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Abstract

A new method is developed to deal with shape optimization problems. The
core idea of the method is to introduce the knot insertion algorithm which
keeps the geometry unchanged while increasing the number of control points.
In addition to this idea, the super-reduced idea aﬁd_the meshvreﬁnement are

also employed to deal with the equality constrained optimization problem.

The developed method has been tested on several applications. The first
application is a Poisson equation pfoblem. The result produced by the new
method is compared with the result produced by the BFGS method because
the BFGS method is considered to be one of the best methods in optimiza-
tion. The result shows that the new mefhod is more efficient than the BFGS

method.

The second application of the method is an airfoil design problem. The
performance of using the new method is compared with the performancg
of using the EXTREM method in two design cases, RAE 2822 and NACA
0012. In both of these cases, the new method is much more efficient tharj the
EXTREM method. The 3-dimensional tested case used is a mathematical
problem. In this case, one finds that the discretization error is much bigger
when compared with the 2-dimensional case. However the method still con-

verges quickly to the optimum solution.

As well as the above applications, the use of high order B-splines and multi-



objective optimization have also been investigated. In summary, a new
method is developed for shape optimization problems and validation has
been carried out on several numerical examples. With the idea of the new
method, it is possible to improve the efficiency of the method currently used

as long as B-splines are used to describe the geometry.
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1 Introduction

Shape optimization deals with the problems of finding a shape which is op-
timal in a certain sense, i.e. finding a shape which can minimize a certain
objective function with or without constraints. It has been used widely in

structural mechanics, fluid mechanics and even noise reduction.

Industrial applications can be found for shape optimization, such as: drag
reduction for airplanes, (finding a shape that minimizes the drag), the de-
sign of a harbour which minimizes the effect of waves coming from afar. In
shape optimization, the problem is posed as a minimization problem of a
certain objective function (or a multi-objective function) with or without
constraints. Therefore a proper optimization scheme is needed to solve this
kind of problem. In general the method for solving the shape optimization
problems in CFD (Computational Fluid Dynamics) can be distinguished into

two types:
e Local methods
e Global methods

Local methods use the information supplied by gradients to look for the local
minimum. Thus it is obvious that local methods have the limitation of find-
ing only one of multiple minima in the case that there are many. In spite of

this disadvantage the method is very efficient. It has the efficiency of finding



one local optimum with a finite number of iterations.

Global methods, such as the methods based on genetic algorithms, are aimed
at finding the global optimum. These methods are particularly useful when

many local optima exist for a given problem.

A hybrid method is therefore presented in order to benefit from the effi-
ciency of local methods and the global priority of the genetic algorithm.
Because the hybrid method employs techniques used in the local methods,
this method can decrease the computational cost compared with the purely
global method. However, comparing with the gradient-based method, the
computational cost is still much more expensive because the large amount
of function calls to evaluate the “fitness”, another word for the value of the

objective function used in genetic algorithms. -

The important issue when using gradient-based methods to solve a general
optimization problem is the computation of the gradient. However, for a
shape -optimization problem in CFD, which is usually more complicated,

there are in addition these important issues to consider:

e Shape parameterization
e Solving PDE

o Numerical issues

It is well-known that computing the gradient is necessary for a gradient-based

shape optimization scheme. In the area of CFD, to compute the gradient is

2



not easy because it includes solving a PDE (partial differential equation) in
most cases and most PDEs have no analytical solution. Therefore it is almost
impossible to obtain the analytical formula of the gradient vector, because
computing the gradient vector requires solving the governing PDE. Numerical
methods for computing the gradient in shape optimization problems are listed

below:
e Finite difference method
e The complex variable method
¢ Adjoint method
e Sensitivity analysis
o Automatic differentiation

Amongst these, the finite difference method is the most straightforward, ‘but
the computational cost is very expensive compared with the others because
it requires n + 1 function evaluations in each optimization iteration (n rep-
resents the number of the design variables in optimization problems). rI“he
complex variable method is similar to the the finite difference method, see
equation 2.41. The computational cost of the adjoint method is independent
of the number of design variables but dependent on the number of the con-
straint equations. Hence this method is quite useful in cases which have a
lot of design variables while having relatively few constraints. On the con-
trary, the computational cost of the sensitivity ahalysis is independent of the
number of the constraint equations but dependent on the number of design

variables. Therefore this method can be quite useful in cases which have

3



relatively few design variables. Given a shape optimization problem which
has n design variables and m constraints, using the adjoint method requires
solving m adjoint equations whilst using sensitivity analysis requires solving

7 equations.

Automatic differentiation is a method to numerically compute the derivative
of a function specified by a computer program. It builds a new, augmented,
program that evaluates the analytical derivatives along with the original
computer program based on the principle that a given function can be dif-
ferentiated by differentiating each line of the program. It has two modes:
direct mode and reverse mode. These two modes are distinguished by how
the chain rule is used to obtain derivatives through the computation. Re-
verse mode is particularly useful because the computational cost in this case '

is independent of the number of design variables.

Computing the gradient is researched heavily while shape parameterization
is not studied extensively. Shape parameterization is important because it
significantly influences the performance of the optimization scheme, espe-
cially in the case that the value of objective function is sensitive to the shape
change, but not as much as the method used to compute the gradient because
the gradient evaluation method decides the number of function calls in each

optimization iteration.

Three shape parameterization methods are often of use in shape design. They

are



e CAD-based
o Mesh-based
e Based on a set of reference shapes

In CAD-based shape parameterization, Bézier; B-spline, and NURBS are .
usually used to parameterize the geometry. In mesh based parameterization,
the geometry model is not required for the optimization loop and is-also thé
easiest way to start solving the optimization problem. In reference shapé
based parameterization, the geometry is represented as a linear combination
~ of the reference shapes. Indeed the CAD-based shape parameterization can
be regarded as a kind of reference shape based parameterization in theory
as B-splines, NURBS (Non uniform Rational B-splines) can be regarded as

special shape functions.

The numerical solution of the PDE is a necessary information in the opti-
mization loop. The accuracy of the solution mainly depends on the method
used to transform the PDE into a discrete problem and the method of solving
such a discrete problem. To achieve high accuracy mesh refinement can be

used, however global refinement may cause inefficiency, see [51].

Iterative methods are mainly used to solve a large scale PDE. For solving
a system of linear equations (a linear PDE will change to be a system of
linear equations after discretization), the convergence rate depends on the

coefficient matrix. Therefore a preconditioner can be used to improve the



efficiency of solving the system.
Ax=b— M1Ax=M"b

For some computationally expensive problems, a parallel code may be neces-
sary; for example, in the case of 3-dimensional computational aerodynamié

problems.

In this thesis, a new shape optimization method is developed. This method
is applied to several shape optimization problems. In the method, the mesh

refinement function is added to decrease the noise of the gradient because

the discretization error can be significantly decreased by decreasing the mesh

size, i.e. increasing the number of nodes or elements in the mesh. Further-

more, a method to detect and handle self-intersecting shapes is presented.
During the development it was found that mesh refinement is particularly
important in the case where the exact gradient is hard to access. The results

demonstrate the success of this method.
An overview of the thesis is provided below:

Chapter Two covers the theoretical background of the shape optimization
area. It begins with a literature review and then goes on to discuss basic op-
timization theory, the different methods for evaluating the gradients in shape
design, the advantages and disadvantages associated with these methods, the

geometry representation techniques, and finally the PDE solution techniques



which involve mesh refinement.

In the basic shape optimization theory, both unconstrained optimization and

constrained optimization methods are discussed. Since the constrained opti-

mization method can be regarded as an extension of unconstrained optimiza-
—~———

tion methods constrained optimization methods are not discussed in great

detail.

Typical unconstrained optimization methods include two parts: the method-
ology of finding a search direction and the methodology to determine the step
size along the search direction. The former of these distinguishes the differ-
ences among the optimization methods. Search direction techniques employ
the line search method or trust region method. They are used to determine

the step size along the search direction.

Among the unconstrained optimization methods, the BFGS method (which is
a branch of the Quasi-Newton method, BFGS stands for Broyden-Fletcher-
Goldfarb-Shanno, ) is one of the best methods because of its super linear
convergence. However the weakness of this method is the requirement for
the matrix operation. In each optimization iteration, it is necessary to up-
date the Hessian matrix. Therefore, this method is ‘not the first choice for a

— T —

large number of design variables in terms of the computational cost.

In the shape optimization field, methods to compute the sensitivity have

been extensively studied. Among these methods, the reverse mode of au-



tomatic diffentiation and the adjoint method are particularly useful because
the computational costs of these two methods are independent of the number

of design variables.

The geometry representation methodology is also presented in the chapter.
The CAD-based technique, such as B-splines, NURBS, seems more promising
for the future because the CAD technique is a standard for industry appli-

cations to represent complex geometry information.

The PDE solution technique is usually an iterative scheme. Mesh refine-
ment is also investigated because this approach can improve the accuracy of
the PDE solution.  Global mesh refinement and local mesh refinement are

also further discussed.

Chapter Three focuses on the developed new method, the super-reduced
method. This method is applied to the shape optimization problem, there-
fore it cannot be regarded as a general optimization method. Unlike other

methods in the shape optimization field thwthod focuses on the opti-

mization iterations rather than the techniques used to compute the gradient.
N/,’/_i

The core idea of the new method is to introduce the B-spline knot inser-

tion idea into the optimization scheme. The knot insertion algorithm is an

__————"4—‘\

algorithm to insert a number of contrel-peints-te-a-B-spline_while keeping
— . :

the geometry fixed. Therefore the initial number of design variables can be
—— — T

reduced to a minimum, potentially decreasing the number of optimization

8



iterations. When the solution is close to the optimum solution, the knot
insertion algorithm starts and produces a large number of design variables
as specified by the user. In doing so, an optimum shape can be found more
efficiently in terms of the CPU time and number of optimization iterations.
Furthermore, thimmmod be-
cause it limits most of the optimization iterations to a matrix with small
dimension. For a shape optimization problem with n design variables, the
new method can limit most of the matrix operations within the dimension m,
where m denotes the initial number of design variables, speciﬁed by the user,

n denotes the final number of design variables and m can be much smaller

than n.

In addition to the use of knot insertion, the new method also includes a

super-reduced implementation which is used to get rid of the equality con-
straints. Thus, a constrained optimization problem is converted into an un-
constrained optimization problem and the constraints are kept unchanged all
the time. It is well known that solving a constraint optimization iteration
is much more difficult than solving an unconstrained optimization problem.

Therefore this approach will also decrease the CPU time.
wocrease whe LY M

With mesh refinement most of the iterations are done on the coarse grid
1th mesh refinement n ‘

with relatively few on the refined grid. This is particularly important when

the exact gradient is difficult to obtain because mesh refinement can improve

the accuracy level of the gradient by decreasing the discretization error.



Chapter Four contains the numerical applications of the new method in
2-dimensions. The first application of the method is a Poisson equation
problem. Results for different objective functions, different initial numbers
of control points, different aécuracy levels, and different initial shapes are
given. Furthermore, the results produced by the new method are compared
to the results produced by the BFGS met consi to be one of the
Wtion. The final results show that the new method
is more efficient than BFGS method in terms of CPU time, optimization

iterations, and number of function calls.

- The second application of the method is an airfoil design problem. The
performance of the new method is compared With the performance of the
EXTREM method developed by Jacob, see [63] in two design cases, RAE
2822 and NACA 0012. In both of these two cases, the new method is shown
to be more efficient than the traditional method in terms of the CPU time

and number of function calls.

In addition to these applications, the use of high order B-splines and the
multi-objective optimization have also been investigated. In summary, a new
method has been developed for shape optimization problems and validation
has been carried out on several numerical examples. Using the new method,
it is possible to improve the efficiency of current methods Being used as long

as B-splines are used to describe the geometry.

Chapter Five contains some numerical applications of the new method

10



in 3-dimensions. Here, the geometry representation technique and geometry
issues are emphasized. The final results show the convergence of the new

method.

Finally, Chapter Six gives a summary of contributions made, conclusions

and possible future development.

11



2 Literature review

2.1 Introduction

As early as the 1970’s, Pironneau [44][45] first proposed a minimum drag
problem in Stokes flow [1] and addressed variational methods (adjoint method),
initially with the Stokes equations [44] and later with the incompressible
Navier-Stokes equation [45]. However, due to the absence of CFD tools at
that time he only derived the necessary optimality condition for several prob-

lems, leaving the numerical schemes aside.

Jameson [31] applied the adjoint method for optimal shape design of an
airfoil using Euler equations. Some improvements for the efficiency on the
- Euler equation have been carried out by Iollo [29] and Ta’asan [58]. Exam-
ples of shape optimization problems governed by a potential equation can be

found in [35][57].

The most important issue in shape optimization within gradient-based meth-
ods is how to compute the reduced gradients. The traditional way is to
use the finite difference approach. This method has been employed by Lee
[36][37]. The finite difference method with complex variable [3][56][60] is a
comparatively better method although it requires a certain amount of code
conversion and nearly double the memory. But both of these methods are ex-
tremely computationally expensive. This disadvantage motivates other more

efficient methods, such as sensitivity analysis and adjoint methods.

12



With the sensitivity analysis [10][12][54], the computational efficiency and
accuracy are improved significantly. However the computational cost is still
proportional to the number of design variables. Therefore, this method is

ideal for problems with many constraints but few design variables.

In the adjoint method, the adjoint equations are to be solved for each con-
straint and the computational cost is independent of the number of design
variables. Therefore the advantage is appropriate at solving problems with
many design variables but relatively few constraints. The adjoint method
can be formulated on two different levels: the continuous level and the dis-
crete level. The discrete adjoint method is more accurate but less easy to
convert than the continuous adjoint method. Applications of this method

can be found in [2)[13][22][23] [29][30][32][55][62)-

Besides the adjoint method and sensitivity analysis, automatic differentia-
tion has been used widely to calculate the gradient vector. There are many
software packages devoted to automatic differentiation written on the Fortran
platform [9][50], with a few also written using the C and C++ platform [19].
Automatic differentiation uses two ways to compute the gradient, forward
mode and reverse mode. By using the reverse mode, the cost is almost the
same for different numbers of design variables and in this sense it is similar

to the adjoint method.

Because the gradient-based method can generally find a local optimum rather

than a global one, a genetic algorithm can also be used. The basic genetic
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algorithm represents the design variables using discrete binary strings. A
real-number-encoding GA is used to improve the time efficiency, see Holst
[27]. In order to decrease the huge computation time, a hybrid genetic al-
gorithm can be employed, see [41]. It has been shown that hybrid methods
have priority over pure genetic algorithms in certain applications in terms .
of computation time. A constrained genetic algorithm is employed in [59].
GA’s weakness lies in its huge amount of object function calls. Hence a par-

allel GA idea is presented, see [61].

In this research subject the question of how best to represent the geometry
is an open issue.. Parameterization [16]{52] is a widely accepted technique.
For example, Burkardt, [12], uses one parameter to represent the geometry.
An interesting approach for shape representation is to use the coordinates of
boundary points to represent the geometry. This approach is simple to im-
plement but causes a large design space and it cannot easily maintain smooth

geometry.

The Bézier family is well suited for some shape optimization problems with a
few number of design variables, see [5]. However, complex geometry requires
a high degree Bézier form and in this case B-splines are a better choice. Us-
ing B-splines [18][47] makes it easy to extend the result to other CAD-based
libraries. An application can be found in [2]. In this work the control points

will be regarded as design variables.

All of these above shape representations are quite simple to implement in
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the 2-dimensional case. However for some 3-dimensional problems, for exam-
ple [49], the above shape representations may cause self-intersecting volumes,
particularly when the problem is unbounded. A very good method called the
level set method, originally presented by Osher and Sethian [43], can avoid
this situation. This method does not try to parameterize the geometry but
rather uses a level set of a continuous function. The desired shapes produced
by level set methods are given by the zero level set. The geometry evolution
is applied to the level set functions rather than the real initial geometry.
However, this method is not as efficient as others when the geometry is rel-

atively simple. More details can be found in [11], [42].

The computational cost for shape optimization is usually very expensive,
especially when the governing equation is a non-linear partial differential
equation or the required geometry is a 3-dimensional volume. The compu-
tational cost can be decreased by choosing different ways of evaluating the
gradients and using different parameterizations. Furthermore some other
methods may help to decrease the computational cost under certain circum-
stances. For example, the CPR algorithm, [15], can decrease the computa-~
tional cost when the Jacobian matrixs, J, has some zero elements or known

values. An application is given in [14].
There are still some other important issues in shape optimization, such

as mesh refinement, the solution of non-linear PDE’s, the inexact gradient

method etc. For more on this, readers are referred to [40].
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2.2 Optimization theory

The basic optimization theory presented here can be found in most text books
on optimization, for example [6], [19]. Optimization methods in practice can
be divided into two categories [62]: non-gradient methods and gradient meth-
ods. In the former there is no gradient information required, for example the
basic genetic algorithm (GA). In the latter type, the gradient information of
the objective function with respect té the design variables is of great impor-
tance. The ideal way to obtain the gradient information is to differentiate the
analytical solution. However it is almost impossible to find the exact solution

in most practical cases, such as in the CFD domain, where PDEs are involved.

The gradient based method has the advantage of efficiency in that it can
find the local optimum with a finite number of iterations and it limits to
find only a local optimum, not necessarily the global optimum. On the other
hand the non-gradient method (Global method) can find the global optimum
although the computation cost is usually expensive. The reason is that the
global method needs to evaluate the objective function a huge number of
times. There is a theoretical result which links the global optimum and the
local optimum: if the defined region R is a convex region and the objective
function F(x) is a convez function in R, then any local minimiser x* is also
a global minimiser. However this result contributes little to optimization
knowledge since the pre-conditions are too strong to be true in many appli-

cations.
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Optimization problems can be divided into two different cases:
e Unconstrained optimization
e Constrained optimization

For each of these, there are some corresponding methods to be used. In
general, the method for solving constrained optimization problems can be
regarded as an extension of the methods used for sofving unconstrained op-

timization problems.

2.2.1 TUnconstrained optimization

The basic idea of different unconstrained optimization schemes is the same;
that is first finding a descent direction and then determining a proper step

size.
Steepest descent method

The method of steepest descent is the simplest one among gradient methods.
The choice of descent direction is where F, the objective function, decreases
most quickly, which is obviously in the direction opposite to the gradient
VF at x;. The search starts at an arbitrary point xo and then goes down

along the search direction until the point is close enough to the optimum. In
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other words, the iterative procedure is

Xpe1 = X — 0 §(X), (2.1)

where g(xy) is the gradient at one given point, o4 is the step size along the
descent direction (search direction), X, X1 refers the point at k-th, k+1-th

optimization iteration respectively.

One question remaining now is how big should the step taken in that di-
rection be; i.e. what is the value of a7 Obviously the purpose is to move to
the point where the objective function F' takes on a minimum value, which is
where the directional derivative [31] (the directional derivative of V F(Xg+1)
along direction —g(xy) which needs to be normalizéd) is zero. The direc-

tional derivative is given by

_ )T - g(xx) :i x —
VF( k-l-l) “g(xk)” dakF( k+1) 0 (22)

In order to solve this problem, the Taylor series is used as an approximation:

F(xp— ox VF(xi)) =~ F(xx) — ax[VF(xe)]" VF(xx) (2.3)

+ o [VF(xe)]” H(oe) VF(x)

We differentiate the above equation with respect to o, , giving the equation

below:

V(@)Y f ()
% = T @D H(m) V /@) (24)
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The method used to determine the value of the step size above is the so-called
exact line search method for a quadratic model, not for a general nonlinear

function.
Quasi-Newton’s method

The most popular method. in unconstrained optimization is the BFGS method,
which is a branch of the Quasi-Newton method. The central idea underlying
the Quasi-Newton method is to use an approximation of the inverse Hes-
sian. Suppose two points xi, Xz+1 are given, then the gradient vectors at
point xx, and point Xx4; are defined, g(xx), g(Xxk+1), respectively. Further
let pr = X1 — Xi and qx = g(Xx4+1) — g(xx). Now use Taylor’s series for

VF(xg) (or g(xx)) then

Qe = 8(xk+1) — 8(xk) = H(xx) P + O(|[pell)

In order to correctly relate the difference, Hy4; is chosen to satisfy the fol-

lowing condition.

Hilyqr =ps (2.5)

This is called the Quasi-Newton condition.

There are two formulae used very widely in unconstrained optimization:

1. Davidon-Fletcher-Powell (DFP) formula
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2. Broyden-Fletcher-Goldfarb-Shanno (BFGS) formula

The DFP update formula is given by the equation below:

PrPi _ Braxdi Br (2.6)

Bk 1= Bk +
* prax af Biax

whre B represents the inverse of the Hessian matrix. The BFGS update
formula is obtained from the DFP update formula by interchanging By with

H, and interchanging q with p at the same time. Therefore:

T T
W9 _ HrprPy Hi @7)

Hk 1= Hk +
* afpx pr Hypy

We use the equation below to avoid computing the inverse matrix:

1+ qf Brqx PPy Prq Br + Brarpi
q4iP:  Prak ol Pk

Biy1 = B + (2.8)

Numerical experiments have shown that the BFGS formula has superior per-
formance over the DFP formula, and hence, BFGS is often preferred over
DFP. These two formulae lead to a whole collection of updates known as the

Broyden family which are defined by:
B% = (1 _ ¢) BDFP ¢BBFGS (2.9)

where ¢ is a parameter that may take any real value.

Conjugate gradient method
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Besides the Quasi-Newton method, some other methods are still used. For ex-

ample, the conjugate gradient method. The search direction s; in this method

is defined below:

S;1 = —81

Sk+1 = —Bk41 + BiSk

where g is the gradient vector, and

Byl Bra1
B = BerL Bl
gk Bk
Conjugate gradient methods are applicable to large scale problems because
no matrix calculations are required. The aim of using the conjugate gradient
method is to achieve both efficiency and reliability by associating conjugacy
properties with the steepest descent method. It uses conjugate directions

instead of the local gradient for going downhill.

As with other methods, the new point is generated by the previous point

in each iteration:
Xg+1 = Xg + Qg S,

where sy is the search direction, and « is the step size which can be deter-
mined by a line search algorithm. This is the basis of the conjugate gradient
method. Compared with the Quasi-Newton method, the conjugate gradient

method is both less efficient and less robust. However there is one particular
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advantage of this method, namely the particularly simple form of the equa-
tion which requires no matrix operations to form the search direction. Thus
conjugate gradient methods are applicable for large problems and work very
well. There are some modified conjugate methods, but thése may cause the

main advantage (no matrix calculations required) to disappear.

The content of the above only discusses how to select the search direction. A
line search algorithm is needed in order to determine how large the amount

of the step size should be.

2.2.2 Line search algorithm and trust region method

. A line search algorithm, or the trust region method, is an important issue
in optimization schemes because it considerably influences the performance
of the optimization methods. Based on [20] there is no conclusion about
whether the trust region method is superior to the line search method. In
the case where the gradient information is not available, then there is little

theory on how to determine the step size in a search direction.
Line search methods

There are two approaches to line search methods: one is the sectioning or
bracketing phase, the other is interpolation. The sectioning phase finds an

interval which contains an interval of acceptable points for the optimization
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iteration. Interpolation uses a polynomial function to fit the desired func-
tion with known values, and then find the step size which can minimize the

polynomial function.

The simplest line search algorithm is the bisection method.
e initialize step size oy, say 1.0
o do, oy = %, until F(xg + og s) < F(xp)

An exact line search algorithm has already been mentioned before, which
requires information from the Hessian matrix. The utility of the exact line
search algorithm is because that it can achieve global convergence when com-
bined with the steepest descent method. However, using a exact line search
algorithm is so expensive to carry out. Furthermore, some methods’ conver-
gence rates do not require the exact line search, such as in the Quasi-Newton

method.

The line search method aims to find a step size which makes the objective
function decrease. However this is not enough for two reasons. First, the
value of the objective function may decrease too slowly compared with the
step size, i,e, it is not a sufficient decrease. Second the step size may be too '

small compared with the initial rate of the decrease of the objective function.
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Two conditions on the step size can solve the above problems, i.e.

£(6) < £(0) + 6pf (0) (2.10)

£(6) > £(0) + 6(1— p)f'(0) (2.11)

where p is in (0,0.5), and f represents a function of the step size.. This is the
so called Goldstein condition. In the above equation array, p < 0.5 allows
the property that the minimum value of a quadratic function is acceptable.
But when f(6) is not a quadratic function the second condition may exclude

the minimum point of f(6).

Therefore the second condition can be replaced by the following equation:
Eh1Qk = P28F Uk

where q; = Xg11 — Xg-

This gives the Wolfe-Powell’s condition:

J(6) < 1(0) +6pf (0) (2.12)

EhQk = P8R Uk (2.13)

It has been proved in [20] that a line search method based on Goldstein’s

condition or Wolfe-Powell’s condition will achieve global convergence.
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A mixed interpolation line search method

Below, we study a mixed interpolation line search method which is often
used in optimization algorithms. In the line search method, the step size is
usually initialized as 1.0 in the search direction because this value will lead
to the quadratic convergence when the estimated solution is sufficiently close
to the analytical solution. If this fails, the value f(1) is computed. Therefore

the quadratic model is constructed as follows:

(6) = [f(1) = £(0) — £'(0)]6° + £ (0)6 + f(0)

hence, f has the minimum value when

g 05X f(0)
~ F) - f(0) - f(0)

If a cubical interpolation is used, then the function can be constructed as

below:

£(8) = ab® + b6% + f'(0)8 + £(0)

To find the value of the coefficients a, b, values of f(6;) and f(6) are needed:

o\ 1 (& #)([re-s0-508 -
) =0\ o)\ £6)- £(0) - £ (00

1 2

Therefore, the minimum of function f is at

0_ —b+ 1/b? — 3af'(0)
- 3a
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Trust region method

In the above, the Hessian matrix or the approximated Hessian matrix is
required to be positive definite. To circumvent the difficulty of a non-
positive definite Hessian matrice, the trust region method or the restricted

step method is motivated.

The idea of the trust region method is to minimize the quadratic model

subject to an explicit bound on the step size, that is:
1
min m(x, + h) = F(x.) + VF(x.)Th + §hTBh subject to ||h|| < r (2.15)

where x. refers to the current point, and h denotes the step size vector, not‘
the step size. The solution for the above constrained optimization problem
is then given by

h(n) = —(B +nI)7'VF(x) (2.16)

where 7 is chosen such that ||h|| = r if A(0) > r.

A question that arises is: how good is the approximation? Written
AFF = F* — F(xx + h),

Am* = F* —m(x; + h);
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then the ratio 2—51,': is a standard measure of how good the approximation is.

The closer the ratio to 1.0, the better the approximation.

2.2.3 Constrained optimization

In practice constrained optimization is much more important than uncon-
strained optimization. However the method of solving constrained optimiza-
tion problems can be regarded as an extension of the method solving uncon-

strained optimization problems.

The most important concept in constrained optimization theory is that of
Lagrange multipliers. For a general equality constrained optimization prob-

lem (with m equality constraints),
min F(x), x€R", subjectto c;(z)=0 (2.17)
the necessary condition is:

c(x*) = 0
g(x) = Jx)TA (2.18)

VTW(X*,)\*)V >0 Vv € R*t™
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where J is the Jacobian matrix of the constraint c; with respect to design

variables z;, T, ..., Ty,
O O 9
Or1 Oz ' Ozn
Oco Bz el
J= |91 0= " Oz
dem Oem Oem
ox1 Ors '°° Ozn

W is the Hessian matrix of the Lagrangian function:
L =F(x)—¢(x) (2.19)

and A is the so-called Lagrange multipliér. By using a Lagrangian function,

the first-order necessary condition becomes:

Vil
VL = =0 (2.20)

VL
The above equation is very useful. Two Lagrangian functions are used widely:
e Augmented Lagrangian function:

Lp=F(x)—Mc(x)+ gc(x)Tc(x), : (2.21)

where the penalty parameter p is positive.

e Projected Lagrangian function:

L.=F(x)— M c(x) + X Jx, (2.22)
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where J is the Jacobian matrix. Generally it is assumed det(J) # 0.

In the augmented Lagrangian function, the penalty coefficient is used to
prevent violating the constraints. Therefore the constrained optimization
problem changes to be an unconstrained optimization problem of minimiz-

ing the augmented Lagrangian function.

Another choice of solving the constrained optimization is using by SQP (se-

quential quadratic programming):

minm(x, + h) = f(x.) + Vf(x.)Th + %hTHh subject to Jh = —c <
| (2.23)

where H is the Hessian matrix and J is the Jacobian matrix.
The QP method

The material of this section is based on the following reference: [20]. Here

the purpose is to find the solution of the problem:
. T 1 ¢ .
ming’ x + 3% Hx  subject to Ax=Db (2.24)

It is assumed that H is positive definite symmetric matrix and A is a full
rank matrix. There is thus only one solution and the constraints are equality
constraints.

Let Y and Z be n x m and n x (n — m) matrix respectively such that

29



Y:Z],anxn éombining matrix by moving each column of matrix Z into
matrix Y in a sequential order, is non-singular, and in addition let AY =1

and AZ = 0. The solution of the equation Az = b is given by:
x=Yb+ 2y . | (2.25)
where y can be any vector. Therefore, the follov&_ring equation is addressed:
Ax = A(Yb+ Zy) = AYb+ AZy =b.

The matrix Z has n — m linearly independent columns zy, ..., 2,-,, Which
are inside the null-space of A and therefore act as basis vectors (or reduced
coordinate directions) for the null space. At any point x any feasible correc-

tion 4 can be written as:

n—m
0=2Zy= Z Z;Yi (2.26)
i=1
where yi,...,¥n—m are the components (or reduced variables) in each re-

duced coordinate direction (see the following figure). Combining equations

2.24 and 2.25, The following reduced quadratic function is obtained:

1 1 '
W(y) = 5y"Z"HZy + (g + HYD) Zy + 5 (g + HYD)'YD  (2.27)
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Figure 1: The null-space of A

If Z'HZ is positive definite then a minimizer y* for equation 2.27 exists

which solves the linear system:
(ZTHZ)y = —Z% (g + HYD) (2.28)

The solution y* is computed using Cholesky factorization. Once y* is known
x* can be computed by using equation 2.25, and g* using the equation g* =

Hx* + g. Now recall the equation
g(x) = Y AVe;(x) (2.29)
JEE .

and compute X*: From the above equation 2.29; the following equation is

obtained:

gr=ATx. : (2.30)
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If we pre-Multiply 2.30 by YT and, using Y7 AT = I, the following equation
is addressed:

YTg* = A" (2.31)

Depending on the choice of Y and Z, a number of methods exist. Y and
Z can be obtained by a QR factorization of the matrix AT. This can be

written:

. R |l r| |
A" =Q . =[Q1 Q2] 0 =R (2.32)

where Q € R™™" is an orthogonal matrix, R € R™*™ is an upper triangular

matrix, @; € R™*™ and Q, € R™(*~™), The choices
Y = Ql(Rt)_l, Z = Q,, (2.33)

have the correct properties. Moreover the vector Yb in equation 2.25 is or-
thogonal to the constraints. The reduced coordinate directions z; are also
mutually orthogonal. Yb is calculated by forward substitution in Rfu = b
followed by Yb = Q;u. The multipliers A* are calculated by backward sub-

stitution in RA* = Qtg*.
The SQP method

The material here is based on the following references: [20]. The SQP algo-

rithm is:
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Algorithm: the SQP algorithm

1. Set k:=1

2. Solve the QP subproblem to determine d;

3. Let Ar41 be the vector of the Lagrange multiplier of the
linear constraints obtained from the QP

4. Compute the step size oy and set X1 = X + ap6g

5. Compute Hg,; from Hy using a Quasi-Newton formula,

6. Increment k. Stop if VL(xx, Ax) = 0. Otherwise, go to step 2.

A detailed discussion of each step is given as follows. The QP sub problem

has already been described earlier in this section.

The method to compute the length of the step along the direction & is
list as follows: From the QP, a direction &y is obtained. To have a more

robust code, the first Wolf condition is applied which is recalled here:

@) < fO+paf©),  pe(0,3) (2.34)

where f(a) = f(xx + ad;). This condition ensures a “sufficient enough”
reduction of the objective function at each step. Unfortunately, in the con-

strained case, sufficient reduction of the objective function is not enough.
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The reduction of the infeasibility must also be ensured. Therefore, a modi-
fied form of the first Wolf condition is used where f(a) = ¢(x + ady) and

¢(x) is a merit function. In the optimizer the [; merit function is used:

009 = F6 + < lebls (235)

where p > 0 is called the penalty parameter. A suitable value for the penalty
parameter is obtained by choosing a constant K > 0 and defining p at every

iteration to be

1

~ In equation 2.34, it is necessary to calculate f’(0) : the directional derivative

of ¢ in the direction 0, at z:

f/(O) = D5k¢)(xk) = 5,tcgk - /—i— (52:&; + Z maﬁc(—&,tca,-, 0)) y (2.37)

1€EZ)

where Fp, = {i : ¢i(z) < 0}, 2 = {i : ¢i(z) = 0}, g = Vf(zy) ,

a; = Vei(zy). The algorithm which computes the length of the step is thus:
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Algorithm: a sample line search algorithm used in SQP

1, Set ay := 1, = := current point, 6 := di_rection of seérch
2, Test the Wolf condition equation 2.34:
¢(zr + i) < ¢ak) + porDs, $(zx)
True: Set zx41 := xx + a0 and go to 3.
False: Set o, = 0.7 X oy and return to the beginning of 2.

3, We have successfully computed the length ||cdx| of the step.

Penalty functions

For a general non-linear optimization problem, (which means both the ob-
jective and constraints functions may be non-linear,) the penalty function
is first used. However this method suffers from computational disadvantages
and is not so efficient. The basic penalty function for the equality constraints
problem is:

#(x,0) = F(x) + —;—9 c(x)Tc(x). (2.38)

The aim is to find a local minimizer x* that minimises ¢(x,6) as § — oo.

The general implementation is stated below:

1. Choose a fixed sequence {#*} — oo, typically 1,10,102, 103,104, ...
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2. For each §®) find a local minimizer, x(8®*) to min, ¢(x, 6®)

3. Terminate when c(x(§®)) is sufficient small, i.e. meets the termination

condition.

2.3 Computing gradient in shape optimization

From a mathematical point of view, the shape optimization problem in CFD
[1][19][38] (Cémputational Fluid Dynamics) could be regarded as a PDE-
constrained optimization problem because the governing equations in CFD
are PDEs. (Partial Differential Equations) The shape design problem can be

expressed as:
min F(a,U(a)), subject to L(a,U(a)) =0 (2.39)

Where U = (Uy,Us,...,U,,) called state variables, @ = (o, 00,...,ay)

called design variables, L = (Ly, Lo, ..., L,,) are the constraints.

For the gradient-based method, the gradients of the objective function with
respect to design variables represent the key information. Obviously the ideal
approach is to try to obtain the analytical solution first and then differenti-
ate, but for most PDEs it is impossible to obtain an analytical solution, even
for the simple PDEs such as Poisson’s equation with complex geometry [17].

Some methods to compute the gradient information are presented below.

36



2.3.1 Finite difference approach

The classical and most straightforward method to compute the gradients is
the finite difference approach. This method is widely acceptable for a black-

box code [57] where the user does not have access to the PDE source:

dF F(of +¢6,U(c" +€)) — F(of,U(od))

T - | (2.40)

where o + ¢ represents (a1, g, . . ., @i+e, . .., @), o represents (cu, @z, . . ., 0n).
Three well-known difficulties with this method are listed below:

e The proper value of ¢

e The round-off error caused by the subtraction of two nearly equal terms

e The huge computational cost, proportional to the size of the state space

times the design space

In order to avoid the choice of € and also to avoid the subtraction error, a

complez variable method ([3][56][60]) can be used:

ar _ ImF(o; + €, U(ey; +€)) 40
do; €

(e) (2.41)

where ImF represents the imaginary part of F.

Note: the third difficulty as mentioned above still exists.

2.3.2 Sensitivity analysis

Consider the general optimization problem as stated above. The gradients

of the state variables with respect to the design variables, (called the sensi-
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tivity), can be obtained by numerically solving the following:

- e

5] -] [

Therefore, the gradients of the objective function with respect to the design

to give:

variables are given by:

T
dF OL] ™' [6L]\ OF , oF
aa—‘([%] [%D 50t e (243)
3—{:— is also called the reduced gradient (notation:% . 3—5 and g—i could be

computed by finite differences.
Note: No information about the objective function is included in the com-

putation of sensitivity.

2.3.3 Adjoint method

Consider a variation in the objective function F' which is caused by a small

variation in the design variables. (o — a + €&)
OF = F(a+ea, U(ated))—F(a, U(a)) = e (af F,+U7 Fy)+0(e?) (2.44)
where U and & are related by:
UTLyT + a7 L,T =0,
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Therefore an arbitrary vector A = (A1, A, ..., An)T can be chosen

(U7 Ly" + & L,T) A =0. (2.45)

After several steps (similar example of this can be found in Appendix F. )

we obtain the equation below:
OF = ea” (Fy +LaT A) + e UT (Fy + LyT \) + O(6?), (2.46)

which is true for all A. Now a proper choice for X is given by the Adjoint

FEquation

oF [oL]*
55+ [ﬁ] A=0 (2.47)

The gradient information % is therefore:

dF [oL]1T . oF
-(E = [%] + % (2.48)

At a minimum, the optimality condition (necessary condition) is:

L(U(a),a) =0,
Lui A+ Fy =0, (2.49)
LIA+F,=0.

All of the above equations could be deduced another way by constructing

a Lagrangian function. Of course, the mathematical expression of reduced
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gradients is exactly the same after rearranging:

‘ T
dF _ ([dL]7' [oL oOF  OF
do au Oa U O«
Note: There is no information about the design variables involved in the
adjoint equation. This observation indicates that the computational cost of
solving the adjoint equation is independent of the number of design variables.

Therefore this method is particularly efficient for a large-scale design variable

problem, although the cost is still proportional to the number of constraints.

2.3.4 Automatic differentiation

Automatic differentiation (AD) is a tool to numerically compute the deriva-
tive of a function specified by code. There are two traditional methods to do

the differentiation

e symbolically differentiate the function as an expression, and then eval-

uate it at the required point
e use numerical differentiation

However, using symbolic differentiation is low speed and also it is difficult
to convert the code into a single mathematical expression. Furthermore, if
higher order derivatives are required, then the final results would be very

complicated and time consuming.

For using numerical differentiation, such as the finite differences, the dif-

ficulties are round-off error and cancellation. Furthermore, it shares the
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same problem with the symbolic differentiation. To obtain the higher order

derivatives will bring the complexity.

Automatic differentiation can solve all of the above problems. In the au-
tomatic differentiation(AD) method, it builds a new, augmented, program
that computes the analytical derivatives information of the function with re-
spect to the variables, along with the original program. This new program
can be called as the differentiated program. Precisely, each time the original
program holds some value ¢, the differentiated program holds an additional
value dt, the differential of {. Moreover, each time the original program
performs some operation, the differentiated program performs additional op-

erations dealing with the differential values.

AD’s principle is based on a fact, that every computer program, no mattér
how complicated, executes a sequence of elementary arithmetic operations
such as additions, times or elementary functions such as log. Therefore, the
whole computer program can be differentiated with the help of the chain

rule. (see also [39][40])

By applying the chain rule of derivative calculus repeatedly to the opera-
tions in the original code which are used to compute the desired function,
derivatives of arbitrary order can be computed automatically. This process

yields exact (to numerical accuracy) derivatives.-

There are two approaches developed in automatic differentiation: the for-
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ward mode and the reverse mode. These two modes are distinguished by
how the chain rule is used to propagate derivatives through the computa-
tion. The forward mode propagates derivatives of intermediate variables
with respect to the independent variables. The reverse mode traverses the
chain rule from left to right. The forward mode is quite straightforward. The

reverse mode usually needs more memory.

In the reverse mode of automatic differentiation, the computational cost is

independent of the number of design variables.

To implement AD, there are two choice:

e overloading
This is a C++ style. Each real number is replaced by a pair of real num-
bers, the second holding the differential. Each elementary operation on
real numbers is overloaded, i.e. internally replaced by a new one, work-
ing on pairs of reals, that computes the value and its differential. The
advantage is that the original program is virtually unchanged, since
everything is done at compile time. The drawback is that the resulting
program runs slowly because it constantly builds and destroys pairs
of real numbers. Moreover, it is very hard to implement the "reverse

mode” with overloading.

¢ source transformation
consists in adding into the program the new variables, arrays, and

data structures that will hold the derivatives, and in adding the new
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instructions that compute these derivatives. The advantage is that
the resulting program can be compiled into an efficient code, and the
”reverse mode” is possible. The drawback is that this is an enormous

transformation, that cannot be done by hand on large programs.

Automatic differentiation tools are mainly developed on the Fortran plat-
form such as ADIFOR [9], Odyssée [50] etc. With some software on C and
C++ platform, ADOL-C [21]. Some software can even deal with the non-

differentiable functions ( max, min) say, Odyssée.

2.3.5 Hybrid method

The weakness of genetic algorithms (GAs) comes from the fact that they
require a large number of evaluations of the objective function (fitness) which
is very time consuming especially in CFD, (where the solution of the PDE is
necessary.) Therefore a local optimization technique is added to avoid this

lack of efficiency.

1. Define each of the individual members of the population:
Considering a simple 2-dimensional case, for instance, the geometry of
a 2-d airfoil is to be defined. In this case a B-spline [18] could be used.
A spline is defined by the vertices of its control polygon. By taking
x-position coordinates of the vertices as fixed, an array which stores

the y-coordinates can encode the geometry (shape), see [17].

2. Choose the initial population:
Each solution (shape) will be represented by one array (chromosome).

The typical GA will generate the initial population randomly. It would
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be useful to add some good candidates into the initial population, ob-

tained by the gradient-based method.

3. Evaluate the fitness:
Evaluate the fitness of each airfoil expressed by the different arrays.

The fitness is totally dependent on the objective function.

4. Rank and select chromosomes corresponding to fitter airfoils for repro-

duction.
5. Apply operators of mutation and crossover to generate new individuals.
6. The population is replaced by the offspring .

Usually the task is to avoid ‘pre-mature’convergence (converging too fast to
find the global optimum), an important issue in GAs. The idea presented
above includes some local optimum which might cause this effect. An al-
ternative choice is to use the gradient-based methods to improve the best

individual only at each iteration, see [41].

2.4 Shape parameterization

Shape representation is important in shape design. In this subject, how to
choose the design parameters remains an open issue. There are two main

branches:
e Shape parameterization

e Mesh-based
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In the latter branch, each node of the mesh becomes the design variable
which will obviously lead to a huge design space. However, the computa-
tional cost will not necessarily increase heavily if the adjoint method or the
reverse mode of automatic differentiation is in use. But discontinuities may

occur on gradients which require a smooth technique.

For shape parameterization, the basic idea of this representation is to as-

sign a coefficient to each of the shape functions:
T=>Y afi(x). (2.50)
i=1

In the above equation, I is the geometry required to be represented, f;(x) are
shape functions, o; are real-valued coefficients corresponding to these shape
functions. Obviously an assumption is made that the optimal shape can be

represented by these shape functions, (sometimes called reference shapes).

The choice of this shape function can be a polynomial function, triangle
function, or B-spline, Bézier function. For simplicity, in a 2-dimensional

case, the equation below is given to represent the geometry:

y(0) =3 eifilz) - (2.51)

where y, T are the y, x coordinates of the shape to be represented in Carte-

sian space.
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Generally speaking, not all of the functions can be chosen as shape functions;
the shape functions must meet some requirements introduced by problems
and have some features which help the user control the shape easily. One
simple choice of shape functions is suggested by Hicks and Henne [24] (used

in airfoil design); that is:
fz) = {sin[rz!82/ 180} o<z <1 (2.52)

It can be easily seen that the parameter ¢; controls where the maxium is

while the parameter {5 controls the width.

Bézier and B-splines are also used to parameterize the geometry. In this
report functional B-splines are used to paremeterize the geometry. For a
Bézier curve over a general interval [a,b], the shape function is defined by

the following equation:

s =3 nar,  opew = (7) S e,

=0 t
The Bézier curve has the following properties:

o Affine invariance: Bézier curves are invariant under affine maps. Be-

comes more and more popular in shape representation.

o Convez hull property. A Bézier curve lies within the convex hull of its

control polygon.

e Endpoint interpolation: A Bézier curve interpolates the first and last

control points,
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Although the Bézier curve has the above useful advantages, it also has a i)ig
limitation. This is that the number of control points will decide the order of
the curve. This limitation can be avoided by another shape representation
technique; B-splines:

y(u) = Z d; Ny (1) ,

where n is the number of the control points in the B-spline curve, d; is the

i~th control point, and the B-spline basis function is defined as:

Ni,l(u) =1 if u <u< Ui+1

N;ii(u) = 0  otherwise

U — U Ui — U
Nigp(u) = ————Nyj1(u) + ————Nyp151(u) (2.53)

Uitk—1 — Ug Uitk — Ui41
The knot set is uy, us, ..., Uy+x, and the order is k. The x coordinate of the

control point is computing by the average knot in the functional B-spline case.

The B-spline has the following properties:

e convez hull property: A B-spline curve is contained in the convex hull

of its control polyline.

e local modification scheme: Changing the position of control point F;

- only affects the curve C(u) on interval [u;, U(iypt1)-
o affine invariance

e wvariation diminishing property If the curve is in a plane , this means no

straight line intersects a B-spline curve more times than it intersects
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the curve’s control polyline.

Besides all of these properties, an important advantage of the B-spline is
that NURBs (Non-Uniform Rational B-splines) is a standard for geometry

representation techniques in CAD systems.

B-spline surfaces can be regarded as a tensor product generalization of B-

spline curves. A functional B-spline surface of order k by [ takes the form

z(u,v) = Z Z dij N; o (w) N (v),

i=1 j=1

n+k

where associated with z is a knot set in u, (u;)**F and a knot set in v, (v;)T4!

j=1-
B-splines still have limitations in shape optimization, i.e. B-spline is not
so good at representing non-smooth geometry. From the above content and
based on the knot set knowledge of B-splines [18], it is true that B-spline
can parameterize a geometry with singularity, if the multiplicity of the knot
equals to the order. However, this is not a good geometry representation
method because the number of control points will inevitably increase which
makes a piecewise B-spline. In that case it would be a choice to use 2 B-

splines rather one with singularity and more control points.

2.5 PDE solution

Solving the PDE is necessary in shape design because the objective functions

in shape design problems are involved with the PDE. To solve the PDE, the
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discretization is first applied. Since the method of discretizing the PDE is
usually mesh based, a mesh or gird must be constructed first. The discretiza-

tion of a PDE can be divided into two categories:

e temporal discretization

e spatial discretization

In practice, temporal discretization always uses the finite difference method,
while spatial discretization varies by using different methods, such as FEM
(Finite Element Method), FDA (Finite Difference Analysis), FV (Finite
Volume Method), even SPH (Smoothed Particle Hydrodynamics, a gridless
method).

After discretization, a system of algebraic equations is usually produced.
Some methods have been presented to solve the system but no method has

been proven to be superior to others in general.

2.5.1 The mesh

Mesh generation is an essential aspect of all numerical methods that employ
finite differences, finite volumes and finite elements for the solution of partial
differential equations (PDEs). In short, it consists in dividing bounded or
unbounded flow domains into elements (triangles, quadrilatefals, polygons in

2-D; tetrahedrons, parallelepipeds, n-edrons, etc.) called cells.

There are two classes of meshes in the geometry space, namely

e structured mesh
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e unstructured mesh

Structured mesh and unstructured mesh are different in the way the mesh
points are locally organized. If the local organization of the mesh points and
the form of the elements are defined by a general rule, the mesh is a struc-

tured mesh, otherwise, it is an unstructured mesh

The advantages of using structured mesh are listed as follows:

e it can be used in conjunction with some very efficient PDE solving

methods, such as the multigrid method
e less memory storage
e simple and fast to generate the mesh

However, the structured grid is not suitable for a domain with a very compli-
cated geometric boundary; unfortunately this is true in most of the physical

applications.

An unstructured grid has better geometric flexibility than a structured mesh.
It can be generated faster on most complex domains and exists for all do-
mains. Furthermore mesh refinement can be done without difficulty. How-
ever, the storage of the unstructured mesh data is not easy (it requires in-
formation on which node is neighbour to which), ahd also it takes far more
memory than in a structured mesh does, and thereby hindering paralleliza-

tion of the computer code.
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The Advancing Front technique and Delaunay Triangulation are the two-
most popular methods to generate the mesh. Below is a brief introduction

to these two methods.

1. Advancing Front Technigue. In this technique mesh elements are placed
at the boundary and advance towards the interior of the domain-. The
first triangle consists of the contiguous points closest to a corner point.
Further triangles are constructed by conneéting interior points to the

existing front line of triangles.

2. Delaunay Triangulation. A Delaunay triangulation for a set P of points
in the plane is a triangulation such that no point 'in P is inside the
circumcircle of any triangle in the triangulation. The Delaunay trian-
gulation procedure looks like the following: a central interior point is
connected to a neighbour point by a straight line. Another line is con-
structed which is perpendicular to the first one, and half-way between
the points. If the same procedure is performed four times between the
current central point and the other connected points, then the per-
pendicular lines form a pentagon. Triangles are formed by connecting
the points which have common boundaries of pentagons. Delaunay
triangulations maximize the minimum angle of all the angles of the
triangles in the triangulation; they tend to avoid ”sliver” triangles.
Delaunay triangulations are often used to create meshes for thé finite
element method, because of the angle guarantee and its efficiency on

mesh triangulation.
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The initial mesh used to solve the PDE may not be suitable to produce a
sufficiently accurate solution. In that case, an improved mesh is therefore
adopted by refining either uniformly or some specified area. These are called

global mesh refinements and local mesh refinements.

If a certain refinement operation is applied to all the elements in the do-
main, then this procedure is regarded as a global mesh refinement. If the -
refinement operation only needs to be performed on some regions within the

domain, then it is referred to as local mesh refinement.

The purpose of using mesh refinement is to achieve a sufficiently accurate
approximation of the solution. Furthermore, it may also save computational
costs. The mesh refinement approach which diminishes the mesh size by in-
serting extra nodes is called h-refinement. Another mesh refinement called
p-refinement which increases the pélynomial order of the basis function (in
FEA methods) or through the usage of higher order stencils (in FDA meth-
ods), means more nodes are involved in every equation. Local mesh refine-
ment is preferable to global mesh refinement because the latter could cause

inefficiency, see [51].

Both structured and unstructured meshes can be locally refined, but the
mesh refinement is usually applied to the unstructured mesh in practice.
The reason for this is not only because of the memory storage, but also be-
cause of the hanging node in the structured mesh, which means a node is a

vertex of one element but is not a vertex of the adjacent element.
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2.5.2 Finite difference method

This section presents a quick introduction to the finite difference method.
This method can be used to represent an approximation to the derivative

terms of the partial differential equation (PDE) at the discrete points.

Finite difference methods can be classified into two groups:

e Implicit method: The PDE can be solved indirectly by solving a system

of simultaneous linear equations.

e Explicit method: The PDE can be solved directly using the appropri-
ated boundary conditions, proceeding backwards in time through small

intervals and a finite difference operator to the discrete point.

The finite difference method is usually connected with a structured mesh. In
a 2-dimensional case, for a given continuous function ¢(z, y), the approxima-
tion for this function at the discrete point (z + Az, y + Ay) can be described

by using the Taylor series expansions around its adjacent points (z,y).

1 o o
oz + Az, y+Ay) = é(z,y)+ ﬁ(A:ca— + Aya—y)cﬁ(w, Y)

X
1 8 ?
+ (Ao + Byp (@ y) + o+ 0BT, Ay

2! 0
_ 0 B Ly P 0%
= ¢(z, y)(A:vax + Ayay)‘k-l- 2(Aa: 52 T Ay %

2
+ 2AzAy 0 )+ ... +0(Az™, Ayt

0xdy
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In a three dimensional case, the approximation is given by the following

equation:
¢z + Az,y + Ay, z+ Az) = ¢( )+l(A 3+A'E+A—a—)¢( )
z $9y yaz z - ¢ xayaz 1| xa(l] yay 82’ :L‘$yaz
1 0 0 0\,
+ E(Axng + Aya—y + Azgg) &z, y,2) .

+ ... +O(A$n+1,Ayn+l,Azn+1)

In practice, the number n cannot be infinite. If the Taylor expansion terms
where n > p are cut off from the approximation, then it has a truncation

error given by the following expression:

1 7] o} 3}
M(Az% —I—Ay-a—y—+A a)(p"'l)gb(a;, Y, 2)+. . . +O(Az™ Ayt A

where the first term —t<(AzZ + Ay2 + A 2)YetDg(z, y, 2) is the so called
(p+1)! oz dy 9z

the principle part of the truncation error.

To approximate the first order derivatives, the finite difference method has
the forward difference, the backward difference and the central difference
operators. To approximate the second order derivatives, higher order finite
difference operators are usually employed, which normally means more grid

points are involved.

The finite difference method is a straightforward way to approximate the
PDEs. The derivative terms in the PDE can be directly replaced by using

the finite difference method while the FEM requires integral equations. Fur-
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thermore, the boundary conditions can be implemented in a straightforward
manner, where the FEM requires a proper shape function which can satisfy
the boundary condition. However, FDM has difficulties on complex domains,

which raises the FEM.

2.5.3 Finite Element Method

Finite element methods are used for finding approximate solutions to a phys-
ical problem defined in a domain. The method is based on the technique of
dividing the region or domain of the problem into a number of finite elements
and then finding the best possible solution which is continuous outside the
elements. The accuracy of the solution is mainly dependent on the number
and size of the elements and on the types of approximation function used

within the elements.

In a typical finite element problem the solution is usually derived in four

separate phases in the following order:

e formulation phase
The physical region of interest is divided into elements and element
types are defined. The approximation to the exact solution at each

element is presented by appropriate interpolation functions.

¢ evaluation and assembly phase
The contribution of each element to the problem formulation is com-
puted. This usually raises the stiffness matrix and force vectors. The

contributions from the individual elements are assembled to produce a
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large system of equations for solution.

e solution phase
These equations are solved to find the primary unknowns of the prob-
lem. These unknowns are generally values of some physical quantity at

the nodes of the elements.

For example: to solve a ordinary differential equation in 1-dimension:

5= = f(z) (2.54)

the unknown solution ¢(x) can be approximated by the following equation:
O(z) = 01 N1(z) + 02No(z) + ... = »_ 04N, (2.55)
where ; are unknown coefficients and N;(z) are the shape functions. The

residual is given by the following equation:

R(6,2) = 22— (z) . (@56)

The finite element method will try to solve the following equation:
/ W(@)R(@®,5)d0 =0 (2.57)
Q

where the W(z) is called the weight function, and this equation is applicable
for one dimensional case. Extension into more dimensions can be obtained by
following the same strategy used before. The weight function is introduced

in order to be able to minimise the residual at each element. The choice of
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the weight function depends on the applied scheme. The approach where
the weight function is identical to the shape function is called the Galerkin

method (W; = N;).

The difference between the FEM and the FDM is that FEM approximates
the solution of the PDE, while FDM is an approximation of the PDE.

2.5.4 Subspace method

The Krylov subspace method is the most important class of iterative meth-
ods. It is a projection method on Krylov subspaces. For solving the system
equation

Ax =D,

the projection methods seek an approximation solution, xz, from an affine

subspace X, + K}, by imposing the Petrov-Galerkin condion:
b — Ax; is perpendicular to Ly,

where Ly, is another subspace of dimension k and z. is an arbitrary initial ap-
proximation. The choices of subspace L are many; Krylov subspace methods
choose

Ki(A,r.) = span{r,, Ar,, A’r,,..., A¥ r;}

where r, = b — Ax,.
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The appoximations obtained are of the form
A = xp = %, + qr1(A)re,

where qx—1 is a polynomial of degree k£ — 1. If the initial guess is chosen as

x = 0 the following simple equation is achieved:
A7~ xp = g1 (A)re.

Many variants exist, depending on the subspace L. Two choice of L; are

given below:
[ ] Lk = Kk

[ ] Lk = AKk
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3 The Super-Reduced method

In this new method, the geometry is parameterized by B-spline shape func-
tions with nominal uniform knot set. Therefore, the control points of the
B-spline curves become the design variables in the optimization scheme. The
knot insertion algorithm has been firstly introduced to keep the geometry
unchanged whilst increasing the number of control points. The initial num-
ber of control points can be set to a small number, potentially decreasing
the number of optimization iterations. To achieve a suitable accuracy the
final number of control points can be very large for the value of the objective
function. This could be very useful especially when the objective function is
sensitive to the geometry change. In the approach taken here the knot in-
sertion algorithm starts when the solution is close to the optimum solution.
After that, a large number of design variables will be produced as specified by
the user. Since the knot insertion algorithm does not change the geometry,

the optimization problem will be kept the same.

Beside this core idea, the super-reduced idea and mesh refinement are also
incorporated. The super-reduced idea is employed to convert the constrained
problem into an unconstrained one (where the constraints are kept unchanged
all the time). Using this method the gradient becomes a super-reduced gra-
dient. The applications of the super-reduced idea can be also found in [62],
which uses Euler equation as the governing equation. In this thesis, using the
super-reduced idea is an independent research, and the idea has been applied

into different applications. Furthermore, the validation of the super-reduced
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idea is also explored

Mesh refinement is extensively used in shape optimization. This approach is
very useful when the exact gradient is difficult to obtain. In doing so, most
of iterations will be done on the coarse grid and with relatively few on the

refined grid, thus making the method more efficient.

The developed new method is the first method which employs the knot in-

sertion idea, the super-reduced idea and mesh refinement.

To solve a general shape optimization problem, an optimization scheme is
necessary. The new method, which is BFGS-based, is used because of its
super linear convergence and better efficiency. The selection of the search
direction and the update of approximate Hessian matrix follows the same

rule as the BFGS method [20]:

S — —‘H(Xk)__l jor ) (31)
arqi  Hipepf H (3.2)
aipr  pPLHipk

Hyyy = Hi +

where py = Xg11 = Xk, Q& = g(Xk+1) — 8k, and Xy, g denotes the point and

the gradient at the k-th iteration respectively.

Using any gradient-based method requires the user to supply the design
variables. In the new method, B-spline is chosen to parameterize the shape,

therefore the objective function becomes a function of the control points of
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the B-spline curves, denote by F'(ay, g, ..., ay); where (a1, ag,...,ay) is a

set of control points to describe the geometry 02.

The number of control points, n, for the initial shape can be chosen as small
as possible. The method first inputs control points as design variables to
generate the shape. Based on the shape, the value of the objective function
and the gradient is computed. The optimizer will repeat this process until a

certain criteria is reached.

The criteria is chosen as

| Frs1 — Fill <m

while 7 is a sufficiently small value to demonstrate whether the value is
close to the optimum value. Once this criteria is met, the knot insertion
algorithm and the mesh refinement start. The knot insertion algorithm (8]
insert numbers of knots to the knot set and corresponding numbers of control
points while the geometry is not changed. In that case, the numbers of control

points are increased from n to m where m > n. Suppose
(al, a2y ..y a’n)
are the control points which define the geometry before knot insertion, while

(61, G2, ..., 0um)
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are the control points which define the geometry after knot insertion. Then,

the following equation is obtained:
I (ay, e, .. 0 ) = 00s(41, G2, . . ., @) m>n (3.3)

Therefore the knot insertion algorithm does not changé the optimization
because the objective function is a function of the geometry which is kept

unchanged.

F(09) = F(69) : (3.4‘)

Introducing a knot insertion algorithm is the core idea of the new method.
Besides this, the new method includes mesh refinement, and a super-reduced
technique. These will be discussed in the following section. The procedure
" for using the new method will be described thereafter. The method, and

finally its advantages, will be addressed.

3.1 Knot insertion algdrithm

A knot insertion algorithm [18] can insert a knot into a B-spline curve
without changing its shape. After knot insertion, the B-spline function (p(u))

changes from

n .
y(u) = Zd,-Ni,k(u) , with knot set (u;)™*f* (3.5)
i=1
to
n+1 R
y(u) = Z d;N; (u), with knot set (u})2ft*. (3.6)
=1
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where k is the order, u is the parameter value, d; is the i-th control point
for the B-spline curve before knot insertion and d; the i-th control point for
the B-spline curve after knot insertion. The second knot set differs from
the first one in that it has an additional knot inserted somewhere in the
interval [ug,¢n41). This interval is selected because u; = us = ... = u,
Uptl = Uppo = ... = Upyr, and we want to keep th‘is property to let the first
control and the last control points in the B-spline interpolate the first data
point and the last data point. Thus the knot can be inserted in the interval

[uk > U'n+1] OHIY'

If a knot @ is to be inserted into the knot set, coinciding with the knot '
Up+1, say, which already has multiplicity s (if it does not already occur in

the knot sequence, then s = 0), and the new knot set is denoted as

(

U i<p

Ui ==y i=p+l (3.7)
Uj_1 i>2p+2,
\

then the number of control points has to increase from n to n 4+ 1 because

the number of the previous knot set increases from n + k to n + k + 1.

Since the B-spline has a local modification property, only some of the control

points need to change by a linear interpolation of the previous control points;
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that is:
d; =aldi+(1—oj)diy i=p—k+s+2,p—k+s+3,...,p (3.8)
where o} = (@ — u})/(ul,, — ul) = (& — u;)/(tiyr—1 — w;). This is the core

idea of the knot insertion algorithm, details of which can be found in [18].

The knot insertion algorithm is as follows:

Algorithm: single knot insertion

fori=1,p—k+s+1, do:
di = d;

fori=p—k+s+2,p, do:
af = (0 — u})/(uip — ui) = (@ — )/ (Uirr-1 — w;)
d; = ald; + (1 — a})d;_4

fori=p+1,n+1, do:

~

d; =d;i

3.1.1 Use of knot insertion algorithm

The knot insertion algorithm allows the user to add additional control points,
i.e. design variables in optimization, to the B-spline curve without changing

the geometry. Therefore, it is possible for the user to start the optimization
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iteration with only a very small number of control points, while ending with
a large number of design variables to describe the geometry. The purpose of
using the knot insertion algorithm is to decrease the numbers of optimization

iterations while obtaining a relatively better value of the objective function.

We use knot insertion algorithm by first starting with a few control points
(as few as possible), then, when the code finds it is close to the optimal value,
the knot insertion algorithm starts. An example is given below to show how
we insert the knots.

Given an initial knot set, (u;)2:

1 2 3 n—k

0,0,---,0, , , 1,100 ,1
——n—k+1'n—-k+1'n—k+1 ’‘n—k+1
k n‘—,k k
the knot set after insertion is (u})2":
1 2 2% (n—k) + 1

0,0, 0 .
L,—’/’Z*(n——k—l—l) 2% (n— k-l-l) "2 % n—-k+1)H/—)

k

2*(n—k)+l

After this knot insertion it will have 2 * n — k 4+ 1 control points with the
shape unchanged if the above procedure is followed. By repeating the knot

insertion algorithm the control points will increase as required.
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3.2 Mesh refinement

Starting mesh refinement at a certain stage in the optimization loop is not a
new idea. The purpose of doing this is to make the optimizer do most of the
iterations on the coarse mesh and relatively few on the refined mesh. To re-
fine the mesh, there are two choices: local refinement and global refinement.
Since the global refinement may introduce inefficiency [51], local refinement

is used in this method.

Two important questions are how coarse the initial mesh should be and how
refined the final mesh should be. To answer the first question, let us recall
Taylor’s expansion:

1
F(xy, + agsie) = F(xy) + oxfg] sk + 5042 [si]” H sk, (3.9)

where ay, a positive real number, is the step size in the search direction sy,
g, H denotes the analytic gradient and analytic Hessian matrix respectively,
and s, = —H(xx) 'g(xk). (H(xx), g(xx) are approximated value of the

Hessian matrix and the gradient for the user specified mesh.)
In order to obtain a decrease in the value of the objective function, the

following condition:

g -sc<0, (3.10)
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is necessary, i.e, if
[g]” - H(xx) 'g" <0 where g"=g(xs), (3.11)

is satisfied, then it is guaranteed that the optimizer is able to find a smaller

value than F(xg).

In the above formula g* represents the approximafed gradient in a mesh
‘where the mesh size is h, and H(x;) is an approximated Hessian matrix by
BFGS update, which is a positive definite matrix. The initial approximation

for such a matrix is usually the unit matrix.

Concerning the refinement of the final mesh, one can use error analysis to
find out how the error (mainly discretization error) influences the value of
F, or one can use the consistent gradient theory [40], [46]. Error analysis is

used in the application of this method.

3.3 Super-reduced idea to compute gradients

A given shape optimization problem is often a PDE-constrained optimization
problem in the CFD area with or without other constraints. For a shape

optimization with one equality constraint,

min F(a, ®(c))  subject to  ¢(a) =0, (3.12)
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where o = [y, Qg,...,0,] is a column vector consisting of n numbers of
design variables, ®(a) represents the solution to the partial differential equa-

tion, and c(«) is the constraint.

It is obvious that solving an unconstrained optimization problem is much
easier than solving a corresponding constrained optimization problem. The
super-reduced idea, see [62], is introduced to convert the constrained opti-
mization problem into an unconstrained optimization problem. The idea is
to first solve the PDE constraint in each optimization iteration to reduce the
above optimization system and then to solve the constraint to super-reduce

the system.

In the new method, a design variable, say o;, is chosen and this design

variable can be uniquely defined by other design {rariable, ie.
o = E(al,az,...,ai_l,aiﬂ,...,an) (313)

where F is a function of (o, @, ..., ®—1,®i11,-..,0,). In this case, ¢; is

a dependent design variable, while all other design variables are independent.

Therefore, the constrained optimization problem (Equation 3.12) becomes

the following unconstrained optimization problem:

. ~ N T
mlnF(al,a2, ey O], Qi e, ) G= o, Qo g, O,y - - - Ol
27

(3.14)
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provided that the partial differential equation is solved in each optimization

iteration.

The solution provided by solving the above system is equivalent to the solu-

tion provided by the Lagrange system below

min L(oy, @, . .., 0y, A1) = min Fay, ag, . .., o) — Mic(an, @, . .., )
(3.15)
as long as the selected dependent variable is uniquely deﬁned by other design
variables. The mathematical proof for this argument is simple and given in

Appendix B.

3.4 The procedure for the new method

The procedure for the new method is presented as follows:

1. Start from the initial design point xg, the inverse matrix of approxi-

mated Hessian matrix, By.

2. Evaluate the value of the objective function, and evaluate/update the

gradient.

3. Set the search direction s = —Bigr, Check the magnitude ofvthe
search direction s; to avoid potential self-intersected shape. Use the
line search method to find the step size o and keep the constraint all

the time.

4. Update the design point xx — Xy41. Evaluate gradient at the new
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point Xjy3.
5. Update the Hessian matrix.

6. Decide whether the mesh refinement and the knot insertion algorithm

should be employed.

7. If the knot insertion algorithm is required, produce the new design

point Xy, compute the value of the objective function and the gradient.

8. Go back to step 2 if the termination criteria are not satisfied, otherwise

output the result.

3.5 The advantages for the new method

The advantages for the new method are discussed as follows:

e Using this method, a optimum shape with a good value of the objective
function can be found efficiently. Generally using less design variables
the optimizer will require less iterations to converge. However, the value
of the objective function obtained may not be very good, particularly
in the case where the value of the objective function is sensitive to the
shape change. On the other hand, by using a large number of design
variables the optimizer may require a large number of iterations to
find a optimum shape. The new method can find a good value of the
objective function with a smaller initial number of design variables and

a fewer number of iterations.

e The new method shares the super linear convergence feature of the

BFGS method. Furthermore, in the tested cases used, its efficiency for
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finding a optimum shape is better than the BFGS method, as shown

later.

e It makes the BFGS based methods possible for a large number of design
variable problems. Generally the BFGS method is not a good choice in
this case because of its computational cost for the matrix operations.
The new method however will limit most of the matrix operations to

those of small dimension.

3.6 Preventing self-intersecting shapes

Preventing self-intersected shapes is not an issue in most shape optimization
problems. By making some preconditions or using different shape represen-
tation techniques, self-intersecting shapes can be avoided. For example, in
[5] the authors use a Bézier curve to minimize the least square difference of
the designed shape and the original shapes. Therefore, the designed shape
will be close to the original shape, which is not self-intersecting since the

geometry change is small.

An idea can be borrowed from airfoil design. The shape of a 2-dimensional
airfoil can be represented by a camber line with an equation to describe
the relationship among the coordinates of the camber line. Therefore, in 2-
dimensional cases, the coordinates for the points in the upper curve (z, y,)
and the coordinates for the points in the lower curve(z;,y;) can be repre-

sented by the equation arrays stated below.
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Ty = T — yy() sin(a)

Yu = Ye(z) + y:(x) cos(e) (3.16)
and

z; = z + yi(z) sin(a)

% = Ye(z) — ye(z) cos(a) (3.17)
where y;(z) is the thickness function, y.(z) is the camber line function, and

a= tan'l{%}

is the camber line slope.

In the numerical test case, it is necessary to avoid a self-intersecting shape
since all control points have the freedom to move anywhere in 2-dimensional
case. Once the shape is self-intersecting, obviously the mesh general will fail
to work and then the PDE solver will return 0 (in most cases) to the value

of the objective function because no mesh is actually input to the PDE solver.

The idea of preventing self-intersecting shapes is quite simple and straight-

forward. We detect whether

Yy>Y, if Xp=Xg
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for any points Py = (Xy, Yy) in the upper curve and any points Pr,(Xy,Yr)

in the lower curve. If this is true we know there is no self-intersecting shapes.

In the code, it is impossible to process an infinite numbers of points and
also it is not necessary to detect an infinite numbers of points because the
boundary is constructed by a series of straight lines. Therefore a finite num-
bers of points can be chosen, but all of the boundary points used in the mesh

generator have to be included for comparison.

3.7 Algorithms

In order to explain the new algorithm in detail, it is compared with the typical
BFGS method. The new method is designed to deal with the constrained
optimization problems with equality constraints, but its behaviour is the
same as an unconstrained optimization algorithm. It can be shown that the
algorithm has the same advantage of the typical unstrained optimization, the

Xk4-1—Xx« ¢

1
super linear convergence (Hllxk—x* =c2where2>¢l>1,0<c2<1and

X, refers to the optimum point).
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Algorithm: algorithm of a typical BFGS method

1, Input start point xg, By, termination criteria.

2, For given k, set the search direction sy = —Bygy.

3, Compute a step size « by line search algorithms or the trust region method.
4, Compute the update matrix according to a given formula (BFGS).

5, Update the inverse matrix of approximate Hessian matrix.

6, Continue iteration & = k + 1 until termination criteria are satisfied.

In the above algorithm, B is the inverse matrix of the approximated Hessian

matrix.

The new algorithm

The new algorithm is presented as follows:

e Input start point xo, By, termination criteria. (B can be chosen as
the unit matrix or reading from a file.) Set iteration number (1) and

refine flag (0).

e Evaluate value of the objective function by different subprograms, the

value of the refine flag will decide which subprogram should be used.

o Evaluate the gradient when the iteration number equals to one
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Set the search direction s, = — Bigy.

Check the magnitude of the search direction s; to avoid potential self-

intersecting shapes.

Use the line search program to find the step size a. . The line search
program is a special bisection method, it can keep the constraint un-

changed.
Update the point Xy — X3 while keeping the constraints unchanged.

Evaluate the gradient at the new point Xy by different subprograms,
the value of the refine flag will decide which subprogram should be -

used.

Check whether the shape is going to be self-intersecting. If not, ex-
change the last point (xi) and the new point (xx+1), exchange the new
gradient vector and the previous gradient vector. If it is, go to the last

point and treat this case with a self-intersection subprogram.
Decide whether it is necessary to change the value of the refine flag.

Continue with next k until the termination criteria are satisfied.

The new algorithm is complicated, but it is very easy to catch the main

idea. The core idea of the new algorithm is to introduce the knot insertion

algorithm, and to use the super-reduced-method to convert the constrained

optimization problem into an unconstrained one by opérating on one special

point. This special point can be chosen as the point which has the maximum

absolute value. Furthermore, in order to decrease the noise on the gradient
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value we add mesh refinement into the code. The code will automatically use
the refined subprogram when the solution is close to the optimum. These two
features will not influence the behaviom of the BFGS method at all. If the
shape is not going to self-intersect, then the self-intersecting shape programs
will not operate. If this does occur, it will deal with the previous point rather

than the current point.

3.8 The choice of the end condition

For an unconstrained optimization problem, the purpose is to find one op-
timal point where the gradient equals zero. For a constrained optimization
problem, the situation becomes more complicated. However, it still aims to
find the feasible optimal point, or KT point (Kuhn and Tucker, 1951), see
[20].

In the geometry optimization, the accuracy of the gradient mainly depends
on how refined the mesh is. Obviously it is difficult to produce an arbitrary
refinement considering the computational cost and the memory storage, es-
pecially in a 3-dimensional case. Using mesh refinement can partially solve
the problem, but it is still difficult to find a solution which is arbitrarily
close to the analytical solution. Furthermore, from a practical point of view,

machine precision must be considered.

There are some common conditions which can be used as terminal condi-

tions for most optimization problems:
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e the length of the step size is too small
e the maximum number of iterations is reached
e the convergence is reached

The first two terminal conditions are clear. Normally these two qonditions'
indicate that the optimizer fails to find the optimal solution. The third one

can be indicated by any of the following conditions:
1. ||Frp1 — Fx|| <=¢
2. || Xpy1 — Xi|| <= €2
3. |lgell <=¢
4. xFHxy <= é/?

First of all, the value of € cannot be smaller than the machine precision, this

is a requirement for numerical convergence.

|Fr+1 — Fx| <= ¢ is usually an indicator for the descent of the objective
function. The condition requiring |xx+1 — Xx| <= € has the corresponding
physical meaning that the solution converges to the optimal shape, where
the first condition |Fy4; — Fx| <= € requires that the value converges to the

optimal value.

The condition requiring |gx|] <= € is in agreement with the theory; this
condition can be combined with the first conditon. A combined condition

will be stronger than any single ones.
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A constrained optimization case requires the point to be feasible and also
that the Lagrange multiplier are valid, i.e. that the current point is inside

the feasible space and all the values of A are positive or null.

3.9 Additional comments on the new method

The choice of the selected control points which is used to keep the constraint
unchanged is not a issue in other super-reduced applications. But in this
new method it is a problem because the initial and final number of design

variables are significantly different.

It is highly recommended to be consistent in selecting the special control

point which is used to keep the constraints preserved. Suppose
(o, 09,...,a,)

are the control points which define the geometry before knot insertion, while
(61,82, ...,0mn)

are the control points which define the geometry after knotvinsertion. If o,
is selected as the initial special control point, then &, should be selected
as the final special control point for consistency. If the middle point Q2
is selected as the initial special control point, then the middle point &,/s

should be selected as the final special control point, and so on.

78



The choice of n which is used to decide whether the knot insertion should
start. This value can be regarded as a non-vital issue for the method as long

as 7 is not too small or too large from the gaining experience of this project.

3.10 Summary

A new method is presented to deal with shape opt’imizatibn problems. Ifl
this method, the geometry is parameterized by a special shape function, B-
splines with nominal knot set. Therefore, the control points of the B-spline
curves become the design variables in the optimization scheme. The core
idea of the method is to introduce the knot insertion algorithm which can
keep the geometry unchanged while increasing the number of control points.
Therefore, the initial number of control points can be decreased by as few
as possible which will decrease the number of optimizatién iterations, and
the final number of control points can be very large which can improve the
accuracy level for the value of the objective function. In this method, the
knot insertion algorithm starts when the solution is close to the optimum
solution. After that, a large number of design variables will be produced as
specified by the user. Since the knot insertion algorithm does not change
the geometry, the optimization problem is still kept the same. This means
that the relationship between the objective function and the geometry is un-

changed, and also the geometry remains the same.

Besides this core idea, the method employs the super-reduced idea and the
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mesh refinement. The super-reduced idea is used to get rid of the equal-
ity constraint. Therefore a constrained optimization problem is converted
into an unconstrained optimization problem and the constraints are kept un-

changed all the time.

Mesh refinement is heavily used in shape optimization methods. This idea
is very important when the exact gradient is difficult to access. The purpose
of doing so is to make the optimizer do most of iterations on the coarse grid

and few on the refined grid.
The algorithm and its advantages have been discussed. The choice of whether

to start the knot insertion algorithm has also been presented. The current

way to start the knot insertion algorithm is by using a global method.
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4 Numerical tests for the method in 2-dimensional
cases

In this chapter results for the 2-dimensional shape optimization problem us-
ing the new method are reported. The first example is a PDE-constrained
optimization problem with an equality geometry constraint. The Poisson
equation is chosen as the governing equation because solving this equation
is simpler than other non-linear PDEs. Furthermore, the solution procedure
for shape optimization problems is basically the same, i.e. independent of the
governing equation. The data and results for different objective functions,
different tolerances placed on the magnitude of the gradient vector, and dif-
ferent initial shapes are given. To show the efficiency of the new method the
result produced is compared with the result produced by the BFGS method.
The idea of using a high order B-spline is investigated to find out whether it

could possibly enhance the performance of the new method.

The second example used is a transonic airfoil design problem. The gov-
erning equation is a full potential equation with boundary layer analysis.
The result produced by the new method are compared with the EXTREM
method developed by Jacob [63], and the BFGS method. The multi-objective
optimization is presented because the single objective optimization cannot

easily converge to a shape which is satisfactory at all design points.
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4.1 Application for using Poisson’s equation as the
governing equation

For the Poisson equation stated below
Vo =-10 in Q ‘ (4.1)
with the boundary condition

=0 on o0

The purpose is to find an optimum shape to maximise the maximum value
in the domain () :

max max F (4.2)
aq

subject to a geometric constraint, here:
Area of the domain, Q =k, k isa constant (4.3)
After reorganizing, the objective function is chosen as:
F=- max @ ‘ (4.4)

and is subject to two constraints:

1. Area of the domain, Q2 =&k, £k is a constant.

2. The Poisson equation with the specified boundary condition. (The
PDE constraint)
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4.1.1 Technical requirements

In order to solve this problem, the items below are necessary:

e Representation of the geometry
Two cubic B-spline curves with nominal uniform knot set are chosen to
parameterize the geometry. Therefore the objective function becomes a
function of the control points and the control points become the design

variables in this optimization scheme.

e Mesh generator
A mesh generator is needed to produce mesh information for any suit-
able geometry. BAMG [28] is chosen as the mesh generator. This

generator cannot refine the geometry globally but can refine it locally.

e Poisson solver
A PDE solver is necessary to solve the Poisson equation with any ac-
ceptable meshes. The solver used is CRANDNS, see [7], [8]. It is a

parallel Fortran code and has good performance.

o Optimization scheme
The optimization scheme is the core software in this problem. An
optimization scheme has been developed specifically for this problem,

more details about the scheme can be found in Chapter 3.
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The flow chart below can explain how these items are used in the optimization

scheme.

Shape
Qarametéﬁ'z’aﬁon.

Niosh getieator

APDE solver

l Solutions in-eacti nodes:

“Updateshaves

| New values of control points

End\t:ondx ons
.. satisfied

Figure 2: Typical procedure for solving shape optimization problems, which
includes geometry representation, mesh generation, PDE solution, and opti-
mization scheme

84



4.1.2 Theoretical results in shape representation

In this problem, B-splines are chosen to parameterize the geometry because:
e They are standard.
e They can represent complicated geometry with a low degree.
o They have built in smoothness if the knot set is chosen properly.

Two B-spline curves are chosen to parameterize the upper geometry and the

lower geometry. See the example below:

Upper geometry

Figure 3: Sample splines to construct the closed geometry. Both of the upper
curve and the lower curve are splines

We make the following assumption:

the distance between the first control point and the last point is fized.

The reason for this assumption is that it is quite possible to obtain open
shapes without it. There are some other ways to deal with this, but our
method is a pragmatic way of dealing with this problem. Furthermore an

extensive investigation on this assumption is given in Section 4.10
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The expression for each of the two B-splines curves is given by the equa-

tion below:

yw) =Y dNig(u) 0<u<l (4.5)
=1

where the B-spline basis function is defined as:

Nya(u)=1 if u <u<uyg

Nii(u) =0  otherwise

Uu— Uu; Uik — U
Nip(u) = ————Nig—1(0) + ——=——Npy14-1(u)  (4.6)
Upk-1 — U Utk — UL+l
The knot set uy,us, ..., u,+t and the order k are not specified yet.

Suppose a knot set is chosen as below:

1 2 3 n—=k
'n—k+Un—k+1Un—k+1 ’'n—-k+1
ntk

0,0,---,0
k

1,1,---,1
k

In that case, the area of the shape is given by the equation below:

A(T) = A(TY) — A(TE)
A = [ (7 @))du (47)

provided that the shape consists of the upper geometry I'V and the lower

geometry I'” are not crossed. In the above equation array, y¥, y* denote the
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upper boundary and lower boundary respectively, AV, AF denote the area of

the upper part and the area of the lower part respectively. (See Fig 3)

Based on equation 4.7, the derivative of the area with respect to the control

points in the upper curve is given by the equation below:

oA 1
a—di=/0 Nig(u)du v (4.8)

where

! Uu; — U; .
/ Nig(uv)du = %— (4.9)
0

and d; refers to the i-th control point in the upper curve. Hence if a cubic
B-spline curve with nominal uniform knot set ‘is used, the gradient of the
area with respect to the control points in the upper B-spline curve is given
by

0A Ui — Uy

=1 (4.10)

For the control points in the lower B-spline curve, the gradient is given by:

0A . _Uj+4 — Uj

3 = " (4.11)

where d; refers to the j-th control point in the lower curve and the area is

given by the following equation:

- U; — U; i U4 — Us;
A=Y (@B S (g ) (412)
i=1 j=1
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where n and m are the number of control points in the upper and lower

curves respectively.

4.1.3 Compute the super-reduced gradient by using the finite dif-

ference method

Since the objective function F is a function of state variable ® and the shape
90, (F(®,00)), and the relationship between ® and 09 is determined by
the Poisson equation with specified boundary condition (®(912)), the state

equation (the Poisson equation) is solved first in each optimization iteration.
F(®,0Q) — F(89)

Second, because 90 is a function of design variables, i.e. control points of
the B-spline curves, 9Q(dy,da, - ,dy), di,ds, -+ ,d, are the control points
of the B-spline curves, and the area of the domain needs to be fixed, one of
the control points is moved in order to keep the area constant. In this case,

the constraint equation A = k needs to be solved as well.

Now the problem is redefined as:
F=F(d11d2a"' 1d'i—1:di+1"" ,dn) (413)

with d; eliminated in each optimization iteration.

The justification for this method is given in the Appendix B. Based on the
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proof, if d; can be uniquely defined by (d1,ds,- - ,di—1,dit1,- - - ;dy), then
the optimal point produced by the super-reduced idea is also the optimal

point, for the Lagrange system.

The super-reduced gradient is computed by using the following finite dif-

ference method so that the constraints are kept unchanged:

8_F - F(d]_,dz,...,dj+€,...,di‘+(5,...,dn)
ad; ¢
F(dl’d2ad3a"’7dn)

€

j#i (4.14)

where j = 1,2,---,n, j # 1 (if j =4, then g—z = 0) and 6 is given by

solving the constraints:
Area of (dl, dg, ey di—h dz + €, di+1, ceey dn + 5) = constant.

This equation is actually a linear equation from equation 4.12.

4.1.4 Optimum shapes

The developed method has been used for varying initial shapes, different ac-
curacy levels placed on the magnitude of gradient vector, different number
of control points, and different objective functions. In all cases tested the

solution converges, and the optimum shape is found.

Some optimum shapes are obtained without using mesh refinement. One

of these is presented. The optimizer starts from the intial shape 1 (see Fig-
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lire 4), and after 103 optimization iterations it finds the optimum shape (see

Figure 5). The optimal value of objective function is -0.062202.

Figure 4: Initial shape 1

90



Figure 5: Optimum shape for initial shape 1 without using mesh refinement.

Coarse mesh is in use with about 3300 elements

In this optimization, mesh refinement is excluded. The initial mesh has about

3300 triangles and the final mesh has nearly the same amount of triangles.

The super-reduced idea is introduced in order to keep the constraint, so the

area of the geometry does not change in the optimization.

All the results in the table below are produced

without use of the knot insertion algorithm:

Starting guess Tolerance
Fig. 4 7.0e-3
Fig. 4 4.5e-3
Fig. 4 3.5e-3
Fig. 4 2.5¢-3
Fig. 10 4.5¢-3
Fig. 12 3.5e-3

Iteration numbers

42
51
66
94
62
48

with mesh refinement but

Value Final shape
-0.062011092376 Fig. 6
-0.062091348827 Fig. 7
-0.062239391526 Fig. 8
-0.0623229957943 Fig. 9
-0.0621104533865 Fig. 11
-0.0622796812737 Fig. 13

Table 1: 2-dimensiional shape optimization using mesh refinement
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Figure 6: Optimum shape for initial shape 1 with ||g|| < 7.0e —3

Figure 7: Optimum shape for initial shape 1 with |[g]| < 4.5¢ —3
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Figure 8 Optimum shape for initial shape 1 with ||g|| < 3.5¢ —3

Figure 9: Optimum shape for initial shape 1 with ||g|| < 2.5¢ —3
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Figure 10: Initial shape 2

Figure 11: Optimum shape for initial shape 2 with ||g|| < 4.5¢ —3
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Figure 12: Initial shape 3

Figure 13: Optimum shape for initial shape 3 with ||g|| < 3.5¢ —3

These optimum shapes are not the best shapes that the method can obtain.

It can go further if the user requires. As long as the computational cost is
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affordable, the results will approach closer and closer to the analytical solu-
tion. However, it is not a good idea to place too small a tolerance on the
magnitude of the gradient vector. Of course it is still possible to find the op-
timum shape by mesh refinement but the computational cost may be huge.
After all, in this design case there are 38 design variables and a PDE must -
be solved in each function call to the objective funcfion. The error in the

solution can be refered to section 4.4.1.

For these different initial shapes, the areas are not exéctly the same. This
means the area for the initial shape 1, the initial shape 2 and the initial shape
3 are not exactly equal. This is because another developed optimization pro-
gram is used to fit the geometry rather than the area. In all cases tested the
area is kept unchanged in the optimization algorithm. This means the area
for the initial shape 1 and the area for the optimal shdpe in the tested where
the initial shape 1 is the starting guess are exactly the same. So does the

initial shape 2 and the initial shape 3.

The results produced by the new method are given in the following table

Type Starting guess | Tolerance | Its | Value of F' | Final shape
Without KIA Fig 4 2.5¢-3 | 94 | -0.062323 Fig 9
With KIA Fig 4 2.5e-3 | 37 | -0.062333 Fig 14
Without KIA Fig 10 4.5¢-3 | 62 | -0.062110 Fig 11
With KIA Fig 10 4.5e-3 | 33 | -0.062072 N/S
Without KTA Fig 12 3.5e-3 | 48 | -0.062280 Fig 13
With KIA Fig 12 3.5e-3 18 | -0.062302 Fig 15

Table 2: Comparison for 2-dimensional shape optimization using the knot
insertion algorithm and not using the knot insertion algorithm
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In the above table, KIA is an acronym for knot insertion algorithm, N/S

means not shown, Its refers to iteration numbers.

Figure 14: Optimum shape for initial shape 1 by using the new method. The
knot insertion algorithm has been employed. The final number of control
points are 40
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Figure 15: Optimum shape for initial shape 3 by using the new method. The
knot insertion algorithm has been employed. The final number of control
points are 40

For the different initial shapes as shown in the above table and pictures, the
new method starts from 22 control points, and the initial mesh has about
3300 triangles. When the knot insertion algorithm is required, additional
knots are uniformly inserted into the existing knot set, and the number of
control points becomes 40. When the mesh refinement starts, a fine mesh is

produced which has about 13, 000 triangles.

The middle point in the lower B-spline curve is chosen as the special point to
keep the constraint, i.e. to keep the area constant. In order to be consistent
when the knot insertion algorithm starts, the special point should be selected
to be the middle point in the new lower B-spline curve. Ifthe number of con-

trol points for the new lower B-spline curve is a even number, then it will not
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damage the optimization no matter which middle point (the middle point in
the upper or lower B-spline curves) is selected as the special point. This has

been tested.

The idea of the using the knot insertion is presented in the previous chapter
but there are different ways to decide where tb insert an additional knot. -
For example, one can locally insert knots to achieve the constraints on the
curvature instead of inserting knots uniformly. It would be useful to insert
quite so few knots into the geometry segment where the curvature is lower
and to insert more knots into the geometry segment where the curvature is

higher.

It has been shown very clearly from the above table that with the help of the
new method the computational cost is decreased significantly. For the case
where the starting guess is initial shape 1, the number of optimization itera-
tions is decreased from from 94 to 37 by using the knot insertion idea of the
new method. For the two other cases where the starting guess is initial shape
2 and initial shape 3, the number of optimization iterations is decreased from

48 to 18 and from 62 to 33 respectively.

The criteria to start the knot insertion algorithm is set as [Fr41 — Fi| < m;
The gaining experience in this project shows that the solution is not very
sensitive to the value of 7 as long as the value is not too large, normally

can be selected from 5 to 3 .
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4.1.5 CPU time

The CPU time distribution could be very useful for improving the code ef-
ficience of the developed method. It tells where the major computational
cost is. Thus we can find out where to improve the code. Since the code
is based on two other softwares: the mesh generator BAMG and the PDE -
solver CRANDNS-Poisson, the CPU time consumed on these two is taken

into consideration as well.

mesh time | solve time | time for one iteration | average time
NMF 0.4300 0.1493 35.2420 0.2433
MF 1.5996 1.1395 132.3014 0.2356

Table 3: CPU time for the optimization scheme in 2-dimensional case

Note: the explanation for this table can be found in the following table.

In the above table, NMF means no mesh refinement, MF means mesh refine-
ment. A mesh without using mesh refinement has aboﬁt 3300 elements and
1600 nodes. A mesh using mesh refinement has about 13000 elements and
7000 nodes. This table shéws that the mesh time increases linearly when the
number of nodes increases linearly. The reason for this is that the mesh time
includes the mesh generating time and the time for mesh file Input/Output,

which is normally linear on the number of nodes.

For the solver time, the above table shows that the CPU time increases
quadratically when the number of nodes increase. This indicates the effi-

ciency of the PDE solver used.

CPU time for File I/0
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file description file name file size | CPU time

input geometry file mesh2dl.dat | 4,628B | 0.000396
output mesh file mesh2d1.msh | 118,079B | 0.00186
input mesh file for PDE test.grd 198,373B | 0.1493

output file from PDE solver | recordl.out | 38,589B | 0.0239804 |

Table 4: CPU time for File I/O in 2-dimensional case

Note: 1. Second is chosen as the time unit, and byte is chosen as the size
. unit.

2. The mesh time and solve time are computed by the softwares themselves.
These values are obtained from the display message. When computing the
CPU time for one iteration, the display message has already been commented
out. |

3. Average time means the time for the optimizer to deal with one thousand
triangles.

4. The mesh time includes the CPU time for its own File I/O.
Based on the data it can be found that the File I/O takes small percent-

age of the total computational cost after calculation. Therefore it is not

necessary to change the File I/O operation in the code.
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4.2 Results for a new objective function
4.2.1 Description

In this subsection the new optimization scheme is applied to a different ob-

jective function. The new objective function is chosen as:

F=-— / ®ds, ’ (4.15)
Q , .

and is subject to two constraints:
1. Area of the domain, Q =k , k is a constant.

2. The same Poisson equation as previous test case with the same bound-

ary condition.

4.2.2 Compute the objective function

In CFD, it is almost impossible to obtain an analytical solution for the PDEs
involved, even for the simple ones. Therefore the objective function must be
computed discretely in most cases. Because the PDE solver uses triangular

elements it is clear that:
Ne

/ BdS ~ Zvabc
Q

i=1
where Ne represents the number of triangular elements,- Vape Tepresents the
volume of a three dimensional object that has three base vertices a, b, c and
the top three vertices d, e, f are displaced by the height ®,, ®,, &, respec-
tively. (@, Dy, D, are the values of the discrete solution of the Poisson equa-

tion at the points a, b, ¢ respectively).
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After some calculation, the following equation is obtained:

Ne
1
/Q 2dS % 3 x D (Sue - (Ba + By + 8.), (4.16)

i=1

where Sg. denotes the area of the triangle abc. The above equation is used

in the code to compute the new objective function.

4.2.3 Results

For this new objective function, different initial shapes and different values
of the tolerance placed on the magnitude of the gradient vector are tested.
In all cases, the code converges and it finds the optimum shape. The relevant

data are provided below:

Starting guess | Tolerance | Iteration numbers Value Final shape
Fig 4 3.0e-3 38 -0.0241948 Fig 16
Fig 4 2.0e-3 46 -0.0243138 Fig 17
Fig 4 1.5e-3 51 -0.0243496 Fig 18
Fig 12 1.5e-3 47 -0.0244045 Fig 19

Table 5: Optimization results for the new objective function in 2-dimensional
case

Please note that Fig 16, Fig 17, Fig 18, and Fig 19 are included for
illustrating the geometry information only. The reason that the iteration
number increase rapidly with the tolerance is that the mesh used in this case

is not refined enough.

103



Figure 16: Optimum shape for initial shape 1 with ||g|| < 3.0e —3

Figure 17: Optimum shape for initial shape 1 with ||g|]| < 2.0e —3
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Figure 18: Optimum shape for initial shape 1 with ||g|| < 1.5¢ —3

Figure 19: Optimum shape for initial shape 3 with |[g|| < 1.5¢ —3

4.3 Comparing with BFGS

The BFGS method is regarded as one of the best methods in optimization,

and hence it is chosen for comparison with the developed method in this the-
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sis. The BFGS method used here has been added to the following modules
in order to deal with the constrained shape optimization problems: super-
reduced implementation, the geometry model, mesh refinement. The conver-
gence history comparison between the new method and the BFGS method
is shown in the figures of this section where the initial shapes and mesh re-

finement used are exactly the same.

The comparisons have been done on two different platforms:

1. Sun Solaris (Operating System) v880b (Super computer, 72 processors,
ultraSparc 1.2G, 288G shared memory)

2. Linux chalkhill (Normal work station, CPU: P 2.4G, 1.0 G memory)

Table 6 gives the performance comparison between the new method and the
BFGS method on platform 1 (v880b). In Table 6 INCP refers to the initial
number of control points and FNCP refers to the final number of control

points after using the knot insertion algorithm.

Methods INCP | FNCP | Iteration number F
BFGS 21 21 66 -0.0622820407152
the new method 12 21 37 -0.06233296118

Table 6: Performance comparison with BFGS method (without using mesh
refinement,)

Table 7 gives the performance comparison between the new method and the
BFGS method on platform 2 (chalkhill). Both of these two methods use

mesh refinements
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Methods IREF | IWREF | Iteration number F
BFGS 16 30 46 -0.0623184405267
the new method | 18 19 37 -0.0623148640617

Table 7: Performance comparison with BFGS method (using mesh refine-
ment)

Table 8 gives the CPU time taken for these two methods:

Methods IREF | IWREF | CPU time | CPU time(W) | Total
BFGS 16 30 6.598sec | 24.902 852.628
the new method | 18 19 3.524sec 24.544 529.768

Table 8: CPU time spend on BFGS method and the new method

In the Table 7 and Table 8,

o JREF refers to the numbers of iteration without mesh refinement

IWRETF refers to the numbers of iteration with mesh refinement

CPU time (W) refers to the CPU time for one optimization iteration

which uses a refine mesh

e CPU time denotes the CPU time for one optimization iteration which

uses no mesh refinement (coarse mesh is always used)

Total refers to the total CPU time for the whole optimization.
e Seconds are selected as units.

Table 8 shows that the new method saves about 38 percent of the CPU time

compared to BFGS method in the test case.

The LOG curve of the convergence rate is given below:
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LOG curve of convergence (case 1)
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Figure 20: Performance comparison with BEGS the method (without using
mesh refinement). The BFGS method used in this case does not use the
mesh refinement. The purpose of doing so is to show how important mesh
refinement is in geometry optimization

In Fig. 20, in iteration 7, the value of the objective function actually increases
instead of decreases. This is because a potential self-intersecting shape has

been detected, and the algorithm produces a new point as a replacement.

Fig. 20 shows that the BFGS method takes 66 iterations while the new
method takes only 37 iterations. Furthermore, the value of the objective
function is smaller than the BFGS method. This indicates how important

the mesh refinement is.
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LOG curve of convergehce
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Figure 21: Performance comparison with the BFGS method (using mesh
refinement)

Fig. 21 shows that the BFGS method takes 46 iterations while the new

method takes only 37 iterations, saving about 20 percentages CPU time in

terms of number of optimization iterations.

4.4 Error analysis

In this section, we use the following notation:

Notation
d; the i—th control point in the B-spline curve
€A the triangulation error
€ the approximation error caused by linear approximation of a curve
which is a part of ea
€r the residual error which is the norm of residual vector |AX — B|| in solving PDE after
€ls the least square error, which is the Ly norm of the distance

between the exact point and the approximated point
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In order to analyse the error, it is necessary to first define it. Hence the

following term, root mean square error, K is defined.

» n .F; _ P’ie:mct 2
K=,> (—n—) (4.17)

i=1

(F; — Ff=ot) is the difference between the exact solution at node 7 and the

approximate solution at the same node.

It is easy to see that the difference between the approximate value (value
of the objective function produced by the code) and the exact value is influ-

enced by the following items:

e the least square error; because a finite number of control points are
used to approximate a simple shape in which the Poisson equation has

an analytical solution.

e the triangulation error; because size of the element used in the PDE

solver cannot be zero, i,e, the mesh size cannot be zero.

e the residual error of the PDE solver

4.4.1 Analysis of the influence of triangulation error

In order to analyse the influence of triangulation error, the shape cannot be
described by B-spline curves, otherwise the influence of least square error

will automatically be included. Furthermore, the influence of residual error
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must be excluded as well. This is very easy to fulfill by putting a very small

tolerance on ¢, (it is chosen as le — 8 in the solver).

A circle is chosen as the input shape because for the Poisson’s equation
used this shape has an analytical solution. The number of boundary points
is doubled and all of the boundary points are evenly distributed to see how
the solution changés. Before doing this, it is best to know how the approxi-

mation error will change when the number of boundary points is doubled.

This question has a simple answer. The method to compute it analytically
is as follows:

51 = %122 % (6 — sin(6))

In this equation R is the radius of the circle, 6 is the angle, R% - 0.5 * 6
is the area of the segment, %Rz sin(@) is the area of the triangle, sl is the
area difference and reflects the approximation error. After the number of

boundary points have been doubled, the new area difference is given by
1 2 . 0
Sp = §R 0—2x 51n(§))

Therefore

(4.18)

where the neglected terms are higher order terms of Taylor series for the sin
function. From this equation, it is easy to see that :—f = 0.25 and hence the

approximation error decreases quadratically.
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Table 9 reflects the influence of the triangulation error (hot the approxi-

mation error) on the PDE solution:

Number of boundary points | Number of nodes | Error in solution | Rate
40 209 0.000123452
80 786 ‘ 2.8078e-05 4.39
40 : 814 0.000216005
80 3169 5.31805e-05 4.06

Table 9: Triangulation error for different number of nodes in 2-dimensional
case

From this table, it is clear that when the mesh size decreases by 1/2, the
error in the solution will decrease by 1/4. The error analysis here is based on
the real circle not on the approximated circle consisting of B-spline curves,

since the influence of the least square error has to be excluded.

- The conclusion for triangulation error is: if the numbers of boundary points
is increased, and hence the total number of nodes is increased, (then the
mesh size become a half of before) then the approximation error will de-
crease quadratically and therefore the error caused by triangulation error in
the PDE solution also decreases quadratically. That is to say: triangulation

error is a quadratic function of the mesh size.

4.4.2 Analysis of the influence of least square error

The least square error is introduced because B-spline curves are used to ap-

proximate the circle. By increasing the number of control points this error
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can be decreased.

Table 10 shows the influence of the triangulation error and least square error

on the PDE solution:

NCP | Number of nodes | NBP €A + €5 Boundary error | Rate
42 200 40 | 0.000524489 | 9.82473e-05

42 820 80 | 0.000199532 | 0.000199531

84 810 80 | 0.000176791 | 2.68786e-05 | 7.27459
42 3258 80 | 0.00021945 0.000199531

84 3217 80 | 0.00021768 2.68786e-05 | 7.27459

Table 10: Error (triangluation error plus least square error) for different
number of nodes in 2-dimensional case

NCP: number of control points, NBP: number of boundary points, Bound-
ary error refers to error on the boundary. Based on the boundary condition
stated Section 4.1, the solution on the boundary (B-spline curves) is zero.
However, according to the analytical solution, this may not be zero, it de-
pends on how good the geometry approximation is. This is so called the

boundary error.

According to the above table, if the number of control points (NCP) in-
creases, the least square error decreases superlinearly. In fact one can see the
influence of the least square error on the solution is very small. It is about
0.1 of the triangulation error as indicated by Table 10. The main error is

caused by the triangulation error.
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4.4.3 Conclusion on error analysis

From the above, we conclude that the main error in the code is caused by
triangulation error (discretization error). The main error also has the in-
fluence of the least-square error, but this can be decreased significantly by
increasing the number of control points and in fact the influence here is quite
small. The triangulation error can be decreased by increasing the number of
boundary points and distributing these points evenly. For the solver used,

two tests have been done to verify it works correctly, see Appendix C.

4.5 The control points for the initial shapes

In order to show that the method is able to deal with different initial shapes,
it is necessary to provide the value of the control points. To determine their
values, another optimization program has been developed. The purpose of
this program is to find a B-spline which can best fit the desired shape. If a
desired initial geometry is denoted by I' and a point on this shape is denoted

as Pp. Then the purpose is to minimize:

> _l®r—P)

where P is the point on the B-spline which is used to fit the desired geometry
and the summary extended to the all of the points in the geometry. Numer-
ically 4000 data points have been chosen to do the fitting as stated by the

above equation.
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The above term can be simplified in the 2-dimensioncal case

Sl -Y)

where Yr, Y represent the y coordinate of the point on the desired curve and

the B-spline curve respectively and are real numbers.

In the developed code, the objective function is chosen as
F=) (Yr=Y)x(Yr-Y).

This objective function is obviously twice differentiable with respect to vari-

able Y while Y is dependent on the control points of the B-spline.

The gradient of the objective function with respect to the control points

is computed by the central difference method

._aFNF(dl,d2,...,di+€,...,dn)—F(dl,dz,...,di~€,...,dn)
&= 94~ 2.0% ¢

(4.19)

where (dy, dy, .. .,d;,...,d,) are control points of the B-spline.
With this gradient vector it is easy to apply any kind of optimization al-

gorithm. The values of the control points for different initial shapes are

listed Table 11:
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No | Shapel | Shape 2 | Shape 3 | Shape 4 | Shape 3.1 | Shape 4.1
1 0 0 0 0 0 0

2 0.025867 | 0.0408329 | 0.18048 | 0.0290094 | 0.286947 | 0.0599536
3 |0.0742828 | 0.111956 | 0.221004 | 0.0874254 | 0.34098 | 0.254257
4 0.153006 | 0.238032 | 0.325725 | 0.17432 | 0.470697 | 0.408272
5 0.223829 | 0.338912 | 0.371218 | 0.262156 | 0.498864 | 0.744709
6 0.308022 | 0.483025 | 0.419559 [ 0.34842 | 0.498864 | 0.744709
7 0.366542 | 0.540935 | 0.448218 | 0.437529 | 0.470697 | 0.408272
8 0.484571 | 0.513431 | 0.473225 | 0.521352 | 0.34098 | 0.254257
9 0.656232 | 0.528036 | 0.488264 | 0.615202 | 0.286947 | 0.0599536
10 | 0.773009 | 0.519477 | 0.498164 | 0.68886 0 0
11 | 0.987758 | 0.525564 | 0.500846 | 0.81275

12 | 0.773011 | 0.519477 | 0.498164 | 0.68886

13 | 0.656227 | 0.528036 | 0.488264 | 0.615202

14 | 0.484578 | 0.513431 | 0.473225 | 0.521352

15 | 0.366566 | 0.540935 | 0.448218 | 0.437529

16 | 0.308008 | 0.483025 | 0.419559 | 0.34842

17 | 0.223837 | 0.338912 | 0.371218 | 0.262156

18 | 0.153001 | 0.238032 | 0.325725 | 0.17432

19 | 0.0742865 [ 0.111956 | 0.221004 | 0.0874254

20 | 0.0258651 | 0.0408329 | 0.18048 | 0.0290094

21 0 0 0 0

Table 11: Value of control points for different initial shapes in 2-dimensional
case

In the above table, the value of the control points for these shapes has been
truncated; the terminal condition of optimization for all of these different

initial shapes is the same: ||g| < 1.0e — 8

The mathematical expressions for these different initial shapes are listed be-

low:
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shape 1 (star shape, Fig. 12)

( .
0.4083 % /0.3 0<z<03
2.3 %0.4083 + 6.5 % 0.4083 % (z — 0.5) 0.3< z < 0.5
2.3%0.4083 — 6.5 0.4083 % (z — 0.5) 0.5< z < 0.7

| 04083 (1.0 — 2)/0.3 07<z <10

shape 2 (poly shape, Fig. 10)

4.0%0.5228 % x 0<z<0.25
y=1{ 05228 0.25 <z < 0.75
4.0%0.5228 % (1.0 — z); 0.75 <z < 1.0

shape 3 (half circle)

2.0 % 0.78539815 x x 0<z<0.5
y = .
2.0%0.78539815 % (1.0 —z) 0.5<z<1.0

shape 4; (nearly rectangle shape, Fig. 4)

y=1025—(05-1)2 00<z<10

(4.20)

(4.21)

(4.22)

Shapes 3.1 and 4.1 in Table 11 have the same mathematical expression as

shapes 3 and 4. The only difference is that the number of controls to fit the

geometry is different.
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4.6 Using high order B-splines

To solve a general shape optimization problem, the user can first input con-
trol points as design variables to generate the shape, and then use a mesh
generator to produce the required mesh with an input geometry file. Then
the mesh file with an acceptable format will be sent to the PDE solver from
which the value of objective function is obtained. The optimizer will repeat
this process in each iteration until the shape is as close to the optimum shape

as specified.

In the test case the shape is constructed with two B-spline curves. The
knot set for each B-spline is a nominal uniform knot set. In this section the
purpose is to present results for comparing the performance when using B-
spline curves of different orders to see whether the high order B-splines can

enhance the performance of the method.

The optimizer we have developed has a knot insertion algorithm incorpo-
rated. With help from this algorithm the optimizer will start with only a
few number of control points but it will end with nearly double the number

of control points or even more if such a requirement is specified.
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4.6.1 Issues with the knot insertion algorithm

For a B-spline curve before the knot insertion algorithm is used the knot set

is appeared as below:

(0,0,---,0 1 2 3 L. n=k

~——n—k+Un—k+1Un—-k+1 ’‘n—-k+1
k ~~
n—k

171,...,1
k

where k represents the order and n represents the number of control points.

After the knot insertion algorithm, the new knot set becomes:

1 2 2% (n—k)+1

S D kD) (kD 2kt
k .

?
/

]_,]_’...,1
k

2x(n—k)+1

Now the optimizer will have 2 x n — &k + 1 control points.

Two kinds of experiment have been done on high order B-spline curves. One
experiment compares the results which have the same number of final control
points. The other experiment compares cases which do not necessarily have
the same number of final control points. (the initial number of control points

is nearly the same in this case)

In the following tables in this section:
1. Iterations refers to number of optimization iterations;

2. F refers to value of the objective function;
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Experiment 1

EC refers to the end condition;

ORDER refers to the order of the B-spline curves;

INCP refers to the initial number of the control points in one B-spline

curve;

FNCP refers to the final number of the control points in one B-spline

curve.

No | ORDER | INCP | FNCP | Iterations F EC

1 4 12 21 37 -0.06233296118 llgll <=2e—-3
2 6 13 21 41 -0.062298593697 | |g|| <=2e¢—3
3 5 13. 22 37 -0.0623247386731 | ||g|| <=2.1e—3
4 7 14 22 40 -0.0623337240795 | ||g|| <=2.1e — 3

Table 12: Efficiency investigation for using high order B-splines (case 1)

In this experiment, it seems that if the number of final control points is

fixed, then as the order becomes higher it takes more iterations to converge.

This means high order will possibly decrease efficiency. On the accuracy is-

sue, from order 4 to order 6, high order does not improve the accuracy, but in

another test case, from order 5 to order 7, it appears to improve the accuracy.

Experiment 2

No [ ORDER | INFCP | FNFCP | Its F EC CPU (hours)
1 7 26 50 | 44 | -0.062333 | [lg] <=2.1e—3| 1.58610
2 5 26 48 | 45 |-0.062330 | ||g| <=2.1e—3 | 1.69173
3 6 24 42 | 44 |-0.062297 | ||g|| <=2.le—3 | 1.44299
4 7 24 40 | 40 | -0.062334 | ||g|| <=2.1e—3| 1.09336

Table 13: Efficiency investigation for using high order B-splines (case 2)
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In Table 13 INFCP and FNFCP refer to the initial number of free control
points and the final number of free control points respectively. Table 13
shows that when the order of B-splines changes from 4 to 5, the CPU time,
the number of optimization iteration, and the value of objective function
become slightly worse. When the order of B-splines changes from 4 to 6, the .
CPU time used becomes slightly less. Moreover, when the order of B-splines
changes from 4 to 7, then there is a significant saving in CPU time, saves
about 31% (from 1.58610 to 1.09336). In this experiment, the high order B-
spline curve is used and the number of control points becomes smaller when
the order becomes higher. In this experiment, it seems if higher order is used
and provided the number of control points decreases when the order is higher,
then the optimiser will be slightly more efficient in general. The accuracy
can be also improved. It also clearly shows that when the order changes from

4 to 7. the CPU time decreases from 1.58610 to 1.09336.

4.7 Application to airfoil design

The purpose of this application is to find optimum shapes that minimize the
drag coefficient (Cy) of transonic airfoils subject to some constraints on the

design conditions. The constraints are:
e to keep the lift coefficient (C;) constant and;

e to keep the maximum thickness constant.
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4.7.1 The geometry representation

This application follows Zhong and Qiao’s work [63]. In their work, the
shape of the airfoil is formed by a base shape plus a shape change where the
shape chafhge is parameterized by a sum of shape functions coefficients with
corresponding shape functions. Therefore, the shape of the airfoil is defined

by the following equations.

Y(TE) =Y (Tins) + Zm:bigi(X) ‘ (4.23)
YY) = V(T + S whi(X) (424

where Y (I'V), Y (T'F) represent the y coordinates of the upper geometry (I'V)
and the lower geometry (I'Y) of the airfoil respectively, Y (I';n;) represents
the y coordinate of the base, or initial airfoil, and f;(X), g;(X) are shape

functions.

The shape functions are chosen based on Hicks and Vanderplaats’s work

[25], and are given by the following equations:

hX) = ﬁ;,(nllx;xx) (4.25)
fi(X) = sin*(rX™) i=2,3,4,5. : '(4.26)

based on the design case of RAE2822 where airfoil RAE2822 is chosen as
the intial airfoil. In the above equations, m; = 20,n; = 0.25, and the

maxium value occurs at about 1.2% chord position. For i = 2,3,4,5, n; =
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log 0.5/ log X;, and is used to place the peak at X;, which occurs at 0.2, 0.4,0.6,0.8
respectively. In the design case based on NACA 0012 where airfoil NACA
0012 is chosen as the intial airfoil, 8 shape functions are chosen to represent

the shape change, which is described in more detail later.

For the new method, the shape change is parameterized by cubic B-splines
with nominal uniform knot set. The geometry of the airfoil is given by the

following equations:

Y(IY) = Y (Tini) + zn: dY N; 4(u) (4.27)
Y(FL) = Y(Fzm) + i d,LNZA(u) (428)

where dY,dF are the control points of the upper and lower B-splines and
N;4(X) are the base function of the cubic B-spline. In this 2-dimensional
design case; dV, d” can be regarded as the value of the y co-ordinates of the

control points and the z co-ordinates of the points represent the parameters,

ie, X = u.

4.7.2 The flow solver and the optimization algorithm

The transonic airfoil analysis code used in this paper is the NPUFOIL pro-
gram developed by Qiao [48]. This program is based on a combination of a
full potential equation solver with boundary layer flow analysis. The flow and

the aerodynamic characteristics are computed via viscous/inviscid iteration.
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In Zhong’s paper [63], the direct search EXTREM, optimization method
developed by Jacob [33] is used, and the new optimization algorithm devel-
oped in Chapter 3 also Qmployed to do a comparison. The results obtained
by these two optimization algorithms are compared in t§vo different design
cases. One design case is based on using RAE 2822 as the initial airfoil, the

other uses NACA 0012.

4.7.3 RAE 2822

In this design case, the initial airfoil RAE 2822 is chosen. The purpose is to
get an optimum shape under the design conditions: Mach number M, = 0.75,

and Reynolds number Re = 2.0 x 10°, and the lift coefficient C; is set at 0.7.

By using the EXTREM method, the optimum solution of the shape coef-

ficients stated in equation 4.24 is given as follows:

a; = 0.39521 as = —0.26958
as = —0.030086 aq = 0.23385
as = 0.20672

For the new method, the optimum solution of the control points is:

dY = —0.29105 dy = —0.42379 dy = —0.48731
dy = —0.36079 d¥ =-0.32293 -  dY =0.36791
dY = 0.30644 dy = 0.091182 dy = 0.081497
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The performance comparison for the two methods is given in the following

table:

Optimization methods Cy Initial Cy | NFC | CPUPFC
EXTREM 0.0087 | 0.0116 599 0.22246
New Method 0.0077 | 0.0116 177 | 0.22418

Table 14: Performance comparison for the two methods in the design case of
RAE 2822

In the above table NFC refers to number of function calls, CPUPFC means

the CPU time per function call.

The above table shows that by using the EXTREM method, the drag coeffi-
cient is reduced by 25%, whereas using the new method the drag coefficient
is reduced by about 34%. This is because that the objective function is sen-
sitive to the geometry change and the new method works better than the
EXTREM method in the tested case. Moreover, the new method uses only
177 function calls while the EXTREM method requires 599 function calls.
The total CPU time used is reduced by around 70%

The comparison of the optimum shape and pressure distribution are shown

in Fig. 22 and Fig. 23
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Geometry comparison {RAE2822)
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Figure 22: Initial and optimal geometry for RAE 2822. The picture shows
that the geometry constraint is kept unchanged
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Comparison of pressure disfribution
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Figure 23: Initial and optimal pressure distribution for RAE 2822, The pic- -
ture shows that the shock wave has been decreased

Fig. 23 shows that the strength of the shock is very much weakened which
results in the reduction of the shock wave drag, hence the total drag is re-

duced.

4.7.4 NACA 0012

In this design case, the symmetric airfoil NACA 0012 is chosen as the initial
geometry. The lift coefficient C; = 0.5 , Mach number M, = 0.77, and the
Reynolds number Re = 6.5 x 10° are kept unchanged. In the EXTREM
method, 8 shape functions are used to parameterize the geometry. In the
new optimization algorithm, 5 free control points are used to parameterize
the geometry and this increases to 9 free control points after the knot inser-

tion algorithm to decribe the desired geometry at a late stage.
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The shape functions chosen are given by the following equations

fi(X) = sin*(xX™)  i=1,2,3,4,5 (4.29)

fi(X) = sin*(z(1-X)") i=6,7,8 (4.30)

In the above equations, for i = 1,2,3,4,5, n; = log0.5/log X; is used to
place the peak at X;, while the n; are 0.06,0.13, 0.2,0.4,0.6 respectively. For
i = 6,7,8, assigning ng = n3,ny = ng,ng = n; makes the peaks occur at

0.8, 0.87,0.94 respectively.

By using the EXTREM method, the optimum solution of the shape coef-

ficients is:
a; = —0.045544 as = —0.21081 a3 = —0.10340
as = 0.16878 as = 0.42756 ag = 1.6056
ar = 0.74775 ag = 0.79883

For the new method, the drag is reduced from 0.0182 to 0.0070. and the

optimum solution of the control point is:

dY = —0.571028 d¥ = —0.70975 d§ = —0.41511
dy =0.13373 dY = 0.78084 d¥ = 1.3277
d¥ = 0.98959 d§ = 0.56642 dy = 0.13606
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The perfomance comparison for the two methods is given by the following

table:
Optimization methods | Cy | Iteration numbers | NFC | CPUPFC
EXTREM 0.0070 N/A 408 | 0.22246
New Method 0.0070 20 233 | 0.22418

Table 15: Performance comparison for the two methods in the design case of .
NACA 0012 :

This table shows that by using the EXTREM method and the new method
the drag coefficient is reduced by about 62%. However, using the new method

only requires 233 function calls which saves about 43% total CPU time.

The comparison of pressure distribution and the optimum shape are shown

in the figures below:
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Geometry comparison (NACA 0012)
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Figure 24: Initial and optimal geometry for NACA 0012. The picture shows
that the geometry constraint is kept unchanged
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Comparison of pressure distribution
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Figure 25: Initial and optimal pressure distribution for NACA 0012. The
picture shows that the shock wave has been decreased

This figure shows that the strength ofthe shock is very much weakened which

results in the reduction of the total drag.
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4.8 Performance comparison for methods in the design

case based on NACA 0012

In this section, the purpose is to do a performance comparison among the
EXTREM method, BFGS method, and the new method. In the design case
stated in this section, the initial geometry is chosen as the symmetric airfbil
NACA 0012. The lift coefficient C; = 0.5 , M = 0.77, and the Reynolds
number Re = 6.5 x 10° are kept unchanged. The EXTREM method uses
5 shape function to parameterize the geometry while the new optimization
algorithm uses 5 free control points to parameterizé the geometry while it

changes to be 9 free control points to describe the desired geometry.

By using the EXTREM method, the optimum éolution is:

ay = 0.050156 ay = —0.37299
as = —0.15513 as = 1.6377
as = —0.52993

which are the coefficients for the 5 shape functions respectively.

By using the BFGS method, the optimum solution for the coefficients for

the 5 shape functions stated in the previous content is:

oy = 0.42912 g = —0.91874
ag = 0.38862 oy = 0.77727
oy = —0.45295
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For the new method, the geometry is first constructed using 5 free control
points plus the base shape. Finally it reaches the optimum solution which
has 9 free control points with the drag is reduced from 1.82e—02 to 6.8e—03.

The optimum solution is

dV = —0.61276 dy =—053544  dY = —0.49769
d¥ =0.22370 d¥ = 0.89380 dY = 1.4377
d¥ = 1.0997 d¥ = 0.67126 d¥ =0.11616

The performance of comparison for the two methods is given below:

Optimization methods Cy iteration numbers | NFC | CPU

EXTREM 0.0085 N/S 535 | 0.22246
BFGS 0.0087 21 - 187 | 0.22418
New Method 0.0068 20 181 | 0.22418

Table 16: Performance comparison for the three methods

In the above table, NFC means number of function calls.

The comparison with the BFGS method is given by the following graph

and it clearly shows that the new method has a better convergence rate.
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Perfermance comparison (NACA 0012)
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Figure 26: Comparison with the BFGS method in the NACA 0012 design
casc

4.9 Multiobjective Optimization Design of Transonic

Airfoils

Developing new transonic airfoils which have lower drag coeflicients is very
important for airplane designers as it can result in significant reduction in
the fuel consumption. Consequently, the direct cost for the operation of the

airplane can be reduced and the airplane flight range can be increased.
Single objective optimization techniques have been extensively used in air-

foil design in the past, examples can be found in [26],[25]. Although single

objective optimization methods can generally find an optimum airfoil for a
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specific design condition within a number of optimization iterations (which
may depend on the performance of the selected optimization method) it has

mno inherent mechanism to handle multiple design-point problems.

Therefore, it would be critically important to use multiobjective optimization
methods which would make the designed airfoil have a low drag coefficient
at multiple design points. Among the multiobjective optimization methods,
global methods, such as the methods based on genetic algorithms, are capable
of finding the global optimum, however they are generally less efficient than
the local methods. The weighted method, where the final objective function
is a linear combination of specified weighted coefficients times correspond-
ing objective functions , may be the simplest, and the most straightforward,
however, there is no guarantee that the weighted method can find an opti-
mum in a general case, see [34]. A hierarchical multiobjective optimization
method where the previous optimum value of the objective function works
as a constraint for the next objective function is a possible choice. By us-
ing a hierarchical approach, a multiobjective optimization problem with m
objective functions will be converted into m single objective optimization

problems with extra constraints.

The efficiency of a hierarchical multiobjective optimization method is largely
dependent on the efficiency of the selected single objective oi)timization
method. In this section, a multiobjective optimization method based on a
hierarchical approach incorporated with a novel shape optimization method

(proposed in Section 3.1) using the knot insertion algorithm has been pre-
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sented and shown to save the computational cost significantly. Similar work
has been done by Zhong and Qiao in [63]. In their work, the shape change is
parameterized by shape functions where in this section the shape change is
parameterized by B-spline shape functions, which aré standard for industry
and also hold some very useful properties. Furthermore, as stated in the
previous content of this chapter, the novel shape optimization method has
proved that it is better than the EXTREM method , one of the direct search

methods, and the BFGS method in the test numerical cases.

4.9.1 The multiobjective optimization method

The main idea of this multiobjective optimization method is as follows; For

a multiobjective optimization problem, stated below:

min Fy(oy, a9,...,0,) 1=1,2,...,m

where (ai,az,...,0,) (denoted as a vector a) are design variables, will be

converted into the following problem:

min Fy(oq, @e,...,a,) 1=1,2,...,m
From i=2, to m subject to

Fj_i(a) <= (1+¢_1)F;1(a¥Y) §=2,3,...,i

where €;_ is a small value acting as a relaxation parameter, and a*~! is the

previous optimum point, a known vector. The procedure will not terminate
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until the final optimum point o™ is obtained.

By using this hierarchical approach, the above multiple objective optimiza-
tion problem will be converted into m single objective optimization problems
with extra constraints. These can be solved by the method presented Chap-

ter 3 which employs the knot insertion algorithm and the super-reduced idea.

If there are only two objectives, stated below:

min Fy (o4, ag, . . ., )

min Fg(al, ag, ..., an)

then the procedure is to first solve the single optimization problem:

minFl(al,ag, e ,O{n)

The optimal value after the single objective optimization can be denoted
as F1* and the optimal point can be denoted o Then another constrained
optimization problem must be solved to achieve the optimal solution for the

multiobjective optimization problem.

min Fy(aq,Q9,...,0,)  subject to  Fi < (1+¢€)(F")

Obviously in the second stage the initial geometry should be the optimal

geometry obtained from the single objective optimization.
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4.9.2 Results for multiobjective optimization problems

In the design case based on NACA 0012, the purpose is to minimize the
drag coefficients at two design Mach numbers (Ma = 0.77 and Ma = 0.79).
When the single objective optimization method is used the drag is reduced
by about 62% at Ma = 0.77 (from 0.0182 to-0.0070 ). However the drag
at Mach number 0.79 is still relatively large. When using the multiobjective
optimization method proposed above, with a 10% release on the constraint
of the drag at Ma = 0.77, the drag at Mach number 0.79 has a further 9%
decrease. Furthermore, the drag at all Mach numbers where Ma >= 0.79
have been decreased, see Fig. 27. The comparison of the optimized pressure
distribution with the original is shown in Fig. 28 The cdxﬁparison of the

geometry is shown in Fig. 29.

In the design case based on RAE 2822, we would like to have minimum
drag coefficients at two design Mach numbers (Ma = 0.77 and Ma = 0.79).
When the single objective optimization method is used, the drag is reduced
by about 41% at Ma = 0.77 (from 0.0150 to 0.0088 ). When the multi-
objective optimization method is used, the drag at Ma = 0.79 will have a
further reduction about 26% (from 0.0182 to 0.0134). The designed airfoil
has a wider; lower drag range, see Fig. 30. The comparison of the pressure

distribution and the geometry are shown by Fig.31 and Fig.32 respectively.

The value for the control points for these two cases are also given below:

NACA 0012 RAE2822
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0.0494235588307 0.126086421364

0.0655581555744 -0.310571240471
-0.0639794367615 -0.441785104109
-0.114741267656 -0.358605270191
-0.138489938195 -0.266374705062
-0.204873032942 -0.342032711209
0.0490139211688 0.128934354044
-0.0546455206997 -0.214546453234
0.033069471617 0.104806215404
Comparison of drag coefficient
(NACA0012)
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Figure 27: The comparison of drag coefficients for initial airfoil and optimal
airfoil (NACA 0012)
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Comparison of pressure distribution
(NACA0012)
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Figure 28: The comparison of pressure distribution for initial airfoil and
optimal airfoil (NACA 0012)
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Figure 29: The comparison of geometries for initial airfoil and optimal airfoil
(NACA 0012)
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Comparis on of drag coefficient (RAE2822)
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Figure 30: The comparison of drag coefficients for initial airfoil and optimal
airfoil (RAE 2822)
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Figure 31: The comparison of pressure distribution for initial airfoil and
optimal airfoil (RAE 2822)
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Geometry comparison (RAE2822)
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Figure 32: The comparison of geometries for initial airfoil and optimal airfoil
(RAE 2822)

In conclusion, a new multiobjective optimization method in conjunction with
a novel shape optimization method has been presented in this section. Ap-
plication to two airfoil design cases show that the newly developed multi-
objective optimization approach can not only save computational time, but
also improve the aerodynamic characteristics of the airfoils to be optimized.
The numerical tests show that the resultant multiobjective optimized airfoils

have lower drag coefficients over a wider range of Mach numbers.

4.10 A new analysis for Poisson’s problem
For the Poisson equation stated below
V2 =—-1.0 in Q (4.31)
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with the boundary condition

d=0 on o0

The purpose is to find a shape to maximise the maximum value in the domain

(@) :

max max F'
R

subject to a geometric constraint, here:
Area of the domain, Q =k, £k is a constant
After reorganizing, the objective function is chosen as:
F=-— max d

and is subject to two constraints:

1. Area of the domain, Q =k, ,kis a constant.

2. The Poisson equation with the specified boundary condition.

4.10.1 A new theoretical results in shape representation

(4.32)

(4.33)

(4.34)

In this problem, B-splines are chosen to parameterize the geometry because:

Two B-spline curves are chosen to parameterize the upper geometry and the

lower geometry. In Section 4.1 of the report we made the following assump-

tion:
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the length between the first control point and the last point is fized.

Now we remove this assumption, therefore there is no assumption made

for this problem in order to secure generality.
Mathematical expression of B-spline

The expression for each of the B-splines curves is given by the equation

below:

y(u) = idiNi,k(U) 0<u<l | (4.35)

i=1

where [ represents the length and the B-spline basis function is defined as:

Nii(u)=1 if U < u < Uy

N;1(u) =0  otherwise

U — U; Uik — U '
Nip(u) = ————Np_1(u) + ———Njy1 51 (1) (4.36)
Uipk—1 — U; Uik — Uit
The knot set uj, ug, . . ., upsr and the order k are not specified yet.

A knot set is chosen as below:

(0,0, l 2x1 3xl (n—k)xl

.0 P A2 Y IO
N n—k+1'n—k+1'n—-k4+1 n—k-l—ll\—v—)
k ~ k

n—k
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4.10.2 Computation of the the area with variable interval length

Based on the above content, the area of the shape is given by the equation

below:

A(D) = A(TY) — A(TE)
1
A(TY) = / (" (2))dz (4.37)
ol . o
ATH) = / (v"(2))dz

provided that the shape consists of the upper geometry I'V énd the lower
geometry I'L are not crossed. In the above equation array, 4V, y* denote the
upper boundary and lower boundary respectively,. AU, AL denote the area of
the upper part and the area of the lower part respectively, and yY, y~ are

defined by the following equations:

nu nl
U= ZdiUNi,k(x) yl = de‘Ni,k(z) 0<z<l
i=1

i=1

Based on the equation of computing the area, the derivative of the area

with respect to the control points in the upper curve is given by the equation

below: .
0A !
-é?d—ilj = /0 Ni,k(.’L')d.’E (438)
where
l . f— .
/ Nii(z)dz = % (4.39)
0
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with % = "% (nu refers to the number of control points in the upper

curve) Hence if a cubic B-spline curve with nominal uniform knot set is
used, the gradient of the area with respect to the control points in the upper
B-spline curve is given by

0A Ujtrqa — Uy

ol = 4 (4.40)

For the control points in the lower B-spline curve, the gradient is given by:

0A o Ui — Yy
adr ~ S (4.41)
with a% = —lf%. (nl refers to the number of control points in the lower
nl :
curve). The area is given by the following equation:
nu u u nl ” u :
— Ulits — Uiy grlitea — %
A §i=1:(d, =) ;( . (442)

where nu and nl are the number of control points in the upper and lower

curves respectively.

Now there is only one problem left, that is: %_/11 Let us recall the knot set,

l 2%l 31 (n—k)xl
‘n—k+1

0,0,---,0, , , .
(~L-’~—’/p—k+1 n—k+1n—k+1

k
n—k

7l)l7"' 7l
k
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which is a nominal uniform knot set. Then from the equation 4.42 and the

knot set, we obtain the following:

8A 1 2 -

= W) TG k+1))+(d3 n—Ft1)
4 4
+ (dfm)+(dgm)+ + (dos- 3m)
3 2 1
+ (d, -2m)+( e 1m) num)
L1 2 3
- (dlm)"( gZ(n_kfl_)) (ds 4(—k+—ﬁ)
_ (dLé)_(dL$)_ — (d& —4_)
Y4(n—k+1) S4n—k+1) "3 4(n—k+1)
3 . 2 1 ‘
- (dﬁz-2m)—(dnz—14(—k+~ﬁ) (nlm)
because

Uspq — Us %] .
= k
1 m—k+D '
u,-+4—u,~_ 4x] I
1 —4(n—k+1) k<=i<=n—k+1
u,-+4—u,-_(n—i+1)*l . _
1 S In—ktD) i>n—k+1

where n, k refers to the number and the order of the B-splines.

4.10.3 Compute the super-reduced gradient by using the finite

difference method

Since the objective function F is a function of the state variable ® and the

shape 90 (F(®,00)), and the relationship between ® and 9 is determined
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by the Poisson equation with specified boundary condition, the state equation

(the Poisson equafion) is solved first in each optimization iteration.
F(®,00) — F(09)

Second, because 02 is a function of design variables, i.e., control points of the
B-spline curves, (092(dy,ds, -+ ,dy), 1, d1,ds,- -+ ,dy,l are the control points
of the B-spline curves), and the area of the domain needs to be fixed, one of
the control points is moved in order to keep the area constant. In this case,

the constraint equation A = k needs to be solved as well.

Now the problem is redefined as:
F= F(dlad2,"' 1 di—1,diy1, 7dn7l) (443)

with d; eliminated in each optimization iteration.

The justification for this method is given in the Appendix B. Based on the
proof, if d; can be uniquely defined by (dy,ds, - ,d;j_1,diz1, -+ ,dy), [, then
the optimal point produced by the super-reduced idea is also the optimal

point for the Langrage system.

The super-reduced gradient is computed by using the following finite dif-
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ference method so that the constraints are kept unchanged:

8_F F(dl,dz,...,di+6,...,dn,l+6)
ol €

_ F(dyds, ds, - -y dn, 1) (4.44)
E .

Q

OF _ F(d,dy,...,dj+¢,....di+3,...,ds,0)
adj = . € A
F ey dp, .,
_ (dl’ d21 d37 7d l) j # i (445)

€

where j = 1,2,---,n, j # i (if j = 4, then g—i) = 0) and ¢ is given by

solving the constraints:

Area of (yl’ Y2, Yi-1,Yi T 6 Yit1y---2Yn + 6) l) = constant.

4.11 Summary

A new efficient method for shape optimization is given. It has been shown
that this method has good performance in both a number of mathematical
problems and industrial applications. Using this method, researchers will be
able to accelerate their own optimization schemes as long as they can use

B-spline to parameterize the geometry.
In the problem where the Poisson equation is the governing equation, the

method finds the optimum shapes for varying initial guesses, differing objec-

tive functions and differing numbers of control points. With the new method,
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the CPU time has been decreased. We have shown that the method is more
efficient than the BFGS method, one of the best known methods in optimiza-

tion in several test cases.

In airfoil design, the drag has been reduced sighiﬁcantly and -much more
efficiently compared with other methods. In the design case based on RAE
2822, using the EXTREM method, the drag coefﬁcient has been reduced
by 25%. (from 0.0116 to 0.0087) with 599 function calls. Using the new
method, the drag coefficient has been decreased by about 34% percentéges
(from 0.0116 to 0.0077) with only 177 function calls giving a saving of CPU
time of about 70%. In the design case of NACA 0012, by using the EX-
TREM method the drag coefficient has been reduced by about 62%. (from
0.0182 to 0.0070) with 408 function calls while using the new method, the
drag coefficient has been decreased by about 62% (from 0.0182 to 0.0070)

with only 233 function calls giving a saving of CPU time about 43%.

The use of high order B-spline curves has been investigated although not
exhaustively. From the experimental results, we see that if the number of
control points is fixed, then using the high order B-spline curve does not nec-
essarily improve the efficiency or the accuracy. On the other hand, if a high
order B-spline with a relatively small number of control points is used, then

it will generally improve both the efficiency and the accuracy of the optimiser.

A multiobjective optimization method in conjunction with a novel shape

optimization method for multiple design-point problem has also been devel-
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oped and applied to two design cases. In the design case based on NACA
0012, if the single objective optimization method is used, the drag is de-
creased by about 62% at Ma = 0.77 (from 0.0182 to 0.0070 ). When using
the multiobjective optimization method with a 10% relaxation on the con-
straint of the drag at Ma = 0.77, the drag at Mach number 0.79 will have
a further 9% decrease. In the design case based .;)n RAE2822, if the single
objective optimization method is used, the drag is decreased by about 41% at
Ma = 0.77 (from 0.0150 to 0.0088 ). When the multiobjective optimization
method is used, the drag at Ma = 0.79 will have a further deduction about
26% (from 0.0182 to 0.0134). The designed airfoil appears to have a wider

lower drag range.

151



5 Numerical experiments in 3-dimensional case

In this chapter, results for the 3-dimensional shape optimization problem
using the new method are reported. The example is a PDE-constrained
optimization problem with an equality geometry constraint. The Poisson
equation is chosen as the governing equation beca‘use solving fhis equation
is simpler than other non-linear PDEs. Furthermore; the solution procedure
of shape optimization problems is basically the same, independent of 'the'

governing equation. The data and results are given.

5.1 Application for using Poisson’s equation as the
governing equation

For the 3-dimensional Poisson equation stated below
Ve =-10 in Q (5.1)
with the boundary condition
®=0 on o0

The purpose is to find an optimum shape to maximise the maximum value
in the domain (Q) :

max max ¢ (5.2)
8  Q
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subject to a geometric constraint here;
Volume of the domain () = constant

After reorganizing, the objective function is chosen as:
F=—max®
Q

and is subject to two constraints:
1. Volume of the domain, € = constant.

2. The Poisson equation with the specified boundary condition

PDE constraint)

5.2 Solution Technique
In order to solve this problem, the following items are needed:

e Representation of the geometry

(5.3)

(5.4)

. (The

The desired geometry consists of a base geometry plus a parameterized

geometry. Functional cubic B-spline surfaces with nominal uniform

knot set are used to parameterize the geometry change. Therefore

the control points of the functional B-spline surface become the design

variables in this optimization scheme.

e Mesh generator

A mesh generator is needed to produce mesh information for any suit-

able geometry. TETGEN [53] is chosen as the mesh generator. This

153



mesh generator cannot give a very refined mesh, therefore some special

techniques are required to decrease the size of the mesh element.

e Poisson solver
A PDE solver is necessary to solve the Poisson equation with any ac-
ceptable meshes. The used solver is PUPS-1.0 [8]." It is a parallel

Fortran code and has good performance.

e Optimization scheme
The optimization scheme is the core software in this problem. Although
there are many optimization schemes suitable for this problem, such as
the constrained and unconstrained optimization schemes, Lagrange-
based methods, penalty based methods etc., an optimization scheme

has been developed for this problem.

5.3 Theoretical results in shape representation

In this 3-dimensional optimization case, the geometry consists of the base

geometry plus a geometry change. i.e.

n
2(07) =Y (Tins) + Y d2;N; 5(u, ) (5.5)
i,j=1
2(CE) =Y (Tins) + Y dF;N;5(u, v) (5.6)
1,j=1 :

where dgj, diL’j are the control points of the upper and lower B-spline surface
respectively, Tjn;, IV, T'L refers to the initial geometry, the upper geometry,

the lower geometry respectively, and N; j(u,v) are the base functions of the
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B-spline. In this special case where the functional B-spline surfaces are in
use, u,v can be regarded as the value of the z and y co-ordinates of points

in the upper and lower geometry represented by B-spline surface respectively.

The functional B-spline surfaces are used to parameterize the geometry in or-
der to decrease the possibility of getting a self-intersecting shape. If paramet-
ric B-spline surfaces are used as the methodology for shape representation,
then the control points of the B-spline surface can go anywhere if there is
no constraint to prevent them. Furthermore, for the parameterized B-spline
surface, each control point is a vector of dimension 3. This will certainly in-
crease the number of design variables and increase the possibility of getting

a self-intersecting shape.

The expression for each of the two B-spline surfaces is given by the equation

below:

n m
2(u,0) =Y Y digNig(w)Nyy(v) 0<u<1, 0<v<1i  (5.7)
i=1 j=1

where the B-spline basis function is defined as equation 2.53:
The knot sets are uy,us, ..., Untk, V1,02, -.,Uny and the order k,l are

not specified yet.
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Suppose a knot set is chosen as below:

(0,0,--- 0 1 2 3 n—=k

_V—/’\n—k+1’n—k+1’n—k+l“.’n—k+11’
k ~

1,1,---,1
k

n—k

In this case, the volume is given by the equation below:

V() = V({IY) - v(IF)
V({IY) = /SFgLidS+/01 /Ol(zU(u, v))dudv
v(rh) = L I'Z.dS + /0 1 /0 l(zL(u,v))dudv

where V represents the volume, V(T), V (L), V(I'Y), V(I'L) represents the
volume of the whole domain, the volume of the initial geometry, the volume
of the upper part of the domain, the volume of the lower part of the domain
respectively, provided that the shape consisting of the upper geometry I'V
and the lower geometry I'” are not crossed. In the above equation array, 2V,

2L denote the upper and lower boundaries respectively.

Based on this equation array, the derivative of the volume with respect to

the control points in the upper surface is given by the equation below:

ov 1 1
a0 =/ Ni,k(“)dU/ Nju(v)dv (5.8)
ij  Jo 0 :

where

1 . — .
/ N;x(w)du = %—ﬂ (5.9)
0
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1 . — .
/O Nja(v)do = 22 (5.10)

Hence, if a cubic B-spline curve with nominal uniform knot set is used, the
gradient of the area with respect to the control points in the upper B-spline

curve is given by

°1% _ Ujpq — Uy Vj+4 - Vs

For the control points in the lower B-spline surface, the gradient is given by:

ov N Uj+q — Ug Vj+4 — Vj
adl; ( 4 )( 4 (5.12)

and the volume is given by

/ Fzmds / zmds + Z Z(dU u1+4 — U; ’UJ+44 V; ) :

i=1 _1—'1

_ Z Z(dL uz+4 Ug v]+44 ) (5.13)

=1 j=1

where n, m are the number of control points in two directions.

By this geometry representation technique, the geometry constraint has been

sucessfully solved, which then becomes a linear constraint. -

5.4 Mesh considerations

The mesh generator used in the 3-dimensional case is TETGEN which gen-

erates tetrahedral meshes. The algorithms used in TETGEN are of the De-
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launay type. For a 3-dimensional domain, defined by its boundary (such as
a surface mesh), TETGEN generates the boundary constrained (Delaunay)
tetrahedralization, conforming Delaunay tetrahedralization, and quality De-
launay mesh. Because of its limitation on the mesh size, the mesh directly
generated by TETGEN is not refined enough.. Therefore the scaling tech-

nique is used in the mesh generation.

For example, if a unit cube is inputted as the initial geometry, fhe first
thing needs to be done is to scale it, say 100 times. Then the scaled geom-
etry is used to generate the mesh elements. After the generation is finished,
all of the coordinates in the mesh nodes need to be scaled back. However,
the mesh connect information, boundary information, facets information can

remain unchanged.

Second, for a very refined geometry, TETGEN has the problem of miss-
ing boundaries. More precisely TETGEN can produce a coarse mesh with
no problems. However for a refined geometry, the boundary information
produced by TETGEN are actually crossed. Therefore, the boundary in-
formation in the original code which is used to tell TETGEN the original

boundary information must be preserved after the mesh generation.
In this geometric representation the desired geometry is a base shape plus

functional B-spline surfaces. The methodology is needed in order to keep the

connective information of the boundary.
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For the functional B-spline surfaces, the coordinates at the Cartesian space
are u,v, 2(u,v), i.e. u,v is the parameter value, represents the z, y coor-
dinates of the functional B-spline surface. However for the arbitary initial
geometry, to build the connection between the point of B-spline surfaces and
the point of the initial geometry in Cartesian space is difficult. Therefore the

following methodology is used:
e points on functional B-spline surfaces (u,v, z(u,v))

e points on the initial geometry, if a sphere is used as an initial geometry,

(r,0, h) where h represents the height, 6 is the angle, r is the radius.

By doing this, the z, y coordinates of the initial geometry is given by
7 cosf, 7 sin§ which determines the value of the parameters u,v of the func-
tional B-spline surface. The coordinates of the designed geometry are then

given by (u,v, z(u,v) + h).

5.5 Other methods of solution

In this subsection, other possible methods for this 3-dimensional constrained

optimization problem are discussed.

5.5.1 Penalty coefficient

The simplest method to deal with the constraints is to add penalty coefli-
cients. However this requires the user to seek a balance between minimising

the value of the objective function and conserving the constraints. If the
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penalty coefficient is too big, then the value of the objective function cannot
easily be decreased. On the other hand, if the penalty coefficient is too small,
the constraints cannot be conserved. An example penalty function can be

constructed as following:

F Vol — Volol
M=—+4+01X ——F—F+—
Fo oA Vol°
where F' = — maxq ®, F° refers to negative maxium value for the initial ge-

ometry, and Vol, Vol° refers to the volume, the initial volume respectively.
Now M becomes the new objective function. Instead of minimising % keep-
ing the volume constant, the function M is exactly the right function to be

minimised and the constraint disappears.

5.5.2 Lagrange-based method

The Lagrangian (L) for this particular problem is:
L=F-X /(Vzé—m)dV—)\z(V—m)
Q

where Ay, Ay are Lagrange multipliers, V is the volume of the domain €2, and
m is a constant, the value of the area of the initial shape is 69 (or domain
Q). Since the main solution technique in PDE-constrained optimization is
to solve the PDE in each optimization iteration the PDE constraints will be

satisfied all the time. Then L changes to be:

L=F—)(V—m) (5.14)
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The basic idea of the Lagrange-based method is that a set consisting of n+1

real numbers:

(ala Qo, 03, ...,0,_1,0p, A2)

will finally be found (where (a;, a2, 03, ..., an_1, ;) are variables to describe

the shape), such that

T
(BL 0L OL oL OL 8L> —0 (5.15)

It is straightforward that, g—)f; = 0, will guarantee that the geometry con-

T
straint is satisfied. Furthermore, ('gTle %’2, %’3, ceey %) = 0 will guaran-

tee that the final shape is an optimum.

By using a Lagrange-based method, a constrained optimization problem is
converted into an unconstrained optimization problem. The gradient of L
with respect to ;,7 = 1,2,--- ,n used in this method can be computed by
the finite difference method, and the gradient of L with respect to A is given

by the area change.

For practical use, it may be necessary to use other Lagrangians, such as

the augmented Lagrangian given by the equation below:
Ly=F(a) =X (V(a) - k) + g(V(a) —k)(A(e) - k) (5.16)

where o = (al, Q- ,an)T'
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Now we have the objective function and all of the design variables. The
equation to compute the gradient of the volume with respect to the design
variables (Equation 5.13) can be found in the previous section. The gra-
dient of the objective function F' with respect to the design variables bcan
be computed by finite difference method. Therefore it is easy to start the

optimization loop.

5.6 The developed method used in a 3-dimensional
case

Since the objective function F is a function of state variable ® and the shape
o0 (F(®,00)), and the relationship between @ and 99 is determined by the
Poisson equation with specified boundary condition (®(852)), the state equa-

tion (the Poisson equation) can be first solved in each optimization iteration.
F(2,00) — F(®(00),00Q)

Second, because 01 is a function of design variables, i.e., control points of the
B-spline surfaces, (0Q(aq,ag, <+, o), 01,03, - ,ay, are the control points
of the B-spline surfaces), and the volume of the domain need to be fixed, it
is a good choice to eliminate one of control points in order to keep the area

constant. In this case, the constraint equation V = m must be solved as well.

Now the problem is redefined as:

F= F(al, Qg, "+ ,O!n_l) (517)
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with «,, eliminated in each optimization iteration.

The justification for this method is given in the Appendix B. Based on this
approach, it is clear that if a,, can be uniquely defined by (i, @9, -+ , an-1),

then the solution is correct.

If the finite difference method is used to calculate the gradient, it is given by

the equation below

OF  F(on,09,...,041,0;+ € 0441,...,0n +0)
do; €
Floy,a9,03,...,0
€
where 1 = 1,2,--- ,n— 1 and § is given by solving the constraints:
Area of Q (o4, 0,...,0i-1,0; + €, 0441, . . ., 0y + §) = constant

To obtain the value of § readers are refer to Section 5.3 for more details. It

can be by using equation 5.13

5.6.1 CPU time

In this subsection, the analysis on how the CPU time distributes in the code
is given. Since the developed code is integrated with two other software
packages: the mesh generator TETGEN and the PDE solver PUPS-1.0, the
CPU time consumed on these two must be taken into consideration as well.

For the following table NMF and MF refers to no mesh refinement and with
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mesh refinement respectively.

Mesh time | Solve time | Time for one iteration
NMF 17.060 1.42 441.25
MF 159.996 11.395 11980.25

Table 17: CPU time distribution in 3-dimensional case

CPU time for File I/O

File description File name File size | CPU time
input geometry file shape3d12.poly 337,703B 0.0452
output mesh files 3 files (.ele, .node, .face) | 4,835,873B 3.349
input mesh file for PDE sphere.grd - 2,283,525B 2.157
output file from PDE solver record3dl.out 53,910B 0.0377

Table 18: File I/O time in 3-dimensional case

Note: 1. Second is chosen as the time unit, and byte is chosen as the size

unit.

2. The mesh time and solve time are computed by the software; these values

are obtained from their display message. When computing the CPU time for

one iteration, the display message has been removed from the code.

3. The mesh time also includes the CPU time for File I/O.

5.7 FError estimation

Notation

F
Z§
€A

€r

the objective function

the 1, jth control point in the B-spline curve

the triangulation error caused by linear approximation of a curve

the residual error which is the norm of ||AX — B| in solving PDE
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In order to analyse the error, it is necessary to define the error. The following

term is defined, root mean square error.

— Fezact) 2

ZZ 'n*m (5.19)

i=1 j=1

(Fij — F£5°") is regarded as the difference between the exact solution at the

node %, 7 and the approximate one at the same node.

It is clear that the difference between the approximate value (value of objec-
tive function produced by code) and the exact one is influenced by the items

below:
¢ the triangulation error because the elements are discretized

e the residual error of the PDE solver

5.7.1 Analysis of the influence of the residual error

The influence of residual error on the PDE solution is normally irrelevent
when compared with the influence of the triangulation error, or the discretiza-
tion error. To decrease the residual error, one usually sets a small value of
the tolerance on the ls norm of the solution vector, say le — 10, which would
be possible for most of the current computers. In the 3-dimensional case,

this argument is not true as indicated by the following content.
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For a selected Poisson’s equation,

o’ 9%d 0?9 . :
522 + o + 5 = -1.0 in Q (5.20)

with the boundary condition
®=0 on o0

where () is a unit sphere, the centre is (1.0,0.0,0.0). We have the analytical

solution: _
10 (z-1.0024y2+ 2?

q"ﬁ 6

Therefore it is convenient to compute the error now.

Choice of the tolerance | Iterations | Error in solution Sum
le-3 19 : 0.00120975 0.10669
le-4 26 0.00120957 0.106657
le-5 31 0.00121013 0.106756
le-6 37 0.00121011 0.106753
le-7 - -1 41 0.00121011 0.106752
le-8 48 0.00121011 0.106752
le-9 53 0.00121011 0.106752
le-10 58 0.00121011 0.106752

Table 19: Residual error investigation in 3-dimensional case

As indicated by the above table, a tolerance of 7 = le — 7 is a sufficiently
good choice because there is no improvement on the error or sum of the error
when decrease the value of the tolerance. Hence there is no need to put too

small a value on 7.
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5.7.2 Analysis of the influence of triangulation error

In order to analyse the influence of triangulation error, the shape cannot be
described by B-spline surfaces, otherwise the influence of least square error

will automatically be included.
Now the sphere is the input shape (not the shape approximated by B-spline
surfaces), the number of boundary points (all of the boundary points are

evenly distributed) will be doubled to see how the solution changes.

The following table reflects the influence of triangulation error on the PDE

solution:
Number of boundary points | Number of nodes | Error in solution | Rate
40 1658 0.01631362
80 10539 : 0.00204123 8.02
40 814 0.00216005
80 6700 0.000285412 8.06

Table 20: Triangulation error investigation in 3-dimensional case

From this table, it is obvious that when mesh size decreases by about 1/2,

the error in the solution will decrease by 1/8 as well.
The error analysis here is based on the real sphere not on the approximated
sphere consisting of B-spline surfaces since the influence of the least square

error is already excluded.

The conclusion for triangulation error is: if the numbers of boundary points

167



is doubled, and at the same time increasing the total number of nodes, (to
make the mesh size decrease a half) then the triangulation error will decrease

cubically.

Even if the sphere points have been mapped into the functional B-spline

surface points, the rule still exists.

Number of elements | Number of nodes | Error in solution | Rate
5680 1674 0.0162715
37658 10314 0.0019668 8.02

Table 21: Triangulation error investigation in 3-dimensional case (functional
B-spline surface case)

5.7.3 Conclusion on error analysis

From the above, the main error in the developed code is caused by triangu-
lation error. It has the influence of residual error, but it can be decreased
and in fact this influence is quite small. For the triangulation error, it can
be decreased by increasing the number of boundary points and distributing

these points evenly.

5.8 Results

For the different initial shapes, the new method starts from 16 free control

points, and the initial mesh has about 40, 000 tetrahedra. When the knot |
insertion algorithm is required, an additional knot is uniformly inserted into
the existing one, and the number of control points becomes 81. When the

mesh refinement starts, the fine mesh is produced which has about 200, 000
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tetrahedra.

The middle point in the lower B-spline surface is chosen as the special point
to keep the constraint, i.e. keeping the area constant. When the knot in-
sertion algorithm starts, in order to be consistent, the special point should
be selected to be the middle point in the new lower B-spline surface. If the
number of control points for the new lower B-spline surface is a even number,
then it will not damage the optimization no matter which middle point is

selected as the special point. This has been tested.
The idea of the method is presented earlier in this thesis and there are differ-
ent ways to fulfil the idea. For example, one can locally insert knot to achieve

the requirements on the geometry instead of inserting knots uniformly.

The criteria to start the knot insertion algorithm is set as | Fe1 — Fi| < .

The initial shape is given by the following two pictures
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Figure 33: Initial shapes (top view)

Figure 34: Initial shapes (bottom view)

These two pictures are from the same geometry but viewed from different
angles. One is the top view, the other is the bottom view. The optimal
shape is also given in Fig. 35, Fig. 36 , with the bottom view and the top

view.
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Figure 35: Optimal shapes (top view)

Figure 36: Optimal shapes (bottom view)

The other two optimal shapes are given in Fig. 37, Fig. 38. The optimal

geometry below is achieved with a weak end condition.
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Figure 37: Optimal shapes (top view)

Figure 38: Optimal shapes (bottom view)

The optimal geometry given in Fig. 39, Fig. 40, is achieved by changing the

value of 7.
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Figure 39: Optimal shapes (top view)

Figure 40: Optimal shapes (bottom view)
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5.9 Summary

The developed Super-Reduced has been tested in the 3-dimensional case. It

has been shown that this method can converge to an optimal solution.

The geometry representation and the mesh issue are discussed detail. The
designed geometry used in the tested cases consists of the base geometry
plus a geometry change. The geometry change is parameterized by funtional
B-spline surfaces, therefore potentially decrease the possibility of getting self-
intersecting shapes. Furthermore, it will decrease the number of the control

points, i.e, the number of the design variables.

TETGEN is selected as the mesh generator, which has a problem of missing
boundary for refined mesh. Therefore the boundary infromation must be
preserved after the mesh generator. However, this will inevitablely increase

the memory requirements.

The final results show the cohvergence of the method. Because the inten-
sively computational cost, (for a mesh of around 0.1 million elements, it
takes about 3.5 hours for one optimization iteration!) the investigation of

3-dimensional case is not so extensive.
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6 Conclusion and Future work

In this thesis, the mathematical background, the details of the new opti-
mization method using a knot insertion algorithm and the B-spline shape

functions have been described.

Current research on geometry optimization focuses on the methods of com-
puting the gradient and the sensitivities. Geometric representation has been
somewhat neglected. The traditional shape function remains a useful method
to describe the geometry. However, this is an algébraic way of describing ge-
ometry. Although the Bézier curves and B-splines have been employed to

parameterize the geometry in some cases, it is still not mainstream in this

field.

The present research combines the B-spline as shape functions and knot
insertion. The purpose of doing so is to decrease the number of optimization
iterations and produce an improved estimated optimal value and associated
geometry. The developed method is BFGS-based, because of its quadratic
convergence when the point is sufficiently close to the optimal point. Also,
the limitations of the BFGS method are partly solved by the new method.
The BFGS’s weakness lies in its matrix operation because it requires the ma-
trix update according to the BFGS formula in each optimization iteration.
Therefore if the design space is large then the computational cost will be
high. The new method allows the initial number of design variables to be

kept to a minimum. Hence, although the matrix operation is still required,
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it is limited to a small dimension for much of the calculation.

The present work on the geometry optimization method is believed to be

original. The following features have been implemented:

e The knot insertion algorithm has been firstly incorporated into the
geometry optimization method.
This is the first time knot insertion algorithm has been integrated with

the geometry optimization method, see Chapter 3.

e The super-reduced idea
Although the super-reduced idea has been implemented in others’ work
[62], this is an independent research on this idea in different applica-
tions. Furthermore, this report describes a sufficient condition of using

the super-reduced idea, see Appendix B.

PDE-constrained optimization problems with an equality geometry constraint
are described. A robust novel method with B-splines as shape functions, the
knot insertion algorithm, super-reduced idea, and mesh refinement have been
developed to solve this class of problem. The basic idea of the developed new
method is to first convert the constrained optimization problem into an un-
constrained one and when the shape is close to the optimum one, to use mesh
refinement to improve the accuracy of the gradient vector. Introducing a way
of dealing with self-intersecting shapes is also investigated. More details of
the method can be found in Chapter 3. The main feature and results of the

developed algorithm on a number of test cases have been presented.

o Efficiency.
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Tests have shown that the newly developed method is better than the
BFGS method in geometry optimization and the EXTREM method,
see Sections 4.3, 4.7, 4.8. The new method can find the optimum shape

within less optimization iterations, and less CPU time.

e Preservation of constraints.
In the developed method, the constraint is maintained all the time so
that all changes are feasible. This is a consequence of the super-reduced

idea.

e Dealing with self-intersecting shapes.
The self-intersecting shape is not an issue in practical problems because
in that case, the shape seldom changes very much and hence it is un-
likely that a self-intersecting shape will occur. However, in test cases,
the shape can be self-intersecting because the control poihts are totally
free. An algorithm to prevent and deal with self-intersecting shapes is

therefore necessary and has been developed, see Section 3.6.

e Accessing the analytical value.
Some experimental investigation of error has been done. Based on the
conclusion of the error analysis, it is possible to approach the analytical

value as long as the computational cost is é,ffordable, see Section 4.4.

The new method can decrease the computational cost. It gives better results

when B-splines are used to parameterize the geometry.

In summary, the main contribution of the current work is: a new method
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for geometry optimization with B-splines as shape functions, the knot inser-
tion algorithm, super-reduced idea, and mesh refinement has been developed.
The method has been tested in a number of cases and shown to be more ef-
ficient than the BFGS method and the EXTREM method inv these cases in
terms of the CPU time, number of function calls, number of the optimization

iterations.

In addition to this, the use of high order B-splines is investigated, but not
in great detail. This could be very useful for the future research. We hé,ve
indicated that how to use the high order B-spline to improve the efficiency
(saving CPU time). Beside this a multi-objective optimization method is

also developed for geometry optimization problems.

Future possible enhancement for the new method is listed below:

e Developing a local knot insertion algorithm based on the geometry
properties.
A local knot insertion algorithm would be ﬁecessary if there were some
special requirements in the geometric properties. In this case, the global
knot insertion algorithm would not be as efficient as a local knot inser-

tion algorithm which can insert a knot where it is necessary.

¢ Integrating some other gradient evaluation methods.
The current method to evaluate the super-reduced gradient is a finite
difference type. This type is not the best choice for the situation where

there is a large design space. Both the adjoint method and the reverse
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mode of the automatic differentiation are particularly efficient on the

problem where there are a lot of design variables.

The automatic differentiation depends on the code type. However,
there are current codes for geometry optimization of different types.

The PDE solver is a mixture of FORTRAN 90 and C code, mainly
written in FORTRAN; the optimization scheme is pure C++, the mesh
generator is written in C language. Therefore, it is almost impossible
to use automatic differentiation on the current optimization software.
If automatic differentiation is used, it is desirable that all software
involved is the same type. Therefore, some of the software will be re-

placed and obviously this requires the updates of the interfaces.

The adjoint method is particularly good for problems which have many
design variables but fewer constraints. If the adjoint method is used,
then the gradient can be obtained by solving one adjoint equation and
one PDE in one optimization iteration. However, this will bring the
complexity to the code. Furthermore, if the objective function changes,

then a new adjoint equation must be developed.

Integration some of other constrained optimization Iﬁethods.

At this stage, the new method is developed for dealing with the con-
strained optimization problems with equality constraints. In multi-
objective optimization cases, a SQP-based method is also developed.

However, as no methods are good to deal with general non-linear con-
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strained optimization problems, some other optimization methods could
be included; also an idea can be further developed to decide in which

cases to start which methods.

Parallelize the optimization methods.

In the newly developed optimization methods, the PDE solver is'a par-
allelized routine, in order to decrease the CPU time, although the opti-
mization are not applicable to be parallelized in general. The methods
to compute the gradient vector can be parallelized if the finite difference

method is used.

Extend the application to other governing equations.

The current used governing equations are Poisson’s equation and the
full potential equation with boundary analysis, although the developed
optimization method is independent of governing equations. Obviously
for the non-linear governing equations, they will be computationally ex-
pensive to solve. Future applications may include the RANS (Reynolds-
Averaged Navier-Stokes ) equation or even LES (Large Eddy Simula-

tion).

Extend the application to some special geometry.

In industrial cases, smooth geometry is normally the primary choice.
However, in some special cases, it may be necessary to use continuous
but non-smooth geometry, or there may exist some special requirements
on the geometry, say the curvature. This should be under consideration

for future applications as well.
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e Using p-refinement or h-p refinement to refine the mesh.
The currently used mesh refinement is a local h-mesh refinement. This
means only the mesh size has been decreased. However, for smooth
problem p-mesh refinement seems to be a good choice because this
technique does not change the elements, rather it introduces more node
points to each system of equation. Furthermore, it is also a good choice
to use h-p mesh refinement because this can decrease the computational

cost.
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B Mathematical justification for super-reduced-

method

Suppose we have a constrained optimization problem with one equality con-
straint. The objective function is F(ay, as, s, . .., a,) where a1, a2, as, . .., o,
are n design variables defined on R". One constraint is c(ay, ag, @3, ..., a,) =

0, which is not specified clearly yet. We want to prove a theorem below:



If there exists a unique solution in the constraint equation for one of
design variables, say «;, (that means o; = g(o1,a9,..., 01, .., Qig1,- .-, ),
then the local minima for reduced system are also local minima for

ordinary system

In the above theorem, the reduced system means we convert (let us choose

¢ = n which will not damage the generality but with short expression):
F(a1>a2’ a3z, ... )an) — F(Oll, 2,03,. .., an—l,g(alj g, ..., CVn~—1))

The right term in the above expression is the reduced system, note it has
n — 1 design variables only. So if we use this system to do an optimization,

then we will get one local minimum:

(ala O, 03,..., an—l)

and the o, is obtained by solving the constraint equation c(ey, ag, 03, ..., a,) =

0.

The ordinary system means we construct a Lagrangian function for this prob-

lem.

Lo, a,03,...,an, 1) = Flay,az,a3,...,00) — M c(on, 0,03, ..., an)

(B.1)



For this system, we want to find a set of
(ala Qg, 03, ...,0n, )‘1)

which will make:

oL 9L oL  OL 9L

%,%’E’...’E’@%O (B2)

We now need to prove that the local minima for the reduced system is also

satisfied the above equation.

Proof
Let us simplify the ordinary system first. Because c(ag, a9, 3, ...,0,) =
a, — g(ay,09,...,0,-1) The first order necessary condition (equation B.2)
becomes:
oF 8
( a1 ~ MBay )
8F 8
Baz ~ Maz
=0 B.3
oF dc ( )
Ban—1 1801
BF _
Ban 1
KC(OZI,OZQ,OC:_;, . .,an)/
In the above equation, the second last term is a bit different because c(ay, g, @, . . ., ) =

On — g(ala ag, ... 1a'n.—1) (then %‘i—; = 1)



In the reduced system, the first order necessary condition is:

(&

L%}

OF
Do

=0 (B.4)

OF
dan -1

\on — g(au, 2,03, ..., 0n_1)
Now it is very clear if we choose A\; = aaTz«; then all of equalities in the equation

will automatically satisfy all of the equalities in the last equation.

C Solution to the Poisson equation

In order to get an idea of the accuracy and efficiency of the Poisson solver,
we use two different Poissons equations with known analytical solution. The

first is
V2@ = —27? sin(nz)sin(ry) in Q (C.1)
with the boundary condition
®=0 on o0 -

and () is a rectangular from (—1,—1) to (1,1) The exact solution for such a
problem is

® = sin(7z) sin(7ry)



For a mesh with 125 nodes , the average error for each node is around 2e — 2

and the squared error is 0.299578

The second sample is our problem:
V@ =-10 in Q | (C.2)
with the boundary condition
®=0 on o0

where  is a circle. (centre: (0.5,0), radius: 0.5) The exact solution for this

problem is
_0.250 — (z — 0.5)% — ¢/?
- 4

®

For a mesh with 1235 nodes, the squared error is 0.00724796. If we increase
the number of nodes, the average error in each nodes decrease. We use a

very fine mesh to get the gradient information.

D Data collection with mesh generator BAMG

Due to the fact that the mesh generator MESH2D has problems working with
the parallel computer, we use another mesh generator to replace it, which is
BAMG, from INRIA lab, France. By using this software, we includes one
special point into our mesh file, the geometry centre, which is suspected to

be the maximum for our special PDE-constrained optimization problem. An



algorithm to compute the centre can be found in [4]. Later, the data we
get proves this when the shape is close to the approximated circle. We use
0.062286644842548415 on (0.5,1.33781e — 20) as the maxima for the shape
before perturbing any control points. The step size is chosen as 0.001. The

gradient information and other necessary information are listed in the table

below.
No. | gradient value (F*) No. | gradient value
2 1.64e-3 | 0.06228828408431918
3 3.27e-3 | 0.06228991805343941 | 20 | 1.78e-3 | 0.06228842561814151
4 5.12¢-3 | 0.062291770280052914 | 19 | 3.5%e-3 | 0.062290230551914474
5 4.03e-3 | 0.062290672721254124 | 18 | 5.34e-3 | 0.06229198433953233
6 3.67¢-3 | 0.062290313596206216 | 17 | 4.17e-3 | 0.062290812431539714
7 2.21e-3 | 0.06228885178840413 | 16 | 5.6e-3 | 0.062292252611184845 |-
8 4.43e-3 | 0.0622910793508614 | 15 | 5.44e-3 | 0.06229209233419361
9 4.11e-3 | 0.062290758254178506 | 14 | 4.37e-3 | 0.06229101296318704
10 | 4.32¢-3 | 0.06229096500108377 | 13 | 3.85e-3 | 0.06229049841678154
11 4.61e-3 | 0.06229125611725885 | 12 | 3.84e-3 | 0.06229047994720484

E The second best paper award paper: An
Optimization Method Based On B-spline
Shape Functions & the Knot Insertion Al-
gorithm

Abstract—A new method is presented to deal with shape optimization
problems. In this method, the geometry is parameterized by B-spline
shape functions with the control points of the B-spline curves becoming

the design variables in the optimization scheme. The core idea of the



method presented is to introduce the knot insertion algorithm which
can keep the geometry unchanged whilst increasing the number of con-
trol points. Besides this core idea, the super-reduced method and mesh
refinement are also employed. The super-reduced method is used to get
rid of the equality constraints. Hence a constrained optimization prob-
lem is converted into an unconstrained optimization problem with the
constraints kept unchanged. We apply the method to two applications;
first a problem involving Poisson’s equation, and second, an application
of the method to an airfoil design problem based on the airfoil NACA
0012. In both of these applications, the new method is shown to be
efficient compared with ‘standard’ methods. In particular, in the air-
foil problem we obtain a CPU saving time of about 42% compared with
the EXTREM method. Keywords: B-spline, knot insertion algorithm,

mesh refinement, optimization

Introduction

Shape optimization problems can be regarded as a problem of finding a shape
which can achieve a given performance while satisfying some constraints.
Two kinds of method are used in optimization; gradient-based methods and
global methods. The gradient-based method is efficient in finding a local
optimum while the global method has the advantage of finding a global op-

timum and does not require the objective function to be differentiable.

With the gradient-based method, the gradient information is necessary to



minimize the objective function. In shape design problems, to obtain the
gradient of the objective function with respect to the design variables one
usually needs the gradient of the state variables with respect to design vari-
ables, called the sensitivity. Some well-known methods to compute the sen-
sitivity are the finite difference method [16,17], the complex variable method
[2], automatic differentiation [4,5], sensitivity analysis [6,7], and the adjoint

method [12,13,14].

In shape optimization geometry representation is an important issue. Hicks,

- Henne, Vanderplaats [10,11] use shape functions to parameterize shape changes.
Another approach is to use the coordinates of every surface pbint as design
variables. The approach removes the geometric model from the optimization
loop, however, it may lead to discontinuities in the gradient which can be
eliminated by a smoothing technique. An example of the use of B-spline con-
trol points to parameterize the geometry is given by Anderson and Venkatakr-

ishnan [1].

In this paper, B-splines are chosen as shape functions to parameterize the‘
changing geometry. The knot insertion algorithm has been incorporated into
the shape optimization. Using this technique, the initial number of control
points can be decreased. We then use the BFGS-based gradient method to

find the optimum shape.



Method Description -

In this method, the geometry is parameterized by B-spline shape functions
with nominal uniform knot set. Therefore, the control points of the B-spline
curves become the design variables in the optimization scheme. The knot
insertion algorithm is introduced to keep the geometry unchanged whilst in-
creasing the number of control points. The initial number of control points
can be set to a small number, potentially decreasing the number of optimiza-
tion iterations. To achieve a suitable accuracy the final number of control
points can be very large for the value of the objective function. In the ap-
proach taken here the knot insertion algorithm kicks in when the solution is
close to the optimum solution. ‘After that, a large numbef of design variables
will be produced as specified by the user. Since the knot insertion algorithm
does not change the geometry, the optimization problem will be kept the
same. Beside this core idea, the super-reduced method and mesh refinement
are also incorporated. The super-reduced idea [19] is employed to convert
the constrained problem into an unconstrained one (where the constraints
are kept unchanged all the time). Using this method the gradient becomes
a super-reduced gradient. Mesh refinement is extensively used in shape op-
timization. This approach is very useful when the exact gradient is difficult
to obtain. In doing so, most of iterations will be done on the coarse grid and

with relatively few on the refined grid, thus making the method more efficient.

In the new method, the selection of the search direction and the update

of the approximate Hessian matrix follows the same rule as BFGS method



[9] does:

sk = —H (xx) ™ g(xx)
aedi  Hypepi Hy
alp. P} Hibk

Hyy = Hp +

where pr = Xp41 — Xk, Gk = &(Xk+1) — &(Xx), and Xx, g denotes the point

and the gradient at the k-th iteration respectively.

Knot insertion algorithm

The knot insertion algorithm [8] allows one to insert a knot into a B-spline
curve without changing its shape. After knot insertion, the B-spline evalua-

tion (p(u)) function changes from

p(u) = ZdiNi,k(u), with knot set (uz)?__'_"l’c

i=1
to
n+1
Zd}Ni’k(u) , with knot set (u})ifl*.
i=1 ‘

where k is the order, n is the dimension, u is the parameter value, d; is the
i-th control point for the B-spline curve before knot insertion and the d! is
the i-th control point of the B-spline after knot insertion. The new knot set
differs from the original one in having an additional knot inserted somewhere

in the interval [ug, Unpt1)-



If a knot 4 is to be inserted to the knot set coinciding with the knot w,;

say, which already has multiplicity s, and the new knot set is denoted as

(
U 1<p

Ui =Qi=upyy i=p+1 (E.1)
Uiy 12p+2

then the number of control point increases from n to n + 1, the knot set

number increasing from n +k ton + %k + 1.

Since B-splines have a local modification property, only some of the con-
trol points will change. These new control points are obtained by linear

interpolation of the previous control points according to the formula:

d} = ojd; + (1 — of)dis

where of = (@ — uj)/(ujyr — 4}) = (& — ;) /(Uiyp-1 —w;) and 6 = p—k +
s+2,p—k+s+3,...,p. More details of this algorithm can be found in [8].
By repeating the knot insertion algorithm many times the number of control

points can be made to increase as required.

The knot insertion algorithm allows the user to add additional control points,
i.e. design variables in the optimization, to the B-spline curve without chang-

ing the geometry. Therefore, it is possible for the user to start the optimiza-



tion iteration with a small number of control points, ending with a large

number of design variable to describe the geometry.

The purpose in using the knot insertion algorithm is to decrease the number
of optimization iterations whilst obtaining a better value for the objective

function.

Application to a Poisson’s problem

We take the Poisson equation,
V2 =-10 in Q
with the boundary condition
®=0 on oN

and find the optimum shape maximising the maximum value in the domain

(€):
max max P,
an  Q

subject to a geometric constraint, which is taken here to be the area of the
domain, A() is a constant. After reorganizing, the objective function can

be chosen as:



F=—max®
Q

Two cubic B-spline curves with nominal uniform knot sets are chosen to pa-

rameterize the geometry. After reorganization, the area of the whole domain

is given as:
o u T u; u
g — U g — U
A(Q) = Z(yi-%—) - Z(yj—HT—J') ’
i=1 j=1

where y;, y; are the control points in the upper curve, and lower curve re-
spectively, n, m are the number of control points in the upper curve, and

lower curve respectively, and u; are the knots.

The gradient used in the optimization is computed using the finite difference

method with the super-reduced method, given by the following equations:

oF ~ F(yl,yQa---ayi—layi+€7yi+la"'ayn+6)

~

Jy; ¢
F
(y11y2’3€,3’ ,yn) i:1,2;-.-7n‘_1
oF _
Oyn

where 0 is given by solving the following constraints:

A(Q (yla Y2, .- -5 Yi-1,Yi + € Yi+1, .. ' yYn + 5)) =k



and k is a constant.

Results

With the new method, the optimizer starts from the initial shape (see Figure
1), which has about 3300 triangles, and the number of control points for this
initial geometry is 22. After 37 optimization iterations it finds the optimum
shape (see Figure 2), which has about 13,000 number of triangles because
mesh refinement has been employed. This optimum shape has 40 control
points because the knot insertion algorithm has been incorporated.

The value of the objective function at the optimum geometry is —0.062333.

The software used to solve the Poisson equation is that developed by

Becker and Thompson [3].

Figure 41: Initial shape



Figure 42: optimum shape produced with the new method

The BFGS method used in the paper has been added the following en-
hancements: super-reduction, the geometry model, an algorithm to deal with
self-intersection, and mesh refinement in order to deal with the constrained
shape optimization problem. When the BFGS method is used, we starts
from the same initial shape and with the same mesh. The optimizer takes 44
iterations to find the optimum shape. In terms of number of iterations, the
new methods decreases the iteration counts by about 20%. The performance

comparison of these two methods are shown in Figure 3.
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Figure 43: Convergence performance comparison with BFGS method

In the above graph, in iteration 7, the value of the objective function actually
increases instead of decreasing because the shape is going to self-intersect,
and the algorithm produces replacement. We discuss the algorithm to deal

with self-intersecting shapes in [18].

The discretization error has also been investigated. Below is a table that

reflects the influence of discretization error on the PDE solution:

number of nodes | error in solution | rate
814 0.0002161
3169 5.318e-05 4.06

Table 22: Discretization error analysis for the solution of Poisson’s equation

The above table shows that when the number of triangles is increased to
about 4 times, then the discretization error will decrease to about 1/4, in

agreement with theory.



Application for airfoil design

The purpose of this application is to find optimum shapes to minimize the
drag of transonic airfoils while keeping the lift coefficient constant and keep-
ing the maximum thickness of the airfoil constant. In this application, we
follow Zhong and Qiao’s work [20] using the B-spline method to parameterize
the geometry. The shape modifications are parameterized by cubic B-splines
with a nominal uniform knot set. The geometry of the airfoil is given by the

following equation.

Y([) =Y (Tii) + i FNi(X),

i=1

where Y (I'), Y (I'in;),represent the y coordinate of the design geometry and
initial geometry respectively, P; are the control points of the B-spline, and

N;(X) are the B-spline basis functions.

The transonic airfoil analysis code used in this paper is the NPUFOIL pro-
gram, see [20]. The program is based on a combination of the full potential
equation solver and the boundary layer flow analysis. The flow and the
aerodynamic characteristics are computed via viscous/inviscid iteration. In
this design case, the symmetric airfoil NACA0012 is chosen as the initial
geometry. The lift coefficient C, = 0.5 , Mach number M, = 0.77, and the
Reynolds number Re = 6.5 x 106 are kept unchanged. For comparison, both
the new method and the EXTREM [15] method are used in this design case.
For the new method, the geometry is first parameterized by 5 free control

points, and finally it reaches the optimum solution which has 9 free control



points and the drag is reduced from 0.0182 to 0.0070. The optimum solution

of the control point is:

P, =—-0.571028 P, = —-0.70975
P; = —0.41511 P4 =0.13373
Py =0.78084 P =1.3277
P; = 0.98959 P = 0.56642
P, = 0.13606

The drag coefficient has been decreased by 62% (from 0.182 to 0.0070) for
both methods, but the EXTREM method uses 408 function calls While the
new method uses only 233. The CPU time per function call for these meth-
ods, (CPU/FC) is nearly the same. The performance comparison table for

the two methods is given below:

Methods Cd | iterations | FC | CPU/FC
EXTREM 0.0070 N/A 408 | 0.22246
New Method | 0.0070 20 233 | 0.22418

Table 23: Performance comparison of the new method and the EXTREM
method

Fig. 4 shows the comparison of pressure distribution in design case of
NACA 0012, and Fig. 5 shows the comparison of the drag coefficient for

initial and optimal geometry.
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Figure 44: Initial and optimal pressure distribution for NACA 0012
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Figure 45: The comparison of drag coefficients for initial airfoil and optimal
airfoil (NACA 0012) :

Conclusions

In this paper, a new efficient method for shape optimization using B-spline

shape functions combined with knot insertion algorithm and the super-reduced



method is given. This method has good performance for both mathematical
problems and airfoil design applications. In the application to a Poisson’s
equation problem, the new method uses only 37 iterations while the BFGS
method uses 44 iterations.

In the airfoil design case, the drag coefficient has been reduced. signifi-
cantly, by about 62% with only 233 function calls, saving about 42% CPU
time compared to the EXTREM method. Using this technique researchers
will be able to accelerate their optimization as long as B-spline shape func-

tions are used to parameterize the geometry.

In the future we will extend the range of application to include 3-dimensional

problems.

F An example of using adjoint method

An example of shape optimization problem is given here in order to explain
the general procedure of a shape optimization problem without geometric

constraints. This example can be found in [57] with small changes.

Suppose we have an optimization problem in 2-dimension. The objective

function is:

Fle)=3 [(Gy —vVda (F.1)



where « is the design variable, p* is a known distribution (desired distribu-

tion). The constraint is a PDE, stated below:

V=0 in (F.2)
% = %‘i— on I'
d=k on Iy

where the domain (2 is a rectangle whose bottom boundary I" has a control

variable to be optimised, Iy is the rest of boundary of €2, and k is a constant.

Considering a small perturbation of the design variables by e, the corre-

sponding change in @ is given by ¢®, which satisfies:

V25 =0 in 0 (F.3)
g—izgg on T
d=0 on Ty

The variation in the function is:

N 1 9o 9% oD
6F = F(a+cd) - F(a) = E/F[(%-l-e%—zﬂz—(%—

o0, 9% ,
= e'/r(%——p )Eda:-l-O(e)

= —G/I‘((I)w - p*)x&)dx + 0(62) (F4)

p*)?| dx



where integration by parts have been used in the last equality, We use @,
represent g—i’ for simplicity. In order to eliminate the dependency of 6 F on
&, an arbitrary function X is chosen which is defined in the same domain.

From equation 55, we have:

0=/A\72<’13dA = /v-(w&»)m-/v«i-w
9] Q
= / A—ds+/<1>v2AdA'—/v-(<i>VA)dA
on Q

. % - oA
2 — —— —
/Q & V2\dA + / (A o~ @ 3n) ds (F.5)

Note: in the above equation, the divergence theorem, V(ab) = b-Va+a-Vb

Il

and the definition of directional derivative are repeatly used. Adding the

right hand term of equation 57, multiplied by ¢, to §F. We obtain:
. - o
O0F = —e/(q):,B — p*),Pdz + e/ ®V2MA + e/ (/\— - @a)\) ds + O(é%)
r 0 on 0

After rearranging and using [, = [+ [, , We get:

SF e / ®V2NdA — € / [(@z ) + ]cbds—e / Q&)ds-}-e ,\@deF.ﬁ)
Q r r, on an On

Because A can be any function, so a good choice of ) is:

VEZA=0 in Q (F.7)
o OA
(<I>w—p)x+—a—ﬁ—0 on T

A=0 on FO



Obviously this choice can eliminate all of the dependence of § F on ®. Hence:
89 2 ~ 2 ~ 2
0F =¢ [ A—dz +O(¢®) =€ [ Aa,dz + O(e®) = —e [ al dz + O(*(F.8)
r On r r

where the integration by parts is used in the last equality.

Up to now it is obvious to obtain the variation of the objective function
caused by the known perturbation in design variables. The next stage dis-

cusses the geometry representation.

Suppose:

afz) = 3 afs(a) (F9)

where f;(x) are functions, a; are coefficients of the corresponding functions.

Considering a perturbation in o, then we get:
SF=—€Y dj / Ao f(x)dz (F.10)
=1 T

and hence:

oF

9oy

:—/P)\wfj(z)d:z: (F.11)

This is all that we need to apply an optimization scheme.



ity. The R-tree based methods seem
to be most robust for higher di-
mensions, provided that the fanout
of the R-tree nodes remains > 2.
Experiments [21] indicate that R*-
trees work well for up to 20 di-
mensions. The feature extraction
method should therefore be such
that a few features are sufficient to
differentiate between objects.

We propose to use the Discrete
Fourier Transform [20] for feature ex-
traction. Given a sequence, we trans-
form it from the time domain to the
frequency domain. We then index only
on the first few frequencies, dropping
all other frequencies. This approach
addresses the two problems cited above
as follows:

e Completeness of feature extraction:
Parseval’s theorem [20], discussed in
Section 2, guarantees that the dis-
tance between two sequences in the
frequency domain is the same as the
distance between them in the time
domain.

o Dimensionality curse: As we discuss
in subsection 3.3, a large family of
interesting sequences exhibit strong
amplitudes for the first few frequen-
cies. Using the first few frequencies
then avoids the dimensionality prob-
lem, while still introducing few false
hits. The false hits are removed in a
post-processing step.

The organization of the rest of the
paper is as follows. Section 2 gives
some background material on the Dis-
crete Fourier Transform, and intro-
duces Parseval’s theorem that provides
the basis for the indexing technique
we propose. A resume of our index-
ing technique is given in Section 3.

We also justify our choice of similar-
ity measure and the selection of DFT
for feature extraction in this section.
Section 4 contains performance exper-
iments that empirically show the effec-
tiveness of our technique. We conclude
with a summary in Section 5.

2 Discrete Fourier

Transform

We start with a brief overview of
the Discrete Fourier Transform (DFT).
The importance of the DFT is the
existence of a fast algorithm, the
Fast Fourier Transform (FFT), that
can calculate the DFT coefficients in
O(nlogn) time. Further information
on the Fourier transform can be found
in any digital signal processing text-
book, for example, [20].

The n-point Discrete Fourier Trans-
form [20] of a signal & = [z, t =
0,...,n—1 is defined to be a sequence
X of n complex numbers Xs f =
0,...,n—1, given by

n—1
X;=1/v/nY zrexp(=j2nft/n) f=0,1,...,n—1(1)
t=0 .

where j is the imaginary unit j = v/—1.
The signal # can be recovered by the
inverse transform:

n-—1

ze=1/vnY_ Xjexp(j2nft/n) t=0,1,...,n~1(2)

=0

Xy is a complex number (with the ex-
ception of Xo, which is a real, if the
signal Z is real). There are some mi-
nor discrepancies among books: some

define Xy = 1/nd ;) ... or Xy =
P .... We have followed the def-

inition in (Eq 1), for it simplifies the



upcoming Parseval’s fheorem (Eq 4).

- Definitions: For a complex number
c=a+jb= Aexp(jo)

o A = |c| is said to be the amplitude
and ¢ to be the phase of the number
c.

e The conjugate c¢* of c is defined as
a— jb.

e The energy E(c) of ¢ is defined as
the square of the amplitude (E(c) =
le]> = e ¢*).

o The energy E(Z) of a sequence & is
defined as the sum of energies at ev-
ery point of the sequence:

n-1

E@ =)Z|P= ) |=f?

t=0

©)

A fundamental observation for this
paper is Parseval’s theorem [20]:

Theorem 1 (Parseval) Let X be the
Discrete Fourier Transform of the se-
quence &. Then we have

n—1 n-1
Z |ze|* = ZIXJI2
t=0 f=0

That is, the energy in the time domain
is the same as the energy in the fre-
quency domain.

The Discrete Fourier Transform in-
herits the following properties from
the continuous Fourier transform. Let
‘<=’ indicate Fourier pairs, i.e.,

4)

[ze]¢=[X/] b

()

means that [X] is the Discrete Fourier
Transform of [#;]. The Discrete Fourier
Transform is a linear transformation:
If

[ze]=[X]; [a] = [Y7]

(6)

then

(2 + y]<=[X; +Y5] (M)

[az:]<=[aX/] (8)

Also, a shift in the time domain
changes only the phase of the Fourier
coefficients, but not the amplitude.

[2t—to]=>[Xs exp (27 ftoj/n)]  (9)

Given the above, Parseval’s theorem
gives
[E-gI*P =1 X-Y|? (10)
The latter implies that the Euclidean
distance between two signals £ and §
in the time domain is the same as their
Euclidean distance in the frequency do-
main.

We believe that for a large number
of time sequences of practical interest,
there will be a few frequencies with
high amplitudes. Thus, if we index
only on the first few frequencies, we
shall have few false hits. This is a key
observation for our proposed method.

3 Proposed
Technique

We propose using the square root of the
sum of squared differences as the dis-
tance function between two sequences.
Specifically, the distance D(F,§) be-
tween two sequences £ and § is the
square root of the energy of the differ-
ence:

D(%,7)

If this distance is below a user-defined
threshold ¢, we say that the two se-
quences are similar.

@ e — weP)? = (BE - H)Y2 1)
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Abstract.
method for time sequences for processing
similarity queries. We use the Discrete
Fourier Transform (DFT) to map time se-
quences to the frequency domain, the cru-
cial observation being that, for most se-
quences of practical interest, only the first
few frequencies are strong. Another im-
portant observation is Parseval’s theorem,
which specifies that the Fourier trans-
form preserves the Euclidean distance in
the time or frequency domain. Hav-
ing thus mapped sequences to a lower-
dimensionality space by using only the
first few Fourier coefficients, we use R"-
trees to index the sequences and efficiently
answer similarity queries. We provide ex-
perimental results which show that our
method is superior to search based on se-
quential scanning. Our experiments show
that a few coefficients (1-3) are adequate
to provide good performance. The perfor-
mance gain of our method increases with
the number and length of sequences.

We propose an indexing

*On sabbatical from the Dept. of Com-
puter Science, University of Maryland, Col-
lege Park. This research was partially funded
by the Systems Research Center (SRC) at the
University of Maryland, and by the National
Science Foundation under Grant IRI-8958546
(PYI), with matching funds from EMPRESS
Software Inc. and Thinking Machines Inc.

1 Introduction

Sequences constitute a large portion
of data stored in computers. There
have been several efforts to model time-
sequenced data, to design languages to
query such data, and to develop access
structures to efficiently process such
queries (see [25] for a bibliography).
Most of the work, however, has fo-
cussed on “exact” queries. New emerg-
ing applications, particularly database
mining applications [2], require that
databases be enhanced with the capa-
bility to process “similarity” queries.
The following are some examples of
the similarity queries over sequence
databases:

¢ Identify companies with similar pat-
tern of growth.

e Determine products with similar
selling patterns.

e Discover stocks with similar move-
ment in stock prices.

e Find if a musical score is similar to
one of the copyrighted scores.

Similarity queries can be classified into
two categories:

a. Whole Matching. The sequences to
be compared have the same length



n.

b. Subsequence Matching. The query
sequence is smaller; we look for a
subsequence in the large sequence
that best matches the query se-
quence.

We concentrate on whole matching,
and present an indexing technique that
can be used to efficiently process such
queries. Within the whole matching
case, we consider the following prob-
lems:

al. Range Query. Given a query se-
quence, find sequences that are
similar within distance e.

a2. All-Pairs Query (or ‘spatial join®).
Given N sequences, find the pairs
of sequences that are within ¢ of

each other.

The parameter ¢ is a distance param-
eter that controls when two sequences
should be considered similar. It could
be either user-defined, or determined
automatically (eg., e=10% of the ’en-
ergy’ of the query sequence; see Eq. 3
for the definition of ’energy’).
Approximate matching has been
attracting increasing interest lately.
Motro described a user interface for
vague queries [18]. Shasha and
Wang [24] proposed an indexing
method that uses the triangular in-
equality and some precomputed dis-
tances to prune the search. How-
ever, the space overhead of the method
seems quadratic on the number of ob-
jects, which may make it prohibitive for
large databases. Aurenhammer [5] sur-
veyed recent research on Voronoi dia-
grams, along with their use for nearest
neighbor queries. Although Voronoi
diagrams work well for approximate
matches in 2-dimensional spaces, they

need intricate transformations to work
for a 3-d space, and they do not work
at all for higher dimensionalities. Ja-
gadish [15] suggested using a few min-
imum bounding rectangles to extract
features from shapes and subsequently
managing the resulting vectors using a
spatial access method, like k-d-B-trees,
grid files, etc. ‘

For numerical sequences, we propose
extracting k features from every se-
quence, mapping it to k-dimensional
space, and then using a multidimen-
sional index to store and search these
points. The multidimensional in-
dexing methods currently in use are
R*-trees [6] and the rest of the R-
tree and k-d-Btree family [12, 14,
16]; linear quadtrees [22]; and grid-
files [19]. There are two subtle prob-
lems with this approach that must be
addressed:

o Completeness of feature extraction:
How to extract features, and how to
guarantee that we do not miss any
qualifying object (time sequence,
in our case). To guarantee no
“false dismissal”, objects should be
mapped to points in k-dimensional
space such that the Euclidean dis-
tance in the k-dimensional space is
less than or equal to the real dis-
tance between the two objects.

o Dimensionality “curse”: Most multi-
dimensional indexing methods scale
exponentially for high dimensionali-
ties, eventually reducing to sequen-
tial scanning. For linear quadtrees,
the effort is proportional to the hy-
per surface of the query region [13];
the hyper surface grows exponen-
tially with the dimensionality. Grid
files face similar problems, since they
require a directory that grows ex-
ponentially with the dimensional-
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signals, called black noise [23]. Their
energy spectrum follow O(f~?%), b > 2,
which is even more skewed than the
spectrum of the brown noise. Such sig-
nals model successfully, for example,
the water level of rivers as they vary
over time [17].

4 Performance
Experiments

To determine the effectiveness of
our proposed method (the F-indez
method), we compared it to a sequen-
tial scanning method. We used the R*-
tree for the index. For range queries,
the sequential scanning method com-
putes the distance between the query
sequence and each data sequence. In
our effort to do the best possible im-
plementation for the sequential scan-
ning, we stop the test as soon as the
square of the distance exceeds €2, and
we declare the two sequences to be
dissimilar. Thus, a data sequence is
fully scanned only if it is similar to the
query sequence. For ‘all-pairs’ queries,
each sequence in the database is tested
against every other sequence, for a to-
tal of N(N — 1)/2 tests.

We investigated the following ques-
tions in these experiments:

¢ How to choose the number of Fourier
coefficients to be retained (cut-
off frequency f;) in the F-index
method. A larger f. reduces the
false hits but at the same time in-
creases the dimensionality of the R*-
tree, and hence the search time.

¢ How does the search time grow as a
function of number of sequences in
the database?

e How does the length n of the se-
quences affect the performance?

4.1 Experimental setup

We generated synthetic sequences for
the experiments. Each sequence & =
[z:] was a random walk: ‘

(18)

where z; (t = 1,2,...) are independent,
identically distributed (IID) random
variables. For implementation conve-
nience, each z; variable is uniformly
distributed in the range (-500, 500).
The probability distribution of each z
is immaterial; the results would be the
same had we chosen a gaussian distri-
bution, or a fair, random coin. For each
set 8 of N sequences, queries were gen-
erated by creating a distorted copy [&:]
of each sequence [z;] in . This was ac-
complished by adding a small amount
of noise to every zy, i.e.,

T =21+ 2¢

(19)
where p=0.05 and w; (1 = 1,2,...) are
IID random variables, each following
a uniform distribution in the range (-
500,500).

Let Q be the set of distorted se-
quences, which we shall use as queries.
For range queries, we search & for
sequences within distance ¢ for ev-
ery distorted sequence in Q. For all-
pairs queries, we concatenate S and Q,
and ask for all sequence pairs within
¢ distance. The execution time for
the F-index method includes both the
search time in the R*-tree and the post-
processing time.

Zi=zt+puwr



3.3 Using Few Fourier Co-
efficients for Indexing

Using a small value for the number of
Fourier coefficients retained f. does not
affect the correctness — the F-index
is a filter that returns a superset of
the answer set. However, our proposed
technique will not be very effective if
the choice of a small f, results in a large
number of false hits.

The worst-case signal for our method
is white noise, where each value z; is
completely independent of its neigh-
bors #;_1, €;31. The energy spec-
trum of white noise follows O(f°) [23],
that is, it has the same energy in ev-
ery frequency. This is bad for the
F-index, because it implies that all
the frequencies are equally important.
However, we have strong reasons to be-
lieve that real signals have a skewed
energy spectrum. For example, ran-
dom walks (also known as brown noise
or brownian walks) exhibit an energy
spectrum of O(f~2) [23], and there-
fore an amplitude spectrum of O(f~1).
Stock movements and exchange rates
have been successfully modeled as ran-
dom walks (e.g., [8, 17]). Using
the data set available through ftp from
sfi.santafe.edu, we show in [1] that the
Fourier transform of the movement of
the exchange rate between the Swiss
franc and the US dollar follows closely
the same 1/ f behavior as for a random
walk.

Our mathematical argument for
keeping the first few Fourier coeffi-
cients agrees with the intuitive argu-
ment of the Dow Jones theory for
stock price movement (see, for exam-
ple, [9]). This theory tries to detect pri-
mary and secondary trends in the stock
market movement, and ignores minor
trends. Primary trends are defined as

changes that are larger than 20%, typ-
ically lasting more than a year; sec-
ondary trends show 1/3-2/3 relative
change over primary trends, with a typ-
ical duration of a few months; minor
trends last roughly a week. From the
above definitions, we conclude that pri-
mary and secondary trends correspond
to strong, low frequency signals while
minor trends correspond to weak, high
frequency signals. Thus, the primary
and secondary trends are exactly the
ones that our method will automati-
cally choose for indexing.

In addition to stock movements and
exchange rates, it is believed that sev-
eral families of real signals are not
white noise. For example, 2-d sig-
nals, like photographs, are far from
white noise, exhibiting a few strong co-
efficients in the lower spatial frequen-
cies. The JPEG image compression
standard [26] exactly exploits this phe-
nomenon, effectively ignoring the high-
frequency components of the Discrete
Cosine Transform, which is closely re-
lated to the Fourier transform. If
the image consisted of white noise,
no compression would be possible at
all. Birkhoff’s theory [23] claims that
‘interesting’ signals, such as musical
scores and other works of art, con-
sist of pink noise, whose energy spec-
trum follows O(f~!). The argument
of the theory is that white noise with
O(f°) energy spectrum is completely
unpredictable, while brown noise with
O(f~?) energy spectrum is too pre-
dictable and therefore boring. The en-
ergy spectrum of pink noise lies in-
between. Signals with pink noise also
have their energy concentrated in the
first few frequencies (but not as few as
in the random walk). In addition to
the above, there is another group of



1-d and 2-d signals. In a recent survey
for images (2-d signals), Brown [7](p.
367, sect. 4.2) mentions that one of
the typical similarity measures is the
cross-correlation (which reduces to the
Euclidean distance, plus some additive
and multiplicative constants). We have
chosen the Euclidean distance, because
(a) it is useful in many cases, asis (b) it
can be used with any other type of sim-
ilarity measure, as long as this measure
can be expressed as the Euclidean dis-
tance between feature vectors in some
feature space.

In fact, the Euclidean distance is the
optimal distance measure for estima-
tion [11], if signals are corrupted by
Gaussian, additive noise. Thus, if ¢
is our query and & is a corrupted ver-
sion of it in the database, a searching
method using the Euclidean distance
should produce good results.

A valuable feature of the Euclidean
distance is that it is preserved under or-
thonormal transforms. Other distance
functions, like the L, norms

L& #) = lee—wlP)?  (17)

do not have this property, unless p = 2
(because Ly =FEuclidean distance).

3.2 Using DFT

Having decided on the Euclidean dis-
tance as the distance measure, we
would like a transform that (a) pre-
serves the distance (b) is easy to com-
pute and (c) concentrates the energy of
the signal in few coefficients.

The distance-preservation require-
ment is met by any orthonormal
transform [10], DFT being one of
them. Orthonormal transforms form
two classes: (1) the data-dependent
ones, like the Karhunen-Loeve (K-L)

transform, which need all the data sig-
nals to determine the transformation
matrix and (2) the data-independent
ones, like the DFT, Discrete Cosine
(DCT), Harr, or wavelet transform,
where the transformation matrix is de-
termined a-priori.

The data-dependent transforms can
be fine-tuned to the specific data set,
and therefore they can achieve better
performance, concentrating the energy
into fewer features in the feature vec-
tor. Their drawback is that, if the data
set evolves over time, e.g., a recom-
putation of the transformation matrix
may be required to avoid performance
degradation, requiring expensive data
reorganization. We, therefore, favor
data-independent transforms.

Among them, we have chosen the
DFT because it is the most well known,
its code is readily available and it does
a good job of concentrating the energy
in the first few coeflicients, as we shall
see next. In addition, the DFT has
the attractive property that the ampli-
tude of the Fourier coefficients is invari-
ant under shifts (Eq. 9). Thus, using
Fourier transforms for feature extrac-
tion has the potential that our tech-
nique can be extended to finding simi-
lar sequences ignoring shifts.

Note that our approach can be ap-
plied with any orthonormal transform.
In fact, our response time will improve
with the ability of the transform to con-
centrate the energy: the fewer the coef-
ficients that contain most of the energy,
the faster our response time. Thus, the
performance results presented next are
just pessimistic bounds; better trans-
forms will achieve even better response
times.



The importance of Parseval’s theo-
rem (Eq 4) is that it allows to translate
the query from the time domain to the
frequency domain. Coupled with the
conjecture that few Fourier coefficients
are enough, it allows us to build an ef-
fective index with a low dimensionality.

The following is a resume of our pro-
posed technique:

1. Obtain the coefficients of the Dis-
crete Fourier Transforms of every
sequence in the database.

2. Build a multidimensional index us-
ing the first f. Fourier coefficients,
where f. stands for ‘cut-off fre-
quency’. Thus, each sequence be-
comes a point in a 2f.-dimensional
space (recall that the Fourier coef-
ficients are complex numbers). We
discuss in subsection 3.3 why f. can
be taken to be small (< 5). As dis-
cussed earlier, we recommend the
R*-trees as the indexing structure,
since it has been shown to work well
for at least up to 20 dimensions [21].
This index will be called ‘F-index’
henceforth.

3. For arange query, obtain the first f,
Fourier coefficients of the query se-
quence. Use the F-index to retrieve
the set of matching sequences that
are at most ¢ distance away from
the query sequence.

4. For an all-pairs query, we do a spa-
tial join using the F-index. The re-
sult of the join will be a superset of
the answer set.

5. The actual answer set is obtained
in a post-processing step in which
the actual distance between two se-
quences is‘computed in the time do-
main and only those within € dis-
tance are accepted.

The ‘completeness’ of this method is
based on the following lemma.

Lemma 1 The F-indez introduces no
false dismissals.

We only give the proof for range
queries; the proof for ‘all-pairs’ queries
is very similar. Suppose we want all
sequences Z that are similar to a query

sequence ¢, within distance ¢, i.e.:
DE D < e (12)
or, equivalently: :

n—1
NE=7IP=) |z —ql* < (13)
t=0 -

Using Parseval’s theorem (Egs. 4, 10),
we want all X such that

n—1

1 X-@QIP=)_1Xs — Qs < (19)

f=0

Keeping only the first f; < n coeffi-
cients, we have

fe—1 n-1
DXy = QsP <D 1Ky — Qs < €2 (15)
f=0 f=0

Thus, equation (14) implies the follow-
ing condition

fﬂ_l

YMIX —QsfP<é
f=0

In other terms, the condition of
(Eq. 16) will retrieve all X that are in
the answer, plus some false hits. Thus,
our index acts as a filter that returns a
superset of the answer set.

(16)

3.1 Choice of Similarity

Measure
The similarity measure is clearly

application-dependent. Several simi-
larity measures have been proposed, for



Parameter Symbol Values Default value

# Fourier coefficients kept  f 1,2,3,4 2

# sequences in S |S] 50, 100, 200, 400 400
Length of each sequence n 256, 512, 1024, 2048 1024
Distance (tolerance) € sqrt(1000 x n)

Table 1: Summary of experimental settings

We repeated each experiment 10 times by generating 10 sequence sets with
different seeds, and averaged the execution times from these repetitions. Table 1
summarizes the parameters of the experiments.

4.2 Varying the cut-off frequency f.

Figures 1 and 2 show the execution time per query for range and all-pairs queries
respectively, for different number of sequences in &. Figures 3 and 4 give the
the total execution time by the F-index method for the two types of queries,
broken into (a) search time in the R*-tree and (b) post-processing time (where
the ‘false hits’ are eliminated). The latter two graphs have been plotted for |S|
= 400 sequences in S. .

As the number of Fourier coefficients (‘cut-off frequency’ f.) increases, the
dimensionality of the R*-tree increases. Recall that each Fourier coefficient,
being a complex number, increases the dimensionality of the R*-tree by 2. The
increase in dimensionality results in better index selectivity, which gives fewer
false hits. This reduction in false hits is reflected in the post-processing time,
which decreases with the cut-off frequency. However, the time to search the
R*-tree increases with the dimensionality, because the fanout is smaller, and the
tree is taller. Figures 3 and 4 are in complete agreement with the above intuitive
arguments.

Given the trade-off between the tree-search time and the post-processing time,
it is natural to expect that there is an ‘optimal’ f.. Indeed, the total execution
time of our method shows such a minimum, as illustrated in Figires 1 and 2.
Notice that this minimum is rather flat, and, more importantly, it occurs for
small values of the cut-off frequency f.. This experiment confirms our early
conjecture that we can effectively use a small number of Fourier coeflicients for
indexing sequences.

For the rest of the experiments, we kept f.=2 Fourier coefficients for indexing,
resulting in a 4-dimensional R*-tree.

4.3 Varying the number of sequences in the database

The next experiment compares the F-index method with the sequential scanning
method for increasing number of sequences in the database. Figures 5 and 6 show



the execution time per query for range and all-pairs queries respectively, for
different values of the number of sequences in |S|. Clearly, the F-index method
outperforms the sequential scanning. As the number of sequences increases, the
gain of the F-index method increases, making this method even more attractive
for large databases.

4.4 Varying the length of sequences

First, we show the results for range queries. We varied the length of sequences,
keeping the number sequences in S fixed to 400. The distance parameter € was
set to (1000 x n)'/? (where n is the length of a sequence). Figure 7 shows the
execution time per query for range queries for different sequence lengths. The
gain of the F-index method increases with n.

Figure 8 shows the results of the experiments for all-pairs queries. The trends
are similar with the ones for range queries.

4.5 Discussion

The major conclusions from our experiments are:

e The minimum in the execution time for both range and ‘all-pairs’ queries is
achieved for a small number of Fourier coefficients (f. = 1 — 3). Moreover,
the minimum is rather flat, which implies that a sub-optimal choice for f. will
give search time that is close to the minimum.

o Increasing the number of sequences in the database results in higher gains for
our method.

o Increasing the length of the sequences n also results in higher gains for our
method.

Thus, the experiments show that the proposed F-index method achieves in-
creasingly better performance, as the volume of the data increases.

Finally, we should mention that we also examined whether a ‘naive’ feature
extraction method would work as well. For example, consider a method that
keeps the first few values of each time sequence, and indexes on them. We
carried out an experiment in which we indexed on the first 10 values of each
time sequence. The performance of this method was very poor compared
to the F-index method; there were many false hits, resulting in a large post-
processing time. Judging that further details are of little interest, we omit the
experimental results.

5 Summary

We proposed a method to index time sequences for similarity searching. The
major highlights of this method are:



e The use of an orthonormal transform, and specifically, the Discrete Fourier
Transform, to extract features from a sequence. The attractive property of
the DFT is that the Euclidean distance in the time domain is preserved in the
frequency domain, thanks to Parseval’s theorem. Thus, the DFT fulfills the
“completeness of feature extraction” criterion. In addition, the DFT is fast
to compute ( O(nlogn) ).

o The recognition that a large family of sequences have only a few (f;) strong
Fourier coefficients. For example, random walks, stock price movements, ex-
change rates, exhibit an amplitude spectrum of O(1/f). Ignoring the weak
coefficients, we introduce a few false hits, but no false dismissals. The impor-
tance of this observation is that it avoids the “dimensionality curse” at the
expense of a modest post-processing cost. Keeping the first f, coefficients,
each sequence becomes a point in a 2f.—dimensional space (recall that the
Fourier coefficients are complex numbers).

e The use of spatial access methods, and specifically R*-trees, to index those
points. We believe that R*-trees are more robust than their competitors, for
medium dimensionalities.

Extensive empirical evaluation demonstrated the effectiveness of the proposed
method. We generated random walks, which model well stock price movements.
The conclusions from our experiments are the following: (a) the execution time
of our method shows a rather flat minimum for a small cut-off frequency (f, =
1-3) (b) compared to sequential scanning, our method achieves better gains with
increasing number of sequences and increasing length. Thus, our method will be
more and more attractive, as the volume of the database increases to Gigabytes
and Terabytes.

Although we have made certain choices (Euclidean distance between sequences
in time domain for similarity measure, DFT for feature extraction, and R* tree
for maintaining indexes), our technique can be trivially adapted for

e any similarity measure that can be expressed as the Euclidean distance be-
tween feature vectors in some feature space ‘

¢ any distance-preserving (eg., orthonormal) transform (the more the energy
concentrated on few coefficients, the faster our response time)

e any multi-dimensional index that performs well for the number of features
used for indexing.
Future work could examine the following issues

e Examination of other orthonormal transformations, in addition to the Discrete
Fourier Transform.

o Extensions of our approach to 2-d and higher-dimensionality signals (e.g.,
images), in addition to 1-d signals (time sequences) that we have examined.

The work reported in this paper has been done in the context of the Quest
project [2] at the IBM Almaden Research Center. In Quest, we are exploring the



various aspects of the database mining problem. Besides the problem of queries
over large sequences, some other problems that we have looked into include the
enhancement of the database capability with the classification queries [3] and
with “what goes together” kinds of association queries [4]. The eventual goal is
to build an experimental system that can be used for mining rules embedded in
massive databases. We believe that database mining is an important application
area, combining commercial interest with intriguing theoretical questions.

Acknowledgements: We thank Myron Flickner for several constructive com-
ments and for his help with Parseval’s theorem. We also thank Harpreet Sawh-
ney for pointing out the optimality of the Euclidean distance as the similarity
measure under Gaussian, additive noise.
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