o

-

. .
: L .
o e

E L

e
0
o

L

L
.

o
=




THE COLLEGE OF AERONAUTICS

CRANFIELD

CORRIGENDUM TO COLLEGE NOTE 101

On surface pressure fluctuations

in turbulent boundary layer

G, M, Lilley and T, H. Hodgson

The report mekes use of the value of a certain integral, which is
evaluated approximately in Appendix B, However the epproximations made

in Appendix B are rather crude, especially those leading to (B.11).

A different approach using the Fourier transform of the pressure
avoids this difficulty. The results will be published in a separate
paper as College Report No. 133 although it should be noted that the
more accurate theory leads to numerical results not osscntially different

from those obtained by the earlier approximations,
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IHE COLLEGE OF AERONAUTICS

CRANFIELD

On Surface Pressure Fluctuations in
%
Turbulent Boundary lLayers

G. M, Lilley, M,Sc., D.I.C., and

T. H, Hodgson, B,Sc,, D,L..C., D.C.4e,
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Existing work on the pressure fluctuations in turbulent shear flows is
briefly reviewed with speclal reference to the problem of wall turbulence,

An approximate theory for the pressure fluctuations on the wall under
both a turbulent boundary layer and a wall Jet is given and indicates in
the lotter case an intensity many times that corresponding to the flow over
a flat plate at zero pressure gradient, as typified by measurements on the
wall of a wind twmel, Experiments on a wall Jet confirm these predictions

and details of the few preliminary data are presented,

The results from the wall Jet suggest that the intensity of the pressure
fluctuations in the regions of adverse pressure gradient, on wings and bodies
approaching and beyond separation will be higher than in regions of zero
pressure gradient,

Appendices arve included which deal with the necessary extensions to
the analysis to £it the velocity correlation functions as measured by
Grant (1958), the effects of time delay and eddy convection,

To be read at the AGARD symposium on Boundary Layer Research in London,
April 1960, This work was performed under the Ministry of Aviation
Contract No. 7/GEN/166L/PR3,
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shear velocity
cenvection speed
volume
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distance to mid and maximum velocity in the
outer regiocn respectively

anisotropy factor

reciprocals of typical turbulence scales
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displacement thickness
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kinématic viscosity; reciprocal of eddy Lifetime
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density
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denotss big eddy contribution

denctes small eddy contribution
denotes 'in moving freme of referencet

denotes 'in fixed frame of reference!

denotes fluctuating quantities (but generally omitted)



1. Introduction

A knowledge of the intensity and spectra of the pressure fluctuations
in turbulent shear flows is required in a wide range of aeronautical and
hydrodynamic problems today, Such problems range from asrodynamic noise
generated by turbulent motion, the vibrations of the aircraft skin at high
speeds and the trensmission of noise to the cabin and cockpit, to mention
Just a few, ‘

Although work in this area wes pioneered by Heisemberg (1948),
Obukhoff (1949), Batchelor (1951) and Kraichnen (1956a and b), it is only
relatively recently that experimental data has been obtained to check the
theoretical data, and to set the pattern for investigations into more
complicated situations, where the theory at the best would be very tentative,
The work of Kraichnan is of particular interest for it deals with pressure
fluctuations in the presence of a mean shear, and also in the case of wall
turbulence, and therefore has direct application to the problem of wall
pressure fluctuations under a turbulent boundary layer. (The earlier work
of Heisenberg, Obukhoff and Batchelor considered only the case of isotropic
furbulence), Kraichnan showed that on a wall Vp2/% ;oun?;’L ~ Bops where f

is a factor bebween 2 and 12, Experimental results obtained by Willmarth
(1959) and Harrison (1958) confirmed Kraichnan's predictions end gave values
of f between 2.5 and 5.0, '

The effect of Mach number on wall pressurc fluctuations, although of
obvious current importance, will not be considered here, Indeed the flow
will be assumed incompressible throughout and the problem of boundary layer
noise, that is the noise radiated away from the surface, will hardly be
touched upon, Our attention will meinly be restricted to problems of wall
turbulence, including the wall Jet, and will not consider in the same detail
pressure fluctuations in free turbulence, A review paper covering the items
omitted by the authors, would naturally be of considerable topical interest,
but it was felt that, bearing in mind the considerable efforts present in
this area today and the present state of flux of knowledge in the subject,
a greater need was for a fundamental appreciation of relatively simple flow
models. The surface over vwhich the fluid flows will be treated as rigid,
and no account will be given of the response of the structure to pressure
fluctuations,

The theory of the pressure fluctustions in wall turbulence, including
the wall Jjet, will be treated on similar lines to the method used by
Kraichnan 1956b), In this method the intensity of the pressure fluctuations
cen be obtained once the twompoint velocity correlations, mean velocity
gradient, and the turbulence intensity and scale are known, Experimental
results obtained by Townsend (1956) Leufer (1955) and Grent (1958) will be
used to find p? on the wall. For the wall jet the mean flow theory due to
Glavert (1956) will be adopted, together with results in the mean flow by
Balkke (1957) and Bradshaw and Love (1959). The prediction in this case for

L

P? will be compared with those obtained from measuremenis,



Finally in order to avoid confusion in the theoretical treatment and
the discussion of results, the authors stress that they are dealing with
the problem of pressure fluctuations in a pseudo~incompressible turbulent
sheaxr flow, They prefer, and agree that it is one of personal preference
and not one agreed by convention, to refer to boundary layer noise as the
sound energy radiated away from the turbulent flow., This latter problem
considered by Curle (1955), Phillips (1956) and Dosk (1950) though comnected
has obvious differences from the present treatment,

2 Theory of the pressure fluctuations in a shear flow

In most instances where the pressure fluctuations are significant the
fluctvations in the fluid density are significant also, The present problem
is no exception, However since we will be more concerned with the pressure
fluctuations inside the turbulent shear flow, which in our provlem will be
an essentially 'low speed flow', than the noise radiated from it, we may
sefely assume that the flow is incompressible, The equations of continuity
and motion are therefore respectively

6‘ui
i
dou
3] ap 2
+ D) >
5t S Pl Yy o, vty (2)

If we teke the time derivative of (1) from the divergence of (2) we obtain
the following equation for the pressure distribution

9% u, u.

2. - S |

This shows that, whereas in inviscid steady flow the pressure at a point
» » ’ - - 1 - (3 p

follows immediately from the dynamic pressure at the same point, the

pressure at a point in a turbulent flow, since it obeys an equation of

the Polsson e, 1s governed by fluctuations in velocity throughout the
- LY g o

entire flow and not just at the field point.

In the problem of the wall jet the mean pressure is approximately
constant everywhere, end the mean velocity field is radially symretric so
that in terms of cylindrical polar co~ordinates (Rr, b, Z), the velocity

components are given by EB (R, Z), 'E¢ = 0 and ﬁz (R, 2),
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Since equation (3) above can be written alternatively in wvector notation as
Vzp = “QV. (HUV)u (38‘)

we find on expanding the right hand side and meking the usual boundary
layer assumption that (see Appendix A)

! oy I 'y
P\2R R 2R 0%

where (ug, ués » uy) denote the fluctuating components of velocity end
(’%, ﬁﬁﬁ’ G‘Z) the mean values,

ot O

But meim ¢ === g0 that finally we have

R 2%,
aué -
2 — - RS S
vVp o= 2P<F8 37 , (5)
o,
= -~ 20T : ““'i” 28
RZ "?E (52)

vhere T, (Ryz) = %5~ 1s the local mean shear.

This result is similar to that found by Kraichnen (1956b) for the boundary
layer fiow over a flat plate with a mean velocity in the (x 1) direction

verying with (’Xa) only, the directlion normel to the plate,

In order to simplify the notation, in what follows, we will drop the
subscripts on 7 and the primes on Ug e Thus p and u will now refer 1o

&

the fluctuating pressure end velocity respectively, and 7 is the mean shear,
Therefore we can write equation (52) in the equivelent form

on

oy = ~2p7oE = w g (x, 1) (6)
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where g (x, t) is the source density. Ve are here assuming that the

pressure fluctuations due to the amplifying effect of the mean shear on

the turbulence, are greater than that due to the interaction of the
turbulence on itself, Kraichnan (1956b) justifies the use of this assumption
by showing that, approximately, the former will give rise to a root mean
square value of pressure about 10 db higher over that due to the latter,

The solution of (6) can be found by finding an appropriate Green
funotion, G (x, 3'5") , which satisfies the boundary conditions, Since the

Green function satisfies
Ve (x,x) = - &(x-x) (7)

where &(y) is the Dirac delta function, the appropriate solution of (6) is

p (x, %) =[ aly, %) & (x5 ay +f (G L (3, ) =y, ‘6)5@%) as(y)
v s

coess  (8B)

where V is the total volume occupied by the flow and S is the total area
of the plane over which the fluid flows, provided at same initial time
p and 583% vanish, Here =n is the normal to S, measured to the surface

from the volume,

| If we write G_ the Green function vhich venishes on the plane S, G,

the Green function given by

les
et = 0

on

on the plane S, and Go the Green function for unbounded space, we have

G = & - G,

- ® i I
| (9)
G =~ G + G,
+ o) i

where G:?. is the Green function for the image point in the boundary. Hence

we can find three equivalent solutions of (6), which depend on the particular
choice of Green function., Thus



| | ' [ & 2
p(fi’ ) = f aG, & + / G, 3 4 (102)
v S
[ &
= / QG A& = f P as (410b)
v S
oG
— - @ o o ey
= [ aG, a4 =+ f (Cn -y P5a ds
v S
LR N ] (100)
But on S we have
G = G,
o i :
] (11)
on on

and so (10) can be written alternatively

p(f,‘b) nf q(Go+Gi)&V+2/ G, %«2 a8 (12a)
v S
N ‘
=/ q(GO-Gi)cIV-E/ P O (12b)
v S
==/ QG A& + /(GO = --p'éT)ﬁS (12¢)

v S

The particular choice of one of these equations must depend on what is known
about p and %ﬁ on the plane S, Clearly if ‘g"ﬁ = 0 on S we would
~choose (12a),



Now the equation of motion in the Zedirection at 7 = 0, where U = U é

:Uz.zO, is

op a
O = - = +y Py (13)

for the fluctuating quantities end

GRtt)
0 = y -z (14)
872 ‘

for the mean flow,
But from the equation of continuity

=== = 0 at 7 = 0 (15)

Py Oy
72 3%

and. therefore near the wall
e Z a7 2
UZ?- = (@2)  neese (16)

From the measured distribution of ?;2 near the wall of a flat plate,

chemnel or pipe Tomnsend (1956) finds that, (in our notation),
3

e

I - lw
(GZ- 3k x 10 o2 (17)

where TW(R) is the wall mean shear stress given by
GISN
= -
T <“aZ )Z:O (18)

A2
Although (%% ) » as showm by (17) is a very small quantity we are not

Lmediately justified in pubting (%122 ) = 0 in (12a).
Z=0
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However, if £ ) is a typical length over which the velocily is correlated
and @2 & similar length with respect to pressure, we see that the '

cantributions to ?2 s from the volure and surface integrels in (12a) »
are in the ratio

100 €% . &2
1 2
Now if anything «%2 is less than @1 and is certainly not large compared
with 61 » and s0 we see that the surface integral in (12a) can be neglected

in agreement with Kraichnan's approximation (1956b), Thus we note that
for this problem the solutions (12b) and (12¢) are of less value than the
first, .

We therefore write approximately

% U,
2yt =& [ (reg™ v |23 () e () &

o~

v ceees (19)

on inserting q (x, ) from (6) into (12a), and noting that

1 1 1 > .
G+ G, = == " (20)
Q L La <l:§§_,"¥ul i}*:wy#{

~

where y = y (R, ¢, = Z), and the volume of integration is over the half-
space Z2 > O, '

On the surface of the plene x =(R, ¢, 0) so that

)auz (

T(y) =5 (y)

0 ~ ¥

p(x, t), = & o ay (21)
zs0 | X£=3 |

and the pressure covariance, for zero time delay between the pressures at
x and x’ respectively, is ‘

~ ~
2

| R
L
7(y) (2) =25 &y dz
] > e ’ - ,ﬁ ~ ~ aR aR ~ ~
B (:& 2 f ) - -2 /4 (22>

S 0 x-gl |z -2 |




where the velocity coveriance is

Bse = uy(y) u,(z)

end y =y (R, ¢,2), z = g (', ¢, 2",
If the turbulence is spatially locally homogeneous we ocan put

Z(:Yv z)

'/a'z"() [Gzz(g)

where r = (z ~y) and IB"ZZ is the velocity correlation coefficient,

f,, (x) @)

Writing r (z TR Tyo rz) we find that (22) becomes

P(x ; x) Trz f/ 7(y) 7(y + x) “‘i B, (x).
Z=0 R
=T Y . & dr
% JUZ(VN) EREAR Y
cevas  (24)

on making the assumption that U7 doss not change significantly over the
Yz,

region in which ﬁzz is different from zero, In effect this is saying that

% does not vary greatly over the entire flow at a given value of R, which is not

a  too unreasonable assumption, If f" and its derivatives with respect tu N

vanish at infinity, and on the plate, en integration by parts of (21)
leads to :

P -
(z T 7

TN

- . . -
b E s [ (0T
¢ ( i

() Y8 ()
‘X' - ZI /

dy. (25)

A

~ (e ¥
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Now it must be noted that in this analysis stationary, and not
moving comordinates are being used. Also, as stated above (g ; %),

the pressure covariance on the plane Z = 0, is thet for zero time delay
and inruives the instantansous product of the fluctusting pressures at

he points x end x’ respectively, A more logical treatment would be to
consicer the turbulence in a frame ‘of reference moving at some mean, or
convection, speed u, . If in this Lreme of reference the turbulence is
asgumed to be isotrdpic, not because it is a likelihood in prac’s:llce , but
meraly to simplify the analysis and to allow results for :I?(:;g P ) to be
easily ccomputed, and to be governed therefore by the longltudinal wvelocity
correlation coefficient £f(r’; 1), where r’ is measured relative to the

moving exes, We can €Xpress §Z7 (r 4 7), relative to stationary axes, in
L) "~ :

terms of f(:n'i -0, Ty r,, r,;7), vhere 7 is the time delay.,

(¢f =2 =G4 7,1,r7)

Ve Pr,, v,y Tu3 T+ 7)
/

B0, 0, 03 1)

However when 7T = O we see that £(r) has the same functional form as f(r’)
and for simplicity it is this case that will, in general, be treated below,
The extension to the case for general values of 7 presents no difficulty
in anslysis but only requires pencil, paper, quiet and patience, as .
witnessed by the analyses in Appendices (D) and (E).

Equation (25) is the important equation in this paper, It shows
that the pressure covarience at a point on the wall, due to shear flow
trrbulence dominated by the mean flow shear (7), is governed by PCZ , the
two~peint lateral"  velocity correlation coefficient, the mean she8¥ and
the turbulent intensity,

In equation (25) the integration over y can only be effected when
the values of 7 fﬁzz are known, Now we can easily see that the greatest
values of TV Eg* exist in two quite distinct regions of the wall jet at
any value of the radius R, These regions are the constant stress region

and the middle of the outer mixing region respectively. On the .ssumption
thet the $urbulent inner region of the wall jet possesses the same structural



similarity as the inner vegion of a flat plate, channel or pipe flow we
have that the mean velocity distribution in this region (known as the
"Loaw of the Wall') is

Za ‘
- T
G, = jj{ In <w-;=-> + A (26)
and - u
T EE T R (27)

where u = Vrv?ﬁ is the shear velocity,

ZuT ;
Equation (26) is kmowm to hold for === > 30 and Z/Zm < 0.2, where Z_
is the thickness of the shear layer up to the maximum velocity o = Uoe

K, known as the von Karman constent, has a value roughly equal to Oeks
Since the motion in this immer region must be described by umiversal
functions of the wall shear stress, 7_, and the viscosity, the turbulent
intensity Gé must be proportional to ui . From the measurencnts of

Laufer (1955) in a circular pipe it is found that 13.72 /u,? = a (28)

a constant over most of the immer region., ( ais of the order of unity),
From equations (27) and (28) we see that
3

u
Va2 o =L Tl
TV = % <Zu> (29)
A
v

7u }
for values of <c~;l/ > 30, Nearcr the wall it is found that

zZu ¥ u?
[ o~ T T
r Vo R 0.009 (&) = (30)

and it is interesting to note that the maximum value of

TV =3

v,  occurs Just outside the laminar sub-layer,
In fact it is very close to the region where the total turbulent intensity

(ﬁg + ﬁ; + ﬁZ‘°‘> reaches its maximm value., (Fig. 1),
/
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It is found from (29), (30) that

/200 " 62* . :
£(z) e, o® o 0.39 (31)
Jo (11733 /T//
where (2 ) = 1 ;:;2“
"
and  Z = (% u/v).

On the other hand it is shown in section (8) that the value of the
mean shear in the oubter mixing region is

- 0,616 u (32)
T = e 32
(Zg = 2)

whers Z1 Z are the distances to the pointe of half and raa.mn Jl‘ﬂ velocit
3

rcspectz.wly, On the asswmtion that in this latter region uZ = 0,15 ™

we find that
2 ol _ 0 OO*QB ut

2
T e (33)
(z_gg - zzm)

This more or less completes the formel treatment of t]*e pressure
fluctuations in a wall jet, Since the contributions *o p° from the inner
region and the outer mixing region are very different in mognitude
(see (31) and (33)) we will consider thom separately,



3. Pressure fluctuations due to the 'inner region'! shear flow

From (25) we found that

,.....-..

y J

but in Appendix B it is shown that

e iz
[52’3 ix-—yf aZP<1X~ZI> %

0 ( gR - rR> f 2 T2
= -~ 2T mE —— T dy, (34)
e \pog¥ Lo w7
where £ = .}El - % , and % “JZ? is assumed to be function of y, only,

As stated above we will assume tha‘b the turbulence is isotropic in axes
moving with the convection speed uc. If the time delay is neglected

rt! £’
Ejﬂ (E) :<f «t—"*é“) 6,]'@ -~ 5r T3 T (35)

where £ dis the longitudinal velocity correlation coefficient and

£l = g‘; e This form for R”Z does not agree too well with the experimental
results of Grant (1958) and others. However the errors involved in the
use of (35) can be shovm to be small and in any case avoids the necessity

for grephical or mumerical integration of (25),

From (25), (34) and (35) we find that

. | P
A’\a - K
P(x ; x) - 2o frz'ug ay, / R, (z) U
oo Lo Z:O 9 J e J L L rz o 4 / L
>0
LER RN ] (56)
vihere |x| = |x], and the integration with respect to'y, is over the

vhole turbulent flow giving rise to large values of T2 U7, and for
isotropic turbulence
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H

- rf \ £ 2
12 o £ G S [ &) 3
< 5 )" Ty (37)
If the ranges or integration with respect to r are 0 < r < o3

0 <¢gm and 0 < @ <1

P(x, 0) - Jz2g 0?2 cof dr [ L dy (38)
=3 920 15 . Jo Yz, Z

where @ is an anisotropy factor which is assumed to have a value of about %,
If in place of (34) we use the alternative result from Appendix B (equation
B,13) we find that

P(x, 0) = Be e 2 E [ rf dr (38a)
ot _ 15 A J
4=0 0

where < Tfa,?‘ > denotes a suitable mean velue, Frrm a comparison of
3

(38) with (382) it is scen that if use is made of (31)

- 0,6 usT
2 e ~J e e e ]
< T uz > ~ o L ®

P
If we now insert f = exp (- r/ &) (39)
ikl fdar = & 0
Wit JO o (4 )

into equation (38) we find that, with the aid of (31),

P(x, O frrem
J (0 /’zm w, >
I S ~ ) o e ~ 5 1
—— > 0.1‘*\(\ . . Cp m5 0 (&)
= u
z P U,
* zm Y 2
where we have us bp = 0, emmnen = 1600, a = (L
here we have used P 0,14 Zm » s 1600, and Co Tv/kg ou )

»

is the local skin friction ccefficient, This result is similar to that
found by Kraichnan (1956b) for the boundary layer on a flat plate, except
our factor b5 replaces the range 2 to 12 as given by Kraichnen although

we note that strictly V7 }_9( o) /%pué is proporticnal to c¢¥4 and /’Zm {'&I e
¥ KN B T
A

T AR

v

*  This value is obtained from the work of Granmt (1958) by noting the
zero point wvaluve of R22 (r, C, 0) in the region close to the wall,
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Equation (41) cen be campared with the results of various experimenters
for crdinary boundary layer flow, The measurements of Harrison (1958)
suggest a value of

VB /s uP o 0.0095 = LB o, | (42)

while Willmarth (1959) gives

VBT /% o = 0,006 = 2,5 Co (13)

Our measurement on the wall of a wind tunnel with a microphone 0,14 in,
diameter and a bowndary layer displacement thickness of 0,238 in, gave

VBR /Ao = 0,008 = 3.6 o, ()

All these results are qualitatively in fair agreement with the theory
end indicate that in a turbulent boundary layer on a flat plate, in zero
pressure gradient, the wall pressure fluctuation arises mainly from
disturbances in the constant stress region, Since Co changes only slowly

with distence we see that ‘ftpz will only change slowly with increase in x,

Finally we note that owing to the approximate nature of our analysis
P

we are led to assume that < 72 us > is inversely proportional to 4p
with £p = 0,14 Zm’ However the more exact analysis given in Appendix G
incicates that ng'zf should be averaged over a length of more nearly
0.3 Zm with £p given by 4p =~ 0,3 Zm' This does not change the numerical
results quoted above significantly although if anything they bring the
theory more nearly in line with experiment., However the effect on the
spectrum is very marked producing a two to one shift in the frequency
perameter towards the lower frequencies. Further discussion on this
problem is continued in Appendix E, but we conclude this section by
noting that if £p =~ 0,3 Zm we are not correct in assuming that the wall
pressure fluctuation is dominated by disturbances in the constant stress
region, but rather that the entire boundary layer, and especially the big
eddies, all contribute,



L. Pressure fluctuations due to the !outer mixding region'! shear flow

In the outer region of the wall jet the structure of the burbulence
is uninfluenced by the wall, Nevertheless the solution of equation (6)
is still given by (19), for the contribution from the !image! Green
function must svill be included, However the problem is simpler because

LA

o . - . - .
2 U, is approximately constant over the region centred aebout the

T

» oy

middle of the mixing region., Equation (25) therefore reduces to

2.,.2,.2 -

Fm% 3 (zp = &) |
b= o 7/ = as . - o e it 1
B(x ;5 x )Z=O = pro I [ 1.Jzzz (r Te T dr

(45)

If we again put the time leg equal to zero and put (x’ -~ x) = 0O then
- L

B(

I

5 %) z%%‘ o T /rfdr (16)
Z=0 ‘ Yo

where @ is the anisotropy factor,

If further £ = cxp (= /%) (7))
then : 2
B a2 2 =% L
Prip =5 ot (48)
" T z=0 15 UZ : ‘

te
9

On inserting the values for 72 J.Zz from (33) and putting

g, = (Z -~ A )
& = (2 » (19)
then .
vV 2 ~ 4 "
P apon: & 0 (50)
The value obtained from our mecasurenents is
V%z/—,} pué = 0,11 (51)

e
o

and indicates that the contribution to \/:;2 from the cuter mixing region
is some ten times that from the constant stress layer,

# This value of 60 corresponds to the halfw-width of the ocuber mixing region,
At first sight this value seems unduly high but it is in keeping with
the results of the large eddy analysis in Appendix C and the measured
spectra,
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This result is not surprising when one remembers that the small shear in
the outer mixing region is acting over a distance many +imes that of the
entire inner shear layer thickness,

The theoretical value of ‘/}52 + .Ou;l is independent of the radius
(R) and this is confirmed by our experimental results, This altogether
interesting result is we feel most important for it shows that even in a
region of flow, where the velocity changes in the mainstream direction are
large (um o~ 1/R), he pressure fluctuations are still largely determined
by local conditions only., This agrees with the results of the mean shear
stress on the wall by Bradshaew and Love (1959) (Fig, 2)., They showed
that the skin friction coefficient, although slightly higher than for a
flat plate, changed very slowly with increase in radius beyond an imner
radius where the wall jet was being established,

5.  The spectrum and space pressure correlation for zero time delay

In sections (3) and (L) above the formel treatment of the pressure
covariance with zero time delay is given, but only the results for the
mean square of the pressure are evaluated in full, However Lilley (1958)
has already evaluated the pressure covariance in free shear flow turbulence,
and as we have seen above the results for wall turbulence vwill be similar
epart from a numerical factor. From Lilley's results for P(x ; x/) with

£ = exp(~ o® r?), we find (Fig. 3), that P(x ; £ , 0, 0) has a large
negative IooP with a2 zero crossing point of o ?1;1 ~# 4. On the other
hand P(x 3 0, O, gs) is positive for 21l values of g, and falls to zoro
as E,z + o much slower then f(r), as r , « , The isotropic turbulence

model used in evalimting these results is a little too crude to make
comparison with experiment Jjustified, apart from an order of magnitude
basis, yet it is interesting to note that Harrisen (1958) found similarly
positive velues for P(z_c 3 O, O i,;‘,z) s although the fall off at large

values of £ was slower thaan in ouwr results, However this is what one
&,
3

might expect from the anisotropy in the large scale turbulence modifying
the form of Rzz(g) at large values of |r |,

The wall pressure spectrum function has been evaluated in Appendix C
telcing into account the large eddy structure, and in Appendix E allowing
for convection. In both these cases and also in the free shear flow
turbulence example the spectrum at low frequencies obeys the law
Ld - i -
w® exp(= W), (Fig. 4). Indeed P(w) must behave like w? near w= O
in an incompressible fluid. In our wall Jet experiments we find such a
rise at low frequencies, in contrast with all measurements made in pipes
and on turmel wall boundary layers, where the flatness of the low frequency
end of the spectrum is most merked,



Harrison (1958) has also remerked on this flatness of the spectra at low
frequencics and has suggested that, except at the very lowest frequencies
outside the range of the measuring ecquipment this might be explained in

terms of the intermittency of the bowndsxy leyer., However this does not

in itself explain the relatively high energy content in the lower frequencies.,

A complete explanation of this phenomenon has not yet been found,
assuming of course that the flatness in the low frequency end of the spectra
is not associated with spurious wind tunnel effects, such as fan noise,
flow nolge extra and sbove the boundary layer noise, or tunnel circuit
regonance, However a clue to the explanation may come from an analysis
of results similar to the space~time correlations of wall pressure cobtained
by Willmerth (1959)°, These data show, as explained in Anmpendix D, that

e spatial pressure correlation for optinum time delay (i.,e, roughly
the auvtocorrelation in axes moving with the nean convection speed of the
eddies) does not fall to negative values at large scparation distances in
contrast to the autocorrelation mcasured in axes fixed in the wall, This
ncans thet the life times of the big eddies are being extended on account
of the growing scale associated with the slow increase in the boundary
layer thickness, This consequent modification of the aubocorrelation in
moving axes at lerge times could produce the neccssary 1ift to the low
frequency cnd of the spectra although a fall off like ©° rust exist at

he very lowest frequencies,

On the other hand it would eppecar that in the case of the wall Jet,
gince the increase in shear loyer thickness is relatively large coupled
writh the rapid fall off in veloeity with increase in radius, the life time
of the eddy could not be extended in this way. These differences between
the theoretical and experimental spectra for both the wall jet and boundary
leyer are being further investigated, '

6, [The wall jet =~ Theory of the mean flow

Plearumring S

The wall jet has been studied theoretically by Glavert (1956) and
cxperimentally by Balkke (1957) and Bradshew (1959). Although Glauvert
found scluticns for both the lominar and turbulent problems only the
turbulent case will be reg_gv,ired" here, He found that the wvelocity
dlstribution in the vicinity of the wall was similarto that in a boundary layer
with zero pressure gradient, In the inner region one would expect the 'law of the
wall! ‘o apply but for simplicity Glavert assumsd the Blasius distribution

.- - s
SR AN
R s | -
112 \ v
T

vhere u_ is the shear velocity given by u_ = [(7_ ,N\
| T T AN'w /o)

Regults analoguous to these hoave been obteined by Favre and his co-
workers (1958) for the two~point veloeity corrclations with separation
in the streanwise direction,
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In the outer region Glavert evaluated the velocity distribution
numerically end showed that it is slightly fuller then that given by a

(1/7)th power lew, The moxinum velocity occurs at Z/Zs = 0,125, for
! 4 N .
a value of _m (Z4 = Zm) = L x 10" , where Z4 is the ordinate to the
2} f = y

0,5, The value

7/%4+ = 0,125, where u = U s diffcrs from that obtained experimentally
2 4,

point in the outer mixing region for which ER/um =
by Bekke, but this can be explained from Glavert's analysis, for Bakke's
I . 3 -
valve of _“m (24 - Zm) = 3,5 x 10" , compared with our value above
2 1

v
of L x 10,
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The digtribution of maximum veloclity with radiel distance follows the law
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at the Reymnolds numbers cf the tests reported here,

The wvelocity distribution in the outer mixing reglon is

-

Glavert to be given approximately by

"R/,
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The experiments of Bakke confirm these predictions, Bradshaw gives
some results for the variation of wall shear stress under the wall Jet,
These show that in the region of fully developed flow the wall shear stress
is some 25% higher than in the corresponding case (i.e, equal u_ and Zm)

for the flow over a flat plate in zero pressure gradient,

7.  Apparotus

The test rig shown in Fig., b was geometrically similar to that used by
Bakke (1957) for confirmation of the theoretical results obtained by
Glavert (1956). The jetwasof 1.5 inch diamster and airwas supplied from
pressurised reservoir tenks via a 6 inch diamegter throttling valve and
200 feet of 6 inch dismeter pipe, part of the laboratory ring-mein supply
which passes horizontally 18 fcet above the test site, The vertical dowme
pipevwas of 3 inch diameter and 10 fect long comnected to the 6 inch main
through a 3 inch isolating wvalve, Thiswas followed by a smooth contraction
containing o wire gauze and then 5 feet of 1.5 inch diameter smooth~bore
pipe fitted with a 6 inch diameter flange forming the Jet, The jet flange
was 0,75 inch above the plate,

Either of two plateswereused both measuring L feet square, One was
constructed of light acoustic boarding 2 inch thick lined with thin
bakelite sheet, the otherwas of 2 inch thick tufnel about 100 1b in weight,

The test procedure was to open the 3 inch valve fully and to control
the ailr=flow by the main 6 inch valve at the reservoir tanks, This was
necessary to keep the valve and pipe noise to a minimum,

The measuring regionwas 3-10 jet dicmeters from the Jet axis over
which the jet half width (distence to halfemaximum velocity) varied from
O.h inch to 1,2 inch with maximum velocities of 140 f/s to LO f/s,

Pressure Tronsducers

Ammonium di~hydrogen phosphate crystal trensducers, type M213 and
MLt were used, These are manufactured by the American ¥assa Company,

The }213 has an outside diameter 0,22 inch and a diaphragm diameter
041l inch, Its copacity is 12 pf and has a level frequency response 1o
120 ke/s, It is used with a low noise and low microphonc cathode~follower
connected through 6 inch of low noise cable, The input impedance of the
cathode~follower is 200 megohm shunted by 6 pf, allowing a response down
to 20 ¢/s. The cathode~follower noise level is 5 uV, although below
300 ¢/s the noise from the transducer is 25 pV, A highe-pass filter with
a cut~off at 250 ¢/s can be inserted, but is not nommally necessary.

The sensitivity at the cathode-follower in the output terminals is
111 decibels re 1 volt/microbar (approximately 2,8 microvolt/(dyne/cm?).



The signal is amplified by a battery powered low noise amplificr of -
28 decibels voltage gain, followed by an emplifier of 9l decibels voltage
gain, Root mean square readings are measured on a meter of the linear
averaging type. The bandwidth of the amplifiers is 5 o/s to above 500 ke/s,

The M141 has a diemeter 0.6 inch, a capacity 110 of and & sensitivity
at the cathode-follower output terminals of =94 decibels re 1 volt/microbar
(epproximately 20 microvolts/dyne/cm ®). The low frequency noise of +his
transducer is much lower than the M213 due to its higher cepacitance, and
the usoble frequency response is 20 ¢/s = 30 ke/s.

The transducers are mounted in +the light acoustic~board plate in
sof't rubber sleeves and in the tufnol plate with a heavy brass body and
"O" ring suspension, similar to thet of Willmerth (19583 . The use of the
two methods of fixing in the two very different plates was to cnsure that
the measurements were not affected by the vibration of the transducers
due to the impingement of the jet on the plate,

Spectrum measurements were made using a set of third occtave filters,
covering the range 40 c¢/s ~ 20 ke/s,

Turbulence Equipment

The turbulence equipment used for measurements of +the Tluctuating
velocity in the jet wes of the constont temperature kind and was a
modernised version of that described by Laurence and Landes (1953) , with
a slightly higher bandwidth and lower noise level, Tungsten wires of
0,0002 inch diamster and 0,080 inch long were used. The hot wires were
mounted on the aupports using the usual copper plating technique,

Correlator

The correlator used in the space and time correlations of pressure
and velocity fluctuations worked on the analogue principle, The multiplier
was of the quarter-squaring type and uscd two special squardng valves,
The design wes based on that of Miller, Soltes and Scott (1955), However
much improved circultry was employed so that, if necessaxry, miltiplication
could be accomplished over the bandwidih DO - 200 ke/s. The accuracy was
not of the stendard associated with computing multipliers, but is of the
order of 1 - 2% which is quite acceptable for the present purpose, The
output wes read on o DC galvanometer with a time constant varieble between
2 ~ 10 seconds,

L time delay is accomplished on a twin channel tape rocorder of
extremely low wow end flutter, using one fixed and one moving head, The
recorder used 0.5 inch wide tape rumning at 75 inch/second.

The two signals to be correlated viere first rccorded on a loop of
tape giving a sample length of 2 seconds (this sample length could be
increased if extra idling pulleys were fitted to the machine) and then



played back inserting the required time delay by menual control of the
moving head, The signals could either be recorded on a frequency
modulation system bandwidth DG - 20 ke/s or on an amplitude modulation
system with a bandwidth of 250 ¢/s =~ 100 ke/s. The signal to noise ratio
was 42 decibels,

The correlator was capable. of corrclating a 100 ke/s s:me.-xmve with

15 points to the period, The maximum time delay possible wias 510 millisecs
and the minimum increment was 0,67 microseconds.,

8, Preliminary Results and Discussion

The measurements of mean velocity across the wall Jet from 3 to 10
diemeters from the Jet axis showed good agreement with the similerity
profiles obtained theoretically by Glaucrt (1956) and ex;e:m.mervbally by

Balke (1957) (Figs. 6, 7). The maximm velocity varied as R™'*°%, where
R is the distence from the jet axis, and the jet half thickness 21 Yaried

as R°*° , The maximm velocity occurred at Z/Z1 = O, 15 co:c'x-espondlng

U (44 = Z
to a Reynolds number ( z )

> = 2 x10% .,

The measurcments of the wall pressure fluctuations from 3 to 10
dlameters from the Jjet axis showed that

v p;ﬁz /% 0 u: o= 0,1

and was. approximately independsn‘t of radius (Fig, 8). The corresponding
spectra (Fig, 9) obeyed a similarity lew on the basis of the frequency

parameter w(Z%_ - Zm)’ / woo

Oompar&tive results were also obtained in the College of Aeronautics
20 in, x 11 in. Low turbulence wind tunnel at a position in the working
section where the displacement thickness was O, 286 in, at a freestream
speed of 126 £/s. The corresponding velue of the skin friction coefficient,
Ce s obtained from the measured ve...oc:x.ty profile, was 0,0022, The value

of Fa/ ) pu wes 0,008 vhich is in fair agreement with the measurements
of Willmarth &n& Harrison, However this result cannot be relicd upon
quantitatively because in this tunnel the low frequency exiraneous noise
level ig not low, although inevitably its contribution to the total pressure
cnergy is small, Perhaps what is more important is that it provides a
check both on the accuracy of the instrumentation used, and the values of

T2 1 2 . . . . ,
‘fp /% o L found in the wall Jet using the same pressure transducers.



The large values of ¥ p /&0 u; as measured on the wall jet are no¥”
special to that case and have been found by Owen (1958) to exist on wings
in regions of separated flow, However the experimental data on the effect
of pressure gradient on wing pressure fluctuations is so few that we can
only speculate that, on the basis of our theory, the surface pressure
fluctuations will be high when either the value of ¢ £ is high, say at

transition, or the mean shear layer is very thick, say approaching and
beyond scparation,

9. Euture Work

A more extensive study of the wall pressure fluctuwatbions on the wall
Jet is in progress in which auto-correlations and spacew~time correlations
are being made, These measurements together with two-point velocity
correlation measurerments will enable the equivalent eddy convection speeds
to be established together with the detailed turbulent structure. It is
hoped that this data, together with measurements on the effect of pressure
gradient on the surface pressure fluctuations on wings, will esteblish

the parameters on which «/’52 mast depend, and thus provide a sound basis
for a better understanding of the more urgent practical problem of the
nature of wall pressure fluctuations on bodics travelling at high speeds
especially at supersonic and hypersonic speeds.,

10, Conclusions

A review of theoretical and experimental work on wall pressure
fluctuations in turbulent boundary layers is presented., The theory due
to Kraichnan is modified and extended to include the separate effects of
the large eddy structurc and the convection of the eddies, and the treat-
ment covers both the turbulent boundary layer on a flat plate and the wall
Jet. The latter case is presented for it provides data in the important
practical case when the turbulence is being subjected to a rapid wveriation
in mean shear, nct unlike that associated with the flow approaching and
beyond separation.

Preliminary theorctical and experimental data for the wall jet give
values of ‘fpz T unf many times that of corresponding measurcments on
. 1
a flat plate with zero pressure gradient, These results arc explained
in terms of the greater thickness of the shear layer, the relatively high
intensity of the turbulence, and the presence of relatively lorge eddies
in the flow. '

The present work is intended as a basis for further work at both low
speeds and in the more important practical areas of supersonic and hypersonic
flight.
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APPTINDIX A

The pressure ecuation for the wall Jet

The equations of continuity and motion for an incompressible flow are,
in vector notation :

(p,) = 0 (A.'l)
pD 1
. = - vp + U va -E; (A.Z)
Dt
rhere %)
rhese o= x +(.7) (4.3)

If in the cylindrical co~ordinate system (R, ¢, 7) we write the
corresponding velocity components ( 95, un} , then the pressure

dis rlbv’mon equation, found from ,sub roctlnc the time derivative of (4.1)
from the divergence of (A.,2) s

‘»72"9 = = 0 G o (E o"{}’} u (l~o‘~r}

can be written in full as

U, U, Ay uR
- e o1 4. it g B
=g o Mw mR+cn o35 v %)
du u, ou ou,
SR R A S - S R 2 \
R 59 R B3R 5 Y 5% (4.5)
m /
) { 1 u, Ju,, au, \
-y il i e N/
52 ™R »% + % 55t Y 5%/

Now the mean velocity o (G, , O, un) satisfies the continuity equation
~ o

= (R + == = 0 A6

5o B v % (4.6)

(with 2 measured normal to the plane), so that if we write R, ﬁp as a
2%
dimension end velocity of order unity, 0(1), then Z, EZ sxre each O(8) where

& is the thickness of the shear layer. Since terms involving squares and
products of fluctuating quantities will be small compared with those
involving products of J.lL.ctua'tlnrf guantities and mean flow @e.L"l'V'l'thG..;,
only terms of importance in (A4, 9) are for R >> O,

.1,

ne
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if mean velocity derdivatives of 0(1) are neglected,
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The evaluation of an integral

It was shown in section 2 that the pressure correlation depends
on the value of

(B.1)

. . . . + .
where the integration is to be taken over the halfwspace V' for which y, >0,

Kraicimen (19562) has evaluated a similer integral following the method of
Feyrman (1949). He found that

~ 8 -t D -
Top = /”5‘5; lz-=17" 5 jzrz-ET ¥
o B
v
= om0 |E- & (8.2)
or dr,
3

where § = X ~x , and V the volume of integration tends to infinity.

in (B.1) we put

If
=¥ -z T =yg-x; &= 8+8

e ot

Pt
1l
| R
1
H

wn

hen I = /ﬂ 2 ,zr)as

oglE-t |

- \ . . . .« o v
Now £(y » r ) is a function which vanishes on the plane y, = 0 and at

-

infinity, Let us suppose, for simplicity, that

Hy,z) = 2g,7r,), (B.4)
- e 2 2
then Ay as
R [ .
¢ 2 JJ é ] Z,:. -k ;



If we introduce a new varisble

%
g = & - o with Z° > 0

(sce figure below) end following Kreichnan (1956a) we use the identity

1 = 2 [T_.ar 5 €
—— = S R e (B.6)
ta | . o (a2 & b2 7%)
then w rracg acg
o B [ [ag ey ag [[RESS (5.7)
! I 2” 2 2JJ/ ‘s 2 .2 )
(1 #7132

If the surface integral, with respect to &' and Z s is taken
1

over a circle of radius R in the plene parallel to OFP’/ {i.e, the wall)
we Lind that

) .2 )
[f d.é;: dé’;; é;ﬁ + ‘(T‘;}”‘éj‘ﬁ + R
el ey S (5.)
v jax: nl;.mlﬁm‘-., : ;g‘i 2 + e;fumﬁ_w
e
(1 +78)2 - 2 (1 +79) %2

Clearly we cannot continue further with the evaluation of I, since
it fends to infinity as R =+ «, However in our analysis it is not I ;
that we require, but j:i I, . If therefore we differentiste (B,7)

3 :%'2
with respect to r;, using B,8, we find,



al N f 724 T
-g;-a) = I tﬁ | f( gy T ) a g /m,,w“ o g e s
Rweo > S o (1 +77 ‘\ % g1 +7%) )

2oovoe (Bog)
In order to simplify the analysis for the pressure covariance two
slternative approximations will be made in the evaluation of (B.9
In the first of these we will assume &’ 2 << 1 giving

oI . 2wt ‘
[rr ey - m;.; ! ! ™
R 1;2 JI £ 42, I‘z) a éz (B.10)
1 o]
and therefore

o1, o /&7 i

— = - td 29 y ,r)dy B. 11

7w (stp) o] wemee oo
1 0

Tn the second alternative approximation we will replace £ é’ P 3:'2)
in (B.9) by & suitable mean value i(la) . It then follows ’bi’lct."b

oz, o,

bighand~ ki A { 2

F T e (B.12)
1

and
oI (8 =1)
_ 2 3
SUSTE. N A, <n,..mz,3x._cm;. ) (B.13)

or® 0g | € =1 |

1 1 =l

hich is Just half the value found in (B.2) above, for £ =1, and

when T ‘ is toeken over the whole space and not the halfwspace considered
in our problem,
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ADPINDIX G

B e e e

The structurve of the large eddies

near the wall in o turbulent boundary layer

The work of Townsend (1956), (1957) and that of Grant (1958) have
shown that a reletively simple structure exists for the large eddies in
a turbulent flow, or at least the experimental observations are not
inconsistent with the hypothesis that the large scale motions can be
adequately described in terms of relatively simple eddies, Grant's
measurenents of the Rij (g) velocity correlations at different heights

from the surface in a turbulent bowndary layer give rise to the suggestion
thot the large eddies near the surface (i.e, in the constant sress layer)
have the Torm of 'two-dimensional' Jets of fluid originating near the
viscous layer, and may arise from the instebility of that layer, and are
roughly aligned in the direction of mean motion. Similarly in the 'outer
region! the large scale turbulent motion again appears to be dominated

by the presence of mixing Jets of turbulent fluid which originate in the
interior of the flow and penetrate to the region of the noneturbulent
flow cutside the boundary layer,

A gimple extension of the Townsend-Grant description of the large eddy
structure for such motions led us to assume that the eddies rendomly
distributed over all space may be described by

A 2 2 a2x2

ao= g (0= e x®) emp (= =5) (c.1)
A o

u, = - ax (1 -] x7) e (- ) (c.2)
A ( Cﬂ}.a:x:z -

o= A oenm n (1eg ) e (- EE (c.3

vihere (v, , v, , ) are the components of velocity in the directions

(};1 P X3> » With x, in the direction of the freestream and x,

perpendicular to the wall, and

+ o2 x4+ F x . (c.n)

2 ¥ = o x
b 2 2 3 3

4
“he velocity componcnts, given by equ. C.1 to C.3 sablsfy the equation
of continuity

8111 gu ou

R, - J——- | = .5

&%, T tx  * 3 3 o (¢.5)
2

with ( @ , @ 4 & ) having quite arbitrary values,
ki 2 3
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Following Townsend we next

ind the two~point velocity correlations
are given by :

RM(TE,) W ] 6.32 (1 3’ \1 - {37 + T ) >U{:Q(- v /(.)axo<( mm-;«m:l >
eosos C,.6
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= 0"‘51 5(372 55;3 . After integration these relations can

be vritten in the form, if R ete. are the velocity correlation coefficicnts,

and the subscrint (b) denotes the big eddy contribution,

fu(»l:)b = a, (1 -7 + ;‘3‘1/12) exp (- '2:2/1,) | (C.9)
B (o), = a (1«3 )( %45 ,) exp (=F%2,) (¢.10)
Faally 2 1/27 3T 5 fyp) OFP /1 el
o (x), = a,(1=8,) 1 ~5,)0-F ) e (~7%,) (0.11)
Tazndp T s 1/2’ = ts/o T T2 /6 = n c

Grant's experimental results close to the wall suggest that

o4 [0 [
~ 3 I~ ~ e e
= ~ 2.2 3 o 3.0 3 (:"‘2"'“ ~ 1,35 whercas in the outer region
k) “
a a o
E’,‘L - 0.6 H aﬁéﬁ ~ ’1'5 3 ;.?m o~ 205 .
1 e
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Since R (o) = =4 ® /2
B L
o« o«
1 3
/
R, (o) = % 2?7 |
LS A (¢.12)
@ @« ‘
1 T3
*/:
é 2
o -4 2
end. Rys(o0) = g4 @
0 o
41 4 u(z CCB
we see that
g i e
uab a. uz o2
1
e - T o (C.13)
oy 22 U led
uy 2 uf 3
b b
whare etc, represent the big eddy contribution to @@  ete.
iy 1
In the constant stress layer Laufler (1955) finds tha
u /‘*““2*“" = 0,5 and WE [ = &
3 / u 2 /1 9
. 1
whilst in the ouber region
| -
w2 = 0,5 end W2 e = 0,2
3 111 2 u1-

This suggests that in the constent stress region a, = 2.5a,;

il

o, = 09 a whilst in the outer region &, =04 a, ; &

009 a1 ®
These results show clearly that the role of the u, velocity component

is changed in passing from the constant stress region to the ouber region,

The simple eddy structure, in the constant stress regilon, portrayed by
these regults is that of an elongated vortex ring having its longest

irection in line with that of the mainstream. It is rotating in a plane
arallel to the wall, whilst the longitudinal motion is wawvelike, being

awey Trom and next towerds the wall, The latter motion is not unlike the
et~like motion described by Tovmsend and thus may similarly be interpreted,

In the outer region the osculations are diminished in scale whilsgt the

eddy gpreads out slightly in a direction parallel to the wall and perpendicular
to the freestream,

oo

]

1y

e



The conplete velue for R,, rust be the sum of the contributions from

the smell end big eddies, Thus to R, z(f) we mist 2dd on (1 - aa) times
the value for Rzz(r) obtained from the smaller eddies., If we assume that

these eddies are isotropic, in contrast with the strong azxiso*‘sropy of the
big eddies, we have that

- 3 f’ I‘i 4 I‘i
1122(33)5 = (1 = a,) L4g ememes (C.14)

vhere £f(r) is the longitudinel velocity correlation cocfficient and

o= g o Thus finally

R,, = ﬁaz(s) + ﬁzz(b) (C.15)
n the assumption that

£(r) = ex (= /) (c.16)

the values of fé’i have been evaluated and arce compared with Grant!s results
in Figs. 10, 11, ’iz for the measwrements made close to the wall (i.e, 7/5 = 0.08},

4’3;1'!51107\15 h the agreement is not good qu"mtl“"'xtuuly we have qualitatively

obtained results which predict the basic form of the measured "'c,uu_Lt.:a
Similar comparisons can be made for R end Ry, both in the constent stross

leyer and in the outer region pZ‘OV:L@E@. the appropriatc values of a,, a,
and &, are chosen as explained above,

b L dt T ) I . LIRS T
Wit 1 L £ind

nese values for R, 2\1) wWe can now

s

he bwowpoint pressure

covariance on the wall, with zero time delay. From the previous analysis

we find chut the pressure covariance on the wall, with the separation vector
Z, 1s given by
p
2 / E o
Pz 3 £30) - <7 U j B (r g (%1 ri) dr
TR R T 12 2 7 Ta22v i/ QE e
Cm 0 5, ( |E-x

socas  (C.17)



and the corresponding spectrmun function is

p? 2 7% = N
alx 5 6,5 0y 1,3 0) = === <7 u >f R,, (r)ar ﬁ
L - T Jdd
: r >0
. = & ® (c.18)
- 1<ﬁ Q%4Jg\%) 82 _ . o
. © s lg -1 | dfi;,1 da
or? - 2

hus if B(x ; & ; 0) is the scalar spectrum function on the surface

found by averaging % over all angles in the planc, noting that

k= Vi2ekd  and
2(z3050 = | Blxse;o) ax (6.19)
then °
- 0? <. [* r
Px; K30) = we== <7T w? > | cos® 64a6 | ar
- 27® 2o /o=
4]

r, >0

- KT, _ - i{ kx +f€3::‘)
,{e (1+}£r2)R22(g)e 1 ?

R EX] (0?20>
since in equation (C,18)
Fp -z +KE) 2
// o 174 R | & ~ T ag adg
d dr? - - ! ?
1
v v K? - KT, ‘
= or = (1 kz)e (c.21)

We can now find the separate contribubions to P from the small and big
cddies, Thus with Rzz(b) given by equation (C,10) we find after some

tedious though straightforward algebra that
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, 2 2 s Q. 5
16 2, P7 <7, u > (79a)

: ()

LR R KR SRR A R S T AR T IR NS SO AT AN MR SRR

3 o N~2\2
« <1 ..Cu.z)/)

v |
—
N
BN
o
s
ot
i

KB r»}3\> Kz Kz s Ka | af 2 ‘{
e 1 .
K2/
14+ ¥V e ® Erre ( Ke) (1 = 2 15/02)

2 (“/cvb) soeso (C.22)

1
ﬁ

sirdlarly with Ry, gy given by oqu. (C.14) with £(x) = exp (= /63

(in order to simplify the dlgcbra but not necessarily changing the order

L magnitude of the results) we find that

f; (-v' s e O) = <"! - a ) p2 '63 < 7-2 uz > 3 ,_(K{/})z/g
Pt SR g 2 w‘,u,.,uhfr%, SRR (;{3) e. + ‘

2
ke, . 2 g2
@( ) /4 . Erfc (%} (1 .,.fimg.:)

B (k)

A comporison between equations (G.22) and (C,23) shows that whereas the
small eddy contribution to P is dominant near wave nurbers of k= £
(the fypical cnergy bearing scale of the smaller class of cddies) the
big eddy coatribution is very depcndent on the relative scales of the
big eddies in the directions (x,, x,, x,) respectively, i.c. 1/a,

'i/cg?_3 1/(15,

Mow in obtaining all these resgulits it has been assumcd that Rez( T)

does not chenge significantly with distance from the wall, which is
certainly not true if, as we have shown above, we pass from vthe constent
cs

stress layer to the outer region., A rough coamparison of cguation C,22 with
Willmarth's (1959) results clearly shows that since high frequency peaks
beyon k& =1 (where &1 is the boundary layer displacement thickness)

arc not present, the pressure spectrum must be determined from the form
of the velccity correlation function which is not too near the wall,
This means in fact that % /@, cammot be large or in other words the

pressure spectrum le largely determined, up to the high freguency cut
off point, from the bid eddy contributions with eddies whose transverse
extont (in planes parallel with that of the wall) is not greatly diffcrent
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from that in the strecnsise d"u;-ecti oir, This would imply that the large
eddles outside the constent stress region play a more s:x.gm_fm“:t role
in the determination of the wall m*smL Tluctuationsy then do the

large eddies inside that region, This is not a result we might have
expected from considerations of the region just outside the viscous layer
in which the meximum values of the Adurbulent intensity and mean shear act,
However it must be borne in mind that our analysis is necessarily very
approxinate and the reason for ﬁ?ms result might appear more obvions if
we had worked through the amalysis retaining the variable mean shear and
turbulent :m**mszty instead of replacing them by an averaged value taken
over the entire shear layer,

Finally in this appendix it is worth pointing cut the differences which
exist between our results and those of Kraichnen (1956b), Kraichnen mekes
the assunption that the turbulence near the wall is homogencous in planes
parallel to the wall but not in plones normal to the wall, IHe next assumes

a model for the turbulence in which Ymirror-like! velow““y boundery conditions
ere satisfied on both sides of the wall, In this model the vy end u, velocity

camponents are finite on the wall but u, is zero., The effective correlation

coeiticient is then tocken as

i ! = ! e !
- Iy m o > T
Rop (%0 %, 5135, 1) _JRM(:K::a -x, 34, x) ~R,(x, + X, 57, T,) (c.2n)
ond vhen inserted into equation (C.17) it leads to the result, if £ =
2 .2y
expl -0 1
exp( /s / 1{2,:
. p
: 3 2\ \\1 + M’*”) Erfo (*;,;M) e }
= ~ i K o 2 g2 20"
P(x 3y 0)~ (§> exp { - (7?2)) Vir -
e
| L (%/o) :
vecco (C 025)
::;c:c‘:;cally this result is wvery 1ittle diffevent from that g C\erﬂ by
n (C.23) but is considered less satisfectory in view of the velocity
conditions being essentially different from those existing in the

..,

region outside the viscous layer. Krad chnen also includes the case of
verisble meon shear, following the law 7, ~exp (= Fx,), and although

this trcatment is preferable to the averaged mean shear approach which we
ted, the 1wul“cs are not gualitatively diff erem, and do not lead
r of mognitude difference in the mmerical results, It would be
crost, however, to repeat our snalysis with 7, ,~ e:xp(m Bx,) and.
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ot dy - A

On space-tine correlations of the

Tluctuating velocity and pressure

In the analysis above the pressure covariaznce has in the main been
calculated for the case of zero time delay in axes fixed in the wall,
However in the detailed emalysis the structure of the turbulence

s - . . . o Do o . s i
(i.es R, (1)) is required in a frame moving with the turbulence and i

is not immediately obvious what the relations are between the turbulence
in the moving and fixed frames, This problem will now be analysed below
a

the results compared with the experimental results of Favre (1958)

and Willmarth (1959),

L L

£

Let us consider a field of homogeneous turbulence in a frame of
reference moving with the mean velocity U past the fixed point P,
In this froame of reference the fouredimensional two point velocity
correlation coefficient is

( l’ﬁ) 3 ( “f."'“( )

L3 2,

iJ

. . L . . -
where the four dimensional vector L‘ between the two points din the

moving frame 1s given by

2 3 3 T4

o= (o, ., )

and v, is the co-ordinate representing the time delay, Tor

o

example if the longitudinal velocity correlotion coefficlent were given
b7

2P L Rz 2.l 2 P a2 @® pl? e atd

a” i R A L A A s then alternatively
o £ 2 2 .2
£{r) = exp (=0 v'?), exp (= V® 77) (D.1)

where 1/0 is a measure of the cddy length and 1/Y is o measurc of its
ife time, and

/2

2 2 2
S A A

3 ®
is typical of the comnection between space and time correlations,

This result, although not general,
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In a stationzry freme of refercnce (r) in which the durbulence
~J
sweeps past at the speed Up in the dircetion r,, the relation between ¥
and r is
~
e ’Sa = ™ ! / P ==
Ath (ry , 1, 575 3 7) end E—«(r,rz,rz) .
= {(r - \TE(TIG.T' r,r T ) (D.2)
- 4 p / > 22 5 7 @
Q
Ve now meke the hypothesis that the turbulence structure is unchanged
in passing from fixed to moving co~ordinstes., Thus with u “independent
I

This

ame of

r‘)’.

ik

(1)

the velocity corrclation coefficient in fixed axes

(m)g

55 (X))

(D.3)

T =0
Y e m) e :
(lll“ij (r1 2 lﬂz} 13; O) ( lRij (i, 3 O) (_D.L{-)

means that the spatial correlation of velocities in a fixed
reference equals those in a moving frame of relerence,

o
<l

spatial separation in fixed axes 0.

-

(f)l“ bt yoh / -
&, . (- o, T 0, 0 ;7) By 5 (v} ==a 7,0 0;7) (D.5)
BN
This means that the auto correlation in a stationaxry frame is
equivalent to a space (ri = - 7) end tine (7) correlstion in moving

s
e
4.8

rpothesis, which supported by Favres! (1958)
and shear flow turbulence,

Optimum tiwe delay din fixed axes v, = Ty H}? s
¢ it
N m) s 5 6)
0,0,0; ) = WE (0,0, 05 7= 1 D.6
( s vs3 2 1m> i3 ( E ? 3 m) (l /



This shows that the autocorrelation using an optimm time delay in
fixed axcs is cquivalent to Linding the autocorrelation in a moving
frexe of reference,

These three examples ave made clearer by reference to a particuler
veleeity correlation coefficient,

Suppoge that in the moving frame
<m~R ,(ry 5 0,0;7) = exp(=o® ri® ) exp(=v* 77) (D.7)

then in case (i)

i
%/:Si‘
i
%

;2
x! )

= GX}__‘,‘(M 02 I"f ) (Doa)

£
(. (x,, 0, 05 0)

showing clearly thot no change of scale occurs in changing from fixed to
moving axes,

In case (i1)

PRN _ ) _
(l"RH (~ O, 7y 0, 03 7) = exp(= o® u; 7)Y exp(=v® 7))  (D.,9)

But in the moving frame v is of the order of o W (where W is the
L

turvulent intensity) so that if W << u

(f)}i (wt_ 7 ,0,0;7) ~ exp (=c® U2 2 (p.,10
e Vs M3 T P A 3 /

r, = {i;o T | | ’(YD,‘H}

Taylorts hypothesis,

o~

This result ds the wore usual form of expressing T

~
s
e
e
~~
O
")
(&
w
o
-
~
s
i

exp( -~ v? 7*2 ) X oexp («-»“M 0(2"2 Trna)
- n

»

e

soses (D.12)
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This shows that the autocorrelation in the moving frame can be obtained
from the autosorrelation in the fixed frame (by comparing (D.10) with
(D.12)) by replaing the time delay (7) in the fixed freme by

-~

T (D.13)

g
"dS‘ 653

The results of Favre (1958) for both grid end wall turbulence (Fig. 13),
confirm this sirple result provided that the time ('r_n) does not exceed
i

PO

roughly the times over which the autocorrelation in fixed axes are
esgentially non-zero,

Similar results might be expected to hold for the pressure covariance,
Thus if we take the pressure autocorrelation in moving axes to be

(m)g (0,0,057) = (1 =2v® 7 ) exp (- vV 79 (D.14)

then we might expect that in moving axes

() (r] 50, 0;7) =(1 =20 r1"2) (1 = 2 vAr¥exp(=0® r! fexp(~v*77)

RN RN (3115)

Therefore in case (i) above

(f)E(:Q s 0, 03 0) = (1 =206 3:;2)63413 (wo® 1;2) (D.16)
In case (ii)

(e -5 T, 0,057) m (1 =207T2) exp( ~o* 82 79 (D.17)

This result canmot strictly apply to the pressure coverience at the
wall fo

r there 1 = 0, However if we assume that the turbulence is roughly
. Je » {) - " . o s e . e gl TR X Y KR) - T ey et
convected over the plone wall at some mean speed u ¥  then the autocorrelation
in fixzed axes is found from (D.17) with u_ replaced by e

£

¥ In incorpressible flow the time vardation of the pressure In fixed axes,

ig the same as the time variation in the velocity., Thus the autocorrelation of
the pressure in fixed axes, must correspond to the aubocorrelation of the
velocity averaged over all engles, If then the turbulence has a dominant
convection speed, this speed will also apply to the pressure autocorrelaticn,
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In case (iii)

). w? - \
( ),E3 (0, 0, O3 Tm) = (1 - 2¢® '5-‘2 . uz T;ﬁ )e
el
(= 0% B»jszﬁz 72 ) (D,18)
CIHPN = {‘12 o m ®
c

If we now consider the general case of a space~time correlation in

fixed axes where T £ 7T_, the optimum time delay,
m

oz, w5 7,0,0;7) = (1 =20° & & r3)(1 = 202 & F 12)
1 e T2 e 4T c 2 ©

=
U
e
/ -2 2 2 o' ® '
o oxpl - o? u, T (a + i‘z):, (D.16)
‘ c
where o = 1/130:’ -1 .

According to Willmarth (1959), from measurements of the pressurc
fluctuations on wall turbulence we find thatl

5, ® 0.8 T (2.17)
where ﬁ is the freestream velocity. A comparison bebween Willmarth's

results and those aviuvated I

£ - -
e (x, i, 7, 0,05 = (1= lr -G ) (1= v]T])

o oxp (=0 f:n:'1 .-ﬁc 7| - v |7]) (D,18)

are shovn in Fig, 14. The agreement is good for smell time delays

(i.e. vp to 0,5 x 10 =3 secs,, which is roughly the time for nonwzero

au“‘uooorrclwtlcm} but is poor at large time delays.,

The reason for Willmerth's results being non-negative for lerge timew
delays probably results from the growth of the ecddies as they move c‘immgtl
For small time-delays this effect is smell but as the time~delay is increes
the Gu\{y’v-'ll.LG appears to be extended as a result of this growing scale of
the moving turbulence,
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APPEIDIX B
Seiiiioh

R

The evaluation of thc pressure spectrum

It has been shown above that the pressure covarience at the point x,

with separation distance i% ] s on the wall is given by

o e [ e
. N N
Pr;€,0,8 ;37) == < T B> ), ® | J ax, R, (x5 z57)
r2 o+ (r, - £)°
L 4 : 3 2 i L] (En‘i)
g == |

If the velocity correlation cocfficient is given by,

" 2 12 12
- ] _.7}27‘2 -/ *62 r + X
R,(x;71) = e o /O o et (E.2)

where r! is the separation vector in co-crdinates moving with the
-

furbulence., If we assume that the turbulence is convected with the
canstant speed u, then in fixed cowordinates

2 2 «-(I‘: + ri )/&32 ...(3:1 - ucT )2/«’3:2

E (e =" 7 e e

R R N [

. - r o, .. ve - U,
If we write r, = "1/¢ etc and V= T3 T = o
C
+then 2
3 <o o — —
2 =2 2 o [’ T +
Z-L-p 0{)}2 2 2 - T - P PO 3
. . = < T . A
Px ;30;7) = u? > e 1] dx‘zdds =
(s} o] 0 r
foey -} - - -~ 2
- 2~ L " 1‘3 —-(r1 ™ T)
‘1 e I‘z o (I‘ - ) e e 2 (E"l")
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end the temporel spectrum function B(x ; 0 ;w) is given by

i

n OO
P(x;0;0) 1 / g™t Ut P(x;0;7)ar

-0
2 p? 63<$f2 G2 >/‘co w poo F2y i‘;a
77’211 0 1 o] 2 s} 3 EZ
e} : . S _
(£2+5%) [° (7, - %)
wul I b . Pw pea . D es D = - g 2
. © 3 /'e"‘”'e' e [‘tu'x; x‘1~T>JdT

-Co

eds v e (E'E)
where ® = wb /uG R

On taking the reai;‘parfb of E,5 we £ind that it reduces to

P(z;0;0) s /i’. f@_ <5;+z=;> -E 4 ER 4 ES

2 p3 2 =2 - 3
Lo &% <22, W > /wzuc r

=) -2 g\=2 ‘ ' |
o f 3~(U+ 1>T- cos (&7 ) [(1 »r“i ’”ﬁ - 7 )cosn(2 '1:1 R
0 : : )
+ 2%, 7 sinh (2 7, ﬂjd?
sovon (E‘6)

Now 7 = u’/u.c and is a small quantity (ile. ¥ << 1).  We can

therefore neglect the term in "172Ain equation E,6,

- : oo .. o ;
. . - - =
Evaluation of / e™ cos WT [ (1 -2 - %2-— T%)cosh (2 §1 T )
‘ 3 :

o ’ :

-1—2;1 "Fsinh(Z.f"?')J a7 = I,

This integral is reduced to 3 stemdard integrals which can be
evaluated by the use of Fourier Transforms, Thus



. E{l! L

=) -5
I, zf cos w T e ’cosh(zfii T)ar (1 -3 -7
o
-fcoswr e cosh(2r1r)r ar
o}
reo — _-""2 — —
-z-jl cos W7 e sinh (2 T, T)Tdr.z:r'1
o
- 2 -
- YT e+ il e:m/l‘" cos (r W) ! T w?
-2 * 2 M/
@ ¢ooP
RS-
. e -
valuation of ] = I a r = 12
-3
o T

From B.,7 we £ind that

(o]
L < e {-1 S5% 5 }jcog(r‘ ) B
"‘_" - 2 3 /L’_ o - 2 _ 3/2
(:x:'1 + X, 4 T
-2 — 2,_“ 5
— v:g e w/l{. ( ,:.I,. “5;2 "(:)2 a K (w rz +I‘3)
T2 L 2 s 7 /l;._) -
JT, + 7T,

#0080

oo (]
. - - .- 2 ]
Evaluation of [ dz, f ar, (r2 +r_ ) e
do ) '
w2 w2
If we put x = W T, +I

place of (%, , &,) then from B.8,

(E.7)

(E.8)

and we use polar com~ordinates ( x, ¢) in



x K, (Bx) ™" ,
vA -
2 - 2 .
T - - , 2
.-::»i:m 5o /k 2K (Bx) &=  ax (-1-!-(‘) 1)
o 1 2
y S
a 2 - -2 b 2
P ‘3:5 W e /L}— [X4K(wx)a d x
o
7772 Z‘)/ i +
= 5 9(1+ @72 e” 4./-\/% K (0 V%) e at
O

I
g4
L P
.
Y
N .
N
I
P
1
-t
S
e1
~u
E

o e at ) T -1, B

32 @
7:/2 - w2 3/2
77-' g L) Lt
=L o AT T, T A) (- T
8 2.
| (E.9)
If we combine the above results then from (E.6) .
2 ;3 2 w2 - :
F(z;0;30 = it {52/‘4.6 Ml e (12 9
2 m® u,
Ei (= O%L)

voses (E.10)
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We note finally that

CO... zuc /‘co* - -
P(§;o)=2f:?(;_c;o;w)aw =2 | F(x;0;5)as
e} 0
-62[)2 - [‘CO - - - 52/2{- " . - } ., -
= == <7 U > | a5 w/l e “ 07 (1 - GBI~ T )
Var A N !
2 2
— Emi p < T2 az e oo s (E¢11)
- 95 12 2 ”

which is exactly double the value fouwnd by Kraichnan (1 956a) for isotropic
shear flow turbulence without boundaries, and provides an adequate check
on the algebra leading to the spectrum function given by equation (E,10),
To allow for anisotropy a miltiplying factor, o %, should be inserted

into E.11,

he spectrum function is plotted in Fig, 4 where the abscissa is
wb, . . . =
ek 61 is the boundary layer displacement thickness and v, is the
1,

t

frcostream velocity outside the shear layer, If we teke uc = 0,8 {31 s

s given by Willmarth (1959) and Harrison ( 1958), and 4/8, &£ 2,) then
wd -
— = %L (B.12)
a

1

If further we insert into (E.11) the crude estimate (based on Laufer's

-2

measurements of ‘r1 and u, and evaluated at the value of UT(?’ = 1550)
2 v
82 =
den ¢ 72 17.: > = 2 x107 , and include the anisotropy factor
u4 12
<o
of a=%, then
/P (x5 0) 5" -3
/ = S = 9.3x10- ,
X 2
Ji e T

compared with Willmarthts value of 0,006 and Harrison's value of 0,0095 under
comparable conditions,



Similerly the pesk value of F (x ; 0 ; w), written in the form ,

2?(3&;0;&))11

<o

lie

ads

o
L

e 8

=] i

M=

whereas Willmerth obtained a value of L x 10"5 and Harrison a wvalue of

6.3 x 10,

It should be noted that our estimates are only 3 db higher than the
measured values of Willmerth and give some support to our analysis. The
inclusion of the anisotropy factor is Jjustified by Kraichnan and was
similarly used by Lilley (1958) in evaluating the megnitude of the pressure
fluctuations in the mixing region of a Jjet, Finally it might be noted
that better agreement between theory and experiment might be expected,
if the anisotropic form of the velocity correlation function weore -used,
with its consequent improved scale rélations to replace the ratio £/8,
as used above, o = T o
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