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Abstract

It is challenging to generate optimal trajectories for nonlinear dynamic sys-

tems under external disturbances. In this brief, we present a novel approach

for planning safe trajectories of the chance-constrained trajectory optimization

problems with nonconvex constraints. First, the chance constraints are handled

by deterministic ones which show its availability. We derive an iterative convex

optimization method to solve the optimal control problem. Then the chance-

constrained optimal control (CCOCP) problem is reformed to be a nonlinear

programming problem (NLP) through the hp-adaptive pseudospectral method.

An iterative successive linearization algorithm is detailed to convex the NLP

to be a convex optimization one which described as a second-order cone pro-

gramming problem. We demonstrate the proposed approach on a 3-DoF of un-

manned aerial vehicle system under chance-constrained. The simulation results

show reliable solutions for the UAV chance-constrained trajectory optimization

problem.
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1. Introduction

In past decades, trajectory optimization for autonomous systems is critical

in industry and military fields. In addition, planning trajectory especially under

external disturbances has attracted considerable attention. All those problems

allow one to quantify and impose constraints to achieve a per-specified target5

[1, 2]. In order to solve those kinds of questions, many researchers have proposed

lots of methods to improve the qualification (such as the consumption of energy

or the optimal time) of the solutions. However, the major part of algorithms

mainly focuses on a certain environment, which means that we assume that it

is an ideal situation under standard assumptions. Those uncertainties include10

various parameter disturbances or actuator uncertainties during the whole path

planning. For instance, they deal with the uncertainty as unbounded distur-

bances with complex nonstandard random variables in [3]. In ref. [4] they coped

the arbitrary uncertainty distributions with a computationally intensive particle

technique. In their later work[5], they employed branch-and-bound techniques15

to place an analytic bound on the probability of mission failure. In [6], Chai

et al. considered a situation assumed that the terminal position and attitude

specified at the beginning of the mission be modelled by two random variables

which means been not deterministic. Besides, the maximum attainable control

actuation may affected by such uncertainties that vehicle is not fixed.20

In real world, the existence of random constraints is often considered, which

poses a challenge to optimization methods and control [7, 8]. For some uncertain

situations, researchers now focus on mainly two categories to address those prob-

lems with uncertainties. The first method is the robust optimization algorithm.

The main idea of this method is that it just considers the worst-case situation25

of the chance constraints or the stochastic. It is easy to understand that those

kinds of algorithms can satisfy all constraints when calculating the solutions.

Ref.[9] considered wind forecast uncertainty, it used a free-routing operational

paradigm to structure the problem. To find the trade-off in average fight cost

and predictability, they computed different scenarios for some sets of user pref-30
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erences. Ref.[10] addressed the distributional robust individual and joint chance

constrained problem. Then they solved this by a sequential convex optimiza-

tion algorithm. Ref.[11] proposed a new robust Kalman filtering framework to

solve the linear system with distributions. Commonly, the robustness was seen

as passive robustness which inherent in solutions. But, enhanced robustness35

would also sacrifice the performance of the system. An active robust optimiza-

tion algorithm was proposed which considered the change of environment in [12].

The active robust optimization method combined dynamic programming to ac-

cess the performance. Meanwhile, the original problem was transformed into a

low cost and high performance multi-objective problem. Hence, the solution is40

a set of evolutionary algorithms.

However, methods based on robust may too conservative, it also would lead

to in-feasibility when the problem consists of unbounded constraints. There-

fore, a class of methods for translating the chance constraints into deterministic

constraints become popular. Such as the Bernstein approximation [13, 14],45

the scenario approach[15], and Monte-Carlo-based method[16]. To handle some

specific constraints and probability distributions, researchers reformulate those

kinds of questions to equivalent formations[17, 18]. The above methods mainly

concentrate on typically assuming linear dynamics. To address these limitations

in nonlinear systems, in [19, 20], it also explored some reformulated algorithms50

to handle chance constraints. In order to reformulate a continuous-finite-horizon

stochastic optimal control problem (OCP) into deterministic ones. Ref.[21] used

wiener chaos to treat controlled stochastic differential equations through Malli-

avin calculus. Then Bock’s direct multiple shooting method was utilizing for

solving those problems. In [22], the signed distance function is used to form the55

chance constraints with obstacles. It is convergence to a solution satisfying the

first-order optimal conditions. Ref.[23] considered uncertainties in trajectory

optimization problem which needs to obtain a specific goal avoiding obstacles.

They approximated the chance constraints by using a probabilistic representa-

tion of uncertainties. Then they transformed the nonconvex chance constrained60

optimization problem into being a disjunctive convex problem through bounds
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on the probability of collision. The author addressed a new method to formulate

the stochastic OCP into a determined one by utilizing the unscented transform.

Then the reformed problem was solved through differential dynamic program-

ming. UAV path planning with uncertainties also plays an important role in65

real life applications. But there is very little literature on this issue. In [24],

a specified threshold is used to bound the probability for the linear-Gaussian

system, then they transformed the original chance constrained problem as a

disjunctive convex problem. Rapidly-Exploring random trees was applied in a

probabilistically path planning problem for UAV in the uncertain environments70

[25]. They limited the constraint violation through the chance constraints and

developed a real-time probabilistically robust path planner.

In the past decades, Second-Order Cone Programming (SOCP) had been

widely used to solve the standard trajectory optimization problem [26–29]. How-

ever, this class of algorithms can not cope with the uncertainties directly, such75

as chance constraints. It is necessary to transform the chance constraints to a

determined one. In this paper, we explore a formulation and algorithm tailored

to address a class of deterministic dynamic systems under chance constraints.

The SOCP method approximates the original nonconvex optimization problem

through iteratively formulate convex approaches. Importantly, it also gives the80

theoretical providing to guarantee the convergence of the original problem. In

this work, we combine the advantage of the SOCP algorithm to solving the UAV

trajectory optimization problem with chance constraints.

The paper’s key points are as follows:

1) We reformulate the path chance constrained trajectory optimization problem85

by leveraging alternative functions to be a determined one.

2) A novel second-order cone programming trajectory optimization algorithm

with hp-adaptive pseudospectral method is proposed to solve the chance-constrained

problem.

3) We analyze the validity and effectiveness of the proposed approach through90

a 3-DoF UAV system and show the solutions under the chance constraints.

Organization: We discuss the definition of the optimal control problem
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under the specific chance constraints in Section II. In Section III, the strategy

to handle the chance constraints is employed to reformulate the original problem,

it also gives the convergence of the transformed constraints. The algorithm is95

detailed in Section IV and the original problem is convexified and solved in

Section V. Finally, we demonstrate the approach on a 3-DoF uncertain system

in Section VI.

2. Problem definition

We consider the problem under chance constrained defined chance con-

strained OCP, shown as:

min J = E[Φ(t0, tf , x(t0), x(tf )) +

∫ tf

t0

L(x(t), u(t))dt]. (1a)

s.t. ẋ = f(x(t), u(t), t) (1b)

C(x(t0), t0, x(tf ), tf ) = 0 (1c)

H(x(t), u(t), ξ) ≤ 0 (1d)

Pr{gi(x(t), u(t), ξ) ≤ 0} ≥ ϵi (1e)

x ∈ Γ, u(t) ∈ U, ξ ∈ Ω, i ∈ I (1f)

where x is the state vector, and Γ ⊂ Rn. u is the admissible control vector,100

U ⊂ Rm which is a nonempty, convex, closed and bounded set. Index J is the

cost function. Φ : Rn × R 7→ R denotes the Mayer cost. tf is the final time

which is considered the fixed situation in this brief. L : Rn × Rm × R 7→ R

is the process cost. Pr is the probability, Pr : Ω → [0, 1] with Pr(Ω) = 1.

ξ is a random variable. Here, we assume that the probability density of Pr is105

Lebesgue measurable and almost everywhere position on Ω. In (1), it is assumed

that an optimal solution u⋆(t) exists. Here we can express the valid control or

state trajectory should fulfill the inequality by gi(x(t), u(t), ξ). The solution

x(t, u⋆(t), ξ) is a measurable function in ξ. As the probabilistic constraints, the

inequation gi(x(t), u(t), ξ) ≤ 0 has an acceptable probability of occurrence ϵi,110

and ϵi ∈ (0, 1) is the prescribed risk parameter. Then the chance constrained
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system is defined as: f : Γ×U×Ω 7→ R. H : Γ×U×Ω 7→ R, gi : Γ×U×Ω 7→ R

are the inequality constraints and chance equality and i ∈ I = 1, 2, ..., n is the

number of chance constraints. Without loss of generality, as the state x(t) is

affected by u(t) and ξ, so a simplified transparent equation of the (1e) could be115

rewrite without the dependence varieties x.

Pr{gi(u(t), ξ)} = Pr{gi(x(t), u(t), ξ)} (2)

In general, when a UAV performs a mission, the situations with obstacles

should be considered. The paper Ref.[30] proposes a method consists of collision-

free convex polytope by sequential convex programming (SCP) to calculate the

optimal parameters of multiple drones from the initial state to the desired state120

when they encounter static or dynamic obstacles. In the case studied in this

paper, the circular restricted zones with infinite altitude are used to represent

the no-fly zone constraints. Those cases always can be seen in military restricted

zones. Hence, the no-fly zone constraints are written as:

NF =
√

(x− xi)2 + (y − yi)2 ≥ Ri

i = 1, 2, ..., Nzone

(3)

where Nzone is the number of no-fly zones. The Ri represents its radius and125

the point (xi, yi) represents the center of the ith no-fly zone. Those inequalities

could be convexified by successive linearization method. Meanwhile, we also

add one subsection in the numerical result called “Trajectory with No-fly Zone”

to illustrate the effective of the approach for planning safety trajectories.

3. The approximation of probabilistic constraints130

In this section, the chance constraints need to be smooth approximated by

parametric functions. For this purpose, we employ the recent results from the

work [31], it studied the properties of the underlying parametric function and the

properties. In the following, the norm convergence of the approximate function

is summarized to a solution of chance constrained system. First, define the135
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indicator function

P (s) =







1 s ≥ 0

0 otherwise
(4)

According to that, the expression of the probability is equivalently showed:

Ψi(u) = Pr{gi(u(t), ξ) ≤ 0} = 1−Pr{gi(u(t), ξ) > 0} ≥ ϵi (5)

In order to simplify the equations in the following, we use u to replace u(t).

Here, from (4) we can get that

Pr{gi(u(t), ξ) ≤ 0} ≥ ϵi ⇐⇒ [1−Ψi(u)] ≤ 1−ϵi ⇐⇒ E[P (gi(u, ξ))] ≤ 1−ϵi (6)

According above equations we can rewritten the chance constraints as140

E[P (gi(u, ξ))] ≥ ϵi (7)

the feasible set is shown as

𭟋 := {u ∈ U | E[P (gi(u, ξ))] ≥ ϵi} (8)

Assumption 1. Define function Θ : (0, 1) × R → R+ which belong a set of

parametric family {Θ(τ, s), τ ∈ (0, 1)}, it follows the strict uniform limit prop-

erty:

1) The constrant C satisfies the following where 1 < C such that:145

C ≥ Θ(τ, s) ≥ P (s), ∀s ∈ R, τ ∈ (0, 1) (9)

The chance constraints are lower-upper bounded. Then in the next following,

we could find that the Θ(τ, s) contains the P (gi(u, ξ)).

Remark 1. The property of Assumption 1 showes the condition

1−Θ(τ, s) ≤ P (−s) ≤ Θ(τ,−s) (10)

Remark 1 is significant for the construction of lower and upper approxima-

tions to the feasible set of CCOCP. To character admissible families of paramet-

ric functions, we use two types sets of parametric functions to approximate the

feasible family about the approximations of the original function, defined as:

ηi(τ, u) := E[Θ(τ, gi(u, ξ))], ρi(τ, u) := E[Θ(τ,−gi(u, ξ))] (11)
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where ηi(τ, u) and ρi(τ, u) are the lower and upper approximation functions.

Consequently, inequation (10) and (6), (11) implies the lower-upper approxima-150

tions of Ψi(u):

1− ηi(τ, u) ≤ Ψi(u) ≤ ρi(τ, u) (12)

If, the left-hand side of (12) is larger than or equal to ϵi and (ref3-1) is satisfied,

then Ψi > ϵi. Hereunder, the family of strict lower and upper approximations

are defined as:

ℸ := {u ∈ U | 1− ηi(τ, u) ≥ ϵi, i ∈ I}

ג := {u ∈ U | ρi(τ, u) ≥ ϵi, i ∈ I}
(13)

We could see that the lower and upper approximation sets contain the feasible

set 𭟋 which is the chance constraint set. It could represent that the ℸ ⊂ 𭟋 ⊂ .ג

Meanwhile, the interior points in the outer set may not in the chance-constrained

set which causes the constraint violations. On the contrary, all the points in the

lower set were feasible for the problem. In this paper, we just need to consider

the lower approximation set (ℸ) and its approximation function for simplicity.

It is also important to find a function to approximate the step function so

its integral covers the step function. In the past, researchers had proposed

practical applications to the approximation. For instance, in [14], it considered a

deviation-type approximation, referred to as ”Bernstein approximation”. Here,

we define an inner and outer analytic approximation of chance constraint the

approximation function as below:

Θ(τ, s) =
1 +m1τ

1 +m2τ exp
−s
τ

, for τ ∈ (0, 1), s ∈ R (14)

where m1 is a positive constant, as also m2. In following part, we will analysis155

the convergence of the approximation function. It should guarantee that the

function Θ(τ, s) could contain the step function P (·), which means that it also

satisfied the design of approximation functions mentioned before.

3.1. Convergence properties

After getting the approximation function Θ(τ, s), the convergence properties160

of the approximation will be discussed.

8



Theorem 1. Let Assumption 1 be satisfied, then the function Θ(τ, s) will con-

verge to the step function P (·) uniformly with 0 < m2 ≤ m1/(1 + m1) for

s ∈ (−∞,−ϵ]
⋃

[0,+∞).

inf
τ∈(0,1)

(Θ(τ, s)− P (s)) = C1, sup
τ∈(0,1)

(Θ(τ, s)− P (s)) = C2 (15)

where ϵ > 0, C1,C2 are positive constants. In addition, the Θ(τ, s) holds the165

following property: 1) Θ(τ, s) is a monotonically increasing function w.r.t. s.

Proof. According to the definition of Θ(τ, s), since exp−s/τ ≤ 1 , when s ≥ 0.

Then could get that:

1 ≤ Θ(τ, s) =
1 +m1τ

1 +m2τ exp
−s
τ

≤
1 +m1τ

1 +m2τ
≤ 1 +m1,

for τ ∈ (0, 1)

(16)

Therefore, taking the limit of the above inequality we have

sup
τ∈(0,1)

(Θ(τ, s)− P (s)) = C1 ≤ m1. (17)

For s ≤ 0, the following approximation function estimation holds as:170

Θ(τ, s) =
1 +m1τ

1 +m2τ
> 0, for τ ∈ (0, 1) (18)

So we have

inf
τ∈(0,1)

(Θ(τ, s)− P (s)) = C2. (19)

holds true. In terms of properties 1), the derivative of the approximation func-

tion can be written as

∂

∂s
Θ(τ, s) =

m2(1 +m1τ) exp
−s/τ

(1 +m2τ exp−s/τ )2
(20)

we can get that ∀s ∈ R, ∂
∂sΘ(τ, s) > 0. Thus, property 1) holds true.
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Then, the CCOCP problem is transformed as a deterministic one:

min J = E[Φ(t0, tf , x(t0), x(tf )) +

∫ tf

0

L(x(t), u(t))dt]. (21a)

s.t. ẋ = f(x(t), u(t), t) (21b)

C(x(t0), t0, x(tf ), tf ) = 0 (21c)

Hi(x(t), u(t), ξ) ≤ 0 (21d)

E{Θ(τ, gi(u, ξ))} ≤ 1− ϵi (21e)

x ∈ Γ,u ∈ U, ξ ∈ Ω (21f)

4. Chance-constrained Problem Transformation175

To transform the continuous-time CCOCP to a static chance constrained

NLP, many convex optimization method were utilized to solve the trajectory

optimization problem[32, 33]. The goal of this section is to combine the pro-

posed chance-constrained strategy with the effective solver. To discretize the

dynamics, the hp-adaptive pseudospectral method is popular and effective. The180

advantage with the hp-adaptive pseudospectral method is its high accuracy and

convergence speed with being completed with much less temporal nodes[34].

The global interpolation polynomial method was offen used in the traditional

algorithms. To improve the approximate accuracy, it is necessary to increase the

time nodes, which will greatly increase the number of design variables and thus185

increase the amount of calculation. The hp-adaptive pseudospectral method can

increase the approximate accuracy by adding the segment or node in the zone

with large error, but does not change in the zone where the accuracy meets the

requirements, which is helpful to maximize the efficiency of calculation, so it

has great potential in solving the optimal control.190

4.1. Radau pseudospectral discretization

In this paper, the hp-adaptive method uses theRadau pseudospectral method

to discretise the optimal control problem. According to the method, the state

10



can be approximated as

x(k)(ι) ≈ X(k)(ι) =

Nk+1
∑

i=1

X
(k)
i G

(k)
i , (22)

G
(k)
i (ι) =

Nk+1
∏

j=1i ̸=j

ι− ι
(k)
j

ιi − ι
(k)
j

, (23)

where ι ∈ [−1,+1], G
(k)
i , (j = 1, · · · , Nk+1) is a basis of Lagrange polynomials.

Then in each segment, (ι
(k)
1 , · · · , ι

(k)
Nk

) are the LGR points, k ∈ [1, · · · ,K] are

enforced at Nk points. Differentiating (22) with respect to ι, we obtain

dX(k)(ι)

dι
≡ Ẋ(k)(ι) =

Nk+1
∑

i=1

X
(k)
i Ġ

(k)
i . (24)

We use the multiple-segment LGR quadrature to approximate the cost func-

tion as

J =JΦ + JL ≈ Φ(X
(1)
1 , t0, X

K
NK+1, tK)+

K
∑

k=1

Nk
∑

i=1

tk − tk−1

2
ω
(k)
j G(X

(k)
i , U

(k)
i , ι

(k)
i ; tk−1, tk), (25)

where X
(1)
1 is the approximation of x(t0), X

(K)
NK+1 is approximations of x(tf ).

U
(k)
i , are the control’s approximations. The dynamics of the system are collo-

cated at the Nk LGR points as

Nk+1
∑

j=1

X
(k)
i D

(k)
ij −

tk − tk−1

2
f(X

(k)
i , U

(k)
i , ι

(k)
i ; tk−1, tk) = 0 (i = 1, . . . , Nk),

(26)

D
(k)
ij = Ġ

(k)
j (ιi) is the Radau pseudospectral differentiation matrix. The

initial and final constraints are approximated as

C(k)(X
(1)
1 , t0, X

(K)
NK+1, tK) = 0. (27)

The path constraints are also enforced at the Nk LGR points as

H(k)(X
(k)
i , U

(k)
i , ιi; tk−1, tk) ≤ 0, (i = 1, . . . , Nk). (28)
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To conduct the approximation, a modified sampling strategy which applied

to get the expectation value of CC [35]. According to this method, suppose that195

a known probability density function {ξm}Mm=1 ∼ R(ξ) , it can be reformed as:

1

M

∑

m∈IN

Φ(τ, gi(uj , ξ
m)) ≤ 1− ϵi (29)

where IN = {1, 2, ..., N}. The derivative of Eq. (29) can be calculated:

1

N

∑

m∈IN

∇uΦ(τ, gi(uj , ξ
m)) =

1

N

∑

m∈IN

[
∂

∂s
Φ(k, s)∇ugi(uj , ξ

m)]|s=g(xj ,uj ,ξm)

(30)

the decision variable is u in this derivative equation. We also can obtain the

derivative of the state variable similarly.

After discretization, the CCOCP is transformed as a new nonlinear program-

ming form in each segment.

min Eq.(25) (31a)

s.t. Eq.(26)− (29) (31b)

4.2. Variable-Order adaptive algorithm200

To improve the computationally efficient and accuracy of the solution, the

hp-adaptive algorithm was proposed through either dividing more segments or

growing up the degree of polynomial in a segment. Here, let δ be the accu-

racy tolerance for the decreased equations which include dynamic and path

constraints. The control approximation can be obtained by (Nk)
th-degree La-

grange polynomial in a segment.

U (k)(ι) =

Nk+1
∑

i=1

U
(k)
i Ĝ

(k)
i (ι), (32)

Ĝ
(k)
i (ι) =

Nk+1
∏

i=1,i ̸=j

ι− ι
(k)
i

ιj − ι
(k)
i

(33)

The whole hp-Adaptive Algorithm used in this brief can be described below.

Step1. Initial the number of divided segments K, the polynomial degree m,

and the tolerance ϵ in each segment.
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Step2. Calculate the error in each segment. This mainly evaluate the

differential-algebraic constraints at all collocation points.

| Ẋ(k)(ῑl
(k))−

tk − tk−1

2
f (k)(Xk

l , U
(k)
l ,

¯
ι
(k)
l ; tk−1, tk) |= e

(k)
l , (34)

H
(k)
1 (Xk

l , U
(k)
l ,

¯
ι
(k)
l ; tk−1, tk) |= b

(k)
l (35)

where l = (1, . . . , L). Calculate the error between the tolerance δ and elements

of e
(k)
l and b

(k)
l . Here, we use µi to replace elements of e

(k)
l and b

(k)
l in ∆. If205

µi ≥ δ, it means that the current segment needs to be modified dividing more

segments either or increasing the degree of polynomial, continue to Step3. If

µi < δ, it means that the current segment satisfied the accurate approximation,

then stop.

Step3. Choose whether polynomial degree increase or segment division.

First, initial a maximum ζmax. The curvature is defined as (36) in the mth

component of the state.

ζ(k)(ι) =
| Ẍ

(k)
m (ι) |

| [1 + Ẋ
(k)
m (ι)2]3/2 |

(36)

Moreover, let κk = ζ
(k)
max/ζ̄(k), where ζ

(k)
max is the maximum and ζ̄(k) is the mean

value of the curvature, if κk > κmax, it should divide the segment into more

than the curvature is large than the rest of the segment. The subdivisions’

number (nk) of the segment k gives as:

nk = Y ceil(log10 e
(k)
max − log10 ϵd) (37)

where e
(k)
max is the maximum error of the dynamic collocation. ϵd is the accuracy

tolerance for the decreased constraints. ceil is the operator that rounds the

argument toward +∞, and Y is an integer constant. Next, we should find the

locations of the segments. Here, a curvature density function is used, α(ν) =

cν(ι)1/3, and c is a constant. The cumulative distribution function is defined

as:

F (ι) =

∫ ι

−1

α(ν)dν, (38)
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we define the placement of mesh points according to the ν result. The (i+1)th210

subdivision determined by F (ιi)− F (ιi−1) = 1/nk.

If κk < κmax, the curvature is considered uniform in the segment, it should

increase the degree of polynomial to get a better approximation, here, the new

degree of the polynomial is set to be the follow:

Nnew = Nold + ceil(log10(e
(k)
max)− log10(ϵd)) +X (39)

where Nnew denotes the new number of collocation points, and Nold means the

number before the update of the polynomial degree. X is an integer constant

which has an effect on the dense of the NLP, it would affect the ability to

calculate.215

Remark 2. If the parameter ζmax < 1, it means that the polynomial degree will

never change, only segment division is allowed.

5. Approximation to a SOCP problem

In the development hereafter, the original chance constrained optimal control

problem is cast into a nonlinear programming problem of the (48). We provide220

solutions by leveraging second order cone programming (SOCP). Specifically,

an algorithm was designed to solve OCP by utilizing the discrete time and

constraints, we are able to get that, SOCP can find a point which is feasible

for OCP, when convergence is achieved. Many scholars have applied convex

optimization algorithms to solve optimal control problems. To complete the225

problem of minimum-fuel powered descent guidance with Mars pinpoint landing,

Ref.[36] regarded it as a SOCP, then the optimization problem is solved in

polynomial time by the interior-point method. Finally, the global optimum

solution can be obtained while satisfying the given tolerance.

Here, we extend this method to the chance constraint optimal control prob-230

lem, and Section II-III have proved the convergence and convexity of the stochas-

tic constraints. The working principle of chance constrained second order cone
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programming problem consists of successively linearizing the nonlinear and non-

convex constraints, handling the stochastic constraints, looking for a solution of

the OCP through a convex algorithm. Therefore, the CCOCP can be convexi-235

fied below. The interior point method is used to solve the CCSOCP problem,

which has been successfully used in large scale problems [37].

Assumption 2. The solution to the decreased problem is existence, and the

boundness of any feasible x is not change.

Consider the nonlinear equality constraints (26) and concave constraints240

(28), the successive approximation approach[38] is used to transform the prob-

lem to be a convex programming problem as follows:

min J = JΦ + JL. (40a)

s.t. fi(x
(k)) +∇fT

i (x (k))(x − x
(k)) +∇fT

i (u (k))(u − u
(k)) = 0 (40b)

N(x (k)(t0),x
(k)(tf )) = 0 (40c)

Hi(x
(k)) +∇HT

i (x
(k))(x − x

(k)) +∇HT
i (u

(k))(u − u
(k)) ≤ 0 (40d)

1

N

N
∑

j=1

(Φi(τ, gi(u
(k), ξ)) +∇ΦT

i (u
(k))(u − u

(k))) ≤ 1− ϵi (40e)

∥ x − x
(k) ∥≤ γ1, ∥ u − u

(k) ∥≤ γ2 (40f)

where γ1, γ2 ∈ [0, γ0], γ0 > 0 is the trust region radius. ∇fT
i , ∇HT

i and

∇ΦT
i represent the first-order expansion of the gradient at x (k) and u

(k).

Fig.1 presents summary of the manner of proposed algorithm. The details of245

the overall process are extracted in Algorithm 5. It clearly shows the outline of

solving a sequence of (CC-SOCP) to get the solution of original optimal control

problem.

6. 3-DoF UAV Trajectory Optimization under Different Situations

In this part, we present an application example to verify the proposed CC-250

SOCP solver. In [39] and [40], A 3-DoF unmanned vehicle trajectory optimiza-

tion problems under deterministic situation were studied. Here, we consider the

15
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Figure 1: Implementation flowchart
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Algorithm 1 CC-SOCP Optimization Process

Input: Initial guess (u0, x0) and the parameters of the approximation function m1, m2;

/*Main Loop*/

Step 1: Generate a set of random variables ξMm=1 ∼ Ω

Step 2: Build the CCOCP problem given by Eq. (38);

Step 3: Solve (CC-SOCP)j+1 for (uj+1, xj+1)

Step 5: if ∥ uj+1 − uj ∥≤ γ2 and ∥ xj+1 − xj ∥≤ γ1 then

Step 6: Compute model accuracy ratio ϵj

Step 7: If ϵj > ϵmax

Step 8: Reject solution (uj+1, xj+1)

Step 9: Modify the hp-method

Step 10: else

Step 11: Accept solution (uj+1, xj+1)

Step 12: else

Step 13: Reject solution (uj+1, xj+1)

Step 14: j ← j + 1

Step 15: Return (uj+1, xj+1)

17



original problem with uncertainties in the control contraints. These chance con-

straints are transformed into stochastic inequlities and handled by the proposed

profile.255

6.1. Problem formulation: 3-D UAV Trajectory optimization

The deterministic version of this application example is constructed as fol-

lows:

ẋ =
d

ds






















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

x

y

z

ϕ

γ


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










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



v cosγ cosϕ

v cosγ sinϕ

v sinϕ

u1
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

























. (41)

where the state variables are the pose of the vehicle (x, y, z), the heading

angle ϕ, and the pitch angle γ, respectively; s represents the curvilinear abscissa260

along the path. u1 and u2 are the control variables.

6.1.1. Geometric and Path Constraints

For UAV system, we should consider some geometric and variable path con-

straints. For example, the pitch angle and the curvature radius should be con-

strained into reasonable range. Also, the control variables have some limitations.

The equations below can describe those constraints

γmin ≤ γ ≤ γmax (42)

R(s) = 1/
√

u2
1(s) cos

2 γ(s) + u2
2(s) (43)

| u1 |≤ umax
1 , | u2 |≤ umax

2 (44)

where γmin, γmax represent the range of pitch angle, R(s) describes the curvature

radius of the UAV, umax
1 and umax

2 is the maximum of the control variables.

The objective function is considered as below:265

J =

∫ sf

0

∥ µ1 ∥ + ∥ µ2 ∥ ds (45)
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Table 1: Initial and Desired Position of The UAV

Pose Initial condition Desired pose

x 500 -100

y 100 400

z 300 0

heading angle 240◦ 45◦

pitch angle 15◦ 15◦

sf denotes the length of the trajectory time, here we set it as a fixed-time.

The objection means that the UAV fight energy from an start point to a target

point and the length should be minimized within fixed time. This scenario is

common when the UAV is performing a fixed task, which often does not re-

quire the optimal time to achieve the purpose of saving energy. This following270

example compares the trajectory variables generated by the traditional Gauss

pseudospectral method (GPM) and SOCP method, respectively, which condi-

tions given as Table. 1. We complete the simulation in the same fixed time. As

the fig. 2 shown, the proposed algorithm (SOCP) has better smoothness and

less drastic changes in the control process compared with the GPM. Meanwhile,275

the calculation time consumed by the two methods is similar.

6.1.2. Trajectory with No-fly Zone

In this case scenario, the flight obstacle constraint is considered during the

path planning process. The corresponding inequality constraints are constructed

by using the no-fly zone constraint. Center: x1 = 100, y1 = 400; Radius:280

R1 = 170

According to the simulation data, the violation degree is equal to 0 with the no-

fly zone path constraint, and final state errors are within the tolerance range.

That means that the proposed method is valid in this scenario. In order to

better describe the no-fly zone constraint, the solution result has been plotted285

in Fig. 3. It shows that the new trajectory could keep away from the no-fly
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Figure 2: SOCP Compared with traditional method
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Figure 3: Path planning with/without No-fly zone

zone which means that the proposed method could generate a safe trajectory

with no-fly zones.

6.1.3. Trajectory with Chance Constraints

Considering the chance constraints, we assume that the control variables of

the UAV could be affected by some uncertainties which lead to the maximum

attainable control imbalance. The following probabilistic control constraints

represent these effects:

Pr{| u1 + ξu1
|≤ umax

1 } ≥ ϵu1
(46)

Pr{| u2 + ξu2
|≤ umax

2 } ≥ ϵu2
(47)

where it means these two control constraints must be satisfied with a probability

of not less than ϵ. Finally, the chance-constrained version of this optimal 3-DoF

UAV trajectory optimization problem is constructed as follows:

min Eq.(45) (48a)

s.t. Eq.(41), (42)− (44), (46)− (47) (48b)

The proposed CC-SOCP scheme is evaluated on a laboratory UAV. We290

assume that [umax
1 , umax

2 ] = [1, 1], and set Rmin = 40m. The probabilities

ξu1
, ξu2

∼ N(0, 0.052). We present one test case to verify the validity of the

proposed algorithm. Table 1 shows the start and final pose information. The
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Figure 4: Nominal and chance-constrained results

trajectory with or without the chance constraints are studied in Fig.4. As shown

in Fig. 4(a). The proposed algorithm guides the UAV to finish the task effec-295

tively with the affection of control chance constraints. It also indicates the

valid for those kinds of chance constrained OCP constrained in this paper. Fig.

4(b), Fig. 4(c), and Fig. 4(d) shows the time history of the pitch angle, and

control vectors along the whole process. It is seen that the pitch angle with

chance constraints has some fluctuations compared to the result without the300

disturbances. In spite of the existence of chance constraints, the generated tra-

jectory still meet all the nonlinear constraints. The proposed algorithm guides

the UAV to finish the task effectively under the consideration of disturbance

constraints. It also indicates the valid for those kinds of chance constrained

OCP constrained in this paper. Fig.5 shows the violation rates corresponding305
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(a) Violation rate of µ1
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Figure 5: The violation rates of the chance constraints

to the control chance constraints are less than the preassigned risk parameter.

Here, as we mentioned before, the probabilities of occurrence are to be that the

violation rates of the chance constraints are less than 10%(ϵ = 0.1). We can

see that the trial can converge to the feasible solution which indicates that the

CC-SOCP algorithm has a stable performance under the chance constrained310

conditions. We also compare the cost value and CPU time between the nominal

condition and chance constrained condition under the proposed algorithm. If

there is no chance constraints and the Radau points are utilized, we need calcu-

late O((Nk + 1)nx +Nknu) optimization variables. It is obvious that when we

consider the chance constraints, the number of the optimization function eval-315

uations becomes O(Nk(nx + nΩ + 1)) which means that the solver needs more

computing resources. So the CPU time becomes more larger than the nominal

condition. It still can get a reasonable result under the chance constraint with

a minor impact.

Remark 3. It is noted that the effect of the chance constraints have an negative320

influence on the whole process. The algorithm may hard to get caught up into

converge under a highly constrained environment. It is essential to overcome

this issue under the assumptions we investigated.
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Table 2: Initial and Desired Position of The UAV

Initial condition Desired pose

Position Head angle Pitch angle Position Head angle Pitch angle

1(500,100,300) 240◦ 15◦ (-100,400,0) 45◦ 15◦

2 (120,-30,250) 100◦ −10◦ (220,150,100) 300◦ −10◦

3(380,230,200) 30◦ 0◦ (280,150,30) 20◦ 0◦

4 (-80,10,250) 20◦ 0◦ (50,70,0) 240◦ 0◦

6.1.4. Test of Approaching Algorithm

To further verify the practically of the approaching algorithm, we also evalu-325

ate the effectiveness of the proposed method through different length of the path

which Table. 6.1.4 presents three different initial and final poses. According to

the comparisons in the Fig. 6-Fig. 9, all the chance constraints have some

effect of the states and the control vectors. However, simulations under the

disturbances illustrate that the proposed method can generate an effective and330

feasible trajectory with chance constraints. Additionally, it is also adaptable to

different configurations of initial and final positions.

7. Conclusion

In this paper, chance constrained optimization of nonlinear system is stud-

ied. This work uses a lower approximation for the solution of CCOCP. Firstly,335

a novel smooth function is applied to approximate the chance constraints. The

original problem is transformed to be determined second-order cone program-

ming problem. Furthermore, the convergence of the approximation function is

discussed. In order to evaluate the proposed algorithm, a 3-DoF UAV dynamic

model is used in different situations include No-fly zone and chance constrained.340

In our follow-up work, we will consider the uncertainties in dynamic sys-

tem to extend the proposed CCSOCP optimization framework, and exploring

independent obstacles to further reduce the conservatism. In the process of

convexification (successive linearization), we should also consider artificial in-
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Figure 6: Case2 results

Figure 7: Case3 results
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Figure 8: Case4 results
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(a) Violation rate of µ1
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(b) Violation rate of µ2
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(c) Violation rate of µ2
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(d) Violation rate of µ1
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(e) Violation rate of µ2
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(f) Violation rate of µ2

Figure 9: The violation rates of the chance constraints
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feasibility in our future work.345
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