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Implicit Large Eddy simulation (iLES) has gained substantial popularity for modelling high

Reynolds-number turbulent flows, found across several engineering and scientific fields. iLES 
on a first read represents a simple, computationally efficient, and straightforward way to 
model turbulent flows. The numerical dissipation/dispersion errors of high-resolution high-order 
numerical schemes employed in this context, can mimic the effects of the unresolved flow 
scales, and therefore acting like a subgrid-scale model, most often successfully. The numerical 
dissipation and dispersion of high-resolution methods are intertwined and controlling them to 
obtain physically meaningful results in under-resolved grid settings of compressible flows is 
challenging due to the presence of discontinuities and smooth flow features simultaneously. 
A numerical method should have the right amount of dissipation/dispersion, such that it can 
avoid the unphysical ``build-up'' of energy in the high modes or excessive diffusion, since this 
will render the method unsuitable for iLES. Several elegant approaches to master this delicate 
balance have been presented in the literature, including polynomial de-aliasing, Riemann solver 
dissipation adjustment, and adaptive blending of central and upwind schemes. This work presents 
an adaptive dissipation/dispersion adjustment (ADDA) algorithm that determines a well-resolved 
and under-resolved region and adjusts the numerical dissipation/dispersion of a high-order 
CWENOZ scheme, followed by further adjusting the flux-dissipation term depending on the 
presence of discontinuities. Implemented within an arbitrary-order finite-volume framework for 
unstructured meshes in compressible flows, the ADDA algorithm is put to the test across a range 
of under-resolved iLES simulations encompassing subsonic, transonic, and supersonic regimes. 
The developed framework exhibits enhanced robustness and scale-resolving capabilities, all while 
achieving physically meaningful results in a computationally efficient manner. All the methods 
have been implemented and have been made available to the research community in the open

source UCNS3D CFD solver to accelerate the improvement of the methods.
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1. Introduction

Many turbulent flows encountered by scientists and engineers exhibit high Reynolds numbers, encompassing a broad spectrum of 
spatial and temporal scales. This wide range of scales is the origin of the most important difficulty for the numerical simulation of 
turbulent flows. Higher the Reynolds number is, smaller are the smallest scales of the flow. When the size of these scales is smaller than 
the grid size (or more precisely, smaller than the resolution of the numerical method) the numerical scheme is not able to capture their 
effect on the dynamics of the flow. When this happens, it is said that the flow is under-resolved. Unfortunalely, directly simulating 
all these scales using numerical methods like direct numerical simulation (DNS) of the Navier-Stokes equations is impractical due to 
computational limitations, despite the capabilities of today’s supercomputers [1]. As an alternative, the Large Eddy Simulation (LES) 
family of techniques have been established as a suitable cost-effective alternative, wherein the large scales are resolved while the 
effects of the smaller unresolved scales are modeled using subgrid-scale (SGS) models [2--4]. In recent years, Implicit LES (iLES) has 
gained substantial momentum owing to its straightforward approach [5--35]. Here, the ifluence of the unresolved scales is implicitly 
incorporated via the numerical dissipation inherent in several elegant high-resolution non-oscillatory numerical methods, bypassing 
the need for explicit SGS models. iLES has become a preferred turbulence modeling method in various sophisticated numerical 
frameworks, including finite-volume (FV), finite-element (FE), finite-difference (FD) and a range of high-order non-oscillatory family 
of schemes such as WENO, MUSCL, TVD within them.

However, designing non-oscillatory schemes for compressible flows presents a challenge due to the simultaneous occurrence of 
smooth regions requiring low-dissipation methods and discontinuous areas necessitating non-oscillatory behaviour free of spurious 
oscillations within the computational domain. The non-linear nature of high-resolution schemes exhibit numerical dissipation that 
resembles SGS models, and therefore can be applied to a wide-range of practical engineering problems. It has been considered ideal to 
develop numerical schemes with very low-numerical dissipation and dispersion within this context, but this is far from true. Across all 
the numerical frameworks (FE, FD, FV) a method with very-low numerical dissipation although benficial for resolving more features 
is unsuitable since this leads to an unphysical ``build-up'' of energy in the high modes, which could also be related to dispersive effects 
becoming more pronounced at this regime, a common observation in under-resolved grid resolutions. It might be more pronounced 
in some numerical frameworks such as DG, compared to FV methods, but even in FV implementations when the discretisation order 
increases (and dissipation is reduced), a similar behaviour is noticed. A suitable numerical method for iLES should have ``the right amount'' 
of numerical dissipation and dispersion, meaning that the numerical dissipation and dispersion should mimic the physics of the transfer 
of energy to the scales that are missing in the numerical grid. When the flow is under-resolved, the energy transfer from the larger 
scales to the smallest ones is truncated. When this truncation takes place in the inertial range (which is usual in practical turbulent 
flow computations), the energy transferred from the larger scales to the smaller ones must be dissipated at the smallest scales present 
in the grid, to avoid the ``build-up'' of energy. This dissipation is purely numeric, since physical dissipation is not the main mechanism 
that drives the dynamics in the inertial range.

There is a considerable body of work [5,7,9,15,25,32,34,36--38] focused on the adaptation of the numerical methods used to 
ensure that the ``right amount'' of dissipation is provided for iLES simulations, and to minimise the unphysical ``build-up'' of energy in 
the high modes, a campaign that can contribute to further improving the robustness and adoption of high-order numerical methods. 
Within this campaign there are approaches that focus on minimising the unphysical ``build-up'' of energy in the high modes by 
limiting the effect of high-order modes associated with the polynomials used as performed by Winters et al. [32], where a polynomial 
de-aliasing technique is employed for this purpose. Deng et al. [15] adapt the dissipation by blending an upwind and 2nd-order 
central scheme and have successfully deployed their framework in compressible isotropic turbulence, while Feng et al. [34] employ a 
Multi-objective Bayesian optimization (MOBO) to improve the performance of a WENO-ILES scheme and demonstrated the benfits of 
the approach using the Taylor-Green vortex flow problem, and Hickel et al. [38] employ a solution-adaptive local deconvolution and 
interpolation for the Taylor-Green vortex. Several approaches use the so-called automatic dissipation adjustment (ADA), or variants of 
them, using the energy ratio (ER) introduced by Tantikul and Domaradzki [37] to adjust the dissipation of their numerical framework 
through polynomial de-aliasing as done by Flad et al. [7], through the Riemann solver dissipation control of Li and Tsubokura [39], 
or through the adaptive blending of the central and the dissipation part of a WENO type discretisation [5,25]. In compressible flows, 
the modfication of the intrinsic dissipation of the numerical scheme is not straightforward, since the possible presence of shock 
waves may lead the simulation to crash if the numerical dissipation is not enough to prevent spurious oscillations. A mechanism 
to allow the instantaneously recovering of the full dissipation of the numerical scheme is required for any of these methods to be 
successfully applied to compressible flows. The a posteriori approach proposed by Nogueira et al. [25] has demonstrated the stability 
of the numerical scheme in a framework of adaptive dissipation in compressible flows for structured meshes.

The a posteriori strategies however might be quite challenging to implement in an implicit time-stepping method, usually deployed 
for high-Reynolds number flows, since the cells contaminated with inadmissible solutions can ifluence the entire computational 
domain within the linear system solution. Obtaining analytical expressions for the numerical dissipation and dispersion for several 
non-linear high-order methods for practical problems where non-uniform meshes or unstructured-meshes are employed is not feasible, 
and the only alternative of approximate dispersion (ADR) is limited to unstructured meshes only for linear methods, that leads to 
results that are not understandable and therefore of unclear value at present. What complicates the situation is that for non-linear 
methods on unstructured meshes the dissipation and dispersion are entangled, and it is common for dispersion errors to becoming 
more pronounced when dissipation is reduced, while when increasing dissipation seems to overwhelm the dispersion errors and 
reduce their effect.

In this work, we are focused on developing an a priori approach that can adaptively adjust the dissipation and dispersion (ADDA) of 
high-order non-oscillatory methods for unstructured meshes that can be readily deployed for practical engineering problems. We want 
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our implementation to be generic, applicable to various non-oscillatory schemes of arbitrary order of accuracy, and easily extendable 
to other numerical frameworks, such as DG. Developing these methods are relying on utilising canonical well-established test problems 
(such as the Taylor-Green vortex) with available DNS results, to calibrate the developed methods to exhibit this favourable ``right'' 
amount of numerical dissipation. A key performance indicator of these methods is obtained by examining the 3D kinetic energy 
spectra across several wave numbers to understand if this ``right'' amount of dissipation is properly rflected by the way that the 
kinetic energy is dissipated. The selected numerical scheme for the present study is the high-order CWENOZ method [6] and the 
entirety of the present algorithms developed are implemented in the UCNS3D CFD code [40] which is written in object-oriented 
Fortran 2008, employing MPI message passing interface (MPI), and the Open Multi-Processing (OpenMP) application programming 
interface (API), and the reader is referred to [41] for more details on implementation and performance benchmarks. The computational 
times reported are obtained for the same hardware (and compilation settings) and normalised with respect to a reference setup for 
the same hardware so that the performance of various algorithms under identical hardware can be appreciated. All the meshes used 
for this study have been generated using the Fidelity Pointwise 2023.1 mesh software.

The remainder of this paper is structured as follows. Section 2 describes the governing equations used, and section 3 is devoted 
to presenting the numerical framework used. Section 4 describes the building blocks of the ADDA algorithm, and provides a detailed 
description of the parameters used to control the dissipation/dispersion properties of the schemes. Section 5 follows with represen

tative 3D iLES test problems used for assessing the performance of the ADDA algorithm. The cases considered include the iLES of the 
inviscid subsonic Taylor-Green vortex, the iLES of the subsonic SD7003 wing, the iLES of the viscous supersonic Taylor-Green vortex 
and the iLES of a viscous transonic cylinder. Finally, the conclusions drawn from this study are provided in Section 6.

2. Governing equations

The compressible Navier-Stokes equations are considered, written in conservative form as:

𝜕𝐔(𝐱, 𝑡)
𝜕𝑡 

+∇ ⋅ (𝐅⃗𝑐(𝐔) − 𝐅⃗𝑣(𝐔,∇𝐔)) = 0, (1)

where 𝐔 is the vector of the conserved variables, 𝐅⃗𝑐 and 𝐅⃗𝑣 are the inviscid and viscous flux vectors, respectively, as

U =

⎡⎢⎢⎢⎢⎢⎣

𝜌

𝜌𝑢

𝜌𝑣

𝜌𝑤

𝐸

⎤⎥⎥⎥⎥⎥⎦
, 𝐅⃗𝑐 =

⎡⎢⎢⎢⎢⎢⎣

𝜌𝑢𝑛
𝜌𝑢𝑢𝑛 + 𝑛𝑥𝑝

𝜌𝑣𝑢𝑛 + 𝑛𝑦𝑝

𝜌𝑤𝑢𝑛 + 𝑛𝑧𝑝

𝑢𝑛(𝐸 + 𝑝)

⎤⎥⎥⎥⎥⎥⎦
, 𝐅⃗𝑣 =

⎡⎢⎢⎢⎢⎢⎣

0
𝑛𝑥𝜏𝑥𝑥 + 𝑛𝑦𝜏𝑥𝑦 + 𝑛𝑧𝜏𝑥𝑧
𝑛𝑥𝜏𝑦𝑥 + 𝑛𝑦𝜏𝑦𝑦 + 𝑛𝑧𝜏𝑦𝑧
𝑛𝑥𝜏𝑧𝑥 + 𝑛𝑦𝜏𝑧𝑦 + 𝑛𝑧𝜏𝑧𝑧
𝑛𝑥Θ𝑥 + 𝑛𝑦Θ𝑦 + 𝑛𝑧Θ𝑧

⎤⎥⎥⎥⎥⎥⎦
, (2)

where 𝜌 is the density; 𝑢, 𝑣,𝑤 are the velocity components in 𝑥, 𝑦 and 𝑧 Cartesian coordinates, respectively, and 𝑢𝑛 is the velocity 
normal to the bounded surface area, dfined by 𝑢𝑛 = 𝑛𝑥𝑢 + 𝑛𝑦𝑣 + 𝑛𝑧𝑤. Ideal gas is assumed where the total energy per unit mass is 
calculated by 𝐸 = 𝑝∕ (𝛾 − 1) + (1∕2)𝜌(𝑢2 + 𝑣2 +𝑤2), where 𝑝 is the pressure, 𝛾 = 1.4 is the ratio of specific heats for air at normal 
atmospheric conditions; The laminar viscosity is related to the temperature through the Sutherland’s law as

𝜇𝑙

𝜇0
=
(
𝑇

𝑇0

) 3
2 𝑇0 + 𝑆

𝑇 + 𝑆
, (3)

𝑆 is the Sutherland temperature and the subscript 0 denotes a reference state for the corresponding variables. The work of viscous 
stresses and heat conduction, Θ, is given by:

Θ𝑥 = 𝑢𝜏𝑥𝑥 + 𝑣𝜏𝑥𝑦 +𝑤𝜏𝑥𝑧 +
𝜇𝑙

𝑃 𝑟

𝛾

(𝛾 − 1)
𝜕𝑇

𝜕𝑥 
,

Θ𝑦 = 𝑢𝜏𝑦𝑥 + 𝑣𝜏𝑦𝑦 +𝑤𝜏𝑦𝑧 +
𝜇𝑙

𝑃 𝑟

𝛾

(𝛾 − 1)
𝜕𝑇

𝜕𝑦 
,

Θ𝑧 = 𝑢𝜏𝑧𝑧 + 𝑣𝜏𝑧𝑦 +𝑤𝜏𝑧𝑧 +
𝜇𝑙

𝑃 𝑟

𝛾

(𝛾 − 1)
𝜕𝑇

𝜕𝑧 
.

(4)

The viscous stress tensor 𝜏𝑖𝑗 is dfined by is

𝜏𝑖𝑗 = 𝜇𝑙

(
𝜕𝐮𝑖
𝜕𝐱𝑗

+
𝜕𝐮𝑗
𝜕𝐱𝑖

− 2
3
𝜕𝐮𝑘
𝜕𝐱𝑘

𝛿𝑖𝑗

)
, (5)

where 𝛿𝑖𝑗 is the Kronecker delta and the subscripts 𝑖, 𝑗, 𝑘 refer to the Cartesian coordinate components 𝐱 = (𝑥, 𝑦, 𝑧). Unless otherwise 
stated, the reference values are taken at atmospheric conditions (sea level): dynamic viscosity 𝜇0 = 1.7894 × 10−5𝑘𝑔∕(𝑚𝑠); reference 
temperatures 𝑇0 = 288.16𝐾 ; 𝑆 = 110.4𝐾 ; and Prandtl number 𝑃𝑟 = 0.72. The inviscid Euler equations are simply obtained by setting 
the viscous fluxes 𝐅⃗𝑣 = 0.
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Fig. 1. Drawing illustrating the volume (left) and surface (right) quadrature points for a tetrahedral cell. 

3. Numerical framework

We consider the Navier-Stokes Eq. (1) on a 3D domain Ω consisting of any combination of conforming tetrahedral, hexahedral, 
prism or pyramids in 3D. All the elements are indexed by a unique mono-index 𝑖. Integrating Eq. (1) over the mesh element 𝑖 using 
a high-order explicit finite-volume formulation the following equation is obtained:

𝑑𝐔𝑖

𝑑𝑡 
=− 1 |𝑉𝑖|

𝑁𝑓∑
𝑙=1 

𝑁𝑞𝑝∑
𝛼=1 

𝐅⃗𝑐𝑙
(
𝐔𝑛
𝑙,𝐿

(𝐱𝑙,𝛼 , 𝑡),𝐔𝑛
𝑙,𝑅

(𝐱𝑙,𝛼 , 𝑡)
)
𝜔𝛼|𝑆𝑙|

+ 1 |𝑉𝑖|
𝑁𝑓∑
𝑙=1 

𝑁𝑞𝑝∑
𝛼=1 

𝐅⃗𝑣𝑙
(
𝐔𝑛
𝑙,𝐿

(𝐱𝑙,𝛼 , 𝑡),𝐔𝑛
𝑙,𝑅

(𝐱𝑙,𝛼 , 𝑡),∇𝐔𝑛
𝑙,𝐿

(𝐱𝑙,𝛼 , 𝑡),∇𝐔𝑛
𝑙,𝑅

(𝐱𝑙,𝛼 , 𝑡)
)
𝜔𝛼|𝑆𝑙|,

(6)

where 𝐔𝑖 are the volume averaged conserved variables

𝐔𝑖 =
1 ||𝑉𝑖|| ∫

𝑉𝑖

𝐔(𝑥, 𝑦, 𝑧) 𝑑𝑉 , (7)

and 𝐅⃗𝑐𝑙 and 𝐅⃗𝑣𝑙 are the numerical flux function in the direction normal to the cell interface between two cells as, 𝑁𝑓 is the number of 
faces per element, 𝑁𝑞𝑝 is the number of quadrature points used for approximating the surface integrals, |𝑆𝑙| is the surface area of the 
corresponding face, and 𝐔𝑛

𝑙,𝐿
(𝐱𝑙,𝛼 , 𝑡) and 𝐔𝑛

𝑙,𝑅
(𝐱𝑙,𝛼 , 𝑡) are the high-order approximations of the solutions for the considered cell and its 

neighbour respectively and ∇𝐔𝑛
𝑙,𝐿

(𝐱𝑙,𝛼 , 𝑡) and ∇𝐔𝑛
𝑙,𝑅

(𝐱𝑙,𝛼 , 𝑡) are the high-order approximations of the gradients for the considered cell 
and its neighbour respectively; while 𝛼 corresponds to different Gaussian integration points 𝐱𝛼 and weights 𝜔𝛼 over each face. The 
volume, surface and line integrals are numerically approximated by quadrature rules which are compatible to the polynomial order 
selected as shown in Fig. 1, the reader is referred to [42] for details on numerical approximations of multiple integrals. 

3.1. Spatial discretisation

The reconstruction process employed in this work follows the approaches of Tsoutsanis et al. [6,43,44], Titarev et al. [45] that 
have been previously applied to smooth and discontinuous flow problems for single and multimaterial applications [41,46--59] and 
only the key elements are going to be described herein. For a cell 𝑖, a high-order polynomial 𝑝𝑖(𝑥, 𝑦, 𝑧) of order 𝑟 is built in such a way 
that it provides 𝑟+1 order of accuracy, by requiring it to have the same average as a general quantity 𝐔𝑖 . This can be formulated as:

𝐔𝑖 =
1 ||𝑉𝑖|| ∫

𝑉𝑖

𝑝𝑖(𝑥, 𝑦, 𝑧) 𝑑𝑉 . (8)

In this work we do not employ a transformation from physical to reference space as previous works [6,43,44] but we perform the 
reconstruction in physical coordinates as recently employed when hybridising DG-FV frameworks [60--63]. For computing the volume 
integrals, the non-tetrahedral elements are decomposed to numerous tetrahedral elements, following the strategy of Tsoutsanis et al. 
[44]. The reconstruction is performed by building a central stencil 1 by recursively adding neighbouring elements as shown in 
Fig. 2, consisting of 𝑀 + 1 cells including the considered cell 𝑖. In this work, we employ the stencil-based compact algorithm (SBC) 
introduced in [64], where the reader is referred to for more details. For improved robustness, we employ 𝑀 = 2𝐾 cells in the stencil 
as reported in several previous studies [64--70], where 𝐾 is the total number of polynomial coefficients given by:
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Fig. 2. Example of central reconstruction stencil (left) and directional reconstruction stencils (right), with the considered cell illustrated in red colour. (For interpretation 
of the colours in the figure(s), the reader is referred to the web version of this article.)

𝐾(𝑟, 𝑑) = 1 
𝑑!

𝑑∏
𝑙=1 

(𝑟+ 𝑙) , (9)

where 𝑑 ∈ [2,3] is the number of space dimensions. The central stencil 1 is given by

𝑐
𝑖 =

𝑀𝑐⋃
𝑚=0

𝑉𝑚, (10)

where the index 𝑚 refers to the local numbering of the elements in the stencil with the element with index 0 being the considered 
cell 𝑖, and the index 𝑐 referring to the stencil number (in case of multiple stencils) where for the central stencil 𝑐 = 1. The 𝑟th order 
reconstruction polynomial is an expansion over local polynomial basis functions 𝜙𝑘(𝑥, 𝑦, 𝑧) given by:

𝑝(𝑥, 𝑦, 𝑧) =
𝐾∑
𝑘=0

𝑎𝑘𝜙𝑘(𝑥, 𝑦, 𝑧) =𝐔0 +
𝐾∑
𝑘=1

𝑎𝑘𝜙𝑘(𝑥, 𝑦, 𝑧), (11)

where 𝐔0 corresponds to the vector of conserved variables at the considered cell 𝑖, and 𝑎𝑘 are the degrees of freedom of the polynomial. 
The degrees of freedom 𝑎𝑘 for the polynomial for each cell 𝑚 are obtained by satisfying the condition that the cell average of the 
reconstruction polynomial 𝑝(𝑥, 𝑦, 𝑧) must be equal to the cell average of the solution 𝐔𝑚:

∫
𝑉𝑚

𝑝(𝑥, 𝑦, 𝑧) 𝑑𝑥𝑑𝑦𝑑𝑧 = |𝑉𝑚|𝐔0 +
𝐾∑
𝑘=1

∫
𝑉𝑚

𝑎𝑘𝜙𝑘 𝑑𝑥𝑑𝑦𝑑𝑧 = |𝑉𝑚|𝐔𝑚, 𝑚 = 1,… ,𝑀. (12)

The basis functions 𝜙𝑘 should be formulated in such a fashion that they also satisfy equation (8), and they are dfined as follows:

𝜙𝑘(𝑥, 𝑦, 𝑧) ≡ 𝜓𝑘(𝑥, 𝑦, 𝑧) −
1 |𝑉0| ∫

𝑉0

𝜓𝑘 𝑑𝑥𝑑𝑦𝑑𝑧 𝑘 = 1,2,… ,𝐾, (13)

and in the present study 𝜓𝑘 are Taylor polynomials basis functions given by 

𝜓𝑘(𝑥, 𝑦, 𝑧)|𝑉0 = (𝑥− 𝑥𝑐0 )
𝑝𝑘

ℎ
𝑝𝑘
0

(𝑦− 𝑦𝑐0 )
𝑞𝑘

ℎ
𝑞𝑘
0

(𝑧− 𝑧𝑐0 )
𝑟𝑘

ℎ
𝑟𝑘
0

(14)

where 0 ≤ 𝑝𝑘 + 𝑞𝑘 + 𝑟𝑘 ≤𝐾 , 𝑘 = 1, ...,𝐾 . The index 0 indicates the considered cell, and ℎ0 is the characteristic cell size dfined as the 
square root of the volume of the considered cell, and 

(
𝑥𝑐0 , 𝑦𝑐0 , 𝑧𝑐0

)
are the coordinates of the cell centre of the considered element 𝑖. 

Denoting the integrals of the basis function 𝑘 over the cell 𝑚 in the stencil, and the vector of right-hand side by 𝐴𝑚𝑘 and 𝑏 respectively 
as given by

𝐴𝑚𝑘 = ∫
𝑉𝑚

𝜙𝑘 𝑑𝑥𝑑𝑦𝑑𝑧, 𝑏𝑚 = |𝑉𝑚|(𝐔𝑚 −𝐔0), (15)

the equations for degrees of freedom 𝑎𝑘 can be rewritten in a matrix form as:

𝐾∑
𝑘=1

𝐴𝑚𝑘𝑎𝑘 = 𝑏𝑚, 𝑚 = 1,2,…𝑀. (16)
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Finally, the resulting linear system is solved by a QR decomposition [71] while using a Moore-Penrose pseudo-inverse of 𝐴𝑚𝑘 which 
is stored in memory for improving computational speed as detailed in [41].

3.1.1. CWENOZ

The CWENOZ scheme developed by Tsoutsanis and Dumbser [6] is employed in this study, that has demonstrated improved 
computational efficiency and robustness compared to the original WENO schemes. The CWENOZ scheme combines the strength 
of an optimal (high-order) 𝑝𝑜𝑝𝑡 polynomial from the central stencil with lower-order polynomials from directional stencils. When 
encountering smooth data, the scheme effectively retrieves the optimal polynomial, achieving the desired accuracy. However, in the 
presence of discontinuous data, at least one lower-order polynomial from the directional stencils may capture smooth regions, thereby 
dampening oscillations in the computed solution. All polynomials adhere to the same requirement of matching the cell averages of 
the solution. Computational efficiency relative to WENO schemes stems from smaller directional stencil sizes and the containment of 
directional stencils within the central stencil, and the reader is referred to [6] for further details and comparisons. The definition of 
an optimal polynomial given by:

𝑝𝑜𝑝𝑡(𝑥, 𝑦, 𝑧) =
𝑠𝑡∑
𝑠=1 

𝜆𝑠𝑝𝑠(𝑧, 𝑦, 𝑧), (17)

where 𝑠 is the stencil index, with 𝑠 = 1 being the central, 𝑠 = (2,3, .., 𝑠𝑡) being the directional, 𝑠𝑡 being the total number of stencils, and 
𝜆𝑠 being the linear coefficient for each stencil, whose sum is equal to 1. The 𝑝1 polynomial is computed by subtracting the lower-order 
polynomials from the optimum polynomial as follows:

𝑝1(𝑥, 𝑦, 𝑧) =
1 
𝜆1

(
𝑝𝑜𝑝𝑡(𝑥, 𝑦, 𝑧) −

𝑠𝑡∑
𝑠=2 

𝜆𝑠𝑝𝑠(𝑥, 𝑦, 𝑧)

)
. (18)

The CWENOZ reconstruction polynomial is a non-linear combination of all the polynomials as follows:

𝑝(𝑥, 𝑦, 𝑧)cwenoz =
𝑠𝑡∑
𝑠=1 

𝜔𝑠𝑝𝑠(𝑥, 𝑦, 𝑧) ≡𝐔0 +
𝐾∑
𝑘=1

𝑎̃𝑘𝜙𝑘(𝑥, 𝑦, 𝑧), (19)

where 𝜔𝑠 corresponds to the non-linear weights assigned to each reconstruction polynomial, and in regions with smooth data 𝜔𝑠 ≈ 𝜆𝑠, 
therefore achieving the high-order approximation provided from the central stencil, and in regions of discontinuous solutions the 
reconstructed solution will be more dependent on the lower-order reconstruction polynomials of the directional stencils, where 𝑎̃𝑘
are the reconstructed degrees of freedom; and the non-linear weight 𝜔𝑠 is dfined as: The non-linear weights are now dfined as:

𝜔𝑠 =
𝜔̃𝑠

𝑠𝑡∑
𝑠=1

𝜔̃𝑠

where 𝜔̃𝑠 = 𝜆𝑠

(
1 +

(
𝜏

𝜖 + 𝑠

)𝑏
)
. (20)

With 𝜏 being the universal oscillation indicator and taken as the absolute difference between the smoothness indicators as follows:

𝜏 =

⎛⎜⎜⎜⎜⎝
𝑠𝑡∑
𝑠=2

|𝑠 − 1|
𝑠𝑡 − 1 

⎞⎟⎟⎟⎟⎠
. (21)

In this study a cell-size dependent value for 𝜖 = ℎ4𝑐 is used following the work of [72,73] and 𝑏 = 4, which is better suited for 
computational domains with cell-sizes of several orders of magnitude differences. For the present study we employ 𝑟 = 1 for the 
directional polynomials resulting in 2nd-order of accuracy, and any arbitrary order of accuracy for the polynomial associated with 
the central stencil. The linear weights are computed by firstly assigning the non-normalised linear weight for the central stencil 𝜆′1
an arbitrary value, and then normalising this as follows:

𝜆1 = 1 − 1 
𝜆′1

, (22)

with the linear weights associated with lower-order polynomials being assigned the same linear weights as follows:

𝜆𝑠 =
1 − 𝜆1
𝑠𝑡 − 1 

, (23)

where 𝑠𝑡 is the total number of stencils. The smoothness indicator 𝑚 is given by:

𝑠 =
∑

1≤|𝛽|≤𝑟∫
𝑉0

|ℎ𝑐 ||𝛽|−1 (𝛽𝑝𝑠(𝑥, 𝑦, 𝑧)
)2 (𝑑𝑥,𝑑𝑦, 𝑑𝑧), (24)

where 𝛽 is a multi-index, 𝑟 is the polynomial’s order, 𝜆𝑠 is the linear weight and ℎ𝑐 is the characteristic cell size of the considered 
cell. The central stencil is assigned a large linear weight 𝜆1 while the remaining directional stencils are assigned a value of 𝜆𝑠 = 1
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and  is the derivative operator. The smoothness indicator is a quadratic function of the degrees of freedom (𝑎𝑠
𝑘
) and Eq. (24) can 

be rewritten as:

𝑠 =
𝐾∑
𝑘=1

𝑎𝑠
𝑘

(
𝐾∑
𝑞=1 

𝑘𝑞𝑎
𝑠
𝑞

)
, (25)

where the oscillation indication matrix 𝑘𝑞 is given by:

𝑘𝑞 =
∑

1≤|𝛽|≤𝑟∫
𝑉0

|ℎ𝑐 ||𝛽|−1 (𝛽𝜙𝑘(𝑥, 𝑦, 𝑧)
) (𝛽𝜙𝑞(𝑥, 𝑦, 𝑧)

)
(𝑑𝑥,𝑑𝑦, 𝑑𝑧), (26)

and can be precomputed and stored at the beginning of the simulation. This reconstruction can be carried out with respect to the 
characteristic, primitive or conserved variables, and the reader is referred to [43,44,46,51,58,63] and references therein regarding 
the implementation.

3.2. Low-Mach number correction (LMC)

In low-Mach number regions the correction introduced by Simmonds et al. [74,75] is employed in this work, where the extrap

olated reconstructed values at the cell interfaces are modfied to take into account the correct flow physics of low speed flows. This 
treatment has demonstrated that significant improvements in terms of dissipation properties can be achieved in low-Mach number 
regions, particularly for hexahedral and quadrilateral elements in 3D and 2D respectively. In the LMC of Simmonds et al. [74,75] 
only the normal components 𝑛̂ of the velocity at the interfaces are modfied, and not their tangential 𝑛∥ as follows:

𝑢𝑛̂∗
𝐿

=
(1 + 𝑧)𝑢𝑛̂

𝐿
+ (1 − 𝑧)𝑢𝑛̂

𝑅

2 
, 𝑢𝑛̂∗

𝑅
=

(1 + 𝑧)𝑢𝑛̂
𝑅
+ (1 − 𝑧)𝑢𝑛̂

𝐿

2 
, 𝑧 =𝑚𝑖𝑛(1,𝑚𝑎𝑥(𝑀𝐿,𝑀𝑅).) (27)

𝑀𝐿,𝑀𝑅 correspond to the Mach number of the left and right-states respectively, and 𝑢𝑛̂∗
𝐿

, 𝑢𝑛̂∗
𝑅

are the modfied extrapolated normal 
component of velocities for the left- and right-states respectively, and 𝑢𝑛̂

𝐿
, 𝑢𝑛̂

𝑅
denote the reconstructed extrapolated values for the 

velocity in the direction normal to the face/edge for the left- and right-states respectively. The local Mach number for the left and right 
states 𝑀𝐿,𝑀𝑅 is calculated based on the velocity magnitude of all the velocity components independent of the normal direction.

3.3. Fluxes approximation

For the inviscid fluxes we employ the (Harten-Lax-van Leer-Contact) HLLC approximate Riemann solver of Toro et al. [76], or 
the Roe Riemann solver [77]. For the viscous fluxes, the gradients are computed using a constrained least-square reconstruction for 
the boundary condition enforcement, as detailed in [40,44]. The gradients of the discontinuous states for the approximation of the 
viscous fluxes are averaged by including the penalty terms similar to previous approaches [78,79] in the following manner:

∇𝐔 = 1
2
(
∇𝐔𝐿 +∇𝐔𝑅

)
+ 𝛼

𝐿𝑖𝑛𝑡

(
𝐔𝑅 −𝐔𝐿

)
𝑛, (28)

where 𝐿𝑖𝑛𝑡 is the distance between the cell centres of adjacent cells, and we set 𝛼 = 4∕3 similarly to previous approaches [65,78].

3.4. Temporal discretisation

For this study we employ the explicit 4th-order Strong-Stability-Preserving (SSP) Runge-Kutta of Spiteri and Ruuth [80], which is 
stable for (𝐶𝐹𝐿 ≈ 1.5), where the readers are referred for further details [80]. For high-Reynolds number wall-resolved flow problems 
that we want to bypass the severe CFL limit of the explicit scheme, we employ the well established and widely used dual-time stepping 
strategy [81] where the transient problem is solved as a series of steady-state problems, and several techniques are used to accelerate 
the convergence to steady state including local time stepping, implicit approximate Jacobian factored implementation using the 
Rusanov flux [82] and the matrix-free lower-upper symmetric Gauss-Seidel (LU-SGS) similar to [83,84]. The reader is referred to the

UCNS3D implementation [40] and references therein.

4. ADDA algorithm

The present ADDA algorithm has three procedures including measuring the energy ratio, CWENOZ adaptation and flux-dissipation 
adjustment. Considering an iLES simulation of the flow past a cylinder, then for every considered cell in the computational domain 
the ADDA algorithm will execute all these procedures in a finely-grained manner where every cell and cell interface can determine 
how to adjust its dissipation/dispersion characteristics. The ADDA algorithm flow chart is illustrated in Fig. 3 that follows, and is 
going to be useful for understanding how the ADDA algorithm operates at its entirety and for discussing the particular details of the 
implementation of each of the three distinct procedures.
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Fig. 3. Flow-chart of the ADDA-augmented UCNS3D code. In its current cofiguration, during an iLES simulation the ADDA operation is executed at every physical 
time step for every cell in the computational domain, through a series of procedures. The 1st procedure involves measuring the Energy Ratio that indicates if the field 
associated with a cell is well-resolved or under-resolved, and in turn dictates if this cell requires more or less dissipation. All the possible paths which are unique 
to the low dissipation cells are illustrated with red colour, and the alternatives with blue colour. The 2nd procedure is associated with the adaptation of CWENOZ 
reconstruction by adjusting the linear weight (𝜆1) of the central high-order stencil. We can deploy a 3rd procedure of flux adaptation when the Roe or Rusanov 
Riemann solvers are used, by adjusting the dissipation (gradual increase, gradual decrease, or return to default value) through the flux dissipation control term (𝑑𝑖)
depending on the non-linear CWENOZ weight for the density and pressure, to ensure that the non-oscillatory properties of the framework are maintained. It has to be 
noted that the gradual decrease of the flux dissipation term can only be performed for a low-dissipation cell in smooth regions of the flow, as indicated by the red coloured arrow 
lines. This is then followed by using the maximum flux dissipation between two states 𝑑𝑖 =𝑚𝑎𝑥(𝑑𝑖,𝐿, 𝑑𝑖,𝑅) for ensuring conservation. Finally, the fluxes are computed, 
and the solution advanced in time.

4.1. Energy ratio

The first parameter employed in the context of ADDA is to measure how well-resolved the flow is at every cell. For this reason, we 
utilised the so-called local energy-ratio introduced in [8,37] and further adapted by [5] as follows:

𝐸𝑅 =
∫
𝑉𝑖
((𝜌𝐮)𝑅 − (𝜌𝐮)𝑊 )2𝑑𝑉

∫
𝑉𝑖
((𝜌𝐮)𝑅 − (𝜌𝐮)𝑆 )2𝑑𝑉

, (29)
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Table 1
Filter parameters description, with S and W corresponding to strong and weak 
variations of the filters respectively.

filter number type 𝑎 (S/W) 𝑠 (S/W) 𝜂𝑐 𝜂𝑚𝑎𝑥 (S/W) 
Filter 1 sharp N/A N/A N/A 𝑟− 2/𝑟− 1
Filter 2 expon. 4/4 8/16 0 𝑟/𝑟

Filter 3 expon. 16/16 8/32 0 𝑟/𝑟

Filter 4 expon. 16/16 4/64 0 𝑟/𝑟

Filter 5 expon. 64/2 16/16 0 𝑟/𝑟

Filter 6 expon. 32/8 16/16 0 𝑟/𝑟

Filter 7 expon. 32/8 8/8 0 𝑟/𝑟

where the (𝜌𝐮)𝑅 represents the ufiltered reconstructed solution integrated within each cell, while the (𝜌𝐮)𝑊 and (𝜌𝐮)𝑆 represent 
the filtered reconstructed solution integrated within each cell with a weak- and stron-filter applied, respectively.

The choices of strong and weak filters are far from unique, with different elegant approaches available from exponential to 
shar-filters that are widely used in the literature [5,7,37,85,86]. Determining optimum strong and weak filters with distinct scale 
separation, requires extensive testing and the calibration is usually performed on well-established turbulent flow problems such as 
the Taylor-Green vortex.

Remark 1. It is common practice that during this calibration, the numerical method parameters and the grid-type remain fixed. This 
calibration strategy can not be easily extended to a wide-range of numerical methods, with different settings, for unstructured meshes 
since these will require an excessive number of simulations for optimising these parameters, and of uncertain value especially when 
the unique-characteristics of mesh element shapes for realistic unstructured meshes are unknown.

We are also constrained by the fact that analytical expressions for dispersion/dissipation errors are limited to linear methods, 
and the only alternative of approximate dispersion relation (ADR) is limited to 1D and not accounting for non-linear interactions 
[87], while extension to unstructured meshes, even for linear methods, leads to results that are not understandable and therefore of 
unclear value at present [88]. Within this landscape we want to employ filters that are suitable for identifying the well-resolved and 
unresolved regions, that can be routinely used on unstructured meshes of various element types and to be deployed for CWENOZ 
class of schemes for various orders of spatial accuracy. For this purpose, we consider firstly an exponential type of filter with different 
parameters that is widely used in the DG/FR community for reducing the aliasing errors associated with the high-order polynomial 
modes in under-resolved settings [32,86,89] as shown in Eq. (30).

𝜎(𝜂) =

{
1, 𝜂 = 0
𝑒𝑥𝑝

(
−𝑎

(
𝜂−𝜂𝑐

𝜂𝑚𝑎𝑥−𝜂𝑐

)𝑠)
, 1 ≤ 𝜂 ≤ 𝜂𝑚𝑎𝑥

(30)

For the exponential filter 𝑎 is the damping parameter, 𝑠 is the strength parameter, 𝜂 = (𝑝𝑘 + 𝑞𝑘 + 𝑟𝑘) is the summation of exponents 
of the Taylor-basis polynomial terms in the polynomial used as shown in Eq. (14), 𝜂𝑐 is the cut-off degree, and 𝜂𝑚𝑎𝑥 is the maximum 
summation of exponent of the Taylor-basis polynomial terms, and 𝑟 is the desired polynomial order. Following the findings from pre

vious studies [5,37], where it has been reported that the weak filter should not be too weak otherwise it’s not useful at distinguishing 
well-resolved and under-resolved regions, we have selected to introduce a second type of filter by adopting a generic sharp filtering 
strategy that its weak variant will switch-off the Taylor-basis polynomial coefficients associated with the 𝑟-order terms, and its strong 
variant will additionally switch-off the Taylor-basis polynomial coefficients associated with the 𝑟 − 1-order terms. In this way, we 
have a weak filter corresponding to a one-polynomial order lower than the intended one, and the strong filter corresponding to a 
two-polynomial orders lower than the intended. The definition of the filter is shown in Eq. (31).

𝜎(𝜂) =
⎧⎪⎨⎪⎩
1, 𝜂 = 0
1, 1 ≤ 𝜂 < 𝜂𝑚𝑎𝑥

0, 𝜂 = 𝜂𝑚𝑎𝑥

(31)

We are not considering anisotropic filters in this study, since the filtering applied is the same for the all the Taylor-basis polynomial 
terms associated with polynomial order. We want to understand how the sensitive the energy ratio ER is to the choice of filters used, 
and which filters are good candidates to be used within this context. For this purpose, have selected the filters as detailed in Table 1.

Considering a generic variable 𝑄, the reconstruction polynomial is an expansion over local polynomial basis functions 𝜙𝑘(𝑥, 𝑦, 𝑧)
given by:

𝑝(𝑥, 𝑦, 𝑧) =
𝐾∑
𝑘=0

𝜎𝑘𝑎𝑘𝜙𝑘(𝑥, 𝑦, 𝑧) =𝑄0𝜎0 +
𝐾∑
𝑘=1

𝜎𝑘𝑎𝑘𝜙𝑘(𝑥, 𝑦, 𝑧), (32)

and the 0 degree of freedom is associated with 𝑄0, and the parameter 𝜎𝑘 is associated with the filtering of the polynomial, and it can 
take any values between [0,1]. The ufiltered variable is obtained with the following polynomial
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Fig. 4. Variation of 𝜎𝑘 for each polynomial degree of freedom 𝐾 for different variants of filters used for the energy ratio definition, for a CWENOZ4 scheme. 

Fig. 5. Evolution of mean ER within the domain for the 3D inviscid Taylor-Green vortex for a hexahedral mesh with a CWENOZ4 scheme with different filters (left), 
and for various meshes and schemes with filter 1 (right). Different y-axis ranges are used (with different colours) when the range of ER variation of filters is different 
(left).

𝑝𝑅(𝑥, 𝑦, 𝑧) =
𝐾∑
𝑘=0

𝜎𝑘𝑎𝑘𝜙𝑘, 𝑤𝑖𝑡ℎ 𝜎𝑘 = 1, (33)

the weak filter application to the variable is given by:

𝑝𝑊 (𝑥, 𝑦, 𝑧) =
𝐾∑
𝑘=0

𝜎𝑊
𝑘
𝑎𝑘𝜙𝑘 𝑤𝑖𝑡ℎ 𝜎𝑊

𝑘
= 𝜎(𝜂)𝑊 , (34)

and the strong filter application to the variable is given by:

𝑝𝑆 (𝑥, 𝑦, 𝑧) =
𝐾∑
𝑘=0

𝜎𝑆
𝑘
𝑎𝑘𝜙𝑘 𝑤𝑖𝑡ℎ 𝜎𝑆

𝑘
= 𝜎(𝜂)𝑆 . (35)

The variation of filtering parameter 𝜎𝑘 and degrees of freedom 𝑘 for a 4th-order scheme can be seen in Fig. 4, where it can be 
noticed that the filters with the least-weak filtering are filter 1 and filter 7.

With these 7 filters, we simulated the inviscid 3D Taylor-Green vortex flow with a CWENOZ4 scheme on an under-resolved grid 
resolution of 643. The filters were only used for monitoring purposes of the energy ratio ER, since we did not apply any filtering to 
our reconstructed solutions, but we used them for calculating the ER for each cell, since we wanted to understand how the ER varies 
during the simulation. 

From the obtained results as shown in Fig. 5, it can be noticed that mean ER variation during the simulation is similar between 
filter 1 and filter 7, where the flow is well-resolved (low-𝐸𝑅) and as the Taylor-Green vortex flow structures interact with each other 
and transition to turbulence occurs we see a gradual increase of the ER (more regions are becoming under-resolved (high-𝐸𝑅), which 
we will explain later how this is manifested, and if any useful information can be drawn from this. All the other filters do not provide 
useful information regarding the ER, either because their variation is very close to machine precision (filter 4), or their ER remains 
flat due to the small differences between the weak and strong filters used. Any of the two filters (filter 1 and filter 7) seem as good 
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Fig. 6. Contour plots of U-velocity and V-velocity and the cells with (𝐸𝑅 > 1.2) for the 3D inviscid Taylor-Green vortex flow for a CWENOZ4 schemes at different 
times, for a hexahedral (top), tetrahedral (medium), and hybrid (bottom) mesh.

candidates to be used since there is sufficient difference between their strong and weak variations, and their weak variants are the 
least-weak as previously described.

For this purpose we have selected the shar-filter filter 1, to run the Taylor-Green vortex flow problem for three different types 
of meshes at the same resolution of 643 using a CWENOZ3,CWENOZ4,CWENOZ5 and CWENOZ6 schemes. From the obtained results 
as shown in Fig. 5 it can be noticed that the ER varies significantly throughout the simulation, with a common pattern which is 
associated with a rise of the 𝐸𝑅 at later times and stabilising until the end. The inviscid Taylor-Green vortex flow selected is severely 
under-resolved at late times, and therefore one would expect the mean 𝐸𝑅 to be increased as the simulation progresses. More and 
more cells become under-resolved as the simulation advances, however there are instances where (𝐸𝑅 >> 1), which is not only an 
indication that the flow is under-resolved for them, but rather that an unphysical ``build-up'' of energy in the high modes associated 
with the high-order polynomial terms has occurred. This can be seen in Fig. 6 where we have plotted only the cells with an (𝐸𝑅 > 1.2)
and it can be seen that we have a small number of cells at early time (𝑡 = 2), that increase at (𝑡 = 8 − 6) and become more dispersed 
at late times (𝑡 = 12). For the tetrahedral and hybrid meshes we notice that number of cells with (𝐸𝑅 > 1.2) is increased compared 
to hexahedral mesh even at early times (𝑡 = 2), which is indicative of their dispersive properties as previously reported in [90], and 
a more pronounced accumulation of unphysical energy in the high modes.

Remark 2. The optimum filtering technique might be beyond reach for practical problems involving several numerical methods, and 
meshes. However, the two filters (filter 1 and filter 7) that are characterised with not ``too-weak'' variants and significant difference 
from their-strong variants, lead to an ER variation that can be useful in identifying instances of well-resolved, under-resolved regions 
and regions where there is an unphysical ``build-up'' of energy in the high modes.

The ER is measured on unlimited reconstruction polynomials using the central stencil prior to any limiting performed by the 
CWENOZ algorithm. In smooth regions of the flow, the CWENOZ procedure will recover the optimal reconstruction polynomial 
associated with the unlimited reconstruction polynomial, and is therefore representative of the optimal accuracy of the CWENOZ 
scheme. By subtracting from the ufiltered field the filtered ones, that have damped the high-frequency content, we obtain an 
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estimate of the high-frequency content at every cell, and therefore we get an indication from the ER if the flow is well-resolved or 
under-resolved for a particular cell.

Remark 3. When there is abundant high-frequency content, it is implied that the turbulent flow-structures are not properly captured 
by the current cofiguration of the numerical scheme and grid resolution. However, for compressible flows the high-frequency content 
might also be manifested by discontinuities (such as shock waves, rarefaction waves, contact waves), and therefore one should 
appreciate that these conditions are intertwined and therefore both should be employed as a metric regarding the adjustment of our 
numerical scheme.

The behaviour of the deployed numerical scheme should be adapted by increasing its dissipation when the flow is under-resolved 
and reduce its dissipation when the flow is well-resolved. What complicates the situation is that for non-linear methods on unstructured 
meshes the dissipation and dispersion are entangled, and it is common when increasing dissipation seems to overwhelm the dispersion 
errors and their effect. There are well established procedures to assess the dissipation and dispersion properties of several linear and 
non-linear schemes using the so-called approximate dispersion relation (ADR) as implemented by Pirozzoli [87] where several popular 
non-linear schemes were assessed, and further expanded by Cravero et al. [91] for CWENOZ schemes. Recently Ruano et al. [88] 
developed a new general method free of FFT for assessing the dissipation and dispersion properties of schemes even on stretched 
Cartesian meshes, where it has been highlighted that the extension of this general method or ADR for unstructured meshes even for 
linear methods leads to results that are not understandable and therefore of unclear value at present. Therefore, within this context the 
properties of the numerical schemes for unstructured meshes for multidimensional non-linear reconstructions are assessed against 
either analytical solutions, reference solutions from other computational studies and DNS results, since the presence of different 
element types present in unstructured meshes have different dissipation/dispersion behaviours. Dispersion errors are more evident in 
particular when deploying certain element types such as tetrahedra and prisms, as reported by [90]. They can in turn be manifested 
as high-frequency unresolved content in the ER metric, and a simple remedy would be to increase the dissipation of the numerical 
method, since these elements will present themselves with spikes in the 𝐸𝑅.

It needs to be stressed that several parameters will be taken into account and several actions stem from each one of them depending 
on their values. The first ADDA operation is to measure the 𝐸𝑅 according to the equation Eq. (29) and depending on the values of 
the 𝐸𝑅 we take the following actions as shown below:

Measure 𝐸𝑅 =>
⎧⎪⎨⎪⎩
𝐸𝑅>𝑈𝑇 , Increase Dissipation,

𝐿𝑇 ≤𝐸𝑅 ≤𝑈𝑇 , Unmodified,

𝐸𝑅<𝐿𝑇 , Reduce Dissipation,

(36)

where the low-threshold value used (𝐿𝑇 = 0.95)-which corresponds to well-resolved regions, and an upper-threshold value of (𝑈𝑇 =
1.2) is used for defining the under-resolved regions. We employ these set of values to distinguish between well-resolved and under

resolved regions, and they have been selected following the numerical experiments with filter 1 and filter 7 previously reported. The 
fine-tuning of these selected parameters is beyond the focus and scope of this study.

4.2. CWENOZ adaptation

The next step in our ADDA operation is to increase, decrease the dissipation or keep the dissipation unchanged according to Eq. (36) 
described previously. Our strategy is quite generic, and it can be applied to several high-order non-oscillatory schemes in this context 
such as WENO, WENOZ, TENO, TENOZ, TENO-A, CWENO, CWENOZ [72,73,92--101] by carefully selecting one or more parameters 
for controlling the dissipation/dispersion of the schemes. For this particular study, we note the CWENOZ non-linear reconstruction 
polynomial weights are given by the following equation:

𝜔̃𝑠 = 𝜆𝑠

(
1 +

(
𝜏

𝜖 + 𝑠

)𝑏
)
, (37)

where 𝜆𝑠 is the linear weight assigned to each stencil. One way to control the dissipation properties of the CWENO/CWENOZ type 
of schemes is through the linear weight assigned to the central stencil 𝜆1 , the one associated with the high-order approximation, as 
it has been previously documented [6,49,51,60,72,90].

When a cell is tagged for increasing its dissipation from the previous criterion we perform that by assigning a small value to the 
central stencil linear weight 𝜆1 =𝐴, with (𝐴 = 2) for the present implementation, while when it is tagged for reducing its dissipation 
we assign a large value to it 𝜆1 = 𝐵, with (𝐵 = 1000). It has to be noted that this central stencil linear weight value is the non

normalised one found in (Eq. (22)). Each cell in the domain can set its own value for the central stencil linear weight 𝜆1 based on 
this criterion, prior to performing the CWENOZ reconstruction.

Remark 4. This process is executed at every explicit Runge-Kutta time-step or physical-time step of the implicit Dual-time stepping 
by computing the energy ratio, and deciding to increase or decrease the dissipation accordingly through the central stencil linear 
weight 𝜆1 prior to the CWENOZ reconstruction. The energy ratio of Eq. (29) is computed based on the current time-level values.
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If the selected approximate Riemann solver is upwind such as HLLC, HLL the next steps involve computing the fluxes and advancing 
the solution in time as seen in the ADDA flow chart in Fig. 3.

4.3. Flux dissipation adaptation

If the selected approximate Riemann solver has a central structure such as Roe [77] or Rusanov [82] we can exploit additional 
control through the flux dissipation terms. Considering the Rusanov flux as follows:

𝐅𝑅𝑢𝑠𝑎𝑛𝑜𝑣𝑐𝑙
= 1

2
(
𝐅𝐿 + 𝐅𝑅

)
− 1

2
𝑑𝑖𝜆𝑚𝑎𝑥

(
𝐔𝑅 −𝐔𝐿

)
(38)

where the left and right states are indicated by subscripts 𝐿, 𝑅, and the maximum eigenvalue associated with the Rusanov flux is 𝜆𝑚𝑎𝑥 . 
We have introduced the new flux-dissipation control parameter 𝑑𝑖 that controls how much flux dissipation is included in the flux. When 
we assign 𝑑𝑖 = 0, we end up with a simple flux averaging without dissipation terms, while when assign a value of 𝑑𝑖 = 1, we recover the 
original formulation of the employed flux. For this study we vary the flux-dissipation term between 𝑑𝑖 ∈ [0.5,1], since we have found 
this to be the lower-limit for Roe, and Rusanov Riemann solver to work robustly for the compressible flow problems that we have used. 
This strategy of introducing flux dissipation control terms in flux functions has been well-documented in the literature [102--106], 
with several elegant approaches improving significantly the characteristics of their numerical frameworks through this approach.

The value of the flux dissipation control term 𝑑𝑖 is dynamically adjusted at each physical time-step for each cell for each face, 
and we smoothly vary its value in steps of 0.05 for the present work, similarly to [5]. Therefore, we gradually increase or decrease 
the flux dissipation control term up to its maximum or minimum value respectively, when the same conditions are met at each time 
step. So if a cell has been previously tagged for reducing its dissipation, through the increase of (𝜆1), it can also gradually decrease 
(𝑑𝑖) up to the minimum value. In contrast, when a cell has been tagged for increasing its dissipation through the increase of (𝜆1), it 
can also gradually increase (𝑑𝑖) up to the maximum value (𝑑𝑖 = 1).

Remark 5. However, there are instances where the flux dissipation control term 𝑑𝑖 needs to return to its default value (𝑑𝑖 = 1)
immediately when a strong discontinuity is present, independently if the cell has been previously tagged for low- or high-dissipation 
adjustment. This decision is taken based on the non-linear CWENOZ weights assigned to the central stencil for density and pressure.

When the non-linear CWENOZ weight is less than the value (𝜔1 < 𝐶), with (𝐶 < 0.999) for this study, then the flux dissipation 
control term returns to its default value (𝑑𝑖 = 1), to prevent the spurious oscillations in the solution, otherwise it operates as previously 
described.

Remark 6. Once the appropriate flux dissipation control term 𝑑𝑖 has been set for a cell according to the criteria previously dfined, 
then we need to ensure the same value of 𝑑𝑖 is used by both left and right states in order to ensure a conservative flux approximation. 
This is achieved by using the maximum value allowed from both states with 𝑑𝑖 = 𝑚𝑎𝑥(𝑑𝑖,𝐿, 𝑑𝑖,𝑅) for robustness. This finding of the 
maximum value allowed between states translates to a small additional overhead in terms of the parallel communication when the 
left and right states lie in different parallel processes.

Finally, the ADDA algorithm proceeds with the computation of the fluxes and advancement of the solution in time, and the process 
is repeated at every time step.

5. Applications

5.1. iLES of subsonic inviscid Taylor-Green vortex

The iLES of the 3D inviscid subsonic Taylor-Green vortex test problem is employed since it presents an ideal-test problem for 
assessing several characteristics of numerical methods intended within the LES context, it is widely used by the community across 
several numerical frameworks and LES techniques [5,10,39,60,64,90,94,107--110] and therefore there is a wealth of DNS, LES, iLES 
computational data from the literature to compare against. We are particularly focused on ``under-resolved'' mesh resolutions since 
these are more representative of the environment that these methods are expected to operate, and we want to understand any benfits 
that the new ADDA technique can offer for reproducing the transition to turbulence in these situations. The computational domain 
is dfined as Ω = [0,2𝜋]3 with periodic boundary conditions, and the present formulation of the Taylor-Green vortex problem is 
initialized with the following velocity, density and pressure fields:

𝑢(𝑥, 𝑦, 𝑧,0) = sin(𝑘𝑥) cos(𝑘𝑦) cos(𝑘𝑧), (39)

𝑣(𝑥, 𝑦, 𝑧,0) = −cos(𝑘𝑥) sin(𝑘𝑦) cos(𝑘𝑧), (40)

𝑤(𝑥, 𝑦, 𝑧,0) = 0, (41)

𝜌(𝑥, 𝑦, 𝑧,0) = 1, (42)

𝑝(𝑥, 𝑦, 𝑧,0) = 100 + 𝜌 
16

[cos(2𝑧) + 2] ⋅ [cos(2𝑥) + cos(2𝑦)]. (43)
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Fig. 7. Cutaway of the hexahedral (left) and arbitrary tetrahedral mesh (right) used for subsonic inviscid Taylor-Green vortex flow problem, with a zoomed-in region 
at the centre of their domain.

Table 2
Mesh characteristics for Taylor-Green vortex test problem.

mesh type edges per domain Length 𝐿 Total number of cells 
hexahedral 64 262,144 
hexahedral 128 2,097,152 
arbitrary tetrahedral 64 2,069,247 

The initial condition corresponds to an initial Mach number 𝑀 ≈ 0.08, with wavenumber 𝑘 = 2𝜋∕𝜆 = 1. Simulations were carried 
out on hexahedral meshes of 643 and 1283, and an arbitrary tetrahedral-dominant (included pyramids at periodic boundaries) mesh 
with a cell edge resolution equivalent to 643 as shown in Fig. 7 and listed in Table 2. The primary reason that we are employing two 
resolutions for the hexahedral type is that the 1283 resolution is equivalent to 643 resolution of a tetrahedral mesh, with respect to 
the number of elements, and their comparison might provide some useful insights on the selected numerical methods and the mesh 
elements.

For the present Taylor-Green vortex flow test problem we employ the CWENOZ schemes with different order of spatial accuracy 
and the 4th-order Runge-Kutta SSP with a CFL of 1.4, with the HLLC or Roe Riemann solver. Initially, we employ the coarsest 
hexahedral mesh 643 to assess the impact of the following parameters on the results:

• changing the polynomial order 
• changing the central stencil linear weight 𝜆1
• using ADDA with Roe Riemann solver (adapts 𝜆1 and the flux dissipation term 𝑑𝑖)
• using ADDA with HLLC Riemann solver (acts only on 𝜆1)

We are also interested in the 3D spectra of the kinetic energy after the dissipation peak (𝑡 = 10), where we can assess if the 
dissipation follows the behaviour of Kolmogorov’s (𝑘 = −5∕3) law, at least for a limited range of wave numbers for the under

resolved resolution employed in this study. From the evolution of the kinetic energy Fig. 8, dissipation rate Fig. 9 and the kinetic 
energy spectra at 𝑡 = 10 Fig. 10 it can be noticed that the increase of the polynomial order  , and central stencil linear weight 𝜆1
reduces the numerical dissipation and provides a better agreement with the DNS results of Brachet et al. [107] and a better agreement 
with the Kolmogorov’s slope for a wider-range of wave numbers. Regarding the ADDA technique, it provides a dissipation behaviour 
that follows better the Kolmogorov’s slope and the DNS results, in particular when the Roe Riemann solver is deployed where the

ADDA technique acts on the flux dissipation term 𝑑𝑖 as well. The HLLC variant results are also improved with the ADDA technique, but 
due to the current implementation not acting on the flux components of HLLC Riemann solver it is inferior to the results obtained 
with the Roe Riemann solver due to the adjustment of the flux dissipation term of the Roe Riemann solver, that seems to make a 
significant improvement in the results. It has to be noted that the DNS study of Brachet et al. [107] is solving the viscous Navier-Stokes 
equations, however the comparison against the DNS results is valuable to understand the underlying dissipation mechanism of the 
deployed framework.
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Fig. 8. Evolution of the normalised kinetic energy for the subsonic inviscid Taylor-Green vortex test problem with CWENOZ schemes of varying order of accuracy, 
varying central stencil linear weight 𝜆1 , and addition of the ADDA algorithm with the Roe [77] and HLLC [76] Riemann solver on the hexahedral 643 mesh.

We now shift our focus to understand how the different element-types can ifluence the performance of the ADDA technique, in 
particular when we use a very high-order numerical scheme CWENOZ5 with the Roe Riemann solver [77], since it enables acting on 
the flux dissipation term as well, in contrary to the HLLC Riemann solver [76]. For this purpose, we use a 1283 resolution for the 
hexahedral mesh which is equivalent to the 643 resolution of a tetrahedral mesh with respect to the number of elements contained 
in each mesh being approximately equal to 2 million cells. Previous studies [74,90] have documented that arbitrary unstructured 
elements (prisms, tetras, pyramids) provide lower-dissipation, which on a first read might be benficial, compared with hexahedral 
meshes. We will also complement our numerical framework with the low-Mach number correction (LMC) of Simmonds et al. [74], 
since it has been reported [74] that multidimensional finite-volume reconstructions using hexahedral elements benfit significantly 
from this LMC. From the normalised kinetic energy evolution shown in Fig. 11, initially it can be noticed that the LMC correction 
improves significantly the hexahedral mesh results and provides better agreement with the tetrahedral mesh prediction, and therefore 
reducing the differences between them. When deploying the ADDA technique, we obtain a much closer agreement across the different 
meshes with or without the LMC. This observation is repeated in the kinetic energy dissipation rate evolution plots as shown in 
Fig. 12, where a much closer agreement with the DNS results is observed for the ADDA enabled simulations. It has to be stressed that 
the amplitude of the double-peak feature at around 𝑡 ≈ 9.5 is greatly reduced in the ADDA-LMC combination for both meshes, where it 
has been reported [10] that this feature of the solution has been associated with dispersion errors of multi-dimensional reconstructions 
in iLES settings. In particular, it is the LMC component which seems to have the greatest ifluence of the reduction of the magnitude 
of the double peak structure, usually linked to dispersion effects as previously reported in [10]. Therefore, it is encouraging that 
we are able to reduce the dissipation and dispersion errors associated with this flow problem for both type of meshes, which is the 
intended goal of our approach to provide a transparent framework that provides the right amount of dissipation/dispersion across 
different mesh elements. It needs to be stressed that for the kinetic energy dissipation rate plots there are some high-frequencies 
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Fig. 9. Evolution of the normalised kinetic energy dissipation rate for the subsonic inviscid Taylor-Green vortex test problem with CWENOZ schemes of varying order 
of accuracy, varying central stencil linear weight 𝜆1 , and addition of the ADDA algorithm with the Roe [77] and HLLC [76] Riemann solver on the hexahedral 643
mesh, and comparison with the DNS results of Brachet et al. [107].

noticed and this expected for non-linear schemes. For the schemes without any ADDA the results without LMC seem to have more 
high frequencies, where with the addition of LMC they seem to be removed. This is expected due to the low-Mach number setting of 
the subsonic Taylor-Green vortex, where upwind type of methods do not perform really well due, as it has been previously reported 
[10,56,74]. However, when we move to the ADDA enabled schemes the high frequencies reappear for both the LMC and the no-LMC 
variants due to the flux adaptation strategy since we are increasing or decreasing this term by 0.05, or rapidly switching from the 
min to the max value depending on the non-linear CWENOZ weight of the central stencil for density and pressure (which rarely 
happens for the subsonic Taylor-Green vortex). It is therefore related to the flux adaptation step of 0.05 that is causing this. Resorting 
to a smaller step such as 0.01 will cause these high frequencies to be reduced, and using a higher step such as 0.1 to increase 
them.

Examining the kinetic energy spectra at 𝑡 = 10 Fig. 13, the same pattern of behaviour is observed, where the LMC providing 
significant improvements in terms of resolving a wider-range of waves numbers to the hexahedral meshes for the non-ADDA variants, 
while with the inclusion of the ADDA the performance for both meshes is further improved. ADDA or LMC on their own are not sufficient 
to bring the hexahedral mesh results close to the tetrahedral mesh results, and therefore combining ADDA-LMC for hexahedral meshes 
is needed. It needs to be stresses that the tetrahedral mesh (with the same number of elements) outperforms the best hexahedral mesh 
results, since a closer agreement with the Kolmogorov’s slope is achieved for a wider-range of wave numbers.

One of the most interesting features of the ADDA technique is that for some of the elements (depending on their energy ratio) 
it will increase their dissipation by reducing their central stencil linear weight 𝜆1 and by increasing their flux dissipation term 𝑑𝑖. 
This is better visualised in Fig. 14 where only the elements that had their dissipation increased are plotted. It can be seen that both 

Journal of Computational Physics 523 (2025) 113653 

16 



P. Tsoutsanis and X. Nogueira 

Fig. 10. Kinetic energy 3D spectra at 𝑡 = 10 for the solution of the subsonic inviscid Taylor-Green vortex test problem with CWENOZ schemes of varying order of 
accuracy, varying central stencil linear weight 𝜆1 , and addition of the ADDA algorithm with the Roe [77] and HLLC [76] Riemann solver on the hexahedral 643 mesh.

the hexahedral and tetrahedral mesh have elements that required increased dissipation. It can be noticed firstly that the number 
of elements that require increased flux dissipation for both meshes seems to rapidly increase as we approach the dissipation peak, 
while being more clustered/organised in certain regions, and secondly as we move past the dissipation peak the elements requiring 
increased flux dissipation are more dispersed, as expected due to the transition to fully turbulent flow. 

The computational overhead of the ADDA is approximately (1.8− 8%) for this particular test problem, as listed in Table 3 that fol

lows. The ADDA-Roe variant is marginally more expensive due to inter-processor communication requirement for ensuring a common 
flux dissipation term 𝑑𝑖 applied to both sides of the cell face.

5.2. iLES of SD7003 wing

The turbulent flow over the SD7003 wing at Mach number of 𝑀 = 0.2, angle of attack of 𝛼 = 8◦ and Reynolds number 𝑅𝑒 = 60,000
(based on the chord length) is examined to assess the performance of the developed methods in resolving transitional flow problems. 
This flow exhibits a laminar separation region, which reattaches further downstream forming a Laminar Separation Bubble (LSB), and 
along the separation bubble transition to turbulence occurs. This test case has been frequently used to benchmark several numerical 
methods within the LES family of methods for predicting separation, transition and turbulent flow [11,12,74,110,111]. The purpose 
of this selected flow problem is to assess any associated benfits of the new ADDA treatment for high-order schemes, compare with 
standard 2nd-order MUSCL methods and previous computational studies employing high-order methods.

Two hybrid unstructured meshes are considered consisting of 5.3 (mesh A) and 12.3 million cells (mesh B), consisting of hexahe

dral and prismatic cells, as illustrated in Fig. 15. The domain extends 50𝑐 upstream and downstream, and 0.2𝑐 in the span-wise direc

tion, where 𝑐 is the chord length. The grid resolution for mesh A at the boundary layer region gives a (𝑦+ = 0.87,𝑥+ = 3.1,𝑧+ = 5.4) 
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Fig. 11. Evolution of the normalised kinetic energy for the subsonic inviscid Taylor-Green vortex test problem with CWENOZ5 scheme and CWENOZ5-ADDA scheme 
with the Roe [77] Riemann solver on 643 tetrahedral mesh and 1283 hexahedral mesh with and without the low-Mach number treatment of Simmonds et al. [74].

Table 3
Normalised CPU time per iteration for the Taylor-Green vortex flow problem for various 
schemes on ARCHER2-UK-HPC at 2 nodes (256 processes-executed using the optimum 
-8 MPI processes-16 threads per node for a total of 16 MPI processes, and 256 OpenMP 
threads) for the 643 hexahedral mesh. ADDA-Roe variant is marginally more expensive 
due to inter-processor communication requirement for the flux dissipation term 𝑑𝑖.

Scheme Normalised CPU time per iteration ADDA-overhead 
CWENOZ3 1.00 -

CWENOZ3-ADDA-HLLC 1.06 6.1% 
CWENOZ3-ADDA-Roe 1.08 8.2%

CWENOZ4 2.37 -

CWENOZ4-ADDA-HLLC 2.48 4.8% 
CWENOZ4-ADDA-Roe 2.52 6.5%

CWENOZ5 4.21 -

CWENOZ5-ADDA-HLLC 4.32 2.7% 
CWENOZ5-ADDA-Roe 4.34 3.1%

CWENOZ6 5.80 -

CWENOZ5-ADDA-HLLC 5.90 1.8% 
CWENOZ5-ADDA-Roe 5.92 2.2% 
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Fig. 12. Evolution of the normalised kinetic energy dissipation rate for the subsonic inviscid Taylor-Green vortex test problem with CWENOZ5 scheme and 
CWENOZ5-ADDA scheme with the Roe [77] Riemann solver on 643 tetrahedral mesh and 1283 hexahedral mesh with and without the low-Mach number treat

ment of Simmonds et al. [74], and comparison with the DNS results of Brachet et al. [107].

and (𝑦+ = 0.87,𝑥+ = 0.9,𝑧+ = 4.0) for mesh B. Periodic boundary conditions are used in the span-wise direction, no-slip boundary 
conditions at the surface of the aerofoil and free-stream conditions at the farfield. For this problem, we deploy the CWENOZ-4th 
order method with and without ADDA algorithm, and a standard MUSCL2 method with the Barth and Jespersen limiter [112]. All the 
schemes employ the low-Mach number correction [74], the Roe Riemann solver [77] and the 2nd-order implicit dual-time stepping 
available in UCNS3D [40] with a timestep size of Δ𝑡 = 𝑡𝑐

500 with the convection time being given by 𝑡𝑐 = 𝑐∕𝑈∞. The simulations were 
run for 𝑡 = 20𝑡𝑐 to develop the flow, and an additional 20𝑡𝑐 for time averaging. The MUSCL2 method was deployed using both meshes, 
while the high-order CWENOZ-4th order scheme was deployed with the coarse (mesh A) to showcase its capabilities at coarse-grid 
resolutions.

From the obtained time-averaged solution as shown in Fig. 16 all the schemes produce similar results with respect to u-velocity 
prfile, but the high-order CWENOZ4-ADDA-Mesh A produces a higher-turbulent kinetic energy immediately downstream the LSB 
indicative of the low-dissipation behaviour of this variant that is also evident by the increased number of resolved vortical structures 
further downstream the LSB as shown in Fig. 17. From the instantaneous iso-surfaces of Q criterion coloured by the ADDA flux 
dissipation term 𝑑𝑖 as shown in Fig. 18 it can be appreciated how the ADDA is acting. As expected, low-dissipation is present at the 
LSB region, followed immediately by a rapid switching to high-dissipation dominant behaviour at the turbulent region that eventually 
switches to low-dissipation pattern further downstream.

CWENOZ4 schemes on the coarsest mesh exhibit improved agreement with computational studies obtained with several methods 
including flux-reconstruction PyFR (Vermeire et al. [111]), finite-volume Star-CCM (Vermeire et al. [111]), Discontinuous Galerkin 
Spectral Element Method (Frank et al. [12]), and a structured high-order finite-difference code FDLI3D (Galbraith & Visbal [13]) in 
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Fig. 13. Kinetic energy 3D spectra at 𝑡= 10 for the solution of the Taylor-Green vortex computed with CWENOZ5 scheme and CWENOZ5-ADDA scheme with the Roe 
[77] Riemann solver on 643 tetrahedral mesh and 1283 hexahedral mesh with and without the low-Mach number treatment of Simmonds et al. [74].

terms of pressure coefficient 𝐶𝑃 and skin friction coefficient 𝐶𝑓 , and clearly outperform the standard MUSCL2 scheme even when 
the finer mesh B is used as shown in Fig. 19. The ADDA variant further improves the agreement, primarily for the 𝐶𝑓 . From the time

averaged, span-wise averaged normalised velocity prfiles at different stations on the suction side of the airfoil as seen in Fig. 20, 
the CWENOZ4 schemes provide a good agreement with the (Garmann & Visbal [11]) predictions at all the stations while a good 
agreement with the predictions of (Frank et al. [12]) are noticed aft (𝑥∕𝑐 = 0.3). The CWENOZ4-ADDA variant resolves a wider-range 
of frequencies, as shown in Fig. 21, for two probe position at the turbulent region downstream of LSB.

Finally, the CWENOZ4-schemes provide a closer agreement with the computational studies of Frank et al. [12] and Galbraith & 
Visbal [13] in terms of drag-coe˙icient 𝐶𝐷 compared to MUSCL schemes, while marginal differences are noticed in the separation 
location and reattachment between all predictions. The MUSCL 2nd-order schemes on the other hand, being one of the most-widely 
used and robust numerical methods for compressible flows, are unsuitable for iLES simulations at under-resolved grid settings, due 
to their excessive dissipation characteristics which are not physically consistent. This can be seen in the results obtained for the skin 
friction, separation and reattachment, which an unpredictable behaviour is noticed when we move from mesh A to mesh B. (See 
Table 4.)

5.3. iLES of supersonic viscous Taylor-Green vortex

An interesting variation of the Taylor-Green vortex flow problem involves the supersonic viscous variant, which is mostly targeted 
towards assessing simultaneously the non-oscillatory properties and low-numerical dissipation of the developed framework. It was 
recently introduced by Lusher and Sandham [113], further investigated by Chapelier et al. [114] for assessing the performance of 
various CFD codes and is a well suited benchmark for numerical methods intended for compressible flow problems.
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Fig. 14. Isosurface of Q-criterion coloured by density for the Taylor-Green vortex obtained on the 1283 hexahedral mesh with CWENOZ5-ADDA-LMC scheme at different 
instants (top row), and cells with increased dissipation for the 1283 hexahedral mesh (medium row) and 643 tetrahedral mesh (bottom row).

Fig. 15. Sections of the unstructured mesh used for the SD7003 airfoil test problem. 

The computational domain and the velocity field remain the same as the subsonic variant previously described, and the parameters 
that change are the pressure field:

𝑝(𝑥, 𝑦, 𝑧,0) = 1 
𝛾𝑀2

𝑟𝑒𝑓

+ 1 
16

[cos(2𝑧) + 2] ⋅ [cos(2𝑥) + cos(2𝑦)], (44)

and the density, which is computed from the equation of state.

We only examine the variant with a Mach number 𝑀𝑟𝑒𝑓 = 1.25, 𝑅𝑒 = 1600 and the present viscous simulations were carried out 
on a hexahedral mesh of 128 cells per side (2097152 total number of cells), and on a tetrahedral mesh of 64 cells per side (2069247 
total number of cells), and we employ a CWENOZ5- schemes with and without ADDA to assess the ifluence of the ADDA for this 
problem, and a CWENOZ6 with ADDA. A CFL number of 0.7 is used for the explicit Runge-Kutta 3rd-order scheme, the Roe Riemann 
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Fig. 16. Time-averaged, span-wise averaged contour plots of non-dimensional u-velocity (left) and turbulent kinetic energy (right) for the SD7003 flow problems with 
different schemes (MUSCL2-Mesh A, MUSCL2-Mesh B, CWENOZ4-Mesh A, CWENOZ4-ADDA-Mesh A) -from top to bottom. It can be noticed that all the schemes 
produce similar results in terms of u-velocity, but the higher order CWENOZ4-schemes provide higher-turbulent kinetic energy immediately downstream the LSB.

Table 4
Predictions for lift-coe˙icient 𝐶𝐿 , drag-coe˙icient 𝐶𝐷 , separation po

sition 𝑥𝑠 , and reattachment position 𝑥𝑟 for the SD7003 airfoil test 
problem obtained with various schemes and comparison with compu

tational studies in the literature.

Method 𝐶𝐿 𝐶𝐷 𝑥𝑠 𝑥𝑟

MUSCL2-mesh A 0.918 0.050 0.026 0.26 
MUSCL2-mesh B 0.933 0.041 0.023 0.23 
CWENOZ4-mesh A 0.926 0.044 0.039 0.28 
CWENOZ4-ADDA-mesh A 0.927 0.045 0.041 0.27 
Frank et al. [12] 0.923 0.045 0.027 0.310 
Galbraith & Visbal [13] 0.917 0.044 0.031 0.303 

solver [77] and the LMC of Simmonds et al. [74] were employed, and the simulations were run up to 𝑡 = 20 for obtaining the required 
statistics. The results of Lusher and Sandham [113] and the more recent comprehensive study of Chapelier et al. [114] are used for 
comparison against the computed solutions.

The schemes are assessed by examining the kinetic energy integrated over the domain and the total viscous dissipation rate, which 
consists of the solenoidal dissipation 𝜀𝑠 and dilatational dissipation 𝜀𝑑 given by Eq. (45) and Eq. (46) as:

𝐸𝐭
𝐾
= 1 
𝜌𝑟𝑒𝑓Ω ∫

Ω 

1
2
𝜌𝑢𝑗𝑢𝑗𝑑Ω, (45)

𝜀𝑡 = 𝜀𝑠 + 𝜀𝑑 =
1 

𝜌𝑟𝑒𝑓𝑅𝑒Ω ∫
Ω 

𝜇 (𝜔 ⋅𝜔)𝑑Ω+ 4 
3𝜌𝑟𝑒𝑓𝑅𝑒Ω ∫

Ω 
𝜇 (∇ ⋅ 𝐮)2 𝑑Ω. (46)

Where 𝜔 is the vorticity vector and 𝐸𝐾 =
(
𝐸𝑡
𝐾
∕𝐸0

𝐾

)
is the normalised kinetic energy.
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Fig. 17. Instantaneous iso-surfaces of Q criterion (Q=100) coloured by the non-dimensional velocity magnitude for the SD7003 airfoil with different schemes at 
different grid resolutions. It can be seen that all the schemes capture the LSB and transition to turbulence, with the CWENOZ4 scheme -in particular the ADDA variant-

resolving more vortical structures further downstream the LSB.
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Fig. 18. Instantaneous iso-surfaces of Q criterion (Q=100) coloured by the ADDA flux dissipation 𝑑𝑖 for the SD7003 airfoil with the CWENOZ4-ADDA scheme on mesh 
A. It can be seen that the ADDA algorithm switches to a low-dissipation 𝑑𝑖 value in the LSB region, while it alternates between low-dissipation and high-dissipation 
prfile in the turbulent region according to the energy ratio values.

Fig. 19. Time-averaged, span-wise averaged prfiles of pressure coefficient 𝐶𝑃 and skin friction coefficient 𝐶𝑓 at the upper side of the SD7003 airfoil, obtained 
with various schemes and compared with the predictions from computational studies obtained with several methods including flux-reconstruction PyFR (Vermeire et 
al. [111]), finite-volume Star-CCM (Vermeire et al. [111]), Discontinuous Galerkin Spectral Element Method (Frank et al. [12]), and a structured high-order finite

difference code FDLI3D (Galbraith & Visbal [13]). It can be noticed the MUSCL2 results over-predict 𝐶𝑃 in the LSB region, and this is not resolved by using the finer Mesh 
B. On the other hand the CWENOZ4 scheme with and without the ADDA algorithm offer a better agreement with the predictions obtained with the other methods from 
the literature. Regarding the 𝐶𝑓 the CWENOZ4 scheme and in particular the ADDA variant is able to provide better agreement with the results with the other methods.
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Fig. 20. Time-averaged, span-wise averaged normalised velocity prfiles at different stations obtained with different methods and comparison with predictions from 
computational studies in the literature obtained with a Discontinuous Galerkin Spectral Element Method (Frank et al. [12]), and a structured high-order finite-difference 
code FDLI3D (Garmann & Visbal [11]). It can be noticed that the CWENOZ-variants offer good agreement with the (Garmann & Visbal [11]) predictions at all the 
stations, and a good agreement with the predictions of (Frank et al. [12]) only aft (𝑥∕𝑐 = 0.3).

Fig. 21. 1D frequency spectra of the kinetic energy for several probe positions - probe 7 (0.7c,0.035c,0.1c), probe 8 (0.8c,0.026c,0.1c) - for the SD7003 
turbulent flow test problem at, where it can be noticed that the CWENOZ4-ADDA scheme offers an improved agreement with the Kolmogorov slope compared to the 
MUSCL2 and CWENOZ4 scheme.

Investigating the evolution of the kinetic energy as seen in Fig. 22, it can be seen that all the schemes provide the expected 
results, with the CWENOZ5ADDA scheme and CWENOZ6ADDA scheme providing better agreement with the results obtained with 
very-low dissipation TENO 6th-order schemes of Lusher and Sandham [92,113] at (1283) and (7683) resolutions. Moving on to the 
total dissipation 𝜀𝑡 evolution we notice that the CWENOZ5 scheme without ADDA is characterised by the generation of lower total

dissipation due to the narrower range of scales being resolved for both meshes, although the tetrahedral mesh is able to resolve 
a wider range of scales and therefore generates higher dissipation level. Employing the ADDA technique the results are improved 
substantially for both meshes and when employing the CWENOZ6ADDA, even higher levels of total-dissipation are generated -while 
the difference in the obtained results from two different types of meshes is further reduced-, which on its own is an encouraging 
result, since the results from both mesh types converge to the same solution. As it has been reported in Lusher and Sandham [113], at 
very fine resolutions (7683), a sudden increase and decrease of the total dissipation is noticed occurring between (𝑡 = 2− 4), which is 
associated with a sudden increase and decrease of the dilatational dissipation 𝜀𝑑 increasing due to the generation of strong shocklets 
at that times. To better understand how our developed methods perform against very high-order schemes at the same resolution 
(1283), we are comparing the obtained results of solenoidal dissipation 𝜀𝑠 and dilatational dissipation 𝜀𝑑 of our methods against the 
results obtained with a modal DG-4th order scheme of the (CODA) CFD software and a 6th-order TENO scheme of the (OPENSBLI) 
CFD software as provided by Chapelier et al. [114]. Firstly, it is evident that as we move from CWENOZ5 to CWENOZ5ADDA and 
then to CWENOZ6ADDA the agreement with the (CODA) and the (OPENSBLI) results improves significantly for both the solenoidal 
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Fig. 22. Plots of the evolution of the normalised kinetic energy, total dissipation 𝜀𝑡, solenoidal dissipation 𝜀𝑠 and dilatational dissipation 𝜀𝑡 for the solution of the 
supersonic viscous Taylor-Green vortex computed with several schemes on a hexahedral mesh 1283 and a tetrahedral mesh with a cell edge resolution equivalent 
to 643 . It can be noticed that the employment of ADDA improves significantly the results for the CWENOZ5 scheme, while the CWENOZ6-ADDA provides the best 
agreement with the modal DG-4th order scheme of the (CODA) CFD software and a 6th-order TENO scheme of the (OPENSBLI) CFD software as provided by Chapelier 
et al. [114] at the same (1283) resolution and the results of Lusher and Sandham [113], and a very close agreement between the tetrahedral and hexahedral meshes 
is obtained.

dissipation 𝜀𝑠 and dilatational dissipation 𝜀𝑑 . It is also evident that the sudden peak of the dilatational dissipation 𝜀𝑑 occurring at 
very fine mesh resolutions (20483) at (𝑡 = 2.8) is the underpinning mechanism that drives the sudden increase and decrease of the 
total dissipation occurring between (𝑡 = 2 − 4).

Examining the kinetic energy spectra immediately after the total dissipation peak at 𝑡 = 12 as seen in Fig. 23, it can be seen that the 
addition of ADDA for the CWENOZ5 scheme results in significant improvements in terms of resolving a wider-range of wave numbers 
and the CWENOZ6-ADDA further increases the number of wave numbers resolved, and a better agreement with the Kolmogorov slope. 
An interesting feature is that the tetrahedral mesh seems to be able to provide a better agreement with the Kolmogorov slope, due to 
the inherently lower-dissipation characterising tetra elements compared to hexahedral elements as previously reported [74,90].

A key component of the present ADDA scheme is the adaptation of dissipation through the linear weight 𝜆1 and flux dissipation 
term 𝑑𝑖. This adaptation is ifluenced by the non-linear CWENOZ weight assigned to the central stencil reconstruction for density, 
and therefore in the presence of strong gradients of density (as shown in Fig. 24) it will prevent the ADDA algorithm assigning very 
low-dissipation behaviour to these cells. This can be noticed in action, in Fig. 24 where the isosurface of Q criterion coloured by the 
Mach number and flux dissipation term 𝑑𝑖 are presented. The ADDA algorithm progressively varies the flux dissipation term 𝑑𝑖 in cells 
whose reconstruction stencils cross non-smooth regions of density to ensure a robust non-oscillatory behaviour and a representative 
distribution of low- and high-dissipation clusters is seen in Fig. 24.

5.4. iLES of transonic cylinder

This test problem involves the iLES of an ifinite cylinder of diameter 𝐷 = 1 at transonic flow conditions in accordance with the 
experimental setup of Murthy & Rose [115] 𝑅𝑒 = 166000 and 𝑀∞ = 0.8. The subject flow conditions present an ideal environment 
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Fig. 23. Kinetic energy 3D spectra at 𝑡 = 12 for the solution of the supersonic viscous Taylor-Green vortex computed with various schemes on 643 tetrahedral mesh 
and 1283 hexahedral mesh.

Fig. 24. Contour plots at different instants of the density gradient for the supersonic viscous Taylor-Green vortex flow at the 𝑌 = 𝜋 and 𝑍 = 𝜋 plane, and iso-surfaces 
of Q-criterion coloured by flux dissipation term 𝑑𝑖 computed with the CWENOZ5-ADDA scheme on a hexahedral mesh of 1283 (top) and the tetrahedral mesh with a 
cell edge resolution equivalent to 643 (bottom).

for assessing the robustness of the developed ADDA algorithm due to the presence of multitude phenomena such as shock wave shear 
layer and shocklet/turbulence interaction, or shock-wave/boundary-layer interaction.

A hybrid unstructured mesh is used consisting of approximately 12 million cells, with the computational domain extending 20𝐷
upstream and 50𝐷 downstream, and 𝜋 ⋅𝐷 in the z-direction. The grid resolution at the boundary layer region gives a 𝑦+ ≈ 1 at the 
first cell-centre off the surface, 240 equally-spaced cells are used in the z-direction, and a rfinement region at the wake of the cylinder 
is used for 20𝐷 downstream with an average cell length of 0.04𝐷 as shown in Fig. 25. Periodic boundary conditions are used in the 
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Fig. 25. Overview of the hybrid unstructured mesh used for the transonic flow past an infinite cylinder at 𝑅𝑒= 166000 and 𝑀∞ = 0.8. 

Fig. 26. Contour plots of the spanwise-averaged time-averaged Mach number (top) for the transonic flow past an ifinite cylinder at 𝑅𝑒 = 166000 and 𝑀∞ = 0.8
where it can be noticed that the CWENOZ4-ADDA scheme has a shorter wake compared to CWENOZ3-ADDA. Contour plots of the instantaneous Mach number (middle) 
and flux dissipation 𝑑𝑖 term (at 𝑧 = 𝜋∕2) (bottom), where it can be seen that the CWENOZ4-ADDA schemes exhibits more regions with higher-dissipation compared to 
CWENOZ3-ADDA, while resolving more features.CWENOZ3-ADDA left column, CWENOZ4-ADDA right column.

z-direction, no-slip boundary conditions at the surface of the cylinder and free-stream conditions at the farfield. Two schemes are 
employed for this study, i.e., a CWENOZ 3rd-order scheme and a CWENOZ 4th-order scheme. The solution is advanced in time with 
an implicit-time stepping method of 2nd-order of accuracy and a Δ𝑡 = 𝑡𝑐∕500 where 𝑡𝑐 =𝐷∕𝑈∞. The simulation was run for 𝑡 = 40𝑡𝑐
for the initial transients to settle, and for an additional 90𝑡𝑐 for obtaining sufficiently converged statistical data.

Examining the time-averaged, and spanwise-averaged Mach number seen in Fig. 26, it is noticed that the wake is shorter for 
the CWENOZ4-ADDA scheme compared to the CWENOZ3-ADDA scheme, representative of the reduced dissipation of the higher-order 
approximation. This trend is continued in the instantaneous Mach number contour plots shown in Fig. 26, where the CWENOZ4-ADDA
scheme demonstrated a shorter wake with more features resolved, while the flux-dissipation term indicates that more regions are 
associated with higher-dissipation compared to CWENOZ3-ADDA as expected.
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Fig. 27. Isosurfaces of Q-criterion coloured by Mach number for the transonic flow past an ifinite cylinder at 𝑅𝑒= 166000 and 𝑀∞ = 0.8, where the resolved vortical 
structures and transition to turbulence typical of this flow regime can be noticed.

The CWENOZ4-ADDA scheme resolves substantially more vortical features while capturing the shocks present as seen in Fig. 27

compared to the 3rd-order variant. The improved dissipation characteristics of the higher-order scheme are evident from the wider

range of frequencies resolved in the near field-wake region, as seen in Fig. 28 of the FFT of kinetic energy at different probe positions. 
The predictions of surface integrated pressure coefficient 𝐶𝑃 are in good agreement with the results of Macha [116], and Murthy & 
Rose [115] up to 83◦, and then an increased sensitivity is seen across all predictions as shown in Fig. 29.
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Fig. 28. 1D frequency spectra of the kinetic energy for several probe positions for the transonic flow past an ifinite cylinder at 𝑅𝑒= 166000 and 𝑀∞ = 0.8, where it 
can be noticed that the CWENOZ4-ADDA scheme offers an improved agreement with the Kolmogorov slope in the near field-wake region (Up to 2 ⋅𝐷) compared to 
the CWENOZ3-ADDA scheme.

Fig. 29. Time-averaged and spanwise-averaged pressure coefficient 𝐶𝑃 and skin friction coefficient 𝐶𝑓𝑥 for the transonic flow past an ifinite cylinder at 𝑅𝑒= 166000
and 𝑀∞ = 0.8, and comparison with the experimental results of Macha [116], and Murthy & Rose [115].

6. Conclusions

This work presented the development of an adaptive dissipation/dispersion adjustment algorithm within a high order finite-volume 
framework and its application to iLES simulations of compressible turbulent flows in under-resolved settings. The ADDA algorithm 
initially measures the energy ratio to determine if the field is well- or under-resolved, then adjusts the linear central stencil weight 
of the CWENOZ reconstruction, and finally depending on the resulting non-linear weights can adjust the dissipation term of the Roe 
Riemann solver. This process is executed for every cell, at each time step during an iLES simulation, in a computationally efficient 
manner with a small overhead (2-8%). The framework was assessed in a series of well-established test problems and compared 
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against reference solutions. The tests included the iLES of inviscid subsonic Taylor-Green vortex, the viscous supersonic Taylor-Green 
vortex, the subsonic flow over the SD7003 wing, and the transonic flow past a circular cylinder. All the results obtained with several 
variations of the framework demonstrated an improved scale-resolving capability, while obtaining physically meaningful results, 
and maintaining the non-oscillatory properties of the CWENOZ schemes. Furthermore, the versatility of the ADDA algorithm extends 
beyond its current implementation, with potential applications in other numerical frameworks such as DG and hybrid DG-FV. Our 
future endeavours aim to explore its adaptability with different numerical schemes, including variants like TENO, CENO, and WENO. 
Moreover, we plan to extend the ADDA algorithm to wall-modeled large eddy simulations (WMLES), anticipating enhanced accuracy 
and robustness in turbulence modeling. It is worth noting that the ADDA algorithm has been successfully integrated into the open

source UCNS3D CFD solver, fostering accessibility for researchers and facilitating advancements in diverse fields of study. This work 
marks a significant step towards enhancing the efficiency and reliability of numerical simulations in turbulent flow regimes, with 
promising avenues for further exploration and development.
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