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Keywords: Explaining what a reinforcement learning (RL) control agent learns play a crucial role in the
Q-learning safety critical control domain. Most of the approaches in the state-of-the-art focused on imitation
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learning methods that uncover the hidden reward function of a given control policy. However,
these approaches do not uncover what the RL agent learns effectively from the agent-environment
interaction. The policy learned by the RL agent depends in how good the state transition mapping
is inferred from the data. When the state transition mapping is wrongly inferred implies that the RL
agent is not learning properly. This can compromise the safety of the surrounding environment
and the agent itself. In this paper, we aim to uncover the elements learned by data-driven RL
control agents in a special class of discrete-time linear autonomous systems. Here, the approach
aims to add a new explainable dimension to data-driven control approaches to increase their trust
and safe deployment. We focus on the classical data-driven Q-learning algorithm and propose
an explainable Q-learning (XQL) algorithm that can be further expanded to other data-driven RL
control agents. Simulation experiments are conducted to observe the effectiveness of the proposed
approach under different scenarios using several discrete-time models of autonomous platforms.

1. Introduction

Explaining reinforcement learning (RL) decisions remains a key challenge in explainable artificial intelligence (AI) and safety
critical control domains [1,2]. The black-box nature of RL decisions hinders the interpretation and understanding of why a particular
control policy is obtained and what does the RL agent is learning or inferring [3]. Despite diverse research has been conducted to
explain the behaviour of supervised machine learning decisions [4], there is a gap in how we can explain RL decisions [5]. This is a
challenge in current autonomous systems applications for navigation or tracking that involve drones or autonomous ground vehicles.
Here, the level of autonomy of these platforms is high and require that the embedded data-driven algorithms are trustworthy for their
safe deployment.

In view of this, the incorporation of explainable tools in the RL design is actually a crucial requirement in safety-critical domains
such as transport and smart living, where autonomous decisions can have life threatening consequences. The state-of-the-art has
adopted similar explainable techniques as those used in supervised learning models. Here, the obtained explanations highlight the
mapping from states to actions, but without explaining what does the RL agent is effectively learning.
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We can distinguish two main families of explanations given by gradient-based methods [6,7] and perturbation-based methods
[8,9]. Both methods aim to uncover the local importance weight [10] of each input feature by either altering the inputs or computing
the derivative of outputs against the inputs [11]. These explainable methods allow the construction of a low-complexity model that
locally approximates the machine learning algorithm. These methods are effective on supervised-learning architectures to detect the
feature importance of the predictive model. However, the control policy of a RL agent is not only a mapping between inputs to
outputs, in fact, it is a mixture of different factors ranging from the system dynamics to the learning mechanisms of the RL agent.

This challenge is also observed in data-driven reinforcement learning control approaches where it is unknown what the RL control
agent learns from the data either on-line or off-line [12]. Therefore, there is a need to increase the trust and safety of data driven
control approaches similarly to what it has been developed so far for Al algorithms. So, in this paper we aim to tackle this challenge
by developing a novel explainable RL control approach for a class of discrete-time linear autonomous systems that uncovers the
elements inferred from the data by RL control agents which can be used for further explanations.

1.1. Related work

Some of the most recent approaches to explain RL decisions is by means of inverse reinforcement learning (IRL) and imitation
learning (IL) [13-15] methods. The key idea is to uncover the reward function that is used to derive the control policy. This is partic-
ularly efficient in experience transference applications for safety critical control. Despite the reward function offers the most succinct
definition of the task that a RL agent aims to achieve, there are some specific challenges that hinders the accurate interpretations of
RL decisions. These challenges are: i) multiple reward functions can obtain the same control policy [16] which can lead to biased
explanations and ii) IRL methods cannot uncover what does the RL agent is effectively learning from the collected data.

Other approach incorporates the concept of intended outcomes [4] to explain actions preference of RL agents. The key idea is
to either decompose scalar reward functions or Q functions in terms of sub-reward goals and a state-action grid. This is similar of
what we are interested to implement in this paper to understand the action selection in a specific state. However, this idea has not
been explored in the data-driven control domain since the designers only care of the final control policy without considering other
learning elements.

One of the main elements in any RL architecture is the exploration step [17,18] which is used to discover the state-transition
function properties. This is a crucial factor to ensure that the learned policy is the one that satisfies the reward requirements in an
infinite horizon [19]. Therefore, one key element to explain RL decisions can be regarded as how good it infers the state-transition
function of the agent-environment interaction. State-transition function learning has been studied as a separate model to the RL using
any system identification technique based in either least-squares (LS) or gradient rules [20,21]. Dynamic mode decomposition [22]
has been used to uncover a discrete-time linear dynamics of diverse autonomous systems from the data which preserve dynamic
properties in a low-dimensional representation. However, due to the independent nature of these models, we cannot affirm that the
estimated model is the one that is learned by the RL agent since both methods have a different learning objective. Other approaches,
incorporate an additional learning module in the RL architecture to identify the state transition function dynamics [23,24] and
facilitate the development of the task. This helps to understand better what does the RL agent is learning with the compromise
of increasing the computational complexity of the algorithm. However, these approaches are more oriented to a physics-informed
approach that constraints the agent’s learning in the direction of the learned state-transition model. Similarly, physics-informed
approaches have been developed to provide physical information to data-driven methods that enables better inference and prediction
capabilities [22,25].

1.2. Contributions and notations

In view of the above, this paper provides the first attempt to provide explanations of data-driven reinforcement learning control
policies of a class of discrete-time linear autonomous systems. The approach is inspired in what state-transition dynamics the RL
agent learns in each iteration and how it shapes the final control policy. To this end, we focus on the classical Q-learning algorithm
(which can be expanded to other RL architectures) and propose a novel explainable Q-learning (XQL) algorithm. The proposed
XQL approximately infers the state-transition dynamics that is learned by the Q-learning algorithm. This permits the construction of
explanations that determine why a particular policy is learned based on the inner learning elements of the Q-learning algorithm. In
contrast to standard and independent identification algorithms, the proposed approach aims to discover what does the reinforcement
learning algorithm learns from the data to explain why a particular control policy is obtained. Fig. 1 depicts the high-level diagram
of the proposed XQL.

The main contributions of the proposed approach are:

1. A natural state-transition inference algorithm is developed based on the outputs of the Q-learning algorithm.

2. Alearning hierarchy is established to identify the main elements that are inferred from the data and how they are interconnected.

3. To best of our knowledge, this approach gives the first attempt for providing explanations of what the reinforcement learning
agent is learning from the data for a class of discrete-time linear autonomous systems.

Throughout this paper, N, R, R", R™™ denote the spaces of natural numbers, real numbers, real n-vectors, and real n X m-
matrices, respectively; I, € R"™" denotes an n X n identity matrix, £, defines the set of bounded functions, A.;,(A) and 4., (A)
denote the minimum and maximum eigenvalues of matrix A, respectively; ® and vech(A) defines the symmetric Kronecker product
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Fig. 1. Explainable Q-learning (XQL) scheme.

and the half vectorization of matrix A, ||x|| and || A|| define the Euclidean and induced norms of a vector and matrix, respectively,
where x e R", A € R"™" and n,m € N.

2. The optimal control problem background

Consider the following linear time invariant discrete-time system,

X411 = Ax; + Buy, x(tg) = xg, (€D)]

where x;, € R” is a measurable state vector, u; € R™ is the control input and A € R™" and B € R™" define the dynamic of the
system which are assumed to be unknown, and x, € R" is the initial condition. It is assumed that the pair (A, B) is controllable.

Assumption 1. In this paper, it is assumed that matrix A is known and has an upper triangular structure. This structure is common
in several autonomous platforms including aerial and ground vehicles.

The main objective of the optimal control problem is to find an optimal control policy u that minimizes the following infinite
horizon cost index [26],

J= i r= i(xiTQxi +u] Ruy), )

i=k i=k

where Q = QT >0 € R™ and R = R" >0 € R™" are weight matrices that impose a desired behaviour that the user aims to inject
to system (1). r; is known as the reward, objective or utility function that we aim to optimize in an infinite horizon.

2.1. The linear quadratic regulator

For a given control policy u;, = u(x;), the associated value function [27] is given by

V(x,) = Z(xiTQx,- + u;rRu,-). 3)
i=k

The value function (3) can be written as the Bellman equation as follows,

(o]
Vix)= xZka + uZRuk + Z (xl.TQx[ + ul.TRu[)
i=k+1
V(x)=ri+V(xi,p). 4

Assume the value function is quadratic in the state, i.e.,
V(x,)=x, Px,, 5)
for some kernel matrix P = P > 0 € R"™" which is the solution of the following discrete Algebraic Ricatti equation (DARE),

ATPA+Q-ATPB(R+B"PB)'BTPA=P. 6)

Then the following Hamilton-Jacobi-Bellman (HJB) equation is derived by inserting (1) in (4) and using the optimal value function
definition (5),

H (x;.u;) =(Ax; + Buy)" P(Ax; + Bu,) — x| Px,
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+x,0x; +u] Ruy =0. @)

The Q-value function can be defined as the sum of the optimal value function (5) and the HIB (7) as Q(x ., u;) =V (x;)+ H (x;, u;).
Then, the Q-value function can be written quadratic in terms of the state x, and control u, as

T
I _ | %k Sxx qu X
O(xy,uy) 1=z, Sz, = [uk] [ST SW] [uk] , (8)

where z; = [x],u]|T €R™" and § = §' >0 € RH™X+m with § = ATPA+Q, S,,=A"PBand S, =B"PB+R.
The optimal control policy u; is obtained by differentiating the Q-value function (8) with respect to u; and equalling to zero as

u* =arg min O(x,u
k gukeRmQ( ©

=-818T x; :=-Kx,. ©)

Xu
The control policy (9) is the optimal control policy also known as the linear quadratic regulator (LQR) control [28]. This control
policy is explainable by definition since it is based on the knowledge of the system dynamics A and B. Here, the explanations can be
easy derived by analysing how the policy changes by varying either A, B or both.

2.2. Batch least-squares Q-learning

When matrices A and B are unknown, then a model-free algorithm can be used to derive the optimal control policy. This algorithm
is known as Q-learning which has been well-studied in previous works [29,30]. The idea consists in estimating the elements of matrix
S by using the following approximation,

OCx;.uy) =z, 8z, _ (10)
~ A~ L
O(x;.uy) =(z] ®z] )vech(S) :=¢, 0,

~ AT PN 1
where S =S > 0 € RO+"X0+m) g an estimate of matrix S, ¢, = (z; ® z,) is the set of basis functions, and 9 e RarHmrm+l)
defines the upper triangular elements of matrix .§ which are updated each iteration i of the Q-learning algorithm. Here, both the
QO-function (8) and its approximation (10) verify the Bellman equation (4). For Q-learning we have

é(xk’uk) =r;+ é(xkﬂvukﬂ)
(y — ¢k+1)Tai =Ty (1)

Assume we collect ¥ > w = %(n + m)(n+ m+ 1) samples of (¢, — ¢, ;) and r; respectively, to construct the following matrices

| I
o= é — b eRY*  r=|r, |€R".
| I
Then, the parameter estimates 9 of the QO-function are estimated by solving the following batch least-squares (BLS) rule in each
step of the Q-learning algorithm,

o T\-1
0 =(PD') Pr, 12)

where the elements of S can be recovered by the symmetric matrization as S= mat(@l) The optimal/near optimal control policy is
given by
PPN ~
uj; =-S5, Sux,=—Kx,. s
Convergence of the BLS Q-learning update rule is given in [31]. The computational complexity of the algorithm is O(ixw?), which
is associated to the least-squares rule iterated i times. The BLS Q-learning algorithm is summarized in Algorithm 1.

Remark 1. Learning optimal controllers from data is not a simple task. Traditional controllers use knowledge of the system dynamics
to compute optimal controller or heuristically tune controllers until a performance is achieved. This is not the philosophy of data-
driven control approaches, which aims to discover control laws from the data that preserve the dynamic properties and expert’s
requirements given a cost function. Q-learning is one of the simplest optimal data-driven controllers that fulfil the objectives of data-
driven control approaches. Therefore, the motivation of using this kind of controllers is to maintain optimal control performances
even the dynamic changes and without human intervention.
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Algorithm 1 BLS Q-learning algorithm.

1: Initialize with an admissible control policy u(,: and add a probing noise u signal for excitation, stopping threshold ¢, and set i =0
2: for k=0,1,... do
3:  Collect data z;, and r; to construct the matrices @ and r.

4 if rank(®) = %(n +m)(n+m+1) then

5 Seti«—i+1. )
6: Solve the BLS rule (12) and construct S from 9.
7 Update control policy uL using (13).

8 Stop algorithm until convergence [|8 — Gl I<e
9: else

10: Go to step 3.

11:  endif

12: end for

Control gain K

Learning
Elements in -
Q-learning

Q-function Q(x,u)

Kernel matrix P

State transition
matrices A,B

Fig. 2. Elements learned by the Q-learning control algorithm.

3. Explainable Q-learning (XQL)

The main goal of the Q-learning algorithm is to learn an optimal control policy from the data collected from the interaction between
the agent and the environment [32]. Q-learning is based on a value iteration algorithm whose aim is to find the optimal state-action
value function (also known as Q-function) to derive the optimal control policy. Here, both the control policy and value function play
a fundamental role in the observed performance of the RL agent. However, there are hidden elements that are not explicitly learned
by the Q-learning algorithm, instead they are inferred from the data to obtain both the optimal value function and control policy.
These hidden elements are the solution of the DARE (6) given by the kernel matrix P and the state-transition dynamics A, B that
obey the agent-environment interaction. These elements establish levels of hierarchy that allow the construction of explanations of
the complete learning process. The elements learned by the Q-learning control algorithm and most of the data-driven reinforcement
learning control agents are depicted in Fig. 2. Here, the control gain K is the one that depends highly on the learned Q-function.
Equivalently, the precision of the learned Q-function depends in how good the kernel matrix P and the state-transition model A,B
are inferred from observational data.

In this paper, we hypothesize that the final control policy depends highly in how good the state transition function is inferred.
Here, the inference of the state-transition model affects the complete learning chain which covers the kernel matrix P, the Q-function
QO(x,u) and finally the optimal control gain K. To this end, we aim to provide explanations of what the Q-learning algorithm is learning
and the mechanisms to modify its performance into a desired one. Parameter identification algorithms [33] such as least-squares,
dynamic mode decomposition, and gradient rules can deal effectively with the state transition dynamics identification. However, they
cannot ensure that the estimated model is the one that is learned by the RL control algorithm. This is evident since Q-learning learns
a coupled matrix S whose elements are quadratic in terms of A and B. Therefore, multiple combinations between the elements of
//X\i ; and §,—k can yield the same matrix S.

In this paper, we propose a novel explainable Q-learning (XQL) algorithm to infer what state-transition function model is learned
by the Q-learning algorithm. The proposed approach maintains the traditional Q-learning structure, but it incorporates a new module
to infer the state transition dynamics using a matrix decomposition approach of the learned matrix S and a simple heuristic rule.
This will allow to uncover the state-transition model in each iteration i of the Q-learning algorithm and avoid the biased conclusions
of independent identification algorithms.

3.1. State-transition inference

It is well known that the Q-function under the optimal control policy u* is equivalent to the quadratic form of the value function
(5). Equivalently, from the O-function approximation (10) we obtain the following relation
T
AT ]

f’=[1n —f(T]S‘[lﬂ -k (14)
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A AT A~
where P =P > 0 is an estimate of the real kernel matrix P. From the estimated matrix S we have that

ATAA A

A PA=S_-0. (15)
The eigendecomposition [34] of matrix (3‘ w— Q) is

8.,.-0=VDVT, (16)

where V' € R™" is an orthonormal matrix composed of the eigenvectors of (3‘ « — Q), and D € R™" is a diagonal matrix whose
entries are given by the eigenvalues of (S, — Q). Then, we can equivalently write (15) as

1T840,
V'A PAV =D

o a7
W' 'PW =D,
where W = AV € R™"_ We can additionally find the eigendecomposition of the learned kernel matrix Pto obtain,
T Tw —
W'UDU'W =D, 18)

T'DT =D

where U € R™" and D € R™" denote the matrices of eigenvectors and eigenvalues of f’, and T =UTW € R"™", The last equality
of (18) means that D and D are congruent matrices given a transformation matrix 7T'. Due to the relation in (18) we can define T as
a diagonal matrix whose entries are given by

T Dii (19)
=4 —.
ii - D..

1

The sign of each element of T can be easily computed as the sign of the diagonal elements of U V. Therefore, the learned matrix
A can be computed as

A=UTVT. (20)

The approximate matrix B can be obtained from § by using the following relation,

xu*

~ AT~ A
B= (A P) s (21)
Notice that the estimated matrices A and B fulfil the DARE (6),
AT A AT A ATas (ATan
A PA+Q—-A PB(R+B PB) B PA=P. (22)
This means that the estimated matrices A and B under the same weight matrices Q and R yields the same kernel matrix P. Notice
that A and B are not necessarily equivalent to A and B due to the diagonal structure assumption of matrix T'. This means we have
a loss of information in the approximation which slightly modifies the closed-loop performance.

To clearly identify if the Q-learning algorithm is effectively learning the appropriate dynamics from the data, we use the following
heuristic based on the spectral norm

H=||All - |All < ey, (23)

where £, > 0 is a small threshold associated to the loss of information in the inference algorithm. This means that if the heuristic is
satisfied then the Q-learning algorithm is effectively learning the state transition dynamics. In this case and without loss of generality,
we can use A instead of A and compute directly B as

B= (Afv)_lﬁxu. @4)

Conversely, if the heuristic is not satisfied means that the Q-learning algorithm is inferring a wrong dynamics and require either
more episodes or increase the richness of the collected data, i.e., to improve the proving noise signal or excitation signal.

3.2. Approximation error due to the loss of information

The following theorem establishes that the approximation error between the real and estimated state transition models yields
trajectories with a small bounded error which decreases as k — .

Theorem 1. Consider two asymptotic stable closed-loop systems (eigenvalues lie in the unit disk) constructed from the real and the estimated
matrices,

X1 =(A-BK)x; :=A.x,
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Yir1 =(A—BK)y, :=Ay, =(A. +AA)y,.
where y, € R" defines the states of the estimated model and AA, € R™" is an approximation error of the closed-loop state transition model.
Define the estimation error as e, = x; — y, with its corresponding estimation error dynamics,
e =Ace,—AALy,. (25)
Assume there are two symmetric and positive definite matrices M = M >0 € R"™" and N = N' > 0 € R"™" that fulfil the Lyapunov
equation
ATMA,-M+N=0, (26)

Then, the estimation error e, remains bounded within a small set of radius u as k — .
The following two definitions are required before we prove Theorem 1.

Definition 1. The closed-loop error dynamics (25) is input-to-state stable (ISS) [35] if there exists a L-function f and a K-function
y such that for each bounded input y, € £, and each initial condition e, € R", it holds that

lle,ll < BlleglD + 7 lyeID-

Definition 2. A smooth function L; = L(e;) >0 € R is called a ISS-Lyapunov function for (25) if there exist a K -functions a;(-),
a,(-), and a5(-), and K-function a,(+), such that for any r € R”, each e; and y, the following holds,

ar(Irlh) £ Ly (r) < ap(lirl)

Lyyy = Ly < —as(lleg|D) + ag(lly D

The first definition establishes that the behaviour of the closed-loop error trajectories remains bounded when the inputs y, are
bounded. This statement holds in the proposed approach since the input signals y, belong to a bounded and asymptotic stable system.
With the above definitions we can proceed with the proof of Theorem 1.

Proof 1. From the closed-loop error trajectories (25) we can verify the following state transition model,

k
— Ak+1 k—i
€1 =AM eg— ) ALTAAY,
i=0

Since the eigenvalues of A, lie within the unit disk, then there exist constants £ > 0 and ¢ € [0, 1) such that ||Af || < &o¥. Therefore,
from Definition 1 we have that

Blllegll. k) = Ec el

AA
el = X éo/IAA Nyl = SIAAD DT

Jj=0

To prove Definition 2, consider the following Lyapunov function

Lk:eZMek. 27)

By means of the Rayleigh inequality we can verify the first inequality of Definition 2 by defining a;(||e||]) = A, (M )le]|?> and
ay(llell) = Apax(M)]le]|>. The second inequality of Definition 2 can be obtained from the direct computation of AL, = Ly, — L,
under the error dynamics (25) and Lyapunov function (26) as

AL, _e aMeg —ekMek
=e/A/MA.e, —2¢] ATMAA,y, +y,AATMAAy, —e/ Me,
=—e,Ne, —2¢/ATMAA,y, +y, AATMAA,y,

AT MAA, |2

T 2 2
& lAA, MAA.| >||)’k|| .

1
<- Eimin(N)”ek”z + (

mm

From the above inequality it follows that

(13(1‘) ; mm(N)r
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2| A MAA,|?
ay(r)= —————

+|AATMAA, | )2
Amin(N) ¢ ¢

Therefore, from Definition 2 we can conclude that L, in (27) is an ISS-Lyapunov function, such that we can write

ALy < —as(Ly) + ag(llylls
where a5 1= az00; 1. This allows to conclude that the estimation error dynamics (25) is ISS and the trajectories converge to a bounded

set S, of radius y = \/a;IOp‘l oay(|lyll) as k — oo for any K -function p(-), i.e., ||e,|| < u. This completes the proof.

Remark 2. The asymptotic stability assumption in Theorem 1 is required to analyse the error of approximation caused by the loss of
information using the proposed state-transition inference algorithm. Here, unstable control policies are obtained when the rank of &
is less than w, i.e., rank(®) < w, which means that the collected data lacks of richness. Unstable closed-loop systems cannot be used
to determine the approximation error due to its divergent nature.

4. Results

In this section we verify the effectiveness of the proposed approach under several autonomous systems. Each model is discretized
[36] using a sample time of ¢, = 0.02 seconds. This is consistent with current on-board control modules embedded in autonomous
platforms. A Gaussian distributed probing noise # ~ N'(0,4) with mean zero and variance 4 is used to ensure parameter estimates
convergence of the Q-learning algorithm. A stabilization task at the origin is considered for each autonomous platform. We use a
threshold of £ , =0.001 for the proposed heuristic.

4.1. Car bicycle model

Consider the following discrete-time car bicycle model [37]

101 0 0 0.0002

oo oy 01111 0

1=lo 0o 1 of*t o o002 |%
000 1 00851 0

where x = [£,y,0,,w]T € R* denotes the state vector composed by the longitudinal and lateral displacements, the longitudinal
velocity of the vehicle, and the inertia heading angle, respectively, and u =[5/, a,]T € R? is the control input given by the steering
angle and longitudinal acceleration, respectively. The following weight matrices are used for the reward function design: Q =101,
and R = I,. The kernel solution and control gain of the DARE (6) under the proposed reward weights are given by

0 2.425 0 2.1579

K=l30371 0 39113 o |’
6439193 0 1581929 0
| 0 aaa0 0 -oes3s
=l1581929 0 2071450 0

0 —96538 0 460325

These matrices are used as ground-truth to verify the effectiveness of the Q-learning control algorithm and provide explanations.
The XQL algorithm is trained using 5,000 iterations. Each RL iteration requires to collect at least 21 linear independent samples to
apply the BLS Q-learning update rule. The learned-matrix S is

653.9193 0 171.0713 0 0 3.292
0 54.4920 0 —-0.7554 41236 0

S | 1710713 0 223.7303 0 0 42404
5000 = 0 —0.7554 0 53.9506 3.6694 0
0 4.1236 0 3.6694 17004 0

3.2926 0 4.2404 0 0 1.0841

From this matrix we can obtain the control gain and kernel matrices using (14) and (13) which gives,

0 2.425 0 2.1579

Ksow=|30371 0 3913 o |’
643.9193 0 158.1929 0
P 0 44.492 0 —9.6538
5000 =1 158.1929 0 207.145 0
0 —9.6538 0 46.0325
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Fig. 3. XQL results in the car bicycle model.

The results show that the Q-learning algorithm converges to the real values which gives an indicator that the algorithm effectively
learns the state-transition dynamics. The matrices obtained from the proposed decomposition are

0 0 0.3083 —-0.9513
U= -0.7347 -0.6784 0 0
0 0 -0.9513 -0.3083 |
| —0.6784  0.7347 0 0
0 0 -0.3297 -0.9441
V= 0.5756  0.8177 0 0
0 0 0.9441 -0.3297 |
| 0.8177 —0.5756 0 0

T =diag{—1.1047,-0.9052,—-0.994,1.0061 }.

Using (20) and (21) yield the following approximations for the matrices 4 and ﬁ, respectively

1.0046 0 00262 0 0  0.0003
A 0 0.9693 0 03102| & _|01176 0
300071 _0.0188 0 0.9949 0 |2 TP0T) o 0.0199 |
0 —0.1124 0  0.9956 00742 0

Notice that the estimates A and B are not equivalent to A and B due to the use of the diagonal matrix T'. It is observed that the
spectral norms of each matrix given by || A|| = 0.105, ||1A1|| = 0.1047 which means that the estimated matrices distribute the information
within their components with a minor loss of information. This distribution of values implies a minor change of eigenvalues. So, by
applying the proposed heuristic in (23) gives H = 3 x 10™* < ¢ 4, which implies that the Q-learning model infers accurately the
state-transition matrices from the data.

Fig. 3 depicts the spectral error norm of the matrix estimates: Q-function 3’, control gain I?, kernel matrix f’, and state-transition
dynamics A and B of the proposed XQL algorithm. Here, fast convergence results are observed of both the Q-learning and the
state-transition function. Here, the values of the spectral error norm are reduced as the number of iterations i increases.

For comparison purposes, we used the enhanced Q-learning approach proposed in [38]. This approach uses a DMDc in parallel
with the Q-learning algorithm to infer the state-transition matrices from the data. The basic scheme is shown Fig. 4.

In this experiment, the Q-learning element of the enhanced Q-learning algorithm behaves exactly the same as the proposed XQL.
However, the main difference appears in the inference of the state-transition matrices. As previously discussed, system identification
techniques such as DMD are usually used as independent algorithms such that the outputs of the Q-learning does not affect the system
identification algorithm (unless unstable control policies are obtained). In this case, the DMDc needs to collect 24 linear independent
samples to estimate the state-transition matrices, that is, 3 more samples compared with the proposed XQL. The number of samples
required in this approach is n? + nm > %(n + m)(n + m + 1) which is computationally more expensive than the proposed approach.
Fig. 5 shows the inference results using the DMDc in the enhanced Q-learning algorithm.

The plot shows that the DMDc algorithm finds the exact state-transition matrices in the first iteration. This is not what we expect to
observe, since the Q-learning requires more iterations to converge to the optimal solution. This result is obtained since the Q-learning
and DMDc have different optimisation objective. On the other hand, the proposed approach uses the outputs of the Q-learning to
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Fig. 4. Enhanced Q-learning approach.
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Fig. 5. State-transition matrices inference using Enhanced Q-learning proposed in [38].

compute the state-transition matrices learned by the Q-learning algorithm. One advantage of the DMDc is that it can be used for any
linear autonomous system and it does not require a specific structure for matrix A.

4.2. Quadcopter model

Consider the following discrete-time linear drone model obtained from the hover condition

1

1001+ 00 0 -3 0
01 00 ¢ O %o 0
4|00 L0 0 7 f o 10O 0 00004
0001 0 0f 0 —-gr, 0
00001 0 gty 0 0
000001 0 0 00411

Here, the state is given by x = [x, y, z, X, y, 2]T € R® which is composed by the linear positions and velocities in each axis, u =
[¢,60,u]"T € R3 is the control input composed by the roll and pitch Euler angles, and the total thrust, and g is the gravitational
acceleration. The following weight matrices are used for the reward function design: Q = diag{1,1,1,2,2,2} and R = 215. The kernel
solution and control gain of the DARE (6) are given by

0 0.637 0 0 0970
K=~|-0637 0 0 -097 0 o |,
0 0 0688 0 0 1272
76.16 0 0 7243 0 0
0 7616 0 0 7.243 0
pal O 0 92394 0 0  34.443
7243 0 0 1196 0 0o |
0 7.243 0 0 1196 0
0 0 34443 0 0 64.303 |

The XQL algorithm is trained using 5,000 iterations. Here, each RL iteration needs 45 linear independent data samples to compute
the BLS update rule. In this case, we do not display matrix S € R** due to its large dimension. However, we provide the control
gain and kernel matrix that the Q-leaning algorithm converges after 5,000 iterations,

R 0 0637 0 0 097 0
Kspoo~| -0.637 0 0 -097 0 0
0 0 0688 0 0 1272

>
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Fig. 6. XQL results in the Quadcopter model.

76.16 0 0 7243 0 0
0 7616 0 0 7.243 0

P B 0 92394 0 0 34443

500017243 0 0 1196 0 0o |
0 7.243 0 0 1196 0

0 0 34443 O 0 64303

Similar results are obtained for the quadcopter model. Both the control gain and the kernel matrix converge to their respective
real values with minor numerical errors. However, it is observed that these numerical errors cause slightly changes in the inferred
weight matrices A and B in each iteration. Since the proposed inference model depends on the eigendecomposition of specific
matrices, then for small numeric changes in the estimated Q-function 0 (xx,u;) produce different eigenvectors. This gives as outcome
slightly different state transition matrices A and B in each iteration. Here, these slightly changes are observed in how the values are
distributed across all the elements of the inferred matrices. For example, the state transition matrix A in iteration 4,999 and 5,000
are the following

[1.002 —0004 0 0024 0 0
0004 1002 0 0 0024 0
P 0 1003 0 0 0026
1®l12002 0 0 0997 0001 O
0 -002 0 0 0997 0
| o 0 —0009 0 0 099
[1.002 —0003 0 0024 0 0
0003 1.002 0 0 0024 0
a0 0 1003 0 0  0.026
%002 0 0 0997 —0004 0
0 -002 0 0 0997 0
0 0 —0009 0 0 099

where 741 and 22 are the matrices obtained in iterations 4,999 and 5,000, respectively. Notice that slightly different matrices are
inferred in each iteration. However, the spectral norm of both matrices remains the same, i.e., ||X] II= ||32|| = 1.0094, whilst the
spectral norm of the real matrix is | A|| = 1.01. Here, each matrix has different but close eigenvalues and eigenvectors.

Applying the heuristic (23) gives H = 6 x 107* < ¢, concluding that the Q-learning is learning the state-transition matrices
properly. The numerical issue observed in the eigendecomposition is topic for further work in order to ensure stable convergence of
the proposed state-transition decomposition model. Fig. 6 shows the evolution of the spectral error norm. Similar results to the car
bicycle model are observed for this particular model, that is, asymptotic convergence and inferred state transition function close to
the real values.

The experiments conducted so far demonstrate that the Q-learning learns well the optimal control problem for diverse systems
using the proposed noise and number of iterations. To show how the proposed approach introduces a new explainable dimension to
detect learning issues we reduce the amplitude of the probing noise into # ~ 0.09.N"(0,4) and maintain the same number of iterations.
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Fig. 7. XQL results of the quadcopter model under different probing noise.

In this setting, the learned control gain and kernel matrices converge to the following values after 5,000 iterations,

Information Sciences 682 (2024) 121283

[—0.011 0578 —-0.002 —-0.001 0.964 —0.001
Kspo~| —0583 0011 —001 —0.964 0.001 —0.005 |,
0.012 -0.003 058  0.001 0 1.217
[ 7022 -1.166 1.129 6.632 —0.12 0.581
—1.166 69.7311 —0.269 —0.12 6.582 —0.143
.| 113 0269 81751 0.116 -0.028 29.061
5000~ 6632  —0.12 0.116 11.897 -0.012 0.06
-0.12 6582 —-0.028 —0.012 11.892 -0.015
0.581 —0.143 29.061 0.06 —0.015 61.562

Notice that with this slightly change causes that the Q-learning algorithm is not capable to find the optimal solution using the same
number of iterations as in the previous case. This means that more iterations are required or that @ is not rich enough. Additionally,
the previous results mean that the Q-learning algorithm is not effectively learning the state-transition dynamics. The inferred state-

transition matrices are

[ 1.001
0
0
—-0.023
0
0

0
0.0027
0
0

Aspo ~

Bsn00 &

0

0.19570

0
1.001
0
0

—-0.023

0

-0.0027

0
0

—-0.1957

0
0

0.001 0.024 0 0
0 0 0.024 0
1.002 0 0 0.026
0 0.997 0 0
0 0 0.997 0
-0.01 0 0 099
0
0
0.0007
0
0.0409

The spectral norm of the inferred matrix Ais ||1A15000|| =1.0078. So, H =0.0022 > £ , which means that the proposed heuristic is
not satisfied and therefore, the Q-learning algorithm has not learned the adequate state-transition model. This result is coherent to
what we expect to obtain since there exists a loss of information derived by the wrong state-transition inference. This is also observed
in the XQL results of Fig. 7.

So, the proposed XQL provides a new explainable dimension to the classic Q-learning control algorithm that permits to study their
learning outcomes based on the elements inferred from the data.

4.3. Challenges

One of the main challenges of the proposed approach is caused by the assumption of a diagonal matrix T'. This constraints the
class of autonomous systems that the approach can deal with. For example, consider the discrete-time model of a 1 degree-of-freedom

(DOF) planar robot,
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Fig. 8. XQL results in a 1-DOF planar robot.

o _[o0961 002 0.0016
H1=1_03919 09961 [ %™ [0.1641 | “<

Notice that this model violates Assumption 1, that is, A should be an upper triangular matrix. Here, we aim to design an optimal
control law using the following weight matrices for the reward function Q = diag{10,1} and R = 10. The control gain and the kernel
matrix of the DARE (6) using the planar robot model are

K=[01201 03755]. P:[504.8505 12.2732].

12.2732  24.0084

The same probing noise is used to ensure parameter estimates convergence in the XQL. The estimated control gain and kernel
matrix are
= ~ 504.8505 12.2732
Koo = [0.1201 0.3755], P50 = [ 122737 24.0084] .
The Q-learning algorithm can effectively learn the optimal control problem. However, the state transition inference part cannot
obtain good estimations since the diagonal matrix T' causes a large loss of information. Here, the estimated state-transition dynamics
is given as follows

A _[09%03 oo011) 5 [-0.0015
50007 _0.0021 1.0098|> 30007 [ 01657 |-

In this case, the spectral norm of ||A|| = 1.2031 and ||1A15000 || = 1.0099, this means that the inferred matrix losses more information
with H =0.1932 > ¢ 4. This is more acute on relatively large scale systems, where the loss of information is notably increased. Fig. 8
shows the evolution of the spectral error norm. Here, the Q-learning part can effectively learn the optimal control solution in an
infinite horizon. On the other hand, the inferred state transition matrices have large error which can lead to biased conclusions of the
quality of learning of the Q-learning algorithm. The state-transition inference for general linear matrices is topic for further work.

5. Conclusions

This paper reports an explainable Q-learning (XQL) algorithm for low-level reinforcement learning policies of autonomous systems.
The approach aims to explain what does the reinforcement learning agent is learning in order to explain why a particular control
policy is obtained. To this end, this paper hypothesizes that the obtained control policy is subject in how good the RL agent is
capable to infer the state-transition dynamics. Hence, this paper provides a natural algorithm to infer what state-transition dynamics
is learned in each iteration of the standard Q-learning algorithm. The proposed algorithm uses a matrix decomposition approach with
a simple heuristic to approximately infer the real state-transition matrices of an autonomous platform. Simulation studies in different
autonomous platforms verify the approach and provide some of the challenges and future research vectors in this field.

Future work will address the design of explainable tools for high-level decision making strategies, which requires the design of
novel tools and theory to incorporate the diverse factors involved in reinforcement learning decisions.
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