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 A B S T R A C T

A fast implicit direct-forcing immersed boundary method (FIDF-IBM) is introduced for the simulation of 
incompressible flows over arbitrarily moving solid structures. This method leverages the operator splitting 
approach of the pressure implicit with splitting of operators (PISO) algorithm to decouple the pressure, velocity, 
and boundary force in the solution process. This maintains the no-slip/no-penetration (ns/np) boundary 
constraint and enforces the divergence-free condition in a segregated manner in the solid and fluid domains, 
respectively. The proposed scheme produces a modified pressure Poisson equation (PPE) that includes the 
boundary force already satisfying the ns/np boundary constraint, allowing the usage of fast iterative PPE 
solvers. The term ‘‘fast direct-forcing’’ is achieved by coupling Lagrangian weight methods that enhance the 
reciprocity of the IBM-related linear operators with the IBM implicit formulation. Additionally, an appropriate 
boundary force inheritance from previous time-steps further boosts the performance of the implicit DF-
IBM algorithm. The method’s efficiency and capability are verified through different stationary and moving 
immersed boundary benchmark tests.
 

 

 

 
 

 

 

 

1. Introduction

Developed by Peskin in 1972 [1], the Immersed Boundary Method 
(IBM) employs two distinct domains: the Eulerian domain, where the 
fluid flow governing equations are solved, and the Lagrangian do-
main, which represents the solid immersed boundary using discrete 
Lagrangian markers. In this approach, interaction equations are de-
veloped, known as interpolation and spreading operators; they serve 
as the data mapping between the two domains. The novelty of IBM 
lies in introducing a fictitious body force into the governing fluid 
Navier–Stokes equations as a source term to account for the effects 
of the solid immersed boundary. This fictitious body force, ensures 
the desired velocity boundary condition on the Lagrangian markers, 
referred herein as the Eulerian boundary force. Based on how this force 
is treated, several review papers can be found [2–7], which discuss 
thoroughly and extensively all variants of the IBM and their possible 
area of applications along with a comprehensive analysis of the current 
developments in the IBM field.

For the present work, the direct-forcing IBM (DF-IBM) variant devel-
oped by Uhlmann [8] was employed, owing to its broad adoption by 
the IBM community, versatility, and straightforward integration into 
various fluid solvers. The originality of the DF-IBM lies in eliminat-
ing the constitutive relation restrictions for rigid bodies imposed by 
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the stiffness coefficient of Hooke’s law in the classical IBM [1], pri-
marily designed for elastically deformable boundaries. Therefore, the 
kinematics are enforced directly on the immersed boundary, i.e., the
no-slip/no-penetration (ns/np) boundary constraint, and the assump-
tions about the system’s dynamics are removed. By doing so, we are 
penalizing the ns/np error at the fluid-solid interface, causing flow
penetration into the solid boundary, because the ns/np condition is en-
forced using a predicted, non-divergence-free velocity field rather than 
the corrected flow field, which is unknown in the DF-IBM steps. This 
ns/np error is notorious for generating an undesirable and unphysical 
flow inside the immersed boundary, causing an overprediction of the
aerodynamic coefficients as shown in [9,10].

The first explicit approach of Uhlmann [8], termed as the explicit 
DF-IBM, struggled to impose the ns/np condition on the immersed
boundary, as highlighted in several studies [9,11,12]. To address this
issue, a multi-direct forcing approach, termed multi-DF-IBM, was intro-
duced. Previous studies [11,12] indicated that three loops are typically
sufficient to minimize errors on the immersed boundary while main-
taining computational efficiency. For exact ns/np constraint imposition, 
implicit IBMs were developed. A fully implicit IBM, known as the
immersed boundary projection method (IBPM), was developed by Taira 
and Colonius in 2007 [13]. This method couples the velocity field
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with both the pressure field and boundary force to enforce divergence-
free and ns/np constraints using Lagrange multipliers. A new pressure 
Poisson equation (PPE) is formulated with pressure and boundary 
force as unknowns, solved simultaneously in a single projection step. 
However, Ji et al. [14] found that IBPM encounters convergence issues 
when a Lagrangian marker is near an Eulerian grid point, increas-
ing the condition number of the PPE’s coefficient matrix due to the 
interpolation and spreading operators’ singularity. Ji et al. [14] re-
solved these convergence issues by iterating each constraint separately, 
maintaining an unmodified coefficient matrix and nesting the ns/np 
constraint within the continuity constraint, significantly increasing the 
algorithm’s computational effort. To balance computational efficiency
and accuracy, the Moving Implicit IBM (MIBM) was developed in 
2017 [15]. MIBM introduces an additional equation for the bound-
ary force, termed the moving force equation. Similar to the IBPM 
approach [13], MIBM treats the boundary force as a Lagrange mul-
tiplier to enforce the ns/np condition. The moving force equation is
derived directly from the exact ns/np boundary condition, resulting
in a smaller, well-conditioned coefficient matrix compared to IBPM. 
MIBM demonstrated good results and improved performance. However, 
its increased implementation complexity and higher computational 
memory requirements, especially with more Lagrangian markers or 
multiple bodies, make it less appealing.

A different method to enhance the enforcement of the ns/np bound-
ary condition involves refining the mathematical reciprocity of IBM 
interpolation and spreading operators. This refinement directly influ-
ences the calculation of the Lagrangian weight used in the spreading 
operator. Previous studies [10,16,17] demonstrated that assigning the 
Lagrangian weight to be equal to the Eulerian weight, as initially
proposed by Uhlmann [8], disrupts this reciprocal property, resulting
in ns/np boundary errors and fluid intrusion into the solid domain. To 
address this issue, Pinelli et al. [18] suggested a method for determining 
the Lagrangian weight by solving an additional set of linear equations,
thereby enhancing the reciprocity of the interpolation and spreading
processes. Additionally, a different study [17] introduced an analytical 
correction for the Lagrangian weight that bypasses the need for solving 
a linear system, with a subsequent improvement [10] to consider the 
curvature of the immersed boundary.

In the current work, the performance and efficiency of the im-
plicit DF-IBM are improved by speeding up the process to fulfill the 
ns/np boundary condition through the following points, (i) different
Lagrangian weight methods that improve the reciprocity of the IBM-
related operators, (ii) additional Lagrangian weight correction, and (iii) 
Lagrangian boundary force inheritance scheme. The current scheme is
coupled with the cell-centered finite volume fluid Navier–Stokes equa-
tions through the PISO solution algorithm found in the open-source 
C++ toolbox OpenFOAM environment. The predictor–corrector nature 
of the PISO algorithm is used to decouple all fluid variables, pressure,
velocity, and boundary force in a segregated fashion. This scheme en-
sures that the fluid-solid system’s dual constraints problem, represented 
by the divergence-free condition on the Eulerian domain and the ns/np
condition on the Lagrangian domain, are exactly fulfilled. In addition, a 
modified PPE is produced that includes the boundary force term already 
satisfying the latter condition allowing the usage of existing fast PPE 
solvers in OpenFOAM without any modifications.

2. Direct-forcing immersed boundary method (DF-IBM)

2.1. The DF-IBM governing equations

The formulation derived couples the fluid Navier–Stokes equations 
ith the underlying solid Lagrangian domain. The general governing 
quations of the DF-IBM are derived as follows: 
∇ ⋅ 𝐮 = 0, (1a)
𝜕𝐮 + ∇ ⋅ (𝐮𝐮) − ∇ ⋅ (𝜈∇𝐮) = −1∇𝑝 + 𝐟 , (1b)

𝜕𝑡 𝜌

2 
Fig. 1. Interpolation and spreading operators with the help of a smoothed approxima-
tion of the Dirac delta function in the DF-IBM.

𝐔𝐼𝐵(𝐗𝑛, 𝑡) = [𝐮(𝐱𝑖,𝑗 , 𝑡)], (1c)

𝐟 (𝐱𝑖,𝑗 , 𝑡) = [𝐅𝐼𝐵(𝐗𝑛, 𝑡)], (1d)

where 𝜈 is the effective molecular kinematic viscosity, 𝜌 is the density 
and 𝑝 is the pressure. 𝐱𝑖,𝑗 is the fluid position of an Eulerian grid point, 
𝐗𝑛 is the boundary position of a Lagrangian marker, 𝐮(𝐱𝑖,𝑗 , 𝑡) is the 
fluid velocity of an Eulerian grid point, 𝐔𝐼𝐵(𝐗𝑛, 𝑡) is the desired solid 
immersed boundary velocity at each Lagrangian marker, 𝐟 (𝐱𝑖,𝑗 , 𝑡) is the
Eulerian boundary force exerted on the Eulerian grid points, 𝐅𝐼𝐵(𝐗𝑛, 𝑡)
is the singular Lagrangian boundary force at each Lagrangian marker,
and  and  are two linear operators that manage the data transfer
between Eulerian and Lagrangian grids.

2.2. IBM-related linear operators

The data transfer between the Eulerian and Lagrangian grids is man-
aged by two separate linear operators using a smoothed approximation
of the Dirac delta function 𝛿 as shown in Fig.  1.

(a) Velocity interpolation operator: 
𝐔(𝐗𝑛, 𝑡) = [𝐮(𝐱𝑖,𝑗 , 𝑡)] =

∑

𝐱𝑖,𝑗∈D𝐗𝑛

𝐮(𝐱𝑖,𝑗 , 𝑡)𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑛)𝛥𝑉𝑖,𝑗 . (2)

This operator represents the interpolation of the Eulerian ve-
locity field back to each Lagrangian marker 𝐗𝑛. For Cartesian
uniform meshes the Eulerian weight 𝛥𝑉𝑖,𝑗 = ℎ2 (for 2𝐷 topology),
with ℎ being the distance between two Eulerian grid points, 
and (𝐱𝑖,𝑗 ∈ D𝐗𝑛

) represents the collection of all neighboring 
Eulerian grid points that fall inside the support domain D𝐗𝑛

 of 
the Lagrangian marker 𝐗𝑛 shown by the dashed square in Fig.  1.

(b) Force spreading operator: 
𝐟 (𝐱𝑖,𝑗 , 𝑡) = [𝐅𝐼𝐵(𝐗𝑛, 𝑡)] =

∑

𝐗𝑛∈D𝐱𝑖,𝑗

𝐅𝐼𝐵(𝐗𝑛, 𝑡)𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑛)𝑊𝑛. (3)

The computed Lagrangian force is spread back to the neighbor-
ing Eulerian grid points in the support domain of the Lagrangian 
marker 𝐗𝑛. The Lagrangian weight 𝑊𝑛 is the weight associated 
to the solid immersed boundary marker, and (𝐗𝑛 ∈ D𝐱𝑖,𝑗 ) refers 
to a loop over all the Lagrangian markers whose support domain
D𝐗𝑛

 contains the same Eulerian grid point 𝐱𝑖,𝑗 .

As for the interpolation function, the Dirac delta function in its
discrete form was adopted. For Cartesian uniform meshes, the 2𝐷
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Table 1
Properties and moment conditions for all continuous kernel functions 𝜙.
 Continuous Support Zeroth First Second Third Sum of squares 
 ∀𝑟 radius 𝑟𝑠 moment moment moment moment condition  
 𝜙1 ✓ 1.5 ✓ ✓ × × ✓(𝐶 = 0.5)  
 𝜙2 ✓ 2.5 ✓ ✓ ✓(𝐾 = 38

60
−

√

69
60

) ✓ ✓(𝐶 = 0.3925)  
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approximation of the discrete Dirac delta function is given by: 

𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑛) =
1
ℎ2

𝜙
(𝑥𝑖,𝑗 −𝑋𝑛

ℎ

)

𝜙
( 𝑦𝑖,𝑗 − 𝑌𝑛

ℎ

)

, (4)

where 𝜙 is a continuous function named kernel function that scales to
the mesh size ℎ inside the Lagrangian support domain D𝐗𝑛

 centered at
each Lagrangian marker 𝐗𝑛 = (𝑋𝑛, 𝑌𝑛), which encloses all neighboring 
Eulerian grid points 𝐱𝑖,𝑗 = (𝑥𝑖,𝑗 , 𝑦𝑖,𝑗 ) used for the interpolating and 
spreading operators. The continuous kernel function 𝜙 can take various 
forms. In the present work, the 3-point-width function 𝜙1 proposed
in [19] was used as the kernel function, in addition to the 5-point-width 
function 𝜙2 developed in [20], since it suppresses the non-physical
force oscillations when a moving immersed boundary is simulated due
to its high moment condition [21].

Both kernel functions satisfy the zeroth and first moment conditions.
While the second and third moment conditions are only satisfied by 
𝜙2. Both kernel functions satisfy the sum of squares condition. All 
mentioned conditions of the kernel function 𝜙 are summarized in Table 
1. A summary of all properties and moment conditions of a kernel 
function can be found in [20].

In addition, the immersed boundary is represented by a set of
Lagrangian markers that are uniformly distributed over the boundary,
having the arc length 𝛥𝑠, which is the distance between two consecutive
Lagrangian markers, approximately equal to the Eulerian grid spacing 
ℎ, i.e. 𝛥𝑠∕ℎ ≈ 1.

2.3. DF-IBM algorithms review

Different DF-IBM algorithms can be found in the literature, imple-
mented within a variety of numerical techniques for solving partial 
differential equations ranging from Finite Different Method (FDM) [8],
Finite Volume Method (FVM) [18], Finite Element Method (FEM) [22], 
and Lattice Boltzmann Method (LBM) [16]. These DF-IBM algorithms 
are inserted inside the incompressible Navier–Stokes equations where 
𝑝 − 𝐔 coupling is handled by using either the projection method
(fractional step method) and its variants as in [15,18], the SIMPLE 
algorithm [23], the PISO algorithm [24,25]. Regardless, of the numer-
ical technique and 𝑝 − 𝐔 decoupling algorithm used, the DF-IBM steps 
present in every approach are always identical. The generic steps are
ordered as follows:

1. Eulerian velocity interpolation: 

𝐔(𝐗𝑛, 𝑡) = [𝐮∗(𝐱𝑖,𝑗 , 𝑡)]. (5)

Here we interpolate a predicted Eulerian velocity field 𝐮∗, that 
ignores the presence of a solid immersed boundary inside the 
fluid region, to obtain the Lagrangian velocity 𝐔 on the La-
grangian marker 𝐗𝑛.

2. Direct-forcing: 

𝐅𝐼𝐵(𝐗𝑛, 𝑡) =
𝐔𝐼𝐵(𝐗𝑛, 𝑡) − 𝐔(𝐗𝑛, 𝑡)

𝛥𝑡
, (6)

where 𝐔𝐼𝐵 represents the desired Lagrangian velocity of the 
immersed boundary and is directly imposed at the Lagrangian 
marker 𝐗𝑛, which can be determined either using a prescribed 
equation of motion or from the coupling with a solid structural 

solver. For stationary immersed bodies 𝐔𝐼𝐵 is set equal to zero.

3 
3. Lagrangian force spreading: 
𝐟 (𝐱𝑖,𝑗 , 𝑡) = [𝐅𝐼𝐵(𝐗𝑛, 𝑡)]. (7)

The Lagrangian boundary force 𝐅𝐼𝐵 is spread from each La-
grangian marker 𝐗𝑛 onto their corresponding neighboring Eu-
lerian grid points to obtain the Eulerian boundary force 𝐟 .

4. Eulerian velocity update:
This step is used to update and correct the predicted velocity
field 𝐮̃ to reckon the presence of the solid immersed bound-
ary inside the fluid region. The equation used to update the
Eulerian velocity is not generic, but solver dependent. The ex-
plicit correction using the implicit Euler scheme (also known as
the Backward Euler method) for time discretization yields the
following correction: 
𝐮̃(𝐱𝑖,𝑗 , 𝑡) = 𝐮∗(𝐱𝑖,𝑗 , 𝑡) + 𝛥𝑡𝐟 (𝐱𝑖,𝑗 , 𝑡). (8)

2.4. Immersed boundary ns/np condition

The spreading and the interpolation operators in the DF-IBM are
reciprocal, i.e. inversely related. For instance, if we interpolate a vector
field 𝐮 from the Eulerian to the Lagrangian domain, the resulting vector
in the Lagrangian domain is [𝐮]. Then we spread the obtained vector
back to the Eulerian domain, i.e., [[𝐮]], we obtain the same vector 
field 𝐮. Once this reciprocity is violated, a ns/np boundary error is 
generated, allowing the fluid to penetrate the solid domain.

The ns/np boundary error disappears once 𝐔𝐼𝐵(𝐗, 𝑡) = [𝐮̃], i.e. the 
ns/np boundary condition is exactly enforced on the Lagrangian Mark-
ers 𝐗. Employing the concept of multiple DF-IBM [9] helps in sat-
isfying the mentioned equality and improves the reciprocity on the 
interpolation and spreading operations as demonstrated in [26].

Additionally, the ns/np error can be directly related to the La-
grangian weight 𝑊𝑛, used in the force spreading operator. According
to Uhlmann [8], the Lagrangian weight was initially set equal to the
Eulerian weight. However, this method was found to be inaccurate [10]
because the Lagrangian representation of the immersed boundary, de-
scribed only through its boundary rather than its entire volume, has a 
dimensional issue, resulting in a missing dimension in the Lagrangian 
weight used in the force spreading operator. Hence, the Eulerian and 
Lagrangian weights belong to two distinct discretization spaces as 
mentioned in [10], and therefore should not be equal. Different meth-
ods to calibrate the Lagrangian weight computations can improve the
mathematical reciprocity of the interpolation/spreading operators. The 
methods used in this research are described in the next section.

Besides the DF-IBM iterations, another approach to reduce the ns/np 
boundary error is by decreasing the simulation time-step, as reported
in [11,12,17].

2.4.1. Lagrangian weight computation methods
The Lagrangian weight can be primarily set equal to the Eulerian 

weight. This approach was adopted by most researchers [8,11,15,27]: 

𝑛 = 𝛥𝑉𝑖,𝑗 . (9)

Pinelli et al. [18] proposed to enforce the reciprocity on the in-
terpolation and spreading operators, where the Lagrangian weight is 
computed by solving the following system of linear equations: 
𝐀𝐖 = 𝟏, (10)
𝑛
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where the vectors 𝐖𝑛 = [𝑊1,… ,𝑊𝑁𝐿𝑎𝑔
]T and 𝟏 = [1,… , 1]T have the 

imension of 𝑁𝐿𝑎𝑔 , with 𝑁𝐿𝑎𝑔 being the total number of Lagrangian 
arkers. 𝐀 is the matrix defined by:
= 𝐴𝑚,𝑛 =

∑

𝐱𝑖,𝑗∈D𝐗𝑚

𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑚)𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑛)ℎ2.

The system is solved efficiently by using the biconjugate gradient
stabilized (BiCGStab) Krylov subspace solver. This method is advan-
tageous because it can be applied to both uniform and non-uniform
Eulerian grids, and it reduces the ns/np boundary error [10]. However, 
it increases the computational cost compared to the previous method 
due to the iterative solution of the system of linear equations, with the 
computational cost being directly proportional to the total number of
Lagrangian markers 𝑁𝐿𝑎𝑔 .

Furthermore, an analytical correction for the Lagrangian weight 
was proposed in [16,17], based on two main assumptions. Firstly, 
the curvature of the immersed boundary is significantly small so the 
local distance can be represented by a straight wall. Secondly, the
variation of the Lagrangian force along the immersed boundary is
considered small, which means that no discontinuities are taken into 
consideration. The correction is simply the product of the Lagrangian 
weight with the inverse of the constant 𝐶 obtained from the sum of 
squares condition imposed by the kernel function used, as shown in
Table  1. This means that this correction is kernel function dependent 
since the sum of squares condition is not satisfied by all existing kernel 
functions. The described correction was shown in [16,17] to eliminate
some of the ns/np error generated by the non-reciprocity of the DF-IBM 
linear operators. The aforementioned correction was later improved to 
include the curvature of the immersed boundary by Cheylan et al. [10]: 

𝑊𝑛 =
1

∑

𝐱𝑖,𝑗∈D𝐗𝑚

∑

𝐗𝑛∈D𝐱𝑖,𝑗
𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑛)𝛿ℎ(𝐱𝑖,𝑗 − 𝐗𝑚)ℎ2

. (11)

The first sum is performed on each Lagrangian marker 𝐗𝑛 whose
support contains the same Eulerian grid points 𝐱𝑖,𝑗 , while the second
sum is performed on all Eulerian grid points 𝐱𝑖,𝑗 that fall inside the 
support domain of 𝐗𝑚. This method can be used independently of 
the selected kernel function and its computational cost is negligible 
compared to the method developed by Pinelli et al. [18]. The difference 
between Eqs. (10)–(11) for the ns/np boundary error was shown to be 
minimal in [10].

3. Fluid Navier–Stokes equations solver

The fluid solver is governed by the dimensional, incompressible, 
viscous Navier–Stokes equations, expressed in their integral form as:

∫𝑉𝑃

𝜕𝐮
𝜕𝑡

𝑑𝑉 +∫𝑉𝑃
∇⋅(𝐮𝐮) 𝑑𝑉 −∫𝑉𝑃

∇⋅(𝜈∇𝐮) 𝑑𝑉 = −∫𝑉𝑃
∇𝑝 𝑑𝑉 +∫𝑉𝑃

𝐟 𝑑𝑉 .

(12)

3.1. Navier–Stokes finite volume linear algebraic discretized form

OpenFOAM is based on the finite volume space discretization. The 
Gauss theorem is used to reduce volume integrals to surface integrals,
and then using the midpoint rule, the surface integrals are transformed 
into a discrete sum over all faces of the control volume. This yields the 
below algebraic equation: 
(

𝜕𝐮𝑃
𝜕𝑡

)𝑛+1
+ 1
𝑉𝑃

∑

𝑓
𝜙𝑛
𝑓𝐮

𝑛+1
𝑓 − 1

𝑉𝑃

∑

𝑓
𝜈𝑓 (∇𝐮)𝑛+1𝑓 ⋅𝐒𝑓 = − (∇𝑝)𝑛𝑃 +𝐟

𝑛+1
𝑃 , (13)

where 𝐒𝑓  is the face area normal vector between the current control 
volumes 𝑃  and 𝑁 , as illustrated in Fig.  2 for Cartesian uniform meshes,
equal to 𝐒𝑓 = 𝐴𝑓𝐧𝑓 , with 𝐴𝑓  the surface area of the face 𝑓 and 𝐧𝑓  the 
normal vector to the face 𝑓 . 𝑉  is the control volume of 𝑃 .
𝑃

4 
Fig. 2. Face area normal vector 𝐒𝑓  for Cartesian uniform meshes.

The temporal term is discretized using a fully implicit three-level 
second-order scheme, also called the BDF2 scheme (Backward Differ-
entiation Formula of order 2). The face-center values of all explicit
quantities 𝜙𝑛

𝑓  are computed via linear interpolation, also called the cen-
tral differencing (CD) interpolation scheme. For the convection term, 
the implicit face variable 𝐮𝑛+1𝑓 , is discretized using the NVD convection
interpolation scheme, named the Gamma differencing scheme [28]. For 
the diffusion term, due to mesh uniformity and constant molecular
viscosity, the face viscosity 𝜈𝑓  is the same as the laminar molecular 
kinematic viscosity 𝜈. The face gradient term (∇𝐮)𝑛+1𝑓 ⋅ 𝐒𝑓  is calculated 
for a purely orthogonal mesh using a central difference approximation
of the first-order derivative in the direction of the vector 𝐝 from the 
two values of the owner cell 𝑃  and neighboring cell 𝑁 around the 
face 𝑓 . The cell-centered pressure gradient term is computed explicitly
in the predictor step of the PISO solution algorithm using the Gauss 
theorem, having the face values obtained from linear interpolation. 
Another pressure gradient term will appear in the corrector step of 
the PISO solution algorithm inside the PPE where it will be implicitly 
treated similarly to the diffusion term.

For the sake of simplicity, the linear algebraic equation obtained
has the following form: 
𝑎𝑃 𝐮𝑛+1𝑃 +

∑

𝑁
𝑎𝑁𝐮𝑛+1𝑁 = 𝐑𝐇𝐒 − (∇𝑝)𝑛𝑃 + 𝐟𝑛+1𝑃 , (14)

where 𝑎𝑃  is the diagonal matrix coefficient of owner cell 𝑃  that
arises from the implicit contribution of the temporal, convection, and 
diffusion terms discretization, 𝑎𝑁  is the off-diagonal matrix coefficient 
of neighboring cell 𝑁 resulting from the implicit contribution of the 
convection and diffusion terms, and 𝐑𝐇𝐒 represents the source term 
accounting for the explicit contribution of the transient term.

3.2. Modified PISO solution algorithm

The pressure and velocity fields in an unsteady incompressible flow 
are coupled through the continuity equation. Hence, solving the fluid 
system necessitates the simultaneous determination of both fields in 
order to ensure a divergence-free velocity.

The present work adopts the segregated Pressure Implicit with Split-
ting of Operators (PISO) algorithm [29] for pressure–velocity decou-
pling. The built-in solver is modified to incorporate the solid immersed 
boundary using DF-IBM. The PISO algorithm is based on the predictor–
corrector procedure where it features an implicit momentum predictor 
step at the beginning of the time-step, treating an estimated pressure 
field as known, followed by multiple explicit momentum corrector steps 
(usually 2 to 3) to enforce a divergence-free velocity field through the
pressure equation using the projection method.

The implicit predictor step is given by Eq. (14) excluding the 
boundary force term and using the pressure solution from the previous 
time level. The equation for the predicted velocity field is reformulated 
as follows: 
𝑎𝑃 𝐮∗𝑃 +

∑

𝑁
𝑎𝑁𝐮∗𝑁 = 𝐑𝐇𝐒 − (∇𝑝)𝑛𝑃 , (15)

where 𝐮∗ is the predicted velocity field.
The multiple explicit corrector steps are derived as follows. Refer-

ring back to Eq. (14), the neighboring velocities term is moved to the
 



E. Farah et al.

 

𝑎

w

𝐇

 
 

 

∇

 
 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Engineering Analysis with Boundary Elements 179 (2025) 106345 
right-hand side of the equation, while the pressure gradient term is now
treated implicitly as an unknown: 

𝑃 𝐮𝑛+1𝑃 = 𝐇(𝐮𝑛+1𝑁 ) − (∇𝑝)𝑛+1𝑃 + 𝐟𝑛+1𝑃 , (16)

here the linear operator 𝐇 is described by: 
(𝐮𝑛+1𝑁 ) = −

∑

𝑁
𝑎𝑁𝐮𝑛+1𝑁 + 𝐑𝐇𝐒. (17)

The implicit velocity in the 𝐇 operator is replaced by the predicted
velocity field 𝐮∗ to produce the explicit behavior of the corrector
step. This formulation allows for the definition of a new cell-centered 
velocity: 

𝐮𝑛+1𝑃 =
𝐇(𝐮∗𝑁 )
𝑎𝑃

− 1
𝑎𝑃

(∇𝑝)𝑛+1𝑃 + 1
𝑎𝑃

𝐟𝑛+1𝑃 . (18)

Taking the divergence of Eq. (18) and enforcing the divergence-free 
condition at the new time level results in the continuity equation, also
known as the divergence-free condition: 
⋅ 𝐮𝑛+1𝑃 = 0. (19)

To derive the discrete pressure equation, known as the PPE, the 
previous velocity equation Eq. (18) is substituted into the continuity 
equation Eq. (19): 

∇ ⋅
(

1
𝑎𝑃

(∇𝑝)𝑛+1𝑃

)

= ∇ ⋅
(𝐇(𝐮∗𝑁 )

𝑎𝑃

)

+ ∇ ⋅
(

1
𝑎𝑃

𝐟𝑛+1𝑃

)

. (20)

By solving the modified PPE (mPPE) given by Eq. (20), the pressure
solution 𝑝𝑛+1 is obtained. This solution includes both the physical
pressure field, derived from the flow field and a correction component 
that enforces mass continuity and compensates for errors in the initial 
pressure field.

Finally, the cell-centered velocity is explicitly corrected to also
satisfy the divergence-free condition: 

𝐮𝑛+1𝑃 =
𝐇(𝐮∗𝑁 )
𝑎𝑃

− 1
𝑎𝑃

(∇𝑝)𝑛+1𝑃 + 1
𝑎𝑃

𝐟𝑛+1𝑃 . (21)

It is worth noting that the pressure equation, referred to as the 
mPPE, is the primary bottleneck in the numerical simulation process. 
Solving the pressure equation is the most time-consuming part of
the simulation due to its high condition number. In this work, the 
mPPE results in a symmetrical coefficient matrix. It was found that the 
Conjugate Gradient (CG) iterative solver, combined with the Geomet-
ric Agglomerated Algebraic Multigrid (GAMG) preconditioner and the 
Gauss–Seidel smoother, is more computationally efficient than all other 
solvers and preconditioners combinations.

4. Proposed FIDF-IBM algorithm

In this work, we propose an efficient fast implicit DF-IBM (FIDF-
IBM) that reduces the computational effort compared to previous im-
plicit IBM, such as the IBPM of Taira and Colonius [13] and the 
IBM algorithm of Ji et al. [14]. This variant addresses the fluid-solid 
system’s dual constraints problem for an incompressible flow problem 
sequentially using the PISO algorithm as the Navier–Stokes fluid solver.

Modifications to the original PISO algorithm are presented here to 
ensure the velocity field satisfies two constraints within the predictor–
corrector algorithm:

(a) Ns/np velocity boundary condition on the Lagrangian markers,
𝐔𝐼𝐵

𝑛+1 = [𝐮̃] on 𝛤𝑠,
(b) Divergence-free condition on Eulerian grid points, ∇ ⋅ 𝐮𝑛+1 = 0

in 𝛺𝑓 .

Additionally, a stability criterion for the PISO algorithm must be 
met, requiring the Courant (CFL) number to be less than one. The two
constraints are decoupled from the Navier–Stokes momentum equa-
tions through the operator splitting strategy of the PISO algorithm. The 
5 
following algorithm is adopted at each time-step, solving for 𝐮, 𝑝, and
𝐟 sequentially until convergence is achieved, where the superscripts 𝑛
and 𝑛 + 1 denote the previous (known) and current (unknown) time
levels, respectively:

1. Momentum predictor, without the addition of the boundary
force term and having the pressure taken from previous time-
step 𝑡𝑛: 
𝑎𝑃 𝐮∗𝑃 +

∑

𝑁
𝑎𝑁𝐮∗𝑁 = 𝐑𝐇𝐒 − (∇𝑝)𝑛 . (22)

Note that ∇ ⋅ 𝐮∗ ≠ 0.
2. DF-IBM Iterations procedure, with inner iterations start for 𝑚 =

1, having 𝐮̃(0) = 𝐮∗ and 𝐅𝐼𝐵
(0) = 𝐅𝐼𝐵

𝑛:

(a) Eulerian velocity interpolation: 
𝐔(𝑚−1) = [𝐮̃(𝑚−1)]. (23)

(b) Direct-forcing: 

𝐅𝐼𝐵
(𝑚) =

𝐔𝐼𝐵
𝑛+1 − 𝐔(𝑚−1)

𝛥𝑡
+ 𝐅𝐼𝐵

(𝑚−1). (24)

(c) Lagrangian force spreading: 
𝐟 (𝑚) = [𝐅𝐼𝐵

(𝑚)]. (25)

(d) Eulerian velocity update: 
𝑎𝑃 𝐮̃

(𝑚)
𝑃 +

∑

𝑁
𝑎𝑁 𝐮̃(𝑚)𝑁 = 𝐑𝐇𝐒 − (∇𝑝)𝑛 + 𝐟 (𝑚). (26)

(e) The ns/np velocity boundary condition requirement: 
𝐔𝐼𝐵

𝑛+1 = [𝐮̃(𝑚)] = 𝐔(𝑚). (27)

A convergence criterion is set for two consecutive DF-IBM
iterations: 
‖𝐸𝑛𝑠∕𝑛𝑝‖2 = ‖𝐸𝐮̃(𝑚)‖2 − ‖𝐸𝐮̃(𝑚−1)‖2 < 𝜖, (28)

with

‖𝐸𝐮̃(𝑚)‖2 = ‖𝐔𝐼𝐵
𝑛+1 − 𝐔(𝑚)

‖2,

and

‖𝐸𝐮̃(𝑚−1)‖2 = ‖𝐔𝐼𝐵
𝑛+1 − 𝐔(𝑚−1)

‖2,

where 𝜖 is a user-specified tolerance, based on whether 
an accurate ns/np boundary condition is required or not. 
The 𝐿2 norm is computed using Eq. (A.1) provided in the
appendix section.

(f) If the defined convergence criterion is reached in Step 2
(e), then: 
𝐟𝑛+1 = 𝐟 (𝑚) & 𝐮̃ = 𝐮̃(𝑚), (29)

otherwise, return to Step 2 (a), and let 𝑚 = 𝑚+1. It can be 
noted at this stage that ∇ ⋅ 𝐮̃ ≠ 0, while the ns/np boundary 
condition is fulfilled 𝐔(𝑚) = [𝐮̃(𝑚)] = 𝐔𝐼𝐵 .

3. PISO corrector loops, with inner loops start for 𝑚 = 1, having
1 ≤ 𝑚 ≤ 𝑚𝑓  and 𝑚𝑓 = 3. For 𝑚 = 1, 𝐮̂(0) = 𝐮̃:

(a) The divergence-free constraint is enforced by using the
mPPE represented by Eq. (20) to compute the new pressure
field: 

∇ ⋅
(

1
𝑎𝑃

(∇𝑝)(𝑚)
)

= ∇ ⋅
(

𝐇(𝐮̂(𝑚−1))
𝑎𝑃

)

+∇ ⋅
(

1
𝑎𝑃

𝐟𝑛+1
)

. (30)

(b) Afterward, the velocity field is corrected explicitly from the
former pressure solution 𝑝(𝑚) using Eq. (21): 

𝐮̂(𝑚) = 𝐇(𝐮̂(𝑚−1))
𝑎

− 1
𝑎

(∇𝑝)(𝑚) + 1
𝑎

𝐟𝑛+1. (31)

𝑃 𝑃 𝑃
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(c) At 𝑚 = 𝑚𝑓 , the velocity and pressure fields are updated at 
time-step 𝑡𝑛+1: 
𝐮𝑛+1 = 𝐮̂(𝑚𝑓 ), (32)

𝑝𝑛+1 = 𝑝(𝑚𝑓 ). (33)

Note that ∇ ⋅ 𝐮𝑛+1 = 0.

Algorithm 1: FIDF-IBM algorithm
iven 𝑝𝑛 and 𝐮𝑛;
redict initial Eulerian velocity 𝐮∗ using Eq. (22);
nitialize: 𝑚 = 1, 𝐮̃(0) = 𝐮∗ and 𝐅𝐼𝐵

(0) = 𝐅𝐼𝐵
𝑛;

hile 𝑚 ≤ 𝑚𝑚𝑎𝑥 do
Interpolate Eulerian velocity to obtain 𝐔(𝑚−1) using Eq. (23);
Compute singular Lagrangian force 𝐅𝐼𝐵

(𝑚) using Eq. (24);
Spread Lagrangian force to obtain 𝐟 (𝑚) using Eq. (25);
Update the Eulerian predicted velocity 𝐮̃(𝑚) using Eq. (26);
if ‖𝐸𝑛𝑠∕𝑛𝑝‖2 < 𝜖 then

𝐟𝑛+1 = 𝐟 (𝑚) and 𝐮̃ = 𝐮̃(𝑚);
break;

else
𝑚 = 𝑚 + 1;

end
end 
Initialise: 𝑚𝑓 = 3 and 𝐮̂(0) = 𝐮̃;
or 𝑚 = 1 to 𝑚𝑓  do
Solve mPPE for 𝑝(𝑚) using Eq. (30);
Correct Eulerian velocity 𝐮̂(𝑚) using Eq. (31);
if 𝑚 = 𝑚𝑓  then

𝐮𝑛+1 = 𝐮̂(𝑚𝑓 ) and 𝑝𝑛+1 = 𝑝(𝑚𝑓 );
end 

nd 

The FIDF-IBM algorithm is summarized in Algorithm 1. Based on 
the original PISO method of Issa [29], the proposed algorithm enforces
the ns/np boundary condition on the Lagrangian domain and the 
divergence-free condition on the Eulerian domain in a segregated man-
ner. Albeit the former condition is satisfied before the PISO algorithm’s
corrector loops to enforce the divergence-free condition, the Lagrangian 
interpolated velocity remains largely unchanged even if computed after
the corrector loops. This is consistent with previous findings [11,15].
Similarly to previous works [14], our modified PPE differs from the 
PPE used in IPBM [13] by including the boundary force that already
satisfies the ns/np boundary condition. Conversely to the IBPM [13],
the divergence-free constraint is only fulfilled by the mPPE. This avoids
changing the coefficient matrix and undermining the condition number 
of the PPE, which leads to convergence problems as in the case of the 
IBPM, allowing the use of fast iterative solvers such as the GAMG solver 
or the Krylov subspace CG solver without any prior modifications.

An additional attractive aspect of this algorithm is the accelerated
process to achieve the ns/np boundary condition on the Lagrangian
domain through three simple refinements. Firstly, by replacing Eq. (9)
of Uhlmann [8] for computing the Lagrangian weight, with Eq. (10)
of Pinelli et al. [18] or Eq. (11) from [10], where the reciprocity 
of the IBM-related operators is improved. The current authors rec-
ommend using Eq. (11) for moving immersed boundaries, since for
moving boundaries, the Lagrangian weight is re-computed at each time 
level, therefore avoiding the increase of the computational effort of 
the algorithm by solving the linear system shown in Eq. (10). In this 
case, the analytical Lagrangian weight computation found in [10] is 
recommended. Secondly, it was established through trial and error, that 
an additional Lagrangian weight correction of 3∕2 to Eqs. (10) and (11)
can be applied for the Lagrangian weight computation. Multiplying the 
6 
Lagrangian weight by this factor notably speeds up the ns/np boundary
convergence while keeping the forces on the immersed boundary intact. 
Finally, the inheritance scheme for the Lagrangian boundary force 
𝐅𝐼𝐵

(𝑚−1) used in Eq. (24), also called the initialization method, was 
largely affecting the efficiency of the ns/np boundary convergence. 
It is proposed here to inherit the values of 𝐅𝐼𝐵

(0) for 𝑚 = 1 at the 
beginning of a new time level by the value from the previous time level, 
i.e. 𝐅𝐼𝐵

(0) = 𝐅𝐼𝐵
𝑛, instead of initializing the value by zero.

A convergence criterion for the ns/np boundary condition was 
established for two consecutive DF-IBM iterations. As reported by [9], 
the error convergence rate significantly decreases after several iter-
ations, which means that additional iterations will not impact the 
desired solution. This considerably reduces the number of iterations per 
time-step.

5. Results and discussions

5.1. FIDF-IBM performance study

The performance of different DF-IBM strategies is assessed quantita-
tively and qualitatively against the present FIDF-IBM, where the PISO 
decoupling algorithm is dropped out for this study. The performance is 
analyzed through the following test:

(a) Initialize velocity field in 𝑥-direction:
𝑢0(𝑥, 𝑦) = 𝑥2 − 𝑦2 − 1 in 𝛺𝑓 ,

(b) Find 𝑓 such that:
𝑈𝐼𝐵(𝑋, 𝑌 ) = [𝑢̃(𝑚)(𝑥, 𝑦)] = [𝑢0(𝑥, 𝑦) + 𝛥𝑡𝑓 (𝑚)] on 𝛤𝑠.

The following study involves a circular cylinder with a diameter 
of 0.4, centered at (0.5, 0.5) within an Eulerian square domain 𝛺𝑓 =
[0, 1] × [0, 1]. The cylinder is stationary, thus 𝑈𝐼𝐵 = 0. The domain is
discretized using 200 × 200 Eulerian grid points. The cylinder boundary
𝛤𝑠 is represented by 248 Lagrangian markers. The time-step 𝛥𝑡 is set to
1 to represent a single iteration, and the kernel function 𝜙1 is utilized.
Slip boundary conditions are enforced on all boundaries of the domain.

For this specific analysis, a stricter convergence criterion is estab-
lished, differing from the one outlined in Eq. (28) for two consecutive
DF-IBM iterations, as follows:
‖𝐸𝑛𝑠∕𝑛𝑝‖2 = ‖𝐸𝑢̃(𝑚)‖2

= ‖𝑈𝐼𝐵(𝑋𝑛, 𝑌𝑛) − [𝑢̃(𝑚)(𝑥, 𝑦)]‖2 < 𝜖, (34)

since we are interested in the updated ns/np boundary error through 
the newly updated velocity field and not the error between two succes-
sive DF-IBM iterations.

Table  2 presents a comparison of the number of iterations required 
to achieve the ns/np boundary constraint, the CPU time taken to meet
this constraint, and the boundary error measured using the 𝐿2 norm. 
The tolerance was set to 1 × 10−15 for the implicit DF-IBM strategies,
using the convergence criterion defined by Eq. (34).

The explicit DF-IBM of Uhlmann [8], Pinelli et al. [18], and Cheylan 
et al. [10] all required nearly the same CPU time since only one 
iteration is needed due to their explicit nature, excluding the time 
needed to compute the Lagrangian weight. The Lagrangian weight 
method using Eqs. (10) and (11) reduced the ns/np error by a factor 
of 6800 and 113 respectively, when compared to Uhlmann’s result. The 
multi-DF-IBM methods of Luo et al. [9], Kempe & Fröhlich [11], and 
Breugem [12] use 3 iterations in their algorithms with the Lagrangian
weight method used by Uhlmann [8], i.e., Eq. (9). An error reduction
by a factor of 4 was observed. Nevertheless, these errors obtained using
the explicit approach are still considered large.

The implicit strategy proposed by Ji et al. [14] required 2853
iterations to reduce the ns/np error to the prescribed tolerance. Con-
versely, the present FIDF-IBM required 692 and 932 iterations when 
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Table 2
Performance comparison of different DF-IBM variants in terms of iterations, CPU time, and ns/np boundary error.
 DF-IBM Explicit/Implicit Lagrangian Weight Iterations CPU time ‖𝐸𝑛𝑠∕𝑛𝑝‖2  
 variant strategy method (m) (s)  
 Uhlmann [8] Explicit Eq. (9) 1 4.13 × 10−3 5.12 × 10−1  
 Pinelli et al. [18] Explicit Eq. (10) 1 4.14 × 10−3 7.53 × 10−5  
 Cheylan et al. [10] Explicit Eq. (11) 1 4.34 × 10−3 4.53 × 10−3  
 Multi-DF-IBM [9,11,12] Explicit Eq. (9) 3 6.19 × 10−3 1.29 × 10−1  
 Ji et al. [14] Implicit Eq. (9) 2853 1.54 × 100 9.97 × 10−16 
 Present FIDF-IBM Implicit Eq. (10) + Correction 692 4.10 × 10−1 9.97 × 10−16 
 Present FIDF-IBM Implicit Eq. (11) + Correction 932 5.44 × 10−1 9.87 × 10−16 
Fig. 3. Velocity (𝑢) contours for different DF-IBM strategies. Where the vorticity contours are varied from −2 (blue) to 0 (red).
 

 

 
 
 
 

 

 

 

 

 

 
 

 

 

 
 

using Eqs. (10) and (11) respectively, with the additional Lagrangian 
weight correction. However, a reduction of nearly 70% in CPU time 
was achieved with the present FIDF-IBM when compared to the implicit 
variant of Ji et al. [14].

These results are qualitatively reflected in the velocity contours over 
the Eulerian domain shown in Fig.  3. Uhlmann’s method [8] does not 
accurately impose the desired Lagrangian velocity on the immersed 
boundary (𝑈𝐼𝐵 = 0), represented by the red color in Fig.  3(a). An 
improvement is noted for the multi-DF-IBM variant used in [9,11,12] 
as shown in Fig.  3(b). Finally, the results of Pinelli et al. [18] and 
Cheylan et al. [10] depicted in Fig.  3(c) are nearly identical and 
indistinguishable from implicit DF-IBM methods shown in Fig.  3(d)
from a qualitative perspective, contrary to the quantitative analysis in 
Table  2.

The remaining investigation demonstrates the proposed inheritance
scheme for the Lagrangian boundary force. For this study, the present 
FIDF-IBM is tested inside the PISO algorithm for transient flows. A 
circular cylinder with diameter 𝐷 = 1 located at the center of an 
Eulerian squared domain 𝛺𝑓 = [−2.5, 2.5]×[−2.5, 2.5] is considered. The 
domain is covered by 250 × 250 Eulerian grid points, with ℎ = 0.02.
The cylinder is also stationary, i.e., 𝐔𝐼𝐵 is set to 0 in all directions and
is formed by 156 Lagrangian markers uniformly distributed over 𝛤𝑠.
The Reynolds number 𝑅𝑒 = 𝑢∞𝐷∕𝜈 is set to 100. The time-step is set to
𝛥𝑡 = 0.004. The time is advanced until the non-dimensional time 𝑡𝑢∞∕𝐷
reaches a value of 10. The tolerance for Eq. (28) for two successive 
DF-IBM iterations is set to 1 × 10−8 and 𝜙1 was selected as the kernel
function.

The Lagrangian force 𝐅𝐼𝐵
(𝑚−1) found in Eq. (24) of the FIDF-IBM

algorithm should be initialized at the start of the iterations, i.e., 𝐅𝐼𝐵
(0)

for 𝑚 = 1. This initialization process can be handled using two different 
approaches. The first one is by setting the variable 𝐅𝐼𝐵

(0) = 0 at
the beginning of the DF-IBM iterations when 𝑚 = 1, meaning that 
this variable acts as a constant throughout the whole simulation run
time. The other approach is achieved when the variable at the current 
time level inherits its value from the previous time level during the 
simulation run time, 𝐅𝐼𝐵

(0) = 𝐅𝐼𝐵
𝑛, ergo the value of this variable is 

altered at every time-step.
Fig.  4 shows the number of iterations to reach the tolerance for two

successive DF-IBM iterations along with the ns/np boundary error in 
7 
Fig. 4. Lagrangian boundary force inheritance scheme on the ns/np condition. Solid
lines correspond to the ns/np boundary error and dashed lines correspond to the
number of iterations.

terms of 𝐿2 norm, as computed in Eq. (34) against the non-dimensional
time. It appears clearly that the proposed initialization process speeds 
up the calculations to reach the prescribed tolerance, by reducing the 
number of DF-IBM iterations at 𝑡𝑢∞∕𝐷 = 10, from 414 to 108 when the 
inheritance scheme is used. In addition, the ns/np error is reduced by
one order of magnitude from 3.81×10−6 for the first case to 4.74×10−7

for the proposed initialization. Moreover, an asymptotic behavior can
be observed for both the number of iterations and the ns/np boundary
error against the non-dimensional time.

5.2. Lid-driven cavity with an embedded cylinder

The flow developed inside a square lid-driven cavity with an em-
bedded cylinder placed at the center is considered. The cavity length
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Fig. 5. Velocity magnitude contours (a), vorticity contours (b), and streamlines (c) for the lid-driven cavity with the embedded cylinder at 𝑅𝑒 = 1000. Where the velocity magnitude 
ontours are varied from 0 (blue) to 1 (red) and the vorticity contours are varied from −3 (blue) to 3 (red).
 
Fig. 6. Velocity 𝑢 component along 𝑥 = 0.5 (a) and velocity 𝑣 components along 𝑦 = 0.5 (b) for the lid-driven cavity with the embedded cylinder at 𝑅𝑒 = 1000. Solid lines ( )
correspond to the present results, (○) symbols correspond to the data reported in [23], and (×) symbols correspond to the data reported in [15].
Fig. 7. Instantaneous pressure contours (a), vorticity contours (b), and streamlines (c) for the flow over a stationary cylinder at 𝑅𝑒 = 40. Where the pressure contours are varied 
rom −0.3 (blue) to 0.3 (red) and the vorticity contours are varied from −3 (blue) to 3 (red).
 
 

is taken as 𝐿 = 1 and the cylinder diameter is set equal to 0.4𝐿. 
The boundary conditions correspond to the classical lid-driven cavity 
problem, with a Dirichlet boundary condition specified at the top (𝑢∞ =
1, 𝑣∞ = 0) and a wall (no-slip) boundary condition specified for the 
remaining sides (𝑢 = 0, 𝑣 = 0). The Reynolds number 𝑅𝑒 = 𝑢 𝐿∕𝜈
∞

8 
based on the cavity length is set to 1000. A steady-state solution governs 
the flow as the simulation time is advanced. A uniform Eulerian mesh 
covered by 256 × 256 with ℎ = 3.90625 × 10−3 is used similar to the
work of [23]. The cylinder being stationary is formed by 320 Lagrangian
markers.
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Fig. 8. Instantaneous pressure contours (a) and vorticity (b) contours for the flow over a stationary cylinder at 𝑅𝑒 = 100. Where the pressure contours are varied from −0.4 (blue)
to 0.3 (red) and the vorticity contours are varied from −3 (blue) to 3 (red).
Fig. 9. Temporal evolution of the drag 𝐶𝐷 and lift 𝐶𝐿 coefficients for the flow over a stationary cylinder at different 𝑅𝑒.
.

 

 

 

 

 

 

Table 3
Comparison of the vortices center location for the lid-driven cavity with embedded 
ylinder case for 𝑅𝑒 = 1000. The vortices center (𝑥1 , 𝑦1), (𝑥2 , 𝑦2), and (𝑥3 , 𝑦3) correspond 
o the bottom left corner, bottom right corner, and top right of the cylinder respectively
 (𝑥1 , 𝑦1) (𝑥2 , 𝑦2) (𝑥3 , 𝑦3)  
 Cai et al. (2017) [15] (0.0789, 0.0720) (0.8852, 0.1063) (0.6942, 0.6881) 
 Present (0.0787, 0.0717) (0.8847, 0.1062) (0.6921, 0.6873) 

The contours of the velocity magnitude and the vorticity are shown 
in Figs.  5(a) and 5(b) respectively. The results are very similar to the 
previous works of [15,23]. The streamlines are illustrated in Fig.  5(c). 
It is evident that three vortices emerged in the flow, located at the 
bottom left and right corners, and the third one located on the top right
of the embedded cylinder. The location of the center of each vortex 
is compared in Table  3 with the data reported in [15]. A very good
agreement can be found.

A quantitative comparison for the velocity profiles is conducted with
previous IBM data presented in [15,23], for the velocity components 
(𝑢, 𝑣) in the vertical (𝑥 = 0.5) and horizontal (𝑦 = 0.5) centerlines of the 
cavity. The data obtained is shown in Fig.  6. Excellent agreement with 
previous studies is again obtained.

5.3. Flow over a stationary cylinder

The benchmark problem of the steady and unsteady flows over 
a stationary circular cylinder is also considered. For this test case, 
Reynolds numbers 𝑅𝑒 = 40 and 100 are simulated, where 𝑅𝑒 = 𝑢∞𝐷∕𝜈, 
having 𝑢∞ as the freestream inlet velocity and 𝐷 the cylinder diameter. 
The cylinder diameter and inlet velocity are fixed to 1, while the
kinematic viscosity is varied to obtain the simulated 𝑅𝑒 numbers. A 
large Eulerian squared domain 𝛺 = [−20, 40] × [−30, 30] = 60𝐷 × 60𝐷
𝑓

9 
Fig. 10. Temporal evolution of the drag 𝐶𝐷 coefficient for the flow over an impulsively
started cylinder at 𝑅𝑒 = 40 and 𝑅𝑒 = 200: ( ) present results, ( ) data reported 
in [15], ( ) data reported in [13].

is used to minimize the lateral boundaries confinement effect, with an 
Eulerian grid resolution ℎ = 0.03. The cylinder is located at the center 
of the Eulerian domain where the numbers of uniformly distributed 
Lagrangian markers forming 𝛤𝑠 is set to 104 with 𝛥𝑠∕ℎ ≈ 1. A time-step 
of 0.006 is applied. The 3-point-width kernel function 𝜙1 is selected for 
the data mapping between the two grids.

A Dirichlet boundary condition (𝑢∞ = 1, 𝑣∞ = 0) is set on the
inflow boundary, and a non-reflective advective boundary condition 
(𝜕𝐮∕𝜕𝑡+ 𝑢 𝜕𝐮∕𝜕𝐧 = 0) is applied at the outflow boundary with 𝑢  being 
𝑛 𝑛
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Fig. 11. Instantaneous vorticity contours at three different time instances 𝑡 = 1 (top), 2.5 (middle), and 3.5 (bottom) for the flow over an impulsively started cylinder at 𝑅𝑒 = 40
a) and 𝑅𝑒 = 200 (b). The present results correspond to the colored contours and the results acquired by [13] correspond to the black/white contours. The present vorticity contours
are varied from −3 (blue) to 3 (red).
  

 

 
 

 

 

 

 
 
 

Table 4
Comparison of the wake dimensions and the mean drag coefficient for the flow over
a stationary cylinder at 𝑅𝑒 = 40.
 References 𝑙∕𝐷 𝑎∕𝐷 𝑏∕𝐷 𝜃(◦) 𝐶𝐷  
 Tritton [30]a – − – − 1.585 
 Coutanceau & Bouard [31]a 2.13 0.76 0.59 53.5 –  
 Taira & Colonius [13] 2.33 0.75 0.60 54.1 1.550 
 Wang & Zhang [27] 2.36 0.72 0.60 53.8 1.540 
 Cai et al. [15] 2.36 0.75 0.62 52.1 1.560 
 Present 2.24 0.78 0.61 52.0 1.550 
a Experimental results.

Fig. 12. Configuration of the flapping ellipse.

the advection velocity, i.e., the component of the velocity normal to 
the boundary. Slip boundary conditions are set to the lateral sides of 
the domain.

The instantaneous non-dimensional force coefficients and Strouhal 
umber are defined as:
Drag and lift coefficients: 𝐶𝐷 =

𝐹𝐷

0.5𝜌𝑢∞2𝐷
 and 𝐶𝐿 =

𝐹𝐿

0.5𝜌𝑢∞2𝐷
,

Strouhal number: Str = 𝑓𝑠𝐷 ,

𝑢∞

10 
where the fluid density 𝜌 is set to 1 since we are working with in-
compressible flows, 𝑓𝑠 is the natural vortex shedding frequency, and
(𝐹𝐷, 𝐹𝐿) are the respective drag and lift forces exerted on the cylinder’s 
immersed boundary by the fluid. They are computed by summing the
singular Lagrangian forces located on each Lagrangian marker: 
(

𝐹𝐷
𝐹𝐿

)

= −𝜌
𝑁𝐿𝑎𝑔
∑

𝑛=1
𝐅𝐼𝐵(𝐗𝑛)𝑊𝑛. (35)

For 𝑅𝑒 = 40, the flow pattern is expected to be symmetric and 
steady, where a recirculation region is formed in the wake of the cylin-
der having the following dimensions: 𝑙, the wake streamwise length, 𝑎,
the horizontal distance from the cylinder boundary to the wake vortex
center, 𝑏 the vertical distance between the center of the two wake 
vortices, and 𝜃 the separation angle measured from the 𝑥-axis. The 
obtained pressure contours, vorticity contours, and streamlines for the 
steady flow at one time-instant are displayed in Fig.  7.

It can be noted that the flow profile closely matches those docu-
mented in the literature. In addition, the symmetric wake dimensions 
are compared with previous experimental and numerical results, show-
ing good consistency, see Table  4. The drag and lift coefficients are 
plotted in Fig.  9(a), and the steady-state drag value is also compared
with values extracted from the literature in Table  4.

At 𝑅𝑒 = 100, the flow pattern becomes unsteady and exhibits 
the famous von Kármán vortex street, also known as periodic vortex
shedding. The pressure and vorticity contours are shown in Fig.  8. 
The vortex shedding leads to time-varying fluctuations of the drag
and lift coefficients, they can clearly be seen in Fig.  9(b). Different 
force quantities obtained for the current simulations, including the 
mean drag coefficient, the drag and lift fluctuations, and the Strouhal 
number, are compared against experimental and numerical results from 
the literature at this 𝑅𝑒 number. These quantities are computed after
a periodic state has been achieved by the vortex shedding. A close
agreement can again be established when comparing with previous
results as shown in Table  5.
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Fig. 13. Temporal evolution of the drag 𝐶𝐷 (a) and lift 𝐶𝐿 (b) coefficients for the flow over a flapping ellipse at 𝑅𝑒 = 157: ( ) present results, ( ) immersed boundary 
ethod of [15], ( ) immersed boundary method of [34], ( ) body-conformal mesh method [35].
 

 
 
 
 
 

 

 

 
 

 
 

 

 

 
 

 

 
 
 

Table 5
Comparison of the mean drag coefficient, the drag and lift fluctuations amplitude, and
the Strouhal number for the flow over a stationary cylinder at 𝑅𝑒 = 100.
 References 𝐶𝐷 𝐶 ′

𝐷 𝐶 ′
𝐿 𝑆𝑡𝑟  

 Williamson [32]a – − – 0.166 
 Braza et al. [33] 1.364 ±0.015 ±0.250 0.160 
 Uhlmann [8] 1.453 ±0.011 ±0.339 0.169 
 Ji et al. [14] 1.402 ±0.010 ±0.349 0.167 
 Cai et al. [15] 1.366 ±0.010 ±0.342 0.160 
 Cheylan et al. [10] 1.408 – ±0.330 0.166 
 Present 1.387 ±0.011 ±0.359 0.160 
a Experimental results.

5.4. Flow over an impulsively started cylinder

The flow over an accelerated cylinder in a stagnant fluid is consid-
ered at two different Reynolds numbers 𝑅𝑒 = 40 and 200. The circular
cylinder of diameter 𝐷 = 1 is located initially at 𝑡 = 0 at the center
of an Eulerian domain 𝛺𝑓 = [−16.5, 13.5] × [−15, 15] = 30𝐷 × 30𝐷 with
a resolution ℎ = 0.02, to compare with results summarized in [13]. At
𝑡 > 0 the cylinder is impulsively set into a translational motion with
a constant speed 𝑈0 = −1 and having 𝑅𝑒 defined by 𝑈0𝐷∕𝜈. A no-
slip boundary condition is applied to all Eulerian domain boundaries. 
The time-step is fixed to 0.004 for all simulations and the 5-point-
width kernel function is used to reduce the non-physical spurious force 
oscillations. The simulation time is advanced until a value of 𝑡 = 3.5
is reached. The circular cylinder boundary 𝛤𝑠 is uniformly covered by 
156 Lagrangian markers.

The temporal evolution of the drag coefficient at 𝑅𝑒 = 40 and 
200 are plotted in Fig.  10 and compared to previous numerical data 
obtained with the immersed boundary methods developed in [13,15]. 
A good agreement is obtained for 𝑅𝑒 = 40 when compared to the 
literature. In contrast, for 𝑅𝑒 = 200, the results of the drag coefficient
are found to be almost 5% larger than in [13] at the beginning of the 
simulation. This error decreases to a value less than 1% at the end of
the simulation time.

Snapshots of the vorticity field at different time instances 𝑡 = 1, 2.5, 
and 3.5 are compared to the ones obtained by [13] for 𝑅𝑒 = 40 and
200 in Figs.  11(a) and 11(b), respectively. The vorticity contours are in
excellent agreement with those obtained in [13].
11 
5.5. Flow over a flapping ellipse

The flow induced by a non-circular object in a quiescent fluid is 
simulated, where the immersed boundary is described by a 2D ellipse.
The flapping of the ellipse is subject to both translational and rotational
motions governed by the following equations:

𝐴(𝑡) =
𝐴0
2

[

𝑐𝑜𝑠
(2𝜋𝑡

𝑇

)

+ 1
]

, (36)

𝜃(𝑡) =
𝜃0
2

[

1 − 𝑠𝑖𝑛
( 2𝜋𝑡

𝑇
+ 𝜙0

)]

, (37)

where 𝐴 is the time-dependent flapping distance due to motion, 𝜃 is 
the time-dependent angle of attack of the ellipse, 𝐴0 and 𝜃0 desig-
nate the translational and rotational amplitudes, respectively, 𝛽 is the 
stroke angle, 𝜙0 is the phase difference between the translational and 
rotational movements and 𝑇  is the flapping period. The configuration
of the moving ellipse is described in Fig.  12, having 𝑐 as the major 
axis and 𝑏 as the minor axis of the ellipse. The flow is characterized 
by the maximum velocity of translational motion along the flapping 
path computed as 𝑈𝑚𝑎𝑥 = 𝜋𝐴0∕𝑇 . The flapping period is defined by 
𝑇 = 𝜋𝐴0∕𝑐, and the Reynolds number 𝑅𝑒 = 𝑈𝑚𝑎𝑥𝑐∕𝜈. The simulation is 
performed at 𝑅𝑒 = 157, 𝑐 = 1, 𝑐∕𝑏 = 4, 𝐴0 = 2.5, 𝜃0 = 𝜋∕2, 𝛽 = 𝜋∕3, 
𝜙0 = 0, 𝑈𝑚𝑎𝑥 = 1, and 𝑇 = 2.5𝜋, to compare with previously published 
numerical studies from the literature [15,34,35].

The Eulerian domain is defined by 𝛺𝑓 = [−10, 10] × [10, 10] =
20𝐷 × 20𝐷, having the grid resolution ℎ = 0.02. Neumann boundary
conditions are set for both pressure (𝜕𝑝∕𝜕𝐧 = 0) and velocity (𝜕𝐮∕𝜕𝐧 = 0)
for all domain boundaries. A constant time-step of 𝛥𝑡 = 0.004 is applied 
for this simulation, and 𝜙2 is used as the kernel function to minimize 
the non-physical spurious force oscillations. The ellipse is covered by 
106 Lagrangian markers uniformly distributed over 𝛤𝑠.

A quantitative validation for the forces generated by the flapping el-
lipse is carried out, by comparing the time history of the instantaneous
drag and lift coefficients in Fig.  13 with previous studies computed
using a body-conformal mesh method [35] and body non-conforming 
immersed boundary methods [15,34]. The data obtained with the
present DF-IBM agree well with the literature, even when performed 
on a smaller Eulerian domain. It is worth noting that the interior 
of the immersed boundary is treated as part of the fluid Eulerian 
domain. Ergo, an internal and external fluid are situated around the 
immersed boundary. The drag and lift forces exerted on the hovering
ellipse are influenced by this internal fluid (or mass). Once the internal
fluid is moved, the inertia created by this accelerating mass should
be added to the force equations to compensate for the accelerating 
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Fig. 14. Instantaneous vorticity contours at four different period instances 𝑡∕𝑇  for the flow over a flapping ellipse at 𝑅𝑒 = 157. The present results are placed at the bottom, the
results corresponding to [15] are placed in the middle, and the results corresponding to [34] are placed at the top. The present vorticity contours are varied from −3 (blue) to 3
(red).
 
 
virtual fluid inside the immersed boundary [36]. Therefore, unlike the 

computation of drag and lift forces for flow over a stationary cylinder
shown by Eq. (35), the forces for moving solid immersed boundaries 
are computed using the following approach: 
(

𝐹𝐷
𝐹𝐿

)

= −𝜌
𝑁𝐿𝑎𝑔
∑

𝑛=1
𝐅𝐼𝐵(𝐗𝑛, 𝑡)𝑊𝑛 + 𝜌𝑉

𝑑𝐔𝐼𝐵(𝐗𝑛, 𝑡)
𝑑𝑡

, (38)

where 𝑉  is the internal volume occupied by the immersed boundary.
12 
Fig.  14 compares the instantaneous vorticity field produced by the
flapping ellipse at four different instances of a single flapping period, 
i.e. 𝑡∕𝑇 = 0.25, 0.44, 0.74, and 0.99. These contours are similar to those 
obtained by [15,34].

6. Conclusions

A new fast implicit direct-forcing immersed boundary method (FIDF-
IBM) is presented for the numerical simulations of incompressible flows 
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around arbitrarily moving rigid structures. The method employs the 
operator splitting strategy from the original PISO algorithm to maintain 
a divergence-free condition on the Eulerian domain and enforce the 
ns/np boundary condition on the Lagrangian domain.

A modified pressure Poisson equation (PPE) is derived, incorporat-
ing the boundary force where the ns/np condition is already satisfied, 
yielding a coefficient matrix similar to a standard PPE. This enables the 
direct use of existing fast iterative PPE solvers.

This work shows a significant reduction in the computational cost 
of satisfying the ns/np boundary condition by combining Lagrangian 
weight methods that improve the reciprocity of interpolation-spreading 
operators, with the implicit formulation of the DF-IBM. Moreover, by 
using a suitable Lagrangian boundary force inheritance in the DF-IBM 
algorithm further enhances the performance of the proposed scheme.

The current algorithm can effectively handle stationary and moving 
immersed boundaries in both translational and rotational motions, for 
circular and non-circular solid structures. The computed results align 
well with published experimental and numerical data.
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Appendix. 𝑳𝟐 error norm

The 𝐿2 norm of the error for any variable 𝑥 is defined as: 

‖

‖

𝐸𝑥
‖

‖2 =

√

√

√

√

√

1
𝑁𝑥𝑁𝑦

𝑁𝑥
∑

𝑖=1

𝑁𝑦
∑

𝑗=1

|

|

|

𝑥𝑖,𝑗 − 𝑥̂𝑖,𝑗
|

|

|

2
, (A.1)

where 𝑥𝑖,𝑗 is the value obtained numerically, and 𝑥̂𝑖,𝑗 is the analytical or
refined solution in case no exact solution exists. 𝑁𝑥 and 𝑁𝑦 are the total 
number of Eulerian grid points in the 𝑥 and 𝑦 directions, respectively.
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