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Abstract

In this paper, a complementary learning scheme for experience transference of
unknown continuous-time linear systems is proposed. The algorithm is inspired
in the complementary learning properties that exhibit the hippocampus and
neocortex learning systems via the striatum. The hippocampus is modelled as
pattern-separated data of a human optimized controller. The neocortex is mod-
elled as a Q-reinforcement learning algorithm which improves the hippocampus
control policy. The complementary learning (striatum) is designed as an inverse
reinforcement learning algorithm which relates the hippocampus and neocortex
learning models to seek and transfer the weights of the hidden expert’s utility
function. Convergence of the proposed approach is analysed using Lyapunov
recursions. Simulations are given to verify the proposed approach.

Keywords: complementary learning, hippocampus and neocortex learning
systems, Q-learning, inverse reinforcement learning, batch least squares,

gradient-descent rule.

1. Introduction

Control of linear systems has been studied in the last decades with satis-
factory results using either model-based or model-free controllers [1]. There

are various techniques for control design and gain tuning [2, 3, 4]. However,
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human intervention is required in the control implementation to guarantee a
desired performance due to the presence of disturbances and restrictions that
the human imposes, for example, error tolerances, control input bounds, output
responses, etc.

Intelligent techniques have been used as expert systems to emulate the hu-
man expertise such as fuzzy systems [5], neural networks [6, 7], imitation learn-
ing (IL) [8, 9] and recently reinforcement learning (RL) [10, 11]. Fuzzy systems
are used to model the gain tuning of linear controllers, for example, PD or PID
control laws. Neural networks are used as a compensation of the system dynam-
ics to reduce the steady state error of the closed-loop system and improve the
control precision. Nevertheless, the performance of both fuzzy systems and neu-
ral networks is not optimal and lacks robustness, so intervention of the human
is required.

Learning from Demonstration (LfD) [12, 13] or Programming by Demon-
stration (PbD) [14] is an IL algorithm that have been used in manufacturing
robotics for robot movements programming [15, 16]. In an IL algorithm, a sub-
ject called apprentice learns to imitate a teacher’s behavior when carrying out
a task. On the other hand, the teacher or expert provides demonstrations of
the desired behavior by performing the task. It is important to note that in
IL, the teacher’s behavior is assumed to be optimal, which may not be entirely
accurate, since the teacher, who can be a human, naturally makes mistakes
and might follow a lousy strategy when demonstrating a task, so the behavior
learned by the apprentice is directly affected, thus being the teacher’s behavior
suboptimal. Notice that the trajectories of the demonstrations are not the same
(in terms of velocities, shape, time) and hence, it is difficult or impossible to
extract/infer the teacher’s cost index. Furthermore, the apprentice learns the
features of the trajectory but not the hidden intention of the teacher.

RL has become very popular in recent years due to the capability of em-
ulating how human adjust their control actions based on stimuli received in
response to the applied actions [17]. In control sense, this stimuli is an utility

function (also known as reward) which we want to minimize or maximize in an
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infinite horizon pre-defined cost index (also known as value function) 18, 19].
RL merges the capabilities of optimal control and adaptive control; hence two
approaches can be distinguished: model-based and model-free. Model-based
solves online a Hamilton-Jacobi-Bellman equation [20] to obtain the optimal
control policy [21]; for example, the linear quadratic regulator (LQR) control
[22, 23, 24]. Model-free schemes find online the optimal control policy using
state and control measurements along the system trajectories; for example, Q-
learning [25, 23] and actor-critic methods [26, 27, 28].

In our recent work [29, 30], it has been demonstrated that RL can obtain an
optimal and robust performance [31] in presence of the worst-case uncertainty
by modifying the optimal control problem into an optimization problem under
restrictions. This modification is given at the utility function because is the
most succinct, robust, and transferable definition of the task [32]; then the final
control policy is robust against perturbations that are equal to or less than the
worst-case uncertainty.

The design of the utility function is not a trivial problem and depends on
the system and control goal. One approach that seeks to obtain the utility
function is the inverse reinforcement learning (IRL) [33]. IRL finds the utility
function from an expert control policy (provided by other controller, intelligent
technique or the human) using a linear parameterization in terms of the states
and actions (similarly to IL). The most famous IRL approaches solve a linear
programming (LP) or quadratic programming (QP) problems [32] to obtain the
adequate weights that fits the features of the utility function parameterization.
However, a binary utility function is required to guarantee boundedness of the
parameterization. Hence the basis functions are bounded between zero and one.
In this sense, the main features of expert controllers (manual tuning controllers,
fuzzy or neural based controllers, etc.) can be extracted and used to improve
the performance and robustness of the control policy using any reinforcement
learning technique [34].

Recently, a new approach called human-behavior learning was proposed [35]

as a generalization of the humans decision-making process. This approach is



70

75

80

85

90

95

inspired in how human learns in accordance to the interaction of experiences,
cognitions, and emotions [36]. This interaction can be related to three main
learning systems of the brain cortex: the hippocampus, the neocortex, and the
striatum. The hippocampus is responsible for providing memory and experi-
ences [37, 38] to the brain cortex such that the human is capable to develop a
certain task effectively. On the other hand, the neocortex is responsible for learn-
ing by interaction (human-environment) in order to relate, in well distributed
representations [39, 40], the acquired knowledge. In this system the encoding of
temporal difference (TD) error between dopaminergic neurons [39, 41] is realized
(reinforcement learning). The striatum [42] relates the information provided by
the hippocampus and the neocortex for decision making.

The hippocampus, neocortex, and the striatum are co-dependent and have
different functionalities, that is, whilst the hippocampus is a fast and pattern-
separated learning system [43] that teaches the neocortex the best way to ex-
ecute a desired task [44], the neocortex is a slow-learning pattern-dependent
system which updates in small rates [45] its connections and store the acquired
knowledge in the hippocampus as memory/previous experience. Notice that
the hippocampus and the neocortex cannot make decisions. Moreover, their
co-dependence is given by the striatum, in other words, the striatum relates
the information of both the hippocampus and the neocortex to obtain a com-
plementary learning (CL)[46] that exploits fast and slow learning structures to
achieve complex behaviours. In control context, CL serves as a connecting tool
for the transference of experiences to an online learning algorithm. For sake of
simplicity, the striatum will be denoted as the complementary learning system.

In this paper, a CL algorithm is proposed to solve the optimal control prob-
lem of unknown continuous-time linear systems. The CL algorithm is designed
as an IRL problem which uses a relation between the hippocampus and neo-
cortex models to extract the weights of the expert’s utility function. Whilst
the hippocampus is modelled as independent expert’s data, the neocortex is de-
signed as a Q-learning algorithm. The stability and convergence of the proposed

approach is proven using Lyapunov recursions. Simulation studies were carried
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out to verify the proposed approach.

The main contributions of this paper are: i) a model-free complementary
learning algorithm for experience transference of unknown linear systems, ii)
a new learning perspective based on the complementary functionalities of the
hippocampus, neocortex, and the striatum applied in a control perspective, iii)
the expert’s control policy and utility function are improved to achieve the same
performance with low control input values, iv) rigorous theoretical proofs and

convergence of each learning system are analysed.

1.1. Problem Formulation

The next linear system is considered
i = Ax + Bu, (1)

where A € R™*™ and B € R™™™ are the state and input matrices which are
assumed to be unknown, x € R"™ is the state vector and u € R™ is the control
input. Assume the pair (4, B) is controllable.

The main concern of this paper is to design a feedback control law which
achieves a desired optimal performance using two sources of knowledge: ex-
pert’s data and on-line interaction data. This problem is immediately related
to an optimization problem, where a wide variety of architectures have been
developed such as the presented in [47, 48, 49]. However, in this work a new
interesting perspective is used to solve the above control issue. The perspec-
tive consists in modelling the control problem as a human-behavior learning
problem [35] that exploits the complementary learning properties of the hip-
pocampus and the neocortex [39]. That is, whilst the hippocampus relies in
fast learning pattern-separated information/memories (expert’s data), the neo-
cortex uses slow-learning pattern-dependent structures to generalize experiences
(on-line interaction data).

The objective of the expert’s data is to provide information/examples of a
good (not necessarily optimal) performance of the closed-loop system trajecto-

ries under an expert controller. This controller was designed and tuned by the
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expert in accordance to a desired performance [2], e.g., minimize the tracking
error, control input, overshoots, time, etc. The desired performances is con-
strained by an unknown utility function which is the most succinct, robust, and
transferable definition of the task. Hence, it is essential to transfer the utility
function of the expert’s data (hippocampus) to an on-line learning algorithm
(neocortex) to achieve the desired performance and improve it if possible.

Therefore, instead of solving a standard optimal control problem, we aim to
solve an inverse optimal control (IOC) problem [50, 51, 52] and use the com-
plementary learning qualities of the hippocampus and the neocortex learning
models.

The complete block diagrams of the proposed approach is shown in Figure
1. The expertise learning scheme (see Figure 1(a)) relates the hippocampus and
neocortex learning models via their complementary learning properties. Both
the neocortex and complementary learning models learn their respective outputs

in an iterative fashion as shown in Figure 1(b) and Figure 1(c).

(a) Expertise learning scheme (b) Neocortex learning scheme

(c) Complementary learning scheme

Figure 1: Block diagrams of the proposed approach

Throughout this paper, N, R, R, Z* R" R"*™ denote the spaces of
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natural numbers, real numbers, positive real numbers, positive integers, real n-
vectors, and real nx m-matrices, respectively; vech(A4) € Rz and vec(A) €
R™ denote a half-vectorization and the complete vectorization of matrix A ;
® and ® denote the symmetric and the complete Kronecker products; where

ze€R", AeR"™™ and n,m € N.

2. Hippocampus learning

Consider that we are provided with expert’s data T, = [z.(0)---z.((k —
NT)] € R™* and 4, = [uc(0)---uc((k — 1)T)] € R™**  where 2, € R™ and
ue € R™ denote the state and control input of the expert’s trajectories in a time
t = kT with sampling period T' > 0 and k € Z*. These data can only be used
for experiments with same conditions, for example, same time duration or initial
conditions. Otherwise, the data cannot be used and will require intervention of

the user to manipulate the data. The above data satisfy the dynamical equation

Te = Axe + Bue. (2)
These data are the result of the minimization of the next value function
Ve(ze) :R* - R
)

Viled = | peleciucar Q
where p.(z,u) : R" x R™ — R is the expert’s utility function [35]. In this paper,
the main goal of the expert is to minimize a quadratic utility function in terms
of the state and control input, that is, pe(ze,ue) = 2] Sewe + u. Reue, where
Se =81 >0€eR"™" and R, = R] >0 € R™*™ are the weights of the expert
utility function which are unknown. The optimal value function V. (z.) can be

written quadratic in the state as
V:e* (‘Te) = 'T;rpexea (4)

for some kernel matrix P, = P.) > 0 € R"*". The Hamiltonian associated to

(3) with respect to (2) and (4) is

Ho(ze,ue) = 22, Po(Aze + Bue) + x] Sexe +u Reue = 0. (5)
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The expert designs and tunes its control policy u. = —K.z. (for some sta-
bilizing gain K, € R™*™) such that (2) is optimized and fulfils the stationary

condition

%ﬁ’%) = 0 [53]. Hence, the expert’s optimal controller is

u' = -K.a. = —R;'B" P.x.. (6)

The application of (6) in the Hamiltonian (5) gives the next Algebraic Riccati
equation (ARE) [23]

AP, + P,A—-P,BR;'B"P,+S. =0. (7)

As was previously mentioned, we do not have access to the control gain K.,
the kernel matrix P,, and neither the weight matrices S. and R.. However,
it is possible to derive an approximate control gain I?e by means of a right

least-squares (LS) algorithm as

U = —K.7,
UeZ] = —K, %)
K, = —t.z} (z.z])7 . (8)

The LS solution gives an approximate gain matrix IA(E because it depends
on the amount of available data and the measurement noise. In the following
sections the expertise learning algorithm is developed to discover the hidden

weights S, and R, of the utility function.

3. Neocortex learning

In the previous section we address the hippocampus part of our algorithm,
that is, we have access to expert’s data that give information of how the system
(1) should behave. In this section, the neocortex learning is developed.

Here on-line data measured along the system trajectories of (1) is used in-
stead of expert’s data [19]. Hence, the neocortex learning is equivalent to a

reinforcement, learning algorithm.
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3.1. Model-based Dynamic Programming

First, let discuss the model-based dynamic programming algorithm [11].
Analogously to (3), the objective is to minimize the following value function
V(z):R" > R

V(z) = /OO(xTSx +u' Ru)dr, 9)
¢

where S =87 >0€R*™ and R=R' >0 € R™*™ are unknown weight ma-
trices. Equivalently the optimal value function V*(x) can be written quadratic
in the state as

V*(z) =z Pz, (10)

for some kernel matrix P = PT > 0 € R®*", The Hamiltonian associated to

(1) and the value function (9) and (10) is

H(x,u) = 2x" P(Az 4 Bu) + 2" Sz 4 u' Ru = 0. (11)

The stationary condition W = () is used to derive the optimal control
law

v =—Kr=—R B Pz, (12)

for some stabilizing gain K € R™*". Substituting (12) in the Hamiltonian (11)
gives the following ARE

ATP+PA-PBR'BTP+S=0. (13)

It is important to make clear the differences between the hippocampus and
neocortex models. The most evident difference is that the control gains K.
and K, the kernel matrices P, and P, and the weight matrices S, S, R. and R
are different. The next and most important difference is that the hippocampus
support the neocortex by providing experience in how to develop the task and
fulfil the expert’s requirements [39]. The interaction between the hippocampus
and the neocortex is what we call complementary learning.

The action value function Q(z,u) : R™ x R™ — R is used to facilitate

the design of the neocortex learning model. The Q-function satisfies the next
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relation [54]

Q(x,u) =V*(z) + H(z,u) (14)
. -
x P+ATP+PA+S PB| |z
U BTP R U
ST
= Q Q =2 Mz (15)
u au Quu| |u
.
where M = Qoo Qou € Rntm)x(n+m) apng 5 = [;CT UT} e R*tm™.
—l'rﬂ, QU'LL

Notice that the optimal Q-function is equivalent to the optimal value function,
that is, Q*(x,u*) = V*(z). The optimal control policy satisfies the stationary

condition W = 0 and is given by

u' = —Kz=—Qu Q.. (16)

3.2. Model-free Reinforcement Learning

The optimal control policy in terms of the Q-function avoids knowledge of
the system dynamics by using an adequate function approximator. Consider

the following parametrization
Q*(x,u*) =0 (2® 2), (17)

where § = vech(M) € Rz(#+m)(n+m+1) anqd the non-diagonal terms of M are
doubled because the matrix is symmetric. Since the optimal Q-function @Q* and
the optimal control policy u* are unknown, then the following approximation is
considered

Qz,u) =0 (2@ 2), (18)
where § € R3 (m#m)(1+m+1) a6 estimates of 6. The integral reinforcement learn-

ing [25] is used to derive the next Bellman equation in terms of the Q-function

Q(x(t),u*(t)) = Q" (x(t+T),u"(t+T))

t+T (19)
+/ (" Sz +u' Ru)dr
¢

10
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for some fixed time 7. The approximation of (19) is

-~

Qa(t), u(t)) =Q((t + T),u(t +T))
T
+/ (" Sz 4 u' Ru)dr
07 (2(t) ® 2(t)) =07 (2(t + T) @ 2(t + T))
T
+ / (" Sz 4 u' Ru)dr

Define the temporal difference (TD) error [34] as

~

st)= (Tt+T)@z"t+T)—2z"(H)wz"(1)6

t+T (20)
+/ (" Sz +u' Ru)dr.
¢

Let ® := 2(t+T)@z(t+T) —2(t) @z(t) and R(t) = [[*7 (27 Sz +u" Ru)dr.
The main objective of the neocortex learning method is to minimize the following
cost index [6]

1 [ .
e / 5 (t)dt. (21)
The stationary condition % = 0 is used to derive the update rule of the
weights 9. Using the inner product notation for the Lebesque integral as
o6 (t
#,5(1&) =0, (22)
00

gives the following least-squares rule
b= —(@2") (2, R(1)). (23)

The LS rule (23) is in fact a batch LS rule where the integral in (21) is
spanned into p > %(n + m)(n 4+ m + 1) independent linear equations. The
following persistency of excitement (PE) condition is required to guarantee that
the inner product (®,® ") is invertible [35].

Definition 1. [55] The matriz ® € Rz(mm(+m+)xp s said to be persistent
exciting if there exists constants 1,82 > 0, and Ty > 0 such that the following

inequality is satisfied

t+T4
BiI < / P dr < Bol. (24)
t

11
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The above definition means that the matrix ®®" does not lose rank. Fur-
thermore, the PE signal belongs to the hippocampus learning system since it
helps to get experience by exciting the modes of the system similarly to an
exploration strategy in reinforcement learning [23].

Recall the elements of 0 stands to @m = 5[1 : w}, C/Q\m = %5{% :
w —l—nm], and @uu =0 W +nm : W} Then the approx-

imate optimal solution is

Ut =—-Kz=-Q;'Q] = (25)

uu

Notice that from the Q-function properties [23], the following holds

T
~ I —~ | I
P = | M A, (26)

-K - K

~ ~
~

where M = |
-
cu Quu

Convergence of the least squares method using neural networks as approx-

c R(n+m) X (n+m) .

imator is discussed in [6]. For the proposed approach, we consider a complete
set of basis functions such that the residual error is zero and hence 6 — 6 and
P — P as the number of samples p are increased.

The gain matrix K and the kernel matrix P are used in the next section to

develop the complementary learning algorithm.

4. Complementary Learning

In this section, the complementary learning relation between the hippocam-
pus and neocortex learning methods is developed and discussed. The main goal
of the CL is to seek the weights S, and R, of the utility function p.(-) such that

the control gain K converges to a close approximation of the gain IA(e.

4.1. Kernel matriz and Control gain update

First, we need to define how can we relate the expert’s data and the on-

line data. One way is by means the control gains K, and K in (6) and (12),

12
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respectively. On the other hand, notice that the gain K = R~'BT P depends
on the weight matrix R and the kernel matrix P. For sake of simplicity, let
assume that the weight matrices R = R, are known in advance, such that the
gain K depends only of the kernel matrix P. Therefore, the CL obtains an
improved weight matrix S which subsequently will be used by the neocortex
learning model to achieve the performance of the expert’s control policy.

Let the approximate gain (25) can be written as K = R'BTP € Rmxn,
where P is defined as in (26). Then, we can define a control gain error ex €

R™*™ between (8) and (25) as
ex =K. —K=— (ae:ﬂ(aéefj)—l + R‘lBTﬁ) . (27)

e

Define the next cost index
1 T
E= §tr{eKeK}. (28)

The gradient descent technique is used to obtain a new kernel matrix P

which yields a close approximation of the expert’s performance as

~ OFE
P =P— a—=,
. 19F (29)
=P+ —alexR'B" + BR 'ek),

2

where o € R" is the learning rate.

Remark 1. The gradient rule (29) needs to be expressed in quadratic form to

guarantee a symmetric matriz P.

The update rule (29) cannot be used since it requires knowledge of matrix B.
To avoid this issue, the equivalence R™'BT = K P~ is used since rank(ﬁ) =n.

Hence, the gradient rule is rewritten as

~

1 ~~ ~ o~
P:P+§M4KP4+P4K%m. (30)

Here the gradient rule is used as a correction term of P. Notice that the gain
error ex approaches to zero as K tends to K, . and hence the kernel matrices P

converges to a kernel matrix P which satisfies the expert’s performance.

13



The new kernel matrix P is used to derive a new control gain K, = R-'BTP €

s R™MXM a5 follows
K, =R 'B™p
. (31)
= Kp~'p.
Notice that K, = K if P = P.

4.2. Inverse Reinforcement Learning

The kernel matrix P and the gain matrix K, facilitate the formulation of

the inverse reinforcement learning (IRL) algorithm [56] to derive and update the

20 new weight matrix S. The IRL algorithm is designed as a Lyapunov recursion
algorithm [19].

The Hamiltonian (12) written in terms of the ARE (13) and the kernel

matrix P is
' (ATP+PA-PBR 'B'"P+S)x=0
(Az + Bu.) " Pz + 2" P(Az + Bu.) + 2 Sz
—2"K,RK.x —2u! RK,x =0

d
ﬁxﬁ?m) +2' Sz 2" K] RK.x — 2u] RK.x = 0. (32)

Integrating (32) in a time-interval of [t : ¢ + 7] gives
t+T
/ a" Sxdr =2 ()Px(t) — x(t + T)Px(t+T)
t

t+T t+T

+ / ' K] RK xdr + 2/ u] RK xdr (33)
t t

Note that (33) is a scalar equation which is linear in terms of the unknown
matrix S. Since each component of matrix S are unknown, then there are

more unknowns than the number of equations. So, a system of [ independent

equations are developed by performing ! window integrals with length 7 =

14



Algorithm 1 Expertise learning algorithm
Require: Weight matrix R > 0, expert’s data Z. and ., initial weight matrix

So > 0, and learning rate a.

1: Obtain the expert’s gain matrix IA(E of the hippocampus learning using (8).
Set i = 0 and KO = K,. Apply control input ud = —KQz.

2: repeat

3 Set j=0.

4: repeat

5: Update the weights 9{ using least-squares

. t+T ) )
63—<<<1><1>T>—1<1>7 / <szox+<uz>TRu£>dr> (34)

=

Update the control input u! = flA(ZJa: using (25).

7. Setj=j+1.

8. until |67 — 6771 <

9:  Obtain P, using (26).
10:  Calculate the gain error (ex); using (27) and E; using (28).

11:  Obtain the new kernel matrix P; using the gradient descent rule (30).
12:  Calculate the new matrix gain (/K,); using (31)

13:  Calculate S; using least-squares

vec(Sip1) = (I Lp) I (Wvec(P;) 4 2@ vec(R(K.);)) (35)
vec((K.)] R(K.):)
14:  Set i =i+ 1 and [/{\'? = (K.);.

15: until ||vec(S;) — vec(S;_1)|| < eg and E; < ek.

ti—tij_q1 fori=1,--- 1. The following matrices are defined

T
I:I;.’I: — |:j;t01 $®$d7—, f:f x@xdq—, e 7fttll_1 x@xd7:| s

.
i, = {f:ﬂl r®u.dr, f:f @uUdT, - - - uftil,l x®ucd7} ;

y 17
ti—1

W {x(t)@x(t) :,x(t)@m(t)\:, e ()@a(t)

15
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where I, € ]Rlxnz, Ipw € RXM™ and W e R’ Then, the batch least-squares

rule for the next linear system of equations based in (33) is

Lyvec(S) = Wvec(P) + Lavec(K] RK.) + 21, vec(RK,),
vec(S) = (I} Ipe) 'L, (Wvec(P) + 21, vec(RK,)) (36)
+vec(K RK,)

The last sections provide the complete picture of the proposed approach.
However, they need to be written in a recursive form to guarantee adaptability
to new changes of the weight matrix S, kernel gain K and kernel matrix P. Algo-
rithm 1 shows the recursive algorithm of the proposed complementary learning
approach, where €g,e5,ex € RT are some small error tolerances proposed by
the user.

The following theorem establishes the convergence of the weight matrix S to

the expert’s weight S, using the proposed complementary learning algorithm.

Theorem 1. The weight matriz S; obtained by Algorithm 1 converges to a new
improved weight matriz S;y1 such that the neocortex gain K converges to K e aS

the number of iterations i increases.

Proof 1. See Appendiz A. O

5. Simulation studies

5.1. Example 1

The F16 aircraft dynamics used in [27] was considered. The following dy-

namics were considered

—1.01887 0.90506 —0.00215 0
A= 0.82225 —1.07741 —0.17555|, B=1] 0
0 0 —20.2 20.2
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Consider an expert controller which was designed with the following weight

matrices: S = 1013 and R, = 1. The optimal kernel matrix and gain were

13.6596 11.0594 —0.0294
P. =111.0594 13.6855 —0.0360
—0.0294 -0.0360 0.1148

Ke:[—0.5938 —0.7274 2.3185}.

States and control input data were stored as expert’s data for the first 3
seconds of simulation time with a sample time of 7 = 0.05 s and the Dormand-
Prince solver. The data collection contains 67 data points for each state and
control input. Equation (8) was used to compute the control gain of the hip-

pocampus model as

ke2[70.5938 —0.7274 2.3185].

For this case, the hippocampus gain K ¢ is equivalent to the expert’s gain K.
For the neocortex model it is considered the following initial weight matrices:
So = Is and R = 1. A PE signal composed of a sum of sinusoidal functions
with different frequencies was added to the control input to guarantee parameter
convergence.

For the complementary learning part, the learning rate was set to a = 0.002.
Large learning rates were tested in different simulations, however they caused
instability in the learning trajectories. The term @uu was not estimated because
it is equivalent to the known matrix R. The neocortex learning model used p =
20 stored data points measured online to compute the batch LS algorithm (34).
For the IRL, [ = 6 stored data points were used for the batch LS algorithm of
(35). The convergence results were evaluated by taking the norm of the control
gain error and the difference between previous iterations, that is, |[K. — K,
|P; — P||, and ||S;11 — S;||. Figure 2 shows the convergence results of the IRL
and the neocortex learning model.

As shown in Figure 2(a), if the control gain K converges to IA(e, then the

kernel matrix P converges to P and hence the weight matrix S converges. The
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Figure 2: Convergence of the complementary learning approach

numerical results were

14235 1.1662 —0.0295
P=P=|11662 14318 —0.0361],
—0.0295 —0.0361 0.1148

1.3315 0.4064 —1.7652
S = | 0.4064 1.4983 —2.1747] ,
—1.7652 —2.1747 10

f(:[—o.5938 _0.7274 2.3185]

The states trajectories under the optimal control @* are shown in Figure 3.

25 Notice that both P and S were different to the expert’s kernel matrix P, and S..
This is because the inverse problem has multiple solutions for the kernel matrix

P and the weight matrix S that derive the same control gain ]?e. However,
the obtained results can be seen as an optimization of the weight matrix S and

the kernel matrix P. To see this fact, Figure 4 shows the comparison of the
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Figure 3: States trajectories.

optimal value function (4) and the optimal value function approximation, that

is, V* =2 Px.

6 : : : : :
——V(2)

__4f = V')
B
N

4

0
0 05 1 15 2 25 3

Time (s)
Figure 4: Value function V' (z) comparisons.

The figure shows that the new weight matrix S minimizes the kernel ma-
trix P and hence the value function V was also minimized. This result shows
that the proposed complementary approach is capable to achieve the expert’s
performance and simultaneously seeks the weight matrix S that optimizes the

kernel matrix P.

5.2. Example 2

To further illustrate the effectiveness of the approach and validate the facts
that were stated in the previous example, we modify the initial weight matrix

and set it to
1.4235 1.1662  —0.0295

So = | 1.1662 1.4318 —0.0361
—0.0295 —-0.0361 0.1148

19



The main goal of this second example is to verify that the proposed approach

can handle with a weight matrix which is not diagonal and if the complementary

s learning algorithm can estimate and improve the weight matrix S as it was
shown in the previous example.

The same expert’s data was used and hence the same hippocampus learning

model. The same hyperparameters and data points were used in this example.

The convergence results are shown in Figure 5.

——||K, — K
—— P - £
[Si1 = Sill

(=

0 2 4 6 8 10
Iteration i

Figure 5: Convergence of the IRL model.

The results show that the complementary learning algorithm converged to
the expert’s control gain. For this case, the kernel matrix P and the weight

matrix S converged to the following values

2.8100  2.7685 —0.0294
P=P=|2768  2.8640 —0.0360],
~0.0294 —0.0360 0.1148

1.5258 1.3374 —1.4787
S= 1 1.3374 1.6892 —1.9176
—1.4787 —1.9176 10.0000

335 Figure 6 shows the comparison of the expert’s optimal value function V,*(z),
and the optimal value function approximators Vi (z) and Va(z) obtained in ex-
ample 1 and example 2, respectively.

The above figure shows that the value function was improved again by con-
sidering a non-diagonal weight matrix. The norm of each value function was used

w  as performance metric, the results were: |[V*(z)|| = 14.1834, ||V;*(2)|| = 1.5027,

and ||V ()] = 0.4749. Here it is evident that the proposed approach improves
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Figure 6: Value function V' (z) comparisons.

the expert’s performance. Furthermore, the initial weight matrix Sy in the
neocortex model plays a fundamental role in the update direction of the next
weight matrix. In other words, the complementary learning algorithm will con-
verge to one solution of the inverse optimal control problem depending on the

initialization of the weight matrix Sy.

6. Conclusions

In this paper a complementary learning algorithm is proposed for the exper-
tise transference of human-optimized controllers. The algorithm takes advantage
of the complementary learning properties of the hippocampus and neocortex
learning systems. The hippocampus is designed as independent pattern sepa-
rated data which provides of expert’s knowledge in how the task has to been
developed. The neocortex is designed as a Q-reinforcement learning algorithm
to gain new information by interacting online with new data. The comple-
mentary learning part is designed as an inverse reinforcement learning problem
which computes one of the solutions of the inverse optimal control problem
which achieves the desired expert’s performance.

Simulation results show that the proposed approach learns the expert’s con-
trol policy and optimizes its value function by minimizing the weight matrix of
the utility function and the kernel matrix. Furthermore, the solution of the IRL
depends on the initialization of the utility function weight matrix.

Further work will analyse how to constraint the IRL problem such that the

number of possible solutions is reduced. Moreover, the work will be spanned in
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the human-behavior learning context and use other learning techniques which
s can complement and improve the proposed approach. In addition, experience
transference for nonlinear system is a more challenging future work problem due

to the nonlinear nature of the control policy.

Appendix A. Proofs

Proof 2. First, it is important to recall that the Lyapunov recursions method

of the IRL part of Algorithm 1 is equivalent to the following ARE
~S;1 =A"P; +P;A—P.BR'B'P.. (A1)
Substituting (31) in (A.1) gives
—Si1 =AT (ﬁi - aal}) + <13i X M?@)A
OP; oP;

( OF )BRlBT <13i - aa@-)' (A.2)
OF op,

% %

Recall that the neocortex learning model satisfies the next ARE
i+l — ATﬁiJ’_l + ﬁL‘J’_lA D 4 1/5Z‘+1BR_IBT?1;+1. (Ag)
Substituting (A.8) in (A.2) gives

A"Py+ P A— Py BR'BTP,

y E;
=ATP,+ BA- PBRT'BTP, (ATa +8 A)
E;
+a<PBR 1BT6 L 9F BR 1BTP>
—a’~—'BR'BT . (A.4)
oF; i
370 The gradient descent rule (32) updates the kernel matriz P in each iteration
i such that the error ex is minimized, that is, K — I?e, then
OL;
1i = =0. (A.5)
i—00 BPZ

From the above result it follows that

‘lim 737, = ﬁz
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380

390

395

Therefore, for an infinite number of iterations i we have that (A.4) is sim-

plified to
71— 00 71— 00
which implicitly implies that lim ﬁi+1 = 13, This completes the proof. O
71— 00
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