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Abstract—Extremely Large Antenna Array Systems (ELAAs)
promise to provide ultra-high data rates for multi-user 6G Com-
munications, leveraging massive antenna elements to enhance
spatial diversity and spectral efficiency. Unfortunately, consid-
ering the propagation of spherical waves in ELAAs, near-field
beamforming suffers from substantial performance degradation,
diminished spatial focusing precision, considerable computational
overhead, and increased system costs. To address these challenges,
this paper develops an intelligent hybrid beamforming scheme to
empower near-field multi-user THz communications with meta-
hierarchical reinforcement learning (MHRL). On the one hand,
a novel codebook is designed with Hierarchical Deep Q Network
(H-DQN), dramatically releasing the potential of near-field beam-
forming in ELAAs. To explain the availability of our codebook,
the quantization bound is analyzed along with the corresponding
computational complexity. On the other hand, we further develop
a meta-beamforming framework by integrating our intelligent
codebook to meta-reinforcement learning (MRL)-based hybrid
beamformer, accelerating the CSI acquisition for multi-user
communication. For deep investigation, the rate loss of our
scheme is calculated against the ideal continuous beamformer,
which reveals that the quantization error has been properly
bounded. Simulation results show that the proposed algorithm
can efficiently manage the near-field beam with higher beam-
forming gain, and the proposed beamforming framework exhibits
improved spectral efficiency, as well as increased robustness to
ELAAs.

Index Terms—Near-field, Codebook Design, Multi-user THz
Communication, Meta-Hierarchical Reinforcement Learning.

I. INTRODUCTION

THE high frequency band [1], such as Millimeter Wave
(mmWave) and Tera-Hertz (THz), is poised to address the

escalating demands for ultra-high-speed data transmission in
next-generation wireless communication [2]. However, high-
frequency bands inherently suffer from substantial path loss

This work is supported by Future Aviation Security Solutions Industrial
PHD Partnerships (FASS IPP) under grant P14868.

Yang Chen, Saba Al-Rubaye, Antonios Tsourdos, and Zeyu Liu are with the
Faculty of Engineering and Applied Sciences (FEAS), Cranfield University,
Milton Keynes, MK43 0AL, UK (e-mail: {yang.chen, s.alrubaye, a.tsourdos,
zeyu.liu}@cranfield.ac.uk)

Hongyu Li is with the Internet of Things Thrust, The Hong Kong University
of Science and Technology (Guangzhou), Guangzhou, Guangdong 511400,
China (e-mail: hongyuli@hkust-gz.edu.cn).

Xu Shi is with the Department of Electronic Engineering, Tsinghua
University, Beijing 100084, China (e-mail: 13671193792@163.com)

Zhuangkun Wei is with the Department of Computing, Imperial College
London, London, SW7 2BX, UK (e-mail: zhuangkun.wei@imperial.ac.uk)

Lawrence Baker and Colin Gillingham are with NCC Group, Manchester,
M3 3AQ, UK (e-mail: {lawrence.baker, colin.gillingham}@nccgroup.com))

[3], calling for the development of innovative mitigation
techniques. Extremely Large Antenna Array Systems (ELAAs)
offer a promising solution by exploiting the shorter wavelength
of high-frequency signals to achieve ultra-dense antenna ele-
ment configurations [4]. As a result, the integration of THz
communication with ELAAs is anticipated to be a potential
candidate for future wireless networks [5], [6].

ELAAs primarily increases the aperture size, which in turn
significantly expands the spatial region of near-field, owing
to the increase of the Rayleigh distance [7]. The Rayleigh
distance, which distinguishes the boundary between near-field
and far-field, is proportional to the square of the array aperture
normalized by the wavelength. Therefore, the range of near-
field can be extended to several hundreds of meters in the
THz communications of ELAAs, occupying substantial area
of the typical cell [8]. In the far-field scenario, the wireless
channel is held by a planar wave, where the array response
vector is a linear function of the antenna index [9]. In contrast,
a near-field channel has to be established as a spherical wave,
where the array response vector varies nonlinearly with the
antenna index [10]. Consequently, the enlarged range and the
unique characteristics of the near-field channel motivates us to
conduct advanced transmitter design which could better adapt
to the propagation environment and thus provide enhanced
performance [11].
A. Prior Works

Owing to the enlarged dimension of the antenna array,
which further identifies unique physical characteristics in the
near-field, it is necessary to redesign lots of transmission
strategies, such as beamforming [12], beam training [13],
and beam tracking [14]. Currently, near-field beamforming
is attracting more and more attention due to its growing
potentials in both single-user and multi-user communications.

Early research on near-field beamforming primarily focused
on single-user scenarios due to their relatively straightforward
system models and lower computational complexity. For in-
stance, Wang et al. [15] proposed a closed-form solution for
true-time delayers (TTDs) based hybrid beamforming to miti-
gate the spatial-wideband effect in single-user based near-field
communication. However, the inherent high peak-to-average
power ratio (PAPR) will significantly degrade the transmission
efficiency, particularly at high frequencies. To further reduce
the hardware cost and energy consumption of large-scale
antenna arrays at high frequencies, holographic metasurface
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antennas (HMAs) emerged as a promising solution. Li et
al. [16] derived an optimal closed-form digital precoder as
well as analog HMA weighting matrices to minimize the total
transmit power for each HMAs while maintaining the signal
to interference plus noise ratio (SINR) constraint of single-
user scenario. Although these methods achieve sharp beam
focusing in the near-field, the closed-form digital precoder
is not suitable for the future dynamic radio environment. In
response, dynamic metasurface antennas (DMAs) is proposed
to adapt their configuration to the real-time radio environment.
For example, Kimaryo et al. [17] developed a closed-form
solution to optimize DMAs configuration in the single-user
multiple-input single-output (MISO) systems, maintaining a
robust signal-to-noise ratio (SNR) gain throughout the prede-
fined range. However, the optimal solution only considered the
propagation region in the far-field instead of near-field.

Building on single-user methodologies, subsequent research
extended beamforming frameworks to multi-user scenarios,
aiming to maximize system capacity while mitigating inter-
user interference. Firstly, Liu et al. [18] developed a near-field
equivalent model to design multifocus array with augmented
accuracy. Nevertheless, this model can only design near-field
multifocus (NFMF) antenna array with specified amplitude
and phase features. Furthermore, Zhang et al. [19] proposed
efficient beam focusing optimization algorithms on sum-rate
maximization for the fully digital and hybrid beamforming
architecture, and dynamic metasurface antenna. Their work
provides a new degree of freedom (DoF) to mitigate inter-
ference in both angle and distance domains, but this optimal
strategy remained highly dependent on the architecture of
antenna array and precoder. In [20], Wu et al. extended the
concept of the new DoF to location division multiple access
(LDMA) by designing the spherical-domain codebook for
the near-field multiple access system, exploiting more spatial
resources in the distance domain. However, LDMA lacks the
transition design for the boundary of near-far field. Regard-
ing the far-to-near successive interference cancellation order,
Zuo et al. [21] extended the deployment of spherical-domain
codebook to near-field non-orthogonal multiple access systems
(NF-NOMA), offering higher flexibility for multiple access
transmission. Nonetheless, most beamforming solutions are
derived from traditional model-based optimization methods,
which significantly limit the efficiency and scalability.

With the evolution of machine learning, deep learning (DL)
and reinforcement learning (RL) are becoming powerful tools
to proceed the large-dimension research of 6G communica-
tions, especially imperfect CSI-based beamforming in ELAAs
[22], [23]. For example, Yuan et al. [24] developed a meta-
learning based adaptive algorithm to avoid the mismatch
issue between training and test channel during beamform-
ing. To implement near-field channel estimation for hybrid
beamforming, Jang et al. [25] proposed a neural network-
aided joint optimization of the beamformer and localization
function. However, most deep learning architectures are not
suitable for the acquisition of instantaneous channel state
information (CSI) due to poor adaptability to fast-varying
near-field channels [8]. Inspired from LDMA [20], Monemi
et al. [26] developed CSI-independent TD3-DRL optimizer to

realize smart spot-beamforming (SBF) in the Fresnel zone.
Nevertheless, traditional DRL algorithms are constrained in
ELAAs due to inefficient exploration strategy.
B. Our Contributions

Inspired by the potential of hierarchical reinforcement learn-
ing (HRL) to address complex decision-making challenges
[27], this article aims to map the instantaneous CSI of near-
field THz communication in ELAAs with the Hierarchical
Deep Q Network (H-DQN) [28]. With regard to mismatched
distribution between codebook design and hybrid beamformer,
H-DQN is upgraded to Meta H-DQN (MH-DQN) to jointly
optimize codebook design and interference canceling in multi-
user communications. The motivation and principal benefits of
employing MH-DQN in this paper are:

• Scalability: The hierarchical structure allows efficient
handling of the large-scale CSI inherent in ELAA-based
THz systems.

• Adaptability: Meta-learning enables the agent to quickly
adapt to environment changes (e.g., user mobility, new
scatterers, NLoS conditions) without retraining from
scratch.

• Joint Optimization: MH-DQN supports joint optimiza-
tion of codebook selection and interference management
for multi-user communications, outperforming conven-
tional model-based or single-level RL approaches.

On account of these insights, the main contributions of this
paper are summarized as follows:

• An intelligent codebook is designed for efficient near-
field beamforming. In detail, this codebook captures the
near-field characteristic of angle and distance to achieve
an equivalent two-dimensional optimization. In that case,
H-DQN, as a goal-conditioned HRL, is deployed to
adaptively explore the desired angle optimizer and dis-
tance optimizer, substantially enhancing the availability
of codebook in the near-field channels with ELAAs.

• A comprehensive analysis of the quantization bounds of
the proposed codebook is conducted to improve beam-
forming precision in ELAAs. By minimizing quantiza-
tion errors through adaptive temporal abstraction, the
proposed quantization bound ensures the accuracy and
efficiency of real-time beam alignment. Moreover, the
derived computational complexity demonstrates the supe-
rior scalability and robustness of the proposed codebook
in diverse near-field channels.

• With the intention of applying our intelligent codebook
to hybrid beamforming, we propose a novel MH-DQN
framework which combines HRL with Meta-Learning
as a two-step method. Specifically, meta-train is first
conducted for multi-user codebook design as the initial
step. Next, we construct a three-level HRL architecture
to optimize spatial multiplexing, at the last two layers
of which meta-test is deployed to accelerate near-field
beamforming adaptation.

• Under this MH-DQN framework, the rate loss of the
proposed beamforming strategy is derived from the dif-
ference between the perfect infinite-resolution codebook
and the proposed codebook. Consequently, compared to
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previous research [29]–[31], the above rate loss can be
bounded to a much lower value, theoretically defending
the accuracy of the proposed beamforming framework.

C. Organization and Notation
The remaining contexts are organized as follows. Section. II

introduces the hybrid beamforming system and the near-field
channel model. Section. III develops HRL based codebook
design and then calculates the theoretical range of codebook
quantization. Section. IV extends the proposed codebook to
the meta-framework and completes the corresponding per-
formance analysis. Section. V offers simulation results. Sec-
tion. VI draws the conclusions.

Notations: Boldface letters represent the vectors and matri-
ces. CN (·, ·) means complex normal distribution. (·)⋆, ∥ · ∥,
(·)T , (·)H , (·)−1 represent desired value, Euclidean norm of
vector, transpose, conjugate transpose, and inverse of matrix
respectively. | · | means the norm of its complex argument.
I {·}, E[·], and Γ(·) denote indicator function, expectation,
and gamma function. O(·) and Ω(·) represent asymptotic
maximum and minimum growth.

II. SYSTEM MODEL

A. System Model and Problem Formulation
In this paper, we consider a narrowband downlink sys-

tem consisting of a multi-antenna base station (BS), and U
single-antenna users. Specifically, the BS applies a hybrid
beamforming architecture, where there are NRF RF chains
connected to the NBS-antenna ELAA via NBS phase shifters
with U ≤ NRF ≤ NBS , as illustrated in Fig. 1. For simplicity,
we assume NRF = U all through the paper. The received
signal is formulated for all UEs at downlink as

yD = HFAFDs+ n, (1)

where yD = [y1, y2, ..., yU ]
T represents the received signal

from all UEs, H = [h1,h2, ..,hU ]
H ∈ CU×NBS denotes

channel matrix between BS and UEs. During each transmis-
sion, the signal vector s ∈ CU×1 satisfying E[ssH ] = P

U I is
propagated in the desired direction or area with the support of
the digital beamformer FD = [fD,1, . . . ,fD,U ] ∈ CNRF×U

and the analog beamformer FA ∈ CNBS×NRF . Consequently,
n ∼ CN (0, σ2

NIU ) denotes the additive white Gaussian noise
(AWGN) with variance σ2

N .
For performance evaluation, the total spectral efficiency of

our system is calculated as

R =
U∑
i=1

Ri =
U∑
i=1

log2

1 +

P
U

∣∣∣hH
i FAfD,i

∣∣∣2
σ2
N +

∑
l ̸=i

P
U

∣∣∣hH
i FAfD,l

∣∣∣2
 ,

(2)
where P represents the total power consumption of BS, fD,i

is the ith column of FD.
In this work, our main objective is to jointly design the digi-

tal and analog beamformer to maximize the spectral efficiency
(SE) in (2). This leads to the following problem, where FA

is the index set from non-zero entries of FA.
(P1): max

FA,FD

R

s.t.
∥∥FAfD,u

∥∥2 = 1, ∀u
|[FA]i,j |2 = N−1

BS , ∀(i, j) ∈ FA

(3)

Fig. 1. Hybrid Beamforming in ELAAs.

B. Near-Field Channel Model

The wireless channel can be exactly classified as near-
field model and a far-field model, which are identified with
the Rayleigh distance rRD = 2D2

λ , where λ and D denote
the wavelength and antenna aperture, respectively. Within the
Rayleigh distance, the area will be covered by a near-field
channel, where the radiation pattern is shaped with spherical
wavefront. In contrast, the far-field channel model will take
over the area out of Rayleigh distance, assuming the direction
of propagation as a planar wave. In the THz-MIMO 6G
communications, the Rayleigh distance has been substantially
expanded due to the extremely large carrier frequency and
the massive antennas. As a result, the radiation pattern cannot
be regarded totally as the planar-wave in ELAAs anymore.
To characterize the near-field ELAAs, the wireless channel is
modeled with the assumption of scatter points as

hnear
u =

√
NBSαLoSb(r0, θ0, ϕ0)

+

√
NBS

L

L∑
l=1

αl,NLoSb(rl, θl, ϕl),
(4)

where b(r0, θ0, ϕ0) and b(rl, θl, ϕl) denote the beamforming
vector in the line-of-sight (LoS) path and the nonline-of-sight
(NLoS) path, respectively. αLoS =

√
κ

κ+1 means the complex
gain for the LoS path, while that gain for the NLoS path is
expressed as αl,NLoS ∼ CN (0, σ2

l ) with σl =
√

1
κ+1 . The

Rician factor κ means the power ratio between LoS and NLoS
path.

For generalization, BS will firstly configure uniform planar
array (UPA) as Fig. 2, where the near-field beamforming
vector can be calculated as

b(r0, θ0, ϕ0) =
1√
NBS

[
e
− 2πj

λ

(
r
(−N̄)
0 −r0

)
, · · · ,

e
− 2πj

λ

(
r
(n)
0 −r0

)
, · · · , e

− 2πj
λ

(
r
(N̄)
0 −r0

)]T
,

(5)

where N̄ = (N̄1, N̄2), NBS = N1 × N2, N̄1 and N̄2

are defined as the maximum element of UPA, along with
N̄i = Ni−1

2 . r
(n)
0 represents the distance between UE and

the (n1, n2)-element of UPA, while r0 represents the distance
between UE and the center of UPA. In terms of the spherical-
wave propagation model, r(n)0 can be rewritten as
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Fig. 2. Near-field Channel Model in UPA System.

r
(n)
0 = r

(n1,n2)
0

=

√
(r0 sin θ0 cosϕ0)

2 + (r0 cos θ0 − n1d)
2

+(r0 sin θ0 sinϕ0 − n2d)
2

≈ r0 − n1d cos θ0 − n2d sin θ0 sinϕ0

+
n2
1d

2

2r0
(1− cos2 θ0) +

n2
2d

2

2r0
(1− sin2 θ0 sin

2 ϕ0)

− n1n2d
2 cos θ0 sin θ0 sinϕ0

r0
,

(6)
where θ0 and ϕ0 denote the elevation angle and the azimuth
angle of UE, and d is the spacing between the adjacent antenna
elements. Likewise, in Fig. 2, rl denotes the distance between
the lth scatter and the array center, instead r

(m)
l denotes the

distance between the lth scatter and the m-array element.
Moreover, θl means the elevation angle of the lth scatter, and
r
(m)
l , b(rl, θl, ϕl) can be calculated with the similar method

as (6) and (5), respectively. Furthermore, this scenario will
be simplified to the uniform linear array (ULA) system in
Section. III as a one-dimensional special case of the UPA.

The subsequent objective of the codebook design is to
optimize the analog beamforming vector by maximizing the
beamforming gain based on the instantaneous channel mod-
eled as (4). This leads to the following optimization problem,
where fu means the codeword for the uth user from the
codebook F , and fu,n denotes the codeword element for the
nth antenna of the uth user.

(P2): max
fu

∣∣(hnear
u )Hfu

∣∣2
s.t. fu ∈ F∣∣fu,n

∣∣2 = N−1
BS , ∀n

(7)

III. INTELLIGENT CODEBOOK-BASED BEAMFORMING

In this section, we propose a HRL framework to enable in-
telligent codebook-based beamforming for near-field ELAAs.
Traditional model-based optimization methods typically re-
lying on linear regression to update codebooks, which have
to simplify or ignore the bilinear quadratic terms sin θ sinϕ
and cos2 θ in (6) for the reduction of computational com-
plexity, severely limit the potential capacity of the higher-
dimensional array systems. In contrast, HRL benefits the high-
dimensional codebook from enhanced adaptability and the

ability to explore the nonlinear relationship between distance,
azimuth, and elevation, offering a more robust solution for
nonconvex optimization, especially in UPA codebook-based
beamforming.

The rest of this section is organized as follows. Firstly, we
review the H-DQN framework and the corresponding update
policy. Furthermore, we define the system model in Section. II
as Semi-Markov Decision Process (S-MDP) [32], where the
H-DQN framework is deployed to optimize an intelligent
codebook. Next, the update policy of that intelligent codebook
is presented along with the quantization order. Consequently,
the computation complexity of this new framework is analyzed
to evaluate the performance theoretically.
A. Hierarchical Deep Q Network

H-DQN [28] is the integration of HRL with Deep Q
Network (DQN), aiming at resolving the sparse and delayed
feedback of S-MDP. The framework of H-DQN is made up of
two levels for decision-making, including meta-controller and
controller. Meta-controller estimates the current subgoal, while
controller takes actions to achieve that subgoal. Correspond-
ingly, high-level Markov Decision Process (MDP) is defined as
(Shi,G,P hi,Rhi,T hi,Hhi) in meta-controller, while low-
level MDP is defined as (Slo × G,A,P lo,Rlo,T lo,H lo) in
controller. In detail, G and A mean the set of subgoals and
actions with g ∈ G and a ∈ A, respectively. Considering
slo ∈ Slo and shi ∈ Shi, the equivalent state s ∈ S of
the original MDP can be described as a tuple (slo, shi) ∈
Slo × Shi. Since the next state of low-level s′lo ∈ Slo, the
low-level transition Tlo : (slo, a, g) → s′lo is accomplished
with the probability P lo and the policy πlo : Slo × G → A.
Analogously, the high-level transition Thi : (shi, g) → s′hi
is achieved with the probability P hi and the policy πhi :
Shi → G. As the evolution of DQN, H-DQN estimates Q
value function from intrinsic reward ϱlo ∈ Rlo and extrinsic
reward ϱhi ∈ Rhi. The function Qlo : S ×A× S × G → R
denotes the low-level Q function as (8), while the function
Qhi : (S × A × S)K × G → R denotes the high-level Q
function from the temporal abstraction of K-step low-level
MDP as (9).

Qlo(s, a, g) = max
πlo

E

[ ∞∑
i=t

γi−tϱi,lo

∣∣∣ st = s, at = a, gt = g, πlo

]
= max

πlo

E
[
ϱt,lo + γmax

at+1

Qlo(st+1, at+1, g)
∣∣∣ st = s,

at = a, gt = g, πlo

]
(8)

Qhi(s, g) = max
πhi

E

[
t+K∑
i=t

ϱi,hi + γmax
g′

Qhi(st+K , g′)
∣∣∣

st = s, gt = g, πhi

] (9)

where γ means the discount factor, st, at, and gt denote the
current state, action, and subgoal. Meanwhile, ϱi,lo and ϱi,hi
mean the current intrinsic reward and the extrinsic reward,
respectively. Given the current subgoal, K represents the
number of iterations before the controller suspends, and g′

denotes the goal of state st+K .
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Owing to the current neural network parameters ωlo,i

and ωhi,i, the above Q function Qlo(s, g) and Qhi(s, a, g)
can be approximated as the Q Network Qlo(s, g, ωlo,i) and
Qhi(s, a, ωhi,i, g). Furthermore, these neural networks are
optimized by the minimization of loss function Llo(ωlo,i) and
Lhi(ωhi,i) as

Llo(ωlo,i) =E(s,a,g,ϱlo,s′)∼Dlo

[(
ϱlo −Qlo(s, a, ωlo,i, g)

+ γmax
a′

Qlo(s
′, a′, ωlo,i−1, g)

)2]
,

(10)

Lhi(ωhi,i) = E(s,g,ϱhi,s′)∼Dhi

[(
ϱhi −Qhi(s, g, ωhi,i)

+ γmax
g′

Qhi(s
′, g′, ωhi,i−1)

)2]
,

(11)
where Dlo and Dhi mean the experience memory of the
controller and meta-controller, and i represents the number
of training iterations.
B. Hierarchical MDP Formulation for Near-field ELAAs

In UPA system, the near-field codebook is responsible for
deducing the optimal codewords of several fields, such as the
distance, elevation angle, and azimuth angle of the beamform-
ing vector. However, this deducation is inherently complex
due to the extremely large searching space, the complicated
interaction between near-field channels and codebook, and the
non-stationary nature of wireless communications. Moreover,
the beam radiation is dominated by spherical wavefronts in
the near-field, for which the near-field propagation is highly
sensitive to the tiny deviation of distance and angle from
the beam pattern. As a consequence, conventional flat MDP
has to be optimized directly across a high-dimensional state-
action space, bringing about inefficient exploration and long
convergence time.

To smoothly enable codebook-based beamforming in near-
field ELAAs, we propose to formulate the near-field codebook
design as a novel Hierarchical MDP (H-MDP), which is
a particular type of S-MDP involving high-level MDP and
low-level MDP. The hierarchical framework decomposes the
objective of near-field analog beamforming into several hints
or subgoals, which release computational intractability and
increase the efficiency of codebook design.
1) High-level MDP Formulation

High-level MDP plays the role of meta-controller, determin-
ing which dimension of the near-field codebook to optimize,
including distance and angle. For the given beam pattern,
this temporal abstraction will focus the limited exploration
on the more crucial aspect of beamforming. For instance,
the optimization of distance may be prioritized to multipath
interference, while the optimal angle may be more significant
for aligning the beam precisely towards the target receiver.
The specific high-level MDP is formulated as follows.

Option Space: The option Shi is the term for the primitive
space of H-MDP, representing the extrinsic Channel State
Information (CSI) as Shi =

{
r⋆, θ⋆, ϕ⋆, ĥr, ĥi

}
, where ĥr

and ĥi denote the real and imaginary parts of the abstract
channel model ĥ, and r⋆, θ⋆, and ϕ⋆ mean the optimal
distance, elevation angle, and azimuth angle to compose the
best temporal beamforming vector.

Goal Space: The goal g ∈ G estimates the temporal
dimension of codebook design from the binary goal space
G = {0, 1, 2}. Particularly, g = 0 implies the corresponding
controller will concentrate on the design of optimal distance,
while g = 1 and g = 2 imply the temporal optimization
will focus on the design of elevation angle and azimuth angle
separately in the low-level MDP.

Extrinsic Reward: According to the extracted value from
the above goal space, we can formulate the extrinsic reward
ϱi,h as (12), where r̂i, θ̂i, and ϕ̂i denote the expected codeword
for distance, elevation angle, and azimuth angle of the ith

iteration.

ϱi,h =


I
{∣∣∣ĥH

b(r̂i, θ
⋆, ϕ⋆)

∣∣∣ > ∣∣∣ĥH
b(r⋆, θ⋆, ϕ⋆)

∣∣∣} , g = 0

I
{∣∣∣ĥH

b(r⋆, θ̂i, ϕ
⋆)
∣∣∣ > ∣∣∣ĥH

b(r⋆, θ⋆, ϕ⋆)
∣∣∣} , g = 1

I
{∣∣∣ĥH

b(r⋆, θ⋆, ϕ̂i)
∣∣∣ > ∣∣∣ĥH

b(r⋆, θ⋆, ϕ⋆)
∣∣∣} , g = 2

(12)
2) Low-level MDP Formulation

Once the high-level MDP has been completed, the low-
level MDP will be triggered to optimize the chosen dimension
of codebook. For example, if meta-controller has desired to
upgrade the pattern of distance field, the distance controller
will execute fine-grained action to adjust the design of distance
field with the maximization of the intrinsic reward. Therefore,
the hierarchical decomposition simplifies the 3-D optimization
to an equivalent two-step optimization, enabling fine-control
over the near-field beam pattern. The specific low-level MDP
is formulated as follows.

State Space: Compared to the state of original MDP, the
state space Sl is a kind of goal-conditioned area in low-
level MDP, associated to the goal space of high-level MDP.
With regard to the near-field beamforming, the state space is
identified to the intrinsic CSI as Slo =

{
ĥr, ĥi

}
.

Action Space: To bundle with meta-controller, the low-
level agent has been classified as distance-controller, elevation-
controller, and azimuth-controller. Correspondingly, the action
spaces for distance, elevation angle, and azimuth angle are
derived as Ar = {0, 1, · · · , NQr

}, Aθ = {0, 1, · · · , NQθ
},

and Aϕ =
{
0, 1, · · · , NQϕ

}
, where NQr

, NQθ
, and NQϕ

de-
note the quantization of distance, elevation angle, and azimuth
angle respectively.

Intrinsic Reward: Correspondingly, the intrinsic reward
is also designed for distance-controller, elevation-controller,
and azimuth-controller as (13), (15), and (17) where ϱi,r is
the intrinsic distance reward, and ϱi,θ, ϱi,ϕ are the intrinsic
elevation reward and the intrinsic azimuth reward. Given
the constraint of distance and angle as r ∈ [rmin, rmax],
θ ∈ [θmin, θmax], and ϕ ∈ [ϕmin, ϕmax], the predicted distance,
elevation angle, and azimuth angle are calculated by (14),
(16), and (18), where ar ∈ Ar, aθ ∈ Aθ, and aϕ ∈ Aϕ.
In addition, the optimal distance, elevation angle, and azimuth
angle are determined from memories, satisfying (r⋆, θ⋆, ϕ⋆) =

argmax
∣∣∣ĥH

b(r, θ, ϕ)
∣∣∣2.
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ϱi,r =
∣∣∣ĥH

b(r̂i, θ
⋆, ϕ⋆)

∣∣∣2 (13)

r̂i = rmin + ar
rmax − rmin

NQr

(14)

ϱi,θ =
∣∣∣ĥH

b(r⋆, θ̂i, ϕ
⋆)
∣∣∣2 (15)

θ̂i = θmin + aθ
θmax − θmin

NQθ

(16)

ϱi,ϕ =
∣∣∣ĥH

b(r⋆, θ⋆, ϕ̂i)
∣∣∣2 (17)

ϕ̂i = ϕmin + aϕ
ϕmax − ϕmin

NQϕ

(18)

C. Intelligent Codebook Design
In terms of H-MDP from Section. III-B, we propose a novel

hierarchical intelligent codebook as Fig. 3 to solve the joint
assignment of spatial parameters of fu in (7), such as distance
and angle. The whole End-to-End (E2E) architecture [33]
is divided into the channel estimation network [34] and the
intelligent codebook. Initially, BS collect the environmental
state St =

{
yt
W , h̄

t
W , s,ht

p

}
, where yt

W and h̄
t
W denote the

pilot signal of the uplink and the prediction of the channel sep-
arately from the sliding window with time slot W . In addition,
s means pilot sequence, and ht

p is the feedback CSI from the
mentioned sliding window. The channel estimation network is
then implemented to predict the CSI of the downlink as ĥ with
the environmental state observed at BS.Given the estimated
channel ĥ and the best temporal codeword pair (r⋆, θ⋆, ϕ⋆),
the beamforming module will calculate the extrinsic reward for
high-level MDP as (12). With the reception of the predicted
CSI, intelligent codebook will play the role of beamforming
dictionary, where the optimal codewords will polish up the
temporal beamforming strategy.

Remark 1 (Benefit of the Proposed E2E Architecture): Al-
though conventional codebook-based beamforming indeed re-
duces system overhead by avoiding explicit CSI measurement,
they are inherently limited in dynamic or near-field ELAAs,
leading to suboptimal beam selections and frequently repeated
beam searches. In contrast, the proposed E2E reinforce-
ment learning framework strategically combines low-complex
partial implicit CSI with a lightweight intelligent adaptive
codebook, which significantly enhances overall beamforming
performance along with high efficiency and robustness against
environmental dynamics and channel imperfections. There-
fore, this hybrid approach effectively balances overhead and
operational performance in practical ELAAs.

Under the H-MDP framework, the hierarchical decision-
making process has been launched to dynamically search for
the beamforming vector from multiple dimensions simultane-
ously instead of looking up a static table. Aroused from the
H-DQN structure [28], the intelligent codebook is established
with meta-controller, distance controller, elevation controller,
and azimuth controller. To tighten the solution space, the meta-
controller is built up with the DQN-based abstraction network,
which determines the priority of codeword optimization as
the goal G. Referring to (9), the Q-value function can be
customized as (19) in the meta-controller, where ĥt denotes
the predicted CSI at the tth timestep. As a result, the learning
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Fig. 3. Hierarchical Intelligent Codebook Design.

parameter ωhi of meta-controller can be updated with the loss
function of Qhi(ĥ, g) as (20) and (21), where ĥ and ĥ

′
mean

the current and the next predicted CSI separately.

Qhi(ĥ, g) = max
πhi

E

[
t+K∑
i=t

ϱi,hi + γmax
g′

Qhi(ĥt+K , g′)
∣∣∣

ĥt = ĥ, gt = g, πhi

]
(19)

Lhi(ωhi,i) = E
(ĥ,g,ϱhi,ĥ

′
)∼Dhi

[(
ϱhi −Qhi(ĥ, g,ωhi,i)

)2
+ γmax

g′
Qhi(ĥ

′
, g′,ωhi,i−1)

]
(20)

ωhi,i+1 = ωhi,i − αhi∇Lhi(ωhi,i) (21)
Once the meta-controller has selected a goal, the correspond-

ing controller will take over to achieve that goal. In the context
of codebook-based beamforming, the low-level MDP is set
up as distance controller, elevation controller, and azimuth
controller with the Q-value function as (22), (23), and (24),
where ar, aθ, and aϕ represent the index of codeword for
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distance, elevation angle, and azimuth angle, and at,r, at,θ, and
at,ϕ denote the index of them at the tth timestep. Similar with
(8), πr, πθ, and πϕ denote the policy of distance controller,
elevation controller, and azimuth controller.
Qr(ĥ, ar, g) = max

πr

E
[
ϱt,r + γ max

at+1,r

Qlo(ĥt+1, at+1,r, g)
∣∣∣

ĥt = ĥ, at,r = ar, gt = g, πr

]
(22)

Qθ(ĥ, aθ, g) = max
πθ

E
[
ϱt,θ + γ max

at+1,θ

Qlo(ĥt+1, at+1,θ, g)
∣∣∣

ĥt = ĥ, at,θ = aθ, gt = g, πθ

]
(23)

Qϕ(ĥ, aϕ, g) = max
πϕ

E
[
ϱt,ϕ + γ max

at+1,ϕ

Qlo(ĥt+1, at+1,ϕ, g)
∣∣∣

ĥt = ĥ, at,ϕ = aϕ, gt = g, πϕ

]
(24)

Given the policy of distance controller, elevation controller,
and azimuth controller, their critic loss function will be derived
as (25), (26), and (27) separately, by the feedback of which
the learning parameters of each controller can be efficiently
updated. ωr,i, ωθ,i, and ωϕ,i denote the learning parameters of
distance controller, elevation controller, and azimuth controller
at the ith iteration, and a′r, a′θ, a′ϕ denote the predicted index
of codewords for distance, elevation angle, and azimuth angle.

Lr(ωr,i) = E
(ĥ,ar,g,ϱr,ĥ

′
)∼Dr

[(
yr −Qr(ĥ, ar,ωr,i, g)

)2]
yr = ϱr + γmax

a′
r

Qr(ĥ
′
, a′r,ωr,i−1, g)

(25)

Lθ(ωθ,i) = E
(ĥ,aθ,g,ϱθ,ĥ

′
)∼Dθ

[(
yθ −Qθ(ĥ, aθ,ωθ,i, g)

)2]
yθ = ϱθ + γmax

a′
θ

Qθ(ĥ
′
, a′θ,ωθ,i−1, g)

(26)

Lϕ(ωϕ,i) = E
(ĥ,aϕ,g,ϱϕ,ĥ

′
)∼Dϕ

[(
yϕ −Qϕ(ĥ, aϕ,ωϕ,i, g)

)2]
yϕ = ϱϕ + γmax

a′
ϕ

Qϕ(ĥ
′
, a′ϕ,ωϕ,i−1, g)

(27)
The detailed design of intelligent codebook has been listed
as Algorithm. 1, where we explore each DQN agent with
ϵ-greedy function [35].

Remark 2 (Specialization to ULA Case): The proposed H-
DQN-based codebook design framework is presented for the
general case of UPA, accounting for distance, azimuth and
elevation domains. If we consider the simplification to ULA
scenario, the system model and the codebook design procedure
can be straightforwardly adapted. In particular, the elevation
angle and its quantization are omitted, and the action space
reduces from the tuple (r, θ, ϕ) to (r, ϕ). Correspondingly,
the array manifold and the beamforming vector are described
only by the distance and azimuth domains, and the HRL
agent optimizes beamforming gain over this reduced parameter

space. This demonstrates the flexibility of the proposed method
to accommodate different array architectures by appropriately
configuring the state and action representations.

Algorithm 1 Intelligent Codebook Design Procedure
Initialization: experience {Dhi,Dr,Dθ,Dϕ}, and parame-

ters {ωhi,ωr,ωθ,ωϕ} for meta-controller, distance con-
troller, elevation controller, and azimuth controller, along
with exploration probability ϵ = 1.
for i = 1 to N do

Obtain the current and next CSI ĥ and ĥ
′
.

g ← ϵ-greedy(ĥ,G, ϵ, Qhi)
for t = 1 to H do
Rhi ← 0, ĥ0 ← ĥ.
while goal g not reached do

if g = 0 then
ar ← ϵ-greedy(

{
ĥ, g

}
,Ar, ϵ, Qr)

Execute ar to obtain extrinsic reward ϱh and
distance reward ϱr.
Store transition (

{
ĥ, g

}
, ar, ϱr,

{
ĥ
′
, g
}
) in Dr

Calculate Lr(ωr,t−1) as (25) and update distance
agent by: ωr,t ← ωr,t−1 − αr∇Lr(ωr,t−1)

else if g = 1 then
aθ ← ϵ-greedy(

{
ĥ, g

}
,Aθ, ϵ, Qθ)

Execute aθ to obtain extrinsic reward ϱh and angle
reward ϱθ.
Store transition (

{
ĥ, g

}
, aθ, ϱθ,

{
ĥ
′
, g
}
) in Dθ

Calculate Lθ(ωθ,t−1) as (26) and update angle
agent by: ωθ,t ← ωθ,t−1 − αθ∇Lθ(ωθ,t−1)

else
aϕ ← ϵ-greedy(

{
ĥ, g

}
,Aϕ, ϵ, Qϕ)

Execute aϕ to obtain extrinsic reward ϱh and angle
reward ϱϕ.
Store transition (

{
ĥ, g

}
, aϕ, ϱϕ,

{
ĥ
′
, g
}
) in Dϕ

Calculate Lϕ(ωϕ,t−1) as (27) and update angle
agent by: ωϕ,t ← ωϕ,t−1 − αϕ∇Lϕ(ωϕ,t−1)

end if
Rhi ← Rhi + ϱhi; ĥ← ĥ

′
.

Initialize the next CSI ĥ
′

end while
Store transition (ĥ0, g, Rhi, ĥ

′
) in Dhi

Update ωhi of meta-controller by (20) and (21)
g ← ϵ-greedy(ĥ,G, ϵ, Qhi)

end for
Anneal ϵ

end for

D. Analyses of Quantization Bound and Computational Com-
plexity

To further analyze the property of Algorithm. 1, we first
investigate the quantization bound of the proposed codebook,
and then calculate all computational complexity of Algo-
rithm. 1.
1) Quantization Bound

Considering episodic fixed-Horizon reinforcement learning
in Algorithm. 1, the sample complexity of them has been
bounded in [36]. In Section. III-C, it has been decomposed
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by H-MDP [37] with the deployment in near-field THz beam-
forming. As a result, Theorem. 1 is proposed to update the
quantization bound of intelligent codebook design.

Theorem 1 (Quantization Bound of Intelligent Codebook):
Given any beamforming vector b(rQ1

, θQ2
, ϕQ3

) from the in-
telligent codebook of Algorithm. 1 with Qi = 0, 1, · · · , NQi

−
1, the quantized fraction of the ith codeword NQi

is bounded
by (28) with the PAC guarantee for (ϵ, δ)-accurate.

H2
hi ln(

1
δ+c1,hi

)

c2,lH2
lo ln(

1
δ )
≤ NQi

≤
c2,hiH

2
hi ln(

1
δ )

H2
lo ln(

1
δ+c1,lo

)
(28)

where Hhi and Hlo denote the high-level and low-level
horizons of timesteps, so H = HhiHlo in Algorithm. 1.
In addition, c1,hi and c1,lo are positive constants along with
c2,hi, c2.lo ∈ (0, NBS ].

Proof: detailed in Appendix. A.
Remark 3 (Analysis on Theorem. 1): The performance

of quantization exhibits an asymptotic independence on the
number of available channel models. Instead, with regard to
the PAC guarantee (ϵ, δ), the quantized fraction is subject
to probability δ rather than accuracy ϵ. Furthermore, the
quantization bound is significantly influenced by the ratio of
the timestep horizon between the high-level and low-level
MDP, which highlights the role of temporal abstraction in
enhancing quantization efficiency.
2) Computational Complexity

From Appendix. B, the runtime complexity of Algorithm. 1
is yielded to max {TC1, TC2}, where

TC1 = min

{
Õ

(
c22,hiN

2
BS |G|2H3

hiHlo

ϵ2
ln

1

δ

)
,

Õ

(
c2,hic2,loN

2
BS |G|2NQi

H3
l Hh

ϵ2
ln

1

δ

)}
,

and

TC2 = min

{
Õ

(
c22,loN

2
BS |G|2N2

Qi
HhiH

3
lo

ϵ2
ln

1

δ

)
,

Õ

(
c2,hic2,loN

2
BS |G|2NQiH

3
hiHlo

ϵ2
ln

1

δ

)}
.

Compared to the time complexity of the model-based
optimization method for hierarchical codebook design in
[38], Algorithm. 1 exhibits lower computational com-
plexity when λN2

BS

rmin
> max {TC3, TC4}, where rmin

denotes the minimum BS serving distance, TC3 =

min
{

C2
2,hiH

2
hi ln (1/δ)

ϵ2 ,
C2,hiC2,loNQi

H2
lo ln(1/δ)

ϵ2

}
, and TC4 =

min

{
C2

2,loN
2
Qi

H2
lo ln (1/δ)

ϵ2 ,
C2,hiC2,loNQi

H2
hi ln(1/δ)

ϵ2

}
. Due to

the flexibility of the hyperparameter in TC3 and TC4, the
condition above is easy to satisfied.

In contrast, the space complexity is dependent on the
size of minibatch B and the architecture of neural network.
Therefore, the total space complexity has been derived as
O[NBS |Hhi|G| + (NBS + |G|)HloNQi + |B|(NBS + |G| +
NQi)]. According to [36], the equivalent space complexity of
DQN can be derived as O[(HhiHloN

2
Qi

+|B|)NBS+|B|N2
Qi
],
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Fig. 4. Meta Hybrid Beamforming Procedure.

which is obviously outperformed by the space complexity
of the proposed algorithm. The detailed calculation has been
provided in Appendix. B.

IV. META HYBRID BEAMFORMING FOR MULTI-USER THZ
SYSTEM

In this section, we extend the proposed beamforming in
Section. III-C to the framework of Meta Hybrid Beamforming
(MHB) for multiuser communications, which complete beam
management and interference cancellation from two separate
timescales. First, we outline the whole procedure of MHB,
then meta-analog beamformer and hierarchical digital beam-
former are developed accordingly. Consequently, the perfor-
mance improvement of MHB is analysed for multi-user THz
systems.
A. Procedure of MHB Scheme

For the sake of the stationary CSI distribution in multi-user
communications, meta-reinforcement learning (MRL) [39] has
been deployed to two-timescale hybrid beamforming [40], [41]
as Fig. 4. The hybrid beamforming block is split into meta-
analog beamforming (MAB) and hierarchical digital beam-
forming (HDB) respectively, where the first is responsible for
meta-train, and the latter serves as meta-test. As the heading
of MHB, MAB is devoted to designing the meta-intelligent
codebook as analog beamformer, where the effective channel
can be determined to conduct digital beamforming during
meta-test. In contrast, as the successive timeslot of MHB, the
user-specific beam agent is optimized with HRL during HDB.
The detailed scheme will be elaborated on in the following
subsection.
B. Meta Analog Beamformer

Advanced to Section. III-C, we combine intelligent code-
book design with meta-learning to acquire the general channel
knowledge map (CKM) [42]. The meta task is defined as the
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set of predicted channel model T Ĥ =
{
ĥ1, ĥ2, ..., ĥU

}
from

the feedback of all UEs. For user-specific feedback, the H-
MDP will be redesigned across all UEs with the loss function
as (29)(30)(31)(32), where ĥi is randomly extracted from T Ĥ .

LT i
(ωh) =E

(ĥi,g,ϱh,ĥ
′
i)∼Dh

[(
ϱh −Qh(ĥi, g,ωh,t)

+ γmax
g′

Qh(ĥ
′

, g′,ωh,t−1)
)2] (29)

LT i
(ωr,t) = E

(hi,ar,g,ϱr,ĥ
′
i)∼Dr

[(
yr−Qr(ĥi, ar,ωr,t, g)

)2]
(30)

LT i(ωθ,t) = E
(ĥi,aθ,g,ϱθ,ĥ

′
i)∼Dθ

[(
yθ−Qθ(ĥi, aθ,ωθ,t, g)

)2]
(31)

LT i
(ωϕ,t) = E

(ĥi,aϕ,g,ϱϕ,ĥ
′
i)∼Dϕ

[(
yϕ−Qϕ(ĥi, aϕ,ωϕ,t, g)

)2]
(32)

Motivated by Model-Agnostic Meta-Learning (MAML)
[39], the design pattern of intelligent codebook is upgraded
to MAB in Algorithm. 2.

Algorithm 2 Meta Analog Beamforming Scheme
Initialization: set of predicted channel model T Ĥ ={

ĥ1, ĥ2, ..., ĥU

}
, and parameters {ωh,ωr,ωθ,ωϕ} for

meta-controller, distance controller, and angle controller,
learning rate αh, αr, αθ, αϕ, βh, βr, βθ, βϕ.
for i = 1 to N do

Sample T i ∼ T Ĥ .
for all T i do

Calculate LT i
(ωh) and goal g with (29) and Algo-

rithm. 1.
ω

′

hi
← ωhi

− αh∇ωhi
LT i

(ωhi
)

while goal g not reached do
Evaluate LT i(ωr), LT i(ωθ), LT i(ωϕ) with respect
to fixed horizons by (30)(31)(32) and Algorithm. 1.
ω

′

ri ← ωri − αr∇ωri
LT i

(ωri)

ω
′

θi
← ωθi − αθ∇ωθi

LT i
(ωθi)

ω
′

ϕi
← ωϕi

− αϕ∇ωϕi
LT i

(ωϕi
)

end while
end for
ωh ← ωh − βh∇ωh

∑
T i∼T Ĥ

LT i(ω
′

hi
)

ωr ← ωr − βr∇ωr

∑
T i∼T Ĥ

LT i
(ω

′

ri)

ωθ ← ωθ − βθ∇ωθ

∑
T i∼T Ĥ

LT i
(ω

′

θi
)

ωϕ ← ωϕ − βϕ∇ωϕ

∑
T i∼T Ĥ

LT i
(ω

′

ϕi
)

end for

C. Hierarchical Digital Beamforming

As illustrated in Section. IV-B, the MAB of the uth user can
be defined as wu = b(r⋆u, θ

⋆
u, ϕ

⋆
u) with the optimal distance

and angle r⋆u, θ
⋆
u, ϕ

⋆
u from the meta-test of Algorithm. 2. Then,

BS can extend the analog beamforming to all UEs as FA =
{w1,w2, ...,wU}, so that the effective channel model can be
established as

h̄u = FH
A ĥu. (33)

Through the effective channel, BS is capable of formulating
the digital beamforming as (34) by zero-forcing (ZF) [43],
where H̄T = [h̄1, h̄2, ..., h̄U ] is defined as the effective
channel of all UEs. The diagonal matrix Λ denotes the power
allocation for all UEs with

∥∥FAfD,u

∥∥2 = 1, where fD,u

denotes the uth column of FD.

FD = H̄
H
T

(
H̄T H̄

H
T

)−1

Λ (34)

To simultaneously optimize digital beamforming for all UEs
under hybrid constraints, the hierarchical framework as in
Fig. 4 constructs user-specific beam agents whose actions
are coordinated through the joint optimization of a common
digital precoder at each time slot, ensuring that inter-user
coupling is coherently managed by ZF objectives rather than
by independent learning. In light of the main objective (3), we
have updated the MDP 1 by defining the user-specific rewards,
their Q-function, and loss function as (35)(36)(37) to manage
the update of controller for each user, where F̂A denotes
the estimated analog beamforming with the meta-initialization
from Algorithm. 2, and f̂D,i can be derived from F̂A with
(34). Under this circumstance, Meta User Scheduler can be
updated by

ϱuh =
U∑
i=1

R̂i =
U∑
i=1

log2

1 +

P
U

∣∣∣hH
i F̂Af̂D,i

∣∣∣2
σ2
N +

∑
l ̸=i

P
U

∣∣∣hH
i F̂Af̂D,l

∣∣∣2
 ,

(35)

Quh(ĤT , u) = max
πuh

E

[
t+KM∑
i=t

ϱi,uh + γmax
u′

Quh(ĤTt+KM
, u′)

∣∣∣ ĤTt
= ĤT , ut = u, πuh

]
,

(36)

Luh(ωuh,i) =E
(ĤT ,u,ϱuh,Ĥ

′
T )∼Duh

[(
ϱuh −Quh(ĤT , u,ωuh,i)

+ γmax
u′

Quh(Ĥ
′
T , u

′,ωuh,i−1)
)2]

,

(37)
ωuh,i+1 = ωuh,i − αuh∇Luh(ωuh,i). (38)

Accordingly, HDB is devised as Algorithm. 3 to accelerate
the efficiency of meta-test for MHB.
D. Performance Analysis of MHB with Multi-user Systems

Since LoS is dominant in THz systems, the performance
of MHB will be evaluated with single-path channel. With the
assumption of perfect channel knowledge, the lower bound of
achievable rate is figured out with Infinite-Resolution Code-
book (IRC) in the first place. In addition, the performance gap
is further investigated between MAB and IRC, ensuring that
MAB is approximate to the asymptotical solution of IRC.

1It is worth noting that the MDP components of the MAB and HDB are
fundamentally identical, since both rely on the same state features (CSI, user
location), action space (beam selection from the codebook), reward metrics
(SE or beamforming gain), and channel-driven transitions. The main difference
is more structural. Particularly, MAB employs meta-reinforcement learning
to accelerate codebook adaptation across tasks, whereas HDB introduces an
additional ultra-high-level MDP to coordinate between analog and digital
domains, thereby extending the hierarchy without altering the underlying MDP
definition.
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Algorithm 3 Hierarchical Digital Beamforming Scheme
Initialization: user group Guh = {0, 1, · · · , U},

experience {Duh,Dh,Dr,Dθ,Dϕ}, and parameters
{ωuh,ωh,ωr,ωθ,ωϕ} for user scheduler, meta-controller,
distance controller, and angle controller, along with
exploration probability ϵ = 1, current and next CSI Ĥ

and Ĥ
′

for all UEs. {ωh,ωr,ωθ,ωϕ} is transferred from
Algorithm. 2.
for i = 1 to N do
u← ϵ-greedy(ĤT ,Guh, ϵ, Quh)
for j = 1 to M do

Ruh ← 0, ĤT0 ← ĤT .
g ← ϵ-greedy(Ĥu,G, ϵ, Qh)
for t = 1 to H do
Rh ← 0, ĥ0 ← ĥu.
while goal g not reached do

Update ωr, ωθ, ωϕ, then obtain user-specific re-
ward ϱuh, extrinsic reward ϱh and intrinsic reward
ϱr, ϱθ, ϱϕ as Algorithm. 1.

Rh ← Rh + ϱh; ĥu ← ĥ
′

u.

Initialize the next CSI of the uth UE ĥ
′

u

end while
Store transition (ĥ0, g, Rh, ĥ

′

u) in Dh

Update ωh of meta-controller by (20)(21)
Ruh ← Ruh + ϱuh; g ← ϵ-greedy(ĥu,G, ϵ, Qh)

end for
Store transition (ĥ0, u,Ruh, ĥ

′

u) in Duh

Update ωuh of user scheduler by (37)(38)
u← ϵ-greedy(ĤT ,Guh, ϵ, Quh)

end for
Anneal ϵ

end for

1) Lower Bound of Asymptotic Capacity

For simplicity, the single-path channel is defined as (39) in
the UPA, where αu denotes the complex gain of the LoS path
for each UE, and b(ru, θu, ϕu) means the beamforming vector
of the uth user in the near-field.

hu =
√
NBSαub(ru, θu, ϕu) (39)

Since the perfect CSI and IRC have been assumed,
the analog beamformer is equivalent to the set of
beamforming vectors for all UEs as FA = B =
[b(r1, θ1, ϕ1), ..., b(rU , θU , ϕU )]. Meanwhile, ZF is applied to
design the digital beamformer as (34). Under these circum-
stances, the lower bound of achievable rate can be derived as
Theorem 2 for each UE.

Theorem 2 (Lower Bound of Achievable Rate): Given the
single-path channel model is adopted for all UEs with perfect
CSI, the achievable rate can be lower bounded as (40) for

each UE, where G(B) = 4
(

σ2
max(B)

σ2
min(B)

+
σ2
min(B)

σ2
max(B) + 2

)−1

with minimum and maximum singular values σ2
min(B) and

σ2
max(B), and P

σ2
N

denotes the signal-to-noise ratio (SNR) of
each UE.

Ru ≥ log2

(
1 +

PNBS |αu|2G(B)

σ2
NU

)
(40)

Proof: detailed in Appendix. C.
2) Rate Loss over MHB

As claimed by Proposition 4 of [29] and Theo-
rem. 2, limN→∞ Ru = R⋆

u is achieved by R⋆
u =

log2

(
1 + PNBS |αu|2

σ2
NU

)
. On that account, the performance of

MHB can be defended with the lower rate loss between IRC
and MAB as Theorem. 3.

Theorem 3 (Upper Bound of Rate Loss over MAB): Recall-
ing Ru is the achievable rate for each UE from IRC, the aver-
aged rate loss over MAB is defined as ∆Ru = E[Ru −RM

u ],
where RM

u denotes the rate achieved by MAB for each UE.
Given NQ is the quantization of intelligent codebook, ∆Ru is
upper bounded by (41), where ᾱ = E[αu].

∆Ru ≤ log2

1 + P
Uσ2

N
NBSᾱ

(
1 + U−1

N

)
N

− 2
U−1

Q

minf i∈F maxfj∈F |fH
i f j |2

 (41)

Proof: detailed in Appendix. D.
Remark 4 (Analaysis on Theorem. 3): Let µF =

minf i∈F maxfj∈F |fH
i f j |2, it is obvious that the constraint

of µF depends on the design pattern of MAB. Additionally,
since more NQ results in lower ∆Ru, the rate loss over MAB
also relies on the quantization size of codebook. Fortunately,
the delicated MHB releases the potential performance of the
large-scale codebook in THz ELAAs, so the rate loss can be
perfectly bounded.

V. SIMULATION RESULTS

In this section, the performance of MHB is evaluated
along with their hierarchical intelligent codebook through
simulations. For a comprehensive assessment, the uniform UE
distribution is considered for both the ULA and UPA systems.
A. Uniform Circular Distribution Scenario

The scenario is assumed as a single-cell THz communi-
cation, where one BS with ELAAs serves multiple single-
antenna UEs. Moreover, we set the carrier frequency as 150
GHz, and each array at BS is spaced with half-wavelength.
On the one hand, the ULA system is implemented under
the 256-element. All UEs are randomly chosen in an area
with the radius range [4, 100]m2, and angle range [−π

3 ,
π
3 ].

On the other hand, the UPA system is applied with the
128 × 32-element layout. In this case, we assume that UEs
are randomly distributed with r ∈ [4, 100], θ ∈ [π3 ,

2π
3 ], and

ϕ ∈ [−π
6 ,

π
6 ]. Furthermore, the multi-path channel is defined

with the number of NLoS path L = 3, and the number of UEs
is set to U = 5.
B. Hyper-parameters Setup

As the general strategy of hyper-parameter tuning, we
initially clarify the neural network parameters of the proposed
algorithms, and then determine the exploration strategy for
ULA and UPA separately. Specifically, each DQN consists of
four fully connected hidden layers, each of which contains

2Throughout this paper, the channel model is defined with a unified
spherical wavefront for all UE locations, including those that exceed the
Rayleigh distance. Although conventional wisdom suggests that the planar
wave approximation becomes valid beyond the Rayleigh distance, the spheri-
cal wavefront inherently generalizes both channel model in the near-field and
far-field. Consequently, this approach ensures consistent modeling and enables
seamless analysis across both propagation regimes.



11

(a) Learning Convergence in ULA (b) Learning Convergence in UPA
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Fig. 5. Performance Analyses of HDQN-based Codebook

256 neurons. The networks are trained over a horizon of
H = 500 steps using the Adam optimizer along with ϵ-greedy
exploration. The experience replay memory is configured with
a size of 10,000 samples, and a mini-batch size of B = 64
is utilized during training. To achieve smooth learning of
H-DQN, learning rate of the high-level is determined as a
tenth of that of the low-level. For the ULA configuration, the
quantization fraction, denoted as NQi with i = [0, 1], is set
to 1000. The initial learning rate of the low-level for ULA
training is 3×10−4, with a decay rate of 1×10−2. In contrast,
for the UPA setup, the quantization fraction is increased to
2000 with i = [0, 1, 2], while the initial learning rate of the
low-level is adjusted to 5×10−4, with a decay rate of 1×10−3.
C. Beam Learning Results of Near-field Intelligent Codebook

The performance of proposed codebook is evaluated from
two aspects, including convergence efficiency and beam pat-
tern. For each aspect, the results are derived from ULA and
UPA separately to verify their robustness to ELAAs. Both
Fig. 5a and Fig. 5b indicate that the HRL algorithm extremely
empowers the traditional DQN codebook through the approx-
imate beamforming gain with the proposed alternating opti-
mization (AO) [38]. More importantly, regarding Fig. 5a and
Fig. 5b, the proposed H-DQN algorithm exhibits much less
gain loss than DQN [44], PPO [45], Wolpertinger [46], and
AO, thus demonstrating the best robustness of near-field beam-
forming under high-dimension array systems. Furthermore,
the proposed codebook is deployed to THz-aided ELAAs for
beam pattern learning. In ULA systems, the twin 512-beam is

scheduled to direct to the specific area with the angle range
[−π

3 ,
π
3 ] ∪ [ 2π3 , 4π

3 ]. Fig. 5c indicates most desired area has
been covered with THz communications, which unleashes the
potential of ELAAs in ULA system. To further investigate the
magnitude of sidelobe, given r = 30, we uniformly extract 16
codewords from the proposed ULA codebook for evaluation.
Fig. 5e indicates that the beamforming gain of the most
sidelobe is ignoreable or lower than the -3dB level in [−π

3 ,
π
3 ].

In UPA systems, the twin 128× 32-beam is propagated to the
partial globe area with the angle range [−π

3 ,
π
3 ]∪ [

2π
3 , 4π

3 ] and
the azimuth range [−π

6 ,
π
6 ]∪[

5π
6 , 7π

6 ]. Fig. 5d shows each beam
has illuminated their central propagation area, but inter-beam
interference still remains for future research. To verify whether
the sidelobe is acceptable, we choose the optimal codeword
from the 16 uniform codewords with r = 10. Fig. 5f indicates
that the main lobes are all focused separately above or below
the XoY plane in the predefined area, while the magnitude of
all sidelobes is much lower than the contour of -3dB.
D. Performance Comparison between MHB and Other Frame-

works
To verify the performance of MHB, we first evaluate the

beamforming gain, and then validate the spectral efficiency
(SE) with different factors. The environment is defined as
ULA systems in Section. III-C, which is a special case of
UPA. In Fig. 6a, MHB is evaluated under 5 UEs and only LoS
path in predefined areas, which indicates that the beamforming
gain of all UEs can achieve convergence within 20 episodes
instead of 4000 episodes in Fig. 5a. Meanwhile, all UEs have
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(a) Meta Test in ULA (L=1) (b) Meta Test against κ (L=3) (c) Meta Test against UEs Distribution (L=3)

(d) Comparison of SE against SNR (e) Comparison of SE against NBS (f) Comparison of SE against κ

Fig. 6. Performance Evaluation of MHB

acquired the comparative beamforming gain against single-
user communications. To further validate the robustness of the
proposed meta-train in Algorithm 2, we extend the propagation
path to L = 3, and then evaluate their beamforming gain
against various Rician factor and UEs distribution separately.
In Fig. 6b, even though Rician factor reduced from 10 to 5,
the rate of gain loss can be still manipulated within 10%.
In Fig. 6c, the beamforming gain is measured in various UE
distribution scenarios, including cluster hotspots, line uniform
distribution, and circle uniform distribution. The numerical
results demonstrate that the beamforming gain will be kept
over 0.8, which is acceptable for ELAAs. From Fig. 6d to
Fig. 6f, it is obvious that fully digital beamforming (FDB)
and hybrid beamforming (HB) play the role of a benchmark
but partially suffer from dimension disasters in practice. With
regard to LDMA [20], ZF is a more robust candidate than
WMMSE [47]. In Fig. 6d, the performance of all algorithms
is consistently increasing with the inflation of SNR, where the
performance gap between HB and codebook-based beamform-
ing is negligible. Instead, Fig. 6e shows that MHB exhibits the
same robustness to SE as HB and FDB when NBS exceeds
50, while outperforming the SE of LDMA. For the Rician
factor κ, Fig. 6f implies that MHB tends to approximate the
SE of HB and exceeds the performance of LDMA with κ ≤ 8.
In all, MHB has achieved a trade-off between accuracy and
efficiency even with ELAAs.

VI. CONCLUSION

In this paper, the H-DQN codebook is developed to release
the potential of large-scale near-field beamforming in both
ULA and UPA systems, compensating for imperfect channel
estimation in most near-field areas. The quantization bound
and computational complexity are derived to enable a high
PAC-guarantee of beamforming gain in THz-aided commu-
nication. Moreover, MHB is further proposed to accelerate
multi-user near-field beamforming. Then, the performance im-

provement of MHB is analyzed against the IRC and quantized
codebook to investigate the related impact factor in THz
ELAAs. Simulation results demonstrate the superiority of H-
DQN codebook and MHB framework, respectively, remaining
the further research for the dead zone or attenuation point
at the fresnel zone boundary. For future exploration, we
intend to upgrade the current intelligent codebook to a large
language model (LLM)-based CKM, increasing the flexibility
and availability of beamforming, especially at the transition
zone of THz-aided 6G communication.

APPENDIX A
PROOF OF THEOREM. 1

To derive the quantization bound for the intelligent code-
book, we first simplify the codebook design to a general H-
MDP framework, the sample complexity of which allows us
to limit the quantization of the intelligent codebook. Then, the
quantization bound of codewords is determined to guide the
design of intelligent codebook.

A. Sample Complexity of General H-MDP

Given the episodic finite-horizon MDP M0 =
⟨S0,A0,R0,P 0,T 0, H0⟩, we decompose them into a
hierarchical set (Mhi,Mlo) as general H-MDP. According
to Section. III-B, the high-level MDPs are defined as Mhi =
⟨Shi,G,Rhi,P hi,T hi, Hhi⟩, while the low-level MDPs are
denoted as Mlo = ⟨Slo × G,A,Rlo,P lo,T lo, Hlo⟩. For the
original MDP M0, Lemma. 1 has been proposed to constrain
the quantization limit for A0 in [36].

Lemma 1 (PAC-Bound of Sample Complexity): There exist
positive constants ϵ0, and δ0, such that any RL algorithm can
achieve the PAC guarantee for (ϵ, δ)-accurate with ϵ ∈ (0, ϵ0)
and δ ∈ (0, δ0). Then, the sample complexity is bounded by
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E[N0] ∈

[
Ω

(
|S0 ×A0|H2

0

ϵ2
ln

(
1

δ + c1

))
,

Õ

(
c2 |S0 ×A0|H2

0

ϵ2
ln

1

δ

)]
,

(42)

where E[N0] denotes the sample complexity of any RL
algorithm, c1 is a positive constant, and c2 ∈ [0, |S0|].

In H-MDP, (ϵ, δ)-accurate obliges the hierarchical pol-
icy set (πhi, πlo) to satisfy

∣∣∣Qπ⋆
lo,π

⋆
hi

0 −Qπlo,πhi

0

∣∣∣ ≤ ϵ,

where Q
π⋆
lo,π

⋆
hi

0 means the Q-value of the optimal hier-
archical policy in the original MDP. In reference to the
triangle inequality,

∣∣∣Qπ⋆
lo,π

⋆
hi

0 −Qπlo,πhi

0

∣∣∣ ≤ ϵ can be en-

sured by
∣∣∣Qπ⋆

lo,π
⋆
hi

0 −Q
π⋆
lo,πhi

0

∣∣∣ + ∣∣∣Qπ⋆
lo,πhi

0 −Qπlo,πhi

0

∣∣∣ ≤ ϵ.
Therefore, the PAC guarantee is decomposed as high-level
version

∣∣∣Qπ⋆
lo,π

⋆
hi

0 −Q
π⋆
lo,πhi

0

∣∣∣ ≤ ϵ
2 and low-level version∣∣∣Qπ⋆

lo,πhi

0 −Qπl,πh

0

∣∣∣ ≤ ϵ
2 .

1) High-level PAC Guarantee
For the reason that πlo is stationary in∣∣∣Qπ⋆

lo,π
⋆
hi

0 −Q
π⋆
lo,πhi

0

∣∣∣ ≤ ϵ
2 , high-level PAC guarantee is

equivalent to an independent PAC bound for high-level MDP.
Therefore, Lemma. 1 can be adjusted to bound the sample
complexity of high-level MDP E[Nhi] as

E[Nhi] ∈

[
Ω

(
|Shi × G|H2

hi

ϵ2
ln

(
1

δ + c1,hi

))
,

Õ

(
c2,hi |Shi × G|H2

hi

ϵ2
ln

1

δ

)]
,

(43)

where c1,hi is a positive constant, c2,hi ∈ [0, |Shi|], and the
total sample complexity E[N ] complies with E[N ] ⊆ E[Nhi].
2) Low-level PAC Guarantee

Similar to Section. A-A1, low-level PAC guarantee is
identical to an independent PAC bound for low-level MDP.
Consequently, Lemma. 1 can be modified to limit the sample
complexity of low-level MDP E[Nlo] as

E[Nlo] ∈

[
Ω

(
|Slo × G ×A|H2

lo

ϵ2
ln

(
1

δ + c1,lo

))
,

Õ

(
c2,lo |Slo × G ×A|H2

lo

ϵ2
ln

1

δ

)]
,

(44)

where c1,lo is a positive constant, c2,lo ∈ [0, |Slo|], and the
total sample complexity E[N ] complies with E[N ] ⊆ E[Nlo].

Hence, the total sample complexity E[N ] is defined as the
intersection of the corresponding high-level and low-level one.
In detail, the upper and lower total PAC bounds are

E[NU ] = min

{
Õ

(
c2,hi |Shi × G|H2

hi

ϵ2
ln

1

δ

)
,

Õ

(
c2,lo |Slo × G ×A|H2

lo

ϵ2
ln

1

δ

)}
,

(45)

E[NL] = max

{
Ω

(
|Shi × G|H2

hi

ϵ2
ln

(
1

δ + c1,hi

))
,

Ω

(
|Slo × G ×A|H2

lo

ϵ2
ln

(
1

δ + c1,lo

))}
.

(46)
B. Quantization Bound of Intelligent Codebook Design

According to H-MDP for near-field ELAAs in Sec-
tion. III-C, the quantized fraction NQi is exactly the low-level
action space |A|. The boundary of NQi is derived as (47) by
solving the related inequality from (45) and (46).

|Slo||G||A|H2
lo

ϵ2 ln
(

1
δ+c1,lo

)
≤ c2,hi|Shi||G|H2

hi

ϵ2 ln
(
1
δ

)
|Shi||G|H2

hi

ϵ2 ln
(

1
δ+c1,hi

)
≤ c2,lo|Slo||G||A|H2

lo

ϵ2 ln
(
1
δ

)
⇒
|Shi|H2

hi ln
(

1
δ+c1,hi

)
c2,lo|Sl|H2

lo ln
(
1
δ

) ≤ NQi
≤

c2,hi|Shi|H2
hi ln

(
1
δ

)
|Sl|H2

lo ln
(

1
δ+c1,lo

)
(47)

Due to Shi and Slo both containing the temporal estimated
CSI, |Sh| = |Sl| = NBS is obviously achieved. As a result,
the constraint of NQi

can be simplified as (48).

H2
hi ln(

1
δ+c1,hi

)

c2,loH2
lo ln(

1
δ )
≤ NQi ≤

c2,hiH
2
hi ln(

1
δ )

H2
lo ln(

1
δ+c1,lo

)
(48)

APPENDIX B
DERIVATION OF COMPUTATIONAL COMPLEXITY FOR

ALGORITHM. 1
A. Runtime Complexity

Owing to the H-MDP structure, we intend to calculate
the runtime complexity of Algorithm. 1 from the update of
the high-level and low-level Q function separately. In high-
level MDP, the runtime cost is essentially from sampling
and policy updates. Referring to the runtime for sampling
[36], meta-controller can be modeled with Upper-confidence
fixed-horizon RL (UCFH), so the runtime cost is yielded to
O(HhiE[NU ]) for sampling. Each calling of Q-Network costs
runtime as O(HhNBS |G|c2,hi), then the total runtime for
policy update is derived as

O(E[NU ]HhiNBS |G|c2,hi)

= min

{
Õ

(
c22,hiN

2
BS |G|2H3

hi

ϵ2
ln

1

δ

)
,

Õ

(
c2,hic2,loN

2
BS |G|2NQi

H2
loHhi

ϵ2
ln

1

δ

)}
.

(49)
According to manifold gradient optimization in

matrix computation, the time complexity is derived as
O
[
HN2

BS

(⌈
λN2

BS

δrmin

⌉
− 1−

⌈
log2

λN2
BS

δrmin

⌉)]
in model-

based Hierarchical Codebook Design [38], where
H = HhiHlo, and rmin denotes the minimum BS
serving distance. As a result, if the proposed algorithm
exhibits fewer time-complexities, we have to achieve
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TC1 < O
[
HN2

BS

(⌈
λN2

BS

δrmin

⌉
− 1−

⌈
log2

λN2
BS

δrmin

⌉)]
and

TC2 < O
[
HN2

BS

(⌈
λN2

BS

δrmin

⌉
− 1−

⌈
log2

λN2
BS

δrmin

⌉)]
.

B. Space Complexity
Similarly, we can explore the space complexity from the

high-level and low-level MDP. In high-level agent, the storage
includes neural network space and experience replay buffer,
where the first one occupies O(NBSHhi|G|), and the other
holds O(|B|(NBS + |G|)). As a result, the total space is up to
O(NBSHhi|G|+ |B|(NBS + |G|)). Correspondingly, the total
space holds O((NBS+ |G|)HloNQi + |B|(NBS+ |G|+NQi))
for low-level agent. In summary, the total space complexity
is calculated as O(NBSHhi|G| + (NBS + |G|)HloNQi

+
|B|(NBS + |G| + NQi

)). According to [36], the space com-
plexity of DQN is O[|S|H|A| + |B|(|S| + |A|)]. In ELAAs
and H-MDP framework, given |S| = NBS , |A| = N2

Qi
, and

H = HhiHlo, the equivalent space complexity of DQN is
updated as O[(HhiHloN

2
Qi

+ |B|)NBS + |B|N2
Qi
].

APPENDIX C
PROOF OF THEOREM. 2

The achievable rate is defined as (50) for each UE.

Ru = log2(1 +
P

Uσ2
N

∣∣∣h̄H
u fD,u

∣∣∣2) (50)

According to (33) and (34),
∣∣∣h̄H

u fD,u

∣∣∣2 can be simplified
to (51). Therefore, (52) can be derived by the combination of
(50) and (51).∣∣∣h̄H

u fD,u

∣∣∣2 =
∣∣∣√NBSαuF

H
ABufD,u

∣∣∣2
= NBS |αu|2[BHB]u,u

(51)

Ru = log2

(
1 +

P

Uσ2
N

NBS |αu|2[BHB]u,u

)
(52)

As stated by Lemma 3 of [29], the upper bound
of [(BHB)−1]u,u satisfies (53), where λmax(B

HB) and
λmin(B

HB) denote the maximum and minimum eigenvalue
of [BHB]. In terms of (53), (52) is exactly limited to (40).

[(BHB)−1]u,u ≤
1

4[BHB]u,u

(
λmax(B

HB)

λmin(B
HB)

+
λmin(B

HB)

λmax(B
HB)

+ 2

) (53)

APPENDIX D
PROOF OF THEOREM. 3

Given the intelligent codebook F from MAB, the opti-
mal beamforming vector is defined as b(r̂u, θ̂u) for each
UE, where r̂u and θ̂u are the quantized distance and angle
from F respectively. Furthermore, based on µ(B̂u,Bu) =
bH(r̂u, θ̂u)b(ru, θu), the effective channel of each UE can be
rewritten as (54), where βQ

u,n = bH(ru,θu)b(r̂n,θ̂n)

µH(B̂u,Bu)
. In addition,

h̃
Q

u =
h̄Q

u

∥h̄Q
u ∥

is defined to normalize the effective channel.

h̄
QH

u =
√

NBSαuµ
H(B̂u,Bu)[β

Q
u,1, · · · , β

Q
u,U ] (54)

Referring to [29], the rate loss ∆Ru can be rewritten as
(55), where h̄

H
u =

√
NBSαu[βu,1, · · · , βu,U ] with βu,n =

bH(ru,θu)b(rn,θn)
µH(Bu,Bu)

.

∆Ru =E

log2
1 +

P
∣∣∣h̄H

u fD,u

∣∣∣2
Uσ2

N




− E

log2
1 +

P
Uσ2

N

∣∣∣h̄QH

u f̂D,u

∣∣∣2
P

Uσ2
N

∑U
n̸=u

∣∣∣h̄QH

u f̂D,n

∣∣∣2 + 1




≤E

log2

∥∥∥h̄H

u

∥∥∥2∥∥∥h̄QH

u

∥∥∥2



︸ ︷︷ ︸
A1

+E

log2

∥∥∥h̃H

u

∥∥∥2∥∥∥h̃QH

u

∥∥∥2



︸ ︷︷ ︸
A2

+ E

log2
1 +

P

Uσ2
N

U∑
n̸=u

∣∣∣h̄QH

u f̂D,n

∣∣∣2


︸ ︷︷ ︸
A3

(55)

Considering A1 = E
[
log2

(
1

|µ(B̂u,Bu)|

)]
and A2 =

E

[
log2

(
1+

∑U
n̸=u|βu,n|2

1+
∑U

n̸=u|βQ
u,n|2

)]
, (55) can be simplified as

∆Ru ≤ E

log2 1+ P

Uσ2
N

∑U
n̸=u

∣∣∣∣h̄QH

u f̂D,n

∣∣∣∣2
|µ(B̂u,Bu)|

. In terms of

|µ(B̂u,Bu)| ≥ minfu∈F maxfn∈F |fH
u fn| and Jensen’s

inequality, ∆Ru can be rewritten as

∆Ru ≤ log2


1 + P (U−1)

Uσ2
N

E

[∥∥∥h̄QH

u

∥∥∥2]E [∣∣∣∣h̃QH

u f̂D,n

∣∣∣∣2
]

minfu∈F maxfn∈F |fH
u fn|



= log2


1 + PNBS(U−1)

Uσ2
N

(
1 + U−1

NBS

)
E

[∣∣∣∣h̃QH

u f̂D,n

∣∣∣∣2
]

minfu∈F maxfn∈F |fH
u fn|

 .

(56)
According to Lemma. 2 of [30], we have

E

[∣∣∣∣h̃QH

u f̂D,n

∣∣∣∣2
]
≤ E

[
sin2

〈
h̃
Q

u , ĥ
Q

u

〉]
. Since the quantized

beamforming vectors are independent, the quantization error
of MAB sin2

〈
h̃
Q

u , ĥ
Q

u

〉
is the minimum of N2

Q independent
beta random variables with size (U − 1, 1). As claimed by
[31], we get E

[
sin2

(
h̃
Q

u , ĥ
Q

u

)]
= N2

Qβ
(
N2

Q,
U

U−1

)
.

For U = 2, we have N2
Qβ
(
N2

Q, 2
)

=
N2

QΓ(N2
Q)Γ(2)

Γ(N2
Q+2)

=

(N2
Q)!

(N2
Q+1)!

≤ N−2
Q . In contrast, for U > 2, we have

N2
Qβ
(
N2

Q,
U

U−1

)
≤ N2

QΓ(N2
Q)

Γ(N2
Q+1+ 1

U−1 )
=

Γ(N2
Q+1)

Γ(N2
Q+1+ 1

U−1 )
. Lever-

aging Kershaw’s inequality for gamma function [48], we fur-
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ther get
Γ(N2

Q+1)

Γ(N2
Q+1+ 1

U−1 )
<
(
N2

Q + U
2(U−1)

)− 1
U−1

< N
− 1

U−1

Q .
In all, (41) is derived with any U .
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