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 A B S T R A C T

This paper focuses on the development of a Godunov-type approach in the context of two-phase liquid hydrogen
(LH2) flows for pipeline networks, implemented and verified in an in-house code. The motivation of this work 
is to overcome the uncertainties arising in the numerical prediction of thermo-fluid hydrogen dynamics due to 
its extreme properties at low temperatures. It has been found that the Godunov-type approach developed here 
reduces the average relative error to 1.90% compared to well-established benchmark problems for compressible 
fluid flows, including a case with a non-linear boundary condition treatment. The selected examples have 
industrial relevance for cryogenic management systems. The obtained numerical results provide a reference 
solution for two-phase hydrogen flows. They also suggest that this variant of the Godunov-type method could 
serve as a suitable solution to enhance the accurate prediction of thermo-fluid hydrogen dynamics and support 
the design process of LH2 infrastructure for net-zero aviation.
1. Introduction

1.1. 𝐿𝐻2 in civil aviation: the challenge of cryogenic hydrogen flows

In the context of a decarbonising economy, hydrogen (H2) has 
attracted attention of industry stakeholders for its potential to deliver 
large energy outputs with zero carbon emissions. As a result, the 
aerospace and defence sectors seek to optimise space and weight by us-
ing LH2 to propel their fleets, triggering research efforts to understand 
the implications of LH2 as an energy carrier. Initial studies focused on 
its broader implications. Verstraete [1], for example, investigated hy-
drogen propulsion integration across different technology levels, as well 
as quantified performance penalties on aircraft with varying passenger 
capacity [2]. Following studies focused on targeted challenges, as it 
is the case of LH2 storage. In this context, Huete and Pilidis [3] ex-
amined cryogenic tank integration strategies for civil aircraft, whereas 
Rompokos et al. [4] developed a modelling framework for structural 
sizing of LH2 tank walls under cryogenic operating conditions. Moving 
beyond storage alone, work was also devoted to understanding the 
design of fuel delivery systems. In this regard, Stroman et al. [5] 
analysed the architectural design of LH2 fuel systems for military 
unmanned aircraft, and Ebrahimi et al. [6] provided a comprehen-
sive review of state-of-the-art LH2 fuel system configurations for civil 

∗ Corresponding author.
E-mail address: laszlo.konozsy@cranfield.ac.uk (L. Könözsy).

aviation. Although these contributions primarily address system-level 
architecture and design integration, their findings implicitly highlight 
the increasing relevance of characterising the thermo-fluid behaviour of 
internal LH2 flows. LH2, however, is a cryogen, and has a fundamentally 
different behaviour from standard engineering fluids (e.g. oil blends, 
water or air) [7]. Cryogenic fluids are notably sensitive to small heat 
leaks, as well as showing a large temperature difference with ambient 
conditions. Consequently, it is usually the case that LH2 will exhibit 
transient two-phase conditions when pumped through pipeline systems.

Two-phase phenomena introduce significant challenges in the de-
sign of fuel delivery systems. Hydraulic components — including 
pumps, valves, flowmeters, and heat exchangers — are affected by the 
unsteady nature of the flow, which can lead to performance limita-
tions. Pumps, for instance, often operate with fluids near saturation, 
leaving virtually no net-positive suction head (NPSH) [8], while effects 
such as liquid compressibility and cavitation onset can readily induce 
surge conditions [9,10]. Valves and flowmeters similarly struggle to 
maintain stable operation, as vapour bubble formation triggers oscilla-
tions and pressure drops that compromise metering accuracy [11,12]. 
Additional evidence across different valve applications — including 
safety relief [13,14], metering [15], and pump valves [16] — further
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Nomenclature

0-D Zero-dimensional
1-D One-dimensional
BC Boundary condition
CFD Computational fluid dynamics
CH4 Methane
EoS Equation of state
FVM Finite volume method
GCI Grid convergence index
H2 Hydrogen
H2O Water
HEM Homogeneous equilibrium model
LH2 Liquid hydrogen
LHS Left-hand side
N2 Nitrogen
NPSH Net-positive suction head
N-H2 Normal hydrogen
O-H2 Orthohydrogen
P-H2 Parahydrogen
RHS Right-hand side
Symbols

𝐴 Helmholtz free energy, J
𝐷 Pipe diameter, m
𝐸 Total energy, J∕m3

𝑃 Static pressure, Pa
𝑄 Mass fraction, −
𝑅𝑒 Reynolds number, −
𝑆𝑓 Frictional source term, m∕s2

𝑆ℎ Heat transfer source term, J∕kg-s
𝑇 Static temperature, K
𝑉 Volume, m3

𝑐 Speed of sound,  m/s
𝑒 Specific internal energy, J∕kg
𝑓 Darcy friction factor, −
ℎ Specific enthalpy, J∕kg
ℎ Specific enthalpy, J∕kg
𝑠 Specific entropy, J∕kg
𝑡 Temporal coordinate, s
𝑢 Flow velocity,  m/s
𝑥 Spatial coordinate, m
Greek Letters
𝛼 Volume fraction, −
𝜖 Surface roughness, m
𝜆 Wave speed,  m/s
𝜌 Density, kg∕m3

𝜎 Surface tension, N∕m
Superscripts

◦ Ideal
𝑟 Residual
̂ Roe-averaged quantity
∗ Sonic conditions
2 
Subscripts

𝑎𝑡𝑚 Atmospheric
𝑐 Critical point
𝑔𝑎𝑠 Gaseous phase
𝑙𝑖𝑞 Liquid phase
𝑚 Homogeneous mixture
𝑜𝑢𝑡 Pipe outlet
𝑥 𝑥-direction

highlights the sensitivity of these components to two-phase effects. 
Heat exchangers must also contend with shifting flow regimes and 
variable heat transfer coefficients, which reduce their overall efficiency 
[17,18].

Collectively, these examples underscore the strong dependence of 
component performance on two-phase dynamics and highlight the im-
portance of accurately predicting the underlying physics. In particular, 
transient boiling and condensation fronts giving rise to sharp variations 
in void fraction, pressure, and mass flow rate. Said variations can 
lead to system-wide flow instabilities [19], as it has been commonly 
observed in processes such as chill-down (or pipe quenching) [20,21] 
and cryogenic cavitation [22,23]. Additionally, recent investigations 
of chill-down dynamics using nitrogen [24,25] and hydrogen [26,27] 
further confirm the complexity of cryogenic transients. These processes 
belong to a broader class of two-phase transients encountered in prac-
tical operations, including engine start-up, tank feed switching, and 
ground refuelling. Developing modelling capabilities that capture these 
intricate flow dynamics is therefore essential for advancing the design 
and operation of net-zero fuel delivery systems, as well as supporting 
progress towards higher technology readiness levels.

1.2. Simulation of 𝐿𝐻2 pipe flows: state of the art

Industrial workflows approach the design of fluid management sys-
tems using system-level software underpinned by low-fidelity models 
(i.e. 0-D and 1-D). They offer a rapid, yet comprehensive way to assess 
compliance of highly-integrated pipeline infrastructure. Although said 
tools often provide sufficient accuracy across a range of applications, 
they show limited capability in two-phase flow conditions; more pre-
cisely when the aim is to reproduce the physical behaviour of the 
flow. Shortcomings are most apparent in tools relying on 0-D models, 
as these omit coupling effects between momentum and energy terms. 
Siemens Simcenter Amesim  [28,29] –being grounded in bond-graph 
theory [30]–exemplifies this approach. While it can reproduce integral 
flow metrics such as pressure losses and fuel consumption for hardware 
cooldown,1 it does not resolve the transient evolution of flow properties 
during two-phase events.

1-D frameworks, on the other hand, capture momentum–energy 
coupling, but have been mainly applied to liquid rocket propulsion 
applications–where systems operate under different conditions from 
those of civil aviation. Rocket fuel architectures handle higher mass 
flow rates (40–300 kg/s), compared with conventional aircraft fuel 
systems (0.05–0.1 kg/s), and their mission profile spans only minutes, 
in contrast to the hours (or days) required in civil airframes. Fur-
thermore, the thermodynamic cycles differ significantly, with rocket 
engines demanding combustion pressures and temperatures well above 
those of civil aircraft. Fig.  1 illustrates concisely the design space 
difference between both applications according to Falsetti [31].

Setting aside differences in scope, a number of one-dimensional
(1-D) simulation suites are available, most of which are distinguished 

1 Applies to versions 2023 and later.
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Fig. 1. Design space difference between liquid rocket propulsion systems and civil aviation fuel systems [31].
by the numerical schemes employed to solve the governing equations. 
A substantial subset of these tools has been applied to the modelling 
of chill-down processes; however, validation efforts have largely been 
limited to pipe-wall temperature measurements, and no comprehen-
sive comparison against flow data has been reported to date. NASA
GFSSP [32,33], for example, integrates pressure-based finite volume 
methods (FVMs) with fluid network analysis [34,35] but this approach, 
while versatile, has limitations [36,37]. It relies on equations of state 
derived from compressibility factors, diminishing the accuracy achiev-
able with state-of-the-art thermophysical models [38–41]. Additionally, 
the fluid-network analysis framework underlying GFSSP restricts the 
adoption of updated heat-transfer correlations. It continues to rely 
on the Miropolskii correlation for flow boiling in water [42], rather 
than leveraging more recent works by Hartwig et al. [43,44], Shirai 
et al. [45], or Sakamoto et al. [46,47] stemming from LH2 experiments. 
Such studies have led to the development of empirical correlations 
for the heat transfer coefficient in LH2 flows [48–50], as well as 
investigations of chill-down processes under on-Earth conditions [51], 
yet none of these findings are currently implemented in GFSSP.

Another case is that of EcoSimPro/ESPSS, a library that can 
apply FVMs ranging from pressure- to shock-capturing schemes FVMs
[52]. Amongst the latter figure Roe’s method [53] and the AUSM
schemes [54,55], both examples of flux vector splitting methods that 
can work with two-phase compressible flows. Roe’s approach, neverthe-
less, is known to be non-entropy satisfying and omits solving the nonlin-
ear problem described by the conservation equations of the flow [56]. 
AUSM schemes, on the other hand, can be applied in multiphase flow 
contexts, but their resolution of contact discontinuities–which are of 
interest in two-phase flow modelling–is limited [57]. ESPSS has been 
previously assessed in the context of liquid-rocket applications, with 
emphasis on predicting chill-down times and capturing the physics 
of cryogenic flows. Raia [58] evaluated the performance of ESPSS
in modelling pipeline chill-down with different fluids, including LH2. 
Findings suggested that while the tool could estimate pipe cooldown 
times with reasonable accuracy, it was unfit to fully capture the un-
derlying fluid dynamics, as seen from its limited ability to predict 
mass flow and temperature trends under subcooled liquid conditions. 
It is worth noting that, when compared with the experimental mea-
surements of Rame et al. [43], Raia assumes a pipe-wall thickness 
that is two orders of magnitude greater than that of the actual test 
setup, suggesting ESPSS might be even more constrained than ini-
tially thought. Raia’s analysis, however, does not specify the numerical 
schemes used in ESPSS, leaving the performance of its shock-capturing 
methods unclear. Other studies, including those by Lema [59] and 
Porca et al. [60], assessed ESPSS capabilities when modelling different 
3 
two-phase flow phenomena, particularly fluid-hammer events with gas 
desorption effects. Their analyses revealed limitations in the solver’s 
predictive capability. Both works reported systematic pressure over-
prediction linked to steady friction models, while Lema also identified 
discrepancies between numerical and experimental pressures caused 
by inaccurate speed-of-sound estimations. These findings, nonetheless, 
were derived exclusively from test cases using water and ethanol, which 
are not representative of the conditions encountered in cryogenic fluid-
management systems. Lema [59] compared the numerical schemes 
available at the time, including a centred differencing scheme and 
a first-order Roe upwind scheme, and selected the former due to its 
lower computational cost, despite its limited capability to resolve flow 
discontinuities.

In the academic literature, Luchinskiy et al. [61,62] applied the 
semi-implicit FVM method of Liles and Reed  [63] to a separated-
flow model, relying — as in the case of GFSSP — on pressure-velocity 
coupling algorithms [64,65]. Additional evidence can be found in sub-
sequent studies  [66,67]. Their validation was also limited to the same 
wall temperature data as in GFSSP [34,36], offering no insight into 
the flow itself. Using a different approach, Kuniyoor et al. [68] solved 
1-D models by coupling an inverse method of characteristics with a 
Crank–Nicholson scheme [69]. While the framework was also validated 
against transient wall-temperature data [20], it similarly provided no 
evaluation of the underlying flow physics.

Building on the examples discussed earlier, and from a numerical 
analysis standpoint, tools implementing FVMs have commonly applied 
pressure-based methods to solve the 1-D flow conservation equations in 
a cryogenic context, leaving shock-capturing strategies comparatively 
underexplored. This is most apparent in the context of LH2 flows, as 
there is little evidence on their application to transient two-phase phe-
nomena in cryogenic liquids. While previous research has made clear 
efforts to model processes in low-temperature systems, the resulting 
insights are often limited to validation against hardware data, obviating 
flow behaviour, and with little to no detail on the numerical solution 
strategies employed.

1.3. Objectives of the present work

Computational fluid dynamics (CFD) schemes based on the FVM 
discretise the flow field as cell-averaged quantities. In first-order for-
mulations, the solution is reconstructed as piecewise constant within 
each cell, leading to discontinuities at cell interfaces. These disconti-
nuities define local Riemann problems, whose solutions describe the 
propagation of information through waves (i.e. shocks, rarefactions, 
and contact discontinuities). The resulting wave structure provides 
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physically consistent intercell fluxes, which are used to update the 
solution in time and are central to achieving high physical accuracy. 
Godunov-type methods [70] compute these fluxes by solving (exactly or 
approximately) the associated Riemann problems, thereby embedding 
the underlying flow physics directly into the numerical scheme. As 
a result, they capture discontinuities more sharply and robustly than 
conventional central or upwind methods, while preserving correct wave 
speeds and avoiding common numerical instabilities. 

The relevance of such shock-capturing approaches is further sup-
ported by experimental observations in LH2 flows, where sharp and 
often discontinuous variations in flow properties are frequently re-
ported. In particular, Hartwig et al. [48,49] and Darr et al. [50], in 
the context of convective heat transfer correlations, document pro-
nounced variations across different flow regimes. Similarly, Sakamoto 
et al. [46,47] report abrupt changes in void fraction behaviour, while 
earlier work by Shirai et al. [45] further confirms the presence of 
strong gradients and rapid thermofluid transitions. These observations 
highlight the potential benefits of applying shock-capturing schemes to 
LH2 flows. 

Within this class of methods, Godunov-type schemes have a well-
established capability to resolve inviscid compressible flows and abrupt 
variations in flow properties [71,72]. Furthermore,  their applicability 
extends beyond purely inviscid regimes, as demonstrated by their 
successful use in channel flows [73], mixed flows [74,75], and magne-
tohydrodynamics [76]. This broader range of applications suggests that 
such methods may also be well suited to modelling rapid phase-change 
phenomena in highly non-ideal fluids, thereby motivating their use  in 
the present study. 

This work represents the first effort to apply Godunov-type meth-
ods to reduced-order (i.e. 1-D) models for LH2 two-phase flows in 
pipelines through the in-house code, Arpad. By assessing its ability 
to describe flow discontinuities and phase-change dynamics, the study 
contributes to a broader understanding of Godunov schemes and their 
applicability to the system-wide modelling of LH2 transfer systems. 
In such infrastructure, two-phase flow behaviour may arise under a 
range of operational scenarios, including ground refuelling, engine 
start-up/shutdown, and tank feed switching in multi-tank aircraft con-
figurations.  The development of reduced-order framework grounded 
in Godunov’s approach aims to reduce uncertainty in cryogenic man-
agement system design and operation, thereby contributing to civil 
aviation efforts towards net-zero emissions and sustainable flight.

2. Physical and mathematical modelling of two-phase hydrogen 
dynamics

The present section introduces the numerical framework for sim-
ulating two-phase hydrogen flows in pipelines. The model employs a 
homogeneous equilibrium model (HEM) formulation coupled with a 
multiparametric EoS developed for P-H2 [77], representing an applica-
tion not previously reported in the literature. HEMs are not generally 
suitable for capturing the detailed flow physics of transitioning flow 
boiling regimes as it may happen during two-phase processes. However, 
evidence from experimental studies conducted by Hartwig et al. [44,
78] suggests that under certain conditions (i.e., hydrogen flow boiling 
at high Reynolds numbers within the transition and nucleate boiling 
regimes) may reasonably be approximated as homogeneous owing to 
the enhanced mixing observed. One can consider that the slip velocity, 
which is the ratio of the gas to liquid velocity should be approximately 
equal to unity justifying quantitatively the use of HEMs as suggested 
by Wallis [79]. Further details on this subject can be found in the 
book of Ishii and Hibiki [80]. The following subsections outline the 
model assumptions, governing equations, and thermodynamic closure 
approach.
4 
2.1. The homogeneous equilibrium flow model

HEMs are widely adopted strategies for describing two-phase flows 
when the constitutive phases are sufficiently well mixed  [79,81]. In 
this framework, the flow is represented as a single-phase mixture whose 
properties are averaged and updated based on its thermodynamic state. 
A HEM rests on three main assumptions:

1. Both phases are in thermodynamic equilibrium (i.e., 𝑃𝑔𝑎𝑠, 𝑇𝑔𝑎𝑠 =
𝑃𝑙𝑖𝑞 , 𝑇𝑙𝑖𝑞), implying instantaneous heat and mass transfer be-
tween them.

2. The phases have no relative motion, meaning a single mixture 
velocity is used.

3. The mixture properties are averaged according to the volume 
fraction of the gaseous phase (𝛼), determined via an EoS relating 
pressure, temperature and density.

By treating two-phase mixtures as a homogeneous continuum, HEMs 
resolve the flow as a volume-weighted blend of the gas and liquid phase 
(see Fig.  2). Their distribution is characterised through the volume 
fraction (𝛼), a dimensionless parameter defined as the ratio of the 
volume of gas to the volume of the whole fluid mixture: 

𝛼 =
𝑉𝑔𝑎𝑠

𝑉𝑔𝑎𝑠 + 𝑉𝑙𝑖𝑞
. (1)

Volume fraction is a key determinant of HEM robustness because it 
is the main weighting factor updating the mixture properties. Conse-
quently, using a state-of-the-art EoS is essential for achieving accurate 
predictions. A multiparametric EoS is employed in the current work, 
as it enables: (1) accurate approximations in the critical region, (2) 
estimation of saturated properties, and (3) definition of properties 
within the vapour dome. Through these advanced EoSs, the volume 
fraction (𝛼) is obtained and subsequently used to update the mixture 
density (𝜌𝑚). 

𝜌𝑚 = 𝛼 ⋅ 𝜌𝑔𝑎𝑠 + (1 − 𝛼) ⋅ 𝜌𝑙𝑖𝑞 , (2)

where 𝜌𝑔𝑎𝑠 and 𝜌𝑙𝑖𝑞 are the saturated gas and liquid densities for a 
specific thermodynamic state. HEMs allow simplifying the problem 
to a single set of conservation laws. To remain consistent with the 
1-D framework needed for system-level simulations, the governing 
equations are expressed as:

𝜕𝜌𝑚
𝜕𝑡

= −
𝜕(𝜌𝑚𝑢𝑥)
𝜕𝑥

, (3)

𝜕(𝜌𝑚𝑢𝑥)
𝜕𝑡

= −
𝜕(𝜌𝑚𝑢2𝑥 + 𝑃 )

𝜕𝑥
+ 𝑆𝑓 , (4)

𝜕𝐸
𝜕𝑡

= −
𝜕([𝐸 + 𝑃 ]𝑢𝑥)

𝜕𝑥
+ 𝑆ℎ . (5)

Here, 𝐸 is the total energy of the flow per unit volume, as described 
by: 

𝐸 = 𝜌𝑒 + 1
2
𝜌𝑢2𝑥 , (6)

where 𝑒 is the specific internal energy of the mixture. To capture the 
physics of internal H2 flows, Eqs. (4) and (5) include two separate 
source terms, namely 𝑆𝑓  and 𝑆ℎ. The former accounts for losses owing 
to flow viscosity and its interaction with the wall, whereas the latter 
caters for a constant heat influx from the pipe wall to the flowing LH2
stream: 

𝑆𝑓 =
𝜌𝑚𝑓𝑢𝑥|𝑢𝑥|

2𝐷
, 𝑆ℎ = 𝐶 , (7)

where 𝐷 is the pipe diameter and 𝐶 is an arbitrary constant heat 
flux. Note the viscous dissipation term 𝑆𝑓  incorporates the mixture 
density 𝜌𝑚, hence extending the functionality of the approach to a 
homogeneous flow. A friction factor 𝑓 is calculated locally at every 
cell using Churchill’s formula [82], a computationally-efficient variant 
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Fig. 2. Conceptual view of a simplified flow representation under a homogeneous equilibrium model.
of the Colebrook equation [83] which does not require of iterative 
routines: 

𝑓 = 8
[

( 8
Re

)12
+ 1

(𝐴 + 𝐵)1.5

]1∕12
, (8)

where 𝐴 and 𝐵 are defined as: 

𝐴 =
{

−2.457 ln
[

( 7
Re

)0.9
+ 𝜖

3.7𝐷

]}16
; 𝐵 =

(

37, 530
𝑅𝑒

)16
, (9)

where 𝜖 is the pipe surface roughness. This approach allows for the 
integration of unsteady friction losses in the momentum equation by 
considering the local Reynolds number of a cell and its change between 
successive iterations. This formulation addresses the pressure overpre-
dictions reported in ESPSS (see Section 1.2) and enhances the accuracy 
of the resulting pressure-field predictions by accounting for the higher 
attenuation of two-phase frictional effects. It is also worth noting that, 
while the total energy equation should include an additional source 
term representing frictional losses, this is neglected owing to H2’s 
low viscosity range ∼ (10−6 to 10−5 Pa s). Consequently, emphasis is 
placed on resolving the momentum equation, where frictional effects 
are dominant.

2.2. The multiparametric EOS for parahydrogen

To close the system of Eqs. (3)–(5), a multiparametric EoS was 
selected to relate pressure and density [38,39]. Multiparametric equa-
tions of state are mainly expressed in terms of the Helmholtz free 
energy (𝐴), which is split between an ideal (𝐴◦) and a residual (𝐴𝑟) 
contribution. The first term accounts for the thermodynamic behaviour 
of an ideal gas, whereas the latter considers the deviation of a specific 
substance from this baseline. The total Helmholtz free energy is then 
expressed as: 
𝐴(𝜌, 𝑇 ) = 𝐴◦(𝜌, 𝑇 ) + 𝐴𝑟(𝜌, 𝑇 ) . (10)

By reformulating the above expression, one can introduce the non-
dimensional Helmholtz energy (𝑎) as: 
𝑎(𝛿, 𝜏) = 𝑎◦(𝛿, 𝜏) + 𝑎𝑟(𝛿, 𝜏) ; (11)

in which 𝛿 and 𝜏 are the non-dimensional variants of the density 
and temperature inputs in Eq. (10): 

𝛿 =
𝜌
𝜌𝑐

; 𝜏 =
𝑇𝑐
𝑇
. (12)

Here, 𝜌𝑐 and 𝑇𝑐 denote the density and temperature at the critical 
point. Expressing an EoS in terms of the Helmholtz free energy is done 
5 
for convenience, as all other thermodynamic properties can be obtained 
from its derivatives. For instance, the pressure (𝑃 ) and specific internal 
energy (𝑒) can be determined using the following relations: 

𝑃 = 𝜌𝑅𝑇
[

1 + 𝛿
( 𝜕𝑎𝑟

𝜕𝛿

)

𝜏

]

; 𝑒
𝑅𝑇

= 𝜏
[( 𝜕𝑎◦

𝜕𝜏

)

𝛿
+
( 𝜕𝑎𝑟

𝜕𝜏

)

𝛿

]

. (13)

As described in Eqs. (10) and (11), Helmholtz-energy-based EoSs 
are formulated in terms of density and temperature, which in turn 
rely on iterative routines to obtain the remaining properties. This 
can be especially challenging in the neighbourhood of the critical 
point, where convergence issues may arise. To avoid these potential 
issues, the multiparametric EoS used in this work is applied through 
the CoolProp framework, an extensively validated thermophysical 
property library with proven capability to handle critical and near-
critical states [84]. It is important to note that CoolProp is based on the 
same Hemlholtz free energy formulations as NIST REFPROP [85], and 
comparative plots between the two libraries can be found for a range 
of fluids, including air [86], nitrogen [87], methane [88], water [89], 
and P-H2 [90].  Because multiparametric equations of state are fluid-
specific, Arpad employs the formulation of Leachman et al. [77] for 
P-H2, distinguishing it from the corresponding models for orthohy-
drogen (O-H2) and normal hydrogen (N-H2). Accordingly, the present 
analysis assumes that hydrogen liquefaction has been carried out using 
an ortho-to-parahydrogen conversion catalyst [91–93]. Further details 
on a brief quantitative assessment of the accuracy and performance of 
the CoolProp library can be found in Section 4.7. 

3. Application of the Godunov method to two-phase hydrogen 
flows

This section introduces the application of a Godunov-type finite-
volume framework to the simulation of two-phase hydrogen flows. The 
discussion firstly addresses spatial discretisation, followed then by the 
solution to the Riemann problem for H2. Temporal discretisation is 
subsequently discussed, and the treatment of non-linear source terms 
follows. The numerical handling of boundary conditions concludes the 
section.

3.1. Spatial discretisation

Eqs. (3)–(5) are solved explicitly [94] on a regular cylindrical mesh 
(see Figs.  3 and 4). The homogeneous system (i.e. with no source terms) 
is expressed in vector notation as follows: 
𝜕𝐔 +

𝜕𝐅(𝐔)
= 0 , (14)
𝜕𝑡 𝜕𝑥
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Fig. 3. A depiction of the first-order spatial discretisation, where 𝑖 denotes the cell index, 𝑖 ± 1∕2 denote the right and left faces of cell 𝑖, respectively, and 𝑛 is 
the time index.
where the vector of conserved variables 𝐔 and the vector of fluxes 𝐅
are defined as: 

𝐔 =
⎛

⎜

⎜

⎝

𝜌𝑚
𝜌𝑚𝑢𝑥
𝐸

⎞

⎟

⎟

⎠

; 𝐅(𝐔) =
⎛

⎜

⎜

⎝

𝜌𝑚𝑢𝑥
𝜌𝑚𝑢2𝑥 + 𝑝
𝑢𝑥(𝐸 + 𝑝)

⎞

⎟

⎟

⎠

. (15)

To discretise the above expressions, a finite volume approach is 
applied by integrating each term over a volume 𝑉 , bounded by a 
surface 𝛺: 
𝜕
𝜕𝑡 ∫𝑉

𝐔𝑑𝑉 + ∮𝛺
𝑛 ⋅ 𝐅(𝐔)𝑑𝛺 = 0 . (16)

Arpad assumes a first-order interpolation of 𝐔 from cell-centroid 
to face values (see Fig.  3). Consequently, Eq. (16) takes the form: 
𝜕𝐔
𝜕𝑡 ∫𝑉

𝑑𝑉 + ∮𝛺
𝑛 ⋅ 𝐅(𝐔)𝑑𝛺 = 0 , (17)

where the second term on the left-hand side (LHS) remains in inte-
gral form to account for the fluxes at each cell interface. Discretising 
Eq. (17) into a set of algebraic equations then yields: 

𝜕𝐔
𝜕𝑡
𝑉 +

𝑓𝑎𝑐𝑒𝑠
∑

𝑓𝑎𝑐𝑒=0
𝑛 ⋅ 𝐅(𝐔)𝑓𝑎𝑐𝑒𝛺𝑓𝑎𝑐𝑒 = 0 . (18)

Since 1-D meshes are constrained to spatial variations in one direc-
tion (i.e. x-axis), there are only two faces (i.e. 𝑓𝑎𝑐𝑒𝑠 = 2) where the 
surface integral is applied, thus reducing the previous expression to: 
𝜕𝐔
𝜕𝑡
𝑉 +

(

𝐅(𝐔)𝑖+1∕2 − 𝐅(𝐔)𝑖−1∕2
)

𝛺𝑓𝑎𝑐𝑒 = 0 , (19)

where, 𝐅(𝐔)𝑖+1∕2 and 𝐅(𝐔)𝑖−1∕2 are the fluxes at the right and left 
interfaces of cell 𝑖. For a cylindrical control volume, of diameter 𝐷 and 
length 𝛥𝑥, the cell volume and face area are given by 𝑉 = 𝜋𝐷2𝛥𝑥∕4
and 𝛺𝑓𝑎𝑐𝑒 = 𝜋𝐷2∕4, respectively. Substituting these expressions into 
the previous equation and dividing through by 𝑉  leads to: 
𝜕𝐔
𝜕𝑡

+ 1
𝛥𝑥

(

𝐅(𝐔)𝑖+1∕2 − 𝐅(𝐔)𝑖−1∕2
)

= 0. (20)

Because properties are only known at the cell centres, the flux at each 
face must be reconstructed through interpolation. The present work 
applies a piece-wise constant reconstruction, and it therefore assumes 
a face value equal to that of the centroid (i.e. 𝜙𝑖−1∕2 = 𝜙𝑖 = 𝜙𝑖+1∕2). 
Consequently, this leads to the well-known Riemann problem at every 
cell interface (e.g. 𝑖± 1

2 ), for there are now two candidate states — one 
from cell 𝑖 (UL

i+1∕2) and another from cell 𝑖+1 (UR
i+1−1∕2) — to evaluate 

the flux 𝐅(𝐔)𝑖+1∕2.

3.2. Solution of the Riemann problem for hydrogen

The Godunov method [70] is implemented using the Rusanov ap-
proximate Riemann solver [95]. Within this framework, the method 
computes a single interfacial flux 𝐅̃(𝐔)𝑖+1∕2 by resolving the disconti-
nuity between the adjacent cell states, 𝐔𝑛𝑖  and 𝐔𝑛𝑖+1, at the interface 
𝑖 + 1∕2 (see Fig.  3). These states are relabelled as 𝐔𝐿𝑖+1∕2 and 𝐔𝑅𝑖+1∕2
to denote the left and right values in the local Riemann problem. The 
resulting interfacial flux, obtained from the approximate solution of this 
problem, is then expressed as: 

𝐅̃(𝐔) = 1 [

𝐅(𝐔𝐿 ) + 𝐅(𝐔𝑅 )
]

− 𝜆
(

𝐔𝑅 − 𝐔𝐿
)

, (21)
𝑖+1∕2 2 𝑖+1∕2 𝑖+1∕2 𝑖+1∕2 𝑖+1∕2

6 
where 𝜆 is an estimation for the fastest local wave speed described by: 

𝜆 = max(|𝑢𝑥𝐿| + 𝑐𝐿, |𝑢𝑥𝑅 | + 𝑐𝑅) , (22)

with 𝑐 being the speed of sound derived from CoolProp’s [84] trans-
port property models. Likewise, the same set of steps apply to the left 
interface of cell 𝑖, (i.e. the face at 𝑖 − 1∕2), yielding the intercell flux 
approximation for 𝐅̃(𝐔)𝑖−1∕2. As a final step, both approximate fluxes 
are substituted into Eq. (20) to give: 
𝜕𝐔
𝜕𝑡

+ 1
𝛥𝑥

(

𝐅̃(𝐔)𝑖+1∕2 − 𝐅̃(𝐔)𝑖−1∕2
)

= 0 , (23)

completing the spatial discretisation of Eqs. (3)–(5).

3.3. Temporal discretisation

Time integration is achieved through the forward Euler method, 
which is a first-order upwind explicit scheme [96]. Starting from a 
Taylor series expansion: 

𝐔(𝑡 + 𝛥𝑡) = 𝐔(𝑡) + 𝜕𝐔
𝜕𝑡
𝛥𝑡 + (𝛥𝑡2) . (24)

A first-order approximation of the time derivative is then obtained by 
𝜕𝐔
𝜕𝑡

=
𝐔(𝑡 + 𝛥𝑡) − 𝐔(𝑡)

𝛥𝑡
+ (𝛥𝑡) . (25)

Applying time superscripts (i.e. 𝑛 for 𝑡, 𝑛 + 1 for 𝑡 + 𝛥𝑡) we now get: 
𝜕𝐔
𝜕𝑡

≈ 𝐔𝑛+1 − 𝐔𝑛
𝛥𝑡

, (26)

which is later inserted into Eq. (23) to yield the fully discretised set of 
equations in space and time: 

𝐔𝑛+1𝑖 = 𝐔𝑛𝑖 −
𝛥𝑡
𝛥𝑥

(

𝐅̃(𝐔)𝑛𝑖+1∕2 − 𝐅̃(𝐔)𝑛𝑖−1∕2
)

. (27)

Note that both flux vectors 𝐅̃(𝐔𝑖+1∕2), 𝐅̃(𝐔𝑖−1∕2) are evaluated at time 
level 𝑛, therefore adjusting to an explicit time discretisation scheme 
with a single unknown at the LHS.

3.4. Implementation of the non-linear source terms

Sections 3.1–3.3 have so far considered only the homogeneous form 
(i.e., without source terms) of the governing equations. In practice, 
however, Eqs. (3)–(5) constitute an inhomogeneous system, obtained 
by introducing the source vector 𝐒(𝐔) on the right-hand side (RHS) of 
Eq. (14). The system is therefore rewritten as 
𝜕𝐔
𝜕𝑡

+
𝜕𝐅(𝐔)
𝜕𝑥

= 𝐒(𝐔) , (28)

where the source term vector 𝐒(𝐔) is defined as 

𝐒(𝐔) =
⎛

⎜

⎜

⎜

⎝

0
𝑓𝜌𝑚|𝑢𝑥|𝑢𝑥

2𝐷
𝐶

⎞

⎟

⎟

⎟

⎠

. (29)

To extend the framework beyond simple advection, an
operator-splitting scheme is employed following [97]. This approach 
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decomposes the inhomogeneous system into two subproblems: advec-
tion and source terms. The advection component is treated by solving 
the homogeneous counterpart of the system (see Eq. (14)), whereas 
the source component assumes no spatial variations in the fluxes and 
reduces the problem to a system of ordinary differential equations 
(ODEs). The ODE system is solved after the advection step, enabling 
an exact treatment of the source term.

3.5. Specification of boundary conditions

Boundary conditions (BCs) were implemented through combina-
tions of Dirichlet and Neumann formulations, following [98]. Pre-
scribed values were directly applied to mesh boundary nodes, with each 
derived condition (inlet, outlet, wall, etc.) detailed in this section.

3.5.1. Numerical treatment of subsonic inflow and outflow boundaries
Subsonic inflow boundaries were imposed by prescribing density 

and the normal velocity component (Dirichlet), while static pressure 
was extrapolated from the domain (Neumann), thereby emulating an 
inlet mass flow. Outflow boundaries prescribed static pressure (Dirich-
let), with the remaining variables extrapolated from interior nodes 
(Neumann).

3.5.2. Sonic outlet boundary under non-linear conditions
A non-linear treatment is proposed for sonic outflow boundaries 

within the context of a FVM framework through the implementation 
of root-finding methods. Such boundaries are relevant in the context 
of full-bore rupture of pipelines containing pressurised gases, an exten-
sively studied scenario by health and safety agencies  [99–108]. After 
rupture, the following gas decompression requires accurate predic-
tion of the transient mass flow discharge. A time-dependent boundary 
treatment is therefore necessary, as prescribing a standard supersonic 
outlet (i.e. Dirichlet conditions for all flow variables) would impose 
non-physical constant discharge rates.

To address this, a dedicated boundary subroutine is implemented to 
solve the local Riemann problem at the rupture location by determining 
the thermodynamic state at the pipe outlet (see Fig.  4). The required 
information is available at the last computational cell centroid (de-
noted by subscript 𝐼) and from the ambient conditions (subscript 𝑎𝑡𝑚), 
allowing the outlet state (subscript 𝑜𝑢𝑡) to be inferred through a set 
of simplifying assumptions. First, isenthalpic behaviour is considered, 
in alignment with standard treatments of choked flow at pipe exits 
during full-bore ruptures [99,108], and justified by the relatively small 
variations in flow properties expected over a distance of 𝛥𝑥∕2. Second, 
irreversibilities over this length scale are neglected, leading to an 
isentropic approximation (see Eq. (30)). These assumptions enable the 
outlet pressure (𝑃𝑜𝑢𝑡) to be determined via a bounded nonlinear root-
finding procedure, such as the bisection method [109], which identifies 
an intermediate pressure between the upstream centroid value (𝑃𝐼 ) 
and the ambient pressure (𝑃𝑎𝑡𝑚). The root-finding algorithm is applied 
to the enthalpy balance in Eq. (30) to obtain a representative outlet 
state, from which the remaining thermodynamic properties are eval-
uated using the pressure–entropy input pair to query the CoolProp
database [84]. Accordingly, the enthalpy balance between centroid and 
boundary is expressed as 

𝑓 (ℎ𝐼 , ℎ𝑜𝑢𝑡) =
[

ℎ𝐼 (𝑃𝐼 , 𝑠𝐼 ) +
1
2
𝑢2𝑥𝐼

]

−
[

ℎ𝑜𝑢𝑡(𝑃𝑜𝑢𝑡, 𝑠𝑜𝑢𝑡) +
1
2
𝑐2
]

= 0, where 𝑠𝐼 = 𝑠𝑜𝑢𝑡 .

(30)

Here, the subscript 𝐼 denotes the flow properties at the last cell 
centroid, and the outlet velocity is set to the local speed of sound 
𝑐, to emulate the choked-flow conditions at the exit during full-bore 
ruptures.
7 
3.5.3. Numerical treatment of non-penetrating boundary conditions (wall)
Wall boundaries are enforced by prescribing a Dirichlet condition on 

the normal velocity, set explicitly to zero, while all other flow variables 
are assigned Neumann conditions through zero-gradient extrapolation 
from the interior. Since the present study is restricted to 1-D meshes, 
wall boundaries here correspond to closed pipe ends.

4. Results and discussion

To verify the implementation of the suggested FVM approach, this 
section presents seven sets of numerical tests conducted on pipes with 
circular cross-sections. Case 1 examines the classical shock tube prob-
lem to validate Arpad’s discontinuity-capturing capability. Case 2
considers a Fanno flow, used to assess the implementation of steady 
friction models. Case 3 studies a Rayleigh flow, highlighting the correct 
addition of constant heat transfer. Case 4 investigates the combined 
effects of Fanno and Rayleigh flows (i.e. combined heat transfer and 
steady friction effects). Case 5 addresses pipe decompression follow-
ing a full-bore rupture, providing verification of the unsteady friction 
model described by Eqs. (8) and (9). Case 6 revisits a well-studied 
two-phase water shock tube problem to verify the solver’s capability 
with phase-change phenomena [110–112]. Finally, Case 7 presents 
a novel two-phase shock tube test using P-H2 as the working fluid 
to demonstrate the method’s applicability to cryogenic LH2 flows. It 
should be noted that, while Cases 1–6 do not involve LH2 as the working 
fluid and are not descriptive of the expected conditions in LH2 fuel 
systems, their purpose is to be used for methodological verification, 
following the guidelines of Roache [113]. As a result, their discussion 
simply addresses the robustness of the proposed Godunov approach. 
Consequently, is through this verification process that a solid founda-
tion is laid for its subsequent application to LH2 flows. The numerical 
setup for each case is summarised in Tables  1–3, listing the geometry, 
discretisation, source terms and initial parameters. Boundary conditions 
are also detailed in Table  4 for the sake of completeness.

Transient simulation results additionally account for the effect of 
different Riemann solvers in the solution. Riemann solvers are a key 
component of Godunov-type schemes, as they are responsible for com-
puting the numerical fluxes that will update the conserved variables 
in the domain. Riemann solvers are what make the Godunov approach 
particularly suited for handling flow discontinuities, and their effects 
are explored by applying the Rusanov [95], HLL [114] and HLLC [114] 
variants. The inclusion of HLL and HLLC solvers is motivated by their 
ability to counterbalance the inherently diffusive nature of first-order 
piecewise reconstructions, especially in the presence of contact discon-
tinuities. The main difference among these is their treatment of the 
wave structure in the solution of the Riemann problem, which in turn 
affects the amount of numerical diffusion introduced in the solution. A 
Rusanov solver is the most diffusive, as it solves the Riemann problem 
by considering only one characteristic field (i.e. the fastest wavespeed). 
The HLL solver mitigates numerical diffusion by considering two char-
acteristic fields (i.e. the fastest and slowest wavespeeds), but this still 
renders the solution incomplete. An HLLC approach, is the least diffu-
sive as it considers all three characteristic fields (i.e. the fastest, slowest 
and contact wavespeeds), thus providing a more complete solution, and 
the sharpest definition of the flow fields [115]. Simulations involving 
static flow solutions (i.e. Cases 2–4), however, are solved only using the 
Rusanov solver, as the absence of flow discontinuities in these cases 
renders the use of more complex solvers unnecessary. For Cases 1–4, 
which admit analytical solutions, each study concludes with the evalu-
ation of relative 𝐿2-norm errors for the primitive variables. The choice 
to report this error only for the mentioned cases reflects both the 
availability of closed-form reference solutions and the consistent use 
of the Rusanov solver. The relative 𝐿 -norm error for a generic field 
2
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Fig. 4. A view of the discretised pipe domain, indicating the location and bounds of the non-linear sonic outlet.
Table 1
Numerical and geometric parameters for each test case.
 Case Fluid L [m] D [m] Cells Courant No. Final time [s] 
 (1) Sod’s shock tube [116] Air 1.00 × 100 1.128 2000 0.5 2.00 × 10−1  
 (2) Fanno flow [117,118] N2 8.15 × 101 0.152 1000 0.9 2.50 × 101  
 (3) Rayleigh flow [117,118] N2 8.15 × 101 0.152 1000 0.9 2.50 × 101  
 (4) Fanno–Rayleigh [117] N2 8.15 × 101 0.152 1000 0.9 3.05 × 101  
 5) Pipe rupture [108] CH4 8.00 × 103 0.870 4000 0.9 3.25 × 102  
 (6) Two-phase water shock-tube [112] H2O 1.00 × 102 1.128 2000 0.8 8.10 × 10−2  
 (7) Two-phase p-H2 shock-tube P-H2 1.00 × 102 1.128 2000 0.8 6.10 × 10−2  
Table 2
Initial conditions for Cases 1, 6 and 7.
 Case Initial conditions
 𝜌𝐿 [kg/m3] 𝑢𝑥𝐿 [m/s] 𝑃𝐿 [bar] 𝜌𝑅 [kg/m3] 𝑢𝑥𝑅 [m/s] 𝑃𝑅 [bar] 
 (1) Sod’s shock tube 1.000 0.0 1.0 0.125 0.0 0.1  
 (6) Two-phase water shock tube 552.882 0.0 150.0 371.799 0.0 100.0  
 (7) Two-phase p-H2 shock tube 46.115 0.0 10.0 33.463 0.0 5.0  
Table 3
Initial conditions for Cases 2, 3, 4, and 5.
 Case Initial conditions
 𝜌 [kg/m3] 𝑢𝑥 [m/s] 𝑃 [bar] 𝑄̇ [W] 𝐶 = 𝑄̇

𝐶𝑒𝑙𝑙𝑠
 [W] 𝑓  

 (2) Fanno flow 3.876 0.0 3.45 0 0 0.002 
 (3) Rayleigh flow 3.876 0.0 3.45 2202 2.202 0.000 
 (4) Fanno–Rayleigh 3.876 0.0 3.45 585 0.585 0.002 
 (5) Pipe rupture 78.322 0.0 100.00 0 0 𝑓 (𝑅𝑒) 

variable 𝜁 is defined as 

‖𝜁‖𝐿2
=

(

∑𝐼
𝑖=1

(

𝜁𝑖 − 𝜁 ref𝑖
)2
)1∕2

(

∑𝐼
𝑖=1

(

𝜁 ref𝑖
)2
)1∕2

, (31)

where 𝜁 ref𝑖  denotes the analytical solution evaluated at the cell centroids 
and 𝐼 is the total number of computational cells.

4.1. Case 1: Sod’s shock tube

Verification begins with the classical Sod shock tube test, a standard 
benchmark for assessing numerical performance in the presence of flow 
discontinuities [116]. The domain consists of two regions of air initially 
at rest (𝑢𝑥 = 0), separated by a diaphragm at the centre (𝑥 = 0). Air is 
modelled as an ideal gas through the relation 𝑃 = 𝜌(𝛾−1)𝑒. At 𝑡 = 0, the 
diaphragm is removed, initiating a Riemann problem whose solution 
features a shock wave, an expansion wave, and a contact discontinuity. 
For the initial conditions listed in Table  2, a semi-analytical reference 
solution is available via the method of characteristics [119].

Before drawing conclusions from any numerical results, however, a 
grid convergence index (GCI) analysis was performed to quantify the 
8 
Table 4
Boundary conditions for all test cases; density (kg∕m3), velocity (m∕s), pressure 
(bar).
 Boundary values Notes  
 (1) Sod shock-tube
 Inlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Neumann  
 Outlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Neumann  
 (2) Fanno flow
 Inlet 𝜌 = 3.876 𝑢𝑥 = 176.46 𝜕𝑃∕𝜕𝑥 = 0 Mass flow inlet  
 Outlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝑃 = 1.62 Static pressure outlet  
 (3) Rayleigh flow
 Inlet 𝜌 = 3.876 𝑢𝑥 = 162.36 𝜕𝑃∕𝜕𝑥 = 0 Mass flow inlet  
 Outlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝑃 = 1.86 Static pressure outlet  
 (4) Fanno–Rayleigh flow
 Inlet 𝜌 = 3.876 𝑢𝑥 = 158.83 𝜕𝑃∕𝜕𝑥 = 0 Mass flow inlet  
 Outlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝑃 = 1.55 Static pressure outlet  
 (5) Pipe rupture
 Inlet 𝜕𝜌∕𝜕𝑥 = 0 𝑢𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Wall BCs  
 Outlet 𝜌(𝑡) 𝑢𝑥(𝑡) 𝑃 (𝑡) Sonic outlet (see Section 3.5.2) 
 (6) Two-phase water shock tube
 Inlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Neumann  
 Outlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Neumann  
 (7) Two-phase P-H2 shock tube
 Inlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Neumann  
 Outlet 𝜕𝜌∕𝜕𝑥 = 0 𝜕𝑢𝑥∕𝜕𝑥 = 0 𝜕𝑃∕𝜕𝑥 = 0 Neumann  

discretisation error associated with spatial grid resolution. The present 
work followed the methodology described by Celik et al. [120], using 
the density field values at 𝑥 = 0.26, 𝑥 = 0.69 and 𝑥 = 0.85 at 𝑡 = 0.2 s 
as the quantity of interest 𝜓 . Said points were selected because they 
correspond to the corners at the peak of the rarefaction wave, con-
tact discontinuity and the shock wave respectively, representing those 
points in which discontinuities in the solution occur. Three uniform 
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Table 5
Grid convergence study over 3 grids for Sod’s shock tube using the Rusanov, 
HLL and HLLC Riemann solvers. 𝜓 represents density at 𝑥 = 0.69 m and 
𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑 its extrapolated value. 𝑟 the refinement ratio between two successive 
grids. 𝐺𝐶𝐼 is the grid convergence index in percent and its asymptotic value 
is provided by 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a value close to unity indicates a grid 
independent solution. The order achieved in the simulation is given by 𝑝.
 𝜓 𝐶𝑒𝑙𝑙𝑠 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Rusanov
 Grid 1 3.521e−01 4000 2.0 21.77%

 1.015  0.12  4.13e−01 
 

 Grid 2 3.47e−01 2000 2.0 24.03%  
 Grid 3 3.41e−01 1000 – –  
 HLL
 Grid 1 3.498e−01 4000 2.0 0.17%

 0.995  2.27  3.49e−01 
 

 Grid 2 3.52e−01 2000 2.0 0.79%  
 Grid 3 3.43e−01 1000 – –  
 HLLC
 Grid 1 3.528e−01 4000 2.0 0.66%

 0.990  1.49  3.51e−01 
 

 Grid 2 3.56e−01 2000 2.0 1.85%  
 Grid 3 3.47e−01 1000 – –  

Table 6
𝐿2-norm relative errors for the Sod shock tube problem computed using the 
Rusanov Riemann solver.
 ‖𝜌‖𝐿2

‖𝑢𝑥‖𝐿2
‖𝑃‖𝐿2

‖𝑒‖𝐿2
 

 1.64% 0.99% 2.00% 2.75% 

grids with 1000, 2000 and 4000 cells were considered, corresponding 
to a coarse, medium and fine resolution, respectively. Table  5 shows 
the results for the x-location showing the highest discretisation error, 
(i.e. the contact discontinuity at 𝑥 = 0.69 m). The results achieved 
indicate, to no surprise, the less dissipative behaviour of the HLL and 
HLLC solvers, judging by their limited change across different grids. 
Although 4000-cell grids provide the lowest GCI values across every 
solver, grids with 2000 cells achieved low enough GCI values (i.e. with 
the HLL and HLLC solvers) to provide a sufficiently sharp solution of 
the contact discontinuity. Therefore, the 2000-cell grid was selected for 
subsequent analysis.

As shown in Fig.  5, the present scheme accurately reproduces the 
expected wave structure and captures sharp gradients in the flow vari-
ables. Although the agreement is generally good, minor discrepancies 
can be observed near the sharp bends and corners of the solution, 
where the numerical profiles tend to smooth discontinuities and round 
the corners caused by steep gradients. This behaviour is characteristic 
of first-order accurate schemes, which inherently introduce numerical 
diffusion. The effect is further enhanced by the use of the Rusanov 
Riemann solver, known to be more dissipative than alternative approx-
imate solvers such as HLL or HLLC [114]. Similar trends are expected 
in the subsequent test cases for analogous reasons. Table  6 gathers the 
𝐿2-norm relative errors obtained with the Rusanov Riemann solver for 
the flow variables reported in Fig.  5.

4.2. Case 2: Fanno flow

The second test looked at validating flow viscosity effects through 
the description of a Fanno flow [118]. This refers to an adiabatic flow 
through a constant constant-area duct where friction is the main source 
of irreversibility (i.e. entropy generation). The problem is set up using 
gaseous nitrogen (N2) as the working fluid, and modelled as an ideal 
gas 𝑃 = 𝜌(𝛾 − 1)𝑒. Viscous effects are captured via a constant Darcy–
Weisbach friction factor [121], which induces flow acceleration along 
the pipe length when it departs from subsonic conditions. A defining 
characteristic is the existence of a finite duct length at which the 
flow becomes sonic. This critical length serves as the theoretical upper 
bound for the computational domain in Fanno flow simulations, and 
it is equally the case for the current test. A comprehensive description 
9 
Table 7
Grid convergence study over 3 grids for a Fanno flow using the Rusanov solver. 
𝜓 represents the integral of static pressure along the pipe length and 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑
its extrapolated value. 𝐶𝑒𝑙𝑙𝑠 is the number of grid elements, 𝑟 the refinement 
ratio between two successive grids. 𝐺𝐶𝐼 is the grid convergence index in 
percent and its asymptotic value is provided by 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a value 
close to unity indicates a grid independent solution. The order achieved in the 
simulation is given by 𝑝.
 𝜓 𝐶𝑒𝑙𝑙𝑠 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Grid 1 2.284e+07 2000 2.0 1.13%

 1.005  0.60  2.31e+07 
 

 Grid 2 2.27e+07 1000 2.0 1.73%  
 Grid 3 2.26e+07 500 – –  

Table 8
𝐿2-norm relative errors for the Fanno flow problem computed using the 
Rusanov Riemann solver.
 ‖𝑇 ∕𝑇 ∗

‖𝐿2
‖𝑃∕𝑃 ∗

‖𝐿2
 

 0.74% 2.33%  

is provided in [117]. It should be noted that the solution of interest 
corresponds to the final steady state (for which an analytical solution 
is available) despite the inherently transient nature of the problem.

A GCI analysis was also conducted for the Fanno flow case following 
the procedure outlined in the previous section; however, only results 
obtained with the Rusanov solver were considered. This choice is 
motivated by the fact that Fanno flow solutions do not involve contact 
discontinuities, and the flow ultimately reaches a steady state, for 
which negligible differences are expected among Riemann solvers. The 
same rationale will inform the compressible flow cases described in 
Sections 4.3–4.5. As Cases 2–4 involve inherently steady solutions, 
additional tables showing the normalised L-2 norm residuals for the 
temperature and pressure fields are provided to demonstrate solution 
convergence (see Table  13). The computed residuals are as specified 
below: 

𝜙 =
‖

‖

‖

𝜙𝑛+1 − 𝜙𝑛‖‖
‖2

‖

‖

𝜙1 − 𝜙0‖
‖2

, (32)

where 𝜙 is the field variable of interest (i.e. temperature or pressure), 
and 𝑛 is the iteration number. Note that the normalising factor corre-
sponds to initial residual after the first iteration. The final time reported 
in Table  1 for these cases hence corresponds to the time at which the 
solution was considered to be well within the asymptotic convergence 
range, as indicated by the residuals.

For such a case, mesh densities of 500, 1000 and 2000 cells were 
studied, and the quantity of interest 𝜓 corresponded to the static 
pressure integral along the pipe length after reaching a steady solution 
at 𝑡 = 25.0 s. Eq. (33) describes the quantity of interest, and the resulting 
values are summarised in Table  7. Judging by the small difference 
between the fine and medium grid resolutions (i.e. only of 0.60%), the 
1000-cell grid was considered sufficiently accurate for verification, thus 
results achieved with a medium grid are presented. Fig.  6 illustrates 
the good agreement between the analytical and numerical solution, 
verifying the implementation of steady friction models in Arpad. 
The 𝐿2-norm relative errors for the flow variables shown in Fig.  6, 
computed using the Rusanov solver, are listed in Table  8. 

𝜓 = ∫

𝐿

0
𝑃 (𝑥) 𝑑𝑥 . (33)

4.3. Case 3: Rayleigh flow

Unlike the case in Section 4.2, where viscous dissipation drives the 
change in flow properties, Rayleigh flows are governed by heat transfer 
between the fluid and its surroundings [118]. It is through the addition 
of heat, therefore, that the flow is accelerated (and entropy increased) 
along the pipe– ultimately leading to sonic conditions at the outlet. 
Rayleigh flows assume an inviscid, steady flow in a constant-area duct, 
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Fig. 5. Sod shock tube fields obtained for an ideal gas.
Fig. 6. Fanno flow temperature and pressure fields.
thus providing a suitable test case to isolate the effects of a constant 
and uniform energy exchange.

Similarly, a GCI analysis was conducted as described in Section 4.2. 
The main difference lied in the quantity of interest 𝜓 , which now 
corresponded to the integral of the temperature field along the pipe 
length after reaching a steady state solution at 𝑡 = 25.0 s. 

𝜓 = ∫

𝐿

0
𝑇 (𝑥) 𝑑𝑥 . (34)

The working fluid is again ideal gaseous N2, and the flow exhibits 
a maximum duct length at which heat addition chokes the pipe. This 
characteristic length sets the effective limit of the computational do-
main, as detailed in [117]. As it was the case for the Fanno flow, 
the 1000-cell grid was considered sufficiently accurate for verification 
considering the small difference between the fine and medium grid 
resolutions shown in Table  9 (i.e. only of 0.31%). Fig.  7 illustrates the 
scheme’s ability to reproduce the effects of uniform heat addition. The 
10 
Table 9
Grid convergence study over 3 grids for a Rayleigh flow using the Rusanov 
solver. 𝜓 represents the integral of the static temperature field along the 
pipe length and 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑 its extrapolated value. 𝐶𝑒𝑙𝑙𝑠 is the number of grid 
elements, 𝑟 the refinement ratio between two successive grids. 𝐺𝐶𝐼 is the 
grid convergence index in percent and its asymptotic value is provided by 
𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a value close to unity indicates a grid independent solution. 
The order achieved in the simulation is given by 𝑝.
 𝜓 𝐶𝑒𝑙𝑙𝑠 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Grid 1 3.038e+04 2000 2.0 0.61%

 1.003  0.61  3.05e+04 
 

 Grid 2 3.03e+04 1000 2.0 0.92%  
 Grid 3 3.02e+04 500 – –  

close agreement between analytical and numerical solutions verifies the 
correct treatment of thermal energy exchange. The computed relative 
𝐿2-norm errors for the variables depicted in Fig.  7 are summarised in 
Table  10 for the Rusanov solver
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Fig. 7. Rayleigh flow temperature and pressure fields.
Table 10
𝐿2-norm relative errors for the Rayleigh flow problem computed using the 
Rusanov Riemann solver.
 ‖𝑇 ∕𝑇 ∗

‖𝐿2
‖𝑃∕𝑃 ∗

‖𝐿2
 

 1.90% 2.42%  

Table 11
Grid convergence study over 3 grids for a Fanno–Rayleigh flow using the 
Rusanov solver. 𝜓 represents the integral of the static temperature field along 
the pipe length and 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑 its extrapolated value. 𝐶𝑒𝑙𝑙𝑠 is the number of 
grid elements, 𝑟 the refinement ratio between two successive grids. 𝐺𝐶𝐼 is 
the grid convergence index in percent and its asymptotic value is provided by 
𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a value close to unity indicates a grid independent solution. 
The order achieved in the simulation is given by 𝑝.
 𝜓 𝐶𝑒𝑙𝑙𝑠 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Grid 1 2.566e+04 2000 2.0 0.01%

 1.000  0.94  2.57e+04 
 

 Grid 2 2.57e+04 1000 2.0 0.01%  
 Grid 3 2.57e+04 500 – –  

Table 12
𝐿2-norm relative errors for the Fanno–Rayleigh flow problem computed using 
the Rusanov Riemann solver.
 ‖𝑇 ∕𝑇 ∗

‖𝐿2
‖𝑃∕𝑃 ∗

‖𝐿2
 

 0.07% 4.1%  

4.4. Case 4: Fanno-Rayleigh flow

To complement the assessments in Sections 4.2 and 4.3, a combined 
case was considered to capture the simultaneous effects of friction 
and heat transfer within a single setup. In this case, both friction and 
heat addition are the source of irreversibilities accelerating the fluid 
and leading to choked conditions at the pipe outlet. The test involves 
subsonic flow of gaseous N2, modelled as an ideal gas, subject to a con-
stant Darcy–Weisbach friction factor and uniform heat addition [117]. 
Unlike the individual Fanno and Rayleigh flows, no tabulated solutions 
are available for this combined case, and the analytical treatment is 
limited to the Mach number distribution. Nevertheless, pressure and 
temperature profiles can be obtained by solving the compressible flow 
equations as an initial value problem.

Following an analogous approach as in the Fanno and Rayleigh 
cases, a GCI analysis was performed using the integral of the temper-
ature field along the pipe length (see Eq. (34)) after reaching a steady 
state solution at 𝑡 = 30.5 s (see Table  11). Fig.  8 presents the results, 
which demonstrate the friction and heat transfer terms reproduce the 
expected trends when these are combined. Using the Rusanov solver, 
the relative 𝐿2-norm errors for the flow variables reported in Fig.  8 are 
compiled in Table  12.
11 
4.5. Case 5: Full-bore rupture of a pipe

While the preceding cases in  Sections 4.2 and 4.4 considered a 
constant friction factor verified through steady flow fields, the current 
test addresses the verification of the unsteady friction terms discussed 
in Section 2.1 through an unsteady solution. This is obtained through 
the transient analysis of a full-bore rupture in a pressure-liquefied gas 
pipeline. Following a rupture, choked flow conditions are immediately 
reached at the rupture point, where the flow is dominated by unsteady 
viscous dissipation. This behaviour, among other effects, leads to a 
characteristic mass flow discharge following a decreasing asymptotic 
curve [107,108]. This section hence evaluates the decompression of a 
pressurised methane (CH4) pipeline, allowing for friction factor vari-
ations (in space and time), that are used to verify unsteady friction 
losses. Unlike the cases discussed previously, this scenario involves 
gaseous CH4 modelled with the multiparametric EoS of Setzmann and 
Wagner [122] included in the CoolProp [84] database.

The GCI analysis conducted in this case used the time integral of 
the exit mass flow rate throughout the whole event as the quantity 
of interest 𝜓 (see Eq. (35)). Three uniform grids with 1000, 2000 and 
4000 cells were considered, with results being summarised in Table  14. 
In this case, the 4000-cell grid was selected for subsequent analysis, as 
it provided a solution with a GCI below 10%. 

𝜓 = ∫

𝑡𝐸𝑛𝑑

0
𝑚̇𝑒𝑥𝑖𝑡(𝑡) 𝑑𝑡 , (35)

As full-bore rupture events lack closed-form analytical solutions 
for the full set of flow fields governed by the conservation laws, 
verification is performed against established industry codes used in 
quantitative risk assessment. Examples include PolyPiRRaM (HSE)2 
and PHAST (DNV GL), both of which focus on predicting mass flow dis-
charge during decompression of pressurised pipelines [107,108,123]. 
Both PolyPiRRaM [107,108] and PHAST [123] rely on analytical 
sub-models to solve the quasi-steady compressible pipe flow equa-
tions. In the present configuration, the models are applied without 
inflow boundary conditions, assuming discharge through a single open 
end. Within this framework, PHAST distinguishes between choked 
and unchoked two-phase outflow conditions, whereas PolyPiRRaM
exploits the relative insensitivity of the momentum equation to bound-
ary conditions in the pipe. Finite-volume formulations of the problem 
have also been proposed in the literature, for instance by Shargatov 
et al. [106]. Despite having a slight overestimation of the mass flow 
compared to PolyPiRRaM [107,108], and underestimating the value 

2 Health and Safety Executive, United Kingdom.
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Fig. 8. Fanno–Rayleigh flow pressure and temperature fields.

Table 13
Summary of normalised temperature and pressure residuals (𝑅𝑇 , 𝑅𝑃 ) for the Fanno, Rayleigh and Fanno–Rayleigh flows using 
the Rusanov solver. Values are reported at selected iterations and as the window-averaged residual over the last 100 iterations, 
⟨𝑅𝜙⟩last 100.
 Iteration Fanno flow Rayleigh flow Fanno–Rayleigh flow
 𝑅𝑇 𝑅𝑃 𝑅𝑇 𝑅𝑃 𝑅𝑇 𝑅𝑃  
 1 1.00 × 100 1.00 × 100 1.00 × 100 1.00 × 100 1.00 × 100 1.00 × 100  
 100 5.04 × 10−2 1.88 × 10−2 3.67 × 10−2 1.78 × 10−2 8.58 × 10−3 3.68 × 10−3  
 1000 2.61 × 10−11 6.48 × 10−12 3.93 × 10−12 2.86 × 10−12 2.90 × 10−14 8.18 × 10−15 
 ⟨𝑅𝜙⟩last 100 6.34 × 10−15 2.99 × 10−15 8.14 × 10−15 2.95 × 10−15 3.38 × 10−14 7.25 × 10−15 
 
 
 
 
 
 

Table 14
Grid convergence study over 3 grids for a pipe decompression flow using
the Rusanov solver. 𝜓 represents the time integral of the exit mass flow
rate throughout the event, and 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑 its extrapolated value. 𝐶𝑒𝑙𝑙𝑠 is
the number of grid elements, 𝑟 the refinement ratio between two successive
grids. 𝐺𝐶𝐼 is the grid convergence index in percent and its asymptotic value
is provided by 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a value close to unity indicates a grid
independent solution. The order achieved in the simulation is given by 𝑝.
 𝜓 𝐶𝑒𝑙𝑙𝑠 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Grid 1 3.153e+05 4000 2.0 9.17%

 1.018  0.31  3.38e+05 
 

 Grid 2 3.10e+05 2000 2.0 11.55%  
 Grid 3 3.03e+05 1000 – –  

Fig. 9. Methane pipeline decompression exit mass flow rate. 
Source: Reproduced from [108] with additional results from 
the present study.

from PHAST [123] in the initial instants, the results in Fig.  9 demon-
strate the suitability of the unsteady friction models implemented in
Arpad.
12 
4.6. Case 6: Two-phase water shock tube

To assess Arpad’s ability to capture phase-change phenomena and 
predict wave speeds in two-phase flows, an extension of the classical 
shock tube problem is considered. The setup consists of a tube filled 
with water at two distinct saturated states, separated by a diaphragm 
at 𝑥 = 0. The left state corresponds to a liquid with a vapour volume 
fraction of 10%, while the right state corresponds to a liquid with a 
volume fraction of 50%. At 𝑡 = 0, the diaphragm is removed, generating 
a pressure imbalance that drives shock and rarefaction waves, as well as 
contact discontinuities driven by condensation and evaporation effects. 
The acoustic properties of the mixture were computed using Wood’s 
speed of sound model [124,125]: 
1

𝜌𝑚𝑐2𝑚
= 𝛼
𝜌𝑔𝑎𝑠𝑐2𝑔𝑎𝑠

+
(1 − 𝛼)
𝜌𝑙𝑖𝑞𝑐2𝑙𝑖𝑞

, (36)

while wave speeds were estimated following the approach of Batten 
et al. [126]. Note that the model is extended to the HEM framework 
using the mixture density 𝜌𝑚 and speed of sound 𝑐𝑚 in the Riemann 
solver. On this occasion the GCI analysis was performed using the 
density at 𝑥 = 52.0 m (i.e. the peak value of the boiling front). Three 
uniform grids with 500, 1000 and 2000 cells were considered for the 
three Riemann solvers discussed in Section 4.1. Table  15 summarises 
the achieved discretisation errors. Since the 2000-element mesh pro-
vided a significant reduction in the GCI values across all Riemann 
solvers, this grid was selected for further analysis. Arpad results for 
different Riemann solvers using the fine grid were then compared 
against the reference solution from Daude and Galon [112] (see Fig. 
10), who studied the same configuration and verified their approach 
against the RELAP7 [127] code for nuclear safety applications. Note 
that the zoomed-in views in Fig.  10 are focused on the boiling and 
condensation fronts of the contact discontinuity, where the differences 
between Riemann solvers and the reference solution are more pro-
nounced. The present case, at the same time, serves to validate the
CoolProp [84] thermophysical database for two-phase flows, since 
Daude and Galon [112] used the steam-water property tables from the 
National Bureau of Standards [128] to generate the reference solution.
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Fig. 10. Two-phase water shock tube fields. Comparison against Daude and Galon [112].
Table 15
Grid convergence study over 3 grids for the two-phase water shock tube 
problem using the Rusanov, HLL and HLLC Riemann solvers. 𝜓 represents 
volume fraction at 𝑥 = 56.1 m and 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑 its extrapolated value. 𝑟 the 
refinement ratio between two successive grids. 𝐺𝐶𝐼 is the grid convergence 
index in percent and its asymptotic value is provided by 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a 
value close to unity indicates a grid independent solution. The order achieved 
in the simulation is given by 𝑝.
 𝜓 Cells 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Rusanov
 Grid 1 4.801e−01 2000 2.0 43.21%

 1.070  0.25  6.46e−01 
 

 Grid 2 4.49e−01 1000 2.0 54.99%  
 Grid 3 4.11e−01 500 – –  
 HLL
 Grid 1 4.850e−01 2000 2.0 25.56%

 1.063  0.37  5.84e−01 
 

 Grid 2 4.56e−01 1000 2.0 35.09%  
 Grid 3 4.19e−01 500 – –  
 HLLC
 Grid 1 4.981e−01 2000 2.0 0.01%

 0.999  3.61  4.98e−01 
 

 Grid 2 4.98e−01 1000 2.0 0.07%  
 Grid 3 4.95e−01 500 – –  

4.7. Case 7: Two-phase parahydrogen shock tube

As a final test case, the two-phase shock tube problem is revisited 
using P-H2 as the working fluid. The setup follows the same con-
figuration as in Section 4.6, with the tube initially divided in two 
saturated states by a diaphragm at 𝑥 = 0. The left state corresponds 
to a liquid with a vapour volume fraction of 10%, while the right 
state corresponds to a liquid with a vapour fraction of 50%. At 𝑡 = 0, 
removal of the diaphragm generates a pressure imbalance, producing 
wave patterns qualitatively similar to those observed in Section 4.6. 
This case is intended to demonstrate Arpad’s ability to model two-
phase flows involving LH2, as this is relevant for assessing transient 
events in cryogenic management systems. The speed of sound and wave 
13 
speeds are evaluated using the same methodology as in Section 4.6, but 
with the thermophysical properties of P-H2.

Mesh independence was evaluated using the same grid layout for 
the Riemann solvers specified in the previous section (see Table  16). 
Similar to the water case, the quantity of interest 𝜓 was defined as 
the volume fraction at the peak of the boiling front (𝑥 = 50.5 m). This 
choice over a point in the trough (i.e. the valley at the condensation 
front), was motivated by the fact that, for the finest grid and the 
HLLC solver, the condensation trough reached the pure-liquid limit 
(𝛼 = 0), thereby complicating the GCI analysis. The boiling peak, 
by contrast, remained well within the two-phase regime across all 
grid resolutions and Riemann solvers, while avoiding numerical issues 
associated with phase-change boundaries. As in the previous case, the 
2000-element mesh was selected for further analysis based on the 
significant reduction in GCI values across all Riemann solvers.

Among the Riemann solvers considered, HLLC yielded the low-
est GCI values, reflecting its superior capability to resolve two-phase 
contact discontinuities (see Fig.  11). Further evidence of this can be 
observed in Fig.  12, where a first-order spatial discretisation combined 
with an HLLC solver, yields similar levels of numerical diffusion as 
a second-order discretisation with a Rusanov solver and the minmod 
limiter [129,130] (i.e. assuming the same settings described in Table  1). 
Note that a second-order approximation, reveals spurious oscillations 
when implemented in the present framework, (see the static pressure 
field in Fig.  12), hence breaking the monotonicity of the solution as 
expected from Godunov’s order barrier theorem [70,131]. Unlike the 
water-based configuration in Section 4.6, no reference solution has 
been reported in the literature for this P-H2 shock-tube setup; conse-
quently, results are presented without direct quantitative comparison. 
Nevertheless, the observed wave structures are consistent with the 
expected physical behaviour, which might be useful as a reference for 
verification purposes of two-phase P-H2 flows. It is also noted that the 
influence of the chosen Riemann solver becomes most pronounced in 
the vicinity of the sharp phase-change front separating the liquid and 
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Fig. 11. Two-phase parahydrogen shock tube fields computed with Arpad.
Table 16
Grid convergence study over 3 grids for the two-phase P-H2 shock tube 
problem using the Rusanov, HLL and HLLC Riemann solvers. 𝜓 represents 
volume fraction at 𝑥 = 46.4 m and 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑 its extrapolated value. 𝑟 the 
refinement ratio between two successive grids. 𝐺𝐶𝐼 is the grid convergence 
index in percent and its asymptotic value is provided by 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 , where a 
value close to unity indicates a grid independent solution. The order achieved 
in the simulation is given by 𝑝.
 𝜓 Cells 𝑟 𝐺𝐶𝐼 𝐺𝐶𝐼𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑝 𝜓𝑒𝑥𝑡𝑟𝑎𝑝𝑜𝑙𝑎𝑡𝑒𝑑  
 Rusanov
 Grid 1 5.294e−01 2000 2.0 2.47%

 1.026  1.18  5.40e−01 
 

 Grid 2 5.16e−01 1000 2.0 5.74%  
 Grid 3 4.86e−01 500 – –  
 HLL
 Grid 1 5.310e−01 2000 2.0 1.49%

 1.019  1.37  5.37e−01 
 

 Grid 2 5.21e−01 1000 2.0 3.93%  
 Grid 3 4.95e−01 500 – –  
 HLLC
 Grid 1 5.302e−01 2000 2.0 0.13%

 0.119  1.54  5.30e−01 
 

 Grid 2 5.31e−01 1000 2.0 0.05%  
 Grid 3 5.32e−01 500 – –  

two-phase regions, where the solution approaches the limit 𝛼 → 0. In 
this regime, numerical sensitivity increases, underscoring the superior 
performance of the HLLC Riemann-solver when modelling two-phase 
flows near the subcooled boundary of the phase diagram.

While the test cases presented above demonstrate the capability of 
the model to capture physical aspects related to cryogenic flow manage-
ment, certain limitations of the present framework should nevertheless 
be acknowledged. First, it should be noted that the present work 
relies on the homogeneous equilibrium assumption, which restricts its 
applicability to flows in which the phases remain well mixed (e.g. high 
Reynolds internal flows with uniform heat transfer). Consequently, the 
approach may become inadequate when simulating stratified flows 
(often observed in horizontal pipelines), where the phases are clearly 
14 
separated. In addition, while a constant heat transfer term was consid-
ered and verified in Section 4.3, this simplification does not capture 
the spatial and temporal variations of heat transfer that usually arise 
in cryogenic pipelines.

Before concluding this section, a brief implementation remark is 
provided to clarify numerical choices that are essential for reproducing 
the results discussed. For the present case, since Arpad relies on
CoolProp [84] as a backend for thermodynamic property evalua-
tion, specific measures were adopted to ensure a robust and accurate 
treatment of the two-phase region. In particular, all calls to the Cool-
Prop [84] high-level interface were enforced using temperature (𝑇 ) 
and density (𝜌) as input variables. This choice was motivated both by 
a significant reduction in computational cost and by the need to avoid 
flash calculations, which may introduce convergence issues across suc-
cessive solver iterations. When phase-equilibrium (flash) calculations 
are triggered within CoolProp [84], thermodynamic properties are 
obtained through iterative root-finding procedures. In the present im-
plementation, these calculations rely on the Brent method [132] to 
determine the equilibrium state. While generally robust, such routines 
can occasionally yield numerical outliers, particularly on finely dis-
cretised meshes where small perturbations in the input variables may 
amplify the numerical output (see Fig.  13).

This behaviour can lead to convergence difficulties in the flow 
solver, as illustrated in Fig.  13. In this case, despite the thermodynamic 
state remaining well within the two-phase region and at pressure levels 
of approximately 7 bar, minor variations at the decimal level resulted 
in non-physical pressure values (see Table  17). These anomalies are at-
tributed to the sensitivity of Brent-based flash calculations under tightly 
clustered thermodynamic states, rather than to deficiencies in the 
underlying physical model. For this reason, enforcing thermodynamic 
evaluations based on 𝑇  and 𝜌 was adopted, as this approach avoids flash 
calculations altogether by directly evaluating the Helmholtz energy 
derivatives (see Section 2.2), thereby ensuring smoother property fields 
and improved numerical robustness.
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Fig. 12. Two-phase parahydrogen shock tube fields computed with Arpad using first- and second-order spatial discretisations.
Table 17
Thermodynamic states used to illustrate the divergence behaviour in Fig.  13.
 Point Query variables Output variable
 𝜌 [kg/m3] 𝑒 [J/kg] 𝑃 [bar]  
 A 31.4463 154566.4607 7.32  
 B 31.4464 154566.5482 113.43  
 C 31.4466 154566.6356 7.32  

A second implementation measure was introduced to ensure con-
sistency in single-phase regions. CoolProp [84] does not directly 
provide the vapour volume fraction 𝛼, but instead returns the vapour 
mass fraction 𝑄. The two quantities are related through 

𝛼 =
𝑄∕𝜌gas

𝑄∕𝜌gas + (1 −𝑄)∕𝜌liq
. (37)

While this relation is well-defined in the two-phase regime, Cool-
Prop [84] may return non-physical values of 𝑄 when the thermody-
namic state lies well within the single-phase regions (i.e. subcooled 
liquid or superheated gas). Such values can, in turn, yield unphysical 
volume fractions. To prevent this behaviour, the mass fraction 𝑄 was 
explicitly set to unity or zero when the local density exceeded or fell 
below the saturation limits, respectively. This enforcement avoids spu-
rious values (e.g. 𝑄 = −1) in single-phase states and ensures physically 
consistent volume-fraction fields. Accordingly, a lightweight subroutine 
was implemented to identify the local phase regime following each
CoolProp [84] call and apply the appropriate constraint.

Since thermodynamic data of parahydrogen P-H2 is sporadic in the 
literature, therefore, the NIST chemistry database [133] has been em-
ployed to benchmark the accuracy of the CoolProp [84] library. To 
quantify the performance of the CoolProp library, its output values 
are obtained through the resolution of Eqs. (11)–(13) and compared 
with the NIST reference data [133]. Densities along the liquid and 
gaseous saturation curves including the critical point are summarised 
in Table  18. The selected values allow for comparing both phases 
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and bound the thermodynamic states observed in Figs.  11 and 12. 
The resulting values show small relative errors of the Helmholtz EoS 
implemented in CoolProp (see Table  18). The case of maximum 
deviation remains within a small range ∼ (10−2) due to the fact that it 
relies on empirical data to model the non-ideal behaviour of the fluid 
(see residual component in Eq. (11)). This emphasises the suitability of 
the CoolProp library [84] for simulating two-phase P-H2 flows, as it 
is able to represent thermodynamic behaviour of the fluid flow across 
its entire phase envelope within a range of small relative errors.

5. Conclusions

This work presents a finite-volume formulation based on a Godunov-
type approach for the simulation of two-phase hydrogen flows in 
pipelines, motivated by the need to capture transient flow phenomena 
relevant to cryogenic fuel system architectures. The method employs 
a homogeneous equilibrium model coupled with the thermophysical 
property library CoolProp [84] to evaluate the thermodynamic and 
transport properties of parahydrogen. To describe the physics of inter-
nal flows, wall effects were represented through an unsteady friction 
model for the momentum equation, whereas heat transfer between the 
pipe wall and the fluid was captured through a constant source term in 
the energy equation.

Method performance was assessed through seven benchmark cases 
targeting isolated physical aspects involved in cryogenic pipe flows. A 
single-phase shock tube with air confirmed the capability of the scheme 
to resolve shock waves, rarefaction waves, and contact discontinuities, 
with excellent agreement against the exact solution to the Sod shock-
tube problem [116]. The inclusion of steady wall friction and heat 
transfer was assessed through the simulation of Fanno, Rayleigh, and 
combined Fanno–Rayleigh flows [118] using gaseous N2 as the work-
ing fluid, also showing good agreement with analytical predictions. 
To evaluate the proposed unsteady two-phase friction models, a pipe 
rupture benchmark was considered, requiring a non-linear treatment 
for a sonic outlet boundary condition. Results were then compared 
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Fig. 13. Parahydrogen divergence error using CoolProp [84].
Table 18
Comparison of density predictions for saturated liquid and gas states against NIST reference data [133] for parahydrogen. The 
HEOS superscript denotes the density predictions from the Helmholtz EoS implemented in CoolProp [84]. The relative error 
(𝛿) for each phase is calculated as 𝛿 = (

|𝜌NIST − 𝜌HEOS|∕𝜌NIST
)

⋅ 100.
 Parahydrogen (P-H2)

 Saturation states
 T [K] P [bar] 𝜌NIST𝑙𝑖𝑞 [kg∕m3] 𝜌HEOS𝑙𝑖𝑞 [kg∕m3] 𝛿𝑙𝑖𝑞 [%] 𝜌NIST𝑔𝑎𝑠 [kg∕m3] 𝜌HEOS𝑔𝑎𝑠 [kg∕m3] 𝛿𝑔𝑎𝑠 [%]
 18.0 0.48 73.252 73.251 1.33 × 10−4 0.688 0.688 5.37 × 10−4 
 25.0 3.29 64.485 64.484 3.44 × 10−4 4.018 4.018 7.48 × 10−4 
 32.0 11.20 45.901 45.900 1.34 × 10−5 17.492 17.492 2.61 × 10−3 
 Critical state
 T [K] P [bar] 𝜌NIST [kg∕m3] 𝜌HEOS [kg∕m3] 𝛿 [%]
 32.94 12.86 31.323 31.300 7.61 × 10−2
against those from risk analysis tools PolyPiRRaM [107,108] and
PHAST [123], demonstrating good predictive accuracy for the dis-
charge rate of high-pressure methane pipelines. For the benchmark 
cases admitting analytical solutions, the relative 𝐿2-norm errors re-
ported in Tables  6, 8, 10, and 12 indicate a consistent and suitable level 
of accuracy across all conserved variables. When averaged over these 
cases, the relative 𝐿2-norm error obtained with the Rusanov Riemann 
solver was 1.90%, demonstrating good agreement with well-established 
compressible-flow benchmarks.

Finally, a two-phase shock tube problem was revisited using water 
and parahydrogen as working fluids to test the solver’s capability 
in capturing phase-change phenomena. The water case was verified 
against the reference solution of Daude and Galon [112], confirm-
ing the correct resolution of condensation and boiling waves. The 
parahydrogen shock tube problem, reported here for the first time, 
exhibited wave structures consistent with those observed in water, 
thereby extending the applicability of the approach to cryogenic fluids 
of practical relevance. The reported results present a first dataset 
tailored for two-phase parahydrogen flows which may be used as a 
reference for future modelling efforts. Finally, this case draws attention 
to the influence of Riemann solver choice in thermodynamic regimes 
close to the subcooled liquid limit, where HLLC outperforms noticeably 
the HLL and Rusanov solvers. As the vapour volume fraction diminishes 
16 
towards the zero-limit, solver-dependent variations in the predicted 
volume fraction become more pronounced. This observation indicates 
that solver selection may play a non-trivial role in the numerical 
modelling of cryogenic hydrogen systems,  specifically in scenarios 
where accurate volume fraction predictions are critical.

While the present framework demonstrates the capability to capture 
key two-phase flow features, including boiling and condensation fronts, 
it is subject to certain limitations. In particular, the homogeneous 
equilibrium assumption restricts its applicability to flows in which 
the phases remain well mixed, as occurs in high Reynolds-number 
internal flows with uniform heat transfer. Its use in horizontal pipelines 
may therefore be limited, since gravity can induce a clear distinction 
between phases (i.e. stratified flows). In addition, the constant heat 
transfer term employed in Section 4.3 does not capture the spatial 
and temporal variations observed in cryogenic pipelines and requires 
further verification in future work. Another important consideration 
is that the proposed framework is currently limited to 1-D flows, 
which considerably simplifies the underlying physics of wall-effects 
and neglects the influence of geometry and turbulence. The approach, 
however, can be extended to 2-D and 3-D schemes as a subject of future 
efforts.

Overall, this work establishes a foundation for the future simula-
tion of LH  two-phase transients in cryogenic pipelines. The verified 
2
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benchmarks demonstrate that the Godunov framework is capable of 
capturing the coupled phenomena — shock propagation, heat transfer, 
frictional losses, and phase change — that govern the flow physics 
of cryogenic management systems. Consequently, the present study 
highlights the potential of Godunov-type methods as a basis for fu-
ture system-level tools in hydrogen infrastructure design. Through 
improved understanding of these numerical schemes, Godunov-type 
methods could be further developed to model (at least at a preliminary 
level) scenarios of practical interest (i.e. engine start-up, tank feeding 
switch, or ground refuelling). Future developments will focus on pro-
viding detailed comparisons with well-established system-level tools, 
such as GFSSP and ESPSS, using cases representative of cryogenic 
fuel system scenarios. In addition, the capabilities of Arpad will be ex-
tended to incorporate variable heat transfer coefficients and empirical 
boiling correlations, together with criteria for flow regime transitions. 
In parallel, further investigations will assess viscous dissipation effects 
across a broader range of LH2 pipe flow conditions relevant to fuel 
system operations.
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