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Abstract

This paper introduces a novel adaptive multivariable attitude control method for a reusable launch vehicle (RLV) to

track desired attitude trajectories in the presence of unknown external disturbances and uncertainties. Unlike most

existing designs that overlook mismatched disturbances, this method employs an adaptive finite-time observer (AFO)

to estimate the unknown states. Based on the outputs of the AFO and the prescribed performance function, a time-

varying adaptive gain that is not overestimated is designed to establish the adaptive multivariable attitude control for

the RLV system. The simulations demonstrate that the proposed approach successfully guides the RLV to follow

desired attitude signals despite the presence of unmatched disturbances and uncertainties.

Keywords: Finite time convergence, chattering attenuation, adaptive multivariable control, attitude control of

reusable launch vehicle (RLV), pre-specified performance

1. Introduction

Reusable launch vehicles (RLVs) have become increasingly popular research subjects in the control community

due to their high flight speed and wide range of applications in military and civilian domains [1–5]. However, RLVs

possess unique characteristics, such as a lack of power during the reentry stage, a low lift-drag ratio, and significant

changes in aerodynamic parameters. Moreover, RLVs are subjected to substantial external dynamic disturbances, such

as altitude, wind, and payload variations. Therefore, designing an attitude controller for RLVs is a significant chal-

lenge that requires robustness to stabilize the model while considering the nonlinearities, uncertainties, and external

disturbances [6].
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Nonlinear control-based methods have gained widespread usage in controlling RLVs due to their ability to ensure

stability and robustness. One such method is the planned gain approach, which is a standard technique utilized in RLV

control to guarantee its stability and robustness [7]. However, maintaining a gain scheduling table with numerous

gain values results in a significant computational burden and can impact the tracking performance along the nominal

trajectory. To address this issue, alternative control methods, such as dynamic inversion [8] and feedback linearization

[9], have been proposed to overcome the memory limitations.

Schierman proposed a nonlinear controller utilizing the dynamic inversion method to handle nonlinear problems

[10]. However, accurately designing models for these controllers remains a challenging task. As such, several stud-

ies have explored various approaches to mitigate the impact of inaccurate models on the controller’s performance.

For instance, in [11], a backstepping control algorithm is proposed, which includes a finite-time command filter us-

ing auxiliary control signals and correction error compensation signals.The aforementioned issues are addressed by

employing a centralized robust model predictive control (CRMPC) algorithm[12]. The authors have made advance-

ments by developing a nonlinear feedback law, tightening system constraints, and incorporating a terminal controller

with corresponding terminal region to achieve attitude tracking of Reusable Launch Vehicles subject to state/input

constraints and uncertainties.

Sliding mode control (SMC) is another technique commonly employed to tackle uncertainties [13]. It is insensitive

to matched disturbances and employs discontinuous injection to drive the sliding mode variables to zero within finite

time [14]. The sliding mode technique is robust to external disturbances and mismatched equipment uncertainties,

achieving the desired dynamic performance and significantly reducing preflight analysis time [15].

Shtessel et al. [16] proposed a multi-time-scale sliding mode controller that employs high-gain linear terms instead

of discontinuous sign functions to reduce control jitter and achieve attitude tracking of RLV. Nevertheless, continuous

control signals may compromise control accuracy and robustness. Talole and Patre [17] developed an SMC method

driven by a perturbation observer to mitigate the control accuracy and robustness issues.

High-order sliding mode methods are often employed in RLV control due to their reduced control chattering

phenomenon and improved tracking accuracy. A quasi-sliding mode controller based on higher-order sliding mode is

proposed in [18].

These studies have successfully tackled the control instability issue arising from fuzzy models and demonstrated

significant improvements in control performance compared to traditional methods. They exhibit exceptional robust-

ness and the potential for efficient resource utilization.

However, the control methods discussed above assume limited and known disturbances. In practice, the aerody-

namic characteristics of RLV are complex, and the upper limit of integrated disturbance is often unknown. To address
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this issue, adaptive sliding mode control has been proposed. For instance, [19] presents an adaptive finite-time control

algorithm based on hyper distortion for RLV systems with bounded perturbations and unknown upper bounds. Sim-

ilarly, [20] proposes an adaptive distortion algorithm for RLV systems. The adaptive strategy employed in [19, 20]

involves increasing the gain and then fixing it to ensure the finite-time convergence of the sliding variable when the

sliding mode manifold is reached. These adaptive control approaches are crucial for enhancing the robustness and

effectiveness of RLV control in the presence of complex and unknown disturbances.

The adaptive gains used in [19, 20] are overestimated, which can result in increased jitter caused by unmodeled

dynamics [21]. To solve this problem, [22] proposes a new adaptive multivariable finite-time control algorithm for the

UAV attitude control system. This method is based on the hyperwarping approach and employs the extended Kalman

filter method.

The uncertainty in the RLV attitude system may not satisfy the matching conditions, which makes it challenging

to develop sliding mode control (SMC) methods [23]. One of the main issues is that perturbations in the attitude angle

system, such as unmodeled dynamics and aerodynamic coefficient perturbations, do not arise in the control channel.

To address this issue, two types of approaches are currently designed. The first type uses disturbance observers (DO)

to estimate mismatched disturbances, such as nonlinear DO [24] and finite-time DO [25]. SMC can then be used by

redefining sliding mode variables that include uncertainty estimates [24, 26], or by combining backward inference

techniques [27]. The controller based on a perturbation observer has been widely studied for unmatched attitude

control systems and applied to RLV [26]. The second type redefines a new state variable with unknown uncertainties

to turn the system into a matching structure [28]. State watchers have been used to estimate unknown states [29].

However, these approaches only achieve either exclusive stability or simplicity. For example, the research in [30]

provides a relatively simple sliding mode control algorithm ensuring that the gain does not exceed the upper limit

but cannot solve the problem of unmatched interference. In [20], the idea of a finite-time observer combined with

adaptive twisting sliding mode control (ATSMC) was proposed. Although effective, it may not be convenient to apply

in practice due to its complexity.

This paper proposes a new adaptive control algorithm that combines the Adaptive Finite-time Observer (AFO) and

pre-specified performance Sliding Mode Control (PSMC) to solve the RLV attitude tracking problem. The proposed

algorithm has non-overestimated adaptive gains and is easy to implement compared to related designs.

The contributions of this work are as follows:

1. This paper proposes a novel adaptive control algorithm that combines a simple control system with pre-specified

performance sliding mode control (PSMC) to tackle the mismatch control problem in the RLV attitude system.

The algorithm aims to enable the system to track the time-varying angle signal using the proposed control
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scheme.

2. A finite time observer is utilized to group the mismatched interference into the angular rate. Moreover, a new

state is defined to address the mismatched control problem in the RLV attitude system. Simulation results

confirm the effectiveness of the proposed method in solving the problem at hand.

3. A pre-specified performance sliding mode control (PSMC) algorithm is developed using the selected finite time

observer. The proposed algorithm is easy to implement, has fewer parameters, provides good control effects,

and converges to the proposed control scheme’s time. Moreover, the control designed in this paper ensures

transient performance and robustness to external interference by preventing overestimation of the adaptive gain.

To the best of the author’s knowledge, this paper presents for the first time the AFO-based PSMC scheme to

ensure the feasibility and stability of the attitude tracking control problem for rigid RLV. The structure of this paper

is organized as follows: Sec 2 defines the notation, the attitude dynamics model of RLV, and the control problem’s

objective. Sec 3 explains the design of the finite time observer required for this study, while Sec 4 elaborates on the

unique sliding mode control systems. Sec 5 presents simulation results demonstrating the feasibility of the proposed

approach. Finally, Sec 6 concludes the paper.

2. Problem Formulation

2.1. Notation

Define that Rn and R respectively represent the n-dimensional Euclidean space and real space. For entries x1, ..., xn

, let diag{x1, ..., xn} stand for the diagonal matrix. Meanwhile, the vector is expressed as x = [x1, ..., xn]T . |x| repre-

sents the absolute value of x, i.e., |x| = [|x1|, ..., |xn|]T and ∥x∥ denotes the Euclidean norm of x, i.e., ∥x∥ =
√

xT x.

Consider an n-by-n matrix Z, its 2-norm is represented as ∥Z∥ =
√
λmax(ZT Z). λmax(·) is the maximum eigenvalue.

Similarly, λmin(·) is the minimum eigenvalue. sign(x) = [x/∥x∥] represents the the sign function of the vector x. For

discontinuous differential equations, we assume that there are Filippov defined solutions[31].

Suppose that a system is represented in the following form:

ż = g(z), g(0) = 0 (1)

where z = [z1, .., zi, . . . zn]T ∈ Rn stands for an n-dimensional state vector and g(z) =
[
g1(z), . . . , gi(z), . . . gn(z)

]T
is a

known continuous vector field. Based on the system (1), some definitions are presented below.

Definition 1. [32, 33] Consider a vector τ = [τ1, . . . τi, . . . τn]T with τi > 0; then, a mapping z → Λτ z is defined as a

dilation, with λ being an arbitrary number and Λτ z = [λτ1 z1, . . . , λ
τi zi, . . . , λ

τn zn]T .
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Definition 2. [32, 33] If for all z ∈ Rn, a function gi(z) ∈ R satisfies gi (Λτ z) = λkgi(z), then for dilation Λτ z, gi(z) is

considered to be homogeneous with degree k ∈ R. This property can be written as: deg (gi) = k.

Definition 3. [32, 33] If for all z ∈ R
n and any λ > 0, the following equation holds: gi (Λτ z) = λk+τi gi(z), then for

dilationΛτ z, the vector g(z) =
[
g1(z), . . . , gn(z)

]T
is considered to be homogeneous with degree k. When this property

holds, the system represented by (1) can be considered as being homogeneous.

Lemma 1. [32, 33] For the system (1), if a Lyapunov function V(z) and real numbers ℓ1, ℓ2 > 0, 0 < ℓ < 1 satisfy the

conditions below.

1. V(z) is constantly positive.

2. V̇(z) + ℓ1V(z) + ℓ2Vℓ(z) ≤ 0.

Then, the system will rapidly converge to the origin, and the convergence time satisfies the following inequality:

T (z0) ≤ 1

ℓ1(1 − ℓ)
ln

(
ℓ2 + ℓ1V1−ℓ (z0)

ℓ2

)
(2)

Lemma 2. [34] Consider time-varying functions ℓ1 and ℓ2 in Lemma 1, with ℓ̇1(t), ℓ̇2(t) > 0. Given that ℓ1(t) and ℓ2(t)

become positive within a finite time, we can deduce V̇(z) + l1V(z) + l2Vl(z) ≤ 0 from the aforementioned conditions.

Here, l1 and l2 are positive real numbers. By invoking the comparison principle [35], the conclusion can be drawn

that both V(z) and, consequently, z converge to zero within a finite time. Due to the time-varying nature of ℓ1(t) and

ℓ2(t), the precise analysis of the convergence time Tse for this observer becomes challenging, as also discussed in

[21, 36, 37].

Definition 4. [38] Consider A and B to be an u × v matrix and a w × t matrix respectively, then the Kronecker product

of A and B is expressed as: A ⊗ B =
[
ai jB
]

(i = 1, . . . , u; j = 1, . . . , v), and the result is a partitioned matrix with a

dimention uw × vt.

Proposition 1. For a symmetric positive definite matrix Y =
[
yi j

]
(i = 1, . . . , y; j = 1, . . . , y) ∈ R

y×y, the matrix

Ỹ = Y ⊗ Imm ∈ Rmy×my is symmetric positive definite as well.

Proof. According to the Definition 4, it can be observed that Ỹ =
[
yi jImm

]
. It is easy to prove that Ỹ is a symmetric

matrix. Let λ1, . . . , λy and µ1, . . . , µm respectively be the eigenvalues of matrices Y and Imm, respectively. Hence, the

eigenvalues of symmetric matrix Ỹ can be expressed in [38]: τh = λoµq(o = 1, . . . , y, q = 1, . . . ,m; h = 1, . . . , ym).
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Because Y and Imm are both positive definite and symmetric, their eigenvalues are both positive. Moreover, Ỹ is

positive definite as long as ζk = λiµ j > 0. In conclusion, Ỹ is symmetric positive definite.

2.2. Attitude Dynamics Model

The attitude dynamics model of the Reusable Launch Vehicle (RLV) as presented by [39] is expressed in equations

(1) to (6):

α̇ = q − p cosα tan β − ν sinα tan β + sinσ
cos β

[v̇ cosφϕ̇ sin v sinφ + (ρ̇ +ϖ)·

(cos ϕ cos v sinφ − sin ϕ cosφ)] − cosσ
cos β

[φ̇ − ϕ̇ cos v − (ρ̇ +ϖ) cos ϕ sin v] + d1

(3)

β̇ = p sinα − ν cosα + sinσ[φ̇ − ϕ̇ cos v + (ρ̇ +ϖ) cos ϕ sin v] + cosσ·

[v̇ cosφ − ϕ̇ sin v sinφ − (ρ̇ +ϖ)(cos ϕ cos v sinφ sin ϕ cosφ)] + d2

(4)

σ̇ = −p cosα cos β − q sin β − ν sinα cos β + α̇ sin β − v̇ sinφ

−ϕ̇ sin v cosφ + (ρ̇ +ϖ)(cos ϕ cos v cosφ + sin ϕ sinφ) + d3

(5)

ṗ =
Izz Mx

Ixx Izz−I2
xz
+

Ixx Mz

Ixx Izz−I2
xz
+

(Ixx−Iyy+Izz)Ixz

Ixx Izz−I2
xz

pq +
(Iyy−Izz)Izz−I2

xz

Ixx Izz−I2
xz

qν + d4 (6)

q̇ =
My

Iyy
+

Ixz

Iyy

(
ν2 − p2

)
+

Izz−Ixx

Iyy
pν + d5 (7)

ν̇ =
Ixz Mx

Ixx Izz−I2
xz
+

Ixx Mz

Ixx Izz−I2
xz
+

(Iyy−Ixx−Izz)Ixz

Ixx Izz−I2
xz

qν +
(Ixx−Iyy)Ixx−I2

xz

Ixx Izz−I2
xz

pq + d6 (8)

where the angles of attack, sideslip, and bank are denoted as α, β, and σ, respectively. The roll, pitch, and yaw

angular rates of the body-fixed reference frame are represented by p, q, and ν, while the roll, pitch, and yaw moments

are denoted as Mx, My, and Mz. The moment of inertia for roll, yaw, and pitch are represented by Ii j, where i and

j correspond to roll, yaw, and pitch moments of inertia. The unknown external disturbances are represented by di

(i = 1, . . . , 6). The latitude and longitude are denoted as ϕ and ϱ, respectively. Flight path angle and heading angle are

represented by φ and v.

The attitude dynamics of a rigid RLV can be expressed as [40]:

Θ̇ =∆ f + Rω

Iω̇ = −ΩIω + M + I∆d

(9a)

(9b)

In Eq. (9), Θ = [α, β, σ]T and ω = [p, q, ν]T . M = [Mx,My,Mz]
T . ∆ f ∈ R

3 and ∆d ∈ R
3 represent the additive

disturbances caused by the environmental disturdance and model simplification. Matrix terms R, I, Ω ∈ R
3×3, and

∆M ∈ R3 are given by:

∆M = I∆d = I



d4

d5

d6


=



Ixxd4 − Ixyd5 − Ixzd6

−Ixyd4 − Iyyd5 − Iyzd6

−Ixzd4 − Iyzd5 − Izzd6


(10)

6



R =



− tan β cosα 1 − tan β sinα

sinα 0 − cosα

− cos β cosα − sin β − cos β sinα


(11)

I =



Ixx 0 −Ixz

0 Iyy 0

−Ixz 0 Izz


,Ω =



0 −ν q

ν 0 −p

−q p 0


(12)

In Eq. (12), Ii j (i, j = x, y, z) refers to the inertia moments.

For the further explanation of the algorithm, some assumptions are given below.

Assumption 1. All states assumed to be measurable and used for feedback, and the limited range of sideslip angle θ

varies from −(π/2) to (π/2).

Assumption 2. The external disturbances and their first-order derivatives are considered to be limited. That is,

∥∆ f ∥ ≤ η1, ∥∆d∥ ≤ η2, ∥∆̇ f ∥ ≤ η3 and ∥∆̇d∥ ≤ η4.

Remark 1. The states of RLV can be attained in practice through the inertia navigation system. To prevent the

excessive surface temperature in the reentry phase, the sideslip angle θ should be stabilized to zero [39]. Therefore,

Assumption 1 is suitable.

2.3. Control Problem Objectives

To have a explicit expression of the control objective, the performance function is defined as below.

Definition 5. [41] If a smooth continuous differential decreasing function h(t) : R+ → R+ satisfies: limt→∞ h(t) > 0,

then h(t) is called a performance function.

In this paper, there are two essential control objectives:

• When encountering unknown disturbances ∆ f and ∆d, the actual attitude profiles Θ can follow the objective

RLV attitude angle Θr = [αr, βr, σr]
T .

• The control objective of this article is to guarantee that the attitude tracking error is confined into a pre-specified

region simultaneously, i.e., e(t) < h(t).

To solve the first objective problem, we introduce the follwing tracking error vectors:

eθ =Θ − Θr

eω =ω − ωr

(13a)

(13b)
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then according to the attitude dynamic system, we can acquire the tracking error dynamics for the two subsystems as

below:

ėθ =Rω − Θ̇r + ∆ f

ėω =I−1 M − I−1ΩIω − ω̇r + ∆d

(14a)

(14b)

3. Design of the Adaptive Finite-Time Observer(AFO)

In the RLV, the uncertainties affect angular rates and the attitude angles, in the form of disturbance moments and

disturbance forces respectively. The control input moments in the angular rate dynamics cannot completely eliminate

the unmatched part ∆ f . To solve this problem, this paper redefines the immeasurable state through lumping the

unmatched disturbance, and transfers the unmatched problem to observation issue of the RLV error dynamics. The

specific error formula is shown in the following formula.



ėθ = eω

ėω = −RI−1Ω(ω)Iω + M − θ̈r + ∆

(15a)

(15b)

where eθ = Θ −Θr, eω = Rω + ∆ f − Θ̇r,M = RI−1 M, and ∆ = Ṙω + RI−1∆M + ∆̇ f . Because of Assumption 2 for the

disturbances, ∆ in Eq. (15) satisfies:

Assumption 3. It is presumed that the disturbance ∥∆∥ ≤ L and ∥∆̇∥ ≤ L′, where the constants L and L′ are unknown

[42].

It can be noted that the error state eω is immeasurable due to the unknown disturbance ∆ f . Therefore, a high-

performance observer for Eq. (15) is necessary. In the meantime, because ∆ has an unknown upper border, an AFO is

better. Here, inspired by Ref. [19], an AFO for Eq. (15) is presented as

ż1 = −k1(t)
e1

∥e1∥
1
2

− k2(t)e1 + z2

ż2 = −k3(t)
e1

∥e1∥
− k4(t)e1 − RI−1Ω(ω)Iω + M − θ̈r

(16a)

(16b)

where the estimation errors are defined as e1 = z1 − eθ, e2 = z2 − eω. The gains ki(i = 1, 2, 3, 4) > 0 are shown in the

following formula:

k1(t) = m1

√
χ(t), k2(t) = m2χ(t)

k3(t) = m3χ(t), k4(t) = m4χ
2(t)

(17a)

(17b)

where mi(i = 1, 2, 3, 4) are positive constants to be defined and χ is a positive, time-varying, scalar function. The

parameters mi are positive constants satisfying

9m2
1m2

2 + 8m2
2m3 < 4m3m4 (18)
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The adaptive law of the time-varying function χ(t) is given by

χ̇(t) =



χ̄ ∥e1∥ , 0

0 ∥e1∥ = 0

(19)

Then, this paper will prove the realizability of the observer reconstruction.

Proof. Substituting Eq. (16) into Eq. (15) yields

ė1 = −k1(t)
e1

∥e1∥
1
2

− k2(t)e1 + e2

ė2 = −k3(t)
e1

∥e1∥
− k4(t)e1 − ∆

(20a)

(20b)

The proof of the realizability of Eq. (16) equals to demonstrating that e j (j =1, 2) will converge to the origin in

finite time. To simplify the analysis, define the vectors below:

ξ1 =

[
χ

∥e1∥

] 1
2

e1, ξ2 = χe1, ξ3 = e2 (21)

where ξi =
[
ξi1, . . . , ξim

]
∈ Rm(i = 1, 2, 3). It is noted that when ξi(i = 1, 2, 3) → 0 in finite time, e j( j = 1, 2) → 0 in

finite time also stands. Substituting Eq. (21) into Eq. (20) yields

ė1 = −m1ξ1 − m2ξ2 + ξ3 (22)

Meanwhile, the following equations can be deduced from Eq. (21):

∥ξ1∥ =
[
χ

∥e1∥

] 1
2

∥e1∥ =
[
χ ∥e1∥

] 1
2 , ∥ξ2∥ = χ ∥e1∥ (23)

We combine Eq. (21) and Eq. (23) to obtain the following formula:

e1

∥e1∥
=
χ

1
2

e1

∥e1∥
1
2

1
[
χ ∥e1∥

] 1
2

=
ξ1

∥ξ1∥
=
χe1

χ ∥e1∥
=
ξ2

∥ξ2∥
(24)

Given the Eq. (21) definition, we have the following relationships:

e1

∥e1∥
1
2

=
ξ1

χ
1
2

⇒ ∥e1∥
1
2 =
∥ξ1∥
χ

1
2

⇒
[
χ

∥e1∥

] 1
2

=
χ∥∥∥ξ1

∥∥∥
(25)

The derivative of Eq. (21) results in

ξ̇1 =

[
χ

∥e1∥

] 1
2

ė1 +

[
χ̇∥e1∥

] 1
2 −
[
χ∥ė1∥

] 1
2

∥e1∥
e1 =

[
χ

∥e1∥

] 1
2
[
Imm −

e1eT
1

2 ∥e1∥2

]
ė1 +

χ̄

2
[
χ ∥e1∥

] 1
2

e1 (26)

ξ̇2 = χ̄e1 + χė1 (27)

ξ̇3 = ė2 = −m3

χe1

∥e1∥
− m4χ

2e1 − ∆̇ (28)
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It is easy to deduce that as ξi(i = 1, 2, 3) converges to 0, ξ̇i(i = 1, 2, 3) also converges to 0, which satisfies the condition

of Eq. (1) [32].

For the convenience of subsequent calculation, a new matrix ξ is created as follows:

ξ =



ξ1

ξ2

ξ3


(29)

here ξ ∈ R3m is a 3m dimension column ector. Combining Eq. (22) and Eq. (24), the item [Imm−
(
e1eT

1
/2 ∥e1∥2

)]
ė1

(denoted by Υ for brevity) in Eq. (26) can be rewritten as:

Υ =

ξ3 −
ξ1ξ

T
1 ξ3

2
∥∥∥ξ1

∥∥∥2

 −
2∑

i=1

mi

Imm −
ξiξ

T
i

2
∥∥∥ξi

∥∥∥2

 ξi = ξ3 −
ξ1ξ

T
1 ξ3

2
∥∥∥ξ1

∥∥∥2
−

m1ξ1 + m2ξ2

2
(30)

Substituting Eqs. (25) ∼ (30) into Eqs. (26) ∼ (28) results in

ξ̇1 =
χ

1
2 χ

1
2

∥ξ∥

ξ3 −
ξ1ξ

T
1 ξ3

2
∥∥∥ξ1

∥∥∥2
−

m1ξ1 + m2ξ2

2

 +
χ̄ξ1

2
√
χ
√
χ
=
χ

2∥ξ1∥
(−m1ξ1 − m2ξ2 + 2ξ3) +

χ̄ξ1

2χ
−
χξ1ξ

T
1 ξ3

2∥ξ1∥3
(31)

ξ̇2 =
χ̄ξ2

χ
+ χ(−m1ξ1 − m2ξ2 + ξ3) (32)

ξ̇3 = −m3

χξ1∥∥∥ξ1

∥∥∥
− m4χ

2 ξ2

χ
− ∆̇ = −

m3χξ1∥∥∥ξ1

∥∥∥
− m4χξ2 − ∆̇ (33)

Expressing Eqs. (31) ∼ (33) in matrix form:

ξ̇ = − χ

2
∥∥∥ξ1

∥∥∥
H1ξ − χH2ξ + H3 (34)

here H1,H2 ∈ R3m×3m and vector H3 ∈ R3m re calculated as follows:

H1 =



m1 Imm m2 Imm −2Imm

0mm 0mm 0mm

2m3 Imm 0mm 0mm


(35)

H2 =



0mm 0mm 0mm

m1 Imm m2 Imm −Imm

0mm m4 Imm 0mm


(36)

H3 =
χ̄

2χ



ξ1

2ξ2

0m


−



0m

0m

∆̇


−



χξ1ξ
T
1
ξ3

2∥ξ1∥3

0m

0m



(37)

To derive that ξ in Eq. (34) converges to zero in finite time, the matrix P ∈ R3m×3m is designed as

P =



(
4m3 + m2

1

)
Imm m1m2 Imm −m1 Imm

m1m2 Imm

(
2m4 + m2

2

)
Imm −m2 Imm

−m1 Imm −m2 Imm 2Imm


(38)
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and the Lyapunov function is introduced:

V =
1

2
ξT Pξ (39)

which can be further written as

V = 2m3

∥∥∥ξ1

∥∥∥2 + m4

∥∥∥ξ2

∥∥∥2 + 1

2

∥∥∥ξ3

∥∥∥2 + 1

2

∥∥∥m1ξ1 + m2ξ2 − ξ3

∥∥∥2 (40)

Taking the derivative of V in Eq. (39) yields

V̇ = − χ

2
∥∥∥ξ1

∥∥∥
ξTΓ1ξ − χξTΓ2ξ + Ṽ (41)

where Γ1 = (1/2)
(
HT

1 P + PH1

)
, Γ2 = (1/2)

(
HT

2 P + PH2

)
, and Ṽ = ξT PH3. Below are details about Γ1and Γ2.

Γ1 =



4m1m3 + m3
1
− 2m1m3 m2m3 + m2

1
m2 −1.5m2

1
− 2m3

m2m3 + m2
1
m2 m1m2

2
−1.5m1m2

−1.5m2
1
− 2m3 −1.5m1m2 2m1


⊗ Imm (42)

Γ2 =



m2
1
m2 m1m2

2
+ 0.5m1m4 −m1m2

m1m2
2
+ 0.5m1m4 m2m4 + m3

2
−m2

2

−m1m2 −m2
2

m2


⊗ Imm (43)

For the convenience of future calculation, H3 is divided into three parts:

H31 =
χ̄

2χ



ξ1

2ξ2

0m


,H32 =



0m

0m

∆̇


,H33 = −



χξ1ξ
T
1
ξ3

2ξ3
1

0m

0m


(44)

It is easily verified that H3 = H31 + H32 + H33. Denote Ṽi = ξ
T PH3i(i = 1, 2, 3). Then, Ṽ can be expressed as

Ṽ = Ṽ1 + Ṽ2 + Ṽ3 (45)

with

Ṽ1 =
χ̄

2χ

[
(4m3 + m2

1)
∥∥∥ξ1

∥∥∥2 + 3m1m2ξ
T
1 ξ2 − m1ξ

T
1 ξ3 + 2

(
2m4 + m2

2

) ∥∥∥ξ2

∥∥∥2 − 2m2ξ
T
2 ξ3

]

Ṽ2 =
[
m1ξ

T
1 + m2ξ

T
2 − 2ξT

3

]
∆̇

Ṽ3 = −
χ

2
∥∥∥ξ1

∥∥∥3
[(

(4m3 + m2
1)ξT

1 + m1m2ξ
T
2 − ξ1ξ

T
1 ξ3

)
ξ1ξ

T
1 ξ3

]

= − χ

2
∥∥∥ξ1

∥∥∥

[ (
4m3 + m2

1

)
ξT

1 ξ3 +
m1m2ξ

T
2 ξ1ξ

T
1 ξ3∥∥∥ξ1

∥∥∥2
−

m1ξ
T
3 ξ1ξ

T
1 ξ3∥∥∥ξ1

∥∥∥2
]

(46)

The Ṽ1 and Ṽ2 satisfy the following inequality:

Ṽ1 ≤
χ̄

2χ
ξT Γ̃1ξ, Ṽ2 ≤

√(
4 + m2

1
+ m2

2

)
∥∆̇∥∥ξ∥ (47)
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with Γ̃1 = diag

(
λ1

Γ̃1
, λ2

Γ̃1
, λ3

Γ̃1

)
⊗Imm, where λ1

Γ̃1
=
(
4m3 + m2

1
+ 1.5m1m2 + 0.5m1

)
, λ2

Γ̃1
=
(
4m4 + 2m2

2
+ 1.5m1m2 + m2

)
,

and λ3

Γ̃1
= (0.5m1 + m2). From the definition in Eq. (21), it can be observed that ξ2 =

∥∥∥ξ1

∥∥∥ ξ1. Besides, it’s easy to

prove that

ξT
3 ξ1ξ

T
1 ξ3∥∥∥ξ1

∥∥∥2
=

(
ξT

1 ξ3

)2
∥∥∥ξ1

∥∥∥2
≤
∥∥∥ξ3

∥∥∥2 (48)

Therefore, the following inequality of the Ṽ3 in Eq. (46) holds:

Ṽ3 ≤ −
χ

2
∥∥∥ξ1

∥∥∥

[(
4m3 + m2

1

)
ξT

1 ξ3 − m1

∥∥∥ξ3

∥∥∥2
]
− χm1m2

2
ξT

1 ξ3 (49)

Next, to simplify the analysis, by combining Eq. (41), Eq. (45) and Eq. (49), the following inequality can be obtained:

V̇ ≤ − χ

2
∥∥∥ξ1

∥∥∥
ξT Γ̃2ξ − χξT Γ̃3ξ + Ṽ1 + Ṽ2 (50)

with

Γ̃2 =



m3
1
+ 2m1m3 0 −m2

1

0 5m1m2
2
+ 2m1m4 −3m1m2

−m2
1

−3m1m2 m1


⊗ Imm

Γ̃3 =



2m2
1
m2 + m2m3 0 0

0 m3
2
+ m2m4 −m2

2

0 −m2
2

m2


⊗ Imm

(51)

According to Proposition 1, it can be derived that matrices Γ̃2 and Γ̃3 are positive definite as long as Eq. (18) holds.

Consider positive matrices Γ̃i(i = 1, 2, 3), the following inequalities for any vectors ξ holds:

λmin

(
Γ̃i

)
∥ξ∥2 ≤ ξT Γ̃iξ ≤ λmax

(
Γ̃i

)
∥ξ∥2 (52)

Equivalently, consider the positive matrix P in Eq. (41), we have λmin(P)∥ξ∥2 ≤ 2V ≤ λmax(P)∥ξ∥2. Consequently, the

following condition holds:

λmin

(
Γ̃i

)
2V

λmax(P)
≤ ξT Γ̃iξ ≤

λmax

(
Γ̃i

)
2V

λmin(P)
(53)

Substituting Eq. (47) and Eq. (53) into Eq. (50) yields

V̇ ≤

χ̄λmax

(
Γ̃1

)

χλmin(P)
−

2χλmin

(
Γ̃3

)

λmax(P)

V −
χλmin

(
Γ̃2

)
∥∥∥ξ1

∥∥∥ λmax(P)
V +

√(
4 + m2

1
+ m2

2

)
∥∆̇∥∥ξ∥ (54)

According to Assumption 3, it can be noted that∥∆̇∥ ≤ C′. Meanwhile, it is easy to prove that

∥∥∥ξ1

∥∥∥ ≤ ∥ξ∥,
√

2V

λmax(P)
≤ ∥ξ∥ ≤

√
2V

λmin(P)
(55)

V̇ in Eq. (54) satisfies

V̇ ≤ −
[
χϑ2 −

χ̇

χ
ϑ1

]
V −
[
χϑ3 − ϑ4C′

]
V

1
2 (56)
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with constants 

ϑ1 =
λmax

(
Γ̃1

)

λmin(P)

ϑ2 =
2λmin

(
Γ̃3

)

λmax(P)

ϑ3 =
λmin

(
Γ̃2

) √
λmin(P)

√
2λmax(P)

ϑ4 =

√
8 + 2m2

1
+ 2m2

2

λmin(P)

(57a)

(57b)

(57c)

(57d)

Because χ̇ = χ ≥ 0, it is easily found that in finite time ℓ1 = χϑ2 − (χ̄/χ)ϑ1 and ℓ2 = χϑ3 − ϑ4C′ are positive(ℓ̇1 =

χϑ2 + ϑ1/χ
2 > 0,ℓ̇2 = χϑ3 > 0). In consideration of Lemma 2 , the vector ξ will converge to 0 in finite time.

Remark 2. In contrast to the approach presented in [34], this paper introduces a novel multi-variable control scheme

for the error observer. Through the expressions in Eq. (16), it becomes evident that discontinuities occur only

when all components of e1i simultaneously equal zero, where e1i represents the error components (for i = 1, 2, 3).

Conversely, when utilizing the single variable disturbance observer, any individual component e1i being zero leads

to discontinuity. Consequently, the proposed structure exhibits superior chattering reduction capabilities compared to

the single variable disturbance observer scheme.

Remark 3. In the development of the error observer for this paper, the knowledge of the upper limit of uncertainty

and its gradient is not required during the design process. Since ℓ1and ℓ2 vary with time, analyzing the accurate con-

vergence time for this observer is difficult. According to Lemma 1, T (z0) (convergence time) can be estimated which

is relatively short. To enhance the convergence speed of the observer when the estimation error trajectories deviate

significantly from the origin, the introduction of the linear terms −k2(t)e1 and −k4(t)e1 is employed. Consequently,

the observer equation can be directly utilized for subsequent analysis.

4. Design of the Adaptive Multivariable Algorithm

4.1. Adaptive Multivariable Algorithm Design

Before introducing the proposed algorithm, consider the system as below:

ẏ1 = y2, ẏ2 = u + ∆1, y1(0) = y10, y2(0) = y20 (58)

where y1 = [y11, ..., y1n]T and y2 = [y21, ..., y2n]T ∈ Rn are the state vectors. u,∆1(t) ∈ Rn are respectively the control

vector and the external disturbance vector. Based on Assumption 3, the inequality of ∆1(t) holds: ∥∆1(t)∥ ≤ L1, where

L1 is constant but unknown and satisfies L1 > 0. The next theorem shows the conclusion of this section.
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Theorem 1. For the system Eq. (58), the controller below is designed:

u = −y2 −
∥s∥

ε + ∥ϵ0∥e−t − ∥s∥
sign(s) (59)

where ε is a random positive constant, ε is a random positive constant satisfying ∥ϵ0∥ = ε1 + ∥s0∥, and s is the sliding

manifold, with s0 being the initial value of s. Then, the states y1 and y2 will be restricted to the pre-specified regions



∥y1∥ < ε + (∥y10∥ − ε)e−t + ∥ϵ0∥te−t

∥y2∥ < 2ε + (∥y10∥ − ε + ∥ϵ0∥)e−t + ∥ϵ0∥te−t

(60a)

(60b)

According to Eq. (60), s will be defined by

s = y1 + y2 (61)

Then, the sliding manifold s will be restricted to the pre-specified region

∥s∥ < ∥ϵ0∥e−t + ε (62)

Proof. By Eq. (58) and Eq. (61), the derivative of s with respect to time in can be derived as

ṡ = ∆1(t) + y2 + u (63)

Substituting control law Eq. (59) into Eq. (63), we can get:

ṡ = − ∥s∥sign(s)

∥ϵ0∥e−t + ε − ∥s∥
+ ∆1(t) (64)

Hence, the following two parts will be mainly proved:

(1) it will be demonstrated that s in Eq. (61) would remain in the pre-specified region Eq. (62).

(2) it will be shown that y1 and y2 would never escape from the prescribed Eq. (60).

Step 1. To prove the first part, we propose the Lyapunov function as below:

V =
1

2


−sT s +



∥s∥
ε + ∥ϵ0∥e−t − ∥s∥︸              ︷︷              ︸

Z(s,t)



2
(65)

For the convenience of subsequent calculation, Z(s, t) in Eq. (65) is replaced by Z. The derivative of V with respect

to time in Eq. (65) along system (58)-(61) is denoted by

V̇ = sT (∆1(t) − Zsign(s)) + Z ∗
ṡsT

∥s∥ (ε−∥s∥+∥ϵ0∥e−t)+∥s∥
( ˙

ssT

∥s∥ +∥ϵ0∥e
−t
)

(ε+∥ϵ0∥e−t−∥s∥)2
(66)

Taking into account the fact that sT sign(s) = ∥s∥ and Eq. (63), Eq. (66) can be expressed as

V̇ = sT (∆1(t) − Zsign(s)) + Z ∗
ε

(
sT ∆1
∥s∥ −Z

)
+∥ϵ0∥e−t

(
sT ∆1
∥s∥ +∥s∥−Z

)

(∥ϵ0∥e−t+ε−∥s∥)
2

(67)
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Noting that ∥∆1(t)∥ ≤ L1, we get

V̇ ≤ (Z − L1) ∥s∥ − |Z|(εZ−εL1−∥ϵ0∥e−t L1)

(ε+∥ϵ0∥e−t−∥s∥)
2 − |Z∥ϵ0|e

−t(Z−∥s∥)

(ε+∥ϵ0∥e−t−∥s∥)
2 (68)

For simplicity, the functions below are defined:

G1(∥s∥) = Z − L1

G2(∥s∥) = ε (Z − L1) − ∥ϵ0∥ e−t L1

G3(∥s∥) = Z − ∥s∥

(69a)

(69b)

(69c)

Thus, Eq. (68) is rewritten as

V̇ ≤ −∥s∥G1(∥s∥) − |Z|G2(∥s∥)−|Z∥ϵ0|e−tG3(∥s∥)

(ε+∥ϵ0∥e−t−∥s∥)
2 (70)

It can be demonstrated that G1(∥s∥), G2(∥s∥), and G3(∥s∥) are strictly positive in the region Ξ1 = {s ∈ Rn : ε < ∥s∥ <

∥ϵ0∥ e−t + ε
}
, where ε0 is a positive number. By solving G2(∥s1∥) = 0, one can get

∥s1∥ =
L1(ε + ∥ϵ0∥e−t)

ε + L1(ε + ∥ϵ0∥e−t)
(ε + ∥ϵ0∥e−t) < ∥ϵ0∥e−t + ε (71)

Notice that G2(∥s∥) is positively correlated to ∥s∥. Thus, when (∥s1∥ < ∥s∥ < ε + ∥ϵ0∥e−t), G2(∥s∥) > G2(∥s1∥) = 0.

From Eq. (69), it follows that G1(∥s∥) and G2(∥s∥) must be both positive. Therefore, when ∥s∥ ∈ (∥s1∥, ε + ∥ϵ0∥e−t),

G1(∥s∥) and G2(∥s∥) are both positive.

Identically, it is easily proved that when ∥s∥ ∈ (ε− 1+ ∥ϵ0∥e−t, ε+ ∥ϵ0∥e−t), G3(∥s∥) > 0. Select γ0 = max(∥s1∥, ε−

1 + ∥ε0∥e−t), which ensures that G1(∥s∥), G2(∥s∥), and when ∥s∥ ∈
(
γ0, ε + ∥ϵ0∥e−t

)
, G3(∥s∥) are positive.

This means that V̇ in Eq. (68) is strictly negative. It is easy to prove that V in Eq. (65) is positively correlated to

∥s∥. Therefore, as soon as ∥s∥ grows and exceeds the border of γ0, V̇ < 0 and V decrease, resulting that ∥s∥ decreases.

Additionally, it follows from Eq. (66) that when ∥s∥ approaching the border ε, V̇ will also approach negative infinity,

making the decrease rate of ∥s∥ go to infinity. It indicates that ∥s∥ reducees faster than ∥ϵ0∥e−t and it will remain in

the pre-specified performance region Ξ2 =
{
s ∈ Rn : ∥s∥ < ε + ∥ϵ0∥e−t

}
.

Figure 1: Schematic diagram of the entire system
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Step 2. Consider the following Lyapunov function:

V1 = ∥x1∥ (72)

Bearing in mind s = x1 + x2 , the derivative of V1 with respect to time along Eq. (58) is given as follows:

V̇1 =
xT

1
(−x1 + s)

∥x1∥
≤ −∥x1∥ + ∥s∥ (73)

Taking into account Eq. (72) and Eq. (62), the upper boundary of V̇1 in Eq. (73) satisfies the following inequality:

V̇1 < −V1 + ε + ∥ϵ0∥e−t (74)

By integrating both sides of Eq. (74), one can get

V1 ≤ ε + (V1(0) − ε)e−t + ∥ϵ0∥te−t (75)

Substituting Eq. (72) into Eq. (75), Eq. (60a) can be proved.

Moreover, ∥x2∥ = ∥ − x1 + s∥ ≤ ∥x1∥ + ∥s∥ < 2ε + (∥ϵ0∥ + ∥x10∥ − ε)e−t + ∥ϵ0∥te−t.

Remark 4. The adaptive gain of the proposed governing law Eq. (59) can be indicated as Z(s, t), which is defined in

the equation (65). It can be noted that the value of Z(s, t) is determined by the sliding manifold s. With s monotonically

approaching zero, Z(s, t) will consequently approach zero.

Remark 5. The present algorithm is based on the work introduced in [43]. In comparison with [43], the developed

multivariable controller (59) in this paper incorporates an exponential decay time-varying term, leading to several

improvements. Firstly, unlike in [43], the present work eliminates the need for a detection mechanism to determine

the time instant when the sliding manifold enters a neighborhood of zero. This is particularly advantageous in the

presence of imperfections such as sampling step and sampling noise, where accurate detection can be challenging. By

avoiding the need for a detection mechanism, the proposed approach simplifies the implementation process. Secondly,

the developed controller in this work not only guarantees steady-state performance but also ensures desirable transient

behavior of the closed-loop systems. In contrast, [43] only addresses steady-state performance. By considering tran-

sient response, the proposed controller enables improved system behavior and enhances overall performance. Lastly,

it is important to highlight that the proposed controller is designed for multivariable systems, while the controller in

[43] is applicable only to scalar systems. This extension to the multivariable domain allows for broader application of

the proposed controller and expands its capabilities in handling complex systems. Therefore, the algorithm designed

in this paper has a better chattering attenuation effect than [43].
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4.2. Application to Attitude Control of RLV

According to Eq. (15,16), this paper uses the new error system generated by the observer to construct a new error

model as follows:

ėθ = êω − e2

˙̂eω = −RI−1ΩIω − θ̈r︸              ︷︷              ︸
F

+ RI−1 M︸  ︷︷  ︸
M′

+ RI−1∆M + ∆̇ f + Ṙω + ė2︸                          ︷︷                          ︸
∆′(t)

(76a)

(76b)

According to Assumption 3, the disturbance ∆′(t) in Eq. (76) satisfies the inequality below:

∥∆′(t)∥ ≤ L (77)

where L is a constant. Hence, based on Theorem 1, PSMC for the attitude error system described as Eq. (76) can be

designed, which will be illustrated in detail.

Theorem 2. Consider system Eq. (76) with the controller

M′ = −̂eω − F − ∥s∥
ε + ∥ϵ0∥e−t − ∥s∥

sign(s) (78)

where the sliding mode vector s = eθ + êω , ε is a random positive number, and ∥ϵ0∥ = ε1 + ∥s0∥, where ε1 is a

non-negative number. According to Eq. (60) and Eq. (62), we can get the following pre-specified performance region

that limits s and attitude tracking errors :



∥eθ∥ < ε + (∥e10∥ − ε)e−t + ∥ϵ0∥te−t

∥̂eω∥ < 2ε + (∥ϵ0∥ + ∥e10∥ − ε)e−t + ∥ϵ0∥te−t

∥s∥ < ε + ∥ϵ0∥e−t

(79a)

(79b)

(79c)

According to Eq. (76), the real control M can be calculated by M = IR−1 M′.

Proof. According to Remark 2, when designing the controller in this experiment, control is carried out after the

observer of the former reaches the convergence time Tob, that is, e2 will converge to the origin. So Eq. (76) becomes:

ėθ = êω

˙̂eω = −RI−1ΩIω − θ̈r︸              ︷︷              ︸
F

+ RI−1 M︸  ︷︷  ︸
M′

+ RI−1∆M + ∆̇ f + Ṙω + ė2︸                          ︷︷                          ︸
∆′(t)

(80a)

(80b)

Note that the acknowledged term F in Eq. (80) can be seen as the nominal part of the system, which can be offset

through the proposed control in Eq. (78). Hence, Theorem 2 can be deducted from Theorem 1.
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5. Simulation

The inertia moments are given as: Ixx = 434270kg · m2 , Ixz = 17880kg · m2 , Iyy = 961220kg · m2 , and

Izz = 1131541kg · m2 . Additionally, assuming that the inertia matrix has some uncertainty, we set I = I + ∆I with

∆I = 0.05I .The guidance command Θr is obtained from the literature [30]:

Θr =



0.5sin(t)

0.4cos(t)

0.3sin(t)


rad (81)

Initial angles and angular rates are selected as

Θ(0) =



0.2

0.2

0.2


rad,ω(0) =



0

0

0


rad/s (82)

The PSMC parameters are taken as ε = 0.01 and ε1 = 0. The parameters of the AFO are set as m1 = m2 = 0.3,

m3 = m4 = 0.5, χ = 10, χs = 0.01. We set the sampling time of simulation to be 1 ms.

To demonstrate the effectiveness of the proposed approach in disturbance suppression, disturbances are sequen-

tially introduced in the following manner: In this simulation, the disturbances are :

∆ f =



0 t < 10


3
10

sin 3t
2

1 + 3
10

cos 3t
2

3
10

(1 + sin 3t
2
+ cos 3t

2
)



t > 10

,∆M =



3
10

sin 3t
2

1 + 3
10

cos 3t
2

3
10

(
1 + sin 3t

2
+ cos 3t

2

)


× 106 (83)
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Figure 2: Attitude tracking

Fig. 2 shows the attitude tracking curves of the proposed system. The developed controller can effectively track

the reference signals, which can be deducted from Fig. 2.
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Figure 3: Attitude tracking errors
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Figure 4: Norm of attitude tracking errors

Figs. 3 and 4 provide the attitude tracking errors and the norm of the errors respectively. It can be seen from

the results that the errors and their norm are limited within the pre-specified performance range defined by (79). By

adding mismatched disturbances in t=10, it can be seen that the system quickly converges the attitude tracking error

to the specified region. Fig. 4 displays the norm of attitude tracking errors, and the details at t=10 is displayed in the
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zoomed figures of Fig. 4. And by the tuning parameter ε in (78) the accuracy can be set in advance.
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Figure 5: Sliding mode manifold

Fig. 5 shows how every dimension of the sliding mode manifold s evolves. From Fig. 5, it is easy to find that s

will be restricted within the pre-specified performance range defined by Eq. (79).
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Figure 6: Norm of the sliding manifold

Additionally, Fig. 6 shows the norm of s and its pre-specified performance region(s).
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Figure 7: Attitude control signal

In addition, Fig. 7 shows the attitude control signals as well as the availability of the proposed controller.
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To showcase the superiority of our designed algorithm (AFO-ASMC), we compare our approach with the ASMC

method from [5]. Both methods utilize parameters consistent with those employed previously. The simulation results

are illustrated in the figure below:

0 5 10 15 20

time(s)

-0.5

0

0.5

R
o

ll 
tr

a
c
k
in

g
(r

a
d

)

ideal Roll angel signal

AFO-ASMC

ASMC

0 5 10 15 20

time(s)

-0.4

-0.2

0

0.2

0.4

P
it
c
h

 t
ra

c
k
in

g
(r

a
d

)

ideal Pitch angle signal

AFO-ASMC

ASMC

0 5 10 15 20

time(s)

-0.2

0

0.2

Y
a

w
 t

ra
c
k
in

g
(r

a
d

)

ideal Yaw angle signal

AFO-ASMC

ASMC

Figure 8: Attitude tracking errors
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Figure 9: Attitude tracking errors

Fig. 8 shows the attitude tracking curves of two methods. From Fig. 8, it is evident that the convergence rate of
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AFO-SMC is faster than that of ASMC. Fig. 9 provides the attitude tracking errors.
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Figure 10: Attitude control signal

Through Fig. 10, it is evident that the control input signal of ASMC is generally larger than that of AFO-ASMC.

This indicates that our designed control method effectively reduces system gain, minimizing system input control as

much as possible. Additionally, beyond time t = 10, we introduced non-matching disturbances. Although the attitude

signal of ASMC was not significantly affected, its control input suddenly increased, approaching or exceeding the

control limits of the RLV. This is a situation that should be avoided in control applications. In contrast, AFO-SMC

did not exhibit such behavior, highlighting the practicality of the proposed method.

6. Conclusion

This article presents a new adaptive multivariable attitude tracking control scheme for RLV with bounded but

unknown external interferences and uncertainties. The mismatched interferences were replaced by a new state by

designing an AFO, which resulted in a new RLV attitude control system. A non-overestimated adaptive gain was

designed to construct the adaptive multivariable attitude control algorithm, which has an important feature of being

easy to implement and ensuring that the attitude tracking error converges to pre-specified performance regions with-

out being affected by external interferences. The Lyapunov stability of the proposed method has been proven, and
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the theoretical results show that the system’s state can always stay in the designated region. Finally, the merits of the

proposed control scheme were highlighted by performing simulation case studies.
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