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EXECUTIVE SUMMARY 

Aircraft gas-turbine engine component design and analysis is still a pleasant art to be 

further explored to satisfy the optimum engineering limits.  One of the challenges for 

aero-engines is to provide high efficiencies while being light and compact.  As a 

responding solution for these requisites, modern axial-flow transonic fans and 

compressors provide high shock-induced single-stage pressure ratios, reducing weight 

and size.  The problem becomes thus to attain this within acceptable isentropic 

efficiencies and working ranges, at least comparable to those from the subsonic axial-

flow compressors. 

The constant and crescent demand to obtain more accurate turbomachinery blading 

performance in the analysis and design process has led the designer to explore different 

levels of simulation fidelities and optimisation strategies.  The extensive use of  

Computational Fluid Dynamics (CFD) methods in aerodynamics has made the three-

dimensional (3-D) Reynolds-averaged Navier-Stokes (RANS) numerical simulations 

the preferred technique for turbomachinery analysis.  Despite their high-order resolution 

and extensive flow field information that can be collected, it comes at intolerably high 

computational costs in terms of time and resources, especially if they are used as solvers 

within an optimisation framework.  In contrast, two-dimensional (2-D) through-flow 

methods such as streamline curvature (SLC), keystone in the turbomachinery design, 

provide a rapid flow solution whilst offering accurate results.   

In the context of transonic axial-flow fans and compressors, previous 2-D SLC tools 

have failed to replicate the real physics related to compressible flow.  More specifically, 

the prediction of the highly-complex shock-system shape and location for an accurate 

estimation of shock-associated losses has always been assumed and oversimplified.  

The situation aggravates, when the assumed overall shock configuration applies only for 

design point at unstarted operations, requiring of empirical correlations to estimate the 

shock-loss coefficient for off-design operations.  The overall performance prediction of 

the fan and compressor is thereby highly-dependant on the shock modelling quality. 

For this reason, an analytical transonic-flow simulation package was developed and 

implemented into an existing in-house 2-D SLC compressor performance simulator 
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with the aim of enhancing the aerodynamic prediction for transonic axial-flow fans and 

compressors.  The novel toolkit to handle transonic flow and fully coupled to the 2-D 

SLC software consists of the following contributions:  (1) a 3-D blade-element-layout 

method; (2) an adaptation of the full radial-equilibrium equation (REE) to handle the 

effects of 3-D blade shaping; (3) a physics-based shock- structure and loss model for 

unstarted and started operations that uses an iterative-solution method to locate the 

choke-induced passage-shock; (4) a choking mass flow redistribution model. 

In this way, shock losses were determined throughout the blade span and for various 

off-design operating conditions, including those at choking, where the mass flow was 

limited and redistributed spanwise according to the unique incidence.  2-D SLC 

simulations were conducted for the NASA Rotor 67 and the NASA Advanced Duct 

Propulsor (ADP) Fan to calibrate and validate the models accordingly against 

experimental rig-test data and 3-D CFD results.  The analytical shock- loss and structure 

model improved the shock-loss prediction between 40-50% with respect of the state-of-

the-art models, and showed satisfactory agreement against measured data within 0.6% 

at the blade tip and 0.3% at mid-span sections. A parametric study was conducted for 

the NASA Rotor 67 to demonstrate design trends when varying 2-D and 3-D blade-

element parameters utilizing the transonic-flow toolkit in its entirety, evidencing the 

impact on the shock-loss radial distribution. 

A new cutting-edge variable-pitch fan (VPF) was designed using the NASA ADP Fan 

2-D SLC model, which was further optimised using an evolutionary genetic algorithm 

(EGA) to demonstrate the application of the novel transonic-flow package.  The single-

objective optimisation consisted in the variation of sweep and lean angles with the 

purpose of studying the pure influence of shock losses on the overall isentropic 

efficiency.  The optimised geometry resulted in a backward-swept and mostly pressure-

side leaned VPF that incremented the isentropic efficiency by 0.4% with respect of the 

baseline configuration. 

Keywords:  

Blade, Choking, Compressor, Fan, Streamline Curvature, Shock Losses, Shock Waves, 

Throughflow, Transonic 
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1 INTRODUCTION 

1.1 Background 

The increasing demand from civil and military aviation to reduce costs in the design and 

operation of engines has led to continuous gas-turbine engine component performance 

improvement.  Key components in the axial-flow engines are the fan and compressor, 

which can be further explored to meet the aviation needs of lightness and compactness.  

Transonic axial-flow fans and compressors are well-known for giving high single-stage 

pressure ratios, requiring fewer compression stages to attain the desired overall total-

pressure ratio.  The interest in advanced-design (low aspect ratio 𝑎𝑟 and high solidity 𝜎) 

transonic axial-flow fans and compressors from the aviation industry is continuously 

expanding.  Inasmuch as modern aero gas-turbine engines, especially turbofans, are 

required to reduce weight and size, transonic compressing systems fit the purpose due 

their high shock-induced single-stage pressure ratio.   

One of the challenges for transonic fans and compressors is to still provide high 

efficiencies comparable to those from a subsonic system, whilst being light and compact 

and robust.  Research in transonic fans and compressors has reached acceptable 

efficiencies between 83-90% for design conditions. Nevertheless, the efficiency can 

significantly decrease due to a rise in aerodynamic losses at off-design points, limiting 

the working range.  Aircraft, particularly the military, do not operate at constant engine 

throttles, which depend on the flight mission.  Henceforth, it is of high importance to 

assure high efficiencies and acceptable working ranges even at part-speeds.  Even a 

small efficiency increment would result in significant less fuel consumption, yielding in 

fuel savings and fewer polluting emissions. 

The current cost of product development and research is rising enormously.  The use of 

high-resolution computational tools for component performance simulation and mainly 

for design optimisation adds to the problem due to the intolerably high solution times 

and utilization of resources. In the aim of improving the performance prediction for 

transonic axial-flow fans and compressors in the analysis and design process, the 

present research develops a comprehensive transonic-flow modelling package to be 
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implemented in a through-flow performance simulation software.  In this way, the cost 

of research and product development can be potentially reduced. 

1.2 Transonic Axial-Flow Compressors 

Gas-turbine engine performance is mainly determined by the fan and the compressor.  

Transonic axial-flow fans and compressors have continuously gained attention during 

the last 60 years due to their high pressure-ratios per single-stage capability.  As a 

consequence, engine weight and size are reduced, resulting in reduction of design, 

manufacture, operation, and maintainability costs. Hereafter, the present document 

refers only to compressors due to practicality, since both turbomachinery components 

carry a pressure increase into effect.  Nonetheless, the reader can apply the same 

compressor frame to fans, with exception of where it is explicitly indicated to make a 

particular emphasis. 

If the rotor blade or peripheral speed is large enough, the inlet relative velocity can be 

higher than the speed of sound, generating supersonic inlet relative Mach number 𝑀1
′. 

The application of rotors with inlet relative supersonic flow, often known as transonic 

rotors, has become widespread in almost every modern gas-turbine engines for both 

axial-flow components, fans and first compressor stages [1].  Nonetheless, the prefix 

transonic in axial-flow compressors can be misleading throughout the literature and 

practice, as it can refer to the mixed supersonic and subsonic flow behaviour in the 

chordwise, pitchwise or spanwise direction. 

As the main purpose of a compressor rotor is to convert kinetic energy into static 

pressure, there is flow deceleration or diffusion.  In a transonic compressor rotor, the 

flow is usually discharged at subsonic velocities, hence, having mixed relative 

supersonic flow at the inlet and subsonic flow at the outlet in the streamwise direction.  

For this to happen, the flow becomes subsonic somewhere along the chord requiring of 

a strong shock-wave within the blade passage to produce this step change.  However, 

the compressible flow field in a blade row is far more complex than having a unique 

passage shock.  Instead, there is a complete high-speed aerodynamic system that in 

short, consists in a detached shock wave ahead of the blade-leading edge and a flow 

expansion at the blade entrance region.  
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Because the pressure surface and suction surface have opposite effects and the fact that 

the shock-system has some degree of obliquity with respect to the axial axis, the flow is 

not circumferentially constant.  This three-dimensional (3-D) effect yields a mixed 

supersonic and subsonic flow field along the pitch on a stream surface of revolution. 

In the radial direction, the inlet relative velocity increases with the blade height.  At low 

blade radii, the blade speed is low enough that results in subsonic entry relative 

velocities.  As the blade radii increases so the blade speed, leading to supersonic inlet 

relative flow.  The disposition of inlet relative supersonic flow at high-span blade 

locations and inlet relative subsonic flow at low-span sections is the most recognized 

transonic behaviour to be used within axial-flow compressors or fans. 

In the early 1940s, it was believed that axial-flow compressor blading having an inlet 

relative subsonic Mach number will provide a better performance than that with a 

supersonic inlet relative flow [2].  For this reason, axial-flow compressors were limited 

to an inlet relative Mach number below 0.75 to avoid any shock pattern that would 

increase even more the losses [3].  Experimental investigations conducted by the NACA 

between 1955 and 1957 identified that subsonic compressor blading design needed to be 

adapted to efficiently handle transonic flow [4].  This motivated the flow study through 

the blade passages and loss-models modification to consider shock-associated effects. 

Experimental compressor performance data [5,6] with inlet relative flow around 

𝑀1
′ = 1 revealed the potential success of having supersonic relative flow at the rotor 

inlet.   

In general, transonic compressors can be mainly classified in three groups [7]:  single-

stage commercial fans, multi-stage fans or low-pressure compressors for military 

applications, and multi-stage compressors for commercial aircrafts or industrial gas 

turbines engines, illustrated in Figure 1.1.  With the latest improvements in transonic 

axial-flow compressor aerodynamics, isentropic efficiencies have reached acceptable 

values around 83-90 % and pressure ratios between 1.7–1.8 per single stage at design 

condition for typical commercial-aircraft inlet tip relative flow Mach numbers around 

1.3 [8].  Multi-stage military fans have even reached higher inlet tip Mach numbers up 

to 1.7 [7].  Research efforts have focused in increasing pressure ratio and efficiency, 
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particularly at off-design conditions, while keeping a stable operating range, as the 

surge margin is compromised in transonic compressors.  Even a small efficiency 

increment can bring significant fuel savings.  For this reason, the use of transonic 

speeds in compression has found application in commercial and military aircraft 

engines.   

 

Figure 1.1  Transonic axial-flow compressors and fan types [7].  a)  Single-stage fan.  b)  Multi-stage 

fan or low-pressure compressor.  c)  Multi-stage compressor. 

In transonic compressor rotors, the inlet supersonic relative velocities are only confined 

in the blade high-span locations in the radial direction.  In the axial direction, the 

supersonic region extends from the leading to a finite point on the blade surface, where 

a strong-shock mechanism decelerates the flow to subsonic relative velocities.  Despite 

inlet flow speed is significantly reduced for a second-stage rotor due to a large 

temperature increase in the first-stage rotor and flow path diameter reduction, a small 

supersonic region at the second-stage rotor-blade tip can still be found in some cases 

[9].  These features have made the transonic axial-flow compressor widely used in every 

modern aero-engine.  Nevertheless, transonic compressors have also found an 

application in industrial gas-turbine plants with transonic flow at the tip section of the 

front stages [10,11].  Because these stationary gas-turbine engines operate at low 

constant rotational speeds to satisfy the alternate current frequency, the mass-flow rate 



 

5 

 

requirements are high, increasing the axial Mach number, and thus, leading to 

supersonic relative speeds at high blade radii. 

Increasing the single-stage pressure ratio is useful to achieve lightweight and compact 

aero-engines; nevertheless it inevitably implicates a loading increment per stage, 

increasing the flow diffusion, and reducing the isentropic efficiency [12].  Thence, the 

challenge for the transonic axial-flow compressor designer has become twofold:  

Maximize the pressure ratio to reduce the stage number whilst keeping an acceptable 

performance, and control the losses due to any shock-wave system. 

The constant design requirements of high-efficiency axial-flow compressors have led to 

investigate and develop models that can estimate more realistically the losses.  In this 

respect, transonic axial-flow compressors demand higher-fidelity loss-analysis models 

due to the associated shock-wave configurations.  The prediction of blading shock-wave 

losses has remained a topic of discussion due to the complex three-dimensional flow 

physics occurring both, ahead and within the blade passages. 

1.3 Turbomachinery Flow Simulation 

Accurate and robust fan and compressor flow field prediction remains elusive [13].  

Off-design performance estimation is still a challenge for conventional simulation tools, 

which show significant deviation against real behaviour [14].  Even though 

computational fluid dynamics (CFD) plays an essential role in the turbomachinery 

design than it does in any other fluid-related field [15], there are still limitations in 

turbulence and transition, particularly for off-design cases [13].  Turbomachinery CFD 

analysis is three dimensional (3-D) and numerically solve the viscosity effects at a 

reasonably small scale, however, it is not an exact science [16].  Additionally, CFD 

simulations come at high computational costs in terms of solution time and memory, 

complexity to obtain the required initial and boundary conditions, and lack of flexibility 

to incorporate or even modify any loss or deviation model [14,17–19]. 

Alternatively, through-flow methods provide fast and fairly reasonable solution at low 

cost in terms of computational run-time and resources [14,18–20].  Since the 

development of turbomachinery through-flow codes in the late forties and fifties, 
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streamline curvature [21] and stream function or matrix methods [22] have evolved.  

Among the different through-flow techniques, streamline curvature (SLC) is the most 

preponderant numerical method for turbomachinery design and analysis [13,15] as it 

represents the backbone for the design process [23] due to economical and practical 

reasons [24].  Flow in SLC is assumed to be two dimensional (2-D), compressible, 

inviscid, and steady.  In fact, a fully detailed analysis for an isolated gas-turbine engine 

component can be obtained through SLC methods.  In contrast to CFD, SLC is flexible 

to incorporate empiricism in the form of loss and deviation models.  Besides, SLC 

numerical simulations require less time to set up the model and the initial and boundary 

conditions than in CFD analyses.  If design optimisation is intended, SLC techniques 

are the most suitable to avoid the intolerably high computational times of CFD 

simulations [24].  Furthermore, 2-D SLC component analyses can be coupled with a 

low-fidelity zero-dimensional (0-D) solver for the entire engine, known as component 

zooming [25–29].  Through this amalgamation, influence of high-fidelity analysed 

components is incorporated into the low-fidelity engine-cycle performance.   

In the subsonic-flow analysis, SLC and matrix methods are similar in the results.  On 

the contrary, for transonic or supersonic applications, matrix techniques are not suitable 

as there are two possible velocity fields for any stream function and moreover, the 

relative Mach number is restricted to unity [23].  On the contrary, SLC methods are able 

to handle subsonic and supersonic inlet relative Mach numbers, while giving a single 

solution that satisfies the governing equations.  

Transonic flow analysis in compressors and fans is complex due to the resulting highly 

three-dimensional flow field.  Shock waves presence, their interaction with the endwall 

and blade boundary layer (SWBLI), spanwise mixing and tip clearance secondary flows 

are key phenomena observed in transonic compressors [13].  Apart from the profile and 

secondary losses, transonic blade rows have additional losses due to the shock wave 

formation and SWBLI.  In general, SLC computer programs lack of robustness to 

handle transonic and supersonic flows [23] and their use in transonic compressors has 

been limited [13].  In recent years, emphasis has been placed to develop flow-physics-

based models instead of fully and semi- empirical aerodynamic correlations in the SLC 

simulations [30].  For these reasons, a comprehensive transonic flow model was 
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devised, implemented, and tested in an in-house 2-D SLC axial-flow single-stage and 

multi-stage fan/compressor simulation software, SOCRATES (Synthesis of correlations 

for the robust assessment of turbomachinery engine systems)  [14,17,31], to improve 

solver capability, reliability, and robustness in the flow field performance prediction.  

The high-fidelity transonic flow model mainly consists of two parts:  (1) a physics-

based shock-wave model to predict its structure and associated losses; (2) a choked-

flow treatment model to estimate choking evolution and choke-induced radial mass flow 

redistribution. 

1.4 Blading Shock-Wave Structures 

Shock waves, and in consequence shock losses, are only present in transonic or 

supersonic compressors.  Shock structures involve complex 3-D flow field physics 

triggering negative effects as shock waves, shock wave and boundary layer interaction, 

radial flow migration, shock wave interaction and tip clearance secondary flow 

interaction, blockage, corner stall and upstream wake destabilization, resulting in shock 

losses that induce an energy loss and hence, efficiency reduction [32]. 

Shock structure depends on the blade geometry and operating conditions.  Shock waves, 

in set with alternating expansion waves and weak shock waves, move along the blade 

passage and emanate from the blade suction side to the leading edge of the other 

adjacent blade.  In general, shock waves are oblique, tending to become more normal as 

the operating point moves towards surge condition when the back static pressure is 

increased or the mass flow is reduced.  Nevertheless, the shock configuration can 

complicate even more as the back static pressure is reduced and decreasing the 

incidence.  Further outlet static pressure reduction reaches the maximum mass flow, 

choking the passage, fixing the incidence, and leading to another oblique shock past the 

throat to match the back conditions as the inlet properties cannot longer be changed.  

When this phenomenon occurs, the cascade is known to be operating in the “started 

mode”.  Prior to this occurrence, the cascade operation is in the “unstarted mode” [33]. 

The flow field behaviour and therefore, the compressor performance, are significantly 

determined by the blade geometry.  Different solutions to diminish the flow negative 

impact can be found in the literature as blade profile geometry design, 3-D blade-
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shaping, casing treatments, and air injection or bleeding.  The scope of this research is 

not focused on flow-control solutions that involve further manufacturing modifications 

to the casing; however a brief summary on these methods is given in the next paragraph, 

whereas in the following sections, blade profile design and 3-D blading are further 

reviewed in Sec. 2.5 and Sec. 2.6 as this research explores the optimisation of the blade-

element parameters. 

Casing treatments consists of introducing hollow structures in there, to reduce tip 

endwall losses, improving rotor stability by increasing the operating range and 

efficiency [32].  Hollow structures can be divided in slot, groove or pattern –type, 

featured by the slot length and depth.  Slots can be axial, skewed or angled; grooves are 

usually circumferential; and patterns consist in a hole or honeycomb distribution.  

Groove-type treatment is beneficial when there is tip clearance vortex, by aligning the 

vortex with the blade suction side, preventing the rotating stall inception.  Slot-type 

treatment provides an avoidance of the tip leakage vortex negative effects by weakening 

or even destroying the vortex.  Air injection and bleeding are particularly favourable at 

low mass flow rates due to the air recirculation induced as the rotor tip is unloaded, 

increasing the stall limit, and widening the working range. 

Inasmuch as the shock-wave situation in compressor blading is complicated, 

simplification in the analysis is required to describe the flow physics.  Although shock 

waves introduce three-dimensional effects, traditionally, two-dimensional analyses are 

used in the blade-to-blade plane to treat the shock phenomenon [1].  Apart from 

simplifying the shock problem, a two-dimensional analysis allows the interface with 

streamline curvature and cascade data. 

Even though shock waves contribute to the conversion of the passing-flow dynamic 

pressure into static pressure and leading to higher polytropic efficiencies, they generate 

a stagnation pressure loss that shortens the operation range.  For this reason, it is not 

feasible to have supersonic flow all along the blade as the operation range can be 

considerably compromised.  Conversely, when there is subsonic flow in a rotor, 

efficiencies increase and a wider operation range is obtained.  Whereupon, the 

combination of a wide operation range with high efficiencies from subsonic flow and 
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the high pressure ratio that can be obtained due the shock wave compression in 

supersonic flow, represents an ideal trade-off to enhance the engine performance. 

1.5 Project Scope, Aims and Objectives 

The aim of this research is to develop a framework that analytically simulates the 

transonic flow physics in axial-flow compressors to improve the accuracy of the 

aerodynamic performance prediction in the context of 2-D SLC compressor 

performance simulator (SOCRATES), and its application in the design optimisation of a 

variable-pitch-fan. 

To this end, the fidelity of an in-house 2-D SLC compressor performance simulation 

software was improved, requiring to develop and implement various transonic-flow-

associated models and libraries to deal with the flow field encountered in modern fans 

and compressors.  The objectives of this research work are described as follows: 

1.  Implementation of a blade-element-layout method into SOCRATES to account 

for 3-D blade-element-layout design in terms of sweep and lean. 

2. Development and implementation of a physics-based shock- structure and loss 

model into SOCRATES to analytically represent the shock-system and the 

shock-associated losses for unstarted and started operations. 

3. Generation of a choking prediction model in set with a mass flow redistribution 

module to fix the mass flow and incidence limits when choke conditions are 

reached. 

4. Coupling of the choking mass flow redistribution model to the shock model, 

5. Application of the transonic-flow handling package within SOCRATES for the 

NASA Rotor 67, the NASA Advanced Duct Propulsor (ADP) Fan, and a new 

variable-pitch fan (VPF) design.  

6. Conduct a parametric study to assess the influence of the 2-D and 3-D blade-

element parameters in the shock-loss behaviour. 

7. Full integration of SOCRATES with an evolutionary genetic algorithm (EGA) 

to perform a single-objective optimisation for the currently designed VPF to 

develop a swept and leaned modern transonic fan design. 
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1.6 Knowledge Contribution 

Previously published shock- structure and loss- models have assumed and 

oversimplified the location and shape of the overall shock configuration in the context 

of the 2-D SLC method, critical for the overall shock-loss computation.  The different 

model assumptions based essentially on the pioneer elementary model of Schwenk et al. 

[4] and on experimental observations are limited only to design conditions and unstarted 

operations. Henceforth, the estimated shock losses remain insensitive to the off-design 

conditions since the shock-configuration is imposed.  Especially at started conditions, 

where the shock-loss magnitudes are considerably higher, the models fail to resolve the 

flow due to the inability of handling choked-flow in the 2-D SLC methods.   

Even the widely used shock-loss model from Miller et al. [3] across 2-D SLC codes, 

assumes a passage-shock configuration based on the simplified model of Schwenk et al. 

[4], over predicting the shock-loss in 43%.  Despite of an acceptable analytical 

approach, one of the most recent state-of-the-art shock-loss models by Bloch et al. [34] 

completely disregard the started operations.  The other recent state-of-the-art shock-loss 

model by Boyer and O’Brien [13,35,36], provides a solution for choking conditions but 

using empirical correlations which are not universal.  This has led to over and under –

estimations of the shock losses along the blade span and across the working range, 

resulting in an inaccurate prediction of the overall isentropic efficiency of the fan and 

compressor for both design and off-design conditions. 

The knowledge contribution is thus the development and implementation of a novel 

analytical physics-based shock- loss and structure model for both unstarted and started 

operations, utilizing an additional novel mass flow redistribution model that resolves the 

choking within the context of a 2-D SLC method.  Therewithal, the knowledge 

contribution extends to the full integration of the improved 2-D SLC compressor 

performance solver with an EGA optimiser to demonstrate the current shock-loss model 

practical application in the design optimisation of a modern transonic variable-pitch fan.   

The shock-loss prediction was improved by 42% with respect of the model of Miller et 

al. [3] and between 40-50% with respect of other state-of-the art shock-loss models.  

The application of the shock-loss and choking mass flow redistribution models in the 
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design optimisation scheme coupled to the 2-D SLC solver proved an improvement of 

0.4% in isentropic efficiency due to a shock-loss reduction. 

1.7 Thesis Structure 

The present manuscript is divided in seven chapters, each one containing a number of 

sections and subsections.  Chapters are numbered with Arabic numerals (i.e.  Chapter 1 

- Introduction), while sections and subsections are referenced by two and three numbers, 

respectively (i.e.  2.2 Turbomachinery Flow Simulation and Subsection 3.2.3 

Supersonic Flow Description).  Few subsections are even further divided, establishing 

an additional section level  (i.e.  3.2.7.3 Expansion Fan). 

Chapter 2 - Literature Review, discusses four key areas central to this research:  

Transonic compressors, turbomachinery flow simulation, theoretical aspects of shock 

waves and choking, and the relevant contributions in shock and choke modelling in 

SLC.  An introduction of the literature review is provided in Sec.  2.1  The operation, 

associated losses, and 2-D and 3-D blading studies of transonic axial-flow compressors 

are referred in Sec. 2.2.  An introduction of the different turbomachinery simulation 

methodologies and the fundamentals of the SLC methods are discussed in Sec. 2.3.  

Sec. 2.4 and Sec. 2.5 explain the fundamental physics of shock waves and choking, 

respectively, to allow the reader understand the implementation of this theory in the 

blading.  The most important part of this chapter are Sec. 2.6 and Sec. 2.7 where the 

state-of-the-art and previously published models are reviewed and commented for 

shock-loss and choke modelling in SLC methods, respectively.  Sec. 2.8 provides a 

summary of the relevant information reviewed across the literature explored. 

Chapter 3 – Methodology, reviews the four main improvements done to the SLC axial-

flow compressor performance simulator (SOCRATES).  An introduction is provided in 

Sec. 3.1 to sketch the different sections and subsections covered.  The blade-element-

layout method implemented to represent sweep and lean and the modification to the 

full-REE second-order differential equation to account for lean effects in 2-D SLC are 

examined in Sec. 3.2  The main contribution to knowledge is discussed in Sec. 3.3 for 

the novel analytical and physics-based shock – structure and loss model.  This 

exhaustive subsection offers a thorough description of the strategies and equations used 
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to calculate the loss coefficient due to the shock-wave strength.  This subsection 

includes then the subsonic supercritical region, bow-shock structure and associated 

bow-wave losses, flow expansion ahead of the passage shock, an iterative method to 

locate the passage shock, and the passage-shock losses.  Sec. 3.4 describes the choke-

prediction model required to operate the current shock-loss model in choked operations, 

explaining the choking incidence and choking margin calculations, which are used in 

the mass flow redistribution algorithm for started cases.  A summary of the 

methodology highlights is given in Sec. 3.5. 

Chapter 4 – Validation, shows the legitimacy of the results presented herein for the 

compressor geometries used as test cases in 2-D SLC, and for the transonic-flow models 

developed for shock loss and choking mass flow redistribution.  A short introduction to 

present the different validation cases is provided in Sec. 4.1.  A comparison of the 2-D 

SLC simulations for the NASA Rotor 67 and NASA ADP Fan against experimental 

data is presented in Sec. 4.2 and Sec. 4.3, respectively.  The validated NASA Rotor 67 

2-D SLC model serves as reference to verify the choking condition and mass flow 

redistribution models in Sec. 4.4.  Similarly, the validated NASA Rotor 67 2-D SLC 

model is used a study case to verify current shock-loss model in Sec. 4.4.  As a matter 

of fact, a thorough verification of the current shock-loss model is presented in Sec. 4.5 

against the most notable previously published shock-loss methodologies.  The shock-

structure prediction is verified in Sec. 4.6 in terms of the detached bow-shock against 

NACA charts, and the passage-shock against 3-D CFD RANS simulations. 

Chapter 5 – Results & Discussion, presents the main findings of the transonic behaviour 

observed across different simulation strategies.  Sec.  5.1 discusses the shock physics 

identified in a 3D CFD RANS simulation for different off-design points.  To 

demonstrate the operation of the current shock-loss model and the impact of geometry 

on shock-strength losses, the results of 2-D and 3-D parametric studies are shown in 

Sec. 5.2.  These parametric studies consisted in the variation of the maximum-thickness 

location, maximum thickness and solidity in terms of 2-D parameters, and in the 

variation of sweep and lean angles for 3-D parameters.  The parameter influence on the 

shock structure is assessed by examining the relative total-pressure loss in the pitchwise 

direction and its final impact on the isentropic efficiency.  The streamtube mass flow 
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and incidence correction for those choked streamlines is evidenced in Sec. 5.3 due to the 

mass flow redistribution model developed and implemented within the 2-D SLC code.  

Finally, Sec. 5.4 exhibits the applicability of the improved 2-D SLC code with the novel 

shock-loss and mass flow redistribution models.  The 2-D SLC solver is coupled with 

an evolutionary genetic algorithm to optimise a modern variable-pitch fan in terms of 

sweep and lean angles, demonstrating a rise in isentropic efficiency due to a reduction 

in shock-strength losses. 

Chapter 6 – Conclusions and Contribution to Knowledge, summarizes the general 

conclusions of this investigation in Sec. 6.1.  Furthermore, Sec. 6.2 discusses the main 

highlights and main conclusions of the key sections of this thesis:  Previously published 

shock-loss and choking models for 2-D SLC methods, the improvements and 

contributions to the 2-D SLC framework, and the parametric and optimisation studies  

Chapter 7 – Future Recommendations, acknowledges the limitations of the current 

research and provides a list of future work to be conducted to increment the potential of 

the tools developed herein towards a more accurate prediction of the transonic flow 

physics in axial-flow compressors. 
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2 LITERATURE REVIEW 

2.1 Introduction 

The literature review of this work was focused on the following three key areas of 

interest, identified as necessary to understand the contribution to knowledge and its 

relevance: 

 A broad review on design aspects of transonic axial-flow compressors and 

turbomachinery simulation.   

 A fundamental review on 2-D SLC theory, high-speed compressible flow theory 

and choking in convergent-divergent ducts. 

 A specific literature review upon shock waves and choking occurring in the 

transonic axial-flow compressor blading. 

The broader literature review about transonic axial-flow compressors describes their 

operation and associated flow losses. Given the introduction to transonic axial-flow 

compressors, the recent advances in 2-D and 3-D blade designs are reviewed.  Inasmuch 

as this research focuses in the prediction improvement of a 2-D SLC simulation tool, a 

generic review is provided on turbomachinery flow simulation. 

A detailed and fundamental review is given about the formulation of the 2-D SLC 

methods to provide the reader the structure of the internal mathematics and algorithms 

involved.  Since this investigation develops a shock- structure and loss model for 

unchoked and choked cascades, a subsection is dedicated to compressible flow, where 

the concepts and formulations for shock compression and wave expansion are 

explained.  One of the major assets of the developed model is its operation for unchoked 

and choked cascades.  To understand the choking basics, a subsection explains the 

process inside of convergent-divergent ducts, which approximate the blade passages. 

More important is the specific and relevant literature review performed for the 

compressible-flow phenomenon present in transonic blading.  The shock configuration 

and associated losses are described in an attempt to understand the features of the 

previously published and state-of-the-art shock-loss models, which are reviewed 

thoroughly.  Similarly, the choking process in transonic blade passages and its relation 
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with incidence is addressed to introduce the problem of the previous choke-prediction 

models within 2-D SLC. 

To provide the reader a layout of the literature review, Figure 2.1 pictorially describes 

the key items reviewed in this chapter. 

Specific Literature 

Review

Broad Literature 

Review
Transonic Axial-Flow 

Compressors

Turbomachinery 

Simulation

2-D SLC methods

Compressible Flow 

Theory

Choking Fundamentals

Shocks in Transonic 

Blading

Choking in Transonic 

Blading

Operation

Losses

2-D and 3-D blade design

Normal, oblique and detached shocks

Flow expansion

1-D Isentropic flow

Formulation

Loss and deviation models

Convergent-Divergent duct

Mechanism and losses

Previous analytical shock-loss models

Previous empirical shock-loss models

Loss-Incidence relation

Previous choking models

Fundamental Theory 

Review

 

Figure 2.1  Flow chart to describe the literature-review structure conducted for the current 

research work. 

2.2 Transonic Axial-Flow Compressors 

2.2.1 Transonic Rotor Operation 

Modern high-speed compressor rotor blades spin at high angular velocities 𝜔, 

generating blade tip speeds 𝑈 between 450 [37,38] and 550 m/s [39]. The blade or 

peripheral speed at any radius 𝑟 is calculated from the rotational speed as follows 
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 𝑈 =  𝜔𝑟  ( 2.2.1)  

Regardless of the incidence level, having high blade speeds means large inlet relative 

velocities 𝑉.  In the absence of swirl, or in other words, a zero absolute flow angle 𝛼, 

the relative inlet velocity increment with the blade speed is demonstrated from the 

turbomachinery velocity triangles as follows 

 
𝑉1 =

𝑈

sin𝛽1
  ( 2.2.2)  

In general, the presence of transonic flow within an axial-flow compressor requires the 

inlet relative flow entering a blade row to be supersonic.  This in turn generates a 

complex shock-wave configuration ahead of the blade leading edge and within the blade 

passage, central to this research.  Transonic axial-flow compressors can be understood 

as those compressing systems with a distribution of subsonic and supersonic inlet 

relative flow either in the span or chord –wise direction.  

Because the blade speed, relative velocity, flow area, and mass flow are larger at blade 

high-span locations, there is a major influence on the pressure rise, loss generation and 

surge margin at this region. As inferred from Sec. 1.2, in the presence of incoming 

relative supersonic flow triggers the appearance of shock waves.  At the outer part of the 

blades, the inlet relative flow is supersonic generating complex shock wave structures 

ahead and within the blade passages as seen in Figure 2.2 for three different high and 

mid -span locations, where at high-span locations a dual-shock structure can be formed. 

Figure 2.2 shows Mach number contour plots in the blade-to-blade plane, where the 

shock waves are evidenced when there is an abrupt change of velocity.   
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Figure 2.2  Shock structure at blade span locations with inlet relative supersonic flow for the NASA 

Rotor 67 [40] at 100% of design speed and near-peak efficiency.  a)  Tip location.  b)  85% span 

from hub to tip.  c)  50%  from hub to tip. 

Not only inlet relative Mach numbers 𝑀′
1 above or equal to unity can lead to shock-

wave patterns, but also inlet relative subsonic flows below one in the supercritical 

regime can raise the flow to supersonic speeds within the passage.   This is an effect due 

to the acceleration induced by the suction-surface turning, reaching a peak relative 

Mach number, and terminating in a shock wave as seen in Figure 2.3 for three different 

low-span locations. 

 

Figure 2.3  Shock structure at blade span locations with inlet relative subsonic flow for the NASA 

Rotor 67 [40] at 100% of design speed and near-peak efficiency.  a)  40% span from hub to tip.  b)  

35% span from hub to tip.  c)  25%  from hub to tip. 

In choking condition, where the back static-pressure is low and mass flow is high, the 

shock structure becomes highly complex, similar to that in Figure 2.2 a) and Figure 2.2 
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b).  The shock system ahead of the leading edge is a detached bow-shock composed of 

an upstream and downstream –running shocks [7].  The upstream-running shock drives 

the inlet flow angle to satisfy the unique-incidence condition, which restricts the inlet 

relative flow angle to a minimum.  The downstream-running shock penetrates into the 

passage, interacting with the suction-surface boundary layer, inducing boundary layer 

separation and limiting diffusion.  Although the downstream-running shock within the 

passage joins the passage shock, the shock wave and boundary layer interaction 

(SWBLI) generated is minimal at that axial location since the boundary layer is 

reattached downstream.  Near the maximum suction-surface relative Mach number, the 

passage-shock impingement shows a lambda-foot structure that reduces the shock 

losses, as the shock strength is split between the upstream and downstream limb.  

Despite the shock-loss reduction at the impingement, the profile losses increase, 

reducing the loading and incrementing the boundary-layer blockage  While inside of the 

choking region the back static-pressure can be further increased, the unique incidence 

angle and the inlet mass flow rate remain constant, reflected in the compressor maps as 

an asymptotic curve. 

As the back static-pressure is increased and crosses the choking threshold, mass flow 

starts to reduce until peak-efficiency condition is reached.  At maximum efficiency, the 

detached bow-shock is still close to the leading edge with a dual-shock structure at the 

passage at least for the tip profiles, analogous to that in Figure 2.2 b).  At this design 

point, shock losses slightly increase and profile losses decrease with respect of choking, 

so that total losses remain essentially unchanged [7].   

With further back static-pressure increase, mass flow drops and the shock-wave pattern 

moves upstream becoming more normal near stall condition comparable to that shock 

configuration in Figure 2.2 c).  At stall condition the bow-shock is completely detached 

from the leading edge, and thence, increasing the incidence angle.  Near surge 

condition, any shock loss rise is due to a pre-shock Mach number increase caused by the 

supersonic turning ahead of the shock in set with the loss from the upstream-running 

wave, similar to the contour distributions displayed in Figure 2.3. 
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The compressor efficiency is driven by the total-pressure loss magnitude, which 

depends on the through-flow losses arising from an entropy increase induced by the loss 

mechanisms.  Total flow-loss can be generally approached by considering the blade 

profile, secondary and shock losses [14,20,41].  As it is later discussed in Sec. 2.2.2, to 

obtain a high-fidelity gas turbine or component performance analysis, it is not enough to 

consider the conventional performance theory, but also the complex 3-D internal flow 

behaviour that induces the flow losses must be addressed.  For instance, as mentioned 

further in Sec. 2.3.2, 2-D through-flow performance simulators assume a non-viscous 

flow assumption, requiring empirical correlation models to assign a loss factor for the 

aforementioned flow-loss types.   

In the design process of gas-turbine engine components, the pressure ratio, mass flow 

and rotational speed demanded by the turbine determine the axial-flow compressor 

parameters such as:  inlet, outlet and inter-stage diameters, number of blade row stages, 

number of blades per stage, chord lengths, and tip clearances [42].  In the early years of 

axial-flow compressors around 1930s, blade profiles were based on typical NACA 

(National Advisory Committee for Aeronautics) design-series.  Further development of 

transonic compressors led to test British-standard profiles and eventually double-

circular-arc (DCA) and multiple-circular-arc (MCA) profiles, to match the stage loading 

criteria and efficiency requirements.  The necessity of having a wider compressor 

operating range, specially extending surge margin, has resulted in the design of 

controlled-diffusion profiles, which are none other than customized aerofoil shapes. 

Further development in 2-D compressor blade-profile shaping at tip locations, 

consisting in maximum-thickness-location increase, maximum-thickness reduction, and 

solidity increment, made the blade elements less susceptible to shock losses while 

reducing the loading at high-span regions [3].  At mid and low -span locations, 

conventional cambered blade profiles are used to still provide flow turning to increase 

the pressure ratio at subsonic inlet relative speeds.  To this end, the transonic 

compressor justifies its design and operation if the associated performance, and mainly 

efficiency, is at least comparable to that of a subsonic compressor unit.  



 

20 

 

2.2.2 Blading Flow Field Losses 

The flow field across any turbomachinery component is complex to analyse and despite 

the physics-based approaches and numerical methods, its nature is yet to be fully 

understood.  The flow character through an axial-flow compressor is viscous, 3-D and 

unsteady. The flow viscosity retards the flow within the boundary layer through 

friction-induced shear stress mechanisms, increasing entropy and hence, loss 

production.  It is well-known that any boundary layer subjected to an adverse pressure 

gradient grows faster and tends to separate. In a compressor axial-flow, the problem is 

aggravated because the chordwise flow-diffusion slows down the velocity distribution 

normal to the blade surfaces, increasing the boundary layer thickness 𝛿, and thus, 

raising the friction-force-induced losses.  Unsteadiness arises from blade rotation, 

causing an intermittent air flow that leads to cyclic wake appearance, and non-constant 

but periodic back pressure.  Added to these effects, there is a 3-D interaction between 

the flow mechanisms that complicates the problem. 

In spite of the highly-complex flow circulating around axial-flow compressor blades 

and the difficulty of separating the losses, the different loss mechanisms have been 

identified and described [43] as shown in Figure 2.4.  Without the presence of shock 

waves, the only interactions are profile, and secondary losses.  Profile losses emerge 

from the blade boundary-layer frictional effects and wakes.   

Secondary losses involve the effects from passage secondary flows, spanwise mixing, 

leakage at the leading and trailing edge, and the end-wall interactions between the 

annulus wall boundary layer (AWBL) and the blade rows.  These end-wall interactions 

lead to tip clearance flow and corner separation, where the latter develops corner 

vortices at the shroud and at the hub.  The situation can aggravate more, as these 

secondary flows can be further disturbed by unsteady inlet conditions or inlet end-wall 

boundary layer status, such as initial deviation or skew. 
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Figure 2.4  Flow interaction with a non-transonic axial-flow compressor rotor blade (modified from 

[43]). 

For the case of transonic axial-flow compressors, additional losses due to shock waves 

and their interactions with the flow itself and boundary layer dominate at the blade tip.  

As it is known, every real fluid passing over a surface develops a boundary layer and a 

corresponding boundary layer thicknessthat increases when is subjected to an adverse 

pressure gradient.  In compressors, besides of the adverse pressure gradient that the flow 

experiences due to the compression in the flow direction, this gradient is magnified due 

to the shock, having a shock wave and boundary layer interaction (SWBLI), resulting in 

a higher boundary layer thickness increase that can eventually result in reverse flow, 

generating a separation bubble and contributing to aerodynamic losses.  Boundary layer 

can reattach to the surface or not before the trailing edge; in the case of no reattachment, 

wakes are formed downstream of the trailing edge and energy losses are raised. 

In addition, a spanwise flow migration occurs at the blade suction side, downstream of 

the passage shock, illustrated in Figure 2.5.  Radial flow motion forms a low-

momentum region at the blade trailing edge, contributing to a boundary layer thickening 

and hence, building up for wake development, leading to an unfavourable stability by 

shortening the engine working range.   
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Figure 2.5  Radial flow migration occurring downstream of the shock on the blade suction surface 

[32]. 

Besides of the clearance secondary flows, there is a strong interaction between the 

shock wave and them which has been studied more than the other shock-related 

negative effects due to its high influence on entropy production.  The pressure gradient 

between the suction and pressure side pulls up the flow to the tip surface, generating a 

jet throughout the main flow, resulting in an interaction between them and forming a 

vortex known as tip-clearance or tip-leakage vortex [32].  This tip-clearance vortex 

initiates at the leading edge and develops within the passage, interacting all its way with 

the shock wave and the casing boundary layer, decrementing the rotor performance. As 

the operating point moves towards surge condition, flow becomes stronger and 

unsteady, increasing the blade loading and inducing a tip-clearance vortex breakdown.   

This in turn causes a blockage near the blade tip and flow oscillation, leading to shock-

induced flow separation that varies in time, and thus, rotor instability.  This vortex 

breakdown is considered to be a sudden change in the vortex core structure [44]. 

To quantify the total loss due to entropy generation, the total-pressure drop or loss is 

measured by the difference between the ideal outlet total-pressure 𝑃02𝑖𝑑 and the actual 

circumferentially mass-averaged outlet total-pressure 𝑃02̅̅ ̅̅  with respect of the inlet 

pressure conditions.  Thus, the mass-averaged total-pressure loss coefficient or total-

loss coefficient 𝜔̅ is 

 
𝜔̅ =

𝑃02𝑖𝑑 − 𝑃02
̅̅ ̅̅

𝑃01 − 𝑝1
  ( 2.2.3)  

The actual outlet total-pressure is a mass-averaged value as there is a circumferential 

variation if the total loss coefficient is measured per blade element.  In very simplified 
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analyses where 𝜔 accounts for the full blade, the mass-averaged outlet total-pressure 

must consider as well the radial variation.  The ideal outlet total-pressure is equal to the 

inlet uniform total-pressure as there is no total-pressure loss, then 𝜔̅ becomes 

 

𝜔̅ =
𝑃01 − 𝑃02̅̅ ̅̅

𝑃01 − 𝑝1
=
1 −

𝑃02
𝑃01

̅̅ ̅̅

1 −
𝑝1
𝑃01

  ( 2.2.4)  

Substituting the isentropic relationship between total and static conditions and 

expressing the total pressures in the relative frame of reference for the rotor case, the 

total-loss coefficient or factor transforms in 

 
𝜔′̅̅ ̅ =

𝑃01
′ − 𝑃02

′̅̅ ̅̅ ̅

𝑃01
′ − 𝑝1

=
1 − 𝑃𝑅′̅̅ ̅̅ ̅

1 − (1 +
𝛾 − 1
2 𝑀1

′2)
𝛾
1−𝛾

  ( 2.2.5)  

where 𝛾 is the specific heat ratio, 𝑀1 is the inlet relative Mach number, and 𝑃𝑅′̅̅ ̅̅ ̅ is the 

relative total-pressure ratio between inlet and outlet. 

The mass-averaged total-loss factor can be divided in profile, shock and secondary 

losses, corresponding to an individual loss coefficient, 𝜔𝑝𝑟𝑜𝑓, 𝜔𝑠ℎ, 𝜔𝑠𝑒𝑐, respectively.  

Hence, the total-loss factor is typically defined as the summation of the different source-

loss coefficients, where the profile loss coefficient might be corrected by a Reynolds-

effect factor 𝑓𝑅𝑒 [3,20,41,45–48].  This is, 

 𝜔′̅̅ ̅ = 𝑓𝑅𝑒𝜔𝑝𝑟𝑜𝑓′̅̅ ̅̅ ̅̅ ̅̅ + 𝜔𝑠ℎ′̅̅ ̅̅ ̅̅ + 𝜔𝑠𝑒𝑐′̅̅ ̅̅ ̅̅ ̅  ( 2.2.6)  

Although the total-loss coefficient in Eq. 2.2.6 is a standard definition, it is not 

universal.  The total-loss factor can be redefined depending on the models used to 

calculate the profile, shock and secondary losses.  For instance, Boyer and O’Brien [36] 

suggested the calculation of 𝜔′̅̅ ̅ as in Eq. 2.2.7, where the secondary losses are split in 

tip and hub  losses, whereas the shock loss is corrected.  Because the shock-loss 

coefficient is calculated using a simplified model for unstarted conditions only, a 

correction factor based on the difference between the actual incidence 𝑖 and the 

minimum-loss incidence 𝑖𝑚𝑖𝑛 with respect of the working range width 𝑊 is applied to 

account for the unique-incidence effect at started operations.   
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𝜔′̅̅ ̅ = 𝜔𝑝𝑟𝑜𝑓′̅̅ ̅̅ ̅̅ ̅̅ + 𝜔𝑡𝑖𝑝′̅̅ ̅̅ ̅̅ + 𝜔ℎ𝑢𝑏′̅̅ ̅̅ ̅̅ ̅ + 𝜔𝑠ℎ′̅̅ ̅̅ ̅̅ [1 + (

𝑖 − 𝑖𝑚𝑖𝑛
𝑊

)
2

]  ( 2.2.7)  

Note that a fully comprehensive and physics-based shock-loss coefficient estimation 

eliminates the need of correction factors.  The prediction of a physics-based shock-loss 

coefficient as a function of the operation is cardinal of the present work.  A thorough 

discussion on physics-based and empirical shock-loss models is given in Sec. 2.6.4 and 

Sec. 2.6.5, respectively. 

2.2.3 Blade profile studies 

Blade geometry significantly influences the flow field in a compressor and particularly 

in transonic axial-flow compressor, where the performance is greatly affected by small 

2-D or 3-D geometric modifications due to the shock-wave presence and its interaction 

with the flow field.  Chung et al. [49] demonstrated that a transonic rotor blade is more 

sensitive to geometric changes at the hub, which is the region that yields the highest 

adiabatic efficiency and total pressure ratio.  As a matter of fact, 2-D geometry 

modification focuses on blade-profile shaping, whereas 3-D blading includes not only 

the later but also blade sweeping and leaning. 

In terms of blade profile design, Wadia and Copenhaver [50] demonstrated that the flow 

field across a transonic blade row is highly sensitive to camberline angle variations, 

modifying the blade profile and passage area, due to the shock-wave existence.   A zero 

or near-zero curvature at the suction-surface forward part that can even result in pre-

compression shocks would be ideal to decrease the pre-shock Mach numbers to reduce 

the shock-induced pressure losses originated from its strength and the SWBLI [32].  

Additionally, flow Mach numbers can be further reduced upstream of the passage shock 

at the blade tip profile sections by keeping low thicknesses along the blade length 

around 2% of the chord.  Biollo and Benini [32]  reported that one of the most important 

factors for the flow field behaviour around blades is the chordwise location of the 

maximum thickness.  Wadia and Law [12] demonstrated that the more rearwards the 

maximum thickness is located, the better high-speed performance that can be obtained, 

so that the length for the shock-induced separation extent is reduced.  A similar paper 
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by Chen et al. [51] proved that an increase of the maximum thickness location from the 

leading edge reduces the thermal-loss coefficient regardless of the spanwise location of 

the profile section.  Besides the maximum-thickness chordwise location, the value itself 

impacts on the flow field behaviour.  A study by Suder et al. [52] where the leading 

edge thickness was increased by 10% at the hub and 20% at the tip due to a coating 

addition, showed a total pressure loss of 4% across the rotor blade.   

2-D flow analysis techniques and CFD simulations have assessed the performance 

impact due to aerofoil changes.  In fact, comprehensive blade profile optimisation 

studies have been carried out by coupling flow analysis simulators with optimisation 

algorithms, exploring the design space in a more efficient, faster and less expensive 

framework to deliver optimal blade profiles for design and off-design points.  In fact, 

the study of Chen et al. [51] was performed by blade parametrization, where ten 

parameters were searched to find an increase in maximum adiabatic efficiency of 

1.73%.  Burguburu et al. [53] carried out a quasi-3-D numerical optimisation of the 

blade profile sections to reduce the flow Mach number upstream of the passage shock, 

obtaining a negative curvature at the blade profile frontal part.  Consequently, the peak 

relative Mach number decreased from 1.4 to 1.2, creating two weak shocks instead of a 

strong normal shock wave.   

Not only one objective function can be maximized, but also several objective functions 

can be maximized by means of multi-objective optimisation algorithms.  A multi-

objective optimisation for the well-known transonic compressor NASA Rotor 67 [40] 

blade profiles to maximize pressure ratio and minimize blade weight at design point was 

performed by Lian and Liou [54].  In this optimisation a new rotor blade was obtained 

by modifying the camberline while keeping the leading and trailing edges constant, and 

varying the thickness distributions for the tip, hub and two part-spanwise distributions.  

This geometry variation led to an increase of 1.8% in total pressure ratio.  The 

optimized rotor blade gave thinner blade profiles that account for a lower weight and a 

reduced separation region downstream of the shock yielding in a higher total-pressure 

ratio.  In fact, when structural stability is used as a constraint apart from the 

aerodynamic performance, multi-disciplinary optimisations come into play using neural 

networks.  Lee et al.  optimized a transonic axial-flow compressor rotor blade to 
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maximize the isentropic efficiency and rotor safety factor, increasing the former by 

3.69%, using genetic algorithms (GA) coupled with CFD and Finite Element Analysis 

(FEA).   

In addition, a blade profiles have been optimized for several operating points.  Luo et al. 

[55] performed a multi-point blade optimisation for the NASA rotor 67 [40] using 

entropy production, mass flow rate and total pressure ratio as objective functions at 

three different points:  near-stall, peak-efficiency, and near-choking.  As stated in Sec. 

2.2.2, there is an interaction between the shock wave and the tip-clearance vortex that 

produces entropy, which was investigated and reduced in the blade optimisation process 

of Luo et al. [55].  In this study, a CFD-analysis tool and an adjoint method were 

coupled to obtain the blade optimisation where, the optimisation methodology took 

twice the computational time of the flow solution for each analysed operating point.  

CFD tools are the preferred method for optimisation; however, they involve high 

computational cost and intolerably large solution times, since for every parameter 

modification, a new model is built and analysed using CFD.  For this reason, Chung et 

al. [49] developed an affordable design method based on a quasi-3-D blade profile flow 

analysis at strategic spanwise stations, which were numerically optimised to enhance 

adiabatic efficiency.   For validation purposes, such optimised blade-profile sections 

were used to interpolate at intermediate locations, which were stacked to build up the 3-

D geometry, and later analysed using a 3-D CFD tool.  It was found that CFD 

performance characteristics were different from those in the quasi-3-D analysis, due to 

the 3-D effects that were not considered in the latter.  Therefore, geometry 

modifications computed by the optimisation had a low impact on the final blade as 

three-dimensionality was not considered in the quasi-3-D analysis.  In this way, 

optimisation through quasi-3-D analyses offers low computational costs at the expense 

of fidelity.  Through-flow techniques, such as streamline curvature method (SLC), 

represent an alternative for optimisation due to their low analysis-times of minutes 

without compromising accuracy since loss and deviation process models can be 

implemented.  Particularly for multistage axial-flow compressors, a sort of empiricism 

is required to account for accuracy [42].  In this context, the 2-D SLC compressor 

performance simulation software (SOCRATES) [18,19,29,41] developed by Pachidis 
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[14] and central to the research presented herein, matches the capabilities of a rapid 

solution, acceptable results, and freedom to incorporate loss and deviation models. 

Additional efforts to optimize the NASA Rotor 67 [40] at different operating conditions 

have been conducted.  For instance, Wang et al. [56] performed an optimisation near 

choking point at 100% speed by changing the blade profile camberline type from MCA 

to a reverse-camberline type while increasing the camber blade-profile at the hub.  As a 

result, isentropic efficiency was increased by 1.7% with a low penalty in total pressure 

ratio.   

Advanced evolutionary algorithms have led to non-traditional aerofoil geometries as in 

the optimisation carried out by Oyama et al. [57].  The optimized blade resulted in 

double-humps at the pressure surface for different spanwise positions.  Therefore, a 

flow deceleration reduction at pressure side was obtained, particularly at near-tip 

spanwise locations, where the shock on the suction surface moved aft, and, thereby, 

reducing the flow separation extent.  This in turn, resulted in an isentropic efficiency 

rise of 2.0% for all the operating range at 100% speed. 

2.2.4 Three-Dimensional Blading 

As mentioned in Sec. 2.2.2, 3-D effects should be considered to obtain an accurate flow 

analysis or design optimisation.  Research has shown that 3-D shape blading, namely 

modifying blade sweep and lean, has a significant impact in 3-D behaviour, particularly 

due to shock waves and flow interaction.   In the case of swept transonic compressor 

blades, the flow is highly 3-D and interacts with the radially swept shock wave [58].  

Wennerstrom was the first to propose and test shock structure control by blade sweep 

[59].  Yamaguchi et al. [60] demonstrated that blade sweep significantly contributes to 

the radial loading redistribution and to shock-wave control in transonic rotors.  

Gallimore et al. [61,62] mentioned that sweep contributes to the reduction of shock 

losses, leading to an enhanced efficiency and a wider operating range.  Passrucker et al. 

[63] acknowledged that blade sweep is considered to be a technique that reduces shock 

wave strength, yielding an improvement for both efficiency and surge margin .  A 
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significant 3-D behaviour to be contemplated is the shock wave and tip-leakage vortex 

interaction [32], which can be controlled as well by blade sweep and lean.   

Conventionally, the blade profile sections are stacked along the stacking line, which is 

an axis that passes through all the centres of area of all the blade aerofoil sections.  

When the blade is swept or leaned, the centre of areas are moved forwards and 

backwards in the axial direction for the case of sweep, and positive or negative in the 

tangential direction for the case of lean, with respect to the stacking axis. 

Other blade sweep and lean influences on the flow field and its mechanisms have been 

investigated.  Wadia et al. [64] carried out an experimental investigation to study 

forward and backward swept blades, whose results were assisted with a 3-D viscous 

flow analysis to understand the behaviour.  Overall, it was observed that both, forward 

and backward -swept rotors increase efficiency.  In the case of forward-swept blades, 

stall margin is amplified in contrast to the backward-swept blade, where it was 

significantly diminished.  It was concluded that improved efficiency was due to a less 

intense SWBLI as there was less axial-flow diffusion and a blade tip surface boundary 

layer thinning.  Similar results were reported by Hah et al. [65], where forward and 

backward -swept rotors increased in the same rate the peak efficiency, nevertheless, the 

stall margin is smaller in the latter case.  Conversely to Wadia et al. [64], Hah et al. [65] 

explained the efficiency increase due to 2 mechanisms.  The first mechanism consisting 

in a radial shape change of the shock near the tip due to the endwall effect, while the 

second consists in the radial flow migration towards the blade tip [32].  Similarly, 

Passrucker et al. [63] investigated the forward sweep influence in transonic compressor 

rotors through a CFD code, finding a higher efficiency and stall margin for the forward-

swept rotor in comparison to the baseline radially-stacked blade.  Near stall, it was 

observed that the swept blade pushes the flow to the tip, creating stability at this point 

although flow separation is developed at the hub without triggering rotating stall. 

Templalexis et al. [66] evaluated the effect of blade sweep through SLC methods, 

finding that a backward sweep increases pressure ratio. 

Design studies have shown the high influence of blade sweeping apart from the 2-D 

blade-profile-element parameters on transonic axial-flow compressor performance 
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characteristics.  Denton and Xu [67], and Denton [68], performed CFD analyses for five 

different transonic fan blade designs to assess the sweep and lean angle effects, finding 

a little impact of sweeping and leaning near the tip. Whereas at mid-span and near-hub 

locations shock was swept, reducing the losses.  Nevertheless, surge margin was 

contracted, increasing losses along the spanwise for off-design near-surge points.  An 

important observation from this study was the radial flow migration downstream of the 

shock on the suction surface.  This phenomenon affects the flow behaviour near the tip 

producing a larger blockage even if there is no annulus wall boundary layer (AWBL) or 

tip gap, agreeing with Hah et al. [65] remarks.  This flow-migration-induced blockage 

moves the shock upstream, reducing the stall margin. 

Sweep and lean angle have been defined in different manners in the literature.  

Traditionally, the blade profile sweep angle is defined on the axial axis (𝑧-axis) while 

lean angle moves along the circumferential direction (𝜃-axis) as shown in Figure 2.6. 

 

Figure 2.6 Traditional sweep and lean angle definition in cylindrical coordinate system.  a)  

Forward sweeping along z-axis.  b)  Backward sweeping along z-axis.  c)  Leaning towards pressure 

side in -direction.  d)  Leaning towards suction side in -direction . 

Nevertheless, a different definition of sweep and lean was used , in the study of Denton 

and Xu [67], and Denton [68].  Sweep was considered to be along the blade chord line 

and lean to move perpendicular to the chord line as shown in Figure 2.7.  According to 

the authors, sweep in this direction does not introduce spanwise blade forces so that 

tilting loads are distributed in the lean direction. 
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Figure 2.7  Sweep and lean angle definition with respect to the chord line (modified from [68]).  a)  

Sweep along the chord line.  b)  Lean perpendicular to chord line. 

Ramakrishna and Govardhan [69] performed a sweeping study, where a conical design-

space as observed in Figure 2.8 was defined for different angles.  This comprehensive 

space is a combination of the typical sweep/lean angle definition and the approach used 

by Denton [68].  To avoid confusion, Ramakrishna and Govardhan [69] defined the 

sweep angle in axial direction as axial sweep and perpendicular to it, as tangential lean.  

In the case the blade moves along the chord line, the sweep is considered to be 

chordwise; while perpendicular to the chord, the motion is in the dihedral direction.  In 

any of the aformentioned cases, the sweep or lean angle is always considered with 

respect to the hub stacking point, which is no other than the intersection between the 

blade stacking axis and the corresponding blade profile section centre of area. 

 

Figure 2.8  Full space for sweep and lean angle definition around a baseline blade [69]. 
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Similar to Denton and Xu [67] and Denton [68],  Ramakrishna and Govardhan [69] 

studied particular sweep configurations for axially swept and chordwise swept blades 

through CFD but for subsonic axial-flow compressors.  It was observed that forward 

sweeping reduces the incidence angle and flow turning.  Forward axial-sweep was 

found to be more efficient in energy transfer between the stages, while forward 

chordwise-sweep introduced flow deflection.  In a blade sweep influence study by Vad 

[70] for low-speed axial-flow rotors, the tangential lean of Ramakrishna and Govardhan 

[71] was defined as circumferential skew.  These sample of studies proves the different 

terminology used in the literature to define the blade inclination.  The present author 

considers that the definition used by Ramakrishna and Govardhan [69] is the most 

convenient since it does not leave space for ambiguity and covers a comprehensive 

design space for blade tilting options. 

Chen et al. [72] performed a similar sweeping study through CFD to evaluate the 

impact of a forward-swept and backward-swept rotor blade in transonic compressors for 

a value of -4
o
 and 4

o
, respectively.  In contrast to other studies, the blade leading edge 

was tilted with respect to the hub leading edge point.  Likewise Denton [68], sweeping 

effect had different influence along the span height and little effect at near-tip locations.  

Adiabatic efficiency at low-span positions was higher for the backward-swept rotor, 

whereas at mid-span, efficiency increased for the forward-back swept blade.  This led to 

a further simple gradient-based optimisation of two spanwise locations at mid- and tip- 

span heights, by axially moving them.  The optimised blade had a forward displacement 

at mid-span height and a backward displacement at tip-span, obtaining an adiabatic 

efficiency increase of 0.31% and loss coefficient decrease of 2.74% at design condition. 

A recent study from Razavi and Boroomand [73] evaluated the axial sweep and 

tangential lean impact in the NASA Rotor 67 [40] using a CFD method to solve the 

flow field.  A huge number of models were built, varying both angles, sweep and lean 

from -20
o
 to 20

o
.  Results showed that axial sweep increased the efficiency by 2%, the 

operating range by 30% and the pressure ratio by 1%.  In terms of tangential lean, no 

significant improvement was observed for efficiency or pressure ratio, whereas working 

range was increased by 14%.  Despite the comprehensive study, no further attempts 

were made to assess the impact of combined sweep and lean. 
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Studies from Denton [68], Ramakrishna and Govardhan [69], Chen et al. [72], and 

Razavi and Boroomand [73] were limited to study the effect of constant sweep or lean 

angle along the whole blade length for specific angle values.  In these studies, the 

constant blade inclination as a whole, did not allow to independently move different 

profile sections, which is required as the flow behaviour varies in the radial direction.  

Moreover, a comprehensive design-space exploration was not performed, leaving aside 

the possibility to optimize for blade sweep and lean angle.  Under these circumstances, 

spanwise distribution of sweep has been investigated in optimisation methods to cover a 

wider range of design-variable parameters. 

Inasmuch as the blade sweep brings  positive effects for some heights and negative for 

others, curved S-shaped blades provide a solution.  Biollo and Benini [8] evaluated the 

effect of S-shaped axial-sweep and S-shaped tangential-lean for the NASA Rotor 37 

[74] transonic compressor by means of a CFD package.  Instead of conducting an 

optimisation, 26 models were built to evaluate the S-shaped sweep and other 26 models 

to assess the S-shaped lean effects.  Conversely to define a sweep angle for specific 

radial positions, control points were defined to be moved with respect to the stacking 

axis.  Control points defined at 33%, 67%, and 100% of the blade span were displaced 

along the merdional plane to account for axial sweep and along the circumferential 

plane to account for tangential lean, as depicted in Figure 2.9.    

 

Figure 2.9  S-shaped blading at 33%, 67% and 100% of span [8].  a)  Axial Sweep.  b)  Tangential 

Lean. 
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The control points were shifted according to a curvature pattern, so that they could be 

identified as forward or backward -swept, and positive or negative –leaned, as shown in 

Figure 2.10. It was demonstrated that S-shaped blades with forward-curvature sweep 

trent could give 1.3% higher efficiency than the baseline due to a shock weakening.  On 

the other hand, S-shaped blades with backward-curvature sweep trent could only 

provide 0.5-0.6% but handle a higher choking mass flow than the original blade.  

Although tested, lean proved not to significantly modify the performance.  Nonetheless, 

simulatenous sweep and lean angles were not tested, where the influence of lean can 

take more presence. 

 

Figure 2.10  S-shaped backward-curvature axial-sweep applied to a blade [8]. 

A single-objective optimisation of blade sweep for the NASA Rotor 37 [74] transonic 

compressor was performed by Jang et al. [75].  The optimisation was performed by 

means of a response surface method, while the actual flow was analysed through a 3-D 

Navier-Stokes code.  Adiabatic efficiency was set as the objective function, having as 

design variables 2 lengths, 1 and 2 (shown in Figure 2.10) to define the sweep.  In 

fact, this is another manner of defining the blade sweep, as optimisation can allow for 

the leading edge tilting to start at any radius and not necessarily at the hub.   Design 

variable space was constrained for the blade to be moved only backwards; there is no 

further detail that explains this limitation and not exploring forward sweep as well.  

Overall with the optimized blade, an increase of 1.25% in adiabatic efficiency was 

achieved, as it was observed that the sweep retarded the flow separation, and hence 

reducing separation extent.  From results, it was observed that in the spanwise direction, 



 

34 

 

adiabatic efficiency remained the same near tip between baseline and optimized rotor 

blade, at mid-span locations, efficiency increased for the optimized blade, and near hub, 

efficiency was higher for the baseline case.  Hence, efficiency improvement came only 

from mid-span locations and it could have been improved if a forward sweep would 

have been introduced at low-span heights.  These results match with those from Denton 

[67,68] and Chen et al. [72], where there was no influence of sweep at near-tip 

locations, backward-sweep provided higher efficiency at mid-span heights and forward-

sweep increased efficiency near-hub radii. 

 

Figure 2.11  Blade sweep definition using 2 length parameters (modified from [75]).  a)  

Axisymmetric view.  b)  Top view. 

Further,  Jang et al. [76] optimised the same transonic axial-flow compressor rotor blade 

for three parameters, sweep, lean, and skew at design point using the same strategy to 

maximize adiabatic efficiency.  Whereafter, the adiabatic efficiency was increased due 

to a reduction in hub corner loss, tip loss, and SWBLI-induced separation extension, 

being the skew the design variable that influenced more the performance. 

A more recent three-dimeensional blading multi-objective optimisation for transonic 

axial-flow compressors was done in an study by Okui et al. [77].  In this study, the 

camberline, chord length and sweep angle spanwise distribution were searched to 

maximize efficiency, while keeping the surge margin by shock wave control and off-

design performance. The resulting S-shaped camberline and backward-swept rotor, 

enhanced the efficiency by 0.6% at the same baseline stall margin.  A slight efficiency 

increase of 0.7% was obtained when the sweep was compound, reducing losses at mid-

span and weakening the leading edge shock.  The authors remarked that same effects 
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from backward sweep can be obtained with an S-shaped camberline since the tip shock 

can be made oblique, shifting the load downstream, reducing the shock and tip-leakage 

losses, and thence, increasing the operating range. 

Besides blade optimisation, further sweeping and leaning studies have been produced to 

investigate its influence in transonic axial-flow compressors [78,79].  For instance, Hah 

et al. [65] stated that performance improvement in transonic rotors is observed with 

sweep in both cases, forward and backward, however the mechanisms are different.  

Forward-sweep reduces both, secondary flow effects and entropy generation, whereas 

backward-sweep lessens the shock loss intensity.  Gümmer et al. [80] studied the blade 

sweep and dihedral angle effects on endwall loss mechanisms, and consquently the 

impact on transonic compressor performance using a 3-D Navier-Stokes solver. Hah 

and Shin [44,81] examined the near-stall flow conditions through CFD for a transonic 

fan blade with compound (or composite) sweep.  It was concluded that flow and shock 

structure near the blade tip are more stable in compound-swept blades as the passage 

shock remains relatively close to the leading edge even at near-surge condition, 

following an earlier detachment at radii where sweep was in opposite direction. 

However, flow fields and behaviours at different radial positions along the same blade 

are not comparable.  In this respect, Chen et al. [72] demonstrated that same sweep 

magnitude for opposite directions has different effects depending on the radius.  In 

addition, the studies of Hah and Shin [44,81] do not specify sweep directions, sweep 

spanwise distribution, and sweep values. Despite the unfair sweep comparison between 

different radii for the same blade, the magnitude increase of the passage-shock and tip-

clearance-vortex interaction was recognized as the fan throttles near surge.  This in turn, 

generates a vortex breakdown that leads to transient operation.  Using quasi-3-D 

methods, Gui et al. [82] showed that sweep in axial-flow compressors introduce flow 

circumferential fluctuation, which rather than affecting the passage shock structure, it 

modifies the radial equilibrium.  Therefore, a new radial equilibrium is established, 

leading to a circulation modification along the meridional streamline direction, inducing 

a rearrangement of the inlet flow. 

Furthermore, blade sweep and lean aerodynamic effects have been investigated on 

transonic axial-flow compressors, as well as in low-speed axial-flow compressors.  



 

36 

 

Although subsonic axial-flow compressors are not covered in this research, a look into 

blade sweeping techniques performed to them is of interest, as the same efficiency and 

stall margin effect produced in transonic behaviour is generated in subsonic speeds.  

Corsini and Rispoli [83] assessed the sweep effect through CFD analysis for a low-

speed axial-flow fan, where forward sweeping increased the stall margin due to 

attenuation in both, non-free vortex secondary and leakage flows.  Vad [70] presented a 

literature survey about the sweep and tangential lean effect on axial-flow fans and 

compressors to increase efficiency and stall-free working range.  Gallimore et al. 

[61,62] described the sweep and dihedral effects in low-speed multi-stage axial-flow 

compressors using CFD.  Studies from Breugelmans et al. [84], and Sasaki and 

Breugelmans [85] have shown that end-wall losses can be significantly reduced as well 

by dihedral introduction at the blade tip in low-speed compressors. 

2.3 Turbomachinery Flow Simulation 

2.3.1 Background 

For rapid assessment, zero-dimensional (0-D) gas-turbine cycle simulation tools have 

been used to predict engine performance using non-dimensional experimental data maps 

to represent the individual components [14,28,29,86].  These analyses are 0-D as there 

is no flow resolution in the axial, radial, nor circumferential direction within a given 

engine component [87].  Because the rig experiments are performed at design point, 0-D 

analyses provide acceptable results at design conditions; however, results can 

significantly vary against experiment data at off-design conditions [14,17–19,25,29,86].  

Even though adjustments of variable geometry, Reynolds effects, and clearances are 

applied for off-design conditions, there is still a matching deviation against test data 

[87].  Low-fidelity map-based performance simulators cannot resolve an independent 

gas-turbine engine-component analysis since the complex physics are not captured 

inside of compressors, turbines or ducts [14,28,29,86]. 

The simulation of turbomachinery flow began in the late forties and fifties with the 

development of mathematical models and numerical algorithms to solve the flow 

equations.  In the last decades, the following numerical methods have been in 

application for the compressor analysis and design process [7]:  mean-line, stage 
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stacking, through-flow methods, blade-to-blade calculations, quasi-3-D and fully 3-D 

CFD analyses.  In the next paragraphs, a brief description of these methodologies is 

given. 

One of the preliminary design methods is the one-dimensional (1-D) mean-line or pitch-

line analysis.  A mean flow is defined at the inlet and outlet of every blade row, where 

flow properties are estimated using 1-D calculations to obtain the mean blade loadings.  

Given this and supported by empirical correlations of test data, an overall performance 

is established.  More sophisticated mean-line analysis versions suggest annulus and 

blade geometry choices to achieve the design requirements. 

Stage stacking analyses provide an axial matching between stages.  Given the rotational 

speed and inlet mass flow as initial conditions, the pressure ratio and efficiency are 

obtained at the first stage.  These in turn can be used as inlet conditions for the second 

stage to be solved and so on for the subsequent stages.  As a result, it is possible to 

assemble all stage characteristics to build up the overall component performance map.  

In addition, empirical correlations can be implemented to obtain better performance 

estimation.   

The development of computational technology in the seventies, permitted through-flow 

methods to find a wider and a more confident application in the turbomachinery flow 

simulation [88].  Through-flow methods solve the flow field in 2-D on the meridional  

or hub-to-tip plane.  This plane is frequently thought as the S2 surface [89] (see Figure 

2.12) and contains the axisymmetric projections of the streamsurfaces known as 

streamlines.  The method then obtains the flow solution for each streamline at the inlet 

and outlet of every blade row [90].  The different available through-flow techniques are 

[14]: simple radial equilibrium, streamfunction or matrix, streamline curvature (SLC), 

finite difference, finite element, finite volume, and time-dependent Euler method.  

The typical through-flow method in the analysis and design process for economic and 

practical reasons is the SLC.  The SLC method solves the radial equilibrium equation 

(REE) to determine the gradient of the meridional velocity in the spanwise direction at 

the intersections between the streamlines and the blade rows.  Additionally, inter- or 

intra-blade row calculating stations can be added to solve the flow in between and 
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within blade rows.  Since the flow is assumed inviscid, losses and deviation angles are 

accounted through empirical models which are based and limited to standard blade 

profiles.  A more detailed discussion in SLC methods is provided in Sec. 2.3.2, as this is 

the central simulation method used for this research. 

In blade-to-blade techniques, the analysis is based on isolated aerofoil theory, projecting 

the blade profile on a conical surface or surface of revolution that approximates a 

streamsurface.  The flow field is resolved then in the blade-to-blade steamsurface or S1 

surface [89] (see Figure 2.12).  Empirical correlations can be employed for a rapid 

calculation of loss constituents, deviation angles, and to limit the blade-section 

operating range.   However, due to the impact of the blade-surface boundary layer on 

the profile loss, it is important to consider viscosity, either by a boundary layer 

calculation, wall functions, near-wall interactions or any other numerical algorithm [91].  

Fully viscous methods [91,92] are ideal but computationally expensive.  Yet, inviscid-

viscous analyses [93,94] reduce computational running times while maintaining high 

accuracy levels. 

 

Figure 2.12 Definition of the blade-to-blade S1 surface and the meridional hub-to-tip S2 surface 

[89]. 

Through-flow methods and blade-to-blade calculations can be combined to build up a  

quasi-3-D procedure.  This is an iterative procedure in which the meridional analysis 

provides a spanwise flow solution in the S2 surface, whilst the blade-to-blade method 

calculates the pitchwise flow field in the S1 plane.  Intersections are then computed 
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between the through-flow-calculated axisymmetric streamsurfaces and the 3-D blade 

geometry to produce data that is compared against the blade-to-blade calculations. 

However, this procedure is not free of empiricism in particular cases.  Empirical inputs 

might be required for a more accurate end-wall loss estimation and swept-blade 

influence [7]. 

Fully 3-D viscous analyses, such as CFD, play an essential role in the turbomachinery 

design than it does in any other fluid-related field, becoming a common practice at the 

last stage of the design process [15].  CFD simulations introduce viscosity and 

turbulence models to obtain an accurate engine component flow field solution, resolving 

complex internal flow interactions at small scale through numerical solution of the 

Reynolds-Averaged Navier-Stokes (RANS) equations.  Besides the improved accuracy, 

full 3-D CFD methods avoid the iterative process between the meridional and blade-to-

blade plane from the quasi-3-D simulations.  One of the major purposes of CFD is to 

predict the 3-D secondary flows, particularly at the endwall boundary layers.  3-D 

effects from blade sweep, lean and twist are reasonably well-captured.  In addition, 

unsteady flow solutions can be obtained depending on the numerical scheme used.   

Nonetheless there are still limitations in turbulence and transition modelling, 

particularly at off-design cases [13].  In spite of the solution algorithms improvements, 

3-D CFD it is still not an exact science [16].  CFD discrepancies can be due to a) 

numerical errors related to mesh size and finite difference approximation, b) physics 

modelling assumptions as in turbulence and transition, c) unknown boundary 

conditions, d) geometry simplification as in the blade leading edge and tip clearance, 

and e) steady flow assumption [16].  Additionally, CFD simulations come at high 

computational costs in terms of solution time and resources, complexity to obtain the 

required initial and boundary conditions, and lack of flexibility to incorporate or even 

modify any loss or deviation model [14,17–19].  In terms of multi-stage simulations, the 

interaction between two consecutive stages is unsteady, increasing both, the CFD 

problem from steady to transient and the computational effort.  It is clear that 3-D CFD 

simulations continue limited to single blade-row models, although multi-stage analyses 

[95–97] are increasing in number with the rise in computational processing speed and 

memory [23].  Most notably is the fact that in the recent years, CFD tools are more 
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widely employed by professionals and young engineers, who despite of their expertise, 

might not realise the CFD drawbacks, representing a potential risk for reliable results 

procurement.  

2.3.2 Streamline Curvature Methods 

As it has been mentioned, the turbomachinery flow is complex, 3-D, highly viscous, and 

turbulent.  For this reason, the problem is limited to be analysed in the hub-to-tip plane 

considering axisymmetric conditions so that the flow field solution is obtained on a 

meridional surface.  The very first approach to establish a solution in between adjacent 

blade rows to obtain the overall component performance was the mean-line method 

defined by Howell [98].  However, Wu and Wolfenstein [99] and Hamrick et al. [100]  

defined the first representations of the streamline slope and streamline curvature in the 

REE [14].  Later, Wright and Kovach [101] considered the streamline curvature radius 

in the radial-axial plane to compute flow calculations.  With the further expansion of 

flow simulation through REE, Wright and Novak [102] programmed its solution using a 

computational code.  Swan [103] developed a computer program where viscous and 

shock loss models based on statistics-based empirical models were introduced in the 

REE.  Smith [21] properly defined the REE equation for turbomachinery components 

and similar works in the United Kingdom were presented by Silvester and Hetherington 

[104].  Nevertheless, authors [14,105] agree that a well-defined SLC method for 

turbomachinery components was firstly introduced by Novak [106].  Following this 

progress, SLC codes were developed by Crouse et al. [107] and Hearsey [108] to solve 

the through-flow equations.  Eventually, more sophisticated SLC-based computer 

programs [13,14,113,114,45,46,105,108–112] have been introduced, improving the 

solution algorithms, and the empirical loss and deviation correlations towards a more 

accurate component performance prediction. 

SLC methods follow an iterative-computation approach to calculate the position, slope 

and curvature of the streamlines, where the flow is assumed to be compressible, 

axisymmetric, steady and inviscid.  SLC flow field solution is mainly based on the 

solution of the governing equation of conservation of linear momentum or Newton’s 

second law.  This fundamental equation establishes that in an inertial frame of 
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reference, the rate of change of linear momentum 𝑃 of an infinitesimal continuum is 

proportional to the resultant applied forces.  At an instant of time 𝑡, the linear 

momentum of all the particles contained in a domain 𝑉 is 

 
𝑃𝑖 = ∫ 𝜌𝑢𝑖𝑑𝑉

𝑉

  ( 2.3.1)  

Where 𝜌 is the density and 𝑢𝑖 is the tensorial velocity in the direction 𝑖.   

If the body is subjected to surface traction 𝜏𝑖 and a body force per unit volume 𝑓, the 

resultant force 𝐹 is 

 
𝐹𝑖 = ∫ 𝜏𝑖𝑑𝑆

𝑆

+∫ 𝑓𝑖𝑑𝑉
𝑉

  ( 2.3.2)  

According to Cauchy’s theorem, the surface traction is a stress vector 𝜏𝑖 acting on a 

boundary surface 𝑆 with outer unit normal vector 𝜈𝑗 that may be expressed in terms of 

the stress field tensor 𝜎𝑖𝑗 as 

 𝜏𝑖 = 𝜎𝑗𝑖𝜈𝑗  ( 2.3.3)  

Transforming the surface traction from a surface integral into a volume integral by 

Gauss’s Theorem, the resultant force on the continuum becomes 

 
𝐹𝑖 = ∫ 𝜎𝑗𝑖𝜈𝑗𝑑𝑆

𝑆

+∫ 𝑓𝑖𝑑𝑉
𝑉

= ∫
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
𝑑𝑉

𝑆

+∫ 𝑓𝑖𝑑𝑉
𝑉

= ∫ (
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖)𝑑𝑉

𝑉

 

 ( 2.3.4)  

Where Χ𝑖 is the direction in the tensorial direction 𝑖. 

Conservation of linear momentum states that 

 𝐷𝑃𝑖
𝐷𝑡

= 𝐹𝑖 
 ( 2.3.5)  

Substituting the linear momentum contained in a volume and the applied resultant force 

in the Newtons’s second law, 
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 𝐷

𝐷𝑡
(∫ 𝜌𝑢𝑖𝑑𝑉
𝑉

) = ∫ (
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖)𝑑𝑉

𝑉

  ( 2.3.6)  

Conceding 𝜌𝑢𝑖 as a continuously differentiable function defined over a spatial domain 

V occupied by a given set of material particles, the volume-integral material derivative 

of Eq. 2.3.6 LHS, gives 

 
∫ (

𝜕(𝜌𝑢𝑖)

𝜕𝑡
+
𝜕(𝜌𝑢𝑖𝑢𝑗)

𝜕Χ𝑗
)𝑑𝑉

𝑉

= ∫ (
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖)𝑑𝑉

𝑉

  ( 2.3.7)  

Since the conservation of linear momentum must hold for an arbitrary domain 𝑉, the 

volume integrands must be equal in Eq. 2.3.7, thus. 

 𝜕(𝜌𝑢𝑖)

𝜕𝑡
+
𝜕(𝜌𝑢𝑖𝑢𝑗)

𝜕Χ𝑗
=
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖  ( 2.3.8)  

Expanding the linear-momentum conservation equation, 

 
𝑢𝑖(
𝜕𝜌

𝜕𝑡
+
𝜕(𝜌𝑢𝑗)

𝜕Χ𝑗
) + 𝜌(

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕Χ𝑗

) =
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖  ( 2.3.9)  

However, the mass contained in a domain 𝑉 at a time 𝑡 is 

 
𝑚 = ∫ 𝜌𝑑𝑉

𝑉

  ( 2.3.10)  

The governing conservation of mass requires that 𝐷𝑚 𝐷𝑡⁄ = 0.  Then, the continuity 

equation or mass flow conservation is formulated as 

 𝐷𝑚

𝐷𝑡
=
𝐷

𝐷𝑡
(∫ 𝜌𝑑𝑉

𝑉

) = 0  ( 2.3.11)  

Inasmuch as 𝜌 is the density of a continuum at the location Χ at time 𝑡, the mass flow 

conservation can be expressed in terms of the material derivative of the density volume 

integral as 

  𝐷𝑚

𝐷𝑡
= ∫

𝜕𝜌

𝜕t
𝑑𝑉

𝑉

+∫
𝜕(𝜌𝑢𝑗)

𝜕Χ𝑗
𝑑𝑉

𝑉

=
𝜕𝜌

𝜕t
+
𝜕(𝜌𝑢𝑗)

𝜕Χ𝑗
= 0  ( 2.3.12)  
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Thus, the mass flow continuity defined in Eq. 2.3.9, turns into 

 
0 + 𝜌(

𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕Χ𝑗

) =
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖  ( 2.3.13)  

The LHS of Eq. 2.3.13 is the material derivative of the velocity vector 𝑢𝑖.  Therefore, 

the linear-momentum conservation becomes the Euler equation of motion of a 

continuum, expressed as 

 
𝜌
𝐷𝑢𝑖
𝐷𝑡

=
𝜕𝜎𝑗𝑖

𝜕Χ𝑖
+ 𝑓𝑖  ( 2.3.14)  

Given a Newtonian viscous fluid, as air, for which shear stress is linearly proportional 

to the rate of deformation, the stress-strain relationship is defined by the Stokes 

formulation as 

 𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 2𝜇𝑒𝑖𝑗 − ψ𝑒𝑘𝑘𝛿𝑖𝑗  ( 2.3.15)  

Assuming inviscid flow, the normal dynamic viscosity 𝜇 and the second viscosity term 

ψ are neglected.  Consequently, the rate of deformation or strain 𝑒 gets cancelled, and 

hence, there is no shear stress, resulting in an isotropic normal stress tensor, whose 

partial derivative with respect of Χ𝑖 may be written as 

 𝜕(𝜎𝑖𝑗)

𝜕Χ𝑖
=
𝜕(−𝑝𝛿𝑖𝑗)

𝜕Χ𝑖
=

𝜕

𝜕Χ𝑖
(

−𝑝 0 0
0 −𝑝 0
0 0 −𝑝

) = −
𝜕𝑝

𝜕Χ𝑖
= −∇𝑝  ( 2.3.16)  

Thence, the Euler equation of motion of a continuum becomes the simplified version of 

the Navier-Stokes equation for an inviscid fluid in the form 

 
−
1

𝜌
∇𝑝 =

𝐷𝑢𝑖
𝐷𝑡

−
𝐹𝑖
𝑚

  ( 2.3.17)  

In the case of rotating flow within a duct, the centripetal and Coriolis acceleration must 

be added to Eq. 2.3.17, then 

 
−
1

𝜌
∇𝑝 =

𝐷𝑢𝑖
𝐷𝑡

− (𝜔𝑖 ×𝜔𝑖 × 𝑟𝑖) + (2𝜔𝑖 × 𝑢𝑖) −
𝐹𝑖
𝑚

  ( 2.3.18)  
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For convenience in the solution of turbomachinery flow, in this case an axial-flow 

compressor, the terms of Eq. 2.3.18 can be expanded into cylindrical coordinates.  The 

LHS of Eq. 2.3.18 is 

 
−
1

𝜌
∇𝑝 = −

1

𝜌

𝜕𝑝

𝜕Χ1
𝑒1̂ +−

1

𝜌

𝜕𝑝

𝜕Χ2
𝑒2̂ +−

1

𝜌

𝜕𝑝

𝜕Χ3
𝑒3̂

= −
1

𝜌

𝜕𝑝

𝜕𝑟
𝑒𝑟̂ +−

1

𝜌

𝜕𝑝

𝜕𝜃
𝑒𝜃̂ +−

1

𝜌

𝜕𝑝

𝜕𝑧
𝑒𝑧̂ 

 ( 2.3.19)  

The term 
𝜕𝑢𝑖

𝜕𝑡
= 0 in the material derivative of 𝑢𝑖 since the flow is assumed to be steady.  

Then the term 
𝐷𝑢𝑖

𝐷𝑡
 expressed in cylindrical coordinates is 

 𝐷𝑢𝑖
𝐷𝑡

= 𝑢𝑗
𝜕𝑢𝑖
𝜕Χ𝑗

= 𝑢1
𝜕𝑢𝑖
𝜕Χ1

+ 𝑢2
𝜕𝑢𝑖
𝜕Χ2

+ 𝑢3
𝜕𝑢𝑖
𝜕Χ3

= 𝑢𝑟
𝜕𝑢𝑖
𝜕r

+ 𝑢𝜃
𝜕𝑢𝑖
𝜕𝜃

+ 𝑢𝑧
𝜕𝑢𝑖
𝜕z

 

 ( 2.3.20)  

which can be further expanded to 

 𝐷𝑢𝑟
𝐷𝑡

= 𝑢𝑟
𝜕𝑢𝑟
𝜕r

+ 𝑢𝜃
𝜕𝑢𝑟
𝜕𝜃

+ 𝑢𝑧
𝜕𝑢𝑟
𝜕z

 

𝐷𝑢𝜃
𝐷𝑡

= 𝑢𝑟
𝜕𝑢𝜃
𝜕r

+ 𝑢𝜃
𝜕𝑢𝜃
𝜕𝜃

+ 𝑢𝑧
𝜕𝑢𝜃
𝜕z

 

𝐷𝑢𝑧
𝐷𝑡

= 𝑢𝑟
𝜕𝑢𝑧
𝜕r

+ 𝑢𝜃
𝜕𝑢𝑧
𝜕𝜃

+ 𝑢𝑧
𝜕𝑢𝑧
𝜕z

 

 ( 2.3.21)  

The centripetal acceleration is 

 𝜔𝑖 × 𝜔𝑖 × 𝑟𝑖 = (𝜔𝑖 ∙ 𝑟𝑖) ∙ 𝜔𝑖 − (𝜔𝑖 ∙ 𝜔𝑖) ∙ 𝑟𝑖 = −(𝜔
2𝑟)𝑒𝑟̂ + 𝑒𝜃̂ + 𝑒𝑧̂  ( 2.3.22)  

where the terms in the unit directions 𝑒𝜃̂ and 𝑒𝑧̂ are considered as negligible. 

And the Coriolis acceleration is 

 2𝜔𝑖 × 𝑢𝑖 = (−2𝜔𝑢𝑟)𝑒𝑟̂ + (2𝜔𝑢𝑟)𝑒𝜃̂ + 𝑒𝑧̂  ( 2.3.23)  

where the unit direction 𝑒𝑧̂ can be neglected. 
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If the blade forces are neglected [18,19,41,48], then 𝐹𝑖 = 0.  Therefore, the simplified 

steady-flow solution of Eq. 2.3.18 in a cylindrical coordinate system is 

 
−
1

𝜌

𝜕𝑝

𝜕𝑟
𝑒𝑟̂ −

1

𝜌

𝜕𝑝

𝜕𝜃
𝑒𝜃̂ −

1

𝜌

𝜕𝑝

𝜕𝑧
𝑒𝑧̂

= 𝑢𝑟
𝜕𝑢𝑖
𝜕r

+ 𝑢𝜃
𝜕𝑢𝑖
𝜕𝜃

+ 𝑢𝑧
𝜕𝑢𝑖
𝜕z

− 𝜔2𝑟𝑒𝑟̂ − 2𝜔𝑢𝑟𝑒𝑟̂ + 2𝜔𝑢𝑟𝑒𝜃̂ 

 ( 2.3.24)  

The pressure gradient 
𝜕𝑝

𝜕𝑟
 at any point within the blade rows must balance the flow 

acceleration component in the radial direction [115].  The radial acceleration is affected 

by the radius of curvature of a streamline 𝑅𝑆𝑙, the velocity tangent to the streamline 𝑉𝑚  

or the velocity in the meridional direction m, and the acceleration tangent to that 

streamline or meridional acceleration 𝑉̇𝑚.  Then, the balance solution of the pressure 

gradient with the acceleration in the radial direction from the above system of equations 

can be expressed in a form in which the derivatives occurring in the axial direction 𝑧 are 

related to the geometrical shape of the streamlines, resulting in 

 
𝜕𝑉𝑚

2

𝜕𝑠
= 2𝑉𝑚

2 cos2 𝛼 {
cos(𝜑 + 𝜆)

𝑅𝑆𝑙
−
tan𝛼 (

𝜕𝛼
𝜕𝑠
)

cos2 𝛼

+ sin(𝜑 + 𝜆) [
tan(𝜑 + 𝜆)

𝑅𝑆𝑙
−

1

cos(𝜑 + 𝜆)

𝜕𝜑

𝜕𝑠
−
𝜕(ln(𝑟𝜌))

𝜕𝑚
]}

+ 2 cos2 𝛼 [
𝜕𝐼

𝜕𝑠
− 2𝑐𝑜𝑠𝛾𝜔(𝐶𝜃 − 𝑈) − 𝑇

𝜕𝑆

𝜕𝑠
] 

 ( 2.3.25)  

The variables 𝜑 and 𝜆 are the streamline slope and the sweep angle, respectively, 

representing the streamline shape.  In terms of the absolute velocity vector, 𝐶 and 𝛼 

correspond to the flow magnitudes and angle, respectively.  Whereas 𝑇 is the static 

temperature, 𝑆 is the entropy, and 𝐼 is the rothalpy. 

Eq. 2.3.25 is a non-linear partial differential equation (PDE) that represents the full 

REE, central to the SLC method.  The full REE resolves the gradient of the meridional 
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velocity in the spanwise direction s.  Alternatively to solve the full REE, its most 

general and convenient form [66,116–118] is given by 

 
𝑉𝑚
𝑑𝑉𝑚
𝑑𝑠

= 𝑉𝑚
2 [sin(𝜑 − 𝜆) tan(𝜑 + 𝜆)

𝜕𝜑

𝜕𝑚
−
𝜕𝜑

𝜕𝑠

sin(𝜑 − 𝜆)

cos(𝜑 + 𝜆)

−
sin𝜑 sin(𝜑 − 𝜆)

𝑟
−
1

𝜌

𝑑𝜌

𝑑𝑚
sin(𝜑 − 𝜆) +

cos (𝜑 − 𝜆)

𝑅𝑆𝑙
]

+ 𝑉𝑚 [tan 𝜆
𝑑(𝑟𝑉𝜃)

𝑑𝑚

1

𝑟
+ 2𝜔 sin𝜑 tan 𝜆]

+ [−
𝑉𝜃
𝑟

𝑑(𝑟𝑉𝜃)

𝑑𝑠
− 2𝜔𝑉𝜃 cos 𝜆 +

𝑑𝐼

𝑑𝑠
− 𝑇

𝑑𝑆

𝑑𝑠

+ 𝑇
𝑑𝑆

𝑑𝑚
(sin(𝜑 − 𝜆) cos2 𝛽 − tan 𝜆 sin 𝛽 cos 𝛽)] 

 ( 2.3.26)  

Eq. 2.3.26 is a second-order differential equation with respect of the meridional velocity 

[66,116,117] which can be reduced to 

 
𝑉𝑚
𝑑𝑉𝑚
𝑑𝑠

= 𝐴𝑉𝑚
2 + 𝐵𝑉𝑚 + 𝐶  ( 2.3.27)  

where the coefficients 𝐴, 𝐵 and 𝐶 correspond to those terms in Eq. 2.3.26.  Hence, the 

solution for a second-order differential equation form is 

 ln (𝐴𝑉𝑚
2 + 𝐵𝑉𝑚 + 𝐶)

2𝐴
−

𝐵

𝐴√4𝐴𝐶 − 𝐵2
atan (

2𝐴𝑉𝑚 + 𝐵

√4𝐴𝐶 − 𝐵2
) = 𝑠 + 𝐼𝐶  ( 2.3.28)  

The integration constant 𝐼𝐶 may be calculated using the full REE second-order 

differential equation from Eq. 2.3.28  in a finite-difference approximation for two 

consecutive streamlines 𝑗 as 

 1

2𝐴
[ln (

𝐴𝑉𝑚𝑗+1
2 + 𝐵𝑉𝑚𝑗+1 + 𝐶

𝐴𝑉𝑚𝑗
2 + 𝐵𝑉𝑚𝑗 + 𝐶

)] −
𝐵

𝐴√4𝐴𝐶 − 𝐵2
[atan (

2𝐴𝑉𝑚𝑗+1 + 𝐵

√4𝐴𝐶 − 𝐵2
)]

− [atan (
2𝐴𝑉𝑚𝑗 + 𝐵

√4𝐴𝐶 − 𝐵2
)] = 𝑠𝑗+1 − 𝑠𝑗 

 ( 2.3.29)  
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Nevertheless, the full REE just solves the gradient of the meridional velocity in the 𝑠 

direction from hub to tip but not its magnitude, requiring of an additional equation.  

Mass flow continuity formulation provides the integration of the meridional velocity at 

each streamline across the blade rows to obtain  𝑉𝑚.  In between streamlines, the 

confined stream tube mass flow [18,19,41,48] is defined as  

 
𝑚𝑗̇ = ∫ 𝜌𝑗̅

𝐴

𝑉𝑚𝑗
̅̅ ̅̅̅𝑑𝐴  ( 2.3.30)  

which might be numerically solved, giving 

 𝑚𝑗̇ =
𝜋

2
[𝜌𝑗+1𝑉𝑚𝑗+1 cos(𝜑𝑗+1 + 𝜆𝑗+1)

+ 𝜌𝑗𝑉𝑚𝑗 cos(𝜑𝑗 + 𝜆𝑗)] [
𝑟𝑗+1

2 − 𝑟𝑗
2

𝑐𝑜𝑠 (
𝜆𝑗+1 + 𝜆𝑗

2 )

] 
 ( 2.3.31)  

The full REE in set with the mass-flow continuity are iteratively solved based on a 

computational mesh on the meridional plane (S2 surface).  The mesh is constructed 

between the intersection of the streamlines and quasi-orthogonal or quasi-normal 

calculation station lines to the stream surface as sketched in Figure 2.13.  

 

Figure 2.13  2-D SLC mesh definition on the meridional plane. 
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To start the computation, as displayed in the flow chart of Figure 2.14, a meanline 

meridional velocity and streamline distribution are assumed. Given 𝑉𝑚, velocity 

properties and flow thermodynamic properties are calculated along the given streamline 

position.  The full REE in the form of Eq. 2.3.29 resolves the meridional velocity 

gradient in the spanwise direction.  The meridional velocity profile is then integrated 

through Eq. 2.3.31, giving the stream tube mass-flows and setting the compressor total 

mass-flow to be compared against the required overall mass-flow.  The mass flow 

difference establishes the adjustment in meridional velocity for the next iteration.  The 

new streamlines positions for the successive iterations are determined based on the 

computed stream tube mass-flows.  The iterative scheme converges when both, full 

REE and mass flow conservation, are satisfied within the error tolerances specified.  

Geometrical and boundary 

-conditions input data

2-D and 3-D Compressor/

Fan and blading geometry 

generation

Meridional velocity and 

streamline location 

initialisation

Blade geometry 

interpolation on 

streamlines

Profile, shock and 

secondary losses 
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Full Radial Equilibrium 
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Figure 2.14  High-level flow-chart for the 2-D SLC axial-flow fan/compressor performance 

simulator (SOCRATES) [14,17,31]. 



 

49 

 

Due to the inviscid and 2-D flow treatment in SLC methods, the compressor blading 

losses and deviations should be considered separately.   The very complicated flow 

situation have made almost impossible to resolve the loss and deviation angle 

theoretically. For this reason, empirical correlations determined from statistics-based 

two-dimensional (or in some cases annular) cascade rig-test data for standard blade 

section types are used to compensate for the total-pressure loss.   A vast number of 

empirical correlations define directly a 2-D low-speed operation.  In high-speed 

compressors, correction factors are used for Mach number, Reynolds number, blade-

surface roughness, and 3-D effects.  In transonic compressor SLC analyses, shock-

induced losses must be considered as well.  For this matter, empirical or very simple 

shock-loss models have been implemented. A thorough discussion upon the various 

shock-loss models developed is provided in Sec. 2.6.4 and Sec. 2.6.5, for simple 

analytical and full/semi-empirical models, respectively.   

To ensure performance prediction fidelity, an axial-flow compressor SLC algorithm 

should include a set of empirical correlations for:  design incidence, design total-loss, 

off-design total loss, design deviation angle and off-design deviation angle.  In parallel, 

these correlations might require of supplementary cascade-data-based models to work, 

such as:  equivalent diffusion factor, design angle of attack, and stall angles (positive 

and negative stall angle of attacks, and stall incidence).  The diffusion factor, which can 

be understood as a measure of the blade loading, might be applied in its fullest form 

definition derived by Lieblein [119] and presented in other distinguished reviews [120–

123], expressed as 

 
𝐷 = (1 −

𝑉2
𝑉1
) +

𝑉𝜃2 − 𝑉𝜃1
2𝜎𝑉1

  ( 2.3.32)  

where the subindex 𝜃 represents the whirl or circumferential component of the relative 

velocity. Alternatively, the diffusion factor can be empirically computed as a function of 

the wake-momentum-thickness to chord ratio Θ𝑤 𝑐⁄ .   

In the case of transonic axial-flow compressor SLC simulations, the total losses are split 

into the three main contributions:  profile, shock, and secondary losses.  To attain an 

accurate performance estimation, additional empirical or semi-empirical correlations are 
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required for:  minimum-loss incidence, minimum-loss profile loss, profile loss, shock 

loss, and secondary loss (passage secondary flows, tip clearance flows, shroud/seal 

leakage and hub vortices).     

In respect of the profile losses, because the viscosity terms are involved, it is not 

feasible to resolve the boundary-layer PDE’s at a small length-scale.  Even if numerical 

methods are applied to solve the PDE system, it would result prohibitive as the 

algorithm would head towards a 2-D RANS solver, losing the real SLC spirit of 

accuracy at low computational cost.  Simple flat-plate boundary-layer equations would 

not represent the actual flow retardation physics on a blade surface.  Whereupon, blade 

boundary-layers models [124–126] are used, which due to their complexity are not 

applied in their fullest form, ending up in being over-simplified.  Experimental 

investigations on compressor blade boundary-layers [93,126–133] have demonstrated 

this simplification is excessive since there is significant performance disparity against 

the proposed models.  Up to this dates, there is still a great debate between the known 

approaches, with different concepts each, on how to solve the turbulence and wake 

mixing, which in fact affects the radial transport or spanwise mixing [134].  In this 

scenario, empirical profile-loss models are still in widespread use as physical effects are 

captured within a quick, non-complex and inexpensive approach.   

Conversely, shock losses might be treated with full/semi-empirical or simple shock 

models, however attention must be taken as to know what losses are being considered.  

Through conventional shock theory, the relative total-pressure loss due to the non-

isentropic shock process can be computed.  Nevertheless, the mentioned complexity of 

an explicit boundary-layer resolution makes almost impossible to resolve the SWBLI 

with the current known analytical methods.  On the other hand, empirical shock-loss 

models confine the shock-only and SWBLI losses in a single coefficient, without the 

possibility of isolating these two effects from blade-cascade measured data.  

At present-day situation, a large number of empirical correlations can be found in the 

literature, which are still used by engine design groups and industrial turbomachinery 

companies.  An early collection of empirical cascade-test data charts and correlations 

was given by Johnsen and Bullock [121].  Cahill [135] provided a more dedicated 
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identification of empirical loss and deviation models for transonic axial-flow 

compressors.  A distinguished compilation of empirical models by Aungier [136], 

curve-fits and extrapolates the empirical blade-cascade data to provide continuous 

approximating functions for the various correlations even if they fall outside of the 

testing range.   Table 2.1 lists the most relevant and widely used empirical correlations 

across the SLC performance simulation programs for subsonic and transonic axial-flow 

compressors.   

Table 2.1  Full/semi-empirical and simple analytical correlations for losses, deviation angle, and 

stall prediction employed in axial-flow compressor SLC methods. 

Axial-Flow 

Compressor 

Type 

Loss/Deviation 

Mechanism 

Loss/Deviation 

Sub-

Mechanism 

Correlation Reference 

S
u
b
so

n
ic

 

 

Design-total loss  

Lieblein [137], Swan [103], 

Jansen and Moffat [138], 

Dettmering [139], Koch and 

Smith Jr. [140] 

Off-design total-

loss 
 

Howell [98], Lieblein [119], 

Swan [103], Jansen and Moffatt 

[138], Creveling and Carmody 

[45], Cetin et al. [141] 

T
ra

n
so

n
ic

 

Design 

incidence 
 

Johnsen and Bullock/Lieblein 

[121,122], Lieblein [142], Herrig 

et al. [143], Aungier [136] 

Design 

deviation angle 
 

Constant [144], Carter’s rule 

[145,146], Modified Carter’s rule 

by Cetin et al. [141], Aungier 

[136] 

Off-design 

deviation angle 
 

Howell [98], Swan [103], Johnsen 

and Bullock/Lieblein [121,122], 
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Jansen and Moffatt [138], Pollard 

and Gostelow [147], Creveling 

and Carmody [45], Aungier [136] 

Diffusion Factor  
Johnsen and Bullock/Lieblein 

[121,122] 

Equivalent 

Diffusion Factor 
 Lieblein [137,148], Aungier [136] 

Design angle of 

attack 
 Lieblein [142], Aungier [136] 

S
ta

ll
 p

re
d
ic

ti
o
n

 

Negative and 

Positive Stall 

Angle of Attack 

Herrig et al. [143], Aungier [136] 

Stall Angle of 

Attack 
Aungier [136] 

Stall Incidence Aungier [136] 

 Minimum-loss 

incidence 
 

Chauvin and Weyer [149], Cetin 

et al., [141], Aungier [136] 

Minimum-loss 

profile loss 
 Aungier [136] 

Profile loss  

Koning et al. [150,151] for 

subsonic flow, Koning et al. for 

supersonic flow [152,153], 

Aungier [136] 

S
h
o
ck

 l
o
ss

 

Shock-only 

†Schwenk et al., †Miller et al. 

[3], Koch and Smith Jr. [140], 

†Bloch [34], †Boyer [13,35,36] 
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SWBLI 

Swan [103], *Fottner [154], 

Cunnan et al. [38], ‡Hirsch and 

Denton [90], Koning et al. [155] 

S
ec

o
n
d
ar

y
 l

o
ss

 

Tip clearance 

flow and hub 

vortices 

Howell [98] 

Tip clearance 

flow 
Aungier [136] 

Shroud/Seal 

leakage loss 
*Aungier [136] 

Passage 

secondary 

flows, tip 

clearance flow, 

hub vortices, 

spanwise mixing 

Hearsey [156] 

* Semi-empirical, †Simple Analytical, ‡Empirical model from two or more reported 

Note that all the correlations in Table 2.1 are empirical, except for those where an 

indication is given.  In particular, shock-loss models show both, analytical for shock-

only losses and full/semi-empirical for merged shock-wave and SWBLI mechanisms. 

Improvements in loss modelling, off-design calculations and stall prediction have been 

implemented in recent years in SLC methods. For instance, Howard and Gallimore 

[157] improved the SLC program from Jennions and Stow [112], which already 

included a spanwise mixing model consisting in a turbulent diffusion model, by 

including end-wall shear force calculations. This improvement came as a substitution of 

empirical blockage factors or AWBL calculations, to guarantee a more realistic 

prediction of velocity and flow angle distribution near the end-wall.  Dunham developed 

end-wall loss models for a more realistic performance in SLC methods for axial-flow 
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compressors, reported by Dunham [158–161].  Additionally, Dunham [159,160] studied 

the spanwise mixing in axial flow due to turbulent diffusion for SLC compressor 

analysis, which was further improved in Dunham [161] as turbulent convection due to 

secondary flow, spanwise surface boundary layer migration and spanwise convection 

between flow and blade wake, were considered.   

Boyer and O’Brien [13,35,36] enhanced the SLC computer code for transonic axial-

flow compressors developed by Boyer [13], to obtain a more accurate pressure loss 

modelling at off-design conditions.  This was achieved through the implementation of a 

physics-based shock loss model that considers shock-structure changes depending on 

the inlet relative Mach number, flow turning and blade profile section geometry.   

As mentioned, deviation and loss models rely on statistics-based experimental curve 

approximations; however, they show large differences against actual performance.  To 

compensate it, Pachidis et al. [41] developed a strategy of adapting a blade profile loss 

model against performance experimental data through an iterative process. 

Hu et al. [162] improved the minimum-loss incidence and total-pressure-loss model for 

SLC methods at design and off-design points.  The minimum-loss incidence was set up 

to be dependent on the inlet Mach number and blade profile geometry parameters, such 

as solidity, camber, and thickness distribution.  Total-pressure losses were divided in a 

minimum loss as a function of Mach number and Reynolds number, and in an additional 

loss that accounts for the off-design condition as a function of the minimum-loss 

incidence and the actual incidence difference.  Later, Hu et al. [163] implemented more 

elegant models for incidence and total losses in an existing SLC method to analyse 

transonic axial-flow compressors analysis. 

Templalexis et al. [20] reported the deviation and loss models included in the SLC code 

(SOCRATES) developed by and Pachidis [14] and Pachidis et al. [17].  Minimum loss 

incidence angle was calculated with model from Lieblein [122], while models from 

Carter [145], Lieblein [142] and Cetin et al. [141] were used to calculate deviation 

angle.  Deviation angle at off-design was coded from Creveling and Carmody [45].  

Blade row stall prediction was considered from Aungier [136], whereas blade passage 

choking was a critical Mach number-based approach.  In terms of loss models, the 
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following correlations were programmed and implemented in SOCRATES:  profile loss 

were obtained from Swan [103], and Jansen and Moffatt [138], shock loss from 

Schwenk et al. [4], and secondary losses from Howell [98] and Griepentrog [164]. 

A recent study by Tiwari et al. [23] showed the improvement of a SLC solver to deal 

with subsonic and supersonic flow solution.  The procedure was developed to identify 

supersonic flow, calculate the SLC gradient term to avoid singularities at supersonic 

meridional Mach numbers, and a method to handle choked flow.  The SLC gradient 

term calculation is based on Denton [111] and Came [165].  This SLC enhancement led 

to substantially increase the solution accuracy, providing robustness for transonic flow 

analyses. 

SLC methods have suffered variations along their existence, particularly in the body 

force inclusion to the REE.  Horlock [166] introduced in the REE, the effect of entropy 

production along the streamline as a body force that acts as drag 𝐷  opposite to the flow 

given by 

 
𝐷 = 𝑇

𝜕𝑆

𝜕𝑚
  ( 2.3.33)  

Horlock and March [167] discussed the nature of the blade forces by comparing 

meridional-flow models against blade pitch-averaged equations.  The pressure force was 

then related to the circumferential flow turning rate along a streamline.  Similarly, 

Jennions and Stow [112] considered the blade-to-blade plane body force terms to 

account for circumferential flow variation in the meridional surface. 

The effect of the body-force terms in the full REE for SLC methods was demonstrated 

by Templalexis [118].  A better agreement between SLC and experimental data was 

found when the force terms were addressed. Despite the increase in the REE 

complexity, more solutions were converged and fewer iterations were required to 

achieve convergence when the force terms were included.  The body forces 𝐹 may be 

resolved in pressure forces 𝐹𝑝 acting normal to the blade surface and drag forces 𝐷 

acting tangentially to the blade surface, as follows 

 𝐹𝑖 = 𝐹𝑝𝑖 + 𝐷𝑖 
 ( 2.3.34)  
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The body force 𝐹𝑖 is a vector with components 𝐹𝑚, 𝐹𝑞 and 𝐹𝜃, corresponding to the three 

orthogonal directions in a meridional plane, streamline 𝑚, stream surface normal or 

quasi-orthogonal line 𝑞 and whirl 𝜃, respectively.  Considering the blade forces in Eq. 

2.3.18, and expanding it in the meridional system, the Euler system of equations of 

motion of a continuum with the inertial terms becomes 

 
𝑉𝑚
𝑑𝑉𝑚
𝑑𝑠

−
𝑉𝜃

2

𝑟
sin 𝜑 = −

1

𝜌

𝑑𝑝

𝑑𝑚
+ 𝐹𝑚 

𝑉𝑚
2

𝑅𝑆𝑙
−
𝑉𝜃

2

𝑟
cos𝜑 = −

1

𝜌

𝑑𝑝

𝑑𝑠
+ 𝐹𝑞 

𝑉𝑚
𝑟

𝑑(𝑟𝑉𝜃)

𝑑𝑚
= 𝐹𝜃 

 ( 2.3.35)  

However, it is only the whirl component of the pressure force 𝐹𝑝𝜃 that affects the REE, 

as it acts perpendicular to the meridional plane.  Then, for instance, the body-force whirl 

component 𝐹𝜃 is composed of the pressure force 𝐹𝑝𝜃 acting in the same direction and 

the projected drag acting opposite to the blade-row rotation, written as 

 𝐹𝜃 = 𝐹𝑝𝜃 − 𝐷 sin 𝛼  ( 2.3.36)  

Likewise to the solution of the Euler equations of motion with no body forces, the full 

REE might be expressed in a form that the derivatives along 𝑚 are related to the 

streamline shape.  Thus, the full REE with body forces is conveniently arranged for its 

solution in the form of a second-order differential equation as in Eq. 2.3.27.  The term A 

remains unaffected, whilst B and C terms become 
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 𝐵 = 𝑉𝑚[2𝜔 sin𝜑 tan 𝜂 cos 𝜆] 

𝐶 = [−
𝑉𝜃
𝑟

𝑑(𝑟𝑉𝜃)

𝑑𝑠
− 2𝜔𝑉𝜃 cos 𝜆 +

𝑑𝐼

𝑑𝑠
− 𝑇

𝑑𝑆

𝑑𝑠

+ 𝑇
𝑑𝑆

𝑑𝑚
(sin(𝜑 − 𝜆) cos2 𝛽 − tan 𝜆 sin 𝛽 cos 𝛽)

− 𝐹𝜃 tan 𝜂 cos 𝜆] 

 ( 2.3.37)  

where the last term of the coefficient 𝐶 is the body force acting on the quasi-orthogonal 

direction, so that 

 𝐹𝑞 = 𝐹𝜃 tan 𝜂 cos 𝜆  ( 2.3.38)  

Substituting the circumferential body-force of Eq. 2.3.36, the coefficient 𝐶 equation is 

defined as  

 
𝐶 = [−

𝑉𝜃
𝑟

𝑑(𝑟𝑉𝜃)

𝑑𝑠
− 2𝜔𝑉𝜃 cos 𝜆 +

𝑑𝐼

𝑑𝑠
− 𝑇

𝑑𝑆

𝑑𝑠

+ 𝑇
𝑑𝑆

𝑑𝑚
(sin(𝜑 − 𝜆) cos2 𝛽 − tan 𝜆 sin 𝛽 cos 𝛽)

− 𝐹𝑝𝜃 tan 𝜂 cos 𝜆 + 𝐷 sin 𝛼 tan 𝜂 cos 𝜆] 

 ( 2.3.39)  

Not only empirical or analytical flow models have been improved in SLC methods but 

also the stability and convergence algorithms.  Katsanis [168] replaced the normal lines 

to the flow in the computational mesh for quasi-orthogonal lines to enhance solution 

stability and speed, avoiding the tedious shape and length calculation of the streamlines 

and normal lines at every iteration.  Wilkinson [169] implemented a damping factor to 

control the quasi-orthogonal lines displacement during the calculation to improve 

stability, while guarantying convergence and accuracy.  The numerical scheme 

consisted in determining an optimum damping factor as a function of the mesh aspect 

ratio, Mach number distribution and differentiation approach.  Pachidis et al. [116,117] 

developed, implemented and tested a dynamic convergence control (DCC) algorithm for 
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the solution of the REE in a 2-D SLC solver (SOCRATES).  The new DCC algorithm 

was introduced with the purpose of avoiding user intervention during the REE solution 

execution while keeping a reasonable, speed, accuracy and robustness.  Although the 

DCC scheme had more convergence difficulties at off-design conditions; convergence 

was achieved with good agreement against experimental results.   

Particularly, SLC simulation codes have been adapted to satisfy the needs of the 

compression system structures, such as fans, where the flow is split to the bypass and 

core channels.  Shan [170] devised an approach for mass flow addition in SLC methods 

to treat inverse design in fans. 

Furthermore, SLC methods have found application in analysing complex flow processes 

affecting the compressor and the engine.  For instance, an integration of a low-fidelity 

0-D gas-turbine performance simulator and a high-fidelity 2-D SLC compressor 

program (SOCRATES) [18,19], was used to obtain the overall engine and compressor 

performance under compressor inlet flow radial pressure distortion.  The advantage of 

this integration technique is that the influence on engine performance due to physical 

phenomena arising in the compressor and analysed through SLC methods, can be 

represented.  Equally, parallel compressor theory in the S1 surface was coupled to a 

SLC code in the S2 surface [171] to analyse fan inlet flow distortion and predict surge 

in the context of a quasi-3-D analysis.  The effect of having a duct upstream of the 

compressor and consequently, boundary layer ingestion (BLI) and growth, was studied 

using a 2-D SLC code (SOCRATES) [66].  Moreover, this study addressed the lean 

angle variation to understand the effect on the compressor performance due to inlet-

induced flow-distortion. 

In short, SLC methods offer the advantage of analysing isolated gas-turbine engine 

components in detail, providing an accurate and inexpensive solution in terms of 

computational run-time against CFD.  In terms of flexibility, SLC strategy allows to 

include empiricism in the form of all kind of deviation and loss models unlike CFD, 

where correlations are pre-defined and cannot be modified.  Moreover, SLC analyses 

require less initial and boundary conditions in comparison with CFD.  Even more, high-

fidelity analyses from a 2-D SLC compressor performance simulator can be 
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incorporated into a low-fidelity entire 0-D engine solver.  Through this amalgamation 

strategy, the influence of other engine components is considered to obtain detailed 

performance results of the SLC-analysed independent component, which is known as 

component zooming. On the other hand, engine performance prediction is more 

accurate as internal physical phenomena and a geometry-based approach are 

contemplated to compute component boundary conditions. Thus, component SLC 

analyses offer a good trade-off between accuracy and low computational cost and time; 

if coupled with a low-fidelity engine performance cycle simulator, a more accurate and 

cost-effective engine performance estimation can be obtained. 

2.4 High-Speed Compressible Flow Aerodynamics 

2.4.1 Normal Shock Waves 

As a flow moves within a duct at lower speeds than the sound, the density of the fluid 

remains constant and the flow process can be considered as reversible. If the flow 

velocity increases towards speed of sound, compressibility effects start to become more 

significant.  Shock waves appear when the flow transitions from supersonic to subsonic 

velocities as a result of an area change or a static-pressure gradient.  Similar effect 

happens when instead of flow circulating inside of a duct, an object moves 

supersonically through a fluid.  A shock wave can be considered as a sound wave with 

finite length and strength that compresses the flow and reduces its velocity.  

Discontinuous thermodynamic properties occur across the shock wave, causing 

dramatic temperature, pressure, density and velocity gradients, yielding to entropy 

production and making the process irreversible.  Consequently, the total pressure of the 

flow is reduced, generating a loss.  Therefore, isentropic relationships are valid 

upstream and downstream of the shock, but can no longer be used across of it [172].  A 

normal shock then is defined as that discontinuous step-change compression 

perpendicular to the flow direction. 

Because the shock wave is assumed to be of zero thickness, a thin control volume is 

considered for the flow process as shown in Figure 2.15 , governed by the well-known 

thermofluid laws: 



 

60 

 

Continuity 𝜌1𝑢1 = 𝜌2𝑢2  ( 2.4.1)  

Momentum 𝑝1 + 𝜌1𝑢1
2 = 𝑝2 + 𝜌2𝑢2

2  ( 2.4.2) 

Energy ℎ1 +
1

2
𝑢1
2 = ℎ2 +

1

2
𝑢2
2  ( 2.4.3) 

 

Figure 2.15  Control volume for a normal shock process. 

Observe that the area change and viscous effects are neglected in the continuity and the 

momentum equations, respectively, as the shock thickness tends to zero. Sub-indices 1 

and 2 represent the inlet and outlet states.  If inlet conditions are known, the rest of the 

values from the governing equations can be found from the ideal gas relationships, 

giving the Rankine-Hugoniot relations.  The perfect or ideal gas equation is 

 𝑝 = 𝜌𝑅𝑇  ( 2.4.4)  

The total thermodynamic or static enthalpy ℎ in a fluid is given by 

 ℎ = 𝐶𝑝𝑇  ( 2.4.5)  

Where 𝐶𝑝 is the specific heat at constant pressure, which can be expressed in terms of 

the heat specific ratio 𝛾, giving 

 
𝐶𝑝 =

𝛾𝑅

𝛾 − 1
  ( 2.4.6)  

Substituting the perfect gas equation and 𝐶𝑝 in the static enthalpy definition 

 
ℎ =

𝛾𝑅

𝛾 − 1

𝑝

𝜌𝑅
=

𝛾𝑝

(𝛾 − 1)𝜌
  ( 2.4.7)  

Therefore, the energy equation becomes 
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 𝛾

(𝛾 − 1)

𝑝1
𝜌1
+
1

2
𝑢1
2 =

𝛾

(𝛾 − 1)

𝑝2
𝜌2
+
1

2
𝑢2
2  ( 2.4.8)  

Substituting continuity and momentum equation in Eq. 2.4.8 to replace 𝑢2 and 𝜌2, and 

solving for the pressure ratio across the shock 

 𝑝2
𝑝1
= 1 +

2𝛾

𝛾 + 1
(
𝜌1𝑢1

2

𝛾𝑝1
− 1)  ( 2.4.9)  

Besides the Mach number 𝑀 can be expressed as 

 
𝑀2 =

𝑢2

𝑎2
=

𝑢2

𝛾𝑅𝑇
=
𝜌𝑢2

𝛾𝑝
  ( 2.4.10)  

Thus, the velocity can be substituted for the Mach number in Eq. 2.4.9 

 𝑝2
𝑝1
= 1 +

2𝛾

𝛾 + 1
(𝑀1

2 − 1)  ( 2.4.11)  

Likewise, the Mach number expression is introduced in the momentum equation 

 𝑝1 +𝑀1
2𝛾1𝑝1 = 𝑝2 +𝑀2

2𝛾2𝑝2  ( 2.4.12)  

Solving for the outlet Mach number 

 

𝑀2 = √
(𝛾 − 1)𝑀1

2 + 2

2𝛾𝑀1
2 + 1 − 𝛾

  ( 2.4.13)  

Static Temperature, density and velocity ratios can be similarly obtained as 

 𝑇2
𝑇1
= 1 +

(𝛾𝑀1
2 + 1)

𝑀1
2

2(𝛾 − 1)

(𝛾 + 1)2
(𝑀1

2 − 1)  ( 2.4.14)  

 𝜌2
𝜌1
=
𝑢1
𝑢2
=

𝑀1
2(𝛾 + 1)

(𝛾 − 1)𝑀1
2 + 2

  ( 2.4.15) 

Since the shock process is adiabatic as there is no heat addition or rejection, the total-

temperature remains constant, written as 

 𝑇02 = 𝑇01  ( 2.4.16)  
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And the total-pressure ratio or recovery across a normal shock is 

 

𝑃02 = [
(𝛾 + 1)𝑀1

2

(𝛾 − 1)𝑀1
2 + 2

]

𝛾
𝛾−1

[
𝛾 + 1

2𝛾𝑀1
2 − (𝛾 − 1)

]

1
𝛾−1

 
 ( 2.4.17)  

 

2.4.2 Oblique Shock Waves 

When the flow exceeds the speed of sound and gets deflected by any obstacle it results 

in the formation of oblique shock waves.  These kinds of shocks are not necessarily 

normal and the flow across them can no longer be considered 1-D.  Instead, the flow is 

2-D oriented at angle with respect of the shock wave.  The flow changes across the 

shock are determined by the normal component of the velocity.  A balance of 

conservation of momentum in the control volume containing the oblique shock, shows 

that the tangential velocity component remains unchanged.  Hence, normal shock theory 

can be applied to oblique shocks but considering the perpendicular component of the 

velocity.  If inviscid flow is assumed, compressible-flow theory establishes that the 

conditions immediately downstream of the shock are only a function of the free-stream 

Mach number and the shock angle 𝜍.  The relationship between the obstacle geometry 

and the shock angle is given by the inclination 𝛿 of the object surface.  This relation has 

been well-documented for simple, but key, geometrical shapes as shown in Figure 2.16 

a) for axially symmetric cones or wedges, and Figure 2.16 b) for inclined wall planes.  

As the oblique shock is at an angle 𝜍 with respect of the surface, the flow across the 

shock is turned by an amount 𝛿, as shown in Figure 2.16.  Consequently, the outlet 

velocity has a direction equals to the deflection angle 𝛿.  In fact, the normal shock is a 

particular case of the oblique shock theory with a 𝜍 = 90°. 

 

Figure 2.16  Oblique shock waves.  a)  Flow past a wedge.  b)  Flow past an inclined wall. 



 

63 

 

Therefore, the oblique-shock relations become [173] 

 𝑝2
𝑝1
= 1 +

2𝛾

𝛾 + 1
(𝑀1

2 sin2 𝜍 − 1)  (2.4.18)  

 

𝑀2 =
√

(𝛾 − 1)𝑀1
2 sin2 𝜍 + 2

2𝛾𝑀1
2 sin2 𝜍 + 1 − 𝛾

sin2(𝜍 − 𝛿)
 

(2.4.19) 

 𝑇2
𝑇1
= 1 +

(𝛾𝑀1
2 sin2 𝜍 + 1)

𝑀1
2 sin2 𝜍

2(𝛾 − 1)

(𝛾 + 1)2
(𝑀1

2 sin2 𝜍 − 1) (2.4.20) 

 𝜌2
𝜌1
=
𝑢1
𝑢2
=

𝑀1
2 sin2 𝜍 (𝛾 + 1)

(𝛾 − 1)𝑀1
2 sin2 𝜍 + 2

=
𝑡𝑎𝑛𝜍

tan (𝜍 − 𝛿)
  (2.4.21)  

 𝑇02 = 𝑇01  (2.4.22)  

 
𝑃02
𝑃01

= [
(𝛾 + 1)𝑀1

2 sin2 𝜍

(𝛾 − 1)𝑀1
2 sin2 𝜍 + 2

]

𝛾
𝛾−1

[
𝛾 + 1

2𝛾𝑀1
2 sin2 𝜍 − (𝛾 − 1)

]

1
𝛾−1

 
 (2.4.23)  

Shock and deflection angle can be related through an expression derived from the 

oblique shock equations and trigonometric identities, giving 

 
𝛿 = atan {2 cot 𝜍

𝑀1
2 sin2 𝜍 − 1

𝑀1
2[𝛾 + cos(2𝜍)] + 2

}  ( 2.4.24)  

The above oblique-shock relations have been presented in the form of charts 

[172,174,175] to conveniently determine the flow conditions downstream of an oblique 

shock for wedges and inclined wall surfaces.  For instance, Eq. 2.4.24 is typically 

represented in a 𝜍 vs 𝛿 chart for constant inlet Mach numbers 𝑀1, as shown in Figure 

2.17.  Observe that an increase in 𝑀1at constant 𝛿, reduces 𝜍, and hence, the shock 

strength decreases with it.  For a given inlet Mach number there is one maximum 

deflection angle 𝛿𝑚𝑎𝑥 and there is no attached straight oblique shock solution beyond 

this angle. Instead, a detached curved shock is obtained, explained later in Sec. 2.1.3, 

relevant for the physics principle of bow shocks in compressor rotor blades.  Clearly it 

is noticed that for a  𝜍 = 90°, namely a normal shock, 𝛿 = 0 for any inlet Mach number. 

Two possible shock angle solutions are possible for a given 𝑀1 and 𝛿 <  𝛿𝑚𝑎𝑥: a weak 
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shock related to low shock angles, and a strong shock associated to high shock angles.  

For strong oblique shocks, the flow downstream is subsonic; whereas for weak shocks, 

which are more realistic to occur, the flow behind the shock generally remains 

supersonic. 

 

Figure 2.17  Shock angle vs deflection angle chart for oblique shock waves [173]. 

2.4.3 Detached Shock Waves 

Early experimental investigations in objects moving at supersonic speeds showed a 

detached wave ahead of them, showing good agreement with theory in terms of shock 

strength and entropy generation across the shock system [176].  Crocco [177] initiated 

the first flow computations behind a detached shock by defining a stream function, 

highlighting the relationship between the streamlines and the shock curvature [178]. 

 When there is a supersonic flow past a wedge with a wedge half-angle 𝛿  as in Figure 

2.16 a) or past an inclined wall with a cone semivertex angle 𝛿 as in Figure 2.16 b), an 

oblique shock is formed ahead of the wall.  As it was mentioned in Section 2.1.2, if  

𝛿 >  𝛿𝑚𝑎𝑥 for a particular 𝑀1,  the shock is no longer attached nor oblique.  

Alternatively, a detached curved shock wave stands in front of the sharp-nosed object as 

sketched in Figure 2.18.  The supersonic flow passing across the central part of the 
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shock undergoes a strong compression, forming a subsonic flow pocket with 𝑀2 < 1 in 

front of the body nose and behind the bow wave.  This central portion of the shock can 

be considered as the strong solution in the 𝜍 vs 𝛿 chart due to the large shock angle.  In 

fact, moving farther out of the central streamline, the shock angle keeps decreasing until 

is low enough to produce weak shock, resulting in supersonic flow behind it.  As seen in 

Figure 2.18 , downstream of the detached shock there is a clear division between the 

subsonic flow originated from the large-shock-angle shock and the remaining weak 

shock called sonic line.  Along the sonic line, the Mach number is unity.  

 

Figure 2.18  Detached shock wave ahead of a sharp-nosed body [173]. 

From the 𝜍 vs 𝛿 chart in Figure 2.17, it is evident that an increase in the inlet Mach 

number, extends the deflection angle margin, hence, if 𝛿 exceeds 𝛿𝑚𝑎𝑥, an increment in 

𝑀1 produces shock re-attachment and obliquity.  This is that for pointed bodies, there is 

a Mach number below which the bow wave is always detached but above which it is 

attached, and this is the detachment Mach number [179].  However for the case of 

blunt-nosed bodies as the blade profiles, the shock is always detached, regardless of any 

inlet free-stream Mach number increase and there is no detachment Mach number 

defined. 

The detached wave 𝐷𝐷′ flow field is explained in Figure 2.19 for a blunt-nose body 

moving at supersonic speed.  The bow shock leads up asymptotically to infinity whose 

angle with the flow velocity is the Mach angle.  There is a stagnation point at p and the 

streamline passing through this point and aligned with the velocity direction, is the 
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stagnation streamline about the 𝑋𝑋′-axis.  The bow shock intersects the stagnation 

streamline at its vertex 𝑣, where only at this point the shock is completely normal.  

Farther out from the vertex in both directions, the shock becomes every time more or 

oblique with a particular shock angle 𝜍 at every point.  Thus, the shock angle varies 

from zero at 𝑣 to the Mach angle complement at infinity.  

 

Figure 2.19  Bow shock-wave system in a blunt-nose body. 

 The shock system divides the flow in two parts in the direction of the velocity.  

Everywhere upstream of bow shock, the flow is uniform with constant total head or 

total pressure.  Downstream of the shock, the flow field varies in the direction normal to 

the velocity having a different stagnation pressure due to a variation in entropy 

generation as a function of the free-stream Mach number and the shock angle.  The 

deflection angle varies from zero at the bow vertex to a maximum deflection value at a 

finite distance out in the shock and gradually becomes zero again as the shock 

approaches its asymptote.  This can be verified by 𝜍 vs 𝛿 plot of Figure 2.17, where for 

a given inlet free-stream Mach number, the deflection angle increases to a maximum on 

the strong side portion of the shock (dashed line), and decreases from the maximum 

value to zero on the weak shock section (solid line).  Consequently, the downstream 

Mach number varies in the direction normal to the flow.  The Mach number varies from 



 

67 

 

a minimum to unity on the sonic line and from unity progressively approaches to the 

free-stream Mach number as the shock angle approximates the Mach angle complement. 

Laitone and Pardee [179] developed a method to obtain the bow shock location but for 

free-stream Mach numbers slightly above unity.  This is an inlet Mach number of 1+𝜖, 

where 𝜖 is very small in comparison to one.  To determine the detachment distance of 

the shock from the body nose, the problem was simplified to consider a normal shock 

plane, which is a relatively acceptable for Mach numbers just above sonic.  Then, the 

entropy change across the bow-wave system is 

 
Δ𝑠 = 𝐶𝑣ln (

𝑝1
𝜌1⁄

𝑝01
𝜌01⁄

) = 𝐶𝑣
2𝛾(𝛾 − 1)

3(𝛾 − 1)2
  ( 2.4.25)  

Substituting in Eq. 2.4.25 the isentropic total-to-static relation for pressure and density 

in terms of Mach number and expanding it in powers of 𝑀1
2 − 1 gives 

 
Δ𝑠 = 𝐶𝑣

2𝛾(𝛾 − 1)

3(𝛾 − 1)2
(𝑀1

2 − 1)3 +⋯  ( 2.4.26)  

Since 𝑀 = 1 + 𝜖, Eq. 2.4.26 becomes, 

 
Δ𝑠 = 𝐶𝑣

16

3

𝛾(𝛾 − 1)

(𝛾 + 1)2
𝜖3 +⋯  ( 2.4.27)  

From the governing conservation equations of energy, continuity and momentum, the 

Mach number downstream of the bow is calculated assuming a normal shock using Eq. 

2.4.13.  Hence, the velocity ratio across the bow shock is expressed as 

 𝑉2
𝑉1
=

1

𝛾 + 1
(
2

𝑀1
2 + 𝛾 − 1) 

 ( 2.4.28)  

As the incoming Mach number approaches unity from a supersonic value, the bow 

shock backs out of the body nose towards infinity, becoming weaker.  Figure 2.20 

shows a Schlieren photograph of an engine intake with a strong and weak bow shock on 

either side of the wedge-sharped cone tip.  The dissymmetry of both systems allowed 

observing in the same photography a weaker solution when the shock recedes farther 

ahead and a stronger solution when the shock is more attached to the cone tip. 
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Figure 2.20  Weak and strong shock solutions for a detached wave in an engine intake (modified 

from [178]). 

Thus, the thermodynamic properties the downstream of the shock between the bow-

wave vertex and the body nose are a continuous function of the free-stream Mach 

number.  Then, the velocity ratio along the stagnation streamline becomes a function of 

the inlet Mach number, detachment distance 𝑑, and the maximum body nose thickness 

𝑡, 

 𝑉2
𝑉1
= 𝑓(

𝑑

𝑡
,𝑀1)  ( 2.4.29)  

For two-dimensional symmetrical bodies as the blade profiles, the thickness is twice the 

leading edge radius.  As the flow is subsonic behind the bow shock, the flow is assumed 

to be incompressible, for which 
𝑉2

𝑉1
 along the stagnation line for a two-dimensional 

symmetrical body is 

 𝑉2
𝑉1
= 1 −

0.1592

𝑑
𝑡 + 0.1592

  ( 2.4.30)  

Equating Eq. 2.4.30 to the velocity ratio derived from conservation equations in Eq. 

2.4.28, the bow-shock detachment distance becomes 

 

𝑑 = 𝑡 [
0.0796(𝛾 + 1)

𝛾 +
1

𝑀1
2

− 0.1592]  ( 2.4.31)  
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Busemann [178] reviewed different analytical techniques for detached-shock treatment, 

remarking the valuable shock polar application.  The shock polar representation 

connects through a curve all the different supersonic velocity vectors for which a shock 

will appear. These polar diagrams obtain velocity magnitudes and angles for the inlet 

and outlet states, the deflection angle, and the shock angle.  For the case of a two-

dimensional flow, the shock polar information can be obtained at every streamline and 

plotted in the shock front as shown in Figure 2.21.  This shock polar solution with 

streamlines identified the main flow points previously mentioned, except for the Crocco 

point which is the location on the bow shock where the streamline has a curvature of 

zero, even if the shock has a finite curvature. 

 

Figure 2.21  Detached shock solution through shock polar diagrams [178]. 

A fundamental hyperbola-approximation model was developed by Moeckel [180] to 

predict the detached bow-shock shape and location ahead of isolated bodies.  This 

approximate method assumed the detached bow shock as a hyperbola asymptotic to the 

free-stream Mach wave and the sonic line to be straight and inclined.  To determine the 

detached-shock location relative to the blunt-nosed body, a continuity and a geometric 

method were used, where the former showed a closer agreement with experiments.  

Under these assumptions, the overall bow wave location becomes a single-valued 

function of the free-stream Mach number. 

If the inlet Mach number is large enough, the subsonic flow behind the bow wave 

becomes a significant part of the system; therefore, lengthy PDE-based numerical 
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methods can no longer be expected to return valid results.  For such problem, 

simplifying the analysis to a hyperbola-shaped bow shock approximation along with the 

continuity equation for its location has laid the ground for all the successive shock 

model representations on transonic-compressor blade elements and infinite cascades. 

2.4.4 Prandtl-Meyer Expansion 

A supersonic flow compression process can be gradual over a wall as seen in Figure 

2.22 a).  As there is no wall corner as in the sudden compression of oblique shock 

theory, the shock is formed from emanating Mach waves or Mach lines that begin when 

the wall slope starts to change.  These Mach lines are inclined at a Mach angle 𝜇 to the 

flow direction.  Flow magnitude and direction are constant along the Mach lines.  When 

an object moves faster than the speed of sound, the weak pressure disturbances (sound), 

form a Mach cone.  The Mach cone half-wedge angle is the Mach angle, defined by 

 
𝜇 = asin (

1

𝑀
)  ( 2.4.32)  

In Sec. 2.1.2, the wedge or inclined wall turn the flow inwards due to a concave shape.  

Conversely, if there is a convex profile submerged in a flow, the deflection of the flow 

is outwards and an expansion is generated.  The expansion process is a series of infinite 

and continuous weak Mach waves that accelerate and turn the flow.  If the expansion is 

gradual as sketched in Figure 2.22 b), every Mach line is inclined at an angle 𝜇 with 

respect of the flow direction.  Similarly as in the gradual compression, the flow 

properties remain constant along the Mach waves. 

 

Figure 2.22  Supersonic flow past a gradually-inclined wall [173].  a)  Compression due to concave 

curvature.  b)  Expansion due to convex curvature. 
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Nonetheless, if the expansion is not gradual and instead there is a sudden convex corner, 

the Mach waves coalesce in the corner point, as seen in Figure 2.23, generating an 

expansion fan or Prandtl-Meyer expansion.  As in any expansion process, every Mach 

wave gradually accelerates the flow, causing continuous static pressure decay.  In a 

similar manner as the gradual expansion, each Mach line is located at a 𝜇 with respect 

of the incoming flow, corresponding to every local Mach number.  Near the wall, due to 

the coalescence of the waves, the flow does not undergo a smooth expansion, leading to 

a discontinuous drop of the static pressure. 

 

Figure 2.23  Supersonic flow expansion past a sudden convex corner causing a Prandtl-Meyer 

expansion [173]. 

Using the method of characteristics, the flow magnitude and flow angle 𝛽 downstream 

of the expansion process can be found.  The Riemann’s equation relates the flow angle 

and the Prandtl-Meyer angles between the inlet and the outlet through the Riemann’s 

invariant Κ as follows 

 𝛽 ± 𝜈 = 𝑐𝑜𝑛𝑠𝑡 = Κ  ( 2.4.33)  

Where 𝜈 is the Prandtl-Meyer angle, calculated as a unique function of the Mach 

number in the Prandtl-Meyer function expressed as 

 

𝜈(𝑀) = √
𝛾 + 1

𝛾 − 1
atan(√

𝛾 + 1

𝛾 − 1
(𝑀2 − 1)) − atan (√𝑀2 − 1)  ( 2.4.34)  

Depending on the Mach wave (characteristic) orientation the sign of Eq. 2.4.26 is 

chosen.  For a right running characteristic, the Riemann’s equation is: 

 Κ− = Κ−1 = Κ−2  ( 2.4.35)  
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 𝛽1 + 𝜈1(𝑀1) = 𝛽2 + 𝜈2(𝑀2) ( 2.4.36) 

For a left running characteristic, the Riemann’s identity becomes 

 Κ+ = Κ+1 = Κ+2 ( 2.4.37)  

 𝛽1 − 𝜈1(𝑀1) = 𝛽2 − 𝜈2(𝑀2) ( 2.4.38) 

Therefore, the flow turning 𝜗 is simply the difference in flow direction, turning to be the 

change in Prandtl-Meyer angle 

Κ− 𝜗 = 𝛽2 − 𝛽1 = 𝜈1(𝑀1) − 𝜈2(𝑀2)  ( 2.4.39)  

Κ+ 𝜗 = 𝛽2 − 𝛽1 = 𝜈2(𝑀2) − 𝜈1(𝑀1) ( 2.4.40) 

If analysis is concerned, a continuous expansion can be analysed as well using the 

Prandtl-Meyer expansion equations as the smooth turning can be considered to take 

place over a longer distance provided that the maximum turning angle is not exceeded. 

2.5 Choking 

2.5.1 One-Dimensional Isentropic Flow 

To have a better understanding of choking phenomenon in transonic axial-flow 

compressor blading, a review in area-velocity relations is given for one-dimensional 

isentropic flows. 

Isentropic flow acceleration or deceleration inside of a duct can be obtained by varying 

the area.  In general, if the flow is subsonic (𝑀 < 1), a convergent duct or nozzle 

accelerates the flow; whereas a divergent duct or diffuser slows it down as shown in 

Figure 2.24 a).  Conversely, if the flow is supersonic (𝑀 > 1), a divergent nozzle will 

accelerate the flow, while a convergent diffuser will decelerate the flow as shown in 

Figure 2.24 b).   
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Figure 2.24  Flow Mach numbers for converging and diverging ducts.  a)  Subsonic inlet conditions.  

b)  Supersonic inlet conditions. 

This can be demonstrated through the mass conservation or continuity equation 

 𝐷𝜌

𝐷𝑡
+ 𝜌

𝜕𝑢𝑗

𝜕𝑥𝑗
= 0  ( 2.5.1)  

Where the sub index 𝑗 represents the vectorial directions.  Considering one-dimensional 

(1-D) flow, continuity equation can be expressed in the form 

 𝑑𝜌

𝜌
+
𝑑𝑢

𝑢
+
𝑑𝐴

𝐴
= 0  ( 2.5.2)  

If 𝜌 = 𝑐𝑜𝑛𝑠𝑡,  namely, incompressible, the term 𝑑𝜌 becomes zero.  Thus, Eq. 2.5.2 

becomes only dependent on the velocity and area. Thence, an area decrease will result 

in a velocity increase and vice versa. If 𝑑𝜌 = 0, Eq. 2.5.1 becomes the Boussinesq 

approximation that describes an incompressible flow 

 
𝜌
𝜕𝑢𝑗

𝜕𝑥𝑗
= 𝜌∇𝑢𝑗⃗⃗  ⃗ = ∇ ∙ (𝜌𝑢𝑗⃗⃗  ⃗) = 0  ( 2.5.3)  

Expanding Eq. 2.5.3 in the three directions 1, 2, and 3, gives 

 𝜕(𝜌𝑢1)

𝜕𝑥1
+
𝜕(𝜌𝑢2)

𝜕𝑥2
+
𝜕(𝜌𝑢3)

𝜕𝑥3
= 0  ( 2.5.4)  
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For 1-D flow, Eq. 2.5.4 becomes 

 𝜕(𝜌𝑢)

𝜕𝑥
= 𝜌

𝜕𝑢

𝜕𝑥
+ 𝑢

𝜕𝜌

𝜕𝑥
  ( 2.5.5)  

Given a 𝑀 < 0.3, incompressibility can be assumed, requiring that 

 
𝑢
𝜕𝜌

𝜕𝑥
≪ 𝜌

𝜕𝑢

𝜕𝑥
  ( 2.5.6)  

or expressed in terms of ratio differentials 

 𝛿𝜌

𝜌
≪
𝛿𝑢

𝑢
  ( 2.5.7)  

For 𝑀 ≥ 0.3, compressibility effects need to be considered as the density is not 

anymore constant. In compressible flow, the speed of sound 𝑎 is a parameter of the 

compression level, defined as the square root of the pressure changes with respect to the 

density change at constant entropy 

 
𝑎2 = (

𝜕𝑝

𝜕𝜌
)𝑠  ( 2.5.8)  

Besides, the conservation of momentum or the Euler’s equation of motion of a 

continuum establishes 

 
𝜌
𝐷𝑢𝑖
𝐷𝑡

=
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
+ 𝑓𝑖  ( 2.5.9)  

where 𝜎𝑖𝑗 is the fluid stress tensor and 𝑓 represents the body force per unit volume.   

For a Newtonian viscous fluid, which is the case of air, the stress-strain relationship is 

specified by the Stokes formulation  

 𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 2𝜇𝑒𝑖𝑗 + 𝜆𝑒𝑘𝑘𝛿𝑖𝑗  ( 2.5.10)  
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In the case of inviscid assumption, the normal dynamic viscosity 𝜇 and the second 

viscosity term 𝜆 are neglected, meaning that there is no strain 𝑒 and no shear stress, 

resulting in an isotropic stress tensor.  Thus, the stress tensor is purely normal and only 

due to fluid pressure. Substituting Eq. 2.5.10 in Eq. 2.5.9 gives 

  
𝜌
𝐷𝑢𝑖
𝐷𝑡

= −
𝜕(𝑝𝛿𝑖𝑗)

𝜕𝑥𝑗
+ 𝑓𝑖  ( 2.5.11)  

Assuming there are no body forces, the conservation of momentum equation becomes 

 
𝜌
𝐷𝑢𝑖
𝐷𝑡

= −
𝜕𝑝

𝜕𝑥𝑖
  ( 2.5.12)  

For 1-D flow and re-arranging the terms from Eq. 2.5.12 

 𝑑𝑢

𝑑𝑡
= −

1

𝜌

𝑑𝑝

𝑑𝑥
  ( 2.5.13)  

 
𝑢𝑑𝑢 = −

𝑑𝑝

𝜌
  ( 2.5.14)  

which is the 1-D frictionless version of the Euler equation of motion of a continuum.  

Substituting then the speed-of-sound definition of Eq. 2.5.8 in Eq. 2.5.14 

 
𝑢𝑑𝑢 = −

𝑑𝑝

𝑑𝜌

𝑑𝜌

𝜌
= −𝑎2

𝑑𝜌

𝜌
  ( 2.5.15)  

Recalling that the Mach number is defined as  

 𝑀 =
𝑢

𝑎
  ( 2.5.16)  

it is possible to substitute Eq. 2.5.16 into Eq. 2.5.15, giving 

 
−𝑀2

𝑑𝑢

𝑢
=
𝑑𝜌

𝜌
  ( 2.5.17)  

This shows that for low Mach numbers (𝑀 < 0.3), the density change ratio is much less 

than the velocity change ratio, therefore, the density changes in the continuity equation 

can be neglected for incompressible flows.  Whereas for high Mach numbers (𝑀 > 0.3), 
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the left-hand-side term of Eq. 2.5.17 becomes large enough, thus, the density change 

becomes significant and must be included in any conservation of mass equation for 

compressible flow.  Because compressibility effects depend on the Mach number, flow 

is divided in different regimes as shown in Table 2.2. 

Table 2.2  Flow regimes for incompressible and compressible flow depending on the Mach number. 

 

2.5.2 Convergent-Divergent Nozzle 

It is evident then that an infinite convergent nozzle operating in subsonic conditions will 

accelerate the flow to 𝑀 = 1, and further area reduction will eventually bring the flow 

to rest.  If further velocity rise wants to be achieved, a convergent-divergent nozzle is 

required as sketched in Figure 2.25, having a minimum cross-sectional area where the 

duct slope changes, known as throat.   

 

Figure 2.25  Convergent-divergent nozzle to continuously accelerate the flow from subsonic to 

supersonic speeds. 

Typically, a convergent-divergent duct is controlled by reducing the back or outlet 

static-pressure 𝑝𝑜𝑢𝑡 or by increasing the inlet mass flow 𝑚̇𝑖𝑛.  Through outlet static 

pressure reduction, the mass flow increases as the outlet velocity rises, up to a certain 

point.  Further pressure decrease will not increase the mass flow, regardless of how low 

it is, even if it reaches vacuum.  When no more mass flow can be passed through, the 

duct is said to become choked.  Mass flow can be increased by opening the throat area, 

widening the mass flow range; however, choking will happen eventually.  Choking 

occurs when 𝑀 = 1 at the minimum cross-sectional area or throat, setting the flow 
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speed limit where no more mass flow can be passed.  This limit is reached as lowering 

the back static pressure beyond the choking point will not accelerate the flow any more.  

Otherwise, it would involve the flow becoming supersonic upstream of the throat and 

the remaining converging section decelerating it, increasing the back static pressure, 

which is the opposite to the initial action of decreasing 𝑝𝑜𝑢𝑡, contradicting the nature of 

the physics.  

Nonetheless, not always a 𝑀 = 1 is obtained at the throat.  In the case the flow is 

subsonic at the inlet of the convergent-divergent duct, the first section acts as a nozzle 

accelerating the flow.  However, if the acceleration is not enough, the Mach number at 

the throat remains subsonic, and the diverging profile acts as a diffuser, slowing down 

the flow to low subsonic velocities, as sketched in Figure 2.26 a).  Conversely, if the 

intake flow is supersonic, deceleration occurs in the converging section.  Assuming the 

deceleration is not enough to bring the flow down to a unity Mach number at the throat, 

the rest of the convergent-divergent duct behaves as a nozzle, accelerating the flow to 

high supersonic speeds as seen in Figure 2.26 b). 

 

Figure 2.26  Convergent-divergent nozzle operating at different inlet conditions when Mach 

number is not unity at the throat.  a)  Subsonic inlet flow.  b)  Supersonic inlet flow. 

Once choking is set, mass flow is fixed, but the flow downstream of the throat can 

change depending on the back static pressure variation.  To represent different scenarios 

sketched in Figure 2.27 occurring in a convergent-divergent nozzle, let’s consider a 

convergent-divergent nozzle connected to a chamber with a high static pressure 𝑝𝑖𝑛, 

subsonic inlet Mach number, and exhausting air into the ambient. 
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a) Flow is everywhere subsonic, meaning that the flow in the convergent portion is 

not accelerated enough to produce supersonic flow at the throat.  Therefore, the 

flow in the divergent profile acts as a diffuser, decelerating the flow, as shown in 

Figure 2.27 a). 

b) Eventual back static pressure reduction will produce 𝑀 = 1 at the throat, as 

shown in Figure 2.27 b).  The flow has become just choked and further outlet 

static pressure reductions could not increase the mass flow and the point of 

𝑀 = 1 remains fixed at the throat.  Because the flow was just choked, the 

divergent portion behaves as a diffuser, decelerating the flow. 

c) Once the flow is just choked, further 𝑝𝑜𝑢𝑡 reduction will accelerate the flow in a 

portion of the divergent section, forming supersonic flow downstream of the 

throat.  The supersonic flow region ends with a normal shock wave, as seen in 

Figure 2.27 c), producing flow discontinuities and deceleration to subsonic 

velocities.  Provided that 𝑝𝑜𝑢𝑡 is below the pressure to choke the flow, a pressure 

increase or decrease moves forward or backward the shock inside of the 

divergent portion, varying the supersonic flow streamwise extent. 

d) Further 𝑝𝑜𝑢𝑡 reduction causes the shock to be located at the nozzle exit, as 

observed in Figure 2.27 d), having supersonic flow in all the divergent section.  

As in case c), the flow downstream of the shock is subsonic. 

e) If the outlet static pressure keeps dropping, the exit shock bends out and a 

complex shock pattern downstream of it is produced as illustrated in Figure 2.27 

e).  The shock is not anymore normal to the flow, originating a series of shocks 

and reflections bringing about mixed subsonic and supersonic flow, or just 

supersonic, if the 𝑝𝑜𝑢𝑡 is low enough.  In this case, the static pressure just at the 

exit is lower than the back static pressure, leading the flow to be overexpanded.  

Therefore a set of shocks outside of the nozzle are required to gradually increase 

the static pressure to match 𝑝𝑜𝑢𝑡. 

f) Figure 2.27 f) shows the design condition for a convergent-divergent nozzle.  

Further back static pressure lowering will be equal to the exit static pressure 

caused by the shock pattern, weakening the shocks.  Shock pattern disappears as 



 

79 

 

it not anymore needed and the flow is completely supersonic throughout all the 

divergent section. 

g) Likewise case e), an inequality between the exit pressure and the back static 

pressure is produced if the latter is lowered even further.  The difference is that 

now the exit pressure is greater than 𝑝𝑜𝑢𝑡, causing the flow to be underexpanded.  

A complex expansion-wave pattern is formed then downstream of nozzle outlet 

to increase the static pressure and match the boundary condition of 𝑝𝑜𝑢𝑡, as 

pictured in Figure 2.27 g), accelerating and turning the flow. 

 

Figure 2.27  Flow patterns in a convergent-divergent nozzle.  a)  Subsonic flow.  b)  Flow just 

choked.  c)  Shock in nozzle.  d)  Shock at exit.  e)  Overexpanded flow.  f)  Design condition.  g)  

Underexpanded flow. 

 As the flow is assumed to be isentropic along a convergent-divergent nozzle, the outlet 

total-pressure 𝑃02 is equals to that from the inlet total-pressure 𝑃01, and thus, the 

stagnation condition at any point is simply 𝑝/𝑃0 as shown in Figure 2.28.  Because the 

total-pressure remains unchanged throughout the nozzle, 𝑝/𝑃0 gets modified due to 

variations in the static pressure.  In the converging section of the nozzle, the static 

pressure drops due to the flow acceleration.  The static pressure drop in that first section 



 

80 

 

is higher as the conditions approach to choking, as the flow accelerates more rapid to 

reach 𝑀 = 1.  It is clearly observed that once the flow is choked, the flow 

thermodynamic properties remain unaffected upstream of the throat, as the flow cannot 

longer be accelerated more.  Downstream of the throat, when the flow is entirely 

subsonic (a) there is a pressure rise as the flow keeps decelerating in the divergent 

section.  Similarly, when the flow is just choked (b), the flow decelerates, increasing the 

static pressure which is lower than in case a).  When there is a shock in the nozzle (c), 

the flow keeps accelerating behind it, reducing the static pressure and it is until the 

shock is encountered, that there is an instantaneous pressure rise across the shock.  If the 

shock is standing at the nozzle exit (d), the static pressure keeps decreasing throughout 

the divergent section due to flow acceleration and the sudden pressure increment 

happens at the exit.  Equally, in the overexpanded flow, the design condition, and the 

underexpanded flow, the static pressure drops until the exit inasmuch as the flow is 

supersonic in the divergent section, experiencing acceleration.  When there is flow 

overexpansion (e), it is seen that the exit pressure is lower than 𝑝𝑜𝑢𝑡, requiring the 

complex shock structure to gradually increase the static pressure, decelerating the flow.  

When the exit pressure is equal to the back static pressure imposed (f), then no change 

in static pressure is observed after the nozzle exit.  Finally in underexpansion conditions 

(g), the exit pressure is higher than 𝑝𝑜𝑢𝑡 and eventually, the static pressure is reduced 

through the expansion-wave structure to match the outlet static pressure. 

 

Figure 2.28  Static-to-total pressure-ratio distribution in a convergent-divergent nozzle for different 

outlet static pressure levels. 
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2.5.3 Area-Velocity Relationship 

Given a convergent-divergent duct, the effect of area change on the Mach number can 

be obtained by comparing any point with an area 𝐴 against the throat point with a 

critical area 𝐴∗, referring to the flow conditions when 𝑀 = 1.  Following the governing 

continuity equation, the mass flow entering at 𝐴 is equals to that at 𝐴∗, thus 

 𝑚 =̇ 𝑚̇∗ = 𝜌𝑢𝐴 = 𝜌∗𝑢∗𝐴∗  ( 2.5.18)  

 

Substituting the Mach number definition, Eq. 2.5.18 becomes 

 𝐴

𝐴∗
=
𝜌∗𝑢∗

𝜌𝑢
=
𝜌∗𝑎∗𝑀∗

𝜌𝑎𝑀
  ( 2.5.19)  

However, 𝑀∗ = 1 as is the sonic condition.  Adding the stagnation or total density in 

both, numerator and denominator, Eq. 2.5.19 is written as 

 𝐴

𝐴∗
=
𝜌∗𝜌0𝑎

∗

𝜌0𝜌𝑎𝑀
=
𝜌∗

𝜌0
∗
𝜌0
𝜌
∗
𝑎∗

𝑎
∗
1

𝑀
  ( 2.5.20)  

The speed-of-sound-to-critical-speed-of-sound ratio is the square root of its static-

temperature ratio. And, if the stagnation temperature is added to the numerator and 

denominator, 
𝑎∗

𝑎
 is given by 

  
𝑎∗

𝑎
= √

𝛾𝑅𝑇∗

𝛾𝑅𝑇
= √

𝑇∗

𝑇
= √

𝑇∗𝑇0
𝑇0𝑇

  ( 2.5.21)  

Substituting Eq. 2.5.21 into the area-to-critical-area ratio gives 

  
𝐴

𝐴∗
=
𝜌∗

𝜌0

𝜌0
𝜌
√
𝑇∗𝑇0
𝑇0𝑇

1

𝑀
  ( 2.5.22)  

The area-to-critical-area ratio can be partially substituted by the isentropic relationship 

between stagnation and static conditions, expressed as 
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 𝑇0
𝑇
= 1 +

𝛾 − 1

2
𝑀2  (2.5.23)  

 𝑃0
𝑝
= (1 +

𝛾 − 1

2
𝑀2)

𝛾
𝛾−1  (2.5.24)  

 𝜌0
𝜌
= (1 +

𝛾 − 1

2
𝑀2)

1
𝛾−1  (2.5.25)  

For the terms 
𝜌∗

𝜌0
 and 

𝑇∗

𝑇0
, it is known that 𝑀∗ = 1.  Therefore, Eq. 2.5.22 transforms in 

 
𝐴

𝐴∗
=
(1 +

𝛾 − 1
2 𝑀2)

1
𝛾−1

(1 +
𝛾 − 1
2 )

1
𝛾−1

√
1 +

𝛾 − 1
2 𝑀2

1 +
𝛾 − 1
2

1

𝑀
  ( 2.5.26)  

 Re-arranging Eq. 2.5.26  for practicality, 

 

𝐴

𝐴∗
=
1

𝑀
[
1 +

𝛾 − 1
2 𝑀2

(1 +
𝛾 − 1
2 )

1
𝛾−1

]

𝛾+1
2(𝛾−1)

 
 ( 2.5.27)  

Eq. 2.5.27 expresses the area-to-critical-area ratio as a function of the Mach number at 

any given point, and is a fundamental relation commonly found in tables [172,174]  and 

charts. As observed in the chart for 𝛾 = 1.4 of Figure 2.29, there are two isentropic 

solutions for 
𝐴

𝐴∗
.  One solution accounts for the area 𝐴 on the convergent portion of the 

duct, giving a subsonic flow solution on the LHS of 𝑀∗ = 1.  The other solution 

considers an area 𝐴 on the divergeng duct section, where the flow is accelerated to a 

supersonic solution on the RHS of 𝑀∗ = 1.  It is then stated that a same area-to-critical-

area ratio can be obtained either by subsonic flow acceleration to sonic conditions or by 

supersonic flow acceleration from sonic conditions.   
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Figure 2.29  Area-Mach Number relationship chart for a 𝜸 = 𝟏. 𝟒. 

The mass flow per unit area or mass flux in a convergent-divergent duct can be 

expressed in terms of the equation of state or ideal gas law and the Mach number 

equation, 

 𝑚̇

𝐴
= 𝜌𝑢 =

𝑝

𝑅𝑇
𝑀𝑎 =

𝑝

𝑅𝑇
𝑀√𝛾𝑅𝑇 =

𝑝

√𝑅𝑇
𝑀√𝛾  ( 2.5.28)  

The static conditions in Eq. 2.5.28 are substituted by the stagnation conditions to write 

the mass flux as 

 

𝑚̇

𝐴
=

𝑃0

(1 +
𝛾 − 1
2 𝑀2)

𝛾
𝛾−1

𝑀√𝛾

√𝑅√
𝑇0

1 +
𝛾 − 1
2 𝑀2

=
𝑃0

√𝑅𝑇0

𝑀√𝛾

(1 +
𝛾 − 1
2 𝑀2)

𝛾+1
2(𝛾−1)

  ( 2.5.29)  

For convenience, Eq. 2.5.29 can be written as well as 

 𝑚̇

𝐴
=

𝑃0

√𝑅𝑇0
𝑓(𝛾,𝑀)  ( 2.5.30)  

Figure 2.30 shows the plot of 𝑓(𝛾,𝑀) with Mach number for 𝛾 = 1.4, with a maximum 

at 𝑀 = 1.  Therefore, for fixed total flow properties, there is always a maximum of 

𝑓(𝛾,𝑀) when 𝑀 = 1 that determines the maximum mass flux.  This means that if the 

Mach number at the throat reaches unity, the mass flow cannot go any higher and 

yielding in choked flow.  Likewise in the area-to-critical-area ratio equation, there are 

two solutions for 𝑓(𝛾,𝑀), corresponding to the subsonic flow in the convergent section 
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on the LHS of 𝑀 = 1, and the supersonic flow in the divergent portion on the RHS of 

𝑀 = 1. 

 

Figure 2.30  Variation of 𝒇(𝜸,𝑴) with Mach number for a 𝜸 = 𝟏. 𝟒. 

Using the critical flow conditions, the maximum mass flow or choked mass flow rate, 

turns in from Eq. 2.5.29 as 

 
𝑚̇𝑚𝑎𝑥 = 𝑚̇𝑐ℎ = 𝐴∗

𝑃0

√𝑅𝑇0
√𝛾(1 +

𝛾 − 1

2
)
𝛾+1

2(1−𝛾)  ( 2.5.31)  

For 𝛾 = 1.4, the choked mass flow rate can be reduced to 

 
𝑚̇𝑐ℎ = 0.685𝐴

∗
𝑃0

√𝑅𝑇0
  ( 2.5.32)  

 

2.6 Shock Waves in Transonic Compressors 

2.6.1 Overview 

As mentioned in Sec. 1.1 and Sec. 1.2, the main advantage of a fully supersonic axial-

flow compressor is a higher pressure ratio per stage in a comparison to a subsonic 

system.  Nevertheless, the shock-wave structures generated result in entropy generation, 

increasing the loss and reducing the isentropic efficiency.  Shock losses owe to the total-

pressure loss across the non-isentropic shock pattern, blade boundary layer separation 

due to the interaction with the shock (SWBLI), and other particular effects such as tip -

clearance-flow/shock-wave interaction at the blade tip.  For this reason, supersonic 

compressors have not been practical in aircraft gas turbines [181], apart from the 
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throughflow compression systems which result a promising technology due to the shock 

compression potential, but not to the capacity of superseding subsonic or the far-

reaching transonic axial-flow compressor benefits.  In contrast, transonic compressors, 

in which only the inlet relative velocity is supersonic towards the blade tip region, give 

a more satisfactory trade-off between the high single-stage pressure ratio and the shock 

losses. 

The first experimental supersonic axial-flow compressors were tested around 1938 in 

Germany by Weise [182].  After the Second World War (1945) the growing interest of 

developing high-speed and more efficient flights became apparent.  The work in high-

speed axial-flow compressors was mainly continued by the NACA in the USA.  One of 

the first investigations of the supersonic flow nature with a subsonic axial flow velocity 

in flat-plate cascades was conducted by Kantrowitz [183].  At low inlet relative 

velocities, expansion waves arise at the entrance region of every flat plate due to the 

convex profile between the entering air and the blade as shown in Figure 2.31 a). These 

infinity-extending expansion waves accelerate the flow until the relative velocity is 

parallel to the entrance region.  In contrast, as the inlet relative velocity increases, a 

series of infinite oblique shocks are given off at the leading edge to decelerate the flow 

till is parallel to the flat plate entrance region as seen in Figure 2.31 b).  Hence, the 

entrance region slope in a flat plate cascade controls and determines the flow to be 

passed through the limiting characteristic a-b or first-captured Mach wave.  This 

limiting characteristic is also known in the literature as the last-captured Mach wave 

[184]. 

 

Figure 2.31  Expansion and shock system for an infinite flat plate cascade.  a) Low supersonic inlet 

relative Mach number.  b) High supersonic inlet relative Mach number. 
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The wave system for curved blades with a circular-arc profile for undisturbed and 

uniform upstream [185] is similar to that in Figure 2.31 b), except that the oblique shock 

wave becomes a detached bow-shock forasmuch as the surfaces are circular and ending 

in a blunt leading edge.  To satisfy the disturbance-free and uniformity incoming flow 

condition, the net strength of the bow shocks and expansion waves must cancel each 

other out, resulting in no upstream influence.  If any upstream-travelling wave was 

unbalanced, the axial velocity would be affected, changing the mass flow and violating 

continuity and steady-flow conditions. 

The mass flow passing through a blade-row or entering the blade passage is determined 

by the flow velocity, area, and density along the first-captured Mach wave a-b sketched 

in Figure 2.31 b) [1].  Assuming that the leading edge is sharp with respect of the 

maximum blade thickness so that the upstream flow might be homentropic, the 

following relations must be satisfied between the limiting characteristic a-b and far 

upstream: 

 Conservation of relative total-pressure 

 Riemann’s equation for the Prandtl-Meyer Expansion 

 Corrected Mass flow per area, Corrected Mass Flux or Flow function 

Levine [185] directly applied the continuity equation and the Riemann’s equation for 

the Prandtl-Meyer expansion between the flow field far upstream and the limiting 

characteristic a-b in curved blades.  Assuming the location of point a on the suction 

surface, the flow angle and flow area could be determined along the first-captured Mach 

wave.  Thence, the solution of the two-equation system obtains the relative Mach 

number along the limiting characteristic.  Analysis results evidenced that the entrance-

region flow expansion depends on the inlet relative flow vector, and geometrically, on 

the spacing, stagger angle, and surface curvature. 

A preliminary analysis on blade-passage shock-loss magnitudes conducted by Schwenk 

et al. [4], identified the variation of the shock structure and location with operating 

conditions.  It was estimated that shock-losses represent 35 to 55% of the overall blade 

losses as a function of the supersonic inlet relative Mach number.  Even at low inlet 
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relative Mach numbers, the suction-surface-camber-induced flow turning leads to a 

relative Mach number rise, increasing the shock loss.   

In the design and off-design compressor performance prediction, gross-estimated losses 

or efficiencies do not suffice, as radial loss variations affect the radial equilibrium, 

modifying the flow velocity magnitudes and directions.  Creagh [186] demonstrated the 

relevance of having an accurate methodology for loss calculations in transonic axial-

flow compressor rotors.  Early experiments in transonic axial-flow compressor rotors 

[187–191] showed that for inlet relative Mach numbers just below 1.1, shock effects 

were considerably small and simple diffusion-factor-based profile-loss models 

independent of 𝑀1
′ were adequate enough. This consideration correlates with the 

assumptions made by Laitone and Pardee [179] covered in Sec. 2.4.3, where there was a 

significant amount of simplifications for inlet Mach numbers slightly above one in the 

detached-wave treatment. 

Nonetheless, further experimental investigations [192,193] evidenced the shock effects 

even at a maximum of 𝑀1
′ = 1.3 in that the measured minimum total losses were above 

the diffusion-factor-based correlation losses.  Similarly validated, even at 𝑀1
′ = 1.1 for 

low-solidity blade row tests [194,195], shock loss effects started to manifest.  These 

investigations exposed the need to understand the transonic blade-row flow and to 

develop estimating models to predict the shock-loss magnitude. 

2.6.2 Flow Description 

Given a blade-profile row or a blade cascade, the shock-structure can be generally 

explained as consisting of two parts as shown in Figure 2.32:  a) A shock-wave portion 

extending from the stagnation streamline to infinity, referred as bow wave.  b) A shock 

segment entering and contained within the blade passage that extends from the suction 

surface to the stagnation streamline, known as the passage shock. 
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Figure 2.32  Shock-wave structure in a transonic compressor blade-element. 

The bow wave is a portion of the fully detached bow-shock that stands in front of the 

blunt leading-edge as a result of the inlet relative flow moving at supersonic speed. As 

explained in Sec. 2.4.3, the detached shock shape and locations depends only on the 

free-stream Mach number and the thickness, which in the case of blade profiles, it is the 

inlet relative Mach number and the leading edge radius, respectively.  For the particular 

case of moving or rotating objects with respect of a flow in motion, the orientation of 

the bow-shock depends as well on the inlet relative flow angle.  Since the detached 

shock-front is normal to the inlet relative flow at the stagnation streamline, the whole 

bow-shock system is aligned with the inlet relative flow angle 𝛽1. 

The other detached bow-shock leg that penetrates and anchors into the blade passage is 

the passage shock.  The passage shock form and location are a non-linear function of the 

inlet relative Mach number, inlet relative flow angle, blade suction surface curvature 

and the operating condition.  However, the passage-shock situation might complicate 

even more.  Since the blade passage is in the form of a convergent-divergent duct or De 

Laval nozzle, this can get choked depending on the operating point.  When the passage 

is not choked, the operation is considered to be unstarted and the passage shock is a 

single structure.  Conversely, in a choked passage the operation is referred as started and 

the structure becomes forked or dual.  The different assumptions used to model the 

passage shock are provided in Sec. 2.6.4, while the current model used in this research 

is explained in Sec. 3.3 
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With the aid of understanding the compressible flow ahead of the passage shock, a 

shock-system configuration is sketched in Figure 2.33.  The flow upstream of the 

detached bow-shock is everywhere uniform with supersonic relative velocity (zone 

I).The inlet relative flow traverses normal to the detached bow-shock at point v, which 

is the intersection of the bow-shock vertex and the stagnation streamline.  The strong 

bow-shock central portion decelerates the flow to subsonic relative velocities till the 

sonic line sb-s (zone II).  Depending on a low or high incidence, the flow is then 

expanded as a fan around the leading edge with less or more intensity, respectively 

(zone III).  The first expansion wave originated at the leading edge is the sonic line, 

where the flow is at a relative Mach number of one all along the wave.  The last 

leading-edge expansion wave sb-s’ is such, that expands the flow parallel to the suction-

surface leading-edge.  The flow then continues expanding gradually for low incidences 

and suddenly for high incidences over the suction surface (zone IV). These expansion 

Mach waves intersect the bow-wave, reducing its strength even more and assisting it to 

asymptotically approach the Mach line.    

It can be noted as well in Figure 2.33 that the stagnation streamline of the next adjacent 

blade interacts with the zone-IV flow expansion and even with the leading-edge flow 

expansion.  At point c, the stagnation streamline intersects the bow wave, deflecting 

marginally the flow upwards, or in other words, increasing the relative flow angle.  

Consequently, the stagnation streamline is pushed downwards by a deflection h normal 

to the ideal stagnation streamline, aligned to the relative flow direction and passing 

through the leading edge camberline.  The detached shock of the next adjacent blade has 

its vertex at the intersection with the deflected stagnation streamline at b, and the 

upstream airflow experiences the same process to that on the previous blade, satisfying 

flow periodicity. 
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Figure 2.33  Flow field and shock-wave configuration around a blade cascade operating under 

supersonic upstream relative flow. 

On the suction surface of the previous blade, the flow acceleration continues till the 

limiting characteristic a-b or first-captured Mach wave is encountered.  The first-

captured Mach wave is the first wave of a series of infinite weak waves over the 

suction-surface expansion that interacts with the passage shock.  Hence the first 

captured Mach wave arises from a point a on the suction surface and extends till the 

first point of the adjacent-blade passage shock, which is the bow-shock vertex b.  The 

flow gradually expands over the suction surface (zone V) until the passage shock 

impinges on the suction surface at point d. The zone-V expansion waves intersect the 

passage shock, which can be entirely the detached bow-shock or a fusion between the 

bow shock and choke-induce oblique shock.   

The flow expansion downstream of the first-captured wave provides information of the 

flow properties along the characteristics, determining, for instance, the local relative 

Mach number on the passage shock, which is fundamental for the shock-loss estimation. 

As observed in Figure 2.33, the upstream flow entering a blade passage encounters two 

shock fronts, bow and passage shock, contributing both to the overall shock loss.  

Mentioned earlier in Sec. 2.6.1, there is no upstream influence of the wave system on 

the flow in order to satisfy continuity and steady-flow conditions. 
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2.6.3 Shock Losses 

Similarly to the derivation of the total-loss factor in Sec. 2.2.2  from the overall relative 

total-pressure loss, a shock-loss coefficient can be defined as a function of the relative 

total-pressure drop due to shock-induced entropy generation only.  Following Eq. 2.2.5, 

the shock-loss coefficient is expressed as 

 
𝜔𝑠ℎ′̅̅ ̅̅ ̅̅ =

𝑃01
′ − 𝑃02

′̅̅ ̅̅ ̅

𝑃01
′ − 𝑝1

=
1 − 𝑃𝑅′̅̅ ̅̅ ̅

1 − (1 +
𝛾 − 1
2

𝑀1
′2)

𝛾
1−𝛾

  ( 2.6.1)  

For a low-speed compressor rotor blade-element, the outlet total-pressure 

circumferential variation is as shown in Figure 2.34, observed using hot-wire 

anemometer measurements [196].  Due to the viscous effects of the blade boundary 

layer, there is an outlet total-pressure decay near the blade walls for both, suction and 

pressure surfaces.  As there are no other effects, the outlet total-pressure remains 

constant in the free stream and relatively loss-free across the passage.  The outlet total-

pressure drop near the blade surfaces increases at high turnings as the wake extends 

since there is a diffusion process.  Further turning increase can lead to stall, causing 

boundary layer separation and greatly increasing the magnitude and tangential extension 

of the outlet total-pressure loss coefficient. 

 

Figure 2.34  Outlet total-pressure distribution in the circumferential direction due to blade-profile 

viscous losses for low-speed compressor rotors (modified from [4]). 
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In high-speed or transonic rotor blading there are additional losses due to the shock-

wave configuration.  Because the passage shock decelerates the flow from supersonic to 

subsonic relative speeds, it contributes more to the shock-induced total-pressure loss 

than the bow wave.  The higher the ratio of relative velocities at the end of the suction-

surface flow expansion to relative subsonic velocities, the greater the shock-loss 

coefficient.  Inasmuch as the shock process is non-isentropic, there is a relative total-

pressure loss across the passage shock as seen in Figure a).  In addition, the relative 

Mach number distribution ahead of the passage shock is not uniform, yielding to an 

outlet relative total-pressure circumferential variation.  The major passage-shock loss or 

highest outlet relative total-pressure drop occurs near the suction surface and gradually 

recovers, as the flow expands to the highest relative Mach numbers near the suction 

surface and reduces towards the pressure surface of the adjacent blade.  If both effects 

are added, subsonic diffusion and shock-wave losses, the outlet relative total-pressure 

distribution is as in Figure b), where the blade-profile wake significantly increases the 

relative total-pressure loss near the surfaces.  Of course the challenge is to separate the 

shock and profile losses from the overall total-pressure loss coefficient. 

 

Figure 2.35  Circumferential outlet relative total-pressure distribution for high-speed compressor 

rotors (modified from [4]).  a) Shock-induced relative total-pressure drop.  b)  Profile-and-shock-

induced relative total-pressure drop. 
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Further hot-wire anemometer data [197] confirmed the profile of the total-loss 

coefficient measured in transonic compressor rotors as Figure 2.36 shows.  In the blade-

passage free-stream, loss is induced by the passage shock as a result of the 

discontinuous flow declaration, being higher on the suction surface as it reaches a peak 

relative Mach number immediately upstream of the shock.  Additionally, the subsonic 

diffusion near the blade surfaces enlarges the boundary layer thickness, increasing the 

profile loss and adding to the total-loss coefficient.  The blade-surface SWBLI 

stimulates even more the boundary layer growth, having a high-loss region observed as 

peak points in Figure 2.36 

 

Figure 2.36  Circumferential total-loss coefficient distribution (replotted from [197]). 

Transonic rotor-blade experimental data [197] conducted at different rotational speeds 

and various tip solidities showed the influence on the relative total-pressure loss 

coefficient.  Shock and profiles losses increase with increasing tip speed.  As solidity 

reduces, the intersection between the passage shock and suction surface shifts 

downstream, leading to a higher peak suction-surface Mach number and increasing the 

relative total-pressure loss. 

The flow complexity increments even more when SWBLI is addressed [198–201].  An 

additional viscous loss is induced by the interaction of the passage shock with the blade 

boundary layer, causing the shock to adopt a -structure.  Whereafter, the static-

pressure rise through the shock is sensed back through the boundary layer.  The overall 

static-pressure ratio of a -shock is considerably less than that for an oblique shock.  



 

94 

 

The more open the -shock limbs, the higher the SWBLI-induced subsonic diffusion 

losses.  In turn, there is a momentum loss from the boundary-layer low-velocity flow to 

the free stream, augmenting the boundary-layer momentum thickness and form factor.  

These poor boundary-layer conditions increment the low-speed flow in the direction 

normal to the surface, thickening the boundary layer upstream of the shock and 

increasing the wake.  Among different operating conditions, the SWBLI quickens the 

boundary layer growth, stimulating the flow separation and reducing the compressor 

working range.  The SWBLI problem is out of the scope of this research; however, this 

does not represent a limitation to establish the effects of this phenomenon.  

In the performance prediction of transonic axial-flow compressors, it is of great 

importance a detailed representation of the shock-wave-system structure to accurately 

calculate its associated losses.  Yet, it is still nearly impossible to conduct a quantitative 

treatment without simplifications because of the highly-complex transonic flow [4].  

Shock-system methods have employed a 2-D assumption on the S1 plane to simplify the 

problem [120].  This consideration excludes 3-D effects from the mixed subsonic and 

supersonic flows, and tip-clearance-flow/shock-wave interaction [196,202–205].  

Dealing with 2-D flow analysis, however, permits a direct comparison against subsonic 

profiles and blade cascade data. 

2.6.4 Shock Loss Models 

From the beginnings of the transonic-compressor overall shock-loss modelling works in 

1957, a shock configuration has been established beforehand any calculation.  Apart 

from many simplifying assumptions, early works assumed the same shock configuration 

for the whole blade and not allowing the blade-elements to individually behave.  For 

many decades, the succeeding shock models remained with the practice of imposing a 

given shock configuration.  Along the years, the different shock models have tended to 

represent more realistically the shock physics.  This section gives a profound review of 

the different shock models from its origins till the state-of-the-art methodologies with 

the purpose of not only explaining the compressible flow physics, but mainly, 

understanding the knowledge contribution of this research in terms of an analytical 

physics-based shock modelling. 
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Utilizing the hyperbolic approximation [180] to determine the form and location of a 

detached shock standing ahead of transonic blade profiles, Klapproth [206] estimated 

the approximate relative total-pressure loss incurred through this bow shock.  A 

theoretical design and off-design performance analysis for a transonic rotor [207] 

revealed that bow-wave-associated losses were small compared to the overall losses.  

Other than the viscous-induced losses, the majority of the loss was attributed to the 

passage shock.  This important investigation pushed forward to develop overall shock-

loss models that consider the passage-shock effects. 

Even though Schwenk et al. [4] identified that the shock configuration varies with 

operating conditions, the passage-shock shape was assumed to be that from the design 

point as seen in Figure 2.37 without any consideration for forked or dual-shock 

structure.  Since the relatives Mach numbers vary across the passage, modifying the 

passage-shock strength, a mass-averaging process was considered at the midchannel 

streamline or mean camberline as depicted in Figure 2.37. 

 

Figure 2.37  Assumed shock-configuration by Schwenk et al. [4] for shock-loss estimation (modified 

from [4]). 

The passage shock impingement 𝑑 on suction surface was assumed to be that on a line 

from the adjacent-blade leading edge and normal to the midchannel streamline as shown 

in Figure 2.37.  Knowing the location of 𝑑 as 𝑧𝑝𝑠ℎ𝑠𝑠, the distance between the leading 

edge and the intersection of the passage shock with the suction surface is Δ𝑧𝐿𝐸−𝑝𝑠ℎ𝑠𝑠.  In 

practice, the location of d gets affected by the solidity.  Nevertheless, as the solidity 
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reduces, point 𝑑 moves farther back [3], resulting in a higher relative Mach number on 

the suction surface and an increased shock loss [197]. 

For DCA aerofoils, a geometry-based approach is given to compute the suction-surface 

angle.  On a frame of reference parallel to the chord, the distance between the leading 

edge and suction-surface passage-shock impingement is 

 Δ𝑧′𝐿𝐸−𝑝𝑠ℎ𝑠𝑠 = Δ𝑧𝐿𝐸−𝑝𝑠ℎ𝑠𝑠/𝑐𝑜𝑠𝜉  ( 2.6.2)  

Then, the suction-surface blade angle at point 𝑑 becomes 

 
𝛽𝑝𝑠ℎ𝑠𝑠 = 𝜉 − asin [𝑠𝑖𝑛𝜃𝑠𝑠 (

Δ𝑧′𝐿𝐸−𝑝𝑠ℎ𝑠𝑠
𝑐 − 2𝑟𝐿𝐸

− 1)]  ( 2.6.3)  

And the suction-surface camber angle is defined as 

 

𝜃𝑠𝑠 = 4atan (
1 − 𝑐𝑜𝑠

𝜃
2

𝑠𝑖𝑛
𝜃
2

+
𝑡𝑚𝑎𝑥

𝑐 − 2𝑟𝐿𝐸
+

2𝑟𝐿𝐸
𝑐 − 2𝑟𝐿𝐸

)  ( 2.6.4)  

However, a universal method is required to obtain the suction surface angle for any 

blade aerofoil contour.  If the blade-element surface coordinates are obtained as in Sec. 

3.2.2, the suction surface angle at any point is known.   

Since the relative Mach number ahead of the passage shock is needed for the relative 

total-pressure loss coefficient, an equivalent relative Mach number 𝑀′
𝑒𝑞 is obtained as 

an average between the ending points of the passage shock.  This represents an 

approximated average Mach number at the midchannel streamline between the inlet 

relative Mach number hitting the detached-shock vertex and the peak suction-surface 

relative Mach number 𝑀′
𝑝𝑠ℎ𝑠𝑠

 resulting from the expansion,  

 
𝑀′

𝑒𝑞 =
𝑀′

1 +𝑀
′
𝑝𝑠ℎ𝑠𝑠

2
 

 ( 2.6.5)  

The peak suction-surface relative Mach number is obtained by means of the Prandtl-

Meyer expansion equations.  From Eq. 2.4.36, the Prandtl-Meyer expansion for a right-



 

97 

 

running characteristic between leading edge and the passage-shock intersection on 

suction surface is 

 𝛽1 + 𝜈1(𝑀
′
1) = 𝛽𝑝𝑠ℎ𝑠𝑠 + 𝜈𝑝𝑠ℎ𝑠𝑠 (𝑀

′
𝑝𝑠ℎ𝑠𝑠

)  ( 2.6.6)  

The inlet relative Prandtl-Meyer angle 𝜈1 is obtained through the Prandtl-Meyer 

function in Eq. 2.4.34.  Solving for the relative Prandtl-Meyer angle 𝜈𝑝𝑠ℎ𝑠𝑠 at the 

passage-shock intersection, 𝑀′
𝑝𝑠ℎ𝑠𝑠

 can then be obtained since the Prandtl-Meyer angle 

is a unique function of the Mach number.  

Across the passage shock, the relative total-pressure ratio is determined using the 

normal-shock recovery factor, considering that the inlet Mach number ahead the 

passage shock is the average relative Mach number 

 

𝑃𝑅′𝑝𝑠ℎ = [
(𝛾 + 1)𝑀′

𝑒𝑞
2

(𝛾 − 1)𝑀′
𝑒𝑞
2 + 2

]

𝛾
𝛾−1

[
(𝛾 + 1)

2𝛾𝑀′
𝑒𝑞
2 − (𝛾 − 1)

]

1
𝛾−1

 
 ( 2.6.7)  

Following Eq. 2.6.1, the shock-loss coefficient is written as 

 
𝜔𝑠ℎ

′ =
1 − 𝑃𝑅′𝑝𝑠ℎ

1 − (1 +
𝛾 − 1
2 𝑀1

′2)
𝛾
1−𝛾

  ( 2.6.8)  

In spite of the agreement between the computed analysis and measured data in terms of 

passage-shock loss and location, it is not certain whether this apparent match is 

particular to the tested rotor or whether it would be generally applicable to any transonic 

compressor rotor geometry [208]. 

Lewis et al. [197] modified the shock model from Schwenk et al. [4] by moving 

upstream the intersection between the passage shock and the suction surface (point 𝑑) 

by a distance Δ𝑧′ as observed in Figure 2.38.  Likewise, the model still assumed the 

minimum-loss shock configuration.  Nevertheless, the forward shift Δ𝑧′ was based in 

correlating the computed circumferential total-losses against the hot-wire-measured 

distribution.  Hence, a compressor-rig or transonic-cascade experimental test was 

required to predict the passage-shock location.  Despite this approach was a semi-
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empirical analysis, it set the ground to recognize that shock losses are mainly a function 

of the passage-shock position in the direction of the flow. 

 

Figure 2.38  Shock-configuration established by Lewis et al. [197] from experimental tests for 

shock-loss estimation (modified from [197]) 

A similar scheme was implemented by Miller and Hartmann [208], establishing the 

shock configuration from experimental investigations.  Four different axial stations 

were placed over the blade tip to measure static-pressure variations over a range of 

operating conditions, setting the shock configuration and calculating the passage shock 

as per the previous methods [193,197].  In this approach, the passage-shock pattern was 

allowed to move as a function of the operating condition from open throat to stall and 

no longer using the design-point shock structure.  However, the established shock 

configuration, and hence the shock losses, were limited to the blade tip and were not 

applicable to the rest of the transonic blade region.  In terms of the bow wave, its form, 

location, and associated losses were analytically determined from Klapproth’s 

approximation [206].   

A more detailed shock model for DCA aerofoils was implemented by Miller et al. [3], 

consisting in the fusion of the analytical bow-wave structure and associated-loss model 

from Klapproth [206] and the approximate passage-shock direction (point 𝑑 in Figure 

2.37) suggested by Schwenk [4].  Instead of an averaged estimation of a relative Mach 

number to compute the relative total-pressure loss, the flow expansion was resolved 

ahead of the passage shock.  The magnitude and direction of the relative Mach number 
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are thus determined everywhere in the expansion field and immediately upstream of the 

passage shock.  Since the passage-shock configuration is already set, the relative total-

pressure loss coefficient variation is computed and a mass-averaged value can be 

obtained.   

Although the shock model from Miller et al. [3] was intended for blade-tip elements and 

design point, it was assessed at different radii and incidences.  A consistent decrease in 

shock-loss magnitude was observed with lower radii; however, the passage-shock 

configuration was not altered to produce such results, which merits some further 

consideration.  The shock-loss coefficient variation with incidence, and thus with 

operating condition, was found to be appreciably small as seen in Figure 2.39.  This is 

the effect that as the incidence increases, the passage shock moves upstream in an intent 

to keep the same, and almost constant, relative Mach number distribution ahead of it.  

Thus, the significant total-loss coefficient increment observed with incidence is due to 

the profile frictional effects arising from the high flow turning and the inability of the 

boundary layer to remain attached at high pressure rises.     

 

Figure 2.39 Relative total-pressure loss coefficient variation with incidence for measured total-

losses and for an analytical shock model [3]. 

An important review in through-flow calculations by Hirsch and Denton [90] 

demonstrated that if the inlet relative Mach number is in the subsonic regime and below 

the critical Mach number, the losses are independent of the inlet velocity.  By definition, 

the inlet relative critical Mach number 𝑀′
𝑐𝑟 is that for which the peak suction-surface 

relative Mach number reaches sonic conditions due to the surface turning.  Thereby, a 

passage shock, and hence, shock losses of less magnitude than in the case of inlet 
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supersonic relative velocity are expected.  Although Macchi [209] developed a SLC 

computer program for axial-flow turbines derived from Vavra’s formulation [210] to the 

axisymmetric steady flow solution in turbomachines, a modified version of the shock-

loss model from Miller et al. [3] was implemented into it.  The modification consisted 

in accounting shock losses even for inlet relative Mach numbers below unity, in the 

range between the inlet relative critical Mach number and inlet relative sonic conditions. 

In spite of its applicability only for DCA aerofoils, the shock-loss model from Miller et 

al. [3] has been broadly used among SLC solvers [20,31,45,66,90,114,149,162,163] due 

to its algorithm simplicity and reasonably acceptable loss prediction.  Because of the 

model directness, it was simplified into a straight-forward correlation [162,163] as a 

function of the equivalent Mach number 𝑀′
𝑒𝑞 that depends whether the inlet relative 

Mach number is fully supersonic or is between the critical value and unity, becoming 

 𝑀′
𝑒𝑞 = 0.5 (𝑀′

1 +𝑀
′
𝑝𝑠ℎ𝑠𝑠

)           𝐼𝑓    𝑀′
1 ≥ 1.0 

𝑀′
𝑒𝑞 = 0.5𝑀′

1 (1 + 𝑀
′
𝑝𝑠ℎ𝑠𝑠

)           𝐼𝑓    𝑀′
𝑐𝑟 ≤ 𝑀′

1 < 1.0 

 ( 2.6.9)  

 

𝜔𝑠ℎ
′ =

1 − [
(𝛾 + 1)𝑀′

𝑒𝑞
2

(𝛾 − 1)𝑀′
𝑒𝑞
2 + 2

]

𝛾
𝛾−1

[
(𝛾 + 1)

2𝛾𝑀′
𝑒𝑞
2 − (𝛾 − 1)

]

1
𝛾−1

1 − (1 +
𝛾 − 1
2 𝑀1

′)
𝛾
1−𝛾

 
 (2.6.10)  

where 𝑀′
𝑝𝑠ℎ𝑠𝑠

is calculated as per Eq. 2.6.6. 

As mentioned in Sec. 2.3.2, during the 60’s and early 70’s, axisymmetric throughflow 

methods for compressors were developed.  Some of these approaches were combined 

with blade-to-blade calculations defined for the number of streamlines determined in the 

meridional plane.  For every individual blade-to-blade plane, a shock pattern was 

assumed, particularly with regard of the passage shock location.  Besides the iterative 

approach for the REE and mass-flow continuity convergence, the meridional and blade-

to-blade plane solutions were iteratively compared until an agreement of axial work-

input distribution was achieved.  In this case, blade designs obtained from these quasi-

3D methods were dependant on the shock pattern assumed.   Nonetheless, the main 
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drawback of this design approach was that every shock configuration for each 

streamline was assumed independently, whilst in real operation, the shock system 

moves continuously from one radial section to the other. Moreover, a SLC solution 

considers an axisymmetric pressure distribution in the meridional plane and does not 

consider the shock and expansion effects on the pressure.  If the shock patterns are 

assumed, the equilibrium of pressures might not be consistent, producing misleading 

flow and performance.  To assist the transonic compressor blading design, holographic 

studies of shock waves were conducted to understand and provide qualitative data of the 

actual shock patterns at the rotor blade tip. 

At this stage, little success was obtained in generating an analytical model able to 

predict the shock configuration without the aid of experimental data, though several 

flow measurement and visualization techniques efforts were applied to understand the 

physics.  Lichtfuss and Starken [11] provided a scholarly review upon supersonic 

relative flow at the inlet and outlet of semi-infinite flat-plate cascades, and cambered 

profiles with sharp and blunt leading edges. The entrance region flow was resolved as a 

Prandtl-Meyer expansion using Riemann’s equations, while the shock losses were 

determined only for the bow shock using Klapproth’s approach. Most notably, this 

comprehensive review contributed with a qualitative description of the starting and 

choking in blade cascades, which is fully discussed in Sec. 2.6.5 

Flow expansion occurring along the cascade passage has been treated using the method 

of characteristics in different analyses [33,211–216].  However, the analysed blade 

cascades had been fully supersonic along the passage, apart from those where the small 

subsonic pocket around the leading edge was considered using a simple approach 

[211,213,214,216].   

Notwithstanding there was an increasing belief that cascade shock dynamics could not 

follow the conventional shock theory, Prince [217] reconciled this relation by 

developing a supersonic flow procedure for compressor blade cascades.  Flow 

expansion was resolved on the S1 surface up to a termination point along the passage, 

using the method of characteristics. Nevertheless, the expansion termination was 

arbitrary since the passage-shock location was assumed.  This supersonic flow scheme 
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considered the leading-edge bluntness effect on the bow-shock front obliquity, 

measured on the S2 surface with respect of the chord.  Having the shock structure in the 

S1 surface at different radii and following the bow-shock front obliquity profile in the 

S2 surface, permitted to think in a 3-D shock structure.  Furthermore, a momentum-

integral analysis from infinity to the leading edge was implemented to resolve the flow 

upstream of the bow-wave and determine bow-shock losses. 

To improve the shape of leading-edge shock structure, York and Woodard [218] applied 

the Moeckel [180] model just to a small segment of the detached shock around the blade 

leading edge.  Then, the remaining shape of the detached shock was computed through 

an extension method on a two-dimensional cascade.  The extension method was 

successively resolved segment by segment using oblique-shock relations and the unit 

process of the method of characteristics as laid out in Figure 2.40.  A first family of 

characteristics emanate from the suction surface, while a second family of 

characteristics on a known point of the detached shock intersects the former, providing 

the location for the next point on the detached-shock.  The intersection process repeats 

until the detached shock reaches the suction surface of the adjacent blade on one side, 

and in the other, farther out towards infinity.  Yaonan [219] approximated closer the 

detached shock to the real flow by computing its remaining shape through the extension 

method on a stream surface of revolution or S1 plane. 

 

Figure 2.40  Extension method for the remaining part of the detached shock (modified from [219]). 

On the basis of Levine’s method [185], Hirsch and Denton [90] proposed a shock-loss 

model for relative supersonic inlet conditions.  Such model consisted in the detached-
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shock calculation using the Moeckel’s model [180] and the flow expansion resolution 

through the method of characteristics to obtain the Mach number distribution upstream 

of the passage shock.  Thus, the total-pressure loss across the shock is known.  Yet once 

again, the passage shock location was assumed as in the models from Schwenk et al. 

and Miller et al. [3]. 

A method to calculate the position and shock losses within a through-flow approach was 

proposed by Sayari and Bolcs [24], where the passage shock was assumed to be normal 

to the stagnation streamline, being approximately normal to the passage for unstarted 

and started flows.  Due to this assumption, the passage shock extends normal across the 

blade from point b to point d at the suction-surface intersection, as shown in Figure 2.41 

a) for attached leading-edge oblique-shocks and in Figure 2.41 b) for detached bow-

shocks.  In attached leading-edge oblique-shocks, the end-point b is at the leading edge.  

Whereas in detached bow-shock, the same point is at the vertex of the bow wave, 

assumed to be hyperbolic, but not calculated with the Moeckel’s method [180].  Instead, 

mass flow continuity is utilized to define the sonic point 𝑠 of the bow wave by 

computing the sonic-line length 𝑙𝑠 𝑠𝑏. Since the inlet mass flow is the same passing 

through the sonic line which has sonic conditions, a relation is set as 

 𝑚̇1 = 𝑚̇𝑠 𝑠𝑏 = 𝜌𝑠 𝑠𝑏𝑉𝑎𝑥𝑠 𝑠𝑏𝐴𝑠 𝑠𝑏 = 𝜌∗𝑎∗𝑙𝑠 𝑠𝑏  ( 2.6.11)  

Using the area-velocity relations presented in Sec. 2.5.3, the sonic conditions at the 

sonic line are calculated from the known total conditions as 

 

𝜌∗ = 𝜌0 (
2

𝛾 + 1
)

𝛾
𝛾−1

 
 (2.6.12)  

 

𝑎∗ = √
2𝛾

𝛾 + 1
𝑅𝑇𝑜  (2.6.13)  

The bow-wave vertex is then defined by the intersection of a hyperbola shape that 

passes through the sonic point s and the stagnation streamline.  
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Figure 2.41  Shock model by Sayari and Bolcs [24] assuming a normal passage-shock to the 

stagnation streamline.  a) Attached leading-edge oblique-shock.  b) Detached bow-wave 

Having point b for either of the detached or attached leading-edge shocks, a normal line 

from this point defines the shock impingement or point d on the suction surface, and 

hence, its angle is known.  The rest of the calculations for the shock-loss coefficient 

computation proceed as in the model of Schwenk [4].  

In contrast to the previously developed shock models where the passage-shock was 

assumed to be normal, Schobeiri [220] represented this for the first time as an oblique 

shock, whose position can change by the operating condition.  Nevertheless, some 

necessary assumptions were made.  The presence of any bow-shock, attached or 

detached, was disregarded; hence, its detrimental in total-pressure was neglected.  To 

simplify the problem, the blading was assumed sufficiently sharp at the leading edge, so 

that the oblique passage-shock can be considered attached to the profile nose.  The 

passage-shock obliqueness was introduced in the continuity requirement.  Thereby, 

between far upstream and the passage shock the continuity relation is 

 𝜌1𝑉1𝐴1 = 𝜌𝑠ℎ𝑉𝑠ℎ𝐴𝑠ℎ  ( 2.6.14)  

The inlet flow area 𝐴1 is the frontal cross-section normal to the relative flow velocity 

with a streamtube height 𝐻1 and a width equals to the staggered gap 𝜙, written as 

 𝐴1 = 𝐻1𝜙 = 𝐻1𝑠 cos 𝛽1  ( 2.6.15)  

Similarly, the flow area of the passage shock is that whose height is 𝐻2 and width is the 

staggered pitch 𝑠𝑠ℎ at that location tilted by the shock angle 𝜍𝑠ℎ, computed as 
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 𝐴𝑠ℎ = 𝐻𝑠ℎ = 𝐻𝑠ℎ𝜍𝑠ℎ cos(𝛽𝑠ℎ − 𝜍𝑠ℎ)  ( 2.6.16)  

The area ratios between the inlet and the passage shock can be defined through their 

critical area using the area-velocity relationships established in Sec. 2.5.3, as 

 

𝐴1
𝐴𝑠ℎ

=
𝐴1
𝐴∗

𝐴∗

𝐴𝑠ℎ
=

1

𝑀′
1
[
1 +

𝛾 − 1
2 𝑀′

1
2

(1 +
𝛾 − 1
2 )

1
𝛾−1

]

𝛾+1
2(𝛾−1)

𝑀′
𝑠ℎ [

(1 +
𝛾 − 1
2 )

1
𝛾−1

1 +
𝛾 − 1
2 𝑀′

𝑠ℎ
2
]

𝛾+1
2(𝛾−1)

 
 ( 2.6.17)  

Substituting the inlet and passage-shock critical area relation and their corresponding 

flow areas in the continuity equation, 

 

𝐴1
𝐴𝑠ℎ

=
𝜌1𝑉1
𝜌𝑠ℎ𝑉𝑠ℎ

=
𝐻1𝑠 cos 𝛽1

𝐻𝑠ℎ𝜍𝑠ℎ cos(𝛽𝑠ℎ − 𝜍𝑠ℎ)
=
𝑀′

𝑠ℎ

𝑀′
1
[
1 +

𝛾 − 1
2

𝑀′
1
2

1 +
𝛾 − 1
2 𝑀′

𝑠ℎ
2
]

𝛾+1
2(𝛾−1)

 

 

(2.6.18)  

The other condition to be satisfied between the inlet and the passage shock is of course 

the Riemann’s equation for the Prandtl-Meyer expansion of a right running 

characteristic.  According to Eq. 2.4.36, it yields to 

 𝛽1 + 𝜈1(𝑀
′
1) = 𝛽𝑠ℎ + 𝜈𝑠ℎ(𝑀

′
𝑠ℎ)  ( 2.6.19)  

The passage-shock angle might be computed from Eq. 2.4.24 corresponding to oblique-

shock theory, where the deflection or expansion angle is the difference between the 

upstream and downstream angle.  Thereon, the oblique passage-shock is  

 
𝛿𝑠ℎ = atan {2 cot 𝜍𝑠ℎ

𝑀′
1
2
sin2 𝜍𝑠ℎ − 1

𝑀′
1
2[𝛾 + cos(2𝜍𝑠ℎ)] + 2

} = 𝛽1 − 𝛽𝑠ℎ  ( 2.6.20)  

Continuity equation, Prandtl-Meyer expansion and oblique-shock angle equations might 

be then numerically solved.  Assuming a passage-shock flow angle 𝛽𝑠ℎ in Eq. 2.6.19, 

the passage-shock Prandtl-Meyer angle 𝜈𝑠ℎ is known.  Utilizing the Prandtl-Meyer 

function in Eq. 2.4.34, the upstream passage-shock relative Mach number 𝑀′
𝑠ℎ is 

computed, so that the passage-shock angle 𝜍𝑠ℎ is determined from Eq. 2.6.18.  The 

calculated  𝜍𝑠ℎ needs to satisfy Eq. 2.6.20, in which any error in the expansion angle 

will determine the next value of  𝛽𝑠ℎ. 
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In an attempt to address the variation of the passage-shock position with off-design 

conditions, Bloch et al. [34] introduced an engineering shock-loss to keep empiricism at 

its minimum.  This model was limited to unchoked flow, where the shock is a single 

structure.  The detached bow-shock was built as per the Moeckel’s approximation 

[180], and its associated losses were calculated as suggested by Klapproth [206], with 

exception of the stagnation streamline position and the leading-edge radius for the bow-

wave losses. 

Because the infinite bow-wave interacts with the stagnation streamline, the flow 

undergoes a small upwards deflection that shifts the latter.  As the back static pressure is 

increased, the detached bow-shock becomes more detached moving upstream by an 

amount of Δ𝑧′ and shifting the stagnation streamline towards the suction surface by an 

amount of Δ𝑦′.  With the aid of unstarted CFD solutions for different cascades, the 

stagnation streamline shift was correlated as 

 Δ𝑧′ = 6Δ𝑦′  ( 2.6.21)  

Since most the flow traverses the central portion of the detached bow-shock, an extra 

loss increase was considered at this part by incrementing the radius to an effective 

leading-edge radius so that the incidence can increase.  Once again, a CFD solution 

examination for the same cascades led to the following approximation 

 
𝑟𝐿𝐸𝑒𝑓𝑓 = 𝑟𝐿𝐸 +

Δ𝑦′

2
  ( 2.6.22)  

The CFD-based correlations developed by Bloch et al. [34] should be utilized with 

discretion, as they are not universal and might vary in some proportion for every blade 

profile and inlet relative Mach number combination considered. 

As established by Levine [185], the flow information along the first-captured Mach 

wave was computed by applying continuity equation and the Riemann’s equation for 

the Prandtl-Meyer expansion between the flow field far upstream and the limiting 

characteristic a-b in curved blades.  Nonetheless, this time the bow-wave-induced losses 

were considered in the mass flow conservation. 
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In terms of the passage-shock position, the hyperbolic shape of the detached bow-shock 

was extended within the passage up to the sonic point s, as sketched in Figure 2.42.  

From this point s, the passage-shock was assumed to be a straight line normal to the 

stagnation streamline.  This consideration is of relevant importance; since it is the first 

time that a shock-model considers a curved portion of the hyperbolic type for the 

passage shock, which is more realistic.   

 

Figure 2.42  Shock model by Bloch et al. [34] assuming a passage-shock with a hyperbolic and a 

straight portion, where the latter originates at the bow-shock sonic point. 

Given the pre-defined and approximated shock configuration in Figure 2.42, the passage 

shock was divided in 200 points to obtain every local relative Mach number upstream of 

the passage shock.  The relative total-pressure losses are thus determined locally, which 

are mass-averaged in the circumferential direction to obtain the shock-loss coefficient. 

In spite of the method presented by Bloch et al. [34] that modifies the shock 

configuration with the off-design condition, the model applies only for unstarted flows, 

namely between stall and slightly before peak-efficiency operating points.  One of the 

most up-to-date shock-loss models was introduced by Boyer and O’Brien [13,35,36], as 

an extension of the method of Bloch et al. [34] for all operating conditions.  Three 

different shock-wave patterns shown in Figure 2.43 were assumed for the three different 

reference operating conditions of a compressor or fan speedline:  near stall at 𝑖𝑛𝑜𝑟𝑚, 

peak efficiency or minimum loss at 𝑖𝑚𝑖𝑛, and near choke at 𝑖𝑐ℎ.   
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Figure 2.43  Shock configurations assumed by Boyer and O'Brien [13,35,36] for near-stall, peak-

efficiency, and near-choke operating conditions [36]. 

For near-stall condition, a single-shock structure was entirely defined by the hyperbola-

approximated detached bow-shock [180].  Whereas for the minimum-loss at and near-

choke conditions a dual-shock structure was assumed, compound by the detached bow-

shock and a second passage shock inferred to be normal.  At peak-efficiency point, the 

second passage-shock was considered to be just immediately behind of the detached 

bow-shock.  While at near-choke condition, the second passage-shock was anchored at 

the trailing edge.  Nevertheless, as the back static pressure (or incidence) increases from 

the minimum-loss point, the second passage-shock is supposed to coalesce with the first 

passage shock portion, which in fact, is not considered in this model.  Despite these 

three shock configurations are given, the model does not explicitly moves the second 

passage-shock with the incidence as no analytical method was applied to find its 

location.  Rather, the loss effect of the shock position and strength was accounted 

through empirical or simple representations as a function of the reference incidences:  

𝑖𝑛𝑜𝑟𝑚,  𝑖𝑚𝑖𝑛, 𝑖𝑐ℎ .  The minimum-loss incidence 𝑖𝑚𝑖𝑛 might be computed with either of 

the empirical correlations by Chauvin and Weyer [149], Cetin et al., [141], or Aungier 

[136], presented in Table 2.1.  The choking incidence 𝑖𝑐ℎ can be obtained through the 

empirical model of Aungier [136] described in Sec. 3.4.2.  The transition incidence 

𝑖𝑛𝑜𝑟𝑚 between a single-shock and a dual-shock structure was calculated with the 

following simple representation 

 𝑖𝑛𝑜𝑟𝑚 = 𝑖𝑠𝑡 − 1.0°  ( 2.6.23)  



 

109 

 

where 𝑖𝑠𝑡 might be calculated again with the empirical correlation by Aungier [136] of 

Table 2.1.  

Thereon, for high blade-section loadings or 𝑖 > 𝑖𝑚𝑖𝑛, the loss-increase effect due to 

large incidence was accounted through a simulation-based correction in the overall-

shock-loss coefficient as 

 
𝜔𝑠ℎ = 𝜔𝑏𝑜𝑤 +

0.015

(𝑖𝑛𝑜𝑟𝑚 − 𝑖𝑚𝑖𝑛)3
(𝑖 − 𝑖𝑚𝑖𝑛)  ( 2.6.24)  

Likewise, in operating conditions where 𝑖 < 𝑖𝑚𝑖𝑛, the effect of the second passage-

shock was considered by introducing a loss-characteristics-based correction in the 

passage-shock loss coefficient as 

 
𝜔𝑝𝑠ℎ = 𝜔𝑝𝑠ℎ𝑚𝑖𝑛 +

𝜔𝑝𝑠ℎ𝑐ℎ − 𝜔𝑝𝑠ℎ𝑚𝑖𝑛
(𝑖𝑐ℎ − 𝑖𝑚𝑖𝑛)4

(𝑖 − 𝑖𝑚𝑖𝑛)
4  ( 2.6.25)  

which is then added to the bow-shock loss coefficient from the method of Klapproth 

[221] to compute the overall-shock losses. 

Conventional methods have assumed the flow expansion to correspond to the suction-

surface camber computed from the Prandtl-Meyer expansion, ignoring the boundary-

layer thickness effect.  Admittedly, the fluid expansion is less when the boundary layer 

is considered, as the flow is prevented from attaining its acceleration.  For this reason, 

Balzer [222] presented a shock-loss model where the boundary-layer blockage effect 

was accounted by using the relative turning instead of the suction-surface camber angle 

for the flow expansion.  Moreover, the use of the relative turning reflects the change in 

shock position as this varies with the inlet relative Mach number and incidence.  The 

flow expansion was then determined by assuming that the flow turns from the inlet 

relative flow angle to the outlet relative flow angle as the surface flow path turns.  

However, this surface path was simplified to be two tangent circular arcs, limiting its 

applicability to only represent DCA and MCA blade section types.  The assumed shock 

model was approximated to a single-shock normal to the midchannel stemmed from the 

leading edge of the pressure blade as sketched in Figure 2.44.   
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Figure 2.44  Shock model by Balzer [222]  assuming a single-shock configuration normal to the 

midchannel stramline and attached to the pressure blade leading-edge. 

This model by no means indicates the occurrence of a unique single shock, but it was 

considered that its associated loss was equivalent to that from the real shock system.  

The relative turning analysis obtains the relative Mach number upstream of the shock, 

and in turn, an equivalent Mach number encountering the normal shock is computed 

using Eq. 2.6.5.  The usual procedure for relative total-pressure loss and shock-loss 

coefficient is then followed using Eq. 2.6.7 and Eq. 2.6.8, respectively.  As seen from 

the single-shock model in Figure 2.44, the bow wave is neglected.  Hence, the relative 

total-pressure loss accrued by the bow wave are not taken into account, and thus, 

assuming a constant relative total-pressure up to the shock location. 

2.6.5 Empirical Shock-Loss Models  

As discussed in Sec. 2.3.2, the computation of the total-pressure loss or entropy 

generation from cascade measured data to establish an empirical shock-loss correlation 

generally considers the effects from the shock strengthening and the SWBLI.  However, 

Koch and Smith presented an empirical expression for the entropy rise to account only 

for the bow-wave and passage-shock strengthening as a function of the leading-edge 

bluntness, given by 

 ∆𝑆

𝑅
= −𝑙𝑛 {1 −

𝑟𝐿𝐸
𝑠𝑐𝑜𝑠𝛽1

[1.28(𝑀′
1 − 1) + 0.96(𝑀

′
1 − 1)

2]}  ( 2.6.26)  

Eq. 2.6.26 represents the so-called leading-edge bluntness loss model, reviewed as well 

by York and Woodard [216].  These empirical shock-loss correlations are one of the 
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few that consider the shock-only loss as isolated.  The associated subsonic diffusion 

process is then calculated using another empirical correlation. 

The following empirical shock-loss models within this section consider merged shock-

strengthening and SWBLI losses.  By no means is the purpose of this thesis to resolve 

the SWBLI problem, however it results unavoidably to mention it if further shock loss 

models are addressed.  In an attempt to understand the differences against the state-of-

the art and the currently developed analytical shock-loss models a brief review of these 

important empirical shock-loss models implemented in SLC programs for transonic 

axial-flow compressors is provided below.  The following review skips the mention of 

the SWBLI losses if they are detached from the shock-loss coefficient. 

Considering that SWBLI inevitably occurs in a transonic viscous flow, Gustafson [223] 

assumed an arbitrary -shock structure and position for the passage shock in DCA 

aerofoils.  In a similar manner as the assumption in the model of Schwenk et al. [4], an 

equivalent Mach number was defined at the mid-channel camberline as in Eq. 2.6.27.  

Instead of a 𝑀′
𝑝𝑠ℎ𝑠𝑠

 at point d just immediately before the passage shock, the maximum 

relative Mach number 𝑀′
𝑑𝑤𝑠𝑙𝑠𝑠

  was considered to be at the downstream limb of the 

assumed -shock, obtained through a Prandtl-Meyer expansion. 

 
𝑀′

𝑒𝑞 =
𝑀′

1 +𝑀
′
𝑑

2
=
𝑀′

1 +𝑀
′
𝑑𝑤𝑠𝑙𝑠𝑠

2
  ( 2.6.27)  

Having 𝑀′
𝑒𝑞, an empirical correlation based on experimental results [154,224,225] was 

established to compute the relative total pressure loss in the form of 

 𝑃𝑅′𝑝𝑠ℎ = 𝑓(𝑀′
𝑒𝑞)  ( 2.6.28)  

A second shock standing near the trailing edge was observed through Schlieren 

visualization.  Its location was obtained directly from the observations as there was no 

method available to obtain predict it.  This shock was assumed to be normal to the flow, 

and its relative total pressure was found from normal shock relations. 

The two-shock model from Gustafson was modified by Koning et al. [153,155] to be 

applied not only to DCA aerofoils but also to low-cambered (MCA and wedge-type) 
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and pre-compression concave blade profiles.  The passage-shock location 𝑥𝑑 with 

respect to the chord was approximated as per the following empirical correlation 

 𝑥𝑑
𝑐
=
1

𝜎
𝑐𝑜𝑠𝜉  ( 2.6.29)  

The flow angle for low-cambered profiles at point d is merely the blade angle, which 

can be computed as 

 𝛽𝑑 = 𝜅𝑑 + 𝜉  ( 2.6.30)  

Where 𝜅 is the angle between a tangent at a given blade surface point and the chord, and   

𝜉 is the stagger angle.  For pre-compression blades the angle between the tangent at 

point d and the chord was assumed to be twofold, thus 

 𝛽𝑑 = 2𝜅𝑑 + 𝜉  ( 2.6.31)  

Since the inlet conditions are known, the Riemanns’s equation for a right running 

characteristic from Eq. 2.4.36 solves the Prandtl-Meyer angle at point d in the form 

 𝜈𝑑 = 𝜈1 + 𝛽1 − 𝛽𝑑  ( 2.6.32)  

The relative Mach number at point d 𝑀′
𝑑 is then computed using the Prandtl-Meyer 

function from Eq. 2.4.34, so that the equivalent Mach number ahead of the passage is 

obtained as in Eq. 2.6.27.  Given 𝑀′
𝑒𝑞, the downstream Mach number, static-pressure 

ratio, and the relative total-pressure ratio 
𝑃0𝑑2

′

𝑃0𝑑1
′ can be calculated with normal shock 

equations given in Sec. 2.4.1.  The relative total-pressure ratio and the equivalent Mach 

number determines thus the passage-shock-loss coefficient using Eq. 2.6.1.   

Additional empiricism was introduced to this model in the calculation of the total-to-

static pressure ratio downstream of the passage shock using a correction factor 𝑞 that 

reflects the pressure rise weakening due to the SWBLI, being 

 𝑝2
𝑝1
= 1 +

2𝛾

𝛾 + 1
(𝑀1

2 − 1) ∗ 𝑞  ( 2.6.33)  

The correction factor 𝑞 was correlated to the relative Mach number at point d as 
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 𝑞 = −0.5(𝑀′
𝑑 − 1) + 0.64  ( 2.6.34)  

The rest of the shock-model from Koning et al. [153,155] considers the occurrence of a 

second compression shock downstream of the passage shock and close to the exit, 

which accounts for the choke-induced shock.  However, this second passage-shock was 

always considered regardless of the flow starting situation.  Thereby, an empirical 

relationship between the outlet or jet area 𝐴𝐽 and the area at point d was set as 

 𝐴𝐽
𝐴𝑑

= 0.4993𝑀′
𝑞 + 0.5007 + 𝐶  ( 2.6.35)  

The upstream relative Mach number of the second passage-shock is 𝑀′
𝑞.  The 

parameter 𝐶 is a function of the blade section type, taking a value of 0.774 for low-

cambered blading and a value of 0.0351 for pre-compression profiles. 

Fottner [226] defined an empirical shock loss coefficient at the blade leading-edge that 

considered both, the local-shock compressibility and its effect on the profile losses for 

subsonic supercritical inlet conditions, expressed as 

 𝜔𝑏𝑜𝑤 = 𝜔𝑝𝑟𝑜𝑓[𝐴(𝑀
′
1 −𝑀

′
1𝑐𝑟
) + 1]         𝐼𝑓    𝑀′

𝑐𝑟 ≤ 𝑀
′
1 < 1.0  ( 2.6.36)  

where 𝜔𝑝𝑟𝑜𝑓 accounts for the incompressible profile losses, and 𝐴 is a coefficient set to 

2.0 based on cascade evaluations.  Hirsch and Denton [90] improved Eq. 2.6.36 to 

provide a more accurate agreement against test data, expressed as 

 𝜔𝑏𝑜𝑤 = 𝜔𝑝𝑟𝑜𝑓{14[𝑀
′
1 − (𝑀

′
1 − 0.4)

3] + 1}         𝐼𝑓    𝑀′
𝑐𝑟 ≤ 𝑀′

1 < 1.0  ( 2.6.37)  

Besides the SWBLI, Eq. 2.6.36 and Eq. 2.6.37 consider only the bow-wave entropy 

generation.  To account for the passage-shock losses within inlet supercritical 

conditions, Hirsch and Denton [90] resolved the shock-loss coefficient as 

 

𝜔𝑝𝑠ℎ = Ω𝑒𝑞

[
 
 
 1 −

𝛾 − 1
𝛾 + 1Ω𝑒𝑞

2

1 −
𝛾 − 1
𝛾 + 1

1

Ω𝑒𝑞
2
]
 
 
 

1
𝛾−1

          𝐼𝑓    𝑀′
𝑐𝑟 ≤ 𝑀′

1 < 1.0 
 ( 2.6.38)  
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Where Ω𝑒𝑞 is the Laval number at the midchannel camberline, which can be calculated 

through an iterative method from  

 
𝑀′

𝑒𝑞 =
Ω𝑒𝑞

√0.5[1 + 𝛾 − (𝛾 − 1)Ω𝑒𝑞
2]

 
 ( 2.6.39)  

and the equivalent relative Mach number 𝑀′
𝑒𝑞 is computed as in Eq. 2.6.9. 

An experimental investigation on a transonic two-stage fan by Cunnan et al. [38] 

provided an empirical shock-loss correlation based on several transonic rotor tests [227–

229].  A shock-loss parameter Π𝑠ℎ was empirically defined as a function of the inlet 

relative Mach number as seen in the chart of Figure 2.45.   

 

Figure 2.45 Empirical shock-loss parameter correlation [38]. 

Thus, the shock-loss coefficient is correlated to the shock-loss parameter Π𝑠ℎ as 

 
𝜔𝑠ℎ =

2𝜎Π𝑠ℎ
𝑐𝑜𝑠𝛽2

  ( 2.6.40)  

In a very simplified empirical model for DCA blading, Haslam-Jones [230] separated 

the shock losses in inlet and outlet.  The inlet shock losses emulate the inlet shock-

system and were calculated as the total-pressure loss across a normal shock with an 

equivalent upstream Mach number of 

 𝑀′
𝑒𝑞 = 𝑀′

1 + 0.2  ( 2.6.41)  

The outlet shock losses were just considered for started-flow conditions since they tend 

to represent the shock and SWBLI losses from the choke-induce second shock.   The 
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outlet shock-loss coefficient was thus approximated to be the scaled profile losses by a 

factor that depends on the choking margin Ξ, defined in Eq. 2.7.8, such that 

 𝜔𝑜𝑢𝑡 = 𝜔𝑝𝑟𝑜𝑓[1 + 40(Ξ − 1)]  ( 2.6.42)  

 

2.7 Transonic Axial-flow Compressor Blading Choking 

2.7.1 Loss-Incidence Relation 

Expertise in blade profiles has led to design high-speed compressor rotor blades with 

metal inlet angles 𝑘1 between 35 and 70° [40,132,238,229,231–237] from hub to tip.  

Ideally in the rotor design intent, the inlet relative flow angle 𝛽1 is desired to be as close 

as possible to the blade inlet angle to minimize profile losses.  The difference between 

the inlet flow angle and the blade inlet angle is the incidence 𝑖, written as 

 𝑖 = 𝛽1 − 𝜅1  ( 2.7.1)  

In design process of a compressor rotor there is a design incidence 𝑖∗ for which the total 

losses are minimum, quantified as the design total-loss coefficient 𝜔∗, as observed in 

Figure 2.46.  Nevertheless, in real operations, the design point slightly shifts from the 

design intent, leading to a higher inlet relative Mach number.  Thus, at this real design 

condition, there is a different incidence for which the losses are the lowest possible, 

known as the minimum-loss incidence 𝑖𝑚𝑖𝑛.  Correspondingly, the total-loss coefficient 

at 𝑖𝑚𝑖𝑛 is the minimum-loss total-loss coefficient 𝜔𝑚𝑖𝑛.  Figure 2.46 shows the 

displacement of the curve 𝜔 vs 𝑖 when the inlet relative Mach number increases at 

design point, raising the total losses and the incidence at which these occur.  This means 

that even at off-design conditions, either lower or higher inlet relative flows, the total 

losses and their corresponding incidences decrease or increase, respectively.  Note that 

not only is the abscissa and ordinate translation of 𝜔 = 𝑓(𝑖) when 𝑀1
′ is varied, but 

also the working range 𝑊 is modified.  At high inlet relative Mach numbers, the 

working range narrows; whereas at low inlet flow velocities 𝑊 broadens. 
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Figure 2.46  Loss coefficient vs incidence plot for different inlet relative Mach numbers [136]. 

The working range is bounded for high inlet relative flow angles at the stall incidence 

𝑖𝑠𝑡 and for low inlet relative flow directions at the choking incidence 𝑖𝑐ℎ, as seen in the 

plot of Figure 2.47.  Even if the stall incidence is reached, the inlet relative flow angle 

can still be further increased till surge at the expense, of course, of a profile loss 

increment due to boundary layer separation and a reduction in rotor stability.  Surge 

onset is preceded by stall, and it can be understood as a severe blade row stalling.  

Physically, surge is an event in which the energy contained in the compressed flow 

becomes greater than the imparted energy by the blade rows.  Since stall and specially 

surge occur at very high incidences within the stall regime, they are out of the scope of 

the present investigation and no additional discussion is provided upon these two 

phenomena. 

In contrast, the choking incidence occurs when no more mass flow can be passed 

through the choked blade passage, fixing the inlet axial velocity, and hence, the inlet 

relative angle.  Therefore, for a given inlet relative Mach number, the choking incidence 

is the minimum value of incidence that can be attained.  Blade passage choking 

develops progressively in the spanwise direction as the incidence reduces instead of 

being a sudden effect along the blade height.  Due to the presence of dual-shock 

structures during blade-element choking, its complex physics have remained unclear 

and are yet to be understood.  The blade-row choking phenomenon is key element of 

this research and is treated in detail in Sec. 2.7.2. 
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Figure 2.47  Loss coefficient variation with incidence (modified from [239]). 

2.7.2 Blade-Passage Choking Models 

As mentioned earlier, a transonic axial-flow compressor operating with an inlet relative 

Mach number above the critical value leads to a shock-system.  As discussed in Sec. 

2.5.2, the diffusing blading passages are in the form of a convergent-divergent duct.  

Since the blade passage flow is transonic, there is a potential for the flow to become 

choked.  When choking is reached, the mass flow is fixed, causing the transonic 

compressor performance to be limited by a loss increase and a working range reduction.  

In Sec. 2.6.2, the distinction between unstarted and started inlet flows was established.  

During unstarted flow operations, the inlet passage flow is still affected by downstream 

throttling.  Conversely, at started flow operations a second shock within the passage 

occurs to meet the back conditions.  Having the shock discontinuity avoids any 

communication of the downstream throttle with the inlet flow, leading then to fixed 

inlet conditions, and hence, a constant mass flow. 

The blade-cascade flow is described to be analogous to that in a double-throat nozzle, 

where the second throat acts as a throttle [11].  The first throat is considered to be the 

blade inlet area, while the second throat existing at the smallest passage cross-section.  

Contrary to a nozzle, the area in a blade-row cannot be altered.  Instead, the inlet flow 
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angle is not fixed and can be modified.  Hence, for every blade throat area, a functional 

relation of 𝛽1 = 𝑓(𝑀1
′) can be established.  As long as the blade-inlet area remains 

larger than the blade-throat area, the flow is unstarted.  Any further increase of the blade 

throat area beyond the blade inlet area chokes the passage and the unique incidence is 

attained.  This is that for every inlet flow angle there is an inlet relative Mach number at 

which the blade cascade chokes.  In other words, when the inlet relative Mach number 

is fixed there is a unique flow angle or incidence that simultaneously satisfies the 

Riemann’s equation for the Prandtl-Meyer expansion and mass flow continuity [1,2]. 

The fact of having started conditions leads to mixed subsonic and supersonic fields.  As 

the flow equations involved are no longer elliptic but hyperbolic, an approximate 

solution for the mixed flow can be found through  numerical methods, such as, time-

dependent difference [240], multistrip integral [241,242] or hodograph [243] methods.  

For instance, the unstarted and started cascade flows for different back static pressures 

were determined through a finite difference scheme including an artificial viscosity 

[240].  Nevertheless, the inconvenience of these methods is the exact determination of 

the shock wave. 

Horlock [244] used actuator-disc theory to analyse the flow in zero-stagger-and-zero-

cambered profiles and staggered blade rows when the mass flow is just choked.  The 

choking was assumed to arise from three different sources:  throat area variation, back 

pressure variation, and entry shear.  Several assumptions were implied in the actuator-

disc analysis which merit further consideration.  For instance, the flow was considered 

to be locally choked at all blade sections and to be isentropic from the leading edge up 

to the throat.  Despite these considerations, the inlet flow readjusted itself so that a unity 

relative Mach number was attained at the throat.  It was resolved that the throat area 

must be reduced to keep the mass flow choked and hence, fixed.  For this, the mass flow 

was reduced fractionally by 𝐶/𝑠, where 𝐶 is a coefficient that depends on the inlet 

Mach number. 

To emulate the passage choking situation happening at high inlet relative Mach 

numbers, Starken [184] applied the Moeckel’s method [180] and Levine procedure 

[185], assuming the point a of the limiting characteristic stands on the suction-surface 
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leading-edge.  In this manner the length 𝑙𝑎𝑏 of the characteristic a-b is known since 

point a is on the leading edge and point b is the vertex of the hyperbola-approximated 

detached-shock.  Mass flow conservation was applied between the far inlet field and the 

limiting characteristic a-b as 

 𝜌1𝑉1𝐴1 = 𝜌𝑎𝑏𝑉𝑎𝑏𝐴𝑎𝑏  ( 2.7.2)  

Contrary to Schobeiri [220], the streamtube height contraction 𝐻1/𝐻𝑎𝑏 was disregarded 

in the area ratio for the mass flow conservation.  Thereupon, the inlet flow area 𝐴1 

simplifies to 

 𝐴1 = 𝜙 = 𝑠 cos𝛽1  ( 2.7.3)  

Similarly, the flow area of the limiting characteristic, whose angle is the Mach angle 

𝜇𝑎𝑏, is normal to the incoming flow, such that 

 𝐴𝑎𝑏 = 𝑙𝑎𝑏 sin 𝜇𝑎𝑏  ( 2.7.4)  

Thence, the continuity equation between far upstream and the first-captured Mach wave 

becomes 

 𝜌1𝑉1𝑠 cos 𝛽1 = 𝑙𝑎𝑏 sin 𝜇𝑎𝑏  ( 2.7.5)  

Accordingly, the Riemann’s equation for the Prandtl-Meyer expansion needs to be 

satisfied.  Using Eq. 2.4.36 for a right-running characteristic gives 

 𝛽1 + 𝜈1 = 𝛽𝑎𝑏 + 𝜈𝑎𝑏  ( 2.7.6)  

Since the limiting characteristic is assumed to impinge on the suction-surface leading 

edge, its flow angle 𝛽𝑎𝑏 is approximately the blade leading edge 𝑘1.  Whereupon, the 

continuity equation and Prandtl-Meyer expansion might be numerically solved for a 

given inlet relative flow velocity to determine a unique 𝛽1.  This unique inlet relative 

flow angle is considered to be the choking flow angle, inasmuch as the limiting 

characteristic location corresponds to a choke case representation. 

Although the formulation of the two relations is correct, total-pressure losses due to the 

detached bow-shock were neglected in the mass flow conservation.  More important to 
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consider is that imposing the limiting wave to the suction-surface leading-edge deserves 

some further attention as the suction surface has no more influence on the relative Mach 

number upstream of the first-captured Mach wave.  Later investigations demonstrated 

[13,34,36,205,245] that even at choked conditions, the point a of the first-captured 

Mach wave can lie anywhere on the suction-surface entrance region depending on the 

geometry. 

Haslam-Jones [230] introduced choking calculations within a through-flow method for 

𝑀′
1 ≥ 0.8.  For started-flow blades, the maximum mass flow rate that can be passed 

through the passage was obtained through a cascade-based empirical correlation as a 

function of the inlet relative Mach number, given by 

 
𝑚̇𝑚𝑎𝑥 =

𝑚̇𝑡ℎ𝑒𝑜𝑟𝑦

(1 +
𝑀′

1 − 0.8
20 )(1 +

𝛽1 − 𝛽𝑡ℎ𝑟
100 )

  ( 2.7.7)  

where the 𝑚̇𝑡ℎ𝑒𝑜𝑟𝑦 is the theoretical mass flow calculated as in Sec. 2.5.31 and the term 

𝛽1 − 𝛽𝑡ℎ𝑟 represents the turning angle between the inlet and throat.  Following the 

composition of a though-flow simulation, the actual and maximum mass flow rates are 

computed at every streamline, where a ratio between them defined as the choking 

margin Ξ can be obtained as 

 
Ξ =

𝑚̇

𝑚̇𝑚𝑎𝑥
  ( 2.7.8)  

Consequently, the losses and deviation angles are proportionally scaled to the choking 

margin.  Being that not all the streamlines are choked, relaxation factors were applied to 

those in order to assure stability. 

Tiwari et al. [23] implemented a new technique for SLC methods to handle choked flow 

across the flowpath.  The treatment was divided in annular choking to account for all the 

stream tubes choked from hub to tip and local choking for few stream tubes choked.  In 

the seldom cases of annular choking, a maximum value of mass flow is reached for the 

entire flowpath.  Conversely, localized choking is encountered regularly.  
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To treat annular choking in SLC, a pressure ratio is defined as target for which the 

target mass flow rates per stream tube are calculated.  After full REE is satisfied, mass 

flow continuity determines the stream tube mass flow.  The ratio of mass flow rates 

between the target and the calculated values adjusts the upstream target pressure for the 

next iteration.  Eventually, all the stream tubes attain the target mass flow and pressure 

ratio, achieving convergence. 

The local choked mass flow was fixed by setting the required spanwise distribution of 

average throat turning 𝑟𝐶𝜃|𝑡ℎ.  However, this is unknown in the analysis mode of SLC 

program.  Instead, the average meanline throat turning can define a radial distribution.  

The average throat turning at the meanline was assumed to be almost proportional to 

that at the tip 𝑟𝐶𝜃|𝑡𝑖𝑝𝑡ℎ, defined as 

 
𝑟𝐶𝜃|𝑡𝑖𝑝𝑡ℎ = 𝑟𝐶𝜃|𝑡𝑖𝑝𝑖𝑛 + (

𝑟𝐶𝜃̅̅ ̅̅ ̅|𝑡ℎ − 𝑟𝐶𝜃̅̅ ̅̅ ̅|𝑖𝑛

𝑟𝐶𝜃̅̅ ̅̅ ̅|𝑜𝑢𝑡 − 𝑟𝐶𝜃̅̅ ̅̅ ̅|𝑖𝑛
)(𝑟𝐶𝜃|𝑡𝑖𝑝𝑜𝑢𝑡 − 𝑟𝐶𝜃

|𝑡𝑖𝑝𝑖𝑛) 
 ( 2.7.9)  

Given the average tip throat turning, the spanwise throat turning distribution is 

computed to assign an average throat turning to the rest of the stream tubes. The 

distribution is based on a linear equation whose slope depends on the flow condition 

and vortexing behaviour. 

2.8 Summary 

Transonic axial-flow compressors need to guarantee high single-stage pressure ratio at 

high efficiencies and working ranges, at least comparable to those from the subsonic 

systems.  Shock-induced losses in transonic compressors arise from the shock strength, 

SWBLI, shock and tip-leakage vortex interaction, blockage, corner stall and upstream 

wake destabilization.  Shock losses represent 35 to 55% of the overall blade losses.   

Blade-profile shaping through maximum-thickness location increase, maximum 

thickness reduction, and solidity increment, reduces the shock losses.  For the rest of the 

blade, cambered profiles are desired to still offer flow turning and increase the pressure 

ratio. 

2-D blade-profile studies have resulted in low-thickness profile sections at the tip.  3-D 

blade-shaping has shown that the shock structure can be controlled by sweep and lean 
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with different influence along the span, leading to S-shaped blades.  A compound 

forward-sweep blade increases the isentropic efficiency but shortens the working range 

due to a reduction in both, secondary flows effects and entropy generation. On the other 

hand, a compound backward-sweep blade provides a lower efficiency enhancement but 

improves the working range since the shock-loss intensity is lessened.   

Because of the transonic-flow complexity in compressors, the preferred method is 3-D 

CFD RANS.  Nonetheless, these simulations are computationally expensive and still 

can show deviations due to the numerical approach or the turbulence/transition 

modelling.  In contrast, 2-D throughflow SLC methods provide acceptable solution for 

the full compressor map in a quicker manner.  2-D SLC methods provide the flow field 

solution on the meridional plane by numerically resolving the full REE, which estimates 

the gradient of the meridional velocity in the spanwise direction. 

Previously published shock-loss models for 2-D SLC have oversimplified the shock 

configuration, assuming an equivalent passage-shock structure from design point with 

the inability of being sensitive to off-design conditions.  This condition has limited the 

analytical shock-loss models to unstarted blade passages.  The pioneer model of 

Schwenk et al. [4], cornerstone of successive models, assumed only a normal passage 

shock from the detached bow-shock vertex to an arbitrary suction-surface location to 

calculate the peak relative suction-surface Mach number.  The widely used model from 

Miller et al. [3], combined the model of Schwenk et al. [4] with the detached bow-

shock approximation from Moeckel [180] and resolved the flow expansion ahead of the 

assumed passage-shock.  Sayari and Bolcs [24] assumed a passage-shock normal to the 

stagnation streamline.  Schobeiri [220] modelled for the first time the passage shock as 

oblique but only for sharp-nosed profiles with no bow shock.  Bloch et al. [34] assumed 

the passage shock normal to the flow and emanating from the bow-shock sonic point.  

Although the flow expansion was resolved analytically, the stagnation streamline and 

geometric leading-edge radius were altered based on CFD correlations.  The most recent 

state-of-the-art model by Boyer and O’Brien [13,35,36] assumed three different 

reference shock systems for NS, NPE and NC.  Any other off-design shock-loss 

computation different from the standard configurations was corrected using CFD-based 

correlations, which were not universal. 
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Choking-process within 2D- SLC tools has remained as a challenge.  Horlock [244] 

used actuator-disc theory and reduced the mass flow at all blade sections by a fraction 

that depends on the inlet Mach number.  Starken [184] used mass flow conservation and 

a Prandtl-Meyer expansion between far upstream and an assumed limiting characteristic 

that impinges on the leading edge, and neglecting any detached bow-shock.  Haslam-

Jones [230] calculated the maximum mass flow in a choked passage suing a cascade-

based empirical correlation.  The most recent choked-flow treatment in throughflow 

method by Tiwari et al. [23] assumed a spanwise distribution of the required average 

thoat turning to fix the local choked mass flow. 
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3 METHODOLOGY 

3.1 Introduction 

This chapter offers a thorough description of the four key implementations in the 2-D 

SLC methodology that focus in improving the axial-flow compressor modelling and its 

flow solution to account for a more accurate transonic-flow performance prediction, as 

shown in Figure .  Concerning the axial-flow compressor modelling discussed in Sec. 

3.2, a blade-element-layout method and a modification to the 2-D SLC fundamental 

equation were implemented.  The main contribution to knowledge focuses in the flow 

solution, where a novel analytical physics-based shock-loss model was developed and 

incorporated into the 2-D SLC program, described in Sec. 3.3.  This shock-loss model 

can be used in both unstarted and started operations, where the later required the 

development of a radial mass flow redistribution model due to the choking effect, 

reviewed in Sec 3.4.  For the shock-loss mode to operate in started conditions, an 

iterative method was implemented as an outer loop to the algorithm to correctly predict 

the overall passage-shock structure.  In order to provide the highlights and key points of 

the overall methodology, a summary is provided in Sec. 3.5. 

2-D SLC 

SOCRATES

Shock- structure and 

loss model

Choking mass flow 

redistribution model

3-D Blade-element 

layout method

Compressor Modelling

Full REE adaptation 

for lean

Flow Solution

Transonic-Flow Performance Prediction Improvements

 

Figure 3.1  Structure of the incorporated modules into the 2-D SLC simulation strategy to improve 

the transonic-flow performance prediction. 

The theory behind the blade-element-layout method consisting in projecting the blade-

element parameters on a conical surface of revolution to later sweep and lean the blade 

sections individually is presented in Sec. 3.2.1.  The adaptation of the full-REE second-

order differential equation to account for lean effects in the 2-D SLC strategy is 

examined in Sec. 3.1 
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Central to this research, the physics-based shock-loss model obtains a relative shock-

loss coefficient at both, relative subsonic supercritical and relative supersonic span.  The 

shock-loss computation for the relative subsonic supercritical conditions is given in Sec. 

3.2.3.  The complex shock-structure for the relative supersonic span is discussed from 

Sec. 3.3.3 to Sec. 3.3.9.  Sec. 3.3.3 intends to give a description of the supersonic flow 

traversing the shock configuration so that further discussions on the methodology can 

be easily digested by the reader.  Inasmuch as the detached bow-shock is a significant 

percentage of the shock-structure skeleton, its modelling is given in Sec. 3.3.4.  The 

associated shock-loss corresponding to that portion of the detached shock that extends 

to infinity, namely the bow wave, are calculated in Sec. 3.3.5.   

With respect of the passage shock, its situation is a function of the choking incidence 

and  choking margin calculated in Sec. 3.4.2 and Sec. 3.4.3, respectively, establishing 

the passage-shock configuration in Sec. 3.3.6.  If the blade passage is identified as 

unstarted, the passage-shock is fully determined by the detached bow-shock.  

Nevertheless, if the blade-passage is started, the passage-shock location and shape are 

assumed in Sec. 3.3.6.  Having an established passage shock, the flow expansion ahead 

is calculated in Sec. 3.3.7, by first identifying the limiting characteristic using mass flow 

conservation in Sec. 3.3.7.1 and then developing the full flow-field expansion through 

the method of characteristics in Sec. 3.3.7.2.  The algorithm was developed is such that 

any potential expansion fan or pre-compression shocks are determined and accounted 

for the over-all expansion process.  The full expansion provides flow information in the 

circumferential direction which is mass-averaged to obtain the associated passage-shock 

losses in Sec. 3.3.8.  Forasmuch as the passage-shock form and position were assumed 

during choking, the iterative method of Sec. 3.3.9 is required to find the correct location 

and angle for the choke-induced passage-shock.  For the started cases, a second flow-

expansion is computed accordingly to consider the relative total-pressure recovery from 

the second passage-shock. 

The started blade passages are required to limit the  incidence to the already computed 

choking incidence, affecting the streamtube mass flow at those choked blade-profiles.  

For this reason, a novel numerical mass flow redistribution model was developed and 

presented in Sec. 3.4.4. 
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3.2 Compressor Blade Modelling 

3.2.1 Overview 

A blade-element-layout method based on the approach of Crouse et al. [107] was 

generated in FORTRAN90 and implemented into the 2-D SLC axial-flow 

fan/compressor performance simulation software (SOCRATES) [14,17,31] to compose 

the blading on conical surfaces.  The flow chart in Figure 3.2 defines the subroutines 

created for the conical blade-element-layout method.  This method requires the 

parameters at the leading edge, trailing edge, maximum thickness point and transition 

point (if any) as reference to be projected on a conical stream surface.  The camberline 

is defined by assuming a constant rate of change of blade angle with respect to the 

profile path.  Given the camberline, the thickness distribution is defined normal to it so 

that the suction and pressure surfaces can be modelled.  For each blade-element section 

the stacking point might be computed accordingly to establish the stacking line so that 

any sweep or lean angle can be implemented with respect of this reference line.  The 

swept and leaned blading sections are transformed from conical to Cartesian coordinates 

and fed back to the 2-D SLC simulation. 

2-D SLC simulation

Projection on a conical stream surface

Blade-element parameters at LE, TE, tmax 

and transition points

Camberline definition

Sweep and lean blade elements

Thickness distribution

Suction and pressure surface definition

Blade section stacking

Transform blade-elements from 

conical to Cartesian coordinates 

2-D SLC simulation

3-D blade geometry

 

Figure 3.2  Blade-element-layout method to compose blade profiles on conical stream surfaces, 

implemented in the 2-D SLC axial-flow fan/compressor performance software. 
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3.2.2 Blade-Element-Layout Method Definition 

In each blade profile section, the parameters that define its geometry are known as blade 

elements.  Each blade profile section is conveniently projected on a conical surface to 

approximate the stream flow surfaces, which are considered to be axisymmetric.  Due to 

the axisymmetric assumption, the stream surfaces can be represented in a 2-D plane as 

streamlines.  When the streamline slopes are low, the conical approach can be 

considered accurate; however when the streamline slopes are high there are 

discrepancies between the blade-profile conical representation and the stream surfaces.  

Due to the blade-profile conical projection inability to capture all the blade element 

parameters, there are several approaches of blade shape modelling on a conical surface 

[107]:  blade-element direct layout on the conical surface, and blade element projection 

that lay out on plane or cylindrical surface onto a cylindrical surface. 

Flow across the blades is influenced by several interacting forces; however, the most 

direct factor driving the local flow is the surface curvature, which is the rate of change-

of-surface-angle with respect to the streamline.  Therefore, a blade-element-layout 

method by Crouse et al. [107] was developed accordingly, to keep constant the angle 

change along the blade surface, so that less flow changes can be expected due to blade 

layout. In other words, the blade-layout method consists in maintaining a constant rate 

of change-of-angle with respect to the path distance at every defined arc segment of the  

camberline, suction surface and pressure surface.  Subsequently, the complete blade 

geometry is obtained by stacking the different blade profile sections along the stacking 

axis.   

In particular, the present blade-element layout method is suitable to sketch multiple-

circular-arc (MCA) -type blade profile sections. As explained in Sec. 2.1, the demand 

for an increase in aircraft speeds has led to have higher entry-flow velocities at the 

compressor, reaching transonic regime and therefore, shock wave presence.  The need 

to control shock losses at the throat area, and regulate chordwise flow turning, has 

resulted in MCA-type blade profile sections.  An MCA-type blade profile consists of 

two circular arcs that outline the suction surface and other two circular arcs for the 

pressure surface, thus, camberline is defined as well by two circular arcs.  For any of 
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both surfaces, suction and pressure, and camberline, the boundary of every circular arc 

is delimited by the transition point; namely, the first circular arc goes from leading edge 

to transition point, and second arc joins transition point with trailing edge.    

More important, the implemented blade-element layout method in this research allows 

to find the blade profile centre of area in a convenient manner, so that further sweep 𝜆 

and lean angle 𝜂 variations can be introduced with respect of the stacking axis.  Based 

on Crouse et al. [107], the following blade-element-layout method was programmed 

and implemented in SOCRATES for blade profile modelling; its validation can be 

found in Sec. 4.2.  To project the blade elements in a conical surface, an 𝑅-𝜀 conical 

coordinate system is defined, where 𝑅 is the ray from the cone vertex to a certain point, 

and 𝜀 is the angle between a certain ray with respect to a reference ray as shown in 

Figure 3.3.  The cone half-angle 𝛼 of every conical coordinate system is defined and 

fixed for every blade profile section. 

 

Figure 3.3  Unwrapped view of the conical coordinate system used for the constant turning blade-

element-layout method (obtained and modified from Crouse et al. [107]). 

From Figure 3.3, 𝑟𝐿𝐸 and 𝑟𝑇𝐸 define the blade leading edge and trailing edge radius, 

respectively on the radial direction 𝑟.  In the axial direction or rotation axis 𝑧, the blade 

leading and trailing edge coordinate are given by 𝑧𝐿𝐸 and 𝑧𝑇𝐸.  The blade inlet and 

outlet angles are defined by 𝑘𝐿𝐸  and 𝑘𝑇𝐸, respectively.   
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The rate of change of blade angle with respect to the blade profile path 𝑆 is defined by 

the turning rate 𝐶.  If a constant turning rate is established as in this method, the blade 

metal angle 𝑘 decreases as the surface path S increases.  This is, 

 𝑑𝑘

𝑑𝑆
= −𝐶  ( 3.2.1)  

The camberline laid out on a conical surface is defined as seen in Figure 3.5. 

 

Figure 3.4  Camberline blade elements on a conical coordinate system (obtained and modified from 

Crouse et al. [107]) 

From Figure 3.4, the following trigonometric relations are derived 

 𝑑𝑅 = 𝑑𝑆 cos 𝑘  ( 3.2.2)  

 𝑅𝑑𝜀 = 𝑑𝑆 sin 𝑘  ( 3.2.3)  

Substituting Eq. 3.2.1 in Eq. 3.2.2 and Eq. 3.2.3, respectively, 

 
𝑑𝑅 = −

cos 𝑘

𝐶
𝑑𝑘  ( 3.2.4)  

 
𝑑𝜀 = −

sin 𝑘

𝑅𝐶
𝑑𝑘  ( 3.2.5)  

Integrating Eq. 3.2.4 from a point 1 where 𝑅 and 𝑘 are known to the point of interest on 

the camberline, 
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∫ 𝑑𝑅 =
𝑅

𝑅1

∫ −
cos 𝑘

𝐶
𝑑𝑘

𝑘

𝑘1

 

−𝑅1 =
1

𝐶
(sin 𝑘1 − sin 𝑘) 

 ( 3.2.6)  

Rearranging Eq. 3.2.6 to have one side the known variables and on the other the 

unknown variable, defines the constant 𝜁 as 

 𝑅𝐶 + sin 𝑘 = 𝑅1𝐶 + sin 𝑘1 = 𝜁  ( 3.2.7)  

Substituting Eq. 3.2.7 in Eq. 3.2.5, gives the solution for 𝜀

 
𝑑𝜀 =

sin 𝑘

sin 𝑘 − 𝜁
𝑑𝑘  ( 3.2.8)  

Eq. 3.2.8 is a differential equation that is complex to solve and the solution is a function 

of 𝑘, 𝑘1 and 𝜁, expressed as 

 𝜀 = 𝜀1 + 𝑓(𝑘, 𝑘1, 𝜁)  ( 3.2.9)  

Nevertheless, if the blade angle 𝑘 does not change, it results in 𝑘 = 𝑐𝑜𝑛𝑠𝑡 and 𝐶 = 0.  

Therefore, the term 𝑑𝑘 from Eq. 3.2.5 can be substituted from that in Eq. 3.2.4, 

 
𝑑𝜀 = −

sin 𝑘

𝑅𝐶
𝑑𝑘 =

sin 𝑘

𝑅𝐶

𝐶

cos 𝑘
𝑑𝑅 = tan 𝑘

𝑑𝑅

𝑅
  ( 3.2.10)  

To define the 𝑅- 𝜀 coordinates on the camberline, the following equation can be 

deduced from the trigonometric relation in Figure 3.1, 

 
𝛼 = arctan (

𝑟𝑐𝑇𝐸 − 𝑟𝑐𝐿𝐸
𝑧𝑐𝑇𝐸 − 𝑧𝑐𝑇𝐸

)  ( 3.2.11)  

Where the subscript 𝑐 accounts for the camberline.  In the case of the 𝑅- 𝜀 coordinates 

for the blade surfaces, the subscript 𝑛 is later used. 

The ray conical-coordinates for the leading edge 𝐿𝐸, transition point 𝑇, trailing edge 𝑇𝐸 

are given respectively by 
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𝑅𝑐𝐿𝐸 =

𝑟𝑐𝐿𝐸
sin 𝛼

  (3.2.12)  

 𝑅𝑐𝑇 = 𝑅𝑐𝐿𝐸 +
𝑧𝑇 − 𝑧𝐿𝐸
cos 𝛼

  (3.2.13)  

 𝑅𝑐𝑇𝐸 = 𝑅𝑐𝐿𝐸 +
𝑧𝑇𝐸 − 𝑧𝐿𝐸
cos 𝛼

  (3.2.14)  

For the rest of the blade profile axial points 𝑅 is equals to 

 𝑅𝑐𝑛 = 𝑅𝑐𝐿𝐸 +
𝑧𝑛 − 𝑧𝐿𝐸
cos 𝛼

  ( 3.2.15)  

Where 𝑧𝑛 is the axial coordinate for a point 𝑛, defined as 

 𝑧𝑛 =
𝑛

𝑁𝑎𝑝 − 1
(𝑧𝑇𝐸 − 𝑧𝐿𝐸) + 𝑧𝐿𝐸   ( 3.2.16)  

where 𝑁𝑎𝑝 is the total number of axial points defined for the blade profile. 

Since the turning rate in Eq. 3.2.7 is constant, it can be defined for each camberline 

segment: from the leading edge to transition point, and from the transition point to 

trailing edge, respectively as 

 
𝐶𝐿𝐸𝑇 =

sin 𝑘𝑐𝐿𝐸 − sin 𝑘𝑐𝑇
𝑅𝑐𝑇 − 𝑅𝑐𝐿𝐸

  (3.2.17)  

 
𝐶𝑇𝑇𝐸 =

sin 𝑘𝑐𝑇 − sin 𝑘𝑐𝑇𝐸
𝑅𝑐𝑇𝐸 − 𝑅𝑐𝑇

  (3.2.18)  

The solution for the 𝜀 coordinate can be broken down in special cases as follows 

a) If 𝑘 = 𝑘1 or 𝐶 = 0 

When the blade angle does not change along the surface path, meaning 𝑘 = 𝑘1, the 

turning ratio becomes 𝐶 = 0.  Thus, Eq. 3.2.10 can be solved for 𝜀 by simple 

integration, 

 
∫ 𝑑𝜀𝑐 =
𝜀𝑐

𝜀𝑐1

∫ tan 𝑘𝑐
𝑑𝑅𝑐
𝑅𝑐

𝑅𝑐

𝑅𝑐1

  ( 3.2.19)  
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𝜀 − 𝜀𝑐1 = tan 𝑘(𝑙𝑛𝑅 − 𝑙𝑛𝑅1) = tan 𝑘𝑐𝑙𝑛(
𝑅

𝑅1
) 

𝜀 = 𝜀𝑐1 + tan 𝑘𝑐𝑙𝑛(
𝑅

𝑅1
) 

For the rest of the cases, as 𝑘 ≠ 𝑘1, 𝜀 needs to be solved through the solution of the 

differential Eq. 3.2.8, which has the general form Eq. 3.2.9.  Due to the complexity to 

solve this differential equation, only the solution for it is presented below for each of the 

particular cases, 

b) If 𝑘 ≠ 𝑘1 or 𝜁2 > 1 

 𝜀𝑐 = 𝜀𝑐1 + 𝑘𝑐 − 𝑘𝑐1 

+
2𝜁

√𝜁2 − 1
{𝑎𝑟𝑐𝑡𝑎𝑛 [

1 − 𝜁 tan (
𝑘𝑐
2 )

√𝜁2 − 1
] − 𝑎𝑟𝑐𝑡𝑎𝑛 [

1 − 𝜁 tan (
𝑘𝑐1
2 )

√𝜁2 − 1
]} 

 ( 3.2.20)  

c) If 𝑘 ≠ 𝑘1 or 𝜁2 > 1 

 
𝜀𝑐 = 𝜀𝑐1 + 𝑘𝑐 − 𝑘𝑐1 +

𝜁

√1 − 𝜁2
 

[𝑙𝑛 |
1 − 𝜁 tan (

𝑘𝑐
2 ) − √1 − 𝜁

2

1 − 𝜁 tan (
𝑘𝑐
2 ) + √1 − 𝜁

2
| − 𝑙𝑛 |

1 − 𝜁 tan (
𝑘𝑐1
2 ) − √1 − 𝜁

2

1 − 𝜁 tan (
𝑘𝑐1
2 ) + √1 − 𝜁

2

|] 

 ( 3.2.21)  

d) If 𝑘 ≠ 𝑘1 or 𝜁2 ± 1 

 
𝜀𝑐 = 𝜀𝑐1 + 𝑘𝑐 − 𝑘𝑐1 ± [tan (

𝜋

4
±
𝑘1
2
) − tan(

𝜋

4
±
𝑘𝑐1
2
)]  ( 3.2.22)  

The above equations, Eq. 3.2.19 to Eq. 3.2.22, can be applied for all blade-profile axial 

points, including leading edge, transition point and trailing edge. 

The solution of Eq. 3.2.12 to Eq. 3.2.15 and the generic Eq. 3.2.9 determines 𝑅 and 𝜀 

coordinates for the blade-profile camberline.  Therefore, the blade-element surface 𝑅- 𝜀 

coordinates can be computed from the calculated camberline.  The initial surface points 
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are determined by adding the thickness to the camberline leading-edge, maximum-

thickness point m and trailing-edge.  Similarly to the camberline, the blade-surface 

conical coordinates can be obtained from Eq. 3.2.2 and Eq. 3.2.3 by substituting the 

camberline path s changes for the surface path 𝓈, as shown in Figure 3.5.  Additionally, 

the camberline blade-angle 𝑘𝑐 is shifted 90
o
 for the suction surface and -90

o
 for the 

pressure surface becoming 𝑘𝑛, expressed as 

 𝑘𝑛 = 𝑘𝑐 ±
𝜋

2
  ( 3.2.23)  

 

Figure 3.5  Surface blade-elements on a conical coordinate system (obtained and modified from 

Crouse et al., [107]). 

It can be seen in Figure 3.5 that thickness t is defined from surface to surface, thus, the 

half-thickness goes from the camberline to one surface. 

From Figure 3.5, Eq. 3.2.2 and Eq. 3.2.3 become 

 𝑑𝑅 = 𝑑𝓈cos 𝑘𝑛  (3.2.24)  

 𝑅𝑑𝜀 = 𝑑𝓈sin 𝑘𝑛  (3.2.25)  

Integrating Eq. 3.2.24, 
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∫ 𝑑𝑅
𝑅

𝑅𝑐

= ∫ 𝑑𝓈cos 𝑘𝑛

𝑡/2

0

 

𝑅 − 𝑅𝑐 = (
𝑡

2
)cos 𝑘𝑛 

 ( 3.2.26)  

Substituting Eq. 3.2.24 in Eq. 3.2.25 gives, 

 
𝑅𝑑𝜀 =

𝑑𝑅

𝑐𝑜𝑠𝑘𝑛
sin 𝑘𝑛 = tan 𝑘𝑛

𝑑𝑅

𝑅
  ( 3.2.27)  

Integrating Eq. 3.2.27, 

 
∫ 𝑑𝜀
𝜀

𝜀𝑐

= ∫ tan 𝑘𝑛
𝑑𝑅

𝑅

𝑅

𝑅𝑐

 

𝜀𝑐 − 𝜀 = tan 𝑘𝑛(𝑙𝑛𝑅 − 𝑙𝑛𝑅𝑐) = tan 𝑘𝑛ln (
𝑅

𝑅𝑐
) 

 ( 3.2.28)  

For the special case of 𝑘𝑐 = 0, which means 𝑘𝑛 = ±
𝜋

2
, Eq. 3.2.26 becomes 

 𝑅 = 𝑅𝑐  ( 3.2.29)  

Consequently, 𝜀 can be directly computed from Eq. 3.2.25, as sin 𝑘𝑛 = ±1 

 𝑅𝑑𝜀 = 𝑑𝓈 

∫ 𝑑𝜀
𝜀

𝜀𝑐

= ∫ ±
𝑑𝓈

𝑅

𝑡/2

0

 

 (3.2.30)  

 
𝜀 = 𝜀𝑐 ±

𝑡/2

𝑅
  (3.2.31)  

where the positive solution for 𝜀 accounts for the suction surface, whilst the negative 

solution determines 𝜀 for the pressure surface. 

The conical coordinates might be computed for every axial point on both surfaces, 

suction and pressure, from Eq. 3.2.26 and Eq. 3.2.28, respectively.  Thus, 𝑅𝑛 and 𝜀𝑛 are 

defined for the leading edge as 
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𝑅𝑛𝐿𝐸 = 𝑅𝑐𝐿𝐸 + (

𝑡𝐿𝐸
2
)cos 𝑘𝑛𝐿𝐸  (3.2.32)  

 
𝜀𝑛𝐿𝐸 = 𝜀𝑐𝐿𝐸 + tan(𝑘𝑛𝐿𝐸) ln (

𝑅𝑛𝐿𝐸
𝑅𝑐𝐿𝐸

)  (3.2.33)  

for the trailing edge as 

 
𝑅

𝑇𝐸
= 𝑅𝑐𝑇𝐸 + (

𝑡𝑇𝐸
2
)cos 𝑘𝑛𝑇𝐸   (3.2.34)  

 
𝜀𝑛𝑇𝐸 = 𝜀𝑐𝑇𝐸 + tan(𝑘𝑛𝑇𝐸) ln (

𝑅𝑛𝑇𝐸
𝑅𝑐𝑇𝐸

)  (3.2.35)  

and for the axial points ap as 

 
𝑅𝑛𝑎𝑝 = 𝑅𝑐𝑎𝑝 + (

𝑡𝑎𝑝

2
)cos 𝑘𝑛𝑎𝑝  (3.2.36)  

 
𝜀𝑛𝑎𝑝 = 𝜀𝑐𝑎𝑝 + tan (𝑘𝑛𝑎𝑝) ln (

𝑅𝑛𝑎𝑝
𝑅𝑐𝑎𝑝

)  (3.2.37)  

And for the case of maximum thickness point 𝑚𝑡, blade angle at this point is unknown; 

however it can be calculated using Eq. 3.2.37, thus 

 𝑘𝑐𝑚𝑡 = arcsin (𝜁 − 𝑅𝑐𝑚𝑡𝐶) 
 ( 3.2.38)  

Where 𝜁 and 𝐶 depend on the camberline segment where the maximum thickness point 

is located, either between leading edge and transition point or between transition point 

and trailing edge. 𝑅𝑐𝑚 is similarly obtained as in Eq. 3.2.15, while 𝜀𝑐𝑚 is computed 

from Eq. 3.2.9. Once the 𝑅- 𝜀 coordinates are known for the maximum thickness point 

on the camberline,  𝑅𝑛 and 𝜀𝑛  for this point are defined as 

 
𝑅𝑛𝑚𝑡 = 𝑅𝑐𝑚𝑡 + (

𝑡𝑚𝑡
2
)cos 𝑘𝑛𝑚𝑡 

 (3.2.39)  

 
𝜀𝑛𝑚𝑡 = 𝜀𝑐𝑚𝑡 + tan(𝑘𝑛𝑚𝑡) ln (

𝑅𝑛𝑚𝑡
𝑅𝑐𝑚𝑡

)  (3.2.40)  
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The above procedure can be repeated for a specified number of blade profile sections 

and for a number of blade rows.  Thence, the whole blade is described in conical 

coordinates.  The following step is to translate the conical coordinates into Cartesian.  It 

results convenient to already consider in this step, the deviation introduced by the sweep 

and lean angles, if any.  For this purpose, other two coordinate systems are defined to 

describe the stacking line and account for the angle variations.  A cartesian coordinate 

system is defined as observed in Figure 3.6, and a cylindrical coordinate is used as 

shown in Figure 3.7.  In both figures, it is observed that sweep and lean angle can be 

defined in both, z-x and r- planes. 

 

Figure 3.6  Sweep and lean angle definition on a cartesian coordinate system. 

 

Figure 3.7  Sweep and lean angle definition on a cylindrical coordinate system. 

The blade profile sweep and lean, as explained in Sec. 2.6, is with respect to the centre- 

of-area 𝐶𝐴 of that particular blade profile.  The imaginary axis that passes through all 

the blade profile centre-of-areas is the stacking line.  The intersection between the 
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stacking axis and the conical surface where the blade profile lies is called stacking point 

s𝑝.  For this reason, the conical coordinates for the centre-of-areas are calculated.  

Recalling that the centre of area is defined as the moment of area 𝐽 divided by the total 

area 𝐴𝑡𝑜𝑡: 

 
𝐶𝐴 =

𝐽

𝐴𝑡𝑜𝑡
  ( 3.2.41)  

The centre-of-area conical coordinates for a blade profile section become: 

 
𝑅𝑠𝑝 =

∫𝑅𝑑𝐴

∫𝑑𝐴
  (3.2.42)  

 
𝜀𝑠𝑝 =

∫𝜀𝑑𝐴

∫𝑑𝐴
  (3.2.43)  

The total area is the region comprised between the leading edge and trailing edge rays at 

the camberline, and their respective  angles at the suction surface 𝑠𝑠 and pressure 

surface 𝑝𝑠.  Thus, the above integrals can be independently described as 

 
∫𝑑𝐴 = ∫ 𝑑𝑅

𝑅𝑐𝑇𝐸

𝑅𝑐𝐿𝐸

∫ 𝑅𝑑𝜀
𝜀𝑠𝑠(𝑅)

𝜀𝑝𝑠(𝑅)

= ∫ 𝑅[𝜀𝑠𝑠(𝑅) − 𝜀𝑝𝑠(𝑅)]𝑑𝑅
𝑅𝑐𝑇𝐸

𝑅𝑐𝐿𝐸

  (3.2.44)  

 
∫𝑅𝑑𝐴 = ∫ 𝑅𝑑𝑅

𝑅𝑐𝑇𝐸

𝑅𝑐𝐿𝐸

∫ 𝑅𝑑𝜀
𝜀𝑠𝑠(𝑅)

𝜀𝑝𝑠(𝑅)

= ∫ 𝑅2[𝜀𝑠𝑠(𝑅) − 𝜀𝑝𝑠(𝑅)]𝑑𝑅
𝑅𝑐𝑇𝐸

𝑅𝑐𝐿𝐸

  (3.2.45)  

 
∫𝜀𝑑𝐴 = ∫ 𝑑𝑅

𝑅𝑐𝑇𝐸

𝑅𝑐𝐿𝐸

∫ 𝜀𝑅𝑑𝜀
𝜀𝑠𝑠(𝑅)

𝜀𝑝𝑠(𝑅)

=
1

2
∫ 𝑅[𝜀𝑠𝑠

2(𝑅) − 𝜀𝑝𝑠
2(𝑅)]𝑑𝑅

𝑅𝑐𝑇𝐸

𝑅𝑐𝐿𝐸

  (3.2.46)  

The above integrals are complex to solve analytically; hence, numerical integration is 

employed to solve them.  Two numerical integration procedures were used and 

implemented in the 2-D SLC code, a 3- and 5-point formulas, called Simpson’s rule and 

Boole’s rule.  Simpson’s rule assumes a third-degree polynomial (𝑛 = 2) that passes 

through 3 points, while Boole’s rule considers a fourth-degree polynomial (𝑛 = 4) 

across 5 points.  It was found that there is no significant difference between these 

formulations; nonetheless, both numerical integration approaches were coded for 

robustness purposes.  Recalling Simpson’s rule: 
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∫ 𝑓(𝑥) =

𝑏 − 𝑎

6
(𝐹𝑜 + 4𝐹1 + 𝐹2) =

𝑏

𝑎

𝑏 − 𝑎

6
[𝐹(𝑥𝑜) + 4𝐹(𝑥1) + 𝐹(𝑥2)]  ( 3.2.47)  

Where 𝐹(𝑥𝑖) represent the Newton-Cotes formula, evaluated at every discretization 

point, which is calculated as 

 
𝑥𝑖 = 𝑎 + 𝑖

(𝑏 − 𝑎)

𝑛
  ( 3.2.48)  

Therefore, the solution of Eq. 3.2.44 to Eq. 3.2.46 using Simpson’s rule gives 

 
∫ 𝑓(𝑅)𝑑𝑅 =
𝑅𝑐𝑜

𝑅𝑐𝑖

𝑅𝑐𝑜 − 𝑅𝑐𝑖
6

[𝐹(𝑅𝑐𝑖) + 4𝐹(
𝑅𝑐𝑖 + 𝑅𝑐𝑜

2
) + 𝐹(𝑅𝑐𝑜)] 

 ( 3.2.49)  

In terms of the Boole’s rule, the formulation is 

 
∫ 𝑓(𝑥) =

(𝑏 − 𝑎)

90
(7𝐹0 + 32𝐹1 + 12𝐹2 + 32𝐹3 + 7𝐹4)

𝑏

𝑎

=
(𝑏 − 𝑎)

90
 

[7𝐹(𝑥𝑜) + 32𝐹(𝑥1) + 12𝐹(𝑥2) + 32𝐹(𝑥3) + 7𝐹(𝑥4)] 

 ( 3.2.50)  

Likewise, every Newton-Cotes formula is evaluated at every discretization point, 

calculated using Eq. 3.2.48.  Hence, the solution of Eq. 3.2.44 to Eq. 3.2.46 using 

Boole’s rule is 

 
∫ 𝑓(𝑅)𝑑𝑅 =
𝑅𝑐𝑜

𝑅𝑐𝑖

𝑅𝑐𝑜 − 𝑅𝑐𝑖
90

[𝐹(𝑅𝑐𝑖) + 32𝐹 (
3𝑅𝑐𝑖 + 𝑅𝑐𝑜)

4
)

+ 12𝐹 (
𝑅𝑐𝑖 + 𝑅𝑐𝑜

2
) + 32𝐹 (

𝑅𝑐𝑖 + 3𝑅𝑐𝑜)

4
) + 7𝐹(𝑅𝑐𝑜)] 

 ( 3.2.51)  

Given the numerical integrations in Eq. 3.2.44 to Eq. 3.2.46 and using Eq. 3.2.42 and 

Eq. 3.2.43, the 𝑅-𝜀 coordinates for the stacking point at each blade-profile section are 

determined. 

In the case the blading is to be swept and leaned, it results convenient to apply the 

corresponding sweep and lean angles with respect of the each stacking line.  This 3-D 

blade-profile shaping consists in sweeping the stacking points in the 𝑧-𝑥 plane of the 
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Cartesian system and leaning them in the 𝑟-𝜃 plane of the cylindrical system.  Both the 

sweep and lean angles, as discussed in Sec. 2.2.4, are measured with respect to the hub 

stacking point. The convention used herein is that the sweep angle is positive in the 

positive direction of the 𝑧-axis, whereas the lean angle is positive in the positive 

direction of the 𝜃-axis, as shown in Figure 3.6 and Figure 3.7, respectively.  

Thus, the stacking point 𝑧-coordinate with the deviation from sweep angle is 

 𝑧𝑠𝑝 = 𝑧𝑠𝑝ℎ + (𝑟𝑠𝑝 − 𝑟𝑠𝑝ℎ) tan 𝜆  ( 3.2.52)  

where the subscript h accounts for hub.  Then, 𝑧𝑠𝑝ℎand 𝑟𝑠𝑝ℎ are the stacking-point radial 

and axial coordinates defined as 

 𝑧𝑠𝑝ℎ = 𝑅𝑠𝑝ℎcos 𝛼ℎ  (3.2.53)  

 𝑟𝑠𝑝ℎ = 𝑅𝑠𝑝ℎsin 𝛼ℎ  (3.2.54)  

For the rest of the blade-elements apart from the hub, the stacking-point radial 

coordinate 𝑟𝑠𝑝 is 

 𝑟𝑠𝑝 = 𝑅𝑠𝑝sin 𝛼  ( 3.2.55)  

To account for the stacking-point displacement in the circumferential direction, the lean 

angle causes a tangential deflection 𝛿 expressed as 

 

𝛿 = arcsin {
𝑟𝑠𝑝ℎ
𝑟𝑠𝑝

(
tan 𝜂

1 + tan 2 𝜂
[√(

𝑟𝑠𝑝

𝑟𝑠𝑝ℎ
)

2

(1 + tan 2 𝜂) − tan 2 𝜂 − 1]}  ( 3.2.56)  

Hence, the stacking-point 𝜃-coordinate deviated by the lean-induced tangential 

deflection is  

 𝜃𝑠𝑝 = 𝜃𝑠𝑝ℎ + 𝛿  ( 3.2.57)  

where 𝜃𝑠𝑝ℎ is the stacking point 𝜃-coordinate at the hub determined as 

 
𝜃𝑠𝑝ℎ =

𝜀𝑠𝑝ℎ
sin 𝛼ℎ

  ( 3.2.58)  
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The final 𝑥-𝑦-𝑧 coordinates for the blade-element camberline and surfaces are fully 

determined with the following transformation relationship between Cartesian and 

conical system 

 𝑥 = 𝑅 sin 𝛼 cos (
𝜀

sin 𝑎
+ 𝜃𝑐𝑖 − 𝜃𝑠𝑝ℎ) 

 (3.2.59)  

 𝑦 = 𝑅 sin 𝛼 sin (
𝜀

sin 𝑎
+ 𝜃𝑐𝑖 − 𝜃𝑠𝑝ℎ)  (3.2.60)  

 𝑧 = 𝑧𝑠𝑝 − (𝑅𝑠𝑝 − 𝑅)cos 𝛼  (3.2.61)  

Where 𝜃𝑐𝑖 is the 𝜃-coordinate of the camberline leading edge defined as 

 𝜃𝑐𝑖 = 𝜃𝑠𝑝ℎ + 𝛿 −
𝜀𝑠𝑝

sin 𝛼
  ( 3.2.62)  

Figure 3.8 a) displays the meridional projection of the blade rows in the 2-D SLC 

compressor simulator for the NASA two-stage fan [246], whilst Figure 3.8 b) shows the 

3-D blade-element geometry resulted from the conical blade-element-layout method  for 

the NASA two-stage fan.  A mid-span section for the two fan stages can be observed in 

Figure 3.9, where the blade-element camberlines and surfaces are laid out on a conical 

surface that approximates the stream surface. 

 

Figure 3.8  Blade profile sections determined with the conical blade-element-layout method 

implemented into the 2-D SLC code for the NASA two-stage fan [246].  a)  Meridional view.  b) 3-D 

view. 
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Figure 3.9  Blade-to-blade projection for mid-span blade-element sections obtained with the conical 

blade-element-layout method implemented into the 2-D SLC code for the NASA two-stage fan 

[246]. 

3.2.3 Streamline Curvature Modification 

In Sec. 2.3.2 the effect of the blade body forces in the REE was discussed.  Because of 

the inherent two-dimensionality of the SLC methodology, any geometrical blade lean in 

the 𝑟-𝜃 plane is not visible in the meridional 𝑟-𝑧 plane.  The introduction of the blade 

lean in SLC requires the REE to consider an additional body force induced by the lean 

itself to capture its effects.  When the blade, and hence the blade-elements on the 

streamlines, are swept by angle 𝜆, the quasi-orthogonal lines are shifted from the radial 

direction by the same amount.  If the quasi-orthogonal lines are swept, the leaned blade 

surface intersection with the 𝑟-𝜃 plane deviates from 𝜂 to 𝜂̌ , expressed as 

 𝜂̌ = atan (tan 𝜂 + tan 𝛼̌ tan 𝜆)  ( 3.2.63)  

Since the absolute flow angle 𝛼 on a stream surface is not the same as the projected 

absolute flow angle 𝛼̌ on a blade-to-blade plane, the relationship between both angles is 

given by 

 
𝛼̌ = atan (

tan𝛼 − sin 𝜑 tan 𝜂

cos𝜑
)  ( 3.2.64)  

Provision was made so that every quasi-orthogonal has an individual sweep and lean 

angle depending on the blade geometric values.  Following Jackson et al. [247] and 

Templalexis [118] aspects upon force terms implementation within the REE, the lean-

induced body forces 𝐹 were divided in normal pressure 𝐹𝑝 and drag forces 𝐷 as 

presented in Eq. 2.3.34.  The pressure forces act normal to the blade surfaces in the 
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three directions of any coordinate system.  The drag force acts opposite to the absolute 

flow vector representing the dissipative force from the surface shear.  As stated in Sec. 

2.3.2, it is the circumferential normal-pressure force 𝐹𝑝𝜃 the component affecting the 

REE.  Then, the components in a cylindrical-coordinate system of the resultant lean-

induced body-force from the whirl normal-pressure and drag forces are 

 𝐹𝑟 = −𝐹𝑝𝜃 tan 𝜂 − 𝐷 cos 𝛼 sin𝜑  ( 3.2.65)  

 𝐹𝑧 = −𝐹𝑝𝜃 tan 𝛼̌ − 𝐷 cos 𝛼 cos𝜑  ( 3.2.66)  

 𝐹𝜃 = 𝐹𝑝𝜃 − 𝐷 sin 𝛼  ( 3.2.67)  

The whirl normal-pressure force from Eq. 3.2.67 is substituted in the radial and axial 

body-force components, giving 

 𝐹𝑟 = −𝐹𝜃 tan 𝜂 − 𝐷(sin 𝛼 tan 𝜂 +cos 𝛼 sin𝜑)  (3.2.68)  

 𝐹𝑧 = −𝐹𝜃 tan 𝛼̌ − 𝐷(sin 𝛼 tan 𝛼̌ +cos𝛼 cos𝜑)  (3.2.69)  

The whirl component of the body force remains unchanged in a streamline coordinate 

system, whereas the body-force component transformations to the streamline 𝑚 and 

quasi-orthogonal 𝑞 directions are given by 

 𝐹𝑚 = 𝐹𝑧 cos𝜑 + 𝐹𝑟 sin𝜑  (3.2.70)  

 𝐹𝑞 = 𝐹𝑟 cos 𝜆 + 𝐹𝑧 sin 𝜆  (3.2.71)  

Substituting Eq.  (3.2.68 and Eq.  (3.2.69 in the meridional transformations of Eq.  

(3.2.70 gives 

 𝑚 = −𝐹𝜃 tan𝛼 − 𝐷 csc 𝛼  (3.2.72)  

Similarly, substituting Eq.  (3.2.68, Eq.  (3.2.69, and the relation between 𝜂 and 𝑛̌ given 

in Eq. 3.2.63  into Eq.  (3.2.71, the quasi-orthogonal transformation is 

 𝐹𝑞 = −𝐹𝜃 tan 𝜂̌ cos 𝜆 − 𝐷[sin 𝛼 tan 𝜂̌ cos 𝜆 + cos 𝛼 sin (𝜑 + 𝜆)]  ( 3.2.73)  
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Following the procedure established in Sec. 2.3.2, the quasi-orthogonal body-force is 

algebraically added to the coefficient 𝐶 of the solution of the second-order differential 

equation that describes the full REE.  Therefore, 𝐶 gets redefined as 

 
𝐶 = [−

𝑉𝜃
𝑟

𝑑(𝑟𝑉𝜃)

𝑑𝑠
− 2𝜔𝑉𝜃 cos 𝜆 +

𝑑𝐼

𝑑𝑠
− 𝑇

𝑑𝑆

𝑑𝑠

+ 𝑇
𝑑𝑆

𝑑𝑚
(sin(𝜑 − 𝜆) cos2 𝛽 − tan 𝜆 sin 𝛽 cos 𝛽)

− 𝐹𝜃 tan 𝜂̌ cos 𝜆 − 𝐷[sin 𝛼 tan 𝜂̌ cos 𝜆 + cos 𝛼 sin (𝜑 + 𝜆)]] 

 ( 3.2.74)  

Substituting Eq. 3.2.67 in Eq. 3.2.74  to express 𝐶 in terms of the whirl normal-pressure 

force, gives 

 
𝐶 = [−

𝑉𝜃
𝑟

𝑑(𝑟𝑉𝜃)

𝑑𝑠
− 2𝜔𝑉𝜃 cos 𝜆 +

𝑑𝐼

𝑑𝑠
− 𝑇

𝑑𝑆

𝑑𝑠

+ 𝑇
𝑑𝑆

𝑑𝑚
(sin(𝜑 − 𝜆) cos2 𝛽 − tan 𝜆 sin 𝛽 cos 𝛽)

− 𝐹𝑝𝜃 tan 𝜂̌ cos 𝜆 − 𝐷 cos 𝛼 sin (𝜑 + 𝜆)] 

 ( 3.2.75)  

 

3.3 Shock- Structure and Loss Model 

3.3.1 Overview 

Previous empirical and simplified shock models could not accurately estimate the 

passage-shock position, yielding to an incorrect peak suction-surface relative Mach 

number and deviation in the flow field expansion, and hence, an inaccurate shock-loss 

estimation.  For this reason, a novel physics-based shock- structure and loss model was 

developed in FORTRAN90 and implemented into the 2-D SLC axial-flow 

fan/compressor performance simulation software (SOCRATES) [14,17,31].  The 

current shock model illustrated in the flow chart of Figure 3.10 analytically solves the 

shock-system structure to accurately predict the associated losses at unstarted and 
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started flow for arbitrary blade-row sections using an iterative method.  In this way, the 

relative total pressure losses due to the shock-configuration strength are calculated for 

design and off-design conditions, offering a more realistic fan and compressor 

performance prediction for the transonic working range. 

The analytical shock model developed in this research works by laying out the bow 

wave and the passage shock.  As the bow-wave is fully defined from the detached-bow 

shock, its relative total-pressure losses can be integrated to find a corresponding bow-

wave loss-coefficient.  The choking-incidence method in Sec. 3.4.2 determines whether 

the blade passage is choked or not to establish the corresponding dual passage-shock 

pattern compound of the first passage-shock and a choked-induced oblique-shock.  A 

comprehensive flow expansion that considers potential expansion fan and pre-

compression is computed ahead of the passage-shock, calculating the relative Mach 

numbers upstream of it and determining the mass-averaged relative total pressure loss.  

Depending on the second passage-shock location, a second flow-expansion is computed 

accordingly, determining the associated relative total-pressure loss.  The overall relative 

pressure loss is then conveyed to an iterative approach to calculate the location of the 

second passage-shock as a function of the back stagnation condition.  Utilizing a secant 

method, an updated axial location for the choked-induced shock is established to start a 

new iteration cycle that replays the overall process until the error tolerance is satisfied. 

Not only was the transonic span with inlet relative supersonic conditions resolved, but 

also the blade section with subsonic inlet relative supercritical conditions in contrast to 

the historical shock models that did not consider this region.  A simple analytical but 

useful model was coupled to the previous physics-based transonic shock and structure -

loss model within the context of the 2-D SLC axial-flow fan/compressor performance 

simulation software [14,17,31], as shown in the flow chart of Figure 3.10. 

On the whole, the overall shock-wave losses are determined per streamline for that 

blade-row span that undergoes relative subsonic supercritical and relative supersonic 

velocities at the inlet.  The predicted overall shock-wave-induced relative total-pressure 

decay per streamline is then added up to each profile-loss coefficient to compute the 

overall total-loss coefficient 𝜔′̅̅ ̅ at every radial position.  
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Figure 3.10  Flow-chart diagram for the current shock- loss and structure model developed and 

implemented into the 2-D SLC axial-flow fan/compressor performance simulator. 
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3.3.2 Subsonic Supercritical Conditions 

Even at inlet relative subsonic speeds, shock-wave formation can develop on the blade 

suction surface.  Because of inlet relative subsonic Mach numbers close to unity,   

somewhere on the suction surface and near the leading edge, the relative Mach number 

can become sonic due to the curvature-induced turning that accelerates the flow.  

Further increase of the free-stream relative subsonic Mach number forms forthwith a 

pocket of relative supersonic flow that eventually terminates in a normal shock-wave 

producing a loss in relative total-pressure, as illustrated in Figure 3.11.  From 

compressible-flow theory [248], the free-stream Mach number for which sonic flow is 

first encountered on an aerofoil surface is the critical Mach number 𝑀𝑐𝑟
′ . 

 

Figure 3.11  Inlet relative subsonic supercritical condition for blade rows. 

Conventional aerofoil theory resolves a pressure coefficient 𝐶𝑝 at every surface point, 

which becomes negative when the flow velocity is non-zero.  The pressure coefficient at 

any surface point for a given inlet relative Mach number is  

 

𝐶𝑝 =
2

𝛾𝑀′
1
2

{
 

 

[
1 +

1
2 (𝛾 − 1)𝑀

′
1
2

1 +
1
2 (𝛾 − 1)𝑀

′2
]

𝛾
𝛾−1

− 1

}
 

 

  ( 3.3.1)  

The surface point with the maximum local Mach number has as well the minimum local 

static-pressure.  Similarly to 𝑀𝑐𝑟
′ , a critical pressure 𝐶𝑝𝑐𝑟 coefficient can be defined for 

the case of the flow becoming sonic for the first time.   
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The overall shock-loss model in Figure 3.10 identifies the type of inlet conditions at 

every streamline with respect of the inlet relative critical Mach number so that the 

appropriate model to resolve the flow can be established.  Thus, the method by 

Anderson [248] to determine the critical Mach number in aerofoils was implemented 

and adapted for blade-row profiles.   

If a local Mach number equals to unity is used in Eq. 3.3.1, the pressure coefficient 

corresponds to the critical condition for which the flow accelerate to sonic conditions on 

the suction surface, becoming 

 

𝐶𝑝𝑐𝑟 =
2

𝛾𝑀′
𝑐𝑟
2 {[

2 + (𝛾 − 1)𝑀′
𝑐𝑟
2

𝛾 − 1
]

𝛾
𝛾−1

− 1}  ( 3.3.2)  

The relation 𝐶𝑝𝑐𝑟 = 𝑓(𝑀
′
𝑐𝑟) from Eq. 3.3.2 is solved by using any of the 

compressibility-corrections available in the literature to determine the compressible 𝐶𝑝 

from known incompressible pressure distributions, such as 

 
𝐶𝑝 =

𝐶𝑝0

√1 −𝑀′
1
2
 ; 𝑃𝑟𝑎𝑛𝑑𝑡𝑙 − 𝐺𝑙𝑎𝑢𝑒𝑟𝑡  ( 3.3.3)  

 
𝐶𝑝 =

𝐶𝑝0

√1 −𝑀′
1
2 +

𝐶𝑝0
2 (

𝑀′
1
2

1 + √1 −𝑀′
1
2
)

 ; 𝐾𝑎𝑟𝑚𝑎𝑛 − 𝑇𝑠𝑖𝑒𝑛 
 ( 3.3.4)  

 
𝐶𝑝 =

𝐶𝑝0

√1 −𝑀′
1
2 + 𝐶𝑝0 {

𝑀′
1
2√1 −𝑀′

1
2

2 [1 + (
𝛾 − 1
2 )𝑀′

1
2]}

 ; 𝐿𝑎𝑖𝑡𝑜𝑛𝑒 
 ( 3.3.5)  

where 𝐶𝑝0 is the minimum pressure coefficient at zero lift.  According to selected 

NACA-aerofoil experimental distributions, 𝐶𝑝0 is determined as a function of the 

profile relative thickness (𝑡𝑚𝑎𝑥/𝑐).  Forasmuch as the fan-blade and compressor-blade 

profiles are relatively slender in comparison to those from the NACA wing-aerofoils, an 

almost-constant value of -0.2 is obtained for every blade-row section.  Nevertheless, the 

actual relative thickness was computed for every blade section defined on the computed 
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streamlines to determine the specific zero-lift pressure-coefficient based on NACA 

experimental data for thin aerofoils. 

The three compressibility-correction rules from Eq. 3.3.3 to Eq. 3.3.5 were programmed 

and compared without any significant final impact on the shock-loss coefficient radial 

distribution for the inlet relative subsonic super-critical span.  Nonetheless, the Prandtl-

Glauert and Karman-Tsien rules underpredict the experimental data, despite the latter 

attempts to consider the non-linearity of the flow.  Being more conservative, Laitone’s 

rule was the preferred equation to be used in the computation of 𝑀′
𝑐𝑟 since it takes into 

account the non-linear flow aspects resulting in a slight overprediction of the measured 

data.   

Substituting 𝐶𝑝𝑐𝑟 in Laitone’s rule and in set with Eq. 3.3.2 yields to a two-equation 

system reduced to 

 𝐶𝑝0

√1 −𝑀′
𝑐𝑟
2 + 𝐶𝑝0

{
 

 𝑀′
𝑐𝑟
2√1 −𝑀′

𝑐𝑟
2

2 [1 + (
𝛾 − 1
2 )𝑀′

𝑐𝑟
2]

}
 

 

=
2

𝛾𝑀′
𝑐𝑟
2 {[

2 + (𝛾 − 1)𝑀′
𝑐𝑟
2

𝛾 − 1
]

𝛾
𝛾−1

− 1} 

 ( 3.3.6)  

Eq. 3.3.6 is solved using an iterative secant-method to determine 𝑀′
𝑐𝑟.  In other words, 

the iterative secant-method finds the critical Mach number by intersecting the critical 

pressure coefficients from Eq. 3.3.2 and the compressibility correction. 

For an arbitrary blade-row profile on a streamline, if 𝑀′
1 < 𝑀′

𝑐𝑟, the flow is subsonic 

everywhere in the passage and no shock-loss computation is carried out to continue 

normally with the 2-D SLC analysis continues normally. 

In the case of 𝑀′
𝑐𝑟 ≤ 𝑀′

1 < 1.0, the inlet relative conditions are still subsonic but 

supercritical.  To resolve the flow within this regime, the blade row is discretized in 

axial intra-stations, for which the relative Mach number is determined in the meridional 

plane, assuming that the flow traverses parallel to the suction surface with zero-
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deviation.  The peak relative suction-surface Mach number is recognized and a normal 

shock-wave is placed at this location.  The relative total-pressure recovery is thence 

calculated using Eq. 2.4.17 from normal-shock theory to compute the shock-loss 

coefficient as in Eq. 2.6.1. 

For the fully inlet relative supersonic conditions, namely 𝑀′
1 ≥ 1.0, the flow and 

shock-wave situation complicates substantially.  The following sections from Sec. 3.3.3 

to Sec. 3.3.9 propose a methodology that resolves the shock-wave structures and its 

associated losses for a more accurate fan and compressor performance prediction. 

3.3.3 Supersonic Flow Description 

To simplify the shock-system analysis, a 2-D blade-element approach is used as in the 

common practice for transonic-compressor shock-wave modelling [120], which is 

applied to every SLC compressor stream surface computed.   The main intention of this 

model is to provide a physics-based shock-system structure in its entirey to compute 

more accurately the overall-shock-induced relative total-pressure loss.  By no means 

this shock-loss model neither attempts to resolve the blade boundary-layer blockage 

effect nor intends to include the SWBLI-induced viscous losses.  However, due to the 

physical ground of the shock-loss model developed herein, it can set the foundations to 

be coupled in the future with blade boundary-layer models. 

The current analytical shock-loss model resolves the shock structure and associated 

losses for every transonic stream surface at design and off-design operating conditions 

from stall to choke, applicable to any arbitrary cascade or blading aerofoil geometry.  

This means that this shock model is not only limited to unchoked operations as the 

model of Bloch et al. [34], but also computes the shock configuration and losses at 

choked operating conditions.   The shape, location and losses of the shock configuration 

are not only sensitive to the streamline inlet conditions and blade-element geometry, but 

also get updated within the 2-D SLC method for every REE and mass flow conservation 

iteration loops.  

Insomuch as the upstream flow is moving at supersonic speeds in a relative frame of 

reference, the required detached bow-shock was considered for both, unchoked and 
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choked flows.  The detached bow-shock is analytically modelled utilizing the 

hyperbola-approximation method from Moeckel [180].  The detached bow-shock is 

aligned with the inlet relative flow angle with vertex on the stagnation streamline.  

Because the infinite bow-wave portion interacts with the stagnation streamline, the flow 

undergoes a small upwards deflection that shifts the latter as a function of the operating 

point.  In contrast to the shock-loss model by Bloch et al. [34] where the stagnation-

streamline deflection was treated empirically, the current model uses an analytical 

model suggested by Miller and Hartmann [208].  The bow-wave-induced losses are 

calculated as per the method by Klapproth [206] without any correction for the leading-

edge radius, as the discretization method used suffices to capture the required loss 

across the bow-wave central part. 

During unstarted flows, a single-shock structure is considered consisting in the detached 

bow-shock, with a bow-wave portion extending to infinity and a passage-shock segment 

confined between the stagnation streamline and the suction blade profile as seen in 

Figure 3.12.  

 

Figure 3.12  Single-shock structure for unchoked blade-elements or unstarted blade-passages 

consisting only in the detached bow-shock. 

The blade passage was assumed to be an isentropic convergent-divergent nozzle which 

can potentially choke, leading to a second shock that produces a step change in the flow 
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properties to match the boundary conditions.  Hence, during started flows, a dual-shock 

configuration is considered compound of the detached bow-shock with the bow-wave 

extending to infinity, the remaining passage-shock portion and a second choke-induce 

shock-wave.  Koning et al. [152,153], and Boyer and O’Brien [13,35,36] considered 

this second shock to be normal to the flow.  However, 3-D CFD RANS simulations for 

the NASA Rotor 67 [40] evidenced that the second shock is not necessarily normal to 

the relative flow direction as seen in Figure 3.13 for different radial positions.  Since the 

passage is not a symmetric channel with respect to the midchannel camberline and the 

relative velocity is not constant in the normal direction to the flow, it is not surprising 

that any shock arising to decelerate the flow is oblique to the flow.  For this reason, the 

current shock-loss model considered the choke-induce shock as oblique at an angle that 

depends on the operating condition. 

 

Figure 3.13  3-D CFD RANS simulation for the NASA Rotor 67 [40] at 100% of design speed and 

w=34.45 kg/s.  a) 60% hub-to-tip span.  b) 70% hub-to-tip span.  c) 80% hub-to-tip span. 

Conversely to the most recent state-of-the-art model by  Boyer and O’Brien [13,35,36], 

the second shock position is not imposed in the current shock-loss model.  Rather, the 

back static pressure determines the location of the choke-induced oblique shock within a 

domain limited by the trailing edge and the throat.  As the operating point moves from 
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choke to stall, the back static-pressure (and incidence) increases, pushing the second 

shock upstream towards the throat as less flow acceleration is required to meet the outlet 

condition.  Eventually, the second passage-shock might intersect the detached-shock 

passage-shock portion, depending on the form, location and orientation of the latter.  

Boyer and O’Brien [13,35,36] completely discarded this effect, whereas the present 

shock-loss model takes into account the coalescence of the detached shock passage-

shock portion with the second oblique-shock.   

It is prominent to consider this phenomenon as this coalescing effect defines the correct 

shape of the first passage shock, and hence the expansion extension with accurate 

relative Mach numbers upstream of the compound passage-shock.  Having a correct 

velocity distribution in the circumferential direction certainly leads to a more accurate 

shock-loss estimation.  The importance of capturing this effect becomes even greater as 

its occurrence is more often than is thought as a result of the combination between inlet 

and outlet conditions. 

If the choke-induced shock does not intersect the first passage shock, this prolongs till 

the suction surface as shown in Figure 3.14 a).  As the back static-pressure increases, 

the second shock moves upstream and can stand just immediately behind of the first 

passage-shock impingement on the suction surface.  Further outlet static-pressure rise 

makes the choke-induced shock to intersect the first passage-shock at a finite distance 

out as seen in Figure 3.14 b).  Both passage shocks, first and second, coalesce so that 

the hyperbolic shape of the first passage-shock ends in a nearly-normal strong shock 

that extends till the suction blade. 
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Figure 3.14  Dual-shock structure for choked blade-elements or started blade-passages consisting in 

a detached bow-shock and a choke-induce shock.  a) No intersection between the first and second 

passage-shocks  b)  Intersection between the first and second passage-shocks. 

Once the shock configuration is established, the gradual flow expansion of zone V (as 

seen in Figure 2.33 is resolved to obtain the circumferential distribution of relative 

Mach numbers upstream of the passage.  The implementation of the expansion model is 

such that it is detected if there is any fan expansion or pre-compression arising at zone 

V that can affect the relative velocity distribution upstream of the passage shock.  If so, 

the fan expansion or pre-compression is computed accordingly along their 

corresponding characteristics.  Fan expansion occurring at zone V for high blade-

loadings is an extension of the fan expansion from zone III, as a result of the waves 

trying to expand the flow parallel to the suction surface over a very short chord length.  

The pre-compression shocks occur after the first expansion wave extending over a 

suction-surface ramp, coalescing in the leading-edge of the adjacent blade.  Pre-

compression can take place intentionally due to pre-defined pre-compression aerofoils 

or it can develop over a very little region as an effect from the suction-surface curvature. 

The intent of the pre-compression blade-profile sections is to minimize shock losses by 

introducing a series of weak shocks instead of a strong passage shock.   
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Having the relative Mach number profile upstream of the passage shock and utilizing 

oblique shock-theory, the relative total-pressure drop distribution across the passage 

shock is computed.  These values are then mass-averaged in the tangential direction to 

calculate then the passage shock-loss coefficient.  This methodology works straight as 

discussed for blade-elements or operating conditions where the incidence is higher than 

the choking incidence, whose computation is given in Sec 3.4.2.  Nonetheless, for 

choked blade-elements, the same methodology is conducted within a novel iterative 

method, detailed in Sec. 3.3.9, to correctly position the second passage-shock. If a 

stream surface, however, is identified as choked within a 2-D SLC analysis, its 

incidence and mass flow need to be adjusted to the choking values while still satisfying 

the full REE and mass flow conservation.  This was attained with a novel numerical 

algorithm presented in Sec. 3.4.3 and Sec. 3.4.4. 

3.3.4 Detached Bow-Shock 

The detached bow-shock is essential to represent the overall shock configuration.  The 

complete detached bow-shock is laid out by approximating its shape and location 

according to the Moeckel’s method [180].  The detached bow-shock structure 

approximation relies on 2 fundamental assumptions:  (1) The bow shock is assumed to 

be hyperbolic and asymptotic to the free-stream Mach wave.  (2) The sonic line that 

divides the pocket of subsonic flow and the outer supersonic flow is considered to be 

straight and inclined as a function of the inlet relative Mach number.  Figure 3.15 

sketches the hyperbolic representation for the detached bow-shock and the free-stream 

Mach waves on a blade-row stream surface.  Note that the detached bow-shock has its 

vertex on the stagnation streamline that is parallel to the velocity direction, dividing the 

detached bow-shock in an infinite bow wave and a confined passage shock. 
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Figure 3.15  Hyperbolic approximation for a detached bow-shock on a blade-row stream surface. 

The hyperbola approximation describing the detached bow-shock structure is shown in 

Figure 3.16, where the flow field and parameters considered are detailed. Forasmuch as 

the detached shock is normal to the incoming flow, the hyperbola-shaped bow-shock is 

assumed to lie on a local frame of reference aligned to the flow.  In consequence, the 

overall shock-system model is rotated by an angle 𝛽1 around the hyperbola centre, 

which is the intersection point of its asymptotes.  Thus, the hyperbola centre and vertex 

are situated at 𝑦𝑜
′ = 0 and 𝑦𝑣

′ = 0, respectively, on the relative frame of reference.  For 

convenience all the shock structures herein are represented in a local coordinate system 

aligned with the inlet flow with 𝑧′-axis origin at 𝑧𝑜
′ = 0. 
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Figure 3.16  Hyperbolic approximation for a detached bow-shock ahead of a blade-profile leading-

edge. 

As discussed in Sec. 2.4.3, the central part of a detached shock gives a strong shock 

solution, while farther out the shock is considered to be weak.   The shock angle that 

corresponds to the central part of a detached hyperbola-shaped bow-shock is 

 
𝜍𝑑𝑒𝑡𝑎𝑐ℎ =

1

2
acos {

1

𝛾
[
𝛾+1

2
− cos 2𝜇 − √𝛾 + 1√(

𝛾+1

2
− cos 2𝜇)

2

+
𝛾(3−𝛾)

4
]}  ( 3.3.7)  

The detached bow-shock shape is a unique function of the inlet relative Mach number 

𝑀1
′ .  As described in Sec. 2.4.3, a shock-wave that is detached is not anymore a straight 

oblique-shock as the deflection angle caused by the blade profile exceeds the maximum 

deflection angle.  Thus, the maximum deflection angle for which the bow shock 

becomes detached is 

 

𝛿𝑑𝑒𝑡𝑎𝑐ℎ = atan {tan 𝜍𝑑𝑒𝑡𝑎𝑐ℎ [
(𝛾 + 1)𝑀1

′2

2(𝑀1
′2 sin2 𝜍𝑑𝑒𝑡𝑎𝑐ℎ − 1)

− 1]}

−1

  ( 3.3.8)  

For detached-shock analysis, a wedge is assumed to exist such that the detached bow-

shock is attached to it, as drawn in Figure 3.16 .  The wedge sharp nose is located at the 

middle of the central portion of the shock, which is the hyperbola vertex.  The wedge 
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hypotenuses are required to be tangent to the blade-profile leading edge circle with a 

radius 𝑟𝐿𝐸.  The wedge tip moves upstream or downstream in the flow direction always 

tangent to the blade leading edge so that the wedge half-angle 𝛿 is the maximum 

deflection angle to detach the bow shock. Yet, to guarantee that the bow shock is fully 

detached, the wedge half-angle is assumed to be [180]  

 𝛿 = 𝛿𝑑𝑒𝑡𝑎𝑐ℎ + 1°  ( 3.3.9)  

Even if the inlet relative Mach number is increased as an intent of extending the 

maximum deflection-angle limit, the bow wave never attaches to the blade-element 

profile due to its finite leading-edge bluntness.  Though, as the inlet relative Mach 

number turns larger, the detachment distance shortens and the bow wave approaches to 

the leading edge, reducing the shock angle and strength, and thus, increasing its 

obliqueness. If 𝑀1
′ is further increased, eventually the passage-shock segment of the 

hyperbola-approximated detached bow-shock does not intersect anymore the suction 

surface of the adjacent blade, as observed in Figure 3.17. Admittedly, at these high-

speed cases, it is very likely for the passage to become choked, resulting in a dual-shock 

structure, where the first passage-shock is truncated by the choke-induced shock as seen 

in Figure 3.17.  The shock angle and location of the choke-induced shock is treated 

separately in Sec. 3.3.9 

 

Figure 3.17  Hyperbolic approximation for a highly-oblique detached bow-shock of the NASA 

Rotor 67 [40] at 95% span at 100% of design speed and near-choke operating point.  a)  2-D SLC 

simulation.  b)  3-D CFD simulation. 
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The intersection between the wedge and leading edge gives the sonic point 𝑠𝑏.  A 

normal line to the tangent at point 𝑠𝑏 forms the sonic line. The sonic line in set with the 

bow-shock central part bounds the region to contain the subsonic flow, whereafter, the 

flow becomes supersonic.  Thus, as mentioned in Sec. 2.4.3, the relative Mach number 

on the sonic line is unity, and this characteristic is the first wave of the leading-edge 

expansion  

The 𝑦′-axis distance between the bow-wave vertex and the point 𝑠𝑏 is calculated from 

Figure 3.18, resulting in the following trigonometric relation 

 𝑦𝑠𝑏
′ = cos 𝛿 = cos(𝛿𝑑𝑒𝑡𝑎𝑐ℎ + 1°)  ( 3.3.10)  

 

Figure 3.18  Parameters for the calculation of the detachment distance in a hyperbolic 

approximation for a bow wave. 

The intersection between the sonic line and the bow-shock gives the sonic point 𝑠.  The 

shock angle at point 𝑠 for which the downstream flow becomes sonic is determined by 

 

𝜍𝑠 = asin√
1

2𝛾
[
𝛾−3

2
sin2 𝜇 +

𝛾+1

2
+√4𝛾 sin4 𝜇 + (

𝛾−3

2
sin2 𝜇 +

𝛾+1

2
)
2

]   ( 3.3.11)  

Therefore, the deflection angle at point 𝑠 becomes 
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𝛿𝑠 = atan {tan 𝜍𝑠 [
(𝛾 + 1)𝑀1

′2

2(𝑀1
′2 sin2 𝜍𝑠 − 1)

− 1]}

−1

  ( 3.3.12)  

To obtain the relative total-pressure ratio at the sonic point, the sonic line slope needs to 

be determined.  The sonic line inclination is equal to the shock angle at the sonic line 

centroid of mass 𝑐, computed as 

 

𝜍 = atan√
4(𝑀1

′2 − 1) atan2 𝜍𝑠 − 3

𝑀1
′2 − 1

  ( 3.3.13)  

Using Eq. 2.4.23 for the total-pressure ratio of an oblique shock wave and given the 

shock angle at the centroid of mass, the relative total-pressure recovery between the 

inlet and the sonic line at the sonic point s is 

 

Π𝑠1
′
𝑐
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𝑃𝑠
′

𝑃1
′|
𝑐
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(𝛾 + 1)𝑀1
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𝛾−1
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(𝛾 + 1)

2𝛾𝑀1
′2 sin2 𝜍𝑐 − (𝛾 − 1)

]

1
𝛾−1

 
 ( 3.3.14)  

Having the relative total-pressure recovery at the sonic point, the distance 𝑦𝑆 between 

the 𝑧′-axis and point 𝑠 is determined through the continuity relation for the flow 

traversing the sonic line.  Inasmuch as the total temperature and total pressure are 

constant along every streamline downstream of the bow shock, the simplified version of 

the continuity can be written as 

 
𝑦𝑠
′ = 𝑦𝑠𝑏

′
1

1 −
cos 𝜂

Π𝑠1
′
𝑐

𝐴1
𝐴∗

 
 ( 3.3.15)  

where 𝜂 is the angle between the sonic line and the 𝑦′-axis calculated as the arithmetic 

mean between the deflection angle to detach the bow-shock and the deflection angle at 

the sonic point 𝑠; this is 

 
𝜂 =

1

2
(𝛿 + 𝛿𝑠) = (𝛿𝑑𝑒𝑡𝑎𝑐ℎ + 1° + 𝛿𝑠) 

 ( 3.3.16)  
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The ratio 𝐴1 𝐴∗⁄  is the area contraction to isentropically decelerate the supersonic free-

stream to sonic conditions calculated using the area-velocity relationship from Eq. 

2.5.27 as, 

 

𝐴1
𝐴∗
=
1

𝑀1
′ [
1 +

𝛾 − 1
2 𝑀1

′2

(1 +
𝛾 − 1
2 )

1
𝛾−1

]

𝛾+1
2(𝛾−1)

 
 ( 3.3.17)  

To determine the distance in the 𝑧′-axis between the hyperbola vertex 𝑣 and its centre, a 

function of the height and shock angle at the sonic point and the inlet relative Mach 

number is used [208], expressed as 

 
Χ′ = 𝑦𝑠

′√𝑀1
′2 − 1√(𝑀1

′2 − 1) tan2 𝜍𝑆 − 1  ( 3.3.18)  

Hence, the hyperbola vertex 𝑧′-axis location is 

 𝑧𝑣
′ = 𝑧𝑜

′ + Χ′  ( 3.3.19)  

The detachment distance between the hyperbola vertex and the blade leading-edge 

foremost point is 𝑑′, while the distance between the point 𝑠𝑏 and the hyperbola vertex is 

𝐿, as seen in Figure 3.17.  The distance 𝐿 is related to the wedge half-angle and the 

height of point 𝑠𝑏 by the following trigonometric relation 

 
𝐿 =

𝑦𝑠𝑏
′

tan 𝛿
=

𝑦𝑠𝑏
′

tan (𝛿𝑑𝑒𝑡𝑎𝑐ℎ + 1°)
  ( 3.3.20)  

Alternatively, the distance 𝐿 is computed as well from the continuity method as 

 𝐿 = 𝑦𝑠(𝐶 + tan 𝜂) − 𝑦𝑠𝑏
′tan 𝜂  ( 3.3.21)  

Where 𝐶 is just a convenient parameter to group the following equation 

 
𝐶 = √𝑀1

′2 − 1 [√𝑀1
′2 − 1tan𝜍𝑆 − √(𝑀1

′2 − 1) tan2 𝜍𝑆 − 1 ]  ( 3.3.22)  

Experimental data from supersonic flow past various bodies (i.e. inclined planes or 

axially symmetric cones) [175,249,250] revealed that the ratio of 𝐿/𝑦𝑠𝑏
′ agreed more 
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with the values obtained by the continuity method.  Rather, the geometric method 

tended to maximize 𝐿/𝑦𝑠𝑏
′, whereas the continuity formulation leaded to a ratio 

average.  Nonetheless, the geometric method appeared to match closer against 

experimental data for body leading-edges just slightly blunter than the wedge required 

for shock detachment. Therefore, an assessment of both methods is performed to select 

the lowest value of 𝐿, used in the forthcoming calculations. 

Inasmuch as the infinite bow-wave segment from the full detached shock interacts with 

the stagnation streamline, the flow undergoes a slight deflection that displaces the 

stagnation streamline towards the suction surface in a direction normal to the flow.  The 

calculation of the stagnation streamline deflection h is crucial as it determines the 

location of the hyperbola-shaped detached bow-shock vertex relative to the blading. 

Inasmuch as the variation of the dimensionless ratio ℎ/𝑦𝑠𝑏
′ increases with the back 

static pressure or incidence, a method based on isolated-bodies theory using 𝑀1
′  as 

constant is used to compute the stagnation streamline deflection as follows 
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=
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  (3.3.24)  

From Figure 3.18, the leading-edge circle centre forms a triangle with the point 𝑠𝑏, for 

which opposite side 𝑏 is  

 𝑏 = 𝑟𝐿𝐸 sin 𝛿  ( 3.3.25)  

Then, the length 𝑒 between the leading-edge foremost point and the point 𝑠𝑏 is 

 𝑒 = 𝑟𝐿𝐸 − 𝑏 = 𝑟𝐿𝐸(1 − sin 𝛿)  ( 3.3.26)  

Having computed the previous two lengths and 𝐿, the detachment distance becomes 

 𝑑′ = 𝐿 − 𝑒 = 𝐿 − 𝑟𝐿𝐸(1 − sin 𝛿)  ( 3.3.27)  
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Noting that the detachment distance 𝑑′ is calculated in the relative frame of reference, 

the projection of in the absolute frame of reference is then 

 𝑑 = 𝑑′cos 𝛽1  ( 3.3.28)  

Similarly, the distance Χ′ is project in the absolute frame of reference as 

 Χ = Χ′ cos 𝛽1  ( 3.3.29)  

The 𝑧 and 𝑦 coordinates in the absolute frame of reference for the foremost point of the 

leading edge circle that is aligned with the flow direction may be expressed as 

 𝑧𝐿𝐸 = 𝑧𝑖𝑛 − 𝑟𝐿𝐸 cos 𝛽1 ( 3.3.30)  

 𝑦𝐿𝐸 = 𝑦𝑖𝑛 + 𝑟𝐿𝐸 cos 𝛽1 ( 3.3.31) 

Where 𝑧𝑖𝑛 and 𝑦 𝑖𝑛 represent the blade inlet camberline axial and tangential coordinates, 

respectively, obtained from the blade-element layout method of Sec. 3.2.2. 

Given the leading edge coordinates and the detachment distance, the absolute 

coordinates for the hyperbola-shape bow shock vertex are given by 

 𝑧𝑣 = 𝑧𝐿𝐸 − 𝑑  ( 3.3.32)  

 𝑦𝑣 = 𝑦𝐿𝐸 − 𝑑 sin 𝛽1 ( 3.3.33) 

Thus, the hyperbola centre 𝑜 coordinates in the absolute frame of reference are written 

as 

 𝑧𝑜 = 𝑧𝑣 − Χ  ( 3.3.34)  

 𝑦𝑜 = 𝑦𝑣 − Χ sin 𝛽1 ( 3.3.35) 

The hyperbola equation is defined by its centre, vertices and co-vertices. Given the 

vertex from Eq. 3.3.18 and the inlet relative Mach number, the co-vertex is 

 Υ′ = Χ′ tan 𝜇  ( 3.3.36)  

Whereupon, the detached bow-shock equation in the relative frame of reference 

becomes 
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 𝑧𝑏𝑜𝑤
′2

Χ′2
−
𝑦𝑏𝑜𝑤

′2

Υ′2
=
𝑧𝑏𝑜𝑤

′2

Χ′2
−

𝑦𝑏𝑜𝑤
′2

(Χ′ tan 𝜇)2
= 1  ( 3.3.37)  

Thereupon, for any given 𝑧′ in Eq. 3.3.37, the bow-shock axial coordinate in the relative 

frame is computed  Solving for 𝑦′, gives a positive and negative solution, which 

correspond to the side of the bow shock that penetrates into the passage and the bow 

shock side that extends to infinity, respectively. 

The free-stream Mach-wave straight lines forming the Mach cone depend on the inlet 

relative Mach number and run asymptotically to the bow wave.  Thus, the Mach-wave 

lines equation is 

 𝑦𝜇

𝑧𝜇
= ±

Υ′

Χ′
= tan 𝜇  ( 3.3.38)  

Note as well in Eq. 3.3.38 that there are two solutions for the asymptotes, where the 

positive solution corresponds to the passage side and the negative belongs to the 

infinity-side bow wave. 

As discussed in Sec. 1.2, not all the blade span is subjected to inlet relative supersonic 

flow.  For this reason, the shock-loss model was properly setup to identify the 

streamlines with inlet relative subsonic flow, so that neither bow shocks nor Mach 

waves are generated at those stream surfaces as shown in Figure 3.19.   It is observed 

that as the span increases, the detached bow-shock and its corresponding free-stream 

Mach-wave shrink in the axial direction due to the effect of the high inlet relative Mach 

number. 
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Figure 3.19  Detached bow-shock and free-stream Mach wave projections on the meridional plane 

for a blade row using the 2-D SLC compressor simulator 

Naturally, as the inlet relative Mach number increases from the first streamline with 

inlet supersonic relative flow towards the tip, the free-stream Mach angle lowers, 

reducing the detachment distance and increasing the obliquity of the bow-shock, as seen 

in Figure 3.20.  Hence, as the span is reduced and 𝑀1
′ ≥ 1, the bow-shock in set with the 

free-stream Mach wave become wider and more open, tending to become normal. 

 

Figure 3.20  Detached bow-shocks and free-stream Mach waves in the blade-to-blade plane for the 

set of transonic blade-elements using the 2-D SLC compressor simulator 

The calculated detached bow-shock and free-stream Mach-wave coordinates are rotated 

from the relative to the absolute coordinate system through the conventional rotation 

matrix, 

 
[
𝑧𝑏𝑜𝑤
𝑦𝑏𝑜𝑤

] = [
cos (−𝛽1) sin (−𝛽1)
sin (𝛽1) cos (−𝛽1)

] [
𝑧′

𝑦′
] + [

𝑧0
𝑦0
]  ( 3.3.39)  
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The full three-dimensional Cartesian coordinates are found through the cylindrical 

radial coordinate, which is 

 𝑟𝑏𝑜𝑤 = 𝑟𝑖𝑛 − (𝑧𝑖𝑛 − 𝑧𝑏𝑜𝑤)tan 𝛼  ( 3.3.40)  

where 𝑟𝑖𝑛 represents the inlet radial coordinate and 𝛼 is the cone angle for a given 

blade-profile element.  Finally, the 𝑥 cartesian coordinate is given as 

 𝑥𝑏𝑜𝑤 = √𝑟𝑏𝑜𝑤2 + 𝑦𝑏𝑜𝑤2  ( 3.3.41)  

 

3.3.5 Bow-Wave Losses 

Given the full detached bow-shock shape and stagnation streamline from Sec. 3.3.4, the 

bow-wave portion extending to infinity is known, and its associated losses can be 

determined. 

The relative total-pressure loss calculated in Eq. 3.3.14 applies only at the sonic line 

inasmuch as the shock angle is at its centroid of mass.  Along the bow wave, however, 

the shock angle changes due to the hyperbola curvature.  Thus, the shock angle for a 

detached wave at any point 𝑛 in the 𝑦′-axis (perpendicular to the flow) is 

 

𝜍𝑛 = atan (
√Χ′2 + (𝑀1

′2 − 1)𝑦

(𝑀1
′2 − 1)𝑦

) 
 ( 3.3.42)  

Therefore, the relative total-pressure ratio becomes at a given point n becomes 

 

PR𝑛1
′ =

𝑃𝑛
′

𝑃1
′ = [

(𝛾 + 1)𝑀1
′2 sin2 𝜍𝑛

(𝛾 − 1)𝑀1
′2 sin2 𝜍𝑛 + 2

]

𝛾
𝛾−1

[
(𝛾 + 1)

2𝛾𝑀1
′2 sin2 𝜍𝑛 − (𝛾 − 1)

]

1
𝛾−1

 
 ( 3.3.43)  

Eq 3.3.43 demonstrates that every point on the bow wave produces a different relative 

total-pressure downstream of it.  Therefore, an integration of infinitesimal 𝑃𝑛
′ 𝑃1

′⁄  is 

required along the hyperbola from the stagnation streamline to infinity.  Insomuch as 

the mass flow entering every passage undergoes a bow-wave-induced loss process 
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similar to that of a shock wave from the stagnation streamline to infinity, the average 

bow wave relative total-pressure loss approximated by Klapproth [206] is 

 
1 − (

𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

=
𝑦

𝑦𝑆𝐵
∫ (1 −

𝑃𝑛
′

𝑃1
′) (

𝑦

ℎ
−
𝑦𝑔

ℎ
)

𝑦∞ ℎ⁄

𝑦𝑔 ℎ⁄

  ( 3.3.44)  

In Eq. 3.3.44, g represents the distance perpendicular to the flow direction between the 

bow-shock and stagnation streamline.  As explained in Sec. 3.3.4, the detached bow-

shock was positioned so that its 𝑦′-axis was coincident with the deflected stagnation 

streamline and hence ℎ = 0.  Therefore, Eq. 3.3.44 can be simplified to have a lower 

integration limit of 𝑦′ = 0, becoming  

 

(
𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

= 1 −
∫ (1 −

𝑃𝑛
′

𝑃1
′) 𝑑𝑦

∞

0

∫ 𝑑𝑦
∞

0

 
 ( 3.3.45)  

Because the bow wave has its strongest part in its vertex, the highest relative total-

pressure decay is expected at 𝑦′ = 0, coincident with the calculated stagnation 

streamline location.  Farther away from the hyperbola vertex, the bow wave loses 

strength, until 𝑃𝑛
′ 𝑃1

′⁄  becomes unity.  For this reason, the integration domain of Eq. 

3.3.45 ranges between 0 and ∞. For implementation purposes in a numerical code, 

however, the upper integration limit is defined as the sonic point 𝑠, as farther out 

beyond this point, the bow shock becomes weak with negligible contribution to the 

overall bow-wave loss [34].  Thence, the bow-wave relative total-pressure ratio of Eq. 

3.3.45  becomes  

 

(
𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

= 1 −
∫ (1 −

𝑃𝑛
′

𝑃1
′) 𝑑𝑦

𝑆

0

∫ 𝑑𝑦
𝑠

0

 
 ( 3.3.46)  

The term ∫ (1 −
𝑃2
′

𝑃1
′) 𝑑𝑦

𝑆

0
 is solved through numerical integration using Simpson’s rule.  

The integration domain between 0 and 𝑠 is discretized in equally spaced integration 

points as follows 

 ∆𝑦 =
𝑦𝑆 − 𝑦0
𝑁

  ( 3.3.47)  
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Where ∆𝑦 is the increment in the 𝑦′-axis dependant on the number of integration points 

𝑁.  As every integration segment is approximated by three points in the Simpson’s rule, 

the Newton-Cotes functions become: 

 
Ϝ0 = 𝑓(𝑦0) = 1 −

𝑃𝑛
′

𝑃1
′|
𝑦

  ( 3.3.48)  

 
Ϝ1 = 𝑓(𝑦 + ∆𝑦 2⁄ ) = 1 −

𝑃𝑛
′

𝑃1
′|
𝑦+∆𝑦 2⁄

 ( 3.3.49) 

 
Ϝ2 = 𝑓(𝑦 + ∆𝑦) = 1 −

𝑃𝑛
′

𝑃1
′|
𝑦+∆𝑦

 ( 3.3.50) 

Hence, the numerical integration of the term 1 −
𝑃𝑛
′

𝑃1
′ for a segment between 𝑦 and 

𝑦 + ∆𝑦 is 

 
∫ (1 −

𝑃𝑛
′

𝑃1
′)𝑑𝑦

𝑦+∆𝑦

𝑦

=
∆𝑦

6
[Ϝ0 + 4Ϝ1 + Ϝ2] = 

∆𝑦

6
[(1 −

𝑃𝑛
′

𝑃1
′)
𝑦

+ 4(1 −
𝑃𝑛
′

𝑃1
′)
𝑦+∆𝑦 2⁄

+ (1 −
𝑃𝑛
′

𝑃1
′)
𝑦+∆𝑦

] 

 ( 3.3.51)  

The integration of the term 1 −
𝑃𝑛
′

𝑃1
′ over the whole domain from the computed stagnation 

streamline and the sonic point becomes a summation of Eq. 3.3.51 on every integration 

segment, expressed as 

 
∫ (1 −

𝑃𝑛
′

𝑃1
′)𝑑𝑦

𝑆

0

= 

∑
∆𝑦𝑖
6
[(1 −

𝑃𝑛
′

𝑃1
′)
𝑦𝑖

+ 4(1 −
𝑃𝑛
′

𝑃1
′)
𝑦𝑖+∆𝑦𝑖 2⁄

+ (1 −
𝑃𝑛
′

𝑃1
′)
𝑦𝑖+∆𝑦𝑖

]

𝑁

𝑖=1

 

 ( 3.3.52)  

To optimize the code in the 2D SLC compressor software, if a value for 
𝑃𝑛
′

𝑃1
′ is found to 

be unity before the sonic point, the cumulative summation of Eq. 3.3.52 stops to avoid 
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further redundant calculations that do not contribute to the pressure decay.  Having Eq. 

3.3.52 solved, the overall bow-wave losses are computed through Eq. 3.3.46, giving 

  

PR𝑏𝑜𝑤
′ = (

𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

= 1 −
∫ (1 −

𝑃𝑛
′

𝑃1
′) 𝑑𝑦

𝑆

0

𝑦𝑆 − 𝑦0
 

 ( 3.3.53)  

3.3.6 Passage-Shock Location 

Prior to computing any flow field expansion, the different passage-shock impingement 

points on the blade surfaces are calculated to have information of the flow angle at those 

points.  Because the entire blade-surfaces geometry is known from the blade-element-

layout method in Sec. 3.2.2, the blade angle is known at any point.  Thus, the flow angle 

is also known at any point as is equal to its blade angle according to the wall-point unit 

process from the method of characteristics.  

The passage-shock segment from the detached bow-shock is extended to find the 

intersection at a point 𝑘 with the blade suction-surface as shown in Figure 3.21.  Using 

an iterative secant-method, a 𝑧𝑘 value was assumed to be interpolated in the suction-

surface and passage-shock geometry distribution so that the corresponding values of 

𝑦𝑘𝑠𝑠 and 𝑦𝑘ℎ𝑦, and its difference ∆𝑦𝑘 are determined.  The process repeats for a second 

assumption of 𝑧𝑘.  The secant method establishes a linear function between the assumed 

𝑧𝑘 values with corresponding ∆𝑦𝑘 to find the root of the next 𝑧𝑘.  The secant method is 

iteratively solved until ∆𝑦𝑘 is below a tolerance of 1e-6 to determine an accurate 𝑧𝑘 and 

𝑦𝑘.  Given these coordinates, the blade angle 𝑘𝑘 is computed using a cubic-spline 

interpolation within the blade-metal-angle distribution obtained from the blade-element-

layout method.  Thence, the full 3-D Cartesian coordinates for point 𝑘 are obtained as in 

Eq. 3.3.40 for 𝑟𝑘 and Eq.3.3.41 for 𝑥𝑘. 
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Figure 3.21  Passage-shock impingement-point definition for a single-shock configuration in 

unstarted flows. 

In the case there is no intersection between the passage-shock segment due to high 

obliquity of the detached bow-shock, the case is considered to be choked since the 

passage shock needs to impinge unequivocally somewhere on the suction surface.  

Hence this scenario is treated no more as a single shock, but rather as a flow-started 

case with a dual-shock pattern. 

Following the choking-incidence calculation in Sec. 3.4.2, if the current streamline 

incidence is greater than the unique incidence for those conditions, a single-shock 

structure is considered and the entire only passage-shock shape location is defined.  

Alternatively, if the incidence is equal or less than the unique incidence for the 

streamline conditions, the passage is choked and a dual-shock needs to be implemented.  

Before any computation on the S1 surface for the shock configuration, the actual 

incidence is fixed to be choking value at the started streamlines, since the incidence 

cannot be less than the unique incidence for a given inlet relative Mach number.  

Admittedly, the procedure for limiting the incidence to the choking value in a 2-D SLC 

simulation is not as straight as it sounds, as the REE and mass-flow conservation need 

to be satisfied at all times.  The solution for this problem is presented in Sec. 3.4.3 and 

Sec. 3.4.4 consisting in a choking margin definition and a novel mass flow 

redistribution model, respectively. 
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The estimation of the passage-shock shape and location is solved iteratively for started 

flows.  At first, a point 𝑞 is assumed to represent the impingement of the choke-induced 

shock on the suction surface.  The point 𝑞 is first estimated to be that impingement point 

from a normal shock to the flow stemming at the sonic point of the first passage shock 

as displayed in Figure 3.22.  This is different from Bloch et al. [34] in that no normal 

angularity is being imposed to the second shock; rather the point 𝑞 is in a normal 

direction to the flow but it can lead to an oblique shock.  Furthermore the point q is just 

a first assumption which will be later modified by the iterative method of Sec. 3.3.9, 

whereas Bloch et al. [34] set this passage-shock location and angle as final. 

 

Figure 3.22  Second passage-shock impingement-point assumption for a dual-shock configuration 

in started flows. 

The 𝑧′-coordinate for the sonic point s on the hyperbola is calculated from Eq. 3.3.37 

as, 

 

𝑧𝑠
′ = √Χ′2 [1 +

𝑦𝑠′
2

(Χ′ tan 𝜇)2
]  ( 3.3.54)  

Using the relative-to-absolute rotation matrix from Eq. 3.3.39, 𝑧𝑠 and 𝑦𝑠 are determined, 

from where a straight line is extended till the suction surface to find the impingement 
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coordinates 𝑧𝑞 and 𝑦𝑞.  Thus, the full 3-D Cartesian coordinates for point 𝑞 are 

determined as in Eq. 3.3.40 for 𝑟𝑞 and Eq.3.3.41 for 𝑥𝑞. 

The coordinate information points k and q defines the second passage-shock situation.  

If point k is in front of point q, there is no intersection of the second oblique-shock with 

the first passage-shock, yielding in a dual-shock structure as noticed in Figure 3.23 a).  

On the other hand, if point q is upstream of point k, there is coalescence between both 

passage shocks, truncating the hyperbola and the dual-shock structure is merged as seen 

in Figure 3.23 b).  Since the hyperbola is truncated by the second passage-shock and 

does not impinge anymore on the suction surface, the intersection between both shocks 

is at the transition point t.  Note that in most of the cases, the first assumption of the 

impingement point q leads to a merged pattern as in Figure 3.23 b) resulting in a second 

passage-shock too forward (and relatively proximate to the leading-edge) in the 

chordwise direction.  Whether a the merged or unmerged choked situation occurs, the 

second passage-shock extends across the passage shock, intersecting the pressure side 

of the next adjacent blade at point u. 

 

Figure 3.23  Dual-shock configuration situation depending on the choke-induced passage-shock 

location.  a) No intersection between both passage shocks.  b) Coalescence of both passage shocks. 
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3.3.7 Flow Expansion 

3.3.7.1 First-Captured Mach wave 

The flow expansion affecting the upstream velocity distribution ahead of the passage 

shock is that occurring in zone V of Figure 2.33.  The first wave of this flow 

acceleration process is the limiting characteristic a-b or the first captured Mach wave, 

running from a suction surface point a upstream of the passage shock to the detached 

bow-shock vertex at b, as seen in Figure 3.24.   

 

Figure 3.24  First-captured Mach or limiting wave for the flow expansion that interacts with the 

passage shock. 

The required relations of corrected mass flow per unit area and Prandtl-Meyer 

expansion between far upstream and the limiting characteristic a-b are applied in an 

iterative scheme to determine the position of the first-captured Mach wave.  In contrast 

to the continuity formulation of Levine [185] and Starken [184], the relative total-

pressure loss due to the bow-wave system is considered in the current expansion model.  

Moreover, the streamtube height contraction is accounted in the normal-flow area ratio 

in contrast to the model of Bloch et al. [34] and Boyer and O’Brien [13,35,36]. The 

corrected mass flow per unit area or flow function is by definition, 

 
𝐹(𝑀) =

𝑚̇√𝐶𝑝𝑇0

𝐴𝑃0
  ( 3.3.55)  
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Therefore, the mass flow conservation between the inlet and the limiting wave a-b 

yields to the following expression 

 
𝑚̇1 = 𝑚̇𝑎𝑏 = 𝑚̇ =

𝐹(𝑀1
′)𝐴1𝑃01

√𝐶𝑝𝑇01
=
𝐹(𝑀1

′
𝑎𝑏
)𝐴𝑎𝑏𝑃0𝑎𝑏

√𝐶𝑝𝑎𝑏𝑇0𝑎𝑏

  ( 3.3.56)  

Since, the process is adiabatic, 𝐶𝑝 and 𝑇0 are exactly constant, thus, the continuity 

relation is reduced to 

 
𝑚̇ = 𝐹(𝑀1

′)𝐴1 = 𝐹(𝑀1
′
𝑎𝑏
)𝐴𝑎𝑏

𝑃0𝑎𝑏
𝑃01

  ( 3.3.57)  

where 𝑃0𝑎𝑏 𝑃01⁄  is the bow-wave total-pressure ratio Π𝑏𝑜𝑤
′  obtained from Eq. 3.3.53.  

The flow areas  𝐴1 and 𝐴𝑎𝑏 in Figure 3.25 are the frontal areas normal to the relative 

flow velocity with a streamtube height 𝐻. 

 

Figure 3.25  Normal cross-sectional area to the inlet relative flow.  a) Far upstream or inlet.  b) 

First-captured Mach wave. 

The width of the flow areas is determined as that length perpendicular to the inlet 

relative flow on a blade-to-blade surface as displayed in Figure 3.26.  Similarly to Eq. 

2.6.15, the inlet flow area is 

 𝐴1 = 𝐻1𝜙 = 𝐻1𝑠 cos 𝛽1  ( 3.3.58)  

and the flow area for the limiting characteristic a-b becomes 

 𝐴𝑎𝑏 = 𝐻𝑎𝑏𝑙𝑎𝑏 sin 𝜇𝑎𝑏  ( 3.3.59)  
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Figure 3.26  Width definition for the flow areas at the inlet and at the first-captured Mach wave. 

Then, the mass flow conservation of Eq. 3.3.57 might be rewritten as 

 
𝐹(𝑀1

′)
𝐻1
𝐻𝑎𝑏

𝑠 cos 𝛽1 = 𝐹(𝑀𝑎𝑏
′ )𝑙𝑎𝑏 sin 𝜇𝑎𝑏 Π𝑏𝑜𝑤

′   ( 3.3.60)  

The streamtube height 𝐻 for a mean streamline 𝑗 is determined through its area as 

 𝐴 = 𝜋(𝑅𝑗+1/2
2 − 𝑅𝑗−1/2

2) = 2𝜋𝑅𝑗𝐻𝑗  ( 3.3.61)  

Solving for 𝐻𝑗, 

 
𝐻𝑗 =

𝑅𝑗+1/2
2 − 𝑅𝑗−1/2

2

𝑅𝑗
  ( 3.3.62)  

In the case, the streamline 𝑗 is at an intermediate location between hub and tip, a central 

difference scheme is used to find the average radii as 

 
𝑅𝑗+1/2 =

𝑅𝑗+1 + 𝑅𝑗

2
  (3.3.63)  
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𝑅𝑗−1/2 =

𝑅𝑗 + 𝑅𝑗−1

2
  (3.3.64)  

For the hub streamlines, a backward difference is used to approximate the lower average 

radius, becoming 

 𝑅𝑗−1/2 = 𝑅𝑗  (3.3.65)  

Likewise, for the tip streamlines, a forward difference is used to estimate the upper 

average radius as 

 𝑅𝑗+1/2 = 𝑅𝑗  (3.3.66)  

Thence, the streamtube height contraction 𝐻1 𝐻𝑎𝑏⁄  can be expressed as 

 𝐻1
𝐻𝑎𝑏

=
𝑅𝑗+1/2𝐿𝐸

2 − 𝑅𝑗−1/2𝐿𝐸
2

𝑅𝑗𝐿𝐸

𝑅𝑗𝑎𝑏
𝑅𝑗+1/2𝑎𝑏

2 − 𝑅𝑗−1/2𝑎𝑏
2  ( 3.3.67)  

Thereon, the mass flow conservation between the inlet and the first-captured Mach 

wave for a given streamline j becomes 

 
𝐹(𝑀𝑗1

′ )
𝑅𝑗+1/2𝐿𝐸

2 − 𝑅𝑗−1/2𝐿𝐸
2

𝑅𝑗𝐿𝐸

𝑅𝑗𝑎𝑏
𝑅𝑗+1/2𝑎𝑏

2 − 𝑅𝑗−1/2𝑎𝑏
2 𝑠𝑗 cos 𝛽𝑗1

= 𝐹(𝑀𝑗
′

𝑎𝑏
)𝑙𝑗𝑎𝑏 sin 𝜇𝑗𝑎𝑏 Π𝑗𝑏𝑜𝑤

′  

 ( 3.3.68)  

The complete solution of the continuity relation in Eq. 3.3.68 requires to know the 

impingement point a of the first-captured Mach wave on the suction surface, which is 

determined by an iterative method.  Initially, an axial coordinate 𝑧𝑎 for point a is 

assumed, for which a blade angle 𝑘𝑎 is determined from the blade-element-layout 

method. 

At the inlet, all conditions are known and the Prandtl-Meyer angle is determined using 

the Prandtl-Meyer function in Eq. 2.4.34.  Then, the Riemann’s equation for the 

Prandtl-Meyer expansion of a right-running characteristic in Eq. 2.4.36 determines the 

flow angle of the limiting characteristic a-b as 
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 𝜈𝑎𝑏(𝑀𝑎𝑏) = 𝛽𝑎𝑏 + 𝜈1(𝑀1
′) − 𝛽1  ( 3.3.69)  

Given 𝜈𝑎𝑏, 𝑀𝑎𝑏
′  is known using the Prandtl-Meyer function in Eq. 2.4.34 and the Mach 

angle 𝜇𝑎𝑏 is determined as per Eq. 2.4.32.   The relative Mach numbers at both inlet and 

limiting wave a-b determine their respective flow functions as 

 

𝐹(𝑀′) =
𝛾

√𝛾 − 1
𝑀′ [1 +

𝛾 − 1

2
𝑀′2]

−(𝛾+1)
2(𝛾−1)

  (3.3.70)  

The assumed location 𝑧𝑎 resolves the distance 𝑙𝑎𝑏 between the suction-surface 

impingement point of the first-captured Mach wave and the detached bow-shock vertex, 

whose slope angle Φ𝑎𝑏 is 

 Φ𝑎𝑏 = atan (
𝑦𝑏 − 𝑦𝑎
𝑧𝑏 − 𝑧𝑎

)  ( 3.3.71)  

From Figure 3.26, 𝑙𝑎𝑏 is determined by trigonometry as 

 𝑙𝑎𝑏 =
𝑧𝑏 − 𝑧𝑎
cosΦ𝑎𝑏

  ( 3.3.72)  

Thereby, the continuity equation determines the mass flow error per streamline 𝑗 that 

results from the assumed value of 𝑧𝑎 as 

 

𝐸 = 𝐹 (𝑀𝑗1
′ )

𝑅
𝑗+
1
2𝐿𝐸

2 − 𝑅
𝑗−
1
2𝐿𝐸

2

𝑅𝑗𝐿𝐸

𝑅𝑗𝑎𝑏
𝑅
𝑗+
1
2𝑎𝑏

2 − 𝑅
𝑗−
1
2𝑎𝑏

2 𝑠𝑗 cos 𝛽𝑗1

− 𝐹(𝑀𝑗
′

𝑎𝑏
)

𝑧𝑗𝑏 − 𝑧𝑗𝑎

cos [atan (
𝑦𝑗𝑏 − 𝑦𝑗𝑎
𝑧𝑗𝑏 − 𝑧𝑗𝑎

)]

sin 𝜇𝑗𝑎𝑏
Π𝑗𝑏𝑜𝑤

′  

 ( 3.3.73)  

A next value of 𝑧𝑎 is assumed for which the respective error is obtained.  Having two 𝑧𝑎 

values and their corresponding errors, the next approximation for 𝑧𝑎 is given by a secant 

method.  The secant equation is iteratively solved until the error is lower than a 

tolerance set to 1e-6, resulting in an accurate impingement point for the limiting 

characteristic a-b. 
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3.3.7.2 Full Flow-Field Expansion 

The full flow-expansion is gradual and computed first by discretizing a finite suction-

surface domain that extends from point 𝑎 till the intersection of the passage shock with 

the suction surface, whether it is point k or q.  At every discretization point 𝑛𝑠𝑠, there is 

a gradual-expansion wave or characteristic 𝐶ℎ𝑛 defined.  The axial-coordinate 𝑧𝑛𝑠𝑠 of 

every discretization point is placed equidistant on the suction surface determined by the 

maximum number of discretization points 𝑁, expressed as 

 

𝑧𝑛𝑠𝑠 = ∑ 𝑧𝑎 +
(𝑛𝑠𝑠 − 1)𝑧𝑝𝑠ℎ𝑠𝑠 − 𝑧𝑎

𝑁 − 1

𝑁

𝑛𝑠𝑠=1

     
𝑧𝑝𝑠ℎ𝑠𝑠 = 𝑧𝑘 ;  𝑢𝑛𝑠𝑡𝑎𝑟𝑡𝑒𝑑

𝑧𝑝𝑠ℎ𝑠𝑠 = 𝑧𝑞 ; 𝑠𝑡𝑎𝑟𝑡𝑒𝑑
  ( 3.3.74)  

The number of discretization points N determines the number of integration points to be 

used in the circumferential mass-averaged passage-shock loss computation.  A value of 

𝑁 = 50 suffices for convergence and accuracy without compromising the 

computational solution-speed of the 2-D SLC code.  Increasing N by 10% beyond 50 

modifies the shock-loss coefficient precision by 0.002%, and instead it increases the 

solution time by 0.1%. 

For every discretization point 𝑛𝑠𝑠 with axial coordinate 𝑧𝑛𝑠𝑠, the blade angle 𝑘𝑛𝑠𝑠 and 

tangential coordinate 𝑦𝑛𝑠𝑠 are calculated from the blade-element-layout method.  

According to the wall-point unit process from the method of characteristics, the blade 

angle at any surface point is equal to the characteristic flow angle arising from such 

location.  Thus, the gradual flow-expansion over the suction surface of zone V can be 

computed successively using the Prandtl-Meyer expansion for a right-running 

characteristic from Eq. 2.4.36 to determine the Prandtl-Meyer angle 𝜈𝑛 of every 

characteristic 𝐶ℎ𝑛− as 

 𝜈𝑛(𝑀𝑛) = 𝛽𝑛 + 𝜈𝑛−1(𝑀𝑛−1
′ ) − 𝛽𝑛−1 = 𝑘𝑛𝑠𝑠 + 𝜈𝑛−1(𝑀𝑛−1

′ ) − 𝛽𝑛−1  ( 3.3.75)  

The relative Mach number 𝑀𝑛 of each characteristic 𝐶ℎ𝑛− is then determined by the 

Prandtl-Meyer function of Eq. 2.4.34.  To determine the characteristic slope, a 

successive field-point calculation from the method of characteristics as illustrated in 

Figure 3.27 is necessary.  A left-running characteristic 𝐶ℎ𝑛+ is set between a suction-
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surface point 𝑛𝑠𝑠 and a corresponding point 𝑛′′ on the field, whose location is to be 

determined but flow conditions are known.  Additionally, a right-running characteristic 

𝐶ℎ𝑛− is established between the field points 𝑛′′, for which the first point of that 

sequence is the detached bow-shock vertex 𝑏 with known conditions.  Knowing the 

relative Mach number at 𝑛𝑠𝑠 and 𝑏, the Prandtl-Meyer angle and the Mach angle for 

both characteristics can be computed as usual with the Prandtl-Meyer function in Eq. 

2.4.34 and Eq. 2.4.32, respectively.  For the left-running characteristic 𝐶ℎ𝑛+, the 

Riemann’s equation in Eq. 2.4.38 gives 

 Κ+ = Κ+𝑛𝑠𝑠 = Κ+𝑛′′ = 𝛽𝑛𝑠𝑠 − 𝜈𝑛𝑠𝑠(𝑀𝑛𝑠𝑠
′ ) = 𝛽𝑛′′ − 𝜈𝑛′′(𝑀𝑛′′

′ )  ( 3.3.76)  

In the case of the right-running characteristic 𝐶ℎ𝑛−, the Prandtl-Meyer expansion is as 

per Eq. 2.4.36, thus 

 Κ− = Κ−𝑏 = Κ−𝑛′′ = 𝛽1 + 𝜈1(𝑀1
′) = 𝛽𝑛′′ + 𝜈𝑛′′(𝑀𝑛′′

′ )  ( 3.3.77)  

The simultaneous solution of Eq. 3.3.76 and Eq. 3.3.77 leads to the following equations 

to find the Prandtl-Meyer angle 𝜈𝑛′′ and flow angle 𝛽𝑛′′. 

 
𝜈𝑛′′(𝑀𝑛′′

′ ) =
𝛽1 + 𝜈1(𝑀1

′) + 𝜈𝑛𝑠𝑠(𝑀𝑛𝑠𝑠
′ ) − 𝛽𝑛𝑠𝑠

2
 

 (3.3.78)  

 𝛽𝑛′′ = 𝛽1 + 𝜈1(𝑀1
′) − 𝜈𝑛′′(𝑀𝑛′′

′ )  (3.3.79)  
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Figure 3.27  Field-point calculation to determine the characteristic slopes of the zone-V flow 

expansion. 

An iterative secant-method that solves the Prandtl-Meyer function is applied to obtain 

𝑀𝑛′′
′ , and thus, determining 𝜇𝑛′′ using Eq. 2.4.32.  Inasmuch as all the flow information 

is known at b, 𝑛𝑠𝑠 and 𝑛′′, the slope 𝒮 for both characteristics, left-running and right-

running, is computed respectively as 

 
𝒮𝑛𝑠𝑠𝑛′′ = tan [

(𝛽𝑛𝑠𝑠 + 𝜇𝑛𝑠𝑠) + (𝛽𝑛′′ + 𝜇𝑛′′)

2
]  (3.3.80)  

 
𝒮𝑏𝑛′′ = tan [

(𝛽1 − 𝜇1) + (𝛽𝑛′′ − 𝜇𝑛′′)

2
]  (3.3.81)  

Thus, having both characteristic slopes, the coordinates for point 𝑛′′ are thus determined 

from their straight-line equations as 

 
𝑧𝑛′′ =

𝒮𝑏𝑛′′𝑧𝑏 − 𝑦𝑏 + 𝑦𝑛𝑠𝑠 − 𝒮𝑛𝑛′′𝑧𝑛𝑠𝑠
𝒮𝑏𝑛′′ − 𝒮𝑛𝑛′′

  (3.3.82)  

 𝑦𝑛′′ = 𝒮𝑏𝑛′′(𝑧𝑛′′ − 𝑧𝑏) + 𝑦𝑏  (3.3.83)  
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The process repeats successively for the rest of the discretization points 𝑛𝑠𝑠 by 

substituting the subindex 1 for 𝑛′′ − 1 from Eq. 3.3.77 to Eq. 3.3.83.  In this way, the 

full expansion field of zone V is determined.  Nonetheless, this is an over-extended 

gradual expansion-field as the passage-shock must truncate the expansion 

characteristics. 

For the choked operations, the choked-induced passage-shock intersection with the 

suction surface at point 𝑞 is an assumed value with unknown shock angle.  Furthermore, 

the suction-surface expansion from Eq. 3.3.75 determines the flow parameters at this 

point 𝑞.  The passage-shock angle is assumed to be constant throughout the oblique 

shock and is thus computed utilizing an iterative secant-method that solves the shock-

point unit process from the method of characteristics.  A shock angle for the second 

shock 𝜍𝑝𝑠ℎ is first assumed.  The deflection angle 𝛿𝑝𝑠ℎ and outlet relative Mach number 

𝑀2
′
𝑞
 for the choked-induced passage shock are calculated then from oblique-shock 

theory using Eq. 2.4.24 and Eq. 2.4.19, respectively as 

 

𝛿𝑝𝑠ℎ = atan {2 cot 𝜍𝑝𝑠ℎ
𝑀1
′
𝑞

2
sin2 𝜍𝑝𝑠ℎ − 1

𝑀1
′
𝑞

2
[𝛾 + cos(2𝜍𝑝𝑠ℎ)] + 2

}  ( 3.3.84)  

 

𝑀2
′
𝑞
=
√

(𝛾 − 1)𝑀1
′
𝑞

2
sin2 𝜍𝑝𝑠ℎ + 2

2𝛾𝑀1
′
𝑞

2
sin2 𝜍𝑝𝑠ℎ + 1 − 𝛾

sin2(𝜍𝑝𝑠ℎ − 𝛿𝑝𝑠ℎ)
 

 ( 3.3.85)  

The deflection angle is the flow turning and thus determines the flow angle 𝛽2𝑞 

downstream of the second passage-shock as 

 𝛽2𝑞|𝜗
= 𝛽1𝑞 − 𝛿𝑝𝑠ℎ  ( 3.3.86)  

Given 𝑀2
′
𝑞
, the Prandtl-Meyer Function in Eq. 2.4.34, resolves the outlet Prandtl-Meyer 

angle 𝜈2𝑞. Alternatively, a Prandtl-Meyer expansion for a right-running characteristic 

from Eq. 2.4.36 resolves as well the outlet flow angle 𝛽2𝑞 for the second passage-shock 

as 
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 𝛽2𝑞|𝑃𝑀
= 𝛽1𝑞 + 𝜈1𝑞 (𝑀1

′
𝑞
) − 𝜈2𝑞 (𝑀2

′
𝑞
)  ( 3.3.87)  

As a result, an error in the second passage-shock outlet flow angle is determined as 

 𝐸 = 𝛽2𝑞|𝑃𝑀
− 𝛽2𝑞|𝜗

  ( 3.3.88)  

Similarly to the aforementioned iterative methods, a second value 𝜍𝑝𝑠ℎ is assumed to 

obtain a corresponding error so that a secant method determines the next approximated 

𝜍𝑝𝑠ℎ.  The secant method is iteratively solved until the error is lower than the typical 

tolerance used of 1e-6 to determine an accurate choked-induced passage-shock angle. 

The second passage-shock is then extended at an angle 𝜍𝑝𝑠ℎ across the passage till it 

intercepts the passage-shock portion of the detached bow-shock to find point 𝑡.  The 

interception is resolved again using an iterative secant-method similar to that in Sec. 

3.3.6, by solving a cubic-spline interpolation of the extended second-passage shock onto 

the first-passage shock determining 𝑧𝑡 and 𝑦𝑡.  Equally to the previous key points, the 

full 3-D Cartesian coordinates for point 𝑡 are obtained as in Eq. 3.3.40 for 𝑟𝑡 and 

Eq.3.3.41 for 𝑥𝑡. 

As discussed in Sec. 3.3.6, the first assumption of point 𝑞 yields in the majority of the 

cases to a point 𝑡.  However, if no interception is found between both passage shocks, 

the second passage-shock is simply extended till the pressure surface with the same 

angle 𝜍𝑝𝑠ℎ and the expansion process of zone V is treated as in the unstarted-flow 

situation.  Whether the dual-shock configuration for the started operations is coalesced 

or not, the second passage-shock is extended till it intersects the pressure blade at point 

𝑢.  Likewise its coordinates 𝑧𝑢 and 𝑦𝑢, are determined using the same iterative secant-

method by solving a cubic-spline interpolation of the extended second-passage shock 

onto the pressure surface, and 𝑥𝑢 and 𝑟𝑢 are given by Eq. 3.3.40 and Eq.3.3.41, 

correspondingly. 

Either flow condition, unstarted with a unique passage-shock, started with an unmerged 

first passage-shock or started with coalesced passage-shocks, the full-passage shock 

structure interacting with the zone-V flow expansion is given.  The over-extended 
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gradual expansion-waves from zone V are then intercepted with the passage shock to 

find the right intersection coordinates for any case.  The usual iterative secant-method is 

applied to resolve a cubic-spline interpolation of the gradual expansion-waves onto the 

passage shock to find the intersecting points 𝑛𝑔,𝑝𝑠ℎ with coordinates 𝑧𝑛𝑔,𝑝𝑠ℎ and 𝑦𝑛𝑔,𝑝𝑠ℎ, 

whose 𝑥𝑛𝑔,𝑝𝑠ℎ and 𝑟𝑛𝑔,𝑝𝑠ℎ are given by Eq. 3.3.40 and Eq.3.3.41, respectively.  The 

intersecting points 𝑛𝑔,𝑝𝑠ℎ are resolved in such manner that intersects both hyperbolic 

and straight portions of any passage shock configuration.  

3.3.7.3 Expansion Fan and Pre-Compression 

The flow expansion described in Sec. 3.3.7.2  is such that resolves the relative Mach 

number 𝑀𝑛
′ and relative flow angle 𝛽𝑛

′
 as constant along the characteristics.  Further, 

the absolute 3-D gradual expansion-wave coordinates intercepting the passage-shock 

configuration were determined accordingly. In spite of the suction-surface discretization 

for the gradual flow-expansion and regardless of its resolution, there might be a passage 

region where there is no influence of the calculated characteristics, as displayed in 

Figure 3.28 a).   

Such cases occur for highly-loaded bladings or high incidences, forcing the flow to turn 

faster over a reduced suction surface and leading to an expansion fan extending from 

zone III up to the onsets of zone V.  Therefore, for those high-turning situations where 

the gradual expansion does not suffice to describe the entire flow field, an expansion fan 

emanating from the first-captured Mach-wave impingement on the suction surface is 

assumed, as shown in Figure 3.28 b).  Naturally, the expansion fan intruding in zone V 

occurs generally for single-shock structures, when the flow is unstarted due to high 

incidences and low mass flow rates. 
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Figure 3.28  Highly-loaded blading for which there is an expansion fan intruding in the zone-v 

expansion field.  a)  Gradual-expansion characteristics.  b) Expansion-fan waves arising from the 

limiting wave impingement on the suction surface  

To further determine a potential expansion-fan, it is convenient to rotate-back the 

gradual-expansion intersecting points 𝑛𝑔,𝑝𝑠ℎ with the passage-shock to the local frame 

of reference using the following rotation matrix 

 
[
𝑧𝑛𝑔,𝑝𝑠ℎ

′

𝑦𝑛𝑔,𝑝𝑠ℎ
′] = [

cos (𝛽1) sin (𝛽1)
sin (−𝛽1) cos (𝛽1)

] [
𝑧𝑛𝑔,𝑝𝑠ℎ − 𝑧𝑜
𝑦𝑛𝑔,𝑝𝑠ℎ − 𝑧𝑜

]  ( 3.3.89)  

Similarly, the point 𝑡, if any, is rotated back to the relative coordinate system using Eq 

3.3.89, to find 𝑧𝑡
′ and 𝑦𝑡

′. 

The domain extent along the 𝑦′-axis where a expansion-fan might develop is 

established by the extremity passage-shock points at the detached bow-shock vertex and 

point k or q, depending on the flow situation.  The domain is discretized with 

equidistant points 𝑛𝑓,𝑝𝑠ℎ determined by a maximum number of discretization points 𝑁𝑓, 

which is independent of the number of gradual-expansion characteristics established in 

Sec. 3.3.7.2.  For every point 𝑛𝑓,𝑝𝑠ℎ there is a corresponding expansion-fan 
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characteristic 𝐶ℎ𝑛𝑓 rising from point a.  Hence, the passage shock discretization in the 

𝑦′-axis to intercept the expansion-fan characteristics is as follows 

 

𝑦𝑛𝑓,𝑝𝑠ℎ
′ = ∑ 𝑦1𝑔,𝑝𝑠ℎ

′ +
(𝑛𝑓,𝑝𝑠ℎ − 1)𝑦𝑁𝑔,𝑝𝑠ℎ

′ − 𝑦1𝑔,𝑝𝑠ℎ
′

𝑁𝑓 − 1

𝑁𝑓

𝑛𝑓,𝑝𝑠ℎ=1

= ∑ 𝑦𝑣
′ +

(𝑛𝑓,𝑝𝑠ℎ − 1)𝑦𝑝𝑠ℎ𝑠𝑠
′ − 𝑦𝑣

′

𝑁𝑓 − 1

𝑁𝑓

𝑛𝑓,𝑝𝑠ℎ=1

 

𝑦𝑝𝑠ℎ𝑠𝑠
′ = 𝑦𝑘

′ ;  𝑢𝑛𝑠𝑡𝑎𝑟𝑡𝑒𝑑 𝑎𝑛𝑑 𝑢𝑛𝑚𝑒𝑟𝑔𝑒𝑑 𝑠𝑡𝑎𝑟𝑡𝑒𝑑

𝑦𝑝𝑠ℎ𝑠𝑠
′ = 𝑦𝑞

′ ;  𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑑 𝑠𝑡𝑎𝑟𝑡𝑒𝑑
 

 ( 3.3.90)  

Although it is acknowledged that the expansion fan will not extend till points k or q, the 

discretization to capture the expansion fan is performed until these points to account for 

robustness.  The corresponding 𝑧′-coordinates for the expansion-fan discretization are 

calculated for the hyperbolic or straight passage-shock portion as a function of the 

shock configuration as follows 

 

𝑧𝑛𝑓,𝑝𝑠ℎ
′ = √Χ′2 [1 +

𝑦𝑛𝑓,𝑝𝑠ℎ
′2

(Χ′ tan 𝜇)2
]  

; 𝑢𝑛𝑠𝑡𝑎𝑟𝑡𝑒𝑑
; 𝑢𝑛𝑚𝑒𝑟𝑔𝑒𝑑 𝑠𝑡𝑎𝑟𝑡𝑒𝑑

; 𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑑 𝑠𝑡𝑎𝑟𝑒𝑑 𝑦𝑛𝑓,𝑝𝑠ℎ ≤ 𝑦𝑡
′
 

𝑧𝑛𝑓,𝑝𝑠ℎ
′ = (𝑦𝑛𝑓,𝑝𝑠ℎ

′ − 𝑦𝑁𝑔,𝑝𝑠ℎ
′)
𝑧𝑡
′ − 𝑧𝑁𝑔,𝑝𝑠ℎ

′

𝑦𝑡′ − 𝑦𝑁𝑔,𝑝𝑠ℎ
′

+ 𝑧𝑁𝑔,𝑝𝑠ℎ
′  ;  𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑑 𝑠𝑡𝑎𝑟𝑡𝑒𝑑 𝑦𝑛𝑓,𝑝𝑠ℎ > 𝑦𝑡

′  

 ( 3.3.91)  

Given the expansion-fan point coordinates, the rotation matrix from Eq. 3.3.39 is 

applied to transform from the relative to the absolute coordinate system to compare 

𝑧𝑛𝑓,𝑝𝑠ℎ and 𝑦𝑛𝑓,𝑝𝑠ℎagainst those intersecting point coordinates of the gradual 

expansion. 𝑥𝑛𝑓,𝑝𝑠ℎ and 𝑟𝑛𝑓,𝑝𝑠ℎ are given by Eq. 3.3.40 and Eq.3.3.41, correspondingly.  

Thereupon, a transition point between the expansion fan and the gradual expansion on 

the passage shock can be identified.  The only expansion-fan waves to be included in 

the overall expansion field are just those extending till the inception of the gradual-
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expansion as noted in Figure 3.28.  For those expansion-fan characteristics 𝐶ℎ𝑛𝑓 

upstream of the gradual expansion, the flow properties are solved within an iterative 

secant-method that solves the wall-point unit process between point a and points 𝑛𝑓 on 

the passage shock. For every characteristic 𝐶ℎ𝑛𝑓, the geometric slope between their 

extremity points is 

 
𝒮𝑎𝑛𝑓,𝑝𝑠ℎ =

𝑦𝑛𝑓,𝑝𝑠ℎ − 𝑦𝑎

𝑧𝑛𝑓,𝑝𝑠ℎ − 𝑧𝑎
  ( 3.3.92)  

To determine the expansion, a relative Mach number 𝑀𝑛𝑓
′  is assumed for the 

characteristics 𝐶ℎ𝑛𝑓, for which 𝜈𝑛𝑓 is given by the Prandtl-Meyer function in Eq. 2.4.34 

and 𝜇𝑛𝑓 as per Eq. 2.4.32.  Thus, the Prandtl-Meyer expansion for a left-running 

characteristic from Eq. 2.4.38 determines the flow angle 𝛽𝑛𝑓 for the expansion-fan 

characteristic as 

 𝛽𝑛𝑓 = 𝛽𝑎 − 𝜈𝑎(𝑀𝑎
′ ) + 𝜈𝑛𝑓 (𝑀𝑛𝑓

′ )  ( 3.3.93)  

The resultant characteristic slope from the expansion fan is 

 

𝒮𝑎𝑛𝑓,𝑝𝑠ℎ|𝑃𝑀
= tan [

(𝛽𝑎 − 𝜇𝑎) + (𝛽𝑛𝑓 − 𝜇𝑛𝑓)

2
]  ( 3.3.94)  

An error in the characteristic slopes is obtained as follows 

 𝐸 = 𝒮𝑎𝑛𝑓,𝑝𝑠ℎ − 𝒮𝑎𝑛𝑓,𝑝𝑠ℎ|𝑃𝑀
  ( 3.3.95)  

The process repeats for another assumption of 𝑀𝑛𝑓
′  with a corresponding error, so that 

secant method can be solved iteratively until the error reaches the tolerance set to 1e-6. 

The algorithm established to layout the characteristics for the fan-expansion and gradual 

expansion permits the identification of any Prandtl-Meyer expansion of opposite sign, if 

any, accounting thus for pre-compression.  The pre-compression is a series of weak 

shocks extending over a suction-surface ramp and coalescing all in the leading-edge of 

the next adjacent blade as seen in Figure 3.29.  This method is then applicable to pre-
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compression aerofoils that intend to reduce the passage-shock strength and losses, and 

also conventional aerofoils that might develop a localized pre-compression region due 

to the suction-surface curvature. The pre-compression process is resolved similarly to 

the fan-expansion process in terms of the discretization, but this time along the suction 

surface.  Oblique shock theory from Sec. 2.4.2 is then applied successively to each 

weak oblique-shock to find the downstream flow properties till the onset of the gradual-

expansion. 

 

Figure 3.29  Pre-compression shocks arising from the suction-surface ramp and coalescing at the 

leading edge of the next adjacent blade 

The solution of the gradual expansion, and potential expansion fan and pre-compression 

determines the overall flow process at zone V.  This method provides the entire 

circumferential distribution of the relative Mach number upstream of any shape of 

passage-shock, whether is unstarted or started.  In turn, the total-pressure ratio can be 

computed at every point along the passage-shock for which a final circumferential 

mass-averaged shock-loss coefficient is obtained as discussed in the following section. 

3.3.8 Passage-Shock Losses 

The integration points on the passage-shock (unstarted or started) are established by the 

intersecting points 𝑛𝑔,𝑝𝑠ℎ with the gradual-expansion characteristics in Sec. 3.3.7.2.  In 
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the case of expansion-fan characteristics for highly-loaded blade-elements, their 

intersecting points 𝑛𝑓,𝑝𝑠ℎ with the passage shock are contemplated accordingly in Sec. 

3.3.7.3.  All these passage-shock points 𝑛𝑝𝑠ℎ contain the upstream flow information for 

the computation of the passage-shock relative total-pressure loss.  Even though there is 

no transition point t in the unstarted and unmerged started shock-configurations by 

definition, the passage-shock impingement on the suction surface is considered as the 

point t for algorithm-convenience purposes.  Thus, the next rule can be established 

 𝑦𝑡 = 𝑦𝑁𝑔,𝑝𝑠ℎ = 𝑦𝑝𝑠ℎ𝑠𝑠 = 𝑦𝑘     ;   𝑢𝑛𝑠𝑡𝑎𝑟𝑡𝑒𝑑 𝑎𝑛𝑑 𝑢𝑛𝑚𝑒𝑟𝑔𝑒𝑑 𝑠𝑡𝑎𝑟𝑡𝑒𝑑  ( 3.3.96)  

Clearly, the passage-shock configuration shape portion, hyperbolic or straight (if any), 

dictates the upstream Mach number and shock angle to be used.  For hyperbolic portion, 

the upstream relative Mach number 𝑀1𝑛
′

𝑝𝑠ℎ
 is considered to be 𝑀1

′  due to the 

formulation of the shock angle for this region.  In the case of the straight-section, the 

upstream relative Mach number 𝑀1𝑛
′

𝑝𝑠ℎ
 is 𝑀𝑛𝑝𝑠ℎ

′  as is the local value ahead of the 

discretized oblique-shock point.  The shock angle is defined for the hyperbolic section 

of the passage-shock as that from a detached bow-shock in Eq. 3.3.42.  For the straight-

portion the shock angle is constant and is that computed from the iterative-method error 

of Eq. 3.3.88, projected on the relative frame of reference.  Both shock angle 

expressions are hence written as 

 

𝜍𝑛𝑝𝑠ℎ = atan

(

 
√𝛸′2 + (𝑀1

′2 − 1)𝑦𝑛𝑝𝑠ℎ

(𝑀1
′2 − 1)𝑦𝑛𝑝𝑠ℎ

)

      ;   𝑦𝑛𝑝𝑠ℎ ≤ 𝑦𝑡  

𝜍𝑛𝑝𝑠ℎ = |−𝜍𝑝𝑠ℎ − 𝛽1 −
𝜋

2
|     ;   𝑦𝑛𝑝𝑠ℎ > 𝑦𝑡

′ 

 (3.3.97)  

The flow properties downstream of the passage-shock, are computed using the oblique-

shock theory from Sec. 2.4.2, expressed as 

 

𝛿𝑛𝑝𝑠ℎ = atan{2 cot 𝜍𝑛𝑝𝑠ℎ

𝑀1𝑛
′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ − 1

𝑀1𝑛
′

𝑝𝑠ℎ

2
[𝛾 + cos (2𝜍𝑛𝑝𝑠ℎ)] + 2

}  (3.3.98)  
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𝑀2𝑛
′

𝑝𝑠ℎ
= √

(𝛾 − 1)𝑀1𝑛
′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ + 2

(2𝛾𝑀1𝑛
′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ + 1 − 𝛾) sin

2(𝜍𝑛𝑝𝑠ℎ − 𝛿𝑛𝑝𝑠ℎ)
  (3.3.99)  

 
𝑡𝑟𝑛𝑝𝑠ℎ =

𝑇2𝑛𝑝𝑠ℎ
𝑇1𝑛𝑝𝑠ℎ

 

= 1 +
(𝛾𝑀1𝑛

′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ + 1)

𝑀1𝑛
′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ

2(𝛾 − 1)

(𝛾 + 1)2
(𝑀1𝑛

′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ − 1) 

 

(3.3.100)  

 
𝑝𝑟𝑛𝑝𝑠ℎ =

𝑝2𝑛𝑝𝑠ℎ
𝑝1𝑛𝑝𝑠ℎ

= 1 +
2𝛾

𝛾 + 1
(𝑀1𝑛

′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ − 1) 

 

(3.3.101)  

 
PR′𝑛𝑝𝑠ℎ =

𝑃′2𝑛𝑝𝑠ℎ
𝑃′1𝑛𝑝𝑠ℎ

= 

[
(𝛾 + 1)𝑀1𝑛

′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ

(𝛾 − 1)𝑀1𝑛
′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ + 2

]

𝛾
𝛾−1

[
𝛾 + 1

2𝛾𝑀1𝑛
′

𝑝𝑠ℎ

2
sin2 𝜍𝑛𝑝𝑠ℎ − (𝛾 − 1)

]

1
𝛾−1

 

 

(3.3.102)  

where 𝑀1
′  in Eq. 3.3.98 to Eq. 3.3.102 is expressed for every section of the passage 

shock as 

 𝑀1𝑛
′

𝑝𝑠ℎ
= 𝑀1

′      𝑦𝑛𝑝𝑠ℎ ≤ 𝑦𝑡 

𝑀1𝑛
′

𝑝𝑠ℎ
= 𝑀𝑛𝑝𝑠ℎ

′      𝑦𝑛𝑝𝑠ℎ > 𝑦𝑡 

 

(3.3.103)  

The computation of the mass-averaged values from Eq. 3.3.99 to Eq.  (3.3.103 in the 

circumferential direction is performed by integrating all the weight-flow-averaged 

values at every discretization point 𝑛𝑝𝑠ℎ from the detached bow-shock vertex till the 

passage-shock impingement on the suction surface (point 𝑘 or point 𝑞) as 
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𝑀1
′
𝑝𝑠ℎ

̅̅ ̅̅ ̅̅ ̅̅ =

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
𝑀1𝑛
′

𝑝𝑠ℎ
cos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

 
 

(3.3.104)  

 

𝑀2
′
𝑝𝑠ℎ

̅̅ ̅̅ ̅̅ ̅̅ =

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
𝑀2𝑛
′

𝑝𝑠ℎ
cos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2

𝑀𝑛𝑝𝑠ℎ
′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2
− 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

 
 

(3.3.105)  

 

𝑡𝑟𝑝𝑠ℎ̅̅ ̅̅ ̅̅ =

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
𝑡𝑟𝑛𝑝𝑠ℎcos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

 
 

(3.3.106)  

 

𝑝𝑟𝑝𝑠ℎ̅̅ ̅̅ ̅̅ ̅ =

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
𝑝𝑟𝑛𝑝𝑠ℎcos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

 
 

(3.3.107)  

 

PR′𝑝𝑠ℎ̅̅ ̅̅ ̅̅ ̅̅ ̅ =

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
PR′𝑛𝑝𝑠ℎcos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ
′𝑦𝑁𝑝𝑠ℎ

𝑦1𝑝𝑠ℎ
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ

′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2 − 𝜍𝑛𝑝𝑠ℎ)𝑑𝑠

 
 

(3.3.108)  

The mass-average integrals from Eq. 3.3.104 to Eq. 3.3.108 are resolved using 

numerical integration.  The Newton-Cotes functions are calculated as follows 

 

𝐹𝑤𝑓(𝑛) = 𝐹𝑤𝑓𝑛
= 𝑀𝑛𝑝𝑠ℎ

′ (1 +
𝛾 − 1

2
𝑀𝑛𝑝𝑠ℎ
′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋

2
− 𝜍𝑛𝑝𝑠ℎ) 

 

(3.3.109)  

 𝐹𝑀1′(𝑛) = 𝐹𝑀1′𝑛
= 𝑀1𝑛

′

𝑝𝑠ℎ
𝐹𝑤𝑓(𝑛) 

 

(3.3.110)  

 𝐹𝑀2′(𝑛) = 𝐹𝑀2′𝑛
= 𝑀2𝑛

′

𝑝𝑠ℎ
𝐹𝑤𝑓(𝑛) 

 

(3.3.111)  

 𝐹𝑡𝑟(𝑛) = 𝐹𝑡𝑟𝑛 = 𝑡𝑟𝑛𝑝𝑠ℎ𝐹𝑤𝑓(𝑛) 
 

(3.3.112)  



 

190 

 

 𝐹𝑝𝑟(𝑛) = 𝐹𝑝𝑟𝑛 = 𝑡𝑟𝑛𝑝𝑠ℎ𝐹𝑤𝑓(𝑛) 
 

(3.3.113)  

 𝐹PR′(𝑛) = 𝐹PR′𝑛 = PR′𝑛𝑝𝑠ℎ𝐹𝑤𝑓(𝑛) 
 

(3.3.114)  

Using the trapezoid rule, the passage-shock mass-averaged values are integrated as 

 

𝑀1
′
𝑝𝑠ℎ

̅̅ ̅̅ ̅̅ ̅̅ =
∑

𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ
2 [𝐹𝑀1′(𝑛) + 𝐹𝑀1′(𝑛 + 1)]

𝑁
𝑛=1

∑
𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ

2
[𝐹𝑤𝑓(𝑛) + 𝐹𝑤𝑓(𝑛 + 1)]

𝑁
𝑛=1

 
 

(3.3.115)  

 

𝑀2
′
𝑝𝑠ℎ

̅̅ ̅̅ ̅̅ ̅̅ =
∑

𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ
2 [𝐹𝑀2′(𝑛) + 𝐹𝑀2′(𝑛 + 1)]

𝑁
𝑛=1

∑
𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ

2 [𝐹𝑤𝑓(𝑛) + 𝐹𝑤𝑓(𝑛 + 1)]
𝑁
𝑛=1

 
 

(3.3.116)  

 

𝑡𝑟𝑝𝑠ℎ̅̅ ̅̅ ̅̅ =
∑

𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ
2

[𝐹𝑡𝑟(𝑛) + 𝐹𝑡𝑟(𝑛 + 1)]
𝑁
𝑛=1

∑
𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ

2 [𝐹𝑤𝑓(𝑛) + 𝐹𝑤𝑓(𝑛 + 1)]
𝑁
𝑛=1

 
 

(3.3.117)  

 

𝑝𝑟𝑝𝑠ℎ̅̅ ̅̅ ̅̅ ̅ =
∑

𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ
2 [𝐹𝑝𝑟(𝑛) + 𝐹𝑝𝑟(𝑛 + 1)]

𝑁
𝑛=1

∑
𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ

2 [𝐹𝑤𝑓(𝑛) + 𝐹𝑤𝑓(𝑛 + 1)]
𝑁
𝑛=1

 
 

(3.3.118)  

 

PR′𝑝𝑠ℎ̅̅ ̅̅ ̅̅ ̅̅ ̅ =
∑

𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ
2

[𝐹PR′(𝑛) + 𝐹PR′(𝑛 + 1)]
𝑁
𝑛=1

∑
𝑦𝑛+1𝑝𝑠ℎ−𝑦𝑛𝑝𝑠ℎ

2 [𝐹𝑤𝑓(𝑛) + 𝐹𝑤𝑓(𝑛 + 1)]
𝑁
𝑛=1

 
 

(3.3.119)  

Eq. 3.3.119 gives the circumferential mass-averaged relative total-pressure loss induced 

by the passage shock.  Since the only shock-loss mechanisms are the bow-shock and the 

passage-shock for unstarted flows, the overall relative total-pressure ratio between inlet 

and outlet can thus be calculated for these conditions as  

 
PR𝑠ℎ

′
𝑢𝑐ℎ

= PR𝑏𝑜𝑤
′ ∗ PR′𝑝𝑠ℎ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (

𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

(
𝑃2
′

𝑃1
′)

̅̅ ̅̅ ̅̅

𝑝𝑠ℎ

 
 

(3.3.120)  

Following Eq. 2.6.1, the overall shock-loss coefficient for unstarted operations becomes 
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𝜔𝑠ℎ′𝑢𝑐ℎ
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =

1 − PR𝑠ℎ
′
𝑢𝑐ℎ

1 − (1 +
𝛾 − 1
2 𝑀1

′)
𝛾
1−𝛾

 
 

(3.3.121)  

In contrast, the overall relative total-pressure ratio in started flows needs to consider the 

additional loss-source from the second passage-shock.  This calculation is incorporated 

within an iterative method to correctly position this choke-induced oblique-shock, 

discussed in Sec. 3.3.9 

3.3.9 Iterative Method for Started-Flow Shock Configurations 

The choke-induced oblique-shock location that decelerates the flow to subsonic 

conditions was assumed in Sec. 3.3.6, for whose shock angle was calculated in Sec. 

3.3.7.1 according to the gradual expansion ahead.  This second passage-shock can 

intersect or not the passage-shock portion of the detached bow-shock as illustrated in 

Figure 3.23.  The flow conditions downstream of the first-passage shock were computed 

accordingly in Sec. 3.3.8 from the expansion system upstream.  Nevertheless, in the 

presence of a second passage-shock, a second expansion needs to be resolved to 

determine the flow conditions upstream.   For that operating case where the second 

passage-shock does not coalesce with the first, the expansion is computed between 

points b-k-u-q.  Similarly to the expansion process discussed in Sec. 3.3.7.2, a wall-unit 

process is applied on the suction-surface segment between the first and second passage 

shocks; whereafter, a field-point calculation determines the full flow-field expansion 

comprised between both shocks.  In a like manner, the expansion field for those cases 

where the second oblique-shock coalesces with the first is determined between points b-

t-u and is resolved using the field-point calculation reviewed in Sec. 3.3.7.2.  The field-

point calculation for any of the started shock-configurations determines the relative 

Mach number 𝑀𝑛𝑝𝑠ℎ2
′  upstream of the second passage-shock at the established 

discretization points 𝑛𝑝𝑠ℎ2.  Equally to Sec. 3.3.8, the flow conditions downstream of 

the choke-induced shock are computed using oblique-shock theory from Sec. 2.4.2. In 

this case, the shock angle for all the discretization points is the same as there is no 

composition of different shapes, becoming a constant 𝜍𝑝𝑠ℎ and calculated as the straight 
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portion of Eq. 3.3.97.  Thence, the relative total-pressure ratio for the second passage-

shock can be written as, 

 

PR′𝑛𝑝𝑠ℎ2 =
𝑃′2𝑛𝑝𝑠ℎ2
𝑃′1𝑛𝑝𝑠ℎ2

= [
(𝛾 + 1)𝑀𝑛𝑝𝑠ℎ2

′ 2
sin2 𝜍𝑝𝑠ℎ

(𝛾 − 1)𝑀𝑛𝑝𝑠ℎ2
′ 2 sin2 𝜍𝑝𝑠ℎ + 2

]

𝛾
𝛾−1

 

[
𝛾 + 1

2𝛾𝑀𝑛𝑝𝑠ℎ2
′ 2 sin2 𝜍𝑝𝑠ℎ − (𝛾 − 1)

]

1
𝛾−1

 

 

(3.3.122)  

The circumferential mass-average values for the flow properties upstream and 

downstream of the second passage-shock are obtained as in Sec. 3.3.8 and solved with 

the numerical-integration approach described therein.  For instance, the mass-averaged 

values for the inlet relative Mach number and relative total-pressure ratio corresponding 

to second passage-shock are respectively 

 𝑀1
′
𝑝𝑠ℎ2

̅̅ ̅̅ ̅̅ ̅̅ ̅ = 

∫ 𝑀𝑛𝑝𝑠ℎ2
′𝑦𝑁𝑝𝑠ℎ2

𝑦1𝑝𝑠ℎ2
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ2

′ )

−𝛾
𝛾−1

+
1
2
𝑀𝑛𝑝𝑠ℎ
′ cos (

𝜋
2 − 𝜍𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ2
′𝑦𝑁𝑝𝑠ℎ2

𝑦1𝑝𝑠ℎ2
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ2

′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2 − 𝜍𝑝𝑠ℎ)𝑑𝑠

 

 

(3.3.123)  

 PR′𝑝𝑠ℎ2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 

∫ 𝑀𝑛𝑝𝑠ℎ2
′𝑦𝑁𝑝𝑠ℎ2

𝑦1𝑝𝑠ℎ2
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ2

′ )

−𝛾
𝛾−1

+
1
2
PR′𝑛𝑝𝑠ℎ2cos (

𝜋
2 − 𝜍𝑝𝑠ℎ)𝑑𝑠

∫ 𝑀𝑛𝑝𝑠ℎ2
′𝑦𝑁𝑝𝑠ℎ2

𝑦1𝑝𝑠ℎ2
(1 +

𝛾 − 1
2 𝑀𝑛𝑝𝑠ℎ2

′ )

−𝛾
𝛾−1

+
1
2
cos (

𝜋
2 − 𝜍𝑝𝑠ℎ)𝑑𝑠

 

 

(3.3.124)  

The additional relative total-pressure loss in Eq. 3.3.123 caused by the second passage-

shock during started flows, modifies the overall relative total-pressure ratio between 

inlet and outlet to be 

 
PR𝑠ℎ

′
𝑐ℎ
= PR𝑏𝑜𝑤

′ ∗ PR′𝑝𝑠ℎ̅̅ ̅̅ ̅̅ ̅̅ ̅ ∗ PR′𝑝𝑠ℎ2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = (
𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

(
𝑃2
′

𝑃1
′)

̅̅ ̅̅ ̅̅

𝑝𝑠ℎ

(
𝑃2
′

𝑃1
′)

̅̅ ̅̅ ̅̅

𝑝𝑠ℎ2

 
 

(3.3.125)  
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Using Eq. 2.6.1, the overall shock-loss coefficient for started operating conditions 

becomes 

 
𝜔𝑠ℎ′𝑐ℎ
̅̅ ̅̅ ̅̅ ̅̅ =

1 − PR𝑠ℎ
′
𝑐ℎ

1 − (1 +
𝛾 − 1
2 𝑀1

′)
𝛾
1−𝛾

 
 

(3.3.126)  

Yet, the overall shock-loss coefficient in Eq. 3.3.126 is based on an assumed position 

for the choke-induced passage-shock which is corrected by the iterative second-passage-

shock-location method described below. 

The blade outlet-to-throat area-ratio defines the choking situation.  The blade-throat area 

is calculated as that streamtube cross-sectional area normal to the flow with the 

minimum width.  By interpolating the suction-surface axial-coordinates 𝑦𝑛𝑠𝑠 into the 

pressure-surface coordinate distribution, the corresponding suction-surface tangential 

coordinate 𝑦𝑛𝑠𝑠,𝑜𝑛,𝑝𝑠 on the pressure surface is found.  The difference between the 

tangential coordinates of the pressure surface and the suction surface of the adjacent 

blade in the relative coordinate-system might be expressed as 

 𝑤𝑛 = |𝑦𝑛𝑠𝑠 − 𝑦𝑛𝑠𝑠,𝑜𝑛,𝑝𝑠| cos 𝛽1 
 

(3.3.127)  

The streamtube area corresponding to the minimum width from Eq. 3.3.127 located at 

𝑧𝑤,𝑚𝑖𝑛  gives the blade-throat area as 

 𝐴𝑡ℎ𝑟 = 𝑤𝑚𝑖𝑛𝐻𝑧𝑤,𝑚𝑖𝑛 
 

(3.3.128)  

Likewise, the streamtube area at the outlet of a blade-element is 

 𝐴𝑜𝑢𝑡 = 𝑤𝑎𝑝𝐻𝑧𝑎𝑝 = 𝑤𝑎𝑝𝐻𝑜𝑢𝑡 
 

(3.3.129)  

Similarly to Sec. 2.5.3, an area-to-critical-area ratio can be found as 

 𝐴

𝐴∗
=
𝐴𝑜𝑢𝑡
𝐴𝑡ℎ𝑟

=
𝑤𝑎𝑝𝐻𝑜𝑢𝑡

𝑤𝑚𝑖𝑛𝐻𝑧𝑤,𝑚𝑖𝑛
 

 

(3.3.130)  

where the streamtube height contraction between outlet and throat is calculated as in the 

procedure described from Eq. 3.3.61 to Eq. 3.3.67, resulting in 
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 𝐻𝑜𝑢𝑡
𝐻𝑧𝑤,𝑚𝑖𝑛

=
𝑅𝑗+1/2𝑇𝐸

2 − 𝑅𝑗−1/2𝑇𝐸
2

𝑅𝑗𝑇𝐸

𝑅𝑗𝑤,𝑚𝑖𝑛

𝑅𝑗+1/2𝑤,𝑚𝑖𝑛
2 − 𝑅𝑗−1/2𝑤,𝑚𝑖𝑛

2 
 

(3.3.131)  

From Eq. 2.5.27, the area-to-critical-area ratio as a unique function of the relative Mach 

number at the outlet has both solutions subsonic and supersonic, and is expressed as 

 

𝐴𝑜𝑢𝑡
𝐴𝑡ℎ𝑟

=
1

𝑀′
𝑜𝑢𝑡

[
1 +

𝛾 − 1
2 𝑀′

𝑜𝑢𝑡
2

(1 +
𝛾 − 1
2 )

1
𝛾−1

]

𝛾+1
2(𝛾−1)

 

 

(3.3.132)  

The solution for Eq. 3.3.132 is obtained by independent iterative secant-methods that 

resolves both for 𝑀′
𝑜𝑢𝑡|𝑠𝑢𝑏 and 𝑀′

𝑜𝑢𝑡|𝑠𝑢𝑝. The stagnation conditions corresponding to 

the subsonic and supersonic solutions define the operation ranges of the blade passage.  

The outlet total-to-static pressure ratio for which the flow is everywhere subsonic 

between the throat and the outlet corresponds to the solution of the outlet relative 

subsonic Mach number, given by 

 𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑏

= [1 +
𝛾 − 1

2
(𝑀′

𝑜𝑢𝑡
2
|
𝑠𝑢𝑏
)]

𝛾
𝛾−1

 
 

(3.3.133)  

On the other hand, the supersonic solution of the outlet relative Mach number 

corresponds to that outlet total-to-static pressure ratio for which the flow is shock-free 

within the same domain, expressed as 

 𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑝

= [1 +
𝛾 − 1

2
(𝑀′

𝑜𝑢𝑡
2
|
𝑠𝑢𝑝
)]

𝛾
𝛾−1

 
 

(3.3.134)  

In contrast to the convergent-divergent nozzle in Figure 2.28 of Sec. 2.5.2, the flow in a 

blade passage is not isentropic as it traverses the bow-shock and the passage-shock 

system (merged or not coalesced), inducing a relative total-pressure loss.  Thence, the 

stagnation conditions at the outlet by no means consider the inlet relative total-pressure, 

instead it uses the actual relative total-pressure loss. 
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The range limit for which the choking-induced shock stands at the exit requires 

𝑀′
𝑜𝑢𝑡|𝑠𝑢𝑝 to be the upstream relative Mach number to be resolved using oblique shock 

theory.  The deflection angle 𝛿𝑝𝑠ℎ induced by this oblique shock is calculated from Eq. 

2.4.24 as 

 

𝛿𝑝𝑠ℎ = atan{2 cot 𝜍𝑝𝑠ℎ

(𝑀′
𝑜𝑢𝑡

2
|
𝑠𝑢𝑝
) sin2 𝜍𝑝𝑠ℎ − 1

(𝑀′
𝑜𝑢𝑡

2|
𝑠𝑢𝑝
)[𝛾 + cos(2𝜍𝑝𝑠ℎ)] + 2

} 
 

(3.3.135)  

Thence, the downstream relative Mach number at the outlet is determined using Eq. 

2.4.19, given by 

 

𝑀′
2𝑜𝑢𝑡

= √
(𝛾 − 1)(𝑀′

𝑜𝑢𝑡
2|
𝑠𝑢𝑝
) sin2 𝜍𝑝𝑠ℎ + 2

[2𝛾(𝑀′
𝑜𝑢𝑡

2|
𝑠𝑢𝑝
) sin2 𝜍𝑝𝑠ℎ + 1 − 𝛾] sin2(𝜍𝑝𝑠ℎ − 𝛿𝑝𝑠ℎ)

 
 

(3.3.136)  

The static pressure-ratio for the choking-induced shock standing at the exit is computed 

from Eq. 2.4.18 as 

 𝑝2𝑜𝑢𝑡
𝑝1𝑜𝑢𝑡

= 1 +
2𝛾

𝛾 + 1
[(𝑀′

𝑜𝑢𝑡
2
|
𝑠𝑢𝑝
) sin2 𝜍𝑝𝑠ℎ − 1] 

 

(3.3.137)  

The stagnation condition downstream of the shock standing at the blade-passage exit is 

obtained from the definition of the total-to-static pressure ratio for the supersonic 

solution, which is written as 

 𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑝

=
𝑝2𝑜𝑢𝑡
𝑝1𝑜𝑢𝑡

∗
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

|
𝑠ℎ@𝑒𝑥

 
 

(3.3.138)  

The total-to-static pressure ratios (𝑃′
02𝑜𝑢𝑡

𝑝2𝑜𝑢𝑡⁄ )𝑠𝑢𝑏, (𝑃′
02𝑜𝑢𝑡

𝑝2𝑜𝑢𝑡⁄ )𝑠ℎ@𝑒𝑥𝑖𝑡, 

(𝑃′0𝑜𝑢𝑡 𝑝𝑜𝑢𝑡⁄ )𝑠𝑢𝑝, establish the operation ranges for the blade passage.  The current 

stagnation condition at every stream surface is known as the full REE establishes the 

outlet relative Mach number. Nevertheless, this expression for the stagnation condition 

must include the total-pressure loss from the bow-shock and the passage-shock 

mechanisms.  Therefore, the total-to-static pressure ratio at the back is given from the 

assumed shock-loss configuration as 
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(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

= PR𝑠ℎ
′
𝑐ℎ
[1 +

𝛾 − 1

2
𝑀′

𝑜𝑢𝑡
2
]

𝛾
𝛾−1

 

= (
𝑃2
′

𝑃1
′)
𝑏𝑜𝑤

(
𝑃2
′

𝑃1
′)

̅̅ ̅̅ ̅̅

𝑝𝑠ℎ

(
𝑃2
′

𝑃1
′)

̅̅ ̅̅ ̅̅

𝑝𝑠ℎ2

[1 +
𝛾 − 1

2
𝑀′

𝑜𝑢𝑡
2
]

𝛾
𝛾−1

 

 

(3.3.139)  

To guarantee that the assumption of the shock configuration is consistent, the current 

stagnation condition at the outlet is compared against the range limits as shown in Table 

3.1 and Figure 3.30.  

Table 3.1 Range of total-to-static pressure ratios at the blade-element exit to validate the situation 

of the assumed passage-shock pattern. 

Range Operating 

Condition 

Flow situation downstream 

of the blade-passage throat 

(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

<
𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑏

 
Unstarted a) No Shock.  Flow is 

everywhere subsonic 

(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

=
𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑏

 
Started b) Second passage-

shock at blade throat 

𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑏

> (
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

<
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

|
𝑠ℎ@𝑒𝑥

 
Started c) Second passage-

shock between blade 

throat and exit 

(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

=
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

|
𝑠ℎ@𝑒𝑥

 
Started d) Second passage-

shock standing at 

blade exit 

𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

|
𝑠ℎ@𝑒𝑥

> (
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

<
𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑝

 
Started e) Over-expanded 

(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

=
𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑝

 
Started f) Shock-free 



 

197 

 

(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

>
𝑃′0𝑜𝑢𝑡
𝑝𝑜𝑢𝑡

|
𝑠𝑢𝑝

 
Started g) Under-expanded 

 

Figure 3.30  Choke-induced passage-shock situation in a blade-element passage as a function of the 

current total-to-static pressure ratio. 

If there is no agreement between the passage-shock configuration assumed to obtain the 

overall shock-induced relative total-pressure loss and the corresponding range of total-

to-static pressure ratios at the back, a new computation starts with a different location 

assumption for the choke-induced passage-shock.  The new location for the second 

passage-shock is defined by moving it downstream just after the blade throat for the 

current flow conditions so that the complete procedure can be re-started all over again 
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from Sec 3.3.7.2.  The second passage-shock cannot go more upstream than the sonic 

point or the blade throat; otherwise it would mean that there is a shock in the convergent 

portion of the passage, violating the compressible-flow physics.  If this would be the 

case, then no passage-shock is required, and the operating condition becomes unstarted, 

where the only relative total-pressure loss-mechanism is the detached bow-shock and 

the portion of it that penetrates into the passage. 

Conversely, if the assumed passage-shock configuration agrees with the corresponding 

range of the current back stagnation-condition, a new position for the choke-induced 

shock corresponding to (𝑃′02𝑜𝑢𝑡 𝑝2𝑜𝑢𝑡⁄ )̃  can be calculated to estimate a new relative 

total-pressure loss coefficient.  Provided the agreement is satisfied, the free-jet or outlet 

relative Mach number that matches (𝑃′02𝑜𝑢𝑡 𝑝2𝑜𝑢𝑡⁄ )̃  is obtained from the stagnation 

condition as 

 

𝑀′
2𝑜𝑢𝑡
̃ =√

2

𝛾 − 1
[(
𝑃′02𝑜𝑢𝑡
𝑝2𝑜𝑢𝑡

)
̃

𝛾−1
𝛾

− 1] 
 

(3.3.140)  

The ratio between the outlet area and the area where the second passage-shock forms 

can be defined through their critical area using the area-velocity relationship from Eq. 

2.5.27, as 

 𝐴𝑜𝑢𝑡
𝐴𝑝𝑠ℎ2

=
𝐴𝑜𝑢𝑡
𝐴𝑜𝑢𝑡

∗

𝐴𝑝𝑠ℎ2
∗

𝐴𝑝𝑠ℎ2

=
1

𝑀′
2𝑜𝑢𝑡
̃

[
1+

𝛾 − 1
2 𝑀′

2𝑜𝑢𝑡
̃ 2

(1 +
𝛾 − 1
2 )

1
𝛾−1

]

𝛾+1
2(𝛾−1)

𝑀1
′
𝑝𝑠ℎ2

̅̅ ̅̅ ̅̅ ̅̅ ̅ [
(1 +

𝛾 − 1
2 )

1
𝛾−1

1 +
𝛾 − 1
2 𝑀1

′
𝑝𝑠ℎ2

̅̅ ̅̅ ̅̅ ̅̅ ̅2
]

𝛾+1
2(𝛾−1)

 

 

(3.3.141)  

Substituting the outlet area from Eq. 3.3.129, the choke-induced passage-shock area is 

 𝐴𝑝𝑠ℎ2 = 
 

(3.3.142)  
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𝑤𝑎𝑝
𝑅𝑗+1/2𝑇𝐸

2 − 𝑅𝑗−1/2𝑇𝐸
2

𝑅𝑗𝑇𝐸

1

𝑀′
2𝑜𝑢𝑡
̃ [

1+
𝛾 − 1
2 𝑀′

2𝑜𝑢𝑡
̃ 2

(1 +
𝛾 − 1
2 )

1
𝛾−1

]

𝛾+1
2(𝛾−1)

𝑀1
′
𝑝𝑠ℎ2

̅̅ ̅̅ ̅̅ ̅̅ ̅ [
(1 +

𝛾 − 1
2 )

1
𝛾−1

1 +
𝛾 − 1
2 𝑀1

′
𝑝𝑠ℎ2

̅̅ ̅̅ ̅̅ ̅̅ ̅2
]

𝛾+1
2(𝛾−1)

 

Since the axial location and streamtube height are unknown for 𝐴𝑝𝑠ℎ2, the streamtube 

area is calculated at every axial point on the blade is 

 
𝐴𝑛 = 𝑤𝑛𝐻𝑛 = 𝑤𝑛 = |𝑦𝑛𝑠𝑠 − 𝑦𝑛𝑠𝑠,𝑜𝑛,𝑝𝑠| cos 𝛽1

𝑅𝑗+1/2𝑛
2 − 𝑅𝑗−1/2𝑛

2

𝑅𝑗𝑛
 

 

(3.3.143)  

Hence, the choked-induced passage-shock area 𝐴𝑝𝑠ℎ2 is interpolated into the 

distribution of flow areas 𝐴𝑛 along the axial axis using a cubic-spline approximation, to 

find the corresponding axial coordinate 𝑧𝑝𝑠ℎ2 that corresponds to such shock area.  In 

this manner, the first error for the first assumed axial position of the choke-induced 

shock is determined by 

 𝐸𝑖 = 𝑧𝑞𝑖 − 𝑧𝑝𝑠ℎ2𝑖 
 

(3.3.144)  

For the next iteration, a second axial-position 𝑧𝑞𝑖+1 is assumed for the second passage-

shock, establishing a different shock-configuration to the initial assumption.  The 

selection of 𝑧𝑞𝑖+1 is arbitrary, provided that is between the detached bow-shock point 

and the blade outlet.  The overall methodology is thence re-started again in its entirety 

from Sec. 3.3.7.2.  A gradual-expansion is computed over the suction surface till the 

new position of the second passage-shock, where its shock angle is determined using 

the shock-point unit process.  This new second passage-shock angle produces such 

pattern that might intersect or not the first passage-shock.  The full expansion is then 

determined to obtain the flow properties ahead of the new passage-shock, resolving for 

any potential expansion-fan waves or pre-compression shocks accordingly. The relative 

total-pressure loss is thus computed circumferentially, for which a mass-averaged value 

is determined.  Similarly, the expansion between the first and second passage shock is 

resolved, calculating the mass-averaged relative total-pressure loss due to the choke-
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induced shock.  Theb, the overall shock-induced relative total-pressure loss is known 

due to the accrued relative total-pressure losses from the bow shock and both passage 

shocks, determining the total-to-static pressure ratio at the back.  Provided there is 

agreement in the type of shock-configuration used, a new passage-shock axial location 

𝑧𝑝𝑠ℎ2𝑖+1 is computed to satisfy the stagnation condition at the back.  Whereupon, the 

corresponding error for this second iteration cycle is 

 𝐸𝑖+1 = 𝑧𝑞𝑖+1 − 𝑧𝑝𝑠ℎ2𝑖+1 
 

(3.3.145)  

In a likewise manner to the previously mentioned iterative approaches, a secant-method 

is utilized to find the root of the linear function and estimate the next approximation for 

the axial location 𝑧𝑞 of the choked-induced passage-shock.  This results of results in a 

new 𝑧𝑝𝑠ℎ2 , for which the corresponding error is calculated.  The secant method is 

solved iteratively until the error becomes lower than a tolerance set to 1e-6, determining 

an accurate value for the choked-induced passage-shock location that satisfies mass 

flow conservation, continuity and the back total-to-static pressure-ration condition. 

3.4 Choking Mass Flow Redistribution 

3.4.1 Overview 

As reviewed in Sec. 2.1.5, when the outlet static pressure decreases, the inlet meridional 

velocity, and hence the meridional Mach number, increases.  As a consequence, the 

mass flow rises.  For the blade passage to accommodate more mass flow, the flow 

angle, and thus the incidence angle, reduces.  An incidence reduction means that the 

flow becomes more normal to the passage in the blade-to-blade plane.  Nevertheless, 

there is a minimum value for the incidence to decrease, as the flow has reached a 

maximum velocity within the passage, and no further flow acceleration can be 

accomplished. As no lower incidence value is possible, the inlet velocity triangle 

remains constant, fixing the mass flow.  This maximum mass flow case is known as 

choke condition, corresponding to a minimum or choking incidence.  The choke 

condition is often referred in the literature as leading edge choke or unique incidence 

[13], where the latter is a misnomer [1].  The term “unique incidence” is related to the 

two independent equations between upstream conditions and the first-captured wave.  
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As the Prandtl-Meyer expansion and continuity must be satisfied, it follows that for a 

given the inlet relative Mach number, there is one unique inlet flow angle that satisfies 

both equations, hence, a unique incidence [2]. 

A flow-physics examination explains the mass flow limitation in choke conditions.  

Inasmuch as the incidence is not allowed to further decrease, no more mass flow can be 

accommodated within the passage, remaining constant.  In this choke conditions, the 

upstream conditions remain unchanged, and it is the passage-shock which displaces 

forward or backwards to increase or decrease the back static pressure, respectively, and 

match the boundary condition.  For this reason, a comprehensive choke-prediction code 

consisting in an analytical choking incincende model, a choking margin calculator, and 

a numerical mass flow redistribution algorithm were developed in FORTRAN90 and 

implemented into the 2-D SLC axial-flow fan/compressor performance simulation 

software (SOCRATES) [14,17,31].  As a result, the minimum possible incidence 𝑖𝑐ℎ 

and maximum mass flow 𝑚̇𝑚𝑎𝑥 are computed and fixed for those stream surfaces 

identified as started.  

Figure 3.31 displays the intervention of the choke-prediction method in its full within 

the 2-D SLC algorithm of SOCRATES. The iterative full REE and mass flow 

conservation solutions establish the flow properties at every streamline.  After which, 

the choking incidence is computed by simultaneously solving the laws of continuity, 

conservation of total enthalpy and conservation of momentum between the inlet and a 

station on the chord.  A comparison between the choking and actual incidences 

determines a coefficient denominated as choking margin.  This parameter serves as a 

reference for the mass flow redistribution algorithm to limit the stream tube mass flow 

so that the choking margin becomes unity, and the incidence is matched to be that from 

the choking condition.  Even though the mass flow redistribution model requires of the 

choking margin to operate, it was intentionally placed before any choke calculation so 

that the mass flow is corrected for the current iteration as a function of the choking 

margin determined in the previous iteration.  Evidently, the mass flow redistribution 

model is activated after the very first full REE iteration so as to have a computed 

choking margin. 
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Figure 3.31  Implementation of the full choke-prediction model in the 2-D SLC axial-flow 

fan/compressor performance simulator (SOCRATES) [14,17,31]. 

3.4.2 Choking Incidence 

A 1-D supersonic flow model for unstarted cascade operation developed by Freeman 

and Cumpsty [1,2] was modified, adapted and implemented in the 2-D SLC code to 

arrive to the prediction of the choking inception. The modification consisted in 
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including the streamtube height contraction for the control volume established.  The 

analysis defines a periodic control volume of one pitch, aligned with the flow direction 

so that the frontal area to the relative velocity vector is the staggered gap 𝜙, starting 

upstream of the blade-row inlet and finishing somewhere along the passage, as shown 

diagrammatically in Figure 3.32.   

 

Figure 3.32  Control volume definition for a blade-element passage to predict the onset of the 

choking incidence. 

For the domain in Figure 3.32, the governing relations of continuity, conservation of 

stagnation enthalpy and conservation of momentum must be satistfied.   

The streamtube flow area for the domain inlet is as defined in Eq. 2.6.15 and Eq. 3.3.58.  

At the domain outlet, the flow direction is unknown as it depends on the diffusion 

magnitude.  Yet, choking occurs more often and is more critical at the blade tip 

sections, where the blade-element profiles have a thin leading edge and a little 

curvature, and hence, a small camber.  For this reason, it results reasonable to 

approximate the flow parallel to the blade surface so that the flow angle 𝛽𝑛 at any 

surface point is the blade inlet angle 𝑘1.  Using the expression for the streamtube height 

in Eq. 3.3.62, the flow area at the domain outlet is thus 

 
𝐴𝑛 = 𝐻𝑛(𝑠 − 𝑡𝑛)cos 𝑘1 =

𝑅𝑗+1/2𝑛
2 − 𝑅𝑗−1/2𝑛

2

𝑅𝑗𝑛
(𝑠 − 𝑡𝑛)cos 𝑘1  ( 3.4.1)  

Establishing conservation of mass flow between the domain inlet and outlet and 

substituting the streamtube height contraction ratio from Eq. 3.3.67, gives 
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 𝐻1scos 𝛽1 = 𝐻𝑛(𝑠 − 𝑡𝑛)cos 𝑘1 

𝑅𝑗+1/2𝐿𝐸
2 − 𝑅𝑗−1/2𝐿𝐸

2

𝑅𝑗𝐿𝐸

𝑅𝑗𝑛
𝑅𝑗+1/2𝑛

2 − 𝑅𝑗−1/2𝑛
2 =

cos 𝑘1
cos 𝛽1

(𝑠 − 𝑡𝑛)

𝑠
 

 ( 3.4.2)  

The conservation of relative stagnation enthalpy ℎ0 for the control volume implies that 

 ℎ01
′ = ℎ0𝑛

′
 

𝐶𝑝𝑇01 = 𝐶𝑝𝑇0𝑛 

 ( 3.4.3)  

Substituting the total-to-static isentropic relationship from Eq. 2.5.23 in the 

conservation of stagnation enthalpy, 

  
𝑇1 (1 +

𝛾 − 1

2
𝑀1

′2) = 𝑇𝑛 (1 +
𝛾 − 1

2
𝑀𝑛

′2)  ( 3.4.4)  

Along the blade-chord direction, the momentum is conserved through the following 

relationship [1,2] 

 
𝑝1𝑠 + 𝑝1𝛾𝑀1

′2𝑠
cos 𝛽1cos (𝑘1 − 𝛽1)

cos 𝑘1
= 𝑝𝑛𝑠 + 𝑝𝑛𝛾𝑀𝑛

′2(𝑠 − 𝑡𝑛)  ( 3.4.5)  

The governing equations of conservation of mass, conservation of relative total-

enthalpy, and conservation of momentum are simultaneously resolved.  The system of 

equations can be algebraically manipulated to combine in a single expression the inlet 

conditions on the LHS and the outlet conditions on the RHS as 

 cos 𝑘1
cos 𝛽1

+ 𝛾𝑀1
′2 cos(𝛽1 − 𝑘1)

𝑀1
′√1 +

𝛾 − 1
2 𝑀1

′2

=
1 + 𝛾𝑀𝑛

′2(1 −
𝑡𝑛
𝑠
)

𝑀𝑛
′(1 −

𝑡𝑛
𝑠 )
√1 +

𝛾 − 1
2 𝑀𝑛

′2

  ( 3.4.6)  

Note that Eq. 3.4.6 establishes that for a blade profile with a given inlet angle, pitch, and 

thickness, there is a distribution with a minimum inlet flow direction or unique 

incidence for every inlet relative Mach number.  Geometrically, the three blade-element 

parameters define the choking; however, it is the thickness distribution the more 

influential as this determines the blade-throat width for the stream tube area.   
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Forasmuch as this analysis is only valid for inlet flow angles greater than or equal to 

that for which the passage chokes, the flow beyond started operations is undetermined.  

Nevertheless, this model suffices to obtain the minimum value of 𝛽1 from the LHS of 

Eq. 3.4.6. The choking flow angle is computed by specifying a set of values that solve 

the LHS so that 𝛽1 is found using an iterative secant-method.  The distribution of inlet 

flow angles as a function of the LHS 𝛽1 = 𝑓(𝐿𝐻𝑆) permits to identify a minimum 

value, corresponding to the choking flow angle 𝛽𝑐ℎ, determining in this way the choking 

incidence 𝑖𝑐ℎ. 

Alternatively, the 2-D SLC simulation framework already calculates the positive and 

negative angles of attacks, and working ranges required for the minimum-loss incidence 

computation using cascade rig-test correlations as discussed in Sec. 2.3.2.  Despite its 

empirical nature, these parameters can be used to obtain an estimation of the choking 

incidences and compare it against those from the analytical method previously 

described.   

In Sec. 2.7.1, the relationship between the incidence and the total-loss coefficient and 

the choking incidence definition was established.  It is observed in Figure 2.46 the 

working-range narrowing as the inlet relative Mach number increases.  This results 

critical for high-speed axial-flow compressors since the incidence range, and hence 

mass-flow range, shorten significantly, particularly in the choking regime.  A measure 

of the operating range at started flows can be determined through the choking low-loss 

working range 𝑊𝑐ℎ, designated as [136] 

 𝑊𝑐ℎ = 𝛼
∗ − 𝛼𝑛𝑠𝑡 = 𝑖∗ − 𝑖𝑐ℎ  ( 3.4.7)  

where 𝛼 is the angle for attack.  The corresponding angles of attack calculation is based 

in a systematic methodology for 2-D NACA 65-series cascade tests [143], described in 

Aungier [136] and implemented in SOCRATES by Pachidis [14]. 

An equivalent stall low-loss working range can be also defined as (𝑖𝑠𝑡 − 𝑖
∗).  For low-

speed cascades both low-loss working ranges, choke and stall decrease at the same rate 

as the inlet relative Mach number increases [121].  In contrast, for high-speed blade 

profiles, the choke low-loss working range (𝑖∗ − 𝑖𝑐ℎ) reduces faster than (𝑖𝑠𝑡 − 𝑖
∗) as 
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the 𝑀1
′  is increased.   Thus, the choking incidence 𝑖𝑐ℎ becomes a function of 𝑀1

′  and 

𝑊𝑐ℎ, expressed as [136] 

 
𝑖𝑐ℎ =

𝑖∗ −𝑊𝑐ℎ

1 + 0.5𝑀1
′3 

  ( 3.4.8)  

Eq. 3.4.8 sets the lowest possible for the incidence for a cascade and no incidence value 

should be below it, since this is the operating condition where no further mass flow 

increase can be attained. 

Although the choking incidence values between the analytical and empirical method 

differed about 0.5%, the ultimate impact of these discrepancies on the mass flow 

redistribution, and hence, in the passage shock-losses was negligible. Therefore, the 

blade-row relative total-pressure recovery and isentropic efficiency remain essentially 

unaffected. 

Nonetheless, both analytical and empirical choking-incidence models were programmed 

and implemented within the 2-D SLC performance simulator so that their outcome is 

constantly compared during run-time.  The robustness of the choking-incidence 

prediction implies the identification of any major discrepancy between the analytical 

and empirical models, so that the LHS-value assumption of Eq. 3.4.8 in the iterative 

secant-method is redefined. An outer iterative secant-method calculates the next 

assumption for the LHS of Eq. 3.4.8, until the difference between both choking-

incidence values is within the proved error of 0.5%.  In this way, the analytical 

prediction of the choking incidence is guaranteed to be within the expected limits to 

avoid any false local minimum of 𝛽𝑐ℎ. 

3.4.3 Choking Margin 

The choking incidence estimation allows the flow field calculation for the choke 

condition.  The inlet choking relative flow angle for a rotor becomes 

 𝛽1𝑐ℎ = 𝑖𝑐ℎ + 𝑘1  ( 3.4.9)  

For a stator, Eq. 3.4.9 applies to the absolute flow angle, being 
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 𝛼1𝑐ℎ = 𝑖𝑐ℎ + 𝑘1  ( 3.4.10)  

To evaluate whether a blade profile at each streamline is choked or not, a comparison is 

needed between the inlet choking flow angle calculated in Eq. 3.4.9 and the current SLC 

inlet flow angle obtained from radial equilibrium equation (REE) for all the blading 

components, i.e., rotor, stator, inlet guide vane (IGV), outlet guide vane.  If 𝛽1  > 𝛽1𝑐ℎ 

for a rotor or 𝛼1  > 𝛼1𝑐ℎ for a stator streamline, choking condition has not been reached 

and the REE-estimated inlet flow angle is well enough.  Conversely, if 𝛽1 ≤ 𝛽1𝑐ℎ or 

𝛼1 ≤ 𝛼1𝑐ℎ, the REE-estimated inlet flow angle needs to corrected to be 𝛽1𝑐ℎ or 𝛼1𝑐ℎ, 

respectively, as the choking condition has been reached at those streamlines.  

Given 𝛽1𝑐ℎ or 𝛼1𝑐ℎ for the identified choked streamlines, an inverse design scheme is 

implemented to obtain the flow conditions that satisfy the choking incidence.  In choke 

condition, the inlet relative whirl velocity is conserved as the blade speed remains 

constant and the swirl or inlet absolute angle 𝛼1 condition does not change, keeping the 

inlet absolute whirl velocity unaffected.  In the particular case of no swirl (𝛼1 = 0), the 

inlet relative whirl velocity is equals to the blade speed at a given streamline radius.  

Therefore, inlet meridional relative velocity for a rotor in choke condition becomes 

 
𝑉1𝑐ℎ =

𝑉𝜃1
sin 𝛽1𝑐ℎ

  ( 3.4.11)  

It follows, that the inlet meridional choking velocity is 

 
𝑉𝑚1𝑐ℎ

= √𝑉1𝑐ℎ
2 − 𝑉𝜃1

2  ( 3.4.12)  

Hence, the inlet meridional absolute choking velocity is expressed as 

 
𝐶1𝑐ℎ = √𝐶𝜃1

2 + 𝑉𝑚1𝑐ℎ
  ( 3.4.13)  

In the absence of a relative velocity triangle for a static components (stator, IGV, OGV), 

𝐶1𝑐ℎ is directly computed from the inlet absolute choking flow angle, 



 

208 

 

 
𝐶1𝑐ℎ =

𝐶𝜃1
sin 𝛼1𝑐ℎ

  ( 3.4.14)  

Knowing 𝐶1𝑐ℎ, the inlet static temperature 𝑇1𝑐ℎ and inlet specific ratio 𝛾1𝑐ℎ for choking 

operations are calculated through a secant iteration method.  A value for 𝑇1𝑐ℎ is 

assumed based on the given absolute total-temperature 𝑇01 to satisfy the adiabatic 

steady flow energy equation, which is 

 𝑇01̃
𝑇1𝑐ℎ

= 1 +
𝛾1𝑐ℎ − 1

2
(

𝐶1𝑐ℎ
𝛾1𝑐ℎ𝑅𝑇1𝑐ℎ

)

2

  ( 3.4.15)  

Where 𝛾1𝑐ℎ is calculated as a function [251] of the assumed 𝑇1𝑐ℎ.  Hence, the error 

function becomes: 

 𝐸 = 𝑇01 − 𝑇01̃  ( 3.4.16)  

Similar to the secant iteration methods described in Sec. 3.1, a second value for 𝑇1𝑐ℎ is 

assumed to obtain a second error that will approximate the next secant-based estimation 

for 𝑇1𝑐ℎ until the error is below the tolerance set of 1e-6. 

Having the inlet choking static temperature, the inlet speed of sound in choke condition 

is 

 
𝑎1𝑐ℎ = √𝛾1𝑐ℎ𝑅𝑇1𝑐ℎ  ( 3.4.17)  

Hence, the inlet meridional relative Mach number is obtained for the rotor, 

 
𝑀1
′
𝑐ℎ
=
𝑉1𝑐ℎ
𝑎1𝑐ℎ

  ( 3.4.18)  

For static components (stator, IGV, OGV), the inlet meridional absolute Mach number 

becomes 

 
𝑀1𝑐ℎ =

𝐶1𝑐ℎ
𝑎1𝑐ℎ

  ( 3.4.19)  
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Having the above calculated flow parameters for the started flow, a comparison is 

needed to determine how far the current flow field is from the choke conditions.  As 

mentioned in Sec. 2.6.1, the flow function or corrected mass flow per unit area need to 

be satisfied between far upstream and the characteristic a-b.  The flow function is used 

to establish a compatibility equation to satisfy continuity such that a ratio between the 

unique incidence condition and the current flow defines a choking margin Ξ. Using Eq. 

3.3.70 as a unique function of the Mach number, the flow functions for the current and 

started flows for both, rotor and stator, are solved as 

 

𝐹(𝑀) =
𝛾

√𝛾 − 1
𝑀 [1 +

𝛾 − 1

2
𝑀2]

−(𝛾+1)
2(𝛾−1)

  ( 3.4.20)  

In Eq. 3.3.55, the flow function was defined as well as the corrected mass flow per unit 

area, which applies to both current and started flow conditions.  The flow area at the 

inlet is that as derived from Figure 3.26, thus, the corrected mass flow per unit area 

becomes  

 
𝐹(𝑀) =

𝑚̇√𝐶𝑝𝑇0

𝐴𝑃0
=

𝑚̇√𝐶𝑝𝑇0

𝐻𝑠 cos 𝛽 𝑃0
  ( 3.4.21)  

Even at started flow conditions, the net strength of the expansion waves travelling 

upstream cancel out with the bow-wave system.  Whereupon, there is no choking 

influence upstream of the blade-row leading-edge and the conditions at this station are 

considered to be those from the inlet flow.  As mass conservation is satisfied between 

the upstream domain and a potentially choked blade inlet, it is therefore valid to 

establish continuity between the current and choked flows as 

 𝑚̇ = 𝑚̇𝑐ℎ  ( 3.4.22)  

Substituting Eq. 3.4.21 in Eq. 3.4.22, the mass flow conservation in a rotor becomes 

 𝐹(𝑀1
′)𝐻𝑠 cos 𝛽1 𝑃01

√𝐶𝑝𝑇01
=
𝐹(𝑀1

′
𝑐ℎ
)𝐻𝑠 cos 𝛽1𝑐ℎ 𝑃01𝑐ℎ

√𝐶𝑝𝑐ℎ𝑇01𝑐ℎ

  ( 3.4.23)  

In the case of static components (stator, IGV, OGV), the continuity gives 
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 𝐹(𝑀1)𝐻𝑠 cos 𝛼1 𝑃01

√𝐶𝑝𝑇01
=
𝐹(𝑀1𝑐ℎ)𝐻𝑠 cos𝛼1𝑐ℎ 𝑃01𝑐ℎ

√𝐶𝑝𝑐ℎ𝑇01𝑐ℎ

  ( 3.4.24)  

The choking-margin is computed for every given streamline for which the blade-

element pitch 𝑠 and streamtube height 𝐻 do not vary. Moreover, between the immediate 

upstream domain and the blade inlet angle, the inlet total-temperature and inlet total-

temperature are the same, and the specific heat ratio at constant pressure remains 

approximately constant.  Thence, the mass flow conservation equation is reduced to 

Rotor 
𝐹(𝑀1

′)

𝐹(𝑀1
′
𝑐ℎ
)
=
cos 𝛽1𝑐ℎ
cos 𝛽1

  ( 3.4.25)  

Stator, 

IGV, OGV 

𝐹(𝑀1)

𝐹(𝑀1𝑐ℎ)
=
cos 𝛼1𝑐ℎ
cos 𝛼1

 ( 3.4.26) 

The above equations establish a fundamental relationship between the current-flow and 

choke conditions.  Moreover, it is noticed that for the flow function, which is dependant 

only on the Mach number there is only one value of flow angle that can satisfy the 

equations; hence, the flow angle is unique.  If the right-hand side (RHS) in Eq. 3.4.25 or 

Eq. 3.4.26 is passed to the left-hand side (LHS), or viceversa, it is clear that if the 

current-flow blade inlet angle is the same as the inlet choking angle, the inlet Mach 

numbers are the same, and hence, the flow functions, giving a unity ratio.  In the case, 

that the inlet flow angle is higher or lower from the inlet choking flow angle, the ratio 

would be other than one.  To determine how far the current flow field from the choke 

state is, the ratio of both sides of Eq. 3.4.25 and Eq. 3.4.26 is defined as the choking 

margin Ξ.  The choking margin for the rotor and static components are formally 

presented, 

Rotor 
Ξ =

𝐹(𝑀1
′)

𝐹(𝑀1
′
𝑐ℎ
)

cos 𝛽1
cos 𝛽1𝑐ℎ

  ( 3.4.27)  

Stator, 

IGV, OGV 
Ξ =

𝐹(𝑀1)

𝐹(𝑀1𝑐ℎ)

cos 𝛼1
cos 𝛼1𝑐ℎ

 ( 3.4.28) 
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It is evident from Eq. 3.4.27 and Eq. 3.4.28 that if the inlet flow angle is lower than the 

inlet choking flow angle, the choking margin is greater than one, meaning a choked 

streamline blade-profile.  This is the case for the tip and high-span blade locations, as 

the inlet velocities are higher at these radii, increasing the mass flow and reducing the 

inlet flow angle at a higher rate than in lower blade span locations.  The choking starts 

at the blade tip and gradually decreases towards the hub.  If a blade-profile is identified 

as choked, it is required for 𝛽1 to be fixed to the value of 𝛽1𝑐ℎ, to obtain a unity choking 

margin.   

In contrast, if the inlet flow angle exceeds the inlet choking flow angle, the choking 

margin is less than unity, resulting in an unchoked blade-profile.  In the case, the blade-

profile is unchoked, the 2-D SLC REE-estimated flow angle does not need direct 

correction; however, due to the choking at higher streamlines, the mass flow that is not 

passing by, needs to be redistributed to lower unchoked streamlines, where the choking 

margin is less than one.  As a result of this mass flow accommodation from the choked 

streamlines into the unchoked streamlines, the flow angle gets reduced in those 

streamlines where Ξ < 1, as there is still room to fit the extra mass flow.  To fix the 

mass flow at the choked streamlines and redistribute it into the unchoked streamlines, in 

the context of the 2-D SLC compressor performance simulator, a mass flow 

redistribution model was devised to work in parallel with the choking prediction model. 

3.4.4 Mass Flow Redistribution 

As discussed in Sec. 3.2.3, when a streamline is identified as choked based on the 

criteria covered in Sec. 3.2.2 and Sec. 3.2.3, the mass flow needs to be limited to bring 

the choking margin down to unity, leading in the inlet flow angle to be 𝛽1𝑐ℎ.  To satisfy 

mass flow continuity between the upstream domain and the blade inlet, the extra mass 

flow that is not allowed to pass through the choked blade-profiles, needs to be 

redistributed into the unchoked blade-profiles. When more mass flow is sent to the 

unchoked blade-profiles, the choking margin is brought up, reducing the inlet flow 

angle.  Therefore, a mass-flow redistribution numerical model among the streamtubes 

was developed and implemented in the 2-D SLC compressor performance simulator.   
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A choking margin tolerance of 0.1%  is set to activate the mass flow limitation module.  

In other words, if the choking margin is greater than 1.001, the mass flow limitation for 

the streamtubes starts.  When the streamtube is choked, the inlet streamtube mass flow 

gets reduced by a mass flow choking coefficient Λ𝑐ℎ, this is 

 𝑚̇1𝑐ℎ
= 𝑚̇1 + Λ𝑐ℎ  ( 3.4.29)  

In the case the streamtube is choked, Λ is negative in order to reduce and limit the mass 

flow. The mass flow choking coefficient is defined as a function of the choking margin 

(Ξ > 1.001), expressed as 

 
Λ𝑐ℎ = Λ𝑐ℎ − 𝑓𝑐ℎ  (

Ξ − 1

Ξ
)  ( 3.4.30)  

where 𝑓𝑐ℎ is a factor for the choked streamtubes that modulates the severity of the 

choking level.  Values for 𝑓𝑐ℎ  were found to be in the order of 1e-1 or less.  In sec. 4.3, 

the 𝑓𝑐ℎ  influence is demonstrated.  In general, as 𝑓𝑐ℎ  is decreased, a more accurate 

solution is expected, however the solution time increases considerably.  A value of 

𝑓𝑐ℎ 𝑖 = 0.1 was found to be a good trade-off between accuracy and solution speed. 

To account for mass flow continuity across the choked streamtube, the outlet mass flow 

is equals to the adjusted inlet mass flow:  

 𝑚̇2𝑐ℎ
= 𝑚̇1𝑐ℎ

  ( 3.4.31)  

The total extra mass flow from the choked streamtube is the summation of all their  

mass flow choking coefficients, given as follows 

 

𝑚̇𝑐ℎ = ∑ Λ𝑐ℎ𝑖

𝑁𝑆𝑇𝑐ℎ

𝑖=1

  ( 3.4.32)  

where 𝑁𝑆𝑇𝑐ℎ is the number of choked streamtubes. 

Nevertheless, the extra mass flow withdrawn for the extra mass flow needs to be placed 

in the other unchoked streamtubes depending on their choking margin.  Similarly as for 

the choked streamtubes, a mass flow choking coefficient Λ𝑢𝑐ℎ is defined as a function 

of the choking margin (Ξ ≤ 1.001), defined as 
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Λ𝑢𝑐ℎ = Λ𝑢𝑐ℎ − 𝑓𝑢𝑐ℎ  (

Ξ − 1

Ξ
)  ( 3.4.33)  

Λ𝑢𝑐ℎ represents the mass flow that is added from the choked to the unchoked 

streamtubes.  Hence, the mass flow choking coefficient for the unchoked streamtubes 

needs to be correlated to that coefficient from choked streamtubes.  For this, the factor 

𝑓𝑢𝑐ℎ for unchoked streamtubes is found through a secant iteration method, previously 

reviewed in Sec. 3.1 and Sec. 3.2.4. Given 𝑓𝑢𝑐ℎ, the inlet mass flow for the unchoked 

streamtubes becomes 

 𝑚̇1𝑢𝑐ℎ
= 𝑚̇1 + Λ𝑢𝑐ℎ  ( 3.4.34)  

And the outlet mass flow for the unchoked streamtube to guarantee mass flow 

contuinity is 

 𝑚̇2𝑢𝑐ℎ
= 𝑚̇1𝑢𝑐ℎ

  ( 3.4.35)  

To find the factor for the unchoked streamtubes that satisfies the withdrawn mass flow 

from the choked streamtubes, a factor 𝑓𝑢𝑐ℎ̃ is assumed to calculate a mass flow choking 

coefficient, as follows 

Λ𝑢𝑐ℎ̃ = Λ𝑢𝑐ℎ̃ − 𝑓𝑢𝑐ℎ̃  (
Ξ − 1

Ξ
) 

Then, the total added mass flow rates to the unchoked streamtubes is the summation of 

all their mass flow choking coefficients, given by 

 

𝑚̇𝑢𝑐ℎ = ∑ Λ𝑢𝑐ℎ̃𝑖

𝑁𝑆𝑇𝑢𝑐ℎ

𝑖=1

  ( 3.4.36)  

where 𝑁𝑆𝑇𝑢𝑐ℎ is the number of unchoked streamtubes. 

As the total mass flow added to the unchoked streamtubes must be equal to the total 

mass flow extracted from the choked streamtubes, the error function is given by 

 𝐸 = 𝑚̇𝑢𝑐ℎ − 𝑚̇𝑐ℎ  ( 3.4.37)  
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To complete the iterative method, a second value for 𝑓𝑢𝑐ℎ̃ is assumed for which a 

corresponding error is obtained.  Having two values for the mass flow choking 

coefficient and their respective errors, the next approximation for 𝑓𝑢𝑐ℎ̃ is obtained by a 

secant method.  The process repeats until the error is lower than at tolerance set to 1e-6, 

resulting in a solved mass flow choking coefficient for the unchoked streamtubes.  

Once the corresponding streamtube are adjusted, either with a restriction or addition in 

mass flow rate, the downstream component streamtubes follow the same mass flow 

distribution.  The overall mass flow rate redistribution model finishes whenever a 

choking is encountered in a component, to avoid influence of the mass flow 

modifications in further downstream components.  In the case further downstream 

component streamtube are choked, the model provides with the versatility of 

independent choking and mass flow redistribution treatment. 

3.5 Summary 

The methodology reviewed in this chapter involves four main improvements to obtain a 

more accurate transonic-flow performance prediction in 2-D SLC simulations:  a blade-

element-layout method, an adaptation to the full-REE second order differential 

equation, a novel analyitical physics-based shock-loss model for unstarted and started 

conditions, and a choking mass flow redistribution model.  One of the major 

contributions of the shock-loss model developed in this research is the incorporation of 

an iterative method to correctly predict the passage-shock shape and location, in 

contrast to previously published models which assumed and oversimplified its structure. 

The blade-element-layout method was introduced to correctly model the sweep and lean 

at every blade profile section, and capture the influence of these geometric variations on 

the shock behaviour.  This blading-modelling strategy projects the blade-element 

parameters on a conical surface, which approximates a stream surface of revolution, 

leading to a more accurate blade-section representation in the blade-to-blade plane.  

Insomuch of the two-dimensionality of the SLC method in the S2 plane, the lean effect 

on any blade section is not seen in the full-REE formulation.  For this reason, the full-

REE second-order differential equation was modified in its coefficient 𝐶 to reflect the 

lean effect at the blade sections.  
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More important is the progress done in developing a novel physics-based shock-loss 

model and a choking model to simulate the radial mass flow redistribution occurring 

during started operations.  A significant contribution of the current shock-loss model is 

the solution of the shock-loss coefficient throughout all the blade span.  In the subsonic 

inlet relative supercritical region,  the shock losses are determined using conventional 

aerofoil theory to calculate the critical relative Mach number and the corresponding 

relative total-pressure loss induced by the entrance turning.  In the supersonic span 

region, the shock structure is divided into a bow-wave and a passage shock to ease the 

calculation.  The modelling starts by laying out the detached bow-shock, since its shape 

and location are a function only of the inlet relative Mach number and its orientation is 

given by the inlet relative angle.  Given the bow-shock form, the shock-losses 

corresponding to the bow-wave portion are computed.  However, the computation for 

the passage-shock shape, location, and hence, losses, complicates more depending on 

the choking status. 

To determine whether the blade passage is choked or not, a choking model was 

developed to calculate the choking incidence and a choking margin as a ratio of the 

current incidence against that from the started condition.  In the case the blade passage 

is unchoked, the passage shock-structure is given only by the remaining part of the 

detached bow-shock that penetrates into the passage.  Having the passage-shock 

location, the flow expansion ahead of it is resolved through the method of 

characteristics to obtain a circumferential relative Mach number distribution ahead of 

the passage shock, determining the relative total-pressure recovery, and computing the 

its mass-average value.  The passage-shock-induced relative total-pressure ratio is then 

added to that from the bow-wave to obtain an over-all relative total-pressure drop that 

leads to the relative shock-loss coefficient calculation. 

If the blade passage is identified as choked, a second passage-shock appears, whose 

location and shape are assumed in the first place.  The choking-shock can intersect or 

not the bow passage-shock, and depending on the coalescence a second flow expansion 

is calculated accordingly, for which a relative total-pressure loss is computed and added 

to the overall relative total-pressure ratio. 
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The iterative method to correctly position the choke-induced passage-shock compares 

then the current stagnation condition penalized by the computed overall relative total-

pressure drop from the assumed passage-shock against the stagnation-condition 

operating ranges determined from the streamtube throat-area calculation.  In the case 

there is no agreement between the assumed shock-configuration and the operating range 

that correspond to the current overall relative total-pressure recovery, a new choke-

induced shock axial position is established to re-start the algorithm by assuming another 

location for the second passage shock.  In contrast, if there is an agreement of shock 

patterns between the assumed and that from the operating range, the streamtube shock-

area that satisifies the current overall relative total-pressure loss is computed, for which 

the axial position along the chord is determined.  This choke-induced passage-shock 

axial location is compared against that from the assumption within a secant method to 

determine a new axial postion for the second passage-shock, and re-start the process all 

over again from the suction-surface flow-expansion ahead of the first passage-shock.  

The algorithm iteratively repeats until the axial locations between the assumed and 

calculated second passage-shocks agree within a tolerance established.  The overall 

relative total-pressure can then be applied as is to determine the overall shock-loss 

coefficient. 
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4 VALIDATION & VERIFICATION 

4.1 Introduction 

The purpose of this section is to evidence the authenticity of the flow-solution models 

(shock-loss and mass flow redistribution schemes) developed in this research and 

implemented in SOCRATES.   

To demonstrate the operation of the current shock-loss and mass flow redistribution 

simulation strategies in SLC, a 2-D SLC model for the   NASA Rotor 67 [40] was built 

and used as a case study.  The validation of the NASA Rotor 67 2-D SLC against 

measured data is given in Sec. 4.2 for design and off-design speedlines. Inasmuch as 

new variable-pitch fan was re-designed and optimised having as a reference the NASA 

ADP Fan [252–254], the baseline geometry of the fan was reproduced and simulated in 

2-D SLC for which the corresponding validation against test data is shown in Sec. 4.3 

The verification of the mass flow redistribution model, including the verification of the 

off-design point for the choking onset, is given in Sec. 4.4.  Similarly, a thorough 

verification of the current shock-loss model against the most notable state-of-the-art 

models for design point is provided in Sec. 4.5.  The verification at design condition 

suffices, since the previous models are only limited to this operating point.  

Furthermore, the verification of the shock-loss model demonstrates its sensitivity for 

off-design conditions and the overall impact in the compressor performance maps.  The 

shock-wave structure in terms of its shape and location is qualitatively verified against 

3-D CFD simulation results on the blade-to-blade plane and presented in Sec. 4.6. 

4.2 2-D SLC NASA Rotor 67 Validation 

4.2.1 Model Generation 

The well-known NASA Rotor 67 [40] is a single-stage transonic compressor, modelled 

according to manufacturing specifications.  The NASA Rotor 67 2-D SLC model was 

generated in SOCRATES and validated against experimental results [255].  Particular 

interest in this rotor was generated as it experiences transonic behaviour in the single 

rotor blades, with a tip inlet relative Mach number equals to 1.38, allowing to do further 
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3-D blading optimisation studies that consider shock wave effects. Table 4.1 shows the 

design specifications of the NASA Rotor 67 [40]. 

Table 4.1  NASA Rotor 67 [40] design specifications. 

 

Flow path, blade row, and blade profile data, were used as input to model the geometry 

in SOCRATES.  The NASA Rotor 67 [40] flow path dimensions are presented in Table 

4.2. 

Table 4.2  NASA Rotor 67 [40] flow path dimensions. 

 

4.2.2 Model Validation 

The NASA Rotor 67 2-D SLC model was calibrated accordingly by adjusting the 

blockage factors to match the inlet and outlet meridional velocity against experimental 

results [255].  This procedure was applied for the maximum efficiency point at every 

rotational velocity so that the whole speedline is run with the tuned blockage factors.  

The best meridional velocity match of the 2-D SLC NASA rotor 67 model against 

experimental results [255] for 100% NRT case, shown in Figure 4.1 a), was obtained 

with the blockage factors listed on Table 4.3.   

Parameter

Number of Rotor Blades 22

Rotational speed [rpm] 16043

Pressure ratio 1.63

Mass flow [kg/s] 33.25

Rotor tip speed [m/s] 429

Inlet Tip Relative Mach Number 1.38

Parameter

Max. Radius [cm] 25.6982

Min. Radius [cm] 8.8618

Radius Length [cm] 16.8364

Max. Z-coordinate [cm] 35.4423

Min. Z-coordinate [cm] -18.0598

Length [cm] 53.5022
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A consistent trend in meridional velocity and meridional Mach number is obtained at 

the inlet and outlet between experimental and SLC simulation data, having an 

acceptable match at the hub and tip, where the blockage factors were applied, as 

observed in Figure 4.1.  Further, the calibration of the SOCRATES model is confirmed 

by obtaining an acceptable agreement at the inlet and outlet between measured and 2-D 

SLC simulation results for the meridional absolute and meridional relative velocity in 

Figure 4.2, and for the absolute and relative flow angles in Figure 4.3. 

Table 4.3  Blockage factors for 100% NRT applied to NASA Rotor 67 model. 

 

 

Figure 4.1  NASA Rotor 67 blade inlet and outlet comparison between 2-D SLC simulation and test 

data at 100% NRT and w=34.56 kg/s.  a) Meridional velocity.  b)  Meridional Mach number. 

Location Blockage Factor

InletTip Leading Edge 0.8000

Inlet Hub Leading Edge 1.5000

Outlet Tip Trailing Edge 0.0000

Outlet Hub Leading Edge 0.0000
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Figure 4.2  NASA Rotor 67 blade inlet and outlet comparison between 2-D SLC simulation and test 

data at 100% NRT and w=34.56 kg/s.  a) Meridional absolute velocity.  b)  Meridional relative 

velocity. 

 

Figure 4.3  NASA Rotor 67 blade inlet and outlet comparison between 2-D SLC simulation and test 

data at 100% NRT and w=34.56 kg/s.  a) Meridional absolute angle.  b)  Meridional relative angle. 

The 2-D SLC incidence and deviation angle trend observed in Figure 4.4 appears to 

agree well with that from the test data, considering that the incidence and deviation 

values were determined from statistics-based empirical correlation.  Despite of this 
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necessary empiricism, the difference is within 0.2% along the spanwise direction.  As 

expected, the incidence values are lower at the tip than at the hub due to higher relative 

velocities as the blade speed increases with radius.  In the case of the deviation angle,  

the values are lower at the tip than at the hub due to the lower turning produced by a 

less cambered blade profile. 

 

Figure 4.4  NASA Rotor 67 blade incidence and deviation angle comparison between 2-D SLC 

simulation and test data at 100% NRT and w=34.56 kg/s. 

In terms of the performance characteristics, an acceptable agreement between 

experimental data and 2-D SLC results throughout the different percentage of rotational 

speeds is observed in Figure 4.5 and Figure 4.6 for pressure ratio and temperature ratio, 

respectively.  Forasmuch as the NASA Rotor 67 [40] is the same as the firs-stage rotor 

of the NASA two-stage fan [246], experimental results from the latter are used in the 

80% NRT, 70% NRT and 50% NRT cases. The isentropic efficiency comparison in 

Figure 4.7 shows a consistent trend between test data and the 2-D SLC results.  The 

difference observed between the experimental and 2-D SLC curves is less than 1.1%, 

and reducing towards the peak-efficiency point of every rotational speed.  The 

overestimation of the isentropic efficiency in 2-D SLC is mostly due to the empiricism 

introduced in the profile-loss calculation; however, the discrepancy is almost constant 

along the operating range and across the angular speeds, allowing the use of a correction 

factor. 
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Figure 4.5  NASA Rotor 67 SLC pressure ratio compressor map verification against experimental 

results. 

 

Figure 4.6  NASA Rotor 67 SLC temperature ratio compressor map verification against 

experimental results. 
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Figure 4.7  NASA Rotor 67 SLC isentropic efficiency compressor map verification against 

experimental results and SLC NASA Two-stage fan first-stage rotor. 

4.3 2-D SLC NASA ADP Fan Validation 

4.3.1 Model Generation 

A 2-D SLC model was created for the NASA ADP Fan [252–254]  based on the 

geometry input from the Cambridge Whittle Laboratory as shown in Figure 4.8.  The 

purpose of this geometry generation was the application of the shock- structure and loss 

model in set with the choking mass flow redistribution model within an optimisation 

scheme reviewed in Sec. 5.4.3.  The NASA ADP Fan [252–254] served then as a 

reference geometry to design a new variable-pitch fan (VPF) and further optimise it as 

seen in Sec. 5.4. 

 

Figure 4.8  2-D SLC model for the NASA ADP Fan.  a) Blade sections definition.  b) Flowpath and 

fan blade definition. 
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The NASA ADP Fan [252–254] design parameters are listed in Table 4.4 

Table 4.4 NASA ADP Fan [252] design parameters. 

 

4.3.2 Model Validation 

The 2-D SLC NASA ADP Fan model was calibrated and validated against experimental 

rig-test data, so that any further modification to this baseline fan geometry is consistent 

and reliable. 

The 2D-SLC model for the NASA ADP Fan [252–254] was then run at cruise condition 

at 8396.5 rpm and 0 deg stagger angle setting.  The design point was matched 

acceptably against measured data [252] within 0.2% of difference for the pressure and 

temperature ratios, and in 0.9% of deviation for the isentropic efficiency, as seen in the 

fan maps of Figure 4.9, Figure 4.10, and Figure 4.11. 

 

Figure 4.9  Pressure-ratio comparison between the 2-D SLC NASA ADP Fan model and measured 

data [252] at design point and cruise speed of 8396.5 rpm. 

Fan Design Parameters

PR

SLTO 1.284

Cruise 1.294

Approach 1.077

Cutback 1.209

RPM

SLTO 8750

Cruise 8400

Approach 5000

Cutback 7740

Blade Number 18

Hub/Tip Radius 0.426

Diameter 22
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Figure 4.10  Temperature-ratio comparison between the 2-D SLC NASA ADP Fan model and 

measured data [252] at design point and cruise speed of 8396.5 rpm. 

 

Figure 4.11  Isentropic-efficiency comparison between the 2-D SLC NASA ADP Fan model and 

measured data [252] at design point and cruise speed of 8396.5 rpm 

The 2-D SLC NASA ADP Fan model proved to work well for different flight mission 

speeds within acceptable differences.  The pressure-ratio comparison between the 

predicted results and measured data [252] for the design conditions at part-speeds is 

given in the map of Figure 4.12.  
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Figure 4.12  Pressure ratio map for different flight conditions: Approach, cutback, SLTO and 

cruise. 

The 2-D SLC NASA ADP Fan model was calibrated in such a way that the differences 

in terms of the total-pressure, total-temperature ratio, and isentropic efficiency remain 

around 1.0% for the whole working range at design and part-speeds.  The comparison of 

the 2-D SLC NASA ADP Fan model results against the reported data by Jeracki [256] 

for the performance characteristics is given in Figure 4.13, Figure 4.14, and Figure 4.15. 

In terms of the performance characteristics, the 2-D SLC NASA ADP Fan model 

proved to work well, showing its adequate calibration, since the maximum average 

deviation in pressure ratio against measured data is 0.69% at design speed for the whole 

working range.  Similarly, the total-temperature ratio agrees satisfactory along the entire 

operating range for all the engine speeds with discrepancies less than 0.55% .   

The highest differences observed are in the isentropic efficiency, due to the empirical 

correlations used for the profile losses that might not be adequate for the NASA ADP 

Fan blade-profile geometry.  The 2-D SLC model shows differences less than 1.9% 

throughout the speedlines, while keeping the same trend and consistent deviation as in 

the measured data.  To correct this difference, a scaling factor might be used to cover 
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any deficiency from the empirical loss and deviations models.  On the whole, the 2-D 

SLC NASA ADP Fan model compared well against experimental results and is 

acceptable to use for analysis and design. 

 

Figure 4.13  Pressure ratio map for a 0 deg stagger configuration. 

 

Figure 4.14  Temperature ratio map for a 0 deg stagger configuration 
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Figure 4.15  Adiabatic efficiency map for a 0 deg stagger configuration. 

4.3.3 Model Generation 

To understand the complex compressible-flow phenomena occurring in transonic axial-

flow compressor rotors, a 3-D CFD Reynolds-Averaged Navier-Stokes (RANS) 

investigation for the NASA Rotor 67 was carried out for 16 different off-design points 

at 100% of design speed.  The 3-D CFD RANS model was leveraged from Mehdi [257] 

and DiCugno [258] and re-run for the cases of interest, as the simulation was further 

throttled beyond choking.  The overall model in terms of geometry and mesh was the 

same, with exception of the domain, which was further extended at the inlet and outlet 

to avoid direct influence of the boundary conditions, as displayed in Figure 4.16.  The 

inlet and outlet extended duct-length was matched to that from the 2-D SLC model, for 

further research in the development of a spanwise mixing model. 

 

Figure 4.16  Extended inlet and outlet duct domains for the 3-D CFD and 2-D SLC models. 
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The mesh generation for the compressor was created by Mehdi [257] in ANSYS CFX-

Turbogrid 15.0, and the inlet and outlet extension were meshed in ANSYS CFX-

Turbogrid. Model options, wall, symmetry and periodic boundaries, and analysis and 

solution settings were used as is from the leveraged model [257].  A summary of the 

assumed settings is presented in Table 4.5.  

Table 4.5  Solution settings for the 3-D CFD RANS NASA Rotor 67 model. 

 

The boundary condition type set for the model was uniform total-temperature and total-

pressure at the inlet, and average outlet static pressure at the outlet. Inlet boundary 

condition values are shown in Table 4.6. 

Table 4.6  Inlet boundary conditions for the 3-D CFD RANS NASA Rotor 67 model. 

 

The average outlet static pressure was modified for 16 different off-design cases, which 

range from stall to deep-choke condition, presented in Table 4.7. 

Table 4.7  Outlet boundary conditions for the 3-D CFD RANS NASA Rotor 67 model. 

 

Option

Analysis Type Steady State

Domain Motion Rotating

Frame Type Stationary

Number of Mesh Nodes 968 072

Number of Mesh Elements 921 968

Turbulence k-

Advection Scheme High Resolution

Turbulence Numerics First Order

Residual Type RMS

Boundary Condition

Inlet Total Temperature 288.15 K

Inlet Total Pressure 101.333 kPa

Off-design 

case

Outlet Static 

Pressure [kPa]

Off-design 

case

Outlet Static 

Pressure [kPa]

TS1 90 TS9 121

TS2 94.1 TS10 121.5

TS3 104.86 TS11 121.75

TS4 109.5 TS12 122

TS5 112 TS13 123

TS6 114 TS14 124

TS7 118 TS15 125

TS8 120 TS16 126
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4.4 Choking Model Verification 

4.4.1 Choke Condition 

To understand the flow field in choked operating conditions, a 3-D CFD RANS 

investigation was conducted for the NASA Rotor 67 [40] for the 16 different off-design 

points listed in Table 4.7.  No inlet flow distortion was introduced at the inlet domain.  

Near choking, the rotor was further throttled by lowering the outlet static pressure to 

observe the flow behaviour in choke operations.  Flow readings were captured at the 

blade leading edge, and at 25, 50, 75 and 100% of the chord upstream of the blade 

leading edge.  In addition, to know the current situation of the 2D-SLC flow prediction, 

the same 16 off-design cases were run in SOCRATES with the outlet static pressure as 

boundary condition to account for comparison fairness against the 3-D CFD simulation.  

The SOCRATES results here presented were obtained with a SLC method that does not 

include the choking incidence prediction and mass flow redistribution models. 

Figure 4.17 shows the resultant mass flow for the given outlet static pressures.  For the 

3-D CFD simulation, it can be argued that in the three points circled, which correspond 

to the first three cases of Table 3.3, choke condition is found as the mass flow is not 

significantly changing.  Nonetheless, a deeper examination reveals that the mass flow is 

still changing between those off-design cases.  For instance, the mass flow rate 

difference between the 4
th

 and the 3
rd

 point is 0.09%, between the 3
rd

 and the 2
nd

 is 

0.02%, and between the 2
nd

 and the 1
st
 point is 0.002%.  In fact choking phenomenon is 

not a sudden condition, but a progressive operation.  Even before the maximum mass 

flow, the blade tip is choked.  As the back static pressure is dropped, the mass flow 

gradient gets reduced, resulting in more span locations near the tip to be choked.  If the 

outlet static pressure is further decreased, the choke condition can potentially exist from 

the tip to mid-span locations.   

About the 2-D SLC curve in Figure 4.17, it is clear that the mass flow is not limited 

when choking approaches.  As there is no model to restrict the mass flow or the inlet 

flow angle, the mass flow is allowed to increased.  For this reason, a choking prediction 

and a mass flow redistribution model were developed and implemented into 

SOCRATES. 
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Figure 4.17  Outlet static pressure vs mass flow comparison for the NASA Rotor 67 at 100% of 

design speed between and 2-D and 3-CFD simulation results. 

The compressor maps in Figure 4.17, Figure 4.18, and Figure 4.19 show the small mass 

flow change for the first three off-design points in the 3-D CFD simulation.  In the case 

of the 2-D SLC, the mass flow is not limited, requiring models that were later 

implemented.  It can be observed that the experimental data shows choking in the first 2 

off-design cases of the pressure ratio and temperature ratio map, with a mass flow rate 

difference between the points of 0.002%, and .02%, respectively.  The compressor maps 

display a difference between the 3-D CFD results and the experimental data for the 

complete speed line.  In fact, the mass flow difference increases towards choking, being 

of 1.58% at a pressure ratio of 1.34.  In fact the 2-D SLC results compare better against 

experimental results at near-stall and design conditions due to the treatment of the 

empirical loss models in the former. 

 

Figure 4.18  Pressure ratio compressor map comparison  for the NASA Rotor 67 at 100% of design 

speed between experimental data, and 2-D and 3-CFD simulation results. 
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Figure 4.19  Temperature ratio compressor map plot for the NASA Rotor 67 at 100% of design 

speed between experimental data, and 2-D and 3-CFD simulation results. 

 

Figure 4.20  Isentropic efficiency compressor map plot for the NASA Rotor 67 at 100% of design 

speed between experimental data, and 2-D and 3-CFD simulation results. 

Figure 4.21 shows that the relative flow angle is not affected upstream.  Nonetheless, it 

evidences how the relative flow angle reduces with an increase in mass flow, 

particularly at low-span locations.  Figure 4.22 zooms into the relative flow angle at the 

leading edge, where it can be seen how the relative flow angle decreases with mass flow 

at high-span locations.  Further pressure drop brings the relative flow angle gradient to 

be every time smaller up to a point where it remains constant, as the relative choking 

flow angle is reached, fixing the mass flow at those streamlines.  At low-span locations, 

especially at the hub, the relative flow angle significantly reduces as the mass flow 
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increases due to the mass flow redistribution from the tip to the hub.  Inasmuch as more 

mass flow needs to pass at the hub, the relative flow angle becomes smaller, increasing 

the meridional velocity.  Figure 4.23 exhibits the inlet relative flow angle for the first 

six off-design cases, cover the near-choking and choking.  For the 3-D CFD curves, the 

inlet relative flow angle is almost fixed, hence, choked streamlines.  At the hub, the 

relative flow angle drops to accommodate the extra mass flow that was withdrawn from 

the tip radii.  In terms of the 2-D SLC curves, although close to the 3-D CFD curves, a 

correction to account for the relative flow angle restriction at the tip and the decrease in 

flow angle at the hub is required. 

 

Figure 4.21  Relative flow angle spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 
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Figure 4.22  Relative flow angle spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge. 

 

Figure 4.23  Relative flow angle spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge. 
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The meridional velocity plots confirm the findings in the relative flow angle. Figure 

4.24 shows a direct correlation with Figure 4.21, as there are small meridional velocity 

gradients at the tip and higher meridional velocity gradients at the hub as a result of the 

extra mass flow allocated at this region.  As the meridional velocity is proportional to 

the mass flow, this significant velocity increase at the hub is not surprising.  Figure 4.25 

zooms into the meridional velocity profile at the inlet, observing a direct correlation 

between the relative flow angle and the meridional velocity.  Figure 4.26 evidences the 

necessary corrections that are required in the 2-D SLC code to redistribute the mass 

flow, leading in a velocity increase at the hub that matches the 3-D CFD results. 

 

Figure 4.24  Meridional velocity spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 
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Figure 4.25  Meridional velocity spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge. 

 

Figure 4.26  Meridional velocity spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge. 

4.4.2 Mass Flow Redistribution 

The streamtube mass flow radial distribution for various operating conditions from stall 

towards choking is plotted in Figure 4.27, comparing the 3-D CFD RANS and the 2-D 

SLC without any choked-induced mass flow correction.  The streamtube mass flow 
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prediction in 2-D SLC without any mass flow redistribution induced by choking is 

allowed to increase at the tip. 

 

Figure 4.27  Streamtube mass flow radial distribution for the uncorrected choke conditions in 2-D 

SLC. 

The choking mass flow redistribution model implemented within the 2-D SLC 

compressor performance simulator fixes the mass flow at the tip and redistributes 

successively the mass flow downwards as seen in Figure 4.28. Note that the reduction at 

the tip in the 2-D SLC simulation replicates that from the 3-D CFD analysis. 

 

Figure 4.28  Stream tube mass flow radial distribution with the mass flow redistribution model 

activated  in 2-D SLC for choking conditions. 
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Figure 4.29 compares the redistributed mass flow in the 2-D SLC analysis in choke 

conditions against a 3-D RANS CFD simulation for the NASA Rotor 67.  Spanwise 

mass flow distributions between the analyses show minimum differences throughout all 

the span and for all the off-design cases at 100% of design speed.  As expected, 

maximum differences are present in the choked cases at the blade tip, with values 

ranging around 1.3%. 

 

Figure 4.29  Spanwise mass flow distribution comparison between 2-D SLC and 3-D CFD 

simulations for the NASA Rotor 67 at 100% NRT. 

The streamtube mass flow and inlet relative flow angle at the tip show an acceptable 

agreement between 3-D CFD and 2-D SLC as seen in Figure 4.30, with a difference of 

0.9% and 0.3%, respectively.  The streamtube mass flow prediction in Figure 4.30 a) 

was improved by 11% at the tip and by 14% at the hub with respect of the previous 

version of the 2-D SLC code due to the implementation of the choking mass flow 

redistribution model.  Figure 4.30 b) exhibits that the 2-D SLC simulation fixes those 

choked locations at the high-span regions to the value of the choking incidence.  Farther 

down, the blade-elements start to choke and are well above the choking incidence. 
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Figure 4.30  Spanwise comparison for the choking prediction between the 2-D SLC and 3-D CFD 

simulation.  a)  Mass flow distribution.  b)  Inlet relative flow angle. 

4.5 Shock-Loss Model Validation and Verification 

4.5.1 Design Shock-Losses 

The present shock- structure and loss model described in Sec. 3.3 was applied to the 

NASA Rotor 67 [40] in the context of the 2-D SLC compressor performance simulation 

and compared against experimental data [246,255] for validation purposes.  According 

to the practice in the NASA technical reports for transonic-compressor performance rig 

tests and analogous to the shock-loss coefficient defined in Eq. 2.6.40, the experimental 

shock-loss coefficient distribution is obtained by calculating first the profile-loss 

coefficient as follows 

 
𝜔𝑝𝑟𝑜𝑓 =

2𝜎Π𝑝𝑟𝑜𝑓

𝑐𝑜𝑠𝛽2
  ( 4.5.1)  

where the profile-loss parameter Π𝑝𝑟𝑜𝑓 is corre-lated to the diffusion factor using the 

annular cascade rig-test data from Figure 4.31 for different blade spans.  The diffusion 

factor is calculated using Lieblein’s equation as in Eq. 2.3.32.  Thus, the profile-loss 

coefficient is subtracted from the measured relative total-pressure loss coefficient to 

determine 𝜔𝑠ℎ from experimental data. 
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Figure 4.31  Annular cascade rig-test correlation [38] for the profile-loss parameter as a function of 

the diffusion factor for experimental measurements. 

As discussed in Sec. 3.3.4, the transonic flow regime is not present in the whole span.  

For the NASA Rotor 67, the transonic phenomenon extends ~90% from tip to hub.  

Henceforth, choking is expected to develop progressively from the tip towards mid-span 

through the working range.  Even at near peak-efficiency, 20% of the top blade-sections 

are already choked.  These physics were properly captured by the choking-incidence 

model of Sec. 3.4.2 and the mass flow redistribution scheme of Sec. 3.4.4 to fix the 

mass flow, and hence the incidence, at the identified started blade-elements of the 2-D 

SLC simulation. 

The most notable state-of-the-art shock-loss models used in SLC methods were 

programmed accordingly and ran for the NASA Rotor 67 in order to validate the current 

shock-loss model and understand its accuracy improvement. Forasmuch as the 

previously published models are intended mainly for design point and assuming the 

entire blade operation is unstarted, it results unfair to compare their outcome at off-

design points. Figure 4.32 shows the shock-loss coefficient comparison along the 

spanwise direction for the NASA Rotor 67 at 100% of design speed and near peak-

efficiency (𝑤 = 34.03 𝑘𝑔/𝑠) between the test data, and the historical, and current 

models.  The shock-loss coefficients from the simplified analytical models of Schwenk 

et al. [4], Miller et al. [3], Sayari and Bolcs [24], and Bloch et al. [34] were determined 

without any alteration to the models, as described in Sec 2.6.4.   Although its 
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empiricism, the shock-loss formulation of Koning et al. [153,155] resulted interesting 

for comparison due to the consideration of the second passage-shock.  Additionally, the 

empirical model reported by Cunnan et al. [38] was also compared to set a basis for 

reference. 

 

Figure 4.32  Shock-loss coefficient radial distribution comparison  for the NASA Rotor 67 [40] at 

100% of design speed and w=34.03 kg/s (NPE) between test data, and historical and current 

models. 

Because of the simplifications considered in the historical models, there is a significant 

deviation of the relative total-pressure loss coefficient along the entire span against 

experimental data as observed in Figure 4.32.  Conversely, the current shock-loss model 

reduces considerably this difference and follows the same trend as the measurements all 

along the blade span.  The current shock-loss prediction improvement is more 

remarkable at the top 20%, where the historical models fail to predict the choking.  

Instead, these models assume a normal passage-shock standing almost at the leading 
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edge, extending from suction to pressure surface, and resulting in an overestimation of 

shock losses.   

Note as well the inability of the previous analytical models to resolve the flow in the 

subsonic supercritical span region, as they rely on the Prandtl-Meyer expansion, which 

is not defined for Mach numbers less than a unity value.  In contrast, the current shock-

loss model does resolve the shock losses at the supercritical span using the model 

described in Sec. 3.3.2, yielding in a satisfactory agreement against experimental data 

and the empirical model of Cunnan et al. [38].  In fact, it can be seen that the shock-loss 

distributions from these three sources agree for the supercritical-span initiation at ~9%, 

sign that the critical relative Mach number was accurately predicted in the current 

shock-loss model. 

The widely used model of Miller et al. [3] in SLC shows an absolute deviation of 43.1% 

at the tip, while the model of Sayari and Bolcs [24] overestimates the shock loss by 

80.5%.  The error at the tip slightly reduces to 32.0% in the models of Schwenk et al. 

[4] and Koning et al. [153,155]. 

At the supersonic-span inception, the shock-induced relative total-pressure losses are 

relatively low, however, the model of Miller et al. [3] under predicts the loss by 78.7%, 

while the models of Sayari and Bolcs [24] and Koning et al. [153,155] increases the loss 

in 103%.  The model of Bloch et al. [34] shows the larger average radial deviation 

against experimental data, underestimating the loss by 25.9% at the tip and predicting 

an almost-zero loss at low supersonic-spans, representing a difference of 96.8%.  These 

intolerable discrepancies are not surprising, as the overall passage-shock structure is 

oversimplified represented by an equivalent shock normal to the flow, which does not 

represent the true configuration. 

On the contrary, the iterative method implemented in the current model guarantees the 

correct position and angle of the second passage-shock to intercept or not the passage-

shock portion of the detached bow-shock.  This formulation leads to an accurate 

passage-shock pattern to resolve the proper flow-expansion mechanisms, yielding in an 

accurate relative total-pressure loss distribution in the pitchwise direction.  The current 

shock-loss methodology significantly improves the agreement against the measured data 
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by 42.4% at the tip and by 54.9% at the lower supersonic sections with respect of the 

model of Miller et al. [3].  This means that the absolute error is reduced to a maximum 

of 0.6% at the tip, and shock-loss coefficient discrepancies of 5e-4 and 4.8e-3 at mid 

and mid supersonic-spans, respectively.   

At mid supersonic-span, the current shock-loss model yielded a satisfactory prediction 

of the flow physics, translated to differences around 0.3%.  The largest deviation 

observed between the current shock-loss prediction and experimental results occurs at 

low supersonic-spans, immediately after the transition from the inlet relative subsonic 

supercritical conditions.  The final effect of these discrepancies on the isentropic 

efficiency can be considered minimal, as the shock-loss coefficients are underestimated 

in the order 1e-3 within a relatively small region of about 10% of span.   

Even though at the low supersonic-spans there is only a single passage-shock as a 

portion of the detached bow-shock, the assumption of a hyperbolic approximation for it 

might need further refinement.  In fact, as the span reduces, the hyperbola-

approximation starts to lose accuracy since the inlet relative Mach number decreases, 

incrementing the free-stream Mach angle, and forcing the detached bow-shock to 

become less oblique.  In other words, at the supersonic-span initiation, the assumption 

of a nearly normal detached-shock to increase the shock loss would appear more 

appropriate than a hyperbolic shape that reduces its shock angle outwards from the 

vertex. 

The models of Schwenk et al. [4] and Sayari and Bolcs [24] were modified and 

improved up to some extent in an attempt to increment their accuracy, but mainly, to 

validate, and appreciate the importance and complexity of the current shock-loss model.  

Special attention is brought to the shock model of Schwenk et al. [4], since it is, in some 

way, the essence for the other previous models and because of its good agreement 

against measured data, at least at mid-span locations (~42-68% span).  To demonstrate 

the validity of the current shock-loss model, two other shock-loss models were derived 

from Schwenk et al. [4].  Instead of using the geometric formulation as a function of a 

DCA surface , Schwenk’s et al. [4] model is fully coupled with the blade-element-

layout method (BELM) of Sec. 3.2.2 to estimate the passage-shock impingement flow 
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angle for any arbitrary surface shape.  The other model consists of replacing the 

assumption of the passage-shock location by that assumed by Bloch et al. [34] at the 

sonic point of the hyperbolic detached bow-shock.   

Two other further variations were introduced to these models in terms of the relative 

total-pressure coefficient computation.  The variation M1 considers the baseline model 

by computing the shock-loss coefficient as a function of the inlet relative Mach number 

𝑀′
1 as in Eq. 2.6.8.  Inasmuch as the normal-shock placement tends to be an equivalent 

of the complex passage-shock situation, it is not entirely true that the upstream Mach 

number is 𝑀′
1.  The variation in the model M2 uses the peak suction-surface relative 

Mach number 𝑀′
𝑝𝑠ℎ𝑠𝑠

 to calculate the relative total-pressure loss coefficient since the 

equivalent passage-shock is then assumed to be the only loss mechanism.  Nevertheless 

the bow-wave-loss influence must be considered.  Therefore the model variation M3 

considers the bow-wave-induced relative total-pressure ratio in addition to the 

equivalent passage-shock losses as in Eq. 3.3.120.   

Given the overall relative total-pressure loss, the overall shock-loss coefficient is thus 

determined as in Eq. 3.3.121, using the inlet relative Mach number upstream of the loss 

system. Table summarizes the matrix of the evaluated historical analytical shock-loss 

models and their modifications.  Such emphasis in this evaluation raises the 

understanding level of the disparities of the current and measured data against those 

from the previous models at design point. 

Table 4.8  Matrix of the assessed historical shock-loss models and their modifications. 

 

Despite of its simplicity, the model of  Schwenk et al. [4] shows the best agreement 

against experimental data among the historical approximations especially at low and 

mid sections of the supersonic span as seen in Figure 4.33.  This is explained since the 

Shock-loss models

Schwenk et al . M1 (original) M2 M3

Schwenk et al ./BELM M1 (original) M2 M3

Schwenk et al ./Bloch M1 (original) M2 M3

Sayari and Bolcs M1 (original) M2 M3

Miller et al .

Koning et al .

Bloch et al .

Variations

Original

Original

Original
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passage-shock simplification approximates to the presence of the nearly-normal 

detached bow-shock at low supersonic-spans.  The shock losses predicted by the present 

model are consistent with those from the model of Schwenk et al. [4] at these radial 

locations, with differences less than 2e-3 in the relative total-pressure loss coefficient.   

At high supersonic-spans, there is an average overestimation of ~20%, since Schwenk’s 

et al. [4] simplification considers a very strong equivalent passage-shock.  In contrast, 

the current shock loss is significantly less than that from Schwenk et al. [4], since the 

shock strength reduces due to the physics-based solution of the choked-induced shock 

obliqueness in the relative frame of reference.  More important is the correct location of 

the second passage-shock computed utilizing the iterative approach.  In case there is a 

coalescence of passage shocks, the shock loss is reduced as just a portion of the 

configuration consists of the straight shock.  If there is no intersection of passage 

shocks, the shock loss still reduces as the first passage-shock is weak due to its 

hyperbolic shape, reducing slightly the downstream relative Mach number.  Although 

small, this reduction in the relative Mach number magnitude helps for the second 

passage-shock not to be that dramatic.  This is equivalent to having different weak 

compression waves instead of a unique strong shock.   

In terms of the variations, the model M2 corrects the loss deviation at the tip 15.4% at 

the expense of losing accuracy for the rest of the resolved transonic span.  This is a clear 

indication that the current shock-loss model operates accordingly at low and mid 

supersonic-spans, and increases the upstream relative Mach number of the passage 

shock towards the tip.   The variation M3 to the model of Schwenk et al. [4] considers 

the bow-wave losses, resulting in a slight increase of loss towards the blade tip with 

respect of the model M1 in 1.9%.  This shock-loss increase agrees with the current 

model when the bow-wave losses are removed, following the same trend and reducing 

the shock-loss coefficient at the tip by 1.1%. 
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Figure 4.33  Shock-loss coefficient radial distribution comparison  for the NASA Rotor 67 [40] at 

100% of design speed and w=34.03 kg/s (NPE) between test data, current model, and variations of 

Schwenk et al. [4]. 

Although the blade-element-layout method accurately resolves the surface angles 

required for the flow direction in the Prandtl-Meyer expansion, its coupling with the 

model of Schwenk et al. [4] results in a shock-loss over prediction as seen in Figure 

4.34 a).  Similar effect is observed in Figure 4.34 b) if the passage-shock location is 

then moved downstream to be at the sonic point as suggested by Bloch et al. [34], 

raising 𝑀′
𝑝𝑠ℎ𝑠𝑠

 and increasing the shock strength.  This indicates that Schwenk’s et al. 

[4] model itself suffices with its assumptions and any other attempt of introducing an 

improvement, for more analytical that this could be, would deviate the agreement 

against measured data. Even if the assumed passage-shock is translated to the leading 

edge as in the Sayari and Bolcs [24], the flow-expansion process extends, increasing 

𝑀′
𝑝𝑠ℎ𝑠𝑠

 and raising the shock losses as plotted in Figure 4.34 c).   

In terms of the variations, a similar trend to that in Figure 4.33 is seen across the shock-

loss models of Figure 4.34, where the variation M2 reduces the shock-loss magnitude.  

However, this time the consideration of the peak suction surface Mach number in the 

shock-loss coefficient produces a better match against experimental data. This apparent 

agreement is more as a result of a compensation of the passage-shock loss over 

prediction rather than a physical behaviour.  The variation M3 in the models of Figure 

4.34 confirms the findings in Figure 4.33 and being consistent with the trend and 
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percentage of shock-loss detrimental in the current shock-loss model when the bow-

wave losses are removed. 

 

Figure 4.34  Shock-loss coefficient radial distribution comparison  for the NASA Rotor 67 [40] at 

100% of design speed and w=34.03 kg/s (NPE) between test data, current model, and historical-

model variations.  a) Schwenk et al. [4]/BELM.  b) Schwenk et al. [4]/ Bloch et al. [34].  c) Sayari 

and Bolcs [24]. 

The circumferential mass-average integration of relative Mach numbers in the model of 

Miller et al. [3] upstream of the assumed passage-shock, produces less shock losses 

rather than having a higher equivalent Mach number from Eq. 2.6.5, as viewed in 

Figure 4.35 a)   Nonetheless, the shock-loss coefficient at low and mid supersonic-

sections is underestimated inasmuch as the passage shock is too upstream of what it 

should be.  Conversely, the current shock-loss model uses the same circumferential-

loss-integration approach but at an accurate axial location.  At the blade tip, the typical 

overestimation of the historical models is observed due to the inability of segmenting 
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the passage shock in the hyperbolic passage-shock portion and the choked-induced 

shock as is executed in the present shock-loss methodology. 

The lack of discrimination between unstarted and started passages from the model of 

Koning et al. [153,155] fixes the second-passage shock-loss all along the transonic 

span, overestimating the shock losses at low and mid supersonic-regions as seen in 

Figure 4.35 b).  Even at the top  locations, where there is definitely a second passage-

shock, the shock-loss magnitude is over predicted.  The previous models have 

demonstrated that one of the main difficulties is to match the blade tip shock-losses, 

which in part is understandable since they do not model explicitly the choke-induced 

passage shock.  One of the highlights of the present shock-loss model is its ability to 

attain a good agreement at the blade top sections.  A full substitution of the empirical 

second-passage shock-loss effect from Koning et al. [153,155] in the current model at 

the top sections, proves the inaccuracy of a simple empirical correlation.  Rather, the 

current shock-model suffices in its prediction accuracy through the implemented 

analytical iterative-approach, resulting in the same trend as the experimental results.  As 

expected, the incapability of Koning et al. [153,155] model to adjust gradually the 

choked-induced passage-shock loss towards the hub, causes a significant increase in the 

shock-loss coefficient for mid and low supersonic-span heights. 

Although the composite nature of the passage-shock consisting in a hyperbolic portion 

and a straight-shock section in the model of Bloch et al. [34], the shock losses are 

underestimated as noticed in Figure 4.35 c).  This is as a consequence of placing always 

the straight passage-shock at the bow-shock sonic point, which is close to the hyperbola 

vertex regardless of the flow conditions, yielding in a very upstream straight passage-

shock.  In turn, the flow expansion ahead of the passage shock shrinks, decrementing 

the local relative Mach numbers in the circumferential direction, and hence, inducing 

lower relative total-pressure losses.  The current shock-loss model uses the same 

principle of intercepting both passage shocks; however, the correct placement of the 

straight shock produces a much better agreement in comparison to the rig-test 

measurements.  Despite the discrepancies in Bloch’s et al. [34] model, there is a similar 

tendency of the rate-of-change of shock-loss coefficient with radius at the tip as in the 

current shock-loss model and test data. 
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Figure 4.35  Shock-loss coefficient radial distribution comparison  for the NASA Rotor 67 [40] at 

100% of design speed and w=34.03 kg/s (NPE) between test data, current model, and historical 

models.  a) Miller et al. [3].  b) Koning et al. [153,155].  c) Bloch et al. [34]. 

The outcome examination of the empirical correlation of Cunnan et al. [38] permits to 

situate the prediction of the current shock-loss model.  As mentioned earlier, there is an 

accurate agreement between test data, and the current and empirical models, when the 

inlet relative conditions are subsonic supercritical.  As the inlet relative flow becomes 

supersonic, the empirical model under predicts the shock losses forming a concave 

gradient as seen in Figure 4.36.  Rather, the currently estimated shock losses follow the 

convex gradient of the experimental data.  Observe how the empirical model tries to 

approximate the real results particularly at the very tip of the blade, where the difference 

is 3.3%.  In this respect, the current shock-loss model works adequately at the top 

regions, as it agrees satisfactory against experimental data at the very tip and downward 

profiles with an average difference of 0.4%.   
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Figure 4.36  Shock-loss coefficient radial distribution comparison  for the NASA Rotor 67 [35] at 

100% of design speed and w=34.03 kg/s (NPE) between test data, current model, and empirical 

model of Cunnan et al. [38]. 

4.5.2 Off-design Shock-Loss Performance 

As mentioned in Sec. 4.5.1, the previously published shock-loss models are intended to 

operate at design point by assuming that the entire blade operation is unchoked.  

Nonetheless, the NASA Rotor 67 reveals that even at design point, there can be a 

certain percentage of blade-span choked at the tip.  As reviewed in Sec. 2.7.1, the mass 

flow is increased, the choking develops progressively from tip towards hub, until the 

entire transonic span is choked and no further mass flow can be passed.  Henceforth, a 

change in the passage-shock configuration, and hence in shock losses, is expected as the 

mass flow is increased across the off-design operating points. 

The historical simplified shock-loss models fail to predict the off-design shock-losses 

since the assumption of the design-point passage-shock location is anchored for other 

operating conditions as a consequence of the lack of a mechanism to modify the 

passage-shock pattern.  The model of Boyer and O’Brien [13,35,36] does apply 

corrections for the off-design shock-loss estimation, however, it is an empirical model 

that is not universal for arbitrary aerofoil geometries.  Figure 4.37 evidences the 

inability of the models of Schwenk et al. [4], Miller et al. [3] and Cunnan et al. [38], for 

instance, to adjust the passage-shock configuration and shock-loss for off-design 
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operations.  Equally, the other historical models reviewed in Sec. 4.5.1 show an absence 

of shock-loss effect with the reduction in incidence. 

 

Figure 4.37  Shock-loss coefficient radial distribution comparison  for the NASA Rotor 67 [40] at 

100% of design speed for different off-design points.  a)  Schwenk et al. [4].  b) Miller et al. [3].  c) 

Cunnan et al. [38]. 

In contrast, the current analytical shock-loss model modifies the passage-shock system 

according to the implemented iterative approach by displacing upstream and 

downstream the choked-induced shock along the chord.  During this process, both 

passage shocks might coalesce, for which the appropriate flow-expansion systems are 

set and resolved, resulting in a passage-shock loss, and hence overall shock-loss 

adjustment through the successive iterations.  The ruggedized iterative approach to 

locate the choked-induced shock, which constantly checks the flows status for unstarted 

or started situations, converges until the back static-pressure condition is satisfied.  The 

converged dual passage-shock configuration composed of the hyperbolic portion from 
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the detached bow-shock and the straight choked-induced shock yields to the off-design 

shock-loss evolution shown in Figure 4.38.  As expected, as the incidence reduces the 

passage shock-loss increases.  The supercritical span and the low supersonic sections 

get little affected with incidence since the flow is unstarted at those passages.  In the 

case of the supercritical portion, any mass flow variation induces a slightly different 

flow turning but does not substantially modify the normal-shock relative total-pressure 

recovery.  For the low supersonic-spans, the variation of incidence modifies the single 

passage-shock pattern, which is just affected by the detached bow-shock shape as a 

function of the inlet relative Mach number.   

On the other hand, at mid and high supersonic-sections, the passages are expected to be 

choked.  Henceforth, any change of incidence will modify the location of the second 

passage-shock, re-shaping the passage-shock shape, and producing different relative 

total-pressure decays.  Yet, the affection of the choking with an increase in mass flow 

travels towards the hub, resulting every time in more dual passage-shock structures 

spanwise, and thence, an overall shock-loss augmentation at mid and low transonic-

spans.  At the blade tip, the passage-shock loss increase as the incidence decreases is 

greater as a result of the low back static pressure, demanding higher peak suction 

surface Mach numbers.  To augment the peak suction surface Mach number, the flow-

expansion extends chordwise, displacing downstream the straight portion of the passage 

shock, leading to a more dramatic and stronger shock that generates more relative total-

pressure decay.  It can be deduced then that the major shock-loss increment occurs at 

the top sections, where it appears to be almost constant throughout the operating points 

with a value of 1.2% of shock-loss increase per 0.1 kg/s of change.   
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Figure 4.38  Off-design evolution of the shock-loss coefficient radial distribution for the NASA 

Rotor 67 [35] at 100% of design speed. 

Figure 4.39 shows the comparison of the off-design overall shock-loss coefficient radial 

distributions against measured data to evidence the adequacy of the current analytical 

and physics-based model.  For the top 85% of the supersonic span, there is an accurate 

agreement and consistency between both experimental and computed data, where 

absolutes differences are less than 2.5% at the high sections and less than 0.5% for the 

mid-section of the transonic span.  As discussed before in Sec. 4.5.1 this represents an 

outstanding improvement of ~40-50% with respect of the previously published shock-

loss models, considering even more that this enhancement was obtained utilizing a fully 

physics-based model free of empiricism.   

Notwithstanding that there are differences between both experimental and predicted 

data within the remaining 15% at the bottom of the supersonic span; there is consistency 

in the shock-loss coefficient trend.  More important, however, is that the shock-loss 

magnitudes at the low supersonic-heights are relatively small in comparison to those 

from the tip.  Whereupon, the underestimations within such blade span have a 
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maximum shock-loss coefficient difference of 0.01 at the supersonic-span bottom and 

reducing to 2e-3 towards the tip.  Likewise the design point, these deviations might be 

due to the hyperbola-approximation for the nearly-normal and highly-detached bow-

shock that is formed at these heights.  Thence, the small shock-loss differences at the 

supersonic span bottom, might be considered of little effect on the isentropic efficiency 

as evidenced in the compressor isentropic-efficiency map of Figure 4.41. 

Note as well that for every off-design point and near the tip, the predicted shock-loss 

coefficient increases with the same gradient as the experimental results.  Similarly as to 

the near peak-efficiency point, the average difference at the tip profile-sections is ~0.4% 

between the current shock-loss model and test data. 

 

Figure 4.39  Off-design comparison of shock-loss coefficient radial distribution between 

experimental and current shock-loss model data for the NASA Rotor 67 [35] at 100% of design 

speed.  a) 𝒎̇ = 𝟑𝟒. 𝟎𝟑
𝒌𝒈

𝒔
 (NPE)  b) 𝒎̇ = 𝟑𝟒. 𝟏𝟔

𝒌𝒈

𝒔
  c) 𝒎̇ = 𝟑𝟒. 𝟐𝟔

𝒌𝒈

𝒔
  d) 𝒎̇ = 𝟑𝟒. 𝟑𝟖

𝒌𝒈

𝒔
  e) 𝒎̇ =

𝟑𝟒. 𝟒𝟓
𝒌𝒈

𝒔
   f) 𝒎̇ = 𝟑𝟒. 𝟓𝟏

𝒌𝒈

𝒔
   g) 𝒎̇ = 𝟑𝟒. 𝟓𝟔

𝒌𝒈

𝒔
   g) 𝒎̇ = 𝟑𝟒. 𝟕𝟎

𝒌𝒈

𝒔
 (NC). 
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4.5.3 Compressor Performance 

The NASA Rotor 67 [40] compressor maps in Figure 4.40 and Figure 4.41 compare the 

performance prediction from the previous 2-D SLC simulator against that from the 

updated version with the incorporation of both novel physics-based shock-loss and 

choking mass flow redistribution models.  The empirical shock-loss model from 

Cunnan et al. [38] was used in the previous version of the 2-D SLC software.  Besides, 

the characteristics at 100% of design speed from the 3-D CFD RANS simulation are 

compared as well for reference.  

Overall, there is a consistent agreement between the updated 2-D SLC simulations and 

measured data, where the major isentropic-efficiency prediction improvement of ~1.1%  

is attained at 100% of design speed due to the high relative velocities leading to 

impacting shock-losses.  In fact, a closer agreement against experiments is obtained 

with the updated 2-D SLC simulation than with 3-D CFD.  Although the CFD results 

show the same trend as the test data, they show a deviation about 2.5% in pressure ratio 

and 1.9% in isentropic efficiency, and underestimating the choking mass flow by 1.5%. 

 

Figure 4.40  NASA Rotor 67 [35] compressor total-pressure ratio map comparison between 

experiments, and the previous and updated 2D-SLC performance simulation codes. 
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Figure 4.41  NASA Rotor 67 [35] compressor isentropic-efficiency ratio map comparison between 

experiments, and the previous and updated 2D-SLC performance simulation codes. 

As expected, at 50% and 70% of design speed the performance between the previous 

and updated models is the same since the supersonic solution of the current shock-loss 

model did not have any participation on the analysis.  Although at 70% of design speed, 

the top 26% of the blade span has subsonic supercritical conditions and the supercritical 

strategy was used, the shock loss generated was too small to produce a noticeable 

change in the overall pressure ratio and isentropic efficiency.   

Even at 80% and 90% of design speeds and near their peak-efficiency, there are inlet 

relative supersonic conditions for the 17% and 40% of the blade span from tip to hub, 

respectively, where the shock-loss model was applied accordingly.  Nevertheless the 

shock-loss influence on total-pressure ratio and isentropic efficiency is minimal along 

their working range, since the highest suction-surface Mach numbers are low values of 

1.09 and 1.27 at design speed for 80% and 90%, correspondingly.  These Mach 

numbers reduce progressively pitchwise towards the pressure surface, resulting in an 

even lower mass-averaged upstream relative Mach number of the single passage-shock 

systems formed, and thus, a low mass-averaged relative total-pressure loss. For a high 
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mass flow of 32.8 kg/s at 90% of design speed, choking appears for the first time at the 

very tip just for a unique streamline, identified by the choking model to redistribute the 

mass flow.  This suffices for the shock-loss model to structure a dual-shock 

configuration and estimate the corresponding mass-averaged relative total-pressure 

recovery.  The accrued shock losses from the supersonic span and that from the started 

flow at the tip add up to drop the total pressure ratio of the highest mass flow rate at 

90% of design speed as seen in Figure 4.40.  

The same phenomenon of the highest mass flow at 90% is extrapolated to a wider 

working range at 100% of design speed.  Previous 2-D SLC underpredicted the 

isentropic efficiency throughout the working range and shifting the peak-efficiency 

point to a lower mass flow rate.  This is explained as the empirical shock-loss model 

underestimates the shock-loss coefficient by a radial average of 26.5% within the 

relative supersonic span, producing an over prediction of the isentropic efficiency by 

1.4% at design point.  The current shock-loss prediction improvement by 25% with 

respect of the empirical model within the relative supersonic span, results in a 

satisfactory agreement against test data with an over prediction of 0.4% at design point.  

A further SWBLI model might even bring down the efficiency to enhance the 

agreement.  Similarly, the overall pressure ratio is improved by an average of 1.5% 

throughout the working range.  Because of the inability of the empirical shock-loss 

model to react to off-design conditions where the shock-loss coefficient becomes 

greater as the incidence reduces, the isentropic efficiency in the previous 2-D SLC does 

not get lower.   Conversely, the current shock-loss coefficient increments with 

incidence, particularly between NPE and NC, where there are choke-induced dual 

shock-configurations that contribute more to the loss.  In this way, the isentropic 

efficiency suffers a significant detrimental effect at a fixed mass flow determined by the 

redistribution model implemented, that adequately agrees with the asymptotic 

distribution near the maximum mass flow of the measured results, as observed in Figure 

4.40 and Figure 4.41.  The predicted maximum mass flow differs from that of the 

experiment by 0.1%, which represents an improvement of 1.4% compared to the 3-D 

CFD RANS estimation. 
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4.6 Shock-Structure Verification 

4.6.1 Detached Bow-Shock 

To validate the shock-pattern model, a 2-D SLC run was performed for the NASA 

Rotor 67.  The validation of the shock data was done against charts as function of the 

inlet relative Mach number presented by Moeckel [180] and Miller and Hartmann [208].  

The corresponding shock angles, 𝜍𝑑𝑒𝑡𝑎𝑐ℎ, 𝜍𝑆, 𝜍𝐶 are presented in Figure 4.42.  It can be 

observed that towards an inlet relative Mach number of one, the shock angles tend to 

coalesce to the value of 90 degrees. 

 

Figure 4.42  2-D SLC-estimated bow shock angles for the NASA Rotor 67.  

A comparison of   𝜍𝑑𝑒𝑡𝑎𝑐ℎ, 𝜍𝑆, 𝜍𝐶 against those obtained by Moeckel as a function of 

𝑀1
′ , is displayed in Figure 4.43. A satisfactory comparison is found between the 2-D 

SLC shock-structure angles and the ones presented in the chart.  Maximum difference 

for the three shock angles was 0.12%. 
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Figure 4.43  Bow-wave angles comparison as a function of the inlet relative Mach number against 

chart presented by Moeckel [180]. 

Similarly, the ratio of Χ′/𝑦𝑆𝐵 and 𝑦𝑆/𝑦𝑆𝐵 or non-dimensional detachment distance and 

sonic point height are plotted against 𝑀1
′  in Figure 4.44.  It can be seen that for high 

Mach numbers, the detachment distance and the height of the sonic point are too small, 

resulting in close bow waves to the leading edge.  As the inlet relative Mach number is 

decreased, the curves tend to infinity, as the bow wave becomes highly detached.  This 

is confirmed by the 2-D SLC shock structures plot shown in Figure 3.19 and Figure 

3.20, where it is evident that as the blade span reduces, the inlet relative Mach number 

decreases, increasing exponentially the bow-wave extension. 
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Figure 4.44  2-D SLC bow-wave non-dimensional detachment distance and non-dimensional sonic 

point height for the NASA Rotor 67.  

The comparison of the ratios Χ′/𝑦𝑆𝐵 and 𝑦𝑆/𝑦𝑆𝐵 against the chart reported by Moeckel, 

is presented in Figure 4.45.  The 𝑦𝑆/𝑦𝑆𝐵 ratio is found to compare fairly reasonable, 

with a maximum error of 0.35% for the highest Mach numbers.  A maximum difference 

of 1.1% was found for the Χ′/𝑦𝑆𝐵 ratio, however, it is for the two scattered points 

observed.  Apart from this noticeable difference, a maximum difference of 0.62% is 

found at the highest Mach number. 

The local-axial distance 𝐿 between the sonic point and the bow-wave vertex  is typically 

found as a ratio with respect of the point 𝑆𝐵, which is the point that forms the wedge 

tangency.  Figure 4.46 shows the comparison of 𝐿/𝑦𝑆𝐵 as a function of the inlet Mach 

number against a corresponding chart obtained by Miller and Hartmann [208].  The 

𝐿/𝑦𝑆𝐵 ratios estimated by the 2-D SLC fall around the curve, with a maximum 

difference of 1.7% and a minimum of 0.43%. 
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Figure 4.45  Bow-wave non-dimensional detachment distance and non-dimensional sonic point 

height comparison as a function of the inlet relative Mach number against chart presented by 

Moeckel [180]. 

 

Figure 4.46  Comparison for the bow-wave non-dimensional distance from the wedge tangency 

point as a function of the inlet relative Mach number against chart presented by Miller and 

Hartmann [208]. 
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4.6.2 Passage-Shock Configuration 

The accurate relative total-pressure recovery across the different waves of the shock 

system for an adequate shock-loss determination by the current model relies on 

predicting the appropriate shock configuration.  Figure 4.47 compares the shock-

configuration structure for different blade heights between a 3-D CFD RANS 

simulation and the current shock-loss model within the context of a 2-D SLC 

performance simulation for the NASA Rotor 67 at 100% and near peak-efficiency 

(𝑤 = 34.03 𝑘𝑔/𝑠).  On the whole, there is a consistent and satisfactory agreement of 

shock patterns between 3-D CFD and 2-D SLC simulations for both, detached bow-

shock and passage-shock configuration.  Even though the detached bow-shock shape 

was validated in Sec. 4.6.1, its location and detachment distance from the leading edge 

are confirmed with 3-D CFD as well.  Most important for a correct shock-loss 

coefficient is the prediction of the form and location of the passage shock in any of its 

forms.   

One of the main features of the shock-loss model is its capacity for plotting the overall 

shock structure itself along with the expansion waves or characteristics from zone V 

interacting with the passage shock.  The expansion processes observed in Figure 4.47 

and Figure 4.48 extends the first-captured Mach wave till the impingement point either 

of the first passage-shock (point 𝑘) or the choke-induced passage shock (point 𝑞).  For 

each characteristic, the flow information is computed and determined in this way, the 

properties ahead of the passage shock for the relative total-pressure loss calculation. 

For the near peak-efficiency point, between the supersonic-span initiation and 58% of 

span, the passage-shock structure is single as seen in Figure 4.47 a).  Above this height, 

the second passage-shock appears due to choking, intercepting the first passage-shock 

for the rest of the top span due to the proximity of the latter to the blade throat, yielding 

in coalesced passage shocks.  The location of the estimated second passage-shock 

differs from 3D-CFD by approximately 0.9% of the chord, while its angle deviates by 

0.4%.  This satisfactory agreement yields in a good estimation of the transition point 

(point 𝑡).   
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Because the relative Mach number increases with the span, the incidence reduces, 

displacing the second passage shock downstream, and extending the flow expansion to 

attain highest peak suction-surface Mach numbers.  The distribution of the suction-

surface relative Mach number in the current shock-loss model deviates from that in the 

3D-CFD results of Figure by ~1.3%, having a peak suction surface Mach number of 

1.52. 

 

Figure 4.47  Overall shock configuration comparison between 2-D SLC with the current shock 

model and 3-D CFD RANS simulations for the NASA Rotor 67 [35] at 100% of design speed and 

near peak-efficiency ( 𝒎̇ = 𝟑𝟒. 𝟎𝟑
𝒌𝒈

𝒔
 ).  a) 45.5% Span.  b)  58.6% Span.  c) 68.5% Span.  d) 78.4% 

Span.  e) 88.6% Span.  f) 100.0% Span. 

The current shock-loss model reacts to the off-design conditions in such a manner that it 

modifies the passage-shock pattern accordingly as seen in Figure 4.48 for near-choking 

(𝑤 = 34.45 𝑘𝑔/𝑠).  The prediction of the second passage-shock location is a function 

of the iterative method incorporated to the overall shock- structure and loss model, and 

deviating from 3-D CFD by the same amount as in the design operating point.  For this 

high mass flow point, the whole supersonic span is choked without any regions of 
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single-shock structures.  Further mass flow increase will just extend the supersonic span 

towards the hub.  Insomuch as the back static pressure is low, the second passage-shock 

is pushed downstream making this not to intersect anymore the first passage-shock, in 

agreement with the 3-D CFD results.  However, at the very tip both passage shocks 

coalesce due to the high obliqueness of that passage-shock segment from the detached 

bow-shock as seen in Figure 4.48 d).  

Similarly, the current prediction of the flow expansion on the suction-surface within 

zone V has its highest relative Mach number immediately ahead of the first passage-

shock with a value of 1.62, deviating from 3-D CFD by 1.2%.  

 

Figure 4.48  Overall shock configuration comparison between 2-D SLC with the current shock 

model and 3-D CFD RANS simulations for the NASA Rotor 67 [35] at 100% of design speed and 

near peak-choking ( 𝒎̇ = 𝟑𝟒. 𝟒𝟓
𝒌𝒈

𝒔
 ).  a) 46.2% Span.  b)  65.7% Span.  c) 82.6% Span.  d) 100.0% 

Span. 
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The spanwise evolution of the NASA Rotor 67 shock-system at design point for the 

relative supersonic span is displayed in Figure 4.49 a), where it can be noticed the 

crescent extension of the zone-V expansion with radius that leads to higher peak 

suction-surface Mach numbers towards the tip.  Figure 4.49 b) models the resolved 3-D 

interaction of the shock-system in its totality for the whole 22 passages of the NASA 

Rotor 67 computed by the current shock- structure and loss model within a 2-D SLC 

simulation.  Note how the incoming flow traverses the series of bow-waves that extend 

to infinity, which cancel with the expansion waves of zone IV in terms of magnitude to 

avoid any upstream influence. 

 

Figure 4.49  Shock-configuration radial evolution determined by the current shock- structure and 

loss model in the context of a 2-D SLC simulation for the NASA Rotor 67.  a)  Meridional view.  b)  

3-D projection view for the entire compressor rotor. 
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5 RESULTS & DISCUSSION 

5.1 3-D CFD NASA Rotor 67 Shock Physics 

Results from the 3-D CFD simulation allowed to understand the complex shock-wave-

associated phenomena as described in this section.  The incidence-induced inlet 

meridional velocity for a streamline determines the amount of mass flow passing 

through the blade-element passage corresponding to a specific streamline. For high 

outlet static pressures, the blade passage is not choked.   

As the back static pressure lowers, mass flow increases, and hence, the inlet meridional 

velocity rises.  Because the blade speed remains constant, the inlet relative velocity 

increases with the meridional velocity, reducing the flow angle, and thus, the incidence.  

It is precisely the flow direction the parameter that lowers in order to accommodate and 

allow for more mass flow rate.  Due to the incidence change, the Prandtl-Meyer 

expansion gets affected.  At high incidences or low mass flow rates, the convex corner 

formed between the flow direction and the wall is more pronounced, leading to a more 

abrupt expansion fan, resulting in a limited suction surface for the flow acceleration as 

shown in Figure 5.1 a) b).  Conversely, at low incidences or high mass flow rates, the 

suction surface turning is more gradual with respect of the flow direction, obtaining a 

smoother Prandtl-Meyer expansion fan, thus, a larger suction surface extension for the 

flow to accelerate, as displayed in Figure 5.1 i) j). The flow acceleration in both cases, 

high and low incidences, cause a static pressure drop. For the flow to catch up with the 

outlet static pressure imposed, a strong shock is needed within the passage to raise the 

pressure to produce the sudden gradient in Figure 5.1.  The passage shock evolution 

from high to low incidence values in Figure 5.1 for the NASA Rotor 67 tip [40] at 

100% of design speed, shows how the flow acceleration region extends more over the 

suction surface as the mass flow is increased.  Thereupon, the shock moves upstream or 

downstream depending on the flow acceleration extension, determined by the incidence-

induced expansion fan. 
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Figure 5.1  3-D CFD NASA Rotor 67 simulation for 100% of design speed at 95% span from hub to 

tip. 
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For this reason, when the Prandtl-Meyer expansion is short but abrupt due to a high 

incidence, the bow shock is almost normal, as a strong shock is required to drop the 

pressure.  As discussed before, for low incidences, the inlet relative Mach number is 

high, yielding in a highly-oblique bow shock with weak shock-extremity strength.  By 

the time the expansion fan starts to dissipate and encounters the weak bow-shock 

extremity, its strength is not enough to produce a pressure rise, thus, a normal shock 

appears.  This normal shock fusions with the bow shock at the transition point, to 

conform together the passage shock.  Nevertheless, further outlet static pressure drop 

corresponding to lower incidences, causes higher flow acceleration, forcing the normal 

shock to be farther downstream and not intersecting the bow shock as observed from 

Figure 5.1 d) to l).  In fact, the normal shock for these cases extends up to the pressure 

side of the adjacent blade profile.  In fact, this extension is explained as the shock 

necessitates to be stronger to produce the pressure rise that the highly-oblique shock, 

even with its strongest central part, cannot provide. 

Figure 5.1 k) and l) show the particular duct-flow cases d) and e) explained in Sec. 2.2.  

The former corresponds for which the shock stands at the passage exit.  The later shows 

overexpanded flow, as the passage length is not enough for the static pressure rise, 

requiring a complex shock structure at the outlet to gradually decelerate the flow and 

increase the static pressure. 

Farther down from the tip, same flow phenomenon occurs at lower inlet velocities due 

to lower blade speeds and lower mass flow rates as a result of the blade-throat area 

reduction with the solidity increase.  Figure 5.2 shows the NASA Rotor 67 at 80% span 

from hub to tip, where the passage shock moves downstream as the mass flow 

increases.  For the lowest back static pressure in Figure 5.2 l), the shock stands at the 

exit, without overexpansion, inasmuch as the passage shock is strong enough to produce 

the required pressure.   
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Figure 5.2  CFD NASA Rotor 67 simulation for 100% of design speed at 80% span from hub to tip. 
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Farther down at 70%, Figure 5.3 displays same behaviour but not as severe as for the 

higher span locations.  Observing the lowest outlet static pressure in Figure 5.3 l), the 

passage shock never reaches the passage exit, as the flow acceleration imposed by the 

Prandtl-Meyer expansion is dissipated slightly upstream with a small bow-wave 

contribution near the suction end-wall. 

 

Figure 5.3  CFD NASA Rotor 67 simulation for 100% of design speed at 70% span from hub to tip 
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5.2 Shock-Loss Parametric Studies 

5.2.1 Overview 

A parametric study was conducted for the NASA Rotor 67 to assess the 2-D and 3-D 

geometry variables that impact the shock-wave losses using the 2-D SLC compressor 

performance with the current shock-loss model developed.  Since the bow-shock is a 

unique function of the inlet relative Mach number, it is the passage-shock configuration 

and its strength the mechanisms that get affected when the 2-D or 3-D profile geometry 

are altered.  The influence on shock-loss was evaluated at 100% of design speed and 

near peak-efficiency, in both radial and circumferential direction to raise the 

understanding. 

It is interesting to analyse the difference between modifying the blade-element 

parameters just in 2-D or performing a 3-D blade-shaping.  For this reason, the purpose 

of this parametric study is to demonstrate design trends between these two design 

strategies, and to show the applicability of the physics-based shock-loss model in the 

context of 2-D SLC methods. 

5.2.2 Influence of 2-D Blade-Element Parameters 

The 2-D parametric study consisted in varying the maximum-thickness location 𝑧𝑚𝑡, 

maximum thickness 𝑡𝑚𝑎𝑥 and solidity 𝜎.  For convenience, the maximum-thickness 

location and maximum thickness were normalized with respect of the chord 𝑐.  Besides 

the baseline geometry, a lower and a higher variation were introduced for these 

parameters.  Although it is expected no influence on shock losses below the choked 

span since there are only single passage-shock configurations, the 2-D parameters were 

varied constant for the entire blade span to guarantee a smooth and continuous spanwise 

distribution. Except for the case of  
𝑧𝑚𝑡

𝑐
% and 

𝑡𝑚𝑎𝑥

𝑐
%, where the blade profile at the root 

was unaltered inasmuchas as there is no transonic effect, and hence, any 2-D profile 

modification would contribute to an alteration of the diffusion factor and potentially 

modifying the full REE. The non-dimensional maximum-thickness location and 

maximum thickness were reduced and increased in 5% as seen in Figure 5.4 a) and 

Figure 5.4 b), respectively.  The solidity modification was achieved by reducing and 
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increasing one blade count, from the baseline value of 22, resulting in a solidity 

reduction and increase of 4.5%, respectively, as shown in Figure 5.4 c). 

 

Figure 5.4  2-D blade-element parameter variation for the NASA Rotor 67 [40] baseline geometry.  

a) %Maximum-Thickness Location/Chord.  b) %Maximum Thickness/Chord.  c) Solidity. 

The 2-D blade-element parameters variations yielded to the radial shock-loss coefficient 

modification in Figure 5.5.  As expected, there is no major influence on the shock losses 

at the supercritical span, since the normal shock wave formed there is just a function 

inlet relative Mach number and the leading-edge turning.  The variation of 
𝑧𝑚𝑡

𝑐
% and 

𝑡𝑚𝑎𝑥

𝑐
% did not cause major alteration in shock losses at the unstarted passages since the 

only existing passage shock is that segment from the detached bow-shock.   

At high-span locations, there is a slight modification in the shock-loss coefficient.  

Displacing the maximum-thickness point upstream and increasing the maximum 

thickness have the same effect in increasing the passage-shock losses since the suction-

surface turning is increased.  As a result, the flow-expansion magnitude rises, 

incrementing the peak suction-surface relative Mach number 𝑀𝑝𝑠ℎ𝑠𝑠
′  ahead of the 

passage shock and leading to higher relative total-pressure losses.  The 5% variation of  

𝑧𝑚𝑡

𝑐
 reduction and 

𝑡𝑚𝑎𝑥

𝑐
 increase produced a shock-loss coefficient increment of 2.5% 

and 4.5% at the tip, respectively.    

In contrast, the 
𝑧𝑚𝑡

𝑐
% increase and 

𝑡𝑚𝑎𝑥

𝑐
% reduction make the blade-elements less 

susceptible to the passage-shock effects.  This is because the expansion of zone V is less 
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severe, leading to lower suction-surface relative speeds, and hence, a higher relative 

total-pressure recovery.  The improvement in shock-loss coefficient is 1.1% and 2.9% at 

the tip for a 5% variation of  
𝑧𝑚𝑡

𝑐
 increase and 

𝑡𝑚𝑎𝑥

𝑐
 reduction, correspondingly.  It can be 

argued then that the maximum thickness has slightly more impact on the shock losses 

than its axial location.  However, proof of the non-linearity of the physics is that even 

with the same percentage of variation of any of these parameters, the shock-loss 

increment is higher than the reduction.   

A modification in the thickness parameters results in modest shock loss variations, 

particularly at the mid-span.  Noticeable shock-loss reductions can be obtained by using 

even lower maximum thicknesses; however, of course, this would significantly 

compromise the loading and negatively affecting the pressure ratio. 

The influence of solidity produces more an offset of the baseline shock-loss radial 

distribution.  Increasing the solidity reduces the shock-loss coefficient even at the 

unstarted passages.  Despite the blade throat decreases with solidity and stimulating 

choking, the pitch shortening causes the passage-shock segment from the detached bow-

shock to intersect faster the suction surface, leading to unmerged passage-shocks if the 

passage is choked.   This shock-pattern acts more as a gradual compression so that the 

choked-induced shock process becomes less dramatic.  Increasing the solidity in 4.5% 

brings an improvement in shock-loss coefficient of ~4.2% for the entire supersonic span 

and not only at the tip as the thickness parameters. 

Conversely, the solidity reduction makes the detached bow-shock to penetrate more into 

the passage, intersecting the choked-induced shock very upstream in the passage, 

leading to a coalesced passage-shock where the majority is a straight shock.  As a 

consequence, a stronger passage-shock is formed, leading to higher relative total-

pressure losses.  This is evidenced in the parametric study, where the 4.5% of solidity 

increases raises the shock-loss coefficient by 7.7% throughout the supersonic span. 
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Figure 5.5  Influence of 2-D blade-element parameters in the shock-loss coefficient radial 

distribution. 

5.2.3 Influence of 3-D Blade-Element Parameters 

The 3-D blade-element parameters varied for the parametric study were the sweep 𝜆 and 

lean 𝜂 angles.  Similar to the 2-D parametric study, a lower and a higher modification to 

the baseline variables was introduced.  The sweep and lean angle variation was constant 

for all the blade profiles, except for that at the hub, which remains fix as it sets the 

stacking-axis reference for the upward sections to be swept and leaned.  Even though 

modern transonic fans are designed with a compound or S-shaped sweep and lean, this 

study assumes a constant radial distribution of the angles with the only purpose of 

identifying design trends.  The sweep angle was reduced and increased in 5
o
, where a 

positive value indicates a backward sweep in the direction of the flow as seen in Figure 

5.6.  The lean angle was reduced and increased in 1.5
 o
, being positive in the direction of 

rotation as observed in Figure 5.7. 
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Figure 5.6  Sweep angle variation for the NASA Rotor 67 parametric study.  a) Forward sweep.  b) 

Backward sweep. 

 

Figure 5.7  Lean angle variation for the NASA Rotor 67 parametric study.  a) Suction side lean.  b) 

Pressure side lean. 

The sweep and lean angle variations resulted in the shock-loss coefficient radial 

distributions plotted in Figure 5.8.  Similar to the 2-D parametric study, the major 

influence of the 3-D parameters is at the high-span profiles.  Besides the higher 

velocities and more expected impact at the top, since the sweep and lean angles are 

varied constant along the span, the geometry variation decreases towards the bottom 

resulting every time in less influence. Thereupon, the tip sections are where a noticeable 

effect is observed.  The lean angle variation showed little variations in shock-loss 

coefficient less than 1%, however, there is an appreciable trend at the tip. 

A forward sweep and a suction-side lean, namely when their values are reduced, have 

the same effect of increasing the shock losses.  The forward sweep and suction-side lean 
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produced a shock-loss coefficient increase of 3.9% and 0.8% at the tip, respectively.  On 

the other hand, a backward sweep and a pressure-side lean reduce the shock losses at the 

tip by 3.8% and 0.5%.  Similar to the non-linearity remarked in the 2-D parametric 

study, the same angle variation either for sweep or lean, generates a slightly higher 

detrimental than the improvement in relative total-pressure recovery. 

Because none of the 2-D blade-element parameters are modified but translated in the 

space, the passage-shock shape was conserved for all the blade sections, confirmed by 

the shock-structure resolved by the current shock-loss model.   The shock-loss 

difference instead is the consequence of a shift of the overall shock-configuration due to 

the sweep or lean.  This translation causes the passage shock to see a different peak 

suction-surface relative Mach number 𝑀𝑝𝑠ℎ𝑠𝑠
′  ahead, resulting in a different relative 

total-pressure loss at an unchanged passage-shock pattern. 

Figure 5.8 also shows that if a higher shock-loss improvement is desired, greater 

variations in sweep and lean angle at the tip and mid –span might need to be introduced 

to produce a significant change. At the blade bottom and subsonic supercritical regions, 

sweep and lean might not be required, however, they should be introduced to shape a 

continuous curvature (see Appendix A). 

 

Figure 5.8  Influence of 3-D blade-element parameters in the shock-loss coefficient radial 

distribution. 
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5.2.4 Influence on Relative Total-Pressure Loss 

The relative total-pressure recovery across the passage determined with Eq. 3.3.102 was 

examined at the blade tip to obtain further information on the modification of the 

passage shock structure and strength.  Forasmuch as detached bow-wave, and hence its 

passage-shock segment are not modified with the 2-D and 3-D blade element 

parameters, the relative total-pressure loss in Figure 5.9 and Figure 5.10 is only plotted 

for that straight portion of the passage shock.  Observe that the relative total-pressure 

loss PR′𝑛𝑝𝑠ℎ is higher in the suction-surface vicinity as expected since the peak relative 

Mach number 𝑀𝑝𝑠ℎ𝑠𝑠
′  of the passage shock is located there as a result of the expansion 

process of zone V.  All the pitchwise distributions agree with the findings in Figure 5.5 

and Figure 5.8 in that there is a decrease in shock-loss coefficient when there is an 

improvement in the relative total-pressure recovery, and vice versa. 

In terms of the 2-D blade-element parameters variation of Figure 5.9, the thickness-

parameters modification do not produce a significant change near the pressure side since 

the maximum-thickness location and maximum thickness affect mainly the suction 

surface.  Henceforth, the flow expansion of zone V gets modified due to a different 

turning, leading to different 𝑀𝑝𝑠ℎ𝑠𝑠
′  that produce other values for  

PR′𝑛𝑝𝑠ℎ.  A maximum-thickness location increase and reduction of 5%, results in a 

0.3% increment and a 0.22% decrease of PR′𝑝𝑠ℎ at the suction surface, respectively.  

The same percentage variation in maximum thickness, either for increase or reduction, 

modifies by 0.4% the PR′𝑝𝑠ℎ at the suction surface. 

In the case of the solidity, there is an offset of the relative total-pressure loss, meaning 

that even PR′𝑛𝑝𝑠ℎ is improved at the pressure side when the spacing is reduced, apart 

from that larger enhancement at the suction surface.  In fact, there is a reduction of 2.0% 

in the pitchwise extension of the straight passage-shock, proving that the coalescence 

between both shocks occurs more downstream along the passage.  Thereon, 4.5% of 

solidity increase leads to have a 2.0% more of the detached bow-shock as a passage 

shock, sufficing to have a mass-averaged relative total-pressure loss reduction of 0.9%.  

Alternatively, if solidity is reduced by the same percentage, the straight shock enlarges 
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1.7% due to the early interception of this with the first passage-shock and increasing the 

mass-averaged relative total-pressure loss in 0.8%. 

 

Figure 5.9  Pitchwise distribution of relative total-pressure along the passage shock for the 2-D 

blade-element parameters variation. 

With respect of the 3-D blade-element parameters in Figure 5.10, the PR′𝑛𝑝𝑠ℎ 

distribution along the pitch for that portion of the choking-induced shock is shifted with 

a tendency of keeping the same rate-of-change.  Unlike the 2-D blade-element 

parameters, where the PR′𝑛𝑝𝑠ℎ improvements are minimal at the pressure surface and 

growing towards the suction surface, the PR′𝑛𝑝𝑠ℎimprovement for the 3-D blade-

element parameters remains almost constant throughout the pitch.  This is a proof that 

the overall shock-structure remains with the same shape as in the baseline geometry, 

and any change in sweep or lean just shifts the structure axially or tangentially, 

respectively. 

Variations in PR′𝑛𝑝𝑠ℎ induced by the lean are small due to the small angle modification, 

but still a tendency can be deduced.  Backward sweep and a pressure-side lean induce 

an interception of the shock system with lower relative Mach numbers and reducing the 

shock strength.  The variations of 5
o
 and 1.5

o
 introduced for sweep and lean, decrease 

the relative total-pressure throughout the passage shock in 1.2% and 1.0%, respectively, 
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yielding to the improvement in shock-losses.  The same percentage variations in 

forward sweep and suction-side lean displace the entire shock-system to intercept a 

higher relative Mach number distribution, producing a variation of relative total-

pressure loss of 1.1%, almost constant throughout the passage shock. 

 

Figure 5.10  Pitchwise distribution of relative total-pressure along the passage shock for the 3-D 

blade-element parameters variation. 

5.2.5 Influence on Isentropic Efficiency 

The 2-D blade-element parameter variations induce a different diffusion, modifying the 

loading and profile loss, and eventually the overall pressure ratio and isentropic 

efficiency.  For this reason, it is unfair to compare the performance characteristics 

between the baseline and the modified models if the influence of shock losses is to be 

addressed. 

In contrast, a variation of sweep and lean maintains the 2-D blade-profile shapes 

without significantly modifying the diffusion, profile loss and loading.  This guarantees 

to keep the same pressure ratio while obtaining a modification in the isentropic 

efficiency due to shock losses only.   

Figure 5.11 shows the change in the isentropic efficiency with the variations of sweep 

and lean at design point, where the overall pressure ratio remained essentially 
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unchanged with variations within 0.08% due to the numerical solution of the full REE 

in 2-D SLC.  Note that there is consistency between the shock-loss coefficient 

modification and its impact on the isentropic efficiency.  Forward sweep and suction-

side lean produce efficiency reduction of 0.2% with respect of the baseline rotor; 

whereas a backward sweep and pressure-side lean improve the isentropic efficiency by 

0.2% and 0.1%, respectively. 

 

Figure 5.11  Influence of sweep and lean variations on the overall isentropic efficiency. 

5.3 Choking Prediction and Mass flow limitation 

The choking prediction model implemented in the 2-D SLC model, obtains a choking 

incidence for each blade-span streamline section, indicating the minimum value for the 

inlet relative flow angle at a given inlet Mach number.  If the current-flow incidence is 

less than the choking incidence, a mass flow redistribution is required.  Figure 5.12 

shows the current-flow and choking incidence values for the well-known NASA Rotor 

67 [40], from an off-design point of low outlet static pressure towards peak efficiency.   

Figure 5.12 a) shows that the current-flow incidence is lower than the choking incidence 

limit at high-span locations.  When this is the case, choke condition can be established 

for those streamtubes.  As the back static pressure is increased, the blade span starts to 

unchoke until the off-design case observed in Figure 5.12 h), where the tip streamline is 

slightly above the choke limit. 
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Figure 5.12  Current-flow and choking incidence angles from choking to peak efficiency for the 

NASA Rotor 67 2-D SLC simulation. 

Figure 5.13 displays off-design points from peak efficiency towards stall.  As the 

current-flow incidence is always higher than the choking incidence, the whole blade 

span remains unchoked. 

 

Figure 5.13  Current-flow and choking incidence angles from peak efficiency to stall efficiency for 

the NASA Rotor 67 2-D SLC simulation. 
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This is confirmed by examining the inlet flow angle in Figure 5.14.  In choke 

conditions, the inlet flow angle is less than the inlet choking angle as observed in Figure 

5.14 a), where almost half of the blade span is choked.  Further outlet static pressure 

increase, decreases the mass flow, reducing the meridional velocity, and hence, 

increasing the inlet flow angle.  Figure 5.14 h) shows the off-design point, where the 

inlet flow angle is just higher than the choking flow angle.  Figure 5.15 shows the cases 

from near peak efficiency to stall, where the whole blade span remains unchoked due to 

a low inlet mass flow. 

 

Figure 5.14  Current-flow and choking inlet flow angles from choking to peak efficiency for the 

NASA Rotor 67 2-D SLC simulation. 
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Figure 5.15  Current-flow and choking inlet flow angles from peak efficiency to stall for the NASA 

Rotor 67 2-D SLC simulation. 

The evolution of the incidence angle with respect to the outlet static pressure is 

displayed in Figure 5.16, which demonstrates that the choking (or unchoking) process is 

gradual.  Likewise, Figure 5.17 shows the progressive choking development in terms of 

the inlet flow angle. 

 

Figure 5.16  2-D SLC-estimated incidence and choking incidence evolution for the NASA Rotor 67 

speedline at 100% NRT. 
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Figure 5.17  2-D SLC-estimated inlet flow angle and inlet choking flow angle evolution for the 

NASA Rotor 67 speedline at 100% NRT. 

By compiling the incidence radial distributions from Figure 5.16 into Figure 5.18, it is 

noted that the choking incidence limit does not significantly change across the off-

design points, as is more a function of the blade throat area and the inlet relative Mach 

number.  Conversely, the current incidence grows faster than the choking incidence with 

the outlet static pressure.  It is evident that the incidences that are on the LHS of the 

choking curve need to be limited to adopt the choking incidence value.  Similarly, the 

compilation of inlet flow angle radial distributions from Figure 5.17 into Figure 5.19 

results in an almost constant value for the inlet relative flow angle, whilst the inlet 

relative flow angle is permitted to go below the inlet relative choking flow angle. 
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Figure 5.18  2-D SLC-estimated incidence and choking incidence for the NASA Rotor 67. 

 

Figure 5.19  2-D SLC-estimated inlet flow angle and inlet choking flow angle for the NASA Rotor 

67. 

The mass flow redistribution model led to the results shown in Figure 5.20, where the 

inlet flow angle that was previously exceeding the choking limit is now limited by the 

choking flow angle.  Observe that at high mass flow rates, more blade span is choked 

due to the high meridional velocities, coinciding within a tolerance with the choking 

flow angle.  Nevertheless, as the extra mass flow is retired from the tip locations, the 

hub allocates that extra mass flow by reducing its incidence angle.  Therefore, the inlet 
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flow angle at the hub its expected to be closer to the choking limit than without any 

restriction model. 

 

Figure 5.20  Inlet flow angle correction for choke conditions through a mass flow redistribution. 

In terms of the choking margin 𝜆, Figure 5.21 sketches the evolution of the choking 

index from stall to choking conditions.  As the mass flow is limited at those choked 

streamtubes, the choking margin is expected to be unity within the tolerance set of 

0.1%.  It is clear that at the hub, the choking margin is still far from the choking limit, 

however, any outlet static pressure deficit will bring the choking margin closer to unity.  

Additionally, it is seen that the inlet flow angle is never lower than the choking flow 

angle, causing a coalescence at the tip of the flow angles which are stopped to be the 

choking flow angle due to a choking margin-based mass flow redistribution. 
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Figure 5.21  Radial distribution of the inlet relative flow angle and choking margin compared to the 

limiting values of choking. 

5.4 Single-Objective Variable-Pitch Fan Optimisation 

5.4.1 Variable-Pitch Fan Dynamics 

High-bypass-ratio turbofans are more efficient than conventional turbojets at the 

expense of high noise production due to the fan-compressed bypass flow.  The recent 

demand for noise reduction in long-, but mainly in short-haul aircrafts, with under-the-

wing engine installation has imposed to have low-pressure-ratio fans [259].  One of the 

earliest programs to investigate the variable-pitch-fan aerodynamics research was the 

NASA Quiet Clean Short-Haul Experimental Engine (QCSEE) [260].  It was 

demonstrated that the use of a variable-pitch fan instead of a fixed-pitch fan controls the 

pressure ratio and even offers the potential of reverse thrust by means of rapid response.   

Blade-pitch-induced reverse thrust replaces the conventional thrust reversers, reducing 

weight, maintenance, and improving reverse-flow response time.  From the baseline 

forward-thrust blade position, the blade passes through a transient state to arrive to the 

steady-state reversed aerodynamics. 
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The blade can be rotated in both directions: through-flat-pitch, resulting in zero lift, or 

through-feather-pitch, generating flow separation and stall.  In the case the blade is 

turned through-flat-pitch, the chord becomes perpendicular to the axial axis, requiring 

the solidity to be less than unity along the entire blade span to avoid clashing.  This 

represents a constraint for the blade design.  In contrast, solidity can be greater than one 

when the blade is turned through feather as the chord never reaches perpendicularity 

with respect of the engine axis, permitting more flexibility for the blade design [259]. 

At through-flat-pitch configuration, there is a moment when the blade inlet angle is 

equal to the inlet relative flow angle, resulting in no reverse thrust.  This can be 

corrected in the through-feather-pitch setting.  Nonetheless, in the latter, flow separates 

during the transition and reattaches for reverse thrust.  As the angle increases toward 

through-feather-pitch, the aerodynamic loads increase on the blade, generating more 

torque, hence more thrust.  Due to the energy used for thrust increment, the rotational 

speed reduces.  Further pitch angle increase eventually stalls the blade, dropping the 

thrust zero and increasing the fan rotor speed [259].  At stalled blade, the flow is mainly 

tangential with a tendency of rotating with the fan.  Whereas in reverse thrust, the blade 

is unstalled, generating axial flow primarily. 

5.4.2 Variable-Pitch Fan Design 

As part of the variable-pitch fan (VPF) design program for the Rolls-Royce UTC, the 

NASA ADP fan model [252] was leveraged as reference to re-design a new geometry.  

The baseline 2-D SLC NASA ADP fan model was scaled up 3.9 times to meet the 

original equipment manufacturer (OEM) requirement of a fan diameter equals to 2.735 

m. to satisfy under-the-wing installation purposes.  The 2-D SLC model scaling was 

carried out from a nominal NASA ADP fan diameter of 0.2794 m as shown in Figure 

5.22. 
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Figure 5.22  Scaling for the NASA ADP fan 2-D SLC geometry to a fan diameter of 2.735 m for the 

variable-pitch fan. 

Therewithal, the hub-to-tip fan radius was decreased from a nominal value of 0.42 to a 

value of 0.3 to meet the OEM requirement for structural integrity, as depicted in Figure 

5.23.  The fan blade-element geometry was scaled proportionally to keep the same ratio 

of 2-D profile parameters. 

 

Figure 5.23  Hub-to-tip radius ratio decrease for the NASA ADP fan 2-D SLC model  from 0.42 to 

0.3 to build up the variable-pitch fan geometry. 

Because the flowpath shroud was fixed to match the required diameter, the flowpath 

hub section was shifted downwards to satisfy the hub-to-tip radius ratio of 0.3.  

Nonenetheless, the flowpath hub section at the inlet identified as I in Figure 5.24. was 

kept constant to concide with the already designed spinner.  Henceforth, the flowpath 

section between the spinner and the fan blade was modified and smoothed out in such a 

way that it can satisfy the hub-to-tip radius ratio of 0.3, as displayed in Figure 5.24. 
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Figure 5.24  Flowpath hub modification to match the required hub-to-tip radius ratio of 0.3 for the 

variable-pitch fan geometry. 

The stretched fan geometry increases the span region for inlet relative supersonic 

velocities at the hub.  To avoid choking at the hub profile sections, the maximum-

thickness-location-to-chord ratio was increased by 8% at the hub, whereas the 

maximum-thickness-to-chord ratio was reduced in 3.9% at the hub, as plotted in Figure 

5.25.  The variations of these 2-D blade-element parameters were gradually diminished 

towards the tip, to satisfy the baseline profile geometry at the top sections, using a cubic 

B-spline approximation (see Appendix A).  Provision was made to maintain the 

modified maximum-thickness-location-to-chord ratio between 40 and 52%, since data 

provided from the Cambridge Whittle Laboratory specified this range for the NASA 

ADP Fan [252]. 

 

Figure 5.25 2-D blade-element parameter modification for the NASA ADP Fan [252] to compose 

the variable-pitch fan.  a) Maximum-thickness-location-to-chord ratio.  b) Maximum-thickness-to-

chord ratio. 
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Additionally, the fan-blade inlet angles were adjusted accordingly using axial-flow 

compressor design theory for the entire span to match the incidence from the NASA 

ADP Fan [252], and guarantee the same profile losses. 

5.4.3 Optimisation Strategy 

5.4.3.1 Overall Framework 

With the aim of a full-design exploration, the updated version of the 2-D SLC 

fan/compressor performance was fully coupled to an evolutionary genetic algorithm 

(EGA) for an aerodynamic design-optimisation as shown in the flow chart of Figure 

5.26.  The updated version of SOCRATES includes all the improvements developed 

and presented herein, consisting of:  3-D blade-element layout method, full REE 

adaptation for sweep and lean effects, shock- structure and loss model, and the choking 

mass flow redistribution scheme. 
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Figure 5.26  Evolutionary genetic algorithm design -optimisation strategy using a 2-D SLC 

fan/compressor performance simulator as solver. 

Since the parametric studies of Sec. 5.2 established the isolated effect of shock losses on 

the isentropic efficiency when the 3-D blade-element parameters are varied, this design 

optimisation intents to find the most efficient VPF blade by just varying the sweep and 
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lean angles.  In this manner, the effect on the shock-losses due to sweep and lean can be 

addressed. 

The EGA optimiser works as displayed in Figure 5.27.  An initial population of 3-D 

design variables are specified within the limits determined to be analysed by 

SOCRATES, which computes the performance solution for the various fan-blade 

models.  Whereafter, a fitness function discriminates to select the best solutions, so that 

a crossover is performed between them to recombine the variables and mutate for a new 

generation of designs.  The modified 3-D design variables form a new set of fan-blade 

individuals that are analysed again by SOCRATES, starting a new generation cycle.  

The process repeats iteratively until the maximum limit of 50 generations is satisfied, 

which suffice for convergence, determining the most optimum fan-blade design. 
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Figure 5.27  Flow chart for the 3-D variable-pitch fan design optimisation using an evolutionary 

genetic algorithm coupled to a 2-D SLC fan/compressor software as solver. 

5.4.3.2 Objective Function and Design Variables 

The single-objective function set for the design optimisation was to maximize isentropic 

efficiency at 100% of design speed and design-point condition.   
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As mentioned earlier, the purpose of this effort is to attain the objective by varying the 

sweep and lean angle for every blade-profile section, obtaining in this way a compound 

radial distribution.  To assure a continuous curvature (G2 continuity) radial distribution, 

the sweep and lean angle were varied along the mid-span and at the tip, as shown in 

Figure 5.28.  The mid-span radius for the sweep and lean angle was also considered to 

be a design variable.  Therefore, 6 decision variables were introduced to the design-

optimisation framework: 𝜆𝑡𝑖𝑝, 𝜆𝑚𝑖𝑑, 𝑅𝑚𝑖𝑑𝜆,  𝜂𝑡𝑖𝑝, 𝜂𝑚𝑖𝑑, and 𝑅𝑚𝑖𝑑𝜂.  The radial 

distribution of sweep and lean angles is determined by control points located at the 6 

decision variables, the hub and tip radii, and the known zero-sweep and zero-lean at the 

hub.  A Bezier-curve approximation is then used to curve-fit these control points, so that 

an interpolation at the desired radial positions computes the corresponding values for 

sweep and lean along the blade span. 

 

Figure 5.28  Decision-variable structure for the sweep and lean angle variation for the 3-D VPF 

EGA design-optimisation. 

The tip and mid-span sweep decision-variable was limited to keep the same inlet and 

outlet area, although the flowpath was adjusted accordingly to do this.  The decision 

variable that corresponds to lean at the mid-span and tip was limited by the through-flat-

pitch rotation mode, since the blade-profile chord might become perpendicular to the 

axial axis leading to potential blade interference.  To avoid this, a solidity less than 

unity with a tolerance gap of 0.5% of the pitch was established to limit the sweep and 
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lean angles.  The design-variable limits are listed in Table 5.1, where these ranges 

suffice for a full design-exploration. 

Table 5.1  Decision variable limits for the 3-D variable-pitch fan design-optimisation. 

Decision Variable Variable Limits 

Tip Sweep Angle -17.8 deg ≤ 𝜆 ≤ 22.5 deg 

Mid-Span Sweep Angle -17.8 deg ≤ 𝜆 ≤ 22.5 deg 

Tip Lean Angle -8.2 deg ≤ 𝜂 ≤ 17.7 deg 

Mid-Span Lean Angle -6.4 deg ≤ 𝜂 ≤ 15.4 deg 

5.4.3.3 Constraint Function 

Forasmuch as the fan working range must not be affected with any blade modification, a 

constraint was set to keep an unchanged surge margin.  Maintaining the surge margin at 

design speed assures that the working range for part-speeds remain unaffected since the 

working range at 100% NRT is narrower.  To maintain an unchanged surge margin, the 

percentage of stalled blade-span of the NASA ADP fan [252] is calculated for various 

stalled operating points to establish a reference.  Henceforth, the 2-D SLC performance 

analysis used in the EGA not only solves the design operating condition, but also 

simulates operating conditions on the stall regime of the working range.  In this way, the 

constraint is set to be no more than the stalled blade-span of Table 5.2 at the analysed 

operating or mass flow points of the fan map in Figure 5.29.  The percentage of stalled 

blade-span was calculated for the baseline geometry at every computed streamline 

where the aerodynamic velocity ratio is compared against the geometric velocity ratio, 

according to Aungier’s method [136]. 
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Table 5.2  Percentage of stalled blade-span for the NASA ADP fan [252] at 100% of design speed 

and near-stall and stall operating conditions. 

 

 

Figure 5.29  Percentage of stalled blade-span at 0 degrees pitch-setting for the NASA ADP fan [252] 

at 100% of design speed. 

5.4.4 Optimised Variable-Pitch Fan Geometry 

The EGA single-objective optimisation evaluated 2000 individuals across 50 

generations.  For instance, Figure 5.30 show the different design modifications for 

sweep and lean angle, respectively, for the 40
th

 generation, where the decision variables 

are within the limits established.  The qualitative plots in Figure 5.31 show the 

cumulative full design-space exploration of sweep and lean angle for the 45
th

 

generation.  Figure 5.31 demonstrates that the design-space exploration from the 40
th

 

Operating Point Mass Flow [kg/s] %Stalled Blade-Span

1 29.00 35.48

2 29.50 32.26

3 30.00 29.03

4 30.50 22.58

5 31.00 19.35

6 31.50 16.13

7 32.00 12.90

8 32.50 9.68

9 33.00 6.45

10 33.50 3.23

11 34.00 3.23

12 34.50 0.00

13 35.00 0.00

14 35.50 0.00
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generation is covered with similar distributions that vary in less than 0.01%, proving the 

convergence at early generations.    

 

Figure 5.30  Modified design variables along the span for the 40th generation cycle of the 3-D VPF 

EGA design-optimisation.  a)  Sweep angle variation.  b)  Lean angle variation. 

 

Figure 5.31  Full design-space exploration for the cummulative decision variables from the 45th 

generation cycle of the 3-D VPF EGA design-optimisation.  a)  Sweep angle variation.  b)  Lean 

angle variation. 
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After 50 evaluated generations, the converged solution for the optimised geometry for 

which the isentropic efficiency is maximum within the explored design space, results in 

the sweep and lean radial distribution of a) and b), respectively.  The optimised VPF 

increases the isentropic efficiency by 0.47% with respect of the baseline geometry at the 

optimised design point. 

 

Figure 5.32  Radial distribution of the optimised 3-D blade-element parameters for the variable-

pitch fan.  a) Sweep angle.  b) Lean angle. 

The meridional projection of the optimised VPF in comparison to the baseline reveals 

the compound backward-sweep for the entire span as shown in Figure 5.33 a).  A fwd-

looking-aft (FLA) view in Figure 5.33 b), shows the radial distributions of the swept 

and leaned blade sections.  Further, a 3-D comparison between the baseline VPF and the 

optimised geometry is displayed in Figure 5.34. 

 

Figure 5.33  Variable-pitch fan comparison between the baseline and optimised geometry models.  

a) Meridional view.  b) Forward-looking-aft view. 
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Figure 5.34  3-D variable-pitch-fan model comparison between the baseline and optimised 

geometries. 

The rotational speeds for which there was a change in isentropic efficiency were 

cutback at 7740 RPM and cruise at 840 RPM as shown in the fan map of Figure 5.35.  

Along all the unchanged working ranges, there was an improvement in the isentropic 

efficiency about 0.1% for the cutback speed and 0.4% for the cruise speed.  Note as 

well, the tendency of the cruise speedline to asymptotically approach the choking mass 

flow, indicating an acceptable operation of the 2-D SLC mass flow redistribution 

model. 
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Figure 5.35  Isentropic efficiency map comparison for the baseline and optimised variable-pitch fan 

at cutback and cruise (design) speed. 

Since no 2-D profile modifications were introduced, the diffusion magnitude remained 

the same throughout the span, without affecting neither the profile loss nor the loading.  

For this reason, the overall total-pressure ratio remains approximately unchanged with a 

difference of 0.03% at design point that might be due to the SLC numerical formulation. 

A closer examination into the shock losses reveal that the isentropic-efficiency 

enhancement originates from the effect of the shock-loss coefficient radial distribution 

in Figure 5.36, obtained from the output of the current shock-loss model.  In contrast to 

the NASA Rotor 67, where the tip shock-loss coefficients were close to 0.080, the 

baseline VPF has a shock-loss coefficient of 0.055 at 100% of span.  This is explained 

since the tip inlet relative Mach number for the NASA Rotor 67 at design point is 1.37, 

accelerating to a peak suction-surface Mach number ahead of the passage shock of 1.52.  

Conversely, the tip inlet relative Mach number for the VPF is 1.21 rising to a 𝑀𝑝𝑠ℎ𝑠𝑠
′ =

1.32.  Henceforth, the passage-shock strength is less than in the NASA Rotor 67, 

leading to have lower relative total-pressure losses. 

The optimised VPF geometry with both variations in sweep and lean angle throughout 

the span, reduces the shock-loss coefficient in 5.5% in comparison to the baseline VPF 

geometry.  In contrast to the variation only of sweep and lean in the parametric study 

where no major improvement was obtained at mid-span, the combined effect of sweep 

and lean angle variation decreases the shock-loss coefficient at mid-sections by 6.5%.  
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This percentage should be looked with modesty since shock-loss coefficient values are 

relatively low at mid-span ranging around 0.03.  Towards the hub, the shock-loss 

coefficient improvement diminishes since the shock effects are less severe due to 

reduced relative Mach numbers and the 3-D geometry variation is less at those radial 

profiles.  Below 9% of the VPF-blade span, the shock-loss coefficient remains zero due 

to the inlet relative subsonic speeds that even a small sweep or lean variation would not 

induce any additional loss. 

 

Figure 5.36  Shock-loss coefficient radial distribution comparison between the baseline and 

optimised geometries for the variable-pitch fan. 

Because of the VPF low solidity with a blade count of 18 and low inlet relative Mach 

numbers in comparison to those from the NASA Rotor 67, the bow-shock is less 

oblique and more detached, and thus, extending more across the passage and reducing 

the passage-shock length.  In consequence, the relative total-pressure loss reduces since 

there is less influence of the passage shock.  While the tip passage-shock straight 

portion extends about 40% of the pitch in the NASA Rotor 67, the extension of the 

same in the VPF is confined within 30% as seen in Figure 5.37 a), contributing to have 

a reduced shock-loss coefficient.  Figure 5.37 b) shows the 3-D shock-system 

interaction in 3-D, including the compressible-flow mechanisms of detached-bow 

shock, flow expansion and passage shock for the VPF-blade tip.  
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Figure 5.37  Overall shock-configuration for the variable-pitch fan blade tip.  a)  2-D cascade view.  

b)  3-D projection view. 

Observe in Figure 5.38 that the pitch-averaged relative total-pressure recovery 

determined by the current shock-loss model for the baseline VPF is about 0.98 while in 

the NASA Rotor 67 is ~0.95%, signal of a less severe passage-shock for the VPF due to 

a reduced relative Mach number pitchwise distribution.  The optimised VPF shifts the 

PR′𝑛𝑝𝑠ℎ pitchwise distribution to higher values by an average of 0.4%, improving the 

recovery at the suction surface in 0.6%.  Similar to the discussion in Sec. 5.2.4, the rate-

of-change of PR′𝑛𝑝𝑠ℎ with the spacing is maintained, indicating that the shock-system 

shape is not changed, but it is rather shifted by the sweep and lean to intercept a lower 

distribution of relative Mach numbers. An unmodified shock-configuration form is 

expected since none of the 2-D blade-element parameters are varied.  

 

Figure 5.38  Relative total-pressure loss pitchwise distributon comparison between the baseline and 

optimised geometries for the variable-pitch fan. 
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6 CONCLUSIONS AND CONTRIBUTION TO 

KNOWLEDGE 

6.1 General Conclusions 

Modern aircraft gas turbine engines demand to be light and compact whilst being highly 

efficient to reduce fuel consumption.  Transonic axial-flow fans and compressors 

respond to these needs due to the additional loading generated by the shock structure at 

the expense of an overall shock loss increment.  The challenge, however, is to design a 

transonic compressing system such that its efficiency and working range is comparable 

to that from a subsonic compressor. 

Traditionally, in the turbomachinery design and analysis process, 3-D CFD RANS tools 

are used due to their high level of fidelity.  Nevertheless, their huge solution times make 

them expensive apart from the inability to incorporate loss and deviation models since 

the flow is solved numerically using the Navier-Stokes equations.  In contrast, 2-D SLC 

methods provide fast and reasonably accurate solutions.  If the 2-D SLC performance-

prediction simulation fidelity is further improved, a more detailed component-level 

blading study can be achieved.  The usage of 2-D SLC methods can be potentially 

exploited even more if coupled with an optimiser framework to conduct paramount full-

design-space explorations in the optimisation process, yielding in more detailed product 

designs at low cost. 

Transonic-flow analysis for axial-flow fans and compressors is complex due to the 

shock structures involved and the associated phenomena. One of the key elements to 

compute the overall shock-induced losses is to estimate the correct location and shape 

of the shock system composed by a detached bow-shock and a choke-induced passage-

shock.   Previously published models have failed in an accurate prediction of shock 

losses, lacking of the ability to establish a solution for off-design and started blade 

passages, resulting in unreliable estimations for the total-loss coefficient and isentropic 

efficiency.  State-of-the-art models have shown intolerably-high deviations ranging 

around 50% at the blade tip.  This is not surprising since the tip of a conventional 

transonic axial-flow compressor at design point is choked, for which the shock-system 

employed is that as in the unstarted flow cases. 
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For this reason, a comprehensive analytical transonic-flow package was developed in 

the present research to address the main aspects of the compressible flow in axial-flow 

transonic compressor blading.  The core of this innovative toolkit relies on a physics-

based shock-wave model to estimate its structure and relative total-pressure losses using 

an iterative method that positions the second passage-shock.   To make this shock-loss 

model fully functional, additional methods and schemes were required, such as an 

explicit blade-element-profile definition, a 3-D-blade-element incorporation for the 2-D 

SLC full REE, and a choking mass flow redistribution model.  These systems were 

conjugated accordingly to handle transonic flow for an accurate compressible-flow 

solution and were fully implemented and integrated into a 2-D SLC compressor 

performance simulation software (SOCRATES). 

The improved version of the 2-D SLC code was tested and validated against 

experimental and CFD data. To prove the ability of and the application of the shock- 

structure and –loss model, a 2-D and 3-D blade-element parametric study, and an EGA 

optimisation fully-coupled with the enhanced 2-D SLC software were conducted to 

examine the impact on shock losses.  The single-objective optimisation varied the 

sweep and lean angle to maximize the isentropic efficiency by 0.4% while maintaining 

the surge margin for a new design of a variable-pitch fan leveraged from the NASA 

ADP Fan [252]. 

In Sec. 6.2, remarkable conclusions upon the novel incorporations to the 2-D SLC 

performance prediction framework and its application in the design of transonic axial-

flow compressors are given to highlight the contributions to knowledge. 

6.2 Main Conclusions 

6.2.1 State-Of-the-Art 

Heretofore, published shock-loss models assumed an over-simplified fixed shock 

structure for design point and unstarted conditions, without the capability of adapting 

and reacting to off-design conditions.  For instance, one of the early shock-loss models 

developed by Schwenk et al. [4] consists in only a passage shock modelled as a normal 

shock emanating from the detached bow-shock vertex to an assumed location for the 
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peak suction-suction Mach number location.   Despite this model works acceptably at 

the mid-span of the relative supersonic region, there is an average overestimation at top 

locations of ~20% due to the equivalent passage-shock used.   

The use of an equivalent structure has been the case for the successive shock-loss 

models where essentially the main variation has been the passage-shock impingement 

on the suction surface.  Even the most widely used model to capture shock losses by 

Miller et al. [3] among 2-D SLC codes, the shock-loss coefficient differs at the very tip 

by 43%.  One of the most recent state-of-the-art models by Bloch et al. [34], uses a 

more sophisticated procedure to resolve the flow expansion ahead of the passage shock.  

Nevertheless, the inaccurate estimation of the passage shock, assumed to be normal to 

the flow and standing at the sonic point of the detached bow-shock, producing 

differences against test data of 26% at the tip, and losing the better match that was 

achieved at mid-span with other historical models.  Even if the flow expansion ahead of 

the passage shock (for more complicated that this could be) is resolved, it can lead to 

unacceptable shock-loss coefficient estimations if there is no an accurate prediction of 

the passage-shock location. 

Owing to the imposition of a passage-shock, the previously published models show an 

inability of adapting and reacting to off-design conditions. Even more, if the conditions 

are choked, the shock-configuration complicates in such a way that the 

oversimplification of the historical models is not enough to represent the real physics.  

This explains the higher discrepancy at the high-span profiles, since the passage-flow is 

expected to be choked at those sections.  Further, state-of-the-art shock-loss models 

were not able to predict a loss in the subsonic relative supercritical span, since the 

Prandtl-Meyer-based methodology used in there does not have definition when the 

relative Mach number is less than unity. 

Under these circumstances, the aim of this research work was to improve the 

performance prediction of transonic axial-flow compressors in the context of 2D 

through-flow SLC methods.  To this end, a fully-integrated analytical package to predict 

shock losses at design and off-design conditions (even at choking) was developed and 

implemented into an existing in-house 2-D SLC performance simulator. 
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6.2.2 3-D Blade-Element-Definition & Full-REE Adaptation 

Inasmuch as the flow field for the shock- structure and loss model is solved in the 

blade-to-blade plane, an explicit blade-element-layout method on a conical surface was 

implemented to account for the solution of any arbitrary aerofoil geometry.  The 

projection of the blade-elements on a conical surface of revolution results appropriate as 

it approximates a streamsurface projected as an axisymmetric streamline on the 

meridional plane of the 2-D SLC simulation.  

The blade-element-layout considers a constant blade-surface turning for each arc 

defined along the chord.  In this way, not only DCA and MCA –camberline aerofoils 

can be accurately modelled, but also CDA –camberline aerofoils with known spline 

arcs.  This enhances the capabilities of the shock-loss model, since the surface geometry 

is known in its plenitude in terms of 3-D coordinates and blade angle, which is pre-

requisite in the solution of the flow expansion through the method of characteristics. 

More important, is the capability of the method to introduce 3-D blade-element 

parameters in terms of sweep and lean angle and translate the blade-profiles in the space 

with respect of the stacking axis, defined at the stacking points or centre-of-areas.  The 

method itself then replaces the Cartesian-system-based blade-geometry method used in 

the 2-D SLC for conventional blade-profile shapes. 

Forasmuch of the two-dimensionality of the 2D-SLC flow field solution, additional 

body forces such as pressure and drag were introduced to account for the lean-angle-

induced effects in the circumferential axis.  In the presence of sweep, the lean angle 

deviates from the original value, leading to different pressure forces that act normal to 

the blade surfaces.  The whirl component of the normal pressure is then added as a body 

force acting on the quasi-orthogonal direction to the second-order differential equation 

solution that represents the full REE.  The adaptation of the full REE in 2-D SLC allows 

thus to include the effect of the lean angle itself, and the combined effect of lean and 

sweep angles for a more accurate flow solution. 
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6.2.3 Shock- Structure and Loss Model 

The correct location and shape of the shock-system is a pre-requisite for an accurate 

shock-loss prediction.  The physics-based shock- structure and loss model computes 

analytically the detached bow-shock approximating it to a hyperbola. Relative total-

pressure losses were computed for the segment of the detached bow-shock that extends 

to infinity to account for bow-wave losses.  Thereupon, information from the choking 

mass flow redistribution scheme is communicated to determine if a blade-element is 

choked to determine whether it is a single or dual passage-shock.  For unstarted 

operations, the single passage-shock is simply the limb of the detached bow-shock that 

penetrates into the passage.  In the case the passage is started, a first assumption for the 

choke-induced passage-shock location is done, which might intercept that segment from 

the detached bow-shock, forming a coalesced dual-shock configuration.  The shock 

angle for this second passage-shock is calculated as oblique instead of a normal 

assumption as the previous models since 3-D CFD analysis demonstrated the obliquity 

in the relative frame of reference.   

Having established the passage-shock shape and location, the upstream flow expansion 

that interacts with it is determined using the method of characteristics to compute the 

flow properties immediately ahead of the passage shock.  The fidelity of the 

implemented shock methodology is such that any potential expansion fan and pre-

compression shocks are detected and computed as a function of the blade geometry 

computed in the 3-D BELM.  This innovative implementation is unique in its class, 

affecting slightly the flow field ahead of the passage shock.  Given the circumferential 

distribution of flow properties immediately ahead of the passage shock, an integration 

of shock losses determines the mass-averaged relative total-pressure recovery.  The 

overall relative total-pressure loss, and shock-loss coefficient is then defined for started-

flow passages.   

Nonetheless for started flows, the analysis requires more detail.  In the case both 

passage shocks are not merged in the dual-shock system, an additional suction-surface 

is resolved.  Whether the passage shocks coalesce or not, the expansion in between them 
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is resolved to compute in a similar fashion as the first expansion, the corresponding 

mass-averaged relative total-pressure ratio and the overall relative total-pressure decay.   

The successive steps establish the key for the prediction improvement of the shock 

losses as a function of the choke-induced shock location.  An outer iterative method 

computes the streamtube throat-area to establish the operating ranges for the blade 

passage to find agreement against the computed passage situation.  In the case of a 

different operation range, the second-passage shock location is redefined to repeat the 

expansion process.  If the choke-induce passage shock location complies this sanity 

filter, an appropriate streamtube shock-area and shock location are calculated to satisfy 

the calculated relative total-pressure loss.  The difference in shock locations determines 

an error, so that an inner iterative secant method repeats the process for a second error 

to update the choke-induced axial location.  The process replays iteratively in its 

entirety for a new shock location, until an agreement is found between the second 

passage-shock location analysed and that required to satisfy the computed relative total-

pressure loss.  This complicated arrangement of nested loops comes without extra cost 

in the execution of a 2-D SLC simulation. 

To aid in the complete solution of the shock losses for the entire span and in contrast to 

the historical models, the current shock-loss model calculates the inlet relative critical 

Mach number to solve for relative subsonic critical conditions. The relative velocities 

are solved for the blade-row intra-stations to find the highest, where a normal shock-

wave is placed to compute the associated losses.  

The current shock- structure and loss model proved to work well and yielded to a very 

satisfactory agreement against the NASA Rotor 67 experimental data, decreasing the 

error to a maximum of 0.6% at the tip and 0.3% at the mid-span of the supersonic span.  

This represents a significant prediction enhancement of 40-50% with respects of the 

historical models.  For instance, the prediction is improved in the critical region of the 

tip by 42% and by 55% at low-span supersonic regions in comparison to the model of 

Miller et al. [3].  The major discrepancies against test data were found at a reduced 

transition region between the subsonic supercritical and the supersonic span in the order 

of 1e-3.  However, these differences are of minimal effect on the isentropic efficiency, 
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since the shock-loss coefficients at these regions are small.  At relative subsonic 

supercritical regions, the model behaves accurately in its prediction of the inlet relative 

critical Mach number and leads to shock-loss differences of 0.1% against measured 

data.   

6.2.4 Choking Mass Flow Redistribution Scheme 

A fully detailed and exhaustive 3-D CFD RANS analysis evidenced the close 

relationship between choking phenomenon and shock waves within the blade passages.  

As a matter of fact, the passage shock is the responsible of the relative total-pressure 

decay at choke conditions.   

For this reason, a novel choking scheme was developed and implemented to establish a 

reference of the current-flow conditions with respect of the choking limits, fix the angle 

and mass flow where it is pertinent, and redistribute the mass flow spanwise.   In this 

sense, the whole choking mass flow redistribution scheme consists of:  (1) a choking 

incidence calculation; (2) a choking margin definition: (3) a numerical method to 

redistribute the mass flow along the entire blade span. 

The choking incidence is calculated using a 1-D supersonic flow model for an unstarted 

cascade, where the governing equations of continuity, conservation of stagnation 

enthalpy, and conservation of momentum are solved.  The algebraic manipulation of the 

simultaneous solution of these relations, establishes a minimum for the inlet flow angle, 

indicating the choking value.  However, this minimum value can be false along the 

distribution of flow angles.  For this reason, an iterative method was devised to compare 

such analytical inlet flow angle against that obtained from empirical correlations as a 

function of the choking low-loss working range.  In this way, the analytical method is 

guided to convey to an accurate value for the choking flow angle. 

Given the choking flow angle at the inlet, velocity triangles are solved for this condition 

to establish mass flow conservation between the current and choked conditions, using 

the corrected mass flow per unit area.  Thereby, a ratio between both conditions 

establishes the choking margin, which is a non-dimensional parameter that serves a 

reference to measure the magnitude of the choked flow. 
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At those streamlines where the choking margin is above unity, a numerical method 

extracts mass flow to bring the margin parameter to a value of one, leading the inlet 

flow angle to be fixed to the choke value.  Nevertheless, to still satisfy mass flow 

conservation, the removed mass flow from the choked top sections is redistributed 

downwards. The streamtube mass flow withdrawal from the started sections and the 

allocation of it on the unchoked streamtubes is performed according to the choking 

margin defined for every streamline.  This scheme is executed iteratively for every full-

REE iteration within a 2-D SLC simulation.  Provision was made not to cause any 

significant impact on the time to find a converged solution.  

 The overall choking mass flow redistribution model proved to work adequately by 

fixing the inlet flow angles to the choking values were applicable, while fixing their 

streamtube mass flow and redistributing it into unstarted streamtubes.  Validation 

against a 3-D CFD RANS simulation for the NASA Rotor 67 showed the adequacy of 

the model by bringing down the steamtube mass flow at the tip while being consistent in 

the mass flow spanwise distribution for the entire span.  Mass flow discrepancy at the 

tip was 0.9%, while the span-averaged mass flow difference at mid and low –spans was 

about 1.3%.  This represents an improvement in the mass flow prediction of 11% at the 

tip and 14% at hub sections against previous 2-D SLC simulators that do not correct the 

mass flow at the started passages.  For the started passages, the estimated choking flow 

angle and hence, choking incidence, showed a difference of 0.3% against 3-D CFD 

results.   

Not less important to note, is the sensitivity of the choking mass flow redistribution of 

reacting to off-design conditions. Insomuch as the choking margin gets more severe 

towards choking, the implemented models extend the started region towards the hub as 

the mass flow increases.  Consequently, more radial locations are fixed to have the 

corresponding choking incidence and choking mass flow.  This feature permits to 

observe the evolution of choking in 2-D SLC throughout the operating conditions. 

6.2.5 2-D and 3-D Parametric Studies 

To demonstrate the functionality of the transonic-flow package on its whole and 

recognize design trends, a parametric study to assess the impact of 2-D and 3-D blade-
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element parameter variation was conducted for the NASA Rotor 67 at 100% of design 

speed and design point condition.  

In terms of the 2-D blade-element parameters, maximum-thickness location, maximum 

thickness, and solidity were varied by ±5.0% for the thickness parameters and by ±4.5% 

for the solidity from the baseline parameters.  As expected none of the three parameters 

caused an impact at low and mid –spans, since the single shock-structure there owed to 

the unstarted conditions, is entirely the detached bow-shock which is a function of the 

inlet relative Mach number and not of the blade geometry. The major influence 

observed was at the top profiles, where the flow is started.  Although marginal, an 

increase in maximum-thickness location and reduction of maximum thickness have 

almost the same effect of decreasing the shock losses by 1.1 and 2.9%, respectively.  In 

this case the turning is reduced and a lower peak suction-surface Mach number is 

attained, resulting in a less severe relative total-pressure ratio across the passage-shock.   

A greater improvement of 4.2% in shock-loss coefficient is obtained with a 4.5% 

increase in solidity increase for the entire choked span.  A closer examination into the 

pitchwise distribution of the relative total-pressure losses exhibited that there is more 

penetration of the detached bow-shock into the passage, moving downstream the 

coalescence, and having a lower magnitude of relative speeds. In fact, the straight 

portion of the passage shock shortens by 2.0%, since there is more composition of the 

bow-shock, sufficing to generate a mass-averaged relative total-pressure loss reduction 

of 0.9%. 

The 3-D blade-element parameters were varied in ±5
o
 for the sweep angle and ±1.5

 o
 for 

the lean angle, being constant throughout the span.  Although is known that a compound 

sweep and lean offer a more significant improvement, the purpose of a constant blade 

inclination was to identify design tendencies using the treatment of the current shock-

loss model.  Because the 2-D profile is unaltered but translated in the space, the 

passage-shock shape does not get modified.  Instead, the entire shock configuration is 

shifted in the direction of the sweep or lean, intercepting the flow expansion at different 

relative Mach numbers, leading to a different shock-loss coefficient.  In fact, the shape 

of the relative total-pressure drop pitchwise distribution remains almost the same but 



 

311 

 

displaced to a different magnitude. Despite a higher impact in the shock-loss coefficient 

was observed at the tip, the rest of the span suffered a gradual modification towards the 

hub, since there is also a sweep and lean introduced that generate the same effects as in 

the tip.  Thus, a combined sweep and lean can potentially further increase the isentropic 

efficiency, as small improvements along the span and not only at the tip can be 

achieved. 

A backward and a pressure-side lean showed a shock-loss decrease at the tip of 3.8% 

and 0.5%, leading to an isentropic-efficiency enhancement of 0.2%.  Conversely, a 

forward and a suction-side lean increase the shock losses by 3.9% and 0.8%, reducing 

the isentropic efficiency by 0.2% and 0.1%, respectively.  The marginal improvement in 

lean is due to the small variation introduced; however, further improvements can be 

obtained for higher variations of lean angle. 

Henceforth, the variation of sweep and lean angles, proved to influence the shock loss 

coefficient. A combined backward and a pressure-side lean can potentially increase the 

isentropic efficiency since the shock system is displaced to intersect lower magnitudes 

of relative Mach numbers upstream of the passage shock.  These observations were 

confirmed in the EGA single-objective optimisation carried out. 

6.2.6 Single-Objective Variable-Pitch Fan Optimisation 

A cutting-edge variable-pitch fan was designed as scale-up in 3.9 times from the NASA 

ADP Fan to meet the OEM required diameter for under-the-wing installation purposes.  

The hub-to-tip radius ratio was increased for which the flowpath hub was adapted.  To 

avoid choking at the hub sections, the maximum thickness location was increased and 

the maximum thickness decreased, while maintaining the same spanwise distribution 

proportion. Since the new geometry developed is different from the original NASA 

ADP Fan, the blade inlet angles were adjusted accordingly to match at least the 

incidence from the NASA ADP Fan and assure the same scale of profile losses. 

In the aim of demonstrating the practical application and benefits of the entire transonic-

flow toolkit (shock-loss model and mass flow redistribution scheme), an EGA was 
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coupled to the 2-D SLC code to conduct a single-objective optimisation for the new 

VPF designed.  

The objective function was to maximize efficiency, while the decision variables were 

assigned to be the sweep and lean angle at tip and mid-span locations.  The location of 

the decision variables established the control points to curve fit and approximate a 

Bezier curve to layout the compound spanwise distribution of sweep and lean.  The 

design variables were limited by the through-flat-pitch rotation mode, inasmuch as the 

blade chord becomes normal to the axis at some point during the rotation.  This required 

a solidity less than unity, setting the limiting ranges for the sweep and lean angle 

rotation.  The optimisation was constrained by an unchanged surge margin, calculated 

as a percentage of the stalled blade-span for various operating points.  This constraint 

function required SOCRATES to run a multi-point simulation for every design tested, to 

assure that the same percentage of stalled blade-span is less or at least equal as in the 

baseline VPF. 

The EGA single-objective optimisation ran 2000 individual designs across 50 

generations, which converged at the 40
th

 generation.  The resulting optimised geometry, 

confirms the observations of the parametric study.  The optimised VPF consists of a 

backward sweep along the entire span and mostly a pressure-side lean.  The backward 

sweep increases progressively from the hub, reaching its maximum at about 81%.  To 

generate a significant impact, the lean angles at mid-span are about 9
o
, while reducing 

gradually towards the tip and hub.  A close examination to the shock losses revealed 

that the combination of sweep and lean contributes to a higher reduction of the shock 

loss coefficient for the supersonic relative span, leading to an isentropic efficiency 

increase of 0.4% at cruise speed (8400 rpm).  Even at a lower cutback speed (7740 

rpm), there is still an improvement of 0.1%, despite the lower relative Mach numbers 

occurring. 

In spite of the relatively low shock losses in the baseline VPF due to low relative Mach 

numbers, the combination of sweep and lean angle along the entire span reduces the 

shock-loss coefficient in 5.5%.  In contrast to the 3-D parametric study, there is as well 
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an improvement at mid-sections of 6.5% owed to the combined effect of higher 

variations of sweep and lean and a higher variation of lean.  

The fact that the blade count is lower in the VPF than in the NASA Rotor 67, the 

straight portion of the passage shock is just about 30% of the pitch.  In conformity, with 

the 3-D blade parametric study, the gradient of the relative total-pressure distribution is 

approximately maintained but displaced to higher magnitudes by an average of 0.4%, 

improving the recovery at the suction surface in 0.6%.   

All of the above proves the adequacy and full universality for arbitrary designs of the 

trasonic-flow package to respond to geometry variations and any effect from the 

adaptation of sweep and lean in the solution of the full REE.  This practical application 

evidences the potential for a rapid and accurate design optimisation using high-fidelity 

2-D SLC methods. 
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7 FUTURE RECOMMENDATIONS 

Inasmuch as the core of the transonic-flow treatment is the shock- and loss model, 

which proved to work adequately, the following future recommendations are given in 

this direction. 

 The shock-loss coefficient was calculated for every radial location of the span.  

Nevertheless, this coefficient just considers the effects from the shock strength 

as a function of the severity of the relative total-pressure loss across mainly the 

passage shock.  Since the shock-loss model proved to work well and it is 

sophisticated in its class, a blade boundary-layer model can be implemented and 

fully coupled to it, to compute the SWBLI-induced losses.  Should this is the 

case; a further modification to the shock-configuration modelling might be 

required to include the lambda-foot, which highly interacts with the boundary 

layer. 

 The overall shock-system, flow expansion and associated losses were computed 

within the passage.  However, at very high mass flows there is an overexpansion 

or even an underexpansion which results in a series of reflecting compression 

and expansion waves that might add to the shock losses.  An analytical model to 

capture this reflecting wave-system and its associated losses at the jet area 

would increase the fidelity for the applicable cases. 

 In the shock-loss computation for the relative subsonic supercritical conditions, 

a deviation of zero was assumed for the suction-surface turning to determine the 

peak suction-surface Mach number.  Nonetheless, a deviation model can be 

implemented to calculate the actual deviation and obtain a more accurate 

estimation of the suction-surface relative Mach number distribution for a better 

prediction of the shock loss. 

 In the radial distribution of the shock-loss coefficient there were discrepancies at 

the initiation of the relative supersonic span, where the hyperbola-approximation 

method for the detached bow-shock appears to be slightly inaccurate.  The high 

incidence values at these radii increase the Mach angle and forces the detached 

bow-shock to lose that obliquity that approximates to a hyperbola. A different 
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approximation method to represent the detached bow-shock at these low-span 

locations can lead to better agreements in terms of shock-loss coefficient.  

Perhaps a simple normal shock at least as a first attempt would produce a more 

realistic representation. 

 The close examination to the relative total-pressure loss pitchwise distribution 

revealed a step change between the choking-induced straight shock and the 

hyperbola-shaped passage-shock.  3-D CFD RANS evidenced that there is a 

smooth transition between these passage shocks.  A blending model for the 

properties at the transition point would assure a smooth transition between the 

passage-shock portion of the detached bow-shock and the choke-induced 

passage-shock. 

 The 3-D EGA optimisation for the VPF showed a marginal improvement in 

efficiency, due to the low relative Mach numbers for which the shock-loss 

model was operating.  If the fan is further throttled for the design-optimisation 

process, a different geometry might be obtained, leading to even higher 

isentropic efficiency improvements. 

 The 3-D optimisation conducted for the VPF using a 2-D SLC compressor 

performance simulator merits some consideration, since the decision variables of 

sweep and lean induce 3-D effects that trigger a circumferential flow fluctuation.  

Because of the two-dimensionality of the solver, these effects are not currently 

captured in the present framework. These 3-D effects are of particular 

importance at the tip.  As a first attempt, a simple empirical correlation can be 

introduced to the 2-D SLC code to account for the 3-D impact of sweep and 

lean, in the aim of investigating how different the optimised geometry is. 
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APPENDICES 

Appendix A Approximation Methods for the Geometry Layout  in 

Analysis and Optimisation 

A.1 Overview 

As part of a sanitization process of SOCRATES for further enhancement, the generated 

compressor flow path geometry modelling was reviewed.  Before describing the 

approximating curves used to model the flow path, it is attempted to provide the reader 

with a brief overview on innovative curve-geometry shaping in Sec. Curve Geometric 

Shaping A.2.  Later, the curve-fitting techniques implemented in SOCRATES, Bezier 

curve and cubic B-spline approximations, are detailed in Sec. A.3. 

A.2 Curve Geometric Shaping 

When the shape of parametric curves or surfaces is designed smooth or fair manner, it is 

said that geometric continuity exists.  A spline is a set of polynomial curves of degree k 

that are smoothly connected at certain points, where each single curve is a parametric 

function.  A parametric function only exists between 0 and 1.  The equations that join 

these segments to form the spline, which provide different levels of smoothness, are 

called geometric continuity constraints.  The geometric continuity degrees are: 

 G0 - connection 

 G1 - tangency 

 G2 - curvature 

 G3 - rate of change of curvature 

Functions to express a curve can be expressed as a parameter.  Similar to geometric 

continuity degrees, the parametric continuity levels are C0, C1, C2 and C3, which 

correspond to the geometric continuity description.  In fact, parametric continuity 

implies geometric continuity; nonetheless, geometric continuity does not imply 

parametric continuity. 

The maximum order of parametric continuity that can be achieved is k-1, where k is the 

polynomial degree. For instance, to have a C1 continuity in a curve, a second-degree 
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polynomial is required.  To create a C2 continuity, the typical methods to use are: 

Cubic, Cubic Hermite spline (obtain the derivatives at each interpolated point), Cardinal 

spline (evaluate the derivatives at each interpolated point), Kochanec-Bartels (Cardinal 

spline special case), Catmull-Rom (Kochanec/Bartels special case).  In theory if a third-

order polynomial is used in a curve, a C2 parametric continuity can be achieved, 

however, this is not always true for the case of a 4
th

 order or higher polynomial, where a 

C3 parametric continuity cannot always be obtained.  The ability to obtain a C3 depends 

on the values of the positional and derivational conditions entered by the user. 

For aerodynamics, a high order geometric continuity is desired to obtain flow 

smoothness, and hence, reduce drag and energy losses, particularly at high velocities.  

For an aerofoil, a G0 and G1 are acceptable near the stagnation point; however, moving 

downstream from stagnation point, G2 and G3 are more desired. 

The most common parametric curves used in Computer Aided Geometry Design 

(CAGD) are the Non-Uniform Rational B-Spline (NURBS), Bezier curves and B-

Splines.  In general, Bezier curves are a special case of the B-splines curves, while 

NURBS curves are an extension of the B-Spline curves that cope the Bezier curve 

limitations of inaccurately representing conic curves.  To shape a geometry in CAGD, 

the software code uses two methods:  curve-fitting techniques and approximation 

techniques.  In the former, points are set to be fitted through a cubic spline 

approximation, leading in a misplacement of the resultant curve with respect of the 

original points.  In the latter, three main elements are involved:  control points, knots 

and weights.   

Any of the aforementioned geometry shaping methods can be modified through its 

parameters to achieve a smooth line, which can result in a significant difference 

between the approximated curve and the actual curve that must pass through the points.  

In other words, curve smoothness and accuracy are two contradictory concepts for 

which a trade-off should be found.  For this reason, Zanenga [261] developed an 

interpolation technique to overcome the above limitations, consisting in setting and 

controlling the tangency and constraints of the defined control points.  The interpolation 

consists in connecting two points by creating a segment, where the segment is a 
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polynomial curve or function, which can be linear, quadratic, cubic, quartic, quantic, 

cardinal, Catmull-Rom or Kochanec-Bartels.   

A.3 Bezier Curve and Cubic B-spline Approximation 

A.3.1 Cubic B-Spline Approximation 

Originally, SOCRATES flow path geometry interpolation was represented using a cubic 

spline approximation.  Computer Aided Design (CAD) software mostly uses the cubic 

B-spline curve approximation to join scattered points through a visually-smooth path, 

which guarantees G2 and C2 without introducing complex wiggling shapes from G3 

and C3 [262].  For this reason, the cubic B-spline curve approximation was used to 

compare and validate the cubic spline approximation implemented in SOCRATES. 

To describe a cubic B-spline in a parametric manner, the third-degree polynomial curve  

P of the parameter t that approximates to the points to be fitted is defined as: 

𝑃𝑖(𝑡) = [𝑡3 𝑡2 𝑡 1]𝑀(

𝑃𝑖−1
𝑃𝑖
𝑃𝑖+1
𝑃𝑖+2

) = [𝑡3 𝑡2 𝑡 1] [

𝑎3 𝑏3 𝑐3 𝑑3
𝑎2
𝑎1
𝑎0

𝑏2
𝑏1
𝑏0

𝑐2
𝑐1
𝑐0

𝑑2
𝑑1
𝑑0

](

𝑃𝑖−1
𝑃𝑖
𝑃𝑖+1
𝑃𝑖+2

) =

[𝑎(𝑡) 𝑏(𝑡) 𝑐(𝑡) 𝑑(𝑡)](

𝑃𝑖−1
𝑃𝑖
𝑃𝑖+1
𝑃𝑖+2

)      0 ≤ 𝑡 ≤ 1                        (A.3.1) 

Where the subscript i represents the curve point and M is the Hermite basis matrix.  To 

get 𝑃𝑖(𝑡), the terms 𝑎(𝑡) 𝑏(𝑡) 𝑐(𝑡) 𝑑(𝑡), need to be found.  As it can be seen from 

Eq. A.3.1, a cubic B-spline needs of four points to be built.  To guarantee C2 continuity 

while connecting these points, position, first derivative, and second derivative 

constraints are set for two adjacent points: 

𝑃𝑖(1) = 𝑃𝑖+1(0)             (A.3.2) 

𝑃𝑖
′(1) = 𝑃𝑖+1

′(0)             (A.3.3) 

𝑃𝑖
′′(1) = 𝑃𝑖+1

′′(0)             (A.3.4) 
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The above constraints make possible the solution of Eq. A.3.1, resulting in 16 

equations, which can be summarized as: 

𝑃𝑖(𝑡) =
1

6
[𝑡3 𝑡2 𝑡 1] [

−1 3 −3 1
3
−3
1

−6
0
4

3
3
1

0
0
0

](

𝑃𝑖−1
𝑃𝑖
𝑃𝑖+1
𝑃𝑖+2

)      0 ≤ 𝑡 ≤ 1    (A.3.5) 

Eq. A.3.5 represents the parametric cubic B-spline approximation, which was 

programmed in SOCRATES to be used as .dll and .lib files, to interpolate between 

given points; for instance, between the given flow path point coordinates. The above 

equation is only to define one single cubic B-spline curve, hence, if there are more than 

four points to be joined, a set of cubic B-spline polynomial segments will be required.  

A.3.2 Bezier Curve Approximation 

A Bezier curve is a parametric curve P(t), that is a polynomial function of the parameter 

t.  Control points are set to shape the curve; however the curve does not pass through 

these points as they only “pull” the curve towards them as observed in Figure A.1.  

Consequently, the curve (Bezier) that is generated and controlled by the control points 

is smooth. 

 

Figure A.1  Control points defining a Bezier curve [262]. 

The number of control points determines the polynomial degree n through, 
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𝑛 = 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑝𝑜𝑖𝑛𝑡𝑠 − 1             (A.3.6) 

There are 2 approaches to model the Bezier curve: Bernstein polynomial and mediation 

operator.  The Bernstein polynomial consists that every control point 𝑃𝑖 is multiplied by 

a weight function Bi that acts as blending, 

𝑃(𝑡) = ∑ 𝑃𝑖𝐵𝑖(𝑡)
𝑛
𝑖=0     0 ≤ 𝑡 ≤ 1            (A.3.7) 

The maximum of the weight function depends on the number of control points, and 

hence, on the polynomial degree.  Hence, 𝐵𝑖(𝑡) becomes 𝐵𝑛,𝑖(𝑡), which represents the 

Bernstein polynomial.  Thus, Eq. 3.2.7 becomes, 

𝑃(𝑡) = ∑ 𝑃𝑖(
𝑛
𝑖
)𝑡𝑖(1 − 𝑡)𝑛−𝑖𝑛

𝑖=0      0 ≤ 𝑡 ≤ 1            (A.3.8) 

If a shift operator is defined as 

𝐸𝑖𝑃𝑖 = 𝑃𝑖+1              (A.3.9) 

Then, Bezier curve definition from Eq. 3.2.8 becomes 

𝑃(𝑡) = [𝑡𝐸 + (1 − 𝑡)]𝑛𝑃0          (A.3.10) 

Eq. A.3.10 is the general Bezier polynomial equation.  For instance, for a case of n=1 or 

two control points, the Bezier curve polynomial gives 

   𝑃(𝑡) = (𝑡𝐸 + 1 − 𝑡)𝑃0                    

         𝑃(𝑡) = 𝑃0(1 − 𝑡) +𝑃1𝑡           (A.3.11) 

In the case of n=2, Bezier curve polynomial is defined by 

𝑃(𝑡) = (𝑡𝐸 + 1 − 𝑡)2𝑃0        

   𝑃(𝑡) = 𝑃0(1 − 𝑡)
2+2𝑃1𝑡(1 − 𝑡) + 𝑃2𝑡

2          (A.3.12) 

Flexibility can be obtained through Bezier curves.  For instance, instead of having a 

single large curve with several control points as in Figure A.2 a), the curve can be split 

into small segments as shown in Figure A.2 b). 
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Figure A.2  Curve fitting through Bezier curve polynomial approximation.  a) Single 4
th

-order 

Bezier curve.  b) Two 2th-order Bezier curve segments. 

The second approach for the Bezier curve is the mediation operator, consisting in the 

creation of an envelope from a set of lines as depicted in Figure A.3. 

 

Figure A.3  Mediation operator approach for Bezier curve polynomial approximation. 

Each segment from Figure A.3, is a linear parametric function which is described as 

𝑃01(𝑡) = 𝑃0(1 − 𝑡) +𝑃1𝑡           (A.3.13) 

𝑃12(𝑡) = 𝑃1(1 − 𝑡) +𝑃2𝑡           (A.3.14) 

Then, the mediation operator is introduced to represent a linear parametric function 

between 2 control points: 

𝑡[[𝑃0, 𝑃1]] = 𝑃0(1 − 𝑡) + 𝑃1𝑡          (A.3.15) 

If there are more points, the mediation operator in a general form is 



 

356 

 

𝑡[[𝑃0, … , 𝑃𝑛]] = 𝑡[[𝑡[[𝑃0, … , 𝑃𝑛−1]], 𝑡[[𝑃0, … , 𝑃𝑛−1]]]]         (A.3.16) 

Thus, for n=2 or three control points, the mediation operator gives the following Bezier 

curve polynomial: 

𝑡[[𝑃0, 𝑃1, 𝑃2]] = 𝑡[[𝑃01, 𝑃12]]=𝑡[[𝑡[[𝑃0, 𝑃1]],  𝑡[[𝑃1, 𝑃2]]]] = 𝑡[[𝑃0(1 − 𝑡) +

𝑃1, 𝑃1(1 − 𝑡) + 𝑃2𝑡]] = 𝑃0(1 − 𝑡)
2 + 2𝑃1𝑡(1 − 𝑡) + 𝑃2𝑡

2           (A.3.17) 

It can be seen that Eq. A.3.17 gives the same result as Eq. A.3.12, validating in this 

manner, the two approaches. Thence, Eq. A.3.16, as well as Eq. A.3.10, represents the 

general form of the Bezier curve polynomial equation. 

In short, Bezier curve approximation provides smoothness for curve fitting.  

Nevertheless if given points are fit through Bezier approximation, the curve will not be 

passing through them, as they will function as control points.  On the other hand, any 

kind of B-spline, either quadratic or cubic, overcome the Bezier-curve disadvatanges by 

offering the following features: 

a) The polynomial degree do not depend on the number of control points 

b) Offer local control instead of global control 

c) High-continuity degrees can be achieved, while Bezier only gives C1 continuity. 
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Appendix B NASA Rotor 67 3-D CFD Simulation 

Figure B.1 and Figure B.2 show the boundary conditions, absolute total pressure and 

absolute temperature, imposed to the 3-D CFD model.  Despite of the choke conditions 

reached at the three lowest pressures, there is no upstream influence. 

 

B. 1  Absolute total-pressure spanwise distribution for the NASA Rotor 67 at 100% of design speed 

for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 

Figure B.3 and Figure B.4 demonstrate that there is no upstream influence due to 

choking operations, as the relative velocity and relative Mach number, respectively, 

remain unaffected. A closer look to the leading edge curves, shown in Figure B.5 and 

Figure B.6, reveal that the relative velocity and Mach number, respectively, increase 

with the mass flow at the tip up to a certain point where the mass flow do not change 

significantly, fixing the velocities.  Moving farther down from tip to hub, the velocities 

are slightly increased due to the relative flow angle reduction to pass the mass flow 

withdrawn from the tip.  Finally, Figure B.7 and Figure B.8 exhibit the necessity of 

mass flow redistribution to increase the velocities and Mach numbers, respectively, at 

the hub and fix them at the tip when choking is encountered. 
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B. 2  Absolute total-temperature spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 

Similarly, Figure B.9 and Figure B.10 demonstrate that there is no upstream influence 

for those streamlines that are choked. Perturbations due to choking in the relative total-

pressure and relative total-temperature are minimum.  The relative total-pressure decay 

observed at the hub and the tip in Figure B.11 and Figure B.12 is due to the endwall 

boundary layer effect. Figure B.12 provides a closer look into the relative pressure 

deficit observed at the leading edge just below the tip, due to high-separated flow as a 

consequence of the near-stall condition, as is only present in high outlet static pressure 

off-design points. 



 

359 

 

 

B. 3  Relative total-pressure spanwise distribution for the NASA Rotor 67 at 100% of design speed 

for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 

 

B. 4  Relative total-pressure spanwise distribution for the NASA Rotor 67 at 100% of design speed 

for the leading edge. 
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B. 5  Relative total-temperature spanwise distribution for the NASA Rotor 67 at 100% of design 

speed for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 

As the 3-D CFD simulation was run with clean inlet conditions, the absolute flow angle 

is fixed around zero with small perturbations as seen in Figure B.12.  In spite of the 

choking at the first three off-design points, the upstream absolute flow angle is 

unaffected, hence, there is no upstream influence as shown in Figure B.13. 
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B. 6  Absolute flow angle spanwise distribution for the NASA Rotor 67 at 100% of design speed for 

the leading edge. 

 

B. 7  Absolute flow angle spanwise distribution for the NASA Rotor 67 at 100% of design speed for 

the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 
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B. 8  Relative velocity spanwise distribution for the NASA Rotor 67 at 100% of design speed for the 

leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 

 

B. 9  Relative Mach number spanwise distribution for the NASA Rotor 67 at 100% of design speed 

for the leading edge, and 25, 50, 75 and 100% of chord upstream of the leading edge. 
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B. 10  Relative velocity spanwise distribution for the NASA Rotor 67 at 100% of design speed for 

the leading edge. 

 

B. 11  Relative Mach number spanwise distribution for the NASA Rotor 67 at 100% of design speed 

for the leading edge. 
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B. 12  Relative velocity spanwise distribution for the NASA Rotor 67 at 100% of design speed for 

the leading edge. 

 

B. 13  Relative Mach number spanwise distribution for the NASA Rotor 67 at 100% of design speed 

for the leading edge. 
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Appendix C SOCRATES GUI Development 

The all-time interest for developing robust and simple turbomachinery performance 

simulation tools since the first gas turbine generation has been expanding.  In the last 

decades, more and more students and researchers from both, academia and industry, are 

getting involved in the air-breathing engine field.  Unlike three-dimensional (3D) 

Reynolds-averaged Navier-Stokes numerical simulation codes, two-dimensional (2D) 

through-flow methods can provide a solution in minutes whilst offering acceptable 

results [14] [17] .  In this context, there are very few open-source turbomachinery 

solvers that can be accessed [263], which have their own limitations.  For instance, 

turbine codes have been made available, however, user needs to know the commercial 

package and have a license to run them [264].  Compressor and turbine algorithms have 

been generated as well, nevertheless, endwall blockage was not considered [265] [266].  

A comprehensive axisymmetric streamline curvature design system was developed by 

Turner et al. [263], where input files are required to generate the compressor geometry 

and eventually, obtain the solution. 

A two-dimensional streamline curvature axial-flow single-stage and multi-stage 

fan/compressor performance simulator, SOCRATES, was developed by Pachidis [14], 

Pachidis et al. [17] and Templalexis et al. [31], and further improved by Templalexis et 

al. [20] and Templalexis [118].  Software code was written in FORTRAN90. 

Templalexis et al. [20] explains the  SOCRATES structure, where it can be found the 

code-word notation used for the variables and subroutines.  In general, the 2-D SLC 

code works in 3 phases: input, iterative solution and outputs.  In terms of the input files, 

the following data is processed:  flow path geometry, blade leading and trailing edge 

row geometry, blade profile element data.  Number of turbo-components, flow path 

points, blade row spanwise points, streamlines, speedline cases (called timesteps), and 

radial boundary points as established as general settings.  Blockage factors and 

meridional mean-line velocities for each turbo-component are required as initialization 

values.  Upon the boundary conditions, rotational speed, total temperature, total 

pressure, inlet mass flow or back static pressure are specified. Iterative solution scheme 

resolves the radial equilibrium equation to match the target mass flow or the outlet static 

pressure.  The output files generated provide the flow field solution information for 
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every turbo-component and for every streamline.  Additionally, for every speedline 

case, and for every turbocomponent, performance characteristics are obtained to build 

up the compressor map. 

Considering that manually handling input files opens a window for errors and to avoid 

the user to familiarize with the FORTRAN syntaxis, a graphical-user-interface (GUI) 

was developed for SOCRATES.  A schematic of the SOCRATES GUI process is shown 

in Figure C.1, where the main sections for inputs and outputs are laid-out.    Figure C.2 

shows the 3D representation for the NASA two-stage fan [246].     

The following geometries have been modelled using the SOCRATES GUI to 

demonstrate the utilities, advantages, and the potential for academics to exploit the 2D 

SLC compressor performance simulation software:  NASA rotor 67 [40], NASA rotor 

66 [234], NASA two-stage fan [246], NASA QF-1 FAN [267] [268], NASA 

compressor 74A [269], and NASA two-stage fan with dampers [270]. 

 

C. 1  Schematic to lay-out the SOCRATES GUI processes 



 

367 

 

 

C. 2  3D Visualization for the NASA two-stage fan. 

 


