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Abstract—State estimation of autonomous platforms is a cru-
cial element in the design and test of perception algorithms. The
nonlinear nature of autonomous platforms makes hard to design
accurate state estimation algorithms without using linearization
techniques, large amount of data or knowledge of the physical
parameters of the platform. This paper reports a novel state
estimation algorithm of autonomous platforms. The proposed
approach is based on a physics informed recurrent neural
network (PIRNN) that combines the power of recurrent nets
with an estimate structure of the autonomous platform model.
This estimated model regularises the weights’ manifold of the
network for the accurate estimation of the states. Boundedness of
the proposed PIRNN is verified using Lyapunov stability theory
as long as the physics-informed signals satisfy a persistent of
excitation condition. Simulations are conducted to test the PIRNN
model and show its benefits and challenges.

Index Terms—state estimation, autonomous platform, physics
informed recurrent neural network, memory terms, persistent of
excitation

I. INTRODUCTION

State estimation is a well known research topic in control
and signal processing communities that has increased its
relevance due to the proliferation of autonomous platforms.
The main goal of state estimation algorithms is to estimate the
states of the system using only the observable states and a high
fidelity model [1], [2], whilst reducing the variance associated
to noise in sensors’ measurements [3], [4]. The state estimation
process is crucial for the design of controllers [S], [6] and for
data collection in modern data-driven [7] and machine learning
architectures [8]-[10].

State observers [11], [12] and Kalman filters are the most
common techniques used for state estimation. Here, Kalman
filter and its variants [13], [14] are widely used as a signal
processing module in on-board control platforms embedded
in the autonomous platform [15]-[17]. The Kalman filter
module uses a simplistic kinematic model under a Gaussian
distributed noise [18]-[20] assumption as a prior model to
estimate the unobservable states. However, this simplistic
model cannot cover all the properties of the real dynamics,
such that biased state estimates are obtained and, in the worst
case, the algorithm diverges [21]. KalmanNet [22] has been
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used to estimate the covariance matrices associated to both
the model and measurement noise. This is done by combining
neural networks with Kalman filter such that prior models
with low representation capabilities are enhanced with a more
precise Gaussian distributed noise [23]. Nevertheless, poor
state estimations can be obtained due to the estimation of a
large Gaussian distribution which increases the variance and
deteriorate the state estimates.

Recurrent neural networks (RNN) [24], [25] have been
applied to model a nonlinear system dynamics as a sum of
a linear system with stable eigenvalues and a feed-forward
neural network as nonlinear compensator [26]. The approach
uses s-shaped functions as activation functions (e.g., sigmoid
and hyperbolic tangent functions) to model the non-linearities
of the real model. However, the approach is quite sensitive
to the proposed stable linear system. Furthermore, the learned
weights and network structure do not have a physical relation
with the real system which may pose a challenge in the
generalization power of the network.

In the last decade, physics-informed neural networks
(PINN) [27] have been adopted to incorporate prior informa-
tion of the system dynamics to regularize the learning process,
whilst satisfying the governing physical laws. This allows to
improve the states estimation with noise suppression. Three
different physics informed architectures can be found in the
literature [28] which are either applied: i) as a regularization
term in the loss function, ii) as physical laws that ensures
the learning weights have a physical meaning [29], and iii)
as a model structure that constraints the weights manifold
[30]. Here, the main assumption of PINN is knowledge of
the system parameters and structure, which in most of cases
are unknown or partially known. In this scenario, inaccurate
models produce biased estimates that can compromise the
performance of control architectures or machine learning al-
gorithms [4], [31].

Parameter identification algorithms [32]-[34] are used to
estimate the parameters of a given system using either gradient
[35], [36] or least-squares rules [37]. However, noisy signals
degenerate the parameter estimates values. This issue has
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been solved by incorporating well-designed filters to reduce
the noise, but with the compromise of adding some time-
delay or losing information. Additionally, these models require
measurements of the time-derivative of the states which are
usually not available or require additional sensors that produce
high levels of noise.

In light of the above, the current challenges in state es-
timation algorithms and neural networks approaches are: 1)
an accurate model is required as a prior to estimate ac-
curately the complete states vector, 2) states measurements
with enough richness are required to cover all the properties
of the autonomous platform, 3) basis functions or activation
functions in neural networks lacks of physical meaning, and
4) linearisation methods or large amount of data are required
to construct a local linear model that captures the dynamic
properties of the nonlinear model.

To alleviate the aforementioned issues, a novel physics in-
formed recurrent neural network (PIRNN) for state estimation
is proposed. The approach constructs an RNN based on a
physics-informed structure obtained from a state parameteriza-
tion of the autonomous platform nonlinear differential equation
solution. This parameterization is obtained from an estimated
model of the autonomous platform. The states of the estimated
model are noise free and feed the RNN for the weights
learning. The PIRNN does not require knowledge of the
parameters or noisy signals. Stability and boundedness of the
PIRNN architecture is verified using Lyapunov stability theory
as long as the physics-informed signals satisfy a persistent
of excitation condition. The combined contribution of this
paper with respect to previous works in state estimation of
autonomous platforms are stated as follows:

e A novel physics-informed recurrent neural network

(PIRNN) for state estimation is proposed.

e The physics-informed element appears as memory func-
tions that feed the RNN to regularise the weights’ learn-
ing manifold.

e The basis/activation functions of the proposed PIRNN
are constructed from the nonlinear structure of the au-
tonomous platform.

e Neural weights convergence is achieved under the fulfil-
ment of a persistent of excitation (PE) condition.

The paper outline is as follows: Section II provides the
preliminaries of the problem. Section III establishes the
physics-informed recurrent neural network architecture for
state estimation under a novel parameterization of the solution
of the autonomous platform nonlinear differential equation.
Section IV reports the simulation studies using two different
autonomous platforms: a 1 degree-of-freedom (DOF) robot
a 3-DOF drone’s attitude dynamics. The conclusions are
presented in Section V.

II. PRELIMINARIES
The autonomous platforms discussed in this paper fulfil the
following nonlinear system structure

T f(z,u), x(to) = xo, 0
z =z+w, w~N(0,R),

where & € R" defines the state vector, u € R™ is a
known control input vector, z € R™ defines the output linear
measurements, w € R™ denotes a Gaussian distributed noise
with a zero mean vector and covariance R = RT > 0 €
R™ ™, f(x,u) € R™ is the autonomous platform dynamics
in function of both the state and control vectors.

The following assumption is required for the construction
of the proposed approach,

Assumption 1: The function f(x,u) is Locally Lipschitz
and f(0) = 0. Additionally, the structure of f(x,u) is
assumed to be known such that it can be written as linear com-
bination of known basis functions {¢1(x,u),-- , (2, u)}.

According to Assumption 1 and the Weierstrass approx-
imation theorem [38], the nonlinear function f(x,u) can
be linearly approximated by a matrix of basis functions
®(z,u) € R” as follows

flz,u) = WT‘ID(w,u), 2)

where W € R"*" defines an unknown weights matrix with
constant parameters and ®(x,u) is a vector composed by
the basis functions {¢1(x,u), -, ¢.(x,u)}. The nonlinear
autonomous platform dynamics (1) is equivalently written as

=W d(xz,u). (3)

Remark 1: The basis functions {¢1(x,u), -, ¢, (x,u)}
define a physics informed structure that is used to regularize
the weights’ learning manifold.

The challenge for state estimation of nonlinear autonomous
platforms is that most of the algorithmic tools require unmea-
surable signals given by the time-derivative of the states [30].
This avoid the construction of standard system identification or
state estimation techniques. A state parameterization [12], [39]
is used to write the nonlinear differential equation (3) in terms
of its solution and the available states measurements z. This is
achieved by incorporating the following linear dynamics into
3) as

& =—Ax+ W' ®(x,u)+ Az, 4)

where A = A, € R"™ " is a positive definite diagonal
matrix with values A > 0. This new term helps to construct
a solution of the differential equation which exhibits input-to-
state stability (ISS) [40]. The solution of (4) is

t
x(t) =e A p(t0) + WT / MV (x(0), u(0))do
to
t

Ao (0)do.
to

+ A
Define

m(z) = / AV ®(x(0), u(o))do

to
t
n(x) = / Ao (0)do.
to
The solution of the autonomous platform parameterization
in (1) is rewritten as

x(t) = e Mg (t)) + WTm(x) + An(z). (5



The integral functions m(xz) and n(x) are memory terms
equivalent to momentum terms in neural networks which can
be computed as follows

= —)\m((L‘) + ‘I’(a:,u), m(az(to)) = 0,x1,
= —An(z) +z, n(x(ty)) =0,x1- ©

Remark 2: The parameterization model (3) can be used
directly as a physics-informed structure for state estimation.
However, the update rule (12) will depend on the time-
derivative of the states vector which is not available in this
approach. Well-designed filters can be used to estimate them
from the raw measurements but this is time consuming and
incorporates time-delays in the filtered signals.

In the following section, this issue is solved by using an
estimated model of the nonlinear dynamics (3) which uses
estimates of the states to build the basis functions ®(-) and
the memory terms m(-) and n(-).

m(x)

III. PHYSICS INFORMED RECURRENT NEURAL NETWORK
(PIRNN) MODEL

The proposed physics-informed recurrent neural network
(PIRNN) architecture is depicted in Fig. 1. An estimated model
is constructed as a physics-informed model of the autonomous
platform whose states are used to train the RNN [41]. Here,
the difference between the output measurements z and the
estimated model w are used to update the RNN weights.
The RNN uses the two memory functions constructed from
the autonomous platform structure and the estimated states to
regularize and constraint the learning manifold of the RNN
weights. This provides to the weights of a physical meaning
that improves the performance of the RNN for state estimation
and noise suppression.

A PIRNN network is constructed using a model estimate of
(1) with the following equivalent structure

¥y = f(y,v),

w =Y,
where y € R"™ defines the state vector of (7), v € R™ is
the control input vector with the same form as the control
input w in (1), w € R™ denotes the output vector of (7),
f(y,v) € R™ is an estimate of the drift dynamics f which
satisfies the following parameterization

f(y’v) =

where W € R"™™" is the estimate of W. Then, the estimated
model (7) is written as a RNN architecture of the form

y(tO) = T, (7)

WT(y,v), ®)

y=WTe(y,v). )

The solution of the RNN model (9) can be written in terms
of the memory terms as

y(t) = e 20y (10) + W m(y) + An(y).

In contrast to (6), the RNN solution (10) is based on the
estimated states of (7) that do not contain noise. Thus, we
only require to design a mechanism that connects both the

(10)

real nonlinear trajectories with the estimated ones of the RNN
to estimate the weights of the linear parameterization and infer
the system states with noise attenuation. To this end, the output
error e € R™ between the system outputs z and the output
of the RNN model w is used as main signal to bridge both
models. The output error e is given by

e=z-—-w=Tr+w-—1y
=WTm(z) - W m(y) + Aln(z) — n(y)] + w
= —WTm(y) +e, 1D

where the weights error is given by W=W-W eR"
and e = W T [m(x) — m(y)] + A[n(z) — n(y)] +w is an
approximation error with upper bound & > 0, i.e., ||| < &
Here, the RNN weights are estimated with the following
update rule based on a modified Levenberg—Marquardt algo-

rithm
m(y) el

w=w-=r"¥,
m

; 12)
where I - 0 € R™*" is a diagonal gain matrix and m = 1 +
m" (y)m(y). Weights convergence is ensured if the inputs
in the basis functions ¢;(y, v) fulfils a persistent of excitation
(PE) condition (also known as uniform complete observability
(UCO) [42]). This is usually achieved by adding a probing
noise into the control input signal to excite the network modes
such that the weights learning is improved.

The following theorem is used to establish the uniform
ultimate boundedness (UUB) of the trajectories of the weights
estimates (12) as long as the signals within m(y) fulfil a PE
condition.

Theorem 1: Consider the output error function (11) between
the nonlinear autonomous platform model (5) and the model
estimate (10). Let the weights being updated by the update
rule (12) and assume that m(y) is PE. Then the trajectories
are UUB and W remain bounded.

Proof: Consider the following Lyapunov function

V= %tr{WTr*1W}.

The time-derivative of the Lyapunov function under the
output error trajectories (11) and the update rule (12) is

V =te{WTT'W},
:tr{WT%eT}

- tr{ﬁﬁ%"f(y)ﬁ“/} + tr{ﬁ?T%?eT}

=[] (HW“”“” |-

Therefore, Vv <0 if

1)

- m
< - HWT_

m

]

=u> |5



PIRNN Architecture

Memory term

=

W =

r mS)’) N
m

‘ s m(y) = -dm(y) + 2(y,v) "
—— m
m(y)
——> my
——> m,
RNN
\ 2 -
Update rule

Memory term

n(y)=—An+y

Fig. 1. Physics-Informed Recurrent Neural Network Architecture

because m > 1.

Then, there exists a large enough m(y) that ensures that the
trajectories of (12) converge into a bounded set S of radius
1, i.e.,lﬂﬁ}j—wu < p and hence, the trajectories of (12)
are UUB. The uniform complete observability (UCO) result is
used to verify the boundedness of the weights W. Consider
the update rule (12) written as the following linear-time variant
(LTV) system

W = B(t)v
o=C{tW
where B(t) = I‘mély) ,C(t) = m;(y), and v = % By con-

struction, both B(t), C(t) and o are bounded. Additionally,
substituting (11) in v yields

T(W T
__m W e

m
vl < 2¢,

which allows to conclude that v is also bounded. So, since
the input v and output o are bounded and the memory
vector m(y) is bounded and fulfil a PE condition ensures the
boundedness of W. This completes the proof. ]

IV. SIMULATION STUDIES
The proposed approach is assessed using two mechanical
systems: 1 degree-of-freedom (DOF) robot and the 3-DOF
drone’s attitude dynamics. Matlab 2023a is used to code the
proposed PIRNN with a sample time of 0.001 and Runge-
Kutta integration solver.

A. 1-DOF Planar Robot

Consider a 1-DOF planar robot whose dynamics satisfies
the following nonlinear differential equation [43],

j)lzl‘g

. 1 g.( )
To = —5T7 — — ST
2 ml2T I 1)

where z; and x5 denote the joint position and angular velocity
of the arm, m = 0.5kg is the mass, [ = 1m is the length of
the arm, g = 9.81m/s? is the gravitational acceleration and
7 is the driven torque. The gravitational torque is given by a
proportional derivative (PD) controller [44] given by

7 =40(2 — 1) + 30(2d — x2) + 6,

where ¢ = [2¢,28]T € R? is a desired reference and §
is a persistent of excitation signal given by an exponential

decaying sinusoidal signal with different frequencies.



The vector of basis functions based on an estimated model
is ®(y) = [y2,sin(y1),v]" € R3, where v has the following
structure

V= 40(33‘11 —y1)+ 30(1‘3 —yo) + 0.

The gains of the memory vectors and weights are set to
A = 2000 and T' = 500013, respectively, wher I3 € R3*3
denotes a 3 x 3 identity matrix. The state inference results
are given in Fig. 2. The results demonstrate that the PIRNN
network is capable to accurately infer the trajectory with noise
suppression. One of the major benefits is the incorporation of a
physics-informed structure that regularizes the weights. This is
shown in Fig. 3(a) where the weights of the network converges
and remain bounded. Moreover, these weights satisfy the
physics model avoiding large learning weights. Here, the
weights are not equivalent to the physical model since the
proposed PIRNN finds a physical linear combination of the
weights based on the basis function in ®(y,v).
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Fig. 2. State Inference results

One important property of the proposed PIRNN is that
maintains similar properties to Kalman filter algorithms. The
output error e is equivalent to the innovation in Kalman filter,
that is, only the noise generated by the sensors is obtained
(see Fig. 3(b)), whilst the real signal without noise (or with
noise attenuation) is recovered as state estimate.
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0 200 400 600 800 o2
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(a) Physical weights learning

Error e
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Time (s)

(b) Output error e

0 200

Fig. 3. Weights convergence and output error results

B. Drone Attitude Dynamics

Consider the drone attitude dynamics given by

Ty =mx4, d2=2x5, I3= T,
. 1 I, - I,
Ty = ZTd) — Ix T5X6,
Ty = iTe — L-L T4Tg
5 Iy ]—y ’
. 1 I, -1,
T = Tzﬂ/, — Iz TpTs,

where ©, = [21,72,73]" € R? and @, = [24,75,76] T € R?
denote the roll, pitch, yaw angles vector and their correspond-
ing angular velocities vector, I, I, I, are the moments of
inertia in the principal axes, and T = [74,Tp, Ty] | € R stands
to the input torque. The following values are considered in this
experiment I, = I, = 4.856 X 1073 and I, = 8.801 x 1073
kgm?, which are nominal values in several real-world drones.

A simple PD controller is used with the following structure

T = 4(:BZ —xp,) +3(zt — x,) + 9,

where ¢ = [z{,24, 29" € R® and a¢ = [2§,2¢,28]" €
R3 denote the desired positions and velocities for the attitude
dynamics, and § is a PE signal given by an exponential decay
sinusoidal function with different frequencies.

The control input of the reference model has the sam

structure as T, i.e.,
_ d d
v = 4(wp —yp) +3(x) —yy) +0.

The physics structure of the attitude model written in terms
of an estimated model with state y = [y1, Y2, Y3, Y4, U5, Ys] €



RS and control v = [vy, v, v3] " € R3 is

.
‘P(y,v):[y4,y5,y6,vl,y5ye,vz,y4y6,v3,y4y5] € R’

The hyperparameter of the memory terms is set to A = 200.
The gain of the weights update rule is set to I' = 2001,.

The estimation results are shown in Fig. 4. Similarly to
the 1-DOF robot, the proposed PIRNN is capable to infer the
states of the model accurately with noise suppression. Notice
that, estimation models based in linearization techniques such
as EKF will loss the information associated to the Coriolis
forces which play a pivotal contribution in the observed
behaviour of the drone. In contrast, the PIRNN maintains this
physical property in the model structure such that the evolution
of the states are well represented.
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Fig. 4. State Estimation results. GT stands to Ground Truth.

The physics structure helps to regularize the weights man-
ifold and ensure convergence under the fulfilment of a PE
condition. This fact is observed in Fig. 5, where the weights
of the RNN remain bounded and satisfy the physical model
structure imposed by ®. One important property of the pro-
posed PIRNN, is that it does not require measurements of the
derivative of the state vector and knowledge of the parameters
of the platform. This is an advantage to previous PINNs that
assume knowledge of the exact platform model. Additionally,
the physical structure is not embedded at the loss function
as regularization term. In contrast, the physics structure is

given as basis functions that allow the construction of memory
vectors (equivalent to momentum terms) that enhance the
prediction capabilities of the network.

E \... -
-ED > : - oz
= 0 NP
E R | |
0 100 200 300 400 500
Time (s)

Fig. 5. Physical weights convergence

Similarly to the 1-DOF robot, the output error between
the estimated model and the real measurements of the drone
attitude states is equivalent to the noise of the real-input
measurements (see Fig. 6).

Frror e

200 300 400
Time (s)

0 100
Fig. 6. Output error results

V. CONCLUSIONS

This paper reports a physics-informed recurrent neural net-
work for state estimation of autonomous platforms. The pro-
posed approach incorporates a physical structure to regularize
the weights leaning manifold of the network and enhance
its stability. To this end, a parameterization of the nonlinear
differential equation solution is constructed to naturally obtain
two memory vectors that helps to stabilize and enhance the
learning capabilities of the network. Lyapunov stability theory
is used to verify the boundedness and stability of the network
under the fulfilment of a persistent of excitation condition.
Simulation experiments are carried out to demonstrate the
benefits of the approach.

Future work will consider the extension of the approach
to partial states measurements with both linear and nonlinear
models.
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