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ABSTRACT

Designing safe control laws for nonlinear systems is challenging, especially when ensuring stability under actuator saturation
and state constraints. A key aspect is embedding controllers with a Region of Attraction (ROA), which defines initial condi-
tions guaranteeing convergence to a stable equilibrium point (EP). Controllers with enlarged ROAs are desirable for improved
stability, performance, and robustness, but their design is a complex and computationally intensive task. This paper proposes
a new methodology for designing controllers with expanded ROAs for nonlinear polynomial systems facing actuator saturation
and state constraints, utilizing the Sum-of-Squares (SOS) optimization technique. Our approach proposes the use of multiple
variable-sized regions defined by multiple positive definite functions known as Shape Functions and the S-procedure within
the SOS optimization framework. This approach synthesizes a control law with enlarged ROA, even in the presence of con-
straints in the system. We developed a numerically efficient algorithm to solve this problem, yielding superior results. Exten-
sive numerical simulations demonstrate the effectiveness of our approach. Additionally, we verified the estimated ROA under
the designed control law using Monte Carlo simulations, confirming the robustness and practical applicability of our proposed

method.

1 | Introduction

The development of effective control laws for nonlinear systems
poses a pivotal and intricate challenge within the realm of control
theory. A key challenge in this pursuit is ensuring system stabil-
ity across varied conditions. An established approach to address
this challenge involves embedding controllers with a Region of
Attraction (ROA), defining the domain of the initial conditions
guaranteed to converge to a stable equilibrium point (EP) under
the controller’s influence. However, designing controllers with

an ROA becomes notably intricate when systems face the con-
straints of actuator saturation and state limitations. In real-world
systems, actuator saturation and state constraints are pervasive
challenges impacting performance and stability. Crafting a con-
troller with an ROA adept at handling these real-world chal-
lenges becomes imperative. Controllers with an enlarged ROA
are particularly desirable, accommodating a broader range of
initial conditions, enhancing stability, performance, and over-
all robustness in nonlinear control systems. Despite its desir-
ability, formulating a controller with an enlarged ROA remains

Abbreviations: CLF, control Lyapunov function; EP, equilibrium point; LD, linearized dynamics; LF, Lyapunov function; LMI, linear matrix inequality; ROA, region of
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a challenging and computationally intricate task. Innova-
tive numerical approaches, such as Sum-of-Squares (SOS)
optimization-based methods, offer promising avenues for design-
ing safe controllers with an ROA tailored to nonlinear polynomial
systems amidst actuator saturation and state constraints.

In the vast expanse of research literature, a plethora of method-
ologies have emerged to tackle the intricate task of designing
controllers for systems plagued by actuator saturation and state
constraints. Among these approaches, paper [1] introduces a
semi-global stabilization strategy that effectively designs a con-
troller for unstable linear systems capable of achieving expo-
nential stabilization despite the presence of saturating actuators.
Using linear matrix inequalities (LMI), [2] and [3] developed a
method to expand the ROA while designing the control law for
linear systems operating under the influence of saturated actu-
ators. Paper [4] presents a technique centered around the bar-
rier Lyapunov function (LF), which results in the design of a
robust controller with an increased ROA. Similarly, paper [5] pro-
posed a method for positive linear systems that leverages con-
vex optimization with LMI constraints to design a controller that
estimates ROA. The authors of the papers [6] and [7] devised
a technique incorporating anti-windup to assess the ROA for a
linear system subjected to actuator saturation. All the methods
mentioned in the above papers yield good results, but they are
limited to linear systems. To overcome this limitation, several
approaches, including the SOS optimization method, have been
developed to design control laws with an ROA for constrained
nonlinear systems. In this study, we propose a method using
the SOS optimization technique to design a control law with an
enlarged ROA for the nonlinear polynomial systems subject to
actuator saturation and state constraints.

The SOS optimization technique has emerged as a powerful tool
in the realm of polynomial optimization. At its core lies the con-
cept of SOS polynomials, which are nonnegative polynomials that
can be expressed as a SOS of other polynomials. One notable
application of SOS polynomials is in representing the LF, as both
SOS polynomials and LFs share the property of being nonnega-
tive, although this representation is not universal across all LFs.
The underlying principles and theories relating to SOS polynomi-
als have been thoroughly explored in academic literature, as evi-
denced by the comprehensive discussions found in [8]. To effec-
tively leverage the SOS optimization technique, it is essential to
grasp the conditions that enable the expression of a nonnegative
polynomial as a relaxed SOS polynomial. In this regard, compre-
hensive insights into the relaxation procedure and the necessary
conditions for achieving a relaxed SOS polynomial can be found
in the insightful discourse presented in [9] and [10]. To assist
researchers in understanding and applying the SOS optimization
technique, various tutorials have been made available within the
literature. Noteworthy references in this regard include [11-16]
and [17]. These tutorials serve as valuable resources for individ-
uals seeking to gain a deeper understanding of the SOS opti-
mization method and its practical implementations. To effec-
tively solve problems related to SOS optimization, researchers
can leverage the functionality offered by specialized software
tools. Notable examples of such tools include SOSOPT [18], SOS-
TOOLS [19] and BiSOS [20]. These software tools provide a range
of features and capabilities specifically designed to address SOS
optimization-related challenges.

The authors of papers [21-24], and [25] used the SOS optimiza-
tion technique to estimate the ROA for nonlinear polynomial sys-
tems. However, these papers are not related to the design of con-
trol systems. The references [26-29], and [30] designed a feed-
back control law for the polynomial systems using the SOS opti-
mization method without estimating the related ROA. In [31],
the authors created a feedback control law with an ROA using
SOS optimization without considering system constraints. The
papers referenced as [32-34], and [35] utilized the SOS optimiza-
tion algorithm to design a control system with an ROA in the
presence of saturation in the control input. Additionally, papers
[32] and [33] employed a deterministic system, paper [34] con-
sidered a nonaffine system, and paper [35] employed a stochas-
tic system. In paper [36], the authors synthesized a control law
with ROA for the vehicle lateral control using the SOS optimiza-
tion method. However, none of the studies from [32-36] consid-
ered the limitations imposed by the system’s states. Additionally
and most importantly, a significant concern is that these authors
[31-36] relied on a single positive definite function, known as
the shape function (SF), within the SOS optimization method to
achieve a larger ROA during control system synthesis. However,
when the actual ROA is asymmetric, using a single SF results
in a conservative outcome. This occurs because the algorithm
increases the size of the SF in each iteration, aiming to find an
LF that encompasses it while synthesizing the control law. Even-
tually, as the SF nears the unstable region in certain directions
of the actual asymmetric ROA, the algorithm halts, even though
a substantial portion of the ROA remains uncovered in other
directions.

In this study, we build upon our previous conference paper [37]
to address the aforementioned limitations by proposing a novel
approach for designing safe control systems with an expanded
ROA, taking into account saturation in control and state con-
straints, irrespective of the symmetry of the actual ROA for a
deterministic polynomial system. Notably, our conference paper
did not consider saturation in control and state constraints and
presented only one illustrative example without result verifica-
tion. However, in this journal paper, we introduce an enriched
methodology that incorporates both control saturation and state
constraints.

To achieve this goal, we propose the utilization of multiple
shape functions within the SOS optimization framework, com-
plemented by the introduction of the S-procedure to address
system constraints. This approach facilitates the control sys-
tem’s design while estimating enlarged associated ROAs with
constraints on both system state and control input, even in
scenarios featuring asymmetric or constrained ROAs. Subse-
quently, we have developed an advanced and comprehensive
computational algorithm, improving upon the algorithm pre-
sented in our previous conference paper, to solve the problem
and enhance results efficiently. To demonstrate the effectiveness
of our approach, we present three diverse examples, compris-
ing two 2-D cases and one 3-D case. Furthermore, we rigorously
validate the obtained ROA through Monte Carlo simulations for
all three examples, thereby ensuring the reliability and robust-
ness of our findings. Through this extended work, we introduce a
refined methodology and provide a more comprehensive evalua-
tion, significantly enhancing the applicability and impact of our
contributions.
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The structure of this paper is organized as follows: Section 2 pro-
vides an overview of the background and formulates the problem.
Section 3 discusses the proposed concept and its application in
designing controllers with an enlarged ROA for constrained sys-
tems, along with the related algorithm. The simulation results
based on the proposed approach are presented in Section 4.
Finally, Section 5 concludes with a summary of our findings and
final reflections.

2 | Background and Problem Statement
Let us consider the following polynomial autonomous affine
dynamical system with constraints in control input and states,

= f(0)+ Y gi(sat,). £(0) =0. (1a)

i=1

The saturated control input is defined in the following way,

Umax, U > Qpay

satw,) = qu;  ifayy Su; <ap, li=1....m]  (1b)

amin, if u; < amin,

The safe region of the system is defined by the following state

constraints:

{x : h(x)<A) li=1....1 (1c)

e x)eR", u; eRandu = (uy, ...,u,) €R”

e f(x) : R" > R"” and g;(x) : R” - R" are smooth vector
fields

* Opax s Omin and 4, € R.

max; > “min;

« It should be noted that, if an unsafe region is specified by {x:
h;(x) > A;}, the corresponding safe region can be obtained by
reversing the inequality sign.

Without loss of generality, we can assume that x = 0is the EP, and
the system can be made stable under the proper control input.

Definition 1 (Region of attraction). The ROA refers to the
domain that encompasses the EP, including the EP itself. When
the initial points of the trajectories remain within this region, the
trajectories will eventually converge to the EP as time advances.
Consider ¢(x) is the closed-loop solution of the system expressed
by Equation (1a). The ROA of origin, x = 0 (EP) is, [38],

R,={xeR": ¢(x)isVt >0and tlim @d(x) > 0}

Lemmal. If there exist a continuously scalar function V (x) :
R" —» R and a positive scalar y € R* for the system dynamics rep-

Then the origin is asymptotically stable and Q, C R, [39].

The lemma mentioned above establishes a strict LF, denoted
as V(x). By optimizing the parameter y, it becomes possible to
obtain the maximum estimate of Q,. One method for achieving
this optimization is through the application of the SOS optimiza-
tion technique. Notably, this approach enables the simultaneous
design of a controller and LF, V' (x) estimation, while also opti-
mizing the value of y.

2.1 | Sum-of-Squares Optimization

SOS optimization is a powerful technique in polynomial opti-
mization that uses nonnegative SOS polynomials. It enables the
simultaneous design of a controller, estimation of LF (V' (x)), and
optimization of y. The following important definitions, Lemma,
and Theorem are crucial for this study [32] and [40].

A Monomial m, in n variables is
a0

Definition 2 (Monomial).
a function defined as m, (x) = x* = x]'x,* ... x;" for a € Z' . The

degree of a monomial is defined, degm, = }" .«

n
=170

Definition 3 (Polynomial). A polynomial f(x) in n vari-
ables is a finite linear combination of monomials and expressed
as, f(x) =Y, c,m, = 3, ¢, x* with ¢, € R. Define R, to be the
set of all polynomials in » variables. The degree of f(x) is defined
as deg f(x) = max, deg m, with ¢, # 0.

Definition 4 (Sum-of-Squares (SOS) polynomial). A
polynomial, s(x) € R, is a SOS polynomial if there exist polyno-
mials f(x); € R, such that

t
$X) = PSP [DER,, i=1,...1
i=1

Again, s(x) is an SOS if there exists Q >0 such that s(x) =
Z(x)TQZ(x), where Z(x) is the vector of monomials. The set of
SOS polynomials in n variables is defined as

Y = {s(x) ER,Is(x)= Y fi(x fix)ER,, i=1, t}
i=1

n

If s(x) € ), Vx € R" then always s(x) > 0.

Theorem 1 (S-procedure). Let us consider that the poly-
nomials Q,(x) and Q,(x) are in R,. and its enclosed regions
are defined by Ap ={xeR": 0)(x) <0} and 4y ={x €R" :
Q,(x) < 0}, respectively. The set Ay, will be a subset of A, (AQZ -
Ay ) if there exist polynomials s(x) € Y, and its satisfy the below
condition [11] and [41],

0,0+ Qs € Y. ©)

Theorem 2 (Union theorem). Let us consider the given poly-

resented by Equation (1), such that, nomials V(x), p;(x), ...,p,(x) define sets Ay, A,, ..., A, such
that,
V(x)>0Vx#0and V(0)=0 (2a) A, ={x€R" 1 V(x)—y <0}
Qy ={x : V(x) <y} is bounded (2b) A = {xl €R" : p,(x)— B, <0}
aV m
Q,c {x : X(f(x) + ) gi(x) sat(u,.)> < o} u{o} (20)
i=1 A, ={x"eR": p,(x)-p, <0}
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Here, {y.p,...p,} € R*. Now if there exit polynomials s, €
> Sy € 2, SUch that,

—V@ =D+ ) - Bs € Y (4a)

—V@) =1+ @)= Bs, € ). (4n)

Then, A UA,U---UA, C A, [40] and [42].

2.2 | SOS Optimization Form of Control System
Design With ROA Estimation

The goal is to synthesize a state feedback controller u = K(x),
where K € R", that achieves an enlarged estimated ROA,
denoted as Q,, for the constrained system represented by
Equation (1a). Lemma 1 is instrumental in designing a controller
with an enhanced estimated ROA, and this is accomplished using
SOS optimization. The SOS optimization achieves this by opti-
mizing Q, through finding an optimized LF, V, with a level set
defined by y, which simultaneously determines a feedback con-
trol law u = K(x) to satisfy Equation (2c). When Lemma 1 is
applied within the SOS optimization framework, the controller
design with ROA estimation can be formulated as follows [32],

Yy = max
505 EXV (%),K,(X)ER,,

Subjectto: V —1I, € Z (52)

_ [%<f(x) + ;gi(x)K,-(x))sk ¥ 12} +(V =p)sy € Z

1
(5b)

In this context, /;, /,, s,, and s, are SOS polynomials. Equation
(5) yields a control law with an estimated ROA. However, this
designed control law does not account for the saturation con-
straint represented by Equation (1b). When saturation is incor-
porated into the control input, Equation (5) is modified as
follows [32],

Yy = max

S0:5 kS aaxy *Setming

Y
s S St ezﬂ:,V(x),K[(x)eR"

Subjectto:  V(x)-1, € Z (6a)

% ( )+ Zg,.(x)K,.(x)>sk +1,

i=1

+ (V@) =15 € Y

(6b)
— [Ki() = G | + V) =75, € D0 i=11,...m]
' (60)
~ [min, = K] + V) =1)s,, € D i=11..,m]
n (6d)

Here, s, ands, are SOS polynomials. Equation (6) designs
a control system that considers saturation while estimating the

ROA. However, the estimated ROA tends to be overly conserva-
tive due to the early convergence of the algorithm. To address
this, [32] introduced a new function called a shape function. This
function, used alongside Equation (6), aims to enhance the ROA
estimation during the synthesis of the control system.

Definition 5 (Shape function). The shape function (SF) is
a positive definite function that delineates a region enclosed
within the boundary defined by the LF (V' (x) < y). The SF grad-
ually extends its boundaries, prompting the LF to expand until it
reaches the unstable region. The SF controls the size and shape
of the area under the LF. The variable-sized region under the SF
is defined as follows [32, 40],

gg={xeR" 1 px) <P} CQ, > ¢e;={xeR"

p(x) B C{xeR":V(x) <y} [UsingEquation (2b)]

@)

If we introduce the SF (Equation (7)) into Equation (6)
then we get the following modified optimization form of
Equation (6), [32],

P =

S0sSkS,

444444

$1EX.V (X),K;(x)ER,, .y ER*

5 5
%maxy " @ming Amaxpy, " Cminy,

Subjectto :  V(x)-l, €Y, (8a)

- [%(f(x) + Zg,-(x)K,-(x>>sk + 12] +(V () = )5 € Z (8b)

i=1

= [k = | + VR =25, €T i=10ml (80)
~ [t = K] + V@ =115, €T, =0 ml ()

—VE-N+EE) =P, €Y (8

In this context, s; denotes SOS polynomials. Equation (8) pro-
vides a control law that optimizes the size of the region under
the SF by maximizing the parameter g, resulting in an optimized
LF, V(x) and its associated value y. The inclusion of the SF does
not alter Equation (6) but adds an additional constraint, leading
to improved results compared to using Equation (6) alone. How-
ever, if the system has a nonsymmetric ROA, Equation (8) may
only approximate part of the actual ROA while synthesizing the
control law. Additionally, Equation (8) does not address state con-
straints. Therefore, the next section introduces a new method that
simultaneously tackles both state constraints and nonsymmetric
ROA issues.

3 | Designing Control Law With Enhanced
ROA for the Constraint System

3.1 | Proposed Method for Incorporating State
Constraints in Control System Design With ROA
Estimation

The aim of this research is to develop a control system that
improves stability and robustness by increasing the system’s ROA
in scenarios involving actuator saturation and state constraints.
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The current approach, based on SOS optimization as described
in Equation (8), does not address state constraints. Therefore,
we propose to use Theorem 1 (S-procedure) to incorporate state
constraints into Equation (8). To the best of our knowledge,
Theorem 1 has not been explicitly used in the existing literature
to incorporate state constraints into control system design with
an ROA within the SOS optimization framework. Thus, we aim
to refine the control system design by incorporating state con-
straints into Equation (8) with the help of Theorem 1.

Let us consider that the constraints represented by Equation (1c)
define the below-desired safe set,

H={xeR":hx) <A}, li=1...1 )

The objective is to ensure that the estimated ROA adheres to the
state constraint specified in Equation (9). This means that the
region under the estimated ROA should be a subset of the fea-
sible region defined by the state constraints. Using set notation,
this requirement can be expressed as follows:

Q, ={xeR":V(x) <y} CH ={xeR": h(x) <4},
i=1,....1

Q,={xeR": V(x)-y <0} CH; ={x€R": h(x)- 4 <0},
li=1,...,1 (10)

To make Equation (10) computationally feasible, we need to con-
vert it from a set equation to an algebraic equation. According to
Theorem 1, Q, C H,, if there exist s, € ¥, and V(x) and A,(x)
satisfy the below condition,

()= A+ V() =ps, €Y li=1,...10. (1)

The equation below resulting from the integration of Equation (8)
with Equation (11) furnishes a control law that guarantees an
ROA compliant with both actuator saturation and state con-
straints.

p= max B
S0+8)S,

Sty *Stming *Ssc1 3556y ,5IE§,

V(x),K;(x)ER,,,yER*

maxy ’Sﬂ'mml

Subjectto :  V(x)—1I, € 2 (12a)
- [%(f(x) + ig,-(x)K,(x))sk + lz] +(V(X) =75 € Y
= :
(12b)
~ [Ki() =t | + V) =5, € Di=[1,...m]
' (120)
— @i, = K] + V) =15, € D i =[1,...om]
' (12d)
()= A+ V() =75 €D li=1....0  (12)
— (V) =P+ @) = P)s, € ), (12f)

3.2 | Proposed Method for Control System
Design With Enhanced ROA Estimation

The single SF-based approach, represented by Equation (8), is
a common method for designing control laws while estimating
the ROA. However, this methodology’s robustness is subject to
certain caveats. It is prone to premature convergence or numeri-
cal infeasibility, which are particularly prevalent in systems with
asymmetric ROAs. Another significant limitation, the single SF’s
geometric center at the origin poses a significant limitation for
ROA estimation, especially for asymmetric ROAs. This limitation
will be further elucidated with the aid of Figure 1.

The conceptual interpretation of Equation (8e) is that the region
delineated by the SF (p(x) < f) must be contained within the
boundaries established by the LF, V' (x), and its threshold value y
(V(x) < y). The solution algorithm of Equation (8) incrementally
increases the value of §, such as #, and g, in Figure 1, during each
iteration to encompass additional regions under the SF while syn-
thesizing the control law. This process produces a new LF, like
V(x), and V' (x), in Figure 1, which encloses the SF’s area. As iter-
ations continue, the SF may approach the unstable region along
certain directions within the asymmetric ROA. This is evident
in Figure 1, where the SF touches the unstable region along the
positive y-axis. Consequently, further adjustments to the param-
eter f fail to generate new controllers with a corresponding LF
that encompasses additional stable regions. This failure occurs
because the controller reaches its limiting value in this specific
direction, with the LF from the previous iteration nearly inter-
secting the unstable region.

Although the LF effectively defines the ultimate region in a spe-
cific direction (as shown in the positive y direction in the figure),
there remains an opportunity to synthesize new controllers capa-
ble of encompassing stable regions in other directions, such as the
x-axis and negative y-axis in Figure 1, while retaining previously
captured regions. However, this potential is not realized within
the constraints of the single SF-based approach as represented by
Equation (8e).

To overcome these limitations, we propose utilizing the property
of Theorem 2 (Union Theorem). Theorem 2 states that under cer-
tain conditions, it is possible to obtain a superset defined by a

— Actual ROA
—LF with ROA

—Shape Function|

@

B
2

FIGURE1 | Limitation of single SF based approach.
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function V' that can encompass a union of regions defined by dif-
ferent functions p;. Furthermore, the conditional equation repre-
sented by Equations (3) of Theorem 2 is similar to Equation (8e).
Essentially, Theorem 2 allows the use of multiple SFs to gener-
ate an LF that can encircle all the regions under the SFs. There-
fore, we propose using multiple SFs instead of a single one in
Equation (8) to estimate the ROA while synthesizing the control
law. This approach can estimate an enlarged ROA, as explained
below using Figure 1.

Consider two SFs along the positive and negative x-axis and
two more along the positive and negative y-axis. The solution
algorithm will increase the value of all g for every SF, leading
to the synthesis of a new controller and an accompanying LF
that encompasses additional regions by enclosing all the regions
under the SFs. If, after some iterations, the SF along the posi-
tive y-axis touches the unstable region, the algorithm will cease
operation. However, by this point, the generated LF will have
already produced an expanded ROA. This expansion results from
the simultaneous increase of all SFs in various directions, thereby
broadening the ROA in multiple ways.

Therefore, by incorporating multiple SFs into SOS optimization,
it becomes possible to design a control law with an enhanced
ROA. If we introduce multiple SFs into Equation (12), then it
will synthesize a control law with enhanced ROA for the system
under actuator saturation and state constraints. Hence, by intro-
ducing and incorporating multiple SFs into Equation (12), we can
express the modified form of Equation (12) as follows:

Subjectto :  V(x)—1; € Z (13a)

- [%(f(x) + Zgi<x)1<i(x>>sk +12] +(V () = )se € Z (13b)

i=1

- [Ki@) =t | + V0 =15, €T (130)
~ [, — Ki 0| + V@ =15, € X (13d)
- [Km(x) - am,,xm] + (V) =154, €Y (13e)
~ [tnin, = Kn)] + V) =125, € X (13f)
= () = A)+(V(X) = sy, € Y (13g)
— (1) = A) + V() = 7)s,, € D (13h)
— (V) =)+ (1 (x) = sy € (13i)
V@ =N+ @0 = Bs, € . (13))

Explanation 1. Equation (13a) ensures the positivity of V, a
key requirement for a LF.

Explanation 2. Equation (13b) indicates that the area
bounded by V' <y must consistently reside within the stable
region, as dictated by V' < —1,.

Explanation 3. Equations (13c-13f) yield a suitable K,(x)
while accommodating saturation, ensuring that the defined
level set Q, = {x€R" : V(x) <y} C Qy ={xeR": —q
KX <a [i=1,...,m].

min; S

max; 1

Explanation 4. Equations (13g-13h) enforce the confine-
ment of the LF-generated area within specified state constraints,
guaranteeing that the levelsetQ, = {x €R" : V(x) <y} C H, =
{(xeR": h(x)< A4), [i=1,...,1].

Explanation 5. Equations (13i-13j)ensure that the domains
enclosed by p;(x) < f,, ..., p,(x) < p; consistently reside within
the area bounded by V'(x) < y.

The following discussion regarding Equation (13) is crucial for
developing an advanced algorithm to solve it.

Assertion 1. Equation (13) is highly complex because the deci-
sion polynomials V', K;, and all SOS functions s; do not enter
the constraints linearly, making direct solutions infeasible. Con-
sequently, an iterative algorithm known as the V — s algorithm,
detailed in [32], is employed to solve Equation (13). However, the
original algorithm in [32] is not directly applicable to Equation (13)
as it is designed for a single SF centered at the origin without
state constraints. In contrast, our proposed method, represented by
Equation (13), allows for multiple origin-centered, shifted-centered
(non-origin), or a combination of both types of SFs, and includes
state constraints. Therefore, we have developed a new algorithm
based on the classical V' — s iteration algorithm to handle multi-
ple SFs with various centers and state constraints, yielding better
results through multiple rounds of iterations.

The algorithm decomposes the problem (Equation (13)) into three
steps: the first is the y-step, which has two substeps—one synthe-
sizes a control law, and the other maximizes y; the second is the
p-step, which maximizes f; and the final step is the V -step, which
finds a new V' that satisfies all constraints. To use the algorithm,
we need an initial V; and must define the degrees of V, K;, and all
SOS functions s,. Additionally, we must define and select the SFs
and judiciously calculate their centers’ positions. The subsequent
remarks and sections address these issues in detail before presenting
the algorithm.

Assertion 2. The y-step emphasizes the necessity of an ini-
tial V(x) to commence the algorithm. This starting V (x) can be
obtained through various methods, such as solving the Riccati
equation derived from the linearized dynamics (LD) of the system,
and it is referred to as the control Lyapunov function (CLF), as
noted in [43] and [44]. Additionally, at each iteration, a fresh ini-
tial V (x) is required, which is obtained from the preceding iteration
since the algorithm furnishes a new V (x) after each cycle. It is indi-
cated that following the V -step, the algorithm formulates an LF for
the closed-loop dynamics. Nevertheless, this V (x) serves as a CLF
for subsequent iterations when utilized as the initial V (x) for that
iteration.

Assertion 3. Multiple rounds of iteration consistently yield
superior results compared to a single round, as recommended by
[45], especially for estimating the ROA. Similarly, while synthesiz-
ing the control law, we can apply the same concept to obtain a better
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estimate of the ROA. After running the algorithm with a single or
multiple SFs for several iterations, the algorithm eventually stops if
a particular SF intersects the unstable area or if it is unable to pro-
cure a new LF that satisfies the constraint under it. At this point,
we need to initiate another round of iteration to enhance the ROA
estimation during the control law design. For this new round of
iteration, we can either use new or the same SFs from the previ-
ous round, but with different centers, along with an initial V (x).
We need to utilize the V (x) generated from the previous round as
an initial V (x) for this new round of iteration. Employing multiple
rounds of iteration with multiple SFs usually leads to better results.
However, it’s important to note that despite additional rounds of
iteration, the controller with LF may become saturated and fail to
capture more area if the algorithm does not obtain new SOS func-
tions, denoted by s(x), in each iteration to satisfy the constraints
Equations (13b-13j).

Assertion 4. Lemma 1 states that the system achieves asymp-
totic stability if it meets the constraints outlined by Equation (2).
We employed Lemma 1 in designing the control system while esti-
mating the ROA. Consequently, our synthesized control system will
asymptotically stabilize the system.

Assertion 5. Equation (13) is formulated through the princi-
ples outlined in Lemma 1, which is centered on identifying an LF
conducive to system stability. The primary objective of the iterative
solution algorithm is the discovery of this LF. Throughout this iter-
ative process, various free variables are necessitated, including all
SOS polynomials denoted as s. Furthermore, the algorithm treats
the feedback control law, denoted as K (x), as another free variable.
Consequently, while the algorithm aims to discover the LF, it also
synthesizes the feedback control law K(x) as a byproduct, thereby
ensuring system stability.

Assertion 6. The following conditions must be met to obtain a
viable solution for Equation (13), [32, 45] and [23],

deg(V) > deg(l,) and deg(V's,) > deg(l,) (14a)
deg(sy) > max [deg(fs;); deg(g;K;s)| =1, [i=1,...,m] (14b)
deg(V's,,, ) 2 deg(K)), [i=1,...,m] (14c)
deg(Vs,, ) > deg(K)), i=1,...,m] (14d)
deg(V's,, ) = deg(h)), [i=1,...,11 (14e)
deg(p;s;) > deg(V), [i=1,...,n] (14f)

3.3 | Selection of Shape Function

The SF plays a critical role in the design of the control law, influ-
encing both the shape and size of the generated LF and impacting
the computational time required for simulations. Different SFs
result in different control systems with varied ROA. According to
the definition, any positive definite function can serve as an SF.
For their simplicity and effectiveness, the following quadratic SFs
are commonly employed.

Origin-Centered Shape Function: A shape function is considered
origin-centered when it is centered at the origin of the coordinate
system.

Shifted Shape Function: A shape function is referred to as shifted
when its center is located at a point other than the origin of the
coordinate system [45].

A general expression for both types of SFs is given by,
p(x) = (x = x")'N(x = x") @1s)

In the above general expression, x* represents the center of the
SF. When x* = 0, the function p(x) is an origin-centered SF. Oth-
erwise, it is a shifted SF. The matrix N, known as the shape
matrix, dictates the nature of the SF, determining whether it will
be circular, elliptical, or another form. The choice of N is crucial
as it influences the estimation. Selecting N is problem-specific.
In the absence of prior knowledge about N, the identity matrix
N =T is often used as a default choice. Alternatively, N can be
selected by randomly generating multiple candidates, designing
the control systems, and evaluating their respective ROAs to iden-
tify the best-performing N. For this study, we have utilized both
origin-centered and shifted SFs. In the case of the shifted SF, once
N is selected, positioning the center x* appropriately is essential
for obtaining an optimal estimation.

3.3.1 | Center Selection

Selecting the center of the SF is crucial for enhanced ROA estima-
tion and control law design. According to Explanation 4, the cen-
ter can be anywhere within V' < y. Ignatyev et al. [45] proposed
a method for selecting the center to estimate the ROA, which we
intend to use in this study. The method determines the center by
finding the intersection of a bounded LF (V = y*) and a line with
a specific inclination passing through the origin. Although [40]
illustrates the method mathematically for the 2-D case, it can be
extended to higher dimensions. The relevant equations are,

(16a)
(16b)

V(x1,x,) = Y,

x, = tan fx,.

Here, 6 represents the line’s inclination, with each SF having a
predetermined fixed 6 for its shifting center. This 6 needs to be
established prior to calculating the intersection point. Denote the
intersection point of equations (16a) and (16b) as (x} ., x;,). The
distance from the center to this pointis p, = 1/x}, + x3,, defining
the shifting center as,

*

x] =op, cosb, (17a)

(17b)

*

X2

op,siné.
The value of the shifting factor, o, lies in the range (0,1). Select-
ing extremes like 0 or 1 is illogical. For ¢ =0, the SF is cen-
tered at the origin, eliminating the need for center calculation.
Choosing ¢ = 1 places the center on the LF, hindering growth
to avoid violating constraints (Equations (13i-13j)). Opting for
values near 0 or 1 leads to inefficiency: near 0 prolongs growth
iterations, while larger values bring the center close to the bound-
ary, hampering proper expansion. A judicious choice of ¢ is
necessary to achieve a larger ROA with fewer iterations while
synthesizing the control law. Further elaboration can be found
in [40] and [45].
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In the context of 3-D, it’s necessary to examine the equations
below that describe LF and a 3D straight line.

V(xq, x5, %3) =75, (18)
X, = rcosfcosy, (19a)
X, = rcosfsiny, (19b)
x5 =rsiné. (19¢)

In this context, # and y represent the predetermined elevation
and azimuth angles of the line. The process for finding the shift-
ing center (x7, x5, x3) in the 3-D case is analogous to the 2-D case,
but requires selecting the inclination angle of the straight line
first. In 2-D, angle selection is relatively straightforward and can
be manually adjusted based on the expansion characteristics of
the LF. However, in higher dimensions, selecting angles is more
complex. Biswas et al. [40] proposes a method for angle selection
in the 3-D case, which can be extended to higher dimensions. This
method involves using a unit cuboid centered at the system’s EP.
Lines are drawn from the cuboid’s center to its vertices and mid-
points on its surfaces. The azimuth and elevation angles for these
points are then calculated based on the unit length of the cuboid.
A total of fourteen angles are determined: eight from the vertices
and six from the midpoints. The angles (in degrees) derived from
the unit cuboid for center calculation are outlined below.

o

v —45 —45 —135 —135 45 45 135 135 0 90 180 —90 0 0
[0] - [— 35 35 =35 35 -3535-353500 0 0 90 -90

(20)
The initial eight angles and the subsequent six angles referenced
in Equation (20) pertain to the vertices and midpoints of the
cuboid’s surfaces. For the scenario in n dimensions, it’s essential
to utilize an equation tailored to the dimensionality of the space.
To accomplish this, we can leverage the n-dimensional straight
line with polar coordinates detailed in [46].

As stated in Assertion 2, the first round of iteration requires con-
structing an initial CLF using the Riccati equation and estimating
an initial ROA. According to Explanation 5, the centers of the
SFs used in any round of iteration must lie within the related
estimated initial ROA; both origin-centered and shifted SFs are
admissible. As discussed previously, shifted SFs are typically cen-
tered near the ROA boundary [as per Equation (17)]. The size of
this initial ROA, obtained from the LD, is system-dependent. If
the initial ROA is very small, placing shifted SFs near the bound-
ary may severely limit its allowable growth due to insufficient
available space, causing the algorithm to terminate prematurely
and preventing further iterations. In such cases, origin-centered
SFs are preferable in the 1st round of iteration because they offer
sufficient scope for expansion, thereby enabling the algorithm to
progress smoothly toward subsequent iteration rounds.

The detailed algorithm underlying our proposed approach is pro-
vided in the Appendix A for reference. We now proceed to evalu-
ate its effectiveness through simulation studies.

4 | Simulation Results

The simulation results have been generated using the SOSOPT
toolbox, as referenced in [18]. In order to demonstrate the
effectiveness of our proposed methodology, we have considered

three distinct examples, consisting of two 2-D cases and one 3-D
case. Across these examples, the first instance involved no con-
straints, while the second incorporated control input saturation,
and the third integrated both control input saturation and state
constraints. It is noted that initializing the simulation requires
an initial CLF, obtained by solving the Riccati equation based on
the LD. In each subsequent round of iteration, the final LF from
the preceding iteration round is utilized as the initial CLF for the
next round of iteration, as discussed in Assertion 2. Additionally,
it is essential to specify the degree of all SOS polynomials denoted
by s;, along with the LF, V'(x), and feedback control system K(x).
Any degree for these variables can be selected as per the require-
ment while satisfying Equation (14). Moreover, the polynomials
I, and /, must be defined. Furthermore, fixing the SFs and incli-
nation angle of the straight line to calculate the center of the cor-
responding SF at the outset of each iteration round is imperative.
For this study, the shape matrix N and the center selection angle
in 2D are manual, while Equation (20) guides center selection for
the 3D case. We also maintained a consistent value of the shape
factor o = 0.8 across all three examples.

Example 1. Consider the following system [32],
X, =u
. 1 3
X, =—x; + g¥L % (21)

The system operates without any constraints on states and
control input. To obtain results for this system, we consider
Equation (13) exclusively, disregarding Equations (13c-13h).
Consequently, Equations (13c-13h) are not required in the
iteration algorithm; however, rest of the algorithm remains
unchanged. We specify deg(}V') — [min(2), max(2)], deg(s,) —
[min(2), max(4)], deg(s;) — [min(0), max(2)], deg(s; . ,) —
[min(0), max(4)], deg(K) — [min(1), max(1)], /; = 107°(x} + x2)
and /, =107°(x} + x3) for obtaining results. The simulation
consists of two rounds of iteration, each with two SFs. The
parameters from Table 1 are used for this example. The resulting
linear feedback control law and LF derived from this simulation
can be found in Appendix B.

The results are depicted in Figure 2. Figure 2a,b illustrate
the outcomes of the first and second iteration rounds. Two
origin-centered SFs have been utilized in the first round, while
two shifted SFs of the same type have been employed in the sec-
ond round, expanding in both x; and x, directions. The increase
in the related SF areas in each iteration corresponds to the growth
of the ROA, as observed in Figure 2a,b. A comparison between
the estimated ROA from both rounds in Figure 2c highlights the
significantly larger area captured in the second iteration round.
To demonstrate the effectiveness of the designed control sys-
tem, the system is propagated from eight different initial points.
The trajectories and associated control input demand are shown
in Figure 2d,e. All trajectories reached the origin (Figure 2d),
although initially, the control input demand is high due to the
absence of constraints on the control input (Figure 2e). How-
ever, this demand decreases rapidly, and all trajectories asymp-
totically reach the EP. Monte Carlo simulation validated the esti-
mated ROA for the closed-loop system, as shown in Figure 2f,
where the initial points for stable and unstable trajectories are
displayed. While our estimated ROA remains within the stable
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TABLE1 | Simulation Parameters for Example 1.

Round Initial V, Angle (6°) Shape matrix (N)
1st (1R) V, = From LD Not applicable as x* = 0 N1, =[0.50;01]
Not applicable as x* = 0 N2, =[10;00.5]
2nd (2R) V, = Vg 01,, =135 N1,z =[0.50;0 1]
62,5 = 325 N2, =[0.50;01]
— Vir (Initial ROA) Vo (Initial ROA Based D
Vir (Initial ROA Based on LD . S 0 (Initial ased on LD)
150 V—VK E}éi;ollution of Esti:natI;d RZ)A)A 800 7—Van (Evomm_m of ,Esnmated ROA) 800 —Vir (Estimated ROA from 1st Round)
—p1, (Evolution of 1st SF) —Plag (Evolut%on Oi. 1st SF) —Vor (Estimated ROA from 2nd Round)
—p2,x (Evolution of 2nd SF) 600 || —P22r (Evolution of 2nd SF) 1 600F
100 4
400 4 400+
50 200 i 200
ot
0 0
-200 4 -200+
-50
-400 g -400 +
-100 -600 -600 — - .
-100 -50 0 50 100 -500 0 500 -500 0 500
I bt xTy
(2) (b) (©)
600 M3 10° o Initial Points for Unstable Trajectories
Estimated ROA| — Control Input for Trajectory 1 800 - Init,_ial Points for Stable Trajectories
—Trajectory 1 —Control Input for Trajectory 2| macd ROA Ba PTUSCI\thOd
400 —Trajectory 2 2 —Control Input for Trajectory 3 VAT BT
—Trajectory 3 Control Input for Trajectory 4 oyt
Trajectory 4 s —Control Input for Trajectory 5
200 —Trajectory 5 A1 —Control Input for Trajectory 6|
—Trajectory 6 = Control Input for Trajectory 7
Tl‘a‘jectory 7 % Control Input for Trajectory 8
isiq 0 Trajectory 8 : 0t I } } }
2
i .
-200 . o1 o
© 2
-400 ] -2 -
600 " B 0 ‘n . [;‘LW” R
-500 0 500 L0 2 4 6 8 1(
xy Time (Second)
) (e) ®

—Estimated ROA Based on LD via Riccati Equation
Estimated ROA Based on Single SF
—Estimated ROA Based on Proposed Method
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300
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FIGURE2 | Control System Design with ROA Estimation for Example 1. (a) ROA Estimation from the 1st Round, (b) ROA Estimation from the 2nd
Round, (c¢) Comparison of Estimated ROAs Across all the Rounds, (d) Trajectories of the System Under the Designed Control Law, (e) Control Input
Responses for the Related Trajectories, (f) Monte Carlo Simulation with Estimated ROA, (g) Comparison of Estimated ROAs Across Different Method.
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region, some stable areas remain uncovered, suggesting fur-
ther iteration rounds with appropriate SFs and centers could
expand coverage. Furthermore, Figure 2g illustrates a compar-
ison of the ROA estimates obtained during control law design
using our proposed method against those derived from existing
techniques—specifically, methods based on the Riccati equation
and a single SF within the SOS framework, revealing the superior-
ity of our proposed method. The simulation required 30 iterations
in the first round and 9 iterations in the second round. Although
the estimation process has been halted, it could be continued to
obtain further stable areas under the estimated ROA.

Example 2. Consider the following nonlinear system [33],
X, = =Xy + x;X, + x,8at(u)

Xy = Xx; + 2%, + x% + xfx2 + sat(u)

3 ifu>3
sat(w) =<u if —3<u<3 (22)
-3 ifu<-3

This system experiences actuator saturation. Equations (13g)
and (13h) are unnecessary for designing the control system
with an ROA for this setup. However, all other equations under
Equation (13) remain essential. Similarly, in the algorithm,
Equations (13g) to (13h) are not required. We have spec-
ified the degrees as follows: deg(}V) — [min(2), max(4)],
deg(s,) — [min(2), max(6)], deg(s,) — [min(0), max(2)],
deg(smmx - )i=1..._m — [min(0), max(2)],
[min(0), max(6)], and deg(K) — [min(1), max(3)]. Addition-
ally, I; = I, = 107%(xT x). We have devised a third-degree control
system while accounting for saturation. The designed control
system and associated LF are provided in Appendix B.

,,,,,,,,,,

For this example’s simulation, we conducted four rounds of iter-
ation. In the initial round, two origin-centered SFs were used,
while five shifted SFs were employed in subsequent rounds.
Table 2 provides all relevant parameters. Results are shown in
Figure 3, with Figure 3a-d displaying the estimated ROA from
rounds 1 to 4 during control law synthesis. In the first round,

other in the x, direction, covering stable areas in both directions.
In subsequent rounds, different sets of five SFs are selected to
expand the ROA while preserving the previous round’s ROA.
These figures demonstrate the evolving ROA with increasing SF
areas in each iteration. A comparison in Figure 3e reveals that
each round covers more area than the previous one. To illustrate
the effectiveness of the designed control system, we propagate
the system from three different initial points, and the related tra-
jectories and control input demands are shown in Figure 3f,g.
Notably, control input demand remained within saturation lim-
its, as observed in Figure 3g. However, these three control input
demands do not consistently ensure adherence to the satura-
tion limit in all cases. To verify controller values within the esti-
mated ROA, 103 points have been selected, and the control input
demand is evaluated at every point, confirming adherence to
limits (-3 < u < 3) as shown in Figure 3h. Monte Carlo simu-
lation identified initial points for stable and unstable trajecto-
ries, depicted in Figure 3i, indicating that the estimated ROA
remains within stable areas and suggesting potential expansion
with further iterations. Additionally, a comparison among esti-
mated ROAs based on the Riccati equation, a single SF, and our
proposed method is shown in Figure 3j, demonstrating the supe-
riority of our approach. It is worth noting that the estimation
process concluded after the fourth round of iteration, but further
iterations could enhance ROA estimations while refining the con-
trol system. The simulation required 14, 70, 37, and 22 iterations
in the first to fourth rounds, respectively.

Example 3. Consider the following nonlinear system,

L2
X =x]+x,

X, =x;+1+ x%)x3

X; = sat(u)
5, ifu>5
satw) =<u, if —5<u<5
-5 ifu<-5

two SFs are chosen, one expanding in the x, direction and the Safe region defined by state constraint: 4(x) = x, < 0.5 (23)
TABLE 2 | Simulation Parameters for Example 2.
Round Initial ¥, Angle (6°) Shape matrix (N)
1st (1R) V, = From LD Not applicable as x* = 0 N1, =1[0.50;01]
Not applicable as x* = 0 N2,z =[10;00.5]
2nd (2R) V, = Vir 01, =45 N1,z =[0.50;01]
02, =130 N2,, =1[0.50;01]
03, =225 N3,, =1[0.50;01]
04,z =190 N4,p =[0.50;0 1]
05, =335 N5,r =[0.50;01]
3rd (3R) Vo =Var 0155 =45 N1;; =1[0.50;0 1]
62,5 =130 N2,z =[0.50;0 1]
03,5 = 225 N3,z =[0.50;0 1]
04, =195 N4,z =[0.30;0 5]
05, = 333 N5,z =[0.50;0 2]
4th (4R) Vo =Vig Same as 3R except 64, = 190 Same as 3R
10 International Journal of Robust and Nonlinear Control, 2026



o |—Vo (Initial ROA Based on ID) | r—Vir (Initial ROA)

[—Vag (Initial ROA)
r—Vsr (Evolution of Estimated ROA)H f—Vir (Evolution of Estimated ROA)i—

[—Vsr (Initial ROA)

—Vir (Bvolution of Estimated ROA) —Ver (EVVOIU“i?I‘ of _Ebnnfﬂt("d ROA) —plsp (Evolution of 1st SF) —pl,z (Evolution of 1st SF)
15| [Pl (Evolution of 1st SF) *P;w %VO}‘“{“" 0:_ ;*ZZFF) 91| 125 (Evolution of 2nd SF) 21| p24p (Evolution of 2nd SF)
) p2iz (Evolution of 2nd SF) 9 pSM (Ewl“tfon 0[ ;d SF) —p33r (Evolution of 3rd SF) —p34r (Evolution of 3rd SF)
P32 (Evo utfon oF or ) —p435 (Evolution of 4th SF) —p4,z (Evolution of 4th SF)
—Phar (Evolutfon of 4th SF) —p535 (Evolution of 5th SF) —p54z (Evolution of 5th SF)
—p5yp (Evolution of 5th SF)
g &
0 0
-1.5 -1.5
2 -4 -2 0 2 -4 -2 0 2
1 € T
() (b) © ()
2.5 : : T : 1.5 = . -
—Vp (Initial ROA Based on LD) —Estimated ROA —Control Input for Trajectory 1 = Value of Control Input (u)
oll—Vig (Estimated ROA from 1st Round) —Trajectory 1 2 Control Input for Trajectory 2{—— Projection of u on z; — x3 Plane
—Var (Estimated ROA from 2nd Round) 1 H|—Trajectory 2 —Control Input for Trajectory 3 9 Projection of u on xy — x5 Plane
15 —Vsp (Estimated ROA from 3rd Round) —Trajectory 3 Estimated ROA
" ||—Vir (Estimated ROA from 4th Round) = 1 =6
I~ 0.5 - \ =
1 = V\ =4
/ \\ £o £3
305 g0 S -
AW . £
0 /| =1 g
-0.5 s} O3
\ @)
0544 N Y
- -2 SO
-1 &\ } )\ 1 1 _
= ;
~0) 0
-1.5 -1.5 -3
-4 -2 0 2 -4 -2 0 2 0 20 40 60 80 100 s
1 x1 Time (sec)
(e) () @ (h)
« Initial Points for Unstable Trajectories Estimated ROA Based on LD via Riccati Equation|
« Initial Points for Stable Trajectories —Estimated ROA Based on Single SF
—Estimated ROA Based on Proposed Method
1 /N
) / / \\\\
. \ \
-0.5
&
—
) )
-1.5
-4 -2 0 2
|
(i) [0
FIGURE3 | Control System Design with ROA Estimation for Example 2. (a) ROA Estimation from the 1st Round, (b) ROA Estimation from the 2nd

Round, (c) ROA Estimation from the 3rd Round, (d) ROA Estimation from the 4th Round, (¢) Comparison of Estimated ROAs Across all the Rounds, (f)
Trajectories of the System Under the Designed Control Law, (g) Control Input Responses for the Related Trajectories, (h) Value of Control Input within
Estimated ROA, (i) Monte Carlo Simulation with Estimated ROA, (j) Comparison of Estimated ROAs Across Different Methods.

This system, with 3 states and constraints on both control
input and state, requires consideration of all equations in
Equation (13) for simulation. For the simulations, we have deter-
mined the degrees of various variables as follows: deg(V) —

[min(2), max(4)], deg(sy) — [min(2), max(6)], deg(s,) =
[min(0), max(2)], deg(s, o Jiz1,...m) — [Min(0), max(2)],
deg(s; ) — [min(0), max(2)], deg(s,,, ) — [min(0), max(2)],

and deg(K) — [min(1), max(3)]. Additionally, we have ini-
tialized the simulation with [, =107*x}+x3+x2) and
I, = 10*4(x‘1‘ + x‘z‘ + x;‘).

Furthermore, it is essential to determine the SF and calculate its
center, denoted by x* in Equation (15), prior to commencing the

simulation. This process must be repeated before each new iter-
ation round due to the changing nature of the SF. Given that the
system comprises three states, a three-dimensional SF is neces-
sary. Moreover, a three-dimensional straight line, as described
by Equation (19), is utilized to ascertain the center. The selected
ellipsoidal SF is given below,

Xp — X Xp — x] 100
Po=|x, = x5 [N|x,=x;iN=]010]| (24)
X3 — X5 X3 — X} 001

We have conducted three rounds of iteration to obtain the sys-
tem’s results. During the first iteration, a single SF centered at the
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origin (x] = x3 = x; = 0) is utilized, with a shape matrix speci-
fied by Equation (25). For the second and third iterations, five and
nine SFs are employed, respectively. The specific SFs and corre-
sponding angles required to calculate their centers are provided

below.

Plog = p2p = P33 = PR = PSR =P (25a)
vl _ v(7) y(11) y(12) y(13) w(14) (25b)
6 SR 6(7) 6(11) 6#(12) 6(13) 6(14)

Plag = p23g = p33g = P43 = P53 = PO3r = P73 = P83r = PI3r =P
(25¢)

6 6(3) 6(4) 6(7) 6(8) 6(9) 6(11) 6(12) 6(13) 6(14)
(25d)

[w] _ [w(3) w@ () w®) wO) w1l) w(12) y(13) y(14)
3R

In Equations (25b) and (25d), the value [w(i); 8(i)] pertains to
the i-th column value of Equation (20). Equation (25b) contains
five columns that correspond to the center selection angles of the
SFs in Equation (25a), whereas nine columns in Equation (25d)
are linked to those in Equation (25c). The control system has
been designed as a third-degree system that accounts for the
actuator saturation and constraints in the state. The result-
ing final control system and its related LF are outlined in
Appendix B.

The findings are depicted in Figure 4. Specifically, Figure 4a-c
illustrate the final ROA along with the associated SFs for
the first, second, and third rounds, respectively. In Figure 4d,
results from all rounds are juxtaposed for comparison, reveal-
ing a consistent increase in the estimated ROA with each
new iteration round, surpassing the previous estimations.
It is important to note that the estimated ROA remains
within the prescribed state constraint (x, < 0.5), as illustrated
in Figure 4e.

To demonstrate the effectiveness of the designed control law,
we have propagated the system using the control law from ten
thousand points within the estimated ROA, displaying the result-
ing trajectories in Figure 4f. Figure 4g exhibits the control input
demand for these trajectories. Notably, no constraints, either
actuator saturation or state limits, were considered during prop-
agation. However, all trajectories reach the EP without violating
state constraints, as evidenced in Figure 4f. Additionally, the con-
trol input demand remains within the prescribed saturation limit
(=5 <u < 5), as depicted in Figure 4g.

Monte Carlo simulation is employed to obtain initial points for
stable and unstable trajectories under the designed control sys-
tem, as shown in Figure 4h. Notably, the estimated ROA remains
within the stable region, validating the results obtained from
the proposed method. Furthermore, in Figure 4i, results based
on the Riccati equation, single-SF method, and our proposed
method are compared, highlighting the superior performance of
our proposed method. However, some stable areas remain uncov-
ered, suggesting that further iterations with appropriate shape
functions could refine the estimation. The simulation required
36, 81, and 67 iterations in the first, second, and third rounds,
respectively.

Example 4. Consider the following real-world dynamics of
the Vought F-8 Crusader aircraft, [47].

@ = —0.878a + g — a®q — 0.0896aq — 0.01962 + 0.473a>

+3.813a° - 0.2168,

0=4
§ = —4.209a — 0.396g — 0.408a° — 2.137a> — 20.9915, (26a)
20°, if 8, > 20°
sat(3,) =18,,  if —20° <§, <20° (26b)
-20°, if §, < —20°
Safe Region defined by states constraints:
-10°<h;=a<30°
-10° < h, =60 <30°
—-50°/s < hy =q<50°/s (26¢)

Here, a denotes the angle of attack, 6 the pitch angle, ¢ the
pitch rate, and §, the elevator deflection angle (control input).
Equation (26a) describes a nonlinear aircraft model captur-
ing the short-period dynamics of the Vought F-8 Crusader.
Equations (26b) and (26c) represent, respectively, the saturation
limit on the control input and the state constraints.

The degrees of the various variables used in the simula-
tions are determined as follows: deg(}V) — [min(2), max(4)],
deg(sy) — [min(2), max(4)], deg(s,) — [min(0), max(2)],
df:g(samax s Vil ) ™ [min(0), max(2)],

' r) — [min(0), max(2)], and deg(K) —

[min(0), ma)'i(Z)]’,' lcllé:g(sm1
[min(1), max(1)]. Additionally, we have initialized the simulation
with [; = 107*(a? + 62 + ¢?) and [, = 107*(a* + 6* + ¢*).

As in the previous example, before initiating the simulation, it
is essential to define the SFs and determine their respective cen-
ters. Furthermore, as outlined in the proposed methodology, both
the SFs and their centers are updated in each iteration round to
enhance the estimation of the ROA during the control law design
process. In this example, three types of SFs are employed, defined
as follows:

a_ 100||a
P =|o|lo10]||6 (27a)
q ] 001||gqg
a—af _20 0 _a—a*
P=|og-06*[l02 0 ||o—06%] (27b)
q—q*_ _000.5 _q—q*
_a—a*__Z 0 O__oc—a*_
P;=160-06*[1005 0 [|0—0%] (27¢)
_q—q*_ _0 0 0.5_ _q—q*_
_a—a*_ _0.50 0__05—01*_
P,=|0-0]| 0 2 0 [||O0-06*] (27d)
_q—q*_ | 00 0.5_ _q—q*_
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Control System Design with ROA Estimation for Example 3. (a) ROA Estimation from the 1st Round, (b) ROA Estimation from the 2nd

Round, (c) ROA Estimation from the 3rd Round, (d) Comparison of Estimated ROAs Across all the Rounds, (e) Projection of the Estimated ROAs on
the x; — x, Plane, (f) Trajectories of the System Under the Designed Control Law, (g) Control Input Responses for the Related Trajectories, (h) Monte
Carlo Simulation with Estimated ROA, (i) Comparison of Estimated ROAs Across Different Methods.

The simulation is conducted over three iterative rounds, labeled
as 1R, 2R, and 3R. In the first round (1R), a single SF (SF) P, is
used, centered at the origin (a* = 8* = ¢* = 0), and defined by
Equation (27a). In the second (2R) and third (3R) rounds, five

shifted SFs are employed in each, with centers distributed in var-
ious directions of the state space to progressively enhance ROA
coverage. These centers are computed based on the intersection
of the bounded LF and a 3D line parameterized by the azimuth
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(w) and elevation (6) angles, as described in Equations (18) and
(19), similar to the approach used in the previous example. The
inclination angles used and the corresponding SFs configurations
for each round are detailed below.

P1,, = P2, = Ps,, = Ps,, = P (28a)

ps, = P, (28b)

Py, =Py (28¢)

[w] _ [W(S) v(©) v (10 yad) yas|
0 SR 6(5) 6(6) 6(9) 6(10) 6(13) 6(14)

P1,, = P2, = Ps,, = P, = P (30a)

ps, = P, (30b)

Pay, = Py (30c)

[w] _ [W(S) w(© ¥ v wa3) was|
0 3 6(5) 6(6) 6(9) 6(10) 6(13) 6(14)

It is noted that the 0 in (29) and (31) refers to the inclination
angle of the 3D straight line, whereas the 0 in (26a) denotes the
pitch angle of the F-8 aircraft. The angles [y (i); 0(i)] in Equations
(29) and (31) represent the ith column vectors derived from
Equation (20), which are used to position the center of each SF.
Specifically, Equation (29) contains five vectors corresponding to
the five SFs center in Equation (29), while the five vectors in
Equation (31) align with the SFs defined in Equation (30).

To demonstrate the effectiveness of the proposed approach,
numerical simulations have been conducted under two scenarios:

Case I: System subjected only to control input saturation, gov-
erned by Equations (26a) and (26b).

Case II: System subjected to both control input saturation and
state constraints, described by Equations (26a), (26b), and (26c¢).

For Case I, only a subset of the constraints —excluding Equations
(13g) and (13h)—is applied during simulation. In contrast, for
Case I1, the complete set of equations listed under Equation (13)
is utilized to account for both input and state constraints. The
system parameters used in both cases remain identical and have
been defined earlier in the manuscript. The overall control strat-
egy is formulated using a first-order polynomial control law. The
final expressions for the control law and the corresponding LF are
provided in Appendix B.

The simulation outcomes are presented in Figures 5 and 6 for
Case I and Case II, respectively. Specifically, Figure 5a-c illus-
trate the final estimated ROAs for Case I across three successive

rounds of iteration. Similarly, Figure 6a-c show the ROAs for
CaseII. The evolution of the estimated ROA across rounds is com-
pared in Figures 5d (Case I) and 6d (Case II), which demonstrate
progressive enlargement of the ROA at each round of iteration.

In CaseII, the projection in Figure 6d confirms that the estimated
ROA not only lies strictly within the defined state constraint
boundaries but also covers nearly the entire feasible region. In
comparison, the projection in Figure 5d (Case I) reveals a signif-
icantly larger estimated ROA, as there are no explicit state con-
straints restricting the expansion.

To validate the robustness of the designed first-order control law,
5000 randomly sampled initial conditions from within the esti-
mated ROA were propagated under the designed controller. The
resulting trajectories, shown in Figures 5e and 6e for Case I
and Case II, respectively, confirm that all trajectories converge
to the EP while remaining entirely within the estimated ROA.
The corresponding control input responses, depicted in Figures 5f
and 6f, remain strictly within the prescribed input bounds for
both cases.

Monte Carlo simulations were also performed for both scenar-
ios to classify initial conditions into stable and unstable regions
under the designed control laws. The results are visualized in
Figures 5g and 6g, indicating that the estimated ROAs lie entirely
within the empirically determined stable regions.

Finally, Figures 5h and 6h present a comparative analysis of
the ROAs obtained using the proposed method against those
estimated using existing techniques—specifically, approaches
based on the Riccati equation and single SF within the SOS
framework. The results clearly demonstrate that the pro-
posed method yields a significantly larger ROA during control
law design.

The number of iterations required to complete the three control
design rounds was as follows: for Case I, 69, 137, and 49 iterations;
and for Case II, 5, 46, and 35 iterations, respectively.

The analyses are performed on Intel(R) Core(TM) i7-4770
CPU@3.40GHz, 16.00 RAM.

5 | Conclusion

This work introduces a novel technique by proposing and
employing multiple SFs and the S-procedure within the frame-
work of SOS optimization to design a control system with an
enlarged ROA, even under the constraints of actuator saturation
and state limitations. An advanced algorithm has been subse-
quently developed to efficiently solve the problem and enhance
results. The effectiveness of this approach has been demonstrated
through simulation outcomes across four distinct examples. The
designed control law with estimated ROA has been verified
through Monte Carlo simulations, and the results establish the
superiority of our method.
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Appendix A
Algorithm

In this section, we present the algorithm, which consists of three main
steps: the y-step (with two substeps), the g-step, and the v-step. Prior to
detailing the algorithm, we provide an explanation of the y-step’s sub-
steps. This stage involves synthesizing a control law by optimizing y* and
determining the related decision variables for a given LF, V(x), and a
fixed parameter /,. However, direct optimization is challenging due to the
interdependence of K;(x) and s, in Equation (13b). Therefore, this step
is divided into two substeps: in each substep, either s, or K;(x) is fixed
while optimizing y with respect to the other. The developed Algorithm 1
is detailed below.
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ALGORITHM1 | Iterative Algorithm for Control Law Design With Improved ROA in Constrained Systems.

1: Initialize:
Find initial CLF ¥V, of the linearized system by solving the Riccati Equation.
Define /;, I,, degree of V, K;, and all s;€),,.
Set iteration numbers: Mg,, M, and My.
Set tolerance numbers: g, 6, and &g.

2: First Round of Iteration:

3: Select the number of SF, shape matrix N;, and center selection angle §;.
4: Center (x*) Selection of SF, p,=(x—x)N(x—x}), i=1,...,Ngp:
5: 1f p, shifted shape function then
6: for jop=1 to Mgy do
7: Set V « VO
8: Step lgp:
Set s, =1.
Solve yf = max y subject to [Eq. (13b) - Eg. (13h)] to find
SE SO’S“mmq ’S“minl ""’S“mnxm ’Sﬂmm,,, »Sse ""’Sét‘ern’ Ki(x)€R,
K;(x), s, sam],sam,...,samm,sammm,sul,...,su’, and yfsr‘
9: Step 24p:
Using K;(x) from Step lg,, solve y, = max y subject to [Eg. (13b) -
SE X"’xk’sﬂmz:xl ’S“mtn] "“’S"maxm "Y”rmnm Sseq e oSsey EZ"
Eq. (13h)] to find updated values of s;, s, Sty * Sty > > Sty Sty S50+ 3 Sse, 1 and y;SF.
10: Update V < V,/y; and s, < s;.
SF
. : * — *
11: if n, TN, < 6gr then
12: break
13: end if
14: end for
15: Output: yg. =7,
SF
16: Find intersection point x? of VO=y;F and Y = AX (Equation of Straight Line).
17: Calculate x*
18: else
19: x*=0

20: end if

21: for j=1 to M do

22: Set V <V,
23: y-step:
24: for j,=1 to M, do
25: Substep 1:
Set s, =1 and using fixed V, solve y| = max y subject to [Eq.
SO,SamaXl ’Sﬂmm| S S, sl ,...,sn,tEZ”,Kl (x)ER,
(13b) - Eg. (13h)] to find Ki(x), s, Samxl’samml’”"Sa,m,Xm’Sam,,,m’Sscl’""Ssq' and yl*.
26: Substep 2:
Using K;(x) from Substep 1, solve y) = max y subject to [Eg. (13b) -
S0-Sk ’S"maxl ’s“mml "“’S"maxm ’Sarmnm ’S“l ”“"S»‘ﬁ EE"
Eg. (13h)] to find updated values Of 5o, Sg, Sq Sq o3 Sq S 3Sge s Ss o and yg.
max, ” > ming oy ” > Cmingg .

27: Update V < V;/y; and s; < s;.
28: if y) - y £6, then

29: break

30: end if

31: end for

32: Output: y* =y, and K;(x)
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33:
34:

35:
36:

37:
38:
39:
40:
41:
42:

43:
44 :
45:

46:

47 :
48:

49:

50:

p-step:
Using p;, fixed V, and y* from y-step, solve {f/,...,f '} = max_{f,...,H,} subject to [Eqg. (13i) -
SpseeesSy n
Eg. (133j)] to find ﬁ;.”,ﬂ: and corresponding s,...,s,.
V-step:
With y*, Ki(X), Sor Skr Su  +8q seeesSq 5S84 3 Sgeys s Se, 1 L.n,ﬁ: from y-step and f-step, determine
‘max| ‘miny max,y, ‘miny, t
new V(x) subject to [Eg. (13a) - Eg. (133j)].
Update V « V /y*
if V is infeasible or f,(j)—f(j—1) <J, then
break
end if
Output: Vip=V, y/,=r", and K; (x)=K;x)
end for
Second Round of Iteration:
Select number of SF, shape matrix N,;, and center selection angle 6,.
Replace V, with V| and repeat steps from 5 to 40.
Output: Vyp =V, y,,=7r", and K; (%) = K;(x)
Third Round of Iteration:
Repeat same as the Second Round.
Repeat the rounds of iteration till the algorithm can synthesize the feedback control law Ki(x),
V, and related y*
Output: Feedback Control Law K%Jx) and Estimated ROA represented by Km==ﬂﬁ‘

The developed algorithm is implemented using the SOSOPT toolbox [18]
to obtain simulation results. The SOSOPT toolbox translates the relevant
steps into semidefinite programming and utilizes the SeDuMi [48] tool-
box for problem-solving. Further details are provided in [18].

Appendix B

Designed Control Law and Associated ROA

The final control law design, along with the related ROA defined by
the Lyapunov function ¥ and the parameter y, are provided for all the
examples below.

Example 1.

u(x) = —377386.6197x, + 17695.9174x,
V (x) = 0.00069322x2 + 0.0013739x, x, + 0.00068724x2

y = 1.9836.

Example 2.

u(x) = 0.012415x3 — 0.5589x7x, + 0.43228x, x;
—0.32737x3 — 0.61339x7 + 0.74733x, x,
—0.11123x2 — 0.48251x, — 2.204x,
V' (x) = 0.0027654x} + 0.01059x7x, + 0.096222x7x3
— 0.064285x,x3 + 0.11903x} + 0.037543x
+0.28817x]x, — 0.34975x, x3
+0.00049996x3 + 0.23333x7 + 0.0072942x, x, + 0.68308x;

y = 1.004.

Example 3.

u(x) =

Vx) =

—2.015272903074579x7 — 3.053120399180933x% x,
+0.3853638304019745x7x; + 0.01005903561886043x, x3
+1.52795130757319x, X, x5 + 0.3377437325899847x, x
— 2.291290382798506x3 + 0.6639661741751245x2 x5

— 0.06271481330214004x,x7 + 0.1142286768531654x]
— 4.481489362409095x% — 3.033063543418997x x,.
+0.2345902988136049x, x; — 5.82589132718947x3
+0.7924733779914171x,x; — 0.2694986632315007x2

— 4.260810233597976x; — 6.115679519707461x,

— 2.401729193400217x3,

1.174819243802376x + 1.793885001825741x3 x,
+0.6106542570169028x7 x; + 1.044410967242089x7 x5
+0.4468283081884593x1%x, x;
+0.0968634061739823x; x;

+0.6092026306693128x, x3 + 0.1206397643853388x, x2x3
+0.1545027401089984x, X, x7

— 0.001643781832404293x, x3

+ 1.480325221310148x3 + 0.3219555529753837x3x,
+0.4050556487513388x3 x;
+0.07112121534637852x, X3
+0.006797300925833009x; + 2.41504756144577x]
+3.061701992791699x7 x,
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+ 1.001723466000406x7 X — 2.045491375434521aq” — 80.985446138452460°

+ 1. x1x5 + 0. X1 XX -9. q—3. q
1.739190464677991x, g 0.4895982744733679x,X,X5 9.3427125808121676> 5.579623980333669604>
+ 1.739190: 77991x, x5 + 0.4895982744733679x, x,x - 0. 7765478003¢q” + 20.113335922087«r
3919046467799 1% 4895982744733679x,x,X3 8249437765478003¢° + 2 3335922087a>
+ 0.165587337733398x1x§ + 3.5779738850015)(; +10.03330240953354a6 + 1.333097042896634aq
+ 0.449094252745854x§x3 + 0.3549196604599001x2x§ + 19.491414672295290% + 2.75746587465242304
+ 0.02443530992910684)@ + 1.506565973689276):% + 0.82_’;4032492500502q2
+1.411397416156399x, x, + 0.5994564568474934x, x5 y = 1.0004.

+ 2.57010203351349x§ +0.4982858500459816x, x5 .
In the control law 6, and the Lyapunov function V' formulated above for

+ 0.2202595048937496x§ Example 4, the variables are expressed in radians. Multiplying each vari-

v = 1.0004 able by 7 /180 allows the conversion of §, and V' into degree units.

Example 4. Casel

85, = 0.4884931355165316a + 0.043922705576599660
+0.05930674079274591¢

V =1.510741367641813a* — 0.242411958956612a°0
+0.4232415818886222a° ¢ + 0.5586059568059923¢> 6>
— 0.09458355491546673a°0q + 0.04243745636389808a°¢>
— 0.174648586416764a0° + 0.07929906300704438x6%q
+0.009326326442751649a04* + 0.00402829400014537ag>
+0.048226679419330160* + 0.0052962677238189136%¢
+0.030573086899308146°¢* + 0.0038855215760476204°
+0.001254050884119508¢* + 0.001253339295513801a°
—0.5188025120144631a%0 + 0.1750567973350869a°q
+0.1802911814046348a6* + 0.00730670636710454500¢
—0.03022052243424863aq* — 0.046402239983774666°
+ 0.018438342987325590%¢ — 0.0010173084685221356¢>
+0.0021941125466194974° + 2.038099690115847a*
+0.11889418006567496 + 0.05889498921225145aq
+0.073090712411432560% + 0.019369859139587060¢
+ 0.082809650223723454>

y = 1.0014.

Example 5. Case Il

8, = —0.07918187266858052a + 0.194831274426755560
+0.3955190112841407¢

V = 112.6588933540190" + 28.81876887438133a°0
+11.75505391588004a° g + 81.35861053798675a>6°
+2.962060954611452a%0¢ + 9.932817538018412a%¢>
+15.78805851835598a0° + 15.46056251683486a6q
— 12.17494917221524004° + 0.7605426858611394aq>
+103.52974857987530* + 8.239909590406436° ¢
+18.015451113515986%¢° + 2.18952204338307204°
+ 1.6773406291746424* — 82.55454054435796a°
— 51.69911317486084a26 — 6.394651419863822a%¢
— 30.67604229222711a0% — 8.599517868965277a0q
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