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An Interpretable Temporal Convolutional Framework
for Granger Causality Analysis

Abstract— Most existing parametric approaches for detecting
linear or nonlinear Granger causality (GC) face challenges in
estimating appropriate time delays, a critical factor for accurate
GC detection. This issue becomes particularly pronounced in
nonlinear complex systems, which are often opaque and consist of
numerous components or variables. In this paper, we propose a
novel temporal convolutional network (TCN)-based end-to-end
GC detection approach called the Interpretable Temporal
Convolutional Framework (ITCF). Unlike conventional deep
learning models, which act like a “black box” and are difficult to
analyse the interactions between variables, the proposed ITCF is
able to detect both linear and nonlinear GC and automatically
estimate time delay during the multivariant time series prediction.
Specifically, GC is obtained by employing the Least Absolute
Shrinkage and Selection Operator (Lasso) regression during the
prediction of multivariate time series using TCN. Then, time
delays can be estimated by interpreting the TCN kernels. We
propose a convolutional Hierarchical Group Lasso (cHGL), a
hierarchical regularisation approach to effectively utilise temporal
information within each TCN channel for enhanced GC detection.
Additionally, as far as we are concerned, this paper is the first to
integrate the Iterative Soft-Thresholding Algorithm into the
backpropagation of TCN to optimise the proposed cHGL, which
enabling causal channel selection and inducing sparsity within
each TCN channel to remove redundant temporal information,
ultimately creating an end-to-end GC detection framework. The
testing results of four experiments, involving two simulations and
two real data, demonstrate that the proposed ITCF, in comparison
with state-of-the-art, offers a more reliable estimation of GC
relationships in complex systems featuring intricate dynamics,
limited data lengths, or numerous variables.

Index Terms—Granger causality, Interpretable deep learning,
Iterative Soft-Thresholding Algorithm (ISTA), Least Absolute
Shrinkage and Selection Operator (Lasso), temporal convolutional
network (TCN).

[. INTRODUCTION

OMPLEX systems feature a large number of

measurable variables interacting with each other on

multiple levels [1]. In real-world scenarios, opacity and
nonlinearity widely exist in complex systems, such as the price
relationships among international stock markets in financial
systems [2], [3], brain functional connectivity in neuro systems
[4], [5], the interactions of atmospheric, oceanic, and terrestrial
components in climate systems [6], [7], etc. To discover the
underlying interactions between different measurable
components, the Granger Causality (GC) test was proposed by
assessing whether the historical information of one time series

helps to forecast another [8]. Over time, the methodological
research in GC has broadened its scope from detecting linear
interactions to nonlinear interactions between variables [9].

Generally, there are two types of GC detection methods:
parametric and nonparametric. The nonparametric approaches,
such as transfer entropy [10], [11], spectrum analysis [12], [13],
and kernel methods [14], [15], etc., analyse the observed data
directly without relying on models, thereby offering greater
flexibility. However, long time series data is usually required to
mitigate the effects of noise for reliable estimation in
nonparametric methods [16]. Furthermore, they are susceptible
to curse of dimensionality with high-dimensional multivariate
datasets [17]. In contrast, the parametric methods are typically
more efficient in terms of data volume requirements as they
extract causality information based on model structure
assumptions and estimations [16]. Many conventional
parametric approaches assume the interactions are linear, where
the vector autoregressive (VAR) model is widely used in
multivariate scenario [18]. Least absolute shrinkage and
selection operator (Lasso) is commonly employed in model
structure estimation in order to induce sparsity into the
regression process [19]. In GC detection with VAR models,
parameters are allocated for all potential causal time series. The
parameters of each time series are regarded as a group. Then the
Group Lasso (GL) was used to encourage parameters in the
same group to be set to zero simultaneously [20], [21].
However, this approach does not consider the potential
temporal relationships within each group. To tackle this
problem, the Hierarchical Group Lasso (HGL) was developed
by grouping parameters of each time delay hierarchically into
nested groups, inducing sparsity pattern in lag parameters [22].
Recently, Lasso regression was implemented to calculate the
transfer entropy of Gaussian processes, which is equivalent to
GC in this context [23]. Furthermore, group Lasso was
employed in a comparable manner to identify a VAR model for
causality estimation [24]. However, nonlinearity widely exists
in real world scenario, and linear methods normally fail to
detect nonlinear GC between variables [16].

For the nonlinear parametric GC test, the regressor library-
based methods have been developed and prevailed in the past
few years [25]. In the regressor library, all potential causal
variables are converted into different nonlinear candidate terms,
including polynomials [26], [27], radial basis functions [28],
[29], etc., and enumerated within a specified maximum time
delay. Then the causal variables and appropriate time delay can
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be selected with forward regression with orthogonal least
squares (FROLS). However, over-specifying the possible
maximum time delay will exponentially increase the number of
candidate terms, leading to prolonged computational time and
a higher risk of overfitting. Furthermore, procedures of model
structure estimation become more complicated and time
consuming when dealing with complex systems that are highly
nonlinear and contain a large number of variables [25].
Recently, nonparametric methods have been incorporated into
parametric nonlinear GC tests to reduce the dimension of
candidate regressors in the multivariate scenario. In [30], the
state space reconstruction was utilised to transform the original
measurement space into non-uniform embeddings (NUE). Then
the Lasso regression has been employed in the reproducing
kernel Hilbert spaces (RKHS) of the NUE. Finally, kernels that
have been selected by Lasso can be retraced back to the original
measurement space to identify the causal components.
However, the selection of appropriate time delay still seriously
affects the accuracy of GC detection [30].

With the growth of computational power, neural networks
(NN) have become more popular in time series modelling for
highly nonlinear and complex systems because of their
prominent universal approximation ability and less reliance on
prior knowledge [31], [32]. In time series modelling, one major
objective of neural network architecture design is to minimise
the number of parameters, thereby mitigating the risk of
overfitting [33]. When employing the vanilla multilayer
perceptron (MLP) for time series modelling, weights are
assigned to each time step to extract temporal information,
which makes it more prone to overfitting when the length of the
input time series increases [34]. To tackle the problem of
overfitting, Recurrent neural networks (RNN), such as the
vanilla RNN, long-short-term memory (LSTM) and gated
recurrent unit (GRU), are developed with weights sharing
strategy [35], [36], [37]. In RNNSs, each time step of the input
time series shares the same set of weights. Therefore, the
parameter dimension in RNN is irrelevant to the length of the
input time series [38]. In training, the RNN weights are updated
by backpropagation through time (BPTT) to learn the temporal
information [39]. Similarly, the weights-sharing strategy is
adopted in temporal convolution networks (TCN), where the
kernel weights slide sparsely across the input time series to
extract the temporal information [40], [41]. Although these
methods have  demonstrated promising  forecasting
performance, they provide limited interpretability of the
interactions between different time series. Granger causality is
inherently about explaining whether and how the past values of
one variable contribute to the future values of another. While
deep learning models like Recurrent Neural Networks (RNNs)
and Temporal Convolutional Networks (TCNs) can model such
dependencies, they do not provide explicit insights into which
variables are influencing the predictions or through which time
lags. This opacity makes it challenging to identify which
variables are causally significant, undermining the primary
objective of causality analysis.

Recently, there has been a surge in research focusing on
neural network-based GC tests, which can be divided into two

types generally. The first type of approach evaluates whether a
specific input time series contributes to output prediction by
diminishing the prediction error. In [42], the NN-GC
framework was proposed where the GC is tested by calculating
the difference between prediction errors of MLP with and
without the past information of certain input variables using the
NUE strategy. Since the vanilla MLP is only capable of
extracting causal information from the entire input time series
rather than the time series within an appropriate time delay, the
input time series length seriously affects the accuracy of GC
tests. Therefore, the NN-GC framework selects the appropriate
time delay and truncates the input time series with the NUE
strategy. However, the time delay selection still affects the
computational time and preserves the risk of overfitting of
NUE-based MLP. To tackle this problem, the RNN-GC [38]
and seq2seq-LSTM Granger Causality (SL-GC) [43]
frameworks have been proposed. Since the parameter
dimension in RNNss is irrelevant to the length of the input time
series, the RNN-GC and SL-GC are less sensitive to the time
delay selection of input time series, resulting in a higher
accuracy of causality detection [38], [43]. However, the NNs
are required to be trained multiple times to evaluate the
contribution of each input in this type of method, making them
relatively more complicated than the following end-to-end
approaches.

The second type of neural network-based GC detection
method is based on sparse regression where the causal inputs
are detected in an end-to-end manner. In [44], the Lasso penalty
has been incorporated into the training of two types of NNs
including the component-wise MLP (cMLP) and component-
wise LSTM (cLSTM). The cMLP and cLSTM were proposed
to disentangle the contribution of different inputs to the outputs.
In the training of cMLP, the causal inputs and corresponding
time delay are selected together by applying HGL which
induces both temporal and component-wise sparsity. Therefore,
it offers a more efficient way for nonlinear GC detection
compared to regressor library-based methods [44]. However,
the fully connected structure in hidden layers of ¢cMLP still
undermines its generalisation performance. For the cLSTM,
only the causal inputs can be selected while the appropriate time
delay information remains unknown. In the training, only the
GL can be applied on cLSTM due to the weights-sharing
structure of RNNs. It is not feasible to examine the individual
contribution of a parameter at a specific time step while
selecting the causal inputs. Therefore, it leads to a deterioration
in performance in two simulation datasets, despite RNNs
typically outperforming MLPs in time series forecasting [44].
On the other hand, attention-based methods have been
introduced in TCN. In [45], the temporal Causal Discovery
Framework (TCDF) was proposed, where each input channel of
the TCN is assigned a trainable attention score. Causal inputs
are then detected by applying a threshold to these attention
scores. Then the corresponding time delay can be discovered by
weight interpretation due to the dilation structure of the TCN.
However, the causal input selection only relies on channel-wise
attention while the temporal information is not considered in
the process of GC detection. To tackle this problem, temporal
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attention has recently been incorporated into TCN to reduce the
redundant temporal information in causal inputs [46]. In [46],
the linear causal inputs are selected based on Lasso regression
in the data preprocessing rather than through the end-to-end
training of the TCN.

Current methods for Granger causality detection face
several limitations, particularly when applied to highly
nonlinear complex systems. The traditional approaches,
whether parametric or nonparametric, often struggle with
challenges such as accurately estimating time delays, dealing
with high-dimensional data, and high degree of nonlinearity.
Additionally, neural network-based Granger causality
approaches often lack interpretability of input time delays and
are sensitive to the selection of time delays, often including
redundant temporal information, which reduces their reliability
in complex scenarios.

In this work, we proposed an end-to-end GC detection
framework based on sparse regression of TCN, namely the
Interpretable Temporal Convolutional Framework (ITCF), to
detect both linear and nonlinear GC relationships in multivariant
time series. Within the ITCF, we introduced the Convolutional
Hierarchical Group Lasso (cHGL) in the training of the TCN for
selecting causal inputs. Furthermore, to the best of our
knowledge, we are the first to integrate the Iterative Soft-
Thresholding Algorithm (ISTA) into the backpropagation of
TCN to optimise the proposed cHGL, which enables causal
channel selection and induces sparsity within each TCN channel
to remove redundant temporal information, ultimately creating
an end-to-end GC detection framework. The contribution of this
work can be summarized as follows:

e The Interpretable Temporal Convolutional Framework
(ITCF) is capable of detecting GC and automatically
selecting the corresponding time delay of a complex system
which is highly nonlinear and contains a large number of
variables. This framework provides an interpretable deep
learning solution to the challenge encountered in
conventional regressor library-based approach [25].

e The proposed convolutional Hierarchical Group Lasso
(cHGL) is able to utilise the temporal information within
each input time series to facilitate the selection of causal
inputs. Consequently, it mitigates the limitations present in
the TCDF [45], resulting in improved performance.

e To optimise the cHGL, we integrate the Iterative Soft-
Thresholding Algorithm (ISTA) into the backpropagation
process of TCN. This innovation facilitates the end-to-end
GC detection, offering greater efficiency compared to
approaches that employ Lasso in data preprocessing [46],
[47].

II. NEURAL NETWORK-BASED GRANGER CAUSALITY

Granger causality examines whether the historical values of
one time series, X, are useful in forecasting the future values of
another time series, Y, beyond what the past of Y can predict
alone [8]. The Granger causality of X to Y, Gx_y, is defined by

var(Y | Y7)
D

Gyoy =IN— 2
e )

where X~ and Y~ denote the past information of time series X
and Y, respectively.

In [44], Granger causality was extended from univariant to
multivariate time series analysis. Consider a multivariate time
series ¥ comprising N variables, each with T samples, denoted

as Y3 = {31, 95, v ¥ ""ylt\:])}te[l,T] . If Granger
causality exists between variables in Y, it can be described as
Vi = gn(y1, 0, ¥7, o yn) + e, 1Sn<N, )

t-K; N
where y; = (y]t-_l,y]t-_z,...,yj ’) denotes the historical

values of the time series y; within the maximum time delay K;,
and e, is the additive zero mean noise. The functions g, ()
specify how the past information of the time series [y, ..., Yn]
is mapped to the series y,. In the context of neural network-
based Granger causality test, g, (+) are represented by neural
networks.

The null hypothesis (H,), stating that the time series y; is
Granger non-causal for the time series y,, for allt € [1,T], is
defined as

gn(Yl_' T ---'Y;/) = gn(Yl_' e Vi Yt ---'Y;/)- 3)

Detecting non-causal time series pair (¥,,y;) in the
multivariate time series Y is achieved through the application
of the Lasso penalty in regression, including Group Lasso [48]
and Hierarchical Lasso [49]. In [44], the Hierarchical Lasso
outperforms other Lasso penalties since it takes into account the
lag of each Granger causal pair. Therefore, this research adopts
the Hierarchical Lasso, with further details described in Section
I11.

III. METHODOLOGY

In this work, we introduce an Interpretable Temporal
Convolutional Framework (ITCF) for the estimation of Granger
causality in multivariant time series. The ITCF comprises two
main components: (a) Granger causality detection using a new
proposed sparse regression based TCN (sTCN) and (b)
maximum time delay estimation by kernel interpretation. The
sTCN is designed to detect Granger causality by applying a new
convolutional Hierarchical Group Lasso (cHGL) during the
prediction of multivariant time series. To optimise cHGL based
on sTCN, we incorporate the iterative soft-thresholding
algorithm (ISTA) into the backpropagation process. The
following sections begin by introducing the architecture of
multivariate time series prediction using the sSTCN, followed by
a detailed description of the mechanism of cHGL and the
implementation of the ISTA during the backpropagation.
Lastly, we describe the algorithm for estimating the maximum
time delay.

A. Architecture of Multivariate Time Series Prediction

In this research, the sparse regression based TCN (sTCN) is
adopted as the model g,, (+) which is responsible for mapping the
past information of the time series [y, ..., Y] to predict the series
Yn in (2). To detect Granger causality in the multivariate time
series Y = [y, ..., ¥n1, each y,, Vy,, € Y is sequentially selected
as the target for prediction. Then all time series in Y are
considered as potential causal inputs and shifted by one time step
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into the past. These lagged time series are then fed into separate
channels of the sTCN for analysis.

The topology of the STCN is illustrated in Fig. 1. The sTCN
is constructed using multiple one-dimensional dilated
convolutional (Conv1d) layers. In Fig. 1, the kernel size of each
Convld layer is set as 2. For the L™ Conv1d layer, the dilation
size D is given by

D =21, 4)

The receptive field (R) of each element in the hidden feature

map, derived by the Lth Conv1d layer is calculated as:
L

R=1+) 21"
i=1

To predict y,,, each time series in ¥ is considered as a potential
causal input and is then fed into separate channels of the STCN. In
each time series of Y, there is a total of T samples. The input time
series Y1T~1 = [Y1,¥?, ..., YT7!] is delayed by one time step
compared to the output y,*7 = (3,2, y,,3, ... ¥ 7).

When the time series y; is fed into channel j of the STCN with
a kernel size of k, the kernel weights in the Lth Conv1d layer can
be represented as f]-L = [f( ]-_O)L, v fe ]-,k_l)L]. The output feature
map of the first Convld layer in channel j, denoted as Hjl, is
given by

)

k-1

H'(® = (y;*f;'),®) = Z fon' P+ b (6)
i=0

where Hjl(t) represents the tth element in the feature map, and
t — D - i accounts for the direction of the past with the dilation of
D in the input time series y;. b]-1 represents the bias in the first
layer of channel j. The output Hjl is then activated by a
parametric rectified linear unit element-wise activation (PReLU)
function. The subsequent output of the Lth hidden Convld layers
is given by a similar form, also with PReLU activation functions,
and can be written as:
() = (B 7+ "), (®)
k=1

- Z [fonk - B2t =D -] +BE  (7)

i=0

In each Convld layer, the input applies left zero padding with a
padding size equals to the dilation size D. The padding is then
trimmed to ensure that the length of the input matches the length
of the output of the Convld layers. In the final output layer, there
is a 1 X 1 convolutional layer acting as a channel-wise fully
connected layer where each element in all channel outputs is
combined to predict the corresponding element in the estimated
output, denoted as y,,.
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Fig. 1. The illustration of the topological structure of STCN. The sTCN with N channels are expanded along channels. To
detect Granger causality in a multivariate time series ¥ = [y, ..., yy], each time series Vy,, € Y is sequentially selected as the
target for prediction. Then all time series in ¥ are considered as potential causal inputs and shifted by one time step to the past.
These lagged time series are then individually fed into separate channels of the sSTCN. To identify the non-causal inputs, a
Hierarchical Lasso penalty is applied to the first Conv1d layer of the sSTCN. Finally, the maximum time delay for each causal

input can be determined by interpreting the kernel weights.
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B. Causality Detection with Convolutional Hierarchical
Group Lasso

According to (6), when all k kernel weights in the first
Convld layer of channel j are zeros, y;~ does not influence all
subsequent hidden layers. This implies that the time series y; is
Granger non-causal for the time series y,, for all t € [1,T]. To
identify the Granger causal inputs, we propose a novel
convolutional Hierarchical Group Lasso (cHGL) in the first
Convld layer of the sSTCN when predicting V y,, € Y. The
objective function of the sTCN with cHGL is given by

Z (ynt - gn(yt_l))z

f

N
+2 > 1§G5), ¢
j=1

where ||*l; is the L; norm of the channel-wise groups. A is the
cHGL hyperparameter that controls the sparsity of the kernel
weights in the first Convld layer. The hierarchical structured
convolutional kernels § (fjl) in the first layer of each channel
are defined as

. ] 1
f= arg;nm ;T —31

®)

Channel 1

WA r

Channel 2

Peding = 1

Pedding = 1

parameters in the same group to be set to zero simultaneously
where parameters of each time series are regarded as a group
[20], [21]. However, this approach does not consider the
potential temporal relationships within each group. To address
this limitation, the HGL was developed by grouping parameters
of each time delay hierarchically into nested groups, inducing
sparsity pattern in lag parameters [22]. In [44], the HGL was
applied to component-wise multilayer perceptron (cMLP),
where weights are allocated for each time step in the MLP. But
for recurrent neural networks (RNN), weights are shared across
each time step, making it impossible to inspect the individual
contribution of a parameter at a specific time step in RNN.
Therefore, only GL can be applied to RNN, leading to a
deterioration in performance, despite RNNs typically
outperforming MLPs in time series forecasting [44].

Although the kernels in the first Conv1d layer of sTCN slide
sparsely across the input time series rather than being allocated
for each time step as the weights in MLP, it is still possible to
investigate the temporal information of each time series
contained in these kernel weights. To achieve this, we
hierarchically allocate the kernels in the first layer of STCN into
nested groups when implementing the cHGL. A detailed
illustration of cHGL can be found in Fig. 2, which depicts the
hierarchical nested groups of kernel weights for each channel
enclosed in coloured boxes. These nested groups are then

Channel N

YN

Pedding = 1

P[]t [t [ [T B mput |  BREEE v Input P [t fsd [T 57 meut
1—3=3, L 3=, 'Conv.
ezl SH(=a) . olEm) oo
o ‘=== === Lasso
Pedding = 2 Pedding = 2 Pedding = 2
[ T[] L[ [ ] wicen [ LT[ ] ] ven [ [ LT[ ] v
® [ ® [ ® [
Pedding = 4 Pedding = 4 Pedding = 4
[ [ L] [ [T waen I I [ [ L] [ [T v
® [Fholfi ® [ @ [Folfied
LITT I ITT e \ \ ouput LITTTITT e
l ] Convixt
?737 513: ;;17 515: ﬁ Output

Fig. 2. An illustration of the proposed convolutional Hierarchical Group Lasso (cHGL) implemented on the sTCN with a
kernel size of 2. The coloured boxes within the first Conv1d layer represent the hierarchical nested groups of kernel weights.

The black dash-line boxes represent the channel-wise groups.

k-1
G605 = 'l ©)
i=0

where |l denotes the Frobenius matrix norm and f; j,:i)l =

[fio0" = fin' ]

The proposed cHGL is motivated by the Hierarchical Group
Lasso (HGL) and is specifically designed for the regularisation
of convolutional kernels. In conventional vector autoregression
(VAR) modelling, the Group Lasso (GL) is used to encourage

incorporated into channel-wise groups, represented as black
dash-line boxes.

Since each kernel in the first Convld layer of sSTCN gathers
information from multiple times steps, cHGL does not directly
induce the temporal sparsity, which would indicate the exact
time delay of each causal input, as observed in HGL [22], [44].
Instead, cHGL uses hierarchical temporal information within
each channel-wise group to facilitate the selection of causal
inputs for the sTCN, thus mitigating the performance
deterioration observed in GL-based RNN. The time delay
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information for each causal input can still be determined by
interpreting the kernel weights, thanks to the dilation structure
of sSTCN. More details on the process of time delay estimation
will be introduced in Section D.

C. Proximal Gradient Descent

The proximal gradient descent approach was designed to
optimise non-smooth objective functions by applying the
proximal operator on the regularised parameters [50]. In the
Lasso problem, the iterative soft-thresholding algorithm (ISTA)
[51], a first-order proximal gradient descent method, is
commonly used to optimise non-smooth objective function. In
[52], the ISTA has been applied on the MLP to optimise the
Lasso problem. In [44], ISTA was effectively incorporated into
the backpropagation of MLP and RNN models to induce
sparsity in the parameters of the first layer. On the other hand,
the HGL problem has been effectively optimised using ISTA,
as demonstrated in [53]. Therefore, drawing inspiration from
[44], [53], we adapted the ISTA and incorporated it into the
backpropagation process of hierarchical convolutional kernels
to optimise the cHGL-based sTCN.

Unlike other existing neural network-based ISTAs including
the cLSTM that are used solely for selecting causal inputs, the
ISTA in this manuscript is designed to both select causal
channels and induce sparsity within each TCN channel to
remove redundant temporal information. To optimise the non-
smooth objective function as defined in (8), the proximal
gradient descent with ISTA can be derived as follows. Let the

smooth part of the objective function be F(f) =

T—il T, Ont- gn(Yt_l))Z, then (8) can be written as:

N
f=argmin{F(f)+ 2 ||g(f-1)||1 . (10)
1 ; !

At V gradient decent step k, the Taylor Series quadratic
approximation of the F(f) around f¥ is given by:
F(f) = F(f*) +VF(FOT(f = 1)
1

FS (= TVEGEO - £, A
where VF(f¥) can be calculated through backpropagation. To
avoid the complicated computation process of the Hessian
matrix V2F(f%), the VZF (f¥) is replaced by % I, where 7 is the
tuneable learning rate and [ is the identity matrix. As the F(f*)
is a constant, which does not affect the optimisation process and
can be removed. Then the objective function (10) can be written
as:

Ps

1
F = argmin{VE(FOYT(F = £+ 5 If = £411
f n

N
£ 6, ¢
j=1

By forming the perfect square trinomial, (12) can be written
as:

(12)

F = argmin {g-1f = £+ 9P PN = IR GO,

N
+1) 5, ¢ (13)
j=1

Where the —gllVF (fk)llz is also a constant term without

containing the variable f, therefore it can be removed in the
optimisation. Then the objective function can be written as:

(1
[ = argmin {5 If = (7% = nvF (PO

2 sGI, f-
j=1

Let the variable f take gradient descent on the smooth part of
the objective function be Z;** = f*¥ —nVF(f¥), then the
object function can be written as:

(14)

N
- . 1 2

F= argmin ﬁ”f =z + 2 ) g5, - (15)

j=1

When reaching any optimum, the gradient of the variable

become zero. For the kernel in the first layer in the channel j,

the gradient with respect to the objective function (15) can be

written as:
!

N

- 1

Plys =\ gl =21+, IG5, ) =0 a6
j=1

If the the number of kernels in channel j equals 2. Then the
channel-wise root group G(fjl) = ({fj‘ll, fjrzl}) contains the
children group ({f]ll}) and {(f]zl)} . The hierarchical
structure can be illustrated in Fig. 3 according to [49].

Fig. 3. The hierarchical group structure of the convolutional
kernels in the first layer of channel j.

The children groups only exist when the root group exists
[49]. Then, for each element in the channel-wise root group
G( fjl), the soft thresholding function can be derived as follows:

-,

1 ’
Pl = (G -2 L+ Al6G)I,) =0 a7

1 J; 1
= —( L _ Zkfrl) +1a—=—1 =0 (18
G YA T
1 ZkH "
=>_( ,1rk+1_Zk+1>+)lL= 0 (19)
A\ = ) T e,
An
— FLE+1 _ (1 - —> Zg @0
l6(5DI,) “im

This holds only when all fj?,’lkﬂ >0 or in other words

||G(f]1)||F > An, otherwise all f]},'lkﬂ = 0. Where n is the

element index in channel-wise root group G( fjl), heren=1 or

2.Z ;‘fr ! represents the value of the variable fjln after taking one
jn

step of gradient descent on the smooth part of the objective

function.
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If ||G(f]1)||F > An, then the children groups exist. For

v ({fin'}) 2 G(f;*). the soft thresholding function can be

derived as follows:

~ 1 )
Pl = (ol =2+ alla'l,) =0 2
77 jm fin ”f]'.nl”F o
]Tl
=>l(f_1rk+1 Zk+1)+l Zfl;:.l —0 23)
A T
An
= f.l'k+1 = <1 — —> gk+1 (24)
jm ”f]nl” fj?n

This holds only when ||f]nl|| > 1, otherwise fl k1 _ g

Therefore, it creates the sparsity in the first layer within each
existing channel. The sparsity is illustrated in Fig. 4.

The elimination of the redundant kernel removes its
contribution to the next iteration's channel-wise root group
selection. Therefore, it helps remove redundant temporal
information and improves Granger causality detection. In
contrast, in [45], kernels in each channel-wise group are
selected together, and redundant temporal information is
considered during the selection process.

Therefore, the general ISTA for optimizing the cHGL can be
written as follows: the proximal gradient descent for the
convolutional kernel i in the first layer of channel j at iteration
step s is defined as

f(] [ PTOX(S) (f%](f)_l) - 77Vf1.. L(f(s_l))> ’

U
Vf! e RV*k, (25)
where L( f (S)) represents the unregularised loss function of the
STCN, defined as

() = - 26)
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7 is the learning rate, and Vf _is the gradient of f7 (j,p derived
Gib) It

from L(f (5_1)) during backpropagation to the first layer. For
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Fig. 4. The illustration of the elimination of the redundant
kernels after one iteration of ISTA optimising the cHGL.
The red cross represents the elimination of the kernel.
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Algorithm 1: Optimising the cHGL with Iterative
Soft-Thresholding Algorithm (ISTA)

Let L be the number of Convld layers in sSTCN

Let k be the kernel size in each Conv1d layer.

Let {f %j,:i)} be the kernel weights in the first layer of
channel j of the sSTCN from

the first weight to index i, {f{;.0} = [0y s fin)):
vj €[0,N], Vi€ [1,k—1].
Require 1 > 0,n >0
s = 0, initialize £ = {f*©}
while not converged do
s=s+1
compute all VL( f (5))

determine A by line search
forj =1to N do
for! =1toL do
f;,(s) — f;-(s—l)
end for
fori =0tok —1do
if ||f1'.(_s.) ||F > An then

— nvfﬁL(f(s—l))

(6A13)
fl.'(s')
fl-(s) fl (s) _ [OA1)
U.D G fl..(s‘)ll
W Golg
else
1,(s) _
fin =
end if
end for
end for
end while

return f©

the ISTA acting as the proximal operator for the Group Lasso,
the group soft-thresholding operator GS,, for the parameters in
group j is given by [44], [50]

Proxzy; (w;) = G (w))

w =, [wl, > an
. w1l ,
0 will, <
vw; €RY,  j€[1,N], (27)

where A is the hyperparameter controlling sparsity, and GS;,
iteratively updates the weights of all N groups.

Therefore, in the channel-wise group j, the convolutional
kernels in the first layer of sSTCN, starting from the first kernel
up to index i are denoted as {f{;.n} = [fGjoy - f1y]- The
hierarchical soft-thresholding operator HS,, for {f%j,:i)} is
defined as follows:

S
fl',:' ”fl',:' ” > /177
HSAn(f%j,:i)) = v ”f(] D) ”F U0 le )
0, I£G.0ll. <
vVl e RV¥k, € [0,k —1] (28)
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where HS,,, iteratively updates all k kernels in the first layer of
channel j. During the i*" iteration, all kernels ranging from the
first to the index i are updated. As a result, HS,,, hierarchically
updates all nested kernel groups as the iteration progresses.
Finally, HS;, iteratively updates the first layer kernels f}
across all N channel-wise groups.

Therefore, the proximal gradient descent using hierarchical
ISTA in the first layer, based on the backpropagation of sSTCN,
can be described as follows:

15 _ e [ £LG-D _
i = HSy, (f G Vg LOFC 1))>'

vl e RV¥k, 29)
The full optimisation algorithm is outlined in Algorithm 1. In
this algorithm, the gradient of the smooth part of the objective
function is first computed through backpropagation. Then,
sTCN takes a smooth gradient descent step. Subsequently, the
first layer of STCN takes a proximal gradient descent step using
hierarchical ISTA. This process is repeated until the
convergence criterion is met.
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Fig. 5. An illustration depicting the process of estimating
the maximum time delay between the Granger casual input
v, and the target output y,,. The actual maximum time delay
is determined by searching along the trajectory
characterised by the largest kernel weights.

D. Maximum Time Delay Estimation

Following the training process, inputs with nonzero kernel
weights in the first layer are identified as Granger-causal to the
output time series. The maximum time delay for each causal input
can be determined by searching along the trajectory characterised
by the largest kernel weights, thanks to the dilation structure of
STCN [45]. The searching process is visually demonstrated in Fig.
5.

In Fig. 5, if the time series y, is identified as the Granger-causal
input to the target output time series y,,, the delay determination
algorithm starts the search for the actual maximum time delay
caused by y; to y,,. For an STCN consisting of 3 Convld layers
with a kernel size of 2, each element in the output series has a
receptive field of 8, according to (5). Therefore, the estimation of

the actual maximum time delay is conducted within an 8-time-
step window of the input time series. The delay determination
algorithm involves comparing the absolute values of all kernels in
each layer to identify the largest one. It then traverses all Convld
layers, starting from the last layer and progressing to the first,
following the trajectory characterised by the largest kernel
weights. To determine the actual maximum time delay, we add 1
extra step, as all inputs of the STCN are shifted by one time step
to the past. In Fig. 5, by following the trajectory characterised by
the largest kernel weights and imposing an additional time delay,
the actual maximum time delay that y; causes y,, is found to be 7.

IV. EXPERIMENTS AND RESULTS

We have conducted multiple experiments to evaluate the
performance of the proposed ITCF in detecting Granger causal
relationships within multivariate time series. The overall
performance in terms of causality detection and time delay
estimation was firstly evaluated using two simulation datasets:
one representing a linear multivariate scenario and the other
representing a nonlinear chaotic scenario. Then, we tested the
proposed approach on more challenging datasets, including a
functional magnetic resonance imaging (fMRI) dataset with
limited time series length and a gene expression dataset
characterized by both limited time series length and a large
number of components. We compare the proposed ITCF with
three baseline approaches that can also detect GC in an end-to-end
manner, including two Lasso based approaches cMLP, cLSTM
[42] and a TCN based approach TCDF [43]. The evaluation of the
GC detection performance was measured by the micro average
Area Under the Receiver Operating Characteristic curve
(AUROC) which aggregates GC detection performance across all
N? time series pairs in multivariate time series with N

TABLE
PERFORMANCE COMPARISON OF GC DETECTION AND
TIME LAG ESTIMATION USING VAR(3) SIMULATION DATA
WITH DIFFERENT TIME SERIES LENGTH

T Model AUROC Lag ACC
cMLP 0.91 £0.05 0.45+£0.02

250 cLSTM 0.71 £0.04 NA
TCDF 0.73+£0.03 0.78 £0.03
ITCF 0.95 +0.04 1.00 + 0.00
cMLP 0.93 £0.04 0.48 £0.02

500 cLSTM 0.79+0.13 NA
TCDF 0.76 £ 0.06 0.79£0.02
ITCF 0.98 + 0.02 1.00 + 0.00
cMLP 0.96 £ 0.02 0.55+£0.01

1000 cLSTM 0.81 +£0.09 NA
TCDF 0.78 £0.03 0.81 £0.02
ITCF 1.00 £ 0.00 1.00 £ 0.00

The mean and standard deviations of AUROC and lag
selection accuracy (ACC) are evaluated across 5
independent VAR(3) simulations.
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components. The ROC curve demonstrates the trade-off between
the true positive rate (TPR) and the false positive rate (FPR)
obtained in GC detection across all N2 pairs of time series. For
c¢MLP and cLSTM, ROC curves were derived by sweeping across
a range of regularization parameters. Similarly, the ROC curve of
ITCF was obtained by sweeping A in (8) across a range of values.
The ROC curve of TCDF was derived by varying the threshold of
attention scores. The AUROC generally evaluates the overall GC
detection performance excluding the effect of the lambda or
threshold selection. The list of tuned hyperparameters for all
approaches used across different datasets is provided in the
appendix. The ITCF in this study were developed with the deep
learning framework PyTorch 1.11, and all data generation was
conducted in Python 3.8. The GPU is NVIDIA Tesla A100 with
80GB of graphic memory. Our implementation is available on:
https://github.com/dexter-dong/ITCF.

A. VAR simulation data experiment

In the first experiment, the multivariant time series Y intended
for Granger causality analysis was generated from a 3"¢ order
VAR model denoted as VAR(3), which is defined as follows:

YO =AY+ A Y2 + AYE 3 4 ey, (30)
where Y consists of 10 components [yq,...,V10] and the
regression coefficient matrices 4;,i = 1,2,3 describe the linear
interactions between the past information of these 10
components. We randomly generated the position of non-zero
coefficients in each matrix with a sparsity of 20%, while
making all matrices adhere to the same sparsity pattern, which
created a sparse causal network within Y [54]. All coefficients
were randomly generated in accordance with the eigenvalue set
bounded within the unit circle in order to ensure the stationarity
of Y. Additionally, e, represents Gaussian white noise with a
mean of zero and a variance of 0.01. Fig. 6 displays a sample of
the initial 100 time points for two components within the
VAR(3) dataset.

The impact of varying time series length on model
performance in GC detection and time lag selection was
analysed with the time series length T set at 250, 500, and 1000.
The performance was evaluated across 5 independent
simulations of VAR(3) to ensure reliability in the results. Table
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Fig. 6. The illustration of the initial 100 realizations of two
distinct components within the VAR(3) dataset.

TABLE II
THE COMPARISON OF AUROC BETWEEN THE PROPOSED
CHGL AND THE CONVENTIONAL GL METHOD WHEN
APPLIED TO THE ITCF FOR GC DETECTION IN VAR
SIMULATION DATASET WITH VARIOUS ORDERS
Lasso VAR order
type 5 10 13 15 18
GL  0.96+0.02 0.74+0.05 0.63+0.03 0.59+0.04 0.58+0.07
c¢HGL 1.00+0.00 0.97 +£0.03 0.81+£0.02 0.77+0.05 0.75+0.03

For each VAR order, the mean and standard deviations of
AUROC were evaluated across 5 independent simulations.

1.0 GL .
—e—cHGL

09 .

05 1

10 15 20
VAR Order

Fig. 7. A graph depicting the mean AUROC of the proposed
cHGL and the conventional GL method when applied to the
ITCF for GC detection across various VAR Orders. Error
bars represent the standard deviations.

o

I shows that as the available time series length increases, the
GC detection performance of all models improves. cMLP
outperformed cLSTM and TCDF due to its utilisation of
temporal information in GC detection through the HGL,
aligning with the findings in [23], [24], [44], [52]. Compared to
the proposed ITCF demonstrates superior

other models,

Affected Series

Fig. 8. The adjacency matrix representing the GC
relationships in the Lorenz-96 dataset. The dark blue cells
represent the existence of GC relationships.

Causal Series
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TABLE III
THE COMPARISON OF AUROC FOR GC DETECTION AMONG DIFFERENT METHODS USING LORENZ-96 SIMULATION DATASET
WITH DIFFERENT TIME SERIES LENGTH T AND FORCING TERM F

F =10 F =40
Model
T =250 T =500 T =1000 T =250 T =500 T =1000
cMLP 0.83 £0.03 0.95+£0.02 0.97 £0.02 0.82 £0.05 0.88 £0.04 0.93 £ 0.04
cLSTM 0.76 = 0.09 0.92 +£0.05 0.95+0.01 0.73 +£0.08 0.85+0.06 0.90 £+ 0.03
TCDF 0.70 £ 0.01 0.72 £0.04 0.86 £0.03 0.65+0.03 0.69 £ 0.04 0.75+£0.04
ITCF 0.92 +0.02 0.98 +0.02 1.00 = 0.00 0.83 +£0.03 0.89 +0.02 091 +£0.02

10

The mean and standard deviations of AUROC were evaluated across 5 independent simulations.

performance in GC detection across all lengths of time series.
Furthermore, the proposed ITCF can accurately estimate the
appropriate time delay for time series of all lengths,
outperforming other methods significantly. It also facilitates
GC detection of the ITCF. On the other hand, because each time
step of input time series shares the same set of weights in the
cLSTM, it is not possible to estimate the appropriate time delay
[44]. Consequently, lag selection accuracy of cLSTM is marked
as 'NA'in Table I. For the cMLP, the performance deterioration
in time delay detection is probably attributed to its fully
connected hidden layers, which make it susceptible to
overfitting specific temporal patterns. As for TCDF, the
channel-wise attention score applied to the input time series
might affect the magnitude of the kernel weights, potentially
deteriorating delay discovery through weight interpretation.

Then, we evaluated the performance of the proposed cHGL
method in comparison to the conventional GL methods when
applied to TCN for detecting GC in VAR simulation datasets.
We considered various VAR orders, ranging from 5 to 18. As
the order of VAR increases, GC detection becomes increasingly
susceptible to overfitting on certain causal inputs, posing a
greater challenge. The performance was evaluated across 5
independent simulations of each VAR order, and the results are
presented in Table II and Fig. 7.

Lorenz 96,F=10
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In Fig. 7, the cHGL model consistently demonstrated superior
performance over GL, maintaining a relatively high AUROC
value even increasing VAR orders. This trend persisted across
VAR orders, with cHGL outperforming GL by significant
margins. Notably, ata VAR order of 18, cHGL retained a robust
AUROC of around 0.75, whereas the GL model's AUROC
diminished further to around 0.58. This suggests that cHGL
exhibits greater resilient to the increase in the VAR order.
Therefore, the proposed cHGL is demonstrated to be less prone
to overfitting than the GL. This advantage primarily arises from
the fact that, in contrast to the GL, the cHGL incorporates
temporal information during causal input detection.

B. Lorenz-96 simulation data experiment

In the second experiment, the multivariate time series Y for
Granger causality analysis was generated from the Lorenz-96
model which is a nonlinear model widely used in the climate
system, as given by [55]

ay/ t ¢ ¢ t

- (Yisn = Yip)Yiny —YE+F,
where the multivariant time series Y = [y, ..., y10] consists of
10 components. In our setting, the i" time series in Y is caused
by the time series indices from i — 2 to i + 1 and F represents
the forcing term. The adjacency matrix representing the ground

1<i<N, (31)
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Fig. 9. The illustration of the initial 100 realisations of two distinct components in the Lorenz-96 dataset under two chaotic
scenarios: (a) realisations of two distinct components under a weak chaotic scenario with F = 10, (b) realisations of two
distinct components under a highly chaotic scenario with F = 40.
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Fig. 10. The illustration of the initial 100 realizations of
two distinct ROIs within the BOLD dataset.

TABLE IV
PERFORMANCE COMPARISON OF GC DETECTION BY
ESTIMATING THE BRAIN FUNCTIONAL CONNECTIVITY WITH

THE BOLD DATASET
AUROC
Model T =200
cMLP 0.80 £+ 0.05
cLSTM 0.71 £ 0.04
TCDF 0.77+£0.03
ITCF 0.83 £ 0.03

The mean and standard deviations of AUROC were
evaluated across 5 human subjects.

truth GC relationships in Lorenz-96 dataset is depicted in Fig.
8.

The Lorenz-96 model starts to exhibit chaotic behaviour when
F = 8 and it becomes increasing chaotic as F increases. In the
experiment, we evaluated all approaches under two different
scenarios: a less chaotic scenario with F = 10 and a more
chaotic scenario with F = 40. Fig. 9 illustrates the initial 100
realisations of two distinct components in the Lorenz-96
simulation under these two chaotic scenarios. In Fig. 9, it has
been observed that the dynamics of components become more
complicated at F=40 compared to F=10. Since chaotic systems
are highly sensitive to initial conditions, where tiny variations
in the initial condition can lead to vastly different behaviours,
we assessed all approaches in the experiment using 5
independent random initializations.

We evaluated the performance of all approaches across
various time series lengths in both chaotic scenarios, presenting
the results in Table III. In both chaotic scenarios, the GC
detection performance of all models improves with longer
available time series lengths. cMLP generally outperformed
cLSTM across all lengths of time series in both chaotic
scenarios, which echoes the findings in [44]. It further implies
that the incorporation of temporal information into
regularisation could improve the GC detection performance. In
the less chaotic scenario, it has been observed that the proposed
ITCF outperformed other methods across all time series
lengths. However, TCDF exhibits a deteriorated performance

11

Affected Series
||

Causal Series

Fig. 11. The adjacency matrix representing the GC
relationships in the BOLD dataset. The dark blue cells
represent the existence of GC relationships.
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Fig. 12. The ROC curves of the brain functional
connectivity estimation with the BOLD dataset. The mean
TPR and FPR of each method were evaluated across 5
human subjects.

even with a long time series length of 1000. In the highly
chaotic scenario, ITCF performs better than other methods at
the time series lengths of 250 and 500. Surprisingly, cMLP
outperformed ITCF with a longer time series length of 1000,

TABLE V
SENSITIVITY TEST OF ITCF WITH DIFFERENT NUMBER OF
HIDDEN LAYERS WITH THE BOLD DATASET

Number of AUROC
hidden T =200
layers
H=1 0.83+0.03
H=2 0.83 £ 0.06
H=3 0.81+0.04
H=4 0.80+0.03

The mean and standard deviations of AUROC were
evaluated across 5 human subjects.
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TABLE VI
THE AUROC COMPARISON OF GC DETECTION BY
INFERRING GENE REGULATORY NETWORKS WITH 5
DISTINCT GENE EXPRESSION DATASETS IN DREAM-3

CHALLENGE
AUROC
Model E.coli-1 E.coli-2 Yeast-1 Yeast-2 Yeast-3
cMLP  0.623 0.572  0.573  0.508 0.528
cLSTM  0.642 0.639 0.588 0.511  0.536
TCDF  0.602 0.603 0.585 0.535 0.547
ITCF 0.625 0.622 0.593 0.576 0.565

likely due to its capacity, with more parameters, to capture
complicated behaviours in longer time series. On the other
hand, the discrepancy in performance between TCDF and the
proposed ITCF is more pronounced compared to the less
chaotic scenario, which indicates that incorporating temporal
information in the GC detection becomes increasingly
beneficial for the performance in more complicated scenarios.

C. Brain functional connectivity estimation challenge

In the third experiment, we evaluated the GC detection
performance of all methods by estimating the brain functional
connectivity with the blood-oxygen-level-dependent (BOLD)
dataset [56]. The BOLD dataset was generated from the
realistic simulation of functional magnetic resonance imaging
(fMRI) models, where each time series represents the activity
of a specific region of interest (ROI) within the human brain.
The BOLD dataset comprises 15 ROIs for each human subject,
where each ROI features a time series length of 200. The
relatively limited time series length poses a challenge for GC
detection. Fig. 10 presents an illustration of the initial 100
realizations of two distinct ROIs within the BOLD dataset,
where the dynamics are evidently complex. All human subjects
share the same ground truth GC relationships among 15 brain
ROIs, as shown in Fig. 11. The objective is to detect the GC
among the various ROIs within the brain.

In this experiment, the mean and standard deviations of
AUROC were evaluated across 5 human subjects (labelled as 0
to 4). The results are shown in Table IV. Additionally, the
corresponding ROC curves for GC detection, depicting the
mean TPR and FPR of each method across 5 human subjects,
are illustrated in Fig. 12.

Table IV reveals that the proposed ITCF exhibits the highest
mean AUROC of 0.83 with a comparatively low standard
deviation of 0.03. This suggests a consistently superior
performance in GC detection across the 5 human subjects. Fig.
10 reinforces the superior performance of ITCF, showcasing its
ROC curve maintaining a higher TPR against FPR across all
thresholds. Compared to TCDF, ITCF achieved an
approximately 5% higher mean AUROC, emphasizing the
benefit of incorporating temporal information into GC
detection, particularly with limited time series length. On the
other hand, cMLP performed only slightly less effectively than
ITCF, potentially due to its simpler architecture with only one
hidden layer in the hyperparameter setting. This simplicity of
structure may make it less prone to overfitting even with limited
time series length. In summary, the proposed ITCF has proven
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Fig. 14. The illustration of the initial 63 realizations of two
distinct components within the E.coli-1 dataset.

to perform well in scenarios involving limited time series length
and complex dynamics, as evidenced by both the ROC curve
analysis and the AUROC scores.

Finally, the sensitivity test was carried out to evaluate the
effect of the number of hidden layers, as the number of hidden
layers influences the receptive field of the input time series
according to (5). An excessively large receptive field may result
in considering overly long time delays and may cause
overfitting. The results are shown in Table V, where the number
of hidden layers, ranging from 1 to 4, was tested with a
maximum receptive field of 9. Although performance decreases
as the number of hidden layers increases, due to the proposed
cHGL and delay detection mechanism, the performance only
decreases slightly by 0.3, even with a receptive field of 9.
Therefore, the proposed cHGL generally performs effectively
in removing redundant temporal information and preventing
overfitting.

D. DREAM-3 challenge

The fourth experiment aims to evaluate the performance of
GC detection by inferring gene regulatory networks from gene
expression datasets characterized by numerous components and
notably short time series lengths. The gene expression dataset
is synthesized for the Dialogue on Reverse Engineering
Assessment and Methods 3 (DREAM-3) challenge [57]. The
challenge comprises five distinct simulated datasets, each
including distinct ground truth GC graphs as shown in Fig. 13.
The gene expression datasets consist of two E.coli (E.C.)
datasets and three Yeast (Y.) datasets. Each dataset consists of
100 distinct gene components, and the trajectory of each
component is recorded from their recovery from 46 different
perturbations. The recovery trajectory of each perturbation has
21 time points, resulting in a cumulative total of 966 time
points. Thus, the time series length is notably limited relative to
the component dimension and the intricate underlying
behaviours. Fig. 14 shows an illustration of the initial 63
realizations, which correspond to three perturbation cycles of
two distinct components in the E.coli-1 dataset.

In this experiment, all methods were evaluated using five
distinct gene expression datasets, and the results are presented
in Table VI. Analysis of Table VI reveals that cLSTM
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Fig. 13. The adjacency matrix representing the GC relationships in the DREAM-3 challenge. The dark blue cells represent the

existence of GC relationships.

outperformed other methods in two E.coli datasets, while
ITCF's performance was generally on par with it. This is
probably because the cLSTM tends to select sparser causal
inputs, as all weights, including the gate weights, are
regularized by group Lasso. This could result in the cLSTM
giving less consideration to causal inputs with longer time
delays, making it suitable for simpler scenarios, such as the
E.coli datasets. However, when tackling more complex
scenarios with more causal inputs, such as the Yeast datasets,
its performance will deteriorate. In contrast, although the ITCF
is less susceptible to overfitting due to the proposed cHGL, its
performance may still be affected by noise, which becomes
more evident in scenarios with sparser causal relationships. On
the other hand, ITCF outperformed all other methods in the
three Yeast datasets with a small margin. Compared to TCDF,
the proposed ITCF consistently demonstrated superior
performance across all five datasets. This highlights the
advantages of incorporating temporal information in GC
detection, particularly in scenarios involving a large number of
candidate causal inputs. In summary, the proposed ITCF
maintains robust and promising performance in challenging
scenarios characterized by a large number of candidate causal
inputs and short time series lengths.

V. DISCUSSION

In real-world applications, the selection of lambda
significantly impacts GC detection results and is crucial for
Lasso-based approaches [52]. Lambda selection is typically
performed using a line search over a range of lambda values,
which often involves cross-validation [44]. During cross-
validation, the data is split into training and validation sets, and

the model is trained multiple times with different lambda values.

The performance is then evaluated on the validation set to select
the lambda that minimizes an error metric, such as Mean
Squared Error (MSE) or Akaike Information Criterion (AIC).
However, such methods are computationally intensive since the
neural network must be trained multiple times for each lambda
value. With the development of distributed training [58], these
search steps could be parallelized across multiple GPUs to
reduce computation time. Our future work will focus on

developing a systematic approach for efficient lambda selection.

On the other hand, the theoretical convergence rate of ISTA
is 0(1/k), where k is the iteration number. This acceleration
reduces the number of iterations required for a given level of
accuracy. By leveraging the structure of convex problems,
FISTA efficiently handles smooth parts of the optimization
while applying shrinkage for sparsity [51]. Furthermore, the

Alternating direction method of multipliers (ADMM), is
particularly designed for problems with separable structures. It
handles constraints and separable objectives by alternating
between variables and using dual updates. This decomposition
can lead to faster convergence in practice, especially for
structured problems like LASSO [59]. However, the integration
of FISTA and ADMM into the backpropagation of neural
networks remains unexplored. Our future research will focus on
improving the convergence rate of ISTA in backpropagation by
adjusting FISTA and ADMM.

It should be noted that this paper focuses specifically on
Granger causality, which is inherently based on time-series data
and aims to detect temporal dependencies within the given data.
We fully acknowledge that real-world systems are influenced
by a variety of external factors, and relying solely on time-series
data may oversimplify causal relationships. Future works will
extend the framework by including external variables or other
data modalities.

VI. CONCLUSION

In this work, we proposed a novel Interpretable Temporal
Convolutional Framework (ITCF), a temporal convolution
networks (TCN)-based approach that employs sparse
regression to detect both linear and nonlinear Granger Causality
(GC) and automatically estimate time delay in multivariant time
series. Within the ITCF, we introduced a convolutional
Hierarchical Group Lasso (cHGL), a hierarchical regularisation
approach facilitating GC detection by effectively utilising
temporal information within each TCN channel. Additionally,
we optimized the cHGL by incorporating the Iterative Soft-
Thresholding Algorithm (ISTA) into the backpropagation,
leading to an end-to-end framework for GC detection. The
proposed ITCF generally outperformed three baselines across
all time series lengths in two simulation datasets and exhibited
a resilient performance in two realistic benchmarks. The results
empirically demonstrate that the proposed ITCF performed
promisingly in both linear and nonlinear scenarios without the
need for manual time delay selection. Furthermore, the
proposed cHGL enhances the ITCF’s robustness and
outperforms other baseline methods, especially in challenging
scenarios characterised by complicated dynamics, limited time
series lengths, and numerous candidate components. The
promising performance indicates the potential of the proposed
ITCF for more reliable analysis of GC relationships in complex
systems, which could be beneficial for research in climate
forecasting, neuroscience and clinical diagnosis. As the
selection of lambda can affect the results of GC detection [52],
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the future work will focus on developing a systematic approach
for lambda selection. One limitation of the proposed ITCF is
that the GC detection relies on the assumption of a time
invariant nature of the underlying system, whereas time-
varying systems widely exist in real-world scenarios. Future
work will aim to extend the method to handle these time-
varying scenarios, enhancing the method's applicability in
predictive modelling.
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