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SUMMARY

Experience has shown that it is often necessary
to retain many degrses of freedom in order to calculate
critical flutter speeds reliably, but this entails much
labour. Part I discusses the choice of a minimum set of
freedoms and suggests that this should be based on the
equation of energy and the use of the Lagrangian dynamical
equation corresponding to any proposed additional frecdom,
The methods for conducting flutter calculations so as to

minimise labour are treated in Part II.
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e Introduction

The aim of this paper is to discuss methods fo- calculating
the criticul flutter speeds and the nature of the motion at these speeds
for systems with a largc number of degrees of freedom, This problem is
becoming increasingly important since it is now recognised that relisble
estimates of critical speeds can, in many instances, only be made when
many independent kinds of motion of the structure are admitted,

However, the labour in the calculations increases exceedingly rapidly as
the number of degrees of freedom is increased. Hence two principal
problems arise;=

(a) The choice of a minimum set of dynamical
coordinates or degrees of freedom which
leads to calculated results of adequate
accuracy.,

(b) The choice of the method of conducting the
calculations after the dynamical coordinates
have been chosen,

These problems are separately considered in Parts I snd IT of
the paper,

It is concluded that a particular freedom F must be retained
when the balance of energy at a critical flutter speed is sensitive to
its inclusion, unless it can be shown thet the amplitude of F is very
small, This amplitude will be very small when one or both of +he following
conditions is satisfied:-

(a) The coupling terms in the Lagrangian dynamical
equation corresponding to F are all very
small,

(b) The impedance for F at the critical flubter
specd and for the flutter frequency is very
large.

As regards the energy balance, it is shown that large skew-
symmetric components in the aerodynamic stiffnesses are of particular
importance, Inverse methods appear to be the most advantageous for the
calculation of critical flutter speeds when there are many freedoms,

There are a few known special cases where 'exact! celculations
of critical flutter speeds can be made for elastic continuous systems
having infinitely many degrees of freedom. Such systems throw much
light on the general problem of the choice of freedoms and they are
briefly considered in the following section,

/2. Some ...
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2, Scme Exactly Soluble Problems of the Fluttcr of Elastic Wings

Exact solutions of two problems on the flutter of continuous
elastic cantilever wings have already been published and the details are
as follows:=

(2) Uniform rectangular wing supported by & pair of
uniform parszllel spars., The covering has no
Proper torsional stiffness and both the flexural
and torsional stiffnesses are provided by the
uniform spars, 'The inertial and aerodynamic
coefficients are independent of spanwise position
(See references 1, 3 and 4),

(b) Uniform rectangular wing as for case (a) but now
the torsional stiffness is provided by the
uniform covering or by a torque tube and the
flexural stiffnesc is assumed to be negligible
(See the Appendix to reference 7).

Both wings have the following special dynamical charscteristics.
The modes of oscillation in vacuo or in an airstresm occur in pairs
which, in general, have both flexural and tersional com onents.
The displacements in both flexure and torsion for the rtl pair are
proportional to the displacements in the riR mode®™ of the purely
flexural oscillation of a uniform cantilever heam for cese (a) and to
the displacements in the rif mods of the purely torsional oscillations
of & uniform cantilever for case (b).  When the wings are exposed to
an air current the two modes of the rth pair become coupled together
acrodynamically, but remain uncoupled to all other modes, The flutters
which occur are therefores effectively binary and the earliest flutter
occurs in the modal pair corresponding to the fundamental free mode,

These results are not, in fact, isclated erd other similar
cases will be discussed in a separste raper. At present we wish to
emphasise the remarkable simplicity of the solutions, which were obtained
in an orthodox way by solving the differential equations of the problems,
An independent explanation of the results ic given in 86 by means of an’
analysis of the various couplings between the modes,

TR T sownens

=
This is of course an artificial case but is not without intersst
since the flexural stiffrness does not greatly influence the
flutter,
%

or (r - 1)3;-E overtone,
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PART I

CHOICE OF THE DEGREES OF FREEDOM

3. Types of Generalised Coordinates

The generalised coordinates should be chosen so as 1o secure
some advantage of simplicity or convenience. There appear to be two
particularly advantageous types:

(a) Those for which the specification of the cdisplacements
is specially simple.

Examples., The purely flexural and purely torsicnal
coordinates of the classical theory of wing flutter.

(b) Those which secure the greatest simplification of the
dynamical equations, as by the vanishing of certain
coefficients,

Examgles. Normal coordinates for which the inertial
and elastic coupling coefficients vanish,

In the further discussion we shall adopt normal coordinates for
the main structural deformations. These corrsspond, strictly, to the

free modes of oscillation of the structure in vacuo, but differ little

from the modes of osecillation in =till air. Thege must be supplemented

by certain general rigid body freedoms, for the resultant force and

moment on the system are not, in general, zero when the oscillations

occur in an airstream, Lastly, there will be one coordinate for the
angular movement of each control surface which is concerned in the flutter,
The main problem is to decide which of the normal modes and genersl freedoms
must be retained in the calculations,

Por a conventional aircraf+t, having a fore-and-aft plane of
symoetry, and in straight symmetric flight, the small oscillations of
symmetric and antisymmetric types will be independent. For each type
only the corresponding normal modes, general freedoms end control
movements must be retained, For example, in symmetric flutter a
single symmetrically placed rudder takes no part and the body freedoms
are pitching, normal displacement and fore-and-aft displacement; the
latter will usually be negligible.,

In order to determine what normal coordinates are to be

retained the influence of an added coordinate on the energy balance
must be examined. We accordingly pass next to the equation of energy.

Le The Bguation of Encrgy

For the sake of conciseness and perspicuity we shall use the
matrix notation., Thus the whole set of the equations of free motion
will be written

Aé_"’:‘ B{-i +Cq = O 'oeolalevolon«aaoaou(1)

/WHere covecoss

=
The ideas of Part I are to some extent baced on Ref.5.
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B, C are the square matrices of thc inertias, damping

and stiffnesses, respectively, and q is the column

of the generalised coordinates. A, B and C are independent
generalised coordinates and of time. The equation of energy .
ined by premultiplying the last by §', i.c., by the row matwziz™
elements are the generalised velocities, and it is accordingly

4'Aqd + §'B4 + §4'cCg = O. T T T )

A is always symmetric and the kinetic energy of the system is

?3 %&' Aq’ .-o..ooo-oo-----...pos---oo--c-s..oo-u-.-ov(j)

& quadratic form in the generalised velocities. Therefore

at
at
since A is independent of timc. But

= 24" A9 + 39" AG

q'Ad = §'AY

by transposition, since A' = A, and we obtain

®eOPIIONITOILILIOLEIIOIIOITTIIOBIEOOLRBOGBONOGINOINPORRED SO \Ly

. "
dt

For a system subject to acrodynamic actions neither B nor C is, it
general, symmetric. We may always put

%
(5)

B =B1 +B2 L R e I O I I T I B S S S Y

G ==

1l

-\
1 +02 Il...I.I.Il.‘.ﬂ....IIO.00&0.'..&..0!..'!.}0(6'

where the suffixes 1, 2 are applied to symmetric and skew-symme tric
matrices respectively. Then

B1 =.12-(B+B') ...eoll...I.l...llllll..’ﬂ.ll-f"ﬂ"\l\l..ll‘-.‘(_’:‘-{!’—}

B

4 ; %
'é- (B b B‘) L I R I I T T S S ;l\BB_

1]

2

and there are similar expressions for C

and C,» Let the dissipaticn
: 2
function be

1

§= jz_ Q‘BE‘{ = % Q:B-[Q 'o.n--o-..-oo.ccooocso-ntoa'e-e;n._c(?)

since xtYx = 0 S FUNCR P S RPIRRITRRRPIR. ( . |

when ¥ is skew-symuetric and x is arbitrary. Also let the potential’

be
V=-%q‘c1q cepesses il s mm e R R SR S )
so that
Z;:fm'i‘%q- T TR S PN .. .,
SPHE & anonn siws
= —

An accent appended to the symbol for a matrix indicates that its
transposed is to be taken,
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The equation of energy (2) can now be written

_@-1: (F+Y) + 2?4- 4'c,q = 0. U P e e T | < =

The final term in the last equation is of great importance and must be
discussed in detail.

The equation of energy is valid for any free motion of the
system, but particularly illuminating deductions can be drawn when the
motion consists of a single constituent, curresponding either to a single
real root or to & conjugate complex pair of roots of the determinantal
equation,

case (a) Real exponential motion (Divereence or subsidence).

Hoere we have

s
q—‘q(-'xu tvlﬂ'tl’Q..IlIOIHB-la..‘.".‘.l-......t-..l.l..l(‘iz)

(@]

with A real and qQ, @ column of real constants, Then

i

4 = Agq

i

and (’1’C?q }\q'Czq:—.O -to.tl..-l-llt..l-.-IOOHCOI!GOOOOOIIIOC(13)

by equation (8). Therefore the equation of energy (11) becomes

—— (TF) + 2F = 0. ¢ BOEEE R e Se s s ey el Tk

If § is negative, obviously the gotion can grow. But suppose now that
is poesitive during the motion . Then we get

= (T¥) <0
at all ingtants., So long gs‘%ris essentially positive this implies decay
of the motion. However, ¥ is not wholly of elactic origin and at higher
valucu of the relative wind speed it may cease to be essentially positive.
Then™ may incresse, i.e., the motion may grow, through A4 being
ggative, At a critical speed for divergence A, at
%gand ¥ are zero and the equation of energy becomes

V= Oons‘tan‘t, : ..tc.l‘-cllaalocl-.o.I--.c.l‘:l.l!oc..c.(15).

but the displacements need not be zero as they can be supposed to grow
exceedingly slowly to finite values. This equation can be made the
basis for calculating the critical divergence speeds, but we shall

not pursue this question here.

fC8Ee (D) weeees

* When the values of the acrodynamic damping coefficients for

divergent motion as given by two-dimensional vortex sheet
theory are used, the condition that the dissipation function
shall be ogaenxlally positive is not satisfied for any value

f the non-dimensional divergence parameter Ac/V. The
dlSmlpgthn function will be essentially positive when there
is enough structural damping,
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where x, ¥, z are the rectangular cartesian coordinates of the
element of mess 4 m, and the summation covers all the elements of

mass for which the expression in the bracket does not vanish.

The complste coefficient A contains, in addition, the corresponding
virtual inertia or reversed ° acceleration derivative,

When and q, are normal coordinates the coefficient
Arq = A _ . vanishes™, The same is true when qﬁ is a normal
coordinate and q_ is one of the general rigid body frecdoms. This

follows from the “fact that motion in any normal mode can persist
independently of any other motion.

Por a cantilever wing with rigid support at the root we mey
usually neglect the chordwise and spanwise displacements in the
flutter, Then the structural contribution to Ar is

8
gz Az -
QA,‘O = :}u‘ :a ?‘-'?m., oa-a-oooo-o-oa--:--.-co-o--(zz)
|+ S A = el i,
q
€% “9%

Further, when the wing is straight and not swept back or forward and
it is assumed that each fore-and-aft strip moves as a rigid body®™*,
this expression can be reduced to the form (see the list of symbols)

8 718 {-f!
s Ba = 3 A, 3 ) L N N T T N N N N R R 2—5
-."'-‘"c‘-j“' ¢ ; - I,S(Tt)d?{ ( )
L & B __j
where o
a¥ a¥ fc
Apeln) = m == = [~
-IH C
q@ U
_? B
af a-f a¥ a 'ty /e
P& m " Em m e
\d2, dag e dqr %
i 2 k
. dnA~ d s c\
o LI T — — a.le...l.bl.an.no&ﬂoe-.-'sn-nb(2l-]—)
dg dqg o |*
‘11- <] O,
{v) Cross or Compound Demping Coefficients

=

hiese are mainly or wholly of aerodynamic origin and
the array of the coefficients is, in general, not symmetric, i.e.,

B i By, in general,  We mey, if we please, analyse these

coupling coefficients into syrmetric and skew-symmetric parts
(see equations 5A, 5B) and we may call these pure dampings and
gyrestatic terms respectively, This analysis, however, does not
appear to be particularly helpful.

SBOY e ien

“If' we assume that the virtual inertias are the same for & finite
air speed and for still air, then ¢, and g, should be

normal zoordinates for oscillations in still afr.
b . : , . :
To avoid circunlocution we shall henceforward call this a type C
wing.
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For the type C wing the general formula for an
aerodynamic demping coefficient is

B

g_ﬁ_vz}i =J§@s("i)d"l TR |

where

B =4 T (2)

rs w dqr dqs o

- 2
s " .
?:a8 ad 1t ank\ /e
R ol ol |
qZ‘ qS q‘E qT (@]

a z
m% 5‘_‘:}:“# drlﬁ G)J I‘..C.l.lIOI‘...0.....-..0..0(26)
dqr dqs C, Je

This expression is equivalent to that given in Appendix 3 of R. and M.

1904 *

(c) Cross or Compound Stif'fness Coefficients

When normal coordinates are used these coefficients are
entirely of aerodynamic origin and their array is, in general, not
symmetric, For a type C wing

C
rs

m =J(@rs(?i)d? o i e b e n s neh Gl

o i

6

where, in accordance with R. and M. 1904 ,

e .2Y i"-_ﬁ"(c_‘}

(o},

_m‘ e —— _._:'_ (_tf_- .-lC...l...l..l.............'(28)

/6e Comparison «....
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6. Comparison of Inertial and Aerodynamic Couplings

When normal coordirates are used the inertial couplings are
zero and in certain instances a comparison of the expressions for the
inertial and aerodynamic couplings shows that the latter also vanish,
More generally, the comparison may enable us to show that certain
aerodynamic couplings are esmall.

The special uniform wings mentioned in 52 provide examples
of what has been said. Here q/co is unity, the various coefficients
arc constants, and

a¥ g8

o B a—

%, T vy

where kr is constant for all r; this expresses the similarity of the
normal and torsional displacements in every natural mode. Hence

A : (d"& aal

s s /! \ ¥ v
e - 1 k k k + k 4 . e d se e 0
o %4_15_ im g * F (.r g j ¥ 'Jj dq dq_ "1 (30)

B % : Tﬂ".,?’d“} -
kB a2 % % 38 -m % _.,,1_‘%!—& PP
D ' Sl a
(“«-‘*VCO‘T){_ { Wor s ot T wos ;ﬁqi} 9. 5
o} ; O g 48
rs _(:‘,\/ d4 d i
e - k - 1 o _d.':"n'l nnooneln.a..e-nntt..l(}z)
r:vv 2::; £ ( Ll fA) qu dqs .

and all three coefficients vanish when

d ¥ a-
qur Ea_s-d?” O. q;-e.ocaounu.--.onon--o--oo--(33)

7. Principles Governing the Choice of Frecdoms

Suppose that a critical flutter speed V_ has been calculated
on the assumption that a particuler set of freedomS is effective and let
it be enquired whether some other reedom, F say, should be included
in the calculation, The compleéte answer to the question is given by
repeating the whole calculation with the new freedom F introduced and
comparison of the new and original critieal speeds and modes of displacement,
This method is usually extremely laborious and it is most desirable to
find an easier basis of judgment., It is here suggested that judgment
mey be based on a consideration of the possible influence of F upen the
energy balance at the critical speed V. . If it can be shown that the
introduction of F can neither add nor subtract more than a relatively
very small amount of encrgy then F may safely be neglected,

/The Sssannean
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The irfluence of F wupon the energy balance will certainly
be small when the amplitude of F is very small, We may estimate the
amplitude of F by forming the Lagrangian equation of motion corresponding
to_F and then assume that the other generalised coordinates have the
values already calculated at the critios speed; this approximation will
be justified if the amplitude of ¥ is in fact small. The emplitude
of F will then be given by

(sum of coupling terms reversed)

(Impedance in F at the flutter
frequency)

Clearly the sum of the coupling terms will certainly be small when all

the coupling coefficients are small and it may be possible to see that
this is so without calculating these coefficients. The impedance will

be large when the flutter frequency (in the absence of freedem F) differs
widely from the natural frequency for F alone, calculated at ths wind
speed V_ (since the direct stiffness coefficient for F may depend on V),
We conclude that it will not usually be safe to neglect F when its
broper frequency is near that of the flutter, On the other hand, when
the proper frequency of F is much higher than that of the flutter the
impedance will be very large and the amplitude of P will be very small;
hence F can be neglected.

When the amplitude of F is neither large nor very smail the
decision to retain or reject should be based on a consideration of the
sensitiveness of the energy balance to 7. If some of the stiffness
couplings betwecen ¥ and the other degrees of freedom show large
skew-symmetric components (see B4) then it should be retained,

By Illustrative Examples on the Choice of Freedonms

A few simple examples are added here to illustrate the principles
put forward in §7.

(a) In what circumstances can the aileron coordinate § be

neglected in wing flutter?

The_stiffness coupling derivatives Ie and He (zero)
are widely differentz; likewise Mg and He are wié%ly differents
Hence the equation of energy shows that movemént of the azileron may
feed in much energy to the system, as is otherwise obvious,
Consequently the aileron coordinate £ must be retained unless it

can be shown that the amplitude in ¥ is very small. This will be

true when either or both of the following conditions are satisfied:-

(1) The aileron impedance is very high, This can only
be attained by providing the aileron with a very
SHLL elastic constraint (irreversible control),

(ii) A1l the coupling coefficients affecting the aileron
hinge moment are extremely small, These are
the two aileron products of inertia, and the
aerodynamic derivatives Ho s Hgy, Hpe The
latter will all be small for a certein location
of the aileron hinge and the Products of inertia
can be made very small by suitable disposition
of masses,

FUBY voees
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(b) Must we bring in overtonc modes in considering the flexural-
torsional flutter of a cantilever wing not carrying large
concentrated massess?

Ve have seen in 82 that for a uniform cantilever
wing with a certain special but quite reasonable elastic specification
the two gravest modes™ are strictly uncoupled to the higher modes,
For other straight cantilever wings of normal proportions the
couplings will be small, although not zero, Also the impedances
in the overtone modes at the flutter frequency will be large on
mmmmtoftm:g@ﬂ:ﬁmmﬂiyinfm@mmw. We conclude that
the emplitudes in the overtone modes will be very small and that
only minor errors in the critical flutter speed will result
from neglect of such modes,

(¢) Flexural-torsionsl flutter of a cantilever wing cerrving

L . T . . S

2_large concentrated mass

If we take one of the two gravest modes the
inertial coupling coefficient with any higher overtone mode
is zerc, In the expression for this 'product of inertiat
the displacements at the large mass are clearly heavily
lweighted', but these displacements are not heavily weighted
in the supressions for the aercdynamic couplings. Thus
we have evidently no right to assume that the aerodynamic
couplings of the modes are small Just because the inertial
couplings are zero, Hence the higher overtone modes ecan
only be neglected when their impedances at the flutter
frequency are very large, i.e., when the disparity of
frequency is large, Hence we must expect to find it
necessary to retain some of the lower overtone modes beyond.
the first,

/PARU.‘ II ® 2t v avrsan

In general both involving both flexure and torsion; the
first mainly flexural and the second mainly torsional,
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PART IT

METHODS FOR PREDICTING FLUTTER
CHARACTERISTICS

9o  Non-Dimensional Form of the Equations of Motion

It is convenient to reduce the equations of motion to a
standard non-dimensional form. When all the displacements are
propertional to exp (At) the complete set of dynamical equations in
the selected degrees of freedom can be written in the matrix notation

(A??-{-BV?\+DV2+E:1 q_:o -o-oooepoca--'-a.olotco(jil-)

where A is the inertia matrix

BV " " Jdamping matrix
E " " matrix of the elastic stiffnesses
Ve " " matrix of the aerodynamic stiffnesses.

We shall now suppose that the m dynamical coordinates q are
all non-dimensional (e.g., angles), Then, if p and & are air and
material densities and €. is a typical linear dimension, we may define |
a set of non-dimensional matrices of coefficients by the equations |

A = i‘ir{-Sa a-oac-co.-ooc-«---.aooon--ooo--aa-a-q-(35)
B 3p€»&b tooo--na.oaoaal-ooo.oc-onnn-u-----.1.o(36)

P‘{i3 a ..-.ona-.9--=o-c---oa-a.c-.u-.oa.oounao(j?)

g
it

=
i
T
i
a
S}
@

ll...l..t.f.'0'.D.;.I'IIB.QII...II.l.l(ja)

where U is one of the velocities of propagation of elastic waves in
a typical material of construction. Next, introduce the auxiliary
non~dimensional variables

f? =‘Vl;"":'o' n-o.-s-o.oono-.acc-o.-:ooooca.--:-----a-.(}gl)
B L 2
» £ U
1;% ":,/:\_—) oa---oa--ocac-cocno-ca-o.c--o-.n-o-nt-(lpo)
LV
}{ = &'l iDBI.IO.OOID!O...-...l.tl.llnle.l.lllu(l’-|-1)
‘?‘{‘V

The equation (34) can now be rewritten in the non-dimensional form

2 wr
{‘:a:“\‘- +‘ffb}{ + d + J.; e)q = Oo cu--o-.-----uaa.o-aov-.no(tl-z)

At a critical flutter speed and for the flutter component we can put

-}4=ilw --'-I.n-ﬂlt.!i.lt...la..--.n.n..........(L}-}) |

/B.I'ld Aeesaes

|
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and the equation to be satisfied is

("’ -'3.&32 i iqbw “+ d. +g 6) q_ = OQ ollIoﬁlb..l.ll...tn.l!(l‘i‘}-i-)

The problem consists in finding § and o so that the set of linear
scalar equatione represented by the foregoing matrix cequation shall be
compatible.,  Methods for doing this are described below.

10. The Orthodox Method of Solutionz.

We regard 7} and the matrices a, b, d and ¢ as known
constants., If frequency-dependent derivatives are used this implies
that some estimate of the flutter frequency parsmeter has already
been made,

The conditionfor compatibility of the scalar equations
represented by (42) is the 'determinantal equation!

/5G6E) =0 SUSSSRNSUTNPR RO | -

where the expression on the left is a polynomial in Y, in general of
degree 2m, whose cocfficients are functions of £ . At a criticel
value of ¥ +this equation is gatisfied by the pair of equal and opposite
roots «+ i¢are Accordingly the parts of A containing even and odd
powers of ¢ vanish separately and we derive a pedr of equations which
we may write

3:::3"1 l<'d’2§:] :O Il.l‘...D'GI..ﬁd-..I‘l.-lu-l'.l..lll.(lhus)
2 4
&2{3’“”?} =Oo n.tncoﬁno-c.oao.oannaa-.--ocaooatcnuu(h—?)

The result of eliminating é¢ from these is

Tn_‘! (F;) = 0 ................-.-u.n.....---...-..(ly-a)

where Tn"1 is the penultimate Routhian test function and n is the
degree in »< of the determinantal equation. The last is a polynomial
equation for § and when its roots have been found the critical flutter
speeds can be obtained from (40). F¥inally, the flutter frequency and
the complex modal ratios can be calculated.

It is worthy of remsrk that the test function always vanishes
when the relative density parameter N 1is zero. Thus Tn—1 contains
a power of 7 ag a factor and when this is removed we are left with a
polynomial in ¥} whose 'constant! term is the asymptotic form of the
test function for low relative air density. Since the critical values
of ¥ are then independent of ¥} , equation (40) shows that the
'equivalent® or indicated critical® flutter speeds are independent of
the densities. It appears that modern heavily loaded aircraf't are
in or near this asymptotic condition.

The orthodox method is systematic and yields all the

desired information. Its drawback is that it becomes unworkably
laborious vhen the number of freedoms is greater than 3.

/113 r_r_ll_?- ER RN
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11.  The Method of R.A. Frazer8

Frazer writes the equations (46) and (47) as™

Boa¥) = 0 sesissicsremmasevenmsencen it e

glx,y) = 0 cesernmnereseesess s es s see s SR el

where x st v essE RSSO SH VIV e Enaiis ool
and y = ? B e

Since x and y are both real they could be found from the real
intersections of the curves (49) and (50). Frazer shows that the full
expressions for the functions f and g can easily be calculated from
expressions in partial fraction form containing the values of £ (%,%)
corresponding to a special set of points (%, y). These are the inter-
sections of a standard set of straight lines satisfying the conditions

(a) No two are parallel

(b) No three are concurrent,
Much labour can be saved by use of this method when the number of
freedoms is large. It is to be regarded as a special development
of the classical method, designed to minimise labour.

Frazer and Bratt have proposed mechanical and electrical

methods for the description of the curves (49) and (50).

12, Methods Based on the Use of Matrices

The determination of the roots ¥ for a given £ can be
made to depend on the problcm of finding the latent roots of a certain
matrix (Duncan and Collar?,10),  An iterative method for finding
the latent roots without expanding the charascteristic determinant is given
by Duncan and Collar and other treatments are described by Hermamn and
D8rr11, It is not considered that these methods have yet been developed
to the stage where they would be advantageous from the aspect of labour
saving in flutter problems.

13 The Method of Duncan, Collar and Lyon?

This method is based on the fact that the mechanical impedance
of the system is zero at the critical flutter speed and for simple
harmonic epplied forces having the frequency of the flutter., The
method consists, in effect, in calculating the impedance for a number
of assumed air speeds and frequencies and determination of the condition
of zero impedance by interpolation, Since the impedance is found merely
by solving a set of simultaneous linear equations with known coefficients,
the calculations are relatively simple. The method has the further
advantage that the modes of oscillation in the flutter are obtained
incidentally from the calculations., :
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¥  Frager does not use the special reduction to the non-dimensionsl

form adopted here, but his method is essentially as stated,
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It is convenlient to malte the caleulations in the following
nanner, ﬁ‘b t“ﬁ";1y alegn the applitude of one dynamical coordinate

(say, put 1) and use the dynemical equations corresponding to
free motlon in the OLaFr coordinates to calculate the emplitudes of
these for the assumed & roeed and frequsney; this requires only the

solution of a set of qimulJHnuoda linear equations whose ccefficients
are, in general, cor plex on account of the presence of the damping
terms, The empliludes of all the dynamical coordinates are now
Inmovn and when tohece are inserted in the equation for the coordinate
q, the exprecsion on the left hand side is equal to the amplitude

or' the generalised force Q. which must be applisd in order to
maintain the sssumsd motion:  This is the impedance, in general
complex, siuce q, is unity, The vanishing «f the coxplex impedance
implies two condiiliuns ond it thus becomes possible to find both the
critical flutter gpeed and frequency by interpolation when the
impedance has been coleulated for a few pairs of values,

The quick success of this method evidsntly depends on making
a good preliminawy guess or estima tﬂ of the critical flutter speed and

frequency,

4-ll-‘:. ‘ICthPI‘ IYﬂTLJ L‘ Jlf 'thJ.

e

We may procced exactly as in the last method until we
veach the finel dynomical equation correcpending to the assigned
coordinate a . Hewever, the expressicn on the left hand side
of the equatifn is equated to zero (free motion) while £ in this
is regarded co unimown. We shall thus derive a value £’ for § s
in general complex; the condition to be satisficd

3? ) e g - O
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wihlch is equivalen® to a palr of real equations. The critical
values of : &ze To be oblained by trial zud interpolation,
as in the pr:vicusly described msthod,
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LIST OF PRINCIPAL SYMBOLS USED

The symbols are in alphabetical order and the Creek
letters follow the Roman,

An accent indicates the transposed of a matrix.
A dot above a symbol indicates its time rate of change.

The numbered references are to equations,

A matrix of inertial coefficients

general inertial coefficient (sece (21) )

rs

Chs, See (24).

a ron-dimensional form of A. See (35)

B matriz of damping coefficients or the same divided by

V. See (34)

B1 symnetric part of B, See SA

BZ skew-symmetric part of B, See 5B

L general demping coefficient. See (25)

i3 See (26)

rs

b non-dimensional form of B. Sece (36)

c ratrir of stiffness coefficients

C{ symmetric part of ¢

02 skew~symmetric part of C

Cog general stiffness coefficient. See (27)

{?rs See (28).

¢ chord of wing

c, chord at wing root

D matrix of aerodynamic stiffnesses, divided by V2.

See (3k).

d non-dimensional form of D, See (37).

a matrix of elastic stiffnesses

e non-dimensional form of E. See (38)

§?; dissipation function. See (7)

k distence of local flexural centre aft of leading

edge as fraction of local chord.

/jo LR
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q,o.' q_1

19—

local value of moment of inertia about leading
edge, per unit span, divided by och

See (29)

distance from wing root to reference section or
other typical lineer dimension. See also 7).,

Local non-dimensional aerodynamic
derivative coefficients
referred to
leading edge.,

nunber of dynamical coordinates

local value of mass per unit span, divided by 5’02.

local value of mass moment _about leading edge, per
unit span, divided Ly oc?,

column matrix of dynamical coordinates, which are
teken to be non-dimensicnal,

See (16)

rEE dynamical coordinate or its amplitude

kinetic energy of system

periodic time of flutter

penultimate test function in Routh's sequence
time

a velocity of propagetion of elastic waves in a
typical material of construction

*potential! of system. gee (9)
true air speed
lateral distance from plane of symmetry or wing root

normel displacement

y/£ in (23), (25) and (27)
~Ng
local twisting or pitching displacement

downward normal displacement
of leading cdge, divided by e

non-dimensional speed coefficient., See (40)

.,
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el

a non-dimensional frequency
parameter, See (41)

coefficient of t in exp (At)

real part of A

air density

density of typical material of wing

coefficient of imaginary unit in A or X,

See (16), (43);
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