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Abstract—The cooperative nature of drone swarms poses risks
in the smooth operation of services and the security of national
facilities. The control objective of the swarm is, in most cases,
occluded due to the complex behaviours observed in each drone.
It is paramount to understand which is the control objective of
the swarm, whilst understanding better how they communicate
with each other to achieve the desired task. To solve these
issues, this paper proposes a physics-informed multi-agent inverse
reinforcement learning (PI-MAIRL) that i) infers the control
objective function or reward function from observational data,
and ii) uncover the network topology by exploiting a physics-
informed model of the dynamics of each drone. The combined
contribution enables to understand better the behaviour of the
swarm, whilst enabling the inference of its objective for expe-
rience inference and imitation learning. A physically uncoupled
swarm scenario is considered in this study. The incorporation of
the physics-informed element allows to obtain an algorithm that is
computationally more efficient than model-free IRL algorithms.
Convergence of the proposed approach is verified using Lyapunov
recursions on a global Riccati equation. Simulation studies are
carried out to show the benefits and challenges of the approach.

Index Terms—drone swarms, multi-agent inverse reinforce-
ment learning, physics-informed, network topology, reward func-
tion, imitation learning.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) also known as drones

have been used in a diverse number of beneficial applications

including package delivery, search and rescue [1], and surveil-

lance [2], [3]. The application power of drones is amplified

when they work collaboratively to develop a task. Here a

large group of multiple drones flying together as a coordinated

entity is known as drone swarm. In this case, drone swarms are

capable to highly improve the aforementioned applications by

maximizing the area of coverage and reducing time [4]. How-

ever, the cooperative nature of drone swarms has magnified

the threat space in national infrastructure security and people

protection [5]–[7].

The state-of-the-art is interested in how we can ensure that

the usage of drones is regulated to ensure smooth operation

of services [8], [9]. This is done by detecting and interpreting

the observed behaviour of the drone or drones or by inferring

its intention [10].
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A. Related work

The most simple approaches for behaviour prediction are

based on the definition of geofence areas [11], [12] and the

use of expert machine learning techniques [13] to classify the

behaviour of the drone in either malicious or non-malicious

[14]. Here, expert rules [15] are designed based on specific

values of low-dimensional features, e.g., height and velocity

constraints, and behavioural patterns in either velocity or

accelerations measurements. The challenge of these methods

is an inherent cognitive bias that increases the number of false

positives in counter-drone system technologies.

Other approaches has adopted deep learning techniques to

classify and predict intention based on proxy definitions of

intention ranging from trajectory to reward goals1 [16], [17].

These methods have been successfully applied in trajectory

data of a single autonomous platforms and pedestrians [18]–

[20], however the application of these techniques in drone

swarms is still an open challenge. In this particular case,

trajectory intention can classify independent trajectories [13],

[21] but it cannot uncover the relationship between drones and

what they are aiming to perform [22]. Alternatively, intended

outcomes [23] have been used to understand decisions in

reinforcement learning (RL) environments from the state-

transition probability [18], [24], [25]. Flight physics has been

incorporated into deep learning approaches as regularisation

term to enhance the robustness and stability of the predictions

[26], [27]. However, flight physics of drone swarms cannot be

easily determined due to the diverse communication topology

that yields to diverse swarm configurations that do not show

a clear physical pattern [28].

Drone Swarm with specific
communication and physical topology 

Cost function with coupling topology

Cooperative Control
Consensus

Control policies with
coupling constraints 

Fig. 1. Drone swarm modelling for cooperative control/consensus

1Trajectory intention is associated to the mission profile exhibited by
the drone, whilst reward goal is associated to the control objective (reward
function) that the drone aims to optimize.
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On the other hand, reward goals [17] provide an indicator

of what and why we observed a particular behaviour in the

drones such that we can understand better the network topol-

ogy and assign the level of risk [29]. Previous studies have

used imitation learning [30], [31] and inverse reinforcement

learning (IRL) approaches to uncover the hidden reward goal

from observational data [32]–[34] in optimal and zero-sum

game problems [35], [36]. These approaches usually assume a

specific reward function structure to infer the reward weights

of both the states and input policy to inject a desired behaviour.

Here, a fixed input policy weight is used to infer the state re-

ward weight to ensure stability of the IRL [37], [38]. However,

multiple reward weights are obtained due to the inverse nature

of the problem and rank deficiency of the collected data. This

plays an important issue in intention inference problems since

we obtain a different reward goal that does not necessarily

model the real control objective. This is more acute in multi-

agent problems where an accurate inference of the collective

reward goal is required to effectively understand the observed

multi-agent behaviour.

B. Contributions

The following gaps are identified in the current state-of-

the-art: i) IRL approaches find a family of reward goals that

generate the same control policy, but cannot uncover the real

control objective intention, ii) IRL suffers of contextual under-

standing of the network topology, and iii) the computational

complexity of the overall IRL algorithm increases as the

number of agents increases. To deal with the aforementioned

gaps, this paper proposes a physics-informed multi-agent IRL

(PI-MAIRL) to uncover the reward goals of drone swarms.

The approach models the multi-agent problem as a global

system that facilitates the inference of the reward function.

Here, the state-transition matrix of each drone is used as

a physics-informed structure that reduces the computational

requirements of the algorithm. This simultaneously allows to

infer the swarm topology from the data. Simulations exper-

iments using different drone swarms are given to show the

benefits and challenges of the approach.

The main contributions of this work are: 1) a PI-MAIRL is

proposed to uncover the exact reward function from observa-

tional data of the swarm trajectories, 2) the approach reduces

the computational complexity of model-free IRL approaches

by incorporating a physics-informed structure associated to

the state-transition of each drone, 3) the network topology

is inferred from the reward function which provides a better

understanding of the global reward goal through the weights

values.

The outline of the paper is as follows. Section II provides

the drone swarm modelling and its optimal control design.

Section III provides the main contribution of the work by

developing the PI-MAIRL for physically uncoupled drone

swarms. Section IV gives the simulation studies and the

conclusions and future work are given in Section V.

C. Notations

Throughout this paper, N, R, Rn, Rn×m, Cn×n denote the

spaces of natural numbers, real numbers, real n-vectors, real

n × m-matrices, and complex n × m-matrices, respectively;

In ∈ R
n×n denotes an identity matrix of n×n; ⊗ and ⊗̄ de-

note the Kronecker and symmetric Kronecker product, vec(A)
and vech(A) are the vectorization and half vectorization of

matrix A, mat(x) is the matrization of the vector x, where

x ∈ R is a scalar, x ∈ R
n is a vector, and X ∈ R

n×m is a

matrix with n,m ∈ N.

A graph topology G = (VG , EG) is defined by a finite

set VG = {v1, · · · , vW } of W vertices and a set of edges

EG ⊆ VG × VG that model interagent information-exchange

links weighted by a connectivity weight αij > 0 if (vj , vi) ∈
EG , otherwise αij = 0. The set of neighbors of vertex vi
is Ni = {vj : αij > 0}. We assume a simple graph without

repeated edges. The degree matrix D ∈ R
W×W of the graph G

is a diagonal matrix with entries di =
∑

j∈Ni

αij . The Laplacian

matrix L is defined as L = D − A ∈ R
W×W where

A = A
⊤ = [αij ] ∈ R

W×W is the adjacency matrix [39].

II. DRONE SWARM MODELLING

Fig. 1 shows a drone swarm application for either cooper-

ative control or consensus. The diagram consists in a number

of drones coupled by a communication topology. The main

purpose of the drone swarm is to optimize a cost index J to

achieve a specific task, e.g., cooperative control or consensus.

Here, we are interested to infer the hidden reward function

or utility function that drives the drone swarm to exhibit a

specific performance.

To this end, consider that each drone i = 1, 2, ...,W of the

swarm has the following local dynamic model

xik+1
= A0xik +B0uik , (1)

where xik ∈ R
n defines the state of drone i, uik ∈ R

m

denotes the local control input of the drone i, A0 ∈ R
n×n

and B0 ∈ R
n×m defines the dynamics of drone i. The

control policies for each drone are obtained by minimizing

the following cost index

J(xk,uk) =
∞∑

k=0

[
W∑

i=1

x⊤
ik
Q0xik + u⊤

ik
R0uik

+

W∑

i=1

W∑

j 6=i

(xik − xjk)
⊤Q1(xik − xjk)

]
(2)

where the terms xk = [x⊤
1k
, · · · ,x⊤

Wk
]⊤ ∈ R

N and uk =
[u⊤

1k
, · · · ,u⊤

Wk
]⊤ ∈ R

M are the lumped or global state and

control input vectors, Q0 = Q⊤
0 � 0 ∈ R

n×n and Q1 =
Q⊤

1 � 0 ∈ R
n×n are positive semi-definite weight matrices

and R0 = R⊤
0 ≻ 0 ∈ R

m×m is a positive definite weight

matrix. Here N := nW and M := mW .

Assumption 1: It is assumed that both Q0 and Q1 are

diagonal positive semi-definite unknown matrices. Matrix R0

is known or assumed to be unitary, i.e., R0 = Im.

Both (1) and (2) can be written in a compact form as follows

xk+1 = Axk +Buk (3)

J(xk,uk) =

∞∑

k=0

(
x⊤
k Qxk + u⊤

k Ruk

)
, (4)
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where A = IW ⊗A0 ∈ R
N×N , B = IW ⊗ B0 ∈ R

N×M ,

R = R⊤ = IW ⊗ R0 ≻ 0 ∈ R
M×M and Q = Q⊤ =

(IW ⊗Q0 +L ⊗Q1) � 0 ∈ R
N×N . Then, the optimisation

problem is simplified to

min
uk∈RM

J(xk,uk) = min
uk∈RM

∞∑

k=0

(
x⊤
k Qxk + u⊤

k Ruk

)

subject to xk+1 = Axk +Buk

(5)

The unique solution of (5) can be written quadratically in the

global state as

J∗(xk) = min
uk∈RM

J(xk,uk) = x⊤
k Pxk (6)

where P = P⊤ ≻ 0 ∈ R
N×N is a kernel matrix that

is solution of the following discrete-time algebraic Riccati

equation (DARE)

A⊤PA+Q−A⊤PB(R+B⊤PB)−1B⊤PA = P . (7)

Thus, the optimal control policies are given by

uk = −Kxk = −(R+B⊤PB)−1B⊤PAxk, (8)

where K ∈ R
M×N is the global control gain.

III. PHYSICS-INFORMED MULTI-AGENT INVERSE

REINFORCEMENT LEARNING(PI-MAIRL)

Fig. 2 depicts the high-level diagram of the proposed PI-

MAIRL. The diagram has four main elements:

1) A hybrid model-free/model-based off-policy RL algo-

rithm that computes the kernel matrix Pj and control

gain Kj+1 associated to the dataset X and an iterative

global reward weight Ql. The approach initially infers

from the data the optimal control solution for some

initial reward weights. In addition, the collected data

are used combined with a physics informed structure to

estimate the input dynamics B. This allows to transform

the model-free RL algorithm into a model-based RL

approach that reduces the computational resources of

the overall algorithm.

2) A physics-informed state transition model that provides

information of the unforced dynamics of each drone.

This model allows the smooth transition between model-

free and model-based approaches that helps to reduce the

computational requirements for large-scale systems.

3) A model-based policy error MAIRL algorithm that is fed

by the outputs of the RL algorithm and physics-informed

model to compute the improved weight matrix Ql+1.

The algorithm is based on an enhanced inverse optimal

control architecture that integrates a projection mapping

to ensure convergence to the exact reward weights.

4) A simple algorithm to infer the network topology based

on the global weight Ql. This provides an additional di-

mension of explainability to the algorithm that allows to

understand how each drone in the swarm communicates

with the others.

The elements of the proposed PI-MAIRL are described in

the following sections.

Hybrid Model-
free/Model-based Off-
policy Reinforcement

Learning

Network Topology
Inference

PI-MAIRL

Model-based Policy
Error Inverse

Reinforcement
Learning

Dynamics
Inference

Physics Informed
State Transition

Fig. 2. PI-MAIRL high-level diagram

A. Off-policy Model-free RL

Consider a dataset X = {X,U} constructed from the

global trajectories (3) of the swarm given by

X =
[
x0 · · · xT−1

]
∈ R

N×T ,
U =

[
u1 · · · uT

]
∈ R

M×T ,
(9)

where T ∈ N is the length of the collected data.

The global dynamics can be written in terms of an iterative

global control policy v
j
k = −Kjxk ∈ R

M based on an

iterative control gain Kj ∈ R
M×N as

xk+1 = Axk +Buk ±Bv
j
k

= (A−BKj)xk +B(uk − v
j
k).

(10)

The DARE (7) can be written in terms of the following

iterative matrices

(A−BKj)
⊤Pj(A−BKj) +Ql +K

⊤
j RKj − Pj = 0N ,

(11)

where Ql = Q⊤
l � 0 ∈ R

N×N is an iterative weight matrix,

Pj = P⊤
j ≻ 0 ∈ R

N×N is the corresponding kernel matrix

in iteration j. Notice that when Kj = K, then the DARE (7)

is recovered. The Hamilton-Jacobi-Bellman (HJB) equation of

(10) is

x⊤
k (A−BKj)

⊤Pj(A−BKj)xk − x⊤
k Pjxk

+ 2x⊤
k (A−BKj)

⊤PjBũ
j
k + ũ

j⊤

k B⊤PjBũ
j
k

+ x⊤
k Qlxk + v

j⊤

k Rv
j
k = 0N , (12)

where ũ
j
k = uk − v

j
k ∈ R

M is the global policy error [40].

Notice that (12) is equivalent to the DARE (11) when ũ
j
k →

0M . To ensure the HJB (12) matches with the DARE (11), we

need to compensate the terms with ũ
j
k as

x⊤
k (A−BKj)

⊤Pj(A−BKj)xk − x⊤
k Pjxk

+ 2x⊤
k (A−BKj)

⊤PjBũ
j
k + ũ

j⊤

k B⊤PjBũ
j
k

=2x⊤
k (A−BKj)

⊤PjBũ
j
k + ũ

j⊤

k B⊤PjBũ
j
k

− x⊤
k Qlxk − v

j⊤

k Rv
j
k. (13)
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The off-policy RL [41] can be obtained by rewriting (13)

as the Bellman equation

x⊤
k Pjxk − x⊤

k+1Pjxk+1 + 2x⊤
k A

⊤PjBũ
j
k

+ ṽ
j⊤

k B⊤PjBũ
j
k = ξk, (14)

where ṽ
j
k = uk + v

j
k ∈ R

M is an enhanced control policy

and ξk = x⊤
k Qlxk + v

j⊤

k Rv
j
k. A system of equations is

constructed from κ ≥ ι = 1
2 [(N + M)2 + N + M ] samples

collected from the swarm trajectories,

Φθj = Ξ, (15)

where θj = [θ⊤
1 ,θ

⊤
2 ,θ

⊤
3 ]

⊤ ∈ R
ι is the vector of param-

eter estimates, Φ = [Φxx, 2Φxu,Φuu] ∈ R
κ×ι, and Ξ =

[ξk, · · · , ξκ]
⊤ ∈ R

κ, with θ1 = vech⊤(Pj) ∈ R
1
2
N(N+1),

θ2 = vec⊤(A⊤PjB) ∈ R
NM , θ3 = vech⊤(B⊤PjB) ∈

R
1
2
M(M+1) given by

Φxx =

[
x⊤
t ⊗̄x

⊤
t

∣∣∣
k

k+1
· · · x⊤

t ⊗̄x
⊤
t

∣∣∣
κ

κ+1

]
∈ R

κ× 1
2
N(N+1)

Φxu =
[
ũ⊤j

k ⊗ x⊤
k · · · ũ⊤j

κ ⊗ x⊤
κ

]
∈ R

κ×NM

Φuu =
[
ũ⊤j

k ⊗̄ṽ
j⊤

k · · · ũ⊤j

κ ⊗̄ṽ
j⊤

κ

]
∈ R

κ× 1
2
M(M+1).

Hence, in each episode the parameters are updated using a

batch least-squares (BLS) rule

θj = (Φ⊤Φ)−1Φ⊤Ξ. (16)

After the BLS rule is computed then the policy is updated

by using

Kj+1 = (R+ [mat(θ3)]M )−1[mat(θ2)]
⊤
N×M . (17)

The BLS update rule (16) and the gain computation (17)

defines the model-free RL algorithm.

B. Physics-Informed Structures

Physics-informed structures can be incorporated in the in-

ference problem to reduce the computational complexity of the

IRL. To this end, we exploit the special structure of matrix A

[42], [43]. To motivate this property, consider the continuous

time matrix of the dynamics of drone i

Ac =

[
0n/2 In/2
0n/2 0n/2

]
∈ R

n×n.

The discrete version of Ac yields the matrix A0 given by

A0 =

[
In/2 tsIn/2
0n/2 In/2

]
,

where ts > 0 is the sampling time. This sampling time

is inferred from the collected data. Then, we can observe

that A0 is an upper-triangular and regular (invertible) matrix.

Moreover, the global matrix A is also a block-diagonal matrix

with an upper-triangular structure. This provides a physics-

informed structure that facilitates the design of a model-based

policy error MAIRL algorithm. From the collected trajectories

X and U we estimate B in the first episode of the model-free

RL as

B = (X2 −AX1)U
+
1 , (18)

where X1 = [x1 · · ·xι−1] ∈ R
N×(ι−1), X2 = [x2 · · ·xι] ∈

R
N×(ι−1), U1 = [u1 · · ·uι−1] ∈ R

M×(ι−1), and U+
1 denotes

the Moore-Penrose pseudo-inverse of U1.

With this physical information about the swarm, we are

able to modify the model-free RL algorithm in (16) into a

model-based RL that solves the DARE (7). This simplifies the

computational resources of the algorithm, whilst it constraints

the learning manifold of the overall proposed approach.

C. Model-Based Policy Error Inverse Reinforcement Learning

In this section we design a policy error architecture that

updates the kernel matrix Pj in the direction of the real kernel

matrix P . To do so, define the gain error

EK := K −Kj+1 ∈ R
M×N . (19)

Consider the minimization of the index E = tr{E⊤
KEK}.

We are interested in minimizing E by updating the kernel

matrix in the direction that Kj approaches to K. Consider a

one-step update rule given by

P = Pj − γ
∂E

∂Pj
, (20)

where P = P
⊤ ≻ 0 ∈ R

N×N is an updated kernel matrix

and γ > 0 is a learning rate. Let Lj = R +B⊤PjB. Then

by the chain rule we have that

∂E

∂Pj
=−E⊤

k

(
∂L−1

j

∂Pj
B⊤PjA+L−1

j

B⊤PjA

∂Pj

)

−

(
∂L−1

j

∂Pj
B⊤PjA+L−1

j

∂B⊤PjA

∂Pj

)⊤

EK .

Recall the following matrix derivation identity

∂L−1
j

∂P
= −L−1

j

∂Lj

∂Pj
L−1

j .

This implies that ∂Lj/∂Pj = ∂[B⊤PjB]/∂Pj is an

M ×M matrix. The partial derivative of Lj with respect to

Pj is usually computed by vectorizing the matrix and compute

its gradient as

∂[(B⊤ ⊗B⊤)vec(Pj)]

∂vec(Pj)
= B⊤ ⊗B⊤ ∈ R

M2×N2

.

We need an M ×M matrix in order to compute the new

kernel matrix P . To this end, we sum the elements of each

row and create a new column vector as follows

bp =

N2∑

q=1

(B⊤ ⊗B⊤)pq ∈ R,

where p = 1, ...,M2 and q = 1, ..., N2. Let denote b =
[b1, · · · , bM2 ]⊤ ∈ R

M2

. Then, a new matrix B is constructed

as B = mat(b) ∈ R
M×M .

A similar approach is used to compute the derivative of

∂[B⊤PjA]/∂Pj which produces a new matrix C = mat(c) ∈
R

M×N with c = [c1, ..., cNM ] ∈ R
NM and

cr =
N2∑

q=1

(A⊤ ⊗B⊤)rq ∈ R, r = 1, ..., NM.
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Remark 1: The obtained matrices B and C are valid for

one single agent (drone in this case). However, for multi-

agent problems, these matrices cannot be used since the sum of

rows produce wrong update directions for the kernel matrix

P derived by the block-diagonal structures of both A and

B. This makes hard to know how we can manipulate the

high dimensional matrices B⊤ ⊗ B⊤ and A⊤ ⊗ B⊤ into

an appropriate lower dimensional representation.

To deal with the challenge of Remark 1, we observed that:

i) ‖B⊤ ⊗B⊤‖ = ‖B⊤B‖ which means that the Kronecker

product distributes the values of B⊤B in a higher dimensional

space, ii) the control inputs in u are not coupled (linearly

combined) by matrix B such that B⊤B is always a positive-

definite diagonal matrix, and iii) the kernel matrix Pj is sparse

due to the uncoupled physics between agents.

Assumption 2: To maintain the sparsity of the kernel matrix

P j and exploit the topology of matrices A and B, we approx-

imate the partial derivatives with the following expressions

∂L−1
j

∂Pj
≈ −L−1

j B⊤BL−1
j ,

∂B⊤PjA

∂Pj
≈ B⊤A.

Assumption 2 ensures stability of the proposed algorithm,

whilst preserving the sparse topology of the multi-agent prob-

lem. Here, the loss of information is attenuated by Assumption

1 which ensures sparsity of the kernel matrix, whilst the most

important information is captured in the diagonal terms of both

Ql and Pj . Therefore, the new improved kernel matrix P is

P = Pj + γ
(
E⊤

KL−1
j B⊤(A−BKj+1)

+(A−BKj+1)
⊤BL−1

j EK

)
.

(21)

Then, a new improved kernel gain is computed as

K = (R+B⊤PB)−1B⊤PA. (22)

We compute an estimate matrix Q̂ = [Q̂uv]1≤u,v≤N ∈
R

N×N of matrix Qj+1 using the DARE (7) as,

Q̂ = P −A⊤PA+K
⊤(R+B⊤PB)K. (23)

The estimated matrix Q̂ is a symmetric matrix that does not

follow Assumption 1 and can be a negative definite matrix. To

overcome this issue, we exploit the topology of Q to construct

an appropriate weight update Ql+1 as follows

Ql+1 = H[Q̂] := diag(q1) + (1W − IW )⊗ diag(q2), (24)

where H[·] is an operator that recovers the diagonal elements

of each n× n block matrix of Q̂, q1 = [Q̂11, · · · , Q̂NN ]⊤ ∈
R

N has the diagonal elements of matrix Q̂ and q2 =
[Q̂n+1,n+1, · · · , Q̂2n,2n]

⊤ ∈ R
n has the diagonal elements of

the second n×n block matrix of Q̂. Algorithm 1 summarizes

the proposed PI-MAIRL.

The following theorem establishes the convergence of the

proposed PI-MAIRL to uncover the reward goal of drone

swarms.

Theorem 1: Consider an optimal global control policy K

based on diagonal reward weights. Assume that the obser-

vational data is rich enough such that Φ has complete rank

in each RL episode. Then, the global reward weight Ql and

Algorithm 1 PI-MAIRL algorithm

Require: Dataset X , state transition matrix A0 and reward

weight R. Initial weight matrix Qj=0 and learning rate

γ > 0. Stabilizing control policy u0 = −K0x. Set j = 0,

l = 0, and a small thresholds ǫK > 0 and ǫQ > 0.

1: while ‖Ql+1 −Ql‖ > εQ do

2: if j = 0 and ‖Kj+1 −Kj‖ > ǫK then

3: Collect κ samples to construct Φ and Ξ.

4: if rank(Φ⊤Φ) = ι then

5: Compute the BLS rule (16) and update control

policy Kj+1 using (17).

6: Estimate B using (18).

7: Set j ← j + 1
8: else if j 6= 0 and ‖Kj+1 −Kj‖ > ǫK then

9: Solve DARE (7) and compute control gain Kj+1

using (8)

10: Set j ← j + 1
11: else if j 6= 0 and ‖Kj+1 −Kj‖ ≤ ǫK then

12: Update kernel matrix P and control gain K using

(21) and (22).

13: Compute Q̂ using (23) and update weight matrix

Ql+1 using (24).

14: Set l← l + 1 and ‖Kj+1 −Kj‖ > εK .

15: end if

16: end if

17: end while

kernel matrix Pj updated as in Algorithm 1 converges to their

exact values in the limit.

Proof: Assume that we have κ sample trajectories of the

swarm such that rank(Φ⊤Φ) = ι. Then, in each IRL episode

l, the estimated Ql+1 satisfies the following DARE

Ql+1 = H[P−A⊤PA+A⊤PB(R+B⊤PB)−1B⊤PA].

In addition, the weight matrix Ql+1 satisfies the following

DARE in each RL episode j + 1

Ql+1 =Pj+1 −A⊤Pj+1A

+A⊤Pj+1B(R+B⊤Pj+1B)−1B⊤Pj+1A.

Recall that P = Pj − γ ∂E
∂Pj

and is updated in the direction

that EK is minimized. Here, by forcing Ql+1 to have a

specific structure enables that the gain error EK is minimized,

i.e., limj→∞ Kj = K. Then and without loss of generality,

the DARE of the IRL is reduced to

Ql+1 =H[Pj −A⊤PjA+A⊤PjBL−1
j B⊤PjA].

Equalling both the RL and IRL parts give

Pj+1−A
⊤Pj+1A+A⊤Pj+1BL−1

j+1B
⊤Pj+1A

=H[Pj −A⊤PjA+A⊤PjBL−1
j B⊤PjA].

The above equality holds if and only if Pj = Pj+1. In addi-

tion, since we incorporate the operator H[·] then the multiple

solution problem of IRL models is avoided. In consequence,

since the weight matrix Ql has a specific structure then Pi

converges to an unique kernel matrix that matches with the

optimal kernel matrix P , i.e., limj→∞ Pj = P and hence,
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this implies that the global reward weight Ql converges to the

exact Q, i.e., liml→∞ Ql = Q. This completes the proof.

Remark 2: In contrast to previous approaches using IRL,

the proposed approach can uncover the exact reward function

by forcing the reward weights to have a specific structure.

Previous methods can effectively handle the IRL challenge for

a single agent, however for multi-agents the approach becomes

unstable due to the sparsity of the optimal control solution.

Previous work [16] used reward function values as constraint

in the IRL algorithm to uncover the exact reward function.

However for multi-agent this assumption is prohibitive and

faces the same sparsity challenge.

Remark 3: The computational complexity of the proposed

PI-MAIRL is given by the off-policy model-free RL part with

O(jι2(κ+ι)). The BLS (16) requires to compute ι parameters

each j episode, which clearly increases as the number of

agents W increases.

D. Network Topology Inference

We can infer the network topology from the global weight

matrix Q. Due to the topology of the graph, we know that the

off-diagonal elements of the Laplacian L are either 0 or −1
such that for each n × n off-diagonal block matrix of Q we

have either an n× n zero matrix or −Q1, that is,

L̂ij =





0 if QI,J = 0n,
0 if I = J,
−1 if otherwise,

(25)

where I = (1 : n) + n(i − 1) and J = (1 : n) + n(j − 1)
for i, j = 1, ...,W . This produces a symmetric n × n matrix

with diagonal of zeros. From matrix L̂ = [L̂ij ] we can obtain

both Q1, L and Q0. The weight matrix Q1 can be easily

obtained by finding the indices i and j where L̂ij = −1, i.e.,

Q1 = −L̂I,J with I 6= J . To obtain the Laplacian matrix, we

first compute the diagonal terms as the sum of the elements

of each row i = 1, ...,W of L̂, i.e.,

Di = −
W∑

j=1

L̂ij .

Then, the Laplacian is given by

L = L̂+D, (26)

where D = diag{D1, ...,DW }. Then Q0 can be computed by

considering the first n× n block of Q as

Q0 = QI,J −D1Q1, I = 1 : n, J = 1 : n. (27)

IV. SIMULATION STUDIES

In this section we consider a set of different drone swarms

with physically decoupled dynamics (see Fig. 3). It is assumed

that each drone communicates equally with the other drones.

All computations are executed on an Intel(R) Core(TM) i9-

10885H 2.40 GHz, 32-GB RAM, with MATLAB 2023b.

Each drone has the same dynamics with an undirected graph

topology. We use a hovering continuous-time linear model and

(a) Five drones (b) Ten drones

(c) Fifteen drones (d) Twenty drones

Fig. 3. Network Topologies considered in this research

discretize it using a sample time ts = 0.05 seconds. The linear

model for each drone is

A0 =

[
I3 tsI3
03 I3

]
, B0 =




0.0123 0 0
0 −0.0123 0
0 0 0.0027

0.4905 0 0
0 −0.4905 0
0 0 0.1071



.

The weight matrices of the cost or reward function are set

to Q0 = diag{1, 1, 1, 5, 5, 5}, Q1 = diag{1, 1, 1, 0, 0, 0}, and

R0 = I3. We test different learning rates and choose the one

that provides the best performance in terms of accuracy and

time. We use an initial reward weight of Ql=0 = IN . The

final learning rate is γ = 50.

A. Single drone

We first test the proposed approach using one single drone

to provide numerical results of both the kernel matrix and

reward weights. The optimal kernel matrix and control gain

for the proposed expert weights

K =



0.5856 0 0 1.3543 0 0

0 −0.5856 0 0 −1.3543 0
0 0 0.878 0 0 2.162




P =




46.2521 0 0 2.3252 0 0
0 46.2521 0 0 2.3252 0
0 0 49.2495 0 0 9.4067

2.3252 0 0 7.8191 0 0
0 2.3252 0 0 7.8191 0
0 0 9.4067 0 0 25.4286



.

We stop the proposed algorithm when ‖Ql+1 − Ql‖ ≤
0.001. Fig. 4 shows the convergence results of the proposed PI-

IRL. The algorithm converges in l = 23 and j = 30 episodes

to the following values

K39 =



0.586 0 0 1.3543 0 0
0 −0.586 0 0 −1.3543 0
0 0 0.8777 0 0 2.1621




P39 =




46.289 0 0 2.327 0 0
0 46.289 0 0 2.327 0
0 0 49.234 0 0 9.4036

2.327 0 0 7.8191 0 0
0 2.327 0 0 7.8191 0
0 0 9.4036 0 0 25.4293




Q23 = diag([1.0009, 1.0009, 1.0009, 4.9999, 4.9999, 5.0004]).
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The obtained results effectively demonstrates that the PI-

IRL can uncover the reward function from the observed

data. Here, we can accelerate convergence of the approach

by increasing the stopping threshold, however this lead to

degradation of the control policy.

0 5 10 15 20 25

0

10

20

30

(a) Model-free RL convergence

0 5 10 15 20 25

0

1

2

3

(b) Model-based IRL convergence

Fig. 4. Convergence results for the single drone case

We tested the inferred reward function in a learner agent

for imitation learning [44], [45]. Fig. 5 shows the evolution of

the states of both the drone and the learner agent.

0 5 10 15 20 25

-1

0

1

2

Fig. 5. Single drone case. Learned policy for imitation learning. Solid lines
are the expert trajectories and the dotted lines are the learner trajectories.

Since the learned reward and policy are almost equivalent,

then the learner agent achieves effectively the same expert

trajectory profile.

Remark 4: The proposed approach is limited to the detection

capabilities of current sensing technologies. This means that

current sensors (e.g., radars, cameras) can only capture the

data of certain number of drones, but they will struggle to

capture the data of a large drone swarm. In this paper, we

will assume that we can collect the trajectories of each drone

effectively.

B. Ten Drones

Consider a drone swarm composed by ten drones. The

convergence results of the proposed PI-MAIRL are shown in

Fig. 6. Here, the RL and IRL algorithms converge in j = 51
(RL episodes where ‖Kj+1−Kj‖ ≤ εK) and l = 41 episodes,

respectively.

0 10 20 30 40 50

0

100

200

(a) Model-free RL convergence

0 10 20 30 40 50

0

5

10

(b) Model-based IRL convergence

Fig. 6. Convergence results for the ten drones case

We tested the inferred reward function in a learner swarm

of ten drones for imitation learning. Fig. 7 shows the evolution

of the states of both the real and the learner drone swarm.

0 1 2 3 4 5

-5

0

5

Fig. 7. Ten drones case. Learned policy for imitation learning. Solid lines
are the expert trajectories and the dotted lines are the learner trajectories.

In this particular scenario we observed that the proposed

learning rate is large in some directions of the optimization

of P . Further work, will analyse the use of adaptive learning

rates (similar to the ones used in RMSprop and Adam) to

improve the kernel update in flat dimensions.

C. Fifteen Drones

Consider a drone swarm composed by fifteen drones. The

convergence results of the proposed PI-MAIRL are shown in

Fig. 8. The results shows convergence of the kernel matrix

Pj , control gain Kj , and the weight matrix Ql similarly to

the ten drones case. In this scenario, the collection of data for

the construction of Φ plays a critical issue. Here, the number

of parameters to estimate grows to 9,180 which means that

we need to have a rich and large dataset X to construct a full

rank matrix Φ, i.e., rank(Φ) = 9, 180.

0 10 20 30

0

100

200

(a) Model-free RL convergence

0 10 20 30

0

5

10

15

(b) Model-based IRL convergence

Fig. 8. Convergence results for the five drones case

In addition, the transformation from the raw data X into

the appropriate representation in Φ requires a considerable

large computation time. This is because we need to compute

the Kronecker product between large vectors of dimensions N
and M and do this operation at least ι times. This is usually

not a problem in single-agent IRL algorithms since the data

transformation is simple, but in the multi-agent case plays a

critical problem. This means that the algorithm takes too much

time in only transforming the data without computing the BLS

update rule of the model-free RL algorithm. This is a critical

issue in fully data-driven approaches which needs to process

new data in the subsequent episodes. The proposed approach

aims to reduce this issue by only computing one-single model-

free RL episode and changed into a model-based RL approach

that avoids the data transformation.

D. Twenty Drones

Consider a drone swarm composed by twenty drones. The

convergence results of the proposed PI-MAIRL are shown in

Fig. 8. This case is similar to the fifteen drones case, which
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TABLE I
COMPARISON RESULTS ACROSS DIVERSE SWARMS

‖K −Kj‖ ‖P − Pj‖ ‖Q−Ql‖ Time (seconds)

Swarm pMAIRL PI-MAIRL pMAIRL PI-MAIRL pMAIRL PI-MAIRL pMAIRL PI-MAIRL

One drone 4.51× 10
−4 0.0014 0.0369 0.0806 8.87× 10

−4 0.0023 0.3930 0.1792

Two drones 0.0196 7.3686× 10
−4 0.1876 0.0403 0.0084 0.0020 2.87 0.3142

Three drones 0.0331 6.9646× 10
−4 0.4056 0.0380 0.0181 0.0022 13.4885 0.6280

Four drones 0.045 6.1138× 10
−4 0.7649 0.0332 0.0345 0.0021 48.1067 1.2688

Five drones 0.0564 5.1313× 10
−4 1.4487 0.0276 0.0651 0.0020 164.1314 3.0434

Ten drones 0.1563 3.1686× 10
−4 10.8158 0.0160 0.5197 0.0016 15,135.4753 220.0121

Fifteen drones 0.4571 3.0327× 10
−4 92.823 0.0137 1.0375 0.0018 60,785.8453 1,755.036

Twenty drones 1.1232 6.3553× 10
−5 153.6587 0.0030 2.3498 2.8183× 10

−4 115,872.3865 12,335.9679

demonstrate convergence of each element of the PI-MAIRL,

but requires a large amount of data and its time consuming

due to the data transformation. We need to collect 16,290

samples to construct matrix Φ, however the richness of the

data plays a major role in large swarms, since the collection

of linear independent samples become harder. In consequence,

the algorithm will take more iterations to construct a full rank

matrix Φ. This issue is solved by adding more frequencies into

the probing noise signal, however since the data transformation

process is too slow then it is difficult to verify if the probing

noise effectively excites all the modes of the multi-agent

platform.

0 10 20 30 40

0

100

200

300

(a) Model-free RL convergence

0 10 20 30 40

0

10

20

(b) Model-based IRL convergence

Fig. 9. Convergence results for the five drones case

E. Comparative Studies

The computation time issue in distributed autonomous sys-

tems was addressed by [46]. Here, a dynamic mode decom-

position approach is applied to consider only the elements

of Φ associated to the largest singular values which contains

the most important information of the swarm dynamics. This

algorithm reduces the computational complexity of the BLS

rule of model-free RL algorithms, however it still suffers

of the computation time issue of the data transformation.

Furthermore, the low-dimensional representation of Φ cannot

be applied directly for reward inference purposes using IRL

algorithms. This is because the new system is under other

coordinates that we do not have direct measurements. IRL has

been effectively applied in multi-player games [47], however

the nature of the distributed problem makes IRL algorithms

to be computationally unsuitable due to the calculation of two

different BLS update rules and two different data transforma-

tions. In view of this and to conduct a fair comparison, we use

the model-free RL algorithm proposed in [46] combined with

the proposed model-based IRL approach, that is, we do not

consider the model-based RL element. This will allow to show

the issues of data-driven IRL approaches under distributed

autonomous systems. We denote this algorithm as partial data-

based MAIRL (pMAIRL).

We use the spectral error norm results and computation

time as metrics to compare the pMAIRL and the proposed

PI-MAIRL. Table I summarizes the obtained results across

different swarm cases. The comparison results show that as

the number of drones in the swarm increases then the spectral

error norm increases for the pMAIRL. This is expected since

the dimensionality of the global system increases by W 2. For

example, for the ten drones case, the spectral error norm of

the kernel matrix is 10.8158, however the number of elements

in P is 3, 600 such that small deviations in each term are

accumulated and produce a larger spectral error norm. This

error can be attenuated by reducing the thresholds εQ and εK
in Algorithm 1. On the other hand, the proposed PI-MAIRL

decreases the spectral error norm as the number of drones

increases. Here, by transforming the problem into a model-

based RL approach, it adds constraints into the learning phase

of the RL algorithm to compute the gain Kj+1 and the kernel

matrix Pj . This reduces the approximation error of data-driven

approaches and avoid multiple-solutions even for large drone

swarms.

The computation time is highly decreased by incorporating

the physics-informed element. It is clear that the pMAIRL

takes more time to converge to a near optimal solution when

the number of drones increases. Here, the data transformation

conducted by the model-free RL algorithm takes more time

compared with the computation of the BLS update rule (16).

Notice that the pMAIRL uses a model-based IRL algorithm to

reduce the computational resources. The IRL loop computes in

a simple step the next weight matrix Ql+1 without collecting

data. If the physics-informed element is not given, then the

IRL will need to be designed as a model-free architecture

that faces the same computational issues compared with the

model-free RL architecture, i.e., it will increase almost twice

the computation time. This is an open challenge in the current

state-of-the-art that we will address as future work.

The PI-MAIRL faces the same data transformation issue,

however it notably reduces the computation time by switching

from model-free RL into a model-based RL. This avoids the

data-transformation step of model-free RL and IRL approaches

and constraints the learning manifold of the overall algorithm

for accurate inference results.

F. Large Swarms

In this paper, we consider that each drone has 6 states and

3 inputs. This increases the computational demands for big
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swarms. For example, if we consider 50 drones then we need

to estimate 101,475 parameters and construct a square matrix

of linear independent samples Φ ∈ R
101,475×101,475 which is

prohibitive due to computational constraints. To reduce this

problem we can exploit the decoupled nature of the drone

linear model and divide the dynamics into 3 two-dimensional

subsystems.

For instance, consider just the position in the x-axis whose

dynamics is

A0 =

[
1 0.05
0 1

]
, B0 =

[
0.0123
0.4905

]
.

In this case, for 50 drones we need to estimate just 11,325

parameters which is just 11.16% of the full state system.

We applied the proposed approach using this sub-system and

consider 50 drones. For this case, we use γ = 10. The results

are shown in Fig. 10.

(a) Network topology

0 20 40 60 80 100
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200

400

(b) Model-free RL convergence

0 20 40 60 80 100

0

20

40

(c) Model-based IRL convergence (d) Learned policy for imitation learn-
ing

Fig. 10. Results for the 50 drones case

The results converge to the following values ‖K −Kj‖ =
0.0013, ‖P −Pj‖ = 0.2201, and ‖Q−Ql‖ = 0.0421. These

results effectively demonstrate that the proposed approach can

deal for a large number of drones. However, the computational

time notably increases as the number of drones increases. For

this case, the algorithm takes 3997.48 seconds (approximately

1 hour 11 min) to converge. This means that when the full

state is considered then the computation time grows up to

more than 10 hours. This is more sensitive in the model-free

version where the computational time increases to more than

a day for large swarms under two-dimensional drone models.

Further work will study how to exploit the sparse dynamics

of the distributed system to reduce the computational demands

of the proposed approach.

V. CONCLUSIONS

This paper reports a physics-informed multi-agent inverse

reinforcement learning (PI-MAIRL) to uncover the reward

goals of drone swarms. The drone swarm is modelled as a

global linear system and the communication between each

drone is reflected in the reward function of the global optimal

control problem. The proposed architecture uses a hybrid

model-free/model-based reinforcement learning algorithm to

iteratively find the control gain and kernel matrix that solves

a discrete algebraic Riccati equation. Prior knowledge of the

state-transition matrix of a single drone is used as a physics-

informed structure that enables the construction of a model-

based policy error inverse reinforcement learning algorithm

that notably reduces the computation time of the overall

architecture. The network topology can be inferred from the

final reward weights. Simulations studies are conducted under

different drone swarm to show the benefits of the proposed

methodology and its disadvantages. The results show that the

proposed approach can effectively uncover the reward goals

for different drone swarms, but the computation time highly

increases as more agents are considered.

Future work will consider three main research areas: 1)

reduce the computational complexity of the proposed approach

due to the sparse topology of the kernel matrix, 2) consider

multi-agent systems that are connected both in communication

and physically, and 3) analyse how the proposed methodology

can be expanded into reward functions with different struc-

tures.
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