JPDA with consensus on information (DJPDA-CI) and distributed JPDA
with hybrid consensus (DJPDA-HC). The main contributions are:

e The conventional CM and CI strategies are extended to the MTT scenario,
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addressing the inherent data association uncertainty issue. Specifically, except
for local estimates, the data association uncertainty-related term of each sensor

node is also shared with its neighbours for information fusion.

e A new distributed multi-target tracking algorithm with hybrid fusion strat-
egy, termed as DJPDA-HC, is proposed by exploiting the benefits of both
DJPDA-CM and DJPDA-CI. The proposed DJPDA-HC filter is a fully dis-
tributed tracker without utilising any global information; thus, this approach
has strong robustness against sensor failures. Theoretical analysis and exten-
sive simulations demonstrate that DJPDA-HC outperforms DJPDA-CM and
DJPDA-CI under various conditions.

6.2 Centralised JPDA Filter: A Benchmark

An optimal fusion strategy and benchmark for performance evaluation of distributed
state estimation algorithms is centralised estimation, which processes the measure-
ments from all sensors simultaneously through a fusion centre. This section will
derive the centralised JPDA ,which will be utilised as a benchmark for the perfor-
mance evaluation of the algorithms developed. For centralised implementation of
multi-sensor JPDA filter, we will utilise the information filter, which is proved to be

useful in information fusion [123].

6.2.1 Information-Form JPDA

This chapter considers the following linear system

i i i i
xp =Fp X + Wiy
4 o (6.1)
zj, = H X + v
where Fi_, € R™™ and Hj, € R™*" correspond to the system matrix and obser-
vation matrix, respectively. The signals wi € R™ and vi € R™ are process noise
and measurement noise, which are assumed to be zero-mean Gaussian process with

covariances Q¢ € R™" and R} € R™ ™ respectively.

JPDA assumes that each measurement can originate from a number of candidate
targets in data association. Therefore, the posterior probability distribution of each

target obtained from JPDA filter is a Gaussian mixture distribution. Since propaga-
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tion of the Gaussian mixture distribution over time is practically intractable due to
the explosion of mixture components, JPDA utilises a single Gaussian distribution
to approximate the Gaussian mixture at each time instant to reduce the compu-
tational burden. This can be achieved by updating the state estimation based on
a pseudo innovation term, i.e., a weighted sum of the original innovation terms!

51, 124],

M, M,
Zo=Y Bz, = B (26— Hixiy ) (6.2)
j=1 j=1

where 5; represents the marginal association probability that the jth measurement
is associated with the ith target. Details of how to calculate the marginal association

probability B; can be found in Chapter 4.

The original JPDA paradigm can be obtained by applying the pseudo innovation

term z} to standard Kalman filter as

e Prediction:

i i i
Xklk—1 = kalxkflwcfl

i i i i T i (6.3)
Pl = Fia Py (qu) + Q1
e Update:
S~ HiP},, ()" + R
K~ Pl () (5)) o

) ) )
Xpe = Xgp—1 T Kz,

b = Pl — Ki (1- 5) 8 (Kj) " + KiP} (Ki)"

where P;. is a positive semi-definite matrix representing the measurement origin

uncertainty and takes the form
My,
— - . . T e N\NT
Po = 0i(2) —2i(2) (6.5)
j=1

, N
For the purpose of deriving information form JPDA filter, define Y;dk = (P;dk)

) ) -1
and Yip = <P1ic|k> X, a8 the information matrix and the information vector,

respectively. Denote €20 = (H) (RL)'Hi, 6 = (HL) (RL)™' Zj\i’cl Biz]. Using

!This is an equivalent form of using moment matching, shown in Eq. (5.1), in JPDA.
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matrix inversion lemma, the gain of JPDA filter K% can be obtained as

i i T (11ipi i\T i\
K} =P (H;) (Hk klk—1 (H,) + Rk)
H

=Py (H) [(Rﬁ%)_l - (R}) ' H;.
< [Phe) ™+ ()T (RY T HY] () (RY)
= [Pl ™+ ()" (RY T HY] ()" (R

Substituting Eq. (6.6) in Eq. (6.4) gives the state estimation as

(6.6)

-1

) ) ) _ ) S 11 )
X =X+ |(Phcy) '+ ()T (RY)TTH] (1) (RY) 4
= xXjpr + [ (Phu) ™+ (HD) " (RY)
My,
< () (R (z el — (1 ) H;;xzw_l) (07
j=1

= Xyt + (Yo + )7 [0 — (1 - 55) Qi
= (Y2|k—1 + Q;'c)il (y;ﬂk—l + 511 + %szﬁc\k—l)

-1

1-—1
H;]

Based on the matrix inversion lemma, the update of the information matrix Y};‘ o1

is derived as
i i i i i\ T ipi (i T
Yy = {Pk|k—1 -K, (1-5) (Ki.) +K.P; (K}) }

i i i\ Qi _ Ppi AR
= { klk—1 — K, [(1 - 50) Sk — Pk] (Kk) }
= Yli\k—l +

(6.8)

where the information matrix contribution Q¢ is given by

-1

= Vi KL [0 4 S P - (K1) Yh KL (KD Y (69

Based Egs. (6.7) and (6.8) the information form of JPDA filter is given by
Yip = Yie 1 +

z‘k|k kz“k 1 kz -1/ 4 i PO i (6'10)

Xpk = (Yk|k—1 +9Q;) (yk|k—1 + by, +509kxk|k—1)

Note that &} is the measurement information, which clearly reveals that JPDA
utilises a weighted sum of all candidate measurements. The term ﬂéﬂéxﬁa p_q quan-

tifies target miss detection. If the ith target is miss detected, then, ) = 1 and
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ﬂ; = 0, which means 8. = 0. Therefore, only prior information can be utilised for
update. The summation of 8;, and 3;€2,x} ;. ; determines the total amount of infor-
mation that JPDA can leverage to update the ith target. Due to data association
uncertainty, there exist two information matrix contributions, e.g., Qi and Q& in
information JPDA filter. Notice that the inverse of Y,i‘ ., + € is the posterior co-
variance matrix, including data association uncertainty, of the ith target, provided
by JPDA filter, whereas the inverse of YZ| w1 + Q% can be interpreted as the ideal
covariance matrix of the ith target without any association uncertainty. It is easy to
verify that Q% = Q¢ when 3§ = 0 and P{ = 0, e.g., no data association uncertainty.
This means that the information JPDA filter reduces to classical information filter

for STT without any clutters.

In MTT over a sensor network, each sensor node orders its estimated tracks differ-
ently and therefore track-to-track association is required to associate the tracks from
different sensors that represent the ith target [125]. Typical track-to-track associa-
tion utilises the so-called MDA formulation. If only two sensors are utilised in fusion,
the MDA problem reduces to a classical 2D assignment problem, which can be effi-
ciently solved by the well-known Hungarian algorithm. When the number of sensor
nodes is larger than two, the track-to-track association MDA problem becomes NP-
hard, which essentially coincides with the measurement-to-track association MDA
in MHT?. Therefore, any algorithms that suggested to solve the measurement-to-
track MDA problem for MHT can be utilised in track-to-track association as well.
There are a number of elegant choices for solving the MDA problem in combina-
torial optimisation by reformulating the problem as a network flow [126] or using
approximate Lagrangian relaxation approach [65, 127, 66]. Considering the balance
between accuracy and efficiency, the Lagrangian relaxation method is utilised in this

chapter.

After finding the same source origin of local tracks, information fusion can be per-
formed based on the property of information filter: incorporating additional infor-
mation from other sensors could be achieved by summation of the corresponding

information terms. This implies that the optimal centralised JPDA over N sensors

2The only difference between track-to-track and measurement-to-track MDA problems is the
assignment cost. The details will be discussed in the next chapter.
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can be implemented as

N
Y;Zg\ck = é|k—1 + Zﬂﬁk

- . . (6.11)

X;fk = (Ylick—l + Z Q?k) [y;:ck—l + Z (81 + 5102 kXhp—1)

=1 =1

It is clear that that centralised estimation requires full information of all sensors.

Considering the fact that each sensor usually can only communicate with its neigh-

bours due to communication limit, this chapter will develop distributed implemen-

tation algorithms based on average consensus algorithm to recover the performance

of the centralised estimation (6.11).

6.3 Distributed JPDA Filter Using Consensus on

Measurement and Consensus on Information

This section extends conventional fusion strategies, e.g., consensus on measurement
and consensus on information, to MTT scenarios on the basis of JPDA. Before

providing the main results, the average consensus algorithm is briefly reviewed first.

6.3.1 Average Consensus

To perform estimation fusion in a distributed way, the concept of average consensus
is adopted here. The average consensus algorithm is used to obtain the mean value of
the information of all sensors in a distributed way without all-to-all communications;
thus consensus-based distributed estimation can be applied to any generic connected
sensor network. For the multi-sensor system, we use a connected undirected graph
G = (V,€) to represent the communication topology, where V = {v,v,..., vy} is
a set of vertices that represent N sensors and € = {(i,j) € V x V} is a set of edges
that stand for the relationship between two neighbouring sensors in the topology. If
two sensors (i and j) are adjacent, namely, they can communicate with each other,
then (1, v;) € €. Denote N as the set of the neighbours (locally connected) of sensor
¢ including sensor . Denote a; as the available information from the /th sensor and

a; is initialised as @;(0). Then, the distributed average consensus algorithm [18, 19]
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at the mth iteration is defined as

a; (m) = Z T ay (m — 1) (612)

U'eN;
where 7 is the consensus gain, which satisfies the condition ), en, T =1 with
my > 0. The convergence rate of average consensus algorithm depends on the
consensus gain and the algebraic connectivity of graph G. Typical choices of m; ;s that

guarantee the stability of the consensus phase are Metropolis weight and maximum-
degree weight [128].

Lemma 6.1. [18, 19] Under the assumption that the sensor network is connected,
by running the iterative algorithm as in Eq. (6.12), the information of all sensors

asymptotically converges to the initial average value as

lim a; (m) = %Z ay (0) (6.13)

m—00
I'=1

6.3.2 Distributed JPDA Filter Using Consensus on Mea-

surement

Based on the principle of CM, DJPDA-CM aims to compute the summations 21111 Q}"k,
S, and Y, <5l’k + 6}7oﬂfjkxf7k‘k_1> in Eq. (6.11) through a distributed way
to recover the performance of centralised JPDA filter. Since these three terms are
measurement-related, this fusion strategy is therefore called consensus on measure-

ment. Define consensus variables Vi, G!, v!, which are initialised as
i _ & i _ O i _ si i O
Vi (0) = Q. 1 (0) =9, v (0)=8d;, + B1oS ¥ kX k-1 (6.14)

By sharing Vi,, Gj,, vi, with locally connected sensors through L iterations at

every time instant, the measurement update of DJPDA-CM is given by

Yli,k\k = Yli,k\kq + NV (L)

Z, ; oy (6.15)
Xiklk = (Yl,k\kq + NGy (L>) (yl,k\kfl + Nviy (L))

where Vi (L), Gy (L), vii (L) denote the values of Vi, Gj,, vi, after performing

L steps of average consensus.

The detailed implementation of the proposed DJPDA-CM algorithm is summarised

in Algorithm 6.1. The following lemma analyses the asymptotic performance of



118 Distributed Joint Probabilistic Data Association Filter with Hybrid Fusion

DJPDA-CM.

Lemma 6.2. Under the assumption that the sensor network is connected with pre-
viously converged local estimates, e.q., X?k_l'k_l = XZil‘k_l, Yli,k;—1|k—1 = Yzcuk »
DJPDA-CM (6.15) will asymptotically converge to the centralised JPDA (6.11) at

current time instant.

Proof. According to Lemma 6.1, applying average consensus algorithm to V;k, f ks

Z' .
Vi) gives

lim V ZQ’,
m—0o0 l/ 1
lim Gi (m ZQ, (6.16)

l’l

1 S
lim v; & (m) =N Z (5;,1@ + 5;’,092’,kx;’,k\k—1)

m—»00
I'=1

Therefore, the measurement update of DJPDA-CM with infinite number of itera-

tions can be formulated as

N
i~ =i
Yoo =Yg + E Q

=1

N -1 N
Xipe = | Yigp—1 T § Qe Yikp—1 T § (6l/,k +ﬁl/,OQl/,le/,k|k71)

=1 =1

(6.17)

Under the assumption that the previous local estimates are equal to the centralised
fusion as xj , _ -1 = = x° ko1 Y, o1 = Y,chl‘k | it is straightforward to verify
that x| Kk = Xiko Y = YWC from Eq (6.17). O

Remark 6.1. Lemma 6.2 reveals that the advantage of DJPDA-CM s that it is
asymptotically optimal at each time instant provided that the priors are converged.
However, since only finite number of consensus iterations is tractable in practice,
convergence will not be fully achieved. The performance of DJPDA-CM with small
number of consensus iterations will degrade significantly. To see this, define I1 as
the consensus matriz, whose elements are the consensus gains m p and let TS
II™ with TI™ being the mth power of matriz II. Further, define NJ™ as the set
of sensor nodes that the lth sensor can be connected within m hops. Then, only

when 1" € N™, my # 0. This means that only when the observability of sensor set
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Algorithm 6.1 DJPDA-CM for target ¢ at sensor node [ at time step k

Input: Previous estimation {X} f—1 k-1 Pf f—1[k—1 }, received measurements 2,

Output: Current estimation {xfkm,Pfk'k}
(1) Prediction:

i i i
X klk—1 = Fl,kflxl,kfukfl

7 o 7 3 3
Pl = FrpoaPre_qpa (Fl,k;—l) +Qr

Yf,k|k—1 = ( f,k|k—1)_17Yf,k\k—1 = (Pf,k\k—l)_l

i
X k|k—1

(2) Compute the measurement-related terms: Qj ,, Q. 6],
(3) Compute the initial values of consensus variables:

f,k (0) = 7;,1@7 ;k (0) = li,ka Vli,k (0) = 6;,k + Bli,OQ?,kX;,kUcfl

(4) for m =0,1,--- ,L do
Broadcast information Vj,, Gi,, v, to locally connected sensor nodes
Applying average consensus algorithm to Vi, Gj,, vi,
(5) Measurement update:
Y;,k\k = Yli,k\k;—l + NV (L)
i i -1 i
Xl ke = (Yl,k\k—l + NGy (L)) (Yl,k\k:—l + Nvi (L))

P?,k\k = (Yf,k\kz)il
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N™ is satisfied, the strategy of consensus on measurement is meaningful for data
fusion since no local prior knowledge is utilised for fusion in DJPDA-CM. Therefore,
DJPDA-CM constrains the posterior estimates as the prior estimates if the sensor

and its neighbours cannot detect the target due to limited field-of-view.

Remark 6.2. As stated in Lemma 6.2, the convergence of DJPDA-CM to the cen-
tralised fusion requires the condition that the previous local estimates are converged.
In real applications, however, only finite number of consensus iterations are accept-
able, which means that X%,k71|k71 + Xziukq and Yl"’kf”kf1 + Ylicil\k—l‘ Therefore,
all local estimates are auto-correlated during the fusion phase and thus DJPDA-CM

suffers from the well-known auto-correlation problem.

6.3.3 Distributed JPDA Filter Using Consensus on Infor-

mation

Apart from DJPDA-CM, the covariance intersection approach [121] suggests an al-
ternative way to design a distributed JPDA filter, that is, consensus on information
matrix and information vector. Let us rewrite the measurement update of informa-
tion JPDA filter, given in Eq. (6.10), as

i~ ~i
Yk = Yigp—1 T

i i i i i i O i (6'18)
(Yl,k\k—l + Ql,k) Xk = Yikk—1 T 0Lk + Bl oS¥ kX0 ki1

Since covariance intersection utilises a convex combination of local estimates for

data fusion, the consensus variables in DJPDA-CI are related to information matrix
. . . . 7/ 74 /[/

and information vector. More specifically, the consensus variables Wj . Q;,, q

are initialised as

f,k (0) = Yli,k|k—1 + Qf,ka Qx (0) = Y?,kvc—l + Q;,k

i i i e LK <6'19)
s (0) = ¥l g1 + 0k + BroS2 kXl ki1

After receiving Wi, Qj,, q;, from neighbours and performing L steps of average
consensus at every time instant, the measurement update of DJPDA-CI at time

instant £ is given by

Yli,kslk' = Wl,k (L)

| » (6.20)
Xk = [Qui (L)) aix (L)
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The detailed implementation of the proposed DJPDA-CI algorithm is summarised

in Algorithm 6.2. The following lemma analyses the asymptotical performance of

DJPDA-CL

Algorithm 6.2 DJPDA-CI for target ¢ at sensor node [ at time step k

. . . . /L Z .

Input: Previous estimation {thfl'kfl , P”Cfl‘kf1 }, received measurements Z;,
Output: Current estimation {><17k|k,Pl7k|,f
(1) Prediction:

i _ i i

X klk—1 = Fl,kflxl,kfukfl
7 o ) 7 7
D=1 = F 1Pl 1k ( l,k;—l) +Qr

Yf,k|k—1 = (Pf,k|k—1)_17}’§,k\k_1 = (Pé,k\k—1>

(2) Compute the measurement-related terms: €, € ., 8,
(3) Compute the initial values of consensus variables:

X k|k—1

f,k (0) = li,k|k71 + Qf,ka Qli,k (0) = li,k|k71 + Q;k
a5 (0) = ¥ikp—1 + 0k + BLoU kXl kjr—1
(4) for m =0,1,--- ,L do
Broadcast information Wj,, Q; ., q;,, to locally connected sensor nodes
Applying average consensus algorithm to Wi ,, Qj,, qj
(5) Measurement update:
Yli,k|k - Wl,k (L)
i 1
Xkl = [Qur (L)) aquk (L)
i i -1
Pz,k|k = (Yz,k|k

Lemma 6.3. Under the assumption that the sensor network is connected, DJPDA-
CI (6.20) cannot recover the performance of the centralised JPDA (6.11) even with

infinite number of consensus iterations at current time instant.

Proof. Using Lemma 6.1, the consensus variables Wj,, Qj,, qj, asymptotically
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converge to

N
1
lim Wlk( :NZ Yl’k\k 1 "’Qw )

m—00
=1

N
1
hm Qlk( = N Z Yl’ Klk—1 + Ql’ ) (621)

m— 00
I'=1

M:

lim q k (m) = — (YZ’,k\k—l + 51/,k + /Bl’,oﬂl’,kxl’,k\k—l)
m—00 N ‘

1

Therefore, the measurement update of DJPDA-CI with infinite number of consensus
iterations is determined as
XN
Yk = N Z (Y0 ot + Q0 s)

'=1

N
i i i
Xi ke = § (Yl’,k\k—l + Ql’,k)
V=1

§ (Yl',k|k—1 + 81, +Bz',091',kxl',k|k—1)

=1

(6.22)
Equation (6.22) can be reformulated as
N
Y = ZYz/ k-1 T 37 Zﬂzf,k
N3 Ni=
1« 1w B
X;Jflk = <N ZY;’,k\k—l + N Z ngk) (6.23)
r=1 =1
1w 1w
X [N Zy;/,kmq TN Z (00 . + Bl o2 X0 pgse—1 )
r=1 =1

which differs from Eq. (6.11). Therefore, DJPDA-CI is not asymptotically optimal.
O

Remark 6.3. From Eq. (6.18), we know that the term yj ;. +6; ,+ 5] 082 %) s
corresponds to local estimate weighted by its updated information matriz. Then, it
18 clear that, in every consensus iteration of DJPDA-CI, the lth sensor leverages a
convezr combination of local estimates in Ny with suitable weights 7 . This is ad-
vantageous in ensuring bounded estimation errors for any number (even with single
one) of consensus steps due to the consistency property of CI. Another benefit of
DJPDA-CI is that it is robust against the auto-correlation among local estimates

due to the property of CI [121]. Apart from its advantages, Lemma 6.3 demon-
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strates that DJPDA-CI is a conservative fusion algorithm as the information terms
S, Qi Sy Q. and Sy, <5l’k + BZ”OQ}",CXZWA) are underweighted by a scalar
1/N, compared to the centralised solution (6.11).

Remark 6.4. Notice that DJPDA-CI with single consensus iteration, i.e., L = 1
reduces to the general CI applied to locally connected sensors. By utilising multiple
consensus iteration steps, i.e., L > 1, the information of each sensor can be trans-
matted to more local sensors, thus improving the overall performance. Different from
STT, the distributed CI of JPDA requires performing consensus on two different in-
formation matrices, e.g., Wi, and Qj,. This fact can be attributed to the intrinsic

data association uncertainty property of MTT.

6.4 Distributed JPDA Filter Using Hybrid Fu-
sion Strategy

6.4.1 Distributed JPDA Filter Using Hybrid Consensus

Comparing DJPDA-CM and DJPDA-CI, we can observe that these two algorithms
have complementary properties: DJPDA-CM is asymptotically optimal but its per-
formance degrades significantly when the number of consensus iterations is small;
DJPDA-CI is beneficial for ensuring the consistency of fused estimates but cannot
recover the performance of centralised JPDA. Furthermore, DJPDA-CM reveals that
recovering the performance of centralised JPDA requires the knowledge of network
size, e.g., the total number of sensor nodes. In practice, an unexpected sensor fail-
ure might happen and this changes the total number of nodes. Motivated by these
observations, this chapter proposes a fully distributed JPDA filter using a hybrid
consensus strategy to fully exploits the benefits of both DJPDA-CM and DJPDA-CI
without the knowledge of N.

Let us define the consensus variables Uj,, wj,, Vi, Gi,, Vi, bk, ci, which are

initialised as

;,k (0) = li,k:|k—1> u?,k (0) = y;,k|k71
Vf,k (0)=¢ ?,ku ;k (0) = ;,kv Vli,k (0) = 5li,k + 517;,0 f,kxf,mkq (6.24)
bl,k (0) = 1, Cl’,k (0) =1 (Eﬂl,) s CZJf (O) = 0 (l 7& l,)

where by, ¢, are utilised to estimate the network size and 3!’ denotes that there



124 Distributed Joint Probabilistic Data Association Filter with Hybrid Fusion

exists only one sensor node [’.

The proposed hybrid fusion scheme consists of three different types of data fusion:
(1) Consensus on prior U}, uj; (2) Consensus on measurement V;,, Gj,, vi,; and
(3) Consensus on counting variables by, ¢; ;. The measurement update of DJPDA-

HC at time instant k with finite L consensus iterations is given by

Yi e = Ui (L) + O <L)Vl,k (L)
Cé”“ <(LL)> B by (L) (6.25)
X = | Uik (D) + Cl:k (L) G <L)] (uhk L)+ Cl:k (L)Vl’k (L)>

Note from Eq. (6.24) that implementing DJPDA-HC requires selecting a special
sensor node [ that is initialised as b (0) = 1, ¢, (0) = 1. Obviously, different choices
of this special sensor affect the overall estimation performance. To address this
problem, the random max consensus algorithm [129] is utilised here as an alternative
way to find the index of the special node in a probabilistic manner. Specifically,
define consensus variables b, x, ¢, A which are initialised as b, (0) = 1, ¢4 (0) =
L, A (0) ~U (0,1), where U (0,1) denotes the uniform distribution with lower and
upper bounds being, respectively, 0 and 1. This random initialisation guarantees the
diversity of the proposed algorithm: every sensor node has the possibility to become
the special one. At each average consensus iteration, A\, is updated as the output
of random max consensus algorithm, denoted as A, max, which is the maximum value
of Ay, YI' € N;. Then, the first time that A\, (m + 1) # Ak (m), we subtract 1
from ¢, (m +1). Since the random max consensus algorithm will eventually find
the sensor node that has the largest value of A, with certain m' steps [129], we
have S_N ¢ (m) = 1 when m > m/. Therefore, the total number of sensors can be

approximated by N = b, (L)/c1x (L), with L > m' consensus steps.

The detailed implementation of the proposed DJPDA-CI algorithm is summarised
in Algorithm 6.3. The following lemma analyses the asymptotical performance of
DJPDA-HC.

Lemma 6.4. Under the assumption that the sensor network is connected, DJPDA-
HC (6.25) will asymptotically converge to the centralised JPDA (6.11) at current

time instant.



Distributed Joint Probabilistic Data Association Filter with Hybrid Fusion 125

Algorithm 6.3 DJPDA-HC for target ¢ at sensor node [ at time step k

Input: Previous estimation <x¢, ., ., P? received measurements Z
Lk—1lk—1>% Lk—1]k—1 (> k

Output: Current estimation {x§k|k,P§k|k}
(1) Prediction:

i i i
X klk—1 = Fl,kflxl,k71|k71

7 o 7 7 7 7
Pl = FrpoaPre_qp (Fl,k;—l) +Qr

. . 1 . . —-1

(2 _ (] 7 _ (2 2
Yl,ks|k;—1 = (Pl,k|k—1) 'y Yiklk—1 = (Pl,k\k—l) X k|k—1

(2) Compute the measurement-related terms: €, Q. 6],
(3) Compute the initial values of consensus variables:

(O) lk\k 15 uli,k (0) = yg,k|k71
(O) Lk l,k (0) = Q4 Vi (0) =674 + 8182 1 X0 k-1
bl,k (0) = 1, cl,k (O) = l, )\l,k (0) ~ Z/[ (0, 1)

(4) Initialise the subtraction flag for sensor node counting algorithm: oy =1
(5) for m=0,1,---,L do
Broadcast information Uj,, uj,, Vi, Gi., Vi bk, cir, A to locally con-
nected sensor nodes
Apply average consensus algorithm to U}, uj,, Vi, Giy, Vik, big, ik
Apply random max consensus algorithm to X, and update A\ ; (m +1) as
)\l,max
if \ix(m+1)# Ny (m)and a;p =1 do
ClLk (m + 1) =CLk (m + 1) —1
Q= 0
(6) Measurement update:

Yli,k\k =Upi (L) + p

X?,k|k = U (L) +

P;,k\k = (Yli,k\k)_
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Proof. Applying average consensus algorithm to Uj,, uj,, Vi, Gi,, vi,, we have

Til_I}gOU ZYI’ klk—1
N
T}ng;ovlk ZYZ J|k—1
NI
lim Vj, (m Zm (6.26)
m—r0o0 ll 1
lim G ZQ@
m—oo N —
X
nlbl_lgovlk( ):NZ( x T B l’le’k\k 1)
r=1

Since the random max consensus algorithm will eventually find the special sensor

node with largest value of \;;, average consensus algorithm guarantees

hm bl k E bl’ =
m—0o0
l/ 1
S (6.27)

1 1
m—oo N — N

Substituting Eqs. (6.26) and (6.27) into Eq. (6.25) gives the proposed DJPDA-HC

with infinite consensus iterations as

L N
Yk = N ZYZZ’,kUc—l + ZQZ%
=1 =1
1
X ik = ( ZYl’kUc 1 +Zﬂl’ ) (6.28)
=1 =1
N
[ Z}’z/ klk—1 +Z e B0 kX 1)
=1 r=1

Since consensus on priors guarantees that all local sensors have the same priori
estimates, e.g., Y], = N o Yo ke and Yigy = ¥ i Y kfh—t> it 18
immediate to see that DJPDA-HC with infinite number of consensus iterations can
recover the performance of centralised JPDA. That is, DJPDA-HC is asymptotically
optimal. O

Remark 6.5. It is worth to point out that, with small number of iterations, by (L)
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is very close to cii, (L) due to the same initialisations. For example, setting L = 1
for a sparse sensor network results in by (L) ~ ¢ (L). Under this condition,
DJPDA-HC' shows similar performance as DJPDA-CI. With the increase of L, we
have by (L) /eix (L) = N and DJPDA-HC gradually converges to optimal centralised
JPDA, similar to DJPDA-CM. Therefore, DJPDA-HC fully exploits the benefits of
both DJPDA-CM, e.g., global convergence to the optimal centralised solution with
infinite consensus iterations, and DJPDA-CI, e.g., preserving local consistency when

the consensus horizon is limited.

6.4.2 Algorithm Analysis

This subsection analyses the differences between DJPDA-CM, DJPDA-CI and DJPDA-
HC theoretically. For simplicity and convenience of analysis, the measurement up-
dates of DJPDA-CM, DJPDA-CI and DJPDA-HC with a single consensus iteration,
e.g., L =1, are derived from Egs. (6.15), (6.20) and (6.25) as

e DJPDA-CM:

i~ 5i
Lile =Y g1 TV E T2y,
l'eN;

-1
X e = <Yli7kk—1 +N Z Wl,l’m/,k> (6.29)

l'eN;

X [Yz,k|k—1 + N E T (51',k+5z',oﬂl',kxl',k|k—1)]
UeN;

e DJPDA-CIL:

i i ~i
Yk = E T (Yl',k|k—1 + Ql’,k)
I'eN;
1

(6.30)

i i i
X k|k —[ E T (Yl’,k\k—l + Ql’,k)
l'eN;

X [ E T (yl’,k|k71 +0p ) + 61/,091',kxl',k|k1)]
UeN;
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e DJPDA-HC:
Z Wz,l'bl',k
. . llEM —_ .

(2 _ (2 X2
Yl,klk — E ﬂ-lvl/Yl’,klk—l + Z J—— E 71-l,lls_ll’,k
Ven; Vs L CY k Ven

-1
Z Wz,z'bz',k
. . l/eN’l .
2 _ (] (]
X =| D M Yh s +W > My,
Ven Rt L Cr k Ven
Z Wz,z/bz/,k
le-/\/l

3 (2 3 (2 3
X : : Trl:l/y—l’,klk‘fl + Z —— § 7Tl7l/ (5l’,k + ﬁl/7OQl/’le,7k|k71)
N Vs LUk N

(6.31)

From the measurement updates of DJPDA-CM, DJPDA-CI and DJPDA-HC, we

have the following important observations:

e Comparing with DJPDA-CM (6.29), the prior information vectors between lo-
cally connected sensor nodes of DJPDA-CI and DJPDA-HC are weighted by
their corresponding prior information matrix as Zl/e N Wl:l'Yf’,k|k—1X§’,k|k—1'
This handles the issue of naive sensors, e.g., target is outside of the sensor’s
field-of-view, by placing less weight when receiving the information from a
naive neighbour sensor. Therefore, the proposed DJPDA-HC is helpful in en-
suring the consistency of local estimates. It is clear that the implementation of
DJPDA-CM requires the global information, e.g., the total number of sensors,
whereas DJPDA-HC dynamically estimate N in a distributed way.

e Comparing with DJPDA-CI (6.30), the proposed DJPDA-HC remedies the
drawback of measurement underestimation by multiplying a scaling factor

> muwbr g/ > mycr, providing the possibility of performance recovery of
l'eN; l'eN;
optimal centralised estimation. Note that the exact total information is the

summation of measurements from all sensors, which is critical in recovering

the performance of optimal centralised estimation.

e As the proposed DJPDA-HC algorithm requires more consensus variables for
measurement update, the computational complexity of DJPDA-HC is higher
than that of DJPDA-CM and DJPDA-CI. However, consensus on prior and
consensus on measurement can be implemented in parallel to reduce the com-
putational burden because prior estimates are independent of current mea-

surements.
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Figure 6.1: Snapshots of the considered scenario with pentagrams as sensors, colour
dashed lines as network connection, and solid colour lines as target trajectories.

e For DJPDA-CM, DJPDA-CI and DJPDA-HC, it is worth to point out that
both computational complexity and communication burden increase linearly
with the increase in the number of consensus iteration steps L. For this reason,
the parameter L should be selected as a suitable trade-off between cost and

estimation performance in practical applications.

6.5 Numerical Simulations

This section presents a performance evaluation of the proposed DJPDA-CM, DJPDA-
CM and DJPDA-HC algorithms using Monte-Carlo simulations and experiments.

6.5.1 Simulation Setup

The considered scenario considers 5 targets randomly moving in a 500m x 500m
rectangular area. The surveillance area is monitored by a sensor network with
N = 30 sensors and each sensor’s field-of-view is a 200m x 200m rectangle. Each
sensor in the network has the same degree of 2, which means that each sensor is
locally connected with other two sensors. Under this condition, the communication
topology of the sensor network is randomly generated. All sensors are randomly
placed inside the 500m x 500m rectangle to cover the entire surveillance area. One

sample of the considered scenario is given in Fig. 6.1.

Each target’s state is represented by a 4D vector, with 2D position and 2D velocity

components. In estimation update, the system equation is assumed to be the well-
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known CV model, where the system matrix F¢ is given by

10T, 0

. 01 0 T,

Fi — 6.32

F 00 1 0 (6:32)
00 0 1

with T, = 1s being the sampling time. The variance of process noise of the consid-

ered constant velocity model is determined as

10 0 0 0

, 0 10 0 O
L= 6.33
Qi 0 0 10 (6.33)

0 0 01

For each sensor, if the target is located inside its field-of-view, the target-generated
measurements are generated with a detection probability Pp = 0.9. Each sensor
collects range as well as bearing measurements at regular time instants t, = k7%,
ke{l,2,---,40}, as

Ve a) -

(A
Zk — 7 )
Py
arctan <p§/”“ S)

.
x,k Ts

+ v} (6.34)

where (p;’k,p;k) denotes the 2D inertial position of the ith target and (xé,yi)
denotes the position of the [th sensor. The measurement noise is subject to a
Gaussian white noise as vy ~ N (+;0,R%) with Ri = diag (¢2,02), 0, = 3m, 0, =
0.5°. The clutter is assumed to be uniformly distributed in the surveillance region
with its number being Poisson with 2 average returns per sensor at each scan.
To accommodate the nonlinearity of measurements, the extended Kalman filter is

applied in simulations.

For initialisation, the covariance matrix of the ¢th target at sensor node [ is chosen
as P?,0|—1 = diag (100,100, 10, 10). The initial state estimates are generated from a
Gaussian distribution around the true target state with the covariance P;,0|71 . Note
that the starting point of each target is randomly generated inside the surveillance

region at every Monte-Carlo run.

The number of consensus iterations is set as L = 10 and the Metropolis weights



Distributed Joint Probabilistic Data Association Filter with Hybrid Fusion 131

[128] are leveraged for running average consensus algorithm as

( 1 P
max (N S8
my=41= D my ifi=j (6.35)
(i,5)€€
L0, otherwise

where |N;| denotes the cardinality, e.g., number of elements, of set N;.

In order to evaluate the performance of the proposed algorithms with different con-
ditions, one parameter is varied while others are set as their aforementioned default
values. The simulations are obtained over 1000 Monte-Carlo runs for each parameter

setting.

6.5.2 Performance Metric

Let Xl i kdenote the estimated state of the 7th target at sensor node [ at time instant
k at the jth Monte Carlo run and x;’ be the true state of the ith target at time
instant k£ at the jth Monte Carlo run. The ME of position estimation and RMSE of
position estimation at time instant k, averaged over M Monte-Carlo runs, N sensors

and N, targets, are defined as

Ny N
MEP” = N N - - py’
=1 I=1 j=1
= . (6.36)
9 2
s - (3t 3535 o st
MNNk i=1 [=1 j=1
where py’ = x37(1:2) and plk‘k = X;;ﬂk (1:2) are true and estimated target

positions.

For performance evaluation of the proposed algorithms, the time averaged ME and

RMSE are utilised. These two metrics are computed as

avg

MEPS = Z MEP®
- (6.37)
RMSEP® = Z RMSEP™

avg
k:l
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where T" = 40 is the total number of time instants during the tracking period.

6.5.3 Simulation Results

In consensus-based distributed estimation, information transmission via multiple
communications among locally connected sensors are required and the performance
is highly-related to the number of iteration steps L. In order to investigate the
effect of the parameter L on filtering performance, Monte-Carlo simulations are
performed with respect to different iterations L = 1,2,---,20. The simulation
results of average target position estimation ME and RMSE are depicted in Fig.
6.2. From this figure, it can be noted that the performance of DJPDA-CM, DJPDA-
CI and DJPDA-HC improves with the increase of iteration step L. The average
MEs and RMSEs of DJPDA-CM, DJPDA-CI and DJPDA-HC all converge to some
certain constants when the consensus iteration step becomes large enough. Note
that DJPDA-CI generates more accurate estimation, compared to DJPDA-CM, with
small number of consensus steps. This fact can be attributed to that DJPDA-CI
utilises a convex combination of the prior estimates while DJPDA-CM only leverages
the novel information for fusion. Fig. 6.2 also reveals that both DJPDA-CM and
DJPDA-HC outperform DJPDA-CI with enough number of consensus iterations and
guarantee a global convergence to recover the performance of the optimal centralised
JPDA filter. This confirms the theoretical analysis shown in the previous section.
With finite number of consensus iterations, the proposed DJPDA-HC provides better
estimation performance, compared to both DJPDA-CM and DJPDA-CI, in terms
of average ME and RMSE, demonstrating the advantages of DJPDA-HC algorithm.
Notice that improvement in estimation can be obtained by increasing the number
of consensus steps L. However, there is not much performance difference for the
proposed DJPDA-HC with enough consensus steps, e.g., L > 10 in the considered
setup. Typically, the communication rate is much faster than the sampling rate,
meaning that certain consensus steps between two consecutive time instants can be

ensured to guarantee the fusion performance.

Now, let us investigate the effect of the total number of sensors on tracking perfor-
mance. Fig. 6.3 presents the Monte-Carlo simulation results of average target posi-
tion estimation ME and RMSE with different number of sensors N = 22,24 - 40.
Note that all sensors are placed randomly inside the surveillance area. Therefore,
if one sensor is close to another, their range and angle observations share similar

qualities. Intuitively, the total amount of information increases with more sensors,
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Figure 6.2: Average target position estimation ME and RMSE versus number of
consensus iterations.

which should generate improved performance. However, more sensors with the same
graph degree inevitably requires larger number of consensus iterations for conver-
gence. Due to these contradictory facts, the performance of proposed algorithms
do not show much difference for small number of sensors, e.g., N < 30. Compared
to DJPDA-CI and DJPDA-HC, DJPDA-CM is more sensitive to the variation of
total sensor number because this algorithm only utilises the available measurement
information. It should be pointed out that the centralised JPDA filter also shows
performance degradation with the increase of network size. This fact can be at-

tributed to the increasing of the possibility of track-to-track association failure.
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Figure 6.3: Average target position estimation ME and RMSE versus number of
Sensors.

In network-based sensing and tracking, it is clear that the sensor’s available field-

of-view would affect the overall estimation performance: if the sensor’s field-of-view
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is too narrow, then it cannot detect the target of interest. Fig. 6.4 compares the
performance of different tracking algorithms with respect to different sensing range
50m, 100m, - - - ,400m. Here, the sensor’s field-of-view is defined as a rectangle,
depending on the sensing range. For example, if the sensing range is 200m, the
sensor’s field-of-view is a 200m x 200m rectangle. From Fig. 6.4, it can be ob-
served that, with narrow field-of-view, e.g., sensing range < 100m, both DJPDA-CI
and DJPDA-HC outperform DJPDA-CM, demonstrating that fusing the prior in-
formation is helpful to preserve the consistency of local estimates. Note that the
centralised JPDA filter also shows apparent performance degradation with narrow
sensor’s field-of-view. The reason is that most sensor nodes miss detect the targets
due to narrow field-of-view. Therefore, only small amount of information can be
utilised in the fusion centre for data integration. With longer sensing range, the
performance of DJPDA-CM and DJPDA-HC improves significantly and converges
to the optimal centralised JPDA since more information is available for data inte-
gration. With enough sensing range, e.g., > 250m, the performance of all tested
distributed JPDA filters converges to certain steady-state performance. However, it

is clear that DJPDA-CI is conservative and cannot converge to optimal centralised

fusion.
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Figure 6.4: Average target position estimation ME and RMSE versus sensing range.

In MTT, the number of targets determines the complexity or size of the problem
and greatly affects the tracking performance since data association becomes more
challenging with the increase of problem complexity. Fig. 6.5 presents the Monte-
Carlo simulation results of average target position estimation ME and RMSE with
different number of targets N, = 3,4,...,8. Unsurprisingly, the performance of
all tested tracking algorithms degrades with more targets. The reason is that the

chance of data association (measurement-to-track as well as track-to-track) failure
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rises with the increase in the number of targets, which has an adverse effect in
JPDA. Interestingly, the proposed DJPDA-HC exhibits very close performance as
centralised JPDA and outperforms both DJPDA-CM and DJPDA-CI even with

large number of targets.
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Figure 6.5: Average target position estimation ME and RMSE versus number of
targets.
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Figure 6.6: Average target position estimation ME and RMSE versus number of
clutters per sensor.

High clutter rate is a typical characteristics of low-cost sensors, which would have
adverse effect on the tracking performance. To investigate the robustness of different
algorithms against the variation of clutter rate, Fig. 6.6 presents the Monte-Carlo
simulation results of average target position estimation ME and RMSE with different
number of clutters per sensor per frame Npy = 1,1.5,---,3.5. Intuitively, the
increase of clutter rate will give rise to high possibility of data association failure

(measurement-to-track as well as track-to-track), thus the degradation in tracking
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performance. This can be clearly observed from Fig. 6.6 for all tested algorithms.
This figure also reveals that DJPDA-CM is more sensitive to other algorithms.
Furthermore, the proposed DJPDA-HC algorithm is strongly robust even to a high

clutter rate and shows very close performance as the centralised JPDA filter.

6.5.4 Experiments on Real-Life Data

To further validate the effectiveness of the proposed method, we evaluate it with
publicly available multiple target tracking datasets. We choose the popular EPFL
laboratory video sequences [130] for pedestrian tracking. The EPFL laboratory
dataset, filmed from four different cameras, offers four pedestrians walking around

in a room. Figure 6.7 presents the snapshots from these four different cameras.

(¢) Camera 3 (d) Camera 4

Figure 6.7: Snapshots of EPFL laboratory dataset from four different cameras.

In all experiments, the pedestrian position measurements are obtained by running
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Figure 6.8: Mean position error averaged over four cameras and four persons.

the state-of-the-art discriminatively trained part-based model (DTPM) detector
[131]. The detections are obtained on a post-processing basis for all collected data to
allow for fair comparisons with exactly the same inputs, i.e., the DTPM detector is
applied to all videos in an offline fashion to get the measurements of all frames. Each
detection is represented by a bounding box with its centroid, length and width as
the measurement information of each detected target. For valid fusion, all DJPDA
algorithms are performed using a ground-based inertial coordinate. Under this con-
dition, the nonlinear measurement model h}k (x%) of the Ith camera is a function
of the camera calibration parameters [130]. The tracking performance are evalu-
ated by comparing with the annotated ground truth, provided by [132]. The mean
position error, averaged over four cameras and four persons, obtained from three
different DJPDA algorithms are depicted in Fig. 6.8. It can be noted from this
figure that both DJPDA-CM and DJPDA-HC asymptotically converge to the op-
timal centralised solution. Although DJPDA-CI has better tracking accuracy than
DJPDA-CM with small number of consensus iterations, it cannot recover the perfor-
mance of centralised fusion. Furthermore, the experimental study also reveals that
the proposed DJPDA-HC outperforms both DJPDA-CI and DJPDA-CM in terms
of tracking accuracy. These results clearly validate the theoretical study shown in

previous sections.

6.6 Conclusions

The problem of distributed multiple targets tracking over a sensor network is inves-
tigated in this chapter. The proposed algorithms utilise the baseline JPDA filter in

conjunction with different fusion strategies, e.g., CM, CI and HC, via the average
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consensus algorithm. A distributed node counting algorithm is also proposed to sup-
port the implementation of DJPDA-HC. Theoretical analysis reveals that the pro-
posed DJPDA-HC filter asymptotically converges to the optimal centralised JPDA
and also provides the benefits of preserving the consistency of local estimates by a
novel hybrid fusion strategy. Extensive simulations demonstrate that the proposed

DJPDA-HC outperforms other algorithms under various different conditions.



Chapter 7

Practical Implementation of

Multi-Dimensional Assignment

7.1 Introduction

It is known that solving the MDA problem is the key for successful implementing
both MHT and multi-sensor MTT fusion. More specifically, the MDA is utilised in
MHT to associate measurements to tracks to discriminate target-generated measure-
ments and false alarms. Multi-sensor MTT requires formulating a MDA problem
for track-to-track association to find the source origin of local estimates that come
from different sensors. Conceptually, formulating MDA problem in these two differ-
ent association scenarios is almost the same, except for the definition of the track

hypothesis.

The main challenge in solving the MDA problem with problem size! larger than
two is that the resulting problem is NP-hard. Due to this intrinsic property, find-
ing optimal solution of the MDA problem is intractable even for fairly small-sized
problems. The mainstream suboptimal solution of the MDA in both measurement-
to-track and track-to-track associations is the well-established Lagrangian relaxation
approach [65, 127, 66]. The basic idea of Lagrangian relaxation is to iteratively relax
the original MDA problem to a 2D assignment problem, which can be efficiently solve
by the well-known Hungarian algorithm. However, this algorithm too can become

inefficient for fairly large scenarios, since it involves an iterative solution refinement

IThe problem size of MDA is defined as the number of scans in MHT or the number of sensors
in multi-sensor MTT fusion.
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procedure to produce better solutions to the original MDA problem. Therefore, it

is imperative and meaningful to find an alternative solution to the MDA problem.

This chapter investigates the problem of practical implementation of MDA with
performance-guaranteed approximation. The contribution of this chapter is the
development of two different implementation algorithms for the MDA to mitigate

the computational efficiency issue:

e The first approach takes advantages of the MWIS formulation and develops
a meta-heuristic Tabu search algorithm to find the best global hypothesis for
the MWIS problem formulated. The Tabu search based MDA implementation
algorithm is also a new approach for the MWIS problem. The Tabu search is
chosen because the MWIS problem is a combinatorial optimisation problem
and the heuristic approach is considered to be well-suited to this type of prob-
lem [133, 134, 135]. At each Tabu iteration, two basic movement, namely add
and swap, are leveraged to find a better neighbourhood solution of the initial
candidate. A trigger policy is also proposed in the Tabu search to enhance the

capability of escaping from the local optimum.

e The second approach proposed exploits countable approximation based on
a stochastic sampling method. In this approach, we reformulate the max-
summation MWIS problem to a new max-product decoding (MPD) problem.
The key idea of the newly proposed formulation is to consider each solution
of MWIS as a random variable with a stationary distribution. The product
in the MPD problem is represented by this distribution and corresponds to
the weight of MWIS. This chapter suggests to adopt the stochastic Gibbs
sampling to approximate the distribution. It is then proven that the Markov
chain generated by the proposed Gibbs sampling asymptotically converges to
the target invariant distribution. This means the approximation error has

theoretical upper bound, hence with guaranteed performance.

7.2 Preliminaries

This section introduces some basic concepts of MDA. We first formulate the MDA
problems for both measurement-to-track association in MHT and track-to-track as-
sociation and multi-sensor MTT. Then, the hypothesis pruning technique will be

discussed.
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7.2.1 MDA in Measurement-to-Track Association

The measurement-to-track association in MHT aims to find the most probable global
hypothesis and use the matched state estimation from this particular hypothesis for
the track maintenance. A global hypothesis is a set of tracks that are compatible,
that is not in conflict: any two tracks in a global hypothesis do not share any
common non-dummy observations at any scan and the two tracks cannot originate
from one common node at the root scan. Assume the set of received measurements
at scan k is modelled as Eq. (4.1) and S scans of measurements are utilised in data
association. A track hypothesis? at scan k is defined as a sequence of measurements
as

72 = {ZZI—S+17Z?—S+27 T asz} ) Z?cs € Z (7.1)

Hypothesis test is usually leveraged to differentiate between target-generated mea-
surements and false alarms in associating measurements to track hypothesis 7.
Define H; as the hypothesis that all measurements in 7’ originate from the same
target and H as the hypothesis that all measurements in 7" are false alarms. Under

Gaussian assumption, the likelihood ratio® between H; and H, is given by [136]

o _ P (TEH)
A(TE) = ks
%) = o il 72
B PpN (Z?g;HZXZ?Si)] [H (1— Pp) "
SESm AFA SESm

where S,, 2 {s1,89,-+ ,$m} with s; e {k =S+ 1,k —S+2,--- ,k} is the set that
contains scans that provide non-dummy measurements in data association, Hi the

measurement matrix, and S} the covariance of innovation.

Let N7 denote the total number of all possible track hypotheses during S scans, and
M denote the summation of the number of resolved tracks at the root node, i.e.,
the confirmed tracks at the root scan, and the number of non-dummy measurements
during the last S — 1 scans. Define x = [, z, - - - ,:L‘NT]T as a binary vector with

z; € {0,1}. Then, the measurement-to-track association in MHT can be formulated

2Note that the size of one track hypothesis can be different from others due to new birth targets
and death targets.

3The rationale of the utilisation of likelihood ratio is that it is a dimensionless quantity. Note
that the likelihood functions have physical dimensions and therefore it is impossible to directly
compare them.
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as a constrained combinatorial optimisation problem, known as MDA, as [127]

arg max CTx
X (7.3)
st. Ax=b, bj=1 j=12,...M

where C = [log A(TYH  log A(T?), -+ ,logA (ﬁNT)} T is a vector of track hypothesis
log-likelihood. Here, z; € {0, 1} is a binary variable indicating the inclusion of the
ith track hypothesis in the best global hypothesis with 1 for being included and 0
for being excluded. Matrix A is a M x N7 is a binary matrix that is used to ensure

that the solution x provides a feasible global hypothesis.

Scan index

dhdd bdwio

Figure 7.1: An example of track hypothesis tree for MDA formulation.

An example of track hypothesis tree for the MDA formulation with a three scan
depth is shown in Fig. 7.1, where the numbers represent the measurement IDs
that are associated with tracks. In this figure, the black circle refers to the dummy
measurement. In this example, we assume that we have two resolved/confirmed
tracks at scan kK — 2. At scan k — 1 and k, the received measurement sets are
{z}_,,2z}_,} and {z}_,}, respectively. When receiving a measurement, we create a
new track hypothesis representing that the possibility that the measurement comes

from a new target. As can be noted from Fig. 7.1, it can be noted that:
e Track hypotheses 1, 2 and 3 originate from the common node at the root scan
k—2. This means that a valid global hypothesis should satisfy x1+xo+2x3 = 1.

e Track hypotheses 4 and 5 originate from the common node at the root scan

k — 2. This generates the constraint x4 + x5 = 1.

e Track hypotheses 1, 2, 6 and 7 share a common non-dummy observation at
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scan k — 1 and therefore the solution should satisfy x1 + xo + g + 27 = 1.

e Track hypotheses 4 and 8 share a common non-dummy observation at scan

k — 1. This means that these two tracks are incompatible, i.e., x4 + x5 = 1.

e Track hypotheses 1, 6 and 9 share a common non-dummy observation at scan k.

This means that a feasible global hypothesis is constrained by 1 +xg+1x9 = 1.

Based these observations, the matrix A in Eq. (7.3) for this example is given by

(11100000 0]
000110000
A=|1110001100 (7.4)
0001000710
10000100 1]

where the first two rows are used to satisfy the constraint that any two tracks in a
global hypothesis cannot originate from the same root node and the rest three rows

are utilised to guarantee that one measurement can only be assigned to one track.

7.2.2 MDA in Track-to-Track Association

The track-to-track association in multi-sensor MTT aims to find the most probable
global hypothesis and use the matched local estimates from this particular global
hypothesis for the track fusion. A global hypothesis is a set of track hypotheses
that are compatible, that is not in conflict: any two track hypotheses in a global
hypothesis do not share any common non-dummy local estimate and the any two
local estimates from one track hypothesis cannot have the same sensor index. As-
sume that N sensors participate in a cooperative estimation mission. Denote Xé,klk
as the local estimated state of the ith target provided by sensor [ at scan k. A track

hypothesis is defined as the set of local estimates as

T in . in
Ti = {Xl,k\k7x2,k\k7 7XN,k\k} (7.5)

In order to adjust the problem that some sensors may miss detect some targets due
to the non-unity detection probability, we define i; = 0 as the index of the 'dummy’
local estimate of the [th sensor. To differentiate between common and disparate
origin of track hypothesis 7', we utilise the likelihood ratio A (7;') between the
hypothesis H; that local estimates iy, i, --- , iy come from the same target and the

hypothesis H, that local estimates 7,19, -+ ,iy all have different origins. Denote
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L 2 {li,lo,- -+ L} with [; € {1,2,--- | N} as the sensor set that contains nodes
providing non-dummy local estimates. The likelihood ratio A (7;) is given by? [137]

o P (T M)
A( k:) - p('m’HO) .
.6

= V™ IN (x}, 500, Pl )

11 7o
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where V' is the volume of the space; Pp, denotes the detection probability of the [th

sensor; and
i, A
X1y ke Xy Kk
iy

’”3 .
Xigklk — X k|k

e R™ (7.7)
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is a stacked vector, whose covariance P!, ~has the diagonal blocks
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with P,°, = being the cross-covariance of two local estimates that from two dif-

Is o |k
ferent sensors, resulting from the common process noise, and can be obtained by a

recursive update or the approximated approach shown in [137].

Similar to measurement-to-track association, the track-to-track association can also
be formulated as a MDA problem as [69, 138]

arg max CTx
x (7.10)
st. Ax=b, bj=1 j=12,.,M

where M is the summation of the number of local estimates of the reference sensor
and the number of non-dummy local estimates of the rest N — 1 sensors. Other

parameters share the same definitions as Eq. (7.3).

4Note that we utilise the track from the [1th sensor as the reference sensor in associating local
estimated tracks. It is obviously legitimate that any other sensors can be used as the reference.
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7.2.3 Hypothesis Pruning

Ideally, all the candidate track hypotheses need to be considered in the solution
space. The issue is that the number of track hypotheses exponentially increases
with the increase of the problem size. This implies that considering all the tracks
may become intractable even with heuristic or approximated approaches. One most
commonly accepted approach to handle this issue is hypothesis-level pruning, which
removes track hypotheses with low probability. Hypothesis-level pruning can easily
be performed using the approximated track hypothesis probability (ATHP) [50].
Based on the law of total probability, the track hypothesis probability p (7;') can be
calculated as

p(Ti) = > p(Hy) (7.11)

'Hk97z,‘.
where p (Hy,) denotes the probability of the global hypothesis Hy, and is defined as

[T A7)

7;:67'[1@

1+ IT A (T)

Hy 77367’[1@

p ('Hk) = (7.12)

Any track hypothesis with probability that is below than a lower threshold py,
is removed. Applying the hypothesis-level pruning, poor track hypotheses can be

removed and consequently only high-quality tracks are considered in association.

7.3 MWIS Formulation

The best global hypothesis generation problem in MDA can be alternatively formu-
lated as an MWIS problem of a weighted undirected graph. This problem reformu-

lation is the foundation of the development of the proposed algorithms.

An independent set of an undirected graph is defined as a subset with no pairwise
adjacent elements of the vertex set. The MWIS is the heaviest subset of non-
adjacent nodes/vertices of a graph. A weighted undirected graph G = (V, &€, W) at
each scan for this problem is constructed by assigning a track hypothesis T.* to a
graph vertex v; and each vertex with a weight w; corresponds to its log-likelihood
ratio log A (7;%). If two track hypotheses cannot co-exist, i.e., they are incompatible,
an edge is constructed to connect them. Let |V| denote the cardinality, i.e., the

number of elements, of vertex set V. Then, the problem of best global hypothesis
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generation in MDA can be transformed to finding the MWIS as

V|
arg max Wi X4
A (713)

st. xi+ax; <1, V(vy,v) el

where x 2 (21, 29, -+ ,xM]T and z; € {0,1} is a binary variable that indicates

whether or not the ith track hypothesis is included in the solution.
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Figure 7.2: Hypothesis history of the considered scenario.
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Figure 7.3: Undirected graph of the considered example.

Here, we provide a simple example to show how to transform the MDA problem
into a MWIS problem. The hypothesis history of the considered scenario is illus-
trated in Fig. 7.2, where the term ’sensor’ is utilised in track-to-track association
and ’scan’ is used in measurement-to-track association. The number in the circle
represents the ID of local estimates (in track-to-track association) or measurements
(in measurement-to-track association). In this figure, the black circle refers to the
dummy measurement /local estimate. For this simple example, track hypotheses 1,
2 and 3 originate from a common parent node 1; track hypotheses 4 and 5 originate

from a common node 3; track hypotheses 2, 3 and 5 share a common non-dummy
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node, i.e., node 2. Based these observations, one can construct an undirected graph

as shown Fig. 7.3, where the numbers are IDs of track hypotheses.

7.4 Solving MDA Problem Using Heuristic Tabu

Search

This section proposes a Tabu search based approach to solve the MDA problem.
Tabu search is one of the state-of-the-art general metaheuristic algorithms to find the
approximate optimal solutions for a wide variety of hard combinatorial optimisation
problems [139]. Tabu search usually consists of two phases: initial solution genera-
tion phase and local search phase. Compared with other heuristic algorithms, Tabu
search enhances the performance of local search by introducing prohibition rules,

which prevent the search from visiting the previously-searched candidate solutions.

For any feasible solution F = {i € V:i# jVj e Vst. {i,j} ¢ £}, the quality of
the solution, denoted as W (F) = ZLV‘ w;x;, is quantified by the total weight (sum-
mation) of all vertices. Given two solutions F; and Fy, Fj is better than Fy if
and only if W (Fy) > W (F3). The object function of Tabu search is thus given by
W (F). The aim here is to find F maximising W (F) using two phases, i.e., initial

phase and local search phase.

7.4.1 Initial Solution Generation

The goal of the initial phase is to randomly generate a set of possible candidate
solutions. To achieve this, we first sort all tracks in a descending manner based on
their track scores. The initial phase starts from an initial solution F by randomly
selecting a unique track vertex from the first N; sorted tracks as these N; tracks
have relatively higher scores. Then, iteratively, randomly pick up a compatible
track vertex v = {v:v e V\F,(v,l) ¢ £,Vl € F} and add it into F until there is
no feasible vertex can be added based on the independence constraint. In general,
the initial phase only aims to find a candidate solution, i.e., a global hypothesis,
and ignores the quality of the solution, but ensures a rich diversity of the initial
solutions for local search in a different region. This is achieved by using a search
length strategy that triggers a new initial solution if the quality of the previous

solution never improves for a number of consecutive iterations.
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7.4.2 Local Search Phase

Local search is used to provide an attempt to find better immediate neighbour-
hood solutions for the initial solutions. A neighbourhood of a candidate solu-
tion confines the search space and is typically defined by a move operator move.
This operator transforms a given solution F to a better neighbourhood solution,
that is £ 2 F @ move. The proposed algorithm considers two natural opera-
tors: ADD(i) and SWAP(i,5). These two operators are defined based on two
sets: M, and Mg. The set M, is composed of the vertices that are all ex-
cluded from the candidate solution F and not adjacent to all vertices of F. The
set Mg consists of the vertices that are all excluded from the set F and ad-
jacent to only one vertex in F. The operator ADD(7) is defined as adding a
vertex in M4 to F. The neighbourhood solution resulted from this operator is
Fa = {]:"A : F@® ADD (i),1 € MA}. Clearly, the ADD(i) move operator always
improves the quality of a solution. The operator SW AP(i, j) is defined as replacing
an existed vertex j € F with its adjacent vertex ¢ € Mg to generate a neighbour-
hood solution: Fg = {.7:"5 : F®SWAP (i,7),i € ./\/lg}. This operator can either
improve or deteriorate the quality of a solution. From this analysis, it is clear that
an overall better solution can be selected by a union of these two neighbourhood
solutions, i.e.; a hybrid movement. Note that both M 4 and Mg could be an empty

set if there is no such set exists.

Tabu search introduces the so-called Tabu list to discourage the search from coming
back to previously-examined solutions. Invoking the fact that the operator ADD(7)
always improves the quality of the current solution, the prohibition rule in the
proposed algorithm is designed as: a vertex that joins the solution F is free to leave
F while a vertex that is removed from the solution is not allowed to be added again
into F for next T iterations (Tabu tenure) except for the case that it provides a

better solution.

Consider the undirected graph shown in Fig. 7.4, where the node weights are the
same as the IDs. Suppose the candidate solution is given by F = {1,4,5,7}. For
ADD(1), it is easy to verify that M4 is an empty set based on the independence
constraint. Similarly, one can obtain Mg = {6,8,9} for SWAP(i,j) and thus re-
placing {5} with {6} and replacing {7} with {8} or {9} result in a better solution.
Since the weight of node 9 is larger than that of node 6 and 8, the local search
automatically chooses node 9 at the current iteration, leading to an improved candi-
date solution F = {1,4,5,9}. In the next iteration, one can also obtain M4 = {8}
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for ADD(i) and Mg = {6,7} for SWAP(i,j). Since node 7 is excluded in the
previous update step and thus will be automatically blocked by the local search
phase through a Tabu list as discussed before. Consequently, the most favourable

solution in terms of its quality obtained by these two operators at the this iteration
is F ={1,4,6,8,9}.

Figure 7.4: Undirected graph of the considered example.

The proposed algorithm examines the possible neighbourhood solutions based on
their qualities at every iteration and selects the most preferable one. The prohibition
rule provides the possibility of local diversification by preventing the previously-
visited solutions from being re-searched for next several iterations. A new restart
from a different randomised initial solution is triggered if the quality of the solution
obtained by the local search never improves for a maximum allowable consecutive
search depth. Although the heuristic approach cannot have theoretical guarantee
of the optimal solution, the proposed randomised multi-restart policy can help the
search to escape from the local basin and hence can help to prevent from being

trapped in a local optimum solution.

Track hypothesis level pruning using the ATHP concept is performed to enhance the
computational efficiency. For pruning, we first define a set Byjopq; that is composed of
feasible global hypothesis candidates and update it at every iteration. Using global
hypotheses in the set By obtained, the proposed algorithm then calculates the
ATHP for each track, whose equation is given in Eq. (7.11), and prunes the ones

smaller than the threshold value designed.

The algorithm of the proposed Tabu search-based best global hypothesis generation

is summarised in Algorithm 7.1.
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Algorithm 7.1 Best global hypothesis generation by Tabu search

Input: A weighted graph G = (V, £, W) generated by all tracks at scan k, maximum
allowable search depth L, maximum allowable iterations n,,,;
Output: The best global hypothesis defined by set F*, global hypothesis candidate

set Bglob(zl
1: iter < 0 > Set the initial iteration counter
2 F*+ () > Set the initial solution
3: Bgiopar < 0 > Set the initial global hypothesis candidate
4: while iter < npy., do
5: JF* < random initial possible solution generated from G
6: Initialise the Tabu list
7 Frocal — F > Floear 18 the local optimal solution in each iteration
8: Lipeas < 0 > Initialise the local search step
9: while L;,.; < L do

10: Fa,Fg + construct neighbourhood solutions based on ADD(i) and

SWAP(i, j)
11: F + select the overall best solution F4 U Fg according to the quality
function

12: Liocat <= Liocar +1

13: iter <— iter + 1

14: Update the Tabu list

15: if W (F)>W (Fioear) then

16: Lipeas < 0

17: Firocal < F

18: end if

19: end while

20: if Eocal ¢ Bglobal then

21: Bgiovai < {Bgiobais Fiocar} > Update the global hypothesis candidate set

22: end if

23: if W (Fiocar) > W (F*) then

24: F* < Flocal > Update the best global hypothesis

25: end if

26: end while

27: return F*, Byopal
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7.5 Solving MDA Problem Using Stochastic Gibbs
Sampling

This section proposes an alternative approximated solution of the original MWIS
problem described in (7.13). Our proposition is to apply Gibbs sampling to sample
candidate solutions of x in (7.13) and evaluate their corresponding quality. As can-
didate solutions and their corresponding quality are recursively generated, sorting
the solutions and finding the approximated solution, providing the best quality, are

straightforward.

To apply Gibbs sampling, it is required to reformulate the original MWIS problem
into a problem in which the key idea of Gibbs sampling can be applied. Therefore,
we first reformulate the original max-sum problem given in (7.13) to a new max-
product problem based on the property of log-likelihood ratio. For this reason,
define

p(x) = (H @ (il?z)) I (@) (7.14)
(

i€y 03,05 )EE
with _
e’\(El), T =1
o(x;) = (7.15)
1, T; = 0
0, T, = (L’j = 1
Pe (T, 5) = _ (7.16)
1, otherwise

where ¢ (x;) is the node potential, guaranteeing a non-negative un-normalised prob-
ability to each possible value of the random variable z; € {0,1}; ¢, (z;,z;) is the
edge potential, providing a non-negative un-normalised weight to all the combina-
tions that (x;, z;) can take. The function p (x) can be regarded as an un-normalised

joint distribution of a pairwise undirected graphical model.

Then, the original MWIS problem can be equivalently solved by the following opti-
misation problem

arg max p (x) (7.17)

The solution of (7.17) is a decoding problem, in which the goal is to find the most
probable joint distribution. The proposed max-product formulation enables utilisa-
tion of Gibbs sampling. The key idea proposed in this chapter is to consider each
solution x as a random variable that satisfies a distribution 7(x). For the realisa-

tion, we first construct a finite-state Markov chain whose state space is the set of
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all feasible solutions (i.e. independent sets of graph G). Then, the Gibbs sampler is
utilised to generate random solution samples x based on the proposed distribution
proposal 7(x) so as to find the best candidate set. To ensure that the independent
set solution with higher weights are more likely sampled, it is natural to construct

the sampling proposal 7 proportional to its corresponding weight /track scores as

4

(%) Hw(wi) I weteia) (7.18)

(Ui ,’L)]')Gg

Enumerating all possible independent sets is impossible for real applications, which
means direct sampling from (7.18) is difficult. Hence, the concept of Gibbs sampling
is adopted here, i.e. samples are generated by sweeping through all the posterior

conditionals, rather than from the posterior distribution itself. Then, the one-step

transition kernel from one possible solution x = [:vl, e ,JUM]T to another possible
. _ _ 9T . :
solution X = [xl, e ,xwd is obtained as
V|
™ ()_( ’X) = H Tm (.fm ‘jfl, Ce ,jm,1,$m+1, ce ,x|v|) (719)
m=1

where the condition distribution is given by
Tm (i’m ‘if’l, . ,fm_1,$m+1, . 7'I‘V|) X @ (i’z) (720)

Given a solution x, another feasible solution X can then be obtained by recursive

sampling according to the following individual conditional distributions

i‘l ~ T (Zfl ‘l’g, e ,ZE‘W)
Ty ~ T (T [T1, - a1, Tt -2, Tp)) (7.21)
Ty~ Tl (Tng [T, Tppy)

Similar to Theorem 4.1, it can be proved that the generated Markov chain asymp-
totically converges to its invariant distribution with an exponential convergence rate

as

7" (x]x) =7 ()] < (1 - 26)" (7.22)

where 7" (X |x ) denotes the nth power of transition kernel 7 (x |x), 8 = min 72 (X |x) €

X,X
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(0, 0.5] the least likely two-step transition probability.

Algorithm 7.2 summarises the proposed Gibbs sampling-based implementation al-

gorithm.

Algorithm 7.2 Best global hypothesis generation by Gibbs sampling
Input: A weighted graph G = (V, £, W) generated by all tracks at scan k, maximum
allowable Gibbs samples ng;ps, burn-in samples 74yyp—in
Output: The best global hypothesis defined by Xpes;, marginal distribution p(z;),
Vi e [|V|]
1: iter < 0 > Set the initial iteration counter

Randomly picking an initial possible solution x(!
Dhest — — inf > Set the initial best cost as -inf
if i =1:|V| then

n; < 0 > Set the initial event counter
end if
while iter < np.. do

if i =1:|V| then

Recursive sampling according to (7.21)

end if

. . T
iter) __ (iter) (iter)
xUter) = | g} s Ty ]

if iter > npyrn—in then
Evaluate the current solution p (x(”er))
if p (x> py.y then
Dbest < P (X(iter))
Xpest < x(iter)
end if
fori=1:|V|do
if a:z(“e’") =1 then
n; <= n; +1
end if
end for
end if
iter < iter + 1
: end while
cfori=1:|V|do
p(x; =1) < ni/ (Mmax — Nburn—in) > Approximated marginal probability
- end for
: return Xpess, p(x;)

_ =
= O

> One Gibbs sample

OO NN NN NN NN /= — o e s e
© 0 NPT WY D © 0 g WY

Remark 7.1. It follows from Eq. (7.22) that, given any initial feasible solution
x| the generated Markov chain {x(t)}zl

mvariant distribution. Due to the convergence property, one can easily select a

exponentially converges to its stationary

feasible solution as an initial state for Gibbs sampler. For example, one can simply
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choose the initial solution by random selection of compatible tracks, as presented in

the previous section.

Remark 7.2. With the aid of Gibbs sampler, one can also easily obtain the approx-
imated marginal track hypothesis probability p (x; = 1) as

plei=1)= & (7.23)

Nmax — Nburn—in

where Nyqe denotes maximum allowable Gibbs samples, Nyyrn—in the burn-in sam-
ples, n; the number of samples that x; = 1 occurs after the pre-convergent burn-in
phase. Using Eq. (7.23), we can also perform hypothesis-level pruning to improve
the computational efficiency by thresholding p (x; = 1).

7.6 Numerical Simulations

This section validates the proposed algorithms through numerical simulations. In
this section, the measurement-to-track association in MHT is utilised as an ex-
ample to show the effectiveness of the proposed MDA implementation algorithms.
To demonstrate the effectiveness, the performance of the proposed algorithms are
compared with that of the mainstream MDA formulation of MHT with Lagrangian
relaxation approach. As shown in [69], Lagrangian relaxation implementation al-
gorithm outperforms both m—best assignment and linear programming solutions.
Therefore, it is reasonable to compare the proposed methods with the Lagrangian

approach.

7.6.1 Simulation Setup

Our experiments six different challenging scenarios:

e Scenario 1: twelve constant moving targets with different birth and death time;

e Scenario 2: 20 close moving targets with three 3g coordinated turns;

Scenario 3: 40 close moving targets with three 3g coordinated turns;

Scenario 4: 20 random moving targets;

Scenario 5: 40 random moving targets;

Scenario 6: 60 random moving targets.
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Figure 7.5: Sample ground truths of the considered scenarios.
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The sample ground truths of these six scenarios are presented in Fig. 7.5. The state
vector contains planar position and velocity. We assume that all targets share the
same motion model and use the well-known CV model for target prediction. The
CV model is defined as

x; =Foyx, | + Guw,_, (7.24)
with
Tsz/2
A 1 Ts A TS
For 2L ® e 7.95
R T2/2 (7.25)
T

where Ty = 1s is the sampling period, and w} ~ N (-;0,02) the Gaussian process

noise with o, = 22m/s>.

The sensor collects position measurements at regular time instants with detection

probability Pp = 0.95 as
: 1000
H; = 7.26
: [0 10 o] (7.26)

The measurement noise is subject to a Gaussian white noise as v; ~ N (+;0, Ry;)
with Ry; = diag (02,02), 0, = 100m. The clutter is assumed to be uniformly
distributed in the surveillance region with its number at one scan being Poisson

with spatial density Apa = 1077.

For every new track, the state estimation error covariance is initialised using the one-
point method [57] with maximum velocity bound 600m/s and the new target density
is set as A\g = 107!, Since the detection probability and clutter spatial density may
vary in practical implementations, we choose these two parameters as Pp = 0.75 and
Ara = 1078, which are not matched with the ones used in measurement generation.
For measure-to-track association, three scans of measurements are utilised in MHT.
In order to remove the hypothesis with low probability, the threshold of hypothesis
level pruning is selected as py, = 107%. The design parameters for Tabu search based
approach are chosen as L = 10, n,,,, = 100, and parameters for Gibbs sampling

based implementation algorithm are set as 1,4 = 2000, Npyrn—in = 1000.

The status of a track hypothesis in MHT is usually characterised by the classical
sequential probability ratio test (SPRT) based on its current score, i.e., log likelihood
hood ration log A (7;), versus the upper and lower thresholds (T}, T,p). Generally,
a track is confirmed once its score exceeds the upper threshold T,, while a track

is immediately deleted if its score is below the lower threshold T;,,. If the track
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score falls between the upper and lower thresholds, the corresponding track is still
tentative and is required to be further tested. Following the standard SPRT, the

upper and lower thresholds are defined as

_ 5 _ 1-p
Tlow_lﬂ(l—a)’ Tup—ln< ” > (7.27)

where « is the false track confirmation probability, and 3 the true track deletion

probability®. These two parameters are, respectively set as a = 107% and 8 = 1073

7.6.2 Performance Metric

For performance evaluation, the following commonly accepted metrics [140] are con-

sidered.
e Miscorrelation ratio of true tracks Rj;c. The ratio of the number of false
measurement-to-track associations to total true tracks;

e Correct correlation ratio of true tracks Roc. The ratio of the number of correct

measurement-to-track associations to total true tracks;

e Average number of true target IDs associate with a true track N;p. For perfect
matching in the ideal case, all measurements that allocated to a true track;
should match to the true target, i.e. Nyp = 1. Similarly, N;p > 1 holds for

imperfect matching;
o Average true track life T,,,. Average true track life measured in scan numbers;
e Running time t.. The execution time for a sample run;

e OSPA distance with p = 2, ¢ = 1000.

7.6.3 Simulation Results

Table 7.1 summarises all the performance metrics obtained by these three different

approaches of fifty Monte-Carlo runs, where the values are calculated as the mean

5The allowable false track confirmation probability a can be defined from the system re-
quirements on false track initiation. For example, if the system generates Np, false alarms
per scan and only Np¢ false track confirmations are allowed within S scans, then, one can set
a = Npa/(SNpc). Note that the choice of 5 is less important since the true track deletion
probability 8 has less effect on the track confirmation threshold. Typical choice of 8 is § < 0.1.
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7.6: OSPA distance with MDA-MHT (green), Tabu-MHT (red) and Gibbs-
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Table 7.1: Comparison results of Monte-Carlo simulations.
Scenario| Tracker | Ryc Reo Nip Ty te/s OSPA

MDA | 0.0671 0.9654 1.2265 44.2603 23.8042s 191.4025

1 Tabu | 0.0835 0.9636 1.3087 53.9755 20.2255s 179.9225
Gibbs | 0.0809 0.9660 1.1864 50.0071 16.5422 181.6081
MDA | 0.0784 0.9538 1.0568 53.6069 7.7664s 153.5685

2 Tabu | 0.0882 0.9549 1.0604 63.4154 5.9839s 149.8836
Gibbs | 0.0854 0.9557 1.0470 53.6069 5.0561 152.0427
MDA | 0.0758 0.9570 1.0414 51.2003 15.9088s 159.4479

3 Tabu | 0.0911 0.9540 1.0609 62.0841 13.1394s 154.6242
Gibbs | 0.0854 0.9591 1.0383 57.6434 11.3569 155.4897
MDA | 0.2279 0.4102 2.3988 15.0391 11.3561s 597.8526

4 Tabu | 0.2386 0.4382 1.6182 24.9880 &8.5660s 357.7429
Gibbs | 0.2479 0.4502 1.6652 26.4104 5.1800 317.1836
MDA | 0.2142 0.3013 2.7500 11.6479 237.5427s 687.0442

5 Tabu | 0.2242 0.3313 2.8577 22.0750 37.1126s 362.0764
Gibbs | 0.2557 0.3160 2.7442 26.5581 19.6717s 323.1499
MDA | 0.2138 0.3042 2.9515 12.3592 1403.6657s786.1761

6 Tabu | 0.2829 0.3091 2.8969 23.5577 124.7696s 393.8384
Gibbs | 0.2205 0.3375 2.7596 25.6316 43.7115 362.9895

value of all runs. The best one of each metric is highlighted in bold font. One sample

run of OSPA distances are presented in Fig. 7.6.

For scenarios 1-3, the performance of these three different MHT implementation
algorithms is comparable. Although MDA-MHT has lowest miscorrelation rate of
true tracks, it is evident that Tabu-MHT provides the best overall performances in
terms of OSPA distance and has longer true track life, which is more desirable for
long-time consecutive tracking. As a comparison, Gibbs-MHT is the most efficient
one among these three approaches and shows better performance in ID switch as
well as correct correlation ratio. The peak values in Fig. 7.6 (a) are caused by track
initialisation of new birth targets. As for the latter three random moving cases,
although MDA-MHT still has lowest miscorrelation rate of true tracks, its OSPA
distance is almost twice than the proposed two algorithms, leading to the fact that
the proposed two MHT implementation algorithms could have more robust estima-
tion performance. Gibbs-MHT shows best performance in estimation accuracy and
is also the most efficient one. Notably, for the cases with a large number of tar-
gets (scenario 6 for example), the execution time of Gibbs-MHT is only 43.7115s,
whereas Tabu-MHT takes 124.7696s and MDA-MHT requires 1403.6657s.

Based on these results, it can be concluded that the proposed Gibbs-MHT and
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Tabu-MHT algorithms yield better overall performance, compared with the MDA-
MHT algorithm. Note that it is clear that the number of the track hypotheses
exponentially increases as the size and complexity of the problem grow. Therefore,
the proposed algorithms are expected to provide better performance as the problem
becomes more complex. The simulation results obtained confirm this expectation: as
the complexity and the size of the scenario increases, the performance improvement
becomes more significant. Furthermore, it is obvious from the simulation results
that the proposed Gibbs-MHT drastically reduces the computational complexity

without sacrificing the tracking performance.

7.7 Conclusions

This chapter developes two new algorithms for practical implementation of MDA
with the MWIS formulation: Tabu search and Gibbs sampling implementation al-
gorithms. The main purpose of these developments is to improve the computational
efficiency while maintaining/enhancing the association performance. For the Tabu
search based algorithm, random initial solutions are first generated to guarantee
the diversity of the final solution. Then, two basic operators are used in each lo-
cal search iteration to find better neighbourhood solutions. In the second proposed
MDA implementation algorithm, the MWIS problem is first reformulated to a MPD
problem to successfully apply Gibbs sampling. Then, the Gibbs sampling based
algorithm is designed to find the best global hypothesis. Theoretical analysis shows
that the proposed Markov chain generated by Gibbs sampler converges to its invari-
ant distribution with an exponential rate. Simulation results of MHT applications
confirm that the proposed implementation algorithms are highly efficient and pro-
vide better overall performance than the mainstream solution in most scenarios.
Especially, as can be deduced, it is clear from the simulation results that the per-
formance improvement of the proposed algorithms becomes significant in large-scale

problems.



Chapter 8

Conclusions and Future Works

This thesis investigates the problem of distributed target tracking over a low-cost
sensor network and proposes effective solutions for several challenging scenarios: (1)
well-balance between communication cost and tracking performance in distributed
STT; (2) reducing time complexity with guaranteed performance for both local
MTT and distributed MTT fusion; (3) accommodating unknown environmental
parameters for MTT; (4) improving the performance of MTT with closely-moving
targets; and (5) fully distributed MTT with guaranteed global performance. We
will first summarise the contributions of this thesis and then provide directions in

which this work can be extended.

8.1 Conclusions

We propose a new SGG-DKF algorithm for distributed STT over a low-cost sen-
sor network. The proposed algorithm utilises the concept of information weighted
fusion in conjunction with a new SGG network-wide averaging process. Rigorous
convergence analysis of the proposed SGG algorithm is carried out to support its
applications. Theoretical analysis reveals that the proposed DKF guarantees asymp-
totic convergence to the optimal CKF. The prominent feature of the proposed al-
gorithm lies in that it shows faster convergence speed, compared to the RG-DKF,
and requires less communication burden, compared to the GG-DKF. The promising
feature of the proposed SGG-DKF is that it offers great flexibility and well balance

between communication cost and tracking accuracy.

The implementation issues for practical application of the JPDA filter are addressed
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by: (1) reducing the time complexity of finding the marginal association probabil-
ity; and (2) alleviating the assumption on the full knowledge of detection probability
and clutter rate. By considering each possible joint hypothesis is considered as a
random variable, an polynomial-time and performance-guaranteed approximation of
marginalisation is proposed using Gibbs sampling technique. Incorporating Gibbs-
JPDA with multi-Bernoulli filter, a new MB-JPDA for MTT with unknown detec-
tion probability and clutter rate is developed. This new algorithm is demonstrated
to provide comparable performance to the ideal JPDA with full knowledge on the

environmental model.

A new information-theoretic JPDA filter for tracking unknown number of closely-
spaced targets in a cluttered environment. The proposed JPDA filter is derived
through the minimisation of a weighted reverse KLD to approximate the posterior
Gaussian mixture PDF. The resultant approximation approach turns out to show
similar structure as the generalised CI in sensor fusion. Theoretical analysis of
mean performance and error covariance performance with ideal detection probabil-
ity is presented to provide insights of the proposed approach. Extensive empirical
simulations are undertaken to validate the performance of the proposed multi-target

tracking algorithm.

We propose a new fully distributed estimation algorithm for MTT over a low-cost
sensor network. The algorithm developed is based on the information form JPDA
filter in conjunction with a hybrid fusion strategy via the average consensus process.
A distributed node counting algorithm is also proposed to support the implementa-
tion of proposed distributed MTT. The benefits of this new filter are its asymptotic

convergence to the optimal centralised JPDA and local consistency preservation.

We develop new algorithms for practical implementation of MDA with MWIS formu-
lation. Both heuristic Tabu search and stochastic Gibbs sampling are exploited to
provide polynomial-time approximate MDA solution while maintaining/enhancing
the association performance. For the Tabu search based algorithm, random initial
solutions are generated to guarantee the diversity of the final solution. To improve
the quality of each initial solution, two basic operators are suggested for the lo-
cal search iteration. By transforming the MWIS problem into an equivalent MPD
problem, the stochastic Gibbs sampling is also employed to efficiently find the best
global hypothesis. The advantage of this algorithm is that it guarantees asymptotic

convergence to the invariant target distribution with an exponential rate.
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8.2 Future Works

There are several directions in which the work presented in this thesis can be ex-
tended. For the proposed SGG-DKF algorithm, it can be concluded that the sensor
activation probability plays an important role in guaranteeing the convergence per-
formance of the gossip process. Although we have theoretically analysed the effect
of the sensor activation probability on the convergence rate in an average sense
manner. How to choose and optimise this important parameter for a specific sensor

network topology still needs further research.

The proposed DJPDA utilises the information form of the standard JPDA filter. It is
known that the performance of the standard JPDA degrades drastically when targets
moving closely. The information-theoretic JPDA filter developed in this thesis is
demonstrated to have capability to alleviate this issue. Therefore, deriving the
equivalent information form of the information-theoretic JPDA and implementing it
in a distributed manner by either average consensus or gossip process is an interesting

topic.

Both SGG-DKF and DJPDA are developed under ideal communication condition
without any delay and link failure. Unfortunately, low-cost sensor networks might
experience some undesirable communication disturbances, e.g., communication noises
and communication loss/failures, induced by multi-path fading, signal attenuation,
background noise, external block, etc. These unexpected factors will obviously de-
grade the fusion performance among the sensor nodes. How to accommodate these

undesired conditions in the proposed algorithms still require further exploration.

Finally, validating the performance of our proposed techniques with real experimen-

tal data is an important issue, and needs to be addressed in the future.
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Appendix A

Pseudo Codes of RG-DKF and
GG-DKF

Algorithm A.1 Randomised gossip distributed Kalman filter at the ith node

Input: Previous target estimation {xk,”k,l,i,Pk,”k,u}, received measurements

Zi;
Output: Current estimation {xmk’i,Pk‘kﬂ-}
(1) Prediction:

Xklk—14 — Fkxk71|k71,z’
T
Pri—1i = Feo1Proip—1Fr 1 + Qrr

(2) Compute the information terms:

1
-1 T p-1
Ug; = Pk\k—l,z'xk|k_1vi + Hk,iRk,i Zi;

N
1 _
Uy, = NPMLU + ngRkiHlﬂ

(3)forl=0,1,--- L do
Randomly pick up a neighbour j € N
Perform information averaging

i (1) = g [ (1= 1) + wege (1= 1)

1
(4) Measurement update:

Xk|k,i = Uk, (L)]_l ug; (L)
Pl = NUy,; (L)

klki —
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Algorithm A.2 Greedy gossip distributed Kalman filter at the 7th node

Input: Previous target estimation {sz—1|kz—1,iaPk—1|k—1,i}7 received measurements

Zi;
Output: Current estimation {XMk’i,Pk‘k,i}
(1) Prediction:

Xklk—1,4 — Fkxk—l|k—l,i
T
Prp—1i = FraProyp—1,iFr_; + Qra

(2) Compute the information terms:

1
_ -1 T —1
Wi = P o iXupk-10 + Hi Ry 2
1
_ -1 T -1
U/w‘ - NPk\kq,i + HlmRmHlm

(3) forl=0,1,--- ,L do
Compute the Mahalanobis distance d; ;
Find a local neighbour j* which has the largest value of d;;« (/) among the
active sensor nodes as
jr = mjaxdi,j 0, jeN

After finding j*, perform information averaging

1

Wi (1) = 5 [k (1= 1) + W (0= 1)

1
Upi (1) = 5 [Uki (1 = 1) + U (I = 1)]
(4) Measurement update:

Xpiki = [Uri (L)) g (L)
P, .=NU; (L)

klk,i




Appendix B

Properties of Finite-State Markov
Chain

This appendix collects two key lemmas in [114] that are used in the proof of Theorem
4.1.

Lemma B.1. Let w be the transition operator of a finite-state Markov chain and let
™ be the nth order transition probabilities. Then, for any state and n > 1, we have

max ™ (x]0) < max7” (x|s)
S

B.1
mginW”Jrl (x10) > min7" (x|s) D
S

Lemma B.2. Let o = HloiHTF (x|0) and the transition probability of a finite-state

Markov chain for any given state to another state is larger than zero. Then, for any
state and n > 1, we have

mgxxw"“ (x10)— m@inw”+1 (x10)

< |max 7" (x|s) —min7" (x|s)| (1 — 2«)
s s (B.2)
max 7" (x|¢) —min7" (x|s) < (1 —2a)"
S S

lim max 7" (x|¢) = lim min7" (x|¢) > a >0
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Appendix C

Boundedness of Kalman Filter

This appendix collects a useful lemma regarding the boundedness of Kalman filter
from [141]. Consider the following linear system

Xp = FroiXxp—1 + Wiy (C.1)

zr, = Hpxy, + vy,

where x;, € R" and z; € R™ denote the system state and the corresponding mea-
surement at time step k, respectively. The notations F;_; € R™*" and H;, € R™*"
correspond to the system matrix, input matrix and observation matrix, respectively.
The signals wy, € R™ and v;, € R™ are process noise and measurement noise, which
are assumed to be zero-mean Gaussian process with covariances Q; € R™" and
R, € R™*™ respectively.

Definition C.1. System (C.1) is uniformly controllable if there exist a positive
integer ko and positive constants k1 < kg < 00 such that

k
by <Y PR Qe < el (C.2)
where
Fr1Frpo---F, k>1
by = (C.3)
I, k=1

Definition C.2. System (C.1) is uniformly observable if there exist a positive integer
ko and positive constants k3 < kg < 00 such that

k
sl <3 SLHIRTH® < kil (C4)

where

D =P, (C.5)

By applying Kalman filter to system (C.1), we can have the following result.
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Lemma C.1. Suppose system (C.1) is uniformly controllable and uniformly ob-
servable. If the initial error covariance Py is positive, then there exists a positive
integer ko such that the error covariance provided by Kalman filter is uniformly
bounded from below and from above for all k > ky as

P<Py <P (C.6)
where P and P are positive matrices.

As a consequence, the estimation error given by Kalman filter is asymptotically
bounded in a mean square sense in that

lim B | (x¢ — xi2)" (¢ = x1)| < trace (P) (C.7)

k—o0



Appendix D

Some Approximated
Marginalisation Algorithms

This appendix collects some approximated marginalisation algorithms that are used
in Chapter 4 for comparison.

D.1 ENNJPDA [1]

For a given track, ENNJPDA finds one measurement which provides the highest
marginal association probability. The selected track and its corresponding matched
measurement, are then removed from consideration and the measurement selection
procedure is repeated for the next track until all tracks have their matched measure-
ments. In other words, ENNJPDA only use one specific measurement in updating
one track. During the measurement selection procedure, ENNJPDA utilises the con-
cept of cheap JPDA in calculating the marginal association probability. The cheap
JPDA leverages an ad hoc formula as

, G'
8=+ T (D.1)
Y.Gi+ Y G -G+ B
i=1 j=0

with G; is a likelihood function, which qualifies how well the jth measurement
matches the ith target and is defined as

6= oo (b )6 w) 0

where z; denotes the measurement prediction of target 7 at scan k and S} stands
for the covariance of innovation. The parambeter B € (0,1) is a bias term that is
empirically set.
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D.2 Modified Cheap JPDA [2]

The modified cheap JPDA includes an amendment coefficient 7“; in the calculation
of the marginal association probability as

‘ Gt
T _ J
I A (D:3)
izzl GY + gor;.G; -G+ B
where the coefficient ré is given by
, Gt
Ty = A J (D.4)
> i
7=0

D.3 Suboptimal JPDA [3]

Suboptimal JPDA decouples the marginal association probability as
B o Gy F; (D.5)
where F! is a function of all G%, for j' # j and i’ # i.

Define a likelihood matrix

Go,l Go,z T GO,Nk
G G oo G
pP_ '1,1 ‘1,2 1',Nk (D.6)
i GMk,l GMk,2 T GMka ]

The value of F]Z is then given by the product of sum of each column, omitting row
J and column . For example, F}' can be calculated as

Fi1. =(Goa+ Goa+Gsa+ -+ Gupo) (Gos +Gasg+ - +Gar3) -

D.7
X (GO,Nk+G2,Nk+G3,Nk+"'+GMk,Nk> ( )

Then, the marginal association probability can be approximated as

B T Me
g=-¢; 11 > & (D.8)

C
=150 1 §1=0:5'%]

where ¢ is a normalisation constant.





